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ABSTRACT 

A complete, operational crystallization research unit was con

structed. The basic unit consisted of a circulatory fluid loop which 

fed a seeded, continuous-flow, mixed-suspension, backmixed crystallizer. 

Crystal populations were measured in situ in a crystallizer exit stream. 

These population measurements were achieved with a multichannel Model T 

Coulter Counter over a 1.26-40 micron equivalent-spherical-diameter size 

range. Additional measurements of particle sizes in the 600-1400 micron 

range were made using standard sieve analysis and photographic techniques. 

Growth rate and nucleation kinetics of the potassium sulfate-

water system were investigated. The effects of temperature, supcrsatu-

ration, seed size and geometry, solids concentration, and agitation on 

the mechanisms of crystal growth and nucleation were examined. Kinetic 

correlations of nucleation and growth rate data with the above variables 

were determined. 

Two methods of crystal population analysis were implemented: 

calculation of maximum particle fluxes assuming that nucleation occurs 

near zero size and calculation of the integral of a birth distribution 

function assuming that growth rate is negligible in the small size 

range studied. The former method gives the maximum possible growth 

rates and indicated a strong size-dependency of crystal growth rate at 

the small sizes studied. Growth rates decreased with decreasing size. 

These growth rate data were directly proportional to supersaturation. 
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Growth rates of the large seed crystals indicated a similar size-

dependency, but were proportional to the square of supersaturation. 

Both sets of growth rate data indicated that growth was surface reac

tion controlled in the supersaturation range studied. Crystal habit 

was found to be size-dependent: the fine crystals changed from cubic 

to long rhombic as size increased, and the large rhombic seed crystals 

became more granular as their size increased. 

Potassium sulfate nucleates by secondary mechanisms at the low 

supersaturations obtained in this study. Nucleation rate increased 

with increasing supersaturation, temperature, size-weighted mass con

centration, and stirring rate. At a given mass concentration, larger 

rhombic seed crystals were more effective than smaller rhombic crystals 

in stimulating secondary nucleation. Stirring rate had a strong effect 

on the generation of secondary nuclei and response of population data 

to step changes in stirring rate showed that nuclei were being generated 

in the size range investigated. These results are in agreement with 

previously reported studies of collision breeding and indicate this me

chanism as the primary source of secondary nuclei. 

Crystals of polycrystalline habit were at least two and one-

half times more effective in generating nuclei than comparable rhombic 

seed crystals under identical conditions. Comparison of data from seed 

crystals of both habits indicated that secondary nucleation occurs pri

marily at the fastest growing faces of the seed crystals. Comparison 

of data from experiments using 3-bladed and 4-bladed impellers revealed 
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no discernible difference at comparable operating conditions when 

power input was kept constant. 

A cumulative weight-size distribution was calculated, based 

upon a corrected nucleation rate using the correlations of this study 

and the operating conditions of a previously reported study of potas

sium sulfate crystallization. This weight distribution was compared 

with the one obtained by the previous investigator and was found to be 

in good agreement. 

The population distribution measurements performed in this 

study permitted measurement and correlation of nucleation and growth 

rate kinetics as well as discernment of secondary nucleation mechan

isms. The kinetics correlations obtained in this study are consistent 

with previously reported kinetics of the potassium sulfate system ob

tained from analysis of mixed-suspension, mixed-product-removal crys-

tallizer size-distribution data. 



CHAPTER I 

INTRODUCTION 

Crystallization has existed as a unit operation for many cen

turies. This process oftentimes affords a practical and efficient 

method of obtaining pure chemical substances. Solids of very high 

purity can be produced from impure solutions through crystallization. 

Crystallization is important industrially due to the variety of mater

ials that are marketed in the crystalline form. As demands for greater 

production, improved quality, and particle-size control become more 

stringent, the economics of crystallization can become marginal as a 

result of a lack of knowledge of the mechanisms and kinetics of crys

tal growth and nucleation. Crystallization is frequently referred to 

as an art due to this dearth of knowledge. Thus there is a need for 

scientific research into the realm of crystal growth and nucleation 

kinetics. 

Considerable data have been published concerning crystal growth 

and nucleation rates. Yet, few data have been reported for systems 

where both crystal growth and crystal nucleation were intentionally 

occurring simultaneously, i.e., in realistic crystallization conditions 

encountered in an operating crystallizer. Earliest reported experi

ments measured nucleation rates or growth rates, but seldom both. In 

most cases these studies were performed at conditions not usually 

1 



maintained in commercial crystallizers and were often hampered by the 

lack of refined and accurate measuring techniques. 

Growth and nucleation rates have more recently been studied in 

mixed-suspension, mixed-product-removal (MSMPR) crystallizers which are 

similar in operational characteristics to the large continuous commer

cial crystallizers now in use. The product crystal-size distribution 

(CSD) data resulting from operation of these bench-scale crystallizers 

were analyzed utilizing the concept of a population balance and repre

senting the CSD in terms of population density. Such CSD's were nor

mally determined by standard sieve analysis. This method of data 

collection can be affected by particle shape or "habit"; i.e., a long, 

narrow crystal will not necessarily pass as easily through a sieve 

opening as would a cubic particle having the same minimum cross-section. 

Proper corrections for this effect were necessary to avoid skewing of 

the CSD and resultant erroneous kinetic relationships. Furthermore, 

sieving generally has a lower size limit (smallest standard sieve open

ing) of 37 microns. The CSD below a particle size of 37 microns was 

predicted by extrapolation of the CSD data available above 37 microns. 

Nucleation rates were usually characterized as the intersection of the 

extrapolated population density-size distribution plotted on semilog 

coordinates with the ordinate at a particle size equal to zero. Growth 

rates were derived from the slope of such a plot. Sieving data analyzed 

in such a manner provided adequate kinetic relationships for CSD design 

and interpretation, but very little was revealed concerning the funda

mental mechanisms of nucleation and growth. 
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Although nuclei formed by homogeneous mechanisms are formed at 

essentially zero size (a few Angstroms at most), it is believed that 

nuclei produced by the typical secondary mechanisms operating in real

istic mixed magma suspensions should be particles appearing at some 

very small but realistic size. More details of growth and nucleation 

mechanisms could be gained by exploring and quantifying the behavior of 

crystals in the 0-40 micron size range. Such insight into the true me

chanisms of growth and nucleation of crystals in suspension would lead 

to more precise and accurate kinetic relationships. 

Growth rate and nucleation rate kinetics are vital in determin

ing the average size and the size distribution of crystals produced in 

different types of crystallizers. Such kinetics determine the response 

of the CSD to such conditions as temperature, supersaturation, and 

residence time. The average size and the product CSD that can be made 

at specified operating conditions dictate the design and economics of 

industrial crystallizers. Very often a certain particle size or range 

of sizes is required for a product to be marketable. Unless extensive 

pilot research is done in process development, one is never confident 

of the particle size and distribution that will be produced in an in

dustrial process. Subsequent changes in feed solution composition can 

render such pilot plant CSD predictions useless. On the other hand, 

data derived from MSMPR studies can and do provide quantitative measure

ments of nucleation kinetics and factors affecting those kinetics. How

ever, all that is offered is an empirical representation for a specific 
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system. Very little, if any, light is cast upon a generalized scien

tific concept of crystal growth and nucleation mechanisms. 

Knowledge of the true mechanisms governing crystal growth and 

nucleation would allow greater control of the CSD. Growth rate kinet

ics indicate how fast crystals grow in a given environment. Nucleation 

kinetics tell how many crystals will be generated in the environment. 

Both of these kinetics interact strongly to determine the CSD. Thus an 

understanding of the mechanisms of growth and nucleation offers the op

portunity to intentionally moderate undesirable kinetics either chemi

cally or mechanically to produce a more desirable CSD. 

The objective of this work was to measure crystal growth and 

nucleation kinetics and elucidate the fundamental mechanisms that af

fect those kinetics. The study at hand was an examination of the potas

sium sulfate-water system. Its purpose was threefold: 

(a) rebuild and refine the research equipment developed by Randolph 

(58) and Rajagopal (55) at the University of Florida and de

scribed by Randolph and Rajagopal (61), 

(b) implement a multichannel Model T Coulter Counter for the in 

situ measurement of the CSD in a crystallizer exit stream, and 

(c) comprehensively investigate the effects of such factors as 

supersaturation, temperature, amount and size distribution of 

seed crystals, and agitation on the mechanisms of growth and 

nucleation that occur in a realistic crystallization environ

ment. 



The basic research equipment consisted of a circulatory fluid 

loop composed of various glassware vessels which fed a continuous-flow, 

mixed-suspension, backmixed crystallizer. The crystal suspension 

within the crystallizer was agitated by a variable-speed stirrer. Tem

peratures were maintained during each run with controlled recirculating 

O O 
baths. The effects of temperature were investigated over the 24 -38 C 

range. Concentration measurements were periodically taken during an 

experimental run and supersaturations ranged from 3.0 to 11.0 grams of 

potassium sulfate per liter. Measured and narrowly sized fractions of 

seed crystals were introduced into the crystallizer to initiate a run. 

These seed crystals were retained in the crystallizer throughout a run. 

The population densities of fine crystals in the 1.26-40 micron equiva

lent-spherical-diameter size range were measured _in situ with a high

speed electronic particle-size analyzer. 

The 14-channel Model T Coulter Counter was designed and built 

for batchwise-size analysis of particle distributions in slurries. Its 

implementation constituted the first application of a multichannel par

ticle counter in continuous crystallization studies. Operational tech

niques were developed and are included in this dissertation. Measure

ments of the fine crystal distribution generated by secondary nucleation 

in the 1.26-40 micron particle-size domain as well as the use of stand

ard sieve analysis and photographic measurement techniques in measuring 

the CSD of the seed and product crystals provided data over a very 

broad size range. These CSD measurements permitted investigation of 
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nucleation and growth rate kinetics as well as discernment of secondary 

nucleation and growth-rate mechanisms. Data analysis was performed by 

implementing the population balance theory of CSD. 



CHAPTER II 

REVIEW OF THE LITERATURE 

The word crystal was derived from the Greek word krystallos 

meaning "clear ice." In the Middle Ages it was thought that the quartz 

crystal clusters found in the Swiss Alps were a permanent form of ice, 

hardened by the intense cold of the mountains; hence the name crystal. 

Eventually the term was applied to all transparent solids. Theories on 

the origin and structure of crystals date back to ancient times. Plato 

(427-347 B.C.) considered perfect transparent crystals as aggregates of 

basic cubic particles of earth. Lucretius (ca. 95-55 B.C.) explained 

the structure of hard crystals such as diamonds as being composed of 

branch-like atoms which intertwined with one another. Many other great 

philosophers involved in the discussion concerning the structure and 

composition of crystals included Aristotle (384-322 B.C.) whose theo

ries of matter and form and of a continuum were carried a long way by 

the Alchemists (in 10,11). 

Theories on the growth of crystals were also quite varied. 

Duns Scotus (ca. 1270-1308) asserted that stones and metals have life. 

Extension of his ideas resulted in the concept that crystals behaved in 

a vegetative manner as far as origination and growth were concerned. 

The most rational argument against vegetative souls came from Nicolas 

Steno (1638-1686), He explained that any animate or inanimate body 

grew because new particles secreted from an external fluid were added 



to the existing body. He admitted that he did not know why a first 

tiny seed crystal is produced, but he stated that after this occurrence 

growth takes place by the superimposition of particles on existing ex

ternal faces. These particles were drawn to the crystal faces by an 

action he likened to the action of iron filings drawn to a magnet (in 

10 ,11) .  

Nucleation 

Theories and concepts of nucleation and growth were argued for 

almost two centuries. Toward the mid-nineteenth century a more detailed 

picture was developed by some noted scientists. The area of prime in

terest was that of nucleation—the origination of a unique solid phase 

within a fluid. The research in this area was interpreted in two ways, 

homogeneous and heterogeneous nucleation. Homogeneous nucleation in

volves the spontaneous formation of ordered clusters of molecules from 

a supersaturated solution. Heterogeneous nucleation is the formation 

of a crystal lattice about a submicroscopic particle present in the 

supersaturated solution. Both of these forms of nucleation are termed 

primary nucleation. Another form of nucleation is secondary nucleation: 

the appearance of very fine crystalline particles in the presence of 

larger yet similar crystals. However, little work was done in this 

area until recently. 

The initial consideration by Gibbs of the energy requirements 

for the spontaneous formation of a liquid droplet from the vapor opened 

the door to a scientific approach to nucleation. He showed that the 

work necessary for the formation of a stable droplet was the sum of 



the work required to form the surface (a positive quantity proportional 

to the square of the droplet radius) and the work required to form the 

bulk of the particle (a negative quantity proportional to the cube of 

the radius of the droplet). The summation of the two terms yields a 

function that rises to a maximum and then swiftly falls off as a func

tion of droplet size. Further work on this concept yielded the Gibbs-

Thomson formula (in 43). 

n Ll 2M o f . 
P.,. ~ RTpr1 ( ' 

This relationship estimated the increase in the vapor pressure of the 

droplet with decreasing size. 

Ostwald extended the vapor pressure relationship to a crystal 

nucleating in solution and postulated the existence of a metastable 

region of supersaturation in which nucleation would not occur spontane

ously. Freundlich corrected a slight error in Ostwald's derivation to 

yield the solubility equation (in 43). 

- = if ( x - - > ' 
2 ETp rl 2 

Ostwald postulated that three regions existed for a salt solution: the 

undersaturated or stable region, the metastable region where the solu

tion was supersaturated but no nuclei or solid phase formed, and the 

labile region where nuclei formed spontaneously due to the very large 

supersaturations that existed. He based his arguments on Gibbs' concept 

of a critical nuclei size and the work required for its formation (in 43). 



The principal critic of Ostwald was de Coppet (in 8) who exper

imented with supercooled solutions. He argued that his experiments 

showed that nucleation from solution was based upon a probability me

chanism since his data indicated that the time period for nucleation 

from supercooled solutions was a distinct function of the size of the 

solution sample observed, de Coppet showed that the smaller samples of 

supersaturated solution did not nucleate as quickly as large samples. 

Since there was a greater probability of foreign bodies in the large 

samples, nucleation was .thus heterogeneous in nature. The subsequent 

work of Miers and Issac (in 8,43) substantiated the ideas of Ostwald 

and showed that there indeed existed a supersolubility limit for salt 

solutions. 

Volmer coupled the Gibbs-Thomson equation with a general re

action kinetics expression [rate = K exp(-AG/RT)] to obtain an expres

sion for the rate of formation of critical nuclei at a specific energy 

level. The resultant relationship was 

B° = C exp(-16TTM2 CT3/3p2R3T3ln2a) (3) 

for the formation of spherical vapor nuclei (73). A complete up-to-

date review of nucleation theories as applied to droplets from vapors 

and solids from solution has been compiled by Strickland-Constable 

(69). 

More recent work on homogeneous nucleation has investigated the 

effect of various physical parameters on this type of nucleation. Mul-

lin and Raven (48) have reported that agitation decreases the critical 



supersolubility limit at which homogeneous nucleation can occur. They 

also noted a distinct lowering of the limit with increasing temperature 

at a constant stirring rate. Mullin and Leci (47) reported that for 

citric acid solutions the rate of nucleation is drastically affected by 

solution viscosity. They suggested that hydrogen bonding could be a 

factor in the decreased homogeneous nucleation with increased viscosity. 

Van Hook and Bruno (74) reported similar stirring and viscosity effects 

with sucrose solutions. Kasputin and Kovalunaite (32) showed that 

ultrasonic radiation will cause the premature onset of homogeneous nu

cleation in a supersaturated solution. This same effect was reported 

by Mullin and Gaslca (46) when electrical current was applied to a con

ductivity cell filled with supersaturated solution. 

Most homogeneous nucleation studies are performed in batch-

cooling crystallizers. This type of crystallizer is frequently used 

commercially. In many instances it is necessary to seed the cooling so

lutions to enhance nucleation. The classic work of Ting and McCabe 

(72) involved the study of nucleation in a batch-cooling crystallizer 

where the temperature was decreased at a constant rate. While it has 

been said that nucleation in the presence of seed crystals is secondary 

nucleation, a drastic response or "shower" of crystals is experienced in 

a seeded cooling solution that resembles homogeneous nucleation. Ting 

and McCabe showed that the metastable limit is reduced by the presence 

of seed crystals. They studied the effect of total seed mass, cooling 

rate, stirring speed, and seed size on the lowering of the metastable 

limit of magnesium sulfate heptahydrate. 
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Nyvlt (52) discussed the kinetics of homogeneous nucleation and 

presented data on many salt solutions with and without the presence of 

seeds. He presented a mass nucleation rate relationship in which the 

rate of crystalline mass generation (total precipitation as opposed to 

mass addition by growth) was equal to the product of an experimentally 

determined constant characteristic to a specific salt and the cooling 

rate. He suggested some correlations of the constant and the molecular 

weight of the salt being precipitated. Nyvlt, Rychly, Gottfried, and 

Wurzelova (53) reported data on the metastable zone widths of 25 aque

ous salt systems. They demonstrated and quantified the effects of the 

addition of seed crystals much as the work of Ting and McCabe. Potassium 

sulfate was one of those systems studied. 

Recent studies of the phenomenon of crystalloluminescence—the 

emission of light upon the formation of a crystal in solution or the 

change of phase of a crystal—has entered the discussion of whether 

homogeneous nucleation is really "ultramicro heterogeneous" or nuclea

tion by glassy macromolecular "sub-nuclei." Garten and Head (21) have 

summarized their studies of the nucleation of alkali halide salts from 

supersaturated solutions. Crystalloluminescence is induced by doping 

the solutions with lead and silver ions which are included in the pre

cipitating crystals. They cite features common to both homogeneous 

nucleation and their work with crystalloluminescence: with decreasing 

supersaturation an increase in the size of the critical nucleus is ex

pected from homogeneous nucleation theory and their work confirms this 

by the observation that the average height of the light pulses increases 



as the supersaturation declines. Also, according to classical nuclea-

tion theory, homogeneous nucleation ceases below a certain supersatura

tion known as the critical supersaturation. Similarly, crystallo-

luminescence has been found to cease abruptly when the experiments are 

conducted below a well-defined concentration which is independent of 

the presence of any heterogeneous motes, incidental or intentionally 

introduced. Garten and Head point out that the energy for the light 

emissions comes from a phase change and this implies that the nuclei 

must first grow as a disordered glass and not as a crystalline over

growth on some solid substrate as would be true of heterogeneous nucle

ation at relatively low supersaturations. They state that this could 

be proof of the Volmer type of homogeneous nucleation kinetics. 

Heterogeneous nucleation is considered to be brought about by 

material or materials in contact with the supersaturated solution. 

This material is dissimilar in chemical structure and formula from the 

solute that supersaturates the solution. "Sites" offered by dust par

ticles, various crystalline matter, and even crystallizer walls and 

other surfaces have been pointed to as an explanation of this type of 

nucleation. Recent work has lent some new ideas to this concept. Van 

Hook and Bruno (74) suggested that this was the major form of nucleation 

for sucrose solutions of low supersaturation. Melia and Moffitt (41) 

studied nucleation in supersaturated droplets suspended in oil and con

tended that their data indicated that primary nucleation invariably oc

curs heterogeneously on foreign bodies which are present in the 

solution. They cited experiments in which nucleation occurred in large 
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droplets but not in small droplets at the same temperature and that 

filtration of solutions had a considerable effect upon the rate of oc

currence of nuclei. 

Secondary nucleation is induced by the presence of crystalline 

solute at supersaturations well below the metastable limit. Undoubtedly 

secondary nucleation mechanisms predominate in most commercial crys-

tallizers. In such mixed suspensions the presence of large, growing 

crystals within the supersaturated medium stimulates the occurrence of 

nuclei of identical composition and structure. In this study the 

larger nucleation-causing crystals will be referred to as seeds. How

ever, continuous crystallizers of the MSMPR type are seldom externally 

seeded. The "seeds" causing secondary nucleation constitute the normal 

crystalline product produced in the crystallizer. 

Very little has been done to quantify or model secondary nucle

ation. Bransom, Dunning, and Millard (7) defined nucleation rate as a 

function of supersaturation alone. Such a kinetics relationship is sim

ilar to that predicted by homogeneous nucleation theory. Their work 

showed that a nucleation function in a continuous salting-out crystal

lizer of the form 

B° = lc skl (4) 
n 

adequately correlated data. In a study of a cascade of crystallizers 

Robinson and Roberts (62) proposed a similar model that included a nu

cleation threshold superaturation. Thus, 

B° = kn(s-s*)kl (5) 
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Further works by Bransom (6), Randolph (57), and Randolph and Larson 

(60) treated CSD's that would result from the former power model nu

cleation kinetics relationship. 

Amin and Larson (3) and Larson, Timm, and Wolff (34) recognized 

the need to include the apparent effect that the total mass concentra

tion of the slurry had on the nucleation rate; i.e., the greater the 

solids content of the slurry at a constant supersaturation, the greater 

the nuclei generation. Their model was based upon the form of the 

Bransom £t al_. (7) power model and was expressed as 

B° = k n skl (6) 

This relationship was found to adequately correlate data for the crys

tallization of calcium sulfate from phosphoric acid and the salting-out 

crystallization of ammonium sulfate from methanol-water and ammonium 

aluminum sulfate from ethanol-water. Randolph and Rajagopal (61) also 

used this model for correlating data on the potassium sulfate-water 

system. Their work showed that 

B° = 11.3 M°'4 s"1,0 (7) 

This relationship indicated that the nucleation rate increased with in

creasing solids concentration yet decreased with increasing supersatur-

ation. An explanation for the latter effect, which was contrary to any 

previously reported data, was not given. 

Much research has been recently conducted in an effort to de

termine the causes or mechanisms of secondary nucleation. While Ting 



and McCabe (72) showed that, in the presence of crystals of the solute 

itself, nucleation occurs in a reproducible manner at moderate super-

saturations, no effort was made to explain the limited occurrence of 

nuclei and most researchers were content to utilize catalytic theory 

models for secondary nucleation. Melia and Moffitt (40) and Cayey and 

Estrin (15) showed that a few crystals in well-stirred batch-cooling 

crystallizers generated new nuclei which grew to macroscopic size and 

in turn generated further nuclei. In both cases they interpreted their 

data as indicating that fluid shear along the seed crystal surfaces was 

responsible for the generation of new nuclei. 

Rosen and Hulburt (64) studied the continuous vacuum crystal

lization of potassium sulfate in an MSMPR-type crystallizer. Their 

data indicated that nucleation was independent of supersaturation and 

was only a function of the solids concentration of the slurry. They 

reported their suspicions that nucleation for this case was induced by 

the shattering of crystalline particles smaller than sixty microns, 

their lower limit of measurement. 

An extensive investigation of the behavior of single crystals 

in supersaturated fluids by Mason and Strickland-Constable (35) and 

Lai, Mason, and Strickland-Constable (33) has thrown much light upon 

the mechanisms of secondary nucleation. Mason and Strickland-Constable 

suggested three types of crystal breeding mechanisms as a result of 

their work. The first type was called initial breeding and represents 

seeding with microscopic particles. These particles are attached to 

the dry seed-crystal surface. It was demonstrated that this effect 
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could be minimized by treating the seed crystals in a saturated or 

slightly undersaturated solution for a short period prior to introduc

tion into a supersaturated solution. In retrospect Ting and McCabe 

(72), Melia and Moffitt (40), and Cayey and Estrin (15) were probably 

the unwitting observers of initial breeding since they all used un

treated seeds. 

Another form of breeding was labeled needle breeding and was 

observed only at very high supersaturations. It was primarily due to 

breakage of dendritic growths from the faces of a crystal. These first 

two phenomena cannot be considered as true secondary nucleation since 

one represents a seeding effect and the other a gross breakage effect. 

The third kind of breeding mentioned was collision breeding, a 

true secondary nucleation effect. Mason and Strickland-Constable (35) 

showed that nuclei were generated at moderate supersaturations by me

chanical shear stresses applied to the surfaces of a crystal in solu

tion by contact with rods, beaker walls, and even other crystals. 

Their observations did not indicate that fluid shear along a crystal 

face was sufficient to generate secondary nuclei. 

Lai jet al. (33) conducted a more comprehensive study of colli

sion breeding. Utilizing magnesium sulfate heptahydrate crystals they 

showed that (a) fluid shear alone did not give rise to nucleation, (b) 

high rates of nucleation resulted when a crystal maintained contact with 

a surface while moving about in a stirred solution, (c) nucleation oc

curred when a crystal touched a solid object, and (d) the rate of 



nucleation was strongly dependent on the supersaturation. Further 

tests with KC1 and KBr yielded similar results. 

Clontz and McCabe (16) amplified the aforementioned work by 

actually measuring the number of nuclei resulting per unit energy per 

unit area of impact of a glass rod on a MgSO^-yi^O crystal face. Addi

tional tests showed that crystal-crystal impacts produced two to five 

times the nuclei obtained from crystal-rod contacts. Johnson, Rous

seau, and McCabe (31) extended this research and used rods made of 

different materials. Their work indicated that surface roughness and 

hardness of the crystal face contacted as well as the hardness of the 

contacting material affected collision breeding. Only materials as 

hard as or harder than the crystal surface were capable of causing con

tact nucleation. Additional work on the various faces of crystals in

dicated that they yielded different amounts of nuclei. These observa

tions prompted them to coin the term "micro-attrition" to describe 

secondary nucleation. Similar work on the larger faces of potassium 

sulfate crystals yielded no nuclei. However, McCabe (38) has reported 

that further studies with potassium sulfate crystals in a stirred 

beaker showed that nucleation did occur by mechanical contacting with a 

stainless steel paddle while a plastic paddle yielded very little. 

Such varied studies of nucleation give insight into the opera

tive mechanisms affecting each type of nucleation. Some studies were 

performed at conditions rarely achieved in commercial crystallizers and 

offer little in the way of possible kinetic correlations. Studies con

ducted at conditions found in commercial crystallizers can aid in the 
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interpretation of previous nucleation kinetics correlations and suggest 

correct forms for expressing these correlations. Thus, knowledge of 

nucleation mechanisms should be useful in interpreting and correlating 

bench-scale crystallizer kinetics such as those derived from MSMPR 

crystallizer data. 

Growth 

Once nuclei are generated in a supersaturated solution they be

gin to grow in size. In most cases this growth proceeds at a rate 

proportional to the supersaturation. Knowledge of the growth rate 

under specific conditions is necessary to determine conditions for pro

duction of a crystalline product with a desired distribution of sizes. 

Growth rates have typically been studied from two aspects: observation 

of the rate of growth of specific faces on single crystals immersed in 

a supersaturated solution and measurement of the mass gain of a swarm of 

crystals (or the mass loss of the supersaturated liquor) in an agitated 

suspension. Studies of the former type yield detailed information which 

can be used to discriminate growth mechanisms and rate theories. The 

latter type measurement provides information useful in designing crys-

tallizers. In either case measurements are usually made under conditions 

where secondary nucleation is negligible. 

Two widely accepted crystal growth theories ar» the repeatable 

step-surface diffusion-growth model and the polynuclear two-dimensional 

growth-nuclei model. Burton, Cabrera, and Frank (12) developed a model 

of the former type. They utilized the concept of a screw dislocation 

as the means of overcoming the energy barrier for the formation of a 
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new growth layer, thus explaining the continual growth of a crystal 

face. The latter model considers the rate of growth of a new layer on 

the face of a crystal to be dependent upon the rate of generation of 

small groupings of solute molecules a few molecules thick on the sur

face (69). 

Most studies of single-crystal growth have involved growth from 

the vapor phase; however, some fundamental studies of growth from aque

ous solution have been made. Cartier, Pindzola, and Bruins (14) util

ized a particle integration rate-growth kinetics model proposed by 

Amelinckx (2) to correlate data on citric and itaconic acid crystals as 

a function of supersaturation, temperature, and solution velocity, 

Mullin and Garside (44) studied the growth rates of faces of aluminum 

potassium sulfate crystals and found them to depend upon solution super-

saturation and velocity. They correlated their growth-rate data with a 

simple power model equation in terms of supersaturation. Botsaris and 

Denk (4) and Denk and Botsaris (18) also examined the growth of faces of 

aluminum potassium sulfate but tried to correlate their data using pub

lished growth theories. They studied growth rates over a wide range of 

supersaturations while subjecting the crystals to a range of fluid flow 

rates. Their data indicated a change in growth mechanism as supersatu

ration inci*eased. 

Applying single-crystal growth theories to the growth of an en

tire CSD can prove to be difficult or misleading. Macroscopic models 

governing growth rates are often employed as a means of simplification. 

McCabe (36) first proposed such a theory. He postulated that linear 



growth rates were constant and independent of crystal size, providing 

that (a) the supersaturation and physical conditions remained constant, 

(b) the crystalline geometry was similar and invariant, and (c) no new 

nuclei formed. Data indicating such linear growth behavior have been 

presented by Amin and Larson (3), McCabe (37), Palermo and Grove (54), 

Rajagopal (55), Rosen and Hulburt (63), and Timm and Larson (71). Many 

others have used the concept of size-independent linear growth in 

mathematical treatments of size-distribution theory. These include Han 

and Shinnar (24), Hulburt and Katz (28), Murray and Larson (49), Ran

dolph (57), Randolph and Larson (60), Saeman (67), and Sherwin, Shinnar, 

and Katz (68). It is of interest to note that a sufficient statement 

of McCabe's growth law is that growth rate be size-independent; the 

original restrictions stated by McCabe were in the context of predict

ing CSD in a batch crystallizer. 

Simple concepts such as size-independent linear growth rate 

prove to be adequate in most studies of CSD. However, when more de

tailed and precise measurements are made, it is often found that growth 

is indeed size-dependent. It is generally accepted that growth is a 

two-step process: diffusion of solute to the surface of the crystal 

followed by the integration or surface reaction of the solute at the 

crystal surface into the lattice. The latter step is considered to be 

a function of temperature and supersaturation. The former step has 

been found in mixing studies to be a fuction of the thickness of the 

diffusion layer which is itself a function of the relative crystal-

fluid velocity and thus the size of the crystal. McCabe and Stevens 
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(39) investigated growth rates of copper sulfate pentahydrate crystals 

in an agitated solution and found that their growth data were well 

fitted by the form 

G = k skl L1^ (8) 
g 

Bransom (5) also suggested such a form. Hixson and Knox (27) studied 

the effect of agitation upon the growth rates of single supported crys

tals of copper sulfate pentahydrate and magnesium sulfate heptahydrate. 

They correlated growth rates using mass transfer coefficients that in

cluded the effect of particle size. A similar study by Tanimoto, 

Kobayashi, and Fujita (70) of copper sulfate pentahydrate crystals 

growing in an agitated batch crystallizer produced good agreement with 

growth rates predicted by mass transfer coefficients. This would in

dicate that growth for that system was diffusion-controlled. Ishii 

(30) studied potassium sulfate growth in a fluidized-bed crystallizer 

and correlated his data using mass transfer coefficients. Mullin and 

Gaska (46) and Rosen and Hulburt (63) also studied potassium sulfate 

growth rates in a fluidized bed. It is interesting to note that Mul

lin and Gaska found potassium sulfate growth rate to be strongly size-

dependent, Rosen and Hulburt concluded that it was independent of size 

although their data showed some size-dependent tendencies, and Ishii 

could not discern any size effect due to data scatter. All of these 

researchers studied approximately the same range of conditions. 

Additional studies of other size-dependent growth rate rela

tionships and their effects upon the overall CSD have been presented 
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by Canning and Randolph (13) who suggested a growth kinetics model of 

the form 

G = G (1 + YL) (9) 
o 

Abegg, Stevens, and Larson (l) re-analyzed their data and suggested 

that a growth model of the form 

G = G (1 + YL)kl (10) 
o 

fit the data better. Estrin, Sauter, and Karshina (20) took a differ

ent approach to the same data and suggested that in reality mixing and 

classification effects could yield the same CSD. They proposed split

ting the distribution data into two sections and analyzing each set, 

using a constant growth rate but different residence times. 

Previously cited studies which investigated growth kinetics of 

various systems have utilized varying configurations of equipment. The 

earliest studies at realistic commercial crystallizer conditions util

ized a scraped-tube crystallizer (37,42). Recent work on batch crystal-

lizers (54,70) has also provided growth information. Fluidized-bed 

crystallizers (30,45,63) come even closer to commercial crystallizers 

in that they simulate the growth section of suspended-bed type crys

tallizers. The bench-scale MSMPR-type crystallizer (7,34,61) comes 

closest to a continuous commercial crystallizer. It can yield corre

lations for growth and nucleation rates that can be used in scale-up of 

equipment. 
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Population Balance Theory 

Most nucleation and growth studies have been motivated by the 

goal of being able to predict and analyze the CSD produced in different 

modes of crystallizer operation. Mass and energy balances afford the 

engineer a convenient way of analyzing a process's production rate and 

efficiency. However, mass and energy balances are not sufficient for 

the analysis of CSD's. They do not indicate anything about the state of 

a crystallizer's product, be it fine powder or "baseballs," A popula

tion balance of the crystals within a crystallizer along with suitable 

kinetics of formation and growth of particles can be coupled with mass 

and energy balances to predict the entire product size distribution as 

well as production rate and energy requirements. 

Population balance relationships have been presented and dis

cussed by Randolph and Larson (60) and Hulburt and Katz (28). The most 

useful form of the population balance (56), written for a mixed-suspen

sion crystallizer, is expressed as 

dn S(Gn) d(lnV) v ni^i e-,-,\ 
5F + TT~ + at " ^ v (u) 

1 

The first term in the left-hand side (LHS) of Equation (11) represents 

the rate of change of the population density of particles at a particu

lar size with time. The second LHS term describes the convection by 

growth of a particle along the size axis. It is the net change in the 

population of particles of size L due to growth while in the crystal

lizer. The last LHS term represents the rate of change in population 
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density due to changes in the overall slurry volume, for example, by 

dilution or evaporation causing liquid level changes. 

The right-hand side (RHS) of Equation (11) represents popula

tion contribution and depletion terms. The first term accounts for the 

input and withdrawal rates of particles by the fluid streams entering 

and leaving the crystallizer. The second RHS term represents the spon

taneous generation rate of particles appearing at size L. The sources 

of these new particles could be breakage, attrition, agglomeration, and 

nucleation. The last RHS term describes the spontaneous disappearance 

of particles of size L due primarily to breakage into two or more smal

ler particles. 

The complexity of Equation (11) can be limited with some reason

able assumptions which apply to an MSMPR crystallizer. For the case 

where (a) steady-state operation, (b) no breakage or attrition of crys

tals in the stirred medium, (c) perfect mixing, and (d) clear liquor 

feed prevail, the resultant relationship is a simple mathematical ex

pression. 

<m<i „ . n (12) 

dL T 

Assuming McCabe's size-independent linear growth law holds, G ̂  G(L), 

the solution of Equation (12) can be written as 

n = nQ exp(-L/GT) (13) 

Plotting of population density-size data on semilog paper yields a 

straight line. Linear growth rate can be obtained from the slope of 
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this line if the residence time is known. The constant of integration, 

nQ, represents the population density of nuclei-sized particles. The 

flux of nuclei (nucleation rate) is given by the definition 

B° = n * G (14) 
o 

Thus the nucleation rate and growth rate can be obtained from the 

intercept and slope of such population density plots. 

Information useful to the engineer can be obtained by weighting 

the population distribution expression, such as Equation (13), by the 

cube of the particle size to yield the differential weight-size dis

tribution. Various size-weighted moments of the population-density 

function provide such information as the mass-weighted mean size, the 

dominant size, the total particulate surface area, and the solids con

centration in suspension in the crystallizer. For example, the solids 

concentration is found directly from the third moment of the population-

density function as 

r°° i 
Mt = pkv / n L dL (15) 

Jo 

Further work involving the utilization of population balance 

theories in specified studies of CSD's has been reported by Sherwin et 

al. (68), Han and Shinnar (24), Nuttall and Randolph (51), and Ran

dolph (59). In every case the practicality and versatility of the pop

ulation balance has been readily demonstrated, but it becomes equally 

apparent that a knowledge of crystal nucleation and growth kinetics is 

vital in fully exploiting this population balance theory of CSD. 
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Summary 

The published literature of crystallization was reviewed to 

gain information pertinent to the study of crystal growth and nuclea

tion. Some general crystal growth and nucleation theories were dis

cussed. Special note was made of those articles and reports that dealt 

with nucleation and growth mechanisms as well as their kinetics corre

lation, which kinetics have a bearing on the behavior of CSD in mixed 

crystal suspensions. Homogeneous, heterogeneous, and secondary modes 

of nucleation were defined and the likely mechanisms of each type of 

nucleation were described. Studies of homogeneous and heterogeneous 

nucleation were cited as a comparison to the phenomenon of secondary 

nucleation. 

The many investigations of secondary nucleation were discussed 

in depth since this is usually the predominant mode of nucleation found 

in commercial crystallizers. Particular note was made of the recent 

studies of collision breeding or micro-attrition and its likely impor

tance as a mechanism of secondary nucleation. Various forms of nucle

ation kinetics models previously used to correlate secondary nucleation 

rates were also presented. 

Some crystal growth theories were scanned and growth rate 

kinetics correlations based upon crystals growing in a mixed suspension 

were presented. Several studies reporting both constant and size-

dependent growth rates were discussed and compared. 

A population balance equation describing a CSD in a mixed sus

pension and applicable to this study was presented. The significance 
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of each term of the balance was discussed. A simplified solution of 

this population balance was presented for the idealized MSMPR crystal-

lizer to illustrate the utility of this CSD theory in the interpreta

tion of CSD data. Some applications of population moment equations 

were also shown. 



CHAPTER III 

EXPERIMENTAL EQUIPMENT 

The basic components of the experimental apparatus used by 

Rajagopal (55) were moved to the Department of Chemical Engineering at 

The University of Arizona by Dr. Alan D. Randolph. It was intended 

that they be integrated with some additional support equipment and an 

appropriate mounting to provide a compact and complete crystallization 

research unit. This unit was to be the first building block of a com

prehensive particle-systems-studies laboratory. Figure 1 illustrates 

the completed operational system that incorporated the above components 

used in this study. 

Basic Laboratory Frame 

The entire apparatus was mounted upon a 3' X 8' table that 

stood two feet high. The table was constructed of wood and consisted 

of a 3' X 8' X 3/4" plywood top attached to a 31 X 8' box frame made of 

2" X 6" planks. It was supported by eight 4" X 4" X 23 1/4" legs with 

4 1/2" X 4" X 3/4" insets on two sides of one end. The legs were at

tached to the box frame sections on approximately 32-inch centers with 

4" X 1/4" carriage bolts.. 

A 5' X 5' equipment support frame was constructed with standard 

3-inch aluminum channel with 8" X 8" X 1/8" aluminum sheet triangles 

being used as connecting corner braces. All brace-frame attachments 
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Figure 1. Front view of completed operational crystallization research apparatus. 



were achieved with 3/8-inch bolts. This frame was mounted vertically 

to the left side of the table in such a manner as to allow a 6-inch 

clearance between it and the table top. The frame was firmly held to 

the table through the attachment of the frame to two 3-foot lengths of 

3-inch steel angle that acted as footings. These sections of angle 

were held to the table top by 3/8-inch bolts. The frame was positioned 

on the footings to give an approximately one-foot-deep working space in 

front and a two-foot-deep space in back for various equipment such as 

constant temperature baths, stirrer, and solution storage. An addi

tional 63" X 18" rear deck 25 inches above the table top was connected 

to the frame and the footings. This deck was a 1/4-inch thick Masonite 

sheet supported by three 60-inch lengths of 1 1/2-inch Unistrut steel 

channel that were attached at the ends to a box brace made of 3-inch 

aluminum channel. These braces were attached to the frame and the foot

ings and provided additional support to the main frame. Nine 1/2-inch 

holes were drilled along the centers of the two horizontal sections of 

channel of the main frame on 6-inch centers. These holes allowed the 

bolting of lengths of 1/2-inch aluminum rod that were threaded at each 

end vertically between the two frame sections. Additional assorted 

lengths of 1/2-inch rod were connected horizontally to the vertical 

rods as needed for equipment support. Five rod braces were also at

tached to the rear deck to provide additional bracing of the rod struc

ture. 

A superstructure support for the stirrer motor was made of 

1 1/2-inch Unistrut channel and attached to the supports of the rear 



deck. This structure was 22" X 18" X 20" and rigidly held a one-foot 

high 1 3/8-inch diameter column which was machined from solid aluminum 

bar stock. This column was mounted upon a 7 1/8" X 7 1/8" X 3/8" 

aluminum baseplate which was held firmly to the superstructure. The 

stirrer motor was held firmly to the column by a compression collar. 

The height and position on the rear deck of this structure as well as 

the position of the column atop it were adjustable and allowed the re

searcher a wide range of heights and positions at which the stirrer 

could be put throughout the upper half of the support frame area. 

A small base was constructed of Plexiglas sheet to hold the 

Coulter Counter sampling stand. It consisted of an 8 1/2" X 14 1/2" 

X 1/2" bottom and an 8 1/2" X 17 1/4" X 1/2" back with two 14 1/2" X 

17 1/4" X 1/4" triangular side braces. The sides were attached to the 

base and back by 6-32 flathead screws. The back of the stand was held 

to a 3" X 6 3/4" X 1" aluminum block by three 3/8-inch bolts set on 

2-inch centers. This block in turn was held to the right vertical 

channel of the frame by three 3/8-inch bolts set on 1 3/4-inch centers. 

Three additional holes were drilled in the 3" X 6 3/4" face of the 

block to provide a total of six holes on 7/8-inch centers. By removing 

one bolt each from the back of the stand and from the block there is 

readily available many combinations of attachment which would allow the 

bottom of the counter sampling stand base to be set at heights above 

the table between 8 3/4 inches and 17 1/8 inches--an 8 3/4-inch range 

of adjustment. A two-ply bronze wire screen cage was fabricated and 

fitted about this sampling cell base. Its overall dimensions were 



9" X 22" X 14 1/2". It completely enclosed the base and sampling cell 

assembly except for the front, thus allowing easy access. This cage 

was found to be necessary for the reduction of electronic noise picked 

up by the counter. 

A small stand to support the Model T Coulter Counter was con

structed of 1 1/2-inch Unistrut steel channel. It consisted of a 

18" X 22" X 1/2" plywood top set upon a 18" X 22" X 16 1/2" Unistrut 

frame. This stand raised the counter to a more accessible level as 

well as allowed the easy connection of the electrical lines between the 

counter and the sampling stand. The counter and stand were placed in 

the 28" X 36" spac- ivailable on the right side of the work table. 

A 12" X 22" X 9" steel control panel was attached to the labor

atory wall next to the left side of the work table. This panel housed 

thirteen toggle switches and two adjustable cycle timers. The switches 

controlled the flow of electricity to four electrical outlet boxes con

taining independently wired sockets and to solenoid and motor-driven 

valves. The cycle timers were employed to control the operation of the 

aforementioned valves. All of the electrical wiring was color-coded 

and placed within the front Unistrut deck support to prevent any future 

entanglements. In addition the sockets and panel switches were color-

coded. 

Additional utilities were provided to the work area in the form 

of air, water, and vacuum lines. A 25-psig air line was run to the 

left side of the support frame and fed to a diaphram pressure regulator 

that was equipped with two pressure gauges. This provided a wide range 



of pressurized air as needed in operating the system. A double water 

tap and drain attached to the laboratory wall enabled the provision of 

cooling water to the constant-temperature baths when needed. A vacuum 

line was run to a point at the lower right-hand corner of the support 

frame and terminated with a toggle valve having a tubing connector. 

This arrangement enabled the researcher to utilize vacuum separation of 

particle slurries that might result in his work. 

Flow System 

The basic research system used in this study consisted of a cir

culatory loop composed of various glassware which supplied a continu

ously flowing stream of potassium sulfate solution into a mixed-

suspension crystallizer. A fluid flow scheme of the complete crystal

lization apparatus is shown in Figure 2. 

The feedstock solution for the experiments was stored in a 4%-

gallon capacity stainless steel tank that was tightly sealed and fitted 

with an air line connection at the top. The solution was fed into the 

surge tank through a 1-inch diameter Millipore disk filter assembly. 

This assembly contained 5 micron and 0.45 micron filter disks in series. 

Such filtration was performed to insure as particle-free feed solution 

as possible. The filtered solution was conducted to the surge tank 

through a suitable length of Tygon tubing. 

The solution, following the normal manner of flow, was pumped 

from a small surge tank. This vessel was made of Pyrex glass and had 

an I.D. of 9 cm and a 16 cm height. Its capacity was one liter. A 

Pyrex jacket shared a common base and extended to a height of 10 cm. 
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The O.D. of the jacket was 11 cm. The surge vessel had two T/S 19/38 

and one T/S 10/30 female ground glass joints affixed to the top. Two 

8-mm glass ports entered the jacket on opposite sides and heights. 

Another port passed through the jacket opposite the lower jacket port 

and into the body of the surge tank. The vessel was set upon a vari

able speed, variable temperature, magnetic stirring hotplate. The con

tents of the surge vessel were agitated with a Teflon-coated stirring 

bar. 

A motor-driven m-Roy controlled volume, diaphram pump with a 

maximum capacity of 6.2 gallons per hour was used for circulating the 

salt solution. Bypass and drain valves wei-e provided on either side of 

the pump. A pressure-activated, power cut-off switch was connected to 

the output side of the pump as a safety measure against excessive pres

sure buildup during an accidental blockage of the system. 

The solution passed through a bed packed with 12-mesh activated 

cocoanut charcoal. This bed was included to absorb any impurities that 

would act as nutrients for a recurring Aspergillus fungus. The bed was 

constructed of 1-inch nominal 304 stainless steel pipe and two stain

less steel pipe caps that were drilled and tapped to accommodate %-inch 

NPT fittings. Small stainless steel screens were inserted at either 

end of the bed to retain the charcoal grains. A 1-inch Millipore disk 

filter was attached to the effluent end of the bed. This filter assem

bly contained a disposable filter disk capable of stopping particles in 

the fluid stream that were greater than 5 microns in diameter. Its 

purpose was to filter out particles that would be shaken loose from 



the charcoal bed during operation as well as any other large debris. 

Another filter followed the disk filter. This was a Pall Ulti-

por MBY2001UP disposable filter with a 0.45 micron nominal retention 

and an absolute retention rated at 2.0 microns. This filter removed 

very fine particles that would appear as countable entities to the 

Coulter Counter and any fungus spores that remained in the system. The 

Pall filter was connected to the disk filter and the preheater by suit

able lengths of clear flexible Tygon rubber tubing. Tygon tubing was 

used in all cases where glass fittings or tubing proved unmanageable or 

impractical. 

The three heat exchangers (preheater, sterilizer, and pre-

cooler) were Graham condensers with J/S 28/15 ground glass ball joints. 

Each of the condensers was held to the aluminum rod frame by two Nester 

clamps. The total jacketed length of the condensers was 60 cm. The 

three exchangers and the saturator were connected with tubular glass 

fittings having appropriate J/S 28/15 ground glass ball joints and an 

I.D. of approximately 1.5 cm. Some of these fittings possessed stop

cocks such that, when connected to the exchangers and saturator, they 

provided a means of venting or draining each and every column. The 

preheater was used to raise the salt solution to the desired saturator 

temperature before it entered the saturator. 

The body of the saturator was a 57-cm long section of stand

ard 2-inch Pyrex glass pipe, the bottom of which tapered to a J/S 28/15 

male ball joint. This pipe section was jacketed with a coaxial 8-cm 

O.D. glass tube that encompassed 48 cm of the glass pipe length. Two 



J/S 18/7 ground glass ball joints on opposite sides and ends of the 

jacket served as coolant feed and withdrawal ports. This pipe section 

was connected to the saturator head which was a reworked standard 2-

inch Pyrex pipe cap. A standard Teflon sealing ring was placed between 

the head and the body of the saturator and all connected with a stand

ard cast aluminum glass pipe connector with rubber seats. The head was 

modified so that it rounded into a J/S 28/15 male ball joint. Off to 

one side a T/S 10/30 ground glass port was attached to enable the inser

tion of a thermometer. 

A 100-mesh stainless steel screen attached to a stainless steel 

ring was used as a salt bed support within the saturator. A circular 

section of 325-mesh stainless steel screen was put on top of the sup

port screen to retain any fine crystalline particles. Glass beads of 

5-mm diameter were poured onto the retaining screen to a depth of about 

5 cm. These beads acted as a flow distributor for the fluid coming into 

the salt bed that usually filled the remainder of the jacketed section 

of the saturator. The entire saturator assembly was securely attached 

to the aluminum rod support frame with two chain clamps. 

After the depleted salt stream was replenished by the saturator 

the solution passed through the sterilizer which was maintained at a 

temperature above the saturator temperature. This was done to dissolve 

any fine crystalline matter that might arise from the saturator bed 

with the fluid. The solution was then cooled to the desired feed tem

perature by the precooler. 



Another 0.45 micron nominal Pall Ultipor filter was placed 

downstream of the precooler. Its function was to remove any insoluble 

particulate matter that might come from the salt bed before it entered 

the crystallizer. 

The crystallizer feed solution passed through a 3-way glass 

stopcock that was affixed to the crystallizer base with epoxy cement. 

This valve facilitated draining the crystallizer and isolating it when 

repairs or modifications of the crystallizer were necessary. 

The crystallizer itself consisted of a jacketed Pyrex glass 

body and a machined Plexiglas base. The body was held to the base by 

O 
three 120 segments of a machined retaining ring. Each segment was fas

tened to the base with two 6-32 stainless steel bolts. The retaining 

ring was made such that the inner lip of the ring extended over the lip 

at the base of the crystallizer which protruded approximately h inch 

away from the inner wall of the body. A foam rubber gasket was placed 

between the retaining ring and the crystallizer lip so that the bearing 

force provided by the retaining ring would be distributed evenly around 

the glass lip. This arrangement held the crystallizer firmly to the 

base without causing undue stress on the glass lip. 

No gaskets were employed to seal the crystallizer and base 

joint. Instead a small quantity of Dow-Corning 1-3912 lubricant was 

applied to the bottom of the crystallizer body which had been lapped 

flat by the University of Arizona Glass Shop. Since the base was al

ready machined flat, the Teflon powder-filled silicon grease created a 

very good seal when the body and base were brought together. This 
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grease was also used as a sealant on all of the ground glass joints em

ployed in the apparatus. 

The crystallizer body was 9 cm in diameter and 23 cm in height. 

It was provided with a helical cooling coil connected to the outer 

jacket. The cooling water entered the coil through the jacket and then 

into the jacket in series before returning to the coolant supply. The 

cooling coil was originally made of glass and was an integral part of 

the body. However, this soon cracked and had to be replaced. The new 

coil was made of %-inch 304 stainless steel tubing, wound to give an 

O.D. of 2 3/16 inches—approximately that of the old glass coil. The 

coil made 9% turns which were tightly bound together with three wrap-

O 
pings of stainless steel wire 120 apart. The coil was held in place 

by 3/16-inch I.D., 1/16-inch wall Tygon sleeves which were slipped over 

the coil ends, and two 3/8-inch long glass tubing stubs remaining from 

the old coil. The introduction of the stainless steel coil was found 

to substantially improve the coolant heat transfer and crystallizer 

temperature control. 

The glass body had four vertical baffles press formed on the 

inner wall. These triangular baffles were 4 inches long and % inch 

wide at the wall. They set approximately k inch into the crystallizer 

volume. Affixed to the top of the body were four ground glass necks 

equally spaced and set to the side. These consisted of two T/S 14/35, 

one T/S 19/38, and one T/S 10/30 ground glass joints. These fittings 

individually were used as a seed introduction port, thermometer port, 

and pressure equalization port. A ground glass J/S 28/15 female socket 
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was attached to the center of the top to accommodate the stirring as

sembly. These joints were so designed to allow the crystallizer's 

adaptation to a vacuum system if desired. 

The details of the crystallizer base are shown in Figures 3 and 

4. The base was of solid Plexiglas, turned, milled, and drilled. The 

base had three fluid ports—a solution feed port, a nuclei-laden fluid 

drawdown port, and a slurry drawdown port. The solution feed port was 

positioned near the wall of the crystallizer such that the feed solu

tion would be carried up along the walls and blended into the slurry 

rather than shortcircuit to the outlet ports. A short, squat, Plexi

glas feed port head was made to distribute the feed into the slurry. A 

small, 100-mesh screen was inserted into this head to prevent any back

wash of the seed crystals into the feed stopcock. 

The slurry drawdown port was also equipped with a small Plexi

glas head. This piece provided a short "goose neck" for the slurry to 

flow through. This arrangement was needed to prevent the selective 

separation of the larger seed crystals from the slurry down into the 

slurry drawdown port. This selectivity would eventually cause plugging 

O 
problems in the port. The use of the 180 turn in the drawdown head 

prevented this behavior. 

The nuclei drawdown port consisted of a conical outlet, a flow 

pulsing chamber with an air-activated rubber diaphram at one end, and a 

drawdown port. The conical outlet was 1 5/8 inches in diameter at the 

O 
mouth and tapered to 3/4 inch at a 30 angle where it was connected by 

a duct to the flow pulsing chamber. A port drilled vertically led from 
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Figure 3. Top view diagram of crystallizer base. 

Air diaphram retaining block and crystallizer retain
ing ring sections included. 
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Figure 4. Front view diagram of crystallizer base. 

Feed port head and slurry drawdown port heads are 
illustrated. Retaining ring cross-sections are 
included. 



the bottom of the chamber to the base bottom. A 2-inch diameter, 100-

mesh stainless steel screen was held at the mouth of the conical outlet 

by a 3/16-inch wide, thin, stainless steel ring which was fastened to 

the base by three ^-inch-long 4-40 stainless steel screws. This screen 

allowed the continuous mixed removal of very fine crystals from the 

crystallizer and the complete retention of the much larger seed crys

tals. Thus, practically all of the nuclei generated by the seed 

crystals could be removed before they could become large enough to be 

retained. The nuclei-laden stream, free of larger crystals, was then 

capable of being easily sampled by the Coulter Counter sampling probe. 

Any adjustment in the seed crystal population was done by removing them 

through the slurry drawdown port. 

The flow in the horizontal chamber and through the screen was 

reversed periodically by an air-expanded rubber diaphram. The diaphram 

was sealed and held firmly against the base by a Plexiglas retaining 

block with five 10-24 stainless steel screws. The block was bored and 

threaded to accept %-inch NPT fittings. This threading allowed the at

tachment of a timer-operated solenoid valve and air bleed system. Four 

psig air was released to the diaphram every ten seconds during a run 

to provide the backflushing necessary to prevent clogging of the screen. 

In addition, a small hole was bored into the side of the base 

through to the conical mouth to permit the insertion of a 20-gauge 

syringe needle. The needle was affixed with epoxy cement. The tip of 

the needle was bent upward in the conical outlet to a level coincident 

with the seed retention screen. This enabled the bleeding of any air 



trapped under the screen. The Luer-Lok end of the syringe needle at 

the side of the base was plugged with a cork stopper when bleeding was 

finished. The assembled base is shown in Figure 5. 

The crystallizer stirrer assembly consisted of a machined Tef

lon collar that fitted into the J/S 28/15 socket at the top of the 

body, an 18^-inch long, 3/8-inch diameter, polished 304 stainless steel 

rod and a 3- or 4-bladed impeller fastened to the lower end of the 

shaft by an 8-32 stainless steel screw. The impellers, shown in Figure 

6, were made of stainless steel sheet and polished. They both had a 

center-to-tip radius of 1 3/16 inches and an average upward pitch of 

O 
40 measured % inch from the tip. The blade width was 11/16 inch. 

Their movement was such that slurry flowed down the center of the cool

ing coil and up along the wall. The stirrer shaft was tapered to h 

inch at the upper end where a 3/16-inch I.D. 1/16-inch wall Tygon sleeve 

connected it to a %-inch rod section. The tubing acted as a flexible 

coupling and reduced system vibration substantially. The rod section 

was held firmly by a hollow chuck in the stirrer gearhead. The stirrer 

was a Benco Model 2-R lab drive with a 0.1 hp motor and a Model C 

transfer gearhead. This gearhead and drive assembly enabled stirrer 

speeds in the 352-2925 RPM range. 

The entire crystallizer assembly was held to the aluminum rod 

frame by a buret clamp and two chain clamps. The buret clamp acted as a 

steady rest for the Teflon stirrer collar. One chain clamp was wrapped 

around the body of the crystallizer while the other gripped the lower 

diameter of the Plexiglas base. Additional support was provided by the 



Figure 5. Disassembled crystallizer and base showing seed crystal 
retention screen. 

Figure 6. Impellers used in this study (centimeter scale on right
hand side). 
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slurry drawdown control valve which was attached to the base by V-inch 

NPT stainless steel fittings. This valve was firmly attached to a 

machined support plate that fitted onto cross members of the aluminum 

rod frame. 

The operation of the slurry drawdown motor-driven ball valve 

was controlled by a cycle timer located within the control panel. This 

stainless steel valve was a Worcester Valve Company Flowmate and was 

activated by a 120-v AC current that would last for a duration of ap

proximately 10 seconds. During this time the valve would move to full 

open in 4 seconds, remain full open for 2 seconds and then close in 4 

seconds. This operation would remove up to 150 ml of the slurry or 

liquid present within the crystallizer. The valve was ordinarily kept 

closed throughout a run since its periodic operation would remove far 

too many seed crystals from the crystallizer, thereby preventing any 

attainment of steady state or a slowly rising solids concentration for 

the conditions tried in this study. The valve was used, however, to 

gain a sample of the crystal slurry at the end of a run so that the 

growth of the seed crystals could be studied. Its periodic operation 

at the termination of a run would speed the flushing of the remaining 

seed crystals from the crystallizer. 

The slurry stream from the ball valve passed through a Plexi-

glas slide valve. This valve was composed of seven machined pieces: 

a 2 1/2" X 1 3/4" X 15/32" up^ier collar with a 1 1/2" X 1/2" centered 

longitudinal cut-out, four 1/2" X 1/2" X 14/32" guide blocks, a 3 1/2" 

X 1 3/4" X 14/32" cross having a 3/4-inch-wide longitudinal section and 
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%-inch-wide lateral wings at the center, and a 2 1/2" X 1 3/4" X 

15/32" base block. A V-inch hole was drilled through the center of the 

cross as well as a slight counter sink to allow the insertion and ce

menting of a short length of 8 mm glass tube to serve as a connector 

for the flexible Tygon extending down from the ball valve. 

Two %-inch holes were drilled on one-inch centers in the center 

of the base block as well as counter sinks to attach two more 8 mm 

glass connectors. The entire assembly was held together with four 8-32 

stainless steel bolts. These bolts were positioned at the corners of 

the valve assembly and passed in descending order through the valve 

collar, a spacing block, the base block, and an aluminum support plate 

that was attached to the rod frame. One connector in the base block 

was fitted with a length of Tygon tubing that channeled the slurry into 

the surge tank. The other connector served as a slurry sampling port. 

The valve was lightly lubricated with Dow-Corning silicon stop

cock grease and the four bolts tightened until no leakage was evident; 

yet free and easy movement of the cross was still possible. When the 

cross was moved to the fullest extent to either side, the hole in the 

cross mated with a hole in the base block. 

The nuclei drawdown stream was connected from the base of the 

crystallizer to the counter sampling cell by a length of 3/16-inch I.D. 

Tygon tubing. The smaller diameter tubing was employed to increase the 

fluid velocity in the tube which shortened the time elapsed between when 

the nuclei passed through the seed retention screen and when they 

reached the sampling cell. This improved the probability that the size 



distribution observed by the counter was very close to that existing 

within the crystallizer. The swifter flow also prevented settling of 

the larger nuclei and the eventual clogging of the flow lines. 

The sampling cell was designed to have the entire well-mixed 

nuclei stream pass by the counter sampling aperture tube which was held 

coaxially in the cell through a rubber stopper. The previous work of 

Rajagopal (55) employed a counter sampling cell in which the aperture 

tube was almost perpendicular to the pattern of flow. This often led to 

settling of heavier nuclei which would thus not be observed by the 

counter. The redesigned cell fed the nuclei stream to a point above 

the aperture and then the slurry flowed downward parallel to the side 

of the aperture tube. A small brush was used to clear away any large 

nuclei that might clog the sampling aperture. The stem of the brush 

passed through an opening in the sampling cell wall and was attached 

with flexible General Electric clear silicon rubber sealant. Figure 7 

shows a comparison of the new and old sampling cells. 

The nuclei slurry stream, after passing through the sampling 

cell, went to a large glass tee through 3/16-inch I.D. Tygon tubing. 

This tee was used to control the volume of the crystallizer. The flow 

from the crystallizer to the liquid level control tee was by gravity 

only. The nuclei overflow was then channeled to the surge tank by 

%-inch I.D. Tygon tubing. Another tube closed the system to the atmos

phere by connecting the top of the tee and the top of the crystallizer. 

This arrangement equalized the pressure between the surge vessel and 

the crystallizer even during slurry dumping into the surge tank. 



Figure 7. Comparison of counter sampling cells used in potassium 
sulfate crystallization studies (left - Randolph and 
Rajagopal; right - this study). 

Figure 8. Front and side views of the modified Coulter Counter 
sampling stand used in this study. 

50 



Fluid temperatures within the system were regulated with four 

constant temperature baths. Three of these baths were Tamson Model T-3 

circulating thermostatic baths capable of holding temperatures to 

O 
within 0.1 C. One bath was used to maintain the temperatures of the 

preheater, saturator, and precooler. The flow was parallel into each 

column and counter current to the salt solution in all cases. The sec

ond bath was connected in series to the sterilizer and the surge tank 

jacket with counter current flow in the sterilizer. The third bath was 

connected in series with the crystallizer cooling coil and jacket and 

then to a copper cooling coil immersed in the fourth bath—a cooling 

unit. This refrigerated bath was a Blue M Model MR-3210A. It provided 

a constant and lower cooling than was available through the use of an 

ordinary tap water stream. The precooler was connected with glass tees 

to the third bath coolant lines so that coolant flow would be parallel 

to the crystallizer and run cocurrently to the salt solution in the pre

cooler. Tubing clamps usually restricted coolant flow to the precooler 

but rearrangement of the clamps enabled the researcher to attain a 

supersaturated crystallizer feed stream if he so desired. 

Counter Assembly and Additional Equipment 

The entire research apparatus was constructed with the Coulter 

Counter Model T electronic particle-size analyzer in mind. This counter 

determined the number and size of pai-ticles existing in a 14-channel 

size range. The counter channel edges are set such that each edge cor

responds to a doubling of the previous channel edge's equivalent spher

ical volume. The principle of operation of this counter is that when 



particles suspended in a conductive solution are drawn through a small 

aperture which also has a constant electrical current passing through 

it, the resistance of the aperture changes with each passing particle 

and produces a voltage pulse of short duration having a magnitude pro

portional to the particle volume. The pulses occurring during the 

drawing of a constant-volume nuclei slurry sample through the aperture 

are analyzed, sorted and counted into 15 size categories by the Model T 

counter, and then recorded. 

The entire counter assembly consisted of the multichannel coun

ter itself, a power supply unit attached to it by a 10%-foot umbilical 

cable, a solution sampling stand, and a small vacuum pump. A 1000 VA 

Sola Type CVS isolation transformer was used as a power-surge filter 

for the power supply unit after it was found that the laboratory voltage 

fluctuated erratically enough to cause operational problems with the , 

counter. 

The solution sampling stand was originally built for batch 

analysis only. Some minor changes were necessary to adapt it for in 

situ particle distribution measurements of a flowing stream. Figure 8 

illustrates the modification found necessary for operation in this new 

mode. The aperture tubes used in this study were of fused glass and 

offered openings of 70, 100, and 140 microns in diameter. The 70- and 

100-micron apertures were employed extensively in this study. As has 

been mentioned, the aperture tube penetrated a rubber stopper and was 

aligned coaxially inside the sampling cell. A platinum wire also pene

trated the stopper and was attached to a small platinum electrode 



spaced and held firmly between the inner wall of the cell and the outer 

wall of the tube by Teflon chips. This was to prevent any movement or 

scraping on the walls that might cause undue background noise. This 

electrode was grounded to prevent a current drain away from the elec

trode to such parts as the motor-driven ball valve and the system pump. 

This wiring is opposite to that for a batch sample stand and precluded 

use of a mercury manometer controlled volume on-off switching system in 

the counter. The potential was then applied to the platinum foil elec

trode within the aperture tube. 

Other modifications were made to the stand to suppress elec

tronic background noise that the counter would mistake for particle 

counts. The aperture tube rinse-solution reservoir was held in a posi

tion just above the monometer by a Nester clamp. The manometer and 

outer shield and aperture tube mount assemblies were moved further apart 

by two %-inch Plexiglas spacing strips. This adjustment, besides the 

use of an S-shaped length of flexible tubing between the manometer and 

tube head, helped prevent any minor or major solution spills into the 

rear of the stand. Major spills required the removal of the sampling 

stand from the caged support housing and a tedious cleaning task. Minor 

spills often caused short circuiting or grounding problems. 

Other glassware such as the mercury trap bottle and the solu

tion trap bottle were also placed within the caged support base to les

sen any noise effects. The power supply unit and Sola transformer were 

placed behind the work table and away from the counter to lessen noise 

effects from these units. 



Additional equipment was used to conduct measurements and col

lect data. An Allen-Bradley Sonic Sifter Model L3P was used to sieve 

batches of seed crystals and samples of product crystals. U. S. stand

ard sieves were employed which covered the 12- to 400-mesh range, in

clusive. These sieves were 3 inches in diameter, thus facilitating 

handling and weighing. 

Measured solution samples were dried in an oven in 30-ml Pyrex 

glass weighing bottles with T/S 29/12 ground glass caps. The dried 

residue was weighed along with the bottle on a Mettler Type B6 preci

sion balance. 

An AO-Spencer Microstar Series 10 laboratory microscope was 

used to examine seed crystals, product crystals, and nuclei in solu

tion samples. Photographs of crystals and nuclei were taken with the 

aid of a 35 mm box camera attachment to the microscope. Additional 

photographs of product seed crystal distributions in the 1-20 magnifi

cation range were accomplished with closeup photography equipment on 

hand in the photography laboratory of the Bureau of Audio-Visual Serv

ices, The University of Arizona. 



CHAPTER IV 

EXPERIMENTAL PROCEDURES 

Experimental technique can have a marked effect upon the accur

acy of any resultant data. Calibration of instruments used in an ex

periment should be as precise as possible, and the researcher should be 

observant during an experiment for any changes in operation or mechan

ical behavior that could give insight into system mechanisms. The goal i 

of research should not be an empirical kinetics model for a particular 

system but rather a kinetics model based upon a system's true mechanisms 

that could be applicable to other similar systems. Such a philosophy 

guided the conduction of the experiments of this study. 

Preparations 

The initial experimental aspects of this study involved prepar

ation of the salt solution and the seed crystals used in the experi

ments. The salt solutions were composed of distilled water and anhy

drous potassium sulfate. The salt was a nitrogen-free grade produced 

by the Chemical Division of Merck and Company, Rahway, New Jersey. The 

salt was added to the distilled water until the solution was saturated 

at room temperature. This solution was placed in one-gallon glass bot

tles which were put in an autoclave for two hours and exposed to 25 

psig steam to suppress the growth of an Aspergillus fungus that would 

clog the flow system if left unchecked. The sterilized solution was 
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cooled and poured into the stainless steel storage tank to be used as 

needed. 

The solution was fed to the apparatus until all columns, flow 

lines, surge tank, and crystallizer were adequately filled. The pump 

was activated to allow circulation of the fluid through the salt bed in 

the saturator. The temperature was set on the saturator supply bath to 

yield the desired saturation temperature. The sterilizer bath was set 

o 
at a temperature 8 C above that of the saturator bath. The crystal

lizer coolant bath was allowed to flow but its temperature was not regu

lated until a run was to be attempted. This arrangement usually yielded 

O 
a solution temperature in the crystallizer approximately 5 C above 

saturation and thus prevented any unwanted crystal growth in the sys

tem. The pump was run continuously except for filter changes and quick 

maintenance throughout a run period. For example, one such period 

lasted 67 days. Three days' time was allowed after start-up before a 

run was attempted to insure the saturation of the fluid. Fluid make-up 

and replenishment of the saturator salt bed were provided as needed. 

The seed crystals utilized in this study were of two types: 

highly aggregated, nearly spherical crystals of extreme multicrystal 

habit—the commercial Merck potassium sulfate—and rhombic crystals of 

single-crystal habit having a length to width ratio of approximately 

3 to 1. Amounts of the polycrystalline seed crystals were screened 

three times to obtain the narrow fractions of -40+45, -45+50, -50+60, 

and -60+70 mesh to be used as seeds in experimental runs. 



The rhombic crystals were produced by saturating distilled 

O 
water at 50 C with anhydrous potassium sulfate. The warm solution then 

was poured into large, flat-bottomed Pyrex dishes and allowed to cool 

to room temperature. The dishes were covered to prevent nucleation by 

evaporation of the solution. The rhombic crystals resulting from the 

homogeneous nucleation that subsequently occurred were filtered from 

the cooled solution. They were rinsed with distilled water, dried, and 

screened three times to obtain the same fractions as obtained for the 

polycrystalline seed crystals. Unusually long rhombic crystals were 

removed from the seed fractions by gently sieving the fraction through 

a screen having a mesh size twice as wide as the fraction's upper sieve 

limit. All of the seed fractions were kept in an oven maintained at 

O 
90 C to insure their dryness. Small amounts needed as seeds in a run 

were cooled and weighed prior to that run. 

Various calibrations were conducted prior to the performance of 

the actual experiments. The fluid volume within the crystallizer was 

calibrated and measured with the height of the fluid above the top of 

the Plexiglas crystallizer base. To accomplish this calibration, the 

crystallizer was filled with solution and the height of the meniscus 

above the base was measured. Fifty milliliters of solution were with

drawn. The resultant height of the meniscus was recorded. The with

drawal of fluid and measurement of fluid heights was continued until 

the crystallizer was drained. The volume at each level was computed 

from a summation of the corresponding differential volumes. The re

sults were plotted (volume vs. height) and this plot served as the 

basis for all future slurry volume determinations. 
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The thermometers used in the experiments were calibrated 

against an iron-constantin thermocouple immersed in an ice-water bath 

and another iron-constantin thermocouple immersed in a heated bath. 

The actual temperatures were plotted against thermometer readings and 

these plots were utilized in the experiments. 

Calibration of the metering pump proved to be quite difficult 

since the pump flow appeared to be sensitive to the exit back-pressure 

in the apparatus. Thus the pump was not calibrated. Instead, flow 

rates were measured directly with a 100-ml graduated cylinder by meas

uring the amount of fluid emanating from the level control tee within a 

measured span of time. Three such measurements were averaged to deter

mine the fluid flow rate. 

The variable speed stirrer was calibrated in the 350-900 RPM 

range with a General Radio Type 1531-AB Strobotac electronic stroboscope 

and comparative tacometer. The stirrer speed setting was plotted 

against the measured RPM values to yield a smooth calibration curve. 

The performances of the two impellers were compared to each other in an 

effort to determine the stirrer speeds necessary for equal power input. 

This was accomplished by attaching each impeller to the stirrer shaft 

and immersing the assembly in 12 inches of water contained in a verti

cal length of standard 3-inch galvanized pipe, sealed at the bottom 

with a large rubber stopper. The short end of a manometer U-tube was 

passed through the stopper and the water was allowed to seek its own 

level. The impeller and shaft were attached to the stirrer gearhead 

and the assembly was set so that the impeller was centered in the pipe 



an inch and a half above the stopper. When the stirrer was turned on 

and the motion of the water in the pipe section was allowed to come to 

a steady state, it was found that the height of the water in the manom

eter dropped a certain amount comparable to the depth of the vortex in 

the pipe. This effect was easily reproducible and the effect of stir

ring rate on the manometer height was recorded over a 350-1400 RPM 

range. This was done for the 3-bladed impeller as well as for the 4-

bladed impeller. The two sets of results were plotted as RPM vs. 

manometer height depression. The 3-bladed impeller, as expected, had 

to turn at a higher speed to achieve an effect identical to that caused 

by the 4-bladed impeller. This plot was later used in comparing data 

obtained when both impellers were employed at a set of identical crys

tallization conditions. 

The mixing and withdrawal characteristics of the crystallizer 

were experimentally determined. Such data were needed not only for 

understanding any subsequent CSD measurements but also to facilitate 

calibration of the counter. Quantities of ragweed pollen and poly-

vinyltoluene latex beads were introduced simultaneously into the crys

tallizer which was operating within the range of conditions of this 

study. The resultant transient particle counts are shown in Figure 9. 

More than two size peaks were observed due to agglomeration of the mono-

sized particles. The channel calibration setting on the Model T coun

ter was adjusted so that one channel saw only single particles, the next 

counted doublets, and the following measured the population of triplets, 

quadruplets, and quintuplets. 
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The latex beads had a diameter of 3.49 microns and the ragweed 

pollen particles had an initial diameter range of 19-20 microns. The 

pollen was observed to absorb the saturated potassium sulfate solution 

which thereby decreased their electrically nonconductive volume, re

sulting in an apparent decrease in size. The monosized pollen peak, 

although decreasing in apparent size, fell entirely within one channel 

throughout the mixing study and is plotted in Figure 9. The adjusted 

counts, corrected for background noise per 2 ml of solution sampled, 

were plotted against time on semilog coordinates. The slopes of the 

four plots, determined by least squares analysis, yielded a range of 

residence times between 9,19 minutes and 8,35 minutes. The average 

residence time for all four plots was 8.75 minutes. The residence time 

calculated as T =V/Q was determined to be 8.82 minutes. Therefore, the 

crystallizer was well mixed with representative mixed discharge in the 

size range being measured by the counter. 

Two aperture tubes were used with the counter in this study. A 

100-micron aperture sampling probe allowed counting to be performed over 

the equivalent spherical diameter range of 2.5 to 40 microns. This 

represented 12 channels on the Model T counter. The lower two channels 

were lost to background noise. A 70-micron aperture probe enabled 

measurements to be made in the 1.26 to 25.4 micron size range encompass

ing 13 channels. In each case calibration was accomplished with 3.49-

micron diameter polyvinyltoluene latex beads. 

The calibration method suggested in the Model T operations man

ual supplied by Coulter Electronics, Inc. (17) was based on the 



counting of monosized particles. Suggestions were given for achieving 

monosized distributions involving breaking down agglomeration through 

the use of ultrasonic vibrations and surfactants. It was found that 

the latex beads tended to agglomerate when subjected to ultrasonic 

radiation while suspended in potassium sulfate solution. Surfactants, 

which might break down agglomeration, could not be added because of 

their unknown effect on crystal growth and nucleation. A method was 

devised to take agglomeration into account (in most cases approximately 

20% of the beads were agglomerated) when calibration was performed. 

A Model T counter is considered to be calibrated to a particu

lar size when the counts obtained after sampling a slurry containing a 

given narrowly sized particle distribution are equal in two adjacent 

channels. The channel edge separating the two channels is set equal to 

the average size of the particles. All further sizing is based upon 

this size, plus the corresponding calibration knob setting that was 

needed to achieve equal counts in the two adjacent channels. Agglomer

ation had to be endured in the present system, and the apparatus used 

was not the common batch sampling stand but a well-stirred tank with 

constant continuous dilution and drawdown. Thus the population de

creased with time at a determinable rate due to particle outflow. This 

decrease was taken into account as well as agglomeration in calibrating 

the counter. 

A large quantity of latex beads was introduced into the crys-

tallizer. The flow rate and solution volume were set to achieve a 

relatively long (11 minutes) residence time prior to this addition. An 



approximate calibration setting was determined in the same manner as 

suggested in the counter operations manual after allowing a few minutes 

for the particles to become well mixed within the crystallizer and in 

the drawdown stream. Counts were then made at one-minute intervals at 

calibration knob settings 0.05 apart in a range of 1 0.3 to 0.4 of the 

previously evaluated "half count" setting. These counts were repeated 

a second time and the decay constant was determined for each set in the 

two adjacent channels of interest. An average decay rate was then cal

culated and all counts were corrected in time to the instant of the 

first count. This correction adjusted all counts to a pseudo-batch 

system. The corrected counts for the two adjacent channels were plotted 

versus knob setting and the results are shown in Figure 10. The two 

sets of data were fitted with fourth-order polynomials and the inflec

tion points determined. The two corresponding knob setting values were 

averaged and the resultant value was taken as the actual calibration 

point for 3.49 micron particles. The calibration setting was adjusted 

to yield channels whose edges corresponded to equivalent spherical par

ticle diameters equal in value to the cube root of two raised to in

teger powers. 

Typical Run 

The course of a typical experimental run followed a repetitive 

scheme. The cooling unit was activated and the temperature within the 

crystallizer was allowed to drop to the desired operating temperature. 

The stirrer was adjusted to the desired stirring rate. Background 

noise counts were taken sporadically to determine if a steady noise 
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level was present and also to see if any nucleation was occurring in 

the cooled, unseeded crystallizer. 

Since the manometer-controlled mode of operation for the counter 

was not available due to the reversal of electrode potentials in the 

sampling cell, a new mode of operation had to be relied upon to obtain 

satisfactory counts. Eleven visual-manual time counts were performed 

to determine the length of counter operation time equivalent to the 

drawing of the desired slurry sample volume through the manometer. 

This determination was done after the crystallizer operating temperature 

had stabilized at the desired value. The manometer was set to draw the 

slurry thi*ough the aperture. The counter was placed in the "pre-set" 

time-controlled mode with a large time setting. The counter was 

started as the mercury in the manometer was observed to touch the 

starting contact that passed through the manometer wall. The counter 

was manually switched off when the mercury was observed to touch the 

contact corresponding to the desired sample volume. The operation time 

shown on the counter's numeric readout tubes was recorded for each test. 

Such time measurements were very repeatable due to the constant pressure 

differential across the orifice as well as constant fluid properties. 

Time values were averaged and this average value was used as the count

ing period for the collection of data in the subsequent run. 

All temperature readings were recorded and 10-ml samples of so

lution in the crystallizer were pipeted and deposited in preweighed 

weighing bottles just prior to starting the run. The used pipets were 

rinsed with distilled water and air dried by passing an air stream 



through them. Three to five background noise counts were taken at two-

minute intervals under the same conditions as data counts taken during 

the run. Low-noise counting conditions were obtained by shutting off 

all mercury thermostats and all electric motors other than the stirrer, 

coolant pumps, and the circulation pump for the duration of the par

ticle counting period. If a stable background noise level was evident, 

the crystallizer liquid volume was determined by stopping the stirrer 

momentarily and recording the height of the fluid. A preweighed, pre-

sized sample of seed crystals was introduced after the stirrer was re

started. The time of initiation of seeding was recorded and used as 

the starting time for the run. 

Counts were taken of the crystal population in groups of three, 

each count being two minutes apart. This arrangement allowed the aver

aging of counts about the run time of the middle count. The separation 

of two minutes between counts allowed the thermostats, which were re

activated after the completion of a count, to return the baths to the 

desired temperatures. The largest temperature deflection observed dur-

o o 
ing this study was 0.2 C with most deflections being less than 0.1 C. 

The concentration of the mother liquor in the slurry, as well 

as the feed concentration, was tested periodically. Ten milliliter 

samples of solution were drawn by pipet from the crystallizer. The 

pipet was fitted with a 1-inch-long section of 5-mm glass tubing which 

was packed with glass wool and the ends fire-rounded. This filter was 

attached to the tip of the pipet with a 3/16-inch I.D. Tygon sleeve and 

prevented large crystals from entering the sample. The feed solution 



was sampled through the vent stopcock at the exit side of the pre-

cooler. The 10-ml solution samples were placed in preweighed weighing 

bottles and the pipets were rinsed with distilled water and air dried. 

The time at which the samples were drawn was recorded. 

Additional data recorded during a run consisted of periodic 

temperature-time readings, observations of the slurry volume level with 

time, observations of the state of mixing of the seed crystals with 

time, and some flow rate checks. Slurry photographs were obtained for 

some of the runs. 

The termination of a run was begun by checking the nuclei slurry 

drawdown rate as previously described. Final solution samples were 

drawn to check the salt concentrations in the crystallizer and feed 

stream. After a final set of population distribution counts were taken, 

the stirrer was stopped momentarily to check the slurry volume in the 

crystallizer. The stirrer was restarted and the motor-driven ball 

valve activated. The crystal slurry that flowed through the valve was 

diverted by the slide valve into a separatory funnel with a 325-mesh 

screen filter. The solution was drawn through the screen with vacuum 

and the total volume (normally about 100 ml) of the solution recorded. 

The crystals remaining in the funnel were rinsed under vacuum with dis

tilled water and allowed to air dry. The dried crystals were placed 

into a preweighed weighing bottle. All of the weighing bottles that 

O 
were used during the run were placed in an oven maintained at 90 C and 

the contents slowly dried. The dried samples were then roasted at 



185 C, cooled, and weighed to determine concentrations and the mass of 

seed crystals sampled. 

The above method of concentration measurement offered the most 

practical means of obtaining data. Three other methods of concentration 

measurement were tested. These were electrical conductivity, refrac

tive index, and density measurements. Conductivity techniques were 

found to be unsuitable due to the high concentrations of solute. Mul-

lin and Gaska (46) reported that supersaturated potassium sulfate so

lutions tended to nucleate at the electrodes of a conductivity cell. 

Solution conductivity is also temperature-dependent and the crystal-

lizer could not be controlled to the thermal limits needed for good ac

curacy with this method. The refractive index of potassium sulfate 

solutions does not change appreciably with concentration. Thus, pre

cision with this method would be inadequate. Density measurements were 

employed by Rajagopal (55) and could have been employed in this study. 

However, the density bottle method is slow and tedious. Since many 

measurements had to be made during each run, the gravimetric method 

offered a means of measuring concentrations quickly and easily; yet 

the actual measurements could be delayed until after a run was fin

ished. 

The dried product seed crystals were weighed and sieved. The 

sieve fractions were weighed and the weights recorded. The fractions 

were recombined, put in a referenced bottle, and stored. When a suf

ficient number of runs was completed, the product seeds from each run 

were spread on a black background and photographed. The resulting 
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slides were collected and indexed as to run number. Eventually all 

slides were viewed and an average size determined from forty length-

width measurements taken from each distribution. Slides of the orig

inal seed distributions were also made and an average size determined 

in a like manner. 

A few minor problems which affected some of the data occurred 

during the course of this study. Problems such as plugging of the 

saturator bed due to regrowth were easily correctible. The most ag

gravating problem occurred during feed solution sampling with the 70-

micron aperture. The small aperture enabled the counting of particles 

down to 1.26 microns in diameter. Since the maximum rating of the Pall 

Ultipor filter in the feed line was 2 microns, bursts of particles 

smaller than 2 microns would be shaken loose due to the momentary fluc

tuation of the flow rate in the filter while sampling at the vent. 

This effect would cause a sharp rise (as high as 2000 counts) in the 

counts observed in the two smallest-sized channels and thus render 

those measurements useless. This burst would decay in 20 to 30 minutes. 

Feed solution concentration measurements were curtailed somewhat to 

avoid these bursts of foreign matter into the crystallizer. 



CHAPTER V 

EXPERIMENTAL DATA AND OBSERVATIONS 

A total of 41 runs was performed in this study. Three satura-

o o o 
tor temperatures were used—32 , 36 , and 40 C. The temperature dif-

O 
ferences between the crystallizer and the saturator ranged between 2.6 

o 
and 7.8 C. Four runs were performed with -50+60 mesh polycrystalline 

seeds; all other runs employed samples of narrowly sized, single-

crystal seeds in the size ranges between 40 and 70 mesh. Typically 

each run was seeded with 1,04 grams of the desired seed crystals. Most 

runs were performed at a stirring rate of 515 RPM using the 4-bladed 

impeller. The operational data for all of the runs appear in Appendix 

A. The corrected population density measurements for most size ranges 

were plotted on semilog graph paper against time for each run to yield 

a clear view of the time behavior of the crystal population during the 

run, Supersaturation in grams of potassium sulfate per liter of liquor 

within the crystallizer was plotted against time for each run. The con

centration history data for all of the runs are tabulated in Appendix 

O 
C. The temperature did not vary by more than 0.1 C during a run. 

Typical Data 

Data taken during a typical run (Run 221) are shown in the 

population density-time plot of Figure 11. The initial dip in the pop

ulation density in these smallest size channels represents the transi

ent decay of particles resulting from initial breeding followed by a 
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build-up of the population due to true secondary nucleation. The 

slopes of these curves near the initiation time of the run indicate a 

residence time of about 10 minutes, whereas the calculated value, V/Q, 

for the run is 6.19 minutes. The most probable reason for this dif

ference is that small crystals are released from the seed crystal sur

face for some time after seeding. Lai <e_t al. (33) noted this behavior 

in their work. 

True secondary nucleation effects did not become dominant until 

30 or 40 minutes into the run. By this time the initially bred, fine 

crystals had been substantially removed from the crystallizer through 

washout. The seed crystals had become thoroughly wetted, mass trans

fer gradients had been established, and growth layers on the seed crys

tals had begun in the supersaturated environment. 

Population data for each size range beyond 40-60 minutes were 

fitted with the best polynomial expression from first to fourth order 

using a least squares fitting technique. The resultant values of the 

population density at one time were plotted against the respective size 

values on semilog paper. Figure 12 shows the corresponding population 

distribution plots based on the fits of the data of Figure 11. The 

pronounced curvature shown in Figure 12 at the smaller sizes was ob

served on all runs over a wide range of supersaturations. Such curva

ture can be caused by an ever-increasing nucleation rate within the 

crystallizer or a growth rate that increases with size. A combination 

of these two causes is likely in this case. 
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It is evident that steady-state population density distribu

tions will never be achieved in such a system as used in this study. 

The environment causing secondary nucleation never stabilizes due to 

the total retention of the seed crystals. The slowly changing popu

lation densities require a more sophisticated analysis of the data to 

relate nucleation and growth rates to the instantaneous state of the 

system. Yet comparisons of an elementary nature readily reveal the 

direct effect of various factors on the secondary nucleation rate. 

Some background information is necessary prior to making these 

comparisons. One variable that appears in nearly all correlations of 

growth and nucleation kinetics is supersaturation, the amount of solute 

present in excess of the amount necessary to saturate a solution. The 

supersaturation history of the liquor within the crystallizer during a 

run depends upon the solution feed rate and concentration, the total 

amount of growing crystals present in the crystallizer, and the operat

ing temperature of the crystallizer. Any fluctuation in the feed rate 

or feed concentration will induce a dampened, yet similar, fluctua

tion in the supersaturation in the crystallizer. For example, an in

crease in the flow rate would yield a rise in supersaturation while a 

drop in feed concentration would cause a drop in the crystallizer 

liquor supersaturation. 

The total amount of crystals within the crystallizer affects 

the supersaturation in an inverted manner. There is a greater tendency 

to relieve the supersaturation of solute in the solution when there is 

a greater surface area of crystals present in the slurry. Thus, the 
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supersaturation decreases with any increase in crystal population. The 

effect of temperature on supersaturation is more complex since satura

tion varies with temperature and supersaturation is the difference be

tween the existing concentration and the concentration at saturation. 

Since the system employed in this study held temperature constant 

throughout a run, the only effect that temperature had on supersatura

tion was to indicate the lowest possible operating concentration within 

the crystallizer for any one run. 

Plots of supersaturation versus time reflected the aforementioned 

effects. The solution concentration within the crystallizer held steady 

prior to the introduction of the seed crystals and in most cases matched 

the supersaturation expected from the temperature-concentration data 

available (29). There was an abrupt drop in concentration over a period 

of 20 minutes after introduction of the seeds into the crystallizer as 

the supersaturation responded to the growth and nucleation that occurred. 

Shortly after seeding at low starting supersaturations, the concentra

tion leveled off and then either declined very slowly or rose slightly 

before finally declining slowly. The growth and nucleation rates at 

low saturations are themselves low and so there was no great demand for 

the supersaturation available such that the saturator salt bed could 

replace the depleted solute quite easily0 Eventually, as the seed 

crystal area and mass increased, total nucleation and growth began to 

outpace the replenishment rate from the saturator, resulting in a slow 

decline in supersaturation toward the end of a run. 



The same initial response was followed by a more rapid decline 

O 
for runs performed in the 5 C supersaturation range. The feed concen

tration steadily declined from the original saturation value due to 

the inability of the saturator to replenish the solute depletion in the 

O 
crystallizer. For runs performed above 7 C supersaturation, the ini

tial abrupt decrease in supersaturation continued during the run as was 

manifest by significant growth of the seed crystals. The feed concen

tration returning from the saturator decreased as the run progressed. 

It is evident that the saturator in the flow system used in this study 

cannot respond to the solute demands at these higher supersaturations, 

at least not in the case of the potassium sulfate system. Solution 

concentrations were monitored, enabling the evaluation of concentration 

histories during the runs. This proved of value in correlating the 

data. 

Another factor to be considered when examining the population 

density data is particle residence time. It has been demonstrated (Fig

ure 9) that the crystallizer is well mixed and mixed withdrawal occurs 

in the size range observed by the Model T counter. Thus, any fluctua

tion in flow rate or slurry volume would change the particle drawdown 

rate and in turn affect the population density. If the generation rate 

and growth of nuclei remained constant but the residence time increased, 

the population density would rise. Great care was taken to maintain a 

constant residence time throughout a run. Yet residence times often 

increased over the duration of a run when the filters in the line slowly 

clogged with undissolved fine crystals. This could account for some of 
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the steady increase in a population density-time plot. Some runs, how

ever, exhibited an increase in flow rate (decrease in retention time) 

over the duration of the run and even in these runs, population density 

values increased throughout the run. Thus it is obvious that changes 

in circulation rate were of minor consequence. Measured values of 

residence time were nonetheless used in the interpretation of data. 

Supersaturation Effect 

Secondary nucleation typically increases gradually with super-

saturation compared with the critical supersaturation dependence pre

dicted for homogeneous nucleation. Therefore the effect of supersatura

tion level was investigated in this study to confirm the dominance of 

secondary mechanisms. Increases in supersaturation can be achieved by 

either lowering the crystallizer temperature and holding the saturator 

temperature constant or increasing the saturator temperature while 

holding the crystallizer temperature steady. Figure 13 shows the ef

fect of changing supersaturation by the former technique for three dif

ferent runs. Population densities are shown for the same average size. 

The stirring rate was identical for each run shown. The amount, size 

and geometry of initial seed crystals, the particle residence times, and 

the saturator temperature were nearly equal. 

It should be noted that each curve begins near the same value. 

This indicates that initial breeding is a surface area-dependent func

tion since all of the seeds were treated and dried in the same manner. 

Rinsing of wet seeds with acetone or alcohol provided much greater ini

tial breeding due to a salting out phenomenon caused by the solvents 
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when they came into contact with the saturated solution at the wetted 

surfaces of the seed crystals. Distilled water was used as a rinse to 

diminish this surface effect of the seed crystals. 

The recovered seeds from each run showed the expected increased 

final,size with increased concentration driving force. The effect of 

seed size or mass concentration on secondary nucleation and hence on 

population density in these curves is undoubtedly important and must be 

considered as another factor coupled with the supersaturation in affect

ing secondary nucleation. Kinetic correlations of the data are consid

ered in a subsequent chapter. A large majority of the seed crystals 

maintained their elongated habit throughout the runs, although at the 

higher supersaturations the grown seeds appeared opaque due to inclu

sions and less-than-perfect growth. It is known that as crystals grow 

at a faster rate, more lattice defects and inclusions of liquor occur, 

thus producing a mechanically weaker and more impure solid. The stud

ies concerning hardness and nuclei generation reported by Johnson et 

al.(31) would indicate that crystal hardness could be responsible in 

part for the increase in nucleation with increasing size of the seed 

crystals that is illustrated by the greater population densities in 

Figure 13. 

Stirring Effects 

Collision breeding of nuclei depends upon the stirring rate 

that the crystal slurry is subjected to within the crystallizer. 

Higher levels of agitation increase the probability that a crystal 

will impact against an impeller blade, walls, baffles, coils, or even 
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other crystals as well as increasing the energy of impact. Thus a step 

change in stirring rate should produce a measurable change in nuclea-

tion. A few runs were tried in which the stirring rate was either 

raised or lowered abruptly after the initial effects of seeding, or a 

previous stirring rate change had decayed and the population density 

returned to a normal dynamic response. 

Population density data are illustrated in Figure 14 where the 

agitation rate was abruptly increased. The two runs shown used -50+60 

mesh polycrystalline seeds, the only difference being that 107° more 

seeds were present in Run 117. Note that the population density at a 

size of 2.845 microns for Run 117 is approximately 10% greater at 70 to 

170 minutes run time than the values for Run 120. The population den

sities of Run 117 in the other sizes reacted in identical fashion as 

those data shown for Run 120. As the stirrer was stepped up from 398 

RPM to 515 RPM, all the size ranges observed by the counter showed im

mediate increases in population. This quick reaction of the population 

densities to such quick agitation changes would indicate the direct 

production of nuclei within the size ranges observed. At 230 minutes 

into Run 120 a solids sample was obtained decreasing the mass of re

tained seed crystals and causing a decrease in the population densi

ties. The stirrer speed was dropped to 460 RPM at 251 minutes and the 

population densities quickly declined to a new level. 

Population density data for five size ranges of a run in which 

the stirring rate was periodically decreased are-shown in Figure 15. 

The run was seeded with the stirrer set at 515 RPM. After slightly 
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more than an hour, the stirring rate was reduced to 455 RPM. Note that 

the curves settle down to a new slope quite different than the steadily 

rising slope toward the end of the 515 RPM operation period. This in

dicates a change in the rate of nuclei generation. Finally the stirrer 

was slowed to 398 RPM. At this setting at least 50% of the seed crys

tal's, which had grown to greater than 30 mesh from the original -50+60 

mesh size, fell to the bottom of the crystallizer but continued to move 

about slowly with the currents. A corresponding decrease in generation 

rate was immediately observed. These results are consistent with the 

effect of impact energy on secondary nucleation reported by Clontz and 

McCabe (16). 

Similar effects of stirring rate are shown in Figure 16. Pop

ulation data for one size range from three separate runs are plotted. 

These three runs were almost identical except for different stirring 

rates of 455, 515, and 567 RPM. Again, as in Figure 13, all three 

curves indicate a common initial breeding effect. It should be noted 

that the initial seed size was different than indicated in Figure 13 

and that the convergence point of the three curves in Figure 16 is 

higher than that of Figure 13. This is additional evidence that ini

tial breeding is a surface area-dependent phenomenon. 

The curves of Figure 16 tend to parallel each other after the 

initial seeding effects have decayed. The bottom curve begins to devi

ate from this behavior early in the run and drops away from the other 

two curves. As the run progressed, it was observed that more and more 

large crystals settled to the base of the crystallizer and slid along 
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the bottom with the currents. A slight decline in the rate of popula

tion rise can be seen toward the end of Run 302. 

Seed Size and Geometry Effects 

The data presented so far indicate that more nuclei are gener

ated as the seed crystals retained in the stirred, supersaturated slurry 

grow. Previous work on the potassium sulfate system by Randolph and 

Rajagopal (61) produced a correlation for nucleation rate. This corre

lation [Equation (7)] indicated that nucleation rate decreased with an 

increase in supersaturation but increased with an increase in solids 

concentration. These authors made no attempt to characterize secondary 

nucleation factors other than by measurement of the total solids con

centration, M^,. The mode of operation in the former study was differ

ent in that some of the retained seeds were periodically discharged in 

an attempt to maintain the solids concentration at a constant level; 

in order to keep the mass of the growing seed crystals constant, their 

number necessarily decreased. Steady-state operation was never at

tained although data from this previous study were analyzed with a 

steady-state CSD model. In such a system there is a high level of 

autocorrelation between Mfj, and s which might account for the inverted 

dependence of nucleation rate on supersaturation observed by Randolph 

and Rajagopal. As will be discussed in the next chapter, this same 

inverted behavior with respect to supersaturation was observed in this 

study when the data were analyzed with techniques similar to those of 

Rajagopal (55). However, the present study separated secondary factors 



as truly independent variables and the kinetic inferences supercede 

those in the previous study. 

A comparison of three similar runs was made to determine whether 

crystal size and geometry played any part in the nucleation rate. Fig

ure 17 shows the comparison of the population density-time curves for 

three runs using three different kinds of seeds. Seeding was done with 

two different size fractions of elongated rhombic crystals and one size 

fraction of polycrystalline seeds. Operating conditions were nearly 

identical for the three runs shown except for seed size or habit. Note 

that the commercially produced polycrystalline seed crystals did not 

cause as much initial breeding although the total surface area per gram 

of seeds was at least twice that of the other type. The two runs using 

rhombic crystals show the same initial breeding effect previously de

scribed. 

Inspection of Figure 17 shows that toward the end of the run 

the polycrystalline seeds produced almost tenfold more nuclei than the 

two runs having rhombic seeds. The larger rhombic seeds also produced 

noticeably more nuclei than the smaller seeds even though the popula

tion and total surface area of the smaller seed crystals was greater. 

Thus size effects (perhaps collision inertia) outweigh exposed surface 

area in generating secondary nuclei. At approximately 190 minutes run 

time (not shown in Figure 17) the lower two curves intersected. This 

intersecting of population densities was observed for other similar 

runs using different sized seed crystals and might present the means 
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of determining the effect of seed size and population on the nucleation 

rate. 

The polycrystalline seeds grew in such a manner that at the 

conclusion of the run a large majority of them appeared to be a cluster 

of elongated rhombic crystals all joined at one end to yield a shape 

similar to a child's jacks. Figure 18 illustrates the typical poly-

crystalline seeds used for a run (Run 309) and the product crystals ob

tained at the end of the run. Population data for Run 309 were plotted 

in Figure 17. The -50+60 mesh polycrystalline seed crystals shown in 

Figure 18 appear almost spherical. 

The greater surface area resulting from small polycrystalline 

seeds and their eventual growth into such irregular shapes might be 

considered the cause of the increased nucleation exhibited in the popu

lation density plot shown in Figure 17. However, this would imply that 

the nucleation rate should have been greater than the other two runs 

throughout the time shown since a sample of polycrystalline seeds pos

sessed greater surface area than any similar sample of rhombic seed 

crystals, even at the beginning of the run. On the basis of collision 

breeding as the major mechanism of secondary nucleation, the primary 

points of contact with other crystals, walls, etc. for the polycrystal

line seeds would be the predominantly presented faces or those faces 

corresponding to the fastest growing faces at the ends of the rhombic 

seeds. This increased efficacy of polycrystalline seed crystals in 

stimulating secondary nucleation was observed with all supersaturation 

levels. These observations indicate that in the case of potassium 



Figure 18. Polycrystalline seed crystals (1 mm between smallest 
marks). 

(a) -50+60 mesh initial seed crystals. 
(b) Product crystals from Run 309 withdrawn after 124 

minutes. 
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sulfate a predominant amount of secondary nuclei may arise from a 

favored face. The findings of Johnson et al. (31) lend credence to 

such a concept. 

The explanation of the data shown in Figure 17 is that the 

polycrystalline crystals caused less initial breeding (probably due to 

a difference in surface treatment during production) but at the begin

ning of the run generated an amount of secondary nuclei equivalent to 

that generated by the rhombic crystals at their original -50+60 mesh 

size. As the run progressed, the increased exposure of the fast-

growing faces on the polycrystalline seed crystals produced a greatly 

increased number of secondary nuclei as compared to a similar mass of 

rhombic seeds. It is also possible that the total mass of polycrystal-

line seeds became greater than the rhombic crystals as the run prog

ressed, due to the greater number of fast-growing faces. As was shown, 

large crystals produced more secondary nuclei than small crystals under 

otherwise identical conditions. 

Examples of original and final seed crystals of the rhombic 

type are shown in Figure 19. These crystals represent the initial 

seeds and products of the three runs for which partial population data 

were shown in Figure 13. Figure 19 (b), (c), and (d) progressively 

illustrate the effect of increased supersaturation levels on the final 

seed distribution. The product crystals shown in Figure 19 (b) were 

subjected to a mean supersaturation of 5.12 g/1 for a period of 184 

minutes. They appear relatively clear and free of liquid inclusions. 



Figure 19. Rhombic seed crystals (1 mm between smallest marks). 

(a) -40+45 mesh initial seed crystals. 
(c) Run 310 product withdrawn at 183 min. 

(b) Run 212 product withdrawn at 184 min. 
(d) Run 320 product withdrawn at 123 min. 



This is characteristic of slow growth. The majority of the crystals 

retained their initial shape and showed very little side growth. 

Figure 19 (c) shows the seed crystals that were withdrawn after 

183 minutes in liquor having a mean supersaturation of 7,79 g/1. The 

crystals are much larger than those of Figure 19 (b) and are more 

opaque due to inclusions. Their shape had become more granular with a 

diminishing of the length-width ratio compared to the initial seeds. 

The ends of the product crystals had become rounded during the run. 

The small crystals in evidence are primarily due to the breakage of 

side growths during screening prior to photographing. 

The product crystals shown in Figure 19 (d) are larger, rounder, 

and more opaque than those in any previous picture. These crystals 

were grown for 123 minutes at a mean supersaturation of 10.18 g/1. The 

length-width ratio is smaller than that of the crystals shown in Figure 

19 (c). Many of the crystals exhibit large side growths and some even 

appear to be similar to polycrystalline product crystals. The continu

ally decreasing length-width ratio with increasing size noted in Figure 

19 is similar to the decreasing of shape factor with increasing size 

reported by Mullin and Gaska (46) for potassium sulfate crystals grown 

in a fluidized-bed crystallizer. This effect was noted in all runs 

performed in this study. 

Photomicrographs were obtained of fine particles within the 

crystallizer slurry for some of the runs of this study. A small sam

ple of slurry was drawn from the crystallizer with a medicine dropper 

and was used to fill a culture microslide having a flat-bottomed 
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depression. A clear glass slide was placed over the filled depression 

to prevent evaporation. Photographs were taken and pertinent data were 

recorded after a short wait to allow the very fine crystals to settle 

to the bottom. Figure 20 shows two photographs of fine crystals taken 

during two separate runs. In both cases most of the crystals shown 

were in the size range observed by the Model T Coulter Counter, 1.26 to 

40 microns. Linear magnification is approximately 160X, 

Figure 20 (a) shows fine crystals withdrawn 83 minutes into 

Run 725. The photograph was taken 4 minutes after sampling; thus al

lowance must be made for possible growth during this waiting period. 

Fine crystals obtained during Run 729, 94 minutes after seeding, are 

shown in Figure 20 (b). This photograph was taken two minutes after 

sampling the slurry. The primary difference between Runs 725 and 729 

was that the former was performed with the 4-bladed impeller and the 

latter with the 3-bladed impeller. The stirring rate for Run 725 was 

567 RPM and that for Run 729 was 820 RPM, the previously determined 

3-bladed power input equivalent of 567 RPM for the 4-bladed impeller. 

The fine crystals illustrated in Figure 20 possessed relatively 

uniform and regular features in the size range measured with the Coulter 

Counter. However their habit seems to change with size. The smallest 

visible particles show a length-width ratio close to unity whereas the 

largest crystals have a length-width ratio approaching a value of four. 

This behavior might be explained by utilizing the concept of "micro-

attrition" proposed by Johnson et al, (31). If secondary nuclei were 

truly only very small chips broken from crystal surfaces, it would not 
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(a) Run 725, withdrawn at 83 min, photo taken 4 min after sampling. 
(b) Run 729, withdrawn at 94 min, photo taken 2 min after sampling. 

94 



95 

be unusual for these chips to be polymorphus. These small pieces of 

crystalline matter would then preferentially grow so as to fill in the 

roughest surfaces first, as has been reported by Bunn (9). This proc

ess could yield an initially more cubic rather than elongated crystal. 

Only two runs were performed in this study using the 3-bladed 

impeller. A qualitative comparison of the two runs with two identical 

runs made using the 4-bladed impeller does not reveal any specific 

trends. The stirring rates for the two 3-bladed runs were set to ob

tain a power input identical to that of the 4-bladed runs. Any trend 

in this case would only be evidenced in a more detailed mathematical 

analysis of the population density data. 

Summary 

A qualitative examination of the data indicated consistency 

over a wide range of variables. Most runs exhibited an initial breed

ing effect due to the use of dry, untreated seed crystals. Once the 

initially bred, fine crystals had been washed out of the crystallizer, 

population distributions generated by secondary nucleation processes 

were obtained over a range of sizes from 1.26 to 40 microns equivalent 

spherical diameter. Typical population density-time data indicated 

that nucleation increases with the ever-increasing mass of seed crys

tals retained within the crystallizer. Population distribution data 

also indicated the likelihood of size-dependent growth rates within 

the size range studied. Combined temperature-supersaturation effects 

on the population data showed a rise in nucleation with increasing 

supersaturation, but these effects were confounded with the increase 



in nucleation rate due to an increase in seed size. Crystal hardness 

appears to be a factor in secondary nucleation. 

Collision breeding was postulated as the predominant mechanism 

for the secondary nucleation observed in this study. The immediate 

changes in the crystal population observed after step changes in the 

stirring rate indicated that at least part of the nuclei were being 

generated within the size range under study. Data comparing the rela

tive effects of stirring rate on secondary nucleation showed that agi

tation had a pronounced effect. Population densities increased at a 

lower rate when significant amounts of large crystals were no longer 

kept in suspension by the stirrer, but fell to the bottom of the crys-

tallizer and slowly slid along the bottom. / 

The effects of seed size and seed geometry were examined. 

Large crystals generated more secondary nuclei than smaller crystals 

under identical conditions. Population data also indicated that poly-

crystalline seed crystals generated significantly more nuclei than 

rhombic crystals. This observation can be explained by postulating 

that the predominant sources of secondary nuclei were the fastest grow

ing faces preferentially exposed on the polycrystalline seed crystals. 

Photographs of seed crystals confirmed the observation previ

ously reported that large potassium sulfate crystals tend to grow from 

a rhombic shape to a granular shape as size increases. Photomicro

graphs of the fine crystals measured by the Coulter Counter showed 

that these crystals were regular in shape but grew from a cubic habit 



to a rhombic habit as size increased. No significant difference was 

observed between the population density data taken using the 3-bladed 

and 4-bladed impellers-during similar runs. 



CHAPTER VI 

ANALYSIS OF DATA AND RESULTS 

A qualitative evaluation of the data of this study has revealed 

some new facts and verified some previously reported observations con

cerning the potassium sulfate system. Verification of all observations 

and their quantification was accomplished through a detailed mathemati

cal analysis of the data. This analysis, presented in this chapter, is 

based upon basic theoretical considerations of a nucleating and growing 

medium, namely, a population balance of particles distributed along the 

particle size axis. The mathematical models representing the kinetics 

of nucleation and growth were selected to be consistent with the quali

tative observations reported in the previous chapter and with previously 

reported kinetics. 

It is of note that no data in the size range of this study have 

been reported in the literature. These population distribution data 

cover a range of crystal sizes that have previously only been inferred 

from extrapolation of steady-state or pseudo-steady-state CSD data. 

The dynamic nature of the present data adds a new dimension to the prob

lem of analysis. However, analysis of these data can be accomplished 

through utilization of the dynamic population balance together with 

reasonable assumptions concerning the mixed suspension. 

98 
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Theoretical Considerations 

The starting point in the analysis of these data is the general 

population balance discussed in Chapter II. Equation (11) is the math

ematical description of the population balance and is restated here for 

convenience. 

3n 3(Gn) d(lnV) V nlQi s 

H + TiT + n "dT" - 1 — * B<1) - D(L) 
1 

The complexity of this equation can be reduced by considering certain 

observations and restrictions. The slurry volume, V, was maintained 

essentially constant throughout any one run. Thus, d(lnV)'/dt can be 

considered negligible. 

The mixing tests reported in Chapter V indicated that the sys

tem was indeed well mixed with mixed withdrawal in the size range stud

ied. The background noise counts taken prior to seeding the crystal-

lizer indicated that the feed stream was free of fine crystals. These 

two facts reduce the summation term on the right-hand side of Equation 

(11) to one outlet term, namely, - n/r. 

The death distribution function of Equation (ll) was neglected 

since inspection of the photomicrographs of crystals in slurry samples 

taken during a run (see Figure 20) indicated that the large majority of 

particles counted in the 1.26-40 micron size range had an elongated 

habit similar to the rhombic seeds, and thus negligible crystal frac

ture occurred in this size range. However, the birth distribution term 

was retained as an expression of the formation of nuclei by either 

micro-attrition or other secondary phenomenon. Alternately, if the 
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nucleation rate is represented by the product of the intercept on a 

log n versus size plot and the growth rate at L=0 as in Equation (14), 

B(L) is then defined as a Dirac delta function at L=0 whose integral is 

equivalent to n • G(0) . Implementing the aforementioned assumptions 

into Equation (ll) gives 

dn d(Gn) n 
5T + ? + b(L) (16) 

Previously reported studies utilizing population balances to 

study crystallization processes have simplified Equation (11) by assum

ing that B(L) was negligible at any size greater than zero and that nu

cleation could be adequately represented by the initial condition n=nQ 

at L=0. If a birth distribution function represented the generation of 

nuclei, the analysis resulting from the use of Equation (16) with 

B(L)=0 would yield larger apparent growth rates than actually occur. 

This fact is apparent when Equation (16) is rearranged to yield an ex

pression for the growth rate. Thus 

[3(In n) 1 9G B(L) 

^ -4 at -
(17) 

S L 

Additional particles appearing at a finite particle size and repre

sented by B(L) would diminish the growth rate at size L calculated by 

Equation (17) if included in the evaluation of G(L,t). Thus, the de

letion of B(L)/n from Equation (17) gives 
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fd(ln n) JL^ . dG 
"L d  t +  T  

d(ln n) 
^ 8L J <18> 

BL 

Use of this modified equation to analyze population yields the largest 

possible growth rates, i.e., an asymptotic upper limit. 

Runs performed in which the stirring rate was changed in a 

stepwise manner indicated that the B(L) term is significant. B(L) can 

be calculated using Equation (16) provided the exact growth expression 

for the range of sizes studied is known. Unfortunately there is no 

way to uniquely extract both a birth function, B(L), and a size-

dependent growth rate, G(L), from Equation (16). However, another 

asymptotic limit can be examined, namely, the case where the growth 

convection term is negligible. In that case Equation (16) becomes 

B(L) = I7 + ?. (19) 
Ot T  

The growth convection term can be negligible if the growth 

rate of particles in the size range where birth occurs is very small 

or if the drawdown time of the particles in the crystallizer is small; 

i.e., the washout rate of the fine crystals overshadows the growth 

convection term in value. The value of B(L) obtained from Equation 

(19) is the maximum possible and represents an asymptotic upper value. 

Illustrative Solutions of the 
Population Balance 

In addition to analyzing data with Equation (16), it is use

ful to examine some sample cases based upon this equation to gain in

sight into data interpretation. The data taken during this study 
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indicate that the operation of the crystallizer was dynamic or non-

steady state. However, examination of some steady-state cases and some 

simple dynamic cases can provide insights into interpreting data such 

as that illustrated in Figure 12. 

Equation (13) predicts that a plot of the log of population 

density versus particle size should be a straight line. The basic as

sumptions were steady-state operation, constant linear growth rate, no 

breakage or attrition, clear liquor feed, and perfect mixing. Figure 

21 illustrates such a population distribution as the dashed line. When 

growth rate is size-dependent, a curved distribution will be obtained. 

The solid line in Figure 21 shows a curved population distribution re

sulting from a size-dependent growth rate expression in which the growth 

rate increases with increasing particle size. If the growth rate de

creases with increasing particle size, the population distribution plot 

would be concave downward rather than concave upward as shown. 

The plots in Figure 21 assume a constant density of nuclei of 

negligible size. For the case where nucleation rate increases with 

time, with a constant growth rate, a population distribution plot such 

as that shown by the solid line in Figure 22 results. The population 

density of crystals of zero size formed at any particular time will de

cay along a line having a slope of -1/GT and will grow along one of the 

family of parallel dashed lines shown in Figure 22. The locus of crys

tal populations of various ages at any given instant, i.e., the current 

population distribution, is shown as the solid line in Figure 22. Thus 

curvature can also be induced in a semilog plot of population distribu

tion through a time-dependent nucleation function. 
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Figure 21. Effects of growth rate on population distribution. 
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Figure 22. Effect of time-dependent nucleation rate on popu
lation distribution. 
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A steady-state study using Equation (16) was conducted to exam

ine the effects of a birth distribution' function upon the overall popu

lation distribution. The growth rate was assumed to be constant and a 

gamma distribution was assumed for the birth function of secondary 

nuclei, B(L). Figure 23 demonstrates the effects on the resulting pop

ulation distribution of both the average particle size and the width 

of the assumed gamma-type birth distx-ibution as explained below. In 

all cases the integral of the birth distribution function equaled the 

value of B° used to calculate the population distribution obtained with 

Equation (13). This latter distribution appears as the straight dashed 

line in Figure 23. 

Figure 23 (a) shows the effect of increasing average size of 

the gamma-type birth distribution on the population distribution. The 

average sizes assumed were 0.5, 1.0, and 2.0 microns. In all three 

cases the coefficient of variation of the birth distribution was 0.20. 

The three curves show that as size increases to where the size ranges 

are populated by growth convection rather than birth, the population 

distribution becomes a straight line parallel and above the distribu

tion predicted by Equation (13). Each curve is shifted to the right 

according to the magnitude of the mean size of the birth distribution. 

Figure 23 (b) illustrates the effect of varying the coefficient 

of variation of the birth distribution at a mean size of 2.0 microns. 

As the coefficient of variation decreases, given by the innermost 

curves, the distribution rises steeply and approaches a straight line 

parallel to the dashed line but shifted to the right by 2.0 microns on 
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lation distribution. 
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the size axis. All of the curves shown in Figure 23 are concave down

ward and approach a straight population decay line as an asymptotic 

limit. In no case, with size-independent growth rate, can a steady-

state birth distribution cause the population distribution to overshoot 

the final path of the straight decay section. Thus, a birth distribu

tion by itself cannot induce a concave upward population distribution 

as exhibited by the data in Figure 12. 

Equation (16) was next solved to study the steady-state popu

lation distribution resulting from a birth distribution function and a 

size-dependent growth function. Figure 24 shows the results of these 

calculations. The residence time used in the study was 7 minutes, 

corresponding to the residence times used experimentally. The growth 

expression was a power model based upon some preliminary growth data 

taken from Run 320, calculated using Equation (18). The birth dis

tribution, represented by the dashed line, was a gamma distribution 

with a mean size of 2.0 microns and a coefficient of variation of 0.20. 

The resultant population distribution exhibits the desired concave up

ward appearance; however, the slope is not as steep as that shown by 

data in Figure 12. These calculations conclusively demonstrate that 

indeed growth rates calculated with the assumption B(L)=0 represent an 

upper bound and, if nucleation is through a birth distribution (very 

likely), then in fact considerably smaller growth rates exist. 

A steeper slope and a similar population distribution curve can 

be obtained using a time-dependent ever-increasing nucleation or birth 

distribution. This would combine the effects shown in Figures 22 and 
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Figure 24. Population distribution based upon a size-dependent growth rate 
and a gamma birth distribution function. 
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24. It is possible to simulate such steep slopes using only a time-

dependent birth function and a constant growth rate, i.e., combining 

the effects of Figures 22 and 23. However, the required rate of nuclei 

increase to produce the desired steeply sloping, concave upwards dis

tribution are far greater than the rates of increase observed experi

mentally. Further, considering the stirring rate step change data 

shown in Figures 14 and 15, it seems certain that a particle birth me

chanism and very low particle growth rates characterize the population 

distribution behavior in the 1.26-40 micron size range examined in this 

study. 

Kinetics Relationships 

Considerable thought was given to the form of the nucleation 

and growth kinetics models employed in analyzing the data. First, at

tention was directed to the nucleation models previously used by other 

investigators and discussed in Chapter II. A nucleation model should 

correlate the effects of temperature, supersaturation, the amount of 

seeds present, the relative size of the seeds, and the rate of stirring 

or power input. 

In this study, temperature effects were correlated using an ex

ponential term of the form exp(k^/T) where k^ is a constant. Genclc and 

Larson (23) used this form in their studies of the nucleation rate of 

potassium sulfate as well as for other salt systems. The supersatura

tion effect was correlated using a power model form, s^®-, as discussed 

in Chapter II and used widely in previous crystallization studies. 
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Solids concentration has been used in previous power model nu-

k 
cleation kinetics correlations as the term M^, 3. Solids or mass con

centration is a convenient correlating variable because can be 

directly measured in commercial crystallizers. Since a direct seed-

size effect was observed in the data reported in Chapter V, other 

moments of the population distribution of the seed crystals were con-

th 
sidered in the correlation of the nucleation data. The i moment of 

the seed crystal distribution was represented by a term of the form 

N 
M. = rr- V1 (20) 
x V s 

The solids concentration, can be obtained by multiplying the third 

moment by crystal density times a volumetric shape factor. 

The effects on nucleation rate of stirring rate have not been 

quantified or correlated in previously reported studies. This effect 

ka. 
was adequately correlated using the term (Res) where the modified 

Reynolds nvimber for the stirrer is defined as 

R d? p 
Re = 5 1 (21) 
s n 

Averaged values of the solution density and viscosity were used in the 

calculation of the Reynolds numbers ( p= 1.088 g/cc, |X= 0.0115 g/cm-sec), 

All Reynolds numbers were based upon the 4-bladed impeller stirring 

rates. 

The resultant nucleation kinetics model was thus of the form 

B° = k exp(k /T) s1^ M1/3 (Re )k* (22) 
n r x s 
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Alternately, the stirring effect was correlated in terms of power in

put given by the term exp(k,R )/V, replacing the last term of Equation 
T" S 

( 2 2 ) .  

The growth kinetics model considered temperature, supersatura-

tion, size-dependency, and agitation rate. The temperature effect was 

correlated in the same manner as in the nucleation model. The exponen

tial term is considered to be an Arrhenius expression for the surface 

reaction step of crystal growth, tantamount to neglecting solute diffu

sion in the overall growth process. The use of such an exponential 

term for growth-temperature correlations has been documented widely. 

Ishii (30) and Mullin and Gaslca (46) have employed this exponential 

form of temperature-dependence in their studies of the potassium sul

fate system. Tanimoto et al. (70) used the same form in their study of 

the copper sulfate pentahydrate system. 

A power model term for the supersaturation dependence has been 

extensively used in growth correlations reported in the literature. 

Rosen and Hulburt (63) correlated size-dependency of growth rates of 

potassium sulfate crystals in a fluidized-bed crystallizer in terms of 

the relative particle-fluid velocity. Mullin and Gaslca used a power 

model form given in terms of mean crystal size to correlate the size-

dependency of their data from similar experiments using a fluidized-bed 

crystallizer. A term similar to that used by Mullin and Gaska was em

ployed to characterize the effect of size on the linear growth rates of 

seed crystals in this study. Agitation effects were correlated in 

terms of an exponential of the stirring rate, exp(k^Rg). Thus, the 
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general growth kinetics model used for fitting growth rate data of the 

seed crystals was of the form 

G = expOc^/T) s^2 (L)^3 exp(k^Rg) (23) 

Alternately, size-dependency of growth rate was correlated by the term 

exp(k^/Lm) which was substituted for the third term of Equation (23). 

Additional growth models having one or two terms deleted from Equation 

(23) were also tested in an effort to examine the relative effects of 

the four variables. 

Data Treatment and Analysis 

Mathematical treatment of the population data obtained in this 

study involved fitting In n vs. t and In n vs. L data (as illustrated 

in Figures 11 and 12) with polynomials of orders one through four using 

a least squares data-fitting computer program. In most cases the best 

fits were produced when In n was made the independent variable. These 

polynomial relationships were differentiated to obtain slope values 

suitable for use in equations such as Equation (18). In some cases when 

this polynomial fitting technique failed to adequately represent the 

data, slope values were obtained using a Lagrangian interpolation rou

tine which determined average slope values using three consecutive data 

points. 

The correlation of data to fit multivariable kinetics expres

sions was performed by utilization of a multiple linear regression 

program developed by Efroymson (19) on file at the University of Ari

zona Computer Center and code named MLR. This program fitted and 
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compared the data to a linearized form of the model being tried and 

also calculated statistical tests of interest. Equations (22) and (23) 

were linearized for use with this program by taking the natural loga

rithms of both sides of the equation. 

The effectiveness of a correlating model was judged by the 

value of the square of the correlation coefficient obtained from the 

MLR computer program. The correlation coefficient, r, represents the 

fraction of the total variance contributed by the independent variables. 

It is defined mathematically as 

,2 . ! . 50^ (24) 

2 Y 

where Y is the observed value of the dependent quantity and Y^ is the 

value of the dependent variable calculated from the model being em

ployed. The differences between the calculated and actual values of 

the dependent variable decrease as the fit of the data improves and the 

value of r approaches unity. As an example, if all of the experimental 

values of the dependent variable were 20% away from the values calcu-

2 
lated by the model being used, r would have a value of 0.960. A com

plete discussion of statistical tests performed by the MLR program may 

be found in a book on statistics by Neville and Kennedy (50). 

Fine Crystal Growth Data Correlation 

Linear growth rates in the 1.26-40 micron size range were de

termined, using Equation (18). The log-population slopes in L and t 

space were evaluated at a specific time in a run through differentiation 
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of the polynomial fits as previously described. The residence time, T, 

was set equal to V/Q. A first approximation of G(L) was made by set

ting 9G/9L " 0. The resultant growth rate values were fitted by the 

polynomial routine and the derivative, 3G/5L, calculated. Substitution 

of these dG/dL values into Equation (18) yielded a better approximation 

to the function G(L). This procedure was continued until minimum error 

convergence was obtained for all data points in the set. 

These growth rate data were plotted versus particle size on 

various coordinate scales in an effort to correlate the size-dependency 

of fine crystal growth rates. The linear growth rate of potassium sul

fate was markedly size-dependent within the 1.26-40 micron size range 

studied. Figure 25 shows some typical growth rate versus size curves 

at a run time of 120 minutes. These data are calculated from runs de

picted in Figure 13. The three growth curves portray the expected in

crease of growth rate with increased supersaturation. 

It must be stressed again that these growth rates were calcu

lated using the assumption B(L)r=0 over the size range studied. Thus, 

these values represent an upper bound on growth rate. As B(L) surely 

approaches zero at the upper size range of measurement it can be con

fidently asserted that growth rate is at least as size-dependent as 

shown in Figure 25. Growth rates of the smaller sizes are undoubtedly 

much lower than represented by the three curves. 

The best apparent graphical representation of the growth rate 

data was achieved by plotting In G vs. 1/</h . Figure 26 shows the 

data in Figure 25 plotted in the above manner. The empirical growth 
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model that describes the straight lines shown in Figure 26 has the form 

G = Gro exp(- k/</h ) (25) 

All of the growth rate sets calculated using Equation (18) were fitted 

with Equation (25), using a least squares routine. The two constants, 

k and Gro , are tabulated in Appendix E for 80 data sets. 

The 80 values of Gro from 38 runs were correlated with a model 

of the form of Equation (23) but without the particle size and stirring 

rate terms included. This model appears regularly in the literature. 

No specific dependence on particle size was included since the function

ality of particle size had already been accounted for through Equation 

(25). A similar model which included the stirring rate term was tested 

with these data; the statistics indicated that stirring rate had an in

discernible effect on Gro . The constants calculated for the model 

based upon the 80 data sets gave the relation 

Gro = exp(l3.269) exp(-4390/T) s°*987 (26) 

o 
with r = 0.425 (log plane). 

Seed Crystal•Growth Data Correlation 

Average growth rates of seed crystals were obtained from photo

graphs of the initial and product seed distributions. Growth rate 

values were determined by dividing the averaged particle equivalent 

spherical diameter by the total time spent within the crystallizer. 

These values are tabulated in Appendix D. Mean supersaturations are 
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also reported and were evaluated by graphical integration of the con

centration histories for each run. 

Averaged seed growth rates for 34 runs were obtained from the 

seed crystal distribution photographs. All of those runs used various 

fractions of rhombic seeds at various temperatures and supersaturations 

and at three different stirring rates. The 34 growth rate data sets 

were correlated by a kinetics model similar to Equation (23) but having 

the alternate exponential size-dependency term. Initial tests showed 

that stirring rate did not have an appreciable effect on the correla

tion of the data; thus the stirring rate term was deleted. The final 

form and constants of the correlation yielded the relation 

Gp = exp(38.755) exp(-10725/T) s1,930 exp(-180.54//L ) (27) 

with r^ = 0.954 (log plane). 

The functionality of supersaturation is plotted against super-

saturation in Figure 27 for the evaluated models of Equations (26) and 

(27). Experimental values of F(s) for the seed crystal growth rates 

are plotted to show their agreement with the predicted values. It 

should be emphasized that, although the temperature, supersaturation, 

and size dependencies of growth rate for fine crystals and seeds were 

identical, the specific correlating constants were grossly different, 

and fine crystal growth rates predicted by Equation (26) do not extra

polate to the values measured for the seeds. 

Growth rate for the larger crystals (630-1430 microns) is ap-

2 
proximately a function of s . Mullin and Gaslca (46) reported that 
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potassium sulfate crystals in the 250-2500 micron mean size range grew 

at a rate proportional to the square of the supersaturation. Rosen and 

Hulburt (63,64) reported an identical functionality for the 60-2000 

micron size range. Ishii (30), on the other hand, reported a first 

order supersaturation relationship for potassium sulfate corresponding 

to the correlation obtained for G values. 
CO 

The value of the constant in the temperature term of Equation 

(27) is associated with an activation, energy for growth. This activa

tion energy is evaluated by multiplying this constant by the gas-law 

constant, 1,987 cal/g-mole-°K. The resultant value of the growth acti

vation energy for the growth rate of seeds is 21.3 kcal/g-mole. Mullin 

and Gaska (46) reported a value of 4.3 kcal/g-mole for their study of 

O O 
potassium sulfate over a 10 -50 C temperature range. Ishii reported an 

activation energy value of 17.2 kcal/g-mole for the same temperature 

range. Tanimoto et_ al_. (70) reported an activation energy of 12.5 

kcal/g-mole for copper sulfate pentahydrate crystallization. Activa-

2 
tion energies in the 8-12 kcal/g-mole range and a power of s of 0.7 (r 

values approximately 0.55) were calculated when the apparent growth 

rates [calculated using Equation (18)] of fine crystals at three differ

ent sizes were correlated versus temperature and supersaturation in a 

form identical to Equation (26). 

The 34 average seed growth rate data sets were also correlated 

with a model of the form of Equation (23), but without the stirring 

rate term. The resultant correlation was 

Gp = exp(l2.752) exp(-10,900/T) s1'964 (L)3*011 (28) 
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2 
with r = 0.949 (log plane). Additional analysis showed that stirring 

rate had an insignificant effect on the correlation of the data using 

this relationship. 

Maximum Particle Flux Correlation 

Nucleation rates were calculated by two separate methods of 

analysis of the population density data, namely, (l) calculation of 

the apparent maximum particle flux by extrapolation of the product of 

growth rate times nuclei density, both given by analytical empirical 

expressions, to a size close to zero, and (2) use of a birth distribu

tion function to account for the appearance of nuclei at very small 

sizes. The particle flux method of calculating nucleation rate has 

been reported in previous work with MSMPR crystallizers (22,34,61). 

Thus, nucleation flux at size zero, as defined by Equation (14), is 

expressed as 

B° = G(0) • n(0) (29) 

In this study G(0), as expressed by Equation (25), has the value of 

zero. The value for n(0) is usually taken as the intercept on a semi

log plot of the population density versus size. Examination of typi

cal distributions from this study (as in Figure 12) .indicates the 

impossibility of extrapolating such data. Since B° clearly goes to 

zero in the case where growth rate is given by Equation (25), a maxi

mum apparent flux was calculated from analytical empirical expressions 

for n(L) and G(L) and was used as the definition of particle generation 

flux, B°. 
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Values of (Gn) were obtained from the growth function, Equa-
max ' 

tion (25), and by the fitting of five population density values, cor

responding to the five smallest-sized channels measured in any run to 

an equation of the form 

n(L) = p L™ (30) 

The required constants were evaluated through use of a least squares 

computer routine. Thus, 

(Gn) = p Gro Lm exp(-k/ v ^L) (31) 

Differentiation of Equation (31) with respect to L and setting that 

differential equal to zero permits the determination of the size value 

2 2 
where (Gn) is maximum. This was found to be L = k /4m . The maximum 

mx 

value for (Gn) was then determined by substituting this expression for 

L into Equation (31). Thus, 
mx n 

B° = p (k^/4m^)m exp(-2m) (32) 

Values of B? = (Gn) for 80 data sets are tabulated in Appendix E. 
1 max 

The range of B° values was 1400-85,000 no/cc-min. The sizes at which 

the maximum occurred varied from 0.098 to 0.487 micron. 

Initial correlations with Equation (22) of the B° data obtained 

through Equation (32) were performed using 54 values of B° from 24 runs 

and several times during each of those runs. Rhombic seeds were used in 

every case with a common stirring rate of 515 RPM, using the 4-bladed 

impeller. Thus, stirring rate was omitted as a factor in the correla

tions. Correlations were obtained for the third, fourth, and fifth 
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moments of the seed distribution as defined by Equation (20). The re

sultant relationships obtained from multiple linear regression of the 

data were: 

B° = exp(-35.555) exp(+8536/T) s~0-786 j^0,849 (33) 

2 
for the third moment with r = 0.477 (log plane), 

B° = exp(-36.426) exp(+8607/T) s (34) 

2 
for the fourth moment with r = 0.457 (log plane), and 

B° = exp(-35.928) exp(+8545/T) g-0*831 I^0,533 (35) 

2 
for the fifth moment with r = 0.433 (log plane). Figure 28 shows a 

comparison of the experimental B° values and the B° values predicted by 

the nucleation flux correlation, Equation (34). Variation limits of 

+30% and -307o are shown as dashed lines. 

Birth Distribution Correlation 

The correlation of nucleation kinetics through the use of a 

birth distribution function to account for the appearance of nuclei at 

the small sizes examined by this study was prompted by the immediate 

responses observed when step changes of stirring rate were performed. 

The birth distribution function was assumed to be similar in form to a 

gamma probability function. Thus, 

B(L) = B° La c*p(-aL/l>) (3ft) 

L r(l+a) (b/a) a 
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The gamma .distribution was chosen because its value is zero at L = 0 

and, further, this distribution adequately fit the experimental crystal 

birth data in the size range .studied. It should be pointed out that 

direct measurements of the birth function were all made at a size 

larger than the mode size, b; measurements in a size range containing 

the mode will have to be made before the validity of the gamma birth 

distribution can be verified or disproved. Such measurements are be

yond the present technology of particle-size measurement. 

Data from a few runs were selected at random and birth function 

values calculated according to Equation (19). Birth distribution data 

covered a size range of 1.26-20 microns. Each set of values was fitted 

to Equation (36), using the multiple linear regression program. Gamma 

distribution fits could be obtained only when a value for the mode, b, 

was specified. Values of b over a wide range were assumed and the B(L) 

parameters determined for birth data between L=1.26 and 8.0 microns. 

The best representation of the data was obtained with b = 0.434 micron, 

as given by a maximum value of the correlation coefficient. The number 

of data points used to obtain a value for the wideness parameter, a, 

was reduced to cover the span of 1.26 to 5.04 microns to avoid undue 

weighting of the B(L) parameters by the larger sizes. The B(L) values 

that were omitted were based upon small population counts; thus their 

accuracy was questionable. The values for the wideness parameter, a, 

for 114 data sets ranged from 0.481 to 0.612 with an average value of 

0.542. Equation (36) was integrated for each set of constants to de

termine the resultant total nuclei generation flux, B° . These values 

for all data analyzed are listed in Appendix E. 
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Typical normalized B(L) data are plotted in Figure 29 as well 

as the curve representing the gamma distribution obtained when a = 0.542 

and b = 0.434 micron. The values of B(L) were fitted to a gamma dis-

2 
tribution in log space. The square of the correlation coefficient, r , 

ranged in value from 0.957 to 0.990 for the 114 gamma distribution fits 

performed. Values of B° ranged from 960 to 44,500 no/cc-min. 

Values of B° were correlated with Equation (22) in the same 

manner as described for values of B° , A total of 54 values of B° rep

resenting the same runs and times during each of those runs as used in 

obtaining Equations (33), (34), and (35) were first correlated. The 

common stirring rate of 515 RPM for all 24 runs excluded stirring rate 

as a factor in the correlations. Correlations were made in terms of 

the third, fourth, and fifth moments of the seed distribution as in 

the case of the B° values. The resultant relationships obtained by 

multiple linear regression of the data are as follows: 

B° = exp(-0.139)exp(-6556/T) s0,911 M^1,332 (37) 

2 
for the third moment with r = 0.923 (log plane), 

1 

B° = exp(-3.703) exp(-6l40/T) s^'(38) 

2 
for the fourth moment with r = 0.933 (log plane), and 

B° = exp(-4.507) exp(-6033/T) s^'^^ (39) 

2 
for the fifth moment with r = 0.923 (log plane). Figure 30 shows a 

comparison of the experimental values of B° and the B° values calculated 
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using the best of the above three relationships, Equation (38). The 

dashed lines illustrated in Figure 30 represent the 30% variation 

limits. 

These correlation coefficients indicate that a more consistent 

fit is obtained with the B°, rather than the B°, method of data analy

sis. This fact is also evident from inspection of Figures 28 and 30. 

The effect of supersaturation on nucleation rate predicted by the B° 

correlations, namely, a decrease in nucleation with an increase in 

supersaturation, is not consistent with the qualitative observations 

discussed in Chapter V. However, this result agrees with the kinetics 

reported by Randolph and Rajagopal (61) who also defined nucleation 

rate, B°, as the product Gn, but in their case extrapolated to zero 

size. On the other hand, the B° correlations exhibit a supersatura

tion effect consistent with the observations discussed in Chapter V as 

well as temperature and moment effects consistent with previously re

ported studies. Thus, further nucleation flux correlations were based 

upon B° values. 

A nucleation kinetics model was assumed that had a form simi

lar to Equation 22. However, this model did not stipulate the exact 

seed distribution moment to be used, i.e., the exponents on the total 

number concentration, N /V, and average size of the seed crystals, D , 
s s 

were allowed to vary independently. Effects of RPM were correlated 

with a simple exponent of the stirring rate. Thus, 

B° = k exp(k./T) s*3 (N /V)ka D k* R ks (40) 
Z n 1 8 S 8 
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Equation (40) was fit to 94 values of B° through multiple linear re

gression analysis. These values included 40 B° values evaluated for 9 

runs where the stirring rate was either 455 RPM or 567 RPM with the 4-

bladed impeller. Again all B° values were for rhombic seed crystals. 

The resultant fit of these 94 data points in the above kinetic equation 

gave the relation 

B° = exp(-42.508) expC-6067/T) s°-589 (N /V)1*182 D 4,471 R 6,137 (41) 
2 s s s 

o 
with r = 0.930 (log plane). The ratio, k^/k^ = 3.78, is close to the 

fourth moment and the k^, lc^, k^ values are also close to those values 

reported for the model of the 54 B° values previously tested which was 

correlated in terms of the fourth moment of the seed distribution. 

Therefore, further analysis of the B° data was based upon the kinetics 

model of Equation (22) with the fourth moment specified as the correlat

ing variable describing the effect of seed size and magma density. 

The resultant nucleation flux kinetics model that fit the 94 B° 

values based upon rhombic seeds gave 

B° = exp(-65.804) exp(-5440/T) s0,560 *126 (Reg)5,775 (42) 

9 ? 
with r = 0.932 in the log plane (linear plane r = 0.930), Figure 31 

shows a comparison of the experimental value of B° with the B° values 

calculated with Equation (42). Variation limits of 30% are indicated 

by the dashed lines. 

Mixing studies (26,66) have indicated that power input in

creases approximately exponentially with stirring rate. Another 
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nucleation kinetics model was tried with the 94 B° data values using 

the alternate exponential stirring rate term in Equation (22) to in

corporate power input into the model. The resultant correlation yielded 

B° = exp(-6.217) exp(-5222/T) s0,543 M^*123 [exp(0.0114O/V] (43) 

2 
with r = 0.929 in the log plane. The last term in the above expres

sion represents the effect on nucleation of the power input per unit 

slurry volume. 

Comparison of the correlation coefficients obtained for equa

tions (42) and (43) indicate that Equation (42) represents a slightly 

better correlation of the data used. Thus, Equation (42) was applied 

to 20 other B° data sets obtained with the 3-bladed impeller, poly-

crystalline seeds, and a distribution of rhombic seeds having a much 

larger than average length-width ratio. Several estimations were nec

essary to make the data applicable to Equation (42). The average size 

of the polycrystalline seeds was approximated, using the mean screen 

size of the initial seeds and estimation of mean growth rates by com

parison to conditions of similar rhombic seed runs. The average sizes 

for the abnormally elongated rhombic seed run were calculated from the 

photographically determined mean size and a growth rate based upon sim

ilar runs. The stirring rates used for the 3-bladed impeller were the 

predetermined 4-bladed impeller equivalents based upon power input. 

Figure 32 shows a comparison of the experimental B° values and the B° 

values calculated by using Equation (42). Limits of variation of +30%, 

±50%, and +250% are indicated by the dashed lines. 
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Data points for Runs 729 and 730, shown in Figure 32, represent 

the results using the 3-bladed impeller. All of the experimental B° 

values for the 3-bladed impeller are larger than the calculated values 

from the 4-bladed impeller correlation. The experimental B° values 

representing Run 730 performed at 740 RPM (the power input equivalent 

of 515 RPM with the 4-bladed impeller) are very close to the values 

predicted with the 4-bladed impeller correlation. The experimental B° 

values for Run 729 performed at 820 RPM (equivalent to 567 RPM with the 

4-bladed impeller) are all approximately 507» greater than the corre

sponding calculated values. It is apparent that the two sets of B° 

data are reasonably well predicted by Equation (42) based upon the 4-

bladed equivalent stirring rates; however, the true effect of agitation 

rate is probably not given uniquely by power input. B° values for each 

run tend to parallel the 4-bladed impeller correlation line showing 

that the functionality of the model is correct. If the trend indicated 

by the two sets is significant, a correlation using the impeller tip 

speed and the number of blades may prove a better correlating function 

than power input itself. The validity of such correlations is depend

ent upon the blades of each impeller being identical in every way. 

The B° data shown in Figure 32 for Runs 120, 309, and 331 rep

resent runs performed using polycrystalline seed crystals. The B^ 

values calculated for Run 120 using Equation (42) are-quite low. The 

run was of long duration (over 5 hours) compared to the other runs and 

the experimental values of B° were based upon population densities ob-
i *• 

tained approximately 3.5 hours after seeding. The conservative 
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estimation of seed crystal growth rates probably did not account for 

the actual growth during the extended period of growth experienced by 

the polycrystalline seeds in this run. Runs 309 and 331 were of much 

shorter duration and the growth estimates for these runs are more 

likely to be accurate. In each case the polycrystalline seeds were 

approximated by an equivalent sphere for size estimation purposes. Ex

perimental B° values for Runs 309 and 331 are, on the average, two and 

one-half times larger than the values calculated with Equation (42). 

This result compares well with the observation reported in Chapter V 

that the polycrystalline seed crystals tend to nucleate at a greater 

rate than rhombic seed crystals. 

Values of B° for Run 128 shown in Figure 32 verify an observa

tion discussed in Chapter V. The experimental B° values are one-half 

those predicted by Equation (42) for the same conditions. Approxi

mately 207o of the crystals in the rhombic seed sample used in Run 128 

had a length-width ratio greater than 4. These large crystals tended 

to roll along the bottom of the crystallizer rather than remain sus

pended in the agitated slurry. Consequently, these large seed crystals 

did not contribute as much to the total nucleation rate as their size 

and mass might indicate. This observation is consistent with the con

cepts of secondary nucleation by collision breeding mechanisms. 

Summary 

A general population balance equation was modified to mathemat

ically describe the crystallizer and crystallization process that was 

used in this study. Analysis of the data was based upon two separate 
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idealizations: the population distributions obtained in this study 

were either primarily the result of growth convection or primarily due 

to a distribution of nuclei appearing over a range of sizes with negli

gible growth. Some simple steady-state and dynamic cases of the popu

lation balance were considered,and typical resultant population dis

tributions were illustrated. These calculations aided in the 

interpretation of population density data observed in this study. 

Growth rates calculated, using the assumption that growth con

vection was predominant, indicated that growth rate is dramatically 

dependent upon particle size, decreasing as crystal size decreased. An 

empirical model was used to fit these growth data. Additional growth 

data for large crystals obtained by analysis of photographs of the ini

tial and product seed distributions indicated that growth rates in the 

600-1400 micron size range are approximately related to the square of 

the supersaturation. A particle-size dependence similar to that used 

in the empirical fines growth model correlated these photographically 

determined growth rates of the larger seed crystals. 

Analysis of the maximum growth convection particle flux and the 

birth distribution particle flux values indicated that the assumption 

of a birth distribution of secondary nuclei provided more consistent 

interpretation and correlation of the data. The nucleation rate corre

lations based upon a gamma-type birth distribution indicated variable 

trends consistent with previously reported models. The best correla

tion obtained indicated that supersaturation, temperature, stirring 

rate, and the size-weighted solids concentration were the pertinent 

variables affecting secondary nucleation in this study. 
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Analysis of birth distribution nucleation rate correlations in

dicated that a 3-bladed impeller was essentially equivalent to a 4-

bladed impeller at the same power input stirring rate. Aggregated 

seeds produced two and one-half times higher nucleation rates when com

pared to an equivalent sample of rhombic seed crystals. The reduction 

of nucleation rate when large seed crystals are no longer suspended was 

confirmed in these kinetics correlations. 



CHAPTER VII 

DISCUSSION OF RESULTS 

Nucleation rate calculations on data obtained in this study were 

based upon two limiting assumptions that produced values of nucleation 

flux, B° and B°, both representing maximum estimates of true nucleation 

rate. One assumption, suppression of the birth function [B(L) = 0], 

was one which has been widely used in previous CSD studies of crystal-

lizers, notably in the interpretation of MSMPR data. This assumption 

is that nuclei are created by secondary mechanisms at a vanishingly 

small size. Thus, the intercept of the population distribution on the 

log population density versus size axis times the growth rate of these 

nuclei represents the number flux, B° , of new crystals forming at size 

zero. This limiting assumption has served well in the analysis of 

steady-state CSD's produced in MSMPR crystallizers, particularly as the 

straight line population plot can easily be extrapolated to determine 

the nuclei population density. 

Calculation of B° values, the integral over all sizes of the 

birth distribution function, was based upon the second simplifying as

sumption applied to Equation (16). This assumption states that the 

convection of particles along the size axis due to growth is negligible, 

tantamount to assuming that the growth rates of particles in the 1.26-

40 micron size range are zero. Thus, using this limiting assumption, 

the observed population density represents the balance between particle 

137 
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washout and birth. This analysis assuming a nuclei birth distribution 

function was prompted by the stirring rate observations reported in 

Chapter V that indicated nuclei were being generated throughout the 

size range being examined. 

Growth Rate Correlations 

The population distributions in the 1.26-40 micron size range 

obtained in this study indicate that a drastic reduction in growth 

rate occurs with decreasing particle size for the potassium sulfate 

system. This extreme variation of particle growth rate with size pro

duces such curved semilog population distributions that the technique of 

extrapolating the distribution curve to zero size is rendered useless. 

However, analysis based upon the assumption that nuclei are vanishingly 

small enabled calculation of a maximum limit for the growth rates in 

the 1.26-40 micron size range. The fact that a step change in stirring 

rate produces an immediate rise in the population density in each size 

range observed by the counter indicates that there is a contribution of 

"nuclei" in the size ranges studied. Actual growth rates will be lower 

than those growth rates calculated for this asymptotic case. 

Such size-dependent growth rate behavior cannot be explained by 

heat and mass transfer limitations. All available correlations of heat 

and mass transfer predict that if growth rate were heat and mass trans

fer limited, growth rate would increase as particle size decreased. 

Such transport limited growth rates would result in concave downward 

population distributions, exactly opposite to the behavior observed in 

this study. 
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A possible explanation of the observed size-dependent growth 

rate behavior is that the solubility of the smaller particles is sig

nificantly higher than the larger particles at the supersaturations 

used in this study. Such an effect is qualitatively predicted by 

Equation 2 and results in the well-known "Ostwald ripening" effect. 

This solubility effect is based upon the relative differences in sur

face energy of particles as a function of size. The extreme size-

dependency of growth rate, as shown in Figure 25, might be due to a sur

face energy function that decreases with decreasing crystal size. 

Harbury (25) has pointed out that surface energy is indeed dependent 

upon particle size and decreases in magnitude as the particle size de

creases. He even suggested the use of a modified surface energy type 

of function that would replace the surface energy. This function would 

include several fundamental correction factors besides the surface 

energy and would be only a small fraction of the surface energy at ex

tremely low values of crystal size. 

Mullin and Gaska (46) reported that as potassium sulfate crys-

t 

tals grew in a fluidized-bed crystallizer the crystal geometry changed 

from a long rhombic shape to a more granular shape. Rosen and Hulburt 

(65) indicated that the crystal habit of potassium sulfate crystals is 

a function of crystal size. Photographic evidence from this study, 

shown in Chapter V, also illustrated such growth behavior. The fact 

that habit is size-dependent indicates that the surface free energy 

function of potassium sulfate crystals does vary with particle size. 



140 

The correlation of small-crystal growth rates with Equation 

(25) is only an empirical expression of the data in the 1.26-40 micron 

size range. The subsequent weak correlation of Gro with operating con

ditions [as per Equation (26)] indicates that this growth model should 

not be extrapolated above the 1.26-40 micron size range of measure

ment. The slope constant, k, in Equation (25) did not correlate with 

operating conditions. Thus, this empirical model is of little value in 

discerning growth mechanisms. Furthermore, these growth values repre

sent an upper asymptotic bound; actual growth rates in the smaller 

sizes, say less than 10 microns, are undoubtedly much smaller. 

The growth model based upon photographs of the seed distribu-_ 

tions, Equation (27), correlates the effects of temperature, super-

saturation, and crystal size. The supersaturation effect is second 

order as reported by Rosen and Hulburt (65) and Mullin and Gaska (46), 

all of whom worked with fluidized-bed crystallizers. 

The discrepancy in the growth rate activation energies between 

this study and that of Mullin and Gaska could be due to the fact that 

O O 
they studied growth from 10 to 50 C, whereas this study ranged from 

o o 
24 to 38 C. The narrowness of the temperature span of this study 

could be responsible in part for amplifying the temperature effect. 

Growth activation energies between 8 and 12 kcal/g-mole obtained for 

the growth rates of the fine crystal distribution with Equation (18) 

indicate an activation energy of approximately 10 kcal/g-mole. The 

lack of more comparative data on this temperature effect makes any 

definitive conclusion impossible. 
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Mullin and Gaska performed many of their experiments at super-

saturations greater than those encountered in this study. It is possi

ble that a mechanism change occurs in crystal growth as supersaturation 

increases. A high value of the growth activation energy (usually 

greater than 8 kcal/g-mole) would indicate that growth rate is surface 

reaction controlled. Since stirring rate did not affect the growth 

correlations, as would be expected if diffusion of solute to the sur

face of the growing crystals limited total growth rate, it appears that 

growth rate is surface reaction rate controlled, and the higher values 

for the growth activation energy are correct for the supersaturation 

range of this study. Botsaris and Denk (4) and Mullin and Garside (44) 

reported instabilities in the growth rates of various faces of aluminum 

potassium sulfate crystals. They conceded the possibility of competing 

growth mechanisms as supersaturation increased. This could explain the 

apparent discrepancy between this study and that of Mullin and Gaska 

(46). 

The size-dependency of growth rate as described by Equation 

(27) for seed crystals is identical in form to that of Equation (25) 

for the fine crystals, but the values of the respective constants were 

grossly different, namely, -180 and an average value of -4. Any ef

fort to determine a common functionality with respect to size-dependency 

must include more data spanning the 40 to 600 micron size range. 

Nucleation Rate Correlations 

Values of B° computed by Equation (32) to approximate the nu

clei flux at zero size were the result of two extrapolations: 
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extrapolation of the population density using Equation (30) and extra

polation of the growth rate function using Equation (25). Neither em

pirical equation was of any fundamental significance or based on a 

physical mechanism. 

The relative magnitudes of B° nucleation rate values predicted 

using the correlation reported by Randolph and Rajagopal (61) can be 

seen in a comparison of Equations (7) and (33). The model suggested 

by Randolph and Rajagopal was 

t>° ii i M B = 11.3 s Mt 

The same form of correlation predicted by B° values from this study, 

Equation (33), corrected to the temperature of Randolph and Rajagopal 

(29 C), was 

B° = 12,636 s-°-786 Mt0,849 (44) 

It is apparent that Equation (44) predicts 1000 times more nuclei gen

erated for any given s and M^, values than Equation (7). 

The population density data obtained in this study were of 

identical magnitude to the population density data recorded by Rajagopal 

(55) over an identical size range above 10 microns. Hence, the 

difference in the rate constant, k^, in Equation (44) can only reason

ably be accounted for by differences in the asymptotic behavior of the 

population density in the very small size ranges reported in this 

study. The high nuclei fluxes calculated in this study result from the 

near-vertical asymptote of population density at very small particle 

size. Physically these curves are interpreted as due to a large nuclei 
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formation rate combined with an extremely low growth rate; thus, most 

of these nuclei are washed out before populating the larger size ranges 

If a crude extrapolation to zero size is made of the population densi

ties greater than 10 microns reported in this work, ignoring curvature 

due to transient operation and size-dependent growth rate, values of 

nucleation rate and growth rate similar to those reported by Randolph 

and Rajagopal (61) are obtained. Thus, if the thousandfold increase 

in nucleation rate predicted by both the B° and B° correlations of this 

study are indeed valid, these particles must have been washed out before 

populating the larger size ranges. Alternately, these high population 

fluxes might be interpreted as an artifact of the Coulter Counter oper

ation in the small size ranges. However, this instrument was exhaus

tively calibrated and checked in these size ranges and the data are 

believed to be accurate. 

The good correlation of the B° data, Equation (42), obtained in 

this study indicates that analysis of the data by suppression of the 

growth term rather than suppression of the birth term is the better of 

the two assumptions. Some variable trends in the B° correlations are 

similar to those trends previously reported in the literature for the 

potassium sulfate system. 

The supersaturation term in Equation (42), the best B° birth 

rate correlation model, indicates that nucleation rate is not a very 

strong function of supersaturation. Mullin and Gaska (46) have re

ported that nucleation rate was a ninth order function of supersatura

tion. It must be noted that this functionality is reported for 
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concentration ratios, c/c , greater than 1.10. Examination of nuclea-
s 

tion rate data reported by Mullin and Gaska below a concentration ratio 

of 1.10 indicates that a supersaturation order of 0.5 to 1.0 better de

scribes their data in this region. All runs in this study were made 

with supersaturations below a 1.10 concentration ratio. As shown by 

Equation (7), Randolph and Rajagopal reported that nucleation decreased 

inversely with supersaturation. Genclc and Larson (23) reported a nucle

ation rate for potassium sulfate that was a function of s Rosen 

and Hulburt (64) reported that supersaturation did not have any dis

cernible effect on nucleation rate in their study of the vacuum crys

tallization of potassium sulfate. Thus, nucleation rate, for the 

potassium sulfate system, is apparently a low-order function of super-

saturation, at least in the supersaturation levels of this study. 

The effect of seed size on population densities was discussed 

in Chapter V. This effect was taken into account in Equation (42) by 

the fourth moment, the size-weighted mass concentration. Rosen and Hul

burt reported in their study of vacuum crystallization of potassium sul

fate that nucleation rate was only a function of the solids concentra

tion. Their seed crystals were the product crystals present in the 

crystallizer and these were of many sizes. It is possible that the 

effect of crystal size was masked by the many sizes present. However, 

it is more likely that Rosen and Hulburt did not give detailed consider

ation to the seed crystal-size variable and for convenience utilized 

the readily measurable solids concentration, M^,. Randolph and Rajagopal 

(61) reported that the nucleation rate of potassium sulfate was a func

tion of M^'^, Equation (7). Genck and Larson (23) used this 
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functionality to cross-correlate their nucleation rate data for potas

sium sulfate obtained for various solids concentration. All observers 

report that secondary nucleation increases with increasing solids con

centration for the potassium sulfate system. 

The stirring Reynolds number term in the nucleation flux model 

of Equation (42) illustrates the strong effect of impeller speed on 

secondary nucleation. This term verifies the mechanically induced 

nature of secondary nucleation anticipated by the work of Lai est al. 

(33), Clontz and McCabe (16), and Johnson _et al_. (31). Thus, colli

sion breeding or micro-attrition is apparently the primary mechanism of 

secondary nuclei generation in this study. "Nuclei" are in reality 

fine chips of crystalline material abrasively removed from the seed 

crystals through crystal collisions with the impeller, crystallizer 

walls and baffles, and even other crystals. These collisions could 

well be responsible for the rounding of the edges and corners of the 

seed crystals as depicted by the photographs in Figure 19. The fact 

that such secondary nucleation is still found to be a function of 

supersaturation indicates that the survival of these micro-attrition 

pieces depends on the level of driving forces maintained ir»-»the crystal 

suspension. 

CSD Calculations 

The assumption that the growth rates were negligible in the 

small size region was necessary in evaluating B° as no growth rate 

model was known. It is apparent that growth is not identically zero 

since photomicrographs of the fine crystals shown in Figure 20 depict 
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regularly shaped crystallites and of course some of the nuclei grew to 

populate the larger size ranges. Collision breeding should produce 

randomly shaped particles; yet few broken pieces appeared in any of the 

photomicrographs that were taken in this study. This indicates that 

growth does occur at these small sizes in order to re-establish the 

normal crystalline geometry. Values of B° and B° are approximations of 

the nucleation rate, which approximations are made necessary by the im

possibility of determining simultaneously the unknown functions B(L) 

and G(L). The good correlation coefficients of B° data indicate that 

this is the better limiting assumption. Population density data ob

served in this study and included in Appendix B can be accurately ana

lyzed according to Equation (16) if both of the two size-dependent 

functions are determined: a birth distribution function describing 

the actual generation of nuclei as a function of seed size, stirring 

rate and other pertinent operating conditions, and a linear growth rate 

model covering the 1-50 micron size range, correlated with supersatura-

tion and temperature, to determine the fraction of these birth nuclei 

that grow to populate the large product size ranges. While the exact 

form of these two functions are unknown, a comparison of the predicted 

CSD, using a nucleation rate based upon correlations made in this study 

(modified by certain reasonable estimations and corrections) with CSD 

obtained from an experimental MSMPR crystallizer, should show whether 

or not correlations of the type obtained in this study are applicable 

to a real system. 
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If a size-independent linear growth rate were assumed, as was 

assumed by Randolph and Rajagopal (61) to obtain Equation (7), the 

large nucleation flux predicted by Equation (44), when used in CSD cal

culations, would result in prediction of an extremely fine product size 

distribution. Obviously, if Equation (44) is to be used in CSD simula

tions, a corresponding size-dependent growth rate function must be as

sumed to account for the large fraction of population washed out of the 

crystallizer before populating the larger size fractions. This same 

limitation holds for the B° birth-distribution models; i.e., in order to 

use these kinetic correlations in quantitative CSD studies, a realistic 

size-dependent growth rate function must be known in order to calculate 

how many of the nuclei actually grow to seed crystal size. 

A value of B° was corrected for particle washout for use in a 

CSD simulation. This corrected nucleation rate took into account the 

actual MSMPR operating conditions reported by Genck (22) for the crys

tallization of potassium sulfate and the strong size-dependency of 

growth in the fine crystal size region as expressed by Equation (25). 

The values of k and were taken from a typical run performed in this 

study (Run 212, 120 minutes); Gro was scaled to the supersaturation of 

Genck's experiment according to the first-order supersaturation effect 

predicted by Equation (26). The effect of size-dependent growth on the 

washout rate of nuclei being generated at an original rate B° was rep

resented by an exponential decay term, exp(-T^/T), where Tp is the growth 

"dead time" and T is the crystallizer retention time. The growth dead 

time was calculated using Equation (25) and was the time it took for a 
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nuclei particle to grow from the mode of the gamma birth distribution 

function, 0.434 micron, to an arbitrary upper limit of 9 microns (where 

the drastic size-dependency of growth rate is greatly diminished and 

the birth function becomes negligible). Thus, the corrected nucleation 

rate, B? , was defined as 
' Zc 

B^ = B° exp(-TD/T) (45) 

where the growth dead time is given as 

••9.0 -9.0 

TD = my = I fr) exp(-k/yL)dL (46) 

•A).434 Jo.434 } 

The supersaturation measured by Genclc (22) in his experiment was 3.1 

g/1, M^, was measured as 0.0142 g/cc and the particle retention time was 

15 minutes. The nuclei growth dead time was determined through Equa

tion (46) to be 168 minutes. 

The 94 B° data sets for the rhombic seed runs that were corre

lated by Equation (42) were re-analyzed using the solids concentration, 

M^, (with units of g/cc for this case), rather than the fourth seed 

moment. The resultant relationship was 

B° = exp(-2.039) exp(-5792/T) s°*745 l^1'3 8 1  R^5 -8 2 3  (47) 

2 
with r = 0.925 (log plane). Equation (47) was evaluated at Genck's 

O 
operating temperature of 30 C and the median stirring rate used in this 

study, 515 RPM. The latter value was chosen since Genclc reported a 

stirring rate of 1725 RPM, but his impeller diameter-tank diameter 



ratio was much smaller and his crystallizer volume was much greater 

than in this study (10.5 1 vs. 750 ml). Since no means of cross-

correlating mixing effects was available, 515 RPM was used in the 

correlation to allow for the diminishing of the higher stirring-rate 

effect on agitation by the larger crystallizer volume and tank-to-

impeller diameter ratio. 

The resultant value of B° obtained in the aforementioned man-
2c 

ner was 208 no/cc-min. This value was divided by the value of the 

growth rate at zero size obtained from the growth expression reported 

by Genck, 

G(L) = 3.79 (1 + 0.0176 L)0*15 (48) 

to give a value for the nuclei density, n , of 54.9 no/cc-micron. 

Genck reported an n^ value of 38.9 no/cc-micron obtained by extrapola

tion of his size distribution data. These two n values were used to 
o 

compute the CSD's necessary to obtain a constant production rate of 

594 g/hr. These CSD's were calculated by the use of a CSD simulation 

computer program developed and reported by Nuttall and Randolph (51). 

A comparison of the cumulative weight distributions, experi

mental and calculated from the kinetics of this study, is illustrated 

in Figure 33. The dashed line represents the CSD data obtained by 

Genck (22) and the solid line is based upon the value of B°c obtained 

above. The solid line represents a product CSD that is slightly finer 

than that obtained by Genck from his MSMPR crystallizer. 

The coefficients of variation shown for both CSD's are the re

sult of the size-dependent growth rate, expressed by Equation (48) and 
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Figure 33. Comparison of calculated cumulative weight distributions. 

The dashed line is an analytical representation of the CSD data of Genck (22). 
The solid line is based upon Equation (47). 
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used in the CSD computations. A size-independent growth function would 

have generated CSD's having a C of 0.50.. 

The determination of n^ by the above method was based upon 

rough estimates of the particle dead time. Since the growth rate func

tion used in computing the growth dead time of the nuclei represented 

maximum growth rate values, it is possible that 13°^ should be lower in 

value. Thus, the predicted cumulative weight distribution based on a 

better estimate of the B°c value would be closer to that obtained by 

Genck. 

It should also be pointed out that two different growth expres

sions were employed to attain the predicted CSD in these calculations: 

the strongly size-dependent growth rates of Equation (25) to character

ize the slow initial growth of the newly generated crystallites and the 

mildly size-dependent growth rates expressed by Equation (48) for the 

product-sized crystals. It has been shown that the fine crystal growth 

rates calculated with Equation (18) were approximately a function of 

the first order of supersaturation [Equation (26)] while the growth 

rates computed for the much larger seed crystals were approximately a 

function of the square of the supersaturation [Equation (27)]. It is 

apparent from mass balance considerations that when the particle resi

dence time is changed, while all other operating conditions (feed con

centration, temperature, solids concentration) remain constant, the 

supersaturation of the mother liquor within the crystallizer will under

go a corresponding inverse change to balance crystal growth with the 

rate at which excess solute is provided to the crystallizer. Thus, it 
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is possible that analysis of CSD's obtained over a range of operating 

conditions in an MSMPR crystallizer may indicate particle residence 

time is a correlating variable for the apparent nucleation kinetics. 

In reality a change in the relative growth rates of nuclei and product-

sized crystals, affecting their relative washout rates, may be respon

sible for the apparent correlation of nucleation kinetics with 

residence time. This study examined separately the growth of both size 

regions existing in the same slurry. Most MSMPR studies have viewed 

the growth of the entire particle size range as having a common super-

saturation functionality, thus precluding the use of retention time as 

a rational correlating variable for nucleation kinetics. 



CHAPTER VIII 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

Summary and Conclusions 

The basic components of the experimental apparatus used by 

Rajagopal (55) were refined and incorporated into a complete, opera

tional crystallization unit that was constructed in the Department of 

Chemical Engineering at The University of Arizona. An improvement on 

the technique of Randolph and Rajagopal (61) was developed to measure 

crystal distributions in a stream emanating from a modified mixed-

suspension crystallizer. 

The first successful adaptation of the multichannel Model T 

Coulter Counter for the in situ measurement of the crystal-size dis

tribution in a crystallizer exit stream was achieved. The use of this 

particle-size analyzer allowed quantitative measurements in the 1.26-40 

micron equivalent-spherical-diameter size range. Exhaustive calibra

tion and testing of the counter indicated that these measurements were 

accurate. Population distribution measurements yielded data that were 

consistent, reproducible, and correlatible. Counter calibration and 

operational techniques were described and discussed. 

Nucleation and growth kinetics of potassium sulfate in the po

tassium sulfate-water system were investigated. The effects of such 

factors as supersaturation, temperature, amount and size distribution 

153 
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of seed crystals, and agitation on the mechanisms of growth and nucle-

ation were examined. 

Population data were analyzed by two different methods. The 

first method assumed that the contribution of particle birth at a size 

L was negligible compared with growth convection in populating a size 

fraction at size L. This assumption resulted in computation of maxi

mum possible values of crystal growth rates over the size range stud

ied. Observations of an immediate response of the population 

distributions of fine crystals to a change in stirring rate indicated, 

however, that particle birth at a size L was of importance in populat

ing the size ranges examined by the counter. These observations 

prompted the second method of analysis based on the assumption that 

birth at size L was the prime contributor to the population of the 

fine crystals. Thus, particle convection by crystal growth into the 

small size region was negligible. This alternate method necessitated 

the assumption of the form of a birth distribution function to describe 

the resultant data. A gamma-probability distribution was used to fit 

these birth distribution data. 

Growth rates of crystals in the 1.26-40 micron size range, 

calculated by the first method described above, were markedly size-

dependent, growth rate decreasing with a decrease in particle size. 

This size dependence, opposite to that predicted if heat or mass trans

fer limited the growth rate, was discussed in light of the increased 

solubility of small particles as exhibited by the "Ostwald ripening" 

effect. No fundamental growth model was developed to describe this 
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behavior; however, an empirical model that fit the data well was used 

to correlate these growth data. Correlation of these data revealed 

that, in the range of supersaturation studied, growth rate was surface 

reaction controlled and was approximately a first-order function of 

supersaturation. 

Growth rates of seed crystals in the 600-1400 micron size range 

were a function of the square of the supersaturation and increased with 

crystal size. Surface reaction appeared to be rate controlling. Photo

graphs of the initial and final seed crystal distributions showed that 

the habit of the rhombic seed crystals changed from long rhombic to 

granular as the crystals grew. Correlation of these data was good. 

Photomicrographs of slurry samples indicated that the particles 

counted by the Coulter Counter were of regular habit. The crystalline 

habit of the fine crystals changed from cubic to long rhombic in the 

small size range as size increased. 

Potassium sulfate nucleates by secondary mechanisms at the low 

supersaturations obtained in the mixed-suspension crystallization en

vironment used in this study. Nucleation rates were calculated as 

particle flux, neglecting the birth of nuclei in the small size range, 

and the integral of the birth distribution function, neglecting par

ticle growth. Correlation coefficients indicated that the latter birth 

distribution data correlated better when fit to similar empirical ki

netics models. These models were also consistent with previously re

ported secondary nucleation models. Correlations of the maximum 

particle flux contradicted semiquantitative observations made during 
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this study, but did agree with the form of the kinetic model given by 

Rajagopal, who calculated nucleation rate in a manner similar to the 

particle flux calculations of this study. 

Nucleation rate increased with supersaturation, temperature, 

size-weighted mass concentration, and stirring rate. At a given mass 

concentration, larger rhombic seed crystals were more effective than 

smaller rhombic crystals in stimulating secondary nucleation. Stirring 

rate had a strong effect on the generation of secondary nuclei. Nucle

ation rate was noted to decrease as larger seed crystals fell from sus

pension and rolled about the bottom of the crystallizer. These results 

were in agreement with the previously reported studies of collision 

breeding or micro-attrition, indicating this mechanism as the primary 

source of secondary nuclei. 

Crystals of polycrystalline habit generated at least two and 

one-half times more nuclei.than comparable rhombic seed crystals under 

identical conditions. Comparison of data from seed crystals of both 

habits indicated that secondary nucleation arose primarily from the 

fastest growing faces of seed crystals. Data from experiments using a 

3-bladed impeller, rather than the standard 4-bladed impeller, revealed 

no discernible difference at comparable operating conditions when power 

input was kept constant. 

The nucleation rate correlation obtained using the birth dis

tribution data was corrected for particle washout during initial nuclei 

growth. This correction was made using the maximum estimated growth 

rate correlation obtained from the particle flux method of data 
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analysis. This nucleation correlation was then evaluated at the oper

ating conditions of an experimental potassium sulfate crystallizer of 

the MSMPR type described by Genck (22). The cumulative weight distri

bution calculated with this corrected nucleation rate was compared to 

that obtained for the experimental MSMPR case and was found to be in 

good agreement. 

The population distribution measurements performed in this 

study permitted measurement and correlation of nucleation and growth 

rate kinetics as well as discernment of secondary nucleation mechan

isms. This work bridges the gap between semiquantitative nucleation 

mechanism studies and MSMPR empirical nucleation growth rate ki

netics. 

Recommendations 

1. Future experiments with this apparatus on the potassium 

sulfate system should attempt to unequivocally demonstrate the exist

ence and form of the secondary nuclei birth distribution function, 

B(L). In particular such experiments should attempt to determine the 

mode of the birth distribution. Specifically, these experiments 

should 

(a) decrease retention time by increasing flow rates to the 

600-800 cc/min range, 

(b) reduce the lower size-measurement threshold to about 

0.5 micron by use of a 30-micron aperture counter sam

pling tube, 
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(c) pretreat seed crystals in slightly undersaturated solu

tion to minimize initial breeding, thus permitting 

meaningful population counts earlier in each run, and 

(d) introduce larger masses of seed crystals so that ade

quate counts can be obtained with the higher washout 

rates. 

2. The apparatus should also be adapted to count particles in 

a larger size range populated by convective growth, specifically the 

30-100 micron range, while operating at significantly longer retention 

times. In essence, such operation would span the gap between MSMPR 

data and the present study, thus obviating the problem of extremely 

size-dependent growth rates and simplifying data analysis. 

3. Experiments should be devised to simultaneously measure the 

nuclei birth function, B(L), and the size-dependent growth rate, G(L). 

Additional refinements and measurements would have to be introduced to 

accomplish this task. This could perhaps be done by attempting a more 

detailed analysis of the dynamic response to stirring rate changes or 

by a second particle measurement after further growth of the fine crys

tals in an environment where subsequent nucleation was nil. 

4. Other crystal systems, in particular organic crystals, 

should be studied to test the generality of the secondary nucleation 

mechanisms observed in this study. 



APPENDIX A 

GENERAL OPERATIONAL DATA 

The following tabulated data are summaries of the operating 

conditions of experimental runs performed in this study. The type of 

seed crystals used in a run is denoted by an N (for normal rhombic 

crystals) or an A (for aggregated polycrystalline crystals). Observa 

tions recorded during each run are noted in abbreviated form in the 

last column of the following material. Definition of these notes are 

a. Heavier, larger crystals falling to the bottom of the crys-

tallizer out of normal suspension flow. 

b. Static bunching of crystals at the bottom of the crystallizer 

c. Clogging of the flow system. 

d. Flow rate erratic for short periods, volume held steady manu

ally, average volume, and flow values listed. 

e. End of run. 

f. Volume steady throughout run. 

g. Volume steady for time interval shown. 

h. Stirring rate steady for time interval shown. 

i. Flow rate steady throughout run. 

j. Slurry sample withdrawn during run. 
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£un Initial Seed Seed Mesh ^ 
Mass, grams and Type sat op 

117 1.14323 -50+60 A 32.0 28.4 

120 1.03794 -50+60 A 32.0 28.4 

127 1.04391 -50+60 N 32.0 28.4 

128 0.95804 -50+60 N 32.0 28.4 
(mixed-long) 

212 1.04406 -40+45 N 32.2 28.5 

219 1.03862 -50+60 N 32.1 28.4 

221 2.08783 -50+60 N 32.2 28.5 

302 1.04597 -50+60N 32.2 26.6 

R t V Q T=v/Q Notes 

398 
515 

0 
142 
169 

760 
735 

104.4 
104.4 

7.28 
7.04 

8»h 
S»h 
e 

398 
515 

455 

0 
142 
234 
251 
314 

775 
757 

107.7 
103.1 

765 103.7 

7.19 
7.23 

7.40 

g,h 
g,h 
V = 83 ml 

8>h 

515 

515 

515 

515 

515 

515 

0 
178 

0 
178 

0 
165 
201 

0 
207 

0 
216 

0 
107 
154 
176 
206 

785 
770 

778 

782 

760 

774 

770 
760 

117.3 
109.4 

118.1 
100.8 

120.0 

101.1 

76.5 
74.5 

124.6 
122.5 

783 124.8 

116.2 

6.69 
7.03 

6.58 
7.72 

6.51 

7.51 

10.12 
10.39 

6 . 1 8  
6 . 2 0  

6 . 2 8  

6.74 

a 
e 

e,f 

a 
b 

c,e,f 

ON 
o 



Initial Seed Seed Mesh ^ 
Mass, grams and Type sat op 

304 32.2 26.6 
2.09785 -50+60 N 

309 1.04434 -50+60 A 32.2 26.5 

310 1.04050 -40+45 N 32.2 26.5 

312 32.1 26.5 
1.04405 -50+60 N 

314 32.2 26«5 
1.04465 -50+60 N 

318 32.2 24.7 
1.03602 -50+60 N 

t 
Rg t V Q T=V/Q Notes 

515 

515 

515 

567 

455 

515 

-10 
0 
65 
101 
174 
189 

0 
107 
130 

0 
166 
173 
188 

-12 

0 
170 
183 
198 

-19 
0 

86 
174 
201 

-16 

0 
90 
125 
155 

812 123.1 6.59 

117.5 6.90 

774 

785 

782 

778 

120.0 
115.0 

120.0 

114.8 

790 125.0 

117.3 

119.6 

117.5 

6.45 
6.73 

6.54 

6.84 

6.32 

6 . 6 6  

6.50 

6.63 

790 117.5 6.72 

111.2 7.03 

d 
a 

e,f 

e,f 

e,f 

e,f 

782 



£un Initial Seed Seed Mesh ^ 
Mass, grams and Type sat op 

319 1.05100 -50+60 N 32.2 24.7 

320 32.1 24.6 
1.04568 -40+45 N 

323 36.0 32.3 
1.04495 -50+60 N 

324 36.0 32.3 
1.04557 -60+70 N 

326 36.0 32.3 
1.04637 -45+50 N 

328 36.0 32.3 
1.04627 -40+45 N 

RG t V Q T=V/Q Notes 

515 0 765 119.2 6.41 h 
455 65 h,a 
398 125 h,b 

161 114.7 6.66 
167 e,f 

515 -17 778 116.2 
0 6.72 
63 a 
105 112.5 
122 769 6.86 
125 e 

515 -28 782 115.6 6.76 
0 

106 a 
135 113.2 6.91 
155 e,f 

515 -22 795 115.0 6.91 
0 

158 e>fji 

515 -10 778 114.4 6.80 
0 
68 a 
135 113.9 6.83 
158 e,f 

515 . -19 778 116.2 6.69 
0 
64 a' 
124 768 113.9 6.74 
158 e 

/ 



Initial Seed Seed Mesh 
Mass, grams and Type sat op 

331 36.1 32.3 
1.04533 -50+60 A 

402 36.0 32.3 
1.04470 -60+70 N 

403 36.0 32.3 
1.04472 -60+70 N 

407 36.1 32.3 
2.09113 -60+70 N 

409 ,35.9 30.2 
2.08678 -60+70 N ! 

410 36.0 30.2 
1.04600 -50+60 N 

Rg t V Q T=V/Q Notes 

515 

455 

567 

515 

515 

515 

-18 
0 

104 
127 

-18 
0 
90 
135 
153 

-21 

0 
135 
162 

-37 
0 

135 
160 

-12 

0 
95 
117 

-15 
0 

120 
129 
138 

765 

747 

769 

754 

769 

765 

747 

765 

749 

761 

117.5 

110.0 

116.7 

107.0 

113.5 

111.7 

109.8 

106.0 

112.3 

106.9 

124.6 

122.7 

6.51 

6.79 

6.59 

7.05 

6.77 

6 . 8 8  

6.97 

7.05 

6 .81  

7.01 

6.11 

6 .20  

e,f 

e.c 



^ Initial Seed Seed Mesh 
Mass, grams and Type sat op 

411 36.0 28.6 
1.03955 -60+70 N 

717 36.1 30.3 
1.04515 -50+60 N 

718 36.1 30.2 
1.04490 -50+60 N 

720 36.2 30.2 
1.04617 -50+60 N 

721 36.2 33.2 
1.04546 -50+60 N 

722 40.1 37.5 
1.05247 -40+45 N 

723 40.1 36.3 
1.04887 -45+50 N 

RG t V Q T=V/Q Notes 

515 

515 

567 

455 

515 

515 

515 

-14 
0 
69 

-6 

0 
134 
147 

-15 
0 

100 
115 

-13 
0 
57 
96 
105 

-23 
0 
97 

111 

-10 
0 
97 

108 

-17 
0 
97 
117 

765 119.8 

777 

752 

778 

768 

786 

760 

782 

774 

774 

795 

782 

795 

121.0 

115.8 

117.7 

110.8 

120.0 

110.2 

131.4 

127.1 

125.8 

131.9 

125.0 

131.2 

6.38 

6.42 

6.49 

6.61 

6.93 

6.55 

6.89 

5.95 

6.09 

6.15 

6.03 

6.25 

6.06  

e,f,i 

a 

e 



_ Initial Seed Seed Mesh _ 
Run w , T X T 

Mass, grams and Type sat op 

724 40.0 36.3 
1.04901 -45+50 N 

725 40.1 36.3 
.1.04711 -45+50 N 

727 39.9 34.1 
1.04292 -50+60 N 

728 40.1 32.3 
1.04664 -60+70 N 

729 40.1 36.3 
1.04966 -45+50 N 

730 40.0 36.3 
1.04918 -45+50 N 

Rg t V Q T=V/Q Notes 

455 

567 

515 

515 

820 

740 

-10 
0 

100 
103 
115 

-15 
0 

116 
125 

-21 
0 

100 
115 

-12 

0 
40 
67 
87 

-13 
0 

100 
120 

-20 
0 
59 

116 
127 

786 

760 

782 

765 

778 

765 

778 

760 

774 

752 

129.7 

123.3 

130.2 

121.7 

129.5 

124.3 

128.3 

125.7 

125.5 

118.8 

770 132.1 

752 126.4 

6.06  

6.16 

6 .00  

6.29 

6.01 

6.15 

6.06 

6.04 

6.17 

6.33 

5.83 

5.95 



APPENDIX B 

CORRECTED POPULATION DENSITY DATA 

Sample population counts taken by the Model T Coulter Counter 

were corrected for channel noise by deducting the corresponding average 

channel noise count determined prior to a run. This corrected count 

was then divided by the sample volume and the corresponding width of 

the channel in microns. The result was a population density of crys

talline particles at the average size of the channel in the units of 

no/cc-micron. Population density data for the experimental runs are 

tabulated in this appendix. Most values represent an average of three 

counts taken two minutes apart. The time listed is that of the median 

value. Some population density values are followed by symbols that in

dicate that an adjustment in the corresponding run time is necessary. 

These symbols denote: 

# deduct 1 minute from time shown, 

* add 1 minute to time shown. 

166 



t \ L 2.845 3.585 4.520 

RUN 117 
4 
15.5 
30.5 
48 
63 

331.3 
268.7 
290.5 
343.3 
413.8 

317.6 
300.0 

94.71 
95.53 

80 501.5 281.9 94.42 
112 825.4 349.6 130.14 
134 1021.8 452.8 160.57 
146 2494. 903.4 362.0 
148 3165. 1114.4 433.2 

150 3736. 1315.0 502.7 
152 4333. 1531.1 574.0 
154 4903. 1727.9 673.4 
156 5470. 1924.1 769.2 
160 6377. 2278.0 955.3 

RUN 120 
4 106.15 55.223 21.312 
11 97.946 48.596 10.577 
20 79.484 50.199 19.711 
33 188.46 67.271 27.245 
52 215.92 92.590 31.572 

73 362.84 145.36 49.519 
90 514.08 162.83 59.937 
118 741.54 251.02 106.58 
138 920.23 329.34 131.25 
145 1912.1 634.76 260.09 

155 4383.1 1485.3 589.08 
159 5223.8 1817.5 725.33 

5.695 

132.56 
91.45 
50.61 
41.33 
39.16 

34.85 
48.09 
62 .82  
152.40 
180.27 

209.8 
238.3 
271.9 
304.2 
376.2 

9.9236 
10.179 
7.2519 
9.1603 
14.248 

21.630 
24.809 
37.530 
50.763 
115.15 

231.30 
293.89 

7.175 9.040 11.39 14.35 

53.799 19.31 6.044 1.868 
30.943 11.538 3.880 1.413 
15.744 6.971 1.590 0.656 
12.804 5.930 2.609 0.859 
12.240 4.007 2.227 0.606 

11.780 4.406 1.717 0.859 
16.984 5.930 1.590 0.454 
22.677 7.211 2.609 1.110 
51.692 22.27 7.570 2.526 
62.996 24.59 8.588 2.777 

71.253 26.61 8.588 3.132 
81.041 23.44 9.288 3.333 
85.485 32.86 10.496 3.636 
100,20 36.06 12.341 3.838 
122.32 44.64 15.204 4.141 

3.6363 1.9231 0.3187 
4.3424 1.1226 0.4446 
3.5363 0.9615 0.1908 
4.24 24 1 .7620 0.4446 
3.8393 1.9231 1.0172 

5.2515 1.6827 0.7004 0.3530 
8.9908 2.8053 1.3359 0.3530 
12.627 4.1658 1.5270 0.7076 
15.857 6.0096 2.5400 0.1515 
37.979 13.702 4.2614 1.7682 

83.939 24.440 7.6336 2.4242 
97.875 32.933 9.4790 3.3333 

18.10 

0.5952 

0.7143 
0.9524 



t \ L 2.845 3.585 4.520 5.695 

RUN 120 (cont'd.) 
163 5675.4 2017.3 844.37 344.27 
167 6277.7 2241.7 946.97 394.27 
171 7092.8 2552.4 1069.8 464.50 
175 7828.7 2848.2 1216.2 536.14 
179 8465.8 3102.8 1347.2 614.50 

1B3 8974.4 3299.4 1418.6 664.39 
187 9361.5 3451.6 1556.4 685.99 
191 9684.1 3570.3 1603.8 735.38 
195 10266. 3780.5 1684.9 779.12 
199 10504. 3947.4 1750.5 831.30 

212 12184. 4533.9 2085.1 999.12 
224 14181. 5304.6 2447.0 1147.8 
244.5 12884. 4832.5 2280.4 1102.2 
254 12178. 4608.6 2170.0 1101.6 
258 10838. 4195.2 1993.6 999.12 

262 10127. 3 947 .2 1876.9 964.77 
266 9869.2 3840.5 1878.3 947.21 
270 9774.6 3820.9 1870.5 950.00 
274 9825.4 3870.3 1877.5 955.34 
282 9812.3 3839.6 1878.5 956.49 

286 9836.1 3829.1 1902.1 966.41 
298 10213. 3941.4 1910.2 996.30 
308 10308. 4024.1 1979.6 989.31 

RUN 127 
3 1109.0 365.84 108.36 38.805 
7 849.77 294.76 109.95 38.805 
11 611.31 239.58 84.471 34.225 
22 394.61 133.73 54.183 21.500 

7.175 

119.00 
134.85 
163.55 
183.55 
225.75 

247 . 58 
265.15 
290.39 
311.12 
336.06 

402.21 
491.51 
472.02 
470,39 
428.39 

423.78 
445.94 
440.21 
449.48 
444.85 

460.70 
466.06 
470.61 

12.009 
12.615 
11.403 
8.2723 

9. 040 

37.420 
46.875 
55.043 
65.697 
77.404 

82.620 
92.067 
105.29 
117.07 
123.56 

151.61 
199.76 
187.98 
189.90 
176.27 

171.80 
184.13 
189.18 
196.15 
198.39 

196.46 
204.16 
208.58 

4.238 
3.757 
4.238 
2.716 

11.39 

10.624 
13.612 
15.267 
19.212 
24.427 

29.256 
34.027 
34.866 
35.935 
41.603 

54.828 
68.569 
66.355 
69.656 
65.458 

65.133 
68.645 
74.561 
73.912 
84.351 

87.080 
86.775 
87.404 

1.780 
1.336 
1.336 
0.891 

14.35 

3.5863 
3.1318 
4.6970 
5.5560 
7.1212 

7.1712 
8.2833 
8.5348 
10.650 
12.171 

15.859 
21.863 
22.526 
24.742 
20.909 

20.707 
23.636 
25.504 
26.212 
26.257 

27.167 
32.015 
32.576 

18.10 

1.2702 
1.8250 
1.6667 
1 .8250 
1,7857 

2.2619 
2.3417 
2.8178 
3.1750 
3.1750 

3.6905 
5.7940 
6.7464 
5.0797 
5.5559 

5.8726 
6.3893 
7.0631 
7.8571 
8.3333 

9.1667 
8.6905 
10.753 



t \ L 2.845 

RUN 127 (cont'd.) 
26 380.77 
38 411.54 
52 472.31 
62 560.00 
72 615.38 

82 718.00 
92 826.46 
102 900.54 
112 988.23 
122 1050.8 

132 1198.2 
142 1256.9 
152 1376.9 
162 1465.1 
172 1591.1 

RUN 128 
3 1134.4 
7 811.84 
11 555.92 
22 375.15 
26 369.77 

38 335.92 
52 396.15 
62 407.22 
72 510.31 
82 580.31 

92 695.15 
102 750.77 

3.585 4.520 

136.93 47.933 
137.35 51.457 
174.09 62.995 
208.25 80.625 
219.28 95.529 

250.78 106.10 
303.01 126.15 
332.95 140.72 
368.67 164.28 
398.19 162.21 

442.17 200.82 
490.36 201.92 
501 .02 227.26 
566.68 246.01 
589.76 272.45 

357 .83 1 26.63 
268.49 99.375 
192.35 74.053 
134.76 53.062 
133.91 55.625 

133.31 55,947 
144.40 56.106 
153.19 62.836 
181.50 79.505 
220.06 97.452 

263.67 112.69 
277.71 122.93 

5.695 7.175 9.040 11.39 

22.393 6.9600 2.716 0.635 
24.301 9.3845 2.716 1.273 
28.244 8.3728 2.074 1.017 
37.912 11.606 4.478 1.273 
38.423 13.515 3.918 1.971 

43.511 17.869 6.401 1.717 
57.252 21.203 6.803 1.399 
66.920 24.939 6.483 2.418 
74.313 27.060 8.966 3.307 
79.389 30.797 11.291 4.136 

88.282 34.030 10.007 4.517 
100.49 39.272 14.495 4.070 
96.832 45.242 17.541 4.517 
121.26 42.515 14.815 6.425 
117.17 55.848 19.622 6.933 

46.820 13.727 5.536 0.820 
40.458 14.536 4.656 0.820 
28.370 10.900 4.175 0.757 
23.282 7.9698 2.170 0.185 
24.301 7.1600 2.411 0.311 

22.263 7.5668 2.733 0.568 
24.172 7.9698 3.053 0.502 
26.336 10.596 3.293 0.502 
30.916 11.909 4.495 1.265 
41.859. 15.039 2.973 1.330 

51.401 18.879 6.098 2.156 
51.019 19.787 8.420 2.983 



t \ L 2.845 

RUN 128 (cont'd.) 
112 771.54 
122 875.38 
132 910.77 
142 950.77 
152 1092.3 

162 1165.7 
174 1256.7 

RUN 212 
3 788.92 
7 545.61 
11 469.46 
22 472.54 
26 493.31 

40 577.92 
50 741.77 
60 818.92 
70 971.23 
80 1034.6 

90 1117.4 
100 1252.0 
110 1360.4 
120 1430.2 
130 1554.6 

140 1722.5 
150 1790.4 
160 1982.5 
170 2132.0 
180 2278.9 

3.585 4.520 

299.82 131.73 
318.25 158.36 
342.17 152.11 
382.11 166.06 
417.89 190.09 

446.20 197.31 
485.12 210.29 

283.93 111.04 
201.00 80.274 
176.50 65.207 
163.65 67.932 
163.05 73.062 

214.46 84.279 
239.96 110.56 
285.14 120.01 
329.11 146.45 
373.90 153.67 

400.80 166.97 
455.22 203.35 
490.50 221.94 
526.31 234.44 
557.03 254.63 

619.09 290.53 
660.06 300.78 
721.08 328.03 
772.29 341.33 
850.42 380.91 

5.695 

59.923 
62.469 
66.668 
87.901 
92.366 

98.969 
96.069 

40.600 
28.130 
26.348 
28.511 
30.165 

38.435 
43.652 
57.393 
63.244 
70.753 

81.691 
94.416 
102.17 
113.62 
114.13 

127.36 
146.83 
159.43 
166.30 
180.80  

7.175 

23.930 
29.282 
32.415 
29.384 
36.151 

37.463 
41.706 

14.353 
10.616 
9.2023 
9.1008 
9.2023 

13.040 
16.475 
22.232 
23.040 
27.990 

33.039 
39.403 
38.191 
41.424 
49.403 

53.848 
62.939 
67.384 
72.233 
81.424 

9.040 

7.300 
10.384 
9.543 
11.786 
13.228 

14.670 
15.714 

4.655 
4.014 
3.854 
4.094 
4.014 

3.854 
6.819 
5.697 
9.783 
11.867 

11 .626  
13.710 
14.351 
16.434 
20.761 

20.360 
20.120 
26.130 
27.493 
30.055 

11.39 

3.301 
3.110 
3.429 
4.193 
5.147 

5.719 
5.845 

1.527 
1.463 
1.654 
1.654 
1.272 

1.208 
2.608 
3.053 
1.336 
3.435 

4.898 
4.580 
5.280 
5.853 
6.997 

8.460 
8.842 
9.860 
10.178 
9.605 



t \ 2.845 3.585 4.520 5.695 

RUM 219 
3 1050.2 392.56 139.10 56.616 
7 847.18 321.48 110.25 48.345 
11 636.92 260.84 97.436 40.967 
27 512.57 175.70 69.869 32.324 
36 576.67 174.29 74.359 29.262 

48 634.61 238.75 87.018 36.769 
60 838.21 275.30 107.69 48.982 
70 943.57 330.72 131.41 59.414 
80 943.57 376.30 153.04 69.337 
90 1077.9 443.17 169.71 79.643 

100 1225.1 465.66 200.32 95.547 
110 1369.7 540.78 241.34 99.364 
120 1546.1 598.79 254.96 121.24 
130 1716.6 642.77 285.73 131.93 
140 1932.8 711.81 317.94 145.67 

150 2131.8 767.23 350.80 167.43 
160 2262.0 806.99 369.87 174,17 
170 2416.1 878.07 383.49 185,87 
180 2544.3 906.02 421.79 195,80 
190 2614.1 939.15 423.07 209.03 

RUN 221 
3 1836.1 659.62 231.73 97 . 201 
7 1237.4 426.91 150.80 68.063 
11 893.07 302.00 120.83 51.144 
24 635.12 223.29 91.024 35.369 
33 736.38 228.51 101.60 36.640 

40 809.46 257.42 98.557 46.182 
50 965.84 308.03 124.20 56.361 

7.175 9.040 

19.495 6.4101 
17.373 5.6089 
15.859 4.0063 
10.707 3.4455 
10.808 4.0864 

14.343 3.4455 
16.767 6.4102 
22.121 8.4133 
30.707 11.378 
35.352 10.094 

36.564 15,384 
42.322 15.785 
46.968 19.551 
52.422 21.394 
62.828 20.993 

67.170 26.842 
69.392 28.445 
74.846 29.967 
82.828 34.373 
90.101 29.967 

32.828 11.538 
23.030 8.9740 
17.070 7.3717 
14.848 5.5287 
13.636 4.4871 

15.757 6.0095 
21.919 8.1729 

11.39 14.35 

1.2086 
1.3359 
1.7812 
1.0178 
1.0178 

1.0814 
1.2723 
I.8447 
3.4987 
2.9898 

3.4987 1.3636 
6.0432 1.7676 
4.1348 1.7676 
5.7888 1.7676 
8.5241 2.9293 

9.1602 2.4747 
8.5241 3.1313 
10.241 3.3332 
II.959 3.2828 
12.468 3.9393 

2.9261 1.0101 
3.0534 0.9596 
2.4808 0.7070 
1.2723 0.4545 
1.5267 0.2525 

1.9083 0.6060 
2.6717 0.9596 



t \ L 2.845 

RUN 221 (cont'd.) 
60 1072.0 
70 1195.1 
80 1371.2 
90 1619.2 
100 1759.4 

110 1881.2 
120 2114.6 
130 2352.5 
140 2436.9 
150 2780.7 

160 2965.4 
170 3110.0 
180 3518.7 
191 4033.1 
200 4120.7 

RUN 302 
3 970.77 
7 651.27 
11 522.31 
15 446.92 
19 447.17 

29 544.61 
40 713.07 
50 919.69 
60 1109.2 
69 1385.7 

80 1619.4 
90 2055.1 

3.585 4.520 5.695 

380.72 154.00 67.682 
401.80 165.06 71.373 
467.65 191.02 81.804 
555.82 233.97 102.03 
603.59 263.46 112.97 

650.76 268.75 123.66 
751.13 321.78 141.21 
776.30 352.40 150.89 
887.51 377.88 178.61 
955.82 424.83 201.40 

1044.1 444.71 216.28 
1121.8 499.32 223.15 
1189.7 538.12 240.71 
1310.9 576.92 273.53 
1459.2 651.58 306.99 

350.00 131.57 38.677 
229.32 93.109 37.913 
174.80 68.748 29.642 
153.01 64.421 26.208 
150.00 61.537 26.463 

188.55 84.772 36.513 
238.15 103.68 44.146 
306.43 124.19 56.742 
383.53 167.15 70.100 
482.93 209.45 91.348 

593.35 259.13 114.76 
764.62 322.11 155.47 

7.175 9.040 11.39 14.35 18.10 

22.828 8.0929 3.7532 0.8586 
28.686 9.6152 4.3257 1.0606 
33.131 9.3748 3.5623 0.8586 
37 . 070 16.186 4.4528 1.3636 
43.434 15.865 5.1526 1.6666 

48.382 17.708 6.5520 1.4646 
57.071 21.394 6.0432 2.4747 
63.131 22.436 7.4427 2.3232 
72.312 26.044 8.3333 2.9797 
84.846 30.368 12.532 3.5353 

86.262 33.332 12.532 4.5454 
90.806 36.296 15.839 4.8484 
104.54 39.823 13.677 4.4948 
118.13 45.032 15.776 5.4545 
129.99 51.041 19.083 5.4545 

16.464 4.3269 1.4631 0.4040 
12.626 3.0447 1.3359 0.2020 
10.808 2.9646 1.2722 0.2525 
11.111 3.6057 1.0814 0.3535 
8.0807 4.0864 1.7175 0.5050 

12.020 5.9293 2.1628 0.6565 0.0794 
17.474 8.4935 3.1805 1.2121 0.2381 
23,434 8.4935 3.3714 1.1111 0.3174 
29.192 13.942 5.0889 1.3131 0.3571 
38.899 18.149 5.5343 1.6666 0.7341 

50.099 20.352 7.7607 2.6766 0.9127 
64.241 26.601 9.9236 3.6868 1.1508 



t \ L 2.845 3.585 4.520 5.695 

RUN 302 (cont'd.) 
100 2510.2 898.17 414.26 181.29 
110 3041.2 1090.3 493.40 227.99 
120 3631.7 1337.7 605.75 290.20 
130 4516.6 1675.9 760.56 351.52 
140 5461.5 1959.4 899.98 435.62 

150 6427.4 2372.1 1090.7 524.78 
160 7218.4 2666.2 1242.6 605.58 
170 8518.1 3168.0 1483.1 746.69 
180 9847,4 3639.1 1733.6 881.80 
190 11947. 4357.2 2115.3 . 1062.2 

200 13007. 4842.1 2305.7 1201.1 

RUN 304 
3 2212.0 755.87 279.48 107.06 
7 1629.2 529.56 202.56 75.889 
11 1256.1 407.68 154.81 59.603 
15 1100.0 372.94 140.70 59.733 
19 1058.1 351.05 132.37 58.969 

23 1162.5 375.35 144.87 63.03 8 
33 1395.4 467.71 229.96 83.523 
44 1795.4 625.51 259.29 117.11 
58 2618.4 858.04 380.60 168.51 
69 3051.7 1042.6 450.32 209.73 

80 3898.7 1312.2 590.86 278.94 
89 4835.0 1683.9 739.18 364.88 
100 5718.1 1988.6 891.63 438.36 
110 6881.2 2450.4 1124.2 548.89 
120 8551.5 3050.2 1361.8 616.22 

7.175 

79.899 
98.984 
123.33 
167.47 
200.50 

.11 
276.56 
331.41 
396.74 
504.44 

568.57 

31.618 
26.060 
25.252 
22.121 
19.596 

24.549 
34.442 
48.181 
76.363 
95.245 

115.96 
165.30 
204.63 
246.96 
310.60 

9.040 

33.413 
45.832 
49.279 
64.582 
78.925 

104.57 
112.18 
147.67 
181.73 
228.28 

263.12 

10.637 
9.0344 
7.7524 
8.6336 
.9.6755 

11.598 
15.925 
20.012 
32.190 
38.521 

50.620 
71.094 
88.360 
109.11 
141.80 

11.39 

14.058 
15.012 
17.684 
26.971 
33.969 

37.849 
45.483 
62.404 
69.210 
106.99 

123.02 

3.1965 
3.1965 
3.0693 
3.3874 
3.1965 

4.3416 
6.2500 
6.8860 
13.120 
13.502 

21.834 
29.151 
37.229 
45,817 
59.238 

14.35 

3 . 8383 
5.7069 
8.3838 
9.0909 
10.858 

16 .160  
17.424 
21.818 
27.221 
43.030 

55.353 

1.7045 
1.5530 
1.3005 
1.1995 
1.6539 

I.7045 
2.1591 
3.3206 
5.3409 
7.0580 

9.2297 
II.326 
16.098 
18.471 
23.774 

18.10 

1.2698 
1.5476 
2.2222 
2.6586 
3.7301 

3.6904 
6.2301 
6.7460 
8 . 2936 
15.118 

21.428 

0.5159 
0.5952 
0.6349 
0.4365 
0.6349 

0.9524 
0.8333 
1.3095 
1 .6666 
1.9840 

2.9762 
4.7619 
6.3095 
7.1031 
9.3253 



t \ u  2.845 3,585 4.520 5.695 7.175 

RUN 304 (cont'd.) 
130 10169. 3629.5 1686.3 826.52 393.21 
140 12072. 4311.3 1990.5 1012.2 473.03 

150 14336. 5153.2 2424.6 1240.7 583.73 
160 16900. 6060.1 2852.4 1462.2 677.87 
170 19368. 6929.1 3326.7 1686.7 806.36 

180 22004. 7913.7 3778.0 2002.5 954.23 

RUN 309 
3 173.84 62.450 35.096 20.865 8.5359 
7 226.92 72.890 41.663 23.282 8.7876 
13 367.43 122.48 54.327 25.954 12.019 
26 980.46 229.32 85.413 54.197 25.555 
38 1826.1 599.56 254.16 111.57 48.080 

50 2991.7 1022.4 449.13 188.93 79.192 
60 4488.7 1524.7 682.21 328.37 135.15 
71 6458.7 2258.8 1017.6 494.64 218.08 
80 8972.7 3190.7 1463 .7 727.08 317.67 
90 12202. 4426.0 2060.2 1023.1 470.10 

100 16268. 5932.7 2765.8 1415.1 661.51 
110 19499. 7248.3 3404.5 1749.9 838.89 
120 24030. 9013.6 4305.6 2230.7 1024.8 

RUN 310 
3 1155.4 319.47 118.39 39.946 11.919 
7 923.88 275.09 101.56 40.328 13.737 
11 898.01 273.49- 103.80 41.347 16.363 
15 942.11 277.71 111.18 46.691 18.888 
27 1280.2 372.49 151.40 69.847 28.990 

40 1762.3 445.98 210.37 93.000 36.363 

9.040 

167 .76 
218.57 
267.27 
316.96 
372.41 

447.56 

3.0448 
3.1248 
5.2082 
7.6121 
18.670 

31.409 
55.688 
92.787 
143.03 
200.40 

300.39 
375.94 
480.92 

6.2298 
6.4702 
7.5920 
8.0728 
12.239 

12.400 

11.39 14.35 

74.315 32.562 
96.198 40.441 
114.96 50.038 
141.30 59.683 
170.11 74.027 

198.04 86.856 

1.3359 0.4453 
0.8269 0.9542 
2.0992 0.9542 
4.9618 2.1628 
7.7608 3.0534 

13.040 7.0610 
24.617 10.305 
36.068 16.985 
55.280 26.908 
87.404 42.110 

121.50 66.985 
166.79 87.912 
221.56 113.42 

1.8607 0.9596 
2.1151 0.9596 
2.6876 1.1111 
2.6240 1.4646 
5.0412 1.8182 

7.2677 3.0303 

18.10 22.00 

10.833 
14.405 
17.697 
24.682 
26.190 

33 .769 

0.1587 
0.1010 0.0397 
0.1515 0.1190 
0.9091 0.6349 
1.9192 0.5555 

3.1817 1.1904 
3.6363 1.4682 
4.8990 2.7380 
9.0403 3.3730 
14.848 4.6825 

23.232 6.7849 
29.847 9.2856 
40.202 12.103 

0.2480 0.1923 
0.4464 0.3525 
0.4861 0.1602 
0.4067 0.0961 
0.8036 0.1282 

1.1607 0.3846 



t \ L 2.845 

RUN 310 (confcTd.) 
50 1970.8 
60 2278.2 
70 2677.7 
80 2894.1 
90 3493.3 

100 4158.2 
110 5200.2 
120 5958.7 
130 6483.9 
140 

150 8186.4 
160 9166.7 
170 10472. 
180 11351. 

RUN 312 
3 1096.1 
7 877.43 
11 784.10 
15 814.59 
19 882.82 

30 1139.2 
40 1477.4 
50 1825.1 
60 2136.6 
70 2542.3 

80 3134.8 
90 3738.2 
100 4540.7 

3.585 4.520 

583.13 236.66 
639.15 309.73 
827.71 353.96 
966.62 440.82 
1143.1 509.88 

1333.5 600.89 
1615.0 719.64 
1906.4 850.41 
2143.7 970.31 

1102.5 

2731.7 1263.6 
3003.8 1424.9 
3376.2 1592.2 
3816.8 1801.4 

348.99 138.30 
278.11 112.98 
246.98 105.29 
249.80 106.41 
268.87 109.77 

353.21 157.37 
469.87 192.62 
572.89 244.07 
705.62 304.96 
807.43 376.76 

1055.6 472.91 
1253.9 570.00 
1568.9 715.67 

5.695 7.175 

113.74 54.242 
136.00 63.939 
174.04 74.545 
206.23 91.212 
250.00 115.35 

290.58 131.11 
346.18 165.65 
428.24 191.92 
492.75 225.86 
550.23 260.91 

641.83 290.30 
719.08 348.18 
807.25 390.49 
913.74 428.28 

47.834 17.575 
42.365 13.535 
37.659 15.858 
41.857 17.576 
49.873 18.586 

66.666 29.191 
84.350 37.372 
104.32 48.281 
136.89 58.484 
176.33 76.968 

216.53 97.171 
275.44 121.72 
345.42 156.36 

9.040 

19.771 
27.142 
31.149 
41.726 
48.858 

58.954 
72.255 
84.675 
97.735 
121.05 

135.95 
150.46 
180.11 
199.66 

4.9678 
6.0896 
6.6505 
6.2500 
7.9327 

10.657 
13.702 
17.468 
24.519 
33.091 

41.505 
52.884 
69.149 

11.39 

7.2677 
9.3034 
14.647 
16.046 
21.643 

23.044 
32.139 
37.992 
46.771 
51.160 

66.555 
73.679 
88.311 
94.735 

1.2086 
2.0992 
2.1628 
2.3536 
3.4351 

3.0534 
5.5979 
7.2519 
11.005 
13.995 

17.811 
22.328 
28.435 

14.35 

3.6868 
3 . 43 42 
4.8485 
6.6161 
B.4848 

11.060 
12.626 
16.868 
18.888 
21.666 

26.364 
33.282 
36.312 
41.818 

0.8081 
0.8081 
0.9596 
0.8586 
1.2626 

1.2626 
2.6766 
2.6262 
3.6363 
5.5050 

7.1212 
8.8888 
11.767 

18.10 

1.2401 
1.3590 
2.3512 
2.1527 
2.7480 

3.8988 
4.5336 
6.2003 
7.3512 
9.2162 

9.6527 
12.152 
13.780 
15.922 

0.4762 
0.1984 
0.3174 
0.4762 
0.3174 

0.6349 
0.8333 
0.8333 
1.9841 
1.6666 

1.9443 
2.8174 
3.9682 

22.80 

0.3525 
0.3846 
0.5769 
0.7051 
0.8013 

1.3140 
1.1538 
2.1794 
1.9551 
2.2756 

3.1409 
3.0448 
4.1346 
4.8717 

0.0961 
0.0961 
0.0320 
0.2243 
0.2564 

0.2564 
0.2564 
0.3205 
0.4487 
0.8013 

0.4487 
0.8654 

1.4102 



t „\ L 2.845 

RUN 312 (cont»d.) 
110 5567.6 
120 6449.9 
130 7875.9 
140 9659.4 
151 11348. 

160 13352. 
171 15983. 
180 18443. 
190 21243. 

RUN 314 
3 998.46 
7 627 . 43 
11 437.94 
15 351.79 
19 306.66 

23 275.12 
35 360.51 
46 466.66 
66 701.79 
80 882.77 

90 990.77 
100 1213.5 
110 1389.4 
120 1704.3 
130 2018.7 

140 2247.9 
150 2660.2 
160 3082.5 

3.585 4.520 

1900.4 897.88 
2308.4 1078.6 
2832.9 1308.2 
3451.1 1633.6 
4126.4 1963.2 

4863.6 2299.6 
5728.7 2778.9 
6685.3 3256.2 
7568.4 3688.4 

333.13 122.43 
214.66 74.997 
149.99 49.516 
116.26 45.352 
103.01 40.545 

82.328 37.820 
111.04 46.953 
144.18 62.179 
221.89 113.78 
290.76 132.05 

327.70 154.16 
411.04 181.57 
478.11 219.87 
610.20 263.62 
706.22 334.13 

789.54 360.25 
951.58 437.98 
1070.7 510.88 

5.695 7.175 

420.33 200.20 
516.02 242.42 
658.65 308.47 
827.08 386.65 
1008.6 482.92 

1188.5 560.29 
1447.2 685.83 
1698.7 816.05 
1922.0 922.32 

42.875 14.444 
26.335 9.5959 
21.119 6.9696 
21.119 6.5554 
19.084 7.3736 

17.557 5.3534 
18.956 9.3939 
28.626 11.413 
45.165 20.909 
68.574 29.191 

76.333 34.645 
91.348 38.181 
96.055 49.394 
131.29 62.018 
156.23 72.220 

181.04 82.524 
203.30 94.136 
249.87 116.06 

9.040 

95.110 
107.45 
129.32 
166.50 
221.99 

261.20 
326.44 
388.12 
454.32 

4.0064 
2.7242 
3.5256 
3.3653 
2.4838 

2.1634 
3.7660 
5.6088 
9.2146 
11.218 

14.663 
18.670 
23.557 
26.602 
33.893 

35.497 
45.432 
52.804 

11.39 

36.513 
47 . 072 
58.460 
77.481 
95.420 

121.12 
149.17 
173.73 
212.65 

1.3359 
1.2722 
1.4631 
1.3359 
1.0814 

0.5725 
1.2722 
I.9719 
4.3256 
4.8981 

7.1246 
7.3790 
9.1603 
II.577 
13.995 

16.985 
19.210 
25.126 

14.35 

14.141 
18.232 
23.485 
34.292 
40.151 

50.959 
63 .736 
76.918 
97.576 

0.7576 
0.7576 
0.2020 
0.3535 
0.4040 

0.2525 
0.8081 
0.7070 
1.8686 
2.0201 

2.5251 
3.53 53 
4.4948 
4.9494 
6.7171 

7.0706 
8.0807 
10.151 

18.10 

4.8809 
7.7777 
8.5713 
11.151 
14.901 

18.967 
24.166 
29.841 
38.491 

0.1190 
0.1984 
0.1190 
0.0793 
0.1980 

0.1190 
0.2777 
0.1984 
0.7539 
0.9920 

1.1508 
1.2301 
1.1508 
1.8550 
2.1825 

2.5000 
2.7777 
4.1269 

22.80 

2.1474 
2.3077 
2.5961 
3.3654 
4.8077 

5.4166 
8.0448 
10.640 
12.467 



t \ L  2 . 8 4 5  3 . 5 8 5  

RUN 314 (cont'd.) 
170 3502.3 1234.9 
180 3871.7 140E.6 
190 4279.7 1537.7 
201 4876.1 1764.2 

RUN 318 
3 1181.5 385.94 
7 1057.4 326.90 
11 928.72 298.59 
15 960.25 311.04 
19 1052.5 362.64 

30 1605.1 546.38 
40 2146.1 705.20 
50 2854.9 978.27 
60 3812.2 1313.4 
70 4949.9 1727.0 

80 6203.8 2222.2 
90 7874.5 2868.9 
100 9871.8 3608.6 
110 11837. 4354.8 
121 14277. 5330.6 

130 16555. 6149.3 
140 19166. 7108.9 
15 0 21 477 . 8040.9 

RUN 319 
3 1115.3 388.55 
7 1024.1 355.82 
11 1020.2 340.16 
15 1129.9 372.89 

4.520 5.695 7.175 

593.72 296.82 138.17 
655.59 328.75 151.11 
742.47 372.40 183.93 
838.96 420.35 204.17 

140.22 57.379 16.263 
121.31 53.688 19.292 
120.19 50.761 21.009 
136.05 53.180 25.050 
148.07 63.486 26.262 

220.19 101.01 40.705 
300.96 139.69 59.796 
424.67 201.52 88.384 
597.24 285.49 119.19 
789.26 390.32 166.05 

1053.3 507.38 232,11 
1351.6 655.85 302.92 
1712.5 850.13 385.66 
2067.6 1047.1 494„53 
2535.4 1303.2 627.93 

2974.3 1576.2 749.98 
3480.4- 1820.3 870.38 
3974.5 2075.8 1021.4 

145.51 55.088 18.282 
140.86 58.397 18.990 
142.79 61.576 22.525 
158.17 68.065 29.393 

9.040 

5B.093 
69.951 
79.727 
90.665 

5.3684 
6.8107 
8.1730 
9.6953 
11.458 

18.349 
26.843 
35.016 
54.727 
71.713 

99.759 
131.09 
186.37 
228.36 
283.93 

340.13 
422.18 
488.76 

8.3333 
8.8141 
9.4549 
11.618 

11.39 14.35 

28.500 13.181 
32.633 14.091 
36.004 15.656 
42.080 19.053 

2.2901 0.6060 
2.8626 0.9091 
2.5444 0.9091 
2.5444 1.8686 
4.0712 2.3736 

6.9338 3.0303 
12.214 5.1515 
16.730 6.5656 
23.981 10.454 
31.2̂ 3 14.091 

45.483 17.424 
61.575 26.463 
79.643 35.857 
106.36 45.353 
127.86 59.545 

165.39 71.463 
200.25 88.989 
237.98 108.94 

2.5444 1.3131 
3.0534 1.1616 
3.8803 1.3131 
4.5801 1.4646 

18.10 22,80 

4.6031 
5.1190 
6.6666 
7.0536 

0.4762 0.2564 
0.5159 0.1923 
0„5159 0.0320 
0.5952 0.0641 
0.5555 0.1923 

1.2697 0.4166 
1.3491 0.5128 
2.2619 0.8333 
3.9682 0.9935 
5.1190 1.7948 

7.1031 2.9807 
9.9206 3.2050 
13.769 3.9743 
16.269 6.5064 
21.666 7.8045 

27 . 024 8.3012 
35.476 11.891 
43 . 015 1 4.358 

0.3571 
0.3174 
0.3174 
0.5555 



t \ L 2.B45 

RUN 319 (cont'd.) 
19 1314.1 
30 1907.1 
40 2850.4 
50 3967.4 
60 4797.9 

68 4504.1 
72 3805.6 
76 3519.7 
87 3 6 27 .9 
95 4192.2 

105 4621.7 
116 5413.0 
127 4769.1 
131 3452.2 
135 2638.6 

139 2005.3 
153 1424.3 
161 1427.6 

RUN 320 
3 982.82 
7 1064.6 
11 1228.6 
19 1515.9 
30 2460.5 

40 3321 .7 
50 4005.8 
60 4774.6 
69 5702.0 

3.585 4.520 

418.27 174.52 
624.26 265.54 
939.56 399.83 
1272.7 539.08 
1621.0 716.82 

1574.8 728.65 
1316.6 599.65 
1213.2 533.80 
1246.2 567.93 
1471.5 654.95 

1647.1 759.13 
1933.5 892.79 
1715.0 820.82 
1239.5 594.85 
924.07 443.27 

726.91 349.52 
479.11 242.62 
457.83 226.12 

350.36 136.22 
363.85 148.24 
422.29 179.16 
596.74 253.84 
835.30 372.59 

1131.9 512.80 
1426.8 638.91 
1751.2 787.95 
2025.0 952.32 

5.695 7.175 

72.389 29.697 
116.92 51.210 
187.40 81.009 
254.58 117.37 
358.14 154.54 

363.74 160.00 
306.61 138.17 
281.68 123.93 
279.51 126.65 
330.28 150.80 

381.03 170.50 
430.27 211.51 
415.11 195.66 
300.76 149.29 
230.02 112.22 

180.66 84.240 
121.12 57.677 
115.27 52.328 

53.560 18.384 
62.212 27.980 
74.300 31.211 
79.644 45.960 
173.93 70.908 

244.40 98.486 
308.90 143.63 
381.28 175.75 
472.58 200.65 

9.040 11.39 14.35 18.10 22.80 

13.782 6.2341 1.6160 0.8730 
18.830 8.8421 3.4848 1.5078 
33.973 13.295 5.9595 2.3809 
49.357 19.465 8.5857 3.1745 
68.028 30.215 13.939 5.0000 

73.237 30.596 13.081 4.5634 
63.059 25.062 11.565 5.1983 
56.410 24.363 10.454 4.5634 
53.124 27.161 10.858 4.6825 
66.826 29.326 13.686 5.0396 

75.078 34.096 16.060 6.9047 
96.153 43.257 18.182 7.4206 
92.867 44.593 17.069 6.7857 
70.593 33.333 13.232 5.2380 
55.689 25.572 10.656 4.2857 

41.967 19.020 8.7373 4.2857 
27.643 12.468 6.2121 2.4602 
27.001 13.359 6.4141 2.6587 

7.7724 3.3714 1.3636 0.5159 0.1282 
9.8556 4.2620 1.5656 0.7539 0.1602 
13.221 5.7887 1.5656 0.8730 0.2243 
22.596 8.7786 3.1818 0.9524 0.3846 
30.767 12.341 4.3939 2.2619 0.8974 

45.832 23.345 6.8686 3.1745 1.0256 
60.255 26.145 11.970 4.1269 1.2500 
77.642 35.049 15.554 6.1111 1.6346 
95.152 44.370 19.924 6.9047 2.6923 



t\ L 2.845 

RUN 320 (cont'd.) 
80 6563.6 
90 7645.9 
100 8863.6 
110 10439. 
120 12092. 

RUN 323 
3 1122.3 
5 945.19 
7 863.11 
9 746.42 
11 682.37 

13 624.16 
15 600.31 
17 587.75 
21 592.88 
33 706.73 

41 918.50 
50 1046.7 
60 1264.6 
69 1535.6 
80 1991.6 

90 2295.9 
100 2805.9 
110 3369.5 
120 4045.6 
130 4594.1 

140 5418.5 
150 6331.3 

3.585 4.520 

2446̂ .7 1142.3 
2879.9 1369.9 
3295.8 1601.4 
3934.5 1890.3 
4613.4 2260.4 

370.78 149.68 
309.73 132.37 
274.40 117.79 
238.05 98.875 
222.38 91.505 

196.28 83.009 
183.63 82.851 
175.00 81.086 
180.62 80.769 
231.62 99.836 

286.24 117.95 
333.83 143.43 
416.16 188.94 
493.97 212.74 
649.88 275.80 

789.46 339.74 
924.40 415.86 
1110.1 529.81 
1353.9 599.52 
1609.1 724.81 

1856.5 868.89 
2166.7 1029.6 

5.695 7.175 

578.3 4 270.09 
674.68 326.35 
824.15 378.77 
982.43 472.71 
1175.0 560.99 

67.809 25.530 
56.107 21.893 
51.652 21.287 
45.801 18.863 
40.710 16.944 

38.801 15.328 
35.622 14.318 
36.511 14.924 
36.259 15.328 
42.618 19.470 

51.271 25.732 
64.630 30.681 
85.366 34.924 
104.39 42.955 
126.33 57.954 

167.04 71.691 
210.17 94.014 
253.18 107.75 
294.02 139.16 
376.20 162.80 

434.96 198.05 
513.97 241.99 

9.040 

121 .79 
149.20 
175.32 
217.95 
265.53 

9.5151 
9.7555 
7.9125 
7.1113 
6.7106 

6.7106 
6.3101 
5.3485 
5.9094 
6.6305 

9.5952 
11.278 
16.566 
18.449 
25.940 

31.469 
39.161 
49.978 
59.033 
73.858 

87.800 
104.46 

11.39 

56.280 
66.794 
78.179 
98.664 
125.06 

3.1170 
2.9261 
2.8626 
2.7988 
2.6717 

2.2901 
1.5902 
2.2901 
2.2901 
2.6717 

3.6895 
4.6437 
5.4070 
8.1107 
9.7328 

14.822 
15.776 
20.801 
24.681 
30.343 

37.277 
47.263 

14.35 

23.585 
2B.535 
34.898 
46.009 
54.191 

1.0985 
0.9975 
0.9975 
0.6439 
0.7449 

0.7449 
1.0479 
1.2500 
1.3510 
1.6034 

1.0479 
1 .7045 
2.9671 
3.7500 
3.8257 

4.3812 
5.8963 
7.1591 
10.593 
12.765 

16.603 
19.280 

18.10 

9.8412 
11 .389 
13.650 
15.714 
21.745 

0.2579 
0.5357 
0.6944 
0.5357 
0.3373 

0.2976 
0.3770 
0.4166 
0.4166 
0.4960 

0.2182 
0.7341 
0 . 93 25 
0.5952 
0.8532 

2.1230 
2.9166 
2.8372 
3.8690 
3.7500 

5.8134 
6.7658 

22.80 

3.3012 
4.5192 
4.2307 
5.4166 
7.2115 



t \ L 

RUN 324 
3 
5 
7 
9 
13 

17 
21 
25 
35 
44 

60 
70 
80 
90 

100 

110 
120 
130 
140 
150 

RUN 326 
3 
5 
9 
13 
17 

30 
40 

2.845 3.585 

1125.6 417.66 
987.66 341.97 
856.13 275.10 
709.99 227.91 
570.25 186.14 

522.82 186.54 
522.56 186.14 
525.90 180.12 
640.36 186.94 
748.20 229.71 

991.28 334.53 
1242.8 378.71 
1540.9 494.17 
1899.0 617.06 
2340.0 778.71 

2767.1 933.29 
3319.0 1089.5 
3929.4 1360.8 
4711.7 1615.0 
5606.3 1915.6 

1038.3 366.16 
901.19 313.75 
721.96 252.11 
725.57 229.82 
786.57 255.92 

930.42 295.28 
1144.8 380.02 

4.520 5.695 

147.7 5 66.918 
117.47 56.231 
100.48 46.437 
80.449 34.224 

68.588 32.442 
66.665 30.279 
73.876 31.297 
77.242 36.259 
99.035 . 46.945 

134.13 68.445 
166.02 83.712 
216.50 103.94 
268.91 124.93 
326.12 166.53 

405.45 207.50 
502.23 242.36 
611.70 303.43 
725.64 362.72 
889.10 453.53 

147.23 71.912 
134.41 67.714 
104.45 52.702 
107.17 46.721 
110.53 50.538 

128.96 59.828 
161.18 74.965 

7.175 

31.715 
28.080 
22.222 
18.080 
14.848 

11 .615 
10.606 
12.929 
14.545 
20.800 

27.070 
32.121 
46.060 
52.827 
72.827 

85.351 
112.62 
134.B5 
168.88 
210.70 

24.949 
21.515 
20.505 
18.282 
20.000 

23.232 
32.927 

9.040 

9.8557 
9.2947 
7.6120 
7.9327 
6.3300 

4.2466 
4.8076 
5.4485 
6.6505 
8.8139 

11.378 
13.942 
18.990 
23.557 
32.610 

39.1B2 
47.435 
59.855 
74.118 
91.024 

10.436 
9.2346 
8.6738 
8.2731 
8.3533 

9.7957 
13.401 

11.39 

2.7352 
2.5444 
2.4808 
2.7989 
2.0992 

2.7352 
2.4173 
1.7811 
2.4808 
3.6259 

4.2619 
5.4070 
6.6793 
9.2238 
12.595 

16.221 
19.337 
27.161 
31.360 
39.948 

3.4509 
2.9420 
3.1965 
2.6871 
3.4509 

4.0870 
4.9777 

14.35 

1,3131 
1.1616 
1.2121 
0.7576 
0.8081 

0.6060 
1.0101 
1 . 1 1 1 1  
1.1616 
1.4141 

1.4646 
1.9191 
3.5857 
3.0807 
5.5554 

6.6666 
7.6766 
10.808 
12.525 
15.454 

1.1489 
1.0985 
1.0479 
0.9470 
0.9975 

1.6539 
1.8560 

18.10 

0.3968 
0.3174 
0.2778 
0.3571 
0.3968 

0.4365 
0.3968 
0.3571 
0.3968 
0.1984 

0.6746 
0.5555 
1.0317 
1.0714 
1.8650: 

1.7459 
3.1745 
3.9286 
4.6428 
5.9126 

0.3670 
0.3274 
0.2083 
0.2877 
0.2877 

0.5259 
0.6051 



fc \ L 2.845 3.585 4.520 5.695 

RUN 326 (cont'd . )  
50 1367.9 448.69 198.20 92.397 
60 1693.2 531.42 250.76 115.04 
70 2082.2 681.02 302.36 142.52 
80 2383.5 827.59 357.01 176.62 
90 2806.0 978.37 441.78 216.06 

100 3214.2 1102.3 501.70 253.97 
110 3737.3 1294.4 586.80 293.54 
118 4200.9 1493.7 657.33 348.38 
130 5033.5 1745.8 803.48 412.23 
140 5719.6 2033.7 956.85 483.22 

150 6669.9 2322.1 1109.73 576.73 

RUN 328 
3 1012.5 311 .04 120.51 49.618 
5 926.64 286.34 113.14 45.927 
9 837.64 260.84 104.32 44.019 
13 806.64 268.67 99.997 47.070 
25 1072.2 335.54 148.55 67.939 

38 1427.6 455.42 201.92 87.275 
47 1727.4 544.17 246.63 115.27 
70 2345.1 777.11 355.12 179.89 
80 2775.1 926.50 424.99 209.41 
90 3250.2 1086.3 499.82 241.98 

100 3562.0 1204.6 546.12 264.88 
110 4121.0 1400.0 628.19 316.54 
120 4583.8 1568.1 728.04 365.27 
130 5267.6 1776.5 866.50 421.37 
140 5959.7 2036.5 950.06 479.12 

150 7006.1 2343.9 1117.9 566.26 

7.175 

41.514 
50.503 
66.866 
75.857 
96.560 

112.52 
133.33̂  
1 6 1 .8 2  
183.03 
232.22 

270.45* 

16.061 
16.767 
16.465 
16.565 
26.363 

39.897 
51.009 
70.706 
91 .918 
113.33 

126.16 
142.62 
166.36 
196.97 
235.65 

266.05 

9.040 

18.609 
21.574 
28.305 
34.555 
40.324 

50.661 
57.952 
74.459 
84.394 
95.692 

125.30* 

6.8109 
6.2498 
6.7306 
9.0544 
11.939 

15.304 
21.153 
34.053 
40.142 
48.236 

54.727 
65.623 
74.118 
88.061 
105.85 

128.04 

11.39 

6.6952 
9.4943 
9.8759 
14.901 
18.908 

19.418 
25.460 
29.914 
34.939 
43.717 

56.727* 

2.4808 
2.7989 
2.6716 
2.9252 
4.4529 

6.6792 
8.3968 
12.659 
15.839 
20.228 

22.836 
28.308 
36.640 
38.676 

43.638 

59.605 

14.35 

2.0580 
3.7247 
4.1792 
5.6439 
7.3610 

8.2701 
11.098 
15.189 
16.198 
18.623 

21.804 

1 .1616  
1 . 1 1 1 1  
0.6565 
I.3131 
2.0706 

2.0202 
3.7878 
4.6968 
6.8687 
8.5858 

9.6464 
II.565 
13.889 
16.161 
21.514 

23.585 

18.10 

0.9623 
1.3590 
1.2797 
1.5178 
1.7162 

2.8670 
3.7797 
5.2083 
4.8512 
6.4384 

8.2638 

0.1984 
0.3174 
0.4365 
0.3968 
0.8333 

0.9920 
1.4286 
0.9920 
2.3015 
3.3730 

2.7777 
3.6905 
4.4444 
6.5872 
6.5872 

8.4920 



t\ L 

RUN 331 
3 
5 
7 
25 
33 

42 
57 
70 
80 
90 

100 
110 
120 

RUN 402 
3 
5 
7 
9 
13 

21 
30 
40 
50 
60 

70 
80 
90 

100 

2.845 

163.65 
208.52 
260.83 
1066.2 
1689.2 

2409.5 
3863.6 
5915.9 
8128.5 
10526. 

13387. 
16516. 
20073. 

1333.3 
1072.2 
862.25 
718.18 
500.76 

363.84 
344.87 
395.89 
483.07 
562.05 

753.33 
887.64 
1009.2 
1212.8  

3.585 

48.590 
59.638 
77.506 
336.74 
513.85 

728.91 
1258.8 
1936.7 
2612.0  
3532.7 

4462.6 
5625.3 
6860.0 

439.35 
354.82 
279.11 
225.50 
163.65 

113.25 
92.367 
121.28 
123.49 
160.04 

224.29 
281.72 
321.08 
398.99 

4.520 

21.434 
31.690 
42.908 
145.47 
215.82 

325.28 
559.40 
862.43 
1175.2 
1619.5 

2123.0 
2603.1 
3206.8 

183.81 
151.28 
124.99 
101.44 
70.833 

46.954 
48.074 
54.324 
56.247 
79.646 

103.04 
127.88 
147.27 
174.51 

5.695 

12.150 
14.313 
17.112 
61.004 
97.519 

142.56 
253.62 
413.01 
577.78 
801.45 

1037.2 
1331.7 
1669.3 

75.826 
61.959 
51.654 
41.856 
34.097 

19.847 
16.412 
23.028 
27.480 
34.605 

43.509 
56.104 
68.448 
93.890 

7.175 

4.5200 
6.4393 
6.3382 
29.569 
39.669 

58.561 
108.86 
179.67 
248.66 
350.17 

480.77 
598.95 
745.11 

28.990 
24.848 
19.292 
15.555 
10.606 

9.0909 
7.9̂ 97 
8.8887 
11.615 
16.161 

20.505 
23.333 
30.909 
33.939 

9.040 

3.3654 
3.6858 
3.5255 
9.5351 
13.461 

20.993 
39.262 
70.271 
98.396 
148.80 

208.81 
272.43 
348.56 

10.176 
8.8139 
7.0512 
6.0896 
4.8077 

4.2466 
2.7243 
4.2466 
5.4485 
6.2500 

8.5735 
8.9743 
14.102 
17.468 

11.39 

0.2067 
0.8428 
1.4154 
3.2601 
5.6137 

6.8225 
15.665 
27.051 
40.219 
58.922 

84.939 
118.14 
152.43 

2.7988 
2.2901 
1.7175 
1.2086 
1.5902 

1.3995 
1.6538 
1.5272 
1.3995 
1.9719 

3.4351 
3.6200 
4.0712 
5.4706 

14.35 

0.5555 
0.5050 
0.3535 
0.9596 
2 .2221  

3.0807 
5.2524 
9.0909 
14.242 
21.363 

33.130 
43.888 
60.656 

0.4040 
0.6566 
0.6060 
0.5050 
0.2525 

0.0505 
0.4545 
0.3535 
0.5555 
0.9091 

0.9091 
1.5150 
1.5656 
3.1313 

18.10 

0.1686 
0.1686 
0.2083 
0.7242 
0.9226 

1.1210 
2.1527 
3.1845 
4.2162 
7.4702 

11.319 
14.096 
21 .358 

22.80 

0.0641 
0.9615 
0.2243 

0.5448 
0.7372 
1.1217 
1.6025 
1.9551 

3.3332 
4.4871 
5.6409 



t \ L 2.845 3 .585 4.520 5.695 

RUN 402 (cont'd. . )  
110 1469.5 467.87 215.70 95.799 
120 1716.9 573.09 247.91 127.86 
130 2058.9 671.44 308.17 145.03 
140 2445.6 784.34 370.35 177.22 
150 2900.5 925.90 428.36 217.81 

RUN 403 
3 1466.0 511.52 232.62 101.65 
7 1008.8 376.78 158.10 66.920 
20 825.00 246.66 102.66 42.492 
30 824.23 272.77 103.14 52.034 
40 10B1.4 340.03 142.72 66.156 

50 1465.7 430.60 182.14 81.042 
. 60 1757.5 559.31 233.58 105.59 
70 2183.2 676.14 293.49 148.47 
80 2664.4 836.38 372.05 174.93 
90 3140.9 1016.1 467.24 217.81 

100 3906.0 1302.4 574.42 277.22 
110 4627.B 1544.8 692.69 337.91 
120 5446.0 1869.7 860.00 422.36 
130 6788.6 2313.1 1045.9 534.20 
140 7987.8 2668.1 1285.9 637.14 

150 9713.4 3366.1 1582.1 789.69 

RUN 407 
3 2856.1 1019.0 436.54 190.44 
5 2507.7 876.50 381.41 172.77 
7 2125.4 762.23 335.09 146.44 
9 1828.7 652.41 287.18 131.42 
13 1426.1 505.62 216.66 107.76 

7.175 

44.342 
50.705 
67.879 
84.039 
93.433 

37.272 
27.070 
16.767 
21.413 
28.282 

36.260 
43.533 
57.169 
70.909 
99.998 

125.65 
146.97 
194.64 
243.84 
295.34 

373.33 

73.029 
63.129 
55.354 
47.977 
37.674 

9.040 

19.150 
26.150 
30.928 
39.653 
42.466 

12.163 
10.080 
5.5928 
7.0351 
10.080 

13.766 
20.737 
25.303 
28.187 
37.083 

54.952 
65.447 
85.399 
101.50 
134.84 

161.92 

25.801 
24.679 
22.596 
19.872 

15.465 

11.39 

6.9338 
10.496 
11.259 
14.758 
18.956 

3.5750 
4.0839 
2.3027 
3.1298 
3.8931 

7.2645 
7.2009 
9.9362 
12.735 
16.552 

21.259 
27.748 
34.935 
43.969 
53.574 

71.000 

9.2238 
9.0329 
7.5700 
6.6793 

5.5978 

14.35 

3.6363 
4.5453 
3.8384 
6.5656 
6.9191 

1.7273 
1.3737 
1 . 1 2 1 2  
1.1717 
1.4747 

8.1918 
10.717 
14.858 
18.191 
22.433 

30.212 

2.7273 
2.5757 
2.5251 
2.2221 
2.1212 

18.10 

0.4603 
0.1031 
0.4206 
0.4206 
0.4603 

3.0396 
2.9602 
3.8333 
6.4524 
8.1983 

8.9524 

1.2698 
0.9127 
1.0317 
0.8333 
0.6349 

2.2323 0.5000 
2.8272 0.7381 
3.5454 1.2143 
5.6160-...J„3.?30 
5.9191 1.9682 



t \ L 2.845 

RUN 407 (cont'd.) 
17 1178.7 
31 1141.5 
44 1520.7 
67 26,72.3 
80 3357.1 

90 4091.5 
100 5075.9 
110 6173.3 
120 7446.1 
130 9074.8 

140 10515. 
150 12263. 

RUN 409 
3 2973.3 
5 2673.1 
7 2339.4 
9 2117.1 
13 1966.1 

24 2201.0 
36 3293.5 
43 4774.9 
50 5766.9' 
60 8908.2 

70 10696. 
80 15629. 
90 18261. 
100 22395. 
110 26582. 

3.585 4.520 

395.38 176.92 
379.11 165.70 
513.45 222.27 
890.36 395.99 
1165.2 506.39 

1447.8 637.16 
1787.5 790.05 
2140.3 986.82 
2553.2 1190.0 
3111.2 1428.8 

3714.8 1735.8 
4408.0 2085.8 

1036.5 475.61 
945.36 428.04 
815.24 376.76 
739.15 326.12 
655.60 270.03 

703.61 291.82 
1024.3 432.05 
1438.9 646.47 
1824.4 787.63 
2732.3 1253.0 

3549.7 1613.9 
4412.4 2390.2 
6290.3 2881.2 
7911.0 3762.1 
9324.9 4439.5 

5.695 7.175 

85.750 28.282 
71.880 29.899 
99.617 43.938 
187.02 78.787 
248.34 101.91 

309.54 143.53 
381.55 174.74 
468.69 210.00 
575.44 254.14 
701.78 326.75 

867.54 405.35 
1032.1 492.71 

203.94 75.755 
185.37 71.210 
162.21 63.534 
145.03 59,193 
123.66 53.634 

130.53 62.422 
206.48 86.367 
284.73 121.72 
363.61 160,30 
553.03 243.73 

795.42 358.28 
1096.7 489.99 
1491.9 689.97 
1904.5 885.86 
2308.6 1080.2 

9.040 

11 .618  
10.096 
16 .266  
28.284 
41.186 

52.883 
75.881 
93.429 
116.50 
141.82 

172.91 
218.99 

31.170 
26.922 
22.275 
21.234 
21.634 

22.355 
35.737 
54.166 
72.997 
108.41 

156.00 
225.48 
307.51 
421.55 
524.34 

11.39 14.35 

4.3257 1.4645 
4.5165 2.3232 
6.2341 2.2221 
16.412 4.6969 
17.684 7.3232 

22.581 9.5454 
28.753 12.171 
39.631 15.100 
49.490 19.292 
62.532 23.485 

78.497 33.100 
93.383 34.697 

11.132 3.4342 
9.9873 3.7373 
9.9235 2.9797 
8.7785 2.7273 
8.1424 2.9292 

9.4783 3.1312 
14.885 6.1110 
22.455 8.9898 
30.533 12.576 
44.529 19.343 

65.647 27.221 
96.119 37.171 
137.15 58.535 
187.78 75.909 
238.48 103.28 

18.10 22.80 

0.5158 
0.5952 
0.8333 
1.8253 
2.5396 

3.2936 
3.9682 
5.0793 
6.7460 
9.4443 

10.039 
12.062 

1.0317 0.3205 
1.0714 0.3525 
0.9524 0.3205 
1.0317 0.2564 
1.0317 0.3205 

I.0714 0.3205 
2.4602 0.9294 
2.8174 1.0256 
4,7221 1.3782 
5.8730 2.1154 

II.389 3.5256 
14.286 3.9102 
21.309 6.6025 
27.500 8.7820 
38.571 11.100 



t \ L 2.845 

RUN 410 
3 1252.8 
5 1094.9 
7 969.72 
9 904.57 
11 901.03 

13 882.26 
24 1211.5 
38 18B6.6 
50 2859.7 
60 4061.5 

70 5552.0 
80 7448.2 
90 9714.1 
100 13121. 
110 15231. 

120 18448. 

RUN 411 
3 1570.3 
5 1581.8 
7 1592.0 
9 1586.9 
11 1629.2 

13 1747.6 
24 2648.2 
40 5598.9 
50 8409.2 

- 60 12137. 

3.585 4.520 

383.53 155.77 
341.97 136.37 
349.19 149.52 
326.10 133.31 
305.22 122.27 

293.17 115.86 
369.27 165.86 
599.80 267.31 
933.11 424.35 
1382.7 577.40 

1919.2 864.57 
2557.8 1185.4 
3392.3 1590.7 
4304.4 2049.5 
5490.7 2625.9 

6554.6 3189.9 

568.27 287.82 
556.62 278.04 
549.60 262.98 
551.20 247.11 
564.86 246.63 

580.11 245.19 
848.99 351.60 
1809.2 807.85 
2835.9 1290.8 
4214.8 1890.3 

5.695 7.175 

78.243 31.110 
70.609 27.676 
65.521 24.848 
60.304 23.232 
62.594 21.515 

58.395 20.403 
72.518 31.010 
111.95 49.495 
196.69 86.262 
283.58 123.33 

413.95 183.33 
.587.12 271.11 
790.06 359.49 
1043.9 494.13 
1344.1 399.07 

1659.9 791.40 

124.68 47.068 
115.27 47 . 67 4 
113.61 48.887 
110.17 47.372 
113.74 50.302 

120.48 51.614 
169.33 64.644 
362.34 156.96 
579.23 257.89 
961.07 420.99 

9.040 11.39 

11.859 5.5342 
11.618 5.2163 
10.256 4.0712 
9.6955 4.5800 
9.0544 4.4529 

8.5736 4.5165 
12.499 4.6437 
19.471 9.5418 
36.378 14.567 
52.965 24.044 

78.604 38.166 
119.87 52.939 
165.94 74.617 
230.21 99.682 
304.89 141.66 

375.56 182.57 

20.112 7.4426 
17.868 7.4426 
18.429 6.7430 
17.227 6.1067 
17.668 7.5063 

18.669 8.5876 
29.407 12.722 
70.191 30.914 
115.86 50.571 
194.55 88.103 

14.35 18.10 

2.0202 0.6349 
2.0202 0.4762 
1.7676 0.4365 
1.4141 0.3571 
1.2626 0.2778 

1.2626 0.3174 
1.6665 0.6746 
3.0302 1.0714 
7.2222 2.3809 
8.9899 3.6110 

14.747 5.9127 
21.262 9.0872 
31.868 13.095 
45.505 17.698 
58.131 23.174 

81.565 33.770 

2.4747 0.8730 
3.0808 1.1508 
3.0808 1.2301 
3.5353 1.2698 
3.8383 1.1111 

3.6868 1.2301 
5.6059 2.5396 
10.757 5.2777 
21.262 7.7777 
37.525 14.999 

22.80 28.70 

0.2243 0.0252 
0.2564 0.0252 
0.2564 0.0252 
0.1282 
0.0961 

0.0961 
0.1602 0.1515 
0.6090 0.1515 
0.9294 0.1767 
1.1538 0.2525 

1.8269 0.4798 
2.6923 0.8333 
3.6538 1.0100 
5.2243 1.4646 
6.9231 1.8434 

9.2628 2.7272 

0.0961 
0.1923 
0.1602 
0.2884 
0.1602 

0.3205 
0.7051 
2.0832 
2.5961 
4.5192 

l-l 
00 
Ul 



t \ L  1.425 1.795 2.260 2.845 3.585 4-. 520 

RUN 717 
3 8538.3 3932.1 2105.1 1087.2 
9.5 9362.6 3894.3 1920.5 1013.3 

24 1059.6 4611.4 2189.7 1069.7 
32 12713. 5500.1 2812.8 1327.2 
41 15436. 6644.0 3212.8 1625.6 1190.3 439.09 

54 24373. 104G6. 5309.0 2118.9 1559.0 677.56 
62 30228. 13459. 7135.9 3597.0 1991.9 884.61 
70.5 36152. 16704. 8954.0 4567.2 2385.4 1110.9 
80 44992. 20488. 11037. 5852.4 3040.9 1423.7 
90.5 53235. 25138. 13640. 7024.1 3919.7 1857.7 

101.5 57053. 30904. 17674. 9561.0 5189.5 2397.1 
110 53511. 35450. 20295. 11157. 5365.9 280.4 
120 82662. 47636. 28524. 15794. 8563.8 4273.1 
130 30602. 45454. 27290. 15139. 8291.5 4057.7 
141 84410. 48128. 29019. 15989. 8929.3 4447.5 

RUN 718 
3 8959.4 4304.0 2206.4 1088.2 572.68 251.93 
5. 9476.9 4382.1 2257.9 1105.6 554.66 250.64 
7 9733.3 4522.6 2217.9 1105.6 557.07 243.58 
9 10077. 4791.9 2189.7 1089.2 572.68 232.70 

11 10860. 5084.5 2217.9 1089.2 604.82 239.10 

13 11321. 5187.0 2383.3 1091.3 623.92 246.79 
25 19903. 7723.6 3912.7 1705.5 900.39 373.08 
45 30783. 14133. 7246.1 3674.9 1771.1 794.87 
60 45943. 22990. 12292. 6154.9 3125.4 1427.5 
70 62679. 32606. 17328. 9001.9 4672.4 2200.6 

80 75194. 39688. 22118. 11705. 6127.8 2887.2 
90 93970. 49797. 28305. 15077. B013.6 3831.4 

110 122497 68387. 39765. 21960. 11865. 5952.0 

5.695 

360.29 
311.19 
186.77 
187.77 
223.91 

292.11 
415.77 
510.43 
692.61 
951.65 

1256.2 
1516.5 
2061.6 
2105.6 
2335.3 

106.36 
98.728 
106.36 
115.52 
118.07 

117.05 
194.91 
357.93 
751.66 
1125.2 

1535.8 
2016.3 
3183.1 

7.175 

117.98 
91.717 
59.390 
63.435 
81.212  

144.65 
177.38 
239.59 
330.50 
420.20 

603.23 
726.87 
9B8.29 
905.05 
1165.6 

45.465 
42.020 
41.212 
44.848 
47 . 27 2 

48.484 
79.999 
177.38 
342.22 
520.41 

727.68 
1000.4 
1575.0 

9.040 

40.064 
31.250 
22.433 
29.487 
30.769 

68.269 
83.971 
109.30 
160.26 
225.92 

295.63 
352.57 
556.73 
522.11 
572.76 

14.743 
17.949 
18.589 
20.833 
21.154 

21.795 
30.128 
79.487 
155.45 
241.03 

340.07 
475.64 
800.64 

11.39 

13.231 
11.450 
8.3969 
11.450 
16.030 

29.007 
38.168 
40.957 
63 .868 
98.473 

129.39 
179.64 
288.30 
244.78 
296.69 

5.0891 
7.3791 
6,3613 
7.1246 
7.1245 

7.1245 
12.4SB 
32.570 
68.193 
109.41 

166.93 
252.67 
421.12 

14.35 

3.8382 
3.9394 
2.4242 
3.0303 
7.8788 

1 1  . 1 1 1  
15.353 
20.202 
31.111 
41.212 

64.242 
77.776 
127.47 
110.50 
136.36 

2.0202 
2.2222 
2.4242 
2.4242 
3.2323 

3.6363 
3.8383 
15.353 
31.717 
47.879 

75.351 
110.30 
196.36 

18.10 

1.4286 
0.9524 
1,9047 
1.4286 
2.3809 

5.1905 
5.3490 
7.9357 
10.476 
18.809 

27.381 
28.571 
59.681 
49.681 
62.062 

2.3809 
1.7460 
1.1111 
0.9524 
0.7937 

0.9524 
3.0158 
5.0795 
12.539 
18.889 

29.841 
43.175 
89.047 

22.80 

0.3646 

0.5127 
0.5127 
0.6411 

1.2820 
I.7949 
3.7179 
5.1281 
5.5769 

8.6538 
II.154 
22.308 
19.231 
21.538 

0.2564 
0.2564 
0.6410 
0.6410 
0.6410 

0.3845 
0.6410 
1.5334 
3.5397 
7.3077 

10.897 
14.615 
31.923 



t \ L  1.425 1.795 2.260 2.845 3.585 4.520 5.695 7.175 9.040 11.39 14.35 

RUN 720 
3 6987.7 3071.5 1582.0 834.86 405.61 184.61 62.087 31.519 9.9356 2.5445 1.6162 
14 5781.6 2204.9 1123.1 474.86 241.76 96.794 49.873 17.782 9.2949 3.5623 1.8182 
24 6331.3 2406.5 1269.2 583.60 300.41 102.56 44.785 23.842 12.180 4.0712 1.8182 
35 7796.2 3287.8 1593.6 580.00 383.93 149.36 74.301 31.923 12.820 5.0891 3 . 4343 
44 9593.7 4265.0 2064.1 989.75 413.66 194.23 92.113 36.367 20.512 7.3791 3.2323 

60 12939. 5985.3 2920.5 1440.0 737.35 313.46 164.89 67.882 38.461 15.776 5.2525 
70 16014. 7190.2 3833.4 1734.4 859.44 417.94 181.68 90.913 40.705 19.338 8.0806 
80 ... 8821.0 4552.7 2363.2 1116.4 514.75 270.74 121.62 59.295 24.936 11.515 
90 25258. 10668. 5773.1 3025.6 1387.1 653,e4 322.14 154.35 68.589 34.605 18.383 
100 28214. 12769. 6923.1 3606.1 1862.6 900.63 446.31 201.21 105.45 38.677 21.616 

RUN 721 
3 5765.4 3255.3 1791.0 891.27 450.60 184.61 78.371 32.727 
13 2941.4 1720.3 811.55 406.16 209.64 94.871 34.096 10.909 
27 3038.3 1478.0 785.90 345.64 186.34 60.898 34.096 10.101 
40 1960.9 961.55 418.47 225.70 77.563 35.114 15.354 
50 — 2388.6 1182.0 571.27 250.60 110.90 40.203 24.646 

60 5898.8 2804.8 1341.0 625.64 311.64 135.25 52.417 26.263 
70 6480.6 3170.7 1593.6 750.78 367.88 159.61 76.844 29.494 
80 7610o3 3626.0 1842.3 856.41 422.48 168.59 82.951 34.343 
91 8955.7 4268.3 2238.5 1059.5 483.54 212.83 87.531 42.828 
105 9710.9 4681.3 2410.2 1110.8 580.72 255.13 115.52 53.333 

RUN 722 
3 9662.4 3569.1 1624.3 775.39 376.71 133.33 58.015 13.333 6.7307 
15 6509.1 2248.7 1034.6 480.01 253.82 92.308 41.221 19.797 5.7692 
25 6678.8 2432.5 1220.5 566.16 267.46 111.54 46.820 18.990 8.9743 
37 7489.1 2904.1 1444.8 726.16 329.32 151.28 65.649 33.536 9.6154 
50 8529.1 3452.0 1782.0 853.33 407.22 176.84 90.585 31.515 12.180 

60 4125.2 2251.3 982.56 486.74 207.06 112.47 37.979 20.512 00 



t\ L 1.425 1.795 2.260 2.845 3.585 

RUN 722 (cont'd.) 
69 11006. 4539.8 2120.5 1099.5 504.01 
80 11628. 4847.1 2516.6 1214.3 587.94 
90 13026. 5438.8 2791.0 1371.3 650.59 
100 14798. 5560.8 3033.3 1492.3 773.48 

RUN 723 
3 5318.8 2882.9 1559.0 776.41 382.33 
14 3918.8 2169.1 1275.6 603.09 254.62 
28 5544.8 3042.3 1546.1 752.81 358.23 
40 7270.3 3939.8 1960.9 976.41 475.10 
50 2521.8 1251.3 621.68 

60 12414. 5582.8 2947 .4 1456.4 666.67 
70 16438. 6409.6 3441.0 1756.9 787.94 
80 7788.6 4325.5 2129.2 1102.8 
90 22733. 8970.6 4838.6 2511.8 1228.9 
100 24547. 10302. 5646.3 2890.2 1484.3 

110 28682. 11988. 6623.2 3401.0 1732.5 

RUN 724 
3 5062.6 2552.9 1451.3 659.48 304.42 
14 4588.0 1706.7 738.46 335.38 138.95 
24 3123.2 1358.9 741.04 320.00 149.40 
35 3335.3 1671.4 964.11 387.69 212,85 
42 3911.1 1867.0 1123.1 501.54 231.33 

50 4527.4 2195.5 1261.5 550.77 233.74 
60 5402.0 2517.6 1485.9 664.61 313.26 
70 —— 1698.7 806.15 408.03 
80 8 0 £2.6 3724.3 1884.6 950.77 480.32 
97 8557.7 4147.4 2365.4 1188.7 608.03 

110 11167. 4891.0 2758.9 1433.8 697.19 

4.520 5.695 7.175 9.040 11.39 

250.00 105.34 52.121 15.384 
271.79 126.72 60.202 20.833 
306.40 147.07 51.313 30.769 
322.44 156.23 68.687 36.538 

151.28 79.389 24.242 9.2949 3.0534 
124.36 60.560 22.627 8.0128 3.3078 
176.92 69.720 27.475 10.577 6.1069 
222.11 99.235 45.454 17.308 8.3969 
251.92 129.26 50.909 23.077 12.977 

311.54 158.27 64.242 33.012 13.231 
385.90 179.65 78.384 30.128 17.557 
501.92 230.53 111.11 50.961 22.391 
579.48 286.00 131.72 53.526 26.717 
676.29 350.64 149.49 68.910 32.061 

779.48 421.37 190.70 88.141 47.074 

139.10 50.382 20.201 9.2952 
64.744 27.481 13.737 5.1288 
70.513 25.954 14.140 4.8080 
85.898 52.925 17.373 9.9365 
103.84 46.818 22.625 10.577 

111.54 69.719 27.070 14.103 
139.74 81.933 36.767 14.423 
183.97 99.236 46.464 20.513 
235.90 119.59 55.353 23.077 
243.59 124.17 57.777 27.884 

339.75 163.36 80.000 38.461 



t\ L 1.425 1.795 2.2S0 2.845 3.585 4.520 5.695 7.175 9.040 11.39 14.35 18.10 22.80 

RUN' 725 
3 

17 
25 
37 
52 

69 
80 
90 
1C0 

. 110 

6518.5 
6177.3 
10362. 
16348. 
22266. 

3434.1 
3648.8 
4434.1 
6004.9 
8369.3 

1862.5 
1771.4 
2253.5 
3170.2 
4240.6 

866.15 
806.68 
1007.7 
1500.0 
2092.8 

450.19 
395.59 
484.75 
760.24 
1057.9 

169.55 
153.52 
224.04 
323.40 
464.42 

74.554 
76.591 
108.14 
156.99 
232.32 

31.616 
36.060 
40.909 
65.555 
109.19 

7.3718 
14.743 
15.346 
27 . 243 
49.038 

4.8346 
6.3613 
8.3969 
11.450 
20.611 

1.6162 
2.0202 
3.0303 
5.4545 
8.0306 

1.1218 
1.2321 
1.1218 
3.525S 
2.7244 

27027. 11053. 58B8.3 2979.0 1403.6 684.94 331.55 148.39 80.128 29.771 11.717 3.8461 
28490. 13104. 6899.8 3457.1 1810.8 845.83 445.04 193.63 95.833 41.730 17.980 7.5322 
32656. 15928. 3274.0 4435.4 2166.7 1054.8 520.87 215.85 103.97 46.056 24.040 10.417 
37755. 18717. 9599.0 5266.1 2640.9 1224.0 663.35 291.82 142.79 62.214 28.182 10.817 
42924. 21162. 11529. 5934.0 3114.4 1427.2 761.07 384.75 173.08 80.664 33.939 11.698 

120 49167. 24780. 13452. 7150.1 3695.9 1804.8 932.56 434.85 224.04 106.36 38.990 18.429 

RUM 727 
3 4695.1 2471.5 1283.1 625.23 305.85 104.36 55.064 21.414 8.6538 3.3168 2.0202 0.4762 0.5128 

14 6310.9 3231.1 1724.1 822.15 373.32 177.43 83.053 33.939 14.423 6.3611 1.81S2 1.2693 0.1282 
25 13770. 5094.7 2726.6 1310.4 544.02 250.13 130.38 59.394 20.512 13.486 3.8333 1 .7460 0.5128 
35 22155. 7835.1 3978.1 1972.9 930.77 422.94 218.43 85.859 41.987 18.320 6.0506 2.5397 0.6410 
50 31338. 13171. 6935.8 3404.6 1678.5 753.03 337.37 178.58 87.500 40.712 16.970 7.5190 1.2820 

60 35644. 17527. 9517.7 4969.8 2436.9 1178.1 531.91 270.30 125.96 64.885 26.858 10.158 5.0000 
73 47101. 243 03 . 13515. 7274.4 3307.0 1803.7 902.90 422.22 195.51 88.038 43.636 19.206 8.2050 
90 64732. 33910. 20035. 10895. 5714.7 2780.0 1460.1 713.54 348.38 171.50 83.030 30.952 11.656 

109 86382. 43784. 26425. 14755. 7923.6 4044.8 2114.0 1054.5 538.14 238.17 125.45 60.795 20.769 

RUN 728 
3 10030. 4201.9 2246.1 1148.7 565.47 258.33 118.57 52.930 20.833 7.8878 4.4442 0.9524 0.5128 

U 20471. 8620.0 4830.B 2262.5 1119.7 479.48 223.91 99.394 45.512 13.994 8.6867 3.0158 1.9231 
25 33228. 16513. 9102.7 4548.6 2151.0 1003.8 457.18 219.39 83.654 34.097 17.777 5.3957 3.2051 
40 56226. 28452. 16255. 8365.2 4142.9 1839.1 964.89 407.27 206.08 87.275 36.363 17.777 7.0511 
50 73907. 37633. 22095. 11675. 5937.3 2689.8 1391 .3 645.25 319.55 131.30 63.836 26.032 10.000 

61 97233. 49508. 29284. 15894. 8167.9 3928.8 1957.3 948.3 472.76 227.23 98.182 49.843 14.615 
70 107501 55591. 33410. 18234. 9527.0 45B6.5 2451 .3 1211.3 578.53 273.79 144.04 59.524 20.897 
81 99531. 59138. 35934. 19775. 10774. 5211.5 2793.9 1417.8 697.76 337.40 163.43 75.081 26.410 

oo 
vo 



t 

un i 
3" 

1 2  
22 
34 
45 

60 
70 
80 
90 

110 

JJN -

3" 
10 
20 
30 
40 

50 
60 
70 
60 
90 

100 
110 
120 

1.425 1.795 2.260 2.845 3.585 4.520 5.695 7.175 9.040 11.39 14.35 18.10 22.80 

14945. 4796.7 2244.8 1101.5 532.54 249.36 99.746 36.810 10.577 6.3613 2.6262 1.2821 1.6539 
17093. 6744.5 2915.4 1420.5 648.99 280.76 133.84 65.439 22.435 14.504 4.6465 3.2051 1.1450 
18509. 8897.7 4056.3 2058.5 992.78 442,30 214.25 89.161 37.500 19.592 7.6769 3.6859 2.5445 
23446. 11644. 5660.1 2772.3 1364.6 668.59 319.08 136.60 70.512 26.972 13.737 4.6475 1.6539 
28428. 14515. 7184.7 3637.0 1850.6 B52.57 420.36 191.82 69.103 33.588 14.949 5.7692 2.6717 

9785.9 4866.5 2568.7 1183.3 576.59 283.75 130.77 58.524 25.858 9.2947 2.5445 
47794. 22431 . 11459. 5948.7 3004.9 1521.1 781 .67 369.33 147.76 85.239 28.485 12.981 5.7752 
54087. 26449. 14054. 7290.2 3759.5 1798.1 940.45 449.89 214.42 94.147 36.970 18.269 6.1069 
65232. 30712. 17093. 8772.4 4727.8 2242.2 1193.4 547.24 272.76 129.77 58.586 22.275 8.7786 
84438. 41003 . 22577. 12169. 6398.4 3185.3 1669.2 860.12 404.81 181.68 90.709 34.134 12.977 

5078.6 3274.8 1764.1 790.77 375.10 168.59 72.264 
4242.2 3112.2 1651.5 783.60 392.76 174.36 72.772 
5566.5 3685.2 2085.9 981.54 485.15 213.45 111.45 
7535.6 4739.3 2539.7 1249.2 612.86 291.02 147.58 
9191.9 5943.2 3296.1 1578.4 774.30 342.94 164.89 

12123. 7003.2 3910.4 1940.5 974.30 431 .40 218.83 
15198. 8905.7 4753.8 2422.5 1263.4 530.77 292.61 
17645. 10224. 5529.6 2850.3 1480.3 684.51 367.94 
20345. 12014. 6583.4 3397.8 1778.3 799,36 441.22 
22539. 13286. 7255.0 3315.4 2009.6 949.35 480.40 

25871. 15434. 8480.8 4424.6 2283.5 1149.4 569.97 
30325. 17632. 10172. 5343.7 2780.6 1353.2 682.95 
35157. 20553. 11764. 6122.1 3299.7 1578.2 858.52 

27.071 
34.142 
40.000 
67.379 
71.920 

111.92 
148.69 
157.98 
185.66 
232.32 

13.782 
21.474 
18.909 
25.961 
33.974 

37.179 
67.948 
75.000 
85.837 
104.16 

298.59- 134.29 
335.75 153.20 
397.98 200.00 

5.5979 
10.178 
8.1427 
10.667 
17.303 

22.391 
27.950 
28.244 
43.511 
49.109 

66.412 
70.992 
88.298 

3.0303 
2.4242 
1.6162 
4.4444 
6.6666 

6.6666 
13.535 
13.333 
18.788 
22.222 

29.293 
36.768 
42.828 

0.9615 
1.2820 
0.6410 
1.7628 
I.4423 

3.2051 
3.5256 
6.8910 
7.2115 
II.378 

11.859 
16.025 
19.071 

vo 
o 



APPENDIX C 

SOLUTION CONCENTRATION DATA 

Samples of the mother liquor in the crystallizer and the crys 

tallizer feed solution were periodically drawn with calibrated pipets 

These samples were dried in preweighed bottles and the amount of dry 

potassium sulfate remaining was determined. The resultant concentra

tion histories of the experimental runs of this study are listed in 

this appendix. The saturation concentrations for each run are tabu

lated at the end of the following material. These saturation values 

wei-e based upon solubility data from the International Critical Table 

(29). Time values that are followed by an F indicate that the concen 

tration shown is based upon a sample of the feed solution. Concentra

tion values followed by the symbol ? indicate that those values are 
• • >' 

questionable due to problems in collection, drying, or measurement. 
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Run 117 
-6 0.1277 
10 0.1276 
26 0.1274 
44 0.1274 
67 0.1276 
86 0.1273 
116 0.1275 
139 0.1276 
156 0.1272 
166 0.1258 

Run 120 
-2 0.1287 
15 0.1281 
36 • 0.1281 
57 0.1277 
76 0.1273 
104 0.1278 
134 0.1279 
155 0.1284 
170 0.1281 
190 0.1283 
206 0.1278 
228 0.1278 
248 0.1277 
271 0.1284 
312 0.1280 

Run 127 
-10 0.1293 
16 0.1293 
32 0.1292 
55 0.1294 

Run 127 
86 0.1291 
115 0.1300? 
145 0.1290 
166 0.1294? 

Run 128 
-13 0.1298 
17 0.1296 
33 0.1295 
56 0.1295 
86 0.1294 
116 0.1298 
146 0.1300 
177 0.1305 

. Run 212 
-56 0.1288 
17 0.1286 
32 0.1289 
64 0.1287 
95 0.1288 
124 0.1285 
155 0.1286 
184 0.1282 

Run 219 
-15F 0.1287 
16 0.1281 
51 0.1284 
83 0.1282 
104F 0.1287 
114 0.1282 
143 0.1281 

Run 304 
37F 0.1285 
61 0.1278 
84F 0.1287 
103 0.1273 
133F 0.1286 
143 0.1270 
183 0.1271 

Run 309 
-10 0.1286 
16 0.1282 
41F 0.1286 
53 0.1278 
83 0.1274 
93F 0.1284 
113 ,0.1269 
124 0.1274? 

Run '310 
-25 0.1289 
20 0.1284 
3 OF 0.1285 
53 0.1285 
73F 0.1282 
83 0.1281 
113 0.1278 
123F 0.1282 
143 0.1276 
163F 0.1283 
183 0.1246? 

Run 312 
-11 0.1287 
22 0.1284 
33F 0.1282 
63 0.1281 
73F 0.1284 
93 0.1277 
133 0.1276 
143F 0.1282 
153 0.1275 
174F 0.1284 
193 0.1272 

Run 314 
-10 0.1287 
28 0.1284 
40F 0.1285 
69 0.1283 
93 0.1276 
103F 0.1283 
123 0.1275 
146F 0.1283 
153 0.1275 
183F 0.1281 
193 0.1271 

Run 318 
-12 0.1286 
22 0.1281 
43F 0.1283 
53 0.1268? 
83 0.1268 
93F 0.1274 
113 0.1246 



t c 

Run 318 
133F 0.1264 
143 0.1242 

Run 319 
-27 0.1293 
22 0.1289 
33F 0.1284 
53 0.1275 
81 0.1266 
9 OF 0.1269 
119 0.1255 
144 0.1257 
156F 0.1262 

Run 320 
-14 0.1284 
22 0.1280 
33F 0.1281 
53 0.1277 
73F 0.1270? 
83 0.1267 
113 0.1258 
116F 0.1266 

Run 323 
-49 0.1355 
-46 0.1354 
-43 0.1354 
-12 0.1355 
26 0.1354 
36F 0.1357 
63 0.1356 
73F 0.1358 

t c 

Run 323 
83 0.1354 
113 0.1354 
123F 0.1359 
143 0.1354 

Run 324 
-18 ' 0.1360 
28 0.1355 
38F 0.1353 
63 0.1357 
83 0.1355 
93F 0.1356 
113 0.1355 
133F 0.1357 
143 0.1351 

Run 326 
-16 0.1359 
-13 0.1358 
21 0.1357 
32F 0.1352? 
53 0.1355 
73F 0.1355 
83 0.1357 
103 0.1357 
113F 0.1355 
123 0.1353 
143 0.1353 
146 0.1352 
154F 0.1356 

t c t c t c 

Run 328 
-12 0.1358 
17 0.1356 
28F 0.1355 
50 0.1354 
73 0.1357? 
83F 0.1356 
103 0.1354 
123 0.1352 
143 0.1353 
146F 0.1355 

Run 331 
-14 0.1357 
19F 0.1356 
36 0.1353 
60 0.1351 
74F 0.1356 
84 0.1349 
114 0.1347 
125F 0.1356 

Run 402 
-10 0.1357 
16 0.1354 
24F 0.1356 
43 0.1354 
73 0.1355 
83F 0.1357 
103 0.1354 
143 0.1353 
154F 0.1357 

Run 403 
-14 0.1357 
12 0.1355 
23F 0.1359 
43 0.1358 
63 0.1355 
83F 0.1357 
93 0.1355 
123 0.1354 
143 0.1354 
154F 0.1358 

Run 407 
-35 0.1357 
-12 0.1358 
20 0.1354 
35F 0.1358 
50 0.1356 
93 0.1353 
104F 0.1359 
114 0.1352 
143 0.1348 
155F 0.1359 

Run 409 
-21 0.1358 
17 0.1352 
29F 0.1357 
53 0.1343 
84 0.1334 
104 0.1327 
115F 0.1357 

Run 410 
-13 0.1359 
16 0.1353 
42F 0.1359 
53 0.1352 
94 0.1345 
103F 0.1359 
113 0.1340 
127F 0.1356 

Run 411 
-11 0.1359 
18 0.1355 
43 0.1345 
63 0.1334 
68F 0.1353 

Run 717 
-18 0.1362 
-15F 0.1361 
14 0.1359 
44 0.1351 
57F 0.1359 
74 0.1347 
104F 0.1360 
114 0.1338 
137 0.1332 

Run 718 
-13 0.1362 
19F 0.1358 
30 0.1354 
53 0.1354 m 
65F 0.1360 S 



Run 718 
85 0.1340 
102F 0.1361 
105 0.1338 

Run 720 
-22 0.1360 
18 0.1354 
38 0.1353 
63 0.1351 
73F 0.1354 
93 0.1345 

Run 721 
-28 0.1359 
-15F 0.1359 
20 0.1357 
43 0.1356 
54F 0.1358 
74 0.1356 
85F 0.1357 
98 0.1359 

Run 722 
-15 0.1420 

7F 0.1419 
18 0.1420 
40 0..1419 
54F 0.1418 
63 0.1417 
83 0.1419 
101 0.1417 

Run 723 
-27 0.1421 
-14F 0.1421 
7 0.1418 
33 0.1419 
45F 0.1421 
63 0.1419 
75F 0.142.0 
103 0.1417 
112F 0.1419 

Run 724 
-8 0.1422 
7F 0.1414? 
27 0.1416 
53 0.1416 
64F 0.1419 
83 0.1418 

Run 725 
-14 0.1422 
-8F 0.1418 
29 0.1416 
72 0.1416 
113 0.1413 

Run 727 
-15 0.1419 
-11F 0.1418 
8 0.1415 
29 0.1414 
53 0.1410 
77 0.1402 

Saturation Concentrations 
Run cs Run cs 

117 0.1233 331 0.1300 
120 0.1233 402 0.1300 
127 0.1233 403 0.1300 
128 0.1233 407 0.1300 

212 0.1235- 409 0.1265 
219 0.1234 410 0.1265 
221 0.1236 411 0.1236 
302 . 0.1203 717 0.1266 

304 0.1203 718 0.1265 
309 0.1202 720 0.1265 
310 0.1202 721 0.1315 
312 0.1202 722 0.1385 

314 0.1202 723 0.1366 
318 0.1172 724 0.1366 
319 0.1172 725 0.1366 
320 0.1170 727 0.1330 

323 0.1300 728 0.1300 
324 0.1300 729 0.1366 
326 0.1300 730 0.1366 
328 0.1300 



APPENDIX D 

SIZE AND GROWTH RATE DATA DERIVED 

FROM SEED PHOTOGRAPHS 

Photographs of the initial and final rhombic seed crystal dis

tributions were used to determine an average seed size expressed as an 

equivalent spherical diameter. The length and width of particles ap

pearing in the projected pictures were measured. Forty such measure

ments were made, scaled, and a particle volume determined by assuming 

the crystal to be a long, square column. The volume of the column was 

multiplied by a factor of 0.90 to allow for rounding of crystal edges 

and corners. The volumes were averaged and the average volume was used 

to determine the diameter of an equivalent sphere. Growth rates were 

based upon the total change in the particle diameter during the time 

spent in the crystallizer. Mean supersaturations were determined 

through graphical integration of the concentration history of each run 

over the total run time. Growth rates for some runs were estimated by 

comparison with similar runs. These growth rate and particle size 

values that were estimated are followed by an E. The type of seed 

crystal is denoted by an A, for aggregated polycrystalline seed crys

tals, or an N, for normal rhombic seed crystals. 

195 



INITIAL SEED DISTRIBUTIONS 

Mesh Ds 

-40+45N 735.1 
-45+50N 672.6 
-50+6ON 658.7 
-60+70N 629.9 
-50+60A 273.5 

PRODUCT DISTRIBUTIONS 

D D 
Run 

s 
Start 

s 
Finish 

Time G 
P s 

120 273.5 314 0.4300E 4.68 

127 658.7 783.6 177 0.7056 5.88 
128 736.3E 886. 7 177 0.8500E 6.41 

212 735.1 962.9 184 1.2380 5.12 

219 658.7 743.7 195 0.4385 4.77 

221 658.7 752.1 203 0.4600 4.72 

302 658.7 1101.0 204 2.1681 7.64 

304 658.7 1075.0 183 2.2748 7.28 

309 273.5 - 130 2.2000E 7.40 

310 735.1 1327.0 183 3.2344 7.79 

312 658.7 1142.5 193 2.5067 7.63 

314 658.7 1182.5 206 2.5427 7.62 

318 658.7 1350.1 154 4.4896 8.96 

319 658.7 1358.6 165 4.2418 9.70 

320 735.1 1432.1 123 5.6666 10.18 

323 658.7 966.1 153 2.0091 5.41 

324 629.9 930.4 153 1.9640 5.51 

326 672.6 1034.5 153 2.3653 5.55 

328 735.1 1157.8 153 2.7627 5.46 

331 . 273.5 - 127 2.1000E 5.11 

402 629.9 882.5 153 1.6509 5.41 

403 629.9 881.0 153 1.6411 5.48 

407 629.9 964.3 153 2.1856 5.29 

409 629.9 1100.1 113 4.1610 7.64 

410 658.7 1325.6 135 4.9400 8.30 



Product Distributions—Contd. 

Run 
D 
s 

Start 

D 
s 

Finish 
Time 

G 
P s 

411 
717 
718 
720 
721 

629.9 
658.7 
658.7 
658.7 
658.7 

1092.1 
1432.2 
1331.2 
1168.2 
711.5 

66 
144 
113 
103 
108 

7.0030 
5.3715 
5.9513 
4.9466 
0.4888 

11.25 
8.03 
8.45 
8.63 
4.14 

722 
723 
724 
725 
727 

735.1 
672.6 
672.6 
672.6 
658. 7 

892.2 
933.4 
933.2 
932.1 
1403.4 

105 
115 
113 
123 
112 

1.4961 
2.2678 
2.3061 
2.1097 
6.6491 

3.34 
5.30 
5.08 
4.97 
7.70 

728 
729 
730 

629.9 
672.6 
672.6 

1302.5 
1007.3 
1080.2 

84 
115 
127 

8.0071 
2.9104 
3.2094 

9.90 
5.01 
4.92 



APPENDIX E 

GENERAL SUMMARY OF CORRELATION DATA 

The data tabulated in this appendix represent all the data not 

shown elsewhere that were used in the multiple-linear-regression anal

ysis of the various kinetics models tested in this study. The two 

types of nucleation flux values as well as pertinent values used in 

their evaluation are included. The total number of seeds used in each 

run was determined by dividing the initial seed mass by the density of 

potassium sulfate (2.6 g/cc) and the volume of an average-sized seed 

crystal based upon the photographically determine seed size. 
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Run Time s N 
s 

D 
s 

V a 

120 180 4.87 36400 350.9 757 0.531 
120 200 4.76 36400 359.5 757 0.518 
120 220 4.61 36400 368.1 757 0.509 
127 82 5.92 2620 716.5 777 0.549 
127 100 5.89 2620 729.2 776 0.540 

127 122 5.84 2620 744.8 774 0.530 
127 152 5.76 2620 765.9 772 0.521 
128 80 6.20 1722 804.2 778 0.523 
128 100 6.30 1722 821.2 778 0.518 
128 120 6.46 1722 838.2 778 0.516 

128 140 6.66 1722 855.2 778 ' 0.515 
212 80 5.20 1886 834.1 766 0.541 
212 100 5.15 1886 858.9 765 0.535 
212 120 5.10 1886 883.6 764 0.530 
212 160 4.95 1886 933.2 762 0.523 

219 80 4.83 2607 693.8 774 0.535 
219 120 4.73 2607 711.3 774 0.526 
219 170 4.39 2607 733.2 774 0.528 
221 90 4.47 5241 700.1 767 0.559 
221 120 4.53 5241 713.9 765 0.551 

221 180 4.68 5241 741.5 762 0.547 
302 80 7.70 2626 832.1 783 0.539 
302 120 7.39 2626 918.9 783 0.522 
302 180 7.13 2626 1048.9 783. 0.506 
304 69 7.35 5266 815.6 812 0.551 

14351 
17657 
20937 
1345 
1592 

1858 
2271 
964' 
1146 
1332 

1522 
1802 
2101 
2407 
3064 

1284 
1850 
2732 
3182 
4198 

6894 
3407 
6830 
17022 
6245 

mx 

1.109 3.369 0.181 15161 
1.103 3.355 0.189 14530 

1.124 3.374 0.200 13569 

1.372 3.713 0.236 8520 
1.342 3.690 0.242 8838 
1.304 3.657 0.246 9342 

0.484 2.396 0.099 84863 
0.727 3.239 0.192 14151 

1.329 3.542 0.203 23362 
1.365 3.566 0.215 24863 

1.957 4.160 0.308 7150 
1.546 3.623 0.254 23157 



Run Time s N 
s 

D 
s 

V a 

304 100 7.06 5266 886.2 812 0.537 
304 150 6.77 5266 999.9 812 0.517 
309 60 7.50 36624 405.5 774 0.541 
309 80 7.22 36624 449.5 774 0.524 
309 100 6.92 36624 493.5 774 0.510 

310 80 7.96 1879 993.8 785 0.569 
310 100 7.79 1879 1058.5 785 0.559 
310 120 7.58 1879 1132.2 785 0.551 
310 160 7.06 1879 1252.6 785 0.544 
312 80 7.67 2621 859.2 786 0.545 

312 120 7.42 2621 959.5 785 0.522 
312 180 7.15 2621 1109.9 782 0.506 
314 80 7.82 2622 862.1 778 0.547 
314 120 7.51 2622 963.8 778 0.531 
314 180 6.97 2622 1116.4 778 0.515 

318 70 9.26 2601 973.0 787 0.524 
318 100 8.06 2601 1107.6 785 0.507 
318 130 7.16 2601 1242.3 783 0.497 
319 45 10.82 2638 849.6 765 0.563 
319 100 8.80 2638 1082.9 765 0.528 

320 50 10.68 1888 1018.4 773 0.529 
320 80 9.84 1888 1188.4 770 0.509 
320 100 9.17 1888 1301.7 768 0.496 
323 60 5.43 2623 779.2 782 0.571 
323 100 5.41 2623 859.6 782 0.552 

323 140 5.38 2623 940.0 782 0.529 
324 80 5.49 3001 787.0 795 0.573 
324 100 5.43 3001 826.3 795 0.561 
324 130 5.29 3001 885.2 795 0.543 
326 70 5.59 2467 838.2 778 • 0.550 

*2 
Gco k L 

rax 
h° 

10956 2.268 4.336 0.369 13786 
24364 2.019 4.015 0.348 35389 
9851 
17596 
28704 

6222 2.001 4.154 0.315 11268 
8055 1.866 3.977 0.301 16481 
10320 1.747 3.820 0.287 23843 
16501 1.750 3.771 0.293 35964 
6220 2.251 4.327 0.349 9053 

12045 2.171 4.156 0.357 16389 
31925 
1704 2.819 4.764 0.423 1549: 
3098 1.989 4.026 0.324 5500; 
6700 

9358 2.425 4.387 0.378 11729 
16533 2.227 4.184 0.377 20714 
26562 2.054 3.958 0.363 36299 
7128 3.263 4.915 0.437 5681 
7859 2.791 4.706 0.451 6221 

7322 
11556 2.148 4.118 0.364 15826 
14840 2.091 4.042 0.370 19430 
2648 1.630 3.748 0.246 10066 
5287 2.449 4.616 0.402 5159 

9495 
3119 1.871 4.078 0.294 6966 
4476 1.869 4.053 0.301 9369 
7294 
3785 



Run Time s N. 
s 

D 
s 

V a 

326 100 5.49 2467 909.1 778 0.538 
326 130 5.37 2467 980.1 778 0.529 
328 80 5.47 1890 956.1 772 0.545 
328 100 5.41 1890 1011.4 770 0.539 
328 130 5.29 1890 1094.2 768 0.533 

331 40 5.28 36659 357.5 757 0.578 
331 60 5.10 36659 399.5 755 0.564 
331 80 4.94 36659 441.5 752 0.550 
331 100 4.80 36659 483.5 747 0.538 
402 60 5.43 2999 728.9 761 0.575 

402 100 5.38 2999 795.0 757 0.556 
402 130 5.33 2999 844.1 754 0.557 
403 60 5.54 2999 728.3 769 0.578 
403 100 5.46 2999 794.0 769 0.553 
403 130 5.38 2999 843.2 769 0.535 

407 67 5.39 6003 776.3 754 0.552 
407 100 5.23 6003 848.4 752 0.539 
407 130 4.98 6003 914.0 747 0.526 
409 60 7.61 5990 879.5 758 0.556 
409 80 7.01 5990 962.8 753 0.537 

409 100 6.35 5990 1046.0 748 0.521 
410 60 8.59 2626 955.1 761 0.550 
410 80 8.27 2626 1053.9 761 0.535 
410 100 7.84 2626 1152.7 761 0.520 
411 40 11.05 2984 910.0 765 0.554 

411 60 10.02 2984 1050.1 765 0.536 
717 60 8.32 2623 981.0 766 0.562 
717 80 8.00 2623 1088.4 762 0.535 
717 130 6.77 2623 1357.0 752 0.482 
718 60 8.60 2623 1015.8 772 0.552 

*2 
G 

CO 
k L 

mx 
*i° 

5892 1.620 3.677 0.270 16361 
8863 
5064 1.722 3.854 0.285 12228 
6531 1.870 4.010 0.320 11396 
9388 

5109 
9580 
16032 
24974 
1166 1.847 4.150 0.290 2756 

2307 3.098 5.181 0.487 1400 
3811 
3578 1.570 3.747 0.237 15391 
7390 1.623 3.736 0.260 23168 
12143 

4961 2.092 4.327 0.340 7727 
9263 1.983 4.169 0.336 14631 
15341 
17019 2.304 4.321 0.337 27655 
26664 2.092 4.115 0.333 44440 

38762 1.905 3.850 0.317 72533 
9325 2.273 4.015 0.300 20829 
15646 2.276 4.003 0.320 28625 
24220 2.259 3.964 0.336 38742 
12841 2.947 4.548 0.356 19763 

26424 
11053 2.081 3.555 0.338 10640 
16204 2.070 3.528 0.365 13853 
31707 
18971 1.988 3.429 0.329 19976 



Run Time s N 
s 

D 
s 

V a 

718 80 8.04 2623 1134.8 770 0.522 
718 100 7.21 2623 1253.8 768 0.497 
720 60 8.56 2626 955.5 770 0.601 
720 80 8.28 2626 1054.4 765 0.575 
721 60 4.10 2624 688.0 776 0.613 

721 80 4.10 2624 697.8 775 0.603 
721 100 4.08 2624 707.6 774 0.596 
722 60 3.31 1901 824.8 787 0.609 
722 80 3.24 1901 854.8 791 0.602 
723 60 5.26 2473 808.6 791 0.592 

723 80 5.22 2473 854.0 793 0.583 
723 100 5.16 2473 899.4 795 0.569 
724 60 5.01 2473 810.9 770 0.586 
724 80 5.00 2473 857.1 765 0.572 
724 100 4.98 2473 903.2 760 0.558 

725 60 4.96 2469 799.2 770 0.579 
725 80 4.86 2469 841.4 767 0.562 
725 100 4.77 2469 883.6 764 0.547 
727 50 7.90 2618 991.1 770 0.569 
727 80 7.22 2618 1191.6 767 0.529 

727 100 6.68 2618 1323.6 765 0.491 
728 50 9.49 3004 1030.2 764 0.514 
728 70 8.25 3004 1190.4 760 0.507 
729 60 5.01 2475 847.2 760 0.560 
729 80 4.92 2475 905.4 756 0.544 

729 100 4.79 2475 963.6 . 752 0.529 
730 60 4.93 2474 865.1 760 0.540 
730 80 4.85 2474 929.3 757 0.528 
730 100 4.77 2474 993.5 754 0.516 

29013 
40828 
4657 
6830 
2291 

2939 
3658 
3372 
4150 
4887 

6799 
9066 
2166 
2836 
3621 

7914 
10779 
14415 
12135 
24238 

31063 
30555 
44504 
15004 
20692 

27659 
6756 
9163 
11982 

CO 

2.032 
2.138 
1.720 
2.151 
1.996 

1.637 
1.251 
1.124 
1.703 
2.605 

2.632 
2.561 
1.442 
1.437 
1.665 

2.301 
2.166 
1.882 

2.981 

2.227 
2.236 
2.104 
2.091 
2.112 

1.998 
1.837 
2 .022  
2.197 

k 

3.446 
3.476 
3.435 
3.744 
3.633 

3.324 
2.903 
2.824 
3.427 
4.042 

4.025 
3.908 
2.985 
2.989 
3.223 

3.809 
3.650 
3.352 

3.921 

3.368 
3.460 
3.380 
3.568 
3.549 

3.395 
3.191 
3.333 
3.450 

L 
mx 

0.374 
0.415 
0.283 
0.364 
0.292 

0.256 
0.207 
0.189 
0.284 
0.408 

0.415 
0.412 
0.237 
0.244 
0.287 

0.377 
0.368 
0.328 

0.481 

0.395 
0.384 
0.384 
0.354 
0.370 

0.358 
0.304 
0.345 
0.387 

24868 
30223 
6527 
5769 
3088 

5134 
9752 
10854 
5467 
3075 

4246 
5930 
4235 
5150 
4841 

5929 
8699 
14974 

12502 

25123 
23916 
34600 
13158 
17069 

24970 
8068 
8688 
9382 



NOMENCLATURE 

a wideness parameter of gamma-probability distribution 

B(L) particle birth' distribution function, no/cc-micron-min 

B° nucleation rate, no/cc-min 

B° maximum particle flux, no/cc-min 

B° nuclei generation rate, no/cc-min 

B°c corrected nuclei generation rate, no/cc-min 

b mode of gamma-probability distribution, microns 

C kinetic constant for Volmer's nucleation rate relationship 

C coefficient of variation 
v 

c solute concentration, g/cc 

c solute concentration at saturation, g/cc 
s 

Cp c2 solubilities or equilibrium saturation concentrations of 
spherical particles of radius r^ and r^, respectively 

D(L) particle death distribution function, no/cc-micron-min 

equivalent spherical diameter of seed crystals, microns 

d^ impeller diameter, cm 

F(s) functionality of supersaturation 

G,G(L) linear growth rate, microns/min 

Go,G(0) linear growth rate at zero size, microns/min 

0̂  linear growth rate of the seed crystals, microns/min 

Gra growth rate constant for empirical growth model, microns/min 

AG Gibbs free energy 

Gn particle flux, no/cc-min 
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(Gn) maximum particle flux, B° no/cc-min 
max v ' 1' ' 

K general rate constant 

j. 
k slope constant in empirical growth rate expression, micron2 

k growth rate kinetic constant 
S 

k nucleation rate kinetic constant 
n 

kv volumetric shape factor 

k^ to k^ constant exponents in kinetic models 

L particle size, microns 

L mean size of seed crystals for a run, average of initial and 
final values of D , microns 

s' 

L particle size at which particle flux is maximum, microns 
mx 1 ' 

M molecular weight of liquid or salt 

M. î 1 seed moment 
I. — 

M̂ , solids or mass concentration, g/1 

3 
third seed moment, (N /V)D 

j s s 

M, fourth seed moment, (N /V)D^ 
*T S S 

5 
M,. fifth seed moment, (N /VD 
D S S 

m exponent in data fitting models . 

Ng number of blades on impeller 

N number of seed crystals 
s 

n,n(L) population density, no/cc-micron 

n(0) population density at zero size, no/cc-micron 

n̂  population density of particles in jj"*1 stream, no/cc-micron 

nQ nuclei population density, no/cc-micron 

nQ ^ nuclei population density at t̂ , no/cc-micron 

n . n nuclei population density at t. . , no/cc-micron 
o,i+l y  ̂ J 1+1' ' 



P vapor pressure over a liquid droplet of radius r 

i 

Vi 
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I 

P^ equilibrium vapor pressure over a flat liquid surface 

p population density fitting model constant 

Q crystallizer exit stream flow rate, ml/min 

—j* th 
Q̂ , flow rate of _i crystallizer stream, ml/min 

R universal gas constant 

R impeller stirring rate, revolutions/min 
s 

Reg modified stirring Reynolds number 

r correlation coefficient 

radius of liquid droplet 

rl'r2 spherical particle radii 

s supersaturation, g/1 

nucleation threshold supersaturation, g/1 

sn supersaturation reported by Genck, g/1 
G 

o 
T absolute temperature, K 

O 
T solution temperature in crystallizer, C 
op 

O 
T solution temperature in saturator, C 
sat 

t time, minutes 

t integer time, minutes 

t integer time at original point of measurement, minutes 

Y slurry volume in crystallizer, ml 

Y observed value of the dependent variable 

Y calculated value of the dependent variable 
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supersaturation ratio, c/cg 

constant in linear size-dependent growth models, microns"^" 

solution viscosity, g/cm-sec 

liquid or particle density, g/cc 

surface energy per unit area of particle or droplet surface 

particle residence time, V/Q, minutes 

particle growth dead time, minutes 
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