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ABSTRACT 

Past experimental work indicates that during the 

collision of two water drops the existence of an air film" 

trapped between the deforming water surfaces presents an 

initial barrier to the coalescence process by preventing 

the drops from making actual contact. The air film drains 

rather slowly until a critical drop separation is reached 

(on the order of 0.1 microns), at which time the air gap 

is suddenly bridged and coalescence proceeds rapidly. If 

the drop-rebound time is shorter than the film-drainage 

time, it is clear that the drops will bounce apart before 

coalescence can be initiated. The present research is 

concerned with giving a quantitative theoretical descrip

tion of this phenomenon. Estimates of rebound times and 

film-drainage times are presented here for the case of 

millimeter-size drops colliding at various speeds along 

their line of centers. The results are compared with 

previous experiments. 

The drop dynamics are simulated numerically using 

a modification of the Marker-and-Cell Method, a scheme 

developed to study the motion of a viscous liquid possessing 

a free surface, and adapted for high-speed computers. The 

full Navier-Stokes equations are utilized, and the geometry 

viii 
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is here constrained to be axisymmetric. Tracer particles 

initially laid out along the surface of the fluid mark its 

subsequent position as the flow develops. Capillary ef

fects are included here by passing a cubic spline interpola

tion curve through the array of "surface" particles. The 

surface-tension stress is then evaluated by computing the 

curvature of this spline. 

The accuracy of the computing technique is checked 

by a number of comparisons with a closed solution, developed 

by Lord Rayleigh, for the motion of a spheroid oscillating 

with small amplitude about a spherical equilibrium shape. 

The results show that the numerical model is quite accurate. 

For example, the predicted period of small-amplitude oscil

lation agrees excellently with Rayleigh's results. The 

characteristics of the large-amplitude oscillation are dis

cussed. 

The collision of two drops is simulated by allowing 

a single drop to impact on a rigid boundary. The dynamical 

behavior of the drop during collision is illustrated and 

discussed. It is shown that for small viscosities the 

characteristics of the collision, such as the deformation 

and rebound time, are functions only of the nondimensional 

Weber number, and the functional relationships are displayed. 

The film-drainage dynamics are evaluated using an 

extension of a theory originally developed by Stefan and 
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by Reynolds. The present theory takes account of the radial 

motion of the adjacent drop surfaces as the drops deform 

during collision. The adjacent surfaces are assumed to be 

flat and parallel. The theory involves several important 

time-dependent parameters that are evaluated from the drop 

simulation study. Good agreement is found between the pre

dictions of this theory and actual observations, indicating 

that the bounce-off phenomenon can be explained by a film-

drainage theory. The dependence of the bouncing phenomenon 

on the impact speed, VQ, is found to be a result of the 

strong VQ-dependence of the radial flow in the drops at 

their adjacent surfaces. 

The role played in this problem by the natural in

ternal circulation in falling raindrops and by the finite 

mean free path of air molecules is examined and found to be 

of only minor importance. 

The effect of electrical forces is considered brief

ly, and a short discussion of the mechanism (involving van 

der Waals forces) by which the film eventually breaks down 

is also given. 



CHAPTER I 

INTRODUCTION 

Scientists have long been interested in the forma

tion of rain and the related processes that go on inside 

clouds. Although progress in the study of precipitation 

formation was rather slow until the late 1940"s, when the 

newly-found possibilities of artificially inducing precipi

tation stimulated interest in the field, many of the basic 

concepts of rain formation had already been formulated. 

Thus, the work of Kohler (1926) showed how the presence 

of hygroscopic particles acting as condensation nuclei 

served to overcome the free-energy barrier of homogeneous 

nucleation and made possible the diffusional growth of 

cloud droplets. Early studies of the diffusional growth 

of single drops, however, showed that cloud droplets could 

not grow, by diffusion alone, to raindrop sizes in anything 

approaching normal cloud lifetimes. It was clear, there

fore, that some other process must be responsible for the 

conversion of the cloud droplets to raindrop-size 

particles. 

1 
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As early as 1911, Wegener recognized that saturation 

vapor pressure differences between ice and supercooled water 

might be important for the diffusional growth of natural 

precipitation via a three-phase mechanism. Qualitative 

arguments to the same effect were also made by Bergeron in 

1933, but it was not until Houghton's (19 50) work that the 

ice-crystal process received quantitative analysis. Simi

larly, in spite of qualitative discussion dating to at 

least the 1800's, quantitative analysis of the accretional 

mode of precipitation growth cannot be said to have started 

until Langmuir's (1948) computation of collision effi

ciencies began to make the analysis physically realistic. 

While the ice-crystal process held favor for many 

years as the dominant mechanism for rain formation, strong 

evidence has been presented for believing that the accre

tion process may be the dominant one even for clouds which 

extend beyond the freezing level (Battan, 1953). A good 

deal of effort has been given since to studying in more 

detail the many facets of the accretional growth problem. 

Thus, the assumption of the early work of Bowen (1950) 

that the liquid water was continuously distributed in 

space, was removed by Telford (1955) who studied the 

evolution of the few more fortunate drops that were able 

to grow to large size by a fortuitous set of collisions 



3 

with other "large" drops. This stochastic aspect of the 

problem, which allows drops to be randomly (and discretely) 

distributed in space, has been further studied by Twomey 

(1964, 1966), Berry (1967), and Warshaw (1967). These 

recent studies extended Telford's work by considering a 

continuous spectrum of drop sizes, and used newer estimates 

of collision efficiencies. They have shown that particle 

growth may be several times that predicted by the continu

ous (e.g., Bowen) model. 

Accurate prediction of the formation of rain must 

depend ultimately on an understanding of the interaction 

between individual pairs of drops falling through air. 

The presence of the air is of prime importance in this re

gard, affecting both the probability of collision and the 

probability of subsequent coalescence. The concepts of 

collision efficiency and coalescence efficiency are funda

mental. The collision efficiency for a given drop-droplet 

pair falling at terminal velocity represents the proba

bility that the smaller drop will lie somewhere within 

the effective volume swept out by the larger drop, and 

hence suffer a collision. Vvhile for a given encounter the 

collision efficiency as so-defined must be either zero or 

one, for an ensemble of such events the collision effi

ciency will have some intermediate value, and, in fact, 
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will equal the ratio of the effective swept volume to the 

geometric swept volume. Determination of the effective 

swept volume, or alternatively, the effective cross-

sectional area, depends on a knowledge of the fluid drag 

on each of a pair of randomly positioned spheres falling 

in a viscous medium.''' If such drag forces can be found, 

then the collision efficiency can be computed by inte

grating (numerically, in general) the equations of motion 

to find the trajectories of the pair. An iterative scheme 

is necessary to determine the grazing trajectory which 

then fixes the effective cross-section. 

Great difficulties are involved in making such 

calculations. Analytic solutions for the flow around 

even a single sphere are known only for very restrictive 

conditions. The early computations of Langmuir and 

Blodgett (1946) and Langmuir (1948) used flow fields for 

each body which ignored the presence of the other body. 

Despite the crudeness of this assumption, the simplifica

tions thus afforded make the essence of this assumption 

desirable even in more refined work (e.g., Shafrir and 

Neiburger, 1963). Langmuir (1948) computed collision 

efficiencies assuming both potential flow and viscous 

1. As is well known, raindrops are almost perfect
ly spherical for sizes smaller than about 1 mm diameter. 
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flow (Stokes regime), and extrapolated between the two sets 

of results for drop sizes in the intermediate case, rep

resenting moderate Reynolds numbers. Pearcey and Hill 

(1957) made calculations using Oseen's solution for the 

flow around the drops. Hocking (1959) was the first to 

use drag forces derived from a fluid dynamic description 

taking full account of both bodies. Hocking's use of 

Stokesian dynamics limited consideration to drop sizes les.s 

than 30 microns in radius, but linearized the Navier-Stokes 

equations, thus permitting a superposition of solutions 

for motion of the two spheres perpendicular to and along 

their line of centers. Shafrir and Neiburger (1963) used 

a numerical solution for the flow around a single sphere, 

following Jenson (1959). Employing a technique, similar 

to that of Pearcey and Hill (1957), for superimposing the 

flow field of each drop on the other, they computed colli

sion efficiencies for drop radii up to 136 microns. Their 

curves for R = 30 micron, where R is the large drop 

radius, agreed well with those of Hocking. 

Several of the results of Hocking and of Shafrir 

and Neiburger have since been disputed. Hocking's pre

diction that drops of 18 microns radius and under should 

be incapable of collecting smaller droplets was shown by 

Davis and Sartor (1967) to result from truncating too 
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quickly an infinite set of simultaneous equations. Computa

tions by these authors revealed no 18 micron cut-off, but 

rather showed that the collision efficiency curves tend to 

bunch as the size of the larger drop decreased. Also, 

whereas the work of Hocking and Shafrir-Neiburger showed 

zero collision efficiency for nearly equal-size drops, r/R 

close to unity, where r is the small droplet radius, and 

for drops differing considerably in size, r/R less than 

0.2, the Davis-Sartor calculations gave small but finite 

collision efficiencies for all r/R greater than zero. The 

experimental work bearing on the small r/R case, notably 

that of Picknett (1960) and Woods and Mason (19 64), sup

ports the more accurate Davis-Sartor values at least 

qualitatively, in that no small-r/R cut-off was observed. 

Attempts at clarifying the situation for r/R near one, 

the region of so-called wake capture, have yielded different 

conclusions. Early work by Telford, Thorndike and Bowen 

(1955) indicated that wake effects increased the collision 

efficiency, E, far above even the geometric value, E = 1. 

For 77 micron drops, Telford, et al., computed a collision 

efficiency of about 3. Theoretical computations by 

Pearcey and Hill (1957) also showed very large E'r for 

nearly equal drops, values well over 100. However, re-

computation of their work by Shafrir (1965) has shown that 
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(1) they did not use the correct Oseen flow as claimed, 

and (2) even given their flow field, some of their curves 

were in error. Collision efficiencies computed by Shafrir 

from the Oseen flow showed the same form as the Hocking 

and Shafrir-Neiburger curves. 

The picture that has emerged regarding wake 

capture is that there appears to be a limiting value of 

R above which E remains finite as r/R approaches unity, 

but below which E goes to zero (or at least to very small 

values). Thus, Telford and Thorndike (1961) observed no 

collisions for drops of about 17 micron radius, but did 

observe occasional collisions for 22 micron drops. They 

did not actually compute E-values. The more comprehen

sive work of Woods and Mason (1965) revealed similar 

behavior with a limiting size of about 40 micron. No 

collisions were observed for smaller equal-size drops, and 

moderate values of E were computed from their experiments 

with larger sizes. In no case did their measured E's 

exceed unity, and they found no evidence that one drop was 

sucked laterally into the wake of the other, a process 

discussed by Telford, et al., (1955) in explaining their 

large experimentally-determined collision efficiencies. 

Criticism of Woods and Mason (1965) by Neiburger (1967) 

concerned their practice of allowing the upper drop to 
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start only 10 drop radii above the lower, hence already 

experiencing wake influence. The procedure of Shafrir and 

Neiburger (1963) was to start their numerical computations 

with an initial separation of 100 radii. As discussed by 

Neiburger (1967) this might have two effects. The com

putational error which might accumulate during the many 

integration steps necessary to bring the drops together 

might give erroneous results. On the other hand, the longer 

times involved might be important for interactions between 

the upper drop and the wake of the lower (and hence the 

lower drop itself, through coupling between the drop and its 

own wake) to have a decisive effect. It is not clear, how

ever, whether this effect would be toward larger or smaller 

E's. Shafrir, Kornfeld and Kern (1968) found that the ini

tial vertical displacement of the two drops had strong and 

not altogether predictable effects. Neiburger (1967) re

computed the Shafrir-Neiburger ' (1963) curves with emphasis 

on the region r/R greater than 0.9, and used special tech

niques to keep the computational errors under strict control. 

The wake capture results were "not inconsistent" with those 

of Telford, et al, (1955), in that larger than geometric 

E's were observed. The general agreement with the Woods 

and Mason (1965) experiments was also better than the 

original Shafrir-Neiburger computations. The main result 
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was that the curves split for R = 63 microns. With smaller 

R the collision efficiency dropped for r/R approaching 

unity, but for larger R, E increased, and exceeded the 

geometric value for R greater than 80 microns. Recent 

experiments of Beard and Pruppacher (19 6 8) were aimed at 

testing the Shafrir-Neiburger computed values in the 

range r/R from about 0.5 to 1.0, and R from about 40 to 

90 microns, where little previous experimental data were 

available. They found, in general, good agreement with 

both the Shafrir-Neiburger theory and the Woods and Mason 

experiments for r/R less than 0.9. For r/R approaching 

unity they found, like Woods and Mason, fairly large (but 

not exceeding geometric) collision efficiencies, in dis

agreement with the refined Neiburger calculations predict

ing negligible E's for this case. Over the range of sizes 

studied they observed always non-zero collision effi

ciencies. Thus, the experimental evidence showing finite 

E-values for nearly equal drops greater than 40 micron 

radii does not support the theoretical prediction that 

there should be a 63 micron cut-off. The negligible E's 

for similar drops smaller than 40 microns, observed by 

Woods and Mason (Telford and Thorndike give a value of 20 

microns) may not be inconsistent with the value of 0.06 

computed by Davis and Sartor (1967), who dealt only with 

R less than 30 microns. 
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A number of workers have examined the effects of 

electric charge and field on collision efficiency (Sartor, 

1960; Lindblad and Semonin, 1963). The most comprehensive 

work to date is that of the Illinois group (Plumlee and 

Semonin, 1965; Semonin and Plumlee, 1966) who made use of 

the field enhancement factors computed by Davis (1964) 

for charged spheres in an electric field. Atkinson and 

Paluch (1968) have given a more recent discussion of various 

aspects of the problem, and Paluch (1970) derived useful 

interpolation formulae. The general results seem to be 

that electric fields in the thunderstorm range of 1000 v/cm 

or so are needed before collision efficiencies are ap

preciably affected. Similarly, the charges normally found 

on cloud droplets (Webb and Gunn, 1955) appear to be in

adequate to enhance collision efficiencies to a significant 

degree, so that electrical effects will not be important 

for the initiation of rain, but may be of importance for 

subsequent fast precipitation growth observed in thunder

storms (see, e.g., Davis and Sartor, 1968; and Sartor, 

1969). 

In contrast to the just-summarized studies of the 

collision problem, little definitive work has beor. con

ducted on the raindrop coalescence problem. The literature 

provides mostly qualitative discussion, and at times gives 
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rather hazy descriptions of the actual physical processes 

involved. With the collision problem, progress has been 

possible because we know various methods for finding 

the fluid flow around spheres. However, with the coales

cence problem we deal with spheres only initially, and 

it is the actual deformation of the sphere upon collision 

that is of interest. 

The deforming-drop problem requires not only 

keeping track of the location of the free surface,.or more 

properly, the air-water interface, but also involves 

various surface boundary conditions, the most important 

of which is the surface-tension stress. The difficulty of 

finding exact solutions to the Navier-Stokes equations 

under such conditions need hardly be mentioned. Thus, 

essentially all work on the raindrop coalescence problem 

has been experimental. 

Study of the coalescence problem seeks to examine 

the important question of whether two drops will actually 

combine and form a single drop upon collision. In the 

previous discussion concerning laboratory measurements 

of collision efficiency, it was, of course, total 

collection efficiency that was measured. The collection 

efficiency is defined to be the collision efficiency, E, 

multiplied by the coalescence efficiency, C, where C is 
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thus the fraction of all colliding drops that finally 

coalesce. For lack of anything better, all models of rain 

formation have assumed a coalescence efficiency of unity. 

In discussing the coalescence problem it is helpful 

to break up the physical process into two distinct phases. 

The initial action of bringing the drops into close 

proximity we relegate to the collision problem and discuss 

no further. Once the drops are brought together the 

presence of the air serves as a cushion to keep them apart. 

The problem of getting rid of this air film and allowing 

the.drops to make actual contact we will refer to as the 

coalescence problem of Type I. After contact has been 

made, coalescence (by which we here understand the forma

tion of new molecular bonds between the two water surfaces) 

should proceed immediately. The problem once coalescence 

has started is that of stabilizing the subsequent motion 

of the now single drop to keep it from separating into 

two or more fragments. We will call this the Type II 

coalescence problem. It would be appropriate to call 

Type I the bounce-off problem, and Type II the disruption 

problem, for these are the general effects produced. 

Note that for permanent coalescence to occur both the 

Type I and Type II considerations must be confronted. 

Noncoalescence, however, can occur by either mechanism. 
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While both bounce-off and disruption have been observed in 

laboratory experiments, the coalescence literature has not 

made a point of the distinction. It seems clearly of 

value to do so, for the physics involved in the two 

processes is quite different. 

A number of investigators have conducted experiments 

which effectively isolated the Type I problem. Experiments 

in which water drops have been slowly pushed together via 

some mechanical device (Berg, et al., 1963; Lindblad, 1964) 

without observing coalescence have clearly dealt with the 

air drainage problem. Similarly, observed drop collision 

followed by bounce-off must be of Type I (Rayleigh, 1879a; 

Blanchard, 1950; Schotland, I960; Freier, 1960; Plumlee, 

1964; Jayaratne and Mason, 1964). Many experiments 

conducted with other than a water-air interface have given 

valuable insights into the mechanism of film drainage 

(Gillespie and Rideal, 1956; Linton and Sutherland, 1956; 

Charles and Mason, 1960; Allan and Mason, 1961; Allan, 

Charles and Mason,. 1961; MacKay and Mason, 1963; Jeffreys 

and Hawksley, 1965; Hartland, 1967, 1968). 

Swinbank (1947) made observations on a cloud of 

small droplets of size up to 4 microns in diameter. Even 

though he viewed many head-on collisions, he never 

observed a coalescence. His explanation follows: 
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Two small drops will separately assume the 
shape of minimum surface energy, a sphere. If 
they coalesce, the joint drop will again be a 
sphere in which the surface energy has a new 
and lesser minimum. During amalgamation, the 
drops will be distorted, and, though the 
mechanics of coalescence are not known, the 
distortion may cause an increase in surface 
energy. Such an increase of surface energy, 
though it would be small compared with the total, 
would constitute a barrier to coalescence: if 
it is overcome, the drops will amalgamate; if 
not, they will rebound (p. 84 9). 

Let us examine this point. As two drops, distorted or not, 

come together and touch, some surface, and hence surface 

energy, is immediately lost in the region of touching. 

This lost surface energy will appear as kinetic energy 

to drive the coalescence a bit further, releasing more 

surface energy, and so on. If we were to phrase the 

discussion in terms of pressure gradient forces arising 

from the surface curvature in the region of the initial 

touch, the same result would be evident. The high surface 

energy relative to the quite low interaction energies in 

the cloud droplet case (due to low relative terminal 

velocities) does not of itself form a barrier to coales

cence. The only barrier to coalescence in this regard 

is that due to the presence of the atmosphere. This 

point is emphasized here because the essence of 

Swinbank's argument has recently reappeared (Gunn, 1965; 

Cotton and Gokhale, 1967) . 



It seems highly desirable in studying the Type II 

encounters to make sure that as many as possible of the 

experimental conditions are the same as in the raindrop 

case. In particular, the drops should be unrestricted 

by mechanical devices, so that the entire drop and not 

just part, can participate in the collision dynamics. 

The results of Magono and Nakamura (1959), for example, 

seem a bit questionable because of such drop-restriction. 

For aerodynamic effects to be the same as in the 

atmosphere, the drops should be falling at terminal 

velocity, making use of a wind tunnel very desirable. A 

recent rise of interest along these lines shows promise 

(e.g., Cotton and Gokhale, 1967; Hoffer and Mallen, 1968; 

Pruppacher and Neiburger, 1968; Montgomery and Dawson, 

1969) . 

The best qualitative work on drop collision 

phenomena is that of Gunn (1965), who classified the 

various types of collisions he observed, bringing a 

semblance of order to the problem. Adam, Lindblad and 

Hendricks (1967) have given the most definitive quantita

tive discussion of the coalescence problem (of Type II). 

They showed how the probability of coalescence varied 

experimentally with both the collision impact parameter 

and the impact velocity, and obtained good agreement 
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with a simple limiting theory. Most of this work also 

appears in Adam, et al. (1968). There is great value in 

continuing,work along the lines of Adam, et al., particu

larly in extending the analysis to unequal sized drops 

impacting at speeds near their relative terminal velocity, 

in working with uncharged drops as well as charged, and 

in including aerodynamic effects via wind tunnel apparatus. 

Neither Gunn (1965) not Adam, et al. (1967) included the 

latter. 

The Type I problem, which is the subject of this 

dissertation, clearly depends on the dynamics of the 

colliding drops, as well as the rate at which the air film 

drains from between the two drops. Experimental studies 

indicate that this air film drains rather slowly as the 

drops approach, until a critical separation on the order 

of 0.1 microns is reached. The film is then suddenly 

bridged, and coalescence proceeds rapidly. It is evident 

that if the rebound time is shorter than the time needed 

to attain the critical separation, the drops will bounce 

apart and coalescence will not be possible. Thus, the 

goal of the present research is one of giving theoretical 

estimates for rebound times and film-drainage times under 

various physical conditions. The dynamics of the 

colliding drops is simulated here by means of a numerical 



model, which in the present case, restricts attention to 

drops of nearly equal size impacting along their line 

of centers. The development of the model represents one 

of the major efforts of this research. The effects of 

aerodynamic forces are not included. The following two 

chapters discuss the numerical methodology involved in 

the drop simulation, and describe a numerical experiment 

designed to test the model's accuracy. Chapter IV deals 

with the drop collision dynamics, and Chapter V examines 

the air-film problem, including several aspects not 

previously investigated. 



CHAPTER II 

NUMERICAL TECHNIQUES FOR DROP SIMULATION 

The Marker-and-Cell Method 

The basic numerical techniques used in the drop 

simulation conducted in this work were developed at the 

Los Alamos Scientific Laboratory and comprise a 

computing scheme termed the Marker-and-Cell (MAC) 

Method. In brief, the MAC method is a technique for 

solving, via high-speed computer, transient flow problems 

involving an incompressible viscous fluid, and is par

ticularly notable for its ability to deal with free 

surfaces. A good general discussion of the basic MAC 

methodology was given by Harlow and Welch (1965), but a 

much more thorough treatment of the many pertinent 

details, along with flow diagrams and computed examples, 

is that of Welch, et al. (1966), making the latter the 

basic MAC reference. A number of applications of the 

MAC method appear in the literature (e.g., Harlow, 

Shannon and Welch, 1965; Harlow and Welch, 1966; Harlow 

and Shannon, 1967; Daly and Pracht, 1968). 

18 
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In view of the availability of MAC reference 

material, the discussion in this section will be limited 

to a general review. Only the highlights of the method will 

be covered, and where necessary, enough of the detail to 

give a background for the material in the subsequent 

sections of this chapter, which deals with modifications 

necessary for the inclusion of surface-tension effects. 

The MAC method is, in essence, simply a means for 

numerically solving, subject.to prescribed initial and 

boundary conditions, the. following system of differential 

equations describing the motion of a viscous incom

pressible fluid: 

9u „ A —* •p: + V* (u u) = — V4> — WxVxu + g 

V*u = 0 (2-1) 

where u is the fluid velocity, <J> = p/p, the ratio of 

pressure to constant density, v the kinematic viscosity, 

and cj the sum of all body forces. Unlike many two-

dimensional computing techniques which use the vorticity 

and stream function as the primary dependent variables, 

the MAC method uses the so-called primitive form (Eq. 2-1) 

of the Navier-Stokes equations. The primary advantage 
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of the primitive equations in the current context is that 

free-surface boundary conditions, to be discussed later, 

are much easier to implement. 

finite differencing is done, is, of course, only one of 

many such possible forms. The reason for using this 

"flux" form of the advective terms in (2-1), spelled out 

in Welch, et al. (1966), is that total momentum can be 

rigorously conserved. The alternate form involving 

undifferentiated coefficients would not possess this 

conservative property. 

(axisymmetric) coordinates appropriate for the drop-

simulation problem is: 

The particular vector form (2-1), upon which the 

The scalar form of (2-1) in cylindrical 

3u 1 9ru^ 9uv 
9t r 9r 9z 

9<b , 9 ^ 9u 9v-j 
9r "cfz ^3z dr' 

9v . 1 3ruv 9v 
9t r 9r 3z 

3v 3 P c3u 9vi 
= g " 97 - r 9? L fe " 

1 9ru 9v 
r 9r 3z ( 2 - 2 )  

Here r is the radial coordinate, u is the radial 

velocity, z the vertical coordinate and v the vertical 

velocity. 



Before we proceed to the actual finite difference 

equations, it is convenient to first examine other general 

considerations essential to MAC methodology. A-short dis

cussion taken from Welch, et al. (1966) follows. 

In the development of any computing method 
for fluid dynamics there are two interacting 
considerations that must be taken into account: 

1) How are the fluid and its environment 
to be represented? 

2) How are changes through time to be 
calculated? 

There are, in effect, two coordinate systems 
used in MAC-method calculations: The primary 
one covers the entire domain of interest with 
a rectangular grid of cells, each of dimension 
x by y. The cells are numbered by indices i 
and j, with i counting the columns in the x 
direction and j counting the rows in the y 
direction. The field-variable values describing 
the flow field are directly associated with 
these cells. Their points of definition, 
relative to a cell, are shown . . . (p. 16) 
(See Figure 2-1). 

Note that Welch, et al., are here considering a strictly 

two dimensional cartesian system. The discussion in 

axisyrnmetric geometry with coordinates r and z would 

be identical, however. 



u. . is to be read u. 
1+»S3 I+'SfD 

v.. , is to be read v. . , iD+h i ,3+h 

i 3+h 

<f>. . 

ui-%j * 

vij-% 
I 
I 
i 

u i+hj 

Figure 2-1. Points of Definition of Field 
Variables with Respect to "Cell" 

Actually, the true fluid would, in general, have 
a different set of field-variable values for every 
infinitesimal point in the fluid. The representation 
used for computing, however, must be restricted to 
a finite number of values, each approximating an 
average through the immediately adjacent region. It 
follows that the accuracy of the representation de
pends strongly upon the fineness of the mesh compared 
to the macroscopic structure of the flow. 

The placement of the field-variable quantities 
relative to the mesh is of considerable importance 
to the matter of conservation. No arrangement other 
than the one shown in the figure appears to be 
workable. . . (p. 17). 

In addition to the primary-coordinate system 
of finite-difference cells, there is a coordinate 
system of particles whose motions describe the 
trajectories of fluid elements. These particles 
serve two purposes: First, they show which cells 



are surface cells, into which the surface boundary 
conditions should be applied. Second, they show 
the motion of the fluid and all its distortions 
as it passes through the computing region. For 
the first purpose, it would be necessary to have 
particles only near the fluid surface. The second 
purpose, however, is also of considerable value, 
particularly if facilities are available for 
easily plotting particle positions at various 
times through the progress of the calculations. 
We have found that complete configuration plots 
carry in concise form much of the information 
required for the analysis of.results... 

As in most other fluid dynamics computing 
methods for transient problems, the MAC technique 
works with a time cycle, or "movie frame," point 
of view. This means that the calculation proceeds 
through a sequence of cycles, each advancing the 
entire fluid configuration through a small, but 
finite, increment of time, St. The results of 
each cycle act as initial conditions for the next 
one, and the calculation continues for as many 
cycles as the investigator wishes. Each cycle 
is itself subdivided into phases: 

1) The pressure for each cell is obtained 
by solving a finite-difference Poisson's 
equation, whose source term i:s a 
function of the velocities. This 
equation (is) derived subject to the 
requirement that the resulting momentum 
equations should produce a new velocity 
field that satisfies the incompressibility 
condition. 

2) The full finite-difference Navier-Stokes 
equations are used to find the new 
velocities throughout the mesh. 

3) The marker particles are moved to their 
new positions, using for their velocities 
simple interpolated values from the 
nearby cells. 

4) Bookkeeping processes are accomplished 
related to the creation or destruction 
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of surface cells,the input or output 
of particles, the advancement of a time 
counter, printing or plotting results, 
and numerous similar matters. 

By the end of the cycle, the results have been 
arranged in the computer memory in such a way th&t 
the next cycle can immediately begin (p. 18). 

The addition of a free surface to fluid dynamic 

calculations involves two problems. First, it is necessary 

to somehow specify where the free surface.is located, and 

second, it is necessary to apply a free-surface boundary 

condition. The first problem is handled in the MAC 

method, as we have seen, by introducing mathematical 

"marker particles," which, much like dye particles in 

actual experiments, follow the local motion of the fluid. 

The boundary separating cells which contain no marker 

particles from those that do is thus the nominal surface. 

In the finite difference approximation we do not resolve 

the surface to more than a cell-width, so that there will 

be an array of "surface cells" into which the surface 

boundary condition will be applied. A given cell is 

treated as a surface cell if it contains at least one 

marker particle, but is adjacent to a cell which does not. 

An empty cell is one which contains no marker particles. 

Although empty cells play no role in the calculations 

it is necessary to allocate computer storage for them 

to allow for the possibility that fluid should later move 



into their region. Full cells are cells which contain at 

least one marker particle and are not adjacent to an 

empty cell (actually this condition can be relaxed if it 

is specified at time zero which side of the surface is 

to be regarded as full and which as empty). The process 

of determining whether a given cell is to be treated as 

full, surface, or empty will be called flagging. As will 

be seen later, a given cell can also act as a boundary 

cell at the edges of the computing region. In the present 

work all boundary cells have been treated as rigid walls, 

but other possibilities such as inflow and outflow walls 

are discussed by Welch, et al. (1966). 

The boundary conditions to be applied at the free 

surface are that the tangential stress must vanish, and 

that the normal stress must balance any externally applied 

normal stress (e.g., atmospheric pressure). When we later 

consider surface tension effects, an additional stress 

due to surface tension must be added to the balance of 

normal stresses. If viscous effects are negligible, then 

the second condition is the only one of importance, and 

is taken into account in the MAC method by prescribing 

some constant value of 4> for all surface cells. If one 

wanted to parameterize atmospheric pressure-induced 

motions, then a time- and space-dependent <}> could also 



be used, implying a slight generalization of an actual 

free surface. 

If the viscous stresses are important, then the 

zero tangential stress condition must be considered, and 

this requires knov.'ledge of the local orientation of the 

surface, not available in the basic MAC technique. 

Approximate handling of this condition is accomplished 

by invoking the incompressibility condition in each 

surface cell. When this is not sufficient to determine 

uniquely surface cell velocities, the conditions 

is = o ££ = o 
3r ' 3z 

are applied separately. According to Welch, et al., 

good results have been obtained with these approximations 

to the surface boundary conditions, even for rather 

viscous fluids. Improvements in the normal stress con

dition for MAC calculations have been discussed by Hirt 

and Shannon (1967), but their considerations are only 

important for low Reynolds number flows. 

In addition to free-surface conditions we must 

apply a boundary condition at the edges of our computing 

region. The particular condition depends on what kind 

of physical situation we are simulating there. In the 

present work only rigid walls have been considered, so 



that the normal component of velocity at a wall is con

strained to be zero. For the tangential velocity 

components we use a zero-shear approximation to the 

free-slip condition. Further discussion of these points 

may be found in Welch, et al. (1966). 

corresponding to Eqs. (2-2). Letting i and j count cells 

in the r and z directions, respectively, we define 

We now consider the MAC difference equations 

(2-3) 

The equation of continuity is then expressed by , 

(2-4) 

and the equations of motion are: 

n 

6t 

+ 
ux+hi-h V i+hi-h " u i+hi+h v i+hi+h +  ^ij  "  ^i+l j  

(2-5) 

+ V it7 (Ui+̂ +l + Ui+%j-l " 2ui+^j 

1 , 
6rSz i+1 j+Jj ~ vi+lj —Js ~ vij+h Vij-h 
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and 

n+l _ xrn 
ij+}2 _ 1 vij+'- " v 

61 r. or l 

v 
+ 

ij ~ Vij + 1 , j yij + l 

(ruv). , . - (ruv). , . 1 2J+-Z l + 'Z]+'2 

- 6. 

62 6z 
+ g. 

(2-6) 

v 
r. 6r 
1 

I i+^j+l ~ ui+hj vi+lj+h ~ Vij 
r, , ̂  j ~x+i 

- r, x-h 
i—-2 j + 1 " Ui~hj _ vij+?r Vi-1 j+!2 

"SI or 

The superscript n+l, for example, refers to time (n+l) fit, 

so that n counts the number of time steps. When the 

superscript is omitted, n is to be understood. 

A number of terms in (2-5) and (2-6) call for 

values of u and v at points where they are not defined. 

In each case, a simple average is to be used. For example, 

u.. = %(u. ., . + u. ,.) 
i j  i+hj i -kj  

ui+hj+h Ûi+%j + ui+%j+l^ 

In cases where two such quantities are multiplied, the 

averaging is to be done first. 

A finite difference Poisson equation for the 

pressure could be obtained by taking the divergence of 



the vector equation (2-1), and putting the result in 

finite difference form. Consistency is better insured, 

however, by deriving the pressure equation rigorously 

from the difference equations (2-5) and (2-6), making 

use of (2-3) . So doing, we obtain:. 

4> i: 
i 
4 

4, . Ll + Yi j + 1 

+ Q. . 
ID 

(£..,+ i— fr. + r. , d>. .. ."I YiD-l r_. *• x+h Y i+1^ l-vi-ly -lj-

(2-7) 

where, 

Q. . = n (Dn+1 - Dn.) 
ot 13 13^ 

1_ 
r. 

2 (ru) 
ID (ru2)i+ij 

(ru2). i-lj_ 
To 2 2 2 "I - 2v.. -v..,, -v.. . 
L ID 13+1 iD-lJ 

2_ 
r. (ruv,i-y+N + (ruv)i+w-)s' (ruv) i+w+% 

- (ruv) ( 2 - 8 )  

For simplicity we have taken h = <5r = Sz. The equation 

actually used in the MAC method results from setting 

D1?^ = 0. The reason for retaining the D?. term is that 
ID ^ ID 

although we wish to have zero divergence at all times, 

the numerical technique always contains small errors of 

various origins. In particular, the pressure equation i 
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not solved exactly, but only approximately. While we could 

some finite value. The reason, then, for keeping this 

term in (2-8) is that its inclusion provides a self-

correcting mechanism. The error introduced in terminating 

the iterations of the relaxation procedure (to be described 

below) at a given time step, tends to be subtracted off 

at the next step, thus preventing the accumulation of 

truncation error. The same accuracy could otherwise be 

obtained only by solving the ^-equation with a much finer 

convergence criterion, thereby increasing the computer 

time. This topic is discussed in some detail by Hirt and 

Harlow (1967). 

discussed by Welch, et al., involves successively sweeping 

through the grid, replacing the old (jj-value at each cell 

by the value computed from (2-7). These sweeps continue 

until the following convergence criterion is satisfied: 

where and $new are the last two iterative values, 

and the expression in parentheses is the maximum value 

remove the term from (2-8), imagining it to be zero 

if we actually computed from (2-3) we would obtain 

The relaxation procedure for solving (2-7), 

U • I 1Yold rnew' 

Id) .,1 + U I + v |Yold' ,Ynew' max 

e (2-9) 



of that quantity over the grid. In the present work, 

e = .0005 has been used. This procedure is tantamount 

to using an over-relaxation coefficient of unity, i.e., 

no over-relaxation. 

For many problems a considerable gain in efficiency 

can be made by choosing.the over-relaxation coefficient, 

a, to be in the range l<a<2. At any given time during the 

relaxation process we have a value of <f> stored in the 

computer memory, either from a previous time step, or from 

a previous iterative sweep. Call this There is 

also a <j> that results from evaluating (2-7) . Call this 

^computed* ên/ it i-s easily shown that at a given 

iteration, the new estimate of cf> in the relaxation process 

is given in the usual over-relaxation scheme by: 

d> = cxd) , j + (1—a) d> , j (2-10) Tnew Ycomputed ^stored 

Experience has shown that over-relaxing is most efficient 

when the field variable in question changes rapidly. If 

the field hasn't changed by "much" since the previous 

relaxation was performed then a = 1.0 is the best choice. 

In the drop collision problem studied in this work, 

a = 1.8 was used until a coarse convergence criterion, 

e = .008, was met, whereupon the machine was instructed 



to switch to a = 1.0 until (2-9) was satisfied with 

e = .0005. Convergence was usually attained in 5 to 

15 iterations. 

Surface-Tension Effects 

In order to simulate water-drop behaviour on the 

computer, it is necessary somehow to account for the 

effects of surface tension. It is well known that 

surface tension causes a fluid drop to behave as though 

it were enclosed within a stretched membrane. The 

mathematical analysis carried out under this assumption 

is identical to that which follows from the assumption 

that the phenomenon is due to a free-surface energy and 

that the fluid moves so as to minimize its total surface 

area. 

If we let r^ and denote the principal radii 

of curvature of the drop surface at a given point, then 

the pressure difference across the air-water interface 

at that point is given by Laplace's formula: 

P - PG = o(l/r1 + l/r2) (2-11) 

where p is the pressure just inside the surface, pQ is 

atmospheric pressure just outside the surface, a is 

the surface tension coefficient, and both r^ and r2 are 

reckoned positive when drawn into the drop (for 



33 

derivation see, e.g., Landau and Lifshitz, 1959). As long 

as we are not concerned with contact-angle considerations, 

then use of the surface-pressure condition (2-11) is the 

only theoretical modification necessary for the complete 

inclusion of surface tension effects in fluid flow problems. 

It is clear that in order to utilize equation (2-11) 

we have to know how to compute r^ and- ̂  • For general sur

faces this would be extremely difficult, but in the present 

work we deal only with surfaces of revolution, and for this 

case th.e two radii can be evaluated relatively simply. 

Let the drop profile shown in Figure 2-2 be given 

by the relation z = f(r). We will consider presently the 

Figure 2-2. Drop Profile Showing the Two 
Principal Radii of Curvature 



complications arising due to the double-valued nature 

of f. The curvature in the plane of the figure is given 

by the usual equation: 

1_ 
r. 

f" 

(1 + f'2) 
"3/2 

(2-12) 

where r^ is the distance AC in Figure 2-2. The second 

curvature required is that of the trace of the drop 

surface in that plane perpendicular to both the plane 

of the figure and the tangent plane at the point in 

question. It is clear, since this is a figure of 

revolution, that the distance AB in Figure 2-2, where 

B lies on the z-axis, is the required radius r2» One 

can easily show that 

1 f' 
? 1/2 

Z r(1 + f'^) 

(2-13) 

This curvature is the same as that of a cone tangent to 

the drop at point A, and with apex on the z-axis. 

Note that we do not face the burden of proving 

that the two radii just considered are the principal 

radii of curvature. As long as r^ and ̂  are measured 



in mutually perpendicular planes their sum in (2-11) is 

constant, and the absolute orientation of those planes 

is not important. 

In order to incorporate surface tension effects 

into a numerical model we have to evaluate both first 

and second derivatives of the drop profile. There is 

a complication arising from the specific geometry of 

the drop problem: at the drop "waist" the slope of the 

profile becomes infinite, so that in spite of the fact 

that the curvature always remains finite, the two 

equations (2-12) and (2-13) cannot be used for numerical 

computation."'" The resolution of this difficulty is 

fairly obvious. In the region of the drop waist the 

role of ordinate and abscissa are simply switched, so 

that the new slope there, dr/dz, is of order unity. 

While this increases the computer programming complexity, 

it creates no formal difficulty. 

We now consider the problem of determining the 

surface location accurately enough to evaluate the just-

mentioned derivatives. In MAC calculations the surface 

is only specified as being a region of surface cells, 

1. We refer.here to the drop waist as that 
region of the drop surface having maximum horizontal cross-
section. The upper-most and lower-most parts of the drop 
will be called the upper and lower poles, respectively. 
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and, as such, is only resolved by the fixed Eulerian mesh 

of the MAC method. Such resolution is too crude to allow 

evaluation of curvatures. The general technique used in 

the present study is patterned after the work of Daly 

and Pracht (1968) and Daly (1969). It involves utilizing 

the MAC Lagrangian coordinate system of marker particles 

to pin down the location and orientation of the surface. 

Surface Particles 

When the computations are first started, an 

ordered sequence of marker particles is laid out along 

the nominal surface. As the flow develops these surface 

particles, as we will call them, move at the local 

fluid velocity and thereafter mark the position of the 

surface. Aside from their extra role as special markers 

of the surface position, the surface particles are treated 

just like the rest of the marker particles. In particular, 

they participate in the cell-flagging procedure and are 

moved each time step by the same method of weighted cellular 

velocities. Following Daly (19 69) , the surface curvature 

is not determined from the surface particle positions 

directly, but rather from the orientation of an interpola

tion curve passed through the surface particle array. 

The matter of particle spacing is of some 

importance, as will be seen later. If the particles are 



too far apart the surface will not be well resolved, and 

if they are too close together, small fluctuations in 

particle position will generate faulty curvatures. It 

has been found necessary in this work to keep the 

particle separation in the range h to 2.25h, where 

h = 6r = 6z is the mesh interval. It is interesting to 

note that Daly's (1969) spacing of 0.4h was not workable 

in the drop study. The particles are initially laid 

out with separation 1.5h, but due to stretching and 

shrinking of the surface this separation may later 

change. If the spacing between a given pair of surface 

particles is out of the indicated range, then the 

surface array is adjusted by either adding a new 

particle between, or by deleting one of the original 

particles until the spacing criterion is not violated. 

The spacing problem will be discussed in more detail 

later. 

The Spline Curve 

While it is conceivable that one could get curva

tures from finite difference approximations involving 

only the positions of surface particles, this is not an 

attractive method for several reasons. It is not very 

accurate, does not give values at points intermediate 
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between surface particles, and does not make the surface 

curvature continuous from cell to cell. None of these 

disadvantages is present in the current method, which, 

following Daly (1969), uses an interpolation scheme known 

as a spline curve. In particular, a cubic spline is 

employed. 

The cubic spline fitted to a given array of points 

consists of sections of cubic polynomials joining each 

adjacent pair of points such that slopes and curvatures 

are continuous at the junctions. In the present work the 

given points are taken as the locations of the surface 

particles. The cubic spline has several "best approxima

tion" properties, discussed by Ahlberg, Nilson and Walsh 

(1967), involving minimum curvature principles. It is 

of particular importance in the current work that the 

spline curve is smooth and has continuous derivatives. 

Consider an ordered sequence of points (x^, y^) 

which is monotonic in x, such that xQ = a<x^<X2<"* *<xn = b 

(we here consider a sequence which is increasing mono-

tonically in x, but the same results will hold for a 

monotonically decreasing sequence). Following Walsh, 

Ahlberg and Nilson (1962), we seek to determine the spline 

approximation curve, y(x), which has second derivative 

at point x = Xfc. Between the points x^-i and xj, we require 

that y" vary linearly: 
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X, -  X X -  X, .  

y"(x) = Hk-1 + Mk h„ (2"14) 

where hj_ = x^ - x^-i* Upon integrating twice and 

requiring that y(*k) = we obtain 

y1 (x) = - M]c_1 

/ x 2 , >2 (xk - x) (x - xk_1) 
+ M, 

2hk k 2hk 

and 

. Yk " Yk-1 (Mk " I!k-l)hk lirv + —j- g (2-15) 
Jv 

(xk - x)3 (x - xk_1)3 

y (x) ~ Mk-l 6h7 + Mk 6h. 
k k 

,Yk Mk*V , ^ ,yk-l hkMk-l> , ^ 
+ (EJ 6 ) (x " Xk-J + HiJ 6 ) ^xk " x) 

(2-16) 

In order that the first derivatives be continuous at the 

junction points we require that y1(x^-) = y1(xk+), which 

leads to the condition: 

hk „ , hk+l + hk „ , hk+l Mk+1 
(T "k-l + 3 Mk + 6~ 

yk+i - yk yk - yk-i (2_17) 
hk+l hk 
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The set of n-1 equations (2-17) along with two end con

ditions is sufficient to determine the unknown quantities 

A stable explicit algorithm for inverting the 

resulting tri-diagonal matrix has been given by Peaceman 

and Rachford (1955). 

The boundary conditions used by Daly (19 69) were 

simply M- = M, and M = M , . In addition, the first c 0 1 n n-l 

and last points were placed so that the spline curve 

intercepted the boundary at the desired angle. The same 

procedure was used here at the upper and lower poles of 

the drop. For example, the first particle (x^,y^) was 

placed just inside the computing region, a distance only 

O.OOOlh away from the z-axis (where h is the mesh interval). 

This ensured that the particle would not experience a 

component of radial velocity. The zeroth particle was 

then placed at xQ = and y^ = y^, in symmetry with 

the first as it should be, since we are assuming 

axisymmetric geometry. [Note that we are here making 
« 

the correspondence of (x,y) with (r,z). When we later 

deal with a subsequence of particles near the drop waist 

we interchange ordinate and abscissa and instead make 

the correspondence (x,y) and (z,r)]. 

In the drop simulation problem it was always 

necessary to break the surface array up into three 



sub-sequences of surface particles, and compute 

separately the spline curves for each. Starting from 

the lower pole of the drop, the first sub-sequence, 

was monotonic increasing in r, the second increasing 

in z, and the third decreasing in r. For each of these 

sub-sequences at least one end point of the spline did 

not lie on the z axis, and in this case a different 

boundary condition was used. Let (x^ , y^) be the end 

of the first sub-sequence. This break-point is 

determined by examining the slopes of straight line 

segments joining surface particles and finding where 

the slope becomes greater than one. The tangent of the 

drop profile at (x^ , y^) is thus very close to unity. 

Now, at such a break-point the condition = 

is not a good one. For a sphere, for instance, this is 

just the region where the slope and hence M also, is 

starting to attain large values, whence the array 

experiences large particle-to-particle changes in M. 

In this case it is the curvature which should actually 

remain constant. Daly's (1969) method involves making 

the spline go through the next point (Xj+̂ , Yj+i) with 

Mj+̂  = Mj. Here we shall do two different things. 

First, we constrain the spline curve to go through the 

next two points after the break-point, so that the 



boundary condition is applied to M +̂2 but we only use 

M-values up to M^. This transfers the roughness away 

from the region where curvatures are actually evaluated. 

The calculations of adjacent splines thus overlap, and 

five particles are common to both spline-fits, two 

particles on either side of the break-point. Second, 

we use a more accurate boundary condition at the end 

point. We sense that it is desirable to keep the 

curvature constant rather than M constant at the end 

point. We approximate this condition by keeping the 

first radius of curvature, r^, constant. Thus, at an 

interior end point (x , y ), where p = j+2, we have the 
P P 

boundary condition: 

P 

(2-18) 

Now for y^ we naturally use M^. But for the slopes we 

make the approximation: 

. = yP+l " yp-l 

P X
P+1 " Vl 

(2-19) 

so that we finally arrive at the condition: 

2 ,3/2 

(2-20) 
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where the slopes here are evaluated from the centered 

difference equation (2-19). Use of the condition (2-20) 

has given very satisfactory results, and has greatly 

reduced the presence of spurious curvatures in the 

vicinity of spline sub-sequence end points. 

The equations (2-12) and (2-13) are appropriate 

for computing curvatures when dealing with a sub

sequence of surface particles xnonotonically increasing 

in r. For other sub-sequences, slightly different 

relations must be used. When the sub-sequence is 

decreasing in r, as on the drop's upper surface, we have 

the formulae: 

k " " y", 3/2 <2"21' 
(1 + y'"*) 

K • " y' 2 1/2 <2-22' 
r(l + y' ) 

where the x and y of equations (2-14), (2-15) and 

(2-16) are given by x = r and y = z. 

For a sub-sequence monotonic in z we use z as 

the abscissa (x = z) and r as the ordinate (y = r). For 

a sub-sequence increasing in z: 



Note that an r always appears explicitly in the denomi

nator of the 1/^2 expression. 

A tremendous amount of drop distortion would be 

required to produce a sub-sequence decreasing in z, and 

the present calculations have never used one. Never

theless, the appropriate equations are: 

= y" (2-25) 
r 3/2 u "} 
1 (1 + y' ) 

K " —" 1 . 1/2 (2"26) 
r(1 + y'2) 

The DROP Program 

It has been pointed out above that the general 

techniques used here for the inclusion of surface-

tension effects in fluid-flow problems are taken from 

Daly's (1969) work. These include, in particular, the 

use of surface particles, a spline-curve interpolation 

scheme, and the basic MAC framework. The primary effort 

here has been in applying the existing methodology to 

study the motion of a distorting liquid drop. However, 
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in the computer program we have developed, which is here 

identified as the DROP program, it is found desirable, 

in some instances, to use methods different from Daly's. 

For example, in the current work surface-tension effects 

are introduced by applying a boundary condition on the 

pressure, whereas Daly found it more appropriate to 

include them as a force-term in the equations of motion. 

The new boundary conditions used for determining the 

spline have already been discussed. In this section we 

consider in some detail the more important techniques 

developed here and used in the DROP program, and discuss 

what the present experience has shown with regard to the 

use of surface particles. A simplified flow diagram 

illustrates how the DROP program is organized, and 

indicates in summary form the various routines involved 

with the surface-tension calculation. 

Evaluation of Surface Pressure 

It has already been indicated that the surface 

pressure computed from equation (2-11) is used as a 

boundary condition during the relaxation solution for <j>, 

and that the two radii of curvature are evaluated from 

a spline curve fitted to the surface particles. 

Once the M,-values have been determined for each , K 

monotonic sub-sequence of surface particles by solving 



46 

the simultaneous set of linear equations (2-17), the 

equations (2-14), (2-15) and (2-16) suffice to determine 

the ordinate and curvature of the spline for any 

appropriate abscissa. Since in general the spline will 

not go through the center of a given surface cell where 

the (f>-value is needed, it remains to discuss where the 

curvature is actually computed. The curvature used in 

(2-11) is evaluated at the points where the spline enters 

and exits the given cell. The pressures (more properly, 

the cj>-values) at these two points on the cell boundary 

are then averaged and applied at the cell center. While 

we could suggest other points at which the spline curva

ture might be evaluated, such as the point of closest 

approach of the spline to the cell center, the method 

used here has some advantages. In particular, since 

adjacent surface cells share a common curvature at their 

common boundary, use of the above-mentioned evaluation-

scheme will tend to make the surface pressure distribution 

smooth, an important stability consideration. 

The actual procedure for the curvature evaluation 

involves starting at the bottom of the drop, where 

surface particle k = 1 is located, and finding where the 

spline leaves that cell containing particle 1. Since 

particle 1 is situated only O.OOOlh away from the axis of 
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symmetry, the surface pressure for this first surface cell 

(which we assume, for the sake of the present discussion, 

to be a surface cell) is taken as the average of values 

computed via (2-11) from curvatures computed at k = 1 and 

at the exit point. Attention then is transferred to the 

cell which the spline has just entered, and a subroutine 

is called which again searches for the exit point. The 

pressure corresponding to the spline curvature at the 

exit point is then calculated. If the cell in question 

is a surface cell, then its pressure is stored in the 

machine as the average of pressures at the entry and exit 

points. It will frequently happen that the spline will 

pass through cells which are either empty or full. In 

this case no pressure is assigned to the given cell, and 

the computation moves on to find the exit point for the 

newly entered cell. The routine proceeds in this manner 

until all cells entered by the spline have been accounted 

for. A test is then made to see whether all surface cells 

have been assigned a pressure by the just completed 

procedure. Occasionally a surface cell will not be 

penetrated by the spline. If this occurs, then a second 

routine assigns a pressure in the following way. A 

search is made to find the pair of surface particles 

closest to the center of the cell in question. The point 



of the intersection of the chord between the two particles 

with the perpendicular from the cell center is found. 

The point on the spline curve with the same abscissa as 

the just-determined point is then taken as the trial 

value of the closest approach of the spline to the cell 

center. Adjustments of + h/20 are then made in the trial 

abscissa until the closest point is found at this resolu

tion. The curvature at this point is then used for the 

surface pressure at the cell center. If the computations 

are stable this alternate routine will be needed only 

rarely. 

Chan, Street and Strelkoff (1969) have recently 

given a refined technique for assigning surface pressures 

in MAC calculations which appears promising. However, 

it has not been tested in the present work. 

Some Aspects of Particle Positioning 

The critical nature of the surface particle spacing 

has already been briefly mentioned. We pointed out that 

if the particle separation becomes less than the cell 

width, small surface perturbations tend to amplify non-

physically. In order to resolve the surface configuration 

well we also restrict the spacing to be less than 2.25h. 

If the spacing is too small one of the original pair of 

particles is deleted from the surface array, .and the 



computer bookkeeping adjusted for its absence. Following 

Daly (1969), a test is made to see which particle is 

closest to its other neighbor, and this is the particle 

deleted. 

When the spacing between a given pair of surface 

particles becomes greater than 2.25h then a new particle 

is inserted between. Its position is initially taken 

to be midway between the two. However, this straight 

profile essentially never fits the general shape of the 

surface. The particle is smoothed to try to bring it 

into alignment. The smoothing consisted of fitting a 

least-squares parabola to five points, namely the points 

marking the position of the new particle and the 

positions of the two nearest particles on either side. 

The ordinate of the new particle is then adjusted to lie 

on the parabola. As the simulation work has progressed, 

close checking has shown that, even after one smoothing, 

the M-value of the new particle is spurious—indicating 

that the new particle still does not fit the general run 

of the curve. A further smoothing solves the problem, 

and in the version of the DROP program discussed here 

all added particles are smoothed twice before the 

computations proceed. 



At one point in the development of the DROP comput 

ing code both the stability and the accuracy of the 

integrations were helped by going to a finer resolution 

(higher density of marker particles) near the surface. 

A density of 15 marker particles per cell in the near-

surface cells was much better than 4, for instance, in 

contrast to the experience of previous studies with the 

MAC method (Welch, et al., 1966). This observation was 

made at a time when other problems, later corrected, were 

leading to numerical instabilities. VJhen the other 

problems were solved it was elected to keep the high 

particle concentration near the surface, although its 

value has not been checked in stable calculations. 

Daly (19 69) found it convenient to smooth 

occasionally certain surface particles that became 

irregularly placed as the flow developed. As he pointed 

out, the chief difficulty involved in treating this 

problem lay in actually detecting the irregularity. Daly' 

criterion involved smoothing the k-th particle whenever 

exceeded a predetermined value. Experience in the 

present work has been that large particle-to-particle 

changes in the M's, rather than simply large M-values, 

tend to generate surface noise. A smoothing scheme which 

has had some success in the drop oscillation study, 
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discussed in Chapter III, is the following. A given surface 

particle is smoothed whenever its M-value differs from the 

average of its two neighbors by an amount equal to l/*"er 

where is the radius of the volume-equivalent sphere. 

This technique is extremely sensitive to perturbations 

of amplitude much smaller than can be detected by the eye 

in particle position plots. The smoothing technique 

employed is the same as that discussed earlier in the 

context of adding particles, and involves a least-squares 

quadratic. 

In the drop collision study use of any artificial 

smoothing proves to be detrimental. Even though smoothing 

with the just-mentioned routine reduces the net computer 

time, by reducing the amount of time spent in the 

relaxation solution, its use causes short-wavelength 

instabilities to develop. Though these instabilities do 

not generally undergo exponential amplification, their 

presence is not desirable. The best results have been 

obtained with no smoothing. Later in this chapter the 

stability problem will be discussed in more detail. 

Simplified Flow Diagram 

The DROP computing code used in the present . 

simulation work was written in FORTRAN IV for computation 

on a CDC-6400 at The University of Arizona. The 
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output was plotted on a CALCOMP 665 digital incremental 

plotter. 

Figure 2-3 shows the basic flow diagram and 

includes approximate running times for the various parts 

of the program. Sections 12 and 17, involving the 

relaxation solution and the particle movement, respec

tively, are the most time-consuming. The time spent in 

moving marker particles is of course a direct function 

of how many particles are involved. In the drop 

oscillation study of Chapter III, about 2000 marker 

particles are used to delineate the internal motion of 

the drop, and Section 17 takes about 40% of the computer 

time. In the work on drop collision, the marker particles 

are all concentrated near the surface, and only about 

500 are used. Of course, the interior cells are treated 

as full. 

The time spent in the relaxation Section 12 

depends on how many iterations are involved. The time 

estimates given in Figure 2-3 are appropriate for about 

10 iterative "sweeps" before convergence. The finite-

difference grid consisted of 32x62 = 1984 cells. The 

time spent in Sections 4 and 16 is too small to detect. 

Sections 3 and 4 require further explanation. 

The procedure by which the surface array is broken into 

monotonic sub-sequences has already been briefly described. 
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(1) Set up problem: establish coordinate system, 
parameters, marker particles. (1 sec) 

(2) Read tape for restarting if desired. 

(3) Subdivide interface 
into monotonic sub
sequences. (0.6%) 

(4) Test for monotonicity 
in each sub-sequence. 

(5) Spline fitting: find 
M-values. If smoothing 
desired, recompute 
spline after particles 
smoothed. (0.7%) 

(6) Check flagging and 
reflag where necessary 

(5%) 

(7) Assure D = 0 in 
surface cells. 

(1%) 

(8) Compute and print 
functionals of 
motion. (5%) 

(9) MAIN CONTROL REGION. 
Test for time to plot, 
print cell variables, 
marker particle posi
tion. Test for time 
to stop. 

(10) Compute Q(I,J), 
source function for 
pressure equation. 

( 6 % )  

(18) Check surface 
particle spacing— 
add or delete 
particles if 
necessary. (0.5%) 

(17) Calculate particle 
velocity and movement. 

(10-40%) 

(16) Give free-slip bound
ary condition at 
walls. 

(15) Assure D = 0 in 
surface cells. 

(1%) 

(14) Apply appropriate 
boundary condition 
in surface cells. 

(1%) 

(13) Calculate new ve
locities for all full 
cells. (6%) 

(12) Relaxation solution 
for pressure field. 

(30-60%) 

(11) Compute surface-cell 
pressure by spline-
evaluation of 
curvature. (5%) 

Figure 2-3. Simplified Flow Diagram of DROP Code 

A normal integration cycle takes 
roughly 3 sec. The approximate 
proportion of this time spent in 
each section is indicated. 

After the run is started, the cycling 
goes from Section 18 to Section 3. 
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Adjacent surface particles are joined by straight lines, 

and the slopes of those line segments are checked, starting 

from the bpttom of the drop. When a particle is found 

which has a line segment with slope exceeding unity, then 

the slopes at the following particles are checked. If the 

slopes at the following four particles also exceed unity, 

then the given particle becomes the end of the first sub

sequence. This routine does not ensure that the sub

sequence is actually monotonic. Thus, Section 4 checks, 

for instance in the first sub-sequence, that rj,+̂ >r}i f°r 

each k up to the break point, where k labels the surface 

particles. The other sub-sequences are handled similarly. 

The programming related to surface tension effects 

(Sections 3, 4, 5, 11 and 18) comprises about half the 
i 

total machine instructions. In spite of this, the associ

ated computer time only amounts to about 7% of the total, 

about the same proportion as in Daly's (1969) work. As 

noted by Daly, this relatively modest increase in running 

time is due to the fact that only a one-dimensional array 

need be considered. 

Numerical Stability 

The computational stability of the MAC method has 

been discussed by Daly and Pracht (1968) and Hirt (1968). 



Their analyses involve expanding each of the terms in 

the MAC difference equations in a Taylor series and 

retaining only the original terms of the differential 

2 equation and the diffusion-like terms to order fit and fix 

In plane coordinates the result for the horizontal 

equation of motion is: 

9u , „ 3u . „ 3u , 3$ . 6t 2 6x2 3u. 32u 
3 t  +  U t o  +  V 3 7 + 3 f = ( v - 7 - u  - o X 

• (v - « V2 - |S> 0 (2-27) 

In order for the "effective" viscosity to remain positive 

so that the solutions of (2-27) remain stable, the 

bracketed quantities on the right hand side must be 

positive. This leads to the approximate stability 

conditions: 

v > | fit c2 (2-28) 

and 

v > \ fix2 (2-29) 

where c is the maximum velocity. Equation (2-29) is 

called a non-linear stability condition because it is 

not detected by a linear analysis, i.e., one involving 
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linearized equations. Condition (2-29) predicts that 

non-linear instabilities should tend to develop in regions 

of the mesh containing large velocity gradients. Since 

this condition is not fit-sensitive, the instability 

cannot be cured by using a smaller time increment. 

In addition to the above conditions, we have the 

usual stability criteria coming from the linearized 

wave equation and diffusion equation: 

fit < fix/c (2-30) 

fit < 5 x 2/2v  (2-31) 

There is some ambiguity as to how the velocity c is to 

be interpreted. Hirt (1968) refers to c as "the average 

maximum fluid speed," but in the present work this 

interpretation is not stringent enough when applied to 

(2-30) to give stability. The speed of propagation of 

plane capillary waves is given by 

U = ̂  (2-32) 

where X is the wavelength. Since shorter waves travel 

fastest we must consider the smallest X which the finite 

difference equations can resolve, namely X = 26x. In 



—  3  the study of 1 mm diameter drops we used 6x = 3.33x10 cm 

3 o = 75 dyn/cm, p = 1 gm/cm , giving U = 266 cm/sec. 

Since capillary waves are dispersive we must consider 

instead the group velocity (Lamb, 1932), giving: 

c = 3/2 U = 400 cm/sec (2-33) 

In this work we find it necessary to observe strictly 

condition (2-30) with the appropriate 26x group velocity 

such as (2-33), in spite of the fact that typical 

maximum velocities in the calculations are always an 

order of magnitude lower. However, if <St is increased 

slightly so that (2-30) is not satisfied, large velocities 

though not present initially, soon develop, indicating 

a numerical instability. Condition (2-31) is much less 

stringent than (2-30). 

Kinematic viscosities characteristic of water, 

2 about 0.02 cm /sec, are used in these calculations. When 

the group velocity c is used in the condition (2-28) the 

condition cannot feasibly be satisfied, yet does not 

prove limiting. The condition is satisfied when c is 

taken as Hirt's "average maximum fluid speed," and it 

appears this is the appropriate c-value to use here, 

if indeed this condition is relevant. 
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The situation with respect to the non-linear 

stability condition (2-29) is not clear. Daly and 

Pracht (1968) indicated that the non-linear considerations 

tend to be the most important, yet many stable MAC 

calculations have been reported which use v = 0 

(e.g., Harlow and Shannon, 1967). Chan, Street and 

Strelkoff (1969) found that instabilities which they 

observed in MAC computations could not be avoided by 

using a larger v. They were able to overcome the problem 

by developing more accurate MAC free-surface boundary 

conditions. In particular, they replaced the MAC zero-

stress and incompressibility condition by a heuristic 

technique for extrapolating fluid velocities across the 

free surface. Another modification which they felt was 

important involved applying the boundary condition on 

<}) at the actual location of the free surface, rather than 

at the center of the surface cell. The essence of the 

argument by Chan, et al., is that misapplied boundary 

conditions may be more limiting than computational 

stability conditions. 

In the drop oscillation study, used here to develop 

and test the computing technique, such numerical insta

bilities as are occasionally observed always occur at the 

surface, initially appearing as small dips and humps in 



the array of marker particles, usually between adjacent 

surface particles. This surface waviness has also been 

observed in other MAC calculations (e.g., Hirt, Cook and 

Butler, 1970). The surface "noise" can be suppressed by 

using a larger viscosity (or more accurately, a smaller 

Reynolds number). No stable calculations have been made 

with v = 0. The surface noise can also be reduced, to a 

lesser degree, by smoothing individual surface particles 

via the method previously described. It is observed 

that as long as the surface noise remains bounded, it has 

no detectable effect on the gross motion of the drop. 

In the drop collision problem any artificial smooth

ing of surface particles proves to be detrimental to the 

surface stability, and in the calculations reported 

here no smoothing is used. If we compute the Reynolds 

number, Re, using the drop diameter and initial impact 

speed as the typical length and velocity, then it is 

observed that the surface noise eventually undergoes 

exponential amplification when Re is greater than about 

100. For instance, in a calculation with drop diameter 

d = 1.19 mm, initial impact speed VQ = 30 cm/sec, and 

v = 0.03 cm /sec, so that Re = 119, the integration has 

not been carried much past the time of maximum drop 



deformation, because of exponential amplification of 

surface waves. 

The best explanation of the instabilities observed 

here seems to be that the initial surface noise originates 

in the MAC approximations to the surface boundary 

conditions (and, hence, might be suppressed by the 

modifications of Chan, et al.). Then, when large cell-

to-cell velocity fluctuations occur, the velocity-gradient-

sensitive non-linear instability phenomenon provides the 

exponential amplification causing termination of the run. 

It is felt that the better results obtained here with 

larger viscosities are a result of the greater amount of 

cell-to-cell velocity smoothing, which tends to keep the 

surface particles in regular alignment and reduced the 

presence of spurious surface curvatures. 

Since surface tension drives the motion in the 

drop problem, and since the surface tension force is 

calculated from the positions of surface particles, them

selves located in the very region where cellular velocities 

have to be approximated, it is clear that accurate calcu

lation including surface-tension effects is stringently 

dependent on the handling of the free-surface boundary 

conditions. It seems desirable to evaluate, in the con

text of the present work, the techniques of Chan, et al. 



CHAPTER III 

OSCILLATION OF A LIQUID DROP 

In order to test the applicability of the computing 

method for drop-related problems, we have numerically 

simulated the simplest of all non-translational motions 

of a liquid drop: the oblate-prolate oscillation. The 

results of that simulation are discussed in this chapter 

and compared with an analytic solution. 

Theoretical Results 

Lord Rayleigh (1879b) first investigated the 

vibrations of a liquid drop about a spherical shape. He 

considered only oscillations with axisymmetric geometry, 

but pointed out that the solution of the more general 

problem was the same as that for the axisymmetric case. 

We assume, with Rayleigh, that the internal motions are 

described by a potential flow field, and, using spherical 

coordinates, express the equation of the spheroid in a 

series of Legendre polynomials: 

' r = aQ + £ an Pn (cos 0) (3-1) 

61 
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where r is the radial coordinate, 0 is the polar angle 

measured from the upper pole of the drop, and the coeffi

cients a are functions of time. The analysis proceeds 
t 

by evaluating the surface area of the deformed drop in 

terms of the unknown an's/ keeping the drop volume 

constant. The potential energy (also referred to here 

as surface energy) available to drive the oscillation 

can then be evaluated from the expression: 

Se = a (A - As) (3-2) 

where Se is the surface energy, a is the surface tension 

coefficient, A is the variable surface area of the drop, 

and A is the constant area of the equivalent sphere. 

In terms of the a 's, the surface enerqy is: 

S = 2ttct I (n-1) (n+2) (2n+l)"1 a2 (3-3) © n 

Approximations made in developing (3-3) limit the 

theory to oscillations of small amplitude, an<<aQ. By 

expanding the velocity potential in terms of Pn and 

utilizing certain kinematical relations, the kinetic 

energy can be expressed as: 

, , , da 2 

Ke = 2irp I (2n+l) n"1 (^) (3-4) 



where R is the radius of the unperturbed sphere. Rayleigh 

pointed out that since products of a and dan/dt do not 

occur in the expressions for Sg and I<e, the motions 

represented by the various terms occur independently of 

one another. Using Lagrange's method, for which the 

an's become the generalized coordinates, one obtains: 

d2a 
—+ n(n-l) (n+2) = 0 (3-5) 
dt^ pRJ n 

If a tcostot, then n ' 

w2 = n(n-l) (n+2) (3-6) 
PR 

Notice that n = 0, 1 correspond only to rigid body motions. 

The fundamental mode of oscillation corresponds to n = 2, 

for which the period is: 

T = 7T /pR3 (3-7) 
2 a 

All higher modes of oscillation have correspondingly 

shorter periods. 

If we consider only the mode n = 2, and write 

a2 = ̂ 2coswt' ŵ ere ̂ 2 "*'s amP^itu<̂ e °- t̂ ie oscilla

tion, then Rayleigh's solution becomes: 



2  r = aQ + b2Cosut(3cos 6-l)/2 (3-8) 

Equation (3-8) has been accurately evaluated here by 

numerical methods, dropping the restriction to vanishingly 

small amplitudes, and the computer-drawn plots are shown 

in Figure 3-1. The oscillation depicted there has an 

initial ratio of major to minor axes of 1.7. The time 

is in units of tt radians, so that T = 1, for example, 

means T = wt = tt, or one-half cycle from T = 0. The 

second half of the oscillation is identical to the first, 

and is seen by viewing the plots from bottom to top. 

While the Rayleigh theory is strictly valid only for 

oscillations of small amplitude, the shapes in Figure 3-1 

show a remarkable similarity to actual photographs of 

oscillating drops. In particular, the drop shapes tend 

to be somewhat blunt, rather than drawn out like true 

ellipsoids. 

The next three normal modes, n = 3, 4, and 5, 

are depicted in Figures 3-2, 3-3, and 3-4. It is clear 

that the numerical value of n corresponds to the number 

of maxima and minima in the drop profile (arising from 

the corresponding roots of Pn). The amplitude of the 

drop oscillation in each figure is the same as in 

Figure 3-1. Also, in each instance the underlying 
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T = 0.000 T = 0.125 T = 0.250 

T = 0.375 T = 0.500 T = 0.625 

T = 0.750 T = 0.875 T = 1.000 

Figure 3-1. Fundamental Mode of Oscillation/ 
Corresponding to n = 2 

The axial ratio is 1.7 at the maximum 
distortion, and the axis of symmetry 
is vertical. 



T = 0.000 T = 0.125 T = 0.250 

T = 0.375 T = 0.500 T = 0.625 

T = 0.750 T = 0.875 T = 1.000 

Figure 3-2. Oscillation of Mode n = 3 



0.000 T = 0.125 T = 0.250 

0.375 T = 0.500 T = 0.625 

0.750 T = 0.875 T = 1.000 

Figure 3-3. Oscillation of Mode n = 4 
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T = o.ooa T = 0.125 

T = 0.375 T = 0.500 T = 0-625 

T = 0.750 T = 0.875 T = 1.000 

Figure 3-4. Oscillation of Mode n = 5 



theory is probably only good for amplitudes corresponding 

to T from 0.37 5 to 0.625. By a proper synthesis of the 

various normal modes it must be possible to represent 

the motion of a drop subjected to an arbitrary initial 

disturbance. In the present case, however, such a 

disturbance must be limited to small amplitude. 

Rayleigh's analysis does not include viscous 

effects. For small v, Lamb (1881, 1932) has shown that 

the only effect of viscosity on the motion of an 

oscillating spheroid is to reduce gradually the amplitude 

of the oscillation. In particular, the period, t, is not 

altered. If bQ is the initial amplitude of the drop 

oscillation, and b is the amplitude at time t, then 

Lamb's result can be expressed as: 

b = b e~3t (3-9) 
o 

where g is given by: 

e = (n"1) <2n+1>v (3-10) 
R 

The ratio b/bQ is plotted in Figure 3-5 for the seven 

lowest modes of oscillation, n = 2 to n = 8, for water 

2 drops (i.e., v = 0.014 cm /sec) of various sizes. The 

uppermost curve is for n = 2, and the lower curves 
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Figure 3-5. Fractional Amplitude Reduction for 
Oscillation of a Viscous Spheroid 

See text for details. 



correspond to successively higher modes. The abscissa 

is in units of the fundamental period of oscillation for 

a drop of the indicated diameter. Thus, viscosity of 

magnitude corresponding to that of water will reduce the 

amplitude of oscillation of a 5 mm diameter drop to 10% 

of its initial value after about 63 oscillations of 

mode n = 2 (for which T = 32 msec). In contrast, a 

100 micron drop will undergo the same damping in only 

9 oscillations (each with period of only 0.1 msec). 

We note that the higher-order modes damp out 

much faster than does the fundamental. This explains 

the common v/ind-tunnel observation that drops tend to 

oscillate in an oblate-prolate fashion, for if the drop 

is excited by an arbitrary impulse, the higher modes damp 

out quickly, and after a time only the fundamental mode 

remains. As an example, equation (3-10) shows that the 

mode n = 3 suffers a given amplitude reduction in 5/14, 

or about 1/3 the time required for the same amount of 

damping of the fundamental. 

Chandrasekhar (1959) has considered the oscilla

tion of a viscous spheroid in more detail (see also 

Reid, 1960), but the conclusions for the problem of 

present interest are the same as those just considered. 



Numerical Results 

Roughly two-thirds of the total time spent on the 

present research has been involved with examining the 

oscillation of a liquid drop. This time-allocation has 

resulted from use of the drop oscillation as a test 

problem during the rather lengthy development of the 

DROP computing code. In spite of the large amount of 

effort put into examining the drop oscillation, the 

oscillation study itself does not have a direct bearing 

on the coalescence problem here considered, except 

insofar as it indicates the accuracy of the DROP 

calculations. Because of this, some features of the 

drop oscillation will be mentioned only briefly. 

In order to predict the motion of a drop, we 

require, along with values of v and a, specification 

of the initial flow field and the initial shape of the 

drop. One obvious choice is to'assume a spherical 

shape and a flow field given by the analytic solution. 

Alternatively, one might start with the drop at rest in 

some distorted shape. In the drop oscillation study 

only the second method is used. Calculations have been 

started with two initial shapes: that shape given by 

the fundamental mode of the Rayleigh theory (the "Rayleigh 

shape"), and that of a true oblate spheroid. Various 



initial amplitudes have been used, with axial ratios, y, 

up to 1.9, where y is the ratio of the maximum horizontal 

dimension of the drop to the vertical dimension along 

the axis of symmetry. 

A Calculational Example 

An example of the computed results is given in 

Figure 3-6, where unretouched computer plots are shown for 

several times. The drop shape is initially that given 

by the Rayleigh theory, and the pertinent data are as 

follows: if the drop diameter is taken as d = 1.2 mm, 

then the times given below each plot are in milliseconds, 

— 3 — 6 the grid interval is h = 3.33x10 cm, St = 8x10 sec, 

2 v = 0.06 cm /sec, and a = 75 dyn/cm. The oscillation is 

started with an axial ratio of 1.7, and the full period 

of oscillation is computed to be 3.97 msec. An enlarged 

view of the plot for t = 1.0 msec is shown in Figure 3-7. 

Figures 3-6 and 3-7 show three types of plots. 

The right-hand section through the drop shows the con

figuration of the marker particles, indicated by dots. 

The positions of surface particles are indicated by small 

crosses. The left-hand section shows a velocity vector 

plot. Here the velocity vector for each occupied cell 

is drawn simply as a straight line starting from the 
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center of the cell and pointing in the appropriate direction. 

A zero velocity is plotted as a point. At time t = 2.0 

msec, Figure 3-6 shows the pressure distribution as a 

function of r and z. 

The drop in Figure 3-6 is at rest at time zero. 

As the pressure gradient forces accelerate the fluid, the 

velocities increase until the drop reaches the spherical 

shape, near t = 0.86 msec (not shown). The velocities 

then go through a maximum, the drop starts to slow down, 

and comes momentarily to rest in a prolate configuration 

near t = 2.0 msec. At this time the plotted pressure 

distribution indicates that the highest pressures occur 

at the poles, and shows that the drop waist is a region 

of relatively low pressure, consistent with the surface 

curvature. The maximum and minimum pressures (assuming 

unit density), for the normalized plot in Figure 3-6 are 

3.9 mb and 2.0 mb, respectively. After 2.0 msec, the 

flow reverses and the drop returns to an oblate configura

tion. 

We note at t = 0 in Figure 3-6, that the Rayleigh 

theory, which is not strictly valid for such large 

amplitudes, predicts a slight recurvature at the upper and 

lower poles. While it has been the experience here that 

the drop tends to return to very nearly its initial shape 



after one oscillation, this recurving feature does not 

reappear and is not thought to be physically realistic. 

On comparing Figure 3-6 with Figure 3-1, it is seen 

that the computed prolate shape (t = 2.0 msec in 

Figure 3-6) does not exhibit the straight profile 

predicted by the Rayleigh theory (T = 1.0 in Figure 3-1). 

However, a calculation using the same axial ratio, 

y = 1.7, but starting with the drop as a true oblate 

spheroid, has predicted a prolate shape that is virtually 

indistinguishable from that of Figure 3-1. The extra 

surface energy of the oblate spheroid, with its greater 

curvature at the drop waist relative to the Rayleigh 

shape, serves to drive the two poles of the drop farther 

apart in the prolate configuration, stretching the drop 

to a greater degree than is shown in the plots of 

Figure 3-6. 

Accuracy of the Method 

While total momentum is rigorously conserved in 

the MAC method, volume and total energy are not. Since 

conservation of these quantities depends on the over-all 

accuracy of the computing scheme, we now examine their 

variation. The total energy is the sum of the kinetic 

energy, K , and the surface energy, S . Equation (3-2) 6 0 



has shown how is related to the excess surface area of 

the drop. For the purpose of computing the drop area, we 

join adjacent pairs of surface particles with straight 

lines, each line segment thus forming the frustum of a 

cone in the cylindrical geometry of the present problem. 

Use is made of a simple expression which gives the 

lateral area of each frustum as a function only of the 

position of the pair of surface particles, and these 

areas can be easily found and summed to give the total. 

The reference area used for the calculation of S , e 

ideally that of the equivalent sphere, is here taken to 

be the minimum area computed by this procedure during 

the oscillation. 

The kinetic energy is given by: 

K0 = *2 / pV2d (volume) (3-11) 

where V is the fluid speed, and the integral is taken 

over the whole drop. In the evaluation of (3-11) it is 

natural to use the individual computing cell as the 

small increment of volume for the finite-difference 

summation. It should be noted, though, that if surface 

cells are treated, for the purpose of this evaluation, 

as being completely full of fluid, values of Kg will be 

computed which are too large. Tests have been conducted 
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here which indicate that only about 25% of the surface-

cell volume should be used for computing K , and use of 

this fraction has given good results. 

Figure 3-8 shows the variations of kinetic energy, 

surface energy, and their sum, the total energy, for the 

same calculations plotted in Figure 3-6. The axial ratio 

of the drop, y, is also shown as a function of time. As 

predicted by equations (3-3) and (3-4), Se and Kg behave 

like sine-squared functions. As the motion develops, 

the kinetic energy rises at the expense of the surface 

energy and reaches a maximum at the spherical shape 

(y = 1.0). The non-zero value of SQ after this first 

quarter-cycle results from use of the slightly smaller 

surface area, near t = 3.1 msec, in determining the 

surface-energy reference level (level of zero potential 

energy). This change in the reference level can easily 

happen, since there is no guarantee that the drop will 

always pass through a spherical shape. In addition, such 

a change can result from very small changes iji the drop 

volume. In this regard we note here that the excess 

surface energy, Se, is only about 5% of the total surface 

energy for y = 1.7, so that changes in drop volume of 

only a few tenths of a percent can account for the sort 

of variation in the zero surface-energy level seen in 

Figure 3-8. 
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As the drop enters the prolate configuration 

(y<l) the kinetic energy falls, going to very nearly 

zero, the surface energy reaches a maximum, and the 

drop comes to rest. Since Kg effectively reaches zero, 

it is clear that all volume elements come to rest at 

the same time. As shown in Figure 3-6, the flow then 

reverses and the same sequence of energy transformations 

is repeated for the second half of the cycle. 

The viscous dissipation of kinetic energy causes 

gradual decreases in the total energy and amplitude of 

oscillation of the drop. In the calculation summarized 

_ 2  in Figure 3-8, 4.5x10 ergs, or about 40% of the 

initial total energy, is dissipated as heat during one 

oscillation. This amount of energy will raise the drop 

temperature by only a negligible amount, about 10~^C, 

so that we can expect no interesting thermodynamic 

consequences from this generation of internal energy. 

Comparison of the viscous dissipation observed 

in the numerical model with that given by Lamb's theory 

reveals only rough agreement. In all cases, the theory 

predicts about 3% to 8% more dissipation than takes 

place in the model. As examples, for a calculation with 

2 d = 1.2 rm, v = 0.014 cm /sec and initial axxal ratio 

Y = 1.05, the model gives b/bQ, the ratio of final to 

initial amplitude, as 0.96, whereas the theory predicts 



2 b/bQ = 0.93. For y = 1.9 and v = 0.04 cm /sec, the model 

indicates b/bo = 0.83 and the theory gives 0.79. The 

worst agreement occurs for the case discussed above, with 

2 y = 1.7 and v = 0.06 cm /sec, the largest viscosity used, 

where model and theory give 0.80 and 0.72, respectively. 

While the theory is not expected to be accurate at large 

amplitudes, it should be quite adequate for y = 1.05, 

and we conclude that the numerical model provides an 

insufficient amount of viscous dissipation. It is 

probable that much of the discrepancy can be traced to 

the approximate handling of the free-surface boundary 

conditions. 

It is interesting to note in Figure 3-8 that the 

drop spends considerably more time in the prolate con

figuration than in the oblate (57% vs. 43%). This 

prediction of 14% more time in the prolate shape is 

consistent with wind-tunnel observations of oscillating 

water drops made by Montgomery (1969). In the current work 

this excess time, expressed as a percentage, is observed 

to vary linearly with axial ratio, going to zero at 

y = 1.0. Thus, at small amplitudes the model predicts 

symmetric•oscillations in agreement with theory, and at 

large amplitudes it predicts asymmetric oscillations in 

agreement with observation. 



The total drop volume is determined by a 

Lagrangian technique involving summing the volumes of 

frustums of cones, much like the technique used for 

determining the surface area. The total volume, as 

measured by this technique, is conserved well by the 

DROP computing scheme. During the calculation of a 

complete oscillation, amounting to about 500 computa

tional time steps, the total volume is observed to 

change by no more than 0.8%. Since the period of 

oscillation varies as the square-root of the drop volume, 

negligible error in the computed period will result from 

this small change. 

It is of some importance for the later applica

tions to determine how well the model predicts the gross 

motion of the drop. The previous discussion has shown 

that volume and energy are well conserved. Also, it has 

been noted that the computed drop shape and the asymmetric 

character of the large-amplitude vibration agree well 

with laboratory observations. As a final measure of the 

accuracy of the numerical method, we now consider the 

computed period of oblate-prolate oscillation. 

It is convenient, first, to non-dimensionalize the 

problem so that the results are independent of the values 

assumed for the various parameters. Neglecting viscous 
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effects, the important variables are: p, a, R, and the 

period of oscillation, T. In addition to these we must 

include shape parameters d^ and d2, the major and minor 

axes of the drop. From these variables we form the 

following dimensionless quantities: 

Q1 = /—r— Q2 = dl/d2 
/PR 
/ a 

The denominator of Q1 is within a factor of -n//2~ of the 

Rayleigh period t̂ , and we may equally well write the 

first group as T/Tr. Q2 is simply the axial ratio, y. 

The it theorem of dimensional analysis states that there 

must be a functional relation between Q1 and We choose 

to write it in the form: t/tr = f(y)• Evaluation of this 

relationship should give all the information of interest. 

Figure 3-9 shows (T/Tr) - 1, expressed as a 

percent, versus axial ratio, for calculations made with 

both the Rayleigh shape and the elliptical shape. The 

curves approach the theoretical value for y near 1.0, in 

excellent agreement with the Rayleigh theory. For large 

axial ratio, the computed period is about 10% greater 

than the Rayleigh value. In a study of actual water drops, 

Montgomery (1969) also observed roughly a 10% excess, so 

that the present computations of the non-linear, large-

amplitude oscillation are consistent with experiment. 
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Several features of Figure 3-9 require comment. 

It is seen that the curve for the elliptical shape is 

above that for the Rayleigh shape. This results from 

the fact that at a given y, the two shapes do not have 

the same surface area. The elliptical shape has a larger 

area, undergoes a greater amount of distortion, and has 

a longer period of oscillation. 

Although the computations are made with a finite 

2 viscosity (equal to 0.014 cm /sec, except where indicated 

otherwise), an attempt is made to draw the curves in 

Figure 3-9 for zero viscosity. As an example, three 

different viscosities are used at y = 1.7 (Rayleigh 

shape), and the results are extrapolated to zero vis

cosity. Along with the initial axial ratio for each run, 

plotted as a circle or a cross, the axial ratio after 

the completion of one oscillation is plotted as a dot. 

As a result of the viscous dissipation, the final y is 

always less than the initial. While viscosity tends to 

slow down fluid motion, we note here that computations 

using larger viscosities predict shorter periods. This 

is a result of the smaller average axial ratio in the 

large-v case, and the positive slope of the curve in 

Figure 3-9. Because of the viscosity-induced change in 



the amplitude of oscillation during a given calculation, 

we pass the curve through an average of the initial and 

final y's. 

In addition to the tests of the numerical method 

already discussed, a variety of checks have been con

ducted which examine the field of motion of the vibrating 

drop. Again, for small amplitude oscillations, excellent 

agreement with the Rayleigh theory is observed. 

We conclude from this study that the numerical 

technique predicts quite accurately the motion of an 

oscillating drop, and expect that it should be equally 

applicable to other types of problems involving drop 

distortion. 



CHAPTER IV 

DROP COLLISION 

Having described the numerical model and considered 

a specific problem which tested its accuracy, we now return 

to the subject of raindrop coalescence. It has already 

been noted that the coalescence phenomenon involves two 

distinct processes: 

1. The colliding drops must make physical contact 
by pushing aside a thin film of air trapped 
between the two drop surfaces (the Type I 
coalescence problem). 

2. In order to remain as a single drop once 
coalescence has been initiated, the 
subsequent motion must become stabilized 
(the Type II coalescence problem). 

Failure to. make physical contact leads to rebound, and 

failure to stabilize the motion after the air film is 

bridged results in disruption. (In this context, the 

term disruption must be given a fairly broad interpre

tation.) The present work is concerned with giving a 

quantitative theoretical description of the Type I 

problem. Such a description is clearly concerned with 

the relation of drop rebound time to air-film drainage 

88 
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time, and both the drop dynamics and the film dynamics 

must be considered. However, we make the assumption that 

the drop behavior is not coupled to that of the air film, 

so that the former can be treated separately. This 

assumption should be valid as long as the film thickness 

remains small, so that no appreciable dimple forms in 

the drop surfaces during their interaction. The drop 

collision dynamics strongly influences the rate at which 

the air film drains, and certain time-dependent parameters 

from the collision study will be used in analyzing the 

film drainage problem. 

The properties of the drop collision are deter

mined by the values of certain non-dimensional parameters. 

At the collision speeds characteristic of raindrops, the 

fluid viscosity is of minor importance to the flow. Here, 

as with the drop oscillation problem, viscosity produces 

only a gradual damping of the motion. Because of this, 

the Reynolds number is not important in determining the 

flow characteristics. From the remaining variables of 

importance, p, a, d, and V , where d is the drop 

diameter, and VQ is half the relative impact speed between 

two colliding drops, the dimensionless Weber number, We, 

can be formed: 



pdV2 
W e  =  — ( 4 - 1 )  

It will be shown later that the Weber number uniquely 

determines the dynamics of the collision. Upon dividing 

both numerator and denominator of (4-1) by d, it is 

2 seen that the Weber number is the'ratio of pVQ to a/d, 

and, as such, is within a constant factor of the ratio 

of the Bernoulli pressure associated with the linear 

motion of the drop, to that pressure associated with 

surface tension effects. Clearly, for We>>l surface 

tension effects become negligible and the drop deforma

tion on impact becomes very great. For We<<l inertial 

effects are negligible and collision produces no 

significant shape-changes in the drops. 

Computational Aspects 

In this work it has been necessary to consider 
I 

only collisions which occur along the line of centers of 

the two drops. The off-center collision does not possess 

the axisymmetric geometry assumed here, and would require 

a full three-dimensional treatment. While the basic 

marker-and-cell method could be extended to three dimen

sions in a straight-forward manner, assuming that 

available computers were large enough and fast enough to 
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make this extension worthwhile, the present techniques for 

handling surface-tension effects would be wholely in

adequate. In the present work, the collision of two 

drops has been simulated by allowing a single drop to 

impact on the rigid lower boundary of the computing 

region. While the results are only applicable strictly 

to the case of equal-size drops, they should approximate 

the behavior of drops of nearly-equal size. If we assume 

that the results are valid when applied to drops that 

differ by, say, 10% in diameter, then the corresponding 

difference in terminal velocity for a pair of such drops 

approximately 1 mm in diameter, for example, implies a 

relative impact speed of about 35 cm/sec. Using this 

type of an argument, impact speeds of cloud-physical 

interest can be determined for nearly-equal drops of 

arbitrary size. Collisions have been simulated here for 

water drops of diameter 40 microns (cloud-droplet size), 

200 microns (drizzle-drop size), and 1.2 mm (raindrop 

size). It will be shown that much of the information 

from these calculations can be presented in terms of 

the Weber number, effectively making the results 

independent of drop size. 

Ho changes in the previously-described DROP 

program are necessary to simulate the drop deformation 



upon collision. However, unlike the drop oscillation 

problem, we now deal with a drop in contact with a boundary, 

and need briefly to consider the neglect of any contact-

angle restrictions. In the case of two drops colliding 

and bouncing in air, there is no material surface upon 

which the bounce occurs, but only a thin film of air at 

relatively high pressure—approximately that of the drop 

interiors. This last conclusion is reached by noting that 

during collision the contiguous drop surfaces are approxi

mately flat, so that there is no discontinuity in pressure 

at the water-air interfaces. Since the drop interiors 

still have a pressure on the order of 2a/R, the air film 

does also. The high pressure in this film ultimately 

serves to separate the drops. However, the entire colli

sion, as far as the drops are concerned, is equivalent 

to one in which the air is absent and the drops impact on 

a non-wettable plate (i.e., one with a 180° contact 

angle against water). Again, this statement is only true 

if no appreciable dimple is formed in the near-surfaces 

of the colliding drops, and the tangential stresses 

exerted by the draining film are negligible. Even so, 

if a dimple were to form, or the tangential stresses were 

to become appreciable, the effects would probably be 

localized, and it seems doubtful that quantities dependent 
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on the gross motion, such as the rebound time, would be 

greatly influenced. The 180° contact angle is programmed 

into the numerical model by constraining the spline to meet 

the axis of symmetry at normal incidence. 

It is not possible to include in any non-trivial 

way both the MAC approximations to the zero-tangential-

stress condition and the kinematic boundary condition 

which states that the normal component of velocity must 

vanish at a wall. Since the kinematic boundary condition 

is essential, the shear-stress condition must be dis

carded at the collision boundary. 

As the drop becomes flattened against the lower 

boundary during the numerical simulation, many cells 

in the lowest row become flagged as full (since they are 

adjacent to no empty cells), and their pressures are 

computed during the relaxation solution, rather than 

dictated by the surface curvature. If one were to 

persist in dictating pressures to these cells via the 

spline-curvature procedure, recognizing that in the real 

case a fluid interface still exists there during the 

collision, erroneous nearly-zero pressures would be 

assigned. In a two-fluid calculation this problem would 

be met by adding to the surface-pressure increment the 

high air-film pressure, a quantity not available in the 



one-fluid calculation. Since in the DROP calculations it 

has not been possible to model either the normal or 

tangential stress at the collision interface, we have 

simply removed all free-surface boundary conditions there. 

In the row of cells adjacent to the collision wall the 

pressure "fends for itself," and no discontinuities in 

pressure arise between cells which have spline-computed 

value and cells which do not. 

The force exerted on the wall by the drop is 

important for the film-drainage problem, and can be 

determined in two ways: by differentiating the total 

drop momentum, and by integrating the pressure over the 

wall. In calculating the momentum, as in calculating 

the kinetic energy, only a fraction of the surface-cell 

volume should be used. The pressure thrust is computed 

by summing the product of the pressure times the incre

ment of area for the row of cells adjacent to the boundary. 

These two methods give good agreement if some of the 

outermost occupied cells along the boundary are deleted 

from the pressure-thrust computation. At the grid 

resolution used here, it has been found that the surface 

cell and the first two cells inward must be excluded 

from the integration. The reason is that the nominal 

surface, specified by the array of surface particles, is 

in the upper part of these cells, and is not in good 
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dynamic contact with the wall. Since the particles in 

these cells are not moved with a strong weighting of 

the v = 0 boundary condition, they do not strongly 

"feel" the wall, and these cells are not effective in 

changing the drop momentum. This problem arises because 

of the finite grid size, and in the real case this 

region of the drop surface would not be in contact with 

the wall. 

Collision Dynamics 

In this chapter, the main result of importance for 

the Type I coalescence problem is the determination of 

drop rebound times. However, much physical insight into 

the mechanics of the collision can be gained by studying 

the drop motion. Before considering the overall rebound 

times, we first examine some of the details of the pre

dicted flow. Figures 4-1 and 4-2 show computer-generated 

marker particle and velocity vector plots for a typical 

sequence of events. Figures 4-3 and 4-4 show the cor

responding pressure plots. The pressure plots are 

normalized with respect to the maximum and minimum 

pressures in the drop at the given instant. The minimum 

pressure is always plotted on the base plane. The 

values of the maxima and minima are shown to the right 

of each plot in units of millibars. The drop is 
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Figure 4-2. Continuation of Figure 4-1 
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Figure 4-4. Continuation of Figure 4-3 
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initially a sphere 1.19 nun in diameter, and is moving 

downward at 30 cm/sec with respect to the wall. Unit 

density is assumed, and the times below eacii plot are 

given in milliseconds. The surface tension coefficient 

2 is that of water, 75 dyn/cm, and v = 0.06 cm /sec, a 

value a bit larger than is characteristic of water, but 

necessary here to avoid numerical instabilities. The 

Weber number is 1.42, and a total of 32 x 52 computa

tional cells are employed in the calculation. 

As the drop collides with the boundary it 

flattens on the bottom, and the flattened region grows 

during the subsequent deformation. The radius of this 

circular flattened area, which we will call the radius 

of deformation, is an important parameter of the film 

drainage problem. At t = 0.25 msec the impact has 

produced a region around the lower part of the drop with 

a rather straight profile. This disturbance can be 

followed in the later plots as it propagates as a capil

lary wave around the drop surface and undergoes con

structive interference upon reaching the upper pole, 

near t = 1.25 msec. This disturbance is particularly 

marked in the pressure plots. The large curvature at 

the upper pole at t = 1.25 msec, with the attendant large 

pressure gradient, then serves to accelerate the fluid 
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in-this region downward. The drop's upper surface becomes 

concave by t = 1.75 msec, a time only slightly after the 

minimum kinetic energy and maximum deformation are 

attained. The large bottom-to-top pressure gradient 

which has been developing, finally succeeds in changing 

the drop momentum from negative to positive and the drop 

starts its rebound. By t = 4.0 msec the bounce is 

completed and the drop has left the wall. 

Figure 4-5 shows the variations in energy and 

axial ratio for this calculation. Upon impact the 

initial kinetic energy falls and becomes stored as surface 

energy as the drop is distorted. Since the various 

regions of the drop are not all moving in phase, K does 

not fall quite to zero at the maximum distortion, but 

Figure 4-5 shows that it does go through a very pronounced 

minimum. As the drop rebounds the kinetic energy rises, 

goes through a maximum as the drop leaves the wall, and 

then oscillates as the drop itself undergoes shape 

oscillations. In this calculation about 23% of the 

initial kinetic energy is lost by viscous dissipation 

during the bounce. Of the remaining energy at rebound, 

only about 3% is associated with the oscillation, and 

the rest is associated with the translational motion. 

The coefficient of restitution is computed to be 0.87. 
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It is interesting to compare the behavior of drops 

impacting at different Weber numbers. Figure 4-6 shows 

the variations in drop waist, top, and radius of defor

mation, for computations made with d = 1.19 mm, and 

impact speeds V = 10, 20, and 30 cm/sec (We = 0.16, 

0.63, and 1.42, respectively)."^ The ratio of the drop 

waist to top is simply the axial ratio, and for 

VQ = 30 cm/sec, comparison can be made with Figure 4-5. 

At the larger impact speeds the drop not only undergoes 

a greater distortion, but reaches its maximum deformation 

sooner, and bounces sooner. The top moves downward at 

constant speed until the upward-propagating disturbance 

noted in Figure 4-1 reaches the upper pole. At the higher 

speeds the top undergoes a slight oscillation as this 

surface wave is reinforced, and then moves downward with 

a speed about twice the initial value. In the 10 cm/sec 

case, the upper pole does not experience this oscillation, 

but does accelerate downward as it becomes influenced 

by the surface disturbance, which exists even at low 

impact speed. 

For the 30 cm/sec case, the curves for the drop 

waist and the top cross at t = 3.18 msec, and the drop 

1. "Waist" here refers to the horizontal diameter 
of the drop at its maximum cross-section. 
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becomes prolate before the maximum kinetic energy is 

reached at t = 3.55 msec. As seen in Figure 4-2, the 

drop is still in apparent contact with the wall at this 

time. However, because of the finite cellular resolution, 

there is some ambiguity in determining the exact 

bouncing time, t^. We have here adopted the objective 

procedure of defining t^ as twice thei time necessary for 

the drop to reach its minimum kinetic energy (maximum 

deformation). For the case above, this gives t^ = 3.44 

msec. Close examination of the plots in Figure 4-2 

reveals that the lower pole has actually started moving 

off the wall at 3.5 msec, so that this procedure for 

arriving at t^ does give reasonable estimates. It also 

provides the advantage that the whole rebound does not 

need to be simulated, and thus leads to a savings in 

computer time. 

Figure 4-7 shows a sequence of drop profiles for 

a case with We = 2.54, the most energetic collision simulated 

here (d = 1.19 mm, VQ = 40 cm/sec). The profiles are 

separated by a time-interval of 0.25 msec. The surface 

configurations are much like those shown in Figures 4-1 

and 4-2, but the various features are more pronounced. It 

is clear that the initial deformation is entirely confined 

to the lower part of the drop. The top moves downward 
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Figure 4-7. Drop Profiles Showing Collision 
and Rebound for We = 2.54 
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with constant speed and negligible change of shape until 

the surface wave reaches the upper hemisphere. The details 

of the reinforced surface wave are shown in Figure 4-8 

for t = 1.25 msec. We will presently compare the com

puted shape in Figure 4-8 with actual drop photographs. 

The lower half of Figure 4-7 shows the drop 

rebound. The prolate configuration is more evident in 

this case than in Figure 4-2, even though the calcula

tions have been terminated here at 3.0 msec, because of 

numerical difficulties. It is interesting to note that 

Hartley and Brunskill (1958) have photographed liquid drops 

bouncing from a flat surface in very elongated prolate 

shapes. Unfortunately, these laboratory results are 

influenced to an unknovm degree by the non-zero adhesion 

between drop and surface. Edgerton and Killian (1954) 

have examined the collision of a tennis ball with a 

racket, and their high-speed photographs reveal the ball 

to be an egg-shaped spheroid upon leaving the racket. 

This egg shape is also seen in the final plot of Figure 4-2. 

Montgomery (1968) has studied the collision of 

water drops in a vertical wind tunnel. Figures 4-9 and 

4-10 are photographs taken from his work. They-show 

head-on collisions of pairs of equal-sized drops approxi

mately 2 mm in diameter. Time goes from left to right in 
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Figure 4-10. Photograph Showing Good Example of Deformed Shape upon Collision 



these photographs, and the interval between individual 

frames is 17 msec. The agreement between the photographs 

and the computed results is impressive. The initial 

frame after collision in both photographs shows the drops 

with a small peaked wave at the top and bottom, much 

like that seen in Figure 4-8. In Figure 4-10 the drop 

is tilted slightly with respect to the plane of the 

picture, and the upper surface is seen to be concave around 

the small peak. In the model, the concave upper surface 

and the small peak occur at different times. It seems 

quite likely that the coalescence of the two drops in 

Figure 4-10 initiates a second surface disturbance, possibly 

even stronger than the first. As the first disturbance 

reaches the concave stage (e.g., t = 1.75 msec in Figure 

4-1), the second disturbance might be just undergoing 

constructive interference at the drop poles, and it is 

the present contention that the superposition of these two 

effects is responsible for the shape in Figure 4-10. High

speed photographs presented by Sartor and Abbott (1968a) 

give better time-resolution of the coalescence process, 

and support this interpretation of Montgomery's photo

graphs. In Figure 4-9 coalescence has not been completed 

at the time of the first frame showing the collision, and 

the peaked wave is not as pronounced as in Figure 4-10. 



The Weber number for both of the photographed collisions 

is estimated to be about 2.1, but this number may be in 

error by as much as 30% because of uncertainties in the 

drop sizes. In both cases the peaked wave actually 

separates and forms a small droplet. Judging from the 

present computations, this separation would not occur in 

the absence of a capillary disturbance associated with 

the coalescence. 

Harlow and Shannon (19 67) have made MAC calcula

tions similar to those presented here, but neglecting 

surface-tension effects. They have shown that, rather 

than rebounding on collision, the drop spreads out on the 

wall and forms a lateral sheet-jet which moves about 1.6 

times faster than the initial impact speed. Their 

calculations are appropriate for the case of large Weber 

number (high impact speed). At low Weber number, the 

present computations show that a sheet-jet does not develop. 

Engel (1955) has conducted experiments which ex

amined the behavior of large water drops allowed to fall 

at their terminal speed and collide with a flat plate. 

However, the large Weber numbers involved and the wettability 

of the plane lead to collisions of the type compui-ed by 

Harlow and Shannon (1967), rather than of the type con

sidered here. 



113 

Drop Deformation and Rebound Time 

It was suggested earlier, on dimensional grounds, 

that the various characteristics of the drop collision 

2 should be functions only of the Weber number, We = pd V /a. 

We now show the validity of that statement and evaluate 

the functional relationships. 

The collision characteristics of interest here are 

the amount of distortion experienced by the drop, and the 

time for rebound. The deformation is well defined by the 

maximum value of the axial ratio, y . Because of its ' 'max 

interest in the film-drainage problem we also consider the 

radius of deformation. For the present purpose the radius 

of deformation is normalized by dividing it by the drop 

diameter. We denote by r| this non-dimensional value. Both 

y and n should depend only on We, and not on par-iucix rricix 

ticular value of p, a, d, and V themselves. o 

In attempting to put t^, the bouncing time, in non-

dimensional form, we recognize that there are two distinct 

time scales associated with the collision. One is the 

Rayleigh period of oscillation, Tn, and the other is the 

characteristic time for the linear motion, tL, where 

tL = <3/Vq, the time taken by the drop to move one diameter 

at the initial impact speed, V . Either might be used to 
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normalize t. , and we will now show that it makes no dif-b' 

ference which is chosen. Let t' = t, /t„, and t" = t, /tT , b R b L 

Then 

(t'/t")2 = t2/T2 

d2/v2 
o 

2 -3 IT j3 , 
X6 P d /a 

16 a 
2 „2 it p d VQ 

and we obtain the result: 

(t'/f)2 = 1.62/We (4-2) 

Thus, the ratio of the two normalized bouncing times is 

itself a function of the Weber number. If one of these 

times is evaluated as a function of We, the other can be 

found from (4-2) . 

Equation (4-2) can also be written as: 

We = 1.62(xR/tL)2 (4-3) 

so that we have at hand an interpretation of the Weber 

number as the ratio of two characteristic times. We expect 

that the drop motion.should occur on the time scale of 

whichever of these two is the shortest. Thus, for small 



We the bouncing time should be 011 the order of T_. For 
R 

large We, the vibrational time will be long compared with 

t , and the motion will occur on the scale of t_. In Jj L 

this case, the mechanism giving rise to the oscillation 

(i.e., surface tension effects) becomes negligible, and 

in the absence of modifying processes, such as drop coales

cence, disruption of the drop upon impact should be 

expected. 

Table 4-1 summarizes the different cases studied, 

and shows the computed results. Along with the variables 

mentioned above, the table includes the Reynolds number 

and kinematic viscosity for each case. 

Figure 4-11 shows the rebound time, normalized 

in two ways, plotted against Weber number. A different 

plotting symbol is used for each drop size, and it is 

clear that the results are independent of the particular 

value of d. As required by equation (4-2), the two curves 

cross at We = 1.62. Over a wide range of Weber number, 

the computed bouncing time is very close to t_, as expected. 

The distortion parameters, y t an^ n are inHx max 

shown in Figure 4-12 as functions of We. While the maximum 

1. Worthington (1963) has examined many details 
of the disruption of a drop impacting on a flat plate at 
large We. The disruption of colliding water drops in air 
is quite different however. 



Table 4-1. Summary of Calculations 

The numbers followed by parentheses should be multiplied by 10 , where x is given 
in the parentheses. 

d 

(U) 
" V 

o 
(cm/sec) 

We Y 'max r| max fcb 
(sec) 

TR 
(sec) (sec) 

Re V 
2 (cm /sec) 

40 2 L.M-4) 1.01 0.09 3.66 (-5) 2.29(-5) 2.00(-3) 0.  44 0.018 

40 85 0.385 1.51 0.31 2.46(-5) 2.29 (-5) 4.70 (-5) 24.3 0.014 

200 12 0.038 1.11 0.17 3.46 (-4) 2.56 (-4) 1.67(-3) 17.1 0.014 

200 20 0.106 1.24 0.23 3.15 (-4) 2.56 (-4) 1.00 (-3) 28.5 0.014 

200 60 0.960 2.00 0.39 2.53(-4) 2.56 (-4) 3.33 (-4) 85.8 0.014 

1190 10 0.158 1.31 0.26 4.35 (-3) 3.71(-3) 1.1.9 (-2) 39.7 0.030 

1190 20 0.634 1.76 0.36 3.79 (-3) 3.71(-3) 5.95(-3) 79.4 0.030 

1190 30 1.425 2.43 0.43 3.41(-3) 3.71(-3) 3.96 (-3) 119.0 

0
 

0
1
 o

 

o
 

1190 30 1.425 2.36 0.42 3.44 (-3) 3.71(-3) 3.96 (-3) 59.5 0.060 

1190 40 2.540 3.30 0.44 3.22 (-3) 3.71(-3) 2.98 (-3) 79.4 0.060 
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axial ratio tends to increase almost linearly with We, the 

radius of deformation increases only slowly. The reason 

is that with increasing Weber number the drop becomes 

relatively thin along its axis of symmetry, and y becomes 

large by virtue of the small vertical dimension. At the 

same time, most of the liquid volume becomes concentrated 

in a torus, rather than spreading out, so that with in

creased vertical squashing (accompanying an increase in We) 

the conservation of drop volume requires only a modest 

increase in n • Note that even at vanishingly small We max 3 J 

there is a finite radius of deformation resulting from 

the finite radius of curvature of the nearly-spherical drop. 

The datum point for We = 2.54 is not included in 

Figures 4-11 and 4-12, but does fit the general run of the 

curves. 

As long as the conditions assumed here are satis

fied, i.e., no gravitational and aerodynamic effects, the 

results should be applicable for any liquid with a negli

gible viscosity and an effective contact angle of 180°. 

For raindrops smaller than a few millimeters in diameter 

the neglect of gravitational and aerodynamic effects should 

be justified (see, e.g., McDonald, 1954). For the case of 

large raindrops (3 to 6 mm in diameter) these effects can 

be significant, and in the present work attention is 



limited to smaller sizes. It is probable, however, that 

these effects are more important for the Type II coalescence f 

problem than for the Type I problem. 

Having determined the bouncing time and deformation 

for Weber numbers up to 2.5, it is in order to point out 

briefly the corresponding range of applicability of these 

results for hydrometeors falling at their terminal speeds. 

Of course, attention must be restricted to drops of 

approximately-equal size. For cloud droplets, the combined 

effect of small size and low terminal velocity leads to 

-4 -3 Weber numbers on the order of 10 to 10 , even for impact 

speeds corresponding to large differences in size. For 

drizzle drops differing by 10% in diameter, the Weber number 

for the collision is about 0.005. Again, even for large 

size-differences, for example, the collision of a 100 

micron drop with a 300 micron drop, one calculates 

We = 0.54, and the problem of drizzle-drop interaction is 

well within the domain of the present results. For 

d = 1.2 mm, a 10% difference in size (i.e., VQ = 18 cm/sec) 

leads to We = 0.5. A 25% difference in size results in 

VQ = 40 cm/sec and a Weber number of 2.54, the most ener

getic case treated here. Thus, the present results would 

not be applicable for the collision of millimeter-size 

drops at relative impact speeds larger than 80 cm/sec. 
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However, the present results are applicable to the raindrop 

problem over the whole range of drop sizes for which the 

neglect of gravity and aerodynamic effects is permissible, 

and for the case in which the basic simulation technique 

of allov/ing a single drop to collide with a plate is also 

adequate; in other words, the results are applicable to 

the case of nearly equal-size drops of'diameter less than 

a few millimeters. 



CHAPTER V 

THE AIR-FILM'PROBLEM 

Nature of the Problem 

As seen in the previous chapter, the collision of 

two equal-size drops impacting along their line of centers 

produces a flattening of the surfaces in the region between 

the drops. The air-film problem, and, hence, the Type I 

coalescence problem is a direct result of the flattening, 

which tends to "trap" a layer of air. This layer of air 

then impedes the subsequent approach of the drops in a 

manner which will be investigated in the present chapter. 

In comparison with two deformed drops, two spheres can 

approach one another in a viscous medium quite easily 

(see, e.g., Hardy and Bircumshaw, 1925). 

As shown in Chapter IV, it is possible for two 

drops colliding at moderate Weber numbers to rebound quite 

efficiently. If the air layer is not expelled from be

tween them during the period of their interaction, then, 

of course, the drops will not touch and no coalescence 

can take place. In fact, it has been evident for many 

years that freely-falling drops do not always coalesce 

into a single drop upon collision. For example, the 

well-known experiments of Lord Rayleigh (1879a, 1882a) 

122 
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demonstrated that the probability of coalescence of col

liding millimeter-size drops was very sensitive to electri

cal effects and was also influenced by the presence of small 

dust particles. 

A fairly large body of literature has accumulated 

since Rayleigh's time on the general subject of coalescence, 

and this literature can be conveniently divided into two 

parts. The first part comprises experiments carried out 

with water drops interacting in air, and has been conducted 

almost entirely by scientists interested in the raindrop 

problem. This meteorological work has, in general, only 

attempted to determine the physical conditions under which 

coalescence will or will not occur. The experiments, with 

a few exceptions, have not been designed in such a way 

as to reveal the basic processes taking place. Much of 

this work has already been cited in Chapter I. The more 

important investigations bearing on the Type I coalescence 

problem will be mentioned below. The second, and possibly 

larger, body of literature deals with studies conducted in 

the context of chemical engineering, where the problem of 

the recombination (coalescence) of separated phases (com

monly two liquids, but also gas and liquid) has important 

industrial applications. Unlike the meteorological problem, 

where the film is composed of a gas, the chemical engineer

ing work deals almost entirely with liquid films. As will 



124 

be seen later, additional complications arise with films 

composed of a gas because the dimensions of the film 

thickness and the mean free path of the gas molecules 

become comparable. 

Chemical Engineering Literature 

Experiments reported in the chemical engineering 

literature typically involve a drop (or bubble) of density 

P]_ (the separated phase) falling or rising in a fluid of 

density P2 (the continuous phase), and approaching an inter

face separating the same two phases. As the drop nears the 

interface the drop and interface both deform, and the drop 

rests there for some time, commonly on the order of minutes, 

before coalescence is initiated. The drop squeezes out the 

intervening film under the force of its own weight. Unlike 

the raindrop case, the drop deformation and the forces 

exerted on the film are not functions of time, and, of 

course, the drop does not rebound. The relatively long 

time scale involved makes it possible to measure accurately 

the film thickness. Experiments of the general type just 

outlined (e.g., Cockbain and McRoberts, 1953; Evans, 1954; 

Gillespie and Rideal, 1956; MacKay and Mason, 1963; Hart-

land, .1969) have established the following points: 

1. There is a delay between the time of arrival of 
the drop at the interface and the time of coales
cence. 
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2. Under seemingly identical conditions, the delay 
times have an approximately Gaussian distribution 
about a mean. 

3. The delay times are caused by the presence of a 
residual film which thins slowly and ruptures 
suddenly. 

4. The distribution in delay times results from film 
rupture at different average thicknesses. Longer 
delays correspond to rupture at smaller thick
nesses . 

5. The differences in average film thickness at 
rupture are apparently a result of uneven drainage 
of the film. 

It is thought that the film drainage continues until at 

some point in the film the local thickness becomes less than 

a critical value, generally thought to be about 0.1 microns, 

whereupon the film suddenly ruptures and coalescence pro

ceeds rapidly. It is likely that the rupture is a result 

of van der Waals attractive forces between the two liquid 

masses, which become important at these small distances. 

Applying these results to the raindrop problem, one 

should expect a distribution in delay times before the air 

film between the colliding water drops is bridged. This 

means that, under seemingly identical conditions, sometimes 

a given pair of drops should bounce and sometimes they 

should coalesce. And, rather than expecting a sharp 

transition from a bouncing to a coalescing regime, one 

should expect a gradual change in the probability of 

coalescence following some change in physical conditions, 

such as the drop sizes or impact speed. This need for 
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considering probabilities is a result of the stochastic 

aspects involved in determining the uniformity of the film 

thickness during drainage. 

Coalescence is generally assumed to proceed im

mediately upon contact. However, Berg, Fernish and Gaukler 

(1963) have ignored the time necessary for film drainage 

and interpreted the coalescence delay as the time necessary 

to form new chemical bonds across the interface. 

Meteorological Literature 

A review of the literature pertinent to the air-

film (raindrop) problem gives some idea of the basic 

phenomena to be explained by any general theory of the 

coalescence of water drops in air. The earliest important 

work is probably that of Prokhorov (1954), who used a light 

interference technique to measure the separation of two 

drops interacting in air. As in earlier experiments in

volving bubbles approaching a flat boundary (Derjaguin 

and Kussakov, 1939), Prokhorov observed not only that the 

drops deformed before touching, but also that a slight 

dimple formed in the drop surfaces. While Prokhorov's 

experiments were carried out with quite volatile liquids 

(involving vapor pressures on the same order as atmospheric 

pressure), the same effects were later noted by Lindblad 

(1964) using curved water surfaces protruding from small 

tubes. Lindblad determined the thickness and shape of the 
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intervening air film as a function of time as the two water 

surfaces were pushed slowly together. The highest speed 

of approach used by Lindblad was only 0.15 mm/sec. Lind

blad's work appears to be the sole direct evidence that an 

air film actually exists between colliding water drops. It 

seems desirable to make more such measurements under more 

realistic conditions. In particular, it should be noted 

that the impact speeds used by Lindblad were about 10"^ to 

10~4 times smaller than those involved in the phenomenon 

of water drop rebound. 

Indirect measurements of the air-drainage process 

were made by Plumlee (1964) , Semonin (1967), and Berg, 

et al. (1963). These investigators measured the delay 

time between initial deformation of the drop surfaces and 

the onset of coalescence, under various physical conditions. 

The results were somewhat contradictory. The main result 

of Prokhorov's (1954) experiments was that coalescence 

was favored under conditions of high relative humidity. 

However, both Lindblad (1964) and Semonin (1967) found that 

delay times increased slightly, rather than decreased, with 

an increase in relative humidity. Also, whereas Lindblad 

noted shorter delay times with smaller impact speeds, the 

opposite effect was observed by Plumlee and Semonin/ whose 

investigations involved more realistic impact speeds. The 



128 

latter two authors, however, give different numerical 

results from seemingly identical experiments. 

The most striking observation, noted by almost all 

workers, was the dependence of the coalescence phenomenon 

on electrical effects. In the experiments of Plumlee and 

Semonin the drops were sufficiently unconstrained that it 

was mechanically possible for them to rebound. It was ob

served that over the whole range of relative impact veloci

ties studied (about 3 to 35 cm/sec), and in the absence of 

an electrical potential difference between them, the drops 

always bounced. However, any potential difference greater 

than 0,5 volts across the needles supporting the drops was 

sufficient to produce coalescence. In the experiments of 

Lindblad and of Berg, et al., the drops were not allowed 

to bounce, but it was noted that the delay time increased 

appreciably when the potential difference between the sur

faces was reduced to zero. 

Schotland (1960) and Jayaratne and Mason (1964) 

studied the coalescence of small water drops at relatively 

flat water-air interfaces, approximating the interaction 

of two drops of very dissimilar size. In the present work, 

of course, we are concerned with the opposite extreme of 

drops of nearly equal size. Schotland (1960) found that 

coalescence always took place above a critical value for 

vr, the relative impact speed along the line.of centers 
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between the drops, and that this was essentially independent 

of impact angle. However, Jayaratne and Mason (1964) ob

served behavior that was dependent on the angle of incidence, 

0i, and found different bouncing/coalescence regimes, de

pending on the size of the drops involved. For drops 

greater than about 250 microns in diameter, coalescence 

always occurred if the impact speed was above a critical 

value which depended on the angle of incidence. Bouncing 

was observed to occur below this value. For drops less than 

about 250 microns in diameter, there was a range of values 

of 0^ for which coalescence would result for a given vr. 

Outside this range of 0j_, bouncing occurred. Also, as vr 

increased for drops of a given size, the allowable range 

in 0-l narrowed, until a critical impact speed was reached 

above which bouncing occurred for all values of 0j_. This 

behavior for d < 250 microns appears to be peculiar to the 

collision dynamics of unequal size drops, and we will not 

attempt to account for it in the present work. Jayaratne 

and Mason also determined critical values for the charge 

on the drops and the external electric field necessary to 

promote coalescence in the situations where bouncing other

wise occurred. Over the range of drop sizes they studied 

(about 200 to 4 00 microns in diameter), charges of order 

10"4 esu and fields of order 100 V/cm were sufficient. 



130 

List and Whelpdale (1969) examined the probability 

of coalescence using a 2.2 mm diameter drop suspended from 

an hypodermic needle in the path of smaller droplets (about 

130 microns in diameter) which were produced by the burst

ing of air bubbles at an air-water interface. For vr 

greater than 2.0 m/sec, collision always resulted in coa

lescence. For smaller impact speeds the probability of 

coalescence depended on 8j_, higher probabilities being 

associated with on-center collisions than with glancing 

collisions. For vr less than 1.5 m/sec the coalescence 

efficiency dropped rapidly, approaching zero as vr went 

to zero. Although not explicitly stated by List and 

Whelpdale, this was presumably a result of bounce-off 

rather than disruption (i.e., non-coalescence via the 

Type I rather than the Type II mechanism). The drops 

could be made to coalesce for vr in the range they studied 

(0 to 3 m/sec) by placing a charge of about 10"^ esu on 

the larger drop and a charge of about 10~^ esu, of opposite 

sign, on the smaller droplet. 

All of the above experiments involve conditions in 

which at least one of the drops is mechanically constrained 

to some degree. The work described below does not suffer 

from this deficiency. 

Gunn (1965) found that water drops of about 2 mm 

diameter would bounce without coalescing if vr was less 
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than about 4 0 cm/sec. Under these conditions, he observed 

that an external field of about 4 00 V/cm would suppress 

the rebound. The same effect was produced if the drops 

carried charges, but apparently no measurements were made 

of the necessary magnitudes. 

Goyer, et al. (19 60) measured the coalescence 

efficiency of 100 micron drops colliding with drops of 

approximately 700 microns in the presence of an electric 

field. Unfortunately, they did not vary independently 

the charge on the drops and the electric field. The coa

lescence efficiency was observed to rise monotonically 

with increasing field to a maximum value of 95% for a 

field of 38 V/cm. However, the drops carried charges of 

about 10~2 esu at this field strength, and in the absence 

of this charge the optimum field would almost certainly 

have been different. It should be noted that these authors, 

like others, made no distinction between bounce-off and 

disruption. 

The most definitive work on this subject is prob

ably that of Sartor and Abbott (1968a) and Sartor (1968). 

They observed collisions between drops of 800 microns and 

750 microns in diameter. It was found that coalescence 

always occurred for impact speeds greater than 35 cm/sec 

and less than 21 cm/sec. However, in the range of vr 

between 21 and 35 cm/sec, bouncing occurred if the external 



field was less than 25 V/cm, or the drops carried opposite 

charges of magnitude less than 2 x 10""^ esu. In this 

bouncing zone, the drops could be made to coalesce by apply

ing a field greater than 25 V/cm or by inducing opposite 

charges on the drops greater than 2 x 10"^ esu. In light 

of the previous discussion, such a well-defined range is 

a bit surprising. 

Summary 

There is difficulty involved in bringing strict 

order to the picture just presented. Direct comparison 

is particularly hampered by the differences in physical 

constraints, drop sizes, and size ratios for the given 

drop pairs involved in the various experiments. Several 

points seem to emerge, however: 

1. For drops greater than a few hundred microns, 
at least, a bouncing regime can be changed to a 
coalescence regime by increasing the impact speed. 

2. The phenomenon of bouncing occurs in the range of 
impact speeds from about 20 to 150 cm/sec, and 
depends on the drop sizes involved. 

3. Bouncing can be supressed by applying a minimum 
external field of order 10 to 100 V/cm, or by 
placing net charges on the drops of about 10"^ 
esu or larger. 

There is contradictory evidence as to whether, in a region 

of bouncing, coalescence can be effected by reducing the 

impact speed. While the apparently careful experiments 

of Sartor and Abbott (1968a) found this, Gunn (1965) did 
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not mention it, and List and Whelpdale (1969) and Jayaratne 

and Mason (1964) did not observe it under different experi

mental conditions. This variance may be a result of the 

large size ratios of the drop pairs studied in the latter 

two experiments. Sartor and Abbott's drops were of ap

proximately equal size. 

In concluding the present summary it should be 

pointed out that there are questions involved in applying 

in detail any of the results of the above experiments to 

the raindrop problem, since each experiment involved un

realistic conditions to some degree. 

Dynamics of Film Drainage 

Theoretical discussions of the film drainage prob

lem usually make use of an expression derived by Stefan 

(1874) , and independently obtained by Reynolds (1886), 

which gives the time-dependent separation of two parallel 

circular discs, submerged in a viscous fluid, in terms of 

the force pushing them together. This expression, termed 

the Stefan-Reynolds equation, has received application in 

problems varying as widely as the floatation of mineral 

ore (Philippoff, 1952) and the printing of ink on paper 

(Green, 1'941) . The basic physical concept involved is 

that the external work done in pushing the two discs to

gether is equal to the viscous dissipation occurring in 



the intervening fluid. The dissipation then limits the 

rate of approach of the two surfaces. While, as was 

previously noted, film drainage times tend to have a wide 

distribution, good agreement has still been observed be

tween predicted and observed rates of thinning (Green, 

1941; Allan, Charles and Mason, 1961; MacKay and Mason, 

1963). 

The Stefan-Reynolds equation has been derived by 

Charles and Mason (1960) in a way which, in principle, 

allows consideration of surfaces of arbitrary shape. The 

treatment of Plumlee (1964) , vrhich appears to be the first 

explicit adaptation of the film-drainage theory to the rain

drop problem, follows very closely that of Charles and 

Mason. Because of ambiguities and seemingly questionable 

assumptions made by these authors (and the non-availability 

of the original papers by Stefan and Reynolds), an inde

pendent derivation will be presented here which allows 

these assumptions to be checked and permits some variations 

of the theory to be made. In particular, a flow field 

will be developed for the film drainage between colliding 

water drops which is realistic in that it models the in

ternal motion of the drops by permitting a finite radial 

velocity at the interfaces. It is possible that this 

effect might be important in altering film drainag-e times, 

and this hitherto neglected point warrants investigation. 
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The general approach used here follows that of 

Charles and Mason (1960) in first determining the flow 

field between two parallel discs immersed in a viscous 

fluid, and moving relative to one another in a direction 

along their normals. Then, certain energy principles will 

be employed which relate the total work done on the fluid 

to the viscous dissipation taking place. The geometry of 

the problem is shown in Figure 5-1. The collision of two 

equal-size drops along their line of centers produces the 

situation illustrated (the drop shapes are taken from 

Figure 4-2 at t = 2.25 msec). The contiguous drop surfaces 

are here represented by flat circular planes, situated a 

distance z = ± h from the origin. The separation is 

greatly exaggerated in the figure. The radius of the 

discs, a, corresponds to the radius of deformation of the 

colliding drops, as discussed in the previous chapter. 

The drop surfaces are moving together with a relative 

speed 2V at time t, and a, h, and V are all time-dependent 

variables. 

A few streamlines are included in the figure to 

indicate the type of circulation observed to occur in 

raindrops (Pruppacher and Beard, 1970). The traction of 

the upward-moving air on the surface of the drop, as it 

falls through the atmosphere, is responsible for the in

ternal motion, which is very similar to that'of a Hill's 
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Figure 5-1. Geometry of Film-Drainage Problem 
with Separation Greatly Exaggerated 

The streanlines show the internal motion 
observed to occur in falling water drops. 
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spherical vortex (see, e.g., Milne-Thomson, 1960). The 

formation of a fully-developed vortex, however, is hindered 

by the separation of the boundary layer, and it is possible 

that the back-flow in the wake could set up a weak reversed 

circulation inside the drop. Such a reversed circulation 

has been predicted theoretically by Hamielec and Johnson 

(1962) . While Pruppaclier and Beard (1970) included without 

comment a weak reversed flow in a sketch similar to Figure 

5-1, Pruppacher (1970) stated that, in fact, this motion 

was not observed and that this region was essentially 

stagnant. Since the drop wake does not remain steady, 

but, as discussed by Torobin and Gauvin (1959), undergoes 

downstream oscillations for Reynolds numbers as low as 

130, and begins periodic eddy detachment at Reynolds num

bers of about 50 0 (well within the raindrop range), lack 

of an organized back-flow inside the drop seems quite 

reasonable, for there simply does not exist a sustained 

traction of air on water over the rear surface of the 

drop, 

As a consequence of this stagnant region near the 

top of the drop, and for the purpose of parameterizing 

the internal drop motion, we may treat the fluid at the 

lower boundary, z = -h, as having no radial component of 

motion. At the upper surface, z = h, the internal drop 

flow corresponds to that of a flattened-out spherical 
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vortex. The radial velocity is zero at r = 0, and increases 

approximately as sin(r/R), where R is the radius of the 

unaistorted drops, and we consider only r < R. This func

tional dependence comes from the fact that the surface 

speed of a Hill's spherical vortex varies as sin 0, where 

0 is the polar angle. Over the range of r/R involved in 

this problem, the error incurred by assuming that u varies 

linearly with r is not excessive. 

The preceeding discussion assumes that the internal 

circulation persists during the collision. Milne-Thomson 

(1960) has shown that the characteristic decay time for a 

rectilinear vortex of radius r is r^/4v. Since this decay 

time is always one or two orders of magnitude larger than 

the bouncing time for water drops in the size-range of 

meteorological interest, no significant change in the 

strength of the internal circulation can occur during 

collision. This conclusion is not likely to be altered 

by the examination of a more accurate expression for the 

decay rate of a spherical vortex. 

Derivation of Drainage Equations 

The form of the Navier-Stokes equations appropriate 

for the cylindrical symmetry assumed here has been given in 

the set of equations (2-2). It can easily be shown a 

posteriori that the Reynolds number for the air-drainage 
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_ 3 flow is on the order of 10 , so that we are here concerned 

with a flow in the Stokes regime, and the equations of 

motion simplify to the following: 

i il£ = 
p 3r v 3 z 

f3_U 
"3 z 

9V) 
3rJ (5-1) 

1 
p 3 z 

v 3 
*r 3r 

r flH -
3 z 3rj (5-2) 

The equation of continuity is unchanged: 

1 3ur , 3v n /c 
? aF" + 3? = 0 (5 3) 

As before, u and v are the radial and vertical velocities, 

respectively. We seek solutions to the system of equations 

(5-1) to (5-3) subject to given boundary and initial con

ditions. As a consequence of the fact that there can be 

no relative slip at the air-water interfaces, the air flow 

must have the same boundary values as previously described 

for the drop. 

Bearing in mind that at z = ±h the vertical velocity, 

v, must equal the velocity of the surface, and hence be in

dependent of r, we look for solutions of the form: 

v = - f(z) (5-4) 
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where f is a function only of z and not of r. Substituting 

(5-4) into (5-3) gives: 

= rf' 
9r 

Integrating once, and assuming u is nowhere infinite, 

(5-5) 

The assumed solutions, (5-4) and (5-5) now satisfy the con

tinuity equation. Substitution of (5-4) and (5-5) into 

the first equation of motion, (5-1) leads to: 

£ §£ = Jsvrf • ' 1 (5-6) 

and a similar substitution into (5-2) yields: 

— -p ii ^c^7^ 
p 92 vf (5 

Integrating (5-7) with respect to z, 

H = -vf'(z) + g(r) (5-8) 
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where g is an arbitrary function of r. Now differentiate 

(5-8) with respect to r, giving: 

i|E=g* ( r )  (5-9) 

Eliminating the pressure term between (5-9) and (5-6) 

leads to: 

| g' (r) = hvf''' (z) (5-10) 

Since the term on the left side of equation (5-10) is a 

function only of r, and the term on the right is a function 

only of z, both terms must equal a constant, which we shall 

call C: 

i g1(r) = C (5-11) 

hvf' " (z) = C (5-12) 

The function g(r) is only important in determining the 

pressure field, and can easily be found for this purpose. 

For the present we restrict attention to f. Integrating 

(5-12) and letting CQ = 2C/v, we obtain the result: 

f(z) = |coz3 + hCxz2 + C2 z  +  c3 (5-13) 
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where C^_, C2 and C3 are undetermined constants of integra

tion. From (5-5) and (5-4) we obtain expressions for the 

velocities in terms of these constants: 

u = ^r(^CQz^ + C^z + C2) (5-14) 

v = - -g-coz3 ~ %clz2  ~ c2z  ~ c3 (5-15) 

The vertical velocity must satisfy the following boundary 

conditions: 

v = - V at z = h (5-16) 

V = V at z = - h (5-17) 

where V is the instantaneous velocity of the approaching 

surfaces. In addition, we impose the following conditions 

on u: 

u = U  a t  z  =  h ,  r  =  a  ( 5 - 1 8 )  

u = 0  a t  z  =  -  h  ( 5 - 1 9 )  

where U is a speed which we will assume is typical of the 

motion at the surface of the drop. The four boundary 
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conditions (5-16) through (5-19) suffice to determine the 

four unknown constants: 

„ _ 3(U/a - V/h) 
° " v,2 

Ci = U/ah 

C2 = 3V/2h - U/2a 

C3 = - Uh/2a 

The final solutions for u and v may now be written as: 

u = Hx ~ (h2-z2) + 
2h-

U (3z2-h2) + z 
2ah' ah (5-20) 

v = V 
2h2 

(3h2-z2) + JL (h2-z2) 
2ah + 2Sh (h2"z2) <5"21) 

The derivations of Charles and Mason (1960) and 

Plumlee (1964) make the assumption that the flow is com

pletely radial (i.e. , v = 0 everywhere), and obtain the 

radial flow field by assuming that u has a parabolic dis

tribution with z. By setting U = 0 in (5-20) , we obtain: 

u = lEX(h2 - z2) 
4h-* 

(5-22) 
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which is the same result derived by the previous authors. 

Thus, it is seen that the parabolic distribution is con

sistent with the equations of motion and the continuity 

equation. By substituting (5-22) into the equation of 

continuity (5-3) , Charles and Mason could have derived an 

expression for the vertical velocity: 

V = - (3h2 - z2) (5-23) 

This expression is also a special case of (5-21) with U = 0. 

Thus, the assumption of Charles and Mason that v = 0 is not 

consistent with their solution for u. However, it will be 

shown presently that this discrepancy does not produce 

errors in their final result. 

Let us note, at this point, that the solution 

(5-20) for u varies linearly with r. As such, the air-film 

flow and the drop internal flow match reasonably well at 

the boundaries. 

Consider now the energy balance of the system. 

Work is being done on the fluid as the two surfaces are 

pushed together. Since Stokes flows are time-independent, 

this work' is almost entirely converted to heat through the 

dissipative action of viscosity, and only a negligible 

amount of work is done in actually accelerating the fluid. 

For example, an order-of-magnitude analysis shows that the 
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ratio of the acceleration terra to the viscous term in the 

equation of motion is 011 the order of 10"^ for this prob

lem. Thus, we may assume that the total work done by the 

boundaries on the fluid is equal to the viscous dissipation 

occurring in the fluid. It is actually more convenient to 

discuss the problem in terms of rates, and we may write: 

W = D (5-24) 

where W is the rate at which work is done by the external 

forces on the fluid, and D is the rate of dissipation of 

kinetic energy in the fluid. W is made up of two terms: 

W = Wv + WR, where Wy = 2FV is the rate at which work is 

done by the two surfaces as they push together with a 

force F at the relative speed 2V. In addition, the upper 

surface is moving (expanding) radially, and this movement 

does work at a rate which we shall call WR. Equation 

(5-24) may be written in the alternate form: 

Wy = D - WR (5-25) 

and we are led to the following statement; the rate at 

which work is done by the relative vertical motion of the 

surfaces is equal to the rate of viscous dissipation, D, 

plus the rate at which work is done by the tangential 

fluid stresses on the boundaries, - WR. This interpretation 
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is actually more satisfactory, since WR is usually a nega

tive quantity (the wall does negative work on the fluid). 

We proceed to calculate - WR, the positive work 

done by the fluid on the upper boundary. Since it has 

been assumed that there is no radial motion at the lower 

boundary, there is no work done by the fluid stresses 

there. The tangential stress (force, per unit area) on 

the upper surface is -y£ (Milne-Thomson, 1960) , where r,  

is the vorticity, 

r - _ 3v 
5  -  8 ?  ( 5 _ 2 6 )  

The total force acting on an element of area, dA, is -y£dA, 

and the work done per unit time is -y^udA. Since v is 

independent of r, we have £ = 3u/3z, and using (5-20) we 

get 

5 = hr 3 U 
h2 la ah (5-27) 

Thus, 

,a 
- WR = - y } £u2TTrdr 

K  o 
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and we find: 

iryUa3 (3v _ 4u^ ^ 
- R - -4h~ liT i~J (5_28) 

The rate of viscous dissipation is given by 

D = fu52d(volume) (5-29) 

where a surface integral has been neglected (Milne-Thomson, 

1960). It can be shown that the ratio of the neglected 

surface integral to the volume integral in (5-29) is on 

9 — 6 the order of (h/a) . This is about 10 , typically, so 

that the neglect is certainly justified. Integration of 

(5-29) over the volume bounded by r = a, and z = ± h, 

yields: 

4 
D = Wa 

4 
3V2 _ 6UV 4U2 

h3 ah2 a2h 
(5-30) 

Note here that since v is independent of r, £ = 3u/3z, and 

the vertical velocity does not enter into the calculation 

of D. Thus, Charles and Mason incurred no error through 

their neglect of the vertical motion field. Evaluating 

the expression (5-25), we now write: 
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2FV = IT via 3V 6UV 4U2 

h^ ah2 + a2h 

TryUa-
4h 

3V _ 4U 
h a ] (5-31) 

Trya 3V _ 3UV 
h3 ah2 

(5-32) 

Discarding the trivial root V = 0, and solving for V, we 

obtain: 

V = iLh3 + u 
3frya 

hJ + ̂  h (5-33) 

For positive U (outflow at the boundary) it is clear that 

the film drainage is aided by the surface motion of the 

drop. It can be shown that if the condition u = U at r = a 

is imposed at the lower boundary as well as the upper, the 

resulting solution for V is the same as (5-33), but with 

U replaced by 2U. Hence, surface motion characterized by 

u = U at r = a at both surfaces is equivalent to surface 

motion with speed 2U at just one surface. 

With U = 0, equation (5-33) reduces to the familiar 

form given, for example, by Plumlee (1964) : 

V = 8F h3 (5-34) 
37tya4 
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Putting V = -dh/dt, and assuming, for the moment, that F 

and a are constant, equation (5-34) is readily integrated, 

giving: 

o 4 3TT]ja 
*1 to " -X6F" 

hl h0j 
(5-35) 

where t^ - tQ is the time required for the surfaces to move 

from z = ± Iiq to z = ± hp Equation (5-35) , which is 

called the Stefan-Reynolds equation, predicts that an in

finite time is needed for the surfaces to reach zero sep

aration, a result which is true for Stokes flows in general. 

Equation (5-35) has also been derived, in a some

what cursory fashion, by various authors in regard to the 

lubricating properties (Bowden and Tabor, 1954) and tacki

ness (Bikerman, 1947) of thin films. However, the present 

general criticisms of Charles and Mason's (1960) derivation 

apply to these also. 

Equation (5-33) can also be integrated directly 

if a and F are assumed to be constant. Putting b = 

8F/3Trya^, we obtain 

_ hn _ bhn + U/a 
tx - t0 = « In 0 - In 0 _ (5-36) 

U h2 2U bh2 I + U/a 
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Results Using Constant Coefficients 

In fact, both a and F vary with time in a manner 

which can be evaluated from the drop simulation experiments 

discussed in Chapter IV. The film thickness as a function 

of time is then obtained by integrating (5-33) numerically. 

Before considering these refinements, it is instructive 

first to evaluate (5-35) and (5-36) using typical average 

values for a and F. Figure 5-2 shows curves for various 

values of U, for conditions corresponding to the collision 

of two drops of 1.2 mm diameter, at a relative speed of 

-4  40 cm/sec (a = 0.037 cm, F = 9.0 dynes, and y = 1«7 x 10 

poise). The separation, 2h, is assumed to be 10 microns 

at t = 0, but the results are not particularly sensitive 

to this assumption. Note again that experiments have 

determined that the film must drain to a thickness of about 

0.1 microns before it ruptures, permitting coalescence to 

take place. 

Considering first the case for U = 0, it is clear 

that the predicted separation is much too large for coa

lescence to occur before the drops rebound. The bouncing 

time for this case was computed in the previous chapter to 

be about 3.8 msec. In fact, the U = 0 curve would have to 

be extended out to about 800 msec before the separation 

would be reduced to 0.1 microns. While this result is in 

agreement with experimental evidence that bouncing 
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Figure 5-2. Evaluation of Drainage Theory for Various 
Values of U, Assuming Constant Coefficients 
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frequently occurs under such conditions, no reasonable 

juggling of the numbers in equation (5-35) will account 

for the observed fact that coalescence can also occur in 

this general range-of impact speed and drop size. If the 

Type I coalescence problem is regarded as a race between 

the bouncing and film drainage processes, then it is clear 

from experimental evidence that the race is much closer 

than is predicted by (5-35). Clearly, processes not ac

counted for in equation (5-35) must be important. 

The curves for non-zero values of U, computed from 

(5-36), show that internal speeds of magnitude greater than 

4 0 cm/sec would enable the air film to drain to within the 

critical value in times less than the rebound time. Actu

ally, since the speed at the surface of a spherical vortex 

varies as sin 9, where 0 is measured from the lower pole, 

and since r = a corresponds to about 0 = 45° (see Figure 

5-1), the maximum circulation speed in the drops has to be 

about 40% higher than the U-value considered here. Thus, 

Figure 5-2 indicates that an internal circulation of 1,4 

x 40 = 56 cm/sec is required to effect the coalescence of 

1.2 mm diameter drops colliding at a relative speed of 

40 cm/sec. The measurements of Pruppacher and Beard (1970) 

indicate that internal circulation speeds in water drops 

falling at their terminal velocity are about 1/100 of the 

actual fall speed, and, hence, are in the range of 4 to 5 
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cm/sec for the present case. Since this is much less than 

the air-drainage theory indicates is required, it is con

cluded here that the drop internal circulation cannot, of 

itself, provide a mechanism for removing the air film 

before the drops bounce apart. Thus, the natural internal 

circulation cannot play a crucial role in the coalescence 

process. 

In the preceding discussion, the drop motion at 

z = ± h has been interpreted as being a result of an 

organized vortical circulation within the drop. In fact, 

as seen in Figure 4-1, the drop deformation during collision 

also produces a radial flow along the contiguous drop sur

faces, and this flow has a speed which is on the same order 

as the initial impact speed, V , Thus, for the case con

sidered above, with VQ = 20 cm/sec, the radial flow at 

r = a will also be about 20 cm/sec. However, in the 

present case, unlike that for the internal circulation, 

the radial flow occurs at both z = h and z = - h, so that 

the effective U-value to be used in equation (5-36) is 

40 cm/sec. While we previously noted that this value is 

sufficient to give a film thickness of 0.1 microns in 3,8 

msec, the radial flow now under consideration only persists 

for half the bouncing time, or only 1.9 msec, and the 

critical separation must be reached in this time if the 

film drainage is to take place via this mechanism. We 
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will not pursue a quantitative analysis of this point until 

more accurate solutions of (5-33) are presented which in

clude the time-dependent behavior of a, F, and U. In 

addition to these refinements, we first consider the effects 

on the drainage theory of the finite mean free path of the 

air-film molecules. 

Effects of Finite Mean Free Path 

The observation of many workers (e.g., Allan, 

Charles and Mason, 1961; MacKay and Mason, 1963; Lindblad, 

1964) that the draining film between two approaching drops 

must reach a thickness on the order of 0.1 microns before 

rupturing, raises certain questions when the drainage 

theory is applied to the problem of raindrop interaction. 

These questions concern the possible effects of the finite 

mean free path of air molecules on the dynamics of the 

drainage, At sea-level atmospheric conditions, the mean 

free path, X, is about 0.07 microns, and, thus, is of the 

same order as the film thickness. The mean free path varies 

inversely with pressure, and increases to 0.1 microns at 

about 4 km in the standard atmosphere, or about the 600 mb 

level (Cole, Court and Kantor, 1965), 

The difficulty in dealing with a gas flow in which 

the mean free path is comparable to some characteristic 

dimension, L, of the flow field is that the gas ceases to 

behave entirely as a continuous fluid, and the usual 
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transport relations, such as Newton's law of viscosity, 

break down. The dimensionless ratio A/L is called the 

Knudsen number, and is denoted by Kn. A rarefied gas flow 

is one for which Kn is not negligibly small. The present 

case is a good example of the fact that rarefied flows do 

not necessarily involve gases at low densities. 

The subject of gas dynamics is generally divided 

into various regimes depending on the value of Kn, For Kn 

< 0.01 the usual continuum treatment is valid and the Navier-

Stokes equations describe the flow. As the characteristic 

dimension is decreased, or the pressure is lowered, the 

so-called slip-flow regime, for 0.01 < Kn < 0.1, is 

reached. As Kennara (1938) puts it: "As the density is 

lowered, the gas seems to lose its grip, so to speak, upon 

solid surfaces; in viscous flow it begins to slip over the 

surface, and in the conduction of heat a discontinuity 

of temperature develops at the 'boundary of the gas" (p. 

291). In this region it is customary to use the vis

cous solutions with an additive correction term, represent

ing the effect of slip at the interface, but the theory 

is non-rigorous. For Knudsen numbers greater than about 10 

it is possible to neglect intermolecular collisions and 

deal only with collisions of gas molecules with the bound

aries. This regime, termed free molecule flov/, is rela

tively easy to treat (see, e.g., Schaaf and Chambre, 1958). 
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In the transition regime between free molecule flow and 

slip flow the mean free path is of the same order as the 

typical length, 0.1 < Kn < 10.0. Extremely complex trans

fer processes occur here, since intermolecular encounters 

and collisions between gas molecules and the boundaries 

are of roughly equal importance. The air-film problem is 

principally concerned with this regime, for which, as yet, 

no satisfactory theory exists. 

Stated specifically, the current problem is one of 

determining the characteristics of the flow of a rarefied 

gas from between parallel plates when the plate separation 

is on the same order as the mean free path. In the absence 

of an adequate theoretical treatment we have here resorted 

to taking over previously obtained experimental results. 

Brown, et al. (1946) have tabulated a large amount 

of data on the flow of various gases through glass capil

laries, over a rather complete range of Knudsen numbers. 

They have computed the ratio, iji, of the measured volume 

flux to that predicted by the Poiseuille flow equation, 

and plotted iJj as a function of the Knudsen number (they 

actually used a slightly different variable, proportional 

to Kn) , They state that the factor may be viewed as the 

ratio of the viscosity at atmospheric pressure to the ef

fective viscosity applicable to Poiseuille's equation at 

low pressure. Figure 5-3 is adapted from their work, and 
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shows the experimental dependence of \p on Kn. The effective 

viscosity, ye, is given by the viscosity at atmospheric 

pressure, yQ, divided by the enhancement factor \p. At 

Kn = 1.0, for example, ye is only about 15% of p0. 

The application of Figure 5-3 to the film drainage 

problem is not completely straightforward, because of the 

differences in geometry in the two cases. The Knudsen 

number for the data in Figure 5-3 has been computed using 

the tube radius as the characteristic length, while in the 

present problem the typical length is the disc separation, 

2h. While these differences could shift the curve in 

Figure 5-3 slightly, say by a factor of 2 or so in Kn, it 

is doubtful that the general relationship would change 

appreciably, for the physics of the two problems is es

sentially the same. The forced flow through pipes, like 

the flow from between two plates pushed together, is limited 

by the rate of viscous dissipation of kinetic energy, re

sulting from the high internal fluid stresses, themselves 

arising because of the boundary conditions at the walls. 

We now inquire into the effect this reduction in 

effective viscosity will have on the film-drainage problem. 

Equation (5-35) indicates that the film thickness at a 

given time is proportional to the square root of the ef

fective viscosity. For the case U = 0, shown in Figure 5-2, 

the film thickness computed using yQ is about 1.3 microns. 
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This corresponds to Kn of about 0.05, and from Figure 5-3 

one reads \p = 1.3. Hence, ye/yQ = 0.77, and the film 

thickness is reduced by only a factor of 0.773"2 = 0.88 by 

considering mean-free-path effects. While it is possible 

to integrate the equations numerically, using the best 

estimates of ye at each step, the above calculation gives a 

reasonable bound on the change to be. expected. This 12% 

reduction in predicted film thickness is not enough to 

alter the conclusions reached in the previous section re

garding the impossibility of accounting for coalescence 

without invoking a radial motion at the drop surfaces. 

The conclusion regarding the role played by the natural 

internal circulation is also unchanged. When the film is 

able to drain to small thicknesses, say less than 1 micron, 

by virtue of a large value of U or by the addition of 

electrical forces, then Figure 5-3 shows that the decrease 

in effective viscosity becomes more important, and hastens 

the subsequent drainage. However, if large values of U 

are employed, and no electrical effects are included, then 

the variations in ye produce only negligible changes in 

the predicted drainage curves. The reason is simply that 

at film thicknesses for which the reduction in viscosity 

becomes appreciable, the term containing y becomes negli

gible. Thus, the first term on the right-hand side of 
O 

equation (5-33), which contains y, varies as.h , while the 
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second term, involving U, varies only as h. Even though 

the ^-enhancement tends to retard the decrease in the first 

term with decreasing h, it is not enough to overcome the 

strong h dependence. For U greater than about 20 cm/sec 

the second term is completely dominant when h is less than 

a few microns. 

The near-independence of the result on y, for large 

U, is physically traceable to the fact that the work done 

by the normal stresses at the boundaries is much less than 

the work done by the tangential stresses. Equation (5-25) 

shows that the radial work, WR, is then balanced by the 

rate of viscous dissipation, D, Since these two terms are 

both scaled by y, the results are independent of y. It 

is easily shown that WR becomes positive under these con

ditions . 

The largest effect produced by the variation of 

ye is for U = 0. Accurate numerical integration shows that 

the values in Figure 5-2 are about 8% too high. The per-

centual errors are about the same with other values of U, 

but the absolute errors become quite small. For U > 40 

cm/sec the adjusted curves are virtually indistinguishable 

from those of Figure 5-2. 

If small film thicknesses are attained as a result 

of a large force, F, as is the case when an electric field 

is present, then the effect of the viscosity reduction does 
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not become masked. The result of including this refine

ment is then to modify slightly otherwise-predicted values 

of charge and field necessary for coalescence. 

The main conclusion here is that the decrease in 

effective viscosity does not provide in itself a mechanism 

for overcoming the air-film barrier, but does alter slightly 

predicted drainage times, and should be included in quanti

tative discussions of the coalescence problem. All further 

evaluations of the present drainage theory will utilize 

the enhancement factor of Figure 5-3 in determining ye. 

Evaluation of Drainage Theory 

We now seek to integrate numerically equation (5-33) 

using the best available estimates for the parameters y, 

a, F, and U. The dependence of y on the film thickness 

has just been discussed. The variations in the radius of 

deformation, a, with time have been presented in Figure 4-6, 

for d = 1.19 mm, the drop size now under consideration. 

The drop simulation experiments predict values for F(t) 

and U(t), and these are shown in Figures 5-4 and 5-5, for 

four values of the impact speed: VQ = 10, 20, 30 and 40 

cm/sec (these correspond to the calculations summarized 

in Table '4-1) . The force F is obtained by evaluating the 

time derivative of the total drop momentum, as discussed 

in the previous chapter. The variations in F are 
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qualitatively similar to the variations in a. The curves 

in Figure 5-4 have been smoothed considerably. 

Figure 5-5 shows the radial flow at r = a, arising 

from the deformation of the drops on impact. The varia

tion of a with time is, of course, built into these curves. 

The initial radial flow has a magnitude in excess of the 

impact speed, VD, with the excess increasing as V0 increases. 

However, it is important to note that U has a rather rapid 

decrease during about the first 0.5 msec after impact. It 

then undergoes a more gradual decrease, and falls to zero 

at the time of maximum deformation of the drops. As the 

drops start to rebound, a radial inflow occurs and U be

comes negative (not shown). For present purposes it is 

adequate to assume that this inflow is given by the sym

metric counterpart of the curves in Figure 5-5, although 

the flow actually fails to recover completely the high 

initial values. The greatest source of error in evaluating 

U arises from the ambiguities involved in determining the 

radius of deformation, a. These ambiguities are directly 

related to the finite resolution of the numerical model. 

It is felt that the errors in Figure 5-5 are less than 

about 20% during the early stages of the deformation, and 

probably less than 10% thereafter. More accurate values of 

a and U could be obtained by using a smaller grid interval 

for the finite-difference solution. The dependence of u 
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on r tends to be linear, and, as such, matches satisfac

torily the flow in the receding film. 

Time-Dependent a and F 

The drainage equation (5-33) has been integrated 

numerically using a fourth-order Runge-Kutta scheme. The 

results of including the time-dependent behavior of a and 

F are shown in Figure 5-6 for four impact speeds, and with 

d = 1.19 mm. For the moment we neglect the radial flow at 

the drop surfaces and set U = 0. The main effect produced 

by using time-dependent variables, rather than using average 

values as in Figure 5-2, is to increase the rate of approach 

during the first millisecond or so, and then to decrease 

the subsequent rate. A relatively small net difference is 

produced after the bouncing time, t^, has elapsed. For 

VQ = 20 cm/sec comparison can be made with Figure 5-2, 

and it is seen that the predicted separation using time-

dependent values of a and F is about 0.3 microns less 

than that predicted using only average values. The varia

tion in predicted film thickness with impact speed is also 

relatively small, and the predicted values in Figure 5-6 

are all about a factor of 10 too large to account for coa

lescence. It is clear from the small dispersion, and in 

some cases the reversed order, of these curves that there 

is a good deal of compensation between a and F as the 
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impact velocity is varied. In fact, the relevant ratio, 

a^/F, does not change by more than about 2 0% as the rela

tive impact speed, vr, goes from 20 to 8 0 cm/sec. The 

conclusions to be drawn from Figure 5-6 are the following: 

in the absence of a radial flow at the surface of the drops, 

not only does the theory fail to show a strong dependence 

on impact speed, as is experimentally observed, but it 

fails to predict coalescence (i.e., drainage to within 

0,1 microns) for any impact speed over a range of vr for 

which coalescence is observed to occur. 

Radial Motion at Surfaces 

The result of including the radial flow at the drop 

surfaces is shown in Figure 5-7, using the U(t)-dependence 

previously discussed. Figure 5-7 contains several important 

features. The curves now exhibit a minimum, followed later 

by a rather sharp increase. The minimum is much less than 

that predicted in Figure 5-6, which neglected this radial-

flow boundary condition. The increase in film thickness 

after the minimum is a result of the radial inflow (negative 

U) occurring at the contiguous surfaces of the drops as 

they start to rebound (see Figure 4-2). The air alongside 

the water surfaces gets dragged inward, and as U increases 

negatively a point is reached at which the film actually 

thickens as a result. This is in spite of the fact that the 

force F is still acting to squeeze the air out. The large 
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increase in the separation distance at late times is 

exaggerated by the present use of the negative of the values 

shown in Figure 5-5 during the rebound. However, this point 

is not important, as it is the minimum separation that is of 

interest. 

There are two distinct physical reasons for the 

reduction in the minimum separation when the radial-flow 

boundary condition is included. First, a positive radial 

velocity at the film boundaries greatly reduces the in

ternal fluid stresses, thus reducing the rate of viscous 

dissipation and making it much easier for the external 

forces to push the air out. Second, as the separation 

becomes small, the term in the drainage equation containing 

F becomes negligible (as previously mentioned). Then, as 

will be shown below, when the radial outflow occurs at 

both surfaces, the velocity gradient 8u/9z vanishes, and 

the viscous dissipation, which previously limited the rate 

of film drainage, goes to zero. The radial velocity in 

the film is then given by u = U for all z, at r = a, and 

the rate of approach of the two surfaces is determined 

only by continuity considerations. To see this more clearly, 

the following equation for u can be derived from (5-14) and 

(5-15) utilizing boundary conditions which allow a finite 

radial flow at both surfaces: 
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(5-37) 

and the analogue of equation (5-33) becomes: 

V = 8F 
(5-38) 

3iTya4 a 

When the first term on the right of (5-38) becomes small, 

we have the relation 

and u in (5-37) then becomes independent of z, leading to 

the result stated above. 

on V0. From comparison with Figure 5-6, it is clear that 

this is a result of the strong dependence of U on VQ. The 

largest difference is between V0 = 10 and VQ = 20 cm/sec 

(relative velocities of 20 and 40 cm/sec). This is the 

same region of vr for which Sartor and Abbott (1968a) and 

Gunn (19 65) found a transition between the phenomena of 

bouncing and coalescence. By the present criterion, how

ever, these curves do not predict coalescence, since they 

fail to reach the 0.1 micron critical value. The smallest 

separation predicted is about 0.25 microns, for VQ = 40 

2U/a - V/h = 0 (5-39) 

The curves in Figure 5-7 show a strong dependence 
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cm/sec. However, sensitivity studies indicate that these 

minima can be shifted ± 0.2 microns by variations in a and 

U on the order of only 10%, well within the limits to which 

these parameters are known. In addition, experiments indi

cate that the critical separation necessary for rupture 

is not constant. Rather, variations over a factor of two 

or three are indicated, so that the lower curves in Figure 

5-7 may not be too far off as they stand, but the curve 

for VQ = 10 cm/sec would seem to be too high to permit film 

rupture. The strong dependence of these results on small 

variations in the various parameters is unfortunate, and 

eventually it will be desirable to reevaluate the present 

theory using more accurate values of a, F and U obtained 

from a drop model with better spatial resolution than has 

been possible here. However, despite the numerical un

certainties in these parameters, Figure 5-7 does show that 

it is possible to account quantitatively for the important 

features of the Type I coalescence problem within the frame

work of a film-drainage theory. One of the interesting 

insights that has emerged is the strong evidence that the 

ability of the film to drain to within the critical value 

is a direct result of the radial spreading of the drops 

during impact. It is not possible in the context of the 

present uniform-film model to account for such drainage 

(in reasonable times) without including this- effect. Thus, 
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it appears that the deformation of the drops, which is the 

basic cause of the Type I problem, also provides the solu

tion if the impact speed is large enough. Another point 

of interest is that the observed dependence of the bouncing 

phenomenon on the impact speed seems to be a result of the 

strong U-dependence on V , rather than resulting from the 

variations of F and t^ with VQ, as proposed by Sartor 

(1968). 

Before considering the effects of electrical forces 

we first discuss briefly two criticisms that could be di

rected at this theory. First, it is assumed here that the 

two drop surfaces are flat during their approach, while, 

in fact, much evidence exists to show that a reversed 

curvature, or dimple, actually forms (e.g., Lindblad, 

1964; Hartley and Brunskill, 1958; Sartor and Abbott, 

1968b). It is easy to understand why a dimple should form. 

The draining film requires a decrease in pressure in the 

direction of the flow and hence a maximum at the center, 

while the pressure just inside the drop tends to be con

stant. The dynamic boundary condition then requires that 

a slight reversed curvature exist near the center of the 

drops to balance this pressure difference. Frankel and 

Mysels (1962) have examined the effects of such dimpling 

on the drainage dynamics. They have shown that if the dis

tance h is interpreted as the minimum separation between 



the drops (or half this value in our case), occurring some 

distance from the center, then the functional form of the 

drainage equations derived with the uniform-film model is 

unchanged. However, the actual rate of drainage is about 

9% faster (see also MacKay and Mason, 1963). Thus, after a 

given time has passed, the minimum separation is computed 

to be about 4^% less when the dimple is taken into account. 

In light of other greater uncertainties, this correction 

is negligible. 

The second criticism concerns our treatment of the 

rarefied properties of the film. An argument might be 

made that since we are considering a problem in which the 

motion at the boundary surfaces is important, the physical 

situation is quite different from that to which the data 

of Brown, et al. (1946) apply (and from which we evaluated 

an effective viscosity). In particular, in the important 

region of small h (less than a .few microns) the term con

taining ye becomes relatively unimportant, and one wonders 

if the slip effects at the boundaries, built into ye, are 

correctly being included in the theory. If a slip condition 

at the air-water interface should be explicitly allowed, 

then the air film will not drain at a rate given by U, but 

by some lesser value, and our results, which are sensitive 

to this value, are in error. A resolution of this point is 

given by the fact that, in the slip regime, the slip 
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velocity is proportional to the velocity gradient in the 

film (Kennard, 1938, p. 292). Since it has been shown 

that the flow becomes uniform at these separations, there 

should be a negligible amount of slip, and this problem 

is probably not important. 

Electrical Effects 

There are two general processes involving electro

static forces that could be important for the film-drainage 

problem. First, the Coulomb attraction between the two 

drops might be large enough to enhance appreciably the force 

F exerted on the film by the flat drop surfaces. And, 

second, the presence of electrical charges might produce a 

local instability which would invalidate the assumption 

that the surfaces are flat. Such an instability could 

lead to an enhanced rate of thinning of the film as a 

result of uneven drainage, or it could provide a mechanism 

for rupture of the film at average separations greater 

than 0.1 microns. The observed decrease in the coalescence 

delay time and the pronounced dependence of bouncing 

phenomena on electrical effects can be explained qualita

tively in terms of any of these processes. While the 

present work has not put an emphasis on critically evaluat

ing these processes, certain aspects have been examined. 

We first discuss the effect on the rate of film thinning 
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produced by an external field and net charges on the drops, 

and then propose some ideas regarding the possibility of 

an electrostatic instability. 

Net Charges on the Drops 

Consider the effect of including, in the previous 

theory, an electrostatic force pulling the two contiguous 

surfaces of the drops together. We write the total force, 

F, of equation (5-38) as: 

F = Fm + Fe + Fq (5-40) 

where Fm is the previously-considered force arising from 

the momentum changes of the drops during impact, Fe is 

the force arising from the presence of an external electric 

field, and Fq is the force resulting from the presence of 

net charges on the drops. The drops are assumed to present 

flat, parallel surfaces to one another, as shown in Figure 

5-1. We thus proceed with the assumption that the drops can 

be treated as parallel conducting plates of radius a, the 

radius of deformation. The force between the two drops is 

then given by: 

electrical force = %e0E2(ua^) (5-41) 

where E is the electric field between the two surfaces and 

eQ is the permittivity of free space (equal to the permit

tivity of air to a very good approximation). The problem 

now is one of determining E. 
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We first evaluate E for the case when the drops 

carry net charges. The electric field between the two 

parallel plates can be expressed as: 

E = (surface charge density)/e0 (5-42) 

If we assume that the drops carry opposite charges, each 

of magnitude Q, and that these charges reside only on the 

near surfaces of the drops, then the surface charge density 

is simply Q/(iTa ), and (5-42) becomes: 

E = Q/(7Ta2e0) (5-43) 

The force between the drops arising from these net charges 

is then, from (5-41): 

Fq = Q2(27re0a2) (5-44) 

Note that Fg is independent of the drop separation. This 

would not be true if the drop surfaces were not completely 

flat. 

By adding Fg to Fm and recomputing the curves of 

Figure 5-7 for various values of Q, the effect of the elec

trical forces can be determined. The goal is to determine 

the magnitude of the charges necessary to affect appreciably 

the drainage curve shown in Figure 5-7 for VD = 10 cm/sec 

(the presumed region of bouncing). It is found that values 

—11 o of about 10 coul (3 x 10"^ esu) are necessary. Since 



177 

experiments have shown that net charges about two orders 

of magnitude smaller can affect the drop behavior during 

collision, the value found here does not seem realistic. 

A theoretical treatment by Jayaratne and Mason (1964), 

similar in some respects to the present one, also had dif

ficulty in explaining quantitatively the observed behavior. 

External Electric Field 

Davis (1964) has obtained solutions for the problem 

of two conducting spheres in an electric field. Using 

Davis' solutions, Sartor and Abbott (1968b) have plotted 

the ratio of the field between the two spheres, E, to the 

external field, EQ, as a function of the normalized separa

tion, s/R, where s is the actual separation and R is the 

sphere radius. The orientation of the external field is 

along the line of centers of the spheres. The following 

expression fits their curve quite well: 

E/Eq = 1.43(R/s)0 * 9 (5-45) 

for s/R less than about 0.1. Substituting (5-45) into 

(5-41) one is led to the following equation for Fe: 

Fe = ira2£0Eo (R/s)1 * 8 (5-46) 

This formulation of the problem assumes that Fe is given 

by the force between two parallel plates which have a 

field between them given by the enhanced external field 
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between two spheres of equal size. This model is clearly 

approximate, and, in fact, the use of the field enhance

ment factor for spheres is difficult to justify. Never

theless, lacking a more rigorous approach it will be briefly 

examined in the following. 

The importance of this Fe has been examined by 

putting (5-46) into (5-40) and integrating (5-38) numer

ically for various values of EQ. Figure 5-8 shows the re

sults for Eq = 250 V/cm. Values on the order of 200 to 

250 V/cm are found to be necessary. These values are in 

good agreement with Gunn's (1965) measurements, but are 

about an order of magnitude larger than found necessary 

by Sartor and Abbott (1968a). 

Actually, if the drop surfaces are assumed to be 

completely flat, the bunching of the electrical lines of 

force near the point of closest approach of the drops 

(the mechanism for field enhancement in the two-sphere 

problem) is not possible, and use of (5-45) is not valid. 

The average charge densities (and hence electric fields) 

over the upper and lower surfaces of each individual 

drop must be equal, and an upper limit to the field 

between the two near surfaces can be obtained by using 

the (maximum) value of E occurring at the top of the 

upper drop and bottom of the lower drop. Estimates of 

this value can be made by fitting a single prolate spheroid 
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to the composite configuration of the two drops. Such a 

spheroid will have a ratio of major to minor axis of no 

more than about 2, and the field at the pole of this 

spheroid can be shown to be slightly less than six times 

the magnitude of the unperturbed field, E0. Thus, the 

field between the deformed drops has an upper bound of 

about 6E0, and will be independent of separation for the 

small separations considered here. 

For separations less than 0.5 microns, the enhance

ment factor for spheres, from (5-45), is greater than 10^. 

From the results of Figure 5-8, this means that fields of 

roughly 10^ x 250 V/cm, or on the order of 100,000 V/cm, 

are necessary to influence the drainage of a uniform air 

film. This is, of course, a ridiculously large number. 

The conclusion is that realistic values of Fg and Fe cannot 

be determined by assuming that the near surfaces of the 

deformed drops are flat and parallel. Equation (5-45) 

serves as an example to show that when the two surfaces 

are curved relative to one another the local electric 

field can be greatly enhanced, and can be a function of 

the separation. The presence of a dimple in the adjoining 

surfaces may be important in this regard. 

1. I am grateful to Dr. G, A. Dawson for first 
pointing out some of the difficulties v/ith the two-sphere 
analogy and suggesting this different method.of approach. 
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In the experiments of Plumlee (1964) and Semonin 

(19 67) two drops were held at constant potential difference 

during collision, so that the electric field was given by 

an expression of the form: 

E = <j)0/s (5-47) 

where <pQ is the constant potential difference. While no 

indication was given by these authors as to what natural 

situation the experiments were intended to study, in fact, 

the similarities between (5-47) and (5-45) show that their 

electrical forces corresponded closely to the case of two 

spheres in an electric field, and, as such, were much 

greater than perhaps they should have been for the case of 

two deformed drops in an electric field. 

Electrostatic Instability 

One of the important assumptions of the present 

film-drainage theory is that the two drop surfaces remain 

flat and parallel up to the time that the film ruptures. 

Since the electrical forces between curved surfaces tend 

to vary inversely with separation distance, electrostatic 

charges might serve to invalidate this assumption by 

selectively amplifying local disturbances in the surface. 

The result of this amplification would depend on the size 

of the disturbance relative to the radius of deformation, 

a. A large-scale perturbation, on the order of a, would 
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lead to an enhanced rate of film thinning as a result of 

uneven drainage of the film as a whole. A small-scale, 

or "pip" instability would lead to only local film thinning, 

and premature rupture of the film at a large average thick

ness. The purpose here is to show that the long-wavelength 

instability seems to be favored over the pip instability. 

Consider, first, a conducting plane upon which is 

situated a conducting hemisphere of radius c. Let there be 

a uniform field, E0, at great distance from the hemisphere. 

From the treatment of this problem by Jeans (1925, p. 194) 

it can be shown that the electrical force acting on the 

9 2 hemisphere is 3c^'E0/'ir and is perpendicular to the plane. 

If we consider the hemisphere to be a small disturbance 

on one of the drop surfaces, then there will be a capillary 

force, given approximately by 2irca, opposing the electrical 

force. The disturbance should grow if the electrical force 

exceeds the capillary restoring force, or in other words, 

if E0 exceeds the value given by: 

Eq = §tto (5-48) 
° 3c 

Clearly, the critical field is smaller for the larger dis

turbance, so that at a given field strength only disturbances 

greater than a certain size will be unstable, and, of course, 

the largest will be the most unstable. The same result is 
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deduced from Rayleigh's (1882b) theory of the instability 

of a charged drop. Rayleigh has shown that a drop oscilla

tion of mode n (see Chapter III) becomes unstable if the 

drop carries a charge greater than Qc, where Qc is given 

by the expression: 

QI =  4 T T R3 (n+2) a ( 5 - 4 9 )  

Since for large n, A = 2irR/n, where X is the wavelength of 

the oscillation, (5-49) can be written as: 

Q§ = 8TTR4a/A (5-50) 

Equation (5-50) shows that for a given charge it is the 

longer-wavelength disturbances which become unstable, not 

the shorter. 

The result of these considerations is that the pip 

instability does not appear to be a likely mechanism for 

rupturing the film. While this study has not found a 

method for approaching the problem of the long-wavelength 

instability, the poor agreement between our predictions and 

experiment seems to indicate that such an instability is 

occurring. A predictable irregularity in the surfaces 

which may be important for initiating this instability is 

the dimple previously mentioned. In retrospect, the 

presence of a dimple, while not altering significantly 

the normal drainage flow, could definitely influence the 
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spatial distribution of surface charge, and almost certainly 

invalidates the expressions (5-44) and (5-46) for the elec

trical forces Fg and Fe. It is clear that there is much 

to be learned here. 

Final Rupture of Film 

Knowledge of the mechanism by which the film gap 

is finally bridged is of importance to a general under

standing of the coalescence phenomenon, but has received 

little attention in the literature. The usual suggestion 

is that at separations, s, below about 0.1 microns the van 

der Waals forces become important. However, the magnitude 

of the van der Waals attraction is still quite small at 

these separations, and the mechanism by which the final 

rupture would occur is not clear. Using Kitchener and 

Prosser's (1957) evaluation of the force constant for the 

long-range van der Waals force (F = b/s^, with b = 1.1 x 

10~"^ erg cm), we find that the attractive force between 

the two surfaces is only 0.03 dynes at a separation of 0.1 

microns, and 0.45 dynes at 0.05-microns, As shown in Figure 

5-4, the repulsive force exerted by the film is on the order 

of 10 dynes. Thus, if such small attractive forces are to 

be important, the mechanism must be one involving the am

plification of only local disturbances on the drop surfaces. 

In estimating the apparent magnitude of electrical forces 

involved in their coalescence experiments, Jayaratne and 
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Mason (1964) also found quite small values, of order 10 

dynes. It may be that attractive forces of this magnitude 

are large enough to destabilize the uniform film and promote 

the growth of local disturbances, thus .invalidating, at 

these distances, our previous assumption that the surfaces 

remain flat and parallel. For s less than about 0.1 microns 

the van der Waals forces actually vary as 1/s , rather than 

1/s4, but this dependence on distance is still stronger than 

that of electrical forces. The explanation of the final 

rupture is possibly that by the time the average film thick

ness reaches about 0.1 microns, random perturbations on the 

surfaces, perhaps related to the dimpling, have resulted 

in the approach of localized regions to distances much 

smaller. The strong inverse dependence of the van der 

Waals forces on the separation would then accelerate the 

subsequent approach, so that at this time the rupture is 

essentially instantaneous. 

It should be noted that if atmospheric dust par

ticles were present in the film they could easily bridge 

the gap. Aerosol particles do not normally occur in con

centrations much greater than 10^ cm~^, however, and since 

the volume of the air film is about 10"^ cm"^, the prob

ability of trapping a dust particle seems quite small. The 

possibility that raindrops might carry scavenged dust par

ticles on their surfaces seems worth examining. 



CHAPTER VI 

SUMMARY 

The present research is divided naturally into 

several parts, each of which has constituted the subject 

of one of the preceding chapters. These chapters are quite 

self contained and little recapitulation is necessary. We. 

discuss briefly the major results and list some suggestions 

for future research. 

Drop Mechanics 

The adaptation of the Marker-and-Cell computing 

method to include capillary effects has proven very useful 

for studying liquid drop behavior and related problems. 

The method is particularly notable for its applicability 

to problems not amenable to analytic treatment. The ac

curacy of the computing method has been tested by simulating 

the simple oblate-prolate oscillation of a liquid drop, for 

which closed solutions are available, and the results have 

shown that the model is quite accurate. In particular, 

total drop volume and total energy are well conserved by 

the computing scheme, the predicted drop shapes and the 

asymmetric character of the large-amplitude oscillation 

are in good agreement with actual observations, and the 
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agreement of the present results with the Rayleigh theory 

for the period of small-amplitude oscillations is excel

lent. Evaluation of the period of large-amplitude oscilla

tions has given information not previously available, 

except from rough experimental measurements. 

A particular application of the drop model to the 

problem of raindrop interaction has been made by consider

ing the impact of a single drop against a flat boundary. 

The symmetry involved means - that the results are valid for 

the collision of two drops of equal size (along their line 

of centers), and we assume here that the results also apply 

to drops of approximately equal size, A comparison has 

been made between computed drop shapes and actual high

speed photographs of colliding water drops, and again the 

match is quite good. The computer model yields more in

sight into the drop dynamics, however, and gives the in

vestigator a larger amount of useful quantitative informa

tion concerning the flow than in readily available from 

laboratory experiment. The time-dependent deformation, 

impact force, and internal flow predicted by the computer 

model have been extremely useful in analyzing the problem 

of water drop rebound upon impact (the Type I coalescence 

problem). In retrospect, the film-drainage analysis of 

Chapter V could not have been conducted without good 

estimates of these parameters. 
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We have been able to show that the characteristics 

of the collision between two equal drops are a function 

only of the nondimensional Weber number, We = pdV^/o, and 

the functional relationships have been determined for We 

less than about 2.5. The results have quite a broad range 

of applicability, and are not limited to the case of water 

drops. The deformation and rebound time of colliding drops 

of arbitrary density, surface tension, and size can be 

determined as long as the impact speed is such as to give 

a Weber number in the appropriate range. The only other 

limitation is that viscous effects should be negligible. 

An important rule of thumb that emerges is that bouncing 

tends to occur on the time scale of xR, the Rayleigh 

period, and, in fact, many important drop phenomena, such 

as coalescence itself, take place on this time scale. 

The Coalescence Problem of Type I 

The Type I coalescence problem (also referred to 

here as the air-film or bounce-off problem) can logically 

be included as part of the collision efficiency problem 

since both involve the air serving to keep the drops apart. 

When the drops remain spherical upon collision, as do cloud 

droplets, then an air film does not become trapped and the 

Type I problem does not arise. However, when collision 

produces a deformation in the drops the usual collision-

efficiency calculation is not capable of predicting the 
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final approach, and a different analysis, such as the 

present one, is required. It should be noted that once the 

trapped air layer is formed, the aerodynamic pressures 

over the drops become quite negligible in comparison with 

the high air-film pressure. 

Explanation of the bounce-off problem is concerned 

with the relation between the film-drainage time and the 

time for rebound, and our analysis is directed toward ob

taining estimates of these times. The determination of 

the rebound time has just been discussed. Our treatment 

of the air-film problem involves an extension of a theory 

originally developed by Stefan (1874) and Reynolds (1886), 

and takes account of the radial spreading of the drop sur

faces during the time of interaction. This motion of the 

drop surfaces becomes a boundary condition for the pre

dicted flow in the air film. An important assumption of 

the theory is that the adjacent drop surfaces may be treated 

as being flat ana parallel. The theory shows that the . 

rate of approach of the drops is limited by the rate of 

viscous dissipation of kinetic energy in the film. The 

addition of a finite radial velocity at the near surfaces 

reduces the internal stresses in the film and thus reduces 

the rate of viscous dissipation. Also, for sufficiently 

small separations the dissipation actually becomes negli

gible when the radial surface motion is included, and then 
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the rate of film drainage is limited only by the kinematics 

of the problem. The final drainage equation involves sev

eral important parameters that can be evaluated from the 

numerical drop model. Use of these predicted values repre

sents the sole coupling between the drop dynamics and the 

film dynamics in this formulation of the problem. While 

it has been found that the predictions of the film-drainage 

theory are sensitive to variations in these parameters, 

rather good agreement with experimental observations has 

still been obtained. This agreement suggests that the 

assumption that the film drains uniformly is not too bad. 

The theory indicates that for drops 1.2 mm in di

ameter impacting at relative speeds of about 20 to 40 cm/sec 

there is a transition between the phenomena of bouncing and 

coalescence (as also observed by Sartor and Abbott, 1968a, 

and Gunn, 1965). For impact speeds on the low side of 

this range the film thickness fails to reach the critical 

value required for rupture within the available time. The 

strong dependence of the phenomena on impact speed, VQ, 

results from the strong dependence of the radial surface 

flow on VQ, and not from variations in the force exerted 

by the drops on the film. We have not been able to account 

for coalescence without including this radial flow. Also, 

the variations in rebound time with V0 is too small to make 

a significant difference. Actually, as a result of the 
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net inflow produced by the surface motion as the drops 

start to rebound, the film actually increases in thickness 

after the time of maximum deformation, and coalescence, if 

it is to occur, must be initiated in only about half the 

rebound time. The main point is that it. is_ possible to 

explain the occurrence of raindrop bounce-off (the Type 1^ 

coalescence problem) within the framework of a film-drainage 

theory. Thus, this analysis has succeeded in giving a 

quantitative explanation for one of the poorly understood 

phenomena occurring in the chain of events leading to the 

formation of rain. 

An attempt to include electrical effects in this 

theory has not been successful. The computations have 

shown that the values of charge and field required for 

coalescence (on the basis of the present assumptions) are 

several orders of magnitude larger than have been determin

ed experimentally. The tentative explanation for this 

discrepancy is that our treatment of the electrostatics 

assumes that the near surfaces are flat. In fact, it is 

well known that a dimple actually forms. Frankel and 

Mysels (1962) have shown that such a dimple will make only 

a small change in the drainage dynamics in the absence of 

electrical charges. However, the curvature of the surfaces, 

associated with the dimple, probably is important for lo

cally enhancing the electrical forces, thus'accelerating 
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only small regions of the surfaces and invalidating the 

assumption that the film drains uniformly. A brief examina

tion of the mechanism for final rupture of the film has 

shown also that the magnitude of the van der Waals attrac

tive forces are too small at separations of order 0.1 

microns to accelerate the drainage of the film as a whole. 

The conclusion that the uniform film becomes unstable at 

such separations is in agreement with the observation that 

coalescence (and hence film breakdown) starts at a single 

point. 

The present analysis indicates that the decrease in 

effective viscosity, as the film thickness becomes compar

able to the mean free path, is of only minor importance to 

the problem. Inclusion of ye in the calculations changes 

the drainage curves by less than 0.1 microns, or within the 

accuracy to which the curves are known as a result of un

certainties in other parameters. 

Future Research 

The following suggestions fall into the two cate

gories of ways of improving the present research, and new 

problems that might be examined in the general research 

area here considered. 
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Improvements 

In order to stabilize the calculations in the nu

merical drop simulation, we have found it necessary to use 

a viscosity rather larger than might be thought desirable. 

Two specific modifications to the MAC method which might 

help its stability characteristics are given by Chan, et al. 

(1969). These include a technique for applying the sur

face-pressure boundary condition at the actual location of 

the free surface, rather than the center of surface cells, 

and a heuristic method for extrapolating fluid velocities 

across the free surface. The effectiveness of these modi

fications should be examined as a possibility for improving 

the accuracy of the present technique. 

Further calculations also should make use of ZIP-

type differencing for the non-linear terms in the equations 

of motion, as discussed by Hirt (1968) and Amsden and 

Harlow (1970). The advantage is a reduction in truncation 

error. 

It would be desirable eventually to remake the cal

culations of the drop collision with the aim of determining 

more accurately the important parameters for the film-

drainage problem: the radius of deformation, the impact 

force, and the radial velocity along the impact boundary. 

The film-drainage theory exhibits a rather strong dependence 

on these parameters. A larger computer than has been 
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available for the present work would be required to achieve 

the necessary spatial resolution. 

Probably the most doubtful assumption in our anal

ysis of the air-film problem is that the drainage is ac

tually uniform and the drop surfaces parallel. While the 

agreement found between the present results and experiment 

has been reassuring, further experimental investigations 

seem warranted. It would be very helpful to know the area-

averaged film thickness and the minimum thickness as a 

function of time (and particularly just before rupture) 

under natural conditions. Along these same lines, it is of 

interest to investigate further the actual mechanism by 

which final breakdown of the film occurs, and the role 

played by electrical forces in accelerating that breakdown. 

New Problems 

The present results indicate that it is feasible 

to use the numerical model developed here to study other 

drop phenomena. Only a simple extension of the current 

work would be involved in studying the collision and re

bound of drops of dissimilar size. Minor modifications of 

the present computer code could be made that would also 

allow the simulation of the actual coalescence process, 

and similarly, the process of drop breakup. However, as 

in the present work, the mathematical model constrains the 

geometry to be axisymmetric. 
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The collision of a raindrop with a hail stone is 

another problem that might be simulated on the computer. 

The surface roughness of the stone would probably dictate 

that a no-slip boundary conditions be used. The present 

computations have employed free-slip boundary conditions. 

At the high Weber numbers characteristic of such collision, 

the surface-tension effects would become negligible, and 

the splash characteristics would be similar to those found 

by Harlow and Shannon (1967). As shown by these authors, 

a thin layer of water on the surface of the boundary, such 

as may occur on hail stones, greatly affects the splash 

behavior. Further research on this topic should probably 

take account of the finite curvature of the stone. 

Both the drop dynamics and the film dynamics of 

the off-center collision need to be investigated, but for 

reasons previously stated, the three-dimensional aspects 

of such a collision make the direct use of any drop model 

such as the present one out of the question. Also, the 

present film-drainage analysis cannot be applied directly 

to the off-center collision because of the unknown effects 

of the lateral motion. Some insights into this problem are 

given by Jayaratne and Mason (1964). A first approximation 

to the off-center collision dynamics is simply to use the 

relative line-of-center velocity and assume that the col

lision is on-center. This is clearly approximate, however, 
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since it does not take account of the kinetic energy that 

would go into rotational motion of the drops about their 

center of mass. 

Finally, a feature of the coalescence problem that 

has not been considered here is the role played by the flux 

of vapor molecules evaporating into the air film from the 

drop surfaces during impact. While Prokhorov (19 54) found 

that the probability of coalescence of cloud droplets was a 

strong function of the ambient relative humidity, the ex

perimental results of Lindblad (1964) and Semonin (1967) 

did not show a strong dependence. Although the usual 

cloudy environment is always quite close to saturation 

humidity, the effect might still be important for sub-cloud 

drop interactions, so that this point is not completely 

academic, 
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