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ABSTRACT 

The time-dependent equation of radiative transfer 

for inhomogeneous geometries is studied. A formal solu

tion to the transfer equation is first developed. This 

solution is then expanded into the Neumann series such that 

each term of this series expresses a different order of 

scattering. Polarization formalism is included in the 

analysis and is presented in a general form applicable 

to any type of scattering function. 

The general solutions are applied to the particular 

problem of the transfer of a very short period radiation 

pulse emanating from a point source imbedded in a scatter

ing atmosphere. Several models describing important fea

tures of a scattering atmosphere are developed. Of par

ticular interest are several scattering models which are 

approximations to the realistic scattering properties of 

the natural atmosphere. These scattering properties in

clude the effects of both molecular and aerosol particle 

contributions to the scattering of the radiation in the 

natural atmosphere. 

The short period radiation pulse is experimentally 

realized in the pulsed laser probe used to determine size 

and altitude distribution of atmospheric aerosol particles. 

xi 
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Therefore, the physical geometry of the pulsed laser probe 

with its associated detector are modeled for the transfer 

problem. " Calculations are made for the contributions which 

first and second order scattering make to the total trans

fer process. 

Time-dependent solutions are presented for the first 

two orders of scattering for several model scattering 

atmospheres. Analysis of these results shows that second 

and higher order scattering processes may be neglected for 

the geometry and scattering properties of the standard 

"clear air" atmosphere. Therefore, the entire transfer 

process may be described, to a high degree of accuracy, 

by the first order scattering term of the Neumann series. 

Calculations for the first order scattering process 

are presented as made from the more realistic scattering 

models. The dependence of the four polarization parameters 

on the aerosol size distribution is displayed for differing 

altitudes and scattering angles. 



CHAPTER 1 

INTRODUCTION 

In its broadest sense, radiative transfer embraces 

all phenomena involving the propagation of electromagnetic 

radiation and its interaction with matter. However, it is 

usually limited to the case of the macroscopic description 

of a radiation field as determined by the macroscopic pro

cesses of absorption, emission, and scattering. Although 

there are many ways of separating the different types of 

problems encountered in radiative transfer, they can easily 

be classified into two general groups; the first group is 

the so called "direct" problem, in which the optical 

properties of the interacting matter are known and the re

sulting radiation field is required. The second class is 

the "inverse" type of problem which involves the interpre

tation of radiative data to infer the optical properties of 

the interacting matter. 

Both groups of problems form a very important core 

of knowledge underlying the studies of astrophysics and 

planetary sciences. In these areas of study the raison 

d'etre is a knowledge of the physical nature of the source 

of the radiation or the planet reflecting the radiation. 

1 



2 

Therefore, either by inversion of the radiative data or by 

making several "direct" calculations and comparing these 

with the radiative data, inferences can usually be made 

concerning details of the structure of the star or planet. 

The earliest works in the field concerned the 

"direct" problem as applied to the study of the transfer 

of radiation in the gaseous stellar envelopes. Prominent 

among these early considerations were the works of Schuster 

(1905), Schwarzschild (1906, 1914), and Hopf (1934). 

Closely allied to the latter mentioned areas of study are 

the many radiative transfer problems encountered in the 

realm of geophysics. In particular, great strides have 

been made in the study of the transfer of radiation through 

the earth's atmosphere. The importance of this problem to 

the understanding of the physical processes which occur in 

the atmosphere, and the ability to make quite accurate 

measurements concerning its radiative properties has been 

instrumental in producing several in-depth studies of the 

basic transfer properties of the atmosphere. These studies 

relied heavily upon the volume of theoretical work already 

established by the stellar astrophysicists, though here 

directed to a further understanding of the earth's atmos

phere. Notable among these later works are those of 

Elsasser (1942), Chandr^sekhar (1950), and Goody (1964). 

Because the physical processes of neutron transport and 
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radiative transfer are physically quite similar, an ex

change of approaches and possible solutions has been of 

mutual benefit. This mutual interest has stimulated the 

recent appearance of several works presenting the princi

pal mathematical results and methods which have proved 

fruitful in the solution of problems. Two of the more 

recent works are those of Kourganoff and Busbridge (1952) 

and of Busbridge (1960). 

The approach to the problem of radiative transfer 

is made by means of an integro-differential equation which 

describes the transfer process. This equation of transfer 

is a linear equation which includes as additive terms the 

basic optical properties of emission, absorption, and 

scattering of the radiation. The mathematical form of the 

transfer equation is simple but to get solutions, even to 

the most elementary transfer problems, requires a con

siderable amount of effort. The optical properties of the 

earth's atmosphere and the sources involved are strongly 

dependent upon the wavelength of the radiation and for this 

reason these regions can be isolated such that one or more 

of the terms in the equation of transfer can be neglected 

in comparison with the other terms. This wavelength de

pendence makes it suitable to divide the radiative transfer 

problems in the earth's atmosphere into two general types 

of problem. At the shorter wavelengths (visible, ultraviolet, 
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etc.) the sun is a very strong source and because of its 

remote distance its radiation can be considered to be plane 

parallel upon reaching the earth. With a second assump

tion, that the atmosphere can be approximated by a plane 

stratified atmosphere of infinite extent, the radiation 

field can be expressed as a function of depth into the 

atmosphere and two angle variables. 

The second type of transfer problem in the earth's 

atmosphere occurs in the infrared and longer wavelengths. 

At these wavelengths the principal source of the radiation 

is the thermal radiation emanating from the surface of the 

earth and from the earth's atmosphere. Here again the 

assumption of a horizontally stratified atmosphere of in

finite extent is usually made, and again in this group of 

problems the radiation field can be expressed by the same 

three coordinates as the first group. In both wavelength 

regions, the radiation field is invariant under all transla

tions parallel to the plane of stratification, the transfer 

equation associated with these problems is therefore re

ferred to as horizontally-homogeneous. It must be empha

sized, however, that not all transfer problems are of the 

homogeneous type. 

The recent capability of orbiting artificial 

satellites capable of carrying instruments to measure the 

radiant energy scattered from the earth's atmosphere, or 
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for that matter, the atmosphere of any planet, has encour

aged further interest in the physical processes of the trans

fer of radiation in these atmospheres. The development 

of the laser as a means of probing the atmosphere has also 

further stimulated this interest. All of these recent 

advances in atmospheric probing have been of the type that 

uses scattered (or transmitted) radiation to supply the 

information on the structure of the atmosphere. The trans

fer problem that is presented in these cases is for the 

most part quite different from the transfer problem usually 

encountered in the earth's atmosphere. In the case of the 

laser probe, the source of the radiation is embedded within 

the atmosphere and is much like a point source with a given 

angular distribution of emergent energy. In this case, 

however, the radiation is not translationally invariant 

along a horizontal plane and the transfer equation is hence 

said to be inhomogeneous. Similarly the radiation detector 

carried in the artificial earth satellite observes a spheri

cal earth with very little uniformity across its surface. 

Here again the transfer equation becomes inhomogeneous. 

Problems of this general inhomogeneous type are those 

which are of principal interest to the author. Work in 

general scattering problems associated with mixed aerosol-

molecular atmospheres l-3d to an interest in the use of a 

pulsed laser to identify distributions of aerosol particles. 
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However, as mentioned before, it was found that the equa

tion of transfer for the case of the pulsed laser imbedded 

within the atmosphere was inhomogeneous. A second complicat

ing feature was the fact that the source was of such short 

time duration that the solution must be strongly time de

pendent, Although virtually all transfer processes which 

occur in nature are time varying, little work has been 

done on this problem. In many natural processes the time 

variation is so small in a period equal to the mean colli

sion time of the photon that all time-dependent processes 

can be neglected and a steady-state solution may be found. 

This simplification, however, is not justified in the case 

of a pulsed laser. 

The problem of time dependence is formulated and 

briefly mentioned in the work of Busbridge (1960) in con

nection with neutron transport. Several analytic approaches 

can be found in the literature concerning the same type of 

neutron transport problem by Lehner and Wing (1955), Lehner 

(1956), Case (1960), and Kuscer and Zweifel (1965). How

ever, all of the above works employ advanced-function 

theory and the theory of semigroups of operators and, for 

this reason, mathematically obscure the physical problem at 

hand. Another approach to the time-dependent transfer prob

lem was the work of Bellman with co-workers (1964a, 1964b) 

which uses the method of invariant imbedding as developed 
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by Ambarzumian (1942, 1943) and extended by Bellman, 

Kalaba, and Wing (196 0). The approach used was to analyti

cally transform the transfer equation, using the Laplace 

integral transform, into an equation of the form of the ho

mogeneous time-independent transfer equation. This equa

tion could then be solved by the numerical method of in

variant imbedding and subsequently numerically inverted so 

that a real-time solution finally results. This general 

approach is quite promising for the case of time-dependent 

transfer in an atmosphere where the steady-state solution 

can be found. Weinman and Ueyoshi (1969) successfully 

applied this approach to the atmospheric problem of a 

short period pulse of infinite horizontal extent. 

Since the solution to the steady-state version of 

the laser scattering process does not exist because of the 

inhomogeneous nature of the source, it follows that a more 

straightforward approach to the transfer problem must be 

taken. In the work to follow the transfer problem to be 

considered includes all orders of scattering. Because 

each scattering process affects the state of the polariza

tion of the radiation, polarization parameters must be 

included in the formalism. Calculations are made to show 

the contribution each order of scattering makes to the 

total transfer problem. Finally, because the laser transfer 

problem is of interest for experiments presently in process, 
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calculations are presented for model atmospheres which are 

assumed to approximate real scattering atmospheres. This 

latter "real" model atmosphere includes a mixture of 

molecular and aerosol particles. 



CHAPTER 2 

MATHEMATICAL FORMULATION 

It is well known that light exhibits a dual nature, 

on the one hand, by the phenomena of diffraction and inter

ference which can be explained by a wave theory, and on the 

other hand by the phenomena of photoelectric emission and 

scattering by free electrons, which can be explained on 

the basis of a particle concept. In considering the prob

lem of the transfer of light through a scattering and ab

sorbing atmosphere, the most fruitful approach is to con

sider light to be composed of quantized particles or 

photons. The statistical nature of this approach is made 

quite evident by the close similarity between the equation 

of transfer and the Boltzman transport equation used in 

statistical physics. The equation of transfer is an integro-

differential equation which describes the distribution of 

photons in the scattering medium. The transfer equation 

will be considered in this chapter with special emphasis 

on its physical meaning. 

The Time-Dependent Equation of Transfer 

Consider an elemental area da situated in space at 

a position s. Let this area be perpendicular to a "bundle" 

9 
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of photons traveling in direction ft and confined within 

a solid angle dio. Then the number of photons within dw 

traversing area da in time dt is specified by Q(s,a,ft,t) 

dadtodt, where Q(s,a,ft,t) is the number of photons traversing 

a unit area in unit time per unit solid angle. Similarly, 

the number of photons incident upon another area of the 

same size and at a distance (s+ds) and time (t+dt) is 

specified by Q(s+ds,a,ft,t+dt)dadwdt. As the photons pass 

through the volume dods some will be absorbed, or scattered 

out of the beam, and some will be emitted, or scattered 

into the beam. Therefore, the change in the number of 

photons in traversing this volume is: 

[Q(s+ds,0 ,ft,t+dt) -Q (s ,0 ,ft,t) ]dadcodt (2.1) 

This change is to be equated with the number of photons 

produced minus the number of photons deleted from the di

rection bundle in the elemental volume. If B(s)ds is the 

fraction of incident photons which are absorbed along the 

path ds, then the total number absorbed along this path is 

3 (s) dsQ(s ,a , ft, t) dadtodt. The quantity 3(s) is called the 

volume extinction coefficient and is physically the ab

sorption cross section per unit volume. This quantity can 

be shown to be the reciprocal of the photon mean free 

path. It functionally depends upon the position s, and 
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frequency v of the incident radiation and is assumed to be 

independent of the other variables of the problem."^ 

If the elemental volume dads emits photons into a 

solid angle doo and in the time interval dt, then the 

number emitted will be given by edcrdsdiodt. The quantity 

e is the volume emission coefficient and is dependent upon 

position, time, frequency and, in the most general case, 

may be dependent on direction. Now, equating the changes 

in the numbers of photons with the sources and sinks of 

photons we have: 

[Q(s+ds,a,fl,t+dt)-Q(s,a,Q,t)]dadwdt = 

= -3 (s)dsQ (s ,a ,ft, t) dadiodt + e (s ,a ,, t) dadiodsdt (2.2) 

Because we are dealing with infinitesimals, we may 

expand the quantity Q(s+ds,a/ft,t+dt) in a Taylor series and 

keep only the linear terms. Hence: 

r 9 9i 
Q(s+ds,a,Q,t+dt) = Q(s,cr,ft,t) + ds-j^r + dtpjr 

Q(s,a,fi,t)+'•• (2.3) 

By substitution into equation (2.2) above we have: 

[ds-|g- +  dt|^ ]  Q ( s  r °  t) = -3 (s)Q(s,a,fi,t)ds 

+ e(s,a,ft,t)ds (2.4) 

1. All of the radiative quantities in the work to 
follow are per unit frequency interval at a given frequency 
v. The v dependence will therefore be omitted for clarity. 
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Setting ds = cdt, where c is the velocity of light, the 

above equation becomes: 

["!_ + i. fL_ 1 Q(s,a,fi,t) = -3(s) Q(s,a,fl,t) 
|_9s c 3t J 

+ e (s , a , ft, t) (2.5) 

This equation is the time-dependent equation of 

photon transfer through a medium. It treats the photons 

as particles diffusing through a medium and completely 

neglects the wave properties (i.e., interference properties) 

of the photons. We are justified in neglecting the inter

ference effects (i.e., coherency effects) because of the 

highly random spacing of molecules and aerosol particles 

which causes all interactions with matter to be independent 

of one another. If there are no interference phenomena 

associated with the photon diffusion, then we can assume 

each photon carries energy hv where h is Planck's constant 

and v is the frequency of the radiation. Therefore, the 

quantity Q(s,a,ft,t)dadwdt, that is, the number of photons 

per unit frequency interval, is associated with an energy 

distribution function per unit frequency interval by rela

tionships of the form: 

hv* Q (s, a, ft, t) dadtodt = I(s,a,ft,t)dcrdiodt (2.6a) 

= dy(s,ft,t)dwdt (2.6b) 

The quantity I(s,cr,ft,t) is the specific intensity of radia

tion and has the units of energy per unit time, per unit 
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frequency interval, per unit normal area, and per unit solid 

angle. The more fundamental unit d^(s,^,t) is the angular 

distribution function and this function has the units of 

energy per unit time, per unit frequency interval, and per 

unit solid angle. It is evident from equations (2.6a) 

and (2.6b) above that the specific intensity and the angular 

distribution function are related by the expression: 

d¥(s,ft,t) = I (s , cr,£2, t) dcr (2.7) 

By substitution of the relation for specific intensity 

(2.6a) into the equation of photon transfer (2.5), the form 

of the time-dependent equation of transfer results: 

[*— + — —1 l(s,a,fi/t) = -3 (s) I (s,cr,f2,t) 
|_3s c 3t J 

+ e'(s,a,ft,t) (2.8) 

The prime on the emission term indicates that the original 

volume emission coefficient, which expressed photon emis

sion, has been modified to express energy emission. 

Several different physical processes contribute to 

the creation or annihilation of photons. The expression 

for the effect of each of these processes has been masked 

in the volume extinction coefficient and the volume emis

sion coefficient. In the next section, these interaction 

processes will be considered in greater detail. 
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Photon Interaction Processes 

The radiation field in a medium can be altered in 

three fundamental ways. These are the optical processes 

of emission, absorption, and scattering. Because the con

sequence of the time variable is of major importance in 

this work, the time character of the optical processes 

must be viewed with particular emphasis on this aspect. A 

standard measure of time must be established such that com

parison can be made for the different processes involved. 

The unit of time chosen is the photon mean collision time 

or the mean interaction time. This interval of time is 

mathematically expressed as the distance travelled by an 

average photon between encounters with matter, divided by 

the velocity of light c. The average distance travelled 

by a photon between encounters or the photon mean free path 

<1 >, as mentioned earlier, is the reciprocal of the volume 
r 

extinction coefficient. As is easily shown by analogy to 

kinetic theory, $(s) is a function of the number density 

n(s) of interacting particles and the extinction cross 

section ae as shown below: 

<1„> = ——— = —7"—; (2.9) 
re 

p 3 (s) n(s)a£ 

Therefore, we can express the mean interaction time < tp> 

by the following: 



<1D> 1 <t > = E— = i-

15 

(2.10) P c gc nffec 

If we assume no pure absorption processes then the extinc

tion cross section is equal to the scattering cross section. 

Use of the statistical averages expressed in equations 

(2.9) and (2.10) above in considering the transfer equation 

(2.8) helps to bring out the relative importance of each 

of the terms of the transfer equation. Consider the fol

lowing form of the transfer equation in which the above 

substitutions have been made and the derivatives are ex

pressed in finite difference form: 

<V if + <tP> Ie = -1 + 'V e' <2-"> 

Equation (2.11) can be interpreted in order to determine 

when the time derivative is important with respect to the 

space derivative and when it can be neglected. 

All atmospheric radiation transfer processes have 

a time varying source and, most often, time varying scatter

ing properties. However, it has been convenient to neglect 

all time dependence and to start calculations from the 

time-independent form of the transfer equation. These 

calculations frequently give a very accurate picture of the 

transfer phenomena actually taking place. The question 

must then be asked, "For what time-dependent transfer 

problems must the time derivative be included in order to 
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make adequate calculations?" If in equation (2.11) the 

increment of length is set equal to the photon mean free 

path, and if the increment of time be set equal to the 

photon mean interaction time, then the left hand side of 

(2.11) becomes the sum of the changes of the intensity 

over unit mean free path and during unit mean interaction 

time. It is evident that the time derivative can be 

neglected in the transfer equation when the change in in

tensity, at a defined point in space, during an interval 

of time equal to the mean interaction time, is much less 

than the change in intensity over one photon mean free 

path, holding time constant. Further insight may be gained 

by considering typical values for the parameters concerned, 

with respect to the earth's atmosphere. 

In figure 2.1 are displayed the photon mean free 

path and the photon mean interaction time, both as a func

tion of wavelength. The values were calculated from 

theoretical values of the volume scattering coefficient 

as given by Elterman (1968). In this calculation only 

molecular (or Rayleigh) scattering is considered. The 

calculations were for the earth's atmosphere where the 

volume scattering coefficient is a function of altitude 

z and for our purposes only the sea-level values were 

used. 
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E 

X(/i) 

Figure 2,1, Photon mean free path, < Jt >, and photon 
mean interaction time, <t >, as a function of Wavelength, X, 
in microns. ^ 
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The most interesting wavelengths of figure 2.1 are 

the visible wavelengths between 0.4 and 0.7 microns or 

0.4 and 0.7 y. At these wavelengths the molecular atmos

phere scatters radiation quite readily. The photon mean 

free path ranges from 25 to 25 0 kilometers, the smaller 

value being comparable to the thickness of 90 percent of 

the atmosphere. The ability of the atmosphere to scatter 

strongly at these wavelengths causes considerable varia

tion in the intensity of the radiation over path lengths 

of 2 0 or more kilometers. In this scattering atmosphere 

the fractional change in the intensity, AI/I, in the time 

interval <t > can be compared to the fractional change of 
Jr 

intensity at any given time and over one mean interaction 

length <ln>. From the Beer's law assumption for the 
ir 

spacial dependence of the intensity, the fractional change 

in the intensity over one mean free path is 0.6321 or 

equivalently, the intensity changes by e"^" where e = 

2.718**• (base for natural logarithms). The time dependence 

of the intensity at any given position in the atmosphere 

is most strongly a function of the time dependence of the 

intensity incident at the boundary (i.e., the variation of 

solar elevation angle with time). Assuming that this inci

dent intensity varies linearly with time, it is found that 

the time derivative of equation (2.11) is equal to or great

er than the space derivative if the time rate of change of 



19 

the logarithm of the incident intensity is equal to or 

4 greater than approximately 10 per second. The time de

pendence of the incident radiation need not be a linear 

function; however, the relative importance of the two 

derivatives is governed by the magnitude of the change of 

the incident intensity with respect to time. 

As an example of when steady-state (i.e., no time 

derivatives) approaches to the transfer problem may be 

used, calculations as to the relative importance of the 

differential terms of the transfer equation have been 

made. The assumed pulse shape was a gaussian function 

f(t) as follows: 

f (t) = exp | - J (2.12) 

where t is the time relative to the center of the pulse 

and a is a parameter expressing the time length of the 

pulse. Most of the energy in a pulse of this type is con

tained in the time interval 2a centered at t = 0. The 

length of time 2a will be called the pulse length for this 

calculation. The time derivative of the pulse shape has 

a maximum at t = ±a. Therefore, to compare the two terms 

on the left hand side of equation (2.11), the maximum 

value possible for the term involving the time derivative 

will be used. The value for the first term, assuming unit 

mean free path distance, was 0.6321. The second term 
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must be compared with this value to determine the relative 

importance. 

Figure 2.2 shows the dependence of the second term 

of equation (2.11) upon the pulse length 2a for several 

visible wavelengths. It is observed from this graph that 

the time derivative term is several orders of magnitude 

smaller than the spacial derivative term for the visible 

— O 
wavelengths when the pulse lengths are 10 second long 

or greater. It must be emphasized that these calculations 

are very conservative and should be used only as an indi

cation as to the lower limit of pulse lengths where steady-

state calculations are applicable. Further calculations, 

though also crude, indicate that for pulses with pulse 

lengths of approximately one millisecond, the steady-state 

approach to many problems may be applicable. On the other 

hand, one can generally state that for transfer problems 

of pulsed electromagnetic energy, in the earth's atmos

phere, with pulse periods of one microsecond or less, the 

transfer equation must include the derivative with respect 

to time. 

Because the solar energy incident upon the earth's 

atmosphere varies with time, it is of interest to see 

whether the steady-state assumption for this problem fits 

well with the preceding calculations. The 24 hour rotation 

rate of the earth and the approximate one-half degree 
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PULSE LENGTH 2 a- (SECONDS) 
Figure 2.2. Comparison of the time derivative term of the transfer equa

tion to the spacial derivative term as a function of pulse length for three given 
wavelengths. 



angular diameter of the sun, together produce a pulse length 

of approximately 120 seconds. This pulse length assumes 

the intensity of radiation is measured in a given direction 

which sweeps across the center of the sun. Pulses of 100 

seconds are off the scale of figure 2.2 but it is seen by 

visual extrapolation of values that the time derivative 

term are over four orders of magnitude smaller than the 

space derivative term. Therefore, the usual steady-state 

assumption for this transfer problem is quite good. 

The type of problem to be considered in this work 

is the transfer of a radiation pulse whose time length is 

— Q 
approximately 4 0 nanoseconds (one nanosecond equals 10 3 

second). Pulses of this length clearly require a non-

steady-state solution, and therefore, the transfer equation 

to be used must include the derivative with respect to 

time. Besides the time derivative mentioned in the pre

ceding paragraphs, time dependence may enter into the 

transfer problem in another way. That is, the optical 

processes themselves may be time dependent. In particular 

consider the process of scattering. This process is re

garded as an absorption with a subsequent emission of a 

photon. By viewing the process as such it is seen that for 

a certain length of time the photon energy remains in a 

state of absorption. This time interval of the absorptive 

state is of importance in the time-dependent problem if 
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it is comparable to the mean interaction time of the photon 

at that wavelength. If the lifetime of the absorptive 

state is much less than the photon mean interaction time 

then it can be neglected and the scattering process will 

be considered instantaneous. 

The process of absorption without a subsequent re-

emission (i.e., pure absorption) and the process of emis

sion are not time dependent and can be handled quite 

readily if present. This possibility will be considered 

for the transfer equation in the latter part of this 

chapter. However, for the wavelengths considered in the 

numerical calculations to follow, pure absorption and 

emission are negligible and therefore only the scattering 

process need be considered. 

The mathematical expression for the scattering 

process is logically considered in the emission term be

cause the process is visualized as an anihilation of a 

photon traveling in a direction given by the direction 

variables £2', and the creation of a second photon at the 

same point in space which travels in the direction ft. 

Consider a function p* (ft, ft' , t, t1 ) dw' dt' which is the 

probability that photons traveling in direction ft are 

anihilated at time t' and are created at time t and have 

direction ft. It is probable that an interdependence should 

exist between the direction variables and the time variables 



in the probability function given. This interdependence 

is a result of phase retardance of differing paths in the 

region of the scattering center, which causes both the 

angular scattering pattern and the time delay in the scat

tering process. However, it will be assumed that the 

interdependence of these variables is weak and that, in 

the first approximation the variables can be separated. 

The assumption will therefore be made that we can factor 

off the time-dependent part in the following manner: 

p* (ft, ft' , t, t1) dw 1 dt1 = p (ft, ft' ) da)' f (t, t') dt * (2.13) 

The angular dependent factor is usually referred to as the 

phase function and because it is a probability distribu

tion function it must be normalized such that, in the ab

sence of true absorption and emission, 

1 /•<{>' = 2ur0' = T T  
p(ft,ft')du)' = I \ p (0, <j>, 0' ,<J>') sin 0'd0'd(J>' = 1 

« J <j>1 =0 J0'=O 
(2.14) 

Equation (2.14) states that scattering over all possible 

scattering angles together must yield a certainty. Sim

ilarly, in a scattering process, a photon absorbed at time 

t must be re-emitted at time t' such that the interval of 

time (t'-t) is finite. This normalizing condition is 

mathematically expressed by the following: 

J f(t,t')dt' = 1 (2.15) 
t 
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The actual form of the phase function is dependent 

upon the physical nature of the scattering centers. In 

the work that follows, it will be assumed that these 

scatterers are spherically symmetric and that the angular 

dependence of the phase function can be derived from a 

consideration of the physical process taking place in the 

vicinity of the scattering center. A further discussion 

of the phase function for the scattering process of interest 

will follow in a later chapter. 

The importance of the time-dependent factor in the 

scattering process is considered in Appendix I. In all 

cases of interest, a functional form for this time-

dependence is found to be an exponential decay of the form: 

f(t,t') = exp | - i— (t'-t) | (2.16) 

where tD is the delay-time in the scattering process much 

like the radiative lifetime of excited states of atoms or 

molecules. The time-dependent factor in the scattering 

process is considered important if the delay-time is com

parable to the mean interaction time for the photon. In 

Appendix I it is found that, for the three scattering pro-

cesses considered, the delay-times were less than 10 

2. This is a form which, while adequate for this 
discussion, is only an approximate representation of the 
time-delay function. 
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second and in particular for the cases of Rayleigh scatter-

-23 ing the delay-time was of the order of 10 second. By 

comparison with the values displayed in figure 2.1, it is 

evident that the longest delay-times are at most one tenth 

of one percent of the mean interaction time of the photon. 

Indeed, the time scales for the photon mean interaction time 

and the delay time are separated by many orders of magnitude. 

The time dependence of the function p* (ft , ft ' , t, t' ) dio' dt' 

varies over an extremely short period during which all 

other time factors remain approximately constant. Thus 

the time dependence may be integrated out, leaving the mean 

values of the other time-dependent factors over the interval 

of the time-delay function. The scattering processes are 

hence considered to be instantaneous in the time scale of 

the visible transfer problem. 

To form the emission term of the time-dependent 

transfer equation from the phase function of the scattering 

process, it is necessary to integrate the phase function 

times the incident radiation with direction variables ft' 

over all possible incoming directions. The phase function 

gives the probability of scattering between the incoming 

angular variables and the angular variables of the scattered 

direction. The above integral must be multiplied by the 

probability per unit leagth for the scattering process to 

occur. This probability function is merely the inverse 
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mean free path, as mentioned earlier, and has been previous

ly called the volume scattering coefficient 3(s). If the 

only optical process to be considered is the scattering 

process, then the emission term of the equation of transfer 

becomes: 

e'(s,a,ft,t) = 3(s) I p (ft, ft 1) I (s , a , ft1 , t) dto1 (2.17) 
Jn1 

This emission term is commonly called the source function 

for the radiation in the transfer equation. The form of 

the transfer equation for time-dependent processes is found 

to be: 

I — + — — 1 I(s,a,ft,t) = -3 (s)I(s,a,ft,t) 
[3s c 3t J  

+3(s) | p (ft, ft') I (s ,a ,ft' , t) da)1 (2.18) 
Jft1 

It should be noted that pure absorption can be included in 

the above equation of transfer thus making the equation 

applicable to cases where both scattering and absorption 

are present. This is accomplished by setting the normali

zation of the phase function such that: 

j p(ft,ft1)dw' = u0 - 1 (2.19) 
J ft1 

Therefore, radiation incident on a scattering center has a 

probability of scattering and a probability (l-w0) of 

being absorbed. The quantity cj0 is called the single 

scattering albedo. Because only the scattering process 
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has direct bearing on the problem of time dependence, and 

because at the wavelengths to be considered, absorption is 

negligible, we will neglect further mention of absorption. 

stratified scattering atmosphere and translational invari-

ance of the radiation field along any horizontal plane, it 

is necessary to find a solution to equation (2.18) above, 

given the proper information concerning the type and dis

tribution of scatterers. Similarly, in cases with hori

zontal inhomogeneities, it is necessary to solve the 

following transfer equation: 

This equation is of the same form as equation (2.18) but 

employs the angular distribution function Y(s,fi,t). The 

angular distribution function ^(s,^,^ is introduced be

cause for the problem of a point source imbedded within 

the scattering atmosphere, the energy emerging from the 

point source cannot be described in terms of an intensity 

which has the dimensions of area-"'". 

The emission term in equation (2.20) is the source 

function for the inhomogeneous equation. In the following 

For time-dependent radiation in a horizontally 

( 2 , 2 0 )  



chapters this time-dependent source function will be de

noted by the variable K(s,Q,t). Solutions to the inho-

mogeneous equation will be considered in the next chapter 



CHAPTER 3 

FORMAL SOLUTION 

The solution to the time-dependent transfer equa

tion must be found by a somewhat devious approach. Because 

of the number of independent variables in the inhomogeneous 

problem, the method most easily followed is to consider the 

dependence of each variable, one at a time. The first 

step in this process is to transform the time variable out 

of the problem. The time-independent form which remains 

is somewhat simplified and can thus be approached by more 

straight-forward means. 

Rewriting the time-dependent transfer equation for 

the horizontally-inhomogeneous case produces: 

3  + 1 8  
[_3(s) 3s c 3t 

where 

Y(s,n,'t) = -Y(srBft) + K(s,n,t) (3.1) 

,n,t) = 
J Q '  

K(s,ft,t) = I p(ft,ft1)¥(s,ft',t)dw1 (3.2) 
8' 

This integro-differential equation is subject to boundary 

conditions of the form: 

y(s,fi,0) = 0 (3.3a) 

{0 for t - 0 
(3.3b) 

g(£2,t) for 0 < t 

30 
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with the proviso g(ft,o) = o. The Laplace transform of a 

function u(t), defined for time t such that o < t, is the 

function F(r) given by 

Lt | u( t) | = j" e~rt u(t)dt = F(r) (3.4) 

Transforming both the angular distribution function and its 

time derivative, we have: 

Lt j¥(s,fi,t) j = ?(s,B,r) (3.5) 

Lt { ¥(s,fi,t) | = r$(s,n,r)-V(s,n,o) (3.6) 

where the latter is merely a result of integration by 

parts. The completely transformed transfer equation be

comes : 

|^|_ + ̂ | + 3(s)^J V(s,fi,r) = 3(s) K(s,fi,r) (3.7) 

And the transformed source function is: 

K(s,ft,r) = f p(fl,n' )¥(s,n' ,r)dw' (3.8) 
Jfi' 

To simplify the analysis of equation (3.7), the following 

definition will be used: 

Y = — + 3(s) (3.9) 
c 

Therefore the transformed form of the transfer equation 

under consideration is: 
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+ y(s) I  ?(s,fi,r) = 3(s) K(s,fl, r )  (3.10) 
[ h  +  Y < s ) ]  

The partial derivative of equation (3.10) can be 

considered a total derivative because in this transformed 

mode it is the only derivative which appears. Making this 

f S  
change and multiplying through by the factor exp \ Y(s')ds' , 

Jo 
equation (3.10) becomes: 

exp | ^ Y(s')ds' . d¥(s,ft,r) +y(s) expj j yts'Jds'j 

h: ¥(s,fi,r)ds = 3(s) exp | j Y(s')ds' | K(s,fi,r)ds 

(3.11) 
The first two terms on the left hand side of equation 

(3.11) can be shown to be the following exact differential: 

d ^T(s,ft,r) exp | J  Y ( s ' ) d s '  j  ^  =  e x P  j  j "  Y ( s ' ) d s ' |  

•d$(s,fi,r) + y(s) exP | j "  Y(s')ds' | $(s,ft,r)ds (3.12) 

By substitution of this expression into equation (3.11) 

above, we find: 

d ^$(s,J2, r) exp j  ^  y( s '  ) d s '  j  ^  =3(s) exp | J  y(s' )ds' 

•K(s,fi,r)ds (3.13) 

This last equation is integrated over the distance variable 

to obtain the formal solution to the transformed form of the 

transfer equation as follows; 



^(s,ft,r) = ¥(o,ft,r) exp 
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S 1 Y(s1)ds 1 > + 

+ 3 (s 1 ) exp | Y(s")ds" ~ ̂  y(s")^s" 

•K (s1, , r)ds' (3.14) 

A further simplification of the second term on the right 

hand side of equation (3.14) can be made using the follow

ing consideration: 

!

g * /" S ' C S 

Y(s")ds" = I Y(S")^S" + L Y(S")ds" 
o Jo J s' (3.15) 

This leads to the identity: 

(s1 /* s f s 
Y(s")ds" - 1 Y(s")ds" = - I y(s")<3s" 

o Jo Js' (3.16) 

The desired form of equation (3.14) can now be written: 

¥(s,ft,r) = ty(o,ft,r) exp | - j" y(s')3s' j + 

+ ^ g (s ' ) exp | - j" y (s") ds" | K(s ' ,£2,r) ds 1 (3.17) 

This formal solution in the transformed space of 

the transfer equation is quite similar in form to that of 

Chandrasekhar (1960) for the homogeneous time-independent 

problem. In order to obtain the time-dependence, the above 

solution (3.17) must be inverted using the inversion methods 

for the Laplace transform. The Laplace inversion operator 

will be denoted F(r) ̂ . A theorem, which can be found 
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in any one of the many works on the Laplace transform, con

cerning the inversion of expressions with a particular 

form such as appears in equation (3.17) is as follows: 

F(r) e~kr \ = f(t-k) U(t-k) (3.18) 

where 

, . ( o for t<o 
L. < f(t) V = F(r) and U(t) = < 

* ' ( 1 for o5t 

Remembering definition (3.9), y(s) is replaced by the 

variables it represents. Also, to simplify notation we 

will define the optical depth x(o,s) as: 

T(O,S) = [ 3(s')ds' (3.19) 
J o 

Making these two changes in equation (3.17) we have: 

Y(s,n,r) = Y(o,n,r) exp | ^ r j exp j -x (o,s) | + 

+ J* 3 (s 1) exp | - |-(s-s' ) | exp j -x (s 1 ,s) | 

•K (s 1 ,ft,r)ds1 (3.20) 

Finally, inverting this equation using the theorem given in 

equation (3.18), the time-dependent form results: 

y(s,ft,t) = y(o,£2,t-|) exp | -x(o,s) j U(t-|-) + 

+ j" 3 (s 1) exp | -x(s',s)| K (s 1 ,9,, t~^[ s-s 1 ]) 

•U(t-—[s-s'])ds1 (3.21) 
o 
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Equation (3.21) is the most general form of the 

formal solution to the time-dependent transfer equation. 

This solution describes the angular distribution at a 

position s, time t and direction ft as being equal to the 

sum of two contributions. The first is the attenuated and 

time-delayed boundary condition. The second term is the 

contribution due to scattering of radiation incident from 

all directions ft', into the direction ft, at the position 

s. The integration over s' includes radiation emanating 

from all positions s', in the proper direction ft', and 

leaving the position s' at a previous time such that the 

interval of time (t-t') is equal to the distance (s-s1) 

divided by the speed of light c. This interval of time is 

the time-of-flight of the photon in traversing the distance 

(s-s1) . 

Although equation (3.21) is the solution to the 

time-dependent transfer equation, it is a very awkward 

expression to use. It is noted that the angular distribu

tion function ¥(s,ft,t) is a function of other angular 

distribution functions ¥ (s ' , ft1 , t') because the source 

function K(s',ft,t') appearing in the solution is itself 

a function of ¥(s1,ft',t1). This means that the solution 

to the radiation transfer problem is known at a given 

position and time only if this solution is knowi: at all 

other points in space and at all previous times. 
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Neumann Series Solution 

It is well known that equation (3.21) and the 

definition for the source function K(s,fi,t) (equation 

(3.2)) can be combined in such a way that the integral 

equation (3.21) becomes a series solution. The second 

term on the right hand side in equation (3.21) is con

sidered an operator A{ • • • } which operates on 1' (s 1 , n' , t') 

and is formally expressed by A ' {¥ (s ' ,S21 , t' ) }. Therefore, 

equation (3.21) is written: 

¥(s,n,t) = y°(s,ft,t) + A' {¥ (s • ,t~i-[s-s 1 ]) } (3.22) 

where ¥° is the first term on the right hand side of equa

tion (3.21). This equation can be iterated upon forming a 

series solution as follows: 

¥(s,fi,t) = V°(s,n,t) + A'{y°(s'#t-i[s-s'])} + 

+ A' {A"{f (SMI" ,t-i-[s-s"]) }} + ••• 

••• + A' {A"{•• •An{>i'0(s(n) ,fi(n) , t-i[sTs(n) ])>••• }} +••• 
(3.23) 

Hence, the solution to the time-dependent transfer equation 

is expressed as an infinite series: 

00 

V(s,fl,t) = 2 ¥n(s,fl,t) (3.24) 
n=0 

where 

yn(s,ft,t) = A" {A"{-*-An{¥°(s(n) ,8 (n) ,t-ks-s(n) ])}••• }} 
(3.25) 
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For the time-independent problem the series solu

tion, known as the Neumann series, has been rigorously 

proven to be the unique solution to the problem (Mullikin, 

19 61). It will be assumed that the addition of the time 

variable to the problem does not invalidate this proof. 

It has been further pointed out by various authors (van de 

Hulst, 1948? van de Hulst and Irvine, 1962; Irvine, 1964; 

J. V. Dave, 1964) that the Neumann series is an expansion 

of the angular distribution function in successive orders 

of scattering. The first term of this series y°{s,Q,ft) 

is the directly transmitted radiation; the second term 

1 " 2 V (s,ft,t) is singly scattered, ¥ (s,£2,t) is the doubly 

m 4" 

scattered radiation, and y (s,ft,t) is the m order scatter

ed radiation. 

The first few terms of the Neumann series can be 

explicitly written using the operations which A{•••J 

represent. The directly transmitted term remains in the 

same form as it appeared in equation (3.21) and is as 

follows: 

¥°(s,n,t) = ¥(o,n,t-|) exp {-x(o,s)}U(t-§) (3.26) 

This zero order term expresses an exponential attenuation 

of the radiation with distance into the scattering medium. 

The second term of the Neumann series represents first 

order or single scattering and explicitly written this 

term is: 
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¥ (s , f2, t) r J o 
3(s »)e~x(s',s) e"T'°'sl' U(t-|) 

U(t--[s-s']) [J.. p(n,n») v(o,n',t-c)dw' ds1 (3.27) 

It is noted that this term is a sum over all single scatter

ing from positions s1 and undergoing a change in direction 

from to £2, with the proper time retardance. The two 

exponential functions express the attenuation from the 

boundary position to the first scatter position and from 

the first scatter position to the position s. 

The second order scattering term, as expressed 

with the explicit operations involved, is written: 

's 
W2(s,ft,t) = $(s ') e 

-T (s',s) 
P(fl,n') 

n' 

3 (s " ) e -t(s" ,s ') 

SI" 
P(fl' ,fi") 

• ¥(o,fi" ,t-§) e~T(o's,,) U(t-|) U(t-ks-s"]) 

•U(t-—[s-s 1 ])doj"ds"do3'ds (3.28) 

The terms of higher order follow the same progression as 

the first three terms expressed above. That is, for each 

additional order of scattering a new phase function and 

volume scattering coefficient is included, with the ex

tension of integration over new angular variables and a new 



distance variable. Equations (3,27) and (3.28) will be the 

starting point for calculations to be made in considering 

the transfer problem of a laser pulse through the earth's 

atmosphere. 



CHAPTER 4 

POLARIZATION AND THE SCATTERING MATRIX 

Thus far in the consideration of the transfer of 

radiation through an atmosphere, the quantity describing 

the number of photons has been expressed as a scalar. This 

presentation has been adopted in order to avoid unnecessary 

complication in working with the equation of transfer. The 

equations (3.27) and (3.28) of the previous chapter require 

a knowledge of the scattering phase function P(ft,f2'). The 

form of this phase function and the inclusion of the polari

zation properties of the electromagnetic wave will be con

sidered in this chapter. 

It is well known that the photon comprises a two-

state system. The classical description of the amplitude 

of the electric field of an electromagnetic plane wave 

propagating through a vacuum designates this amplitude as 

a vector which is composed of two perpendicular components 

which are themselves mutually perpendicular to the direction 

of propagation of the wave. That is, the electric field of 

a propagating electromagnetic plane wave can be written: 

Eq = 2 e"lwt (4.1) 

~y 
where E is the amplitude vector of the electromagnetic 

40  
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wave, co is the angular frequency of the plane wave, and t 

is the time variable. If and E2 are the components of 

the amplitude vector E along two perpendicular directions 

defined by the unit vectors e-^ and e2 respectively, then 

the amplitude E can be written: 

E = E-j^jl + E2ex5e2 (4.2) 

where 6 is the phase difference between the two components. 

The basis vectors chosen need not be restricted to linear 

vector spaces. A vector basis can be chosen such that one 

component represents right-handed circular polarization and 

the other component represents left-handed circular polari

zation. In either of these bases the polarization of the 

electromagnetic plane wave is expressed as a superposition 

of the base states times their appropriate amplitudes. 

Since two independent states of light polarization 

constitute a complete set, the polarization can be handled 

in much the same manner as the polarization of the two-

state spin-% particles. A 2x2 density matrix [p\j] is 

defined as the time averaged combinations of the components 

of the electric vector as follows: 

=  [ P l j ]  =  

* * i 6 <E1E1> <E.jE2e > 

<E2Eie*6> <E2E2> 
(4.3) 

This matrix characterizes the polarization of the radiation 

in as much as its diagonal elements yield the intensity, 
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while the off-diagonal elements give the relative phase of 

the two polarization states. The usefulness of the various 

elements of this matrix for calculations of polarization 

in electromagnetic scattering theory was pointed out by-

Stokes (1852) over a century ago. Four parameters (usually 

termed the Stokes parameters) were formed by Stokes in the 

following manner: 

I = + P22 = <EiEi> + <E2E2> (4.4a) 

ic "k 
Q — P]_3_ — P22 = - <E2E2> (4.4b) 

U = p12 + P21 = <E1E2e"l6> + <E2Eiel6> (4.4c) 

V = I(p2i - Pi2) = i(<E2E^el6> - <E1E2e"l6>) (4.4d) 

It has been pointed out by Fano (1954, 1957) and Marathay 

(1965) that each of the Stokes parameters is formed by 

multiplying the density matrix by a Pauli spin matrix and 

then taking the trace of the resulting matrix. This is the 

usual set of operations one makes in finding the polariza

tion of a beam of spin-% particles along any one of three 

mutually perpendicular axes. 

By approaching the polarization formalism by means 

of the density matrix, several useful relationships may 

be demonstrated. The first property is the additivity of 

the Stokes parameters for an incoherent superposition of 
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-V1 -v2 photon beams. If two beams of photons Eq and EQ are in

coherently superposed, the ensemble average of the p.j ele

ment of the density matrix yields the following: 

1 2 1* 2* 3^ a 3* 
<(E.X + Et) (Ej + Ej )> = £ E< E\Ej > 6ag (4*5) 

where 6ag is the Kronecker delta, equal to unity if a equals 

B and zero otherwise. This statement (equation (4.5) is 

true as a result of the random phase relationship existing 

between the beam labeled a and the beam labeled g. There

fore, if N beams are incoherently superposed, the ensemble 

averaged density matrix element p^j is found to be: 

Pii = < ( E  Ei> ( E  Ei*)> = E  <E? E?*> (4.6a) 
J a=l 3=1 J a=l J 

N ot 
= EPij (4.6b) 

a=l 

where p-'j is the i,j^ element of the density matrix for 

the a beam. (It has been assumed that the phase factor 

e~l is included in either E^ or Ej.) Because the density 

matrix exhibits this additivity property for incoherent 

beams, and because the Stokes parameters are linear com

binations of the elements of the density matrix, then the 

Stokes parameters themselves must possess this additivity 

property. 

A second property of the Stokes parameters which 

will be of use in the relationship that exists among the 



parameters as a result of the degree of polarization of a 

superposition of beams. Schwarz1s inequality as applied 

to the density matrix can be written: 

det [p.j] > 0 (4.7) 

In terms of the stokes parameter notation this inequality 

becomes: 

I2 > Q2 + U2 + V2 (4.8) 

The inequality here may be shown to characterize partially 

polarized light; the equality can hold only if each of the 

component beams is 100 percent polarized before the inco

herent superposition. Thus, a new variable P may be de

fined which describes the degree of polarization of a beam 

of light, 

p  £  ( C 2  +  0 *  +  V 2 ) H  
( 4 9 )  

where it is noted that o 5 |P| ^ 1. 

It is difficult to visualize, from the four Stokes 

parameters, the physical nature of the polarization of the 

electromagnetic radiation. The first parameter, I, which 

is the total intensity, and the degree of polarization, P, 

help to give a physical picture of the polarization. Be

cause there are four independent parameters, there must 

also be four different pieces of information concerning the 
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polarization of the radiation. Both I and P supply two 

pieces of information and two other variables can be de

fined . 

Unless the radiation is either randomly or cir

cularly polarized, a plane of polarization may be defined 

for the radiation. The plane of polarization is defined as 

the plane containing the propagation vector k (£ is parallel 

to the direction of propagation and has magnitude 2TT/X 

where X is the wavelength of the radiation) and the vector 

of the maximum of the electric field in the transverse 

plane, as shown in figure 4.1. The angle x is the angle 

'max -* 

PLANE OF POLARIZATION 'min 

Figure 4.1. Electric vector in the transverse 
plane, 



between, e-, and E„_ r in the transverse plane (transverse x lTlclX 
A A "> 

plane contains e]_, e2, Emax and Emj_n and k is normal to 

this plane). This angle is functionally related to the 

Stokes parameters and the relationship has been shown by 

Chandrasekar (1950) to be: 

tan 2x = — (4.10) 
Q 

A fourth physical variable can be found which ex

presses the degree of ellipticity of the radiation. This 

parameter is the ratio of the magnitude of the minimum 

electric vector | Em;j_n | to the maximum electric vector 

lEmaxl* An angle 3 may be chosen such that the tangent 

of this angle is equal to the above ratio and is written 

as follows: 

—>• 

tan 6 = ISsisi (4.11) 

I^maxI 

Figure 4.2 shows the transverse plane of the radiation with 

the propagation vector k coming out of the page, and indi

cating the angle The four variables which are useful 

in visualizing the polarization state of the electromag

netic field are therefore the variables: I, P, x an<^ $• 

Because, in many cases, the scattering process drastically 

alters the polarization state of the radiation field, it 

is quite necessary to make all calculations of transfer 

processes with the inclusion of the polarization parameters. 
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••-"min 'max 

Figure 4.2. Emax and Em^n in transverse plane 

The elements of the density matrix, or the Stokes param

eters, are in units of intensity and for this reason may 

be directly substituted into the transfer equation. Hence, 

theoretical calculations will be made using the Stokes 

parameter formalism. A slight variation from the defini

tions (4.4a) through (4.4d) will be made in order to sim

plify much of the work to follow. That is, in place of 

the first two parameters, I and Q, a new set of two param

eters will be used and the remaining two will be renamed 

according to the following scheme: 

11 = <exE£> 

12 = <E2E2> 

(4.12a) 

(4.12b) 

(4.12c) 

(4.12d) 
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It should be noted that I and Q can be directly calculated 

from and I2 as defined above. These newly defined 

parameters will be used in the calculations to follow. 

The results of such calculations will be expressed in 

terms of the physical variables I, P, x an<^ 3- It should 

be noted that expressing the state of polarization by either 

the physical variables or by the Stokes parameters equi-

valently expresses all of the information to be known as 

to that state of polarization. 

four Stokes parameters are independent. These parameters 

may thus be combined into a four-dimensional vector with 

components In corresponding to 1^, I2, I3 and I4 of equa

tions (4.12a) through (4.12a). Similarly, for the in-

homogenous case, a four-vector can be defined with com

ponents 4^ using relationship (2.7). The way in which 

these vectors transform under a rotation of the reference 

axis in the transverse plane is of importance and is easily 

calculated. The vector E with components along the unit 

vectors e^ and i-s written in component form as follows: 

Similarly, the vector E' with components along the unit 

For a partially polarized beam of radiation the 

(4.13) 

vectors ej_ and e£ is written: 



E1 
Ei 

E 2 -

(4.14) 

If the unit vectors e^ and e2 are related to the unit vec

tors e| and ej, by a right-handed rotation (from the un-

primed coordinates to the primed coordinates) about the 

direction of propagation through an angle a, then the 

-V 

vector E and the vector E' can be shown to be related by 

the rotation matrix R(a), where R(a) is defined by the fol

lowing : 

E' = R(a) E (4.15a) 

and 

cos a sin a 

-sin a cos a 

This rotation matrix will be used in the work to follow. 

R ( c t )  =  (4.15b) 

Scattering Matrix 

Assume that an incident plane wave characterized 

by the vector E ̂ ̂  is scattered from some position in space 

and that the scattered wave at a position distant from the 

scatter position is characterized by the vector E (s) To 

simplify visualization of this scattering process, the 

components of both the incident and scattered electric 

field will be referred to a plane common to both. This 

plane is called the scattering plane and is defined as that 

plane containing both the incident and scattered propaga

tion vectors. The scattering angle 0 is measured in the 
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scattering plane and is the angle between the incident and 

scattered directions. The convention to be followed in sub

sequent considerations of the polarization with respect to 

the scattering plane is to let the unit vector er be per

pendicular to the scattering plane and e^ be parallel in the 

same right-handed sense as e^ and 62• When the components 

of the electric vector are referred to the scattering plane, 

then the electric vector will be labelled with a circumflex 

A ( -j\ 
as E . Similarly, the components of the intensity will be 

(i) 
labeled with the circumflex in the following manner 1^ '. 

The scattered wave is functionally related to the 

incident wave by means of a matrix [Anm] composed of 

scattering amplitudes. These scattering amplitudes de

scribe the physical process occurring as a result of the 

scattering and are dependent upon both the incident direc-

tion and the scattered direction ks. Therefore, the 

relation between the incident and scattered field is as 

follows: 

rF(s)i 
Ei A11 

>
 

to
 

1 

rE(i)i 
1 

E(s) 
.2 . _A21 1 

CM CM < w
 

to
,—
 

H-
L 

or symbolically: 

E(s) = A(ki(ks)E(i) (4.16b) 

A simplifying assumption can be made at this point which 

will apply later to the type of scatterers to be considered. 
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For scatterers that have complete rotational symmetry about 

the direction of incidence and complete reflectional sym

metry about a plane containing the incident and the scatter-
~y 

ed directions, the matrix of scattering amplitudes A(k^,ks) 

is diagonal (Newton, 1966, p. 17). In fact, for the cal

culations to follow, it will be assumed that all of the 

scatterers involved are spherically symmetric. A justi

fication of this assumption as applied to natural scatterers 

will be made in a later chapter. Hence, with this assump-

tion the matrix A(k^,ks) becomes: 

A(k.,ks) = 
Arr ° 

(4.17) 

where the r and I directions are referred to the scattering 

plane. 

Using the definitions for the Stokes vector (equa

tions (4.12a) through (4.12d) and the relation (4.16b) 

above, the functional form of the dependence of the scatter-

a(c) *(i) 
ed Stokes vector iv°' upon the incident Stokes vector IN 

can be found. The following equations show this dependence: 

'> = arr (4-18a) 

> = A^£ ^ (4.18b) 

f(s) 
1 

= <E^S) E < * >  

- (s) 
*2 - <E^ 
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(s) (s) (s) (s) r,(s)* 

(s) 

= <Er EA > + <Ei Er > 

* (i) (i) * (t) ( i ) * 
= Arr <Erl E;w> + Arr <EJ > 

= Re (Arr AJA) I<1) - Im(Arr Ah) 

= U<E|s) E^s) *>-<E^-S) E|s)*>) 

* (i) (1 ) * (i ) (i) * 
~ ̂  Arr <E£ Er >_Arr <Er E& 

= Im(Arr A*u) I^l) + Re(Arr A^ijj0 

(4.18c) 

(4.18d) 

In matrix notation the scattered intensity is written: 

(t) A ( S ) _ p A 

In " Snm Im (sum m) (4.19) 

where 

t-^nm-' 

Arr Arr 

o 

o 

o 

A i Z  

o 

o 

o 

o 

Re(Arr A0 0) Tr 

^rr Im(Arr A") 

* 

h i '  

*  

h i '  

o 

o 

-Im(Arr A^) 

Re(Arr A^^) 

(4.20) 

(Hereafter the summation convention is assumed for repeated 

indices.) The matrix [Snm] is the scattering matrix for 

the Stokes vectors. The values of the elements of this 

matrix are derived from a consideration of the physical 

properties of the scatterers. A further discussion of the 

elements of the scattering matrix will be deferred to a 

following chapter. 



Transformations of the Scattering Matrix 

For many problems concerning the transfer of radia

tion through an atmosphere, the basic assumption as to the 

structure of the atmosphere is that the atmosphere is hori

zontally homogeneous such that the local vertical is per

pendicular to the planes of stratification. It is convenient 

to use the concept of the local vertical in describing ref

erence planes for the polarization of the multiply scatter

ed electromagnetic radiation. The reference plane used is 

the vertical plane and is defined as the plane containing 

the vectors of the local vertical and the direction of 

propagation. If orthogonal x and y-axes are defined in the 

plane of stratification, then a right-handed coordinate 

system may be constructed such that the local vertical 

corresponds to the z-axis direction. In this coordinate 

system, the direction of propagation is defined by two di

rection variables 9 and cj>, such that 0 is the polar angle 

measured from the local vertical and <j> is the azimuthal 

angle as measured from the x-axis in the usual right-

handed sense. 

The polarization of an electromagnetic plane wave 

traveling in a direction as given by (0,<}>) will be defined 

in terms of components parallel and perpendicular to the 

vertical plane. Corresponding to previous sections of this 

chapter, the e^ vector will be considered to be perpendicular 
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to the vertical plane and the ̂  parallel to the vertical 

plane.''" These new basis vectors are chosen because for the 

work to follow it is convenient to describe the polariza

tion of the radiation with respect to the vertical plane. 

However, the scattering matrix given in equation (4.20) 

was defined with polarization parameters referred to the 

scattering plane. Therefore, a transformation matrix must 

be developed to relate the scattering matrix as referred 

to the scattering plane to the scattering matrix as referred 

to the vertical plane. 

Consider the scattering process where incident 
-y 

radiation with propagation vector k' is scattered through 

a scattering angle 0 to the new direction with propagation 

vector k. The incident direction is defined by the vari

ables and the scattered direction is characterized 

by the variables (0,cj>) (see figure 4.3). The components of 

(s ̂ 
the scattered electric vector as expressed in coordinat

es parallel and perpendicular to the vertical plane, are 

related to the components of the scattered electric vector 

as expressed in coordinates relative to the scattering 
l/n\ 

plane, which is represented by Emv '. The relationship 

1. It is noted that for radiation whose propaga
tion vector is parallel or antiparallel to the local verti
cal, the vertical plane is undefined. The convention to be 
used is that for the parallel case, e^ is parallel to the y-
axis and &2 the x-axis. For the antiparallel case, the 
roles are reversed. 
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Figure 4.3. Incident and scattered direction 
variables. 
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between the vectors is the rotation matrix R(-ir+y), as 

given by equation (4.15b) where y is the angle between the 

vertical plane of the scattered radiation and the scatter

ing plane. Mathematically, this relationship is: 

EJS> = Rnm<-«Y) E^(S) (4.21) 

Equation (4.16b) relates the scattered electric vector to 

the incident electric vector when these vectors are referred 

to directions with respect to the scattering plane. Re

writing equation (4.16b) in terms of the present notation 

we have: 

+(s) +(i) 
E
m 

= Amv<0> Ev (4.22) 

If the incident electric vector is expressed relative to 

its vertical plane, the rotation R(3) must first be applied 

to this vector in order to refer the components to the 

scattering plane. Thus, for incident radiation as referred 

to the vertical plane, the expression (4.22) is modified 

to the following form: 

Em<S> = Vj<®> Ejhl6) <4-23> 

+ (s) 
Again, Em is the component referred to the scattering 

j • j 

plane, and E^ is the component referred to the vertical 

+ (s) 
plane. In order to express Em with respect to the ver

tical plane, we must next apply equation (4.22), leading 

to: 
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EnS) = Rnm(-"+Y> Vj<0> Rjh<e) Eh° <4-24> 

(s) (i) 
where now both En and are referred to the vertical 

plane. Thus a transformed matrix of scattering amplitudes 

A((3,y,0) is formed with matrix elements: 

Anh(e,Y,0) = R ĵ C-TT+Y) Amj(Q) <4'25) 

From definition (4.17) for the matrix of scattering ampli

tudes and expression (4.15b) the explicit form of the ele

ments of the transformed matrix of scattering amplitudes 

may be derived as shown in the following: 

A(3,Y,0) = 
( C , C) ( S , S ) AJ^ ̂  — ( S / C) ( C R S) 

(c i s) £.+ (s , c) A^£ (s , s) Aj- j-— (c ,c) A^£ 
(4.26) 

where: 

(s,s) = sin 3 sin y (c,c) = cos £ cos y 

(s,c) = sin 3 cos y (c,s) = cos 3 sin y 

The expressions in equations (4.26) can be expressed in 

terms of the directional variables y=cos 0, y'=cos 0', 

<j>'-<}> from the spherical triangle ABC of figure 4.3. With 

the abbreviations introduced by Chandrasekhar (1960, p. 41) 

and letting x=cos 0 we have: 

(c,c) = [- (r,r) + x ( Z , Z ) ]/(l-x2) (4.27a) 

(c,s) = [ ( r , l )  +  x ( Z , r)]/(l-x2) (4.27b) 

(s,c) = [-U,r) - x ( r , Z )  ]/ (1-x2) (4.27c) 

(s,s) = [ (1,1) - x(r,r)]/(l-x2) (4.27d) 



58 

where: 

U,£) = [ (1-y2) (1-u'2) lh + yy' cos (^«-<J.) (4.28a) 

(&,r) = -y1 sin (' — <f)) (4.28b) 

(rf£) = u sin (<J>'-<|>) (4.28c) 

(r,r) = cos (<f>'-<j>) (4 . 28d) 

(These expressions are considered in some detail in the 

dissertation of Herman, 1963, p. 24). Equation (4.26) can 

be rewritten in terms of the directional variables by di

rect substitution of equations (4.27a) through (4.27d). A 

further simplification may be used as introduced by Sekera 

(1966) . 

A  ( X )  -x A n  q ( X )  

TX(x) = rr 
2 *•*- (4.29a) 

m - AiU(x)"x Arr<x> . T2(x; - J (4.29b) 
1  — X  

Therefore the elements of equation (4.26), after the above 

substitutions, become: 

A11 = U'*-)T1 + (*,r)T2 (4.30a) 

A^2 = + (il,r)T2 (4.30b) 

A2I = -(&,r)T-^ + (r,£)T2 (4.30c) 

A22 = (r,r)Tx + U,S,)T2 (4.30d) 

In a manner similar to that used to derive equation 

(4.20), the above transformed matrix A(y,yl,<f>,<()l,0) may be 

used to form a scattering matrix in which the incident and 



scattered Stokes vectors are expressed in the coordinate 

systems of the vertical planes. This matrix, usually de

noted as the phase matrix written in terms 

of the transformed scattering amplitudes, is as follows: 

P ( 0 , 0 '  =  ( 4 . 3 1 )  

A11A11 A12A12 Re(AllA12) -Im(A11A12) 

A21 A21 a22 a22 ^(^21^22^ ~ I m( A21 A22) 

2Re(A11A21) 2Re(A12A22) Re(All A22 + A12 A21^ I m( A22All"" A21 A12) 

2lm(A11A2i) 2lm(A12A22) Im(A11A22+A12A21) Re(A22A11-A2iA12) 

The definition of the source function in equation 

(2.16) includes an integration over a phase function. The 

phase function mentioned in this definition is not exactly 

replaceable by the phase matrix as presented above. The 

two differ by the inclusion of the volume scattering coef

ficient into the phase matrix. The phase function of 

Chapter 2 is normalized to a value depending upon the rela

tive contribution of scattering and absorption as mentioned 

in equation (2.18), and the volume scattering coefficient 

appears as a factor to the function. The source function 

must be redefined in terms of the matrix operations of this 

chapter. 

From the definitions of Chapter 2 and the additivity 

"til property of the Stokes vector, it is found that the i 
i. 

scattered Stokes vector is related to the j incident 
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Stokes vector by the phase matrix [p^j] as expressed by the 

following; 

Ii(S) = N(2k Pij (0) Ijl) (4.32) 

t h where Qj, is the product of the cross section of the k 

particle times one particle per unit volume. The phase 

matrix pj_j here, is assumed to be normalized to the single 

scattering albedo a) as mentioned in equation (2.19). The 

sum over the index k, with 1 - k - N, gives the total con

tribution of the N individual particles. The incident 

Stokes vector is considered to be identically the same for 

each of the particles encountered. Hence a total scatter

ing matrix may be defined as follows: 

NQT Pij(0) = QK p.J(6) (4.33) 

If n particles per unit volume can be characterized by the 

same index k, then recalling the definition of the volume 

scattering coefficient it is found: 

NQt Pij(O) = nk Qk p^j (0) (4.34) 

or 

3t PYj(0) = Bk Ptj(0) (4.35) 

The product on the left hand side of equation (4.35) will 

be combined into the phase matrix [P^j] such that: 

PYj(0) = ST Pij(0) (4.36) 
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This phase matrix, because of its inclusion of the volume 

scattering coefficient, is exactly the same as that ex

pressed in equation (4.31). The source function e 1 (s t-)-

now becomes the source vector with components This 

vector can be defined in terms of the phase matrix [P^j] as: 

eJ(s,a,fi,t) =( I . (s,c,!i' , t) dto' (4.37) 
X J  J  

The phase matrix (3.31) as presented in this chapter will 

be used in the solutions of the equations (3.27) and (3.28) 

of Chapter 3. The calculation of the elements of this 

phase matrix will be included in the next chapter. 



CHAPTER 5 

ATMOSPHERIC SCATTERING MODELS 

For visible radiation (wavelengths of 0.4 to 0.7 

micron) the molecular constituents of the atmosphere scatter 

electromagnetic radiation in an easily predictable manner. 

The general laws governing this scattering process have 

been known for some time. In fact, the mathematical law 

describing the wavelength dependence of the cross-section 

for molecular scattering was first derived by Lord Rayleigh 

in 1871 in an effort to explain the scattering properties of 

the blue sky. In honor of this pioneering effort, the gen

eral laws for molecular scattering of visible radiation are 

grouped under the generic title of Rayleigh scattering. 

Later, Mie (1908) developed the more general equations 

for the scattering properties of spheres of any size. The 

Mie equations can be shown to lead to the same results set 

forth by Lord Rayleigh when applied to particles satisfying 

the Rayleigh criterion. This criterion requires that the 

size of the particle be much less than the wavelength of 

the incident radiation. Since the molecular sizes of the 

predominant atmospheric constituents are approximately 

-3 
10 micron, these scatterers satisfy the Rayleigh criterion 

6 2  



63 

for visible radiation. However, there are many other 

particle sizes present in the atmosphere. 

It is convenient to divide the particle size 

spectrum into two parts. One part is composed of par

ticles which satisfy the Rayleigh criterion for visible 

radiation. The second group is composed of all particles 

larger than the Rayleigh scatterers for which the more 

general Mie equations must be used. These larger particles 

are usually called aerosol particles, although, strictly 

defined, aerosols are any dispersed solid or liquid matter 

in a gaseous medium. Because of the physical conditions 

existing in the earth's atmosphere, the aerosol particle 

sizes range from clusters of several molecules to particles 

of about 20 micron radius. Clearly there is a region of 

the size spectrum which may satisfy both of the above 

classification procedures (i.e., aerosols which are small 

enough to satisfy the Rayleigh criterion). However, the 

general names for the two regions of the size spectrum are 

quite useful and any obscurity in the verbal expression 

of a particle's classification is easily removed in the 

mathematical details of the problem. 

Because the sizes of aerosol particles range from 

- 2  10 micron to 10 micron, these particles span a range of 

sizes whose radii go from much smaller than the wavelength, 

X, to much greater than X, for X in the visible portion of 



the spectrum. For the larger particles in this range, the 

scattering properties are quite different from the simpler 

Rayleigh theory when illuminated by visible light and the 

more general Mie equations must be employed. Therefore, 

the development of the elements of the scattering matrix, 

equation (4,20), will be given in this section utilizing 

the general Mie equations. The simpler Rayleigh scattering 

matrix will then be a special case of the more general 

form. These matrix elements will then be used in the 

formal solution to the time-dependent transfer problem for 

inhomogenous geometries. It will be necessary to construct 

several mathematical models which will describe the optical 

properties of the atmosphere. These models will be gen

erally divided into two classes. The first class will be 

purely theoretical, in that both the phase functions and 

the distribution of scatterers with height do not model 

typical atmospheric phase functions or distributions. 

These models will be used to test the dependence of the 

various orders of scattering upon certain parameters. A 

second set of models will utilize phase functions and 

height distributions typical of what one would expect to 

find in the atmosphere. 

Aerosol Scattering Parameters 

The atmospheric aerosols are composed of particles 

of many different shapes, sizes, and materials. Most of 
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the aerosol particles are known to have nonspherical shapes. 

However, at the present time, most investigators assume 

that the scattering properties of the aerosols can be 

approximated by considering the particles to be spheres. 

The scattering properties of these spheres can be calcu

lated quite accurately with the use of a digital computer. 

There has been some experimental evidence that the scatter

ing behavior of ensembles of irregular but randomly oriented 

particles is similar to the scattering behavior of ensembles 

of spherical particles. In particular, Holland and Draper 

(1967) have found reasonably good agreement between the un-

polarized scattering coefficient for polydisperse samples 

of talc and that calculated for spherical particles fitting 

the same size distribution. Further work by Holland and 

Gagne (1970) points out the discrepancies between the mea

sured and calculated coefficients when the polarization 

parameters are included. This latter work generally indi

cates fair agreement between theory and experiment for scat

tering angles less than 80 degrees. However, the back-

scatter measurements do become quite divergent from that 

predicted by the spherical particle theory. At the present 

time no adequate theory exists which may be used to de

termine the scattering properties of randomly oriented, 

irregularly shaped particles. Therefore, for thi calcula

tions to follow, it will be assumed that the aerosol 
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particles have a spherical shape. The index of refraction 

of these spheres will be chosen to be equal to that of 

natural quartz or common salt which are thought to be 

common aerosol constituents, i.e., the index of refraction 

m (m=nr+in ) for these materials is equal to (1.54 + 

i(0)) . 

The general theory of the problem of a homogeneous 

dielectric sphere irradiated by plane waves from a given 

direction was solved by Mie (1908). The method of approach 

used by Mie and by present day authors consists of express

ing the incident field in terms of spherical waves centered 

on the sphere, fitting the appropriate boundary conditions 

at the surface of the sphere and at infinite distance, and 

solving the differential equation for the vector amplitude 

of the resultant field. This solution (known as the Mie 

solution) appears in several references to electromagnetic 

theory. Notable among these references are Stratton (1941), 

van de Hulst (1957), Kerker (1969), and Deirmendjian (1969). 

From the Mie solution, one can obtain the scattering am

plitude functions Arr(a,m,x) and A^£(a,m,x) where a is the 

size parameter and is defined as a=27rr/X, with r being the 

radius of the dielectric sphere and X the wavelength of the 

radiation. As mentioned before, m is the complex index of 

refraction of the sphere, and x=cos 0. The amplitudes Arr 

and A^£ are determined by Mie theory to be: 
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where 

Arr =  t  £ 'Vn + BJxlrn " U - x 2 ) * ' n ] >  ( 5 . 1 )  
n=l 

k ^ ̂An^-X7Tn ™ ^-x ^7T'n-' + Bn7Tn^ (5.2) 
^ n=l 

*n " " h [P„(X)] ; *'n = <5'3> 

and ?n(x) is the Legendre polynomial of degree n and argu

ment x-cos 0. The functions An and Bn are defined as: 

A = 2n+1 a® ; B = bj (5.4) 
n n(n+1) n n n (n+1) 

s s 
where an and bn are the Mie scattering amplitude coeffi

cients and are functions of the spherical Bessel functions 

of the first and second kind. They are dependent upon the 

size parameter a and the complex index of refraction m. 

As presented in equation (4.20) of Chapter 4, the scatter

ing amplitude functions Arr and A^ are used 'to form the 

elements of the scattering phase matrix. For aerosol 

particles the matrix must be formed from a distribution 

of particle radii; this will be discussed in a later sec

tion of this chapter. 

It can be shown that as the particle size parameter 

becomes quite small (a << 1), the scattering amplitudes 

Arr and A^ become the same functions as those calculated 

by Lord Rayleigh for the scattering of visible radiation 
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by the molecular atmosphere. The unit normalized phase 

matrix [p.j], for Rayleigh scattering, has also been de

rived by various authors including Chandrasekhar (195 0, 

pp. 35-37). This phase matrix can be written in terms of 

a normalization constant k as: 

[pR ]=K 

cos 0 0 0 

0 10 

0 0 cos 0 

0 0 0 

0 

0 

0 

cos 0 

(5.5) 

where the elements are referred to the scattering plane. 

The proper normalization constant is chosen such that a 

matrix form of relationship (2.13) of Chapter 2 is satis

fied. The value of K may be derived in the following 

manner. The total scattered intensity is defined as the 

(s) 
sum of the first two Stokes vector components, 1^ and 

(s) 
I2 , as follows: 

x ( s )  _ j^s) + (5.6) 

For components referred to the scattering plane the in

tensity scattered in traversing an element of length ds is 

thus given by: 

(s) _ R ( t )  U) 
dIvo' = 3R(pf1(0)I1 + P22(0>12 )ds (5.7) 



where is the Rayleigh volume scattering coefficient. 

For simplicity, assume that the incident intensity is un-
/ • \ / • \ 

polarized, requiring 1^ -I2 ' anc^ therefore: 

dl(s) = 3s3R(pJ1(0) + pf2(0))I("°ds (5.8) 

If the scattered intensity is integrated over all scatter

ing angles, the resultant is the total power scattered out 

of the incident beam per unit area, per unit time, per unit 

solid angle of the incident beam, in traversing the dis

tance ds. In the distance, ds, this reduction of the inci

dent intensity must be given by: 

dItV) = -3RI(l }ds (5.9) 

where 3R is the Rayleigh volume scattering coefficient. 

Since the change of the incident intensity must be exactly 

equal to but opposite in sign to the total scattered in

tensity, it follows that: 

[dI(s)]dto» = Bpl(?)ds (5.10) 
Jfi' 

Integrating equation (5.10) over all angles 0, and by using 

the relationship (5.8) and (5.5), the normalizing factor K 

may then be defined: 



70 

cos20 + l)sin 0 d© (5.11a) 

(5.11b) 

or 

3 
(5.12) K 

Realistic Scattering Models 

In Chapter 4, it was shown that the total phase 

matrix for a distribution of scatterers is equal to the 

sum of the individual phase matrices (see equation (4.33)) 

of the elements of the distribution. Therefore, the phase 

broken up into the sum of a Rayleigh phase matrix and an 

aerosol phase matrix, as: 

where the index R refers to Rayleigh particles and A re

fers to aerosol particles.. In considering the phase matrix 

the convention to be followed in this chapter is the same 

as that set forth in the preceeding chapter, i.e., the 

upper case P indicates the phase matrix which includes the 

volume scattering coefficient 3 and the lower case p is the 

unit normalized phase matrix. 

In order that the optical properties of the molecu

lar constituents of the atmosphere may be defined it is 

matrix for the realistic atmospheric models may be 

- SR Pij + 3a P^j (5.13) 



necessary to determine the values of the Rayleigh volume 

scattering coefficient as a function of altitude z. As 

shown in (2,9), the Rayleigh volume scattering coefficient 

8R(Z) is defined as a function of altitude by: 

3r(Z) = n(z) CTR (5.14) 

where it is assumed that the cross-section for one particle, 

crR, is uniform for these molecular constituents as a func

tion of altitude z. The value of crR is known and may be 

found in tabulated form, as a function of wavelength in 

several works, notably Deirmendjian (1955). The altitude 

variation of the number distribution was obtained from the 

U.S. Standard Atmosphere (1962). 

Because of the additivity of the individual par

ticle cross-section, it follows that the volume scattering 

coefficient for aerosols is given by: 

3 =f £*E<£i os(r) dr (5,15) 
J o dr 

where ^ is the number of particles per unit volume of 
dr 

radius r per unit interval in r, and a (r) is the single 

particle scattering cross-section for particles of radius 

r. The scattering cross-section for spherical particles 

of radius r may be found from the Mie solutions by an inte

gration over solid angle of the scattered energy (per unit 

incident intensity) per unit solid angle. The result is 

found to be proportional to the sum of the squares of the 
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scattering amplitudes Arr(e) and A^CO). By means of 

orthogonality relationships among the functions involved, 

the scattering cross-section, cr s, is found to be expressible 

in the following form: 

°s = ~ £ (2n+l) {|a^|2 + |b®|2} (5.16) 
n=l 

Hence, the volume scattering coefficient for aerosols as 

defined in equation (5.15) are determined in terms of the 

Mie solutions. 

The number distribution of aerosol particles, 

dn(r)/dr, as a function of radius must also be determined 

in order that the integration in equation (5.15) may be 

performed. Naturally occurring aerosol particles are 

known to exist in appreciable numbers over a size range 

of from approximately 0.01 to 20.0 microns radius (Junge, 

1963, p. 111). Measurements have shown that the distribu

tion of these particles over the radius interval given can, 

in many cases, be characterized by a power law distribution 

as follows: 

dnlr)_ = Cr-(v*+l) (5<17) 

dr 

where C is a normalizing constant, and v* is the distribu

tion parameter. The size distribution parameter v* is 

typically in the range of 2.0 to 4.0. This powe' law dis

tribution is assumed to be applicable over a radius interval 
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(r . , with no particles of radius outside of this mm nicix 

range. In the work to follow, various values of v* will 

be chosen over an interval 2.5 - v* - 3.5. The value chosen 

for the size parameter will be assumed to hold for the en

tire atmosphere. This assumption is necessary because of 

a complete lack of knowledge as to the possible variations 

of this parameter with respect to altitude. 

The integral of equation (5.15) must be handled 

by numerical methods. The size spectrum for aerosol 

particles may be divided into intervals of &r^ where k 

indicates the particular interval of mean radius r^. The 

single particle cross-section as (r-^) is evaluated at the 

midpoint radius of each interval. It is assumed that the 

interval spacing is small enough that equation (5.15) may 

be approximated by the summation as follows: 

/•r 
2>s<rk> \ 
k Jr 

dn(r)  d r  ( 5  1 8 )  

k-% dr 

where 

rk = hirk-h + rk+3s} (5*19) 

The integral remaining within the summation may be evaluated 

for the assumed power law distribution as given in equation 

(5.17), The integral in equation (5,18) will be denoted by 

n(r^), and when evaluated, this integral is found to be: 
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n(rk) = 
c 
v* 

-V* 
[rk^ 

-~v* 1 
rk+5-2- (5.20) 

Therefore, the numerical evaluation of equation (5.15) is 

accomplished by the summation 

= S n(rk)0s(rk) (5.21) 
k 

The definition presented in equation (5.15) may be 

further used to define the normal optical depth of the 

atmosphere. Following the definition given in equation 

(3.19), the normal optical depth is expressed as: 

T(Z)  =  f  3(z')dz' (5,22) 
J o 

where B(z') is the volume scattering coefficient expressed 

as a function of altitude. As mentioned, the volume scat

tering coefficient can be written as the sum of the Ray-

leigh scattering contribution and the aerosol scattering 

contribution. As a result, the normal optical depth can 

be separated into two contributions as follows: 

[BR(z') + 3A(z')]dz' (5.23a) 
o 

= tR + tA ^•23k) 

where, again, the subscript R refers to the Rayleigh con

tribution and A to the aerosol contribution. Further 

T (Z) 
" J  



consideration of the normal optical depth will be deferred 

to the latter part of the present chapter. 

The aerosol phase matrix can be expressed 

in terms of the number of particles in each of the size 

intervals, as follows: 

!

rmax 
dn(r) Pi-(r,0)dr (5.24) 
dr 13 

r • mm 

(As noted in equation (5.13), P^j(r,Q) here includes the 

cross-section as(r).) The elements of the aerosol phase 

matrix may be evaluated, numerically, in exactly the same 

manner as was used to determine gA in equation (5.18). By 

following the same analysis, the elements of the aerosol 

phase matrix may be approximated by the following summa

tion : 

Pij(O) * L Pij(r
k,Q) n(rk) (5.25) 

The elements of the phase matrix and the cross-section as 

a function of the radius r^ are computed for this work by 

programs constructed for use on the digital computer by 

Herman and Battan (1961) and modified by the author for 

the present application. 

The calculations to be made in the present work 

are for the transfer of radiation from a pulsed ruby laser. 

The ruby laser produced radiation of wavelength 0.6943 
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micron and thus the atmospheric scattering models are to 

be generated for this wavelength. 

As an example of the r-dependence of the elements 

of the phase matrix, consider the variation of the P-^ 

2 7T T** element with the parameter a ( c t = —The a  variation of the 

dimensionless form of the (1,1) element of the scattering 

matrix (referred to the scattering plane) as computed from 

equation (4.20), where the amplitudes are determined from 

equations (5,1) and (5,2), is displayed in figure 5.1A. 

The values .of this matrix element were determined under the 

assumption that the wavelength of the incident radiation 

was 0.6943 micron, and the scattering angle 0 equals 130 

degrees. 

It is noted in figure 5.1A that the variation of 

the matrix element with a is quite smooth for small values 

of a. However, as the larger values of a are approached, 

the variation of this function becomes quite complex. As 

indicated in the expanded portion of figure 5,1A, for 

large values of a the plotting increment is not fine enough 

to follow the extremely large variations of this function 

with small changes in a. As a consequence of these varia

tions extremely small intervals, Ar, are required in the 

numerical evaluation of equation (5.24) (i.e., equation 

(5.25). It is to be noted that the other elements of the 

scattering matrix exhibit the same general properties as 
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Figure 5.1. Normalized scattering functions for a dielectric sphere as 
a function of the size parameter a. 
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the element presented in figure 5,1A and thus the same 

difficulties are present in their computation. 

A difficulty similar to that mentioned above is 

also encountered in finding the total volume extinction 

coefficient for the distribution of particle sizes. In 

figure 5.IB are plotted the values of the normalized form 

of the single particle cross-sections as a function of the 

size parameter a. The normalized cross-section, sometimes 

called the extinction efficiency n f is defined as the 

ratio of the single particle extinction cross-section to 

the geometrical cross-section: 
ae 

n. = -At (5.26) 
irr 

(for the present calculations it has been noted that the 

scattering cross-section is equal to the extinction cross-

section in the absence of absorption). It is seen in 

figure 5.1b that the extinction efficiency and therefore 

the extinction cross-section vary quite erratically with 

the size parameter a, for a equal to or greater than ap

proximately 3.0. The actual computed values of ne are 

indicated by the solid circles on this graph for the in

terval from a=1.5 to a=32.0. The solid line indicates a 

"smoothed" curve of the variation of ne with a over this 

interval. The right hand side of figure 5.IB shows the 
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fine structure of ne over the interval from a=60.0 to 

a=65,0, and displays the very rapid variation of ne with 

a. 

The numerical integration of equations (5.15) and 

(5.24) was performed with a variable interval of Ar over 

the size distribution. The particle size distribution 

equation (5.17) as a result of its negative exponent, has 

most of the particles distributed in the smaller sizes. 

For this reason the integration interval Aa was made smaller 

for the smaller radius particle. Integration went from 

r=0,04 to r=0,l micron, in steps of Ar=0.01 micron, and 

from r=0.1 to r=10.0 microns, in steps of Ar=0.1. This 

integration grid, composed of 105 separate radii, is of 

Aa =0.0905 for the first six intervals and Aa=0,905 for 

the remaining intervals which is coarse as is noted in 

comparisons with the variations displayed in figure 5.1A 

and 5.IB, Comparisons have been made with integrations 

using a constant Aa of both .02 and ,01 and differences 

of the values of in the range of 8.0 percent have been 

found. It should be noted that the models which the 

present calculations were compared to had slightly different 

limits on the integral over radius (i.e., was slightly 

different in the two cases). The effect of these differing 

limits is, however, expected to be small. In light of the 

above discussion, the more realistic scattering models 
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must be considered with some reservation as being true 

descriptions of the scattering properties of a real atmos

phere, However, to lend some support to these models, it 

must be noted that models constructed in almost the exact 

manner for other visible wavelengths were used in calcula

tions of the transfer of solar radiation through the ter

restrial atmosphere (Herman, Browning and Curran, 1971). 

The comparison of these calculations with measured data 

show quite close agreement. 

The altitude dependence of the number distribution 

of aerosol particles must now be determined. Extensive 

measurements have been made by Elterman in an attempt to 

define the general features of the altitude variation of 

the particulate concentration (Elterman, 1968; Elterman, 

Wexler and Chang,1969). The model formed for the present 

study used the altitude dependent number density of the 

Clear Standard Atmosphere of Elterman (1964). 

The value of C in equation (5.17) determines the 

number density of the aerosols and was determined as a 

function of height in the following manner. A value of 

C=1 was assumed at the ground. Values of n(r) were then 

computed from equation (5.17) with the given value of v* 

for the 105 size increments described earlier. Values of 

the total scattering cross-section, a (r), for each of the 

105 radii were computed from the Mie theory. The sum 
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En(r^) os(r^) was then computed. The total aerosol opti-
k 

cal depth, xA(computed), was then evaluated from the ex

pression : 

C°° 

xA(computed) =1 C(z) ag dz = E ag Az^_ (5.27) 
Jo i 

where 
105 

as = E n(rk} as(rk) 
k=l 

The constant C(z) varies with height directly in proportion 

to the variation of the aerosol number density of the Clear 

Standard Atmosphere as mentioned previously. This varia

tion starts with C=1 at the ground, and C^ is the value of 

C(z) at the midpoint of the interval Az^. Evaluation of 

the above expression results in a total aerosol optical 

depth which, in general, will differ from that determined 

experimentally. The values of Cj_ were then multiplied by 

a constant factor, K, such that: 

= xA(measured) 

xA(computed) 

This multiplier then insures that the computed aerosol 

optical depth is equal to that measured experimentally, 

and further that the height distribution of the number 

density is proportional to the Clear Standard Atmosphere, 

For radiation of wavelength 0.6943 y, the Rayleigh 

optical depth xR is known to be 0.03716 for the total 
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standard atmosphere above the altitude of Tucson, Arizona. 

Measurements made by the author (Herman, Browning and 

Curran, 1971) indicate that, in the absence of clouds, the 

aerosol optical depth, xA, of the atmosphere at the above 

location ranges from Ta=0.08 to Ta=0.25. Models were made 

for the above two values of optical depth. In figure 5.2 

are graphically displayed the variation of the volume 

scattering coefficient (models assume no absorption) as a 

function of altitude for the two models chosen. It is 

seen from this figure that the aerosol attenuation coef

ficient varies by several orders of magnitude in the first 

several kilometers of the atmosphere. 

Theoretical Model Scattering Atmospheres 

The theoretical model atmospheres were constructed 

to be simple functions of two parameters. One parameter 

is the volume scattering coefficient 3(z) and one parameter 

describes the phase function (for calculations using these 

scattering atmospheres, the polarization formalism is 

dropped). The volume scattering coefficient was assumed 

to be a constant with altitude. Several values of the 

volume scattering coefficient were chosen so as to cover a 

range of 3=0.025 per kilometer to 3=10.0 per kilometer. 

A functional form was chosen for the phase function 

such that the angular dependence of this phase function 

could be adjusted by changing a single parameter. The 
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Figure 5,2, Altitude variation of Rayleigh and 
aerosol volume scattering coefficients. 



84 

functional form chosen was one that has been used by sev

eral authors in making transfer calculations with theoreti

cal phase functions. The function was first introduced by 

Henyey and Greenstein (1941) and is written as follows: 

1-r2 

P(x) = 5 xn (5.29) 
(1+G -2Gx) 

where x=cos 0 as before. The parameter G determines the 

angular dependence of the phase function. The phase func

tion is a constant (i.e., isotropic scattering) for G=0.0, 

a Dirac delta function with argument (0-0) for G=1.0 and 

a Dirac delta function with argument (0-u) for G=-1.0. 

The parameter G thus varies from -1.0 to +1.0, 

Although these scattering models are quite simple 

in formulation, they are useful in parameterizing several 

of the important features of the time-dependent transfer 

problem. The phase matrices, as presented earlier in this 

chapter, and the theoretical phase functions presented 

above will be used together with the solution equations 

(3.27) and (3.28) of Chapter 3, to calculate the time de

pendence of the first and second order scattering. These 

calculations will be developed in the following chapter. 



CHAPTER 6 

METHOD OF CALCULATION AND GEOMETRY FOR THE 

TRANSFER OF A LASER PULSE 

The pulsed laser is presently being applied as a 

tool in determining the size spectrum and vertical distribu

tion of atmospheric aerosols. The specific feature of 

this tool which is of use in probing atmospheric structure 

is the possibility of producing pulses of radiation with 

extremely short pulse length. In particular it is of 

interest to have pulses of 10 meters length or shorter in 

order that the spacial resolution of the experiment be 

fine enough to reveal small scale features of the atmos

phere. This implies a pulse duration of approximately 

— Q 
30 nanoseconds or shorter (one nanosecond equals 10 

second). As shown in Chapter 1, the transfer through the 

atmosphere of pulses of this length must be considered in 

terms of the time-dependent transfer equation. 

The physical geometry of the pulsed laser probe 

will be modeled in this chapter. The solutions to the 

time-dependent transfer equation as presented in Chapter 3 

(especially equations (3.27) and 3.28)) will be used to

gether with the phase functions and phase matrices as pre

sented in Chapter 5. Calculations will be made in the 

85 
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following chapter as to the contributions the first and 

second order scattering make to the total transfer process. 

The pulsed laser is assumed for the present prob

lem, to be a point source of radiation situated at a posi

tion P-^ at ground level. The angular distribution of the 

radiation produced by this laser transmitter is assumed to 

be gaussian with a half-width at half-maximum 6-^. Measure

ments of the angular distribution of the laser energy, 

averaged over many pulses, indicate reasonable agreement 

with the gaussian assumption. A detector whose position 

is designated P2 is situated at a distance a from P-^. This 

detector is assumed to have unit area and to be able to 

detect radiation traveling to the detector within a cone 

whose axis is perpendicular to the detector area and half-

vertex angle 62* axes of both the laser beam and the 

detector cone are assumed to lie in the same vertical 

plane so that they intersect at some height. The angle 

between the local vertical and the axis of the laser is 

designated 0^ and similarly the axis between the local 

vertical and detector axis is designated 02. 

The geometry of the laser probe, as described in 

the previous paragraph is called the bistatic geometry. 

A unique case of the above general geometry is the situa

tion where the separation distance,a,becomes vanishingly 

small. This geometry is termed the monostatic case. For 



the calculations to follow, both types of geometries will 

be used. That is, calculations will be made for a separa

tion distance,a,of 0.0 (monostatic case) and 9.5 kilo

meters (both values model the experimental arrangement 

available). 

Single Scatter 

Consider equation (3.27) of Chapter 3. This equa

tion describes the first order scattering of a time-

dependent radiation source with angular distribution 

¥°(o,fi,t). In light of the polarization formalism intro-

4* 
duced in the preceding two chapters, the m Stokes com

ponent of the singly scattered angular distribution may 

be written: 

1 fs 1 ¥ (s,fi,t) = \ T(o,s') T(s1,s) U(t-s/c) U(t-—[s-s1]) 
J o 

.[( P_ n ( n , n ' ,s') ¥°(o,n', t-s/c) dto']ds' (6.1) 
, n 

where T(o,s) and T(s',s) are the transmission functions as 

defined by T(o,s) = e T(°'s) an(j P (n,n',s') is the mn^ 

element of the phase matrix (which includes the volume 

scattering coefficient 3(s)). Equation (6.1) and following 

equations assume the repeated index n is summed. 

The interval between the time the photon leaves 

the position P^ and when it arrives at the first scatter 
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point P' will be denoted t^. Because the radiation travels 
o 

with velocity c (c = 3.0x10 meters/second) the time in

terval t^ may be equated with the distance divided by the 

velocity c, thus: 

tx = — (6.2) 

Similarly a time interval t2 may be defined as the time 

interval between leaving the first scatter position P' and 

arriving at the detector position P2 in the following 

manner: 

_ S~S 1 / c o \ 
t 2  c  ( 6 . 3 )  

With these two changes of variable, the product of the two 

step functions given in equation (6.1) may be simplified. 

This product is given in terms of the new variables as 

follows: 

U(t-s/c) U(t-|[s-s1]) = U(t-[t1+t2]) U(t-t2) (6.4) 

The sum, t^+t2, must be equal to or greater than t2 be

cause both t^ and t2 are positive definite quantities. 

Therefore, the product of the two step functions is re

dundant in that the value of the product (zero or one) is 

determined solely by the value of the first step function. 

Hence, the product exists when the following condition is 

satisfied: 
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TI + T2 IS T (6-5) 

This is a restatement of the finite time of flight of the 

photon under the restriction that the source point emitted 

no radiation before the time t=0.0. 

The measurable quantity at the detector is the 

radiation flux traversing the area of the detector. This 

quantity has units of energy per unit time, and per unit 

t*h wavelength interval. The flux of the m 1 component of the 

radiation can be related to the angular distribution func-

tion of the i order scattered radiation by the following 

identity: 

Fm" -
¥^ (s,ftr,t)dwr (6.6) 

m 

where specifies the direction variables of the radia

tion incident on the area at position s and time t; for 

the present calculation this will be considered as the mea

surable quantity. If the solid angle of the detector, as 

th seen from the first scatter position, is then the m 

component of the single scattered flux at the detector is 

written: 



Fm (s' ̂2 'tJ 

. J SI* 

(s') (o, Q,' , t-s/c) dw' ds ' > dt02 (6.7) 

where the product Pmn H1® is equal to the scattering cross 

section per unit volume times the power per unit solid 

angle. The integral dw'ds' corresponds to the integra

tion over the scattering volume per unit area illuminated 

by the incident beam. The quantity within the curly 

brackets is the total power scattered by the instantaneous 

illuminated volume per unit solid angle, attenuated to give 

the proper power per unit solid angle at the position s of 

the detector. The integration over do^, the solid angle 

subtended by the detector from the position of the detector, 

then gives the flux through the detector. As will be seen 

later, due to the finite field of view of the detector, all 

of the flux will not be detected. The field of view will 

be taken into account later by establishing proper limits 

on the integrals involved. 

In order to determine the positions of all possible 

single scatter points, it will be assumed that the boundary 

condition ^(o,ft', t-s/c) can be separated into the product 

of three functions as follows: 

^(o,^ ,t-s/c) =Snf(fi') I(t-[t1+t2],e) (6.8) 
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Here, the function S is the n*"*1 component of the Stokes 

vector specifying the state of polarization of the laser 

beam. This vector Sn is normalized such that its magnitude 

(S1+S2) is unity. The function f(fi') describes the angular 

dependence of the boundary condition. For the present con

sideration, the function f(fi') is normalized to unity such 

that: 

f ( n ' )  d « '  =  1  ( 6 , 9 )  
J n *  

In a later part of this chapter, the total energy of the 

transmitter pulse will be used to renormalize the function 

f ( f t 1 )  .  

The time dependence of the boundary condition is 

included in the function I (t-[t^+t2]fe), where the change 

in argument t-s/c to t-[t^+t2] has been previously noted. 

The function I(x,e) is the unit impulse function and is 

defined as: 

I 0 for x < 0 

I(x,e) = I 1 for 0 - x K- e (6,10) 

I 0 for e < x 

Therefore, the time dependence of the boundary condition 

at s equals zero is a rectangular pulse of unit magnitude, 

starting at time t=0 and extending to t=e. The impulse 

function has been chosen for the time dependence of the 
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boundary condition so that a single scatter volume may be 

determined in a straight forward manner. In a later part 

of this chapter, the theoretical time dependence of a 

laser pulse will be developed using a superposition of the 

above impulse functions. 

The time-dependent function with argument as given 

in equation (6.8) may be used to define the position of 

all single scatter points P'. It may be shown from equa

tion (6.10) that the single scatter solution exists only 

if t-]_+t2-t, and if tle+(t^+t2) . If two distances r^_ and 

r2 are defined such that r-^ct^ and r2=ct2 then the above 

condition is satisfied if the sum ^±+^2 lies in the interval 

(ct, ct-e). Mathematically the upper limit is written: 

rl + r2 = ct (6.11) 

where t is the total time from when the pulse was first 

initiated at Pj_. This equation (6.11) describes the sur

face of an ellipsoid of revolution with the points P-^ and 

?2 at the foci. The shape and position of the ellipsoidal 

surface is uniquely determined by two parameters. One 

parameter is the total time t and the second parameter is 

the separation distance a, between the points P-^ and P2. 

Because the flux is determined at some instant of 

time t, the radiation leaving P-^ at the time e must be 

scattered by all points P' which lie on the ellipsoid as 

determined by: 
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ri + r2 = ct - e (6.12) 

Radiation leaving the point during the interval of time 

0<t<e must be scattered by points P' such that P1 lies 

somewhere between the ellipsoids as defined by equation 

(6.11) and equation (6.12). The volume enclosed by the 

two ellipsoidal surfaces will be termed, in subsequent 

discussions, the instantaneous pulse volume for the single 

scatter case. Since the function I(t-[t^+t2], e) is zero 

outside of the ellipsoidal surfaces defined by equations 

(6.11) and (6.12) we will allow the integration over s1 

to exist only over the positions P' enclosed between the 

ellipsoidal surfaces. With these limits it will no longer 

be necessary to explicitly show the time dependence. 

The geometry for the transfer problem considered 

is depicted in figure 6.1. It is noted that a further 

variable may be defined for this problem. That is, a 

scattering angle 0 may be defined as the angle between the 

direction of the incident radiation and the direction of 

the scattered radiation. This definition has been previously 

mentioned in Chapter 3. If the angular widths 5^ and $2 are 

are made very small then the scattering angle 0 may be de

fined by the axis of the laser and the axis of the detector. 

In this case the scattering angle 0 is related to the verti

cal angles by the relationship: 

0 = -n- + (02 - Qi) (6.13) 



A A 
CO ' LE .. 

C , E P 
VO U E 

Figure 6.1 . Bistatic geometry fo r pul s e d laser 
transmitter at P1 and detector at P2 . 

9 4 



95 

Based on the experimental arrangement envisioned, 

one of the integration variables of equation (6.7) may be 

eliminated from the rest of expression (6.7). It may be 

assumed that the distance r2 is large enough and the unit 

area of the detector is small enough that in the integra

tion over the solid angle of the detector the variation in 

the parameters (0, r^) can be considered negligible. The 

integration over du2 may be changed to the following: 

I g(ft,ft',s') dto2 = | da (6.14) 

2 r2 

where the function g(ft,ft',s') represents the integrand of 

2 equation (6.7) and du^ has been replaced by da/^/da being 

a differential element of area at the detector. 

dp 
A new variable,—, may be defined by the differentia-

da 
tion of equation (6.7) with respect to the area a. The 

assumption that the parameters of the problem do not vary 

with position on the detector implies that the integrand 

of (6.14) remains constant with respect to the differentia

tion with respect to area. The variable dF/da is then the 

flux per unit area and is usually denoted as the flux 

density, and will be denoted in this work by the symbol 

F*(s,ft,t). 
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With these changes it is seen that the integration 

of equation (6.7) becomes an integration over the single 

scatter instantaneous pulse volume as follows: 

f f T< 
11^ 2 ' ^  ~  I  I  •Jc • f J  O ' 

p , * ( s  «  -  _  ,  ,  J ( Q , S '  (tl)T( S 1  ( t )  ,s) 

m S' " r|(t) 

Pmn(!2^',sl(t))s
n fffl'Jds'dw' (6.15) 

The complication encountered in evaluating this 

integral is the fact that the quantities which constitute 

the integrand are expressed in three different coordinate 

systems. The variables involved in these coordinate 

systems, and the transformations involved, will be dis

cussed next. The angular function f(ft') describing the 

angular dependence of the transmitter radiation field can 

be expressed in terms of a polar coordinate system (r, a-^ , £])• 

Here, a-^ is the polar angle and the polar axis is considered 

to be perpendicular to the axis of the transmitter beam in 

the vertical plane containing the transmitter axis. 

Positions within the reception cone of the detector 

may be specified by a polar coordinate system • 

As in the transmitter coordinate system, is the polar 

angle and the polar axis is situated perpendicular to the 

axis of the detector cone in the vertical plane containing 
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the detector axis. The azimuthal angles ̂  and £^ are 

measured from the perpendicular to the vertical plane con

taining the axes, in a clockwise sense as considered when 

looking down the respective axis in the increasing radial 

direction. 

The third, coordinate system is a cartesian coordi

nate system with variables (x,y,z) such that z is in the 

direction of increasing altitude. The s' dependence of 

the integrand of equation (6.15), as expressed in the 

present coordinate system, is merely a dependence upon the 

altitude variable z. Because the transmission function 

T(s',s") includes a line integral between the positions s* 

and s", the function must be redefined with respect to the 

altitude coordinate z ana a vertical angle 0 between the 

local normal and the line segment (s',s"). This redefini

tion is as follows: 

T (z 1 , z " , y) = exp | - j" ^ £(z) j> (6,16) 

, where y = cos 0, z' is the altitude of the s' position, and 

z" is the altitude of the s" position. 

In order to be able to integrate equation (6.15), 

it is necessary to find several relationships among the 

variables involved. Tv:o relationships which greatly 

simplify the analysis of the problem are presented in 



detail in Appendix II (viz. equations (II.3) and (11,11)). 

These relationships connect the azimuthal angles and the 

polar angles in the coordinate system of the. receiver and 

the transmitter. Under the assumption that the transmitter 

beam and the detector reception cone have very small angu

lar dimensions the following transformation is shown (in 

Appendix II) to hold for the angular variables involved: 

U1 
(al ~ 1T/2^ = y (a2 ~ ̂ /2) (6.17a) 

VI 
(K 1  ~ ir/2) = — (S2 - it/2) (6.17b) 

where y-^ = cos 0^ and y^ ~ cos ®2' Therefore, if the angu

lar dependence of the transmitter is characterized by 

f(A^ - TT/2, _ IT/2), then in the coordinate system of 

the detector this function transforms to f [li-K (ot2 - TT/2) , 
Vh y2 
— (?2 - TT/2) ]. 
^2 

The vertical angles of the ft coordinate system as 

needed for the determination of the phase matrix may be 

characterized by the directions (0,<j>) with the origin at 

the first scatter position. Here the polar axis is the 

local vertical and the azimuthal angle <(> is measured from 

the perpendicular to the vertical plane containing the 

transmitter and detector axes. These angles (0,<JO may be 
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related to the receiver coordinate system by means of the 

following transformation: 

0 = E0 + (a, - rr/2) + TT (6.18a) z. ^ 

(J) = TT/2 + (£2 ~ Ti/2)\>2 + IT (6.18b) 

where V2 = sin 62. Similarly the vertical angles (0 1 , 4>1 ) 

of the ft' coordinate system, which is also used in the 

determination of the phase matrix may be defined as: 

0' = 0X + (ax - TT/2) (6.19a) 

<J>' = TT/2 + (CX - TT/2)V1 (6.19b) 

and here = sin 0^. By means of the relationships 

(6.14a) and (6.14b) the angles (0',cj)') may be referred to 

the detector polar coordinate system {^2' a2' *>2) : 

^1 
01 = 01 + VI (a2 " 7r/2) (6.20a) 

<J>' = TT/2 + — (5, - TT/2) VI (6.20b) 
V 2 

By means of the transformations expressed in the equations 

(6.17a) through (6.20b), the single scatter equation (6.15) 

may now be expressed in. terms of angles defined with re

spect to the detector coordinate system. The elemental 

solid angle dw' of the transmitter may be expressed as da.^ 

dC^ in the neighborhood of the transmitter axis and therefore 
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to make a change of variable to the detector coordinates 

((*2/£2^ Jacobian of the transformation must be included. 

This transformation of the integration variables may be 

written symbolically as: 

3( / C T ) 
da1dc1 -»• 11 da2dc2 (6.21) 

where 3 (a^, 5^)/3 («2 , ?2^ Jacobian. The transforma

tion between the coordinates is expressed in equations 

(6.17a) and (6.17b). It may be verified that the Jacobian 

for this transformation is: 

3 (ot]_, C^) 
( 6 . 2 2 )  

3(a2'Z2 ̂ " ( £ )  
Therefore, in terms of the detector variables the integral 

equation (6.15) may be written: 

F'*(s,f22,t) = f f T(0/z,u)T(z,o,u' ) p ( , u 4), z) 
m •'s' JQ0 2 mn 

^ r 
2 

2 
^1 

•S f(a2,?2) ~~2 ' ̂ a2 ̂ ^2 (6.23) 

^2 

where y = cos 0 and y1 = cos 01. 
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The volume over which the integration of equation 

(6.23) must be performed is limited by two restrictions. 

The first includes the two bounding ellipsoidal surfaces 

which enclose the instantaneous pulse volume. The second 

restriction is that all of the single scatter points p' 

must lie within the detection cone of the detector. This 

second restriction may be expressed mathematically in terms 

of the detector coordinates ky inequality: 

+ ?2 ~ S2 (6.24) 

If the time length e of the rectangular pulse is 

very small, implying that the bounding ellipsoids are 

separated by a very small distance, then the elemental 

length ds1 which is the slant thickness of the instantaneous 

pulse volume can be expressed in the following manner. In 

Appendix II.B an expression is derived for the slant thick

ness (viz. equation (11.17)). It should be noted that, 

because lines from either focus of an ellipse make equal 

angles with the tangent to the ellipse at the point of 

intersection, one requires that the slant length ds1 be 

identical whether it is measured along r^ or r2« There

fore, under the assumption of very short pulse length, the 

elemental length ds1 may be related to the pulse length 

e by: 
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f as. 
Js' 2 sin2 (0/2) 

ec 
E << tlft2 (6.25) 

where c is the velocity of the radiation. The integra

tion over this variable may be evaluated in the integral 

(6.23) because the short pulse length requirement also 

implies all of the other variables may be considered con

stant over the distance ds'. 

The integral expressed in equation (6.23) may now 

be written in explicit terms as follows: 

F'{s,9,2ft) 
m ^ 

w .  I  —  /  p 2  

^ 2 ~  ( - S 2 ~ a 2 ^  

h(a^,5^,01,e2)da2 d<^ 

( 6 . 2 6 )  

where 

h (a' 
T(o,z,y) T(z,o,u') 

2 
r 

Pmn*y' 'y ,(}>' 

2 2 sin2 ( 0/2) 

ec 
(6.27) 

In the above expressions (6.26) and (6.27) a second change 

of variable has been made as defined by the following: 
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a 2 =  a 2 ~ 
(6.28a) 

(6.28b) 

The phase matrix P appearing in the evaluation 

of equation (6.26) is numerically evaluated for the atmos

pheric scattering models as a function of both scattering 

angle and altitude z. Because this term of the integrand 

is numerically evaluated only at discrete values of the 

angular and height variables, and is not analytically 

expressible as a function of these variables, it is neces

sary to evaluate the entire integral numerically. There

fore, the integral was broken up into a summation of the 

contributions due to many very small angular elements 

Aa^As^. The numerical quadrature used was simply a form 

of the rectangular rule for numerical integration and in 

terms of the definition (6.27) the integration (6.26) may 

be expressed by the following approximation: 

n m 
(6.29a) 

(6.30) 

such that 

| y k |  <  < 6 *  -  4 ) H  (6.31) 
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The upper limits to the summations obey the relationships: 

2S2 2<S 2 
n = and m = (6,32) 

A ' « ' Aa2 A?2 

that is, the angular intervals Aa^ and Ac^ (which are held 

constant) are chosen such that the total vertex angle 26^ 

of the detector cone is some integral multiple of the 

angular intervals. 

A Special Case for the Single 
Scatter Geometry 

A special case may be considered in which, after 

suitable assumptions, the integral of equation (6,23) may 

be analytically evaluated. The assumptions to be made are 

basically the following two: 1) the transmitter angular 

divergence is much less than the divergence of the detecting 

cone, or equivalently, 6^ << 62? 2) a time t is chosen such 

that the instantaneous pulse volume coincides with the 

intersection of the axes of the transmitter and detector. 

With these assumptions the illuminated portion of the in

stantaneous pulse volume is seen to be a very small volume. 

In fact, to a high degree of accuracy the distances r^ 

and r2 and the scattering angle 0 may be considered to be 

constant for any arbitrary position within this illuminated 

volume. Under this assumption, the flux density may be 

written: 
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1* 
F (s,fi_,t) 
m ^ m 

= T(0rz/U)1'(z,o,ul) 
Pmn(u',u,4.',^;z)Sn 

EC (6.33) 

2 sin2 (0/2) 

The integral over the transmitter angular function has been 

set equal to unity by relationship (6.9) 

The expression (6.33) holds for a rectangular pulse of 

unit energy and pulse duration e. The general form of this 

equation for any arbitrary energy is referred to by many 

authors as the laser radar equation. 

striction that the time t be chosen such that the in

stantaneous pulse volume coincides with the intersection 

of the axes of transmitter and detector is alv/ays met be

cause the axes for this case are identical. In most cases 

of interest the restriction that <5^ << <52 is met experi

mentally. Thus equation (6.33) is quite applicable to the 

monostatic case. 

1 (6.34) 

For the case of the monostatic geometry, the re-
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Double Scatter 

2 
The double scattered angular distribution T (s,fi,t) 

is expressed in equation (3.28). As in the single scatter 

case, the double scattered angular distribution may be 

written in terms of the polarization formalism introduced 

as follows: 

Equation (6.35) and following equations assume that the 

repeated indices n and q are summed. The photon path 

followed in the double scatter process starts at the posi

tion P^, is scattered for the first time at the position 

P" and is scattered for the second time at the position 

P1. Finally the path is terminated at the detector posi

tion P2« In a manner similar to that used in the pre

ceding section, the three straight line times-of-flight 

between collisions are defined as follows: 

U(t-^-[s-s" ]) U(t-—[s-s1]) do)" ds" daj' ds' c c (6.35) 

s " 
t s 1 - S  "  t s-s' (6.36) 

2 c 3 c 
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Further, several factors of equation (6,35) may be collect

ed together and redefined as a single variable. The first 

variable is the unattenuated angular distribution function 

X1  (s"  n 

scatter position P". This is written as follows: 

denoted as xn(s"r^'rt-s/c), which is situated at the first 

X1 (s " , ft' , ft" , t-s/c) = P (ft1 ,f2";s") Y°(o,ft",t-s/c) U(t-s/c) 
n q 

(6.37) 

Second, by a change of order of integration, we may define 

an angular distribution function due the second scatter 

of the angular distribution function given in expression 

(6.37), This second scatter function is written as: 

X2(s,ft,ft",t) = J T (s " , s 1 ) T (s ' , s) U(t-~[s-s" ]) 

U (t-^r[s-s ' ]) J P (ft,ft';s') Xn ̂ s "  '  ^  '  r  f t " f  t-s/c) 
'ft' 

doj' ds1 (6,38) 

With the above definitions, the equation (6.35) may be re

written as: 

y2(s,ft,t) = f S T (o , s ") f x2(s,ft,fi",t) dto" ds" (6,39) 
m J o 'ft" m 

By further applying equation (6.6) which defines 

the flux of the m component of the radiation the second 

scattered flux may be written: 
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F^(s,n3ft) = J v^(sfn,t) dw3 (6.40) 

where the solid angle is the solid angle of the detector 

as viewed from the second scatter position P' situated at 

a distance r-j from the detector. As was assumed in the 

single scatter case, the flux does not vary with differ

ing positions on the detector. .The solid angle dto^ may be 

2 set equal to da/r^ and upon differentiation of the double 

scatter flux equation with respect to da, the double 

scattered flux density may be formed. 

The equation (6.38), describing a second scatter 

contribution, is seen to be of exactly the same form as 

equation (6.1) which is the solution for the single scatter. 

By analogy to the single scatter equations, it may be con

cluded that the second scatter points P' also lie within 

an ellipsoidal volume (which will be called the double 

scatter instantaneous pulse volume), the foci of which are 

the positions of the first scatter point P" and the de

tector position P2« Before considering the explicit evalua

tion of the double scattered flux density, the numerical 

approximation to the first scatter angular distribution 

(equation 6.37) will be discussed. 

Consider a point in the transmitter beam situated 

at a distance r^ from the transmitter position P-^. The 
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amount of power incident upon a small area situated at 

this point is dependent upon the angular dependence of the 

transmitted pulse and the time at which the position is 

considered. Let us assume that the power per unit solid 

angle at the position (s",ct^,£-^) is considered at a time 

t^ such that t-^ = s"/c. Assuming that the incident angular 

distribution may be functionally described in the same 

manner as presented in equation (6.8), the power may then 

be evaluated. Also, because of the description of 

1*° (o, ft" , t-s/c) (equation (6.8)) it may be shown that the 

same amount of power per unit solid angle is incident on 

all points with the angular variables (a^,£-j_), in the co

ordinate interval s"=tj_c-e to s"=t^c, where e is the time 

length of the rectangular pulse as described previously. 

Now, if the power per unit solid angle at (s",a^,?^) is 

subsequently scattered, the angular distribution ̂ (s" , 

ft',t-s/c) of the scattered energy at the scattering posi

tion is given as a function of the phase matrix for the 

scattering process as written in equation (6.37) with the 

inclusion of the transmission factor. With this analysis 

of the physical process explained by equation (6.37), the 

numerical solution to this expression may be considered. 

The integral over the solid angle of the trans

mitter dui" may be approximated, with the assumption of a 

narrow angular spread of the transmitter beam, by an 
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integration over da^ and d£-j_. The integration over the 

angular coordinates of the transmitter is as follows: 

/ Pn o ( n ' , n ";s") Y°(o,fi",t-s/c) daj" = 
"4 q 

/• /"N<51 JJ Pnq(0"^"fQ' ;s") Sqf(a£,?£) Kt-t^eJdaJ dq 

1 (6.41) 

where 0" and <j>" are the vertical and azimuthal angles of 

the transmitter as described in the expressions (6.18a) 

and (6,18b) and defined for the present case by: 

0" = 0^ + + IT (6.42a) 

<j)" = ?£ v]_ + 3/2 tr (6.42b) 

The values of the limits ±N6^ are chosen such that the 

gaussian distribution f(N6-^, NS^) is negligible outside 

these limits. The integral of equation (6.41) may be ap

proximated by a double summation as follows: 

rrN6i kn(c^,q,f2',s") da" d~ 
-N61 

m m 
E £ k (x.,y,,ft',s") Aa" A?" (6.43) 
i=l j=l n 1 3 



I l l  

for 

x^ = + (k-3-j)Aci^ and yj. = -N6^ + (k-^) (6.44) 

and 

kn(xi'yj'n''s,,) = Pnq(0i'^j^' ;s,,) Sqf(al'?l) (6'45) 

The limit m is adjusted to agree with the limits of the 

integral as expressed in equation (6.43). 

The integration of expression (6,37) over s" may 

be evaluated by a further summation. Consider the trans

mitter beam to be composed of many shells of thickness ce, 

all centered on the transmitter position P^. Then the 

integration of equation (6.37) over s" may be approximated 

by the summation over the contributions due to each shell. 

With this approximation the single scattered contribution 

as integrated over the solid angle and distance variable of 

the transmitter coordinate system, becomes: 

, vmax r- mm 
(s^fi'jt-t^a T (o , z , y") £ £ 
n v=l L i=l j=l 

kn(Xi,yj ,fi' ,zv/y") Aa£ A^jec (6.46) 

where As"=ce, zv/u"=ct^v= (v-^s) ec and y"=cos 0". The quan

tity (s",ft',t-t^) is the angular scattered distribution 

integrated over all first scatter positions P" in the 

transmitter solid angle and includes attenuation from P-^ 

to P". 
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With these approximations the double scattered 

flux equation (6.4 0) may be found from: 

vmax m m 2 
V r V" xm(s,n,n",t) 

F (s,fi3,t) - 2-J T(o,z ,y") 2-J Z-J 2 
m J v=l L i=l j=l r

3 

• Aa^ Ai;'£ J ce (6.47) 

O  \ k  
where Fm is the flux density, dF/dA, as before, and the 

2 solid angle, dto^, has been written as dA/r^. The second 

2 scatter angular function xm is written here as: 

X2(s,fi,ft",t) = f  T(s",s') T(s',s) U(t-[t2+t3]) U(t-t3) 
m J o  

' f  ; s  ' )kn ( x ± , y j  , z v / y " )  du1 ds' ( 6 . 4 8 )  

As mentioned previously the expression ( 6 , 4 8 )  is identical 

to the single scatter expression (6.1). Its evaluation 

may be handled in much the same manner as that derived 

for the single scatter process in a previous section of 

this chapter. The integration over the variable s' was 

shown in equation (6.25) to be approximated by the follow

ing expression: 

/ds' « (6.49) 
* 2 sin ( 01 /2) 

where 0' is the second scatter-scattering angle. 
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The angular transformations involved in the evalua

tion of the second scatter must be considered. The 

coordinate system, specifying the direction of the second 

scatter, may be transformed to the £2^ coordinate system 

of the detector with angular variables The 

coordinate system is centered on the first scatter position 

P" and has coordinates (Q1,^1) referred to the vertical 

plane, The transformation from fl' to is similar to 

that expressed in equations (6.17) with the addition of a 

translation of coordinate system from the transmitter 

position to the first scatter position P". The trans

formation from fi' to will be symbolically expressed as 

ficj=X(n'), with a Jacobian of the transformation as defined 

by 9(Q')/3(Q). Position variables with respect to the 

first scatter position, P", are zv/y" and 0 7 and <j>V as 

defined in equations (6.41) with and <;•[ replaced by x^ 

and yj. The scattering angle- G' is determined by the 

(0'f<j)') coordinate system and the coordinate system of 

the detector in terms of the angles (6,<j>) as defined in 

equations (6.18). 

Hence, with the evaluation of the many variables 

involved, the expression (6.4 8) may be approximated by 

the following summation: 
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X^(s,fl,t) « T(z",z',y1) T(z',o,y) — 

2 sin2 ( ©' /2) 

53 53 ?mn Z 1) k
n( xirYj r^drZy/v") ! ! 

u=l w=l 

•Aa^ A?2 (6.50) 

Therefore, expression (6.50) together with expression 

(6.47) may be used to determine numerically the double 

scattered flux at total time t from the rectangular pulse 

of time duration e. Actual calculations made from the above 

equations (6.50) and (6,47) together with the numerical 

solutions for the single scatter case will be used to cal

culate single and double scattering from the atmospheric 

scattering models presented in the previous chapter. Before 

considering the results of such calculations, a brief di

gression will be made in order to use the above numerical 

solutions for an input pulse of arbitrary time dependence. 

Time Dependence of Input Pulse 

The numerical approximations to the single and 

double scatter equations are derived with the basic as

sumption that the time duration of the transmitter pulse 

is very short as compared to the other times involved in 

the problem. For the calculations to follow, this pulse 

length will be assumed to be one nanosecond. This 



corresponds to a pulse of radiation whose physical length 

is 30 centimeters, clearly much smaller than any of the 

scattering path lengths involved in this problem. 

Because the time-dependent equation of transfer 

is a linear expression, the principle of superposition is 

applicable to the solutions to this problem. Therefore, 

an input pulse of any general time dependence may be 

separated into a sum of shorter length pulses, delayed in 

time from the leading pulse. Further, the solution to the 

transfer of this pulse must be composed of the superposi

tion of solutions to the transfer of the component pulses 

suitably arranged in time. Hence, once the transfer prob

lem is solved for the one nanosecond rectangular pulse of 

unit amplitude, this solution may be applied to any general 

input pulse of time length longer than one nanosecond. 

The functional dependence of the incident pulse, to 

be used in the calculations to follov;, will be assumed to 

be of the following form: 

r t2 l 1- exp —- • 4 In 2 for 0 < t < ~ 
L t 2 -J 2 

' exp £ -(t~2^)2 . 4 In 2 j for ~ < t < 3/2 t^ 

G(t)/N = 
9 J * ^ 

t 
H  

r (t-2tjj) 2 -| 
1 - exp • 4 In 2 for 3/2tj < t < 2tj, 

L t2 J 
^ 2  

and zero otherwise. (6.51) 
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where 2tv is the base length of the pulse and ti, is the 
' 2  ' 2  

half-length at half-maximum. The normalization constant N 

must be chosen such that the total energy of the pulse 

corresponds to the total energy of actual laser pulses. 

For the pulsed ruby laser a typical pulse length of 40 

nanoseconds is possible with a total energy of one joule. 

These values will be assumed in the calculations to follow. 

The time dependence of the one joule, 4 0 nanosecond pulse, 

assuming the functional dependence of equation (6.51), is 

plotted in figure 6.2. 

5.0 
+J 
+j 
rd 4.0 
& 

3.0 
o 
i-H 

2.0 x  

0 20 10 30 40 

t (nanoseconds) 

Figure 6.2. Power as a function of time for a 
one joule pulse. 

The maximum power, which occurs 20 nanoseconds after the 
pulse is initiated, corresponds to 5.0 x 10^ watts. 
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Separating the incident pulse into the sum of many 

rectangular pulses of amplitude, as determined by G(t) at 

the midpoint of each interval, the following form for the 

time dependence g(t) of the input pulse is determined: 
40 

g(t) = G(t.) I(t-t. Ins) (6.52) 
i=l "2 

for 

t^ = (i-%) (in nanoseconds) (6.53a) 

t.^-% = (i-1) (in nanoseconds) (6,53b) 

th 
If the k order scattered flux density at the detector 

from a one nanosecond rectangular pulse of unit magnitude 

and for the mth parameter is characterized by F^fs,ft,t), 

where t is the time at which the flux density is measured, 

then the flux density f^ts^^t) of an input pulse with 

functional dependence G(t) is written by superposition as: 
40 

f£*(s, n ,t) = G(t±) F^*(sfR,t-ti_js) (6.54) 

with t^ and given above. The numerical solutions to 

the single and double scatter, to be presented in the fol

lowing chapter, will be made for the one nanosecond rec

tangular pulse to insure that the many assumptions involved 

are well satisfied. These solutions will then be modified 

as shown in equation (6.54). 



CHAPTER 7 

RESULTS 

Using both the theoretical and realistic models 

as presented in Chapter 5 and the numerical approximations 

to the single and double scatter solutions as presented 

in Chapter 6, we developed computer programs to determine 

several properties of the scattering processes involved. 

Of initial interest is the time dependence of the flux at 

the detector. Calculations were made for the single 

scatter case for both monostatic and bistatic geometries. 

Similar calculations were made for the double scattered 

flux. The results of these calculations will be shown in 

this chapter along with a comparison of the relative im

portance of the various orders of scattering. The laser 

experiment, as modeled in the previous chapter, is to be 

used in the present application to study the size and alti

tude distribution of the aerosol particles in the .atmosphere. 

The calculations to be presented in this chapter will 

therefore point out how the two principal structure param

eters for the atmospheric scattering models (i.e., the size 

parameter v*, and the variation of the volume scattering 

coefficient with height 3(z)) may be specified by the 

118 



119 

state of the polarization of the scattered radiation at 
r"> 

the detector. 

It will be shown that for the geometry defined in 

the previous chapter, and for the "clear air" values of 

the natural scattering atmosphere, the first order scatter

ing process is dominant over the second and higher order 

scattering processes by many orders of magnitude. There

fore, particular attention is paid to the results of single 

scatter calculations as made from the realistic scattering 

models. These results are considered as representative of 

values one would find in the natural atmosphere. 

The physical parameters for the laser-detector 

system are given in table 7.1 and are kept constant for 

all of the calculations to be presented. For all of the 

scattering calculations to be presented, the input radia

tion was assumed to be completely, linearly polarized, 

with its maximum electric vector situated at 45 degrees 

from the vertical plane defined by the transmitter and 

detector axes. The choice of the incident polarization 

state was chosen to correspond to the experimental ar

rangement available. Further mention of the choice of 

this input polarization will be made in the sections to 

follow. 
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Table 7.1. Physical parameters of the laser-detector system. 

S]_ = 0.5x10"^ radians 

62 = 8.75x10"^ radians (both monostatic and bistatic 
detectors) 

a (separation distance for monostatic case) = 0.0 

ajj (separation distance for bistatic case) = 9.5 km. 

total energy of laser pulse = 1.0 joule 

— Q 
2t^ (total time length of laser pulse) = 40.0x10 second 

The area of both monostatic and bistatic detector is one 
centimeter squared. 

Single Scatter Results 

The simplest geometry from which to calculate the 

single scattered flux is the monostatic geometry. For 

this geometry the transmitter and detector axes are identi

cal, thus requiring a scattering angle 0 of 180 degrees 

for all time. Little information as to the scattering 

properties of the scatterers is obtained from this geometry 

because of the impossibility of deriving the angular de

pendence. As mentioned in Chapter 6, the geometries of 

the monostatic experiment are such that the special equa

tion (6.33) may be utilized. 
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The monostatic, time-dependent flux density at the 

detector due to scattering from several of the theoretical 

model atmospheres are presented in figure 7.1. The ab

scissa of figure 7.1 is divided into intervals of time and 

also intervals of distance. For all calculations concern

ing the detected flux for the monostatic geometry, the 

propagation and detection axes are parallel to the direc

tion of the local vertical. Therefore, the correlation 

between time and distance is given by: 

z = Jsct (7.1) 

z is the altitude from which the leading edge of the pulse 

is scattered and t is the total time of flight of the 

radiation in the leading edge of the pulse. 

The flux density of the radiation at the detector 

is indicated in units of watts per square centimeter along 

the ordinate of figure 7.1. As has been noted previously, 

the dimensions of flux density are energy per unit area, per 

unit time interval. The time interval is determined by 

the characteristics of the transmitter pulse. In equation 

(6.51) and also in figure 6.2 of the previous chapter, the 

emitted power of the laser was described as a function of 

time. To express the laser emitted energy in this way, 

the average power, in joules per second, emitted during an 

interval of time of one nanosecond, was calculated as a 

function of time. Therefore, the unit time of the detected 
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Figure 7,1, Monostatic flux density as a function 
of time for the homogeneous scattering models. 
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flux is one second; hence, the units of power at the de

tector are in watts. The determination of the total energy 

of the laser pulse assumed that the energy was integrated 

over all wavelengths. Therefore, the dimensions of unit 

wavelength interval do not appear in the present formula

tion of flux density. 

The flux density at the detector as a function of 

time may also be expressed in normalized units by dividing 

the flux density by the total energy of the input pulse. 

This normalized function may be called the transfer func

tion for the geometry and scattering model used. However, 

in the present case the input total energy is one joule and 

therefore the numerical results are exactly the same in 

terms of the transfer function. Hence, for all of the flux 

density graphs presented in this chapter, the ordinate may 

be interpreted in terms of the flux density at the detector 

or in terms of the transfer function at the detector. In 

many cases the transfer function is easier to visualize 

because it is a probability function expressing the prob

ability per unit time that a photon emitted from the trans

mitter will be incident on the detector area. However, for 

uniformity, analyses of the graphs will be in terms of 

flux density as noted on the figures themselves. 

The variation gc. the single scatter flux density 

with time is noted to be quite dependent upon the volume 
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scattering coefficient as presented in the graph of figure 

7.1. The calculations made to determine this graph used 

the homogeneous models with isotropic scattering, i.e., 

the Henyey-Greenstein (1341) parameter G is equal to zero. 

For small t and thus single scattering from lower altitude 

regions, the effect of attenuation is very small. The 

volume scattering coefficient is proportional to the prob

ability per unit volume that scattering will occur. There

fore, for the low altitude regions, more flux is returned 

from the atmospheric models of large $ (volume scattering 

coefficient) because of a higher probability of scattering 

and lower attenuation loss. For higher altitudes the ef

fects of attenuation accumulate and thus become more im

portant. A further factor common to all three curves of 

— 0  figure 7.1 is the z factor. The model atmosphere with 

3 = 0.05 (km "*") is attenuated less than for the other two 

values of 3 and for this reason the flux density with this 

3 for the first few meters of atmosphere appears to depend 

— 2 solely upon the factor z . That is, the log-log plot is 

almost linear with a slope of approximately -2.0. 

A similar monostatic calculation was made for the 

realistic atmospheres. The volume scattering coefficient 

for the realistic atmospheric scattering models varies be

tween the values of 3 presented in figure 7.1 up to approxi

mately 3.5 kilometers, and above this altitude 3 for the 
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realistic models falls off very rapidly. Therefore, in 

the first several kilometers, as presented in figure 7.2, 

the flux density varies in the same general way for the 

realistic models as it does for the theoretical models. 

However, as a result of the rapid decrease in the volume 

scattering coefficient above four kilometers, the effect 

of attenuation becomes a less important factor with alti

tude in comparison with the homogeneous atmospheric models. 

Because all scattering particles in the atmospheric 

models are spherically symmetric, and because the scatter

ing angle for the monostatic geometry is 180 degrees, then 

for input polarization parameters Sn = (S-^, S2, S3, £>4) 

as defined by equation (6.8) and equations (3.12); the 

single scattered flux vector for the monostatic case may 

be written in the form: 

fj*(180°, t) = g1 (t) * (Slf S2, -S3, S4) 

where g'(t) of equation (7.2) expresses the absolute value 

of all of the factors of equation (6.33) except the polariza

tion vector of that equation. The components of the polari

zation vector in (7.2) are those defining the input 

polarization. Simply stated, the back scatter process 

does not change the degree of polarization of the incident 

pulse, but merely reflects the plane of polarization about 

the &-j. direction (where again ej_ and e2 are the unit basis 
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Figure 7.2. Monostatic flux density as a function 
of time for the realistic scattering models, 
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vectors in the right handed sense of the transverse plane 

to the direction of propagation of the radiation). Since 

essentially no change in the incident polarization occurs 

in the single backscatter process, it is of little value to 

consider the time dependence of the polarization parameters 

in the monostatic case. 

For the bistatic geometary, the position of the 

intersection of the axes of the transmitter and detector 

may be determined by specifying the scattering angle be

tween the two axes and the altitude z of the intersection 

position. This specification is double valued in that there 

are two possible positions in space having the same scatter

ing angle and altitude. This association between the 

scattering angle, altitude, and position of the intersec

tion is shown schematically in figure 7.3. It is seen in 

this figure that the positions of equal scattering angle 

are placed symmetrically about a line perpendicular to the 

surface z=0 and situated midway between the transmitter and 

detector. For increasing scattering angle the intersection 

position is situated at increasing distance from the sym

metry line. In order to differentiate between the two 

positions of equal scattering angle and equal altitude, 

the position nearest the transmitter will be denoted the 

T-position, and the position nearest the detector will be 

denoted the R-position, 
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An example of the time dependence of the flux 

density for the single scatter case and for the bistatic 

geometry is presented in figure 7.4. These calculations 

were made for the realistic atmospheric scattering model 

with total aerosol optical depth of 0.08 and particle size 

parameter v*=2.5. The time-dependent returns displayed 

in figure 7.4 are for single scattering positions in the 

R-position. The starting time tQ, for the three graphs 

displayed, were chosen such that the flux densities were 

all roughly the same value. It is noted that for a given 

altitude z the increase in scattering angle increases the 

total path time (roughly equal to tg) and therefore in

creases the total path length. This increase in path 

length is reflected in figure 7.4 in the decrease of maximum 

flux density with scattering angle, as a result of both 

increased attenuation losses and inverse square path length 

losses, 

The time length of the radiation pulses at the 

detector become longer with increasing scattering angle as 

a result of the increase in the length of the segment of 

the transmitter axes in the detector cone. This pulse 

length at the detector is purely a geometric result, and 

may be determined by purely geometric means. The rate of 

increase and the rate of decrease at each end oi the pulse 

are determined both by geometry and by the power dependence 
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with time for the input pulse. The time-dependent input 

pulse is displayed in the inset to figure 7.4, for the 

same time scale as the other functions plotted in that fig

ure. The input pulse, which is treated by means of the 

superposition process described in equation (6.54), causes 

a smearing of the single scatter solutions which were 

computed assuming the shorter time length rectangular 

pulse. Therefore, the rates of increase and decrease at 

the beginning and end of the detected pulse, vary less 

rapidly with time as a result of the shape of the input 

pulse. It should be noted that the middle section of the 

detected pulse is fairly constant in time and therefore 

shows little effect of the input pulse shape. Once the 

illuminated portion of the instantaneous pulse volume is 

completely within the detector cone, the time-dependent 

flux density at the detector refnains fairly constant with 

time as it passes through the field of view of the detector 

The slight decrease with time for this section of the curve 

is due primarily to the slight increase in path length and 

to a lesser extent to the slight change in scattering 

angle. If the phase matrix for the single scatter varies 

greatly as a function of small changes in scattering angle, 

then this effect can contribute to the variation in the 

flux density over the middle region of the bistctic returns 
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As mentioned, much of the time dependence of the 

single scattered bistatic radiation is a function of the 

geometry. Therefore, the time dependence itself gives 

very little, if any, information as to the height distribu

tion or the size distribution of the particles from which 

the radiation is scattered. It is therefore of interest 

to consider both the z and 0 dependence of the flux den

sity, and possibly the other polarization parameters with 

variations in optical depth and size parameter v*. If the 

time at which the scatter calculation is made coincides 

with the intersection of the transmitter and detector axes, 

then the equation (6.33) may be used to make single scatter 

calculations as a function of z and 0. The time defined 

by the intersection of the axes will be called the single 

scatter intersection time for the considerations to follow. 

Four parameters were introduced in Chapter 4, which 

are useful in visualizing the polarization state of the 

radiation field. These parameters are the total flux 

density, the degree of polarization, the angle x describing 

the position angle of the maximum electric vector, and the 

ratio of the major to minor axes of the electric vector 

usually described as tan 3 (here 3 is the angle described 

in Chapter 4). The last three of these quantities are de

fined in equations (4.9) to (4.11). The total flux density 

is merely the sum of the one and two components of the 
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instantaneous flux density vector f*. The dependence of 

these four parameters with scattering angle may be cal

culated for the aerosol component of the realistic models 

described in Chapter 4. The first parameter mentioned, 

the total flux density, as referred to the scattering plane, 

can be shown to be proportional to the sum of the and 

A 
the P22 elements of the aerosol scattering matrix. Figure 

7.5 shows the dependence of this sum on scattering angle 

for angles between 60 and 180 degrees. This angular inter

val was chosen because it is the interval of interest in 

the single scatter bistatic geometry. Three values of v* 

were chosen, v*=2.5, 3.0, and 3.5, in order to show the 

variation in the flux density for values of v*. 

The three succeeding parameters, expressing the 

state of polarization of radiation scattered from a volume 

containing aerosol particles only, are displayed as a 

function of scattering angle in figures 7,6, 7.7, and 7,8. 

It may be seen in these three figures that over certain 

ranges of scattering angle, 0, the parameters differ widely 

for the three values of v* displayed. 

Using the realistic scattering models, calcula

tions were made as a function of z and 0 for the bistatic 

flux density and are displayed in figures 7.9 and 7.10. 

The calculations were made using the single scatter solu

tion as expressed in equation (6.33), together with the 
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realistic scattering models which include the mixture of 

Rayleigh and aerosol scattering particles. These figures 

differ from figures 7.5 through 7.8 in that the present 

figures include attenuation losses and geometrical factors. 

The former figures were computed from the unit volume 

polarization parameters and thus do not include the above 

factors. As mentioned previously, the scattering position 

is double valued for a given z and 0. Therefore, a T-

branch and an R-branch to the flux density as a function 

of scattering angle is given. The two branches have one 

point in common at a minimum scattering angle This 

value of ^j_n corresponds to the geometry encountered when 

the intersection of the two axes lies on the symmetry line 

between the T half-plane and the R half-plane. The value 

of is determined as a function the separation distance, 

a, and altitude, z, by the function: 

<W 2 >  =  r  ( 7 - 3 )  

Thus, from equation (7.3) it may be inferred that for a 

constant separation distance, a, the angle increases 

with altitude z. The values of flux density, plotted in 

figures 7.9 and 7.10, extend from as described in 

equation (7.3) to 180 degrees for both half planes. 

In the first of these two figures are displayed 

the results of calculations made for the scattering models 
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of constant size parameter v*=2.5. At a given altitude z 

calculations were made as a function of 0 for the models 

with two different total aerosol optical depths as shown 

in figure 7.9. For the two different optical depth models, 

at a given z level, the phase matrix is also different 

because of the relative weighting of the Rayleigh contribu

tion and the aerosol contribution. Also as the path length 

is increased, the attenuation effects become more pronounced. 

As has been noted, the path length may be increased by 

either increasing the scattering angle 0 at a constant z, 

or by increasing z at a constant scattering angle. The 

effects of attenuation as stated above are verified in that 

the results of the calculations for the two models pre

sented in figure 7.9 diverge with increasing path length. 

As mentioned at the beginning of this chapter, an 

important application of the pulsed laser system is in the 

determination of the size parameter and total number density 

of aerosol particles as a function of altitude. Informa

tion as to the size distribution of aerosol particles may 

be obtained from the measurement of the scattered radiation 

at several different scattering angles by dividing out the 

geometry dependence, as expressed in the first order trans

fer function, and the Rayleigh scattering contribution, 

which is known. For this reason, it is of interest to 

examine the dependence of the single scattered flux density 
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upon the size parameter v*. Calculations were made using 

the models with the largest aerosol optical depths in order 

to maximize the effect of the aerosol particles. These -

calculations are displayed in figure 7.10. The interesting 

feature of this graph is the effect of" attenuation which 

completely dominates the variation in phase function be

tween the two values of v* for any given altitude z. For 

small scattering angles (and thus shorter path lengths) 

the difference in the aerosol phase matrix between the two 

values of v* is apparent. At higher altitudes the lessen

ing importance of the aerosol scattering with respect to 

the Rayleigh scattering becomes apparent. Finally between 

six to eight kilometers the effect of the two different 

aerosol size distributions is completely masked by Rayleigh 

scattering. 

The flux density measured at a detector is an ab

solute quantity, and because absolute quantities are very 

difficult to measure to a degree of accuracy of better 

than approximately five percent, its usefulness is limited. 

Therefore, it must be concluded that, except for small z 

and 0 less than 160 degrees, it is quite impossible to 

determine v* from the measured flux density. However, 

further information may be gained by considering the de

pendence of the polarisation parameters upon solid angle 

and altitude z. The degree of polarization was defined in 
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equation (4.9), It is noted in that equation that the 

degree of polarization is the ratio between two functions 

of intensities. In the present consideration the degree 

of polarization P is defined in terms of the detected flux 

by the following equation: 

, _ ([fr-4*]2- ff2 + (7 4) 

f i * +  V  
i* where the functions f were defined in (6.54) for the 
n 

single scatter case. 

Calculations were made of the degree of polariza

tion for the single scatter case as a function of altitude. 

For four different values of altitude these calculations 

are presented in figure 7.11. The calculations presented 

in this figure were made from the realistic scattering 

models with a total aerosol optical depth of 0.25, For 

the input polarization vector chosen, i.e., linear polari

zation at 45 degrees to the e^_ direction, the singly 

scattered radiation from the Rayleigh scatterers has a 

degree of polarization of unity for all scattering angles. 

Therefore, variations of the degree of polarization from 

unity are caused solely by the scattering from aerosol 

particles. 

It is noted that as higher altitudes are considered 

the degree of polarization does approach unity, reflecting 
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the fact that the ratio of aerosol particles to Rayleigh 

particles decreases quite rapidly with height. For each 

of the altitudes presented in figure 7.11 the dependence 

of the degree of polarization on scattering angle is pre

sented for two different values of the size parameter v*. 

By comparing figure 7.6 with figure 7.11 it may be observed 

that the general dependence of the degree of polarization 

on scattering angle, for the aerosols only, is similar to 

that calculated as a function of altitude for the single 

scatter, bistatic solutions presented. 

Because of the large variation in the degree of 

polarization for differing size parameters, it may be con

cluded that the degree of polarization is a sensitive means 

for possibly determining the value of the size parameter 

at a given altitude. A further attractive feature of the 

degree of polarization is that this is a relative quantity 

expressed as the ratio of two measured quantities and for 

this reason may be determined experimentally to a greater 

degree of accuracy than the absolute quantity of flux 

density described previously. 

The dependence of the polarization parameter x a"d 

tan 3 on scattering angle may be found from the solutions 

to the single scatter bistatic transfer problem. However, 

much as the degree of polarization for the bistatic solu

tion reflects the functional dependence of figure 7.6 for 
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aerosol scatterers only, so too the remaining polarization 

parameters from the bistatic solutions reflect the de

pendence displayed in figure 7.7 and 7.8. Therefore, 

further discussion of these parameters will be omitted. 

Double Scatter Results 

The time-dependent double scattered flux density 

can be numerically determined by use of equation (6.5 0) 

together with the definition (6.4 7) of the previous chapter. 

As was found in the single scatter case, the double scatter

ed flux density is a strong function of the geometry of the 

experiment. The bistatic geometry will be considered in 

order to determine the general features of the double 

scatter process. 

Figure 7.12 shows the time dependence of the double 

scattered radiation in comparison with the single scattered 

radiation as calculated from the numerical approximations 

to the single and double scatter equations of the preceding 

chapter. The calculations displayed in this figure were 

made from the homogeneous-isotropic scattering models with 

the geometrical parameters being identical for both orders 

of scattering. These calculations were made for the first 

order scattering angle of 140 degrees and for an altitude 

of 2.0 kilometers (this geometry is specified by 0^=79.85° 

and 02=39.85°). It is observed in figure 7.12 that the 
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maximum in the second order scattering occurs during the 

time interval for which first order scattering is also 

important. In fact, the second order maximum for the above 

geometry occurred at 8S nanoseconds after the time when 

single scattering from the position of the intersection of 

the axes occurred. 

The time position of the second order maxima is 

determined by the interplay of several of the factors in 

the double scatter equation. The solid angles of the 

second scatter volume as determined from the first scatter 

— ? position vary as r , where r is the distance between the 

first and second scatter position. This dependence to

gether with the attenuation of the radiation along the 

geometrical path length require that the second order con

tribution to the total transfer of the radiation increase 

with decreasing path length r. Further, the second order 

contribution to the transfer process increases as more of 

the second scatter instantaneous pulse volume is in the 

detector cone. The first effect is limited from becoming 

infinite by the requirement that the time of flight be

tween the first and second scattering positions in the 

second order process be non-zero. This requirement means 

physically that a scattering position cannot scatter twice 

at the same instant of time. 
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At times t approximately equal to the single scatter 

time for scattering from the position of the intersection 

of the axes, the distance r between the strongly illuminated 

first scatter position and the second scatter positions in 

the detector cone is minimized. Therefore, the maxima in 

the second order scattering process occur at times fairly 

close to the single scatter intersection time. The exact 

time position is dependent upon when the maximum contribu

tion of the second order instantaneous pulse volume is 

intersected by the cone of the detector, and the minimum 

- 2  r and attenuation losses are present. For calculations 

made with several geometric arrangements, the second order 

maxima always occur for times t slightly greater than the 

single scatter intersection time. Because the second order 

maximum occurs at times close to the single scatter inter

section time, and because the distance r between first and 

second scattering positions must be small, it may be con

cluded that most of the second order scattering must take 

place at positions quite close to the single-scatter 

scattering positions. 

For the above mentioned bistatic geometry (i.e., 

0=140°, R-side, and z=2.0 kilometers) calculations were 

made to compare the maximum value for the double scatter 

flux density with the flux density from single scatter at 

the position of the intersection of the axes. These 
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calculations were made for the homogeneous-isotropic 

scattering models and were made to show the 3-dependence 

of the two orders of scattering. Figure 7.13 shows, 

graphically, the dependence of the first and second order 

scattering processes upon the volume scattering coefficient. 

The general feature of both of the orders of scattering is 

that the first and second order transfer functions both 

increase with increasing 3, where only small values of 3 

are considered. This effect is reasonable, as mentioned 

for the monostatic case, because the volume scattering 

coefficient (which is contained in the phase matrix) is 

proportional to the probability per unit volume that 

scattering will occur. Therefore for small values of 3, 

the transfer functions for both orders of scattering in

crease with increasing 3. 

The transfer functions contain transmission factors 

which are exponential functions of 3. For very small 

values of 3 and short path lengths, these transmission 

functions are approximately unity. However, as larger 

values of 3 are approached the transmission functions 

dominate the 3-dependence and eventually cause the rapid 

decrease with 3 as is shown in figure 6.13. 

Excluding the effect of the transmission functions, 

the dependence of the transfer functions on 3 is due to 

the dependence of the individual phase matrices, which 
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Figure 7.13. Comparison of the single and double 
scattered flux density as a function of the volume scatter
ing coefficient. 



contain the factor (3(z). The first order transfer function 

depends linearly on (3 because only one phase matrix appears 

in the first order function. The second order transfer 

function includes the matrix product of two phase matrices 

2 and therefore the second order function varies as 3 . In 

order to determine the importance of the second order 

process relative to the first order process, it is of 

interest to consider the 3 dependence of the ratio of the 

transfer function for the second order process to the 

transfer function for the first order process. 

Since figure 7.12 indicates that most of the second 

order scattering occurs in the vicinity of the first order 

scattering, then the second to first order transfer ratio 

should vary linearly with 3 because the path lengths in the 

transmission functions must be nearly the same in both 

orders. The transfer ratio (expressed mathematically this 

2* 1* i* i* i* i* i* 
ratio is fT /fT where fT =f^ +f2 and f^ , f2 are the 

flux densities described in the preceding chapter) for the 

same bistatic geometry as used in the calculations for the 

two preceding figures is displayed in figure 7.14. The 

open circles on the figure represent the result of calcula

tions made for discrete values of 3. The line is a best 

fit to the calculations for values of 3 less than 1.0 per 

kilometer. It may be noted from this figure that the pre

dicted linear dependence of the transfer ratio on 3 is 
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Figure 7.14. Ratio of double to single order flux 
densities as a function of the volume scattering coefficient. 
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followed quite accurately for small values of However, 

as larager values of 3 are considered the calculated values 

of the ratio fall below the linear dependence. The reason 

for the difference is because of the increased importance 

of the added transmission factor in the second order process 

at large values of g. 

The calculations, for the isotropic scattering 

models express much of the dependence of the double scatter 

process upon geometry. That is, the effects of the sizes 

of scattering volumes and the attenuation due to the various 

path lengths in the scattering atmosphere are included in 

the calculations. However, the calculations made from 

these models are not fully representative of the double 

scattering which occurs in the natural atmosphere. The 

important difference is the complex phase function which' 

is needed to represent the scattering process in the natural 

atmosphere. The angular dependence of the realistic phase 

function, which may be written as the sum of the first two 

diagonal elements of the realistic phase matrix, was shown 

in figure 7.5. As may be noted by referring to figure 7.5 

the variation of the realistic phase function with scatter

ing angle has a maximum difference from the isotropic 

scattering model of approximately one order of magnitude 

for the angles shown (where both phase functions are nor

malized to the same 3). Therefore, the transfer ratio as 
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calculated from the realistic scattering models will de

part from the ratio as calculated from the isotropic models 

by a maximum of one order of magnitude. 

Because the first and second order scattering pro

cesses take place in the same vicinity, and thus the trans

mission lengths are essentially equal for both scattering 

orders, the transfer ratio is independent of the altitude 

distribution of scatterers below the scattering volume. 

Therefore, the calculations for the transfer ratio, made 

from the isotropic-homogeneous scattering models, may be 

considered as an order of magnitude prediction of the 

transfer ratio for the realistic models using the z de

pendence of 3 as given by the realistic models. Calcula

tions made from the realistic scattering models are much 

more time consuming because of the added calculations 

needed in using the phase matrix in place of the phase 

function. Therefore, a more complete picture of the second 

order process may be made in less computational time by 

considering only the isotropic homogeneous scattering 

models. 

In table 7.2 are presented the results of calcula

tions of the transfer ratio for several selected scattering 

angles and altitudes. These calculations were made from 

the homogeneous-isotropic scattering model with a volume 

scattering coefficient of 0.5 per kilometer. From these 
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Table 7.2, Transfer ratio for g=0.5 (km and isotropic 
scattering for selected 0 and z. 

130 140 150 160 

z=2. 0 

z=3. 0 

z=4 . 0 

8.2xl0"4 

8.lxlO-3 

8.4xl0~2 

1.9xl0~3 

5.8xl0"2 

3.3xl0~2 

l.lxlO-2 

5,5xl0~3 

1.8X10"1 

3.2xl0~3 

1.41xl0-1 

calculations it may be deduced that the transfer ratio in

creases with height as a result of the increase of the ratio 

of the double scatter volume to the single scatter volume 

with increasing altitude. This altitude dependence implies 

that, for a homogeneous atmosphere of this type, the second 

order process may dominate over the first order process at 

higher altitudes. 

However, the situation is quite different in the 

natural atmosphere of the earth. As was shown in figure 5.2, 

the volume scattering coefficient is not constant with alti

tude and in fact decreases quite rapidly with altitude. By 

assuming an altitude dependence of the volume scattering 

coefficient as calculated in the realistic scattering 

models with total aerosol optical depth of 0.25, an esti

mate of transfer ratio may be made for the angles and alti

tudes given in table 7.2. The calculations from the 



realistic values of 3 are presented in table 7.3. The 

values of the transfer ratio as presented in this table 

show that the second order contribution to the transfer 

% 
process is clearly negligible as compared with the first 

order process, due to the much smaller values of 3 at the 

higher altitudes in the realistic model. 

Table 7,3, Transfer ratio for realistic model with 
TA=0,25. 

130 140 150 160 

z=2, 0 6, 56xl0~6 1.52xl0*"5 8. 8xl0~5 2. 56xl0~5 

z = 3 ,  0 3, OSxlO"5 2,2xl0~4 2. 09xl0~5 5. 32xl0"4 

N
 

it .t
* 

0 1 .  65xl0~4 6.4 6xl0-5 3. 53xl0~4 

Exact calculations of the second order transfer 

function and the transfer ratio for given z and 0 may be 

made from the calculational procedures developed in the 

present work. However, because the second order calcula

tions involve a large amount of computational time, ex

tensive calculations from the realistic models have not 

been made. The order of magnitude calculations for the 

transfer ratio as given above show that, for the given 
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geometry of the laser experiment and for representative 

values for the scattering parameters of the natural atmos

phere, the contribution of the second order scattering 

processes are completely negligible. Therefore, more exact 

calculations of the second order process are of little 

further value. 

Summary and Concluding Remarks 

As a result of the calculations made using the 

derived mathematical expressions for the transfer process, 

it appears useful to approach the consideration of the 

time-dependent radiative transfer process by means of the 

time-dependent transfer equation. If we use this equation 

as a starting point, the basic physical assumptions neces

sary to arrive at usable solutions are more apparent. One 

of the basic assumptions concerns the degree of coherency 

of the radiation. The transfer equation is formed with the 

basic assumption that, on the macroscopic scale, the scatter

ing process is completely incoherent. However, on the 

microscopic scale, the derivation of the scattering phase 

matrices assumed that the radiation was completely coherent 

over the sizes of the aerosol particles. Clearly, the above 

requirements place certain restraints upon the coherency 

length of the incident and scattered radiation, and upon 

the randomness of spacing of the scatterers, restraints 

which would normally be satisfied. 
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The derivation of the solutions to the transfer 

problem are simplified by the expansion of the formal solu

tion to the time-dependent transfer equation into a Neumann 

series, particularly for the case of the strongly in-

homogeneous geometry as presented by the pulsed laser 

probe. In retrospect it has been found that, for the laser 

transmitter of very narrow angular dimensions and for the 

detector with a similarly narrow angular detection cone, 

the transfer process for natural clear scattering atmos

pheres is virtually completely described by the single 

scatter term of the Neumann series expansion. 

For this case, the double scatter term is of no 

consequence, Although the scattering volume for third and 

higher order scattering is larger than the first and second 

order volumes, the nfcl1 order transfer function depends 
i. i_ 

upon the volume scattering coefficient to the n power. 

Therefore, because the values of the volume scattering 

coefficient in the earth's atmosphere are so small for the 

wavelength of interest, the contributions of the third and 

higher order transfer functions are much smaller than the 

second order function. 

Further work is necessary to improve the corres

pondence of the theoretical single scatter calculations as 

presented in this chapter to the expected values to be 

measured in the natural atmosphere. In particular the more 
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realistic scattering models were constructed with the as

sumption that the scattering particles were spherically 

symmetric. For the aerosol particles, in most cases this 

assumption certainly does not correspond to the naturally 

occurring particles. Therefore, further study as to the 

effects the anisotropic particles have upon the scattering 

matrix is necessary. The added possibility of absorption 

must also be studied for both absorptive properties of the 

aerosols themselves, and the possibility of an absorptive 

molecular species. It is known that, near the wavelengths 

chosen for the present experiment, several water vapor 

absorption lines are present. 

Finally, the same experimental arrangement as used 

in the present study of aerosol particles may be used to 

investigate the physical parameters of the particles which 

constitute clouds. In many cases the volume scattering 

coefficient for the visible wavelengths may approach values 

of one to two hundred per kilometer for dense clouds. In 

these cases the contribution of second and higher order 

scattering may dominate over the single scatter processes. 

These studies may be performed in the same general manner 

as the work presented in the preceding chapters of this 

work. 



APPENDIX I 

TIME DEPENDENCE OF THE SINGLE SCATTER PROCESS 

Consider a plane wave incident upon a spherically 

symmetric scatterer. If the assumption is made that the 

distance r between the scattering center and a detector 

is very large compared with the size of the interaction 

region, then a solution to the scattering problem can be 

written which describes both the incident radiation and 

the spherically scattered wave. This solution is consider

ed the steady-state solution because it assumes that the 

incident radiation has been incident for all time at a 

constant amplitude and will continue to be so for all time. 

Therefore, the only time dependence in the problem is the 

harmonic oscillation of the electromagnetic field of con

stant frequency. The solution <£(k,r) to the electrodynamics 

problem presented, when considered at large distances from 

the scattering center, can be written: 

<p (k, r) = eikz + liLkl eikr (1.1) 
r 

where k is the amplitude of the wave vector and is related 

to the angular frequency w by k=a>/c and c is the velocity 

of light in a vacuum. The quantity f(k,k') is the scatter

ing amplitude for the scattering process and its magnitude 

161 
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depends upon the angular difference between the incident 

and scattered directions. It is noted in equation (1.1) 

that the first term is the incident plane wave traveling 

along the z-axis, and the second term describes the scatter

ed spherical wave. The expression (1.1) does not include 

the polarization properties of the electromagnetic field 

in order to simplify the analysis of the present problem. 

The explicit time dependence of this steady-state 

process is written: 

E(w,t) = <|>(k,r) eltjt (1.2) 

An incident pulse E^(t), with a particular time dependence, 

can be expressed as a linear combination of plane waves 

by the following Fourier transform: 

/•co 

e j_(t) = 1 a (to) e1 ̂ kz"ajt^d| j l) (1.3) 
J — CO 

A similar process can be performed on the scattered spheri

cal wave so that the total solution becomes: 

E(t) = Ei(t) + Es(t) (1.4a) 

/"°° • t /•CO 

= f a(io)el(kz"ut)dw + f (k,k1) a (u>) e1 (kr~ut) dw 
J — CO J —00 

(I.4b) 

Let the form of the incident pulse be given by the function 

g(z-ct) of a traveling wave argument times a harmonic 

factor whose angular frequency wc is the "carrier" frequency 
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of the incident radiation. Then the expression for the 

incident pulse is: 

Ei(t) = gCz-ctJe"1(wct-kz) (X.5) 

This expression can be equated with the expression (I.4b) 

and, by the use of the Fourier integral theorem, the 

weighting function a(w) may be found: 

z*00 
a (to) = \ g(-ct) dt (1.6) 

2 7TJ -co 

Note that the coordinate system was chosen with the origin 

in the center of the interacting region and all time t is 

measured at this point. 

Assume the form g(x) of the incident wave pulse to 

be gaussian: 

g(x) = N e"x2/2a2 (1.7) 

3- J*- -1 
where N=(a 27T 4) is the normalization constant. To find 

the weighting factor as a function of frequency a (to), equa

tion (1.6) is used as follows: 

a (to) = ~( N e~(ct) /(2a ) e~i(ajc~^t dt (1.8a) 
2HJ_oo 

=  1  e x p  I "  i 21 ( I ' 8 b )  

In order to facilitate use of this weighting factor, two 

constants are defined to represent the functions of con

stants given in (I.8b); these are: 
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a=<{W 
2 C ̂ r = (1.10) 

2c 

Therefore, equation (I.8b) becomes: 

a (to) = a e-S2(i£rw)2 (1.11) 

With the form of the incident pulse given, the time de

pendence of the scattered wave can be found. The scatter

ed wave Es(t) as expressed in the second term on the right 

of equation (I.4b) together with the expression for the 

weighting factor a(w) yields the final form of the scatter

ed wave: 

E„ (t) = ̂  ( f(k,k') a (to) e"^kr dw (1.12a) 
J — CO S 

- f f  
* —c 

2 2 
at ti\ (wc-o)) i(kr-o)t) , 
f(k,k') e c e dw 

(I.12b) 

The scattering amplitude f(k,k') depends upon the 

scattering process involved. Of interest to this work are 

the following three scattering processes: 1) resonant 

scattering, 2) Rayleigh or molecular scattering, and 3) 

scattering from large dielectric spheres (Mie scattering). 

The first two of these processes will be considered so that 

an estimate of the delay time involved in each scattering 

process may be made. It will be assumed that the frequency 



dependence of the scattering amplitude can be separated 

from the angular dependence. In both the Rayleigh and 

resonant scattering case this assumption is good and has 

little effect on the outcome. However, in the case of Mie 

scattering, the phase relationship between different op

tical paths through the sphere cause very complex relation

ships to exist between the angular and frequency dependence 

of the scattering amplitude. Because the purpose of this 

calculation is merely to compare the time delays in these 

scattering processes to the mean interaction time encounter

ed in the atmospheric transfer problem, inaccuracies can 

be tolerated in order to obtain order of magnitude results. 

Resonant Scattering 

The form of the scattering amplitude for resonant 

scattering or scattering from a forced harmonic oscillator 

at resonance frequency has been given by various authors 

including Wangsness (1963). By separating the frequency 

dependent part from the angular dependent part f'(0,<j)), 

we obtain the following form for the scattering amplitude: 

2 
f(k,k') = f • (0,4>) • —^ (1.13) 

(jDq-W -iyw 

The quantity to0 is the frequency at the center of the 

resonance and y is a constant of proportionality used for 

the damping force in the equations of motion. It is noted 
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in the above reference (Wangsness, 1963) that the total 

scattering cross section os is proportional to the square 

of the modulus of the scattering amplitude as is given 

below: 

as = i (1.14) 
, 2  2  5  2  2  
VIOo~OJ ) y w 

With the assumption that the magnitude of y is much less 

than u)0 (an assumption which is very well met in the 

physical processes of interest) the physical significance 

of the quantity y becomes more apparent. In figure 1.1 

is displayed the frequency dependence of the right hand 

side of the proportionality (1.14). It is noted in this 

figure that the value y is the full frequency width at 

half strength for the scattering cross section. 

The time-dependent scattered electromagnetic field 

is now found for the resonant scattering process by the 

substitution of the scattering amplitude (1.13) into equa

tion (I.12b) as follows: 

/•03 

Eo(t) = f' (9 / (jO ^ • e - x~c 
J *oo 

c_ . .-^2(u„-w)2 

2 • 
Wq-OJ -lyw 

s  £  1  —  2  2 -
o w 1 

. e± (kr-oit) dw (1.15) 
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•}• y 

Figure 1.1. Frequency dependent factor of the 
scattering amplitude as a function of frequency about the 
resonant frequency, a>0. 
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The angular dependent term can be separated from the inte

gration and the resulting integral will be denoted Ir. 

Therefore, the integral to be evaluated is: 

Ir(t) =( hU0) dco (1.16a) 
J-co COQ-OJ -iyto 

where 

h(w) = exp{-B^ (u)c-to) 2+i[kr-wt] } • (1.16b) 

The variable to in the integration can be considered the 

real part of a complex variable z such that 

z = u + iy (1.17) 

and therefore the integral in equation (1.16) becomes the 

complex integral: 

r °°+io ^ * 
Xr = \ . o o dz (I'18) 

J-°°+io a) -z -ivz 
o 1 

and because h(z) approaches zero as |z| goes to zero, the 

above integral can be expressed as the contour integral 

over a curve c that encloses the two poles of the integrand: 

I = (|) — dz (1.19) 
w^-z2-iyz 

This integral is evaluated according to Cauchy's integral 

formula, with the result: 
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Ir = Ch(a)-h(b) ] (I.20a) 
r a-b 

where 

a = ̂ o2-y2/4 ' - iy/2 (I.20b) 

b = - ̂  (0Q-Y^/4 ' - iy/2 (I.20c) 

Substitution of the quantities (I.2 0b) and (I.2 0c) for the 

evaluation of Ir in (I.30a) will give the total time de

pendence of the scattered electromagnetic field. Of 

interest to this to this discussion is the time delay-

factor only and therefore the sinusoidal factor and phase 

factors will be included in a strength factor F(t) which 

when multiplied with its complex conjugate will become 

independent of time. The scattered electromagnetic field 

now becomes: 

E
s(t) = j • f'(0,<j>) * F(t) * e"Y/2(t~r/c) (1.21) 

The exponential factor expresses the retarded time or time 

needed for the electromagnetic wave to travel from the 

interaction center to a point at a distance r. The delay 

time in the scattering process is defined as the length 

of time needed for the exponential decay to go to e 1 of 

its original value. Therefore, for this case (resonant 

scattering) the delay time is: 

tn = - (1.22) 
D Y 
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To determine the delay time for the resonant scattering 

process, it is necessary to approximate the natural width 

of spectral lines in the wavelength range of interest. 

It will be assumed that these natural widths are approxi-

— 1 9 mately of the order AA ~ 10 ̂  cm. At a wavelength of 

.6943 microns (which is the wavelength at which other cal

culations will be made in this work) the angular frequency 

— 8 -1 
full width at half maximum is 0.391 x 10 sec . This 

natural line width corresponds to a time delay in the 

— 8 resonant scattering process of tD = 5.12 x 10 second. 

In Table 1.1 are displayed the time delays for the 

resonant scattering processes for several different AA 

widths and different wavelengths. Values of AA of 10"*"''"'' 

-12 and 10 are considered natural widths for the dipole 

resonance lines usually encountered in the earth's atmos

phere. However, a second process causes the actual width 

of lines in the atmosphere to become broadened. This 

process is due to the frequent collisions between molecules 

in the atmosphere. As a result of these collisions the 

atoms reradiate the electromagnetic energy in a time 

shorter than the natural width predicts. As a result 

true atmospheric absorption lines are of the order of 

AA equal to 10 ® or 10 5 centimeters. As seen in Table 

1.1, these widths correspond to time delays of the order 

of 10-"1"0 to 10-11 seconds. The time delays given on the 



Table 1.1. Resonant scattering delay times tp in seconds for line widths AA 
in microns and wavelengths A in microns. 

AA A=0.3y 0.4ia 0.5y 0.6y 0.6943^ 

10~8 0. 955 X 10~8 1. 698 X H
 

o
 1 CD
 

2. 653 X H
 

O
 1 CD
 

3. 817 X 10" 
8 

5. 12 X 10" 
8 

io-7 0. 955 X 10~9 1. 698 X io"9 2. 653 X 10 9 3. 817 X 10" 
•9 

5. 12 X 10" 
9 

h-
1 

O
 1 

0. 955 X 10-10 1. 698 X io"10 2. 653 X 10~10 3. 817 X 10" 
•10 

5. 12 X 10" •10 

io"5 0. 955 X io"11 1. 698 X io-11 2. 653 X io-11 3. 817 X 10" •11 5. 12 X 10" 
•11 

O
 1 

0. 955 X 10~12 1. 698 X io-12 2. 653 X IO"12 3. 817 X 10" 
•12 

5. 12 X 10" 
12 
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lower part of Table 1.1 are considered representative of 

atmospheric constituent delay times for the wavelengths 

involved. 

Molecular or Rayleigh Scattering 

The scattering amplitude for Rayleigh scattering is 

quite similar to the scattering amplitude for the resonant 

scattering case. The Rayleigh scattering region of the 

electromagnetic spectrum is considered to consist of wave

lengths v/hich are much longer than the resonance wavelengths 

of the molecular species. This means that photons of energy 

less than that required to excite the electrons of the 

molecule are absorbed and re-emitted by the molecule in 

the process of Rayleigh scattering. The scattering ampli-
—y -y 

tude f(k,k') used for this type of scattering is the 

resonant scattering amplitude with the assumption that 

to << toQ • Therefore, the expression for f(k,k') is: 

2 

f (k,k<) = f ' (0,(j)) lim 
5L_ ->-0 
uo 

wc 

2 2 . oj0-OJ -iyw 

(I.23a) 

2 
wc 

= f ' ( 6 r <j)) • -T±— (I.23b) 
w^-iyw 

Following a procedure identical to that used in the analy

sis of resonant scattering, it is found that the time-

dependent scattered electromagnetic field is given by: 
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r co 

E (t) =-f'(0,<j)) \ JlM_ dto (1.24) 

where the w in the case of molecular scattering is the 

angular frequency of the "carrier" radiation. The integral 

in equation (1.24) is denoted I (for molecular scattering) 

and using the same approach as that used in the section • 

on resonant scattering, the following result is obtained 

for I : m 
2 

I (t) = L h (-i—) (1.25) 
m y Y 

By substitution into equation (1.24) and using the defini

tion (1.16b), the scattered electromagnetic field Es (t) is 

obtained: 

. . , 2  2  
Es(t) = f'(d,cp) ' cuc • exp 

2 

• exp {-rr- [t-r/c] \ exp { iw (t-r/c) } (1.26) 0t-r/c] | 

From this equation the delay time tD due to the Rayleigh 

scattering is found to be: 

tD = ^~2 (1.27) 

That is, at angular frequencies much less than the resonance 

frequencies of a molecular species, the delay time in the 

Rayleigh scattering process is independent of frequency. 

-12 Using a typical value of 10 centimeters for the AX 
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natural width of a spectral line and the relations between 

frequency width and wavelength width, a typical value for 

the Rayleigh delay time is found to be t^ = 10~^ seconds. 

This extremely small value for the delay time means that 

essentially no phase shift occurs in the Rayleigh scatter

ing process, which is known to be the case for Rayleigh 

scatterers encountered in nature. 



f\_PPE DIX I I 

T RA r-s ORi·lATI ON or TRAP S!·· ITTER A 1D DETE CTOR 

ANGULAR VARI ABL E S 

Consider t he s mall ang ul a r deviat i o n s d s 1 a nd d ~ 2 
of the a z i mu t ha l angl es from t he axe s of the transmi t t e r 

and d e tec t or. Because the angul a r size of both the trans-

mitter b e am a nd the cone of detec t ion are quite sma ll, we 

may consid er only very small deviations. The physical 

relations hip b e tween t h e angles ds1 and d s 2 is shown in 

figure II.l. 

z 

X 

AZI_ 1UTHP.L PL?..NE FOR TRANSl'·'!ITTER 
COORDINATE SYSTEI'-1 

Figure II.l. Transmitter and detector azimuthal 
coordinate systems . 
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Since the azimuthal planes of both the transmitter 

and detector coordinate systems as defined in Chapter 6 

contain the x-axis of the (x, y, z) coordinate system as 

shown above, it follows that both of these planes must be 

perpendicular to the yz plane. The vectors r^ and r2 lie 

along the intersection of the respective azimuthal planes 

and the yz plane, and therefore dr^ = r-^di^ = r2d£2 must 

be perpendicular to the yz plane and therefore parallel to 

the x-axis. Because we have two triangles with a common 

length we may simply relate the azimuthal angles as follows: 

r1dc1 = r2d?2 (II.1) 

It is further found that r^ and r2 may be related to the 

variable z and 0-^ and 02 by the relationships: 

r, = ~~ and r0 = —- (II.2) 
-1- cos 0-^ ^ cos 02 

Therefore, the relationship (5.14) may be modified to be

come : 

cos 0n 
d?, = ±. d?? (II.3) 

cos 02 * 

where 0^ and 02 are the vertical angles defining the direc

tions of the transmitter and detector beams. In a similar 

manner, small deviations in the polar angles da^ and da2 
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may be considered. The situation to be considered is 

shown in figure II.2. 

da da 

P P 1 

Figure II.2. Transmitter and detector polar co
ordinate systems. 

The points P and P1 lie on the surface of an ellipsoid of 

time t whose foci are at P^ and P2. The directions of the 

axes of the two coordinate systems are given by the angles 

0^ and 02* From the law of sines as applied to the tri

angle P-^ P P2, it is found: 

r-^ cos 0^ = r2 cos 02 (H«4) 
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Upon differentiation of equation (6.17), it is 

found: 

dr^ cos 0j_ + r]_ sin 0]_ da^ = dr2 cos 02 + r2 sin 02 dct2 

(II.5) 

The constant time ellipsoid is defined as the locus of all 

points (including P and P') such that r^+r2 = ct which 

requires dr^ = -di^. Combining relationship (II.4), 

(II.5) and relationship between the elemental lengths, the 

following geometrical identity may be found: 

COS ^2 sin q 3a _ sj_n da2 = (cos 0-j_ + cos 62) 
cos 0n 

dr2 

(II.6) 
r 2 

To evaluate the ratio dr2/r2 consider a magnified 

section of figure II.2 as presented in figure II.3. It can 

P P' 

to P 

to P 

Figure II.3. Angular relationships between two 
single scatter positions P and P'. 



179 

be proven that both r^ and i~2 make an angle 0/2 with the 

tangent to the ellipsoidal surface at the position of 

interception of r^ and 1:2 with the surface. The angle 0 

is the scattering angle and in terms of our coordinate 

systems is defined by the following relationship: 

0 = u - (01 - 02) (II.7) 

It is assumed that the angle do^ is very small so that the 

angle P2QP' an£3- QP'P2 can both be considered right angles. 

With this assumption the following relationship may be 

formed: 

dr? 
= cot ( — ] dao (II.8) ( I )  r2 

And expanding the scattering angle 0 in terms of the vari

ables and 02, we have: 

G 
cot — = cot 

= tan 

( 7 ~ (6l"e2) ̂  

ir?) 
sin 0-,-sin 0O 

= ± (II.9) 
cos 0^+cos ©2 

By substitution into equation (II.8) above, the following 

relationship results: 
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dr2 

r2 

/sin On-sin 0? \ 
5^———~ Ida? • (11.10) \COS 0 J^+COS 0 9 } *• 

This expression gives the desired functional dependence of 

the ratio dr2^T2 terms ^he variables of the problem. 

Equation (II.6) may now be taken together with equation 

(11.10) to give the relationship between the deviation 

angles da^ and da2 as follows: 

cos 01 
da, = — da? (11.11) 
1 cos 02 ^ 

Slant Thickness of the Instantaneous 
Pulse Volume 

Consider a small section of the single scatter 

ellipsoid. The leading edge of the pulse is assumed to 

be scattered from a position B as indicated in figure II.4. 

The ellipsoid, which describes the locus of all points from 

which the leading edge of the pulse is scattered in total 

path time t, is written: 

R1 + r2 = ct (11.12) 

Similarly the trailing edge of a pulse of physical length £ 

leaves the transmitter position at a time l/c after the 

leading edge. Because it is required that the radiation 

which has been scattered from both the leading edge and 

the trailing edge of the pulse reach the detector at the 
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time t, it is necessary that the locus of all single 

scatter points A for the trailing edge of the pulse be 

described by the relationship: 

rx + r2 = ct - I (11.13) 

In figure II.4 are noted small segments of the 

single scatter ellipsoids which are denoted by their re

spective defining equations. It will be of use to determine 

the slant distance AB between the two ellipsoids. An arc 

may be constructed with center at the detector position 

and radius r2- This arc defines all positions of equal 

distance from the detector. The arc intersects R2 at the 

position C. A relationship between the lengths r^, r2 and 

the lengths Rj_, R2 may be developed as follows: 

rl + r2 = (R1 ~ ̂ B) + (r2 ~ BC) (II.15a) 

= R1 + R2 - (AB + BC) (II.15b) 

The equation (II.15b) may be combined with (11.12) and 

(11.13) above to show that the physical pulse length Z may 

be related to the line segments of figure II.4 by the re

lationship 

SL = AB + "BC (11.16) 



R
1 

= ct 

Figure II.4, Slant thick n e ss b e t ween two single 
scatter ellip soids. 

1 8 2 
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If the angular distance between and R2 is very 

small when measured from the detector position then the 

segment of arc AC may be considered a line segment which 

is perpendicular to ̂  at A and perpendicular to at C. 

Therefore, by simply using a trigonometric relationship 

the slant length AB may be found to be: 

AI = (II.17a) 
1 - cos 0 

= £ (II.17b) 

2 sin2 ( G/2) 
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