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ABSTRACT 

The kaon nucleon dispersion relations have been 

evaluated using the recent total cross section measurements 

in the region of 300 to 650 MeV/c by the High Energy Physics 

Group at The University of Arizona. Dispersion relations, 

with a constant scattering length formalism for the unphysi-

cal energy region, give a prediction of the gp^K coupling 

constant. This value was then substituted into once 

subtracted dispersion relations to obtain the real parts 

of the forward scattering amplitudes for the K*p and K~p 

interactions as functions of energy. 

The value of the g*^K was found to be in agreement 

with previous calculations of this number. The real part 

for the K* p reflected the nonresonance form shown by the new 

data for this interaction. The real part for the K~p now 

showed a symmetrical rise and dip near 390 MeV/c, reflecting 

the Yo*(1520) resonance. 
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CHAPTER 1 

THEORY 

Dispersion relations are based upon the causality 

principle and the Cauchy Integral Theorem for functions of 

the complex variable. These principles may be applied to a 

physical amplitude f(w) which is defined as the forward 

scattering amplitude for the kaon-nucleon system. The prop

erty of causality requires that f(w) must be an analytic 

function of energy w in the upper half of the complex energy 

plane.1 

Application of the Cauchy Integral Theorem to this 

analytic function then gives 

f(w) = lim fCw+is) = lim 5^- jc (la) 

o - ii. . ii. ̂  Jc 5^^ (lb) 

where the contour of integration C is chosen to be the real 

axis and the semicircle of infinite -radius in the upper half 

plane. Equation (la) contains the point w + ie as an inte

rior point; Eq. (lb) contains the point w - ie as an exterior 

point. Provided that f(w) •> 0 as l/|w|a, a > 1, as 

1 



|w| -> the semicircle return portion of the contour inte-

p 
gral will approach zero and may be neglected. 

If Eqs. (la) and (lb) are added together the following 

principle value relation will result. 

f(w) = £ f(w/)dw' ^2) 
w - w 

Taking the real part of both sides of this equation gives 

Ee f(w). | r i* r<w')aw . (3) 

J — 00 

This is a dispersion relation. 

This general theory can be applied to a specific 

example of a kaon scattering from a stationary target 

nucleon. In this case it is necessary to consider one of 

the above assumptions in slightly more detail. Equation (2) 

was derived on the condition that f(w) -> 0 as w °°. This 

implies, of course, that the Im f(w) also obeys this limit. 

Im f(w) is directly proportional to the product of the 

momentum, k, and the total cross section, , by the Optical 

Theorem, 

T jn 
°t = "k" * 

so that this assumption reduces to the physical condition 

that the total cross section goes to zero as the energy goes 



to infinity. Current experimental data indicates that total 

cross sections instead approach finite non-zero limiting 

values. Thus the integral does not converge properly as 

w -*• + °°. 

One may form a dispersion relation for a function 

which does converge. For example, if f_(w) is chosen to 

represent the forward part of the scattering amplitude for a 

negative kaon on a proton, Eq. (3) can be derived for a 

function f_(w)/(w + niK). Equation (2) now takes the form 

f.(w) + „ _P_ f+" f-(w')dw' 
w+m,, (-m„-w) ui I (w#+m„)(w'-w) 

i\ A * —00 IS. 

where the additional term comes from the second pole at 

w = - mK> Equation (3) then becomes 

Re f_(w) + Re ^ p r+°° im f.(w' )dw* (li) 

w + m„ (-m„ - w) ir I (w* +m„) (w' -w) ' i\ * —00 i\ 

In Eq. (*l) the region - » < w' < is inaccessible 

to experiment and is denoted as non-physical. For the posi

tive energy region + < w' < 00 the scattering amplitude is 

in principle known and the region denoted as physical. The 

integration over the region - 00 < w' .< 0 may be eliminated 

2 by use of the crossing symmetry principle. This principle 

states that there is a symmetry between positive and 
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negative energy values for the scattering amplitude 

f(-w) = + f*(w) 

or 

Im f(-w) = - Im f(w) 

and 

Re f(-w) = + Re f(w) . 

In physical terms, crossing symmetry states that the 

particle scattering amplitude at negative energies is equiv

alent to the antiparticle scattering amplitude at positive 

energies. The antiparticle scattering amplitude at positive 

energies is physically accessible and known. In our case 

the K" - p is the particle-proton scattering amplitude f-(w) 

and thus K* - p would be the antiparticle-proton scattering 

amplitude f+(w). 

Application of crossing symmetry thus gives 

Re f-(w) _ Re (mj^ p f°° [im f (w* )-Im f+ (w7 ) ]dw' 
w + mv ~ (w + M„) IT J [w7 + M„) (w# - w) ' 

A J\ ' o ft 

The integral term of the equation is now divided 

into two areas: 

Area 1 

Area 2 

0 < w < mK 

mv < w < » . 



Area 2 

This physical region may be evaluated directly, 

since from the Optical Theorem 

f_(w' ) = CT_ = K~p total cross section 

f+ (w' ) = <?+ = K* p total cross section 

and the integral of the Im f_ and Im f+ terms from physical 

threshold to infinity becomes 

P f°° [cr_(w') - cr+(w') ]k'dw' 
W* I (w' + m„) (w# - w) ' (5) 

K K 

This integral will obey the required limit at infin

ity provided the cross sectional difference goes to zero at 

infinitely high energies, or equivalently, if particle and 

antiparticle cross sections become equal in the limit of in

finite energies. This condition is called the Pomeranchuk 
O 

Theorem.J The assumption of the Pomeranchuk Theorum is a 

direct consequence of analyticity and crossing symmetry, 

i.e., that a valid dispersion relation for the real part of 

the forward scattering amplitude may be written down, plus 

physical arguments used to justify the assumption that 

Re f/Im f does not increase without limit as w -* °°. It is 

conventional to assume that the Pomeranchuk Theorem is valid 

and that the integrand does go to zero at infinity. 
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Area 1 

The integral over area 1 corresponds to the term 

fmK Im f-(w') - Im f+ (w' ) 
(w' + m„)(w# - w) dw * 

0 & 

As this is an unphysical energy region for kaon-nucleon re

actions, Im f+ cannot be replaced by experimental total 

cross sectionsj nor are the exact theoretical forms for the 

functions known. The behavior of Im f+ can instead be qual

itatively approximated^ by consideration of the reaction 

channels available in this energy region. 

The positive kaon on a proton has no channels avail

able in this energy interval. Im f+(w) is therefore zero. 

The negative kaon on a proton has several reaction 

channels available: 

K~ + p A 

E° 

Y + TT . 

The first two of these channels, the A and Z°, have masses 

with exceedingly narrow widths; absorption can occur only at 

two fixed energies. The A and Z° therefore correspond to 

poles and are represented by delta functions. The appropri

ate expressions for the residues of these states are 



X(A)/[(wA+mK)(wA-w)] 

and 

X(S°)/[(wE+mK)(w2-w)] . 

The and w^ are defined as 

and 

X(A) . g» ^ ' V - mK2 
XU) SPAK „m 2 

P 

2 2 2 mA 4 - m. - mT,z 
w. = A p K 

A 2 m. 

with similar expressions for the sigma case. The gpAK and 

gjp£°K are the coupling constants which represent the strength 

of the respective interactions. The g*AK constant is con

sidered an unknown and is to be determined from this analy

sis. The gp£°K is then given a value by an assumed ratio 

relationship from SU3. 

The Y channel represents inelastic multiparticle 

production such as 

K~ + p A + TT 

v ± 0  J .  E + TT 

Y* 

The s-wave part of these reactions is conventionally repre

sented by a continuous function.^ The 1=1 contribution 
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begins at w = 204 MeV, the threshold for the Air state which 

is the lowest energy multiparticle channel available. 

Im f-(w) is zero below this threshold. The 1=0 state 

begins at the slightly higher (average) energy threshold for 

the En channels. The exact form of these functions is de

rived from theory and will be discussed in detail in 

Chapter 2. 

The most prominent Y *  channels available in this 

region are the YO*(l1105) and the Yix(1385). The former is 

an I = 0, s-wave resonance and, because of its large width 

and its closeness to physical threshold, can be included in 

the continuous formulation of the 1=0 channel mentioned 

above. The latter is an I = 1, p-wave resonance. It is 

narrower and farther from physical threshold. It is there

fore approximated by a simple pole term z ,^ similar in 

nature to the A and E° pole terms and, like them, considered 

unknown. 

The collection of all the terms in area 1 now gives 

f+mK Im f_(w/)dw/ X(A) X(Z°) , . 
Jw (w'+mK)(w#-w) (wA+mK)(wA-w) (w£+mK)(w£-w) p^ 

Air 
( 6 )  

This represents the continuous s-wave and the s- and p-wave 

pole contributions in the energy region - m^ to + to the 

dispersion relation. 
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Equations (4), (5) and (6) are now combined, col-' 

lecting factors of tt. Evaluation at physical threshold, 

w = +mK» S^ves ^he final form of this dispersion relation as 

Re f.(mK) 8ef,(.K) p ,+» ))dw' 

2mK 2mK !]'"2 J+mK ^ 

+ -
TT 

+mK Im f.(y^)dw' + __X(A1_ + + z . (7) 
k 2 w.2-nv2 wv2-nv2 p wAn A K Z K 

The momentum k and energy w are in the lab system. Equa

tion (7) is called a threshold sum rule. It will be used 

to evaluate the coupling constants. 

Equations for the Real Part of f 

If the same steps are applied to a function such as 

f+(w)/(w2 - mK2) or f_(w)/(w2 - ̂ K
2)> a different type of 

dispersion relation is obtained.^ The general form is quite 

similar, but there are two major differences. The first is 

that there is a direct dependence on the energy w in all the 

terms. The second is that the term l/(w2 - m^2) introduces 

two additional poles of the form 

Re f+(mK) 

2mK(w ± mK) 



10 

The inclusion of the latter in the equation, plus a 

process of multiplying through by w2 - m 2 (= k2) and re
ft 

£ 
arranging terms gives^ 

Re f+ (w) = t?[Re f_(mK) + Re f+(mK)] 

2^- [Re f-(mK) - Re f+(mK) ] 
K 

+ k2P f°° w7 (g, + a+ ) - w(g- - o+ )dw/ 

H i t 2  J k '  (w' 2  - w 2) 
K 

+ lif. (w/ - w)Im f-(w/ )dw/ 
ir Jw k' 2(w' 2 - w2) 

AIT 

+ T X(Y) k- _ 
| wy + w wy2 - mK2 (wZp + w) p^ ) 

(8)  

2 

and 

Re f_(w) = |[Re f_(mK) + Re f+(mK)] 

+ 2~— [Re f-(mK) + Re f+(mK)] 
K 

k2P f°° w/(a, + a+ ) + w(a_ - a+ )dw' 

mK k'<w.'2 " wZ;> 
+ ¥? 

. k2 fmK (w' + w)Im f_(w#)dw' 
*  L  k' 2 ( W '  2  -  W 2 )  

wAir 

+ V k X(Y) ^ k (Yi*) fq") 
Y wy " « wy2 - mK2 wZp - w p1, * 



These equations give the real parts of the forward scatter

ing amplitudes for the reactions of a positive kaon and a 

negative kaon on a proton. Note that they contain the same 

coupling constant and Zp pole terms as Eq. (7). If the 

values of these unknowns are determined by the use of the 

threshold sum rule, Eq. (7)> the values of Re f+ and Re f_ 

can be determined as functions of energy from Eqs. (8) and 

(9). Equations. (8) and (9) are called once subtracted 

dispersion relations. Note that the once subtracted disper

sion relation has a faster convergence behavior at infinity 

due to an extra power of w in the denominator. 



CHAPTER 2 

EVALUATION OP EQUATIONS 
i 

The actual evaluation of the threshold sum rule 

requires a numerical determination of each term of Eq. (1). 

The four expressions to be studied are 

t oo p [g,(w/ ) - o+ (w' ) ]dw/ (10j 

mK 

H 

mK Im f_(w')dw' /-| n \ gr-2 ui; 
w .  

Air 

Re f_(mK) Re f+(mK) 

2m^ 2m^ 
(12) 

X ( A )  +  X ( E ° )  ( 1 3 )  

V ~ mK2 V " mK2 P ' 

The evaluation of each of these terms will now be discussed 

in detail. Note that the integrals are actually done by 

using the kaon laboratory momentum as the variable of inte

gration, as most experimental data is reported as a function 

of momentum. 

12 
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Expression (10) 

The integration is performed by using experimental 

total cross sections and numerical integration for momenta 

from 0.300 to 20.0 GeV/c,^ ̂  including the recent low 

PR 
energy Arizona results. J A straight line approximation is 

taken between the data points. 

Two adjustments must be made, however, to allow for 

physical limits on the data. The region from 0 to 300 MeV/c 

is dominated by the Coulomb interaction. Although in prin

ciple accessible to physical measurement, in practice the 

difficulties in removing Coulomb effects from the data be

come extreme. This region of the integral is evaluated by 

an extension of the theoretical method applied below physi-

4 cal threshold. Above 20 GeV/c, measurements are available 

? 
only on K"p up to 60 GeV/c at the Serpukhov accelerator. 

Above 60 GeV/c, there is no data available. Therefore, the 

region above 20 GeV/c to 00 is done by a Regge type^ approx

imation. The Regge term contribution to the total equation 

is smaller than that of the other terms (by approximately an 

order of magnitude), so that exact parameterization is not 

P 8 
too critical. The expressions used for the Kp system are: 

oK> = (17.26 + 19.37 k"0,57) mb , 

ay* = (17.26 - 0.67 k"1'00) mb . 

o 
Note that these satisfy the Pomeranchuk Theorem. 
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Expression (11) 

.The Im f-(w) Is replaced by a theoretical expression 

derived from T matrix theory.** (See the Appendix.) If T^^ 

is an element of this matrix, the total cross section is 

given by 

"u v*" 12 

where i is the initial channel and j is the final channel. 

The Optical Theorem holds in this unphysical energy region, 

so that the contribution of each channel to the total Im f-

can be represented as 

Im f-±j - ki lTiji2 

The problem of determining the Im f_(w) thus reduces to the 

problem of determining the elements of the T matrix. 

The T^ are, of course, energy dependent. The vari

ous approximations in expressing this dependence have re

sulted in three different methods of evaluating this matrix. 

These are called constant scattering length (CSL),^ effec

tive range (ER),2̂  and zero range (ZR).*1 They are discussed 

in more detail in the Appendix. 

The use of one of these approximations allows an 

evaluation of the T matrix and in turn the Im f-(w). This 

then permits the evaluation of the unphysical region term 

.of the dispersion relation. 



Expression (12) 

The real parts of the forward scattering amplitude 

taken at physical threshold can be obtained from considera

tion of the real parts of the scattering lengths. (See the 

Appendix.) These values have been obtained by various 

17 30 31 authors from multichannel fitting 'of the low energy 

data. If aj+ is the real part of the scattering length for 

the isotopic spin, I, of the K±p system, the appropriate 

expressions for these real parts of the forward scattering 

amplitudes are: 

m 
Re f_(m„) = (1 + —)(ao- + ai-) 

K mp 

m„ 
Re f+ (m„) = (1 + ~)(ai+ ) 

K mp 

for the proton case. Similar expressions can also be 

written for the neutron case. The most recent values of 

are given in Table I. 

Expression (13) 

The values of the pole terms involve the known 

masses and unknown values of the two coupling constants. 

The SpAK and gp£0£, combined with the pole term, give a 

total of three unknowns in Eq. (7). 

To resolve this problem, a threshold sum rule 

can also be written for the kaon-neutron reaction. The 



16 

TABLE I 

Values of = a^ + Ib^ = Complex 
Constant Scattering Lengths 

Case Value in Fermis References 

K ~ p  A o -  =  a o -  +  i b o -

and = - 1.67^ ± 0.038 

K~n + 1(0.722 ± 0.0^0) 

Ai_ = ai_ + ib i_ 

= - 0.07 ± 0.06 

+ i(0.688 ± 0.033) 

K+p a0+ = + 0.0*1 ± 0.04 Stenger 

and et al.^1 

K+n a 1+ = — 0.29 ± 0.015 Goldhaber 

et al.17 

general form is exactly the same, allowing for the differ

ences in charge, isotopic spin and mass. However, there are 

only two unknowns in this equation, Sp£-K and zn» This is 

because the K~n is a pure 1=1 negative strangeness system 

and the A pole has the I spin 1 = 0. Thus the K~ + n -• A 

reaction channel is closed. 

These five unknowns can be related^ under the condi

tions that the small mass differences are negligible and 



charge independence holds. 

X ( E ~ )  = 2X(Z°) 

z n ( Y , * )  =  2 Z p ( Y ! * )  .  

If the proton and neutron equations are then summed in the 

combination 

(Kp) - $(Kn) , 

the result is a threshold sum rule for the 1=0 channel 

only. The Z and Yi* pole terms have been eliminated, leav

ing only an equation for g*The previous numerical 

evaluation of all the other terms of the dispersion rela

tion then gives a numerical value for this coupling con

stant. The Zp pole term can then be determined, under an 

assumption from SU3 that 

SpE°K ~ gpAK/27 » 

corresponding to an f/d ration of 2/3. 

Evaluation of the Equations for the Real Parts 

The general forms of the once subtracted dispersion 

relations, Eqs. (8) and (9)» are quite similar to that of 

Eq. (7), except for an energy dependence. The only unknowns 

are the two pKN coupling constants and Zp. However, these 

three values are assumed to have been previously determined 



by use of the threshold sum rule. Numerical evaluation of 

Eqs. (8) and (9) then gives the real parts of the forward 

scattering amplitudes for the K* p and K~p interactions as 

functions of energy. It is to be noted that the additional 

subtraction has weighted the integrals more heavily in the 

lower energy region. This is an advantage in the sense that 

most of the experimental data are in this region. However, 

it also weights the region with the greatest amount of 

experimental error, that below 300 MeV/c. 

Experimentally, the real parts of the K±p forward 

scattering amplitude have not yet been determined in order 

to make direct comparison with the dispersion relations pre

dictions to any degree of accuracy. Such measurements are 

beginning to become feasible and have already been done in 

the irp equivalent situation. The e-xperimental method com

pares the interference of the known (and real) Coulomb 

amplitude with the nuclear amplitude in the near forward 

direction. 



CHAPTER 3 

RESULTS FOR g2 

Results for this calculation of the g^^ coupling 

constant are listed in Table II. Also listed for comparison 

are previous calculations by other authors. These were all 

obtained by the use of various modifications of the threshold 

sum rule equation. 

Calculation of Terms 

The most extensive CSL calculation with the older 

data was done by Lusignoli et al.^ To facilitate comparison 

of the present calculation with that result, the latter's 

notation was adopted. Equation (7) was written in the form 

ai + a2 + a3 + ai» + as 

where the a^'s were defined as 

ai = the sum of K~ s-wave contribution from w = 240 MeV 

to w = 57*1.2 MeV and Re f_(m^)/2mK 

az = the sum of the K* contribution from to w = 

513-3 MeV and - Re f+(mK)/2mK 

a3 = the K" cross section integral from 57^.2 MeV to 

20.0 GeV. 

19 



TABLE II 

Values of gpAK 

Value Method Reference 

4.2* CSL 
R 6 

Lusignoli et al. 5 

4.2* CSL Martin and Poole^ 

5.8* CSL Carter^ 

5.2 ZR Martin and Sakitt^3 

13-5** ER Kim^ 

4.4 CSL This work 

*These results have been modified by a 
correction factor of m /m. as pointed out by 
Chan and Meiere.35 P 

**22 n = 0 ? N gpS°K uO 

ai» = the K*" cross section integral from 513.. 3 MeV to 

20.0 GeV. 

as = the cross section integral in the region w > 

20.0 GeV. 

In this notation, Eq. (7) became 

r ?  a  )  -  z  ( Y i -  X(A) + X(g°) 
i=l iJP P V ~ mK2 mK 

for the proton interaction and 
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y, alJ„ - zn<Y '*> - wJTv 

for the neutron case. All units are 10~7 MeV~2. 

The separate a^ terms were then calculated. The 

numerical results of this process are shown in Table III for 

the proton case and in Table IV for the neutron case. 

Column 1 gives the values obtained by Lusignoli et al.^ with 

a constant scattering length formalism. Columns 2 and 3 

list the results of the present calculation obtained without 

and with the new low energy data in the region from 300 

to 650 MeV/c,^5 also with a constant scattering length 

approach. 

Combining values in Tables III and IV by use of 

Eq. (14) gave values for the gp^K coupling constant. The 

results were 

with the older data Sp^K = 4.46 , 

with inclusion of 

Arizona data ®pAK = ^*33 • 

These may be compared with previously reported values of 

e2 • °pAK' 

4.2 by Lusignoli et al.^J^ 

4.2 by Martin and Poole^2 

13.5 by Kim^ . 
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TABLE III 

+ 
Values of a-j_ for the K p Calculation of the 

Threshold Sum Rule 
CSL Formalism 

Lusignoli with orig- with 
Term et al. inal data* Arizona data 

10-7 MeV"2 1CT7 MeV"2 10~7 MeV"2 

ai* 101.1 - 68.3 

= + 32.8** 

101.3 - 68.3 

= + 33.0 

101.3 - 68.3 

= + 33.0 

a2 + 1.9 - (- 22.8) 

= + 24.7+ 

+ 2.7 - (- 22.8) 

= + 25.5 

+ 2.7 - (- 22.8) 

= + 25.5 

a3 - 81.3 - 81.6 - 81.5 

£1 If + 43.5 + 43.9 + 44.1 

as - 5.3 - 4.0 - 4.0 

total + ill. 4 + 16.8 + 17.1 

SpAK 
4.2 4.46 4.33 

*For comparison with ER, the ER value of the integral 
part of ai was 122.1, giving a gp^K = 13.5.^ 

**Integral + [Re f_(mK)]/(2mK). 

^Integral - [Re f+(mK)]/(2mK). 

$ 
The data used here were the same as that used by 

Lusignoli et al.b with the exception of some of the lower 
energy points with large error bars, which were excluded on 
the basis of the new data (as a guide). 
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TABLE IV 
+ 

Values of a-j_ for the K n Calculation of the 
Threshold Sum Rule. 

CSL Formalism 

Lusignoli with orlg- with 
Term et al. inal data* Arizona data 

1C)-7 MeV"2 10"7 MeV"2 10~7 MeV'2 

ai* +  2 7 . 0  -  5 . 5  

=  +  2 1 . 5 * *  

+  2 6 . 1  -  5 . 5  

=  +  2 0 . 6  

+  2 6 . 1  -  5 - 5  

=  +  2 0 . 6  

a2 +  1  .9 -  ( -  1 0 . 6 )  

+  1 2 . 5 +  

+  2  . 2  -  ( -  1 0 . 6 )  

+  1 2 / 8  

+  2  . 2  -  ( -  1 0 . 6 )  

+  1 2 . 8  

a3 -  6 3 . 5  -  6 3 . 8  -  6 2 . 5  

a  i f  + 111.6 + 114.8 + HH. 6 

a5 -  3 . 3  -  3 . 1  -  3 . 1  

total +  8 . 8  + 11.3 + 12. 4  

gpAK 
4.2 U. H 6  4 . 3 3  

*For comparison with ER, the ER value of the integral 
part of ai = + 19.5, giving g*AK as 13.5. 

**Integral + [Re f-(mK)]/(2mK). 

^Integral.- [Re f+(mR)]/(2mK). 

The datagused here were the same as that used by 
Lusignoli et al. with the exception of some of the lower 
energy points with large error bars, which were excluded on 
the basis of the new data (as a guide). 



CHAPTER 1J. 

DISCUSSION OP g2 

Inclusion of New Data 

The inclusion of the newest low energy data af

fected only the integrals of the total cross sections from 

0. 300 to 20.0 GeV/c. These are listed under terms as and ai» 

in Tables III and IV. Previous calculations of these terms 

were done with very few low energy data points having large 

errors and hence with only an approximate curve over much of 

the low energy interval. The present calculations with and 

without the new data agreed very closely with the earlier 
C. 

results. This implies that the previous estimates of the 

cross section curves in this area were reasonably accurate. 

Formalism for Low Energy and Unphysical Regions 

The constant scattering length theory (CSL) is a 6-

parameter fit of experimental data below 300 MeV/c.3° The 

effective range (ER) theory is a M^-parameter fit of data 

below 550 MeV/c. ̂  As a test of the reliability of these 

30 two solutions, Kim has calculated the mass and width of 

the Yo*(1^05) resonance by both CSL and ER. The results 

were almost the same, so that available experimental data on 

the resonance was not sufficient to decide between the two 

2 h  
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fits. But the ER predictions were respectively lower and 

wider than those obtained by CSL. Since the terra ai, the 

integral over the unphysical region, received most of its 

contribution from this Yox(l405) resonance, the contribution 

of the ai term to the total dispersion relation was radical-
Qi) 

ly changed for the ER case. The result was a direct in

crease of the value of the g*^K coupling constant from the 

CSL value of approximately 4 to a value of 13-5 for ER. 

New studies by Martin et al.3?»38 ^ave further 

tested the reliability of the ER parameterization. These 

authors have questioned the validity of some of the assump

tions made during the fitting, and have shown that the 

value of the spAK is very sensitive to the values of the 

effective range matrix, R. Their final conclusion from 

these tests was that the large value of the ER coupling con

stant was directly due to the large value of the I = 0, Rii 

element of the effective range matrix obtained by Kim.36 

The third method of calculating the integral over 

the unphysical region is the zero range approximation (ZR). 

This is a 9-parameter fit of elements of the K matrix and 

has been done recently by Martin and Sakitt.39 Their result 

for gp^K is 5.2,33 j_n near agreement with the CSL value of 

• h 6 4.2, •"* obtained with the same input data. 

Various tests of the consistency of the three solu

tions for the coupling constant have been proposed. The 
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results are confusing and uncertain, but seem to slightly 

favor the CSL-ZR lower value.^>37,38 

The CSL approximation does not have correct theoret

ical behavior at the Ett threshold. (See the Appendix for 

discussion.) But the current state of experimental data 

does not really justify the determination of the required 44 

parameters used by Kim to permit the inclusion of p and d 

waves in his analysis. Hence the CSL version was used in 

this calculation. The recent ZR calculation by Martin and 

Sakitt would appear to be the most acceptable theoretical

ly. However, as the g*^K is almost the same for CSL and ZR, 

the easier CSL formulation is an adequate approximation for 

calculations at this point of knowledge. Further progress 

toward a more accurate solution requires better experimental 

data in the region below 300 MeV/c,. with a redetermination 

of the parameters in the three methods. 



CHAPTER 5 

CALCULATION OF'Re; f ± _ 

The once subtracted dispersion relations, Eqs. (8) 

and (9), were evaluated in the same manner as the thresh

old sum rule, Eq. (7). As the gp^K» spE°K and zp were 

known by use of Eq. (7), the only unknowns in Eqs. (8) 

and (9) were the Re f+(w) and the Re f_(w) at some arbi

trary energy w. A numerical evaluation of the terms of 

these equations, using the K* p and K~p data, gave the 

value of the Re f+ and Re f_ as a function of energy (or 

momentum). 

The same data were used for Eq. (8) and Eq. (9), 

as each depended on both the K*p and K~p data. The calcu-

7 - 2 4  lation was first done with only the original data. 

The CSL formalism was used, with a g*^ = 4.46. This 

value was the corresponding output from the threshold 

sum rule Eq. (7). The calculation was then repeated with 

the Arizona data^^ included. The g*^K here was 4.33, the 

corresponding output from Eq. (7). 

Results of these calculations are listed in Tables 

V and VI. Table V gives the values of the Re f + , i.e., the 

real part of the forward scattering amplitude of the K*p 

27 



28 

interaction, for various laboratory momenta. Column 1 lists 

the momentum, a range of 0.300 to 10.0 GeV/c. Column 2 

gives the value of Re f+ with the original data and Column 3 

gives that obtained with the new data included. Table VI 

gives the momenta and the values for Re f- for the original 

and for the original plus the Arizona data. Note, however, 

that in this case, the region below 600 MeV/c, which was 

dominated by the Yo*(1520) resonance, was represented by an 

estimated background and estimated resonance curve. (See 

Chapter 6 for further discussion.) 

i 



TABLE V 

Values of Re f+ 

Re f+ Re f+ 
without Arizona with Arizona 

GeV/c Permis Permis 

0.300 - 0. 477 - 0. 473 

0.320 - 0.476 - 0.470 

0.3^0 - 0.476 - 0.466 

0.360 - 0.478 - 0.454 

0.380 - 0.480 - 0.470 

0.400 - 0.481 - 0. 479 

0.420 - 0.482 - 0. 489 

0.440 - 0.483 - 0.490 

0.460 - 0.483 - 0.491 

0.480 - 0.482 - 0.502 

0.500 - 0.479 - 0.511 

0.520 - 0.471 - 0.509 

0.540 - 0.465 - 0.495 

0.560 - 0.468 - 0.493 

0.580 -

O
 

OO «=
r 

• 

0
 - 0.500 

0.600 - 0.515 - 0.530 

0.620 - 0.526 - 0.536 

0.640 - 0.511 - 0.523 

0.660 - 0.519 - 0.535 

0.680 - 0.520 - 0.530 

0.700 - 0.512 - 0.515 

0.720 - 0.489 - 0.496 

0.740 - 0. 471 - 0.479 

0.760 - 0.449 - 0.458 

0.780 - 0.448 - 0.458 

0.800 - 0.456 - 0.466 

0.820 — 0.454 — 0.464 



Table V, Continued 

^ Re f+ Re f+ 
without Arizona with Arizona 

GeV/c Fermls Fermis 

0.840 - 0.445 - 0.456 

0.860 - 0.433 - 0.444 

0.880 - 0.417 - 0.428 

0.900 - 0.432 - 0.443 

0.920 - 0.423 - 0.435 

0.940 ' - 0.388 - 0.400 

0.960 - 0.430 - 0.442 

0.980 - 0.428 - 0.441 

1.000 - 0.441 - 0.454 

1.050 r 0.440 - 0.453 

1.100 - 0.460 - 0.473 

1.150 - 0.493 - 0.507 

1.200 - 0.527 - 0.542 

1.250 - 0.555 - 0.570 

1.300 - 0.608 - 0.624 

1.350 - 0.616 - 0.633 

1.400 - 0.651 - 0.668 

1.450 - O.663 - 0.680 

1.500 - 0.680 - 0.698 

1.550 - 0.693 - 0.712 

1.600 - 0.697 - 0.717 

1.650 - 0.721 - 0.741 

1.700 - 0.720 - 0.740 

1.750 - 0.744 - 0.765 

1.800 - 0.761 - 0.783 

1.900 - 0.805 - 0.828 

2.000 - 0.794 - 0.818 

3.000 - 1.032 - 1.067 



Table V, Continued 

k 

GeV/c 

Re f+ 
without Arizona 

Fermis 

Re f+ 
with Arizona 

Permis 

4.000 - 1.141 - 1.189 

5.000 - 1.332 - 1.391 

6.000 - 1.491 - 1.561 

7.000 - 1.592 - 1.674 

8.000 - 1.637 - 1.731 

9.000 - 1.908 - 2.014 

10.000 - 2.319 - 2.437 



TABLE VI 

Values of Re f-

^ Re f_ Re f_ 
without Arizona with Arizona 

GeV/c Permis Permis 

0.300 - 0.240 - 0.210 

0.320 - 0.194 - 0.151 

0.3^0 - 0.193 - 0.125 

0.350 - 0.099 

0.360 - 0.188 - 0.050 

0. 370 + 0.098 

0.380 - 0.190 + 0.023 

0.385 - 0.140 

0.390 - 0.312 

0.395 - 0.426 

0.400 - 0.193 - 0.446 

0.405 - 0.416 

0.410 - 0.385 

0.415 - 0..356 

0.420 - 0.189 - 0.336 

0.425 - 0.327 

0.430 - 0.322 

0.440 - 0.200 - 0.317 

0.450 - 0.307 

0.460 - 0.201 - 0.283 

0.470 - 0.263 

0.480 - 0.161 - 0.228 

0.490 - 0.193 

0.500 - 0.105 - 0.163 

0.510 - 0.147 

0.520 - 0.082 - 0.134 

0.530 - 0.121 

0.540 - 0.063 - 0.111 



Table VI, Continued 

Re f- Re f_ 
without Arizona with Arizona 

Permis Perrais 

0.550 - 0.101 

0.560 - 0.046 - 0.091 

0.570 - 0.092 

0.580 - 0.018 - 0.061 

0.590 + 0.060 

0.600 + 0.084 + 0.043 

0.620 + 0.115 + 0.076 

0.640 + 0.162 + 0.124 

0.660 + 0.220 + 0.183 

0.680 + 0.242 + 0.205 

0.700 + 0.298 + 0.262 

0.720 + 0.319 + 0.283 

0.740 + 0.421 + 0.386 

O.76O + 0.474 + 0.440 

0.780 + 0.474 + 0.440 

0.800 + 

00 00 •=
r 

• 

0
 + 0.404 

0.820 + 0.423 + 0.389 

0.840 + 0.455 + 0.421 

0.860 + 

OO 00 •=
r 0
 + 0.454 

0.880 + 0.495 + 0.461 

0.900 + 

CO C7
\ •=
r 0
 + 0.464 

0.920 + 0.491 + 0.456 

0.940 + 0.503 + 0.469 

0.960 + 0.461 + 0.427 

0.980 + 0.401 + 0.367 

1.000 + 0.403 + 0.369 

1.050 + 0.090 + 0.055 

1.100 - 0.153 - 0.188 

1.150 — 0.212 - 0.247 

k 

GeV/c 



Table VI, Continued 

' Re f. Re f. 
without Arizona • with Arizona 

GeV/c Fermis Permls 

1.200 - 0.223 - 0.259 

1-250 - 0.163 - 0.199 

1.300 - 0.070 - 0.107 

1.350 + 0.070 + 0.032 

1.400 + 0.160 + 0.122 

1.450 + 0.202 + 0.163 

1.500 + 0.230 + 0.191 

1.550 + 0.191 + 0.150 

1.600 + 0.182 + 0.141 

1.650 + 0.122 + 0.081 

1.700 + 0.051 + 0.008 

1.750 + 0.021 - 0.022 

1.800 - 0.007 - 0.050 

1.900 + 0.018 - 0.027 

2.000 + 0.069 + 0.022 

3.000 + 0.119 + 0.057 

4.000 + 0.279 + 0.201 

5.000 + 0.093 - 0.002 

6.000 + 0.325 + 0.213 

7.000 + 0.253 + 0.125 

8.000 + 0.219 + 0.074 

9.000 - 0.058 - 0.219 

10.000 - 0.128 - 0.306 



CHAPTER 6 

RESULTS OP Re f+ 

K*P 

The two sets of values in Table V have been plotted 

in Figures 1 and 2 for k lab momenta of 0.300 to 9.0 GeV/c. 
pp 

Also shown are points obtained by Carter and Lusignoli et 

al.^ for k greater than 0.520 GeV/c. Note that the latter 

two results were obtained using equations with the gpy^ 

coupling constant too low by a factor of m /m^,^ but this 

error does not change the general shapes of these curves. 

Figure 1 shows the Re f+ on a proton in the low mo

mentum region 300 to 1600 MeV/c. The value of the Re f+ 

seems to be negative and approximately constant in the 

range 0.300 to 1.0 GeV/c. It then begins a steady decrease, 

remaining negative but increasing in absolute magnitude. 

The dip and rise near 0.700 GeV/c is probably a reflection 

of the now established dip in the K* p total cross section 

2 5 near this momentum. J All four sets of points follow the 

same general curve, while the slight differences in magni

tude of the four curves in this figure (and in all the fol

lowing figures) are due to the differences in the values of 

the gp^K coupling constant used in the calculations. 

35 
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Figure 2 shows the higher momentum region 1.6 to 9.0 

GeV/c. The four curves are still following the same general 

shape, continuing the steady decrease which began near 1.0 
P FI 

GeV/c. Carter's curve tends to be somewhat smoother above 

6.0 GeV/c, due to the fact that he begins his asymptotic 

term of the integral at that point, rather than at 20.0 

GeV/c. In general, the higher the value of the gpy^s the 

lower the curve and the larger the value of the Re f+ in 

magnitude. 

The negative sign of the Re f+ is caused by the 

large value of the Re f+(mK) term in Eq. (8). This term 

depends on the large ai+ scattering length, which is usually 

taken as negative. (See Table I.) A recent work with Regge 

40 w. pole models for K7p scattering has suggested that Re f+ 

may instead be positive at low energies. If this is the 

12 case, ai+ must be positive. 

Ql 

The existence of very accurate data in the critical 

range of 300 to 600 MeV/c^ has now provided a more detailed 

picture of the behavior of the Re f_ in the low momentum re

gion. The total cross section curve for this region is 

shown in Figure 3, with the Arizona data,points by Watson 

et al."^ and recent points by Arementeros et al.^ The re

gion is dominated by the presence of the Yo*(1520) resonance 
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at approximately 390 MeV/c. Mathematical fits of this data 

to a Breit-Wigner form and appropriate background curves are 

still in the process of being completed. The calculations 

done here were performed using the estimated curves shown in 

Figure 3. The solid line represents a possible background, 

while the dashed line is a resonance of Breit-Wigner form 

with width approximately 6 MeV.2^ 

Using these two suggested curves, the values of 

Re f- were obtained for the proton case for a range .of 0.300 

to 10.0 GeV/c. Results of these calculations for the back

ground and the resonance curves are shown in Figures 4 and 5-
? O 

Also shown are points obtained by Carter for k > 0.625 and 

Lusignoli et al.^ for k > 0.415 GeV/c. 

Figure 4 shows the higher momentum region 0.600 to 

7.5 GeV/c. All four sets of values follow the same general 

shaped curve. Above 0.600, Re f_ rises in value to peaks at 

the well established resonances, 1660 and 1765, at about 

0.740 and 0.940 GeV/c. The curves then oscillate through 

several other higher resonances. Above about 3.0 GeV/c, the 

Re f- appears to be approaching a constant value, or falling 

very slowly to one. Carter's curve is again smoother in the 

very high momenta, for the same reason as for the K*p curve. 

Figure 5 shows the momentum region of 300 to 600 

28 
MeV/c. Carter's curve does not extend this low. There is 

one point of Lusignoli et al.'s for comparison. The 
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background curve merely rises to cross the zero axis at 

about 600 MeV/c. The use of previous existing data show 

only the rise near 390 MeV/c. (Curve not shown.) Inclusion 

2'5 of the Arizona data ^ shows the Re f_ rises to a peak near 

390 MeV/c, then falls to a similar inverted peak near 400 

MeV/c. It then rises slowly to also cross the zero axis 

near 600 MeV/c. The closeness of the two peaks, which rep

resent the Yo*(1520) resonance, reflects the extreme nar

rowness of this resonance. It is the narrowness of the 

cross section curve plus the experimental difficulties in 

working in this low momentum region which cause problems in 

obtaining an acceptable mathematical fit of the total cross 

section. 



CHAPTER 7 

SUMMARY 

The errors in the Re f+ are quite large, of the 

order of 10$ to 50$. This is due to the large errors in the 

CSL coupling constant g*^K — ^ ± 2.^ The effects of addi

tional and more accurate cross sections on the Re parts is 

demonstrated by terms aa and a^ in Tables III and IV. The 

inclusion of the Arizona data^ (column 3) has an almost 

negligible effect on these terms and therefore on the value 

of the gp^K coupling constant. The effects of varying the 

coupling constants have been pointed out already in 

Chapter 6 in connection with Figures 1-5, showing that the 

magnitudes of the real parts for both the K* and the K~ are 

sensitive to variations in this constant. The part of the 

error on the real parts due to experimental error on data 

above 300 MeV/c is much less than the uncertainty caused by 

the lack of sufficient information below 300 MeV/c, as in

dicated by the disagreements in the theoretical predictions 

of the unphysical region contribution. 

The need is obvious for more data in" the critical 

region below 300 MeV/c. This, matched up with the Arizona 

data just above 300 MeV/c would permit redetermination of 
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the parameters in this region. Extension to below physical 

threshold would then solve the controversy of the value of 

the gp^K coupling constant. 

This work has served to confirm the general shape 

of the curves of the Re f+ in the region 0.300 to 10.0 

GeV/c. It has shown now that the Re f_ at low energy is 

approximately symmetrical about the Yo*(1520) resonance. 

There is demonstrated the need for experimental data from 

even lower energy regions in order to measure only s-wave 

effects for use in the theoretical models. 



APPENDIX 

T MATRIX THEORY 

The T matrix** describes the scattering of a beam of 

kaons by a stationary nucleon target. It is related to the 

phase shift 6^ of the partial wave in the H momentum channel 

by 

T = - e^A sin . 

The dimensional size of the matrix is determined by the num

ber of reaction channels available, which is in turn related 

to the isotopic spin. For example, the 1=0 matrix for the 

K~p case is 

where T^K is the elastic channel, 

K~ + p K~ + p . 

T^£ is the absorption channel, 

K~ + p •* E + 71 

and Tj.£ is the sigma scattering channel, 

E + ir -»• E + ir . 

H6 
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The determination of the elements of the T (or scat

tering) matrix can be simplified by the introduction of two 

4  2 9  additional matrices, K (or reaction) and M. These are 

related to T and to each other by 

T = K( 1 - iK)""1 , 

T = k2jl/(M - ikzJl+ 1) , 

and 
K = . 

The usual method of determining T^ is to expand the 

M matrix in a power series of k? about an energy Eo, where 

k^ is the momentum in the center of the mass of the ith 

partial channel.^ jn the s-wave state, 

Mij = + ?R±£k± " k^Eo)) + • • . 

where R is the effective range matrix. The constants of 

this expression can be evaluated by use.of experimental data, 

e.g. total and partial cross sections and partial cross sec

tion ratios of various channels, in the very low energy re

gions. Limitations on accuracy and availability of 

sufficient physical data has resulted in three different 

approximations in these calculations. These are known as 

the constant scattering length (CSL)^ zero range (ZR) and 

2Q 
effective range (ER). 



48 

This use of experimental data and a fitting to a 

theoretical truncated series permits the elements of the T 

matrix to be determined; The T^j are related to the total 

cross sections by 

®ij = ""iTijI2 ' 

where i is the initial channel and j is the final channel, 

and in turn related to the Im f by the Optical Theorem, 
\ 

tft(w) = ~ Im f(w) , 

thereby giving 

Im fij = ki iTiJ I 2 * 

These parameterized amplitudes, which are valid in the very 

low physical regions, can then be extended into the region 

below the physical threshold and applied to the dispersion 

integral. In extending these amplitudes below a threshold 

Ei, the only change is that the momentum must be replaced 

by i|k^|; the parameterization constants remain the same. 

Constant Scattering Length 

The constant scattering length method consists of 

retaining only the first term of the M expansion and setting 

that term equal to a constant, independent of energy. The M 
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matrix power series reduces to 

Mu - 51 • 

In the case of kaon-nucleon interactions, these A are com

plex numbers, 

AT = aT + ibT , 

where I is 0 or 1, the isotopic spin. The most recent 

values of a^ and b^ are listed in Table I. 

The T.. may then be expressed in terms of the A's. 
J 

This can be done by writing down solutions of the wave equa

tion in terms of linear combinations of elastic and scat-

2 tered waves. For example, if 0 and <J>i represent the 

space dependent wave functions in the 1=0 and 1=1 chan

nels, and rip- represents the wave function of the K~p chan

nel, then the solutions of the wave equation for this case 

can be written as 

rih = sln(kr) + Teikr - + (t)1 

k /2 

The boundary conditions,^ derived from a correspondingly 

simplified (i.e., A = constant) K matrix theory,* are 

*See p. 53. 
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4» o = A o 4> o' , 

4> l - Ai<J) i' . 

The elements of T are solved in terms of the A^'s. By 

using the equation 

Im = kiiT13i 

the expressions for Im f_ are then obtained as functions of 

the A's: 

Im f, = k 
© 1 • 

f—Ai 
l-l-ikAi 

A, 
1-ikAo • ) /2  

Im f ch.ex. 
= k f h ils )  / 2  

^1-ikAi. 1-ikAo^ 

Im fabs.,1=0 ~ b° 1 - ik-A, 

Im fabs.,I=l = bl 1 - ikAi 

Note that these terms apply only above the appropriate 

thresholds. Below a particular threshold, the corresponding 

r e a c t i o n  c h a n n e l  a m p l i t u d e  i s  z e r o .  A l s o  n o t e  t h a t  t h e  1 = 0  

absorption term does not go to 0 at the Sir threshold as it 

should. 

The effects of the Coulomb force and mass differ

ences of the K~p and K°n systems can be included in this 



51 

formalism. The Coulomb potential is placed directly in 

the wave equation for the K~p system. The K°n system can be 

treated by introducing the appropriate wave equation, chang

ing the K~ momentum, k, into a Ko momentum, ko. 

The boundary conditions on the isotopic spin chan

nels are the same, but the wavefunctions are now matched at 

r = R, a small distance, outside of which the Coulomb poten

tial is dominant. If this is done, and the same procedure 

is carried out as for the original case, the final forms 

used in this calculation are obtained: 

A o+A i 

Im fel = kCo* 
— ikoAoAi 

D 

Ai-A o 

Im fch.ex. = k»°°: D 

Im fabs.,I=0 = b°0°2 
1 — ik o Ai 

D 

t ~\ ~ b iCo abs.,1=1 
1 — ik o A o 

D 

where 

Co2 = |g(l - e-2ir/kB)->, 

D = 1 - |-(Ao_ + Ai)[k02 + kC02(l - IX)] 

- k0kC02(l - iX)A0Ai , 



X = kif^r[^(2kR) + Re + 2y] , 

B = Bohr radius in K°n atom , 

R = constant = O.k • 10~13 cm 

k 2 
= K meson Compton wavelength. 

The results are essentially independent of the value of the 

h p  
constant R. 

Although the above formalism including Coulomb ampl 

tude effects above and below threshold is a valid procedure 

the method is cumbersome. It is possible to construct a 

dispersion relation valid for the situation where the elec

tromagnetic interaction has been turned off. Such a dis

persion relation contains all the valid strong interaction 

parameters, the evaluations of which are the purpose of the 

use of the dispersion relations. Provided that one uses 

experimental data where the Coulomb effects have been re

moved, leaving only strong interaction experimental data, 

the procedure of neglecting Coulomb effects in the disper

sion integral is valid. 

Zero Range 

The zero range formalism makes the same initial 

approximation as CSL, i.e., 
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Mu - - ff • 

However, A is now allowed to be a function of energy. 

2 As an example of the equations obtained, consider 

the I = 0 K matrix 

a 3 

3 Y J  

where a, 3 and y are chosen, in this approximation, to be 

constants, independent of energy. K matrix theory is applied 

to two channels of the form \ 

Xi = sin(kr)/k + Tiie"5"1^ , 

y. _ m iqr A2 - 121e 

The boundary condition for K matrix theory is 

r=0 ,3 Y 

If this equation is solved for Xi and X2, the boundary con

dition on these wave functions reduces to 

x'lr=o - M&H • 

*'lr.O - H'(TE9r.0 • 



5 A 

where A is the scattering length and has components 

a0 = Re A0 = a - [x + (qy)*] » 

bo = Im Ao = [l +q(qy)2l ' 

and similarly for Mo. Note this is the same boundary condi

tion as for CSL, except A0 is now a function of energy. De

termination of a3 3 and y by use of experimental data 

permits A to be evaluated as a function of energy. 

Use of the wave equation and the above boundary con

dition, following the same procedure as described for CSL 

gives the same equations for the Im f_. The only difference 

is that Ao must be evaluated at the momentum q which cor

responds to the particular energy involved. 

Effective Range 

29 
The effective range theory retains the second term 

in the expansion of M, i.e., the k2 power, 

Mij = Mij(Eo) +  ̂ Rii(ki2 ~ k1
2(E0)) , 

where the second term added on the right hand side distin

guishes this method from the previous zero range formalism. 

The elements of M^(Eo) are constants and the elements of 

the R, the effective range matrix, are also assumed energy 



o c 
independent. Values for all the required terms of the 

matrices have been obtained by a fit of the available data 

*3 /T 
by Kim, involving 4*1 parameters. 

The values of the T matrix can then be determined 

from these numbers by 

T = k2£/(M - lkll+ 1) . 

The Im f» is obtained by the expression 

Ira - kiiTiji2 • 
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