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PREFACE 

The author suggests that the interested reader with limited 

time should read the Abstract and Chapters 1, 7, and 8 to gain an 

understanding of the problem and possible applications. Given additional 

time, if the reader is interested only in theory, he should read Chap

ters 2-5; if he is interested only in applications, he should read 

Chapter 6; and if he has general interest, he should read Chapters 2-6. 

This dissertation is an outgrowth of a study in which the author 

took part at the McDonnell Douglas Corporation-Astronautics Company, 

Santa Monica, California, between 1965 and 1969. The study dealt with 

the application of modern parameter estimation techniques to the adap

tive control of an interceptor missile. Published work by Peter C. 

Young introduced the author to structural parameter estimation in 

June 1969 providing the starting point for this dissertation. 

The author wishes to thank Dr. T. L. Williams for his many help

ful suggestions and criticisms in the preparation of this dissertation, 

Lewis Research Center for their financial support, and his wife, Valerie, 

for her infinite faith and confidence. 
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ABSTRACT 

This dissertation is concerned with the selection of an esti

mator which is unbiased when applied to structural parameter estimation 

(i.e., the estimation of a set of unknown parameters contained in a 

vector h relating certain states, Y^ and Xe> which are measured with 

uncertainty). The form of this relationship is known and follows from 

the structure (nature) of some process (i.e., Yg = Xgh). Structural 

parameter estimation is differentiated from conventional parameter esti

mation in which Y is measured with uncertainty but X is known exactly, 
e e 

The parameter h may vary with time according to the difference equation 

h = d>h + Tw where <f> and T are known and w is a random noise term. A 
o 

weighted least squares objective function (J) is defined wherein the 

error vector depends on estimates of h. 

Conventional weighted least squares (CWLS) parameter estimation 

is discussed. It is shown that the CWLS estimator of h (which minimizes 

J) is unbiased when Xg is known exactly and, in recursive form, is identi

cal with the discrete recursive Kalman filter when the weighting matrices 

are properly chosen. In certain cases, therefore, the CWLS estimator is 

also a minimum variance estimator. 

It is shown that the CWLS estimate is biased when applied to 

structural parameter estimation. Two distinct approaches to bias re

moval are suggested: (1) change the CWLS estimator or (2) change the 

objective function. 



xi 

Two methods are discussed with reference to the first approach. 

In the subtraction method, the noise statistics are used to eliminate 

the bias approximately. Methods are suggested for estimating unknown 

noise statistics. In the instrumental variable (IV) method, an additional 

measurement is taken which, if properly chosen, removes the bias complete-

!y-

With reference to the second approach, an augmented objective 

function is minimized by linearizing the partial derivatives about 

previous parameter estimates. The result is a linearized iterative 

weighted least squares (LITWELS) technique which is the major contribu

tion of this dissertation. The LITWELS estimator is shown to be unbiased 

in an asymptotic manner when the noise statistics are known. Methods of 

estimating unknown noise statistics are suggested. 

A normal acceleration control system with sensor noise is simu

lated as an example of1 structural parameter estimation. The system 

parameters are estimated using the CWLS, subtraction, IV, and LITWELS 

techniques with regard to both known and unknown noise statistics. The 

presence of a bias is demonstrated for the CWLS estimator while the bias 

removing ability of the other three estimators is established. It is 

shown that in order of effectiveness the estimators are: LITWELS, IV, 

subtraction, and CWLS. 

Other applications are suggested for structural parameter esti

mation. These applications concern orbit determination, adaptive 

control, prosthetic devices, applied optics, and fingerprint comparison. 

Suggestions are made for future work regarding these applications. 



CHAPTER 1 

INTRODUCTION 

An Heuristic Discussion 

This dissertation is concerned with two basic types of parameter 

estimation: (1) conventional weighted least squares parameter estima

tion, and (2) structural parameter estimation. Consideration of the 

following heuristic example should serve to introduce the two basic 

situations. 

Suppose we are in an automobile traveling at a constant, but 

unknown, velocity. In order to estimate the velocity, distance measure

ments are taken by reading the mileposts at five second intervals. If 

the measurements are correct and the time clock is correct, then the 

correct velocity follows from the slope of the linear time versus dis

tance plot. Suppose, however, that a random error exists in the spacing 

of the mileposts. If we make a weighted least squares fit to the time 

versus distance plot, some velocity estimate results. On the average 

this velocity estimate is correct, that is, if the experiment is repeated 

many times, the average velocity figure approaches the correct answer, 

hence, we say that the velocity estimator is unbiased. In this dis

sertation, such a problem is termed conventional weighted least squares 

parameter estimation, the parameter being constant in this case. 

Suppose, in addition to the random distance measurement error, 

the clock has a random error associated with its timing, hence the 

1 
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distance measurements may be taken at actual time intervals of 4.95 sec, 

5.10 sec, 5.15 sec, 4.9 sec, etc., even though the clock shows elapsed 

time intervals of 5.0 seconds. This type of parameter estimation pro

blem is termed structural parameter estimation since the actual struc

ture (parameter matrix) of the process relates quantities which are 

known with uncertainty. The quantities distance and time are related 

by the parameter velocity; however, both distance and time are measured 

with uncertainty. In this case, if we make a weighted least squares 

fit to the time versus distance plot, the velocity estimate is (on the 

average) biased from the correct velocity by an amount which depends on 

the random clock error and the correct (but unknown) clock readings. 

The basic accomplishment of this dissertation is the removal of this 

bias using the noise statistics (if known) or estimating the noise sta

tistics (if unknown) while utilizing only the measured (and therefore 

uncertain) data. 

Let us now consider a more rigorous treatment of the unknown 

velocity problem as discussed in the last two paragraphs. The distance 

at time t^ is related to the time t^ by the constant velocity v, 

that is 

y± • ti v (1.1) 

We make two measurements at time t.. Let us define y . as the measure-
i •'mi 

ment of y^ and let us define t^ as the measurement of t^. Now suppose 

we take k sets of measurements. We then use a weighted least squares 

fit to a plot of y^ versus t ^ in order to estimate the constant 

velocity. Let us weight each measurement equally. If we call the 



estimate v and the weighted least squares objective function J (which is 

minimized by, v), we have the following, in which all summations are 

assumed to be indexed for i equals 1 to i equals k. 

J " I m <ymi " 'mi ,)2 U'2a) 

" ^ 'mi ̂ mi V = 

I t ,2 
(1.2b) 

mi 

Note from 1.2 that v is independent of the scalar weight m which cancels 

out of 1.2b. 

When the clock operates properly and the mileposts are evenly 

spaced, then all of our measurements are correct. 

t = t. 
mi i 

y , = y. = t.v 
'mi x i 

(1.3) 

If 1.3 is substituted into 1.2 then we have 

o = (1.«> 

I < 
Hence, the resulting velocity estimate is always correct when the mea

surements are correct. 

When the clock operates properly but a random error e ^ (with 

zero mean and variance o^) exists in the placement of the mileposts, 

then we have 



t . = t. 
mi i 

y . = y. + e . = t.v + e . 
'mi 'i yi i yi 

(1.5) 

Let us substitute 1.5 into 1.2 and simplify the result 

v = v + W yi 

I t| 
(1.6) 

Since the random error has a mean value of zero then Ele^} = 0 for 

all values of i and therefore 

E{v} = v (1.7) 

We conclude the velocity estimate is unbiased when the clock is correct, 

even though a random error exists in the distance measurements. The 

above analysis pertains to conventional least squares parameter estima

tion. Let us now consider structural parameter estimation. 

When the clock is subject to a random error e ^ (with zero mean 

and variance a2) and the milepost placements are subject to random 

errors e . then the measurements are 
yi 

t 4 =* t. + e . 
mi i ti 

y . - y .  + e « ( t . -  e „ . )  v  +  e  .  
'mi 3 i yi mi ti yi 

(1.8) 

Let us substitute 1.8 into 1.2 and simplify 

1-
I «? mi 

7 t .e . 
+ roi yi 

I 
(1.9) 

mi 



Since the random errors E . and e . are assumed to be uncorrelated and 
ti yi 

to have zero mean, then the expected value of the last term on the right 

of 1.9 is zero. Since the variance of each e ^ is assumed to be a2, 

then the expected value of the velocity estimate follows as per Appendix B 

E{v) = 1 -
k a2 

(I t2) + ka2_ 

=[l - T(o2, I t2) J v 

(1.10) 

From 1.10 we see that when both the time and distance measurements are 

made with uncertainty, the resulting velocity estimate is biased by an 

account depending on the variance of the random time error and the actual 

(but unknown) time values (the factor T in 1.10). Note that 1.10 is true 

even if the distance measurements are correct. It is now clear that 

something must be done to remove the bias associated with the structural 

parameter estimation problem. 

Let us now pass to a more rigorous definition of the problem. 

Structural Parameter Estimation 

Figure 1.1 contains a block diagram of the basic system con

sidered in this dissertation. The composite system is interconnected 

and designed to control the system output given the reference input. 

The control law may result from an optimization criterion, root locus 

considerations, etc. Contained within the system is a relationship 

between certain system states Y and X . The form of this relation-e e 

ship is known and follows from the structure (nature) of the process. 



SYSTEM 
INPUT 

REFERENCE 
INPUT OUTPUT 

SYSTEM 

—HX) SENSORS 

CONTROL 
LAW 

Fig. 1.1. Basic System Block Diagram 



Y = X h (1.11) 
e e 

Yg is a column vector containing the process output states (in contrast 

to the system output.), whereas is a matrix containing the process 

input states (in contrast to the system input). The actual parameters 

contained in the column matrix h are unknown. There are measurements 

X and Y of the states X and Y . These sensor measurements are cor-
s s e e 

rupted by random noise terms v and N with zero mean. 

Y - Y + v 
s e 

(1.12) 
X = X + N 
s e 

If we wish to estimate h (let us refer to the estimate as fi) 

using Y and X , then we have a structural parameter estimation problem 
s s 

(i.e., a problem of estimating certain parameters (h) which result from 

the structure of a process wherein the quantities (Y and X ) related by 
s s 

the parameters are known with uncertainty). In regard to the unknown 

velocity problem, the matrix X would contain the noisy clock readings, 
s 

the matrix Y would contain the noisy distance readings, and the parame-
S -

ter matrix h would be a scalar (velocity). 

With reference to Fig. 1.1, it is assumed in this dissertation 

that: 

1. The sensor inputs to the controller are not contaminated 

by noise 

2. The control law does not depend on the estimated parameters. 
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These two assumptions simplify the simulation and analysis assoc

iated with structural parameter estimation. The simulation requirements 

are simplified in that one deterministic set of data may be derived and 

used off line with each estimator. The analysis is simplified in that 

the data is deterministic. If the data resulted from a stochastic pro

cess, then equations such as 1,10 would require the use of an expected 

value operator such as e{£ t^} in place of deterministic quantities 

such as £ t|. 

We wish to choose fi in a weighted least squares fashion (that is, 
A 

to minimize a weighted least squares objective function involving h) and 

A. 

we require h to be unbiased. 

To understand the relation to conventional weighted least squares 

theory and the rationale for considering the structural parameter estima

tion problem, the following sequel is of interest. There is considerable 

mention in the literature of what may be called a conventional weighted 

least squares state estimation problem (the mnemonic CWLS may be used 

later). This CWLS state estimation problem is characterized by the 

following: 

1. Yg is measured with uncertainty 

2. h is known exactly 

3. X@ is estimated in a weighted least squares sense 

4. Xe may be time varying of the form 

X = $X + T w (1.13) 
e eo 

where $ and T are known, w is a random noise term. 
A A 

In this case the estimate of X is X • $>X 
e e eo 



5. The estimate of X must be unbiased. e 

In the above, note that h is known exactly. 

Suppose we wish to utilize CWLS state estimation theory for param

eter estimation (that is, we wish to estimate h with X being known). 
e 

The following characterization follows from exchanging the variables 

X and h. 
e 

1. Yg is measured with uncertainty 

2. Xfi is known exactly 

3. h is estimated in a weighted least squares sense 

4. h may be time varying of the form 

h = $h + Tw (1.14) 
o 

where $ and r are known and w is a random 

noise term. In this case the estimate of 
A 

h is h = $h0 

5. The estimate of h must be unbiased. 

In the above, note that Xe is known exactly. 

This dissertation is concerned with parameter estimation rather 

than state estimation. Now in a practical problem, there is little 

likelihood that the structural process input states (Xe) would be 

known exactly. It is more likely that all the states (Ye and Xe) are 

measured with uncertainty as in Fig. 1.1. Hence, the structural param

eter estimation problem is a logical extension of conventional weighted 

least squares theory and is characterized by: 



1. Ye and Xe are measured with uncertainty 

2. h is estimated in a weighted least squares sense 

3. h may be time varying of the form 

h = $hQ + Tw (1.15) 

where $ and T are known and w is a random noise 
A /V 

term. In this case the estimate of h is h = $hQ 

4. the estimate of h must be unbiased. 

The CWLS estimator, if applied to the structural parameter estimation 

problem, results in a biased estimator. There are two other basic 

approaches that may be taken in an attempt to satisfy the above four 

requirements. The first approach is to adjust the CWLS parameter esti

mator so that the resulting estimator becomes unbiased when applied to 

structural parameter estimation. The second approach is to consider a 

new weighted least squares objective function with the property that the 

resulting estimator is unbiased. In the former technique, the weighted 

least squares objective function is no longer minimized while in the 

latter technique the approach is more straightforward. 

It is felt that the latter approach is preferable but both 

approaches are discussed for the sake of comparison. As concerns the 

former approach, two methods are considered: the instrumental variable 

method and the subtraction method. The latter approach results in a 

linearized iterative weighted least squares technique (abbreviated 

LITWELS). Let us consider how a practical time varying parameter pro

blem would be cast into the form of 1.15. Suppose we wish to estimate 

a time-varying aerodynamic parameter in order to assess the dynamics 
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of the system to be controlled. Let us assume that depends on: 

(1) altitude, (2) dynamic pressure, (3) certain physical dimensions of 

the aerodynamic vehicle, and (4) center of gravity location, where all 

but (3) may vary rapidly with time. Suppose that the functional depend

ency of the parameter on the above quantities is known and that we can 

write M1 = KM where K depends on all the above-mentioned measurable 
a a 

quantities except center of gravity location (M^ depends on the center 

of gravity location). Let us assume that we can measure (1) - (3) and 

completely determine K, but that is unknown. In general, would 

therefore be a more slowly varying function of time than M*. 

In order to model the variation of M as a function of the time a 

rate of change of the center of gravity location, we might choose the 

form of 3 in 1.15. Suppose we measure (with uncertainty) system states 

• • •• 
0 and a related by 0 = KM a. As a result, we would: (1) seek an unbiased 

a 

weighted least squares estimate of Mao with the property that 

+ Tw, and (2) estimate M by taking $ times the estimate of M . In fact, 
' a cxo 

this dissertation was motivated by the desire to estimate aerodynamic 

parameters, hence the necessary parameter estimation results are arrived 

at by posing and solving the more general problem of 1.15. With the 

above remarks in mind, let us consider the dissertation outline. 



Dissertation Outline 

There are four basic cases considered: 

Problem Measurement Parameter 
Designation of Xe Matrix h 

I Noisy Time Varying 
II Noisy Constant 
III Exact Time Varying 
IV Exact Constant 

(1.16) 

Problems III and IV are within the realm of CWLS theory, whereas, Prob

lems I and II are within the realm of structural parameter estimation 

theory. Problems II and IV are simpler forms of Problems I and III 

respectively and follow by letting <J> = I and T = 0. (See 1.14 and 1.15.) 

Chapter 2: 

Chapter 2 contains a review of CWLS theory as applied to Prob

lems III and IV, hence consideration is made of the conditions of 1.14. 

It is shown that proper selection of the weighting matrices results in 

the best linear unbiased estimate of h. That is, the covariance matrix 

of the estimation error can be made no smaller by any other linear 

estimator. The unknown constant velocity problem with uncertainty in 

the distance measurements is an example of Problem IV. (See 1.2, 1.5, 

1.6, and 1.7.) 

Chapter 3: 

Chapter 3 contains the application of the CWLS algorithm to 

Problems I and II (structural parameter estimation) as well as two 

methods of adjustment such that the resulting bias is removed, hence 
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consideration is made of the conditions of 1.15. It is shown that the 

CWLS estimator is unbiased if no noise is present in measuring Xe but 

biased if noise is present. The unknown constant velocity problem with 

uncertainty in the time and distance measurements is an example of Prob

lem II. (See 1.2, 1.8, 1.9, and 1.10). 

One method of adjusting the CWLS algorithm is the instrumental 

variable (IV) method. An additional measurement is used as an 

instrument for achieving an unbiased result. No knowledge of the noise 

statistics is assumed, but this additional measurement must somehow be 

generated, a difficult problem in itself since the instrumental variable 

should be highly correlated with Xg but not with either noise term (N or 

v). Let us return to the unknown velocity problem. Recall that a ran

dom error exists in both time and distance measurements. After each mile-

post reading suppose we write down the last digit of the license number 

of the next passing car. As an instrumental variable for the ifĉ  reading, 

let us use i times the selected digit. Let us designate the result 

Now the digit we see is uniformly distributed in the interval 0-9, hence 

the mean value is 5. Therefore, the mean value of is 5i, which is 

til also the mean value of the i time measurement (since the readings are 

taken at 5 second intervals). Certainly Z^ is uncorrelated with the 

random time and milepost placement errors, but we cannot say that is 

highly correlated with t^» since they are actually uncorrelated. However, 

this lack of correlation affects the covariance of the estimation error 

and not the bias of the estimator. The IV approach, as applied to this 

example, requires the following estimator to replace 1.2 



* I Zi ymi 
v = (1.17) 

I Zi trai 

Let us substitute 1.8 (the noisy time and distance measurements) into 

1.17 and simplify. 

E Ai £ti . ^ £i Eyi 
v = v - v h 1— (1.18) 

I *i tmi I 4i tmi 

Since is uncorrelated with the random error terms e. . and E . (which 
i ti yi 

have zero mean), then the expected value of the last two terms on the 

right side of 1.18 are zero and 

E{v) = v (1.19) 

We therefore have an unbiased estimate of the velocity v by using S,^ as 

an instrument for achieving the unbiased result. 

The second method of adjusting the CWLS estimator is called the 

subtraction method. In relation to 1.10 (the expected value of the 

velocity estimate for the unknown velocity problem) note that the bias 

is due to the factor 1-T. If T were known, the bias could be removed 

by simply premultiplying the estimator of 1.2 by 1/(1-T). However, T 

depends on the correct (but unknown) clock readings and the noise sta-
a 

tistics. We can define an unbiased estimate (T) of T from 1.10 if the 

noise statistics are known 

ko2 (1.20) 

2 
mi I t.2 



A 

If we premultiply 1.2 by 1/(1-T) we obtain 

15 

. _ I Vl yml 
I - ko2 (1.21) 

The term ko2 "subtracts off" the bias due to the noisy clock readings. 

As a result, the expected value of v (1.21) is v, hence we have an 

unbiased estimate of the velocity. 

The penalty for removing the bias in this manner is an increase 

in the covariance of the estimation error. 

No "best" selection of the weighting matrices can be made since 

the Gauss-Markov theorem (which provides necessary and sufficient con

ditions for the existence of a "best" estimator) is no longer applicable 

because 

E{Y } / X h (1.22) 
s s 

Chapter 4: 

Chapter 4 contains a new approach for achieving unbiased struc

tural parameter estimates for Problems I and II. This approach follows 

directly from a weighted least squares minimization problem. The 

weighting matrices are defined in terms of the noise statistics so that 

the resulting estimator is unbiased. A crucial step in this approach 

is to note that 1.11 can be written in two ways 

Y = X h (1.23a) 
e e 

Ye «= Hxe (1.23b) 
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In 1.23a h is a column vector and X is a matrix. In 1.23b all the 
e 

states contained in the matrix X are reformed into a column vector Xa« e e 

H is therefore a matrix whose elements are the parameters contained in 

h. 

As an example, suppose 1.23a is 

"Yel *ell Xel2 "hl" 

_Ye2 _fe21 Xe22_ 

^
 

1 

(1.24) 

Accordingly 1.24 can be written in the form of 1.23b 

X 

Y , el 

Je2_ 

hl h2 0 0 

0 0 ^ h2 

ell 

X el2 

e21 

e22 

(1.25) 

In view of 1.23, the sensor equation for X can be written in two ways 
s 

X • X + N 
s e 

(1.26) 

Xs = Xe + n 

A weighted least squares objective function is considered whose 

first partial derivatives may be linearized about the n1"*1 estimates of 

the column vectors h and n. The resulting linear equations can be set 

s t 
equal to zero and solved for the (n+1) estimates of h and n. The re

sulting algorithm is a linearized iterative weighted least squares 



estimator for which the mnemonic LITWELS may be used. For the unknown 

s t velocity example, the (n+1) velocity and noise estimates are 

2 ['mi " ̂ *,,1 

v ,. = (1.27a) 

n+i * e- -

e 4 = Vn+1 Sni ~ vn+l ymi (1<27b) 

n+1 m3 "2 — + v , n n+1 

The algorithm of 1.27 is, therefore, iterative and begins with an 

initial estimate of the npise sequence. If the initial noise sequence 

estimate is assumed to be zero (e . = 0), then the first velocity 
tJo 

estimate (v^) is the same as the CWLS estimate (1.2). For this struc

tural parameter estimation example problem, 1.27 becomes unbiased if 

m~ — 2 3 a*• 
1 

(1.28) 
1 

" 02 
y 

til By unbiased it is meant that if the n estimate of v is correct 

(vn • v), then the (n+l)St estimate is unbiased t^{vn+̂ } = v]. 

There are two extreme situations which are interesting to con

sider: complete knowledge of the time values (a2 = 0) and complete 

ignorance of the time values (o2 = «°) . Complete knowledge of the 

time values implies that m^ -*• 00 in which case (see 1.27b) the noise 
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estimates go to zero and 1.27a reduces to 1.2, the CWLS estimator. On 

the other hand, complete ignorance of the time values implies that 

m^ 0 in which case 1.27b becomes 

£ . - t , - (1.29) 
"n+l mi Vu 

Substituting 1.29 into 1.27a demonstrates that the estimates of veloc

ity do not depend on the time measurements. The behavior at these two 

extremes is quite reasonable. 

In computing 1.27 for k sets of data, 1.27b (for e . ) is substi-
t:Ln 

tuted into 1.27a. The result is one expression for which requires 

the storage of no past data. It is only necessary to store running sums. 

In this example one must store the values £ t^ and ][ t^ y^ (as in 1.2) 

and in addition, £ y^. In the general case it is also true that the 

LITWELS procedure requires the storage of running sums only. As addi

tional data becomes available, the running sums are updated. 

Chapter 5: 

Contained in Chapter 5 is a method of estimating the covariance 

matrices for Problems I and II. Residuals (errors and squared errors) 

are utilized. Iterative schemes are suggested by which both the sub

traction method and the LITWELS technique can operate when the noise 

statistics are unknown. 



Chapter 6: 

Chapter 6 contains a review and simulation of the results per-

th 
taining to Problem II. A specific problem is treated wherein the i 

data quantities are related by the structural equation 

(1.30) 

where the parameters Ma and Mg are to be estimated. 

Repeated are the four estimation procedures, that is: the CWLS 

and IV methods (which require no knowledge of the statistics) and the 

subtraction method and LITWELS technique for both the known statistics 

case and the unknown statistics case. These four estimators are then 

formulated using the example of 1.30. A third order linear fixed gain 

control system is simulated to provide the deterministic data (Y and 

Xg). The performance of all four estimators is observed and reported 

by providing noisy measurements of the deterministic data. 

Chapter 7: 

Chapter 7 contains several diverse areas of research activity 

which may be characterized as structural parameter estimation problems. 

That is, these research problems may be formulated as in 1.15. 

Contributions of this Dissertation 

There are three noteworthy accomplishments reported herein. First, 

the LITWELS algorithm is derived and analyzed. Second, methods are 

0 . = [a . 6 ] 
ei ei ei 
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suggested by which the noise statistics may be estimated for the struc

tural parameter estimation problem. Third, new areas of research are 

suggested which fit the description of structural parameter estimation. 



CHAPTER 2 

CONVENTIONAL WEIGHTED LEAST SQUARES PARAMETER ESTIMATION 

Introduction and Treatment of Multistage Processes 

With regard to conventional weighted least squares parameter 

estimation, the most general case of interest concerns the following 

conditions (referred to as Problem III) 

Structural Equation 

Y = X h 
e e 

Time Varying Parameter Equation 

h = $h + Tw 
o 

Sensor Equations 

Y = Y + v 
s e 

X - X s e 

Noise Statistics 

E(w) = E(v) = 0 

cov w = Q 

cov v = R (2.1) 

Subject to the equations of (2.1), we wish to estimate h. To estimate 

h, a weighted least squares objective function is defined as a function 

of estimates of the noise sequences w (the first term below) and v (the 

second term below). These estimates follow in turn by estimating hQ 

21 
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and the noise sequence w. One estimates h by taking $ times the esti

mate of h . o 

J = wT M w + [Y - X $h - X T w]T M„[Y - X - X T w] 
1 s so s 7 s so s 

f i  =  ( 2 . 2 )  
o 

The objective function of 2.2 has the property that proper choice 

of the weighting matrices and causes the estimate of h, if derived 

recursively, to be identical with the discrete recursive Kalman filter 

ri 2 3] 
for this case ' . This statement is substantiated by 2.5 and 2.7. 

The discrete Kalman filter, for the case of white noise, results in the 

best linear unbiased estimate (BLUE) of h (best in the sense of minimum 

mean squared error and minimum covariance of the estimation error 

Hence, if we let = Q ^ and = R ^ and if the noises w and v are white 

then the estimator resulting from 2.2 is BLUE. Furthermore, if the noises 

w and v are also Gaussian in amplitude, then the linear estimator of h 

is also "better" than any nonlinear estimator of 

It should be noted at this time that 2.1 and 2.2 appear to repre

sent a single stage process. In practice, these equations may represent 

a k stage process by defining the above matrices in terms of submatrices. 

Each non-zero submatrix accounts for the effect of one stage of the pro

cess (see the Appendix for the submatrix definitions). For example, the 

following product becomes a summation in terms of the submatrices for 

each of the k stages 

*T Xs Vs 4 - I *1 XL"2 Xsi (2-3) 
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Any results following from 2.1 and 2.2 can be rewritten for a 

multistage process by using summations as in 2.3. For a multistage pro

cess, it is assumed that the T matrix contains non-zero submatrices along 

the main diagonal only. In this way the error vector e = - Xg $hQ = 

X rw + v is such that the error at each time is uncorrelated with the 
e 

error at any future time. This is necessary if the recursive result 

(processing data one set at a time) is to be equal to the result in which 

all data is processed at once. 

Solution of Problem III 
A *> 

Let us return now to 2.1 and 2.2. In order to select h and w, 
o 

let us differentiate J with respect to hQ for fixed w and differentiate 

J with respect to w for fixed hQ. If we equate the resulting expressions to 

zero, we obtain the values which minimize J for positive definite and 

T T T T 
fX H,X t *.X M,X r s 2 s s 2 s 

rTxTM9x « M + rTxTM9x r s 2 s 1 s 2 s 

A ~ T 
h 4 o 

s 
A _T 
W r 
_ 

xVR s 2 s 
(2.4) 

Equation 2.4 can be solved for hQ (and consequently h) with the follow

ing result 

[ 4>TXTBX •]~1[*TXT] BY 1 s s 1 s s 

B M2 - M2XSR(ML + RTX*M2XSRRWM2 (2.5) 

-1 -1 T T -1 
[M_ + x ra. r x ] L 2 si s 



The second expression for B follows from the matrix inversion lemma. 

Recall that 

X = X 
s e 

Y • X $h + X rw + V (2.6) 
s e o e 

Furthermore, we have minimized J, a weighted least squares objective 

function. Therefore, we have satisfied the conditions of 1.14 where the 

transition matrices $ and T are known and and are positive definite. 

Equation 2.5, as written, represents an optimal filter for a 

single stage process (i.e., one set of data is used to provide one esti

mate of the parameter vector h). Let us consider the meaning of 2.5 for 

the multistage case. (See the matrix definitions in the Appendix.) In 

one step, we process k sets of data to obtain an estimate of hQ. The 
A 

product $ho provides k estimates of the time varying parameter h^, that 

is, we have h = (h^.h^j, ...» 111(2 estimates with index up to and 

including k-1 are the result of optimal smoothing (the use of k sets of 

data to estimate values before the time t^). The estimate h^ is the 

result of optimal filtering (the use of k sets of data to estimate a 

value at time t^). All these estimates are optimal in a weighted least 

squares sense. 

s t Suppose that a k+1— set of data becomes available. It is pos

sible to generate a new hQ from 2.5 by updating the running sums (such 

as 2.3) and performing the necessary matrix operations (fortunately, 

the matrix to be inverted is n x n if hQ is n x 1, independent of the 

number of stages involved). An alternate approach is to obtain a new 



. A g £ 

ho using only the old hQ (for k sets of data ) and the k+1— set of 

data. The result is a recursive estimator, which can be derived as 

follows to obtain h the estimate of h using k+1 sets of data 
o(k+l)' o b 

1. Write fi (for k sets of data) as follows, where the 
o 

definitions of A and B are obvious from 2.5 

h = A_1[ <J>TXT]BY 
o s s 

2. Write a new objective function (Jf), similar to 2.2, 

including one term for the first k sets of data and one 

St 
term for only the k+1—. This objective function and 

s t 
the k+1— equations are 

J' = J + Jk+1 

Ye(k+1) = Xe(k+l)hk+l 

h. ,. = 4>h + y w. 
k+1 r o k 

A A 

hk+l = ^(k+l) (2.7) 

3. Select t0 minimize J'. Write the resulting 

equation in the following form 

\>(k+l) " £o + Ak+l*Txs(k+l)M2(k+l)(Vs(k+l) " Xs(k+l)*fio) 

fik+l - •'Vk+l) 

4. From 3, the following relationship results 

4WT " [ (iA"^T+''Hl£ V1)"1 + <(k+l)M2(k+1)Xs(k+l)l" 
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Vi 
is the covariance matrix of the estimation error for 

~ T 
^o(k+l)' t̂ ie covariance matrix of the 

estimation error for hj.+̂  for proper choice of and ^(k+l) 

The resulting recursive algorithm is identical with the discrete 

recursive Kalman filter for this case if we select the weighting matrices 

Mlk = QkX i l c  K  (2.8) 

M2(k+1) = \+l 

Let us turn our attention to 2.5. If we select = Q ^ and 

—1 ~ M2 = R then the covariance of the estimation error for hQ (using k 

sets of data)becomes A ^ (where A is defined by 2.5 and 2.7-1). This 

simple expression for the error covariance matrix is a feature of an 

estimator that is BLUE. To demonstrate that A is the covariance of 
A 

the estimation error (P), we define P (note that E {h } = h ) 
00 

P - E[(h0 - ho)(ho - ho)T] - E{hh*) - hotJ (2.9) 

Substituting 2.7-1 into 2.9 we have (since A is symmetrical) 

P - A-1[$TXTB]E[Y YT][BTX <S>] A"1 - h hT (2.10) 
s s s s 00 

Suppose that 2.6 is substituted into (2.10). Since Xg = X , then the 

following identity can be used to simplify the result 

A-1 $TXT B X $ = I (2.11) 
S 6 

Then 2.10 reduces to 
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p = A~1$TXT B [x r QrTxT+R] BTX ^A"1 (2.12) 
s s s s 

Consider now the selection of weighting matrices as per 2.8, This se

lection causes B to be (see 2.5) 

B = [R"1 - R-1 x r(Q_1 + rTxT R-1 x r)"1 rTxT R"1] (2.13) 
s s s s 

[21 
From the matrix inversion lemma 

B = [X rQrTXT + R]"1 (2.14) 
s s 

Using 2.13 and 2.14, 2.12 can be simplified further 

P = A-W BX SA-1 (2.15) 
s s 

Let us apply 2.12 to 2.15. We have the predicted result 

P = A-1 (2.16) 

Equation 2.16 represents the minimum possible covariance of the estima

tion error for all linear estimators of h when the noise terms are white, 
o 

and the minimum for all linear and nonlinear estimators when the noise 

terms are white and Gaussian. 

Solution of Problem IV 

When the parameter vector h is a constant for all time, then 

«= I, r= 0, and Q = 0 in 2.1. Hence all results pertaining to 

Problem III may be applied to Problem IV using the above expressions 

for T, and Q. Recall from the Appendix that Xg is also defined some

what differently for Problem IV as compared to Problem III. 



The conditions for Problem IV are summarized below 

Structural Equations Noise Statistics 

Y = X h 
e e o 

Sensor Equation 

Y = Y + v 
s e 

X = X 
s e 

E(v) = 0 

cov v = R 

(2.17) 

We wish to minimize 

J = (Y - X fi ) ML(Y - X h ) 
s so z s so 

(2.18) 

The estimator which minimizes J and is also unbiased follows from 2.5 

h ® [XTM,X ]-1 XT M Y 
o  s  2  s  s 2 s  

The covariance of the estimation error follows from 2.12 

(2.19) 

P " IXsM2Xsrl tXXR M2Xs»XsM2Xarl 
(2.20) 

The best linear unbiased estimator results from the weighted least 

[i 2 31 
squares estimator, when ' ' 

M2 = R -1 (2.21) 

In this case, the minimum covariance of the estimation error for all 

r 8 91 
linear or nonlinear estimators ' follows from either 2.16 or 2.20 

when the noise terms are white and Gaussian. 

p - txjyy-1 (2 .22)  



Least Squares Parameter Estimation 

Suppose we are not free to choose the weighting matrices 

and M2 as suggested above; instead these weighting matrices are pre

selected to be identity matrices. This situation is referred to as sim 

pie least squares parameter estimation. All the results simplify 

T -1 T accordingly (e.g., 2.19 becomes h = [X X ] X Y ). In certain cases, 
o s s s s 

the least squares estimator is actually the best linear unbiased esti-

. [10,11,12,13] 
mator1 ' . 

Unknown Noise Statistics 

Suppose we are free to choose the weighting matrices, and Mg 

but the covariance matrices Q and R are unknown. One approach is to 

choose and 11^ to be identity matrices, hence, one achieves the best 

linear unbiased estimator in those cases in which the simple least 

squares estimator is BLUE. A second, and more approximate, approach is 

[14] 
an iterative procedure . We could start with a least squares esti

mate, observe the residuals (sum of the errors squared), use the 

residuals to estimate the noise statistics, and then use the noise 

statistics to obtain a weighted least squares estimate. The behavior 

of this iterative procedure, hopefully, approaches the behavior of a 

[14] 
BLUE estimator in an asymptotic manner 

The estimation of unknown noise statistics for the structural 

parameter estimation case is considered in detail in Chapter 5. These 

schemes may be simplified and applied to the CWLS problem by letting 

X = X and by zeroing out the covariance matrix for the noise on X . 
S 6 8 



CHAPTER 3 

A CONVENTIONAL TREATMENT OF STRUCTURAL PARAMETER ESTIMATION 

Introduction 

Let us consider what a structural parameter estimation problem 

entails. Suppose there exists a linear relationship between the states 

Y0 and Xg due to the parameter matrix h 

Y = X h (3.1) 
e e 

When is known with uncertainty while Xg is known exactly, it is 

possible to estimate h in a weighted least squares manner, even when 

h is time varying as defined in 2.1. However, if Xg is known with 

uncertainty, then 3.1 indicates that a relationship exists (called 

structural since the structure of the system defines it) between quanti

ties which are not directly observable, but are observable with uncer

tainty. In summary, we have a structural parameter estimation 

problem^**' . When the measurements of Xe contain noise and h is 

time varying, we shall refer to this situation as Problem I. When the 

measurements of X contain noise and h is constant, we shall refer to 
e 

this situation as Problem II. Problems III and IV are similarly defined 

when X0 is known exactly and h is time varying or constant. 

Three estimation algorithms are considered in this chapter as 

applied to Problems I and II. (1) The conventional weighted least 

squares (CWLS) algorithm from Chapter 2 is considered and shown to 

30 



provide biased results. (2) The bias is removed using a "subtraction" 

method which adjusts the CWLS algorithm. (3) The instrumental variable 

(IV) approach is discussed. The IV method adjusts the CWLS algorithm 

using an additional measurement. 

In direct contrast to the subtraction method and the IV method, 

we shall consider a new technique in Chapter 4 which adjusts the objec

tive function so that the resulting estimator is both unbiased and opti

mal in a weighted least squares sense. 

weighted least squares (CWLS) algorithm provides minimum variance of 

the estimation error for Problems III and IV when the weighting matrices 

are properly chosen. Let us now apply the CWLS algorithm to Problems 

I and II. 

Application to Problem I (Biased Result) 

The Conventional Weighted Least Squares Algorithm 

The algorithm derived in Chapter 2 termed the conventional 

For Problem I the following conditions are present 

Structural Equation Statistics 

Y = Y h 
e e 

E(w) » E(v) = E(N) = 0 

Time-varying Parameter Equation cov w = Q 

h = $h + Tw cov v = R 
o 

Sensor Equations cov N « S 
1 

(3.2) 

Y = Y + v 
s e 
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The CWLS algorithm appears in 2.5. In order to determine the expected 

A 

values of hQ, some useful definitions may be made. The sensor equation 

for Y can be written 
s 

Y = (X - N) <Jh + X Tw + v (3.3) 
s s o e 

Equation 2.5 may be written 

n = iaa vj ^ 
o s 

where 

= [AX AY (3.4) 
O S s 

A = $TxT [M"1 + x RM^R^1]"1 
s 2 s 1 s 

We can now combine 3.3 and 3.4 with the result 

h = [AX 4>]-1 [AX 4>] h - [AX 4>3-1[AN<i>]h + [AX *]-1[X T w  + v] 
O S  S O S  O  S  6  

(3.5) 

Since the noise N is considered to be uncorrelated with the noises w and 

_v, then the expected value of the last terra of 3.5 is zero, leaving 

where 

E{h } - [I-T] h (3.6) 
o o 

T - E{[AX $]_1 AN3>} 
S 

We conclude that when N = 0, h is an unbiased estimate of h , but when 
o o' 

N ̂  0, then the estimate is biased. Hence, for CWLS estimation (N=0), 

the result is unbiased but for structural parameter estimation (N^O), 

the result is biased and the bias must somehow be removed. 



Application to Problem II (Biased Result) 

For Problem II, the above analysis may be applied by letting 

0^=1, T = 0, Q = 0. Thus, for the constant parameter case, the CWLS 

algorithm reduces to 

*0 - [XslI2Xsrl[X5H2)YS <3-7) 

The resulting expected value is 

E(ho) = [I-T] hQ 

where 

T = E{[XTM0X ]-1 X^M-N} (3.8) 
S Cm S S £ 

This result is also biased unless the noise N disappears. 

The Subtraction Method 

One obvious method suggests itself for removing the bias present 

in 3.6 and 3.8: premuLtiply the estimator by [I-T] The expected 

value of h would then become 
o 

E{hQ} - [I-T]"1[I-T] hQ = hQ (3.9) 

which is an unbiased estimate of h . o 

Note that for Problem I, T (the bias) depends on 4>, T, Xe and 

the noise statistics whereas for Problem II, T depends on Xg and the 

noise statistics. In both Problems, we must know the deterministic 

signal Xe> however, the entire bias problem is caused by noisy measure

ments of X , referred to as X . Hence, any practical bias removal 
6 S 

A 

method involving the matrix T requires the estimation of T (i.e.,T) 
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as a function of the noise statistics and X . The net result is that 
s 

A 
\ 

the bias is approximately but not exactly removed using T. 

Application to Problem I (Approximately Unbiased Result) 

Hence, we would have for Problem I 

where 

h = [ I-Tj _1[AX 4>]_1 AY 
o s s 

= [AX $ - AX $T]_1 AY 
s s s 

A A 

(3.i0) 

T = E{ [AX 4>] ~1 AN4>} 
s 

A 

Note that the term AX $T "subtracts" off the effect of T, hence the term 
s 

A A 

"subtraction method". It is possible to simplify the term AX $T if T s 

is defined by removing the term AX $ from the expected value operator. 
s 

T = [AX $]-1 E{AN4>} (3.11) 
s 

As a result, the estimator for Problem I simplifies 

h = {AX $ - E[AN$]}-1 AY (3.12) 
OS s 

Application to Problem II (Approximately Unbiased Result) 

Similarly, for Problem II, the bias can be removed approximately 

by employing the subtraction method 

h » (XJM9Xe - [xj M,XJ T}"1 X* M, Y (3.13) 
o s z s s z s s z s 

where 

* 

T • E{[XTM0X J"1 XTM0N} s Z S S i! 



»T» /•» A 
It is possible to simplify the term X M_X T if T is defined by removing 

s z s 
T the term X M„X from the expected value operator 
S M S 

T = (X^Xg)"1 E{NT1^N} (3.14) 

T 
Equation 3.14 follows since E{XeM2N} is zero. (Recall that the noise N 

is uncorrelated with Xe<) Finally, substituting 3.14 into 3.13 yields 

the estimaLor for Problem II 

fi = [XTM„X - E{NTM0N}]-:L XTM9Y (3.15) 
o  s  2  s  2  s 2 s  

Discussion 

Although the bias is approximately removed by the subtraction 

method, there are four objections to consider. (1) The covariance of 

the estimation error is increased in 3.12 and 3.15 as compared to the 

biased CWLS estimator. (2) Recall that the above matrices contain k 

sets of data for multistage processes. Subtracting the probabilistic 

means and variances included in T when k is small may result in grossly 

inaccurate results since the sample means and variances may be quite 

different from their probabilistic counterparts. As more samples are 

included in the above matrices, then this method becomes more useful 

since the sample means and variances approach the true means and vari

ances. (3) The statistics may be unknown, hence procedures must be 

sought for estimating the necessary statistics. (4) An attempt at 

selecting weighting matrices for minimum error covariance (P), resulted 

in an approximate expression for P and a set of quartic equations to 

minimize P. Hence, no general selection method is available. 
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The Instrumental Variable Method 

Let us now consider the use of an additional variable whose pur

pose is to achieve an unbiased estimator for Problems I and II. 1 This 

method is called the instrumental variable (IV) method since the addi-

Fl8 19 20] 
tional variable is an instrument for the desired result ' ' 

Application to Problem I (Unbiased Result) 

For Problem I one simply rewrites the CWLS algorithm (2.5) to 

include the instrumental variable (Z). The instrumental variable re

places Xg in such a way that the resulting estimate of h^ is unbiased. 

h = [$>TZTBX <J>]~1[3>TZT] BY 
OS s 

-1 -1 T T -1 
B - [M2 + zr Mj" T l  Z ] 

(3.16) 

The instrumental variable must be highly correlated with Xg but uncorre

cted with the noise terms N, v, and w. If Z is thusly chosen, then 

substituting Y = X h + v into 3.16 and taking the expected value re-
S 6 

suits in the following 

where 

E{h } = [crhc] h (3.17) 
o o 

T T —1 _1 T T -1 
c -  $ z [m2  + zr rAz ]  xe$ 

Hence, we now have an unbiased estimate of hQ. 
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Application to Problem II (Unbiased Result) 

For Problem II, Eqns. 3.16 and 3.17 simplify to 

h = [ZTM9X j"1 [ZTM„] Y (3.18) 
O s z s 

E{hQ} = [ZTM2Xe]"1tZTM2Xe] ho = ho (3.19) 

Here also, the estimator is unbiased. 

Discussion 

For unbiased estimates the IV method uses no statistics. It is 

necessary, however, to find ways of choosing an instrumental vari-

able^^'"^ or forcing some variable to approach X . The paper by 

Young^^ describes an interesting hybrid (analog and digital) scheme 

(shown in a simplified form in Fig. 3.1.) The end result is that Z 

approaches Xg by proper adjustment of the model parameters. If Z is 

highly correlated with Xe, then the weighting matrices are chosen as 

suggested in Chapter 2, (M^ = Q-1; M^ = R~^), which requires statistics. 

In simulating this IV method, in order to avoid selection of 

some system such as that in Fig. 3.1, the most perfect of all IV esti

mators is assumed, that is, one in which Z = X . 
* e 

Summary 

In this chapter it was shown that the CWLS algorithm results in 

a biased parameter estimate when applied to Problems I and II. Two ways 

of adjusting the CWLS algorithm were presented in an effort to make 

the algorithm unbiased. In the subtraction method, statistics must be 
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known and no general method is currently available to select the weight

ing matrices for minimum error covariance. In the instrumental variable 

method statistics are unnecessary for unbiased estimates but necessary 

if the weighting matrix choice is the same as for the conventional case 

(Xe known). Error covariance is reduced as one forces the instrumental 

variable to approach Xg but one must generate an acceptable instrumental 

variable. In both the subtraction method and the instrumental variable 

method the weighted least squares objective function is not necessarily 

minimized. 



CHAPTER 4 

THE LINEARIZED ITERATIVE WEIGHTED LEAST SQUARES TECHNIQUE 

Introduction 

Let us consider a new approach for achieving unbiased structural 

parameter estimates. This approach follows directly from a weighted 

least squares minimization problem. It is shown in this chapter that 

unbiased results follow from a specific selection of the weighting 

matrices, similar to the BLUE weighting matrix selection for Problems 

I and II. The basic linear relationship between the states and parame

ters can be written in two ways 

Y = X h (4.1a) 
e e 

= HXe (4.1b) 

In 4.1a, h is column vector and X is a matrix. In 4.1b, all the dif-
e . 

ferent states contained in the matrix X are reformed into a column vec-
e 

tor X . H is therefore a matrix whose elements are formed from the 
e 

parameters contained in h. (See 1.24 and 1.25 for an example.) Both 

4.1a and 4.1b are equivalent expressions for Ye< In view of 4.1a and 

4.1b let us write the sensor equations in two ways 

X - X + N s e 

Xs - Xe + n (4.2) 

There is a definite reason for the above choice of the column vectors h 

and n and the matrices H and N. Consider an expression such as 

40 
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e = Y - (X - N)h (4.3) 
e s 

It is obvious that one can differentiate with respect to h if fi is a 

column vector 

if. = - (X - N) (4.4) 
3h s 

Suppose, however, one wishes to differentiate 4.3 with respect to the 

elements contained in the matrix N. Although differentiation with 

[21  
respect to a matrix is a definable operation , the procedures are, at 

best, cumbersome. If, however, one writes e in an equivalent manner 

e = Y - H(X - n) (4.5) 
e s 

then differentiation with respect to the column vector n yields 

H (4.6) 
3n 

Hence, the desire to differentiate with respect to parameter estimates 

and noise estimates suggests the expressions of 4.1 and 4.2. 

Solution of Problem I 

For the most general case under consideration the parameter 

matrices are time varying. The following equations define the situation 

referred to as Problem I. 

Structural Equation 

Y - X h « HXq e e e 

Time Varying Parameter Equation 

h » <J>h + Tw r o 

H » H 0 + WD 
o 
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Sensor Equations 

Y - Y + v 
s e 

X » X + N 
s e 

Noise Statistics 

E(w) • E(v) = E(n) = E(N) =0 (4.7) 

cov w = Q 

cov v = R 

cov n = S 

cov N = S1 = E{NTN} 

Subject to the equations of 4.7, we wish to estimate h. To esti

mate h, a weighted least squares objective function is defined as a 

function of estimates of the noise sequences w (the first term below), 

v (the second term and fourth terms below), and n (the third term below). 

The fourth term is nearly equivalent to the second term (the w factor is 

omitted). The estimates of v, w, and n are, in turn, arrived at by esti

mating hQ, w, and n. One estimates h by taking if) times the estimate of 

V 

J - W T M. W  + [Y -(X -N) (<j>h +rw)]TM9[Y -(X -N) ((|>h + IV)] X  S 3  O  B  S  S  O  

+ nTM3n + [Ys-Ho6 ( xg-n) ] ̂  [Y^G ( Xg-n) ] 

h = <J>hQ (4.8) 

3J 3*J DJ 
At this point, the partial derivatives —x—, —r, and —r form a 

3h0 3w 3n 
A A 

set of nonlinear coupled equations since N depends on n and H depends 

on fi. It is possible to linearize the partial derivatives and decouple 



the variable n from hQ and w by assuming that N and Hq are constants 

determined by the last estimates of the variables n and h . J o 

The derivation of the solution to 4.8 begins by selecting the 

TH n estimate of n to obtain N . It is useful to define 
n 

X = X - N (4.9) 
s s n 

A 

The next step is to differentiate 4.8 with respect to both hQ and w to 

obtain a set of linear independent equations not involving n. These 

equations follow directly from 2.4 by substituting X for X . The sola 
s s 

s t A 

tion of these equations for the n+1 estimate of h follows similarly 

from 2.5 

B » [MT1 + x mrViS]"1 (4.10) 
/ S J- s 

^n+1 ^o(n+l) 

A  
Having a value of ̂ 0̂ n+2) we immediately use that to obtain Hq. By 

differentiating J with respect to n we obtain an equation independent 

A A S t • 
of w and hQ which may be solved for the n+1 estimate of n 

n n = [M + 0THTM-H 03-1t0THTM9H 9X - 0THTM_Y ] (4.11) 
n + 1  3  o 2 o  o 2 o  s  o 2 s  

The algorithm of 4.9 - 4.11 is therefore iterative and begins 

with an initial estimate of N. This initial estimate could be zero in 

which case the first estimate of h is identical to the CWLS estimate. 

Equations 4.9 - 4.11, as written, represent a single stage 

process. In practice, these equations may represent a k stage process 
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by defining the above matrices in terms of submatrices. Each non zero 

submatrix accounts for the effect of one stage of the process (see the 

Appendix for the submatrix definitions). For example, the following pro

duct becomes a summation in terms of the submatrices for each of the k 
/ 

stages 

*T*sW = S+I *si *2 *si +i 

As additional data becomes available, one can (1) add additional sub-

matrices to the matrices of 4.9 - 4.11 or (2) derive 4.9 - 4.11 recursive

ly. 

In summary we have developed a linearized iterative weighted 

least square algorithm, which may be abbreviated LITWELS. This method 

is both iterative (using a fixed amount of data) and recursive (more data 

may be added). In contrast, the CWLS algorithm is recursive only (that 

is, given a fixed amount of data, only one optimal filtered result 

occurs). 

Convergence Property of the LITWELS Algorithm for Problem I 

The following procedure may be used to demonstrate that the 

algorithm of 4.9 - 4.11 has hQ as an equilibrium point of its expected 

value: assume that h , ... - h and show that the expected value 
ov.n+1) o 

of ^ hQ. T° d° so> however, requires substituting the noise 

estimate nR+̂  into the parameter estimate hQ(n+2) which requires some 

A A A A 

way of relating n to N and Hq to hQ. These relationships are difficult 

to establish in general since elements of the column vectors must be 

arranged into matrices. It must be stressed that the LITWELS technique 



may converge in general but that proving so is quite difficult. Equilib

rium can be established for problems with a scalar output (i.e., each of 

the k sets of data satisfy a single equation linearly relating one output 

state Y j to n other states X . and n parameters h.). Hence, for the 
ei ei i 

TH 
i set of data 

Y . = X .h. (4.12) 
ei ei i 

where Y . is a scalar, X , is a row vector, and h. is a column vector, 
ei ei i 

Into this category falls a broad class of problems related to 

curve fitting and discrete system modeling. For example, consider a dis

crete system with input a, output 3, and a z transform model 

8 _ az ̂  
1 * a 1 - bz~L 

It is necessary to estimate the parameters a and b to specify the model. 

TH At the i instant of time 

3^^ = b 8^ + a «i_1 (4.13) 

This equation can be cast into the matrix form of 4.12 by writing 

ei " tBi-l ai-l] lb] (4*14) 

TH 
Thus the column vector (h^) of parameters contains a and b. The i 

scalar state Y ^ is 8^ (which may be known with uncertainty) and the 

i row vector X . consists of 8. , and a. , (both of which may be known 
ei i-1 i-1 

with uncertainty). The first data equation (i=l) would relate measure

ments of 3^, 8q, and aQ. 



Let us return to 4.12 and write it in on equivalent manner 
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Y = X .h, 
ei ex i 

- *1 *e± (*-15) 

T 
We now have the form of 4.1b since X . is a column vector (the trans-

ex 

pose of the row vector X j) 

Y . = H, X , (4.16) 
ex i ei 

As a result of comparing 4.15 and 4.16 we can make the following associ

ations 

T 
Hi - hi 

X = XT 
ei ei 

Q± = <}>J (4.17) 

T 
ni = Ni 

T 
Di" 'i 

TT T 
W s w 
i i 

It is now possible to relate to which enables us to demon

strate the equilibrium of the LITWELS algorithm. Writing as in 

4.11, we obtain 

V-l " K*Xs " Vs 

K = [M + eTHT M H e]-1 eTHT M_H 0 (4.18) 
x 3 o 2 o o 2 o 

—1 T 
K = (I-K ) M, 0 H M, 
y x 3 o 2 
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The derivation of the equation for requires some matrix manipulation. 

A ̂  

From 4.17 we know that = ru , so let us transpose all k of the n x 1 

elements of nn+-^ a°d place each of the k resulting 1 x n elements along 

the main diagonal of a new matrix. The result is a k x kn matrix which 

/v 

is for the time varying parameter case (see the Appendix). 

T —T T N , - = X K - Y K 
n+1 s x s y 

k x kn (k x kn) (kn x kn) (k x k) (k x kn) 

(4.19) 

Y = 
s 

Ti. 0 

0 * Y, 
;E(Y ) = HXT 

s e 

where Yg is selected such that the matrix multiplications are valid. 

Recall that each Y . is a scalar, hence, the covariance matrix 
ei 

for the noise sequence on Y can be written as follows assuming that the 

noise sequence has zero mean and is stationary 

cov v = R = rl (4.20) 

2 where r = E(v^). Because of the form of R in 4.20, it is logical to 

select an arbitrary scalar and write the weighting matrix as 

M2 = I (4.21) 

At this juncture, recall that equations 4.12 and 4.15 - 4.21 are 

necessary to demonstrate that the LITWELS algorithm is unbiased in an 

asymptotic manner. We are now in a position to calculate the expected 

value of the estimate of h , ,nS where h , ,,N » h. Thus far, the 
o(:i+2) o(n+l) 

values of the weighting matrices are arbitrary, although is of a 



special form. Suppose that the following is done 
A A /V A 

1) Let h f ,,x = h so that H = H . Calculate n 
o(n+l) o o o n+1 

2) Substitute (4.19) into 4.10 to obtain ̂ 0(n+2j 

3) Define K as in 4.18 and factor out (I-K ) wherever 
y x 

possible 

4) Use 4.17 where possible to substitute h for H, Xg 

for x > etc. 
e 

5) Cancel out the scalar wherever possible 

6) Take the expected value of the result as per Appendix B, 

hence the accuracy of the following expression depends on 

the accuracy of the approximation E{A ^C} E{A ^}E{C}. 

where 

E(fio(n+2)> " UT(I"Kx) 

.T 
(4.22) 

{*A(I-KX) [T3 + TJT^]*} H£ 

(I-KT) - [I + m 0T HT H 6M"1] 1 
x 2 o o 3 

TL - X* XE + S + M^T 4- M2M^ EV H, 6X* XFI 

+ m-X^X 0THT H 0M"1 + ml M"1 (rl+T) 0THT H 0M"1 
2 e e  o o 3  2 3  o o 3  

2 -1 T T T T T -1 
+ ml M, 0 H H 0X X 0 H H 0MO 2 3  o o e e  o o  3  

t2 = (I-K^)rfm"1 mx + rT(i-Kx)T1(i-K^)r]"1 rT(i-Kx) 

T = XT X + m0 M"1(rl+T) + m-M"1 0THTH 0XT X 3  e e  i  3  2 3  o o e e  
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T = E{WD XT X DT WT} 
e e 

r = E (vj) 

In order to show that the expected value of h , is h , it is suffici-o(n+2) o 

ent to show that the bracketed quantities of A.22 are equal, since the 

first is inverted and multiplied by the second. Equality holds if 

(Tx  + TjTJTJHI-K*) = T3  + TjTgTg (4.23) 

This follows if 

T -1 Tx - T3(I-IT) (4.24) 

In summary, if 4.24 holds, then 4.23 is true, and the expected value of 

h / = h when h , = h . In short, the LITWELS algorithm is un-
o(n+2) o o(n+l) o 

biased in an asymptotic manner. Suppose we choose the weighting matrices 

as follows 

\ = Q'1 

M2 = R_1(m2 = 1/r) (4.25) 

M3 = S"1 

If these weighting matrices are substituted into 4.24 (the terms of which 

are defined by 4.22) we see that the resulting eight terms on each side 

of 4.24 are equal, hence the LITWELS algorithm is asymptotically unbiased, 

Note that complete knowledge of Xg implies that S approaches zero 

(no sensor noise is present), hence the weighting matrix approaches 

infinity. Then from 4.11 we see that nn+̂  approaches zero and that 4.10 
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becomes the conventional weighted least squares estimate in which Xg is 

completely "unfiltered". Conversely, complete ignorance of Xg implies 

that S approaches infinity and the weighting matrix approaches zero. 

In this case (see 4.18) K =1. Substituting 4.19 into 4.9 yields 
X 

X = YT KT (4.26) 
s s y 

This means that hQ is estimated by ignoring the sensed values of Xg (that 

is, completely "filtering out" X£). The behavior at these two extremes 

is quite reasonable. For finite S, this algorithm weights X and Y pro-s s 

portionately. 

Solution of Problem II 

Consider Problem II, that is»the constant parameter case wherein 

all states are known with uncertainty. The basic equations are 

Structural Equation Statistics 

Y = X h = H X E(v) - E(N) = 0 
e e o o e 

Sensor Equations 

Y = Y + v cov v = R 
s e 

X = X + N cov n = S 
s e 

X =* X + n cov N = S. = EtN^N} 
S 6 1 

(4.27) 

The above matrices are defined in the Appendix for the multistage case, 

that is, Ye, Xg, etc. are partitioned into submatrices. 

Recall how the equations related to Problem I can be "trans-

lated" to treat Problem II. We know that the transition matrices for 

the time varying case become 
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<F>., 0. = I Yl' 1 

ri- Di " 0 
(4.28) 

Furthermore, the product Xe£ becomes 

ei 

1 o
 

i 
1 
• 
M
 1 

II 

"x 7 ei • 

x 
1 ek 1

 
• H
 

1 .4 

(A.29) 

Hence, in the Appendix the matrices Xe» N, and are defined differently 

for Problem II than for Problem I. If we bear in mind that X , N, and S. e 1 

are defined as above for Problem II, we can "translate" the equations 

derived for Problem I by letting 

4> = 0 = I 

r = D = o (4.30) 

Also since the noise w is now zero, then Q -> 0, and (from 4.25) -* °°. 

As a result, w (from 4.8) must be zero to minimize 4.8. These choices 

are made to eliminate the first term from 4.8. 

Consider the resulting simplified weighted least squares objec

tive function. We wish to estimate h, H, n, and N such as S is minimized. 

J = [Yg - (Xg-N)ho]T M2[Ys - (Xs- N)hQ] + nTM3n 

+ [Y - H (X - n)]T M.[Y - ft (X.-n)] (4.31) 
S O S  2  O S  

As before for Problem I, to obtain linear partial derivatives, we must 

A A 

consider N and H to be constants determined by the last estimates of 
o 

n and hQ. This selection also decouples the variables hQ and n. If, 
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TH * on the n iteration, N is determined, then it is useful to define 
' n 

X = X - N (4.32) 
s s n 

A <*» 

We can obtain by differentiating J with respect to hQ and then 

setting the result to zero. We obtain, simply 

h / j.i\ = [XT M0 X I-1 X^LY (4.33) 
o(n+l) s 2 sJ s s 

A A 

With this value of h , ..... we therefore fix H , and differentiate J with 
o(n+1) o 

ts. A  
respect to n, set the result equal to zero, and solve for n 

"(n+l) " [M3 + "o!W"1[SXVs ' "oVs1 W"34> 

Note that 4.33 and 4.34 follow directly from 4.10 and 4.11 using 4.30. 

This algorithm (4,32 - 4.34) is iterative and requires an initial 

estimate of N which could be zero, in which case, the first estimate of 

h would be the CWLS estimate. As more data becomes available, one can 
o 

(1) add additional submatrices to the matrices of 4.32 - 4.34 or (2) 

derive 4.32 - 4.34 recursively. 

Convergence Property of the LITWELS Algorithm for Problem II 

It was pointed out in treating Problem I that demonstrating the 

convergence of the algorithm to hQ is made difficult by the necessity of 

relating the noise estimate (nn+j) to fche parameter estimate ( 0̂(n+2)) 

(that is, relating n to N and h to H). Although the LITWELS algorithm 

may converge in general, we shall demonstrate a convergence property of a 

subclass of problems in which each measurement of Y^ is a scalar, hence 

each Xĝ  is a row vector. In equation form we note that 
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Y = X .h 
ei ei o 

T T = h X . 
o ei 

= H X . 
oo ei 

(4.35) 

Note that H is defined in the Appendix such that each submatrix is H 
o oo 

Hence, we can make the following associations 

T H = h 
oo o 

X , = X . 
ei ei 

ni = Ni 
(4.36) 

We can now relate n n+1 
to Nn+̂  which makes it possible to demonstrate 

the equilibrium of the LITWELS algorithm. If we have a value for 

then we can write n as follows from 4.34 
n+1 

n  -  K  X  - K Y  n+1 x s y s 
(4.37) 

Suppose we make a special choice for and M^. 

M2 •= (m2)I 

M, 
m^ 0 

mi 

(4.38) 

where m^ is a scalar but m^ may be a full matrix. This choice is 

prompted by the following covariance matrices which assume stationary 

statistics 
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R - rl 

s" 0 
S = 

0 S 

We can now write N as follows from 4.34 
n+1 

n n+1 

k 0 
x 

0 k 
X -
s 

y J 

(4.39) 

where 

k = [ra + (m.) h h^]-1(ra2) hhj x 3 2 o o / o o 

ky - (I - kx) m~1(m2) hQ 

A * T 
From 4.36, we know that = n^, so let us transpose all k of then x 1 

elements of n ̂  and place each of the k resulting 1 x n elements into 

a 
a k x n matrix which is N .. for the constant parameter case (see 

n+1 

the Appendix). 

N n+1 

nl T 
*s "cx _ 

(kxn)(nxn) (kxl)(lxn) 
's. . 

(4.40) 

The algorithm of 4.32 - 4.34 can now be expressed as one equation using 

4.39 and cancelling out the scalar wherever possible. 

£o(„+2) " t(1-VIXs + m31(n2> \ Ys' [XS + SI("2>n31)(I-^)r1 

{(i-yixj + ."1 („2) ho Y*I YsJ (4.41) 
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A 

If it is assumed that h , ,1N = h , it is possible to evaluate the ex-o(n+l) o 
a 

pected value of h0(n+2) as per Appendix B, and the approximations therein. 

E(ho<n+2)> " '"-V ho (4.42) 

where 

(I-k^) = [I + m0 h h^ nu^] 
x - 2 o o 3 

T, = XTX + kjf + (m„) ml1 h hT XT Xo 1 ee 2 3 o o e e 

T T —1 2 —1 T —1 
+ m0 X X h h m_ + nu (kr) m, h hnu 
2 e e o o 3  2  3  o o 3  

, 2 -1 , ,T VT __ , ,T -1 
+ m„ m_ h h X X h h m0 2  3  o o e e o o 3  

T •- -1 • -1 - hT xT _ o o e e = Xg Xfi + m2kr h_h_ X_ X 

Equation 4.42 for Problem II follows directly from 4.22 for Problem I, 

noting that T and X2 are zero. 
A  

In order to demonstrate that the expected value of h0(n+2) *-s 0̂» 

it is sufficient (see 4,42) to show that 

Tx - T3(I-k^)_1 (4.43) 

Suppose we choose the weighting matrices as follows 

^ = R_1;(m2 - 1/r) (4.44) 

M3 - S"1; (m3 «= S"1) 

If these weighting matrices are substituted into 4.43 (the terms of which 

are defined in 4.42) we see that the resulting six terms on each side 

of 4.43 are equal, hence the LITWELS algorithm is unbiased. 
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As discussed in relation to Problem I, complete knowledge of X£ 

causes the LITWELS algorithm to be the same as the conventional weighted 

least squares algorithm whereas complete ignorance (infinite noise) when 

sensing X causes the LITWELS algorithm to completely ignore X and use Y . 6 s s 

Finite amounts of noise cause uncertainty of our knowledge of Xe and 

force the algorithm to weight X and Y proportionately. 
s s 

Unknown Statistics 

It has been shown that we must choose the weighting matrices 

using the covariance matrices of the noise terms. The next chapter dis

cusses methods for estimating the covariance matrices if the statistics 

are unknown. 



CHAPTER 5 

ESTIMATION OF THE COVARIANCE MATRICES 

Introduction 

We have considered three methods for achieving unbiased estimates 

with regard to the structural parameter estimation problem. The instru

mental variable method requires no knowledge of the noise statistics. 

However, both the subtraction method and the linearized iterative weighted 

least squares (LITWELS) method require knowledge of certain covariance 

matrices. This chapter considers the problem of estimating the covari

ance matrices when the statistics are unknown. Residuals (errors and 

squared errors) are utilized. 

For Problem I it is necessary to estimate the covariance matrices 

Q, R, and S which are defined for the noise vectors w, v, and n respec

tively. Recall that each noise vector may correspond to a k stage pro

cess so that w may contain k terms of dimension of k x 1, v may contain 

k terms of dimension k x 1, and n may contain k terms of dimension k x 
v n 

1. Suppose that the covariance matrices Q, R, and S are all nonsymmet-

ric, that is, the noise sequences are correlated and nonstationary. 

There must be enough equations to estimate all the elements of Q, R, and 

2 2 2 S, hence (kk^) + (kk^) + (kk^) equations would be required. The re

sulting large number of equations would be most difficult to solve. 

Suppose that the covariance matrices Q, R, and S are diagonal, that is, 

the noise sequences are uncorrelated but not necessarily stationary. 

57 
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For this case, one would be required to generate kk^ + kk£ + kk^ equations 

to estimate the diagonal elements of Q, R, and S. There would still be 

a rather large number of equations involved since k represents the number 

of stages. Suppose that the noise sequences are uncorrelated and sta

tionary. In this case, only k^ + k£ + k^ equations would be required 

since k^, k2> and k^ elements along the main diagonals of Q, R, and S 

would be unique. For the purposes of this discussion, one additional 

simplification is necessary to reduce the complexity of the analysis such 

that only inner products (scalars) need be evaluated. It is assumed that 

the ratio of the elements of 0, R, and S are known, hence one need only 

determine scalar multiplying factors q, r, and s in order to completely 

specify all the matrix elements of Q, R, and S. As a result, only three 

scalar equations must be generated if we assume that 

1. The noise vectors are uncorrelated and stationary. 

2. The covariance ratios are known. 

For Problem II it is necessary to obtain the covariance matrices 

R and S. Under the above assumptions, only two scalar equations are 

required to evaluate the factors r and s. 

For Problem III it is necessary to obtain two scalar equations 

under the above assumptions in order to evaluate the factors q and r. 

For Problem IV only the factor r would be of interest. 

Idempotent Matrices 

At this point it is necessary to introduce the concept and use 

[15] 
of idempotent matrices , since these matrices are used extensively 

with regard to estimating covariance matrices. By definition, an 



idempotent matrix equals its own square. Thus, the matrix D is idem-

potent if 

D2 = D (5.1) 

Now the Cayley Hamilton theorem tells us that a matrix satisfies its own 

characteristic equation, so we conclude that the characteristic equation 

must be 

X2 - X - 0 (5.2) 

Hence, the eigenvalues must all be 0 or 1. Recall that the rank of a 

square matrix (D must be square for 5.1 to be valid) is the number of 

non-zero eigenvalues and that the sum of the elements along the main 

diagonal equals the sum of the eigenvalues. Thus, for a k x k idem-

potent matrix, of rank m, there must be m eigenvalues equal to 1 and k-m 

eigenvalues equal to zero. Consequently, the sum of the elements along 

the main diagonal must be m. 

Idempotent matrices are useful for evaluating the expected value 

of the matrix J where 

J - ctTBTBot (5.3) 

In 5.3 let us assume that B is both idempotent and symmetrical, hence, 

B B = B. The k by n matrix a contains kn random variables independent 

of the elements of B. Suppose that all kn random variables have zero 

mean. Suppose also that the n columns of a are independent and that all 

k elements of a given column are independent and equally distributed. 

TH If we let ct^ represent the 1 column of a, then 
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E{a a } = 
1 j 1 ko? i 

j * i 

i = i 
(5.4) 

and therefore 

E{a a) = k 
0 

0 

J2 
n 

= k C 

Let us now evaluate E(J) using 5.4. Since the columns of o are 

independent, we conclude that the ij term of E(J) is 

E(J) 
> j 4 i 

^ E{a* BTBai> j = i 
(5.5) 

Since all k elements of each column are independent and identically dis

tributed we conclude 

E(J) ij 
2 [Sum of elements along! 

°iX[main diagonal of B^B J 

j/i 

j=i 
(5.6) 

Writing 5.6 in a different way we have 

E(J) • C x Sum of elements along 
main diagonal of B^B (5.7) 

Finally, since B is idempotent and symmetrical 

E(J) * C x rank B (5.8) 



Let us now assume that B = I-D where D is idempotent and symmetrical of 

rank m while I is a k x k identity matrix. We now conclude 

E(J) = (k-m)C (5.9) 

since the rank of B is k-m. 

Notice the simplicity of 5.9 which does not depend on any know

ledge of B other than its rank and dimension. 

A Special Situation for the Covariance Matrices 

We are interested in the covariance matrices associated with the 

noises n, v, and w where n is the sensor noise on measurement of X , v 
' ' e 

is the sensor noise on measurements of Y and w is the random walk noise 
e 

associated with the time varying parameter case. 

Let us assume that k measurements have been taken and that each 

of the k measurements contained in Yg is a scalar. Suppose further 

that all noise terms contained in v are independent and equally distri

buted . Then 

cov v R = r I 

r - E{v*} (5.10) 

Correspondingly, knowledge of the value of r implies complete knowledge 

of R. 

Suppose all k noise terms contained in n are independent and 

equally distributed where 
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S = 

cov n = s = 

E(n^n^} = s 

S 0 

0 ' s" 

• 1 

(5.11) 

If we assume that the scalar constants k^ . . . k^ are all known, one of 

which is unity (i.e., the ratio of the covariances is known), then know

ledge of s implies complete knowledge of S. 

Similarly, if all k noise terms in w are independent and equally 

distributed 

Q = 

cov w = Q = 

E(wiwi} = q 

Q 

0 

0 

Q J (5.12) 

'I 

' Z ,  

If we assume that the scalar constants Z^ ... Z^ are all known, one of 

which is unity (i.e., the ratio of covariance is known), the knowledge 

of q implies complete knowledge of Q. 

In summary, the following special conditions are assumed 

1) The k measurements in Y are all scalar 
e 

2) For v and w, the ratios of the covariances are known 

3) For n, v, and w the k noises are independent and equally 

distributed. 



As a result, knowledge of the three variables r, s, and q implies com

plete knowledge of the covariance matrices R, S, and Q which are required 

for unbiased parameter estimates. The subtraction method requires know

ledge of S (and also Q if one chooses = Q "*") while the LITWELS method 

requires knowledge of R, S, and Q. 

Let us now consider how three equations may be generated for 

Problem I in terms of r, s, and q and two equations may be generated for 

Problem II in terms of r and s (since the parameters are then constant 

and no random walk term (w) is present). 

Problem I - Estimation of R, S, and Q 

For the first equation, let us consider an estimator which fol

lows from the conventional weighted least squares algorithm of 2.5 by 

letting the weighting matrices and M2 be identity matrices. This 

estimator is not weighted, hence we are considering a least squares 

algorithm 

h - [AX (J)]"1 AY (5.13) 
o s s 

where 

T T T T "1 
A - (J) x [I + x rr^x ] r s 1 s sJ 

Let us now obtain the sum of the k errors where 

Ee = I[Y - X <f>h ] (5.14) 
s s T oJ 

Y = X <f>h +X Tw + v 
s e Y o e 



These errors (or residuals) are a direct measure of the noise on X since s 

the expected value of Ee is zero if no noise is present on Xg(Xg = Xg). 

Let us obtain then, the expected value of Ee 

E{Ee} = E{£[X <|>[AX (fr]"1 AN<J>] } hQ (5.15) 

Equation 5.15 results from substituting the equation X = X - N and the 
6  S  

equation for (5.13) into 5.14 and simplifying. Let consider (5.15) 

as a function of h , <j>, r, and X as well as the statistics of n. 
o e 

E{Ee) = f^ (statistics of n, hQ, <j>, r, Xg) (5.16) 

However, X is not known. Further, let us assume that third and higher 
e 

moments either are zero or negligible. Therefore, 5.16 can be redefined 

to estimate the expected value of Ee in terms of known quantities (<(>, T, 

and X ) and desired quantities (s and h ). 
s o 

E{Ze} = f0(s, h , T, X ) (5.17) 
/ o s 

« Ee 

Thus, we have one equation using Ee as an unbiased estimate of its own 

expected value and setting Ee approximately equal to £2' We can solve 

for an estimate of s which depends on Ee, <j>, r, and X which are known s 

and the parameter matrix hQ which is unknown 

s(Ee, h ,<fr,T, X ) (5.18) o s 

For a second equation, let us consider the squared error J 
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J = [Y - X <{>li ]T[Y - X <j>ft ] (5.19) 
s s o s s o 

We can substitute the equation Xg = Xg - N into 5.19 as well as the equa

tion for hQ (5.13). The result of taking the expected value is written 

below where the functional dependencies are shown both explicitly (5.20a) 

and implicitly (5.20b). 

E(J) = E{hT(f)TNTT^T N <|>h + w^xVl^X Tw + vVr.v} (5.20a) 
o r  1  1  o  e l l e  1 1  

T = I - Xo <j)(AX 6)_;LA 
X s s 

E(J) = f^(statistics of(n,w, and v) , hQ,(j),r,Xe) (5.20b) 

If third and higher moments are considered negligible we can write an 

approximate form for 5.20 using known quantities (<j>,r,X ) and desired 
s 

quantities (s,r,q,ho). This result can be set approximately equal to J 

which is on unbiased estimate of its own expected value. 

E(J) = f4(s,r,q,ho,<f> , r,Xg) (5.21) 

« J 

For a third equation, let us consider a different least squares 

algorithm and squared error 

*  T  T  — 1  T  T  
h . - (<j» X X <}>) <f> X Y 
ol Y s sr r s s 

J, = [Y -X (J)h' ]T[Y -X <j>h J (5.22) 
1 1 8 8 Y Ol 8 8 Y olJ  
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T T 
We can write the expected value of J from 5.20 by substituting <{> X for A. s 

Thus we have 

T T T T T T T T 
EĈ ) = E{ĥ fN IjTjN <J>hQ + w T X̂ T̂ rw 

+ v̂ v̂} (5.23) 

T T _1 T T 
T2 = I - xS<K<I>VxS4>) x <T> xl

s 

Notice that T„ is symmetrical and idempotent. If the matrix XJ is of 6 S 

rank m and T2 is of dimension k by k (k measurements) 

E(J ) = E{hT4.TNTT̂ T,N <J>h } + (k-m) [E{wTrTXTX Tw} + r] 
X O M FA O £ 6 

= fj.(statistics (of n,v, and w) ,hQ, <j>, T,Xe) (5.24) 

If third or higher moments are considered negligible, we can write an 

approximate form for 5.24, using known quantities (<J>,r,X ) and desired s 

quantities (s,r,q,hQ). This result can be set approximately equal to 

which is an unbiased estimate of its own expected value 

E(Ĵ ) = f6(s,r,q,ho,<f>,r,Xg) 

xj (5.25) 

In summary we have three equations with four unknowns (s,r,q,hQ) and 

three knowns (<j>,r,Xs). 

Ee « f„(s,h ,<(i,r,X ) (5.26a) 
4 o s 

J « f̂ (s,r,q,ho>(j>,r,Xg) (5.26b) 
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Jj, « f6(s,r,q,ho,<j)>r,Xs) (5.26c) 

We must now utilize 5.26 to obtain unbiased parameter estimates. For the 

subtraction method two equations (5.26a and the CWLS algorithm) are used 

in two unknowns (s and hQ). For the LITWELS method four equations (5.26a, 

5.26b, 5.26c, and the LITWELS algorithm) are used in four unknowns (s,r, 

q, and h ) . 
o 

Subtraction Method 

Recall that we need an estimate of the matrix T, the matrix which 

causes the structural parameter estimates to be biased 

T = E{ (AXg<J>)_1 AN<|>} hQ (5.27) 
a 

where A is defined in 3.4. Let us use h (3.4) as an unbiased estimator 
o 

for its own expected value. 

h « E{h } = [I-T (statistics of n,<j),r,X )]h (5.28) 
o o e o 

Equation 5.28 depends on the unknowns hQ and the statistics of n. Now 
a 

let us use an estimate of T(T) which depends on two unknowns (hQ and s). 

A 
We can solve for an estimate of s(s) from (5.26a). Now we have one equa

tion in one unknown (h ) 
o 

h »h (T(s(£e,h ,$,r,X ),<fr,r,X ),h ) (5.29) 
o O OS so 

In general, 5.29 is nonlinear, so let us solve for hQ by using a Newton-

Raphson technique. Let us define 

0 « G(h ) = hn - h (T(s(Ee,h ,<J>, T,X ) ,<j),r,X ) »h ) (5.30) 
O O O O b b U 
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Then the result of using the Newton-Raphson technique is 

-1 

h a h  -
o o 

3G 
9h 

h o 

G(h ) (5.31) 
o 

Equation 5.31 is the subtraction method algorithm when the noise statis-

A 

tics are unknown. The biased estimate h is used to obtain the approxi-
o 

mate expression for hQ which is the unbiased estimate. There is a 
A. 

simpler approach, that is, to use the biased estimate hQ (3.4) as hQ to 

compute s, then use s,<J>,r, and X to compute T which in turn, yields a 
s 

A 
new estimate of hQ (using 3.10). Experimental results and intuition 

suggest this approach is undesirable. Recall that we must begin the pro

cess with some biased estimate of h . Now if the estimate is too low 
o 

(which is generally the case) then s is estimated as too large a quantity 

since s is inversely proportional to hQ. The result is that too much is 

"subtracted" using 3.10. It is possible to obtain a sign change in the 

next parameter estimate. In general, the parameter estimate oscillates 

over a large amplitude, eventually settling to a nearly unbiased result. 

It has been observed that the estimator is better behaved as a result of 

using 5.31 as compared to the iterative scheme just discussed. With 

regard to the LITWELS algorithm which is iterative in nature and experi

mentally well behaved, the following straightforward approach is sug

gested . 
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LITWELS Technique 

An iterative method is suggested for the LITWELS algorithm when 

the covariance matrices are unknown. In this case four equations 

(5.26a, 5.26b, 5.26c, and the LITWELS algorithm) are used in four un

knowns (s,r,q, and hQ) 

1. Use conventional least squares to get Ze, J, and (see 5.26) 
A 

2. Use the last LITWELS parameter estimate (h ) with Ze, J, and on 
A A A 

to get r, s, and q. Use a Newton Raphson procedure 

a. Solve Ze = f2(s,hQ, <f>, T,Xg) for sn+1 (Ze, hQn, <}>, r,Xg) 

b. Obtain r ,, and q by Newton Raphson 
n+1 n+1 

• — r- 1 
rn+l 

S 

V 
n 

A 

%+l_ 
A 

"3f4 3f4~ 
A 

3r 
A 

aq 
3f 6 3f6 
A 

3r 
A 

9q _ 

on 

n 

n 

n+1 

f, -

f„ -
on 

-* n 

s 
n+1 

3. Use *n+1» sn+i» ̂ n+i to select weighting matrices 

4. Use weighting matrices, hon , and the LITWELS algorithm to 

obtain a new parameter estimate which should be less biased 

than hon 

5. Repeat the process, updating all estimates 

Problem II - Estimation of R and S 

The constant parameter case is, of course, a simplification of 

the time varying parameter case and follows directly by setting <j> = I, 



r = 0, and w = 0. One must also redefine the matrices X , X , N, and 
e s 

(see the Appendix). Since there are two variables to estimate 

(r and s), then two equations are needed. Note that J (5.19) and 
A A 

(5,22) are identical for Problem II since h (5.13) and h . (5.22) are 
o ol 

identical. This implies that 5.26b and 5,26c become identical, hence 

the set of three equations in 5,26 reduce to two independent equations 

as required. 

Let us consider the least squares algorithm which follows from 

2.19 by setting the weighting matrix = I. 

h = [XTX ]-1XTY (5.32) 
o s s s s 

For the first required equation, we consider the error summation over 

k measurements 

Ze = Z[Y - X h ] (5.33) 
s so 

Y • X h + v 
s e o 

These errors (residuals) are again a direct measure of the noise on X 

since the expected value of Ze is zero, if no noise is present on 

X (X = X ). Let us obtain the expected value of Ze where X = X + N 
S S 6 8 6 

E{Ze> - E{Z[X (XTX )_1 XTN]} h 
S 5 S S O 

= f̂  (statistics of n, hQ, Xg) (5.34) 

In the spirit of Problem I, let us assume that third and higher moments 

either are zero or negligible. Let us write an approximation for f̂  in 
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terras of known quantities (Xg) and desired quantities (s and hQ), and then 

equate the resulting function to Ee which is an unbiased estimate of its 

expected value. 
le « f_(s,h ,X ) 

/ OS 

« (k+1) I X (XTX )_1 S.h (5.35) 
s s s  l o  

From 5.35, we can solve directly for an estimate of s 

s(Ie, h , X ) (5.36) 
' o' s 

For the second equation, let us consider the squared error J 

J = [Y - X h ]T[Y - X h ] (5.37) 
s SO S so 

The resulting expected value follows directly from 5.20, where is now 

a k x k idempotent matrix and Xg is of rank m 

E(J) = E{hTNTT̂ T.N h } + (k-m)r (5.38) 
o ll o 

T —1 T 
T, - I - X (X X ) XA 1  s s s  s  

E(J) = f, (statistics of n, r, h , X ) 
J O 8 

Equation 5.38 can be written approximately in terms of known quantities 

(X ) and desired quantities (n, r, and h ). The resulting function can 
s o 

be set equal to J which is an unbiased estimate of its own expected value. 

J « f/(s,r,h ,X ) (5.39) 
4 OS 

« (k-m) (h*s,h +r) - k2hTS. rfx h 
O l o  O  1  s  S  l o  
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In summary we have two equations in three unknowns (s,r,hQ) and one 

known (X ). These equations are 
s 

Ee w f2(s,ho,Xg) (see 5.35) (5.40a) 

J « f,(s,r,h ,X ) (see 5.39) (5.40b) 
n  . O S  

We must now utilize 5.40 to obtain unbiased parameter estimates using the 

subtraction method and the LITWELS method. For the subtraction method 

two equations (5.40a and the CWLS algorithm) are used in two unknowns 

(s and h ). For the LITWELS method three equations (5.40a, 5.40b, and the 
o 

LITWELS algorithm) are used in three unknowns (s, r and hQ). 

Subtraction Method 

The discussion related to Problem I may be related to Problem II 

by letting = I and r = 0. Hence we need an estimate of 

T » E{(X3M9Xo)-1 X̂ M- N} (5.41) 
S m S S fa 

Suppose we write the parameter estimate hQ (3.7) as an unbiased estimate 

of its expected value. The expected value depends on the statistics of 
A • 

n and h , all of which are unknown. An estimated T(T) can be used which 
o 

depends on the unknowns s and hQ. Solving 5.40a for an estimate of s we 

have 

h « E{h } = [ I-T (statistics of n, X )]h 
o o e o 

«h (T(s(£e,h ,X ), X ), h ) (5.42) 
o o s s o 

Equation 5.42 has only one unknown (hQ). However, the nonlinear nature 

of 5.42 suggests the use of a Newton Raphson technique. If we define 
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G(h ) = h - h (T(s(Ee,h ,X ),X ),h ) (5.43) v o o o ' o' s ' s ' o 

Then the result of the Newton Raphson technique is 

i-l 

- [ijho] G(i,o> (5.44) 

Equation 5.44 is the subtraction method algorithm when the noise statis-
A 

tics are unknown. Note well that the biased estimate h is merely used i o 

as an intermediary such that the unbiased result (5.44) follows. 

LITWELS Technique 

An iterative method is suggested for the LITWELS algorithm when 

the covariance matrices are unknown. Hence, three equations (5.40a, 

5.40b,and the LITWELS algorithm) are used in three unknowns (s, r, and 

V -

1. Use conventional least squares to get Ee and J (see 5.40) 

A 

2. Use the last LITWELS parameter estimate (hQn) with Ee 

A A A  A  

to get s. Use s and hQn with J to get r 

A A 

3. Use s and r to select the weighting matrices 

4. Use the weighting matrices , hQn, and the LITWELS 

algorithm to obtain a new parameter estimate which should 

A 

be less biased than h„_ on 
A 

5. Repeat the process, updating hQn 

In the following Chapter, computer results are presented regarding 

Problem II. The CWLS, IV, subtraction method, and LITWELS algorithms are 

simulated both for known and unknown statistics. 



CHAPTER 6 

ANALYSIS AND SIMULATION OF A PRACTICAL EXAMPLE 

Introduction 

Analytical results are presented in Chapters 1-5 concerning 

four estimation procedures: the conventional weighted least squares 

(CWLS) algorithm, the instrumental variable (IV) algorithm, the subtrac

tion algorithm, and the linearized iterative weighted least squares 

(LITWELS) algorithm. The first two methods require no knowledge of the 

noise statistics whereas the last two methods require either a priori 

knowledge or estimation of the noise statistics. In this chapter, the 

analytical results are applied with reference to the constant parameter-

structural parameter estimation problem (Problem II). The constant 

parameter equations are much simpler than their time-varying counterparts, 

hence the example problem is not clouded by algebraic complexity. 

The estimation equations related to Problem II are summarized in 

Table 6.1. 

In Chapter A, the convergence of the LITWELS algorithm is estab

lished for the case where k sets of data are taken and where each of 

the k structural equations is a scalar, that is, for 

Y - X . h (6.1) 
ei ei o 

it follows that Y . is a scalar. X . is a row vector and h is a column 
ei " ei o 

vector. The following defines the covariance matrix R of the noise 

74 
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TABLE 6,1 

EQUATIONS FOR PROBLEM II 

APPROACH EQUATION 
EQUATION 
LOCATION 

CWLS 

IV 

Subtraction 

LITWEiiS 

algorithm 

expected value 

algorithm 

algorithm 
(known statistics) 

algorithm 
(unknown statistics) 

algorithm-
(known statistics) 

algorithm 
(unknown statistics) 

3.7 

3.8 

3.18 

3.13 

5.44 

4.32, 4.33, 4.34 
(for scalar struc
tural equation: 
4.39, 4.40, 4.41) 

End of Chapter 5 
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sequence v which contaminates the measurements of Ye 

cov v = rl 

r » E{v̂ } (6.2) 

That is, each of the k scalar noise terms are equally distributed (i.e., 

the stochastic noise sequence has stationary statistics). The weighting 

matrix M2 is chosen accordingly as 

M2 = m2 I (6.3) 

where m2 is a scalar. In order to compare the four estimation methods, 

an example is used in which each structural equation is a scalar and all 

k noise terms are identically distributed. The basic estimation equations 

for"Problem-"II (see the above table) are shown where M2 is defined in 6.3. 

The result is that the scalar m2 tends to cancel out in some cases. 

CWLS: h = [XTX ]-1 XTY (6.4a) 
o s s s s 

E{hQ} - [I-T] ho 

T - E{[XtX tVN} s s s 

IV: hQ « [ZTXS]-1[ZTYs] (6.4b) 

Subtrac- h - [XTX - xJcT]-1 X*Yc (6.4c) 
O 8 S 8 8 8 S 

tion: * a m IT 
T - E{[X X ] X N} 

s s s 
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LITWELS: 

\+l" "(I'k«)X= + V̂ 'V1"1# + Vsky)rl (6'4d) 

Kiu-yxJ + ky Y*I Ys 

I ARIA n A A m 

k - [(—) m, + h h ] h h 
x 3 o o o o 

1 AINA "I AN 

k = [(£-) nu + h\] h 
y J o o o 

r i-l = [cov v̂  

B [cov n̂ ] ̂  

It is well worth noting the behavior of the above algorithms as 

the-noise oil X disappears; Complete knowledge of X implies that N •* 0 
S 6 

A 

and m„ -*• ». In that case T, k , and k approach zero and the CWLS, sub-
3 x y 

traction, and LITWELS algorithms are identical. If Z -*• Xg for the IV 

algorithm, then all four algorithm are identical when the noise on X s 

disappears (i.e., the structural parameter estimation algorithms approach 

the conventional parameter estimation algorithm). 

In the remainder of this chapter, a* practical example problem is 

introduced and applied to the equations of 6.4. The computer simulation 

is discussed and the results are presented. 

The Example Problem 

The example problem is characterized by the basic scalar struc-

TH tural equation for the i data sample 
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(6.5) 

where Mq and are constant parameters which are to be estimated and 

0ê ,ctê  and 6 ̂  are states of the system which are measured with uncer

tainty. Let us now consider the problem characterized by 6.5. 

With regard to missile or aircraft performance, the term "six-

degrees of freedom simulation" is used. That is, the state of an aero

space vehicle traveling in space is described, at each point in time, by 

three forces (resolved along three mutually orthogonal axes) and three 

f 211 moments (about each of the three axes) . If the vehicle is traveling 

in only one plane, then one has a three degree of freedom problem (forces 

along two axes and a moment about the third axis). 

For example, consider an airplane in level flight. Let us attach 

a reference system wherein the x axis runs through the center of the ve

hicle and out the nose (the positive direction is forward), the y axis 

runs along the wings (the positive direction is along the right wing as 

we face forward inside the plane), and the z axis points toward the ground 

(positive downward). Hence, we have a right hand coordinate system (see 

Fig. 6.1). Now a rolling moment is a rotation about the vehicle's center 

line (moment about the x axis). Similarly, a pitching moment refers to 

rotation about the wings (moment about the y axis) . Finally, a yawing 

moment refers to a moment about the z axis. In general, an arbitrary 

vehicle movement may be considered in terms of pitch, yaw, and roll motion. 

However, motion in only one plane (pitch, yaw, or roll) is possible. 

ei " Iaei Sei> 

M 
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Z 

Fig, 6.1. Aircraft Coordinate System 



Motion in the pitch plane means that the aircraft climbs or dives in 

the x-z plane, hence, the state of the craft is described, at any point 

in time, by three degrees of freedom: a force along the nose of the 

plane (x axis), a force toward the ground (z axis) and a rotation about 

the wings (y axis). It is necessary to define the following aerodynamic 

terms for pitch plane (x-z plane) activity 

U - velocity along the vehicle x axis (ft/sec) 

W - velocity along the vehicle z axis (ft/sec) 

v - velocity vector of the vehicle (ft/sec) 

a - angle by which the vehicle x axis (nose) is above the 

velocity vector (degrees) 

6 - angle by which the vehicle x axis (nose) is above the 

inertial reference x axis (degrees) 

6 - deflection of the control surface from some reference 

position (degrees) 

An airplane has rather severe cross-coupling properties due to 

lack of symmetry about the x axis whereas a missile has much less cross-

coupling if it is symmetrical (cruciform). It is therefore common in 

cruciform missile design (normal acceleration control) to simulate (and 

design for) motion in only the pitch plaiie since cross-coupling is 

negligible and since pitch activity and yaw activity is nearly identi

cal̂ .̂ In fact, if a cruciform vehicle rolls 90°, pitch activity 

becomes yaw activity and vice-versa. One therefore designs pitch and 

yaw controllers in a nearly identical fashion and allows the vehicle 
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to roll at some fixed rate to evenly distribute heating (the "rotisserie" 

effect or "barbeque" mode). 

To bring about a cruciform missile design for normal acceleration 

control, it would seem logical to write the equations for the three 

degrees of freedom of a missile and attempt a control system design based 

on their solution. Unfortunately, even if cross-coupling effects are 

negligible, the resulting equations are nonlinear. The following approach 

is followed to arrive at tractable linear first order differential equa

tions 

1) Assume the x axis velocity (U) is much larger than the z 

axis velocity (W). Thus, the vehicle is at a low angle of attack 

(a) • 

2) Assume the applied force along the x axis is nearly zero, 

leaving two degrees of freedom to consider. Thus, any applied force 

is due to control surface deflection. 

3) Use a small angle approximation (since a is small) to linear

ize the force equation along the z axis to an equation defining the 

time rate of change of a (a). 

4) Manipulate the moment equation about the y axis to obtain ah 

equation for the angular acceleration of 0 (0). 

The following two equations result from the four steps above 

<5 • 0 - Z a (6.6a) 
o U 

0 • M a + M. 6 (6.6b) 
a o 

where 
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Z = normal force (-z axis) coefficient (g's/° of a) 
a 

Ma = aerodynamic stability derivative (moment coefficient) 

(°/sec2̂ ° of a) 

M. = for effectiveness gain (moment coefficient) 

(°/sec2̂ ° of 6) 

6,a,U,6 = defined above 

Equations 6.6a and 6.6b plus first order actuator dynamics 

define the linear, third order system of Fig. 6.2. If the control gains 

are selected as shown in Fig. 6.2, then the closed loop transfer function 

(for constant Z , M , and M~) iŝ '̂̂  ̂cr o 6' 

NA C2 
_A..« 5 (6.7) 
N r  S3 + TS2 + CjS + C2 

where 

% » normal acceleration (g's) 

Nj • input (commanded) normal acceleration (g's) 

' From the above discussion, it appears that one should utilize an 

adaptive scheme to maintain the vehicle performance at some desired level 

by changing the control gains (Fig. 6.2) as parameter estimates of Ẑ , 

Mq, and Mg become available. However, to provide a common set of data 

for all estimation algorithms, the control gains were set as a function 

of the actual values of Z , M , and M.. Therefore, each estimator 
or a o 

operates in an off-line manner on data resulting from a third order 

linear fixed gain control system. 
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1845 

CONTROL GAINS 

Si 

SA 

T » 

C~2 

Z 1845 a 

U 

K-

M£Z T 6 a 

C2 + M,T 

M6zaT 

C1 -ZaTjjr + Ma 

M6T 

Fig. 6.2. Third Order-Pitch Plane-Normal 
Acceleration Controller 
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It is assumed that Z is known, leaving M and M. to be estimated. a a o 

In point of fact, Zand are functions of dynamic pressure, velocity, 

and certain measurable constants whereas Ma is a function of dynamic 

pressure, velocity, measurable constants, and the location of the vehicle 

center of gravity (which is generally difficult to determine accurately). 

In order of decreasing predictability, the parameters are Za, M̂ , and M̂ , 

hence it is reasonable to assume that Z is known while and 11 are to a 5 a 

be estimated. 

In summary, the parameter estimation problem is characterized by 
MN |T 

6.6b, relating the i set of states 0, a, and 5 by the parameters and 

Mg. Adopting (as in Chapters 1-5) the use of the subscript e to denote 

an exact value, Eq. 6.5 results. Recall that the subscript s is used to 

denote sensed values. For all k sets of data, the structural equation of 

the forms Y = X h is 
e e o 

— —-

el 
Ot 
el Sel 

• 
• B • 

• 
• 
• 

_ek "ek V 

(6.8) 

Similarly, 6.8 can be written in the form Yg • ̂QXe 

\M<S ' . 0 0 

• 

• 
m 

• 

• 

°ek 0 0 . M M, a 6_ 

J* « 

*ei el 

.ek 
>ek 

(6.9) 
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There are three noise sequences for this example, namely: the noise 

sequence contaminating 0e (v), the noise sequence contaminating Xe(N), 

and the noise sequence contaminating Xg(n)• It is assumed that all k 

noise terms of each kind are equally distributed 

o' 
e .  

COV V = 

V = 

61 

'6k 

0 o?. 
OJ 

a» = cov 
9 0i 

N 

al 61 

N , N-. ak 6k 

E{NTN> = kS 

fa2 = cov N 
ai 

a2 = cov N». (6.10) 
o oi 

N 
al 

N 61 

N_ 

Njr 
L 5kJ 

cov n 

The Resulting Parameter Estimators 

We are now in a position to apply the various estimators to the 

example problem by substituting the appropriate equations defined in 

6.8, 6.9, and 6.10 into 6.4. 
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A 

M 
a 1 aii I asi{si 

A 

I asi6si I 6!i_ 

-1 r  

0 .a . si si I 

I si si 

(6.11a) 

M" M~ a a 
E = [I-T] 

h .M« 
(6.11b) 

k-1 
A 

o2 I 52 a L ° ei 

+ k a2a2 
a o 

a'  £ a ,6 

ei ei 

o2 £ a2, a L ei 

° " 61 61 +k o*cr| 
a o 

A e I °ei ̂  + (k_1) ei ei ei £ a2. + a2 J 62 L ei a L » 

+ k a2o2 a 6 

ei 

Equations 6.11a and 6.11b define the CWLS algorithm for this case 

as well as the expected value of the bias. For the IV algorithm, let us 

assume the best possible algorithm: one in which the instrumental vari

able for a is actually a and the instrumental variable for 6 is e e e 

actually 6g. Then we have the following 
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IV: 

s
 >'
 

c
 

1 

I aei5si I §si°ei 

A 

I °siSei I SeiV J ®si6ei 

(6.12) 

For the subtraction algorithm with known noise statistics we must 

obtain an estimate of T (6.11b). This estimate must be in terms of sensed 

measurements and noise statistics. An unbiased estimate of T is 

k-1 
I 6si 

I a„A 

-a. I «=/ si si 

•o2 I « . o\ L 0(2 c* L si si 6 L si 

(6.13) 

* = I asi £ 6si " $ â 6«-»)2 si si 

Recall from 6.4c that one uses the product X X T to "subtract off" the s s 
FFL A 

effect of T. The product X X T is quite simple in this case 
s s 

XX T - (k-1) 
8 S 

o* 0 
a (6.14) 

It is interesting to compare 6.14 with the case where XX is taken out 
8 S 

* 

of the expected value sign in estimating T from 6.4c 

xTx T - E{X*N} s s s 
(6.15) 

For a large number of samples, 6.15 and 6.14 are nearly equal. It is 

suggested that the simple form of 6.14 should always be used in the 
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subtraction algorithm, thus eliminating the need to evaluate complicated 

expressions such as 6.11b and 6.13. As a result of 6.14, the subtrac

tion algorithm for known noise statistics is 

Subtraction (known statistics): 

I Vt'si 

I «si 

m "  a 
~ 

I o|± - (k-l)c>2 

I si si 

"T1 •• • 
I O -,<* .1 L si si 

N •• 
h i .  
y si si 

(6.16) 

For the LITWELLS algorithm with the noise statistics known, the 

weighting matrices m̂  and are chosen from the noise statistics of 6.10 

*2 

m_ = 

1/a l  
6 

a 

(6.17) 

The LITWELS algorithm for this case results from substituting 6.8, 6.9, 

6.10, and 6.17 into 6.4d. 

M 

LITWELS (known statistics): 

£ asl J asl5si 

n+1 

M, 
n+1 

(i-V 

+ k 

2 °Sl58i ̂  'si 

H -siV1 

I 5si5si 

(I-k̂ ) + (I-kx) I «sAi" 

1 6 4*0-4 L si si 

d-kT) + k I e2 K x y ̂  si y 

-l 

C6.18) 

* . . .  
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(I-k ) 
x I "Jsl 

£ 6si®si 

+ *y I eli 

k = 
o?. 

e * 2 +• M 
a2 a 

M M 
a 6 

M M. a o 

2 +  M S °I 1 

-1 

Mz 
a 

M Mx a o 

M M. a 6 

M, 

'a2 

4 + M 2  
a2 a 
a 

M M. a 6 
"8 

— -1 - -

M M. M o 6 a 

A 
M5 

It is interesting to compare the amount of data that must be 

stored for the LITWELS algorithm(6.18) with the amount of data that must 

be stored for the CWLS (6.11a) and subtraction (6.16) algorithms. All 

algorithms must store the sum of the terms a
s£̂ si» » ®siasi' 

and 0.6.. The only additional sum that must be stored for the LITWELS 
si si J 

algorithm is the sum of the terms 0̂ . Extending this case to higher 

3 n x ] 

n(n+3) 

si' 

dimensions, if the product X*X is n x n and the product X*Y is n x 1, s s s s 

then the CWLS and subtraction algorithms require the storage of 
4. 

T 
terms (since XX is symmetrical) whereas the LITWELS algorithm requires 

s s 

only 1 additional term regardless of n. In the above example problem, n=2, 
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The case where the noise statistics are unknown is discussed in 

detail in the last half of Chapter 5 with regard to Problem II. For 

this example problem, it is assumed to be known that = 4 hence 

the matrix S (6.10) is 

S = a? b a (6.19) 

The noise statistics are known if the two quantities o?. (6.10) and of are 
0 6 

known. Let us now obtain unbiased estimates of and using the sub

traction method. We need only estimate o|, which can be found using 6.19 

and 5.35 (the expected value of the error resulting from the CWLS al

gorithm) . 

E fje ) = E (I[Vsl - Xsih0] } « (k+1) I Xsi(X̂ Xs)-1Sho 

(6.20) 

From 6.20, an estimate of results which is a function of known data 

(£e and Xg) and the unknown parameters (in this case and Mg). The 

A A A 

resulting estimates (cr~ «* 4a£ and a*) are then substituted into 

T (6.13). We then write 

M_ 

M, 
w [I-T(Ma,M6)l 

M 

H, 
(6.21) 

Equation 6.21 is solved for Mq and Mg (an approximately unbiased estimate 
A 

of 11 and Mr, actually) which depend on the CWLS (biased) estimates M (X O QT 

and Mg. As a result we have from 5.44 
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Subtraction (unknown statistics): 

1) Get M and M. from 6.11a 
a o 

2) 

where 

- — — — 

M M g g 
S3 

A 

_M« 

-1 

A A A 

1 " 9(M ,MJ T(Ma,M6) 
a o 

M a 

M. 

A A A 

M - M a a 

V "6 

M 

M, 

T(M M.) a o 

M 

eMa + fM5 

ASMqj + bM5 

4bM„, + cM. (6 .22)  

3(Mo,Mfi) T(Mg'V 
g 

A 
Mx M »M 
_ 6_ g g 

V*« 

Mx(4adf - bde) 

(eMa + fM6)2 

Mj.(cde - 4 bdf) 
0 

(eM,, + fM6)2 

M (4adf - bde) 
a 

(eMc + fMs)2 

M (cde - 4 bdf) 
a 

(el̂  + f"6>2 

a « (k-l)(][ $g±)M 

b «-(k-l)(I otsi6si)/A 

c » (k-l)(][ 

d - le± 
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e - 4(k+l) ii agi I SZsi- I 6si I °si5sl]/A 

f = (k+1) tl 6si I «s± ~ I «8l I «si6sl]/A 

A " I asi i' 6li " V °si6si)2 

There remains the task of deriving, for this example, the LITWELS 

algorithm for unknown statistics. For Problem II, the procedure is 

discussed in the last half of Chapter 5. It is necessary to estimate 

both o2 and oH. We begin with a CWLS estimate of M and M.. From 6.20 
6 0 a 6 

— A A-

we estimate S using the CWLS estimate h for h to obtain o? and o o o 

therefore, S 

14 01 
s -„! 

(6.23) 

With the error squared objective function J (again using the CWLS esti

mates for h ), an estimate of aH(o?.) follows from (5.39) since S is 
° 0 0 

estimated in 6.23 

E{ J} = Eil e2} « (k-2) (h$h + a2) - k2hj S(X*Xa r1 Sh X  O  O  0  O S S  u  

(6.24) 

As a result, we have 

LITWELS (unknown statistics): 

1) Get M and M. from 6.11a (6,25) 
do 

A A A-

2> - 4 i 
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v JK A A 

6 eM« + flig 

d, e, £ defined in 6.22 

T e2 2 

3) o?. - * - (4M2 + M2)a2 - k jgft pj Ja 6 
0 k-2 a 6 6 A(k-2) 1 a i4, si si 

- 16 M2 I 62. -M2 I a2.] ̂  o 41 si 6 L si 5 

A. A- A. 

A) substitute ar., a , and cr~ into 6.18 to update the n 
0 o e> 

ST 
LITWELS estimate (resulting in the n + 1 LITWELS 

estimate.) 

We can now summarize the estimation algorithms for this example 

problem. 

TABLE 6.2 

EQUATIONS FOR THE EXAMPLE PROBLEM 

Approach Equation 
Equation 
Location 

CWLS algorithm 6.11a 

expected value 6.11b 

IV algorithm 6.12 

Subtraction algorithm 
(known statistics) 

6.16 

algorithm 
(unknown statistics) 

6.22 

LITWELS algorithm 
(known statistics) 

6.18 

algorithm 
(unknown statistics) 

6.25 
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The remainder of this chapter describes the computer simulation 

involving the equations in the above table and the results of the simu

lation. 

The Simulation 

The computer simulation had three distinct parts. First, the 

third order, linear, fixed gain control system of Fig. 6.2 was simulated 

to provide deterministic data which in this case, is a function of time. 

Since the system is linear, a 7 term Taylor series approximation was used 

to generate the transition matrices. The normal acceleration was set at 

one g initially and an additional 10 g command was initiated every 10 

iterations. In all, 100 iterations were run at .01 seconds per iteration 

(a 1 second flight). The result was 100 values each for 0, a, and <5. 

The second part of the simulation consisted of generating noise 

sequences to contaminate the sensor measurements of the deterministic 

time functions 0, o, and 5. Twenty noise sequences were generated for 

each measurement so that twenty independent repetitions could be run for 
A 

each estimator of interest. Hence, the resulting estimates of Mq were 

stochastic random variables M̂ Ct̂ ,̂ ), functions of the j time point out 

TH of 100 and the i noise sequence out of 20. Each noise term (of which 

there were 100 x 20 x 3 for each experiment) was generated by obtaining 12 

random variables n^ each uniformly distributed in the interval 0-1. By 

considering the random variable v 

12 
v » ( I n. - 6)o ($.26) 

i-1 
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we have a random variable with zero mean and variance a2. This follows 

since the expected value of each n̂  is 1/2 and the expected value of 

each n2 is 1/3. 

The third part of the simulation consisted of selecting the 

estimator of interest. Six distinct cases were run (see Table 6.2), that 

is, the CWLS and IV estimators were run (they require no knowledge of the 

noise statistics) and the subtraction and LITWELS algorithm were run for 

two cases each (i.e., known noise statistics and unknown noise statis

tics) . The mean values (time functions) for and were estimated for 

each case using the sample mean. For example 

20 

E{Ma(V?i» « Mo(tj) = 20 V̂ i> (6'27) 

Note that the result is an unbiased estimate of the mean which is a time 

function, dependent on the number of data points (up to 100) used to deter

mine Mg. An unbiased estimate of the variance of the parameter estimates 

was also obtained. For example 

a2 « S2 1 

Jo. 

(6.28) 

In summary then, six different estimators were run. For each 
A A 

estimator a 100 x 20 array was determined for both Mq and Mg (100 time 

points and 20 repetitions, one for each noise sequence). Sample means 

and sample variances were determined for these estimates, which 
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quantities resulted in_100 values for each estimator (one value for each 

TH 
time point). The 100 value in each case means that all 100 data points 

TH are used, hence the 100 result should be the most accurate. 

The Simulation Results 

The simulation results are shown by Figures 6.3 - 6.7. Figures 

6.3 and 6.A refer to the known statistics cases while Figures 6.5 - 6.7 

refer to the unknown statistics cases. 

Figure 6.3 contains the sample mean of the estimates of as a 

function of the member of data measurements used to calculate each esti-

TH 
mate of M̂ . Hence, on the 50 iteration, 50 data measurements were used 

to estimate M . The CWLS estimate is clearly biased from the correct a 

value of 500. To verify the value of (100), 6.11b may be evaluated, 

requiring the following simulation data 

I a2, = 3903 M = 500 
100 cl 

I S2, - 922 M, - 1000 
100 ei 6 

I a 6 = -1896 k = 100 
100 el 61 

al = .006 o| = .0015 (6.29) 
0t 6 

Substituting 6.29 into 6.11b results in the expected value of Ma(100) = 

300. The sample mean M̂ dOO) = 308 checks closely. Naturally, the 

mean of has a variance such that any sample mean is distributed about 

the actual mean but the probability that the sample mean equals the actual 

mean is zero. We can say with some degree of confidence that the sample 



600 

550 

500 

450 

400 

350 

300 

250 

200 

150 

0 

6.3. 

97 

SUBTRACTION 

LITWELS 

CWLS 

—* » » i i » 1 i » 
10 20 30 40 50 60 70 80 90 100 

ITERATIONS 
A 

Sample Mean of M (Statistics Known) 



13,500 

12,000 

10,500 

9,000 

7,500 

6,000 

4,500 

3,000 

1,500 

SUBTRACTION 

LITWELS 

CWLS 

10 20 30 40 50 60 70 80 90 100 

ITERATIONS 

6.4. Sample Variance of (Statistics Known) 



600 

Ma 

(1/sec2) 

550 

500 

450 

400 

350 

300 

250 

200 

150 

0 

J ' 

SUBTRACTION 

IV 

LITWELS 

CWLS 

10 20 30 40 50 60 70 80 90 100 

ITERATION 

Fig. 6.5. Sample Mean of Mq (Statistics Unknown) 



13,500 

12,000 

10,500 

9,000 

7,500 

6,000 

4,500 

3,000 

LITWELS 

 ̂SUBTRACTION 

 ̂IV 

1,500 

CWLS 

« . * • * 

80 90 100 
• 

10 20 30 40 

ITERATIONS 

A 
Fig. 6.6. Sample Variance of (Statistics Unknown) 



101 

.00300 

.00275 

.00250' 

.00225 

.00200 

.00175 

.00150 

.00125 

LITWELS 

SUBTRACTION 

Sample Variance of 

the Noise on 6 

.00100 
<> 

10 20 30 40 50 60 70 80 90 100 

ITERATIONS 

Fig. 6.7. Sample Mean of 



mean should equal the exact mean plus or minus some amount. In this 

experiment, the sample mean is within 3% of the actual mean, a reasonably 

small difference. 

Let us now discuss the four estimators and their relative perform-

and using Figures 6.3 and 6.4. The CWLS estimator is undesirable due to 

the bias (40% error for M̂ ). The variance of the CWLS estimator is, how

ever, the lowest observed. The subtraction algorithm is the next most 

successful estimator (i.e., the estimator is much less biased at the ex

pense of a much higher variance). Note that the subtraction estimator 

is biased to some degree. The reason for this bias is that the subtrac-

* -1 tion estimator is the product of (I-T) times the CWLS estimator. The 

expected value is therefore the expected value of the product 

E{[I-T] ̂ [CWLS estimator]} (6.30) 

rather that the product of the expected values 

E [I-T]-1E{CWLS estimator} (6.31) 

- [I-T]_1[I-T]h = hn o o 

A 
In other words, 6.30 and 6.31 are not equal because T is correlated with' 

the data in the CWLS estimator and, hence, the result is somewhat biased. 

The higher variance of the estimation error is explainable from 6.16. 

Note that the terms (k-1) o2 and (k-1) c2 are subtracted from certain 
a 6 

running sums. For a low number of samples, the sample variances may be 

far off from the actual noise variances o2 and o?. As a result, in some 
a 6 

cases too much is subtracted and in other cases not enough is subtracted. 
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As more data is taken, the sample variances more closely approach and 

<Jg, hence 6.16 results in a more accurate correction. Note, therefore, 

that the sample variance for the subtraction estimator (Fig. 6.4) falls 

A 

off sharply as more data is used to calculate M̂ . 

The IV estimator oscillates about the correct answer with an es

timation variance between the subtraction estimator and the CWLS estimator. 

On the other hand, the LITWELS estimator converges exponentially toward 

TH 
the correct answer with a nearly constant variance from the 50 iteration 

onward. Extrapolating Figures 6.3 and 6.4 onward, it would appear that the 

LITWELS algorithm would be extremely well behaved. Recall that the IV 

method is assumed to provide a "perfect" instrumental variable. One 

must conclude that any practical IV estimator would not perform as well as 

that in Figures 6.3 and 6.4. In summary, the LITWELS algorithm appears to 

be the most successful as concerns bias and estimator variance for the 

known noise statistics case. 

Figures 6.5 - 6.7 refer to the unknown noise statistics case. The 

CULS and IV estimators are repeated here since neither requires the use of 

the noise statistics. The previous remarks are still valid 

1. The CWLS estimator is undesirable since the estimates are 

biased. (The estimator's variance is, however, the lowest 

observed.) 

2. Any practical IV estimator would not work as well as the 

one shown in Figures 6.5 and 6.6. 

Note that the subtraction estimator is less biased and has a lower 

variance than its counterpart for the known noise statistics case. In 
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thi6 case (as seen In Fig. 6.7), the subtraction estimator (using a 

Newton Raphson approach) estimates the sample noise variance rather well. 

Since the sample noise variance for less than 100 samples differs some

what from the simulated noise variance, the use of estimates of the 

6ample noise variance provides a more accurate correction for the noise 

effects than does use of the simulated noise variance. As more data is 

taken, the two approaches should become identical. 

The LITWELS estimator's performance is degraded by having to esti

mate the noise variance. The iterative approach suggested for the 

TH 
LITWELS estimator begins after the 20 CWLS estimate. From Fig. 6.5 we 

see that the LITWELS algorithm approaches the correct estimate in an ex

ponential manner, but that convergence is slower than that observed in 

Fig. 6.3. The LITWELS variance (Fig. 6.6) is also degraded as compared to 

Fig, 6.4 but the variance falls off sharply as the noise estimates im-

TH prove (from the 40 iteration on). 

Conclusions 

The above remarks support the conclusion that the four types of 

estimators can be ranked as follows in ascending order of their success 

in providing unbiased estimates with a low estimation variance 

1 LITWELS 

2 IV 

3 Subtraction 

4 CWLS 



The simulation also verifies the predicted presence of bias 

related to the CWLS estimator and the predicted bias removing effects 

of the IV, Subtraction, and LITWELS estimators. 



CHAPTER 7 

APPLICATIONS 

Introduction 

Structural parameter estimation has been discussed analytically 

in Chapters 1 through 5. A practical example has been treated in 

detail in Chapter 6. Other parameter estimation problems which can be 

cast into the form of 1.15 (i.e., structural parameter estimation pro

blems) can be solved using the methods of this dissertation. In this 

chapter, some topics are discussed which may be characterized by 1.15 or 

degenerate cases resulting from 1.15 such as CWLS parameter estimation. 

Those topics are (1) orbit determination (which resulted in the original 

work by Gauss related to conventional weighted least squares parameter 

estimation), (2) adaptive control, (3) prosthetic devices through 

myoelectric signal detection, (4) noise removal from pictures (especial

ly those from deep space and x-rays), and (5) fingerprint comparison. 

Recall (from 1.15) that structural parameter estimation problems 

are concerned with a process 

Y - X h (7.1) 
e e 

where h is a vector containing the unknown parameters and 

1. Ye and are measured with uncertainty 

2. h is estimated in a weighted least squares sense 

3. h may be time varying of the form 

106 
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h 11 ij)h + rv 
o 

(7.2) 

where <J> and V are known and w is a random noise term. 

In this case the estimate of h is h = ifh 
o 

4. the estimate of h must be unbiased 

Let us now consider how the above five topics may be treated 

in terms of 7.1 and 7.2. 

Orbit Determination 

The first work related to conventional weighted least squares 

parameter estimation is attributed to Gauss. Although Legendre pub

lished first (1806), Gauss was able to prove in an 1809 book that his 

previous (but unpublished) work in 1795 predated Legendre. All three 

works were related to the determination of the orbits of celestial 

bodies. Astronomers, by taking measurements at known time points, 

relate these measurements (Y and X ) to orbital parameters (contained 
e e 

in h). By assuming that h is constant (h » h ) and that X is known 
O 6 

exactly, the following unbiased conventional weighted least squares 

estimate results 

Gauss states the following in Reference 25, page 249. 

If the astronomical observations and other quantities on which 
the computation of orbits is based were absolutely correct, the 
elements also, whether deduced from three or four observations 
would be strictly accurate (so far indeed as the motion is 
supposed to take place exactly according to the laws of Kepler) 
and, therefore, if other observations were used, they might be 

h = [XTMX J"1 XTMY 
o s s s s 

(7.3) 
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confirmed but not corrected. But, since all our measurements 
and observations are nothing more than approximations to the 
truth . . . the most probable value of the unknown quantities 
will be that in which the sura of the squares of the differences 
between the actual observed and computed values multiplied by 
numbers that measure the degree of precision is a minimum. 

In the 161 years since Gauss published the above, our collective 

efforts have determined that the "degree of precision" for an error term 

is the inverse of the noise variance for that error term. This fact is 

somewhat sobering in view of those who might hold that our generation 

has posed and solved unique problems, when in some cases, we have merely 

"rediscovered the wheel" and concluded that we invented it. 

With regard to the orbit determination problem, the estimate of 

7.3 may result in a biased answer (one that is not "the most probable") 

when the measurements Xg are uncertain. Presumably, the accuracy of 

astronomical instruments is such that the resulting bias is negligible. 

Adaptive Control 

An adaptive control system has two inter-related goals: (1) est

imate the system parameters, and (2) derive a control law, using the 

parameters, which causes the closed loop system to perform in some de-

r 261 
sirable manner . The system "adapts" to changes in its structure by 

adjusting the control law in an appropriate manner. 

Figure 7.1 contains an adaptive control system which is designed 

for the structural parameter estimation problem. The system of Fig. 7.1 

is more general than that of Fig. 1.1. A disturbance has been added 

and the parameter estimates are now used to generate a stabilizing con

trol signal. The simplifications associated with Fig. 1.1 make the 
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system performance deterministic and independent of parameter estimates. 

An adaptive control system is called for whenever the process 

to be controlled is time varying in nature due to internal changes (e.g., 

redistribution of center of gravity location) or external changes (e.g., 

flight through atmospheric differences). If it is possible to describe 

the corresponding parameter variations by 7.2 and if noisy measurements 

are taken of the states (Y and Xe) related by h, then the adaptive 

control-parameter estimation problem becomes one of structural parameter 

estimation. One may estimate hQ using the methods of this dissertation 

A A, 

and then utilize h = <J>hQ to generate an appropriate control law. Let us 

consider some adaptive control examples. 

Consider the problem faced by a pilot in an aerospace vehicle, 

the response characteristics of which are varying with time. Ifovement of 

the control surfaces actuated by the pilot's manual control causes a 
TOO 0/1 

varying level of performance as a function of time ' . The probabil

ity of pilot error becomes high with respect to maneuvers requiring a 

high degree of accuracy. An adaptive controller senses the open loop 

system characteristics and varies the control gains so that the response 

characteristics which the pilot observes (his seat-of-the-pants feel 

for the aircraft) are nearly constant, independent of the vehicle's 

open loop characteristics. A VTOL (Vertical Take-Off Landing) aircraft 

[271 
is a good example . The handling characteristics in taking off and 

landing are similar to that of a helicopter, but in level flight, the 

handling characteristics are similar to that of a conventional airplane. 
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Another example is the shuttlecraft system, proposed as an 

economical way of transporting men and material to and from space 

T28 291 
stations ' . Each boost vehicle is to "fly" back to earth for 

future use. The shuttlecraft which rides "piggy-back" with the booster 

is to be highly maneuverable such that its occupants may land at certain 

pre-selected locations. Each shuttlecraft (somewhat like a flying bath

tub) must maneuver with precision since the earth's atmosphere is reen

tered at a very low angle and since the landing speed is in excess of 

100 miles per hour. The aerodynamic conditions under which the shuttle

craft must operate are indeed varied. The craft must fly from a near 

vacuum down to sea level, hence the dynamic pressure covers a wide range. 

For the shuttlecraft, handling characteristics vary due to external en

vironmental changes whereas VTOL characteristics vary due to internal 

changes (rotation of the wings, etc.). In either case, an adaptive 

scheme is called for so that the pilot's handling characteristics are 

nearly constant regardless of mode of operation or aerodynamic condi

tions. Since sensor measurements required by the adaptive control 

flight computer may contain noise, the situation calls for structural 

parameter estimation. 

There are cases where unmanned spacecraft might utilize adap

tive control. For example, spacecraft attempting unmanned landings on 

Mars and Venus encounter large aerodynamic variations. American Venus 

probes have indicated that surface atmospheric pressure is 75 to 100 

times that of Earth. in fact, a Russian Venus probe has imploded 

at 25 atmospheres while 25 kilometers from the surface. 
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Guidance and navigation under the effect of Lunar gravity is 

made difficult by the presence of large mass concentrations beneath the 

Lunar surface. It is necessary to refine Lunar gravitational models to 

improve on the accuracy of manned and unmanned Lunar flights. If the 

estimation techniques required to update the Lunar model and/or improve 

on current navigation and control laws are describable by 7.2, then the 

methods of this dissertation are applicable. 

Numerical control of industrial processes such as milling ma

chine operation is normally done in an open loop manner. It has been 

[31] 
suggested that sensors should be used to provide for adaptive control 

Since these sensors are operating under the presence of vibration noise, 

it might be necessary to refine the adaptive control methods to eliminate 

possible bias effects as discussed in this dissertation. 

Prosthetics 

Recent medical research has utilized the millivoltages generated 

by muscular contractions (myoelectric voltages) to actuate artificial 

limbs. The patient learns to use certain muscles to manipulate the limb. 

For example, prosthetics have been developed in the United States (the 

[32] [33] 
Boston Arm ) and Israel . The Israeli effort was prompted by 

Thalidomide induced birth defects in which no stump was available. A 

six degree of freedom arm was developed to provide three torques and 

three translational modes. 

A law governing artificial limb movement can be defined as a 

solution to a structural parameter estimation problem. Suppose the 

vector Ys is defined to be sensed myoelectric voltages. Let the constant 



h o 
(7.4) 
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parameter vector be defined to be the three desired torques (t) and the 

three desired translational forces (f) at the time when the voltage 

measurements are taken. 

"f 

t 

Suppose we define a connection matrix Xg which relates the myoelectric 

voltages (muscle contractions) to the six degrees of freedom (hQ). A 

random error vector e can be defined as 

e = Y - X h (7.5) 
s s o 

The voltage measurements (Y ) contain a random error. The connection 
s 

matrix (X ) is an approximation to the true relationship between the 
s 

muscle contractions and the desired movement of the limb. Since we have 
A 

satisfied the conditions for structural parameter estimation, hQ in 7.3 

may be a biased estimate of the desired limb movement, making it neces

sary to use the methods of this dissertation to remove the bias. These 

methods should be applied in an off-line manner to generate a simple 

on-line actuator. Carbon dioxide is currently used to power myoelec-

trically driven devices. 

Noise Removal From Pictures 

With regard to received radio signals, filtering methods are 

used for removal of interference due to transmission of the signal. 

The received signal, a time function, contains the desired transmitted 

signal plus a noise term (the interference) which is strong in certain 

finite frequency bands. 
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An analogous problem exists when a picture is transmitted through 

space. The Mariner 4 took pictures of the planet Mars and reduced each 

image to a 200 by 200 grid. At each of the points, the light intensity 

was measured and expressed as a 6 bit number (hence, 64 levels of light 

intensity were recognized). The 40,000 points were encoded into analog 

and digital signals and transmitted to Earth where the signals were 

r 341 
decoded . This data can be treated as a string of 40,000 numbers 

which, in turn, may be treated as a function of distance (by recording 

the numbers at intervals on a sheet of paper). The string is a sensed 

function y (x) 
's 

y (x) = y(x) + s(x) (7.6) 
s 

where yg(x) contains the desired signal y(x) plus a coherent noise term 

s(x) which is strong in certain frequencies. Concepts of filtering and 

frequency are now predicated on spatial functions (functions of x) rather 

than time functions. For example, consider a picture containing glare 

which tends to "wash out" features of the object. Glare causes the light 

intensity to be nearly constant over some portion of the picture. A 

spatial frequency analysis of f (x) would show a very large low fre-
s 

quency component, hence, glare is a low spatial frequency phenomenon. 

X-ray pictures often contain a large amount of glare which, when filtered 

out by a bandpass filter, reveals features hidden to the casual ob-

[35] 
server 

Let us consider how the coherent noise s(x) is removed from the 

picture using convolution filtering and how the same removal may be 

accomplished using conventional least squares parameter estimation. 



First, it is necessary to identify the frequencies of s(x). 

The power spectral density of y (x) is taken with itself (S ). The 
s ysys 

resultant function of frequency can be written 

S  = S + S + S + S  ( 7 . 7 )  
ysys yy ys sy ss 

The light reflected from the surface is due to a nearly white light 

source (the sun)f thus the first three terms above give rise to a nearly 

flat spectrum with a peak at iow frequency due to glare. The fourth 

term above gives rise to peaks which occur at the frequencies of the 

r 35] 
coherent noise sources1 

To remove the contribution of the coherent noise sources, con-
R A P  L  

volution methods are employed in the spatial domain ' . The 

Fourier transform of the signal y (x) (F (w)) is convolved with the 
s "s 

Fourier transform of a bandpass filter (F_T1(w)). The bandpass filter 
Dr 

passes the frequencies associated with the coherent noise sources. 

The result of the convolution is 

— r 2 it J 
Fy (G) FBp(w-£)d5 (7.8) 

•h I iy«>+ v?» fBP<»-5>« 

a Fs(u) 
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Hence, the result is approximately equal to the Fourier transform of 

s(x). The inverse transform of 7.8 results in an estimate of s(x) which 

can be subtracted from y (x) to yield the desired signal y(x). 
s 

Assume that the frequency of each coherent noise source in s(x) 

is known from 7.7 but that we wish to use conventional least squares 

parameter estimation to retrieve the signal y(x). It is not yet possible 

to subtract s(x) from yg(x) directly, since that requires knowing the 

magnitude and phase associated with each frequency. The unknown magni

tude and phase information may be determined by the following steps in 

TH * which we denote an estimate of the j coherent noise source by ŝ  (x) . 

TH 
1. Select parameter sets, such that the j set provides a 

TH sinusoid of the j frequency and such that the magnitude 

and phase are arbitrary. 

2. Select the magnitude and phase to minimize the squared 

error (over values of x) of 

[yg(x) - sj(x)]' 

The above two steps may be carried out as follows. Select the 

.TH parameter set such that s. cû Sj. The solution of this differential 

equation Assuming differentiation with respect to x) is as follows for 

some value x̂  of x 

' « A — « — 

COS UjX^ - o)j sin UjX^ CO
 

C
-
u
 ©
 

Sj(x£) 
1 . — sin u>.x. 

j 1 

COS WjX^ vo) 

(7.9) 
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Equation 7.9 is of the form = <̂ 1̂ . For each value of x(x.j), let 

us define an error 

ei " yŝ Xî  ~ 

Sj (x̂  
A , 

_s(x1) 
(7.10) 

The error is of the form ê  = Yĝ  - ĥ . The analogy to conventional 

least squares parameter estimation for the multistage case is complete. 
ss 

We wish to select h to minimize 
o 

J = £(Ysl - Xsi*iVT(Ysi - XsiW <7-ll) 

Values of Y . and X . are assumed to contain no random noise terms, hence 
si si 

the weighting matrices are set to unity (least squares parameter estima

tion) . The solution to 7.11 is 

fio " t£ &iV'll£ (7.12) 

It is obvious that 7.12 minimizes the squared error (step 2 above). It 

is not yet obvious that this minimization is related to selection of the 

magnitude and phase angle (step 1 above). From 7.9 we can write the 

following general relationship 

s(x) « a sin (u>x + 0) (7.13) 

9 . tan-1 SlQhl 
5(0) 
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A A 

The selection of s(0) and s(0) fixes the magnitude (a) and the phase 

angle (9) for each frequency. 

Let us consider a simple example. Suppose that y(x) is a con

stant (1) and that the coherent noise has one frequency component with 

magnitude 1 and a phase angle of 60° (i.e., s(x) = sin (x + 60°) and 

the received signal, y (x), is 1 + s(x)). Let us assume that a string 
s 

of six data points are received as in the table below, and let us try 

to recover the constant signal from y (x). 
s 

TABLE 7.1 

COHERENT NOISE REMOVAL EXAMPLE 

x 0° 60° 120° 180° 240° 300° 

f(x) 1 1 1 1 1 1 

s(x) .866 .866 0 -.866 -.866 0 

y (x) 1.866 1.866 1 .134 .134 1 
8 

sin(x) 0 .866 .866 0 -.866 -.866 

cos(x) 1 .5 -.5 -1 -.5 .5 

The estimates of 3(0) and s(0) follow from 7.9 - 7.12 for w • 1. 

_1[~E(sin x^y^)" 

)ysCxi>-

(7.14) 

~s(0) 

J(0>_ 

£ sin2 

Z sin 

; x^ E sin Xj^ cos xH^rE(sin Xj) 

xi cos E cos2 xi J [_£(cos Xl) 



119 

Using the data in Table 7.1, 7.14 may be evaluated. 

s(0) 3 0 
-1 

1.5 i5 

_s(0>_ 1 0
 

U)
 

1 _2.598_ _.866_ 

For this example problem, the least squares estimator suggests that we 

should subtract from y (x) the estimate of s(x) given by 7.13 and 7.15, 
s 

that is, the initial value of s should be .866 and the initial value of 

s should be .5. According to 7.13, the magnitude of s(x) should be 1 

A 
while the phase angle of s(x) should be the angle whose tangent is 1.732, 

that is, the phase angle of s(x) should be 60°. In short, the least 

squares estimator tells us, correctly, that s(x) = sin(x+60°). Note that 

A 
y (x) - s(x) is, of course, the constant signal y(x) = 1. 

We see from the above analysis that the least squares parameter 

estimation approach removes (one frequency at a time) the coherent noise 

signals from y (x) as does the convolution filter approach. 
8 

If the signal y (x) contains random noise, then a weighting 
s 

matrix must be included in 7.12. 

Fingerprint Comparison 

Fingerprints are classified, in general, by the presence or lack 

F371 of whorls (see Fig. 7.2). Since each of the ten fingers either does 

or does not have a whorl, there are 2^ «* 1024 categories into which 

complete prints are filed. A problem develops when latent prints of 

less than ten fingers are taken (which is often the case) or when com

plete prints fall into the more common categories (22% of complete 

prints have no whorls on the ten fingers). It becomes necessary to 
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TRIRADII 

ARCH LOOP WHORL 
(2 TRIRADII (1 TRIRADIUS) (0 TRIRADII) 

Fig. 7.2. Fingerprint Classifications 

SCANNER 
(TV or 
LASER) 

LATENT 
PRINT 
TRANSPARENCY 

READER FILTER 

REFERENCE 
PRINT 
TRANSPARENCY 

CALCULATE 
J 

REVOLVER 
AND 

TRANSLATOR 

DISTORTER EADER 

COMPUTER 

Fig. 7.3. Fingerprint Comparator 
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consider other factors. For each fingerprint, a line is drawn from the 

core (center) to the nearest triradius (the triangular shaped regions 

of Fig. 7.2 where three ridges meet). The characteristics of the ridges 

crossed by this line are recorded and matches are made with the latent 

print. 

Let us consider an alternate route to follow when we are required 

to match two single prints (one latent print and one reference print). 

2 
Suppose an N by N grid is placed over both prints. At each of the N 

points, we record a one where a ridge (dark line) is touched or a zero 

where no ridge is touched. Let us refer to the N x N array of ones and 

zeros for the latent print as Y^ and the N x N array for the reference 

TH print as Y . The (i,j) element of these arrays may be referred to as 

Y„/. ,v and Y An error function J may be defined £(i,j) r(i,j) 

N N 
J" 1 I 

j»l i=l 2 I tY£(i,j) -Yr(i,j)]2 (7-16) 

Where Y.,. and Y are equal, no contribution is made to J, but 
£(i,j) r(i,j) H 

where a mismatch occurs, a contribution of one is made. In effect, J 

is the number of mismatches of the latent print compared to the refer

ence print. 

Three problems become evident: 

1. The prints may not be aligned. 

2. The latent print may be smudged and distorted if it is 

taken from a nor. planar surface. 
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3. A segment of the reference print may not be represented 

in the latent print. 

The objective function may be redefined to solve the three pro

blems 

N N 
)]2 m 

J = ih Ji [f(Ŷ i.J)) " 8(Y'C^> 
(7.17) 

The weights (m..) are defined to be zero where the reference print is 

not represented in the latent print. The function g defines (1) a 

translation and/or rotation of the reference print to align it with the 

latent print and (2) an optical distortion of the reference print to 

model the physical distortion in making the latent print. The function f 

defines a "filtering" of the latent print to remove smudges. The func

tions f and g may be selected to optimize J. Figure 7.3 (below Fig. 7.2) 

contains a system which would carry out the desired optimization process. 

fidence or importance of each match. It may be possible to select these 

weights from statistical considerations as in Chapter 5. Suppose that 

the reference print would match 1/2 of the time. Hence, the mean and 

variance of J is 

The above method is a weighted least squares approach to finger

print detection. The weights (m. ,) should depend on the relative con 

2 
the sum of the weights is N . From random chance, the latent print and 

(7.18) 
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N2 
Hence, if J is significantly higher than y- , it may be concluded that 

a match exists between the latent print and the reference print. Other

wise, a new reference print should be checked. 

Since the functions f and g may not be linear, this approach is 

related to the problem definition of 7.2 only in terms of the weighted 

least squares objective function. 



CHAPTER 8 

SUMMARY AND SUGGESTIONS FOR FUTURE WORK 

Summary 

The principal results of this dissertation are summarized below. 

1. The conventional weighted least squares (CWLS) parameter 

estimator, in recursive form, is equivalent to the discrete recursive 

Kalman filter if the weighting matrices are properly chosen. 

2. The CWLS parameter estimator is biased when applied to 

structural parameter estimation. 

3. If the CWLS parameter estimator is changed by the subtrac

tion method, the bias may be removed approximately by estimating the 

bias using noise statistics and noisy sensor measurements. 

4. If the CWLS parameter estimator is changed by introducing 

a properly chosen instrumental variable (IV), the bias may be removed 

completely, but the IV must somehow be generated. 

5. If the objective function is augmented and if the resulting 

partial derivatives are linearized about previous parameter estimates, 

a linearized iterative weighted least squares (LITWELS) parameter esti

mator results. If the noise statistics are used properly, the estimator 

TH 
is unbiased in an asymptotic manner, that is, if the n estimate is 

ST correct, then the n+1 estimate is unbiased. This conclusion depends 

A 
on the accuracy of an approximate expression for E{hô n+j^}. 

6. Unknown noise statistics may be estimated from residuals. 

124 
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7. A practical example verified statements 2-6 above. 

The error variance for the subtraction, IV, and LITWELS estimators 

was greater than the error variance for the biased CWLS estimator. In 

order of effectiveness, the estimators were: LITWELS, IV, subtraction, 

and CWLS. The LITWELS estimator converged exponentially to the correct 

parameter values. 

8. Application of structural or conventional parameter estima

tion may be made to orbit determination, adaptive control, prosthetic 

devices, applied optics, and fingerprint comparison. 

Suggestions for Future Work 

Future work is suggested in three areas: (1) convergence of the 

LITWELS estimator (discussed in Chapter 4 and statement 5 above), 

(2) estimation of unknown noise statistics (discussed in Chapter 5 and 

statement 6 above), and (3) applications (discussed in Chapter 7 and 

statement 8 above). 

LITWELS 

The asymptotic convergence property of the LITWELS estimator, 

proven in this dissertation, is a rather weak property. It may be 

possible to establish the following: 

A 
1. If the expected value of equals the expected value 

A 
of h , the expected value must be h . 

on o 

2. The expected value of the estimator converges uniformly to 

hQ. This phenomenon was observed in the adaptive control example prob

lem. That is, given an e > 0, there exists a number N depending only 
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on e such that, for n > N 

I E{h } - h I < e 1 on o 1 

Unknown Noise Statistics 

An alternate approach to estimating unknown noise covariance 

matrices may be taken. The CWLS estimator requires a matrix B (see 2.5) 

where 

—1 -1 T T —1 
B - [M- + X I'M r X ] 

fc S X s 

If = the covariance matrix R and M.^ = the covariance matrix Q, then 

the CWLS estimator is equivalent, in recursive form, to the discrete 

recursive Kalman filter. Rather than estimate Q and R separately, it may 

be possible to estimate the optimal B ^"matrix directly by using the outer 

T product of the residuals (ee ) rather than the inner product of the 

T residuals (e e). Hence, one would obtain 

-1 T T B = R + X TQ T X 
s s 

One would require stationary statistics to reduce the dimensions of R, 

Q, and B. Simpler methods of estimation of the covariance matrix S 

should also be sought. 

Applications 

The effect of using the parameter estimates in a closed loop 

adaptive control system should be considered. In that case, the values 

of the state vectors Ye and Xfi related by the parameter vector h, be

come a function of plant activity which is a function of previous 
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estimates of h. It may be possible to separate the estimation problem 

from the adaptive control system performance such that the conclusions 

of this dissertation regarding bias removal, etc., are valid. 

A survey of prosthetic actuation systems should be made to see 

if the scheme suggested in Chapter 7 might be of comparable complexity 

but more sensitive than current systems (by using more myoelectric sig

nals, perhaps) . 

Computing requirements (time and storage) should be evaluated 

for the picture processing procedure suggested in Chapter 7 as compared 

with current convolution filtering methods. 

The feasibility of the fingerprint comparator (Fig. 7.3) should 

be investigated. The system blends elements of control theory, elec

tronics, and optics. The objective function might be evaluated photo-

TH metrically. For example, the i,j element of a TV screen could be 

TH 
illuminated if the i,j. point of the reference print and latent print 

TH 
do not agree. The intensity could be made proportional to the i,j 

weight. If the reference print and latent print compare, the corre

sponding element of the TV screen would be left dark. The brightness 

of the entire screen would then be proportional to the objective func

tion and would indicate the number of mismatches. The minimization of 

J would correspond to forcing the screen to be as dark as possible. 

It is hoped that future work may be inspired by this disserta

tion in the above areas or other areas left equally unexplored. 



APPENDIX A 

MULTISTAGE PROCESSES 

Problems I and III 

A 

The defining equations are as follows. In Problem III, n, n, 
A 

N, and N are zero. 

Structural Equation 

Y = X h = HX 
e e e 

Time Varying Parameter Equations 

h = $h +•Tw 
o 

H - H 6 + WD 
o 

Sensor Equations 

Y = Y + v 
s e 

X = X + N 
s e 

X8 " Xe + n 

Noise Statistics 

E(w) = 0 

E(v) = 0 

E(n) - 0 

E(N) - 0 

cov w = Q 

cov v = R 

cov n = S 

cov N = S 
1 

E{NTN} 

Objective Function 

A A A A 

J = w M.w + [Yo-(X -N)(*h +IV)]- M_ [Y -(X -N) (<J>h + Tw] 
X 8 S O Z 8 5 O 

+ StM3; + tYs-fioe Cxs-n)]TM2[Ys-fioa Cxs-n)1 

The following matrix definitions refer to a k stage process. 

The matrices are defined in three columns in the order of introduction 

above. It is assumed that the noise sequences have zero mean, are 

uncorrelated, and have stationary statistics. 
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el 

ek 

w = 

w 

w, 
k-1 

m. 

M, 
0 m, 

X n 0 
el 

0 X 
ek 

H » 
o 

H 0 oo 

H oo 
*2 

m2 ° 

0 m„ 

h » 
61 0 

o e, 
M_ 

°3 0 

0 tn. 

H = 

H1 ° 

0 H, 
M - [Ho • • Wk-l] « 

q 0 

0 q 

^el 

ek 

D 

h (not partitioned) N 
o 

D1 0 

0 D, 

Nx 0 

0 N, 

ri 0 

o r, 

R O 

o'-K 

S 0 
m 

0 s 

0 

0 s. 
k-J 

"I"1 

Problems II and IV 

The defining equations are as follows. In Problem IV, n, n 

N, and N are zero. 
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Structural Equation 

Y - X h 
e e o H X oAe 

Sensor Equations 

Y = Y + v 
s e 

X = X + N 
s e 

x3 - xe + n 

Noise Statistics 

E(v) » 0 

E(n) = 0 

E(N) • 0 

cov v = R 

cov n = S 

cov N = S^ 

- E{NTN} 

Objective Function 

J  - [YS - <XS - 5)h o ) T  M2[YS - <XS - WhOL 

+ i1 M3; + IYS - ao(x? - n)]T M2[Ys - H0.(xs - S>] 

The matrices are defined in three columns in the order of intro

duction above. It is assumed that the noise sequences have zero mean, 

are uncorrelated, and have stationary statistics. 

e 

el 

ek  

^el 

ek  

M„ 

m
2 0 

0 m„ 

el 

ek .  

hQ (not partitioned) 

H 

H 0 oo 

0 H 
oo_ 

N 
N, 

N. 

n 
n. 

M, 

®3 0 

m„ 

r-.° 
LO R 

r\° i 
L °  s  

S  = k S ,  
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Nomenclature 

The following symbols occur often in the text. Other symbols 

which are defined in the text at each use are excluded from this list. 

Symbols are listed alphabetically by English characters and then Greek 

characters with capitals taking precedence over lower case. A hat (~) 

over any symbol indicates an estimate of the quantity referenced by that 

symbol. An * indicates a multistage process. 

Symbol Definition 

Conventional weighted least squares 

Matrix giving the effect of the noise W on parameter H 

* Submatrix of D 

Expected value operator 

Error vector 

For i = 1,2,6 functions used to estimate noise statistics 

Matrix containing time varying parameters - not a column vector 

Initial value of H 

* Submatrix of H 
o 

Vector containing time varying parameters 

TH * The i vector contained in h 

* The estimate (filtered value) of using k+1 sets of data 

ST 
The n+1 estimate of h (LITWELS) 

Initial value of h 

hQ(k+i) * The estimate (smoothed value) of hQ using k+1 sets of data 

a ST 
h0(n+i) n+l estimate of hQ (LITWELS) 

CWLS 

D 

Di 

E 

e 

fi 

H 

H o 

H oo 

h 

hi 

\+l 
A 
h . . n+1 



Symbol Definition 

IV Instrumental variable 

J Weighted least squares objective function 

K Multiplies x in calculating n (LITWELS - Problem I) 
X s 

Ky Multiplies Yg in calculating n (LITWELS - Problem I) 

k * Number of stages in a multistage process 

k Multiplies x in calculating n (LITWELS - Problem II) 
x s 

ky Multiplies Yg in calculating n (LITWELS - Problem II) 

LITWELS Linearized iterative weighted least squares 

M^ Aerodynamic stability derivative 

M _ Initial value of M^ 
aO a 

M^ Weighting matrix for error in estimating w 

M^k * Weighting matrix for error in estimating 

M^ Weighting matrix for error in estimating v 

M2(k+1) * Wei8htin8 matrix for error in estimating v +̂1 

Weighting matrix for error in estimating n 

mj * Submatrix of 

* Submatrix of M^ 

N Additive noise on sensor measurement of X 
e 

* Submatrix of N 

n Additive noise on sensor measurement of xe 

* Submatrix of n 

P Covariance matrix of estimation error 

Q Covariance matrix of w 
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Symbol Definition 

Q * Submatrix of Q 

q Variance contained in Q 

R Covariance matrix of v 

R * Submatrix of R 

r Scalar value of R 

S Covariance matrix of n 

S * Submatrix of S 

Covariance matrix of N 

S^ * Submatrix of S^ 

S^ Sample variance 

s Variance contained in S 

T Bias matrix when CWLS is applied to structural parameter 

estimation 

U Velocity along the x axis 

V Velocity along the y axis 

v Additive noise on sensor measurement of Y 
e 

W Random walk term associated with H 
J 

V± * Submatrix of W 

w Random walk term associated with h 

w^ * Submatrix of w 

Xg Process input state 

X . * Submatrix of X 
ei e 

X Initial value of X for state estimation 
eo e 
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Symbol Definition 

ST 
X „ ,.v * The k+1 element of X 
e(k+l) e 

X Sensor measurement of X 
s e 

X X - N s s 
ST 

X \ * The k+1 element of X 
s(k+l) s 

Y Process output state 
e 

Y . * Submatrix of Y 
ei e 

ST 
Y /, * The k+1 element of Y 
e(k+l) e 

Y Sensor measurement of Y 
s e 

ST 
Y ...-v * The k+1 element of Y 
s (k+1) s 

Z An instrumental variable 

TH a j * The i angle of attack value 
ei 

a . * Sensor measurement of et . 
si ei 

T Matrix giving the effect of the noise w on the parameter h 

r± * Submatrix of T 

TH 
6 . * The i fin deflection angle 
el 

6 . * Sensor measurment of 6 . 
si ei 

•• TH 
®ei * ^ angular acceleration of the attitude angle 

•• •• 

0 . * Sensor measurement of 0 
si 

£ Summation operator 

o2 Variance 

$ Transition matrix for h 

(J) * Submatrix of $ 



Symbol Definition 

Xe Vector representation of Xe 

X . * Submatrix of x 
ei e 

X Sensor measurement of x As Ae 

Xgi * Sensor measurement of xê  



APPENDIX B 

CALCULATION OF THE BIAS MATRIX 

This appendix considers a method of evaluating the bias matrix 

T in such a way that the probability density function for the measure

ment noise is not used. That is, it is desirable to use only the mean 

and the variance of the measurement noise. 

Consider a random variable X with zero mean and variance a2 . 

Let us evaluate T in an approximate way where 

T • E{A-1(X)C(X)} (A-l) 

The inverse of A(X) can be written in terms of its determinant D(X) and 

its adjoint matrix B(X). Equation A-l may be written 

T = B(X)C(X) } (A-2) 

Suppose that D(X) is defined as follows 

D(X) - Dx + D2(X) + D3(X2) + other (A-3) 

If D(X)«Dp then D(X) is nearly independent of X, and A-2 can 

be evaluated in an approximate manner by removing D(X) from the expected 

value operator. 1/D(X) can be approximated by 1/(D^ + D^(o2)) to a high 

degree of accuracy. 

T * vTV?7 ElB(x)c(x)' (A"4) 

136 



137 

In order to evaluate the accuracy of the matrix Eq. A-4 we 

need only to consider a scalar equation such as 

T = E{iK§} k 5-b?E<s001 (A"5) 

where g(X) is a scalar function. Note that A-4 requires the evaluation 

2 
of n such equations if the matrix product B(X)C(X) is n by n. 

Let us evaluate A-5 for two different probability density func

tions: a uniform density function and a triangular density function. 

Let us compare the correct value of T with the approximate value of T 

2 2 2 for the case of g(X) = X and D(X) = t + X where t is a constant. For 

this example the correct value of T is given by 

(A-6) 

The approximate value of T is given by 

a2 
T « — (A-7) 

o2 + t2 

It is the contention of the author that A-6 and A-7 are nearly 

2 equal for large values of t . In the general case, when D(X) is nearly 

equal to D^, the author contends that A-2 and A-4 are nearly equal. 

For a uniform density we have 

- 1/2 < X < 1/2 

i: density 
otherwise 
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T = 1 - 2t tan"1 

1 
T « 

1 + 12 t2 

Comparison of Exact T and Approximate T 

t 0 1 2 5 

t2/a2 0 12 48 300 

exact T 1 .0727 .0201 .00336 

approx. T 1 .0768 .0204 .00332 

For a triangular density we have 

- 1 1 x 11 

otherwise 
density 

O2 = ̂  

T = 1 - 2t tan"1 + t2 log 1 +
0
t2 

T « 
1 + 6 t 

Comparison of Exact T and Approximate T 

t 0 1 2 5 

t2/a2 0 6 24 150 

exact T 1 .1224 .0379 .00660 

approx. T 1 .1428 .0400 .00663 

For large values of t, the exact and approximate values of T 

are nearly equal. In the general case, represents a signal and the 

ratio of to D^Ca2) represents a signal to noise ratio. From the 



above, signal to noise ratios of greater than 50 to 1 appear to cause 

the approximate and exact values of T to agree within 2%. Since the 

class of problems covered in this thesis have signal to noise ratios 

of this order, it follows that A-2 and A-A would agree to a high degree 

of accuracy if the measurement noise is distributed as above. It may 

be assumed that measurement noise is distributed in a nearly Gaussian 

manner, which would resemble the triangular probability density, hence, 

in this dissertation, A-4 is used to evaluate the bias matrix T for the 

structural parameter estimation example problems. 
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