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ABSTRACT 

This work considers the flow of incompressible, 

laminar jets flowing over surfaces with small curvature. 

Previous work, on the plane flow of jets over surfaces 

with a' particular variation of surface curvature, has 

been extended to include a large class of variations in 

surface curvature. In addition, the axial flow of a jet 

along the surface of a circular cylinder has been consid

ered as a representative problem involving transverse 

curvature. 

The method of solution is based on the higher 

order boundary layer theory as formulated by Van Dyke. 

More specifically, the second order effects of curvature 

are evaluated by considering perturbations about the 

first order solution for the flow of a jet over a plane 

surface. 

In most previous work, conditions for similar 

solutions have been imposed prior to expanding the equa

tions into their first and second order components. 

Here the equations are expanded and then conditions for 

similar solutions are imposed separately on the first 

and second order equations. The flexibility afforded by 

vii 
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the present approach is directly responsible for the 

greater generality of the final results obtained. 

For plane flows with longitudinal curvature, 

results are obtained for a family of surface shapes whose 

curvature varies with some power of the distance down

stream of the jet efflux. Calculations are given for the 

physical quantities of primary interest (longitudinal 

velocity, mass flow, momentum.flow, pressure distribution 

and shear stress) and a noteworthy feature is the marked 

dependence of these quantities on the rate of change of 

surface curvature. All of the surfaces considered have 

positive (convex) curvature and in each case the effect 

of curvature is to increase the mass flow. However, all 

other physical quantities examined exhibited a change of 

sign in the second order contribution at some value of 

the index associated with the rate of change of surface 

curvature. 

The effect of transverse curvature on the laminar 

wall jet is shown to be such as to increase the mass 

flow, reduce the longitudinal velocity (except very 

close to the wall, where it increases), increase the sur

face shear stress and consequently reduce the momentum flow. 

Finally, some suggestions are offered regarding the 

solution of the transverse curvature problem when the 

curvature is large. 



CHAPTER 1 

INTRODUCTION 

Problems associated with the so-called "Coanda 

Effect" (the tendency of fluid Jets to adhere to and flow 

along adjacent solid surfaces) have received considerable 

attention during the last two decades. 

Much of the literature has been concerned with 

experimental aspects of the problem, as is evident in the 

works of von Glahn (1958), Bourque and Newman (i960), 

Bailey (1961), Roderick (1961), Korbacher (1962), Schwarz 

and Cosart (1961), Newman (1961), and Mehus (1965). 

The theoretical bases for much of this early work 

are generally of a somewhat "ad hoc" nature. That this is 

so is scarcely surprising since in many cases of practical 

significance the flow is turbulent and compressibility 

effects may be important. Thus there are certain diffi

culties to be overcome in attempting a rigorous theoretical 

treatment, particularly when account must be taken of the 

effects of curvature of the surface over which the jet 

flows. 

The present work is limited to the discussion of 

incompressible, laminar flows, which might perhaps be 

regarded as somewhat restrictive in terms of practical 
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applications. However, there are possible applications in 

certain types of fluidic devices where the small scale 

would indicate that laminar flows, of the kind considered 

here, predominate. Furthermore, extension of the present 

work to compressible flows involves technical rather than 

conceptual difficulty and the same is partially true for 

the consideration of turbulent flows. It is felt then 

that the contribution offered here may be regarded as a 

necessary first step toward the solution of a variety of 

related flow problems for which there is no shortage of 

practical engineering applications. 

In general, problems involving jets flowing into 

a quiescent atmosphere are amenable to solution by the 

methods of boundary layer theory. Schlichting (i960) 

provides a discussion of similarity solutions for free 

jets in incompressible flow, quoting the original works 

of Schlichting (for plane and axisymmetric laminar flow) 

and Tollmien (for plane and axisymmetric turbulent flow). 

The similarity solution for the incompressible, 

laminar jet flowing over a plane wall was first obtained 

by Glauert (1956). A corresponding solution for the tur

bulent wall jet was also given by Glauert (1956) but the 

assumptions made in this case have been shown by Schwarz 

and Cosart (1961) to lead to discrepancies with the 

results obtained experimentally. • • 



It is well known that the classical boundary 

layer theory of Prandtl represents only the first approx

imation in an asymptotic expansion of the Navier-Stokes 

equations valid for high values of the Reynolds number. 

Van Lyke (1962) has developed a systematic approach to 

higher order approximations, using the techniques of 

matched inner and outer asymptotic expansions to treat 

this singular perturbation problem; see also Van Eryke 

(1964).  

Use of Van Eryke's (1962) theory permits the inves

tigation of second order terms arising from longitudinal 

and transverse curvature of the body surface, the dis

placement effect and the effect of vorticity in the 

external flow. 

An excellent review of previous work in higher 

order boundary layer theory has been given by Van Ejyke 

(1969) and consequently only those works most pertinent 

to the present study will be discussed here. 

Rubin and Palco (1968) have calculated the dis

placement effect for a plane laminar free jet emanating 

either normally from a plane wall or from the end of a 

long nozzle. 

More recently a corresponding correction for the 

plane laminar wall jet of Glauert (1956) has been estab

lished by Plotkin (1970). 
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Parks and Petersen (1968) discussed the flow of 

an incompressible, laminar jet over a circular cylinder 

but unfortunately omitted second order terms so that 

their solution is equivalent to that of Glauert (1956) 

for the plane wall. 

Lindow and Greber (1968) first examined the 

effects of longitudinal curvature on the incompressible, 

laminar wall jet. They obtained a similarity solution 

in closed form but one which is restricted to a particu

lar variation of surface curvature in which the curvature 

varies inversely as the three-fourths power of the stream-

wise distance along the surface. This limitation is due 

to the fact that requirements for similarity were imposed 

before the problem was expanded into its first and second 

order components, as has been noted by Van Lyke (1969). 

Indeed, Van Eyke (1969) points out that a similar limi

tation is apparent in almost every publication in higher 

order boundary layer theory prior to that of •Werle (1968). 

A further unsatisfactory feature of the work of 

lindow and Greber (1968) is that their solution is not 

unique, a fact which they indicate and then tacitly ignore 

in their discussion of the physical implications. In par

ticular, they are not justified in concluding that surface 

curvature increases the mass flow in the jet because in 

their work the change in the mass flow from its flat plate 



value merely reflects their (arbitrary) choice for the 

asymptotic value of the second order stream function. 

Wygnanski and Champagne (1968) solved the same 

problem as lindow and Greber (1968) but failed to expand 

the variables and thereby limited themselves to working 

with more complicated equations. They have given velocity 

profiles for various values of a curvature parameter and 

have estimated a value of the parameter which gives a 

separation profile. It is doubtful whether any signifi

cance can be attached to this estimate, however, since 

the displacement effect is neglected and in any case the 

value of the "small perturbation" parameter is quite 

large. It should also be noted that the method of solu

tion adopted by Wygnanski and Champagne (1968) involves 

the use of a different reference velocity for each value 

of the curvature parameter, a circumstance which does 

not aid the interpretation of the results. 

Little attention has been paid to problems in 

incompressible flow involving transverse curvature. 

Seban and Bond (1951) have considered the boundary layer 

problem associated with the axial flow of a uniform 

stream over a circular cylinder by perturbing the Blasius 

solution for the flat plate. Significant corrections to 

this work were made by Kelly (195̂ )• Later, Glauert and 

LLghthill (1955) extended this work and obtained a 



solution valid far downstrewm where the effect of curva

ture becomes of first order rather than second. More 

recently, this whole problem has been reconsidered, using 

a new method for calculating locally non-similar solu

tions, in a paper by Sparrow, Quack and Boerner (1970). 

Wall jet problems involving transverse curvature 

appear not to have been considered prior to the present 

study. 

The primary objective of the present investigation 

is to extend the work of Lindow and Greber (1968) and 

Wygnanski and Champagne (1968) to include a wide class 

of variations in longitudinal surface curvature. In 

order to achieve this end the second order boundary layer 

theory, as developed by Van lyke (1962), is employed. 

Then, following the path pioneered by Werle (1968), 

independent similarity solutions for the first and second 

order problems are determined. 

In addition to the above, a preliminary investi

gation is made to determine the effects of transverse 

curvature on the incompressible, laminar wall jet. In 

particular, the case of axial flow over a long circular 

cylinder is discussed. A solution is obtained for the 

(upstream) case of relatively small curvature, using the 

perturbation techniques mentioned above. 



Finally, some suggestions of approaches are 

offered for studying the more general problem of evalu

ating transverse curvature effects at downstream.loca

tions . 



CHAPTER 2 

FUNDAMENTAL THEORY 

Consider a jet issuing from an infinitesimal 

slit and flowing over the surface of a body which, in 

general, may possess both longitudinal and transverse 

curvature. It is assumed that the fluid properties are 

constant and that the flow is laminar. In addition, the 

surrounding fluid is taken to be quiescent and body 

forces are neglected. 

For convenience, the equations of motion are 

presented in non-dimensional form where all lengths are 

referred to a typical body dimension L, speeds to a 

2 characteristic reference value and pressures to pÛ . 

All of the symbols to follow are defined in Appendix A. 

The Navier-Stokes equations may then be expressed 

as 

div q = 0 (2.1) 

(q • grad)q + grad p = - R_1curl(curl q). (2.2) 

In what follows use is made of the orthogonal 

coordinates (s,n) indicated in Figure 1. Here n denotes 

distance normal to the surface of the body, and s the 

8 
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distance along the body surface, to the foot of the nor

mal, measured from the point of efflux of the jet. The 

curvature of the body in the plane of flow (longitudinal 

curvature) is denoted by K(s) and is taken to be positive 

for convex surfaces. 

For axisymmetric flow, let 0(s) be the angle 

between the axis and the tangent to the meridian curve of 

the surface at any point and let r(s,n) denote the dis

tance normal to the axis, so that 

r(s,n) = rQ(s) + n cos e(s) (2.3) 

where rQ(s) is the distance from the axis to a point on 

the body surface. 

Following Van Dyke (1962) and remembering that 

the surrounding fluid is quiescent, outer expansions are 

introduced in the form 

u(s,n;R) ~ 0 + R_1//2u2(s,n) + R̂ û n̂) -+• (2.4) 

v(s,n;R) ~ 0 + R"1//2v2(s,n) + R̂ v̂ C8#11) + (2.5) 

p(s,n;R) ~ Pw + R~1/'2p2(s,n) -J- R_1p3(s,n) + (2.6) 

*(s,n;R) ~ 0 + R"1/2i|r2(s,n) + R~\3(s,n) + (2.7) 

The symbol is used in the sense defined by Van Eyke 

(1964, p. 21). 
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Introducing the magnified, inner, normal coordi

nate N given by 

N = E1/2n (2.8) 

it is assumed that inner expansions, valid in the jet, 

exist as follows 

u(s,n;R) ~ U-̂ s,!*) + R_1/2U2(s,N) + (2.9) 

" v(s,njR) ~ R"1//2V1(S,N) + R-1V2(S,N) + (2.10) . 

p(s,n;R) ~ P1(s,N) + R~1'/2P2(S,N) + (2.11) 

(s,n;R) ~ R"1//2lp1(s,N) + R_1^2(S,N) + -(2.12) 

Deferring introduction of the stream function tem

porarily, one substitutes equations (2.9) through (2.11) 

into equations (2.1) and (2.2) and obtains for the first 

approximation in the jet 

(rK's + <roVl>N =0 (2-13> 

U1U1 + V-,U-, + P., - U, =0 (2.14) 
x xs N s NN 

P, = 0. (2.15) 
N 
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In the above, J = 0 for plane flow and J = 1 for 

axisymmetric flow; the letter subscripts s and N denote 

partial differentiation. 

The equations for the second (inner) approxima

tion are found to be 

(roU2)S + (roV2̂ N = ~ [rô  COS 0/ro) ̂l3 s 

- [r£(K + J cos 0/ro) (2.16) 

U,UP + UpU, + V-.Up + VPU, + Pp - Up 
1 ̂ s * As N N ŝ NN 

K [WU, + U, - NV,U, - UnVj + (j cos e/ro) U, 
NN N N •LN 

(2.17) 

Pp = KU? . (2.18) 
N X 

The usual no-slip condition at the body surface 

gives the boundary conditions 

1̂ (8,0) = ̂ (8,0) = U2(s,0) = V2(s,0) = 0. (2.19) 

Turning now to the outer problem, we see that the 

first-order solution is of course trivial, as implied by 
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the assumed form of the outer expansions, equations (2.4) 

to (2.6). The solution is 

û (s,n) = v1(s,n) = 0 

Pl(s,n) = P̂ . 

Formal matching of the first order inner and 

outer solutions leads to the conditions 

Hence, the first order inner problem, for wall 

jets on surfaces with moderate curvature, is governed by 

the equations 

Ux(s,») = û (s,0) = 0 (2.20) 

(̂s,*) = P1(s,0) = Pro. (2.21) 

(2 .22)  

(2.23) 

subject to the boundary conditions 

1̂ (3,0) = V1(s,0) = 0 (2.24) 

and, 

Uĵ s.c) = 0. (2.25) 
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For the second order inner problem the pressure 

terms may be eliminated by noting that 

PN = R"l/2 KU2 _ (2.26) 

and hence that 

00 

pg = R"1//2 P2 = - J (R"1//2 KU2) dN. (2.27) 
s N 

s 

Thus equation (2.18) is eliminated and equation 

(2.17) is expressed completely in terms of the velocities, 

giving the governing equations for the second order prob

lem, as 

(roU2̂ s 
+ ̂ roV2̂ N 

= " [ro ̂  cos G/rô  ̂ 1̂  

- [rj (K + j cos 0/r ) NV,] (2.28) o o ± N 

and, 

D1US + U2U1 + V1U2„ + V2U1„ - U2„„ - J" dN 
s s N N NN N s 

= K [NU, + U, - NV-.U, - U..V,] + (J cos 0/r) U, . 
NN N J. J.N J. J. N 

(2.29) 
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Equations (2.28) and (2.29) are subject to the 

boundary conditions 

U2(s,0) = V2(s,0) = 0 (2.30) 

and, 

U2(s,») = u2(s>0). (2-31) 

Again the outer boundary condition has been 

obtained by formal matching with the second order outer 

solution. 

The second order outer solution arises as a 

result of the displacement effect of the first order 

inner flow on the outer (inviscid) flow. 

The problem here involves obtaining a solution 

of the appropriate inviscid flow equations subject to 

the conditions of a quiescent fluid at large "distance 

from the body and a matching with the first order inner 

solution at the body surface. In terms of the stream 

function the latter condition is easily shown to be that 

\Jr2(s,0) = ̂ (ŝ ), s > 0. (2.32) 

In addition it is necessary to impose the condi

tion 

•2(s,0) =0, s < 0. (2.33) 
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When considering particular applications, it is 

convenient to work in terms of the stream function, and 

the appropriate equations and boundary conditions for the 

inner problems, then take the form given below. 

First Order Problem: 

roUX = $1̂  roVl = - 9 ls (2-34> 

'ofpl 1 - (I) it) =0 (2.35) 
° Y NNN T I s T 1N 4: ijr 

s 

1̂ (8,0) = <J 1 (s,0) =0; (s,«) = 0 (2.36) 
-N A N 

Second Order Problem: 

 ̂2N = ro [U2 + COS 0/ro) mi] (2*37) 

-^ 2  = ro [V 2  + (K + j cos 0/r Q) NV 1] (2.38) 
s 

CD 2 + ( $ 1 31 " $1 3s") ^̂ T??2 ) 
i NNN X ̂ s OSi X N S rJ o . 

+ < *5 Ss Irj " 

+ J[(oos 8/̂ % + % Is - J $ )] 
0 NN olv A N os r r£ A N o o 

(2.39) 



lj2(s,0) =<Jj2N(S,°) = 05 = roU2 (s'0) * 

17 

(2.40) 

In concluding this chapter it is noted that the 

second order equations are linear and so the second order 

problem may be subdivided into' a number of simpler prob

lems, specifically, those due to longitudinal curvature, 

transverse curvature and the displacement effect. 

Thus the second order stream function may be 

written as 

$2 =lfa'+ +?2d- (2,4l) 

This procedure was first suggested by Rott and Lenard 

(1959).  



CHAPTER 3 

PLANE FLOW WITH LONGITUDINAL CURVATURE 

3.1 Basis of the Method 

It has "been stated [see (2.12), p. 10] that the 

inner expansion for the stream function may be written 

as 

i|R(s,n;R) ~ R"1//2 (J1(s,N) + R_1 |J2(S,N) + 

Now assume that this expression may be rewritten 

in the form 

t(s,njR) ~ R"1//2Asaf(n) + R_1Bspg(n) + (3-1) 

where the similarity variable n is defined by 

T) = Ns~p. (3.2) 

In previous work, for example that of Lindow and 

Greber (1968), similarity variables were introduced 

before expanding which is equivalent to insisting that 

the exponents a and p, in equation (3.1), be the same. 

This procedure leads to what Van Eryke (1969) has called 

"jointly self-similar" solutions. These are similar solu

tions in the traditional usage of the term in boundary 

layer theory. 

18 
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In what follows, solutions are sought, of a type 

that Van Iryke (1969) has called "separately self-similar," 

in which the exponents a and p, in equation (3.1)> are 

allowed to differ. In other words, similarity solutions 

are determined independently for the first and second 

order problems. Clearly, this procedure will give solu

tions for the complete problem which are not similar in 

the usual sense of boundary layer theory. 

It is the additional flexibility afforded by this 

approach that enables a wide class of surface curvature 

variations to be investigated. Furthermore, the non-

uniqueness which is bothersome in the results of Lindow 

and Greber (1968) can be resolved satisfactorily, at 

least insofar as the physics of the situation is concerned. 

3.2 The First Order Problem of Glauert 

The governing equations here are (2.34) through 

(2.36) with j set equal to zero. These represent the 

flow of an incompressible laminar wall jet over a plane 

wall, for which a similarity solution was first given by 

Glauert (1956). 

Since a knowledge of the first order solution is 

a prerequisite for the solution of the second order prob

lem, certain highlights of the results are repeated here. 

By setting the following values in equations (2.1) 

and (3.2), viz: 
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a = 1/4, p = 3/4 and A = 4, 

one obtains 

where, 

(̂s.N) = 4slAf(n) (3.3) 

T) = NS~^^. (3*^) 

The associated problem for f(ti) is: 

f» + ff" + 2(f')2 = 0 (3-5) 

with boundary conditions 

f(0) = f'(0) = 0; f'(®) = 0 (3.6) 

where the primes denote differentiation with respect to ti

lt is easily verified that if f(*n) is a solution 

of equations (3.5) and (3.6), then so also is 

(̂ti) = cf(cti). 

Furthermore, a change in the value of the con

stant c is equivalent to a change in the, as yet 

unspecified, reference velocity UR. Hence, the value 

of f(®) may be chosen to be unity, without loss of gen

erality. Glauert's (1956) solution is then obtained in 

closed form as 
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•n = inff1 + fl/2̂ 1/gI + (3)3/2tan-1 [ f3'f"̂ g1 • (3-7) 
1 - 2 + f ' 

Curves showing the variations of f, f' and f" with 

T| are given in Figure 2. 

Glauert (1956) also shows that the undetermined 

reference velocity, Û , may be eliminated from the prob

lem by expressing it in terms of a physical invariant, 

P, defined by 

F = f * C f ̂  an} dn = 64û Lv . (3-8) 

° n 

It is straightforward to verify that 

f"(0) = 2/9 (3.9) 

and that 

;°(f')2 dri = 2/9 (3.10) 

o 

and these values are noted for later use. 

3.3 The Displacement Effect 

A solution of the wall jet problem, correct to 

second order, must include terms to account for the dis

placement effect, i.e., the effect of the jet in inducing 

a change in the outer (inviscid) flow region. This 

correction was not considered by Lindow and Greber (1968), 
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in their solution for a particular variation of wall curv

ature, and only recently has it been calculated by Plotkin 

(1970). 

For the sake of completeness a review of the 

matter is given here. 

Unlike corrections for wall curvature, the dis

placement correction necessitates the determination of 

the second order outer problem and the use of matching 

techniques to supply the required boundary conditions. 

This is a reflection of the fact that the displacement 

correction is global in nature (i.e., it depends on the 

disposition of the complete jet), whereas, the effects of 

curvature are local. 

The second order outer stream function, ijr2(s,n), 

satisfies the two-dimensional Laplace equation 

to + typ = 0 (3-11) 
ss nn 

subject to the boundary conditions 

2 2 u2(s,n) = v2(s,n) = 0, s + n -

ilr2(s>°) = î(s>°°) = > s > 0 

and, 

ijr2(s,0) =0, s < 0. 
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The solution for the outer flow is then 

t2(s,n) = 4[Re(s + in)1̂  - Im (s + in)1̂ ]. (3-12) 

The inner problem is now defined by equations 

(2.37) to (2.40) after setting 

j = K = 0 

d 
and writing Vp2 for 11) 2 as indicated by equation (2.4l). 

Thus one obtains 

<P2d +$i$2d "$i $2* +$2V <61 =0 

•̂ NNN * s NN * N * sN ŝ̂ NN 1<;NXisN (3.13) 

with the boundary conditions 

(p2 (s,o) = (s,0) = o (3.14) 

and, 

ifg"(s,-) = t2 (s,0) = - s_3/4 (3.15) 
d 

> I 
"N *~n 

this last being obtained by matching of the inner and 

outer solutions. 

Plotkin (1970) introduces 

(J)2d(s,N) = gd(„) (3.16) 

where, as before, 

n ~ Ns" /̂̂  . . 
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In terms of gd(ri) the displacement problem may be 

expressed as 

gd + fgd" + 5fgd = 0 (3'17) 

with, 

gd(°) = gd(0) = 0; gd(°°) = " lm (3-18) 

The final solution is obtained numerically and 

curves showing the variations of ĝ , ĝ , and ĝ  with r\ are 

reproduced in Figure 3« 

For use later, it is noted that Plotkin (1970) 

finds the value 

sj(°)  = 3.  (3.19) 

3.4 The Effect of Longitudinal Curvature 

Here again the basic equations are (2.37) to 

(2.40) with o set equal to zero. Now, however, the terms 

containing K are retained and, in view of equation (2.41), 

2 is replaced byijjĝ . Thus, one obtains 

JL JI Sj JL A 

$2 + $1 $2 -<Pl 4 2̂̂ 1 "$2 
1 NNN s NN tj-Nx SN 1  ̂S ^̂ NN x< £N* SN 

00 2 
' = - [K rvpi dN] - K[N& + •<])- + fo, {\i1 ] (3.20) 

N N s NNN NN 1J"s1J-N 

with the boundary conditions 

Z J L  
(s,°) = ̂ 2N(S'°) = 0 (3.2!) 
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and, 

* (a,-) = 0. (3.22) 

In accordance with the method outlined in section 

3.1 of this chapter, one seeks a similarity solution for 

equations (3-19) to (3.21). To this end, ̂ 2* 

expressed as 

= Bs\(n) (3.23) 

where once again, 

r) = Ns"̂ . 

Substitution of equations (3-3)> (3-4), and 

(3.23) into equation (3.20) then yields (after some 

lengthy but straightforward reduction) 

BsP"9/4[gJ + fgI + (5-4*)f'g] + 4pf"gA] 

+ 4ks~5/̂ [nf'" + f" - 3Ti(f')2 + ff1] 

+ J {8Ks"5y/i]'[-2(f')2-3rif'f"] + 16 || s~1/7,"(f1 )2}dri = 0. 

11 (3.24) 

At this point it is postulated that the surface 

curvature is given by 

K = (constant) sY (3.25) 
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so that, 

~ = (constant) ysY"1» (3.26) 

Choosing the constant in equation (3.25) to be 

unity essentially determines the reference length L 

uniquely for any of the given surface shapes. In fact, L 

is then the length along the surface to the point at which 

the local radius of curvature is also L. Clearly, since 

the curvature changes monotonically, there is only one 

non-trivial location on the surface which meets this 

requirement. Substitution of equations (3.25) and (3*26) 

into (3.24) reveals that similar solutions are obtained if 

sp-9/4 = sY-5A 

so that 

P = Y + 1. (3.27) 

When condition (3.27) is implemented (and choosing B = 4, 

for convenience), the equation for (rj) becomes 

gI + fgi' + (i-̂ vK'gI +>(V + l)f"gA + r\f" + f" 

- 3r)(f1 )2 + ff1 + ! [4(y-l)(f')2-6nf'f"]dn = 0. (3.28) 

r\ 

By putting y = -3/4 and making use of the fact that 

r\f'" = -riff" - 2n(f')2 



in view of equation (3*5)> one obtains 

gJ + fgj + 4frg] + t\ - 5n(f')2 " riff" + ff' 

- J* [7(f1 )2 + 6-pf'f"]dn = 0. 

•n 

Equation (3.29) is identical (except for nota-

tional differences) to that obtained by Lindow and Greber 

(1968) for the special case which they considered, viz, 

K = s-3/\ 

. Although Lindow and Greber • (1968) were able to 

obtain a solution in closed form for equation (3.29) and 

the appropriate boundary conditions, the solution of the 

more general equation (3.28), for arbitrary values of the 

index, y, must be obtained by numerical techniques. 

The procedure is simplified if the integral in 

(3.28) is removed by differentiation and use is made of 

equation (3-5) to give 

gjv + fgj + (2-4Y)f'g I + 5f"g] + Hy + 1)f'"eje + nfIV 

+ f'" - 4y(f' )2 = 0. (3.30) 

Equation (3*30) must now be solved with the 

boundary conditions 

29 

(3.29) 

gA(°) = gjj(°) = 0 (3.31) 
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and, 

Sj(-)-0. (3.32) 

In addition, it is necessary to introduce a com

patibility condition at the wall, which is obtained by 

setting T| ~ 0 in equation (3.28). 

Thus, 

gj(0) +f"(0) + <r°°[4(v-l)(f')2-6Tif'f"]d71 = 0. 

° (3.33) 

Making use of equations (3»9) and (3.10) one has 

immediately that 

sK°) = -1 [iY-3] + 6f rif 
o 

Now note that 

J" nff 'dti =| fj d(r)f | 2) -  J" f2dnl 
O o o 

= | [nf'2 2, _ 1 
" 9 ~ " 9' 

Hence, the compatibility condition (3.33) 

becomes simply 

8?(°) = " (3.34) 
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Numerical solutions of equation (3-30) with condi

tions (3.31), (3.32), and (3.34) have been obtained using 

the method developed by Nachtsheim and Swigert (1965) for 

problems of boundary layer type with asymptotic boundary 

conditions. 

Details of the method, as applied to the present 

problem, and a listing of the computer program are given 

in Appendix B. 

Results of the calculations are discussed at 

length in Chapter 5-



CHAPTER 4 

SOLUTIONS INVOLVING TRANSVERSE CURVATURE 

Transverse curvature effects appear in the most 

direct manner in the case of an axial flow over the sur

face of a circular cylinder. The physical configuration 

discussed in this chapter is illustrated in Figure 4, 

where it is seen that the jet issues from an annular slit 

surrounding the cylinder at the station s = x = 0. 

A particular feature of such flows is that the jet 

thickness is small compared with the cylinder radius 

upstream but that far downstream the j'et thickness grows 

to a magnitude comparable to the cylinder radius. It 

follows that the order of magnitude analysis, implied in 

the development of the fundamental equations of Chapter 2, 

is valid only for the upstream case. 

A solution for the upstream case, where the trans

verse curvature is relatively small, is given here. The 

more general problem, of obtaining solutions which are 

valid downstream, is not pursued in this work. However, 

some comments are offered regarding the methods which 

might be used to attack this more general problem. 

32 
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4.1 The Upstream Problem 

In this case, where one is concerned with rela

tively small transverse curvature, specialization of the 

fundamental equations, (2.34) to (2.41), requires setting 

K = 6 = 0 

and, 

3 = 1 

from which it follows that 

r = constant. 
o 

For the first order problem, the procedure is 

once again to introduce similarity variables such that 

= Asaf(ii) (4.1) 

and 

n = Ns"p • (4.2) 

It is found that setting 

p = 3/4, a = 1/4 and A = 4rQ 

once again yields Glauert's (1956) problem for f(ri) as 

defined by equations (3-5) and (3.6). 
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Turning to the second order problem, for the 

effect of transverse curvature, it is found that equation 

(2.39) becomes 

4  f- ($2! IN - $4 ̂  $1„ 

and, 

The necessary boundary conditions are 

*Pat<s,o) =$2̂ (s'0) -0 <4-4' 

$^(8,-) = 0. . . .  (4-5) 
N " • ' 

Now it is assumed that 

$2* = BsPgt(T,). (4.6) 

Substitution into equation (4.3) leads to 

BsP-9/4 [g« + fgt> + (5_4p)f»g£ + 4pf"gt] 

» 4s"5//̂ [f" + nff" + ff1 - r̂ f')2]. (4.7) 
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Clearly, similar solutions are obtained only if 

p = 1 (4.8) 

and then, choosing B = 4 gives 

gf + rgj! + f'el + 4f"gt  - (f" + Tiff" + ff' - T|f ,2) = o. 

(4.9) 

The boundary conditions become 

gt(°) = g£(0) = 0 (4.10) 

and, 

fisj(-) = o. (4.11) 

The final evaluation of (4.9) with (4.10) and 

(4.11) is again obtained numerically using the method of 

Nachtsheim and Swigert (1965). Details of the application 

to the present problem and a listing of the computer pro

gram are to be found in Appendix D. 

Details of the results of the calculations are 

contained in Chapter 5> 

4.2 Comments on the General Problem 

As noted above, a difficulty arises, at stream-

wise locations far downstream from the jet exit, because 

the transverse curvature effects become of first order 

rather than the second. 



Although this problem is not pursued in the pres

ent work, some thoughts are offered here regarding methods 

of attack that may prove successful. 

First, equations (2.22) and (2.23) could be 

replaced by 

(rU-,) + (rVO = 0 (4.12) 
x s N 

and, 

uiui + viui - ui - (Is) ui = °- <4-13) 
x -Ss N xm r N 

. These equations are valid far downstream because 

the radius r has not been approximated by its value rQ at 

the surface. 

In this way the effect of transverse curvature 

is included in the leading approximation and one could 

revise the previous analysis in order to construct a 

supplementary expansion valid for large values of s. 

Finally, a uniformly valid composite expansion 

could be formed which would give solutions for inter

mediate values of s. 

An alternative approach, which may prove to be 

simpler, is suggested by the method of solution for 

locally non-similar boundary layers recently advanced by 

Sparrow, Quack and Boerner (1970). 
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The appropriate form of the boundary layer equa

tions (in dimensional form) may be written as 

(r u)m + (5 v)„ = 0 (4.14) 
x r 

and, 
u 

u u  + v u  = v [ u  +  - ± ] .  ( 4 . 1 5 )  
x y rr r 

The following transformation of variables is 

suggested 

1/2 -5/4 3/4 
5 = 2(̂ -) rQ x (4.16) 

R 

2 2 1 A> 
(r - rj uK V "3/4 -3/4 

n = g 
0 (J) ?0 3c (4.17) 

and. 

1/P 5/4 1/4 
« = 4(URV)1/2 rQ X f(5,t,). (4.18) 

This is a modification of the transformation 

first introduced by Seban and Bond (1951) in their solu

tion for the boundary layer due to the flow of an axial 

stream over a circular cylinder. 

With this transformation, the momentum equation 

becomes 

(l+§n)f" + ff"-f2(f')2 + |f"=3|(f1 - f" ||0 (4.19) 



where primes denote partial differentiation with respect 

to -p. Note that setting % equal to zero reduces this to 

the form of Glauert's (1956) equation for the wall Jet on 

a flat surface. 

Equation (4.19) is in a form suitable for use in 

the method of Sparrow, Quack and Boerner (1970). 



CHAPTER 5 

DISCUSSION OP RESULTS 

In this chapter the results of the calculations, 

based upon the theory presented above, are discussed with 

particular reference to the physical quantities of major 

interest in possible engineering applications. 

The results for the longitudinal curvature 

problems are complete within the limitations prescribed 

by the theory and it is believed that they represent a 

significant advance on previous work. 

With regard to the transverse curvature problem, 

the results presented here are admittedly limited. It 

is felt, however, that this problem is of less signifi

cance in terms of applications. 

Before proceeding, it is emphasized that the 

concern here is essentially with the evaluation of the 

effects of wall curvature. Other effects such as that 

due to displacement are introduced for the sake of 

completeness only when the appropriate information is 

already available in the literature. 

40 
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5.1 Plane Flows with Longitudinal Curvature 

5.1.1 The Second Order Similarity Profiles 

Results of the computations for the second order 

function g. and its derivatives with respect to n are 
Jz 

presented graphically in Figure 5 for various values of 

the curvature index y in the range 

- 1.5 <, v < 1.5-

It is immediately apparent that the asymptotic 

value of the "stream function," g£(®), is positive in 

all cases. This indicates that the effect of convex 

surface curvature is always such as to increase the mass 

flovir in the jet. Values of ĝ C00) a**e shown plotted 

against y in Figure 6. It appears that ĝ C00) increases 

as the value of y decreases, the rate of increase 

becoming large for values of y less than about - 1.0. 

Note that the values of g.(«) are not arbitrary 
Xt 

but are uniquely determined once the asymptotic value 

has been assigned to the first order function f. How

ever, it should be reported that for values of y very 

close to - 3/4 the calculations did not converge to the 

value of ĝ (®) shown in Figure 6. Instead, the calcula

tion scheme employed converged to what appeared to be a 

reversed flow type of solution. Nevertheless, if the 
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initial values appropriate to the solution given in 

Figure 6 were used and an integration performed directly 

to a large value of ri (r| - l8.was used), a perfectly-

satisfactory asymptotic solution was obtained, consistent 

with the results at other values of y. The reasons for 

this behavior are not fully understood. Lindow and 

Greber (1968) indicate that the solution of the equation 

for ĝ , associated with this particular value of y, is 

not unique. In any event the solution curve of Figure 6 

presented here may be taken as representing the correct 

values from a physical point of view. 

Another feature of the results which is imme

diately apparent is the sensitivity of the second order 

"velocity profiles" to the variation of curvature as 

expressed by the index y. For values of y less than 

0.13, the second order contribution is such as to reduce 

the overall velocity close to the surface. This effect 

is reversed for values of y greater than O .13. 

The above behavior is, of course, closely linked 

to the values of ĝ '(0) which are factors in the deter

mination of the second order contribution to the surface 

shear stress. Figure 7 shows values of g"(0) plotted 

against y. When y equals 0.13, approximately, the 

second order surface shear stress vanishes. 
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Pig. 7 Variation of gl'(O) 



Finally, it is observed that the jet thickness 

increases as y decreases, as might be expected in view 

of the predicted behavior of the second order "velocity 

profiles" where (see Figure 5) the asymptotic value is 

approached more slowly for lower values of y. 

5.1.2 Longitudinal Velocity in the Jet 

The longitudinal velocity in the jet may be 

expressed in non-dimensional form as 

u = 4s~1̂ 2f' + 4R~1//2sY+1//2,'gjJ (5-1) 

or, if the displacement effect is included, as 

u = 4s~1//2f' + R"1//2(4sY+1//i,'gjJ + s'̂ ĝ̂ ). (5.2) 

Note that equation (5*2) is not uniformly valid 

because the displacement correction fails to satisfy the 

boundary conditions of the full problem as n -» <®. 

This difficulty may be overcome by forming a com

posite expansion with the outer solution. Details of the 

procedure for obtaining a composite expansion are to be 

found in Van Dyke (1964, p. 95). A suitable result in 

the present case is 



u = 4s~1//2f' + R~1/̂  {4s Y+1/̂ gJJ + + s"3̂  

- [Im(s + in)~3//̂  + Re(s + in) 3/̂ ]} (5-3) 

which is uniformly valid to second order. 

5.1.3 Mass Plow and Entrainment 

In view of the complexity of equation ( 5 - 3 ) >  the 

discussion here is limited to an appraisal of the effects 

of curvature alone. Therefore, equation (5-1) is used to 

determine the longitudinal velocity. With this limitation 

the mass flow is determined as 

, 0 0  0 0  

m = p J u dn = pURL J u dn 

o o 

M = frURL J [4s" 1//2F1 + 4R~ly/2sv ] R" 

o 

or, 

m = pURLR"l/2[4s1//4f(oo) + 4R"1/2sY+1gx(<»)]. (5-4) 

It has been shown previously that f(®) may be 

taken to be unity. The second order quantity ĝ C®) is a 

function of the curvature variation index y and the 

proper value for a given case can be obtained by reference 

to Figure 6. 
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As noted in section 5-l«l above, the value of 

g (<*>) is always positive for positive curvature. Hence, 
J& 
one may conclude that the effect of convex curvature is 

to increase the mass flow in the jet. 

The mass flow changes with the longitudinal 

coordinate s due to entrainment at the outer edge of 

the jet. If Q denotes entrainment, then between any two 

stations ŝ  and ŝ  one has that 

• • 

Ql,2 = m(s2̂  " m(si)' (5.5) 

5.1.4 Momentum Plow in the Jet 

The effect of curvature on the momentum flow, J, 

in the jet may be determined as follows 

p" ~2 TT2T -1/2 3/4 r.00 2 „ J = pj u dn = pURLR ' s ' J u dri 

i.e. 

or. 

J = pU2LR~l/2[̂  s"l/4 + R"1/232SY+1/2/ F'G d̂nJ. (5.6) 

o 

The integral in equation (5.6) depends, of course, 

on the parameter y. Values of the integral are shown 

plotted versus y in Figure 8. 



52 

•10 

•05 
oo 

•00 

•05 -

lO -

1-0 -1-0 -  0-5 0-0 

CO 

Pig. 8 Variation of J* f'ĝ dri 
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If „y is greater than - 0.45* approximately, the 

effect of convex curvature is to increase the momentum 

flow in the jet, whereas, "below this value of y the 

momentum flow is decreased. 

5-1.5 Pressure Distribution 

It is clear from Chapter 2 [equation (2.26)] that 

and, therefore, 

& • s  V-

2 Substituting for gives 

fg-is.v-V)2. 

Now, 

J" Is ' = p. - p(s>n) = I l6s*-1(f')SB";l/2s3/4<ln 

n n 

pro - p(s,n) = I6R"1/2S V-IAJ (F')2DN. (5.7) 

•n 

The pressure on the surface is, therefore, 

P(s,0) = (f•)% 

o 



5 4 

whence, from equation (3.10), one obtains 

p(s,0) - p. - f R-̂ sV-VV (5*8) 

The longitudinal pressure gradient at the wall is 

obviously 

M|^l = . 32 b-1/2(y.1/4)sy-5/4. (5-9) 

Once again the importance of the variation of 

curvature is evident. The longitudinal pressure gradient • 

at the surface vanishes if y = 1/4, is favorable if y is 

greater than 1/4 and adverse if y is less than that value, 

5.1.6 The Surface Shear Stress 

A quantity of primary importance in applications 

is the value of the shear stress at the wall. This may be 

represented in terms of the non-dimensional skin friction 

coefficient ĉ  defined by 

cf ~ 
To 2|j. /Su> 

2PUR PUR" n=0 

Hence, 

" ̂  17 (Ml - 1<IH) „• (5-10) Cf .. 2 ~ "w" n=0 n=0 
P R 



Prom equation (5.3), the normal velocity gradient 

is obtained as 

= 4R1//2s"5y/2,f " + R~ 1//2 {4R1/2 sY " 1̂ 2ĝ  + 

+ ̂[Re(s + in)-"̂ " - Im(s + in)-*̂ "]} 

i.e., 

= 4R1/2s"5^f" + 4sY~1//2g^' + s'3/2gg + OCR"1/2). 

Thus, to second order, one obtains 

(|~) = 4R1//'2S - " (0) + 4sY"*1/2gJJ(0) + s_3/2ĝ (0). 
n=0 

Therefore, equation (5*9) gives 

cf = 2 { 4R"* 1/2S ~ ̂/̂ "f " ( 0) + R-1[4SY-1/2GjJ(0) + S_3/2G^(0)]} 

or, making use of equations (3.9) and (3.19) 

cf = "T r~1/'2s~5̂  
+ 2R-1[4sY"1//2ĝ '(0) + 3s"3/2] . (5.H) 

Once more, note that Ŝ (°) is dependent upon y 

and values for particular cases may be determined by 

reference to Figure 7. As stated previously, in section 



5.1.1* gV(0) is zero when y is 0.13, approximately. 
ju 

Lower values of y correspond to a reduction of skin 

friction due to convex curvature. 

5.1.7 Surface Shapes 

It is convenient to represent the various surface 

shapes, corresponding to different values of the index y, 

in terms of ordinary (non-dimensional) Cartesian coordi

nates §2 where 

c = £ p = Z 
51 L' 52 L 

and x, y are length coordinates such that x is aligned 

with the flow direction at the jet exit which coincides 

with the origin. Details of the calculation and a listing 

of the computer program used are given in Appendix C. 

lypical surface shapes are shown in Figure 9« 

A point of interest with regard to the shape for 

Y = - 3/4- is that the corresponding curve for this case 

given by Lindow and Greber (1968) is misleading. They 

show only a portion of the curve close to the origin of 

coordinates where, it should be noted, the curvature is 

extremely large and consequently this is a region where 

the present analysis does not apply since it has been 

assximed that the non-dimensional curvature is of order 

unity. 
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A case of special interest is that corresponding 

to Y s 0 for which the surface is obviously a circular 

cylinder. 

5.2 The Transverse Curvature Problem 

5.2.1 Second Order Profiles 

~ Results of the calculations for the second order 

function ĝ -(ri) and its derivatives are shown graphically 

in Figure 10. One conclusion that may be drawn imme

diately is that the mass flow is increased since is 

positive. However, care must be taken to interpret the 

remaining curves, since, for example, g£ does not by 

itself represent the second order "velocity profile." 

This is clear from the manner in which the second order 

stream function is defined. It is better, therefore, to 

proceed directly to the evaluation of the physical quan

tities of interest in the problem. 

5.2.2 The Longitudinal Velocity 

Ignoring the displacement effect, the longitu

dinal velocity may be expressed in non-dimensional 

form as 

u - JJ± + R"1/2U2 = A- 0 + R-V2J . (5.12) 
o x N o o 
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It has been shown in section 4.1 of the previous 

chapter that 

•Ji - ̂ 0s1/4f(n) (5-13) 

and, 

$2 = (5.14) 

Substituting in equation (5.12) then yields 

Thus, the second order velocity profile depends 

upon the quantity (g£ — r|f *) and this is shown plotted 

against n in Figure 11. It is clear that, in general, 

the effect of transverse curvature is to reduce the over 

all velocity. However, it is shown later that the sur

face friction is increased and this implies that close 

to the surface there must indeed be an increase in the 

velocity. The effect is very small and it is not 

revealed in Figure 11 due to the scale of the diagram. 

In order to clarify this point the following argument 

will suffice. 

For the velocity to increase (above the first 

order value) it is required that 

(g£ - T|f') > 0. (5.16) 
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Close to the surface, g£ and f' may be approxi

mated by 

g i ~ g j ( 0 ) . r i  ( 5 . 1 7 )  

and, 

f' « f"(0).n. (5-18) 

- Present calculations show that 

gj.'(o) = 0.015273 (5.19) 

and so, using (3-9) and (5-19) in (5«l6), it' is clear that 

the velocity increases if 

n(.015273 - | -p) > 0 

i.e., if 

T) < 0.0687, approximately. 

5.2.3 Mass Flow in the Jet 

The expression for the mass flow in the jet is 

developed as follows 
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00 CO 

m = 2irp J* r u dr = 27rpL UR J* r u dr 

* ro 
o 

= 27rp-L2URR~1//2s3//2t J (ro + R~1//2s3//\) 

[4s~1/2fI -* y s (g£ - t)f' ) ] dr) 
o 

= 2TTPL2UrR~lŷ 2s 3/̂ " J* {4ros-l/2f' + 4R""1/2s1/'2|'(g£ - nf1) 
o 

+ 4R"1/2s1/%f1 + 0(R-1)3d'n. 

Hence, to second order 

m = 27rpL2URR"1//2s3//2j"[4r0s"1//2f (®) + 4R~1//2slŷ gt(«)] 

or, 

m = 8TrpL2URR"l/2s1/4r [1 + R_1/2 (1-3558)] . (5-20) 
K ° ro 

As noted in section 5-2.1, the mass flow is 

increased by the transverse curvature. 
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5.2.4 Momentum Plow in the Jet 

To determine the effect of curvature on the 

momentum flow in the jet, one proceeds as follows 

_ A A; ̂ 2 j'v _ _ 2tt 2 ft 2 J J = 2-irp J r u dr = 2irpL UR J r u dr 

r_ r„ 

arpLV f (r0+R"1/2s3/%) 
o 

[4s-V2 f, + R-l/2 (g,., f, )1V1/2s3/^, 
o 

Simplifying, and retaining only first and second 

order terms, then gives 

J = Tp pL2uR2R~1/2r0s"1/4[l+R"1/2 | J(2f'ĝ -nf |2)dn] 

(5.21) 

Values of the integrals in (5.21) have been 

determined numerically as 

and 

J1 f 'g£dn = 0.243 ' (5.22) 

J* nf ,2dn = 0.494. (5-23) 
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Thus the momentum flow is given by 

J - pL2^2^1/2^-1^!-!*"1/2 (0.036)] . (5-24) 

It is seen that the effect of the curvature is to 

reduce the momentum flow "by a small amount. This is con

sistent with the small increase in skin friction discussed 

in the next section. 

5.2.5 The Surface Shear Stress 

As usual, it is convenient to express the surface 

shear stress in terms of the non-dimensional skin fric

tion coefficient ĉ . Thus. 

To _ 2u ,du\ _ 2 ,dux 
cf " 1 2 - -rrz (zz) ~ 1 (sf). 

or. 

5 pUH pUR 5r ~ ~ r=rQ 
O « 

cf = 2R-1/2S"3/4(|S) . (5.25) 
1 T|=0 

Prom equation (5.15)# one obtains 

= 4s"1//2f" + 4r"1//2 ~̂ [g"-f'-r)f"] 
o 

and hence 

= ̂ s"1/2f,r(0) + 4R~ l / 2  g»(0). (5.26) 
T)=0 O 
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Substituting (5-26) into (5-25) and using the 

values of f"(0) and g"(0) given in (5-19) and (3.9) then 

gives 

c- « £ R"l/2s"5/4[l+R"l/2 (0.0687)]. (5.27) i y 

In view of the linearity of the second order 

effects the contribution due to the displacement effect, 

calculated by Plotkin (1970) and discussed in section 3-3 

of the present work, may be added to (5.27) to give a 

result complete to second order. 



CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

The flow of wall jets over surfaces with small 

curvature has been examined on the basis of the second 

order boundary layer theory as developed by Van Eryke 

(1962). 

For plane flows over surfaces with longitudinal 

curvature, earlier investigations, by Lindow and Greber 

(1968) and by Wygnanski and Champagne (1968), were 

restricted to a particular variation of surface curva

ture. The present investigation permits the calcula

tion of the flow over a wide class of surface shapes 

whose curvature varies as a power of the streamwise 

distance along the surface from the jet exit. 

An important feature of the results is the fact 

that all of the physical quantities show a marked 

dependence upon the streamwise variation of surface 

curvature. In spite of this dependence, the effect of 

convex surface curvature is always such as to increase 

the mass flow in the jet. However, no such general 

conclusion can be stated with regard to the momentum flow, 

the pressure distribution or the skin friction. Each of 
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these quantities exhibits a change of sign at some par

ticular value of the curvature index, y, even though the 

curvature itself is positive (convex). 

The effects of convex curvature may be summar

ized as follows, for values of y in the range, - 1.5 < 

Y < 1*5: 

1. The mass flow in the jet is increased for all 

values of y in the range. 

2. The momentum flow in the jet is increased 

for values of y greater than -0.45, 

approximately. 

3. The longitudinal pressure gradient at the 

surface is favorable for values of y greater 

than 0.25. 

4. The skin friction is increased for values of 

y greater than 0.13, approximately. 

For the future, the most logical development 

appears to be an extension of the work presented here to 

enable the calculation of turbulent flows. This is 

important for two reasons. Firstly, the majority of 

applications is likely to involve turbulent flows, and, 

secondly, it should prove easier to obtain experimental 

data against which the theoretical predictions may be 

judged. 



The transverse curvature problem studied here 

leads to the conclusions that convex curvature 

1. increases the mass flow in the jet, • 

2. reduces the momentum flow in the Jet, and 

3. increases the skin friction. 

In addition, the jet spreads rapidly leading to 

a reduction in velocity everywhere except for a small 

region close to the wall where it increases slightly. 

Although this problem is somewhat academic, it 

would be interesting to pursue the more general aspects 

of a solution valid at large distances downstream from 

the jet exit. An extension of the theory to turbulent 

flow' should also be considered for future work. 



APPENDIX A 

LIST OP SYMBOIS 

Arabic 

constant associated with first order stream 

function 

constant associated with second order stream 

function 

2TO 
skin friction coefficient; cf g-

least squares error in numerical solutions 

self-similar function associated with first order 

stream function 

physical invariant in first order problem; 

o n 

self-similar function associated with second order 

stream function 

imaginary part of complex quantity 

j'=0 for plane flow and j=l for axisymmetric flow 

momentum flow in the jet 

pVR' 

F = f u {J" dn}dn 
00 00 

> r+j -ft 

71 



curvature of the surface; K = ŝ . See Figure 1 

reference length 

mass flow in the jet 

normal coordinate. See Figure 1 

1/2 inner variable; N = R . n 

pressure; also, exponent in definition of sim

ilarity variable T] 

first and second approximations for p in outer 

expansions 

first and second approximations for p in inner 

expansions 

ambient pressure in surrounding fluid 

velocity (vector) » 

entrainment 

conventional cylindrical coordinate. See 

Figure 1 
uRl 

characteristic Reynolds number; R = —~ 

real part of complex quantity 

longitudinal coordinate. See Figure 1 

longitudinal velocity component 

first and second approximations for u in outer 

expansions 

first and second approximations for u in inner 

expansions 



characteristic reference velocity; 

TT - 1 
R - JT 

normal velocity component 

first and second approximations for v in outer 

expansions 

first and second approximations for v in inner 

expansions 

longitudinal coordinate; Cartesian coordinate in 

description of surface shapes 

guessed initial value in numerical solutions 

correction to X 

Cartesian coordinate in description of surface 

shapes 

Greek 

exponent of s in first order inner stream 

function; angle defined in Appendix C 

exponent of s in second order inner stream 

function 

exponent of s in definition of surface curvature 

discrepancies in satisfying asymptotic boundary 

conditions at r) = *nen<j 

independent similarity variable; n = Ns~̂  

final value of n in numerical solutions 
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0 angle "between axis and tangent to meridian curve 

of the surface. See Figure 1 

H coefficient of viscosity 

v kinematic viscosity 

2 dlmensionless Cartesian coordinates in descrip

tion of surface shapes; 

> a* F s= 21 
51 L *2 L 

p fluid density 

T shear stress 

f stream function 

2 first and second order approximations for in 

outer expansions 

(jj ̂  2 first and second order approximations for \[r in 

inner expansions 

Superscripts 

( )' total differentiation with respect to the 

appropriate variable 

(~) dimensional quantity 

d displacement contribution 

jI longitudinal curvature contribution 

t transverse curvature contribution 

o 

d 

Subscripts 

properties evaluated at ri = 0 

displacement contribution 



longitudinal curvature contribution 

3 
3n 

3N 

i': 
37 

d': 
"Si" 

transverse curvature contribution 

S 
35E 

properties evaluated at n = ». 



APPENDIX B 

METHOD OP CALCULATION AND COMPUTER PROGRAM FOR 

LONGITUDINAL CURVATURE PROBLEM 

The method of calculation used to determine the 

second order function ĝ (r]) and its derivatives is due 

to Nachtsheim and Swigert (1965). The asymptotic 

boundary condition is satisfied approximately at the edge 

of the jet by adjusting an initial condition so that the 

mean square error between the computed and the asymptotic 

values is minimized. 

Thus one computes the initial value problem 

gf + fsI + (2"4Y)f'&1 + 5f"ĝ  + 

•f T)flv + t" - 4y(f ')S = 0 (B.l) 

8^(0) = g;(0) = 0 (B.2) 

g£(°) = -  ̂  (B.3) 

g;(0) = X (B.4) 

. X denotes a guessed value for the unknown initial 

condition which replaces the asymptotic boundary condition 

on g'. 
4  76 
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Since driving terms depending on the first order 

function f(n) appear in (B.l), it is necessary to gener

ate these terms during the computation. This is achieved 

by computing simultaneously the first order problem in 

the form 

fIV + ff"' + 5f'f" = 0 (B.5) 

f(0) = f'(0) = f"'(0) = 0 (B.6) 

f"(0) = 2/9. (B.7) 

If AX is a correction to the guessed initial 

value it is required that, as r\ becomes large 

0 = g; + gjJx AX (B.8) 

and, in addition, to ensure the desired asymptotic 

behavior 

0 = 4 + si'x AX (B,9) 

where the subscript X denotes partial differentiation. 

(B.8) and (B.9) can not be solved for AX since 

there are two conditions and only one free parameter, AX. 

Let 6̂ , 62 be the discrepancies necessarily 

obtained in attempting to satisfy (B.8) and (B.9) at a 

finite value of n> say riend« 
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Then, 

61 = g] + g]x AX (B; 10) 

62 = gj[ + gjx AX. (B. 11) 

2 2 Now, to minimize (6̂  + 6 2 ) with respect to AX, it is 

required that 

so that, 

d6', d6p 
61 dAX + 62 dAX = 0 (B-12) 

_ f „| 

AX = — Al*X ~ J AX. (B.13) 
gix + gi'x 

The value of X for which AX = 0 gives the minimum 

value of the error, E, where, 

E = + sf (at 11 = "end' • 

To start the calculations a small value of rien(j 

is chosen (say riend = 2) since this gives considerable 

latitude in the choice of the initial guess, 'X.- When 

AX/X is less than some preassigned value, Tien(j is 

increased and the process is repeated. 

The calculation is terminated when AX/X is less 

than some preassigned value for some rien(j which also 

allows E to be less than some preassigned value. 
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Values of the derivatives with respect to X are 

computed from the so-called perturbation equation and its 

associated initial conditions which are given below. 

S1X + f8lx + 'SJ1X + 5f"six + 4(Y-n)f""g£X 
= 0 

S£x(°) - «ix<°) = Sjx(0) = o (B.15) 

g;x(°) = 1 (B.16) 

In the present calculations the final integrations 

were performed to rien(j = 18. AX/X was required to be less 
-8 _Q 

than 10 and in all cases E was less than 10 . 

For more complete details and a justification of 

the method, reference should be made to the original 

report of Nachtsheim and Swigert (1965). 

Calculations were performed in single precision 

on the CDC 6400 computer at The University of Arizona 

Computer Center. A listing of the Fortran IV program 

used concludes this appendix. 
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Program for Appendix B 

PROGRAM LWJLC(INPUT, OUTPUT, TAPEjS=INPUT, TAPm=OUTPUT) 

(J MAIN PROGRAM FOR LAMINAR WALL JETS ON WALLS WITH 

C LONGITUDINAL CURVATURE 

DIMENSION Y(12),DY(12),ETAEND(4),TEST(4) 

EXTERNAL DIPP 

COMMON VN 

1 READ (3,101) H,X,VN,DELPR,ETEST 

READ (3,102) M,(ETAEND(I),TEST(I),1=1,M) 

2 WRITE (4,201) H,VN 

1=1 

3 PRINT=DELPR 

ETA=0.0 

DO 19 K=1,12 

19 Y ( K) =0.0 

Y(3)=2./9. 

Y ( 7 ) ==X 

Y(8)=-(8.*VN/9. ) 

Y(11)=1. 

CALL ADAMS (12, H, ETA, D, Y, DY, 1, DIP?) 

WRITE(4.202) ETA,Y(5),Y(6),Y(7) 

4 CALL ADAMS(12,H,ETA,1,Y,DY,1,DIFP) 

IP (ETA.LT.PRINT) GO TO 6 

PRINT=PRINT+DELPR 



5 WRITE(4,202) ETA,Y(5),Y(b),Y(7) 

6 IP (ETA.LT.ETAEND(I)) GO TO 4 

DELX=-(Y(6)*Y(10)+Y(7)*Y(I1))/(Y(10)**2+Y(13.)**2) 

E=Y(6)**2+Y(7)**2 

X=X+DELX 

IP (ABS(DELX/X).GT.TEST(I)) GO TO 3 

IP (E.LT.ETEST) GO TO 12 

IP (I.EQ.M) GO TO 12 

1=1+1 

GO TO 3 

12 WRITE (4,203) E 

13 READ (3,103) VN 

IP (EOF,3)14,2 

14 STOP 

101 F0RMAT(F5.3,E9.4,F10.t>,F10.̂ ,F10. a )  

102 F0RMAT(I2,/,(2E10.0)) 

103 FORMAT(P 10.5) 

201 FORMAT(6H H=,F5.3,bH VN=,F10.5) 

202 P0RMAT(F10.3,3(E14.4)) 

203 F0RMAT(JH E=,Elb.8) 

END 

SUBROUTINE ADAMS(NE,H,X, ISET,Y,DY,INDEX,F) 

C INTEGRATION SUBROUTINE FOR INTEGRATING SYSTEMS OP 

C DIFFERENTIAL EQUATIONS OF THE TYPE DY = P(X,Y), BY 

C RUNGE-KCJTTA OR ADAMS-MOULTON" FORMULAE 



DIMENSION Y(l),DY(l),P(24),YR(24),DYLLL(24),DYLL(24), 

*DYL(24),DYR(24),C2(24),C3(24),C4(24) 

1 IP (ISET.GT.O) GO TO 6 

2 IF(INDEX.LE.O) GO TO 4 

3 K=2 

GO TO 5 

4 K=1 

5 CALL P (X,Y,DY) 

RETURN 

' 6 GO TO (10,7,8,9,11),K 

7 K=3 

GO TO 10 

8 K=4 

GO TO 10 

9 K=5 

10 DO 1001 1=1, NE 

1001 P(l)=Y(l)+(H/2.)*DY(I) 

CALL P(X+H/2.,P,C2) 

DO 1002 1=1,NE 

1002 P(l)=Y(l)+(H/2.)*C2(I) 

CALL F(X+H/2.,P,C3) 

DO 1003 1=1,NE 

1003 P(I)=Y(I)+H*C3(I) 

CALL F(X+H,P,C4) 

DO 1004 1=1,NE 
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1004 YR(l)=Y(l)-J-(H/6. )*(DY(l)-J-2.*C2(l)+2.*C3(l)+C4(l) ) 

CALL F(X+H,YR,DYR) 

GO TO 12 

11 DO 1101 1=1,NE 

1101 P(l)=Y(l)+(H/24.)*(55.*DY(I)-59.*DYL(I)+37.*DYLL(I) 

*-9-*DYLLL(l)) 

CALL P(X+H,P,DYR) 

DO 1102 1=1,NE 

1102 YR(I)=Y(I)+(H/24.)*(9.*DYR(I)+19.*DY(I)-5.*DYL(I)+ 

*DYLL(l)) 

CALL P(X+H,YR,DYR) 

12 X=X+H 

DO 1201 1=1,NE 

Y(I)=YR(I) 

DYLLL(I)=DYLL(I) 

DYLL(I)=DYL(I) 

DYL(I)=DY(I) 

1201 DY(I)=DYR(I) 

RETURN 

END 

SUBROUTINE DIPP(ETA,Y,DY) 

C SUBROUTINE TO COMPUTE DIFFERENTIAL EQUATIONS FOR 

C PROBLEMS OF LAMINAR WALL JETS ON WALLS WITH 

C LONGITUDINAL CURVATURE 

DIMENSION Y(1),DY(1) 
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COMMON VTJ 

EQUATIONS EOR F 

DY(1)=Y(2) 

DY(2)=Y(3) 

DY(3)-Y(4) 

DY(4)=-Y(1)*Y(4)-5.*Y(2)*Y(3) 

EQUATIONS FOR G 

DY(5)=Y(6) 

DY(6)=Y(7) 

DY(7)=Y(8) 

DY(8)=-(Y(l)*Y(8)+(2.-4.*VW)*Y(2)*Y(7)+5.*Y(3) 

*Y(6)+ 

*4.*(VTT+I. )*Y(4)*Y(5) )-Y(4)-ETA*DY(4)+4.*VN*Y(2) 

*Y(2) 

PERTURBATION EQUATIONS FOR X 

DY(9)=Y(10) 

DY(10)=Y(ll) 

DY(11)=Y(12) 

DY(12)=-(Y(1)*Y(12)+(2.-4.*VN)*Y(2)*Y(11)+5•*Y(3)* 

*Y( 10)-j4.*(VN-3-1. )*Y(4)*Y(9)) 

RETURN 

END 



APPENDIX C 

CALCULATION OP SURFACE SHAPES 

For the longitudinal curvature problem of Chap

ter 3j the body surface shapes are defined by 

K(s) = sY. (C.l) 

It is required to express these shapes in terms 

of Cartesian coordinates 5̂ , fg which are made non-

dimensional with respect to the reference length L. 

Using the definition of curvature, one writes 

K(s) = |||| (C.2) 

where, 

tan a = (C.3) 
1 

ds 

and, 

C« ri #"v r-
— ds 

Then, and are given by 

cos a = -rr- (C.4) 

sina =+^ (C.5) 

a J cos a ds (C.6) 

° s 
%2 ~ ± I sin a ds (e»7) 

o 
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(C.8) 

( C . 9 )  

(C.10) 

Equations (C.9) and (C.10) may be integrated by parts. 

For a limited number of values of y a series will be 

generated which terminates, thus permitting a closed form 

evaluation of and 

Alternatively, and more generally, and may 

be generated by numerical integration of equations (C.b) 

and (C.7) if these are rewritten in the form 

s y-fl 
Si = J" cos(f+r-> ds f0-11' 

o 

and, 

s 0y-M 
Ig = + J ds (c.i2) 

O 

A suitable program for evaluating (C.ll) and 

(C.12) follows. 

Noting that, 

, Y+l 
ds = — = [(Y+l)a] da 

SY 

one may write, 

2 
§1 = J* f(y+l)a] cos a • da 

-1 + wi 

and, q 
. s - 1 + -4r 

§2 = + J* [(y+l)a] Y sin a • da 
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Program for Appendix C 

PROGRAM SHAPE(INPUT,OUTPUT,TAPE3=INPUT,TAPE4=0UTPUT) 

DIMENSION Y(2),DY(2 ) 

EXTERNAL DIFF 

COMMON VN 

1 READ (3,101) H,DELPR,XEND 

2 READ (3,102) VN 

IF (EOF,3) 7,3 

3 WRITE (4,201) H,VN 

PRINT=DELPR 

X=0.0 

Y(1)=0.0 

Y(2)=0.0 

4 CALL ADAMS (2, H, X, 0, Y, DY, 1, DIFF) 

WRITE (4,202) X,Y(1),Y(2) 

5 CALL ADAMS(2,H,X,1,Y,DY,1,DIFF) 

IF (X.LT.PRINT) GO TO 6 

PRINT=PRINT-fDELPR 

WRITE (4,202) X,Y(l),Y(2) 

6 IF (X.LT.XEND) GO TO 5 

GO TO 2 

7 STOP 

101 F0RMAT(F5.3,F10.5,F10.5) 

102 FORMAT(F10.5) 
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201 F0RMAT(6H H=,F5.3,6H VW=,F10.5) 

202 FORMAT ( 3 (El4. 4V).). 

E N D  . . . . . .  

SUBROUTINE ADAMS(NE,H,X,ISET,Y,DY,INDEX,F) 

INTEGRATION SUBROUTINE FOR INTEGRATING SYSTEMS OF 

DIFFERENTIAL EQUATIONS OF THE TYPE DY = F(X,Y), 

• BY RUNGE-KUTTA OR ADAMS-MOULTON FORMULAE 

DIMENSION Y(l),DY(l),P(24),YR(24),DYLLL(24), 

DYLL(24), 

*DYL(24),DYR(24),C2(24),C3(24),C4(24) 

1 IF(ISET.GT.O) GO TO 6 

2 IF(INDEX.LE.D) GO TO 4 

3 K=2 

GO TO 5 

4 K=1 

5 CALL F (X,Y,DY) 

RETURN 

6 GO TO (10,7,8,9,11),K 

7 K=3 

GO TO 10 

8 K=4 

GO TO 10 

9 K=5 

10 DO 1001 1=1,NE 

1001 P(l)=Y(l)+(H/2.)*DY(I) 
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CALL F(X+H/2.,P,C2) 

DO 1002 1=1,NE 

1002 P(l)=Y(l)+(H/2.)*C2(L) 

CALL F(X+H/2.,P,C3) 

DO 1003 1=1,NE 

1003 P(I)=Y(I)+H*C3(I) 

" " CALL F(X+H,P,C4) 

DO 1004 1=1,NE 

1004 YR(l)=Y(l)+(H/6.)*(-DY(l)+2.*C2(l)+2.*C3(l)+C4( l ) )  

CALL F(X+H,YR,DYR) 

GO TO 12 

11 DO 1101 1=1,NE 

1101 P(L)=Y(L)+(H/24.)*(55.*DY(I)-59.*DYL(I)+37.*DYLL(I) 

*-9.*DYLLL(L)) 

CALL F(X+H,P,DYR) 

DO 1102 1=1,NE 

1102 YR(I)=Y(I)+(H/24.)*(9.*DYR(I)+19.*DY(I)-5.*DYL(I)+ 

*DYLL(I)) 

CALL F(X+H,YR,DYR) 

12 X=X+H 

DO 1201 1=1,NE 

Y(I)=YR(I) 

DYLLL(I)=DYLL(I) 

DYLL(I)=DYL(I) 

DYL(I)=DY(I) 



1201 DY(L)=DYR(L) 

RETURN 

END 

SUBROUTINE DIFF(X,Y, 

DIMENSION Y(1),DY(1) 

COMMON VN 

- Z1=VN+1.0 

Z2=X**Z1 

DY(1)=COS(Z2/Z1) 

RETURN 

END 



APPENDIX D 

METHOD OF CALCULATION AND COMPUTER PROGRAM FOR 

TRANSVERSE CURVATURE PROBLEM 

The method of calculation, due to Nachtsheim and 

- Swigert (1965)> is the same in principle as that used 

for the longitudinal curvature problem and reference 

should be made to Appendix B for a brief outline of the 

method. Here the relevant equations and the computer 

program are given for the transverse curvature problem. 

The problem for the second order function ĝ -(ri) may be 

written as 

gt + fgt + f'st + 4f"gt-(f"+ff'-Hiff"-nf '2) = 0 t0'1) 

gt(0) = g»(0) = 0 (D.2) 

gj(0) = X. (D.3) 

Again the f problem is generated simultaneously from 

f'" + ff" + 2(f')2 a 0 (D.4) 

f ( 0 )  =  f 1 ( 0 )  a  0  ( D . 5 )  

f"(0) = 2/9 (D.6) 
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so that, 
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The discrepancies and 52 are again given by 

6-l — g£ + g£x AX (D.7) 

62 « gj + gjx AX (D.8) 

_ i _ • _ ii _ tf 
AX . . gt8tX-8tgtX (D-9) 

Six + <x 

The derivatives with respect to X are obtained 

from the perturbation equation which for this case is 

BtX + fStX + f,6tX+'V,«tX-0 <D-10> 

with.the initial conditions 

gtx(°) - 6tX(°) = 0 (O-ll) 

and, 

g£x(0) = 1. (D.12) 

As for the problem of Appendix B, calculations 

were performed in single precision on the CDC 6400 com

puter at The University of Arizona Computer Center. The 

limits imposed on AX/X and E were the same as in Appen-
-8 _Q 

dix B, viz., 10 and 10 •7, respectively. The program 

listing follows. 
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Program for Appendix D 

PROGRAM LWJTC(INPUT,OUTPUT,TAPE3=INPUT,TAPE4=0UTPUT) 

C MAUN PROGRAM FOR LAMINAR WALL JET,AXIAL FLOW OVER 

C CIRCULAR CYLINDER 

DIMENSION Y(9)>DY(9),ETAEND(4),TEST(4) 

.. EXTERNAL DIFF 

1 READ (3*101) H,X,DELPR,ETEST 

READ (3,102) M,(ETAEND(l),TEST(l),1=1,M) 

2 WRITE (4,201) H 

1=1 

3 PRINT=DELPR 

ETA=0.0 

DO 19 K=l,9 

19 Y(K)=0.0 

Y(3)=2./9-

Y(6)=X 

Y(9)=l. 

CALL ADAMS(9,H,ETA,0,Y,DY,1,DIFF) 

WRITE(4,202) ETA,Y(4),Y(5),Y(6) 

4 CALL ADAMS(9,H,ETA,1,Y,DY,1,DIFF) 

IF (ETA.LT.PRINT) GO TO 6 

PRINT=PRINT+DELPR 

5 WRITE(4,202) ETA.. Y(4) , Y(5) ,Y(6) 

6 IF (ETA.LT.ETAEND(I)) GO TO 4 

DELX=-(Y(5)*Y(8)+Y(6)*Y(9))/(Y(8)**2+Y(9)**2) 
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E=Y(5)**2+Y(6)**2 

X=X+DELX 

IP (ABS(DELX/X).GT.TEST(I)) GO TO 3 

IP (E.LT.ETEST) GO TO 12 

IP (I.EQ.M) GO TO 12 

1=1+1 

GO TO 3 

12 WRITE (4.203) E 

14 STOP 

101 F0RMAT(F5.3,F10.5,F10.5,F10.8) 

102 F0RMAT(I2,/,(2E10.0)) 

201 P0RMAT(6H H=,F5-3) 

202 P0RMAT(P10.3,3(E14.4)) 

203 F0RMAT(3H E=,El6.8) 

END 

SUBROUTINE ADAMS(NE,H,X,ISET,Y,DY,INDEX,F) ' 

C INTEGRATION SUBROUTINE FOR INTEGRATING SYSTEMS OF 

C DIFFERENTIAL EQUATIONS OF THE TYPE DY = F(X,Y), BY 

C RUNGE-KUTTA OR ADAMS-MOULTON FORMULAE 

DIMENSION Y(l),DY(1),P(24),YR(24),DYLLL(24), 

DYLL(24), 

*DYL(24),DYR(24),C2(24),C3(24),C4(24) 

1 IF(ISET.GT.O) GO TO 6 

2 IP(INDEX.LE.O) GO TO 4 

3 K=2 
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GO TO 5 

4 K=a 

5 CALL P (X,Y,DY) 

RETURN 

6 GO TO (10,7,8,9,11),K 

7 K=6 

GO TO 10 

8 K=4 

GO TO 10 

9 K=5 

10 DO 1001 1=1,NE 

1001 P(I)=Y(I)+(H/2.)*DY(I) 

CALL P(X+H/2.,P,C2) 

DO 1002 1=1,NE 

1002 P(L)=Y(L)+(H/2.)*C2(L) 

CALL P(X+H/2.,P,C3) 

DO 1003 1=1,NE 

1003 P(I)=Y(I)+H*C3(I) 

CALL P(X+H,P,C4) 

DO 1004 1=1,NE 

1004 YR(I)=Y(I)+(H/6.)*(DY(I)+2.*C2(I)+2.*C3(I)+C4(I)) 

CALL P ( X-3-H, YR, DYR) 

GO TO 12 

11 DO 1101 1=1,NE 

1101 P(I)=Y(I)+(H/24.)*(55.*DY(I)-59-*DYL(I)+37.*DYLL(I) 
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*-9•*DYLLL(I)) 

CALL F(X+H,P,DYR) 

DO 1102 1=1,NE 

1102 YR(l)=Y(I)+(H/24.)*(9.*DYR(l)+19.*DY(l)-5.*DYL(i)+ 

*DYLL(l)) 

CALL F(X+H,YR,DYR) 

12 X=X+H 

DO 1201 1=1,NE 

Y(I)=YR(I) 

DYLLL(I)=DYLL(I) 

DYLL(I)=DYL(I) 

DYL(I)=DY(I) 

1201 DY(I)=DYR(I) 

RETURN 

END 

SUBROUTINE DIFF(ETA,Y,DY) 

C SUBROUTINE TO COMPUTE DIFFERENTIAL EQUATIONS FOR 

C AXIAL FLOW LAMINAR WALL JET ON CIRCULAR CYLINDER 

DIMENSION Y(1),DY(1) 

C EQUATIONS EOR F 

DY (1)=Y(2) 

DY(2)=Y(3) 

DY(3)=-Y(1)*Y(3)-2.*Y(2)**2 

C EQUATIONS FOR G 

DY(4)=Y(5) 
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DY(5)=Y(6) 

DY(6)=-Y(1)*Y(6)-Y(2)*Y(5)-4.*Y(3)*Y(4)+Y(3)+ETA*Y 

*(1)*Y(3)+Y(1)*Y(2)-ETA*Y(2)**2 

PERTURBATION EQUATIONS FOR X 

DY(7)=Y(8) 

DY(8)=Y(9) 

DY(9)=-Y(l)*Y(9)-Y(2)*Y(8.)-4'.*Y(3)*Y(7) 

RETURN 

END 
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