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ABSTRACT 

The initiation of the lightning discharge is 

generally considered to occur at the surface of a raindrop 

distorted to the point of instability by the strong electric, 

fields in the thunderstorm. Previous studies of the hydro-

dynamic instability and corona of electrically-stressed 

water drop surfaces have been limited to either drops 

attached to electrodes or drops falling freely at less than 

terminal velocity. These studies have shown that the in

stability of such drops is characterized by corona dis

charges and ejection of mass in the form of fine filaments 

and droplets. The ambient electric field necessary to cause 

instability was found to vary as the inverse square root of 

the radius of the drop. 

The present work is an investigation of the more 

meteorologically realistic problem of the behavior of water 

drops falling at terminal velocity in a vertical electric 

field. The experiment was performed by supporting drops 

aerodynamically in a vertical air stream between two hori

zontal electrodes. The behavior of the drops was recorded 

photographically as high voltage was applied to the elec

trodes . 

The overall behavior at initial instability was 

found to be similar for charged and uncharged water drops of 
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all sizes in fields of both polarities, either pulsed or 

slowly varying, and even for uncharged drops of the low-

surface-tension liquids, acetone and ethyl alcohol. Insta

bility proceeds by the formation of a "point" at the upper 

surface of the drop from which electrical corona is emitted, 

changing the net charge on the drop. Typical charging of an 

initially uncharged 2 mm radius water drop at instability is 

5 x 10"10 coul; the charge-loss of an initially charged 

(« 1.5 x 10~9 coul) drop is typically 2 x 10~9 coul. 

For large uncharged water drops (radii > 2 mm) the 

field necessary for instability is higher than that given by 

previous studies and is essentially independent of radius at 

about 8.5 kv/cm. For large highly charged drops the insta

bility field is typically 5-5 kv/cm. 

A qualitative interpretation of the behavior of the 

drops in both this experiment and the previous experiments 

is given. The conditions for prolonged or subsequent insta

bilities and mass loss are examined. 

A closed-form solution to the differential equations 

which govern the motion of the drop surface is obtained for 

the case of a charged prolate spheroidal drop in a gravita

tion field. This solution, which gives the equation of mo

tion for the upper pole of the drop and provides substantial 

insight into the physics of drop instability, is shown to 



predict instability of drops falling at terminal velocity 

better than previous theoretical attempts. 

A method for describing the shape of real, aero-

dynamically flattened drops by a truncated Legendre poly

nomial expansion is given. . This expansion is used to 

obtain the coefficients of a Legendre polynomial expansion 

for the electric field outside the drop. These two expan

sions then make possible the surface tension stress, the 

electric stress,.the hydrostatic pressure and the aero

dynamic pressure of the drop. The numerical, results for 

several real, stable drop shapes are given. 

The oscillation frequencies of various-sized stable 

drops in strong electric fields are also given. 



CHAPTER I 

INTRODUCTION 

The thunderstorm has been a source of awe throughout 

the history of man. In many parts of the world it is essen

tial to the maintenance of life, while providing one of the 

most spectacular and sometimes frightening displays of na

ture. Not unexpectedly, thunder and lightning were con

sidered by early men to be of divine origin, and were later 

closely associated with many superstitions. Opinions on 

lightning's origin have changed considerably since then, but 

they have had at least one thing in common—an inability to 

explain exactly the mechanism of lightning formation. This 

is still true today. 

Some things are clear. Lightning and thunderstorms 

are results of very intense and deep convective activity. 

Why convective clouds of the size and depth usually asso

ciated with thunderstorms should produce lightning, or why 

much smaller, electrified clouds should not produce light

ning, is much less clear. However, the depth of convection 

appears to be the major parameter for lightning production 

for two main reasons. These can be appreciated more easily 

by considering an analogy to a thunderstorm—a system 
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consisting of a leaky electrostatic generator some distance 

from a ground plate. The equilibrium charge on the genera

tor increases with an increase in charge separation effi

ciency only until a spark to the ground plane occurs. To 

obtain a spark, both an efficient charging mechanism and a 

spark-initiating mechanism are required. 

With lightning, the situation is similar; as cumuli 

grow much above the freezing level, the efficiency of charge 

separation greatly increases, and the charge and field of 

the clouds rise rapidly. Consequently, the likelihood of 

lightning is increased. However, whether or not lightning 

will in fact occur will depend on whether there exists an 

initiating mechanism, which is operative in the range of 

electric field values reached by the electrified cloud. For 

reasons that will become clear below, the hydrodynamic in

stability of large raindrops is generally considered to be 

this initiating mechanism. Clouds of great depth are, of 

course, excellent sources of large raindrops. The great 

depth, therefore, not only enhances the charging mechanism, 

but also produces the source of the discharging mechanism. 

A full study of lightning production would clearly 

include both the electrification and charge drainage prob

lems. In this dissertation, however, we will restrict our

selves to the drainage mechanism and, more specifically, to 

the basic discharge initiation mechanism—the hydrodynamic 

instability of raindrops. To approach this problem let us 
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first look at the conditions necessary to cause an electri

cal discharge of any kind. 

The uniform electric field necessary to obtain 

breakdown in clear air, i.e., with no electrodes present, at 

atmospheric pressure, can be estimated to be of the order of 

35 kv/cm. This number is far in excess of the fields mea

sured or hypothesized in a thundercloud. Therefore, we 

shall immediately dismiss the possibility of the discharge 

originating in clear air. 

When electrodes are present, the conditions for 

breakdown are different. It has been found that a field of 

approximately 30 kv/cm is necessary for breakdown between 

two plane parallel electrodes when their separation is small 

[see, e.g., Loeb (1965)]* For curved electrodes, the shape 

and position determine the enhancement and uniformity of the 

field between them. To obtain any kind of electrical dis

charge from curved electrodes requires a surface field 

strength of at least 30 kv/cm. 

When a conducting sphere is placed in a uniform 

electric field, there is a maximum enhancement of the field 

at the surface of the sphere by a factor of three. Thus, 

if a conducting sphere were placed in a uniform field of 

^ kv/cm, there would exist a non-uniform field of 12 kv/cm 

at the pole of the sphere, still much less than the field 

necessary for breakdown. We use kv/cm for our illustra

tion since that is the highest value which has been 
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measured (Moore, 1971); more typical measured maxima are 2 

to 3 kv/cm. 

The considerations make it evident that there must 

be local enhancements of the electric field which greatly 

exceed that of a sphere. Such enhancements are known to 

occur at the surface of conductors where the local curvature 

is greater than that of other regions of the surface. 

In sufficiently large fields, the curvature of some 

part of a deformable conductor such as a raindrop could 

increase without limit. It is for this reason that the 

raindrop is generally considered to be the source of the 

local field enhancement which initiates breakdown and, even

tually, the lightning discharge. 

Historically, the study of the instability of, and 

corona from, electrically-stressed water drops and surfaces 

has had two major periods of emphasis. The first was from 

1915 to 1935j and the second from 1964 to the present. Most 

of the work in the early 1915-1935 period consisted of ex

perimental studies of the behavior of water surfaces as 

deformable conductors in strong electric fields with little 

emphasis on the possible application to lightning initia

tion. Later work has concentrated almost entirely on the 

application to thunderstorms. 

Zeleny (1915* 1917 > 1935) was the first to experi

ment with a liquid electrode. He attached a capillary tube 
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to a reservoir of the liquid and adjusted its height to 

produce a hemispherical surface at the tip of the capillary 

tube. He then increased the potential applied to the liquid 

until the surface became unstable. With most liquids, in

stabilities resulted in the production of fine filaments of 

the liquid; with alcohol,' for example, filaments about 4 

microns in diameter and 1.5 cm in length were produced for a 

surface field of about 30 kv/cm. 

Zeleny (1915) attempted to analyze his experimental 

work to determine the instability criterion for his highly-

stressed suspended drop surfaces. In doing so he used an 

incorrect expression for the pressure difference across the 

surface at the pole of a prolate spheroid. This mistake has 

been the cause of much subsequent confusion over the deriva

tion of instability criteria for liquid drops. 

Some ten years later, Wilson and Taylor (1925) 

performed experiments with half-bubbles of soap solution in 

uniform electric fields.. They found, using dimensional con

siderations, that a criterion for the instability of the 

half-bubble involved the uniform electric field E, the 

radius of the half-bubble r, and the surface tension of the 

soap solution 0. Their criterion for instability was: 

E /r7a = C 

where C is a constant. The value of C, which Wilson and 



6 

Taylor obtained experimentally for the soap half-bubbles, 

is equivalent to a value of 1.61 for water when the param

eters in the dimensionless ratio are expressed in electro

static units. 

The works .of both Zeleny (1915) and Wilson and 

Taylor (1925) were performed on captive liquid surfaces. 

In 1926, J. J. Nolan published the first experimental data 

(Nolan, 1926) on the breaking of water drops falling through 

electric fields in an attempt to approximate the conditions 

of a raindrop falling through a thunderstorm. He allowed 

uncharged drops to fall a few centimeters through a 

horizontal electric field. He obtained a value of C of 

approximately 1.^9 as the criterion for "explosive bursting" 

which one concludes from his description was the onset of 

instability of the water drops. He also observed a phenome

non which he called "disintegration" to occur with some 

large drops in smaller electric fields than that required 

for "explosive bursting." When the drop was observed to 

disintegrate, it "appears to have divided into a number of 

distinct parts, which fall together without much lateral 

separation." The disintegration was probably due to the 

combined effect of the internal kinetic energy of the drop 

imparted upon release from the dropper and the sudden ex

posure to a strong electric field after a fall of less than 

15 cm. 
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Nolan's work was the first to point out the 

meteorological importance of the instability of water drops 

in strong electric fields. 

The first study of the instability of water drops 

falling through vertical as well as horizontal fields was 

performed by Macky (1931). In his experiments, the drops 

were exposed to the.electric field over a distance of about 

10 cm and a time of less than 50 milliseconds, and were 

falling at a fraction of their terminal velocity. He found 

that the drops became distorted at fields as low as 5 kv/cm, 

but he did not observe instabilities until the fields were 

about 8 kv/cm. After instability, long filaments of water 

were pulled out parallel to the field, the one from the 

positive side being somewhat longer than the one from the 

negative side. His experimental results gave a value of 

1.51 (e.s.u.) for E/r/a, which agreed quite well with the 

results of Nolan (1926). 

Even though the experiments of Nolan and Macky were 

performed with drops in free fall, the conditions of those 

experiments were far from those of a raindrop falling 

through a thunderstorm. The drops in the experiments were 

accelerating, their velocity was much less than their ter

minal velocity, and they were suddenly exposed to an elec

tric field of short duration and large amplitude. 
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The problem of the instability of water drops in 

strong electric fields received little attention from 1931 

until 1964, when Taylor (1964) presented the first defini

tive theoretical treatment. In order to obtain a tractable 

solution, he was forced to make some unrealistic assumptions. 

Neglecting all aerodynamic, gravitational (i.e., hydrostatic 

pressure), and internal circulation effects, he assumed that 

an uncharged water drop in an electric field would take on 

the shape of a prolate spheroid. He then obtained expres

sions for the total surface stress due. to surface tension 

and electrical stress, and this enabled him to write in 

closed form an expression for the pressure difference across 

the surface of the drop at any point. At equilibrium this 

pressure difference is constant over the drop; thus, Taylor 

eliminated it by evaluating it at two points of the prolate 

spheroid, namely the pole and the equator. This yielded the 

instability criterion E/r/a = 1.625 (e.s.u.). To estimate 

the accuracy of the assumption of spheroidicity, he used 

another method to eliminate the pressure difference. He 

integrated the equation for the pressure difference over the 

surface of the drop and again determined the instability 

criterion to be E/r/a = 1.635 (e.s.u.). 

Taylor's two slightly different results show that 

the prolate spheroid is not an exact figure of equilibrium 

for an uncharged water drop in a uniform electric field 



without air flow or gravity, but the closeness of the two 

results and the similarity to Wilson and Taylor's experi

mental data show that it is an excellent approximation. 

Even though Taylor's theoretical treatment neglected 

gravity and aerodynamics, it was the first outstanding theo

retical treatment of the instability of liquid drops. Since 

the publication of Taylor's paper, several experiments and 

theoretical efforts have been made. In the next few para

graphs, we will briefly outline these efforts and their con

clusions in chronological order. 

Latham (1965) measured the mass loss from a water 

drop falling short distances in large horizontal electric 

fields. He found that up to 40 percent of the mass of a 

1.9 mm radius drop was lost by a drop exposed to a field 

of 12 kv/cm for 0.2 second. The mass was ejected in the 

form of filaments and droplets. 

Matthews (1967) performed similar experiments to 

Latham's but with drops falling an undisclosed distance and 

exposed to the electric field for various time intervals, 

and found results similar to Latham's. 

Ausman and Brook (1967) performed still similar 

experiments but varied the temperature of their drops. The 

departure of their data from Taylor's theoretical curve is 

explained by them to be due to the change of viscosity of 
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water with temperature and the short length of time of ex

posure to the field. 

Rosenkilde, in a nomenclature-laden paper in 1969, 

treated the general case of a dielectric fluid drop in an 

electric field by using the method of the tensor virial. He 

assumed the shapes to be ellipsoidal and showed that if they 

are ellipsoidal they must be prolate spheroidal. The insta

bility criterion which he derived is E/r/cr = 1.603 (e.s.u.). 

He also found the characteristic frequencies associated with 

second-harmonic deformations of the equilibrium configura

tions . 

Brazier-Smith (1970) studied prolate spheroidal 

conducting drops in an electric field and, following the 

method of Taylor, was able to write an equation of motion 

for the poles of the spheroid which he integrated numeri

cally to obtain oscillation frequencies. 

He also considered theoretically the dynamics of a 

drop which experienced a pulsed electric field and obtained 

good agreement with the experimental results of Macky (1931). 

Abbas and Latham (1969) first approached the problem 

of a charged prolate spheroid drop in a gravity, wind, and 

electric field. They obtained expressions for the equi

librium axial ratios and for instability using the method 

of Taylor (196*1), i.e., they assumed that the condition for 

equilibrium is that the pressure everywhere in the drop is 
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constant. This assumption, and their assumptions that the 

aerodynamic pressures at the waist and at the top of the 

prolate spheroid are zero, are two which are invalid, as we 

shall see later. Experimental studies were also performed 

by Abbas and Latham in which they allowed charged drops to 

fall short distances into a strong electric field. Their 

experimental and theoretical efforts led them to propose an 

instability criterion, which has since been modified, of 

E/r/cr = 1.60 - 0.35 Q/rJa (e.s.u.), where Q is the charge on 

the drop. Their experimental data showed the drops becoming 

unstable first at the bottom of the drop. 

Latham and Myers (1970) assumed that these results 

were applicable to raindrops falling at terminal velocity 

in thunderstorms, and concluded that the raindrop would 

become unstable at the bottom when in a vertical field. 

Dawson and Richards (1970) pointed out some errors 

in the analysis of Latham and Myers and Abbas and Latham, 

and presented, for the first time, photographic evidence of 

instability of a drop falling at its terminal velocity. 

Richards and Dawson (1971) further presented more complete 

results of an experiment in which charged and uncharged 

drops were supported aerodynamically in a vertical wind 

tunnel and exposed to vertical electric fields of both 

polarities. These results are presented in Chapter II. 
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It should be noted that all previous studies, both 

theoretical and experimental, were quite unrealistic repre

sentations of raindrops in thunderstorms. The theoretical 

efforts have not included gravity or aerodynamics in any 

realistic manner. The experiments were performed either 

with liquid drops attached to electrodes, or with drops 

which were falling at much less than their terminal veloc

ities, which were accelerating, and which were exposed to a 

strong electric field for only short periods of time. These 

certainly are not the conditions which are typical for a 

raindrop in a thunderstorm. It was because of the inade

quacies of the earlier experiments in simulating the condi

tions of a raindrop in a thunderstorm that the experiments 

described in Chapter II were performed. 

The literature on the instability of liquid drops 

lacks a detailed discussion of the physics involved in, or 

a satisfactory explanation of, the instabilities and corona 

discharges observed in previous experiments. An interpreta

tion of the earlier experiments and the present results are 

given in Chapter III. 

Chapter IV presents the equations which describe the 

motion and shape of a real charged drop falling at terminal 

velocity in an electric and gravitational field, and the way 

in which the criteria for instability may be obtained from 

them. The correct solution to these equations is given for 



the first time for the charged prolate spheroidal drop 

falling at terminal velocity in an electric field. In this 

way, the criterion for the drop's instability is deduced. 

This is then compared with the experimental data. 

Some methods used in approximating the solutions 

for the real drops and the numerical results of those 

approximations are given in Chapter V. 

The M.K.S. System will be used in all derivations 

unless otherwise specified. 



CHAPTER II 

EXPERIMENTAL 

The close agreement' between the results of the 

experiments performed prior to 1970 and the instability 

criterion derived by Taylor (196*0 led many workers to apply 

Taylor's criterion to raindrops to predict instability onset 

or lightning initiation fields. 

In this laboratory, it was not felt that the 

conditions of any of the previous studies were sufficiently 

similar to those in the atmosphere to allow comparisons with 

raindrops in thunderstorms. 

In this chapter, we will describe an experiment 

which was performed to simulate more closely the raindrop 

falling through a thundercloud. 

A. Apparatus 

All of the drops studied were supported at their 

terminal velocities in the vertical draft of an open-ended 

low-turbulence wind tunnel which was a modification of one 

described by Montgomery (1968). A sketch of the experi

mental apparatus is shown in Figure 2-1. Air was brought in 

below the wind tunnel through a blower and filter into a 

plenum chamber approximately 28" high and 29" x 60", and 

14 
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Figure 2-1. Sketch of Experimental Apparatus. 



moved upward through a series of six grounded wire screens, 

the mesh size of which decreased with each succeeding 

screen. The air then passed through a precision contraction 

section, the diameter of which decreased from *15 cm to 8.9 

cm, and then passed immediately through a free aperture. 

Covering tne aperture was an 18-gauge copper screen which 

formed the inner part of a 40 cm diameter flat horizontal 

grounded electrode, the outer part of which was constructed 

of 5 mm brass plate with suitably rounded edges. In this 

way, the air could pass through the wind tunnel aperture 

while yet maintaining an almost uniform electric field 

between the electrode and the other one above it. 

The second electrode, 8.5 cm above the one flush 

with the aperture, was fabricated from 18-gauge copper 

screen into a shape which was flat in the 30 cm central por

tion and was very rounded outside the central portion as 

seen in Figure 2-1. This electrode was connected to a 

(0-120 kv) high voltage DC supply, through a 180 meg-ohm 

high voltage protection resistor. The resistor isolated the 

high voltage set from the plates in instances of sparkover, 

reducing the energy and intensity of the sparks. 

With this experimental arrangement, water drops 

could be supported above the wind tunnel aperture at their 

terminal velocities, and a near-uniform vertical electric 



17 

field could be applied to the drops while they were aero-

dynamically supported. 

The velocity profile of the air above the aperture 

was such that the wind speed increased outward from the 

axis, and decreased with height. This velocity profile 

tended to keep the drop centered above the aperture. 

This profile was produced by the slight shaping of 

the lower electrode. This shaping also produced a small 

gradient of the field near the axis of the wind tunnel. 

Thus a small force was produced by the interaction of the 

induced dipole of the water drop and the slight gradient of 

the field which supported the effect of the velocity profile 

in keeping the drop centered. 

The photographic equipment used in the experiment 

was a modified Du Mont oscilloscope camera and a strobo

scope. The camera simply moved the film past a slotted 

aperture behind a 139 mm focal length lens at a rate of 

approximately 2.2 m/sec. The strobe light provided light 

pulses of approximately 9 microsecond duration at intervals 

of 2.5 msec. In most cases a piece of frosted glass was 

placed over the parabolic reflector of the strobe light to 

provide a uniformly diffuse background light against which 

to photograph the drops. In some cases a method of dark-

field illumination was used to obtain photographs of the 

corona discharges from the highly-stressed water drop 
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surfaces, an example of which is shown later in this chap

ter. With this method, a 16" diameter, f/0.9 spherical mir

ror was also used, arranged as shown in Figure 2-2. With 

this arrangement the only light from the strobe which en

tered the camera was that which was reflected by the mirror 

and which was then reflected or refracted off the water 

drop into the camera. In addition any light, such as corona 

from the drop, which originated within the angle of accep

tance of the camera, could also enter the camera. 

Some of the results presented later in this chapter 

were obtained from a study of charged drops in an electric 

field. The method by which the drops were charged was to 

introduce ions of one polarity into the air stream inside 

the wind tunnel, and allow them to be collected by the water 

drop. These ions were formed in the wind tunnel by the 

corona from a sharp-tipped conductor, which was connected to 

a (0-12 kv) high voltage DC power supply. The polarity of 

the voltage applied to the sharp-tipped conductor was such 

that the ions which were produced would be accelerated by 

the electric field applied to the drop, and would be at

tracted to the lower surface of the drop. Ions of the op

posite polarity would not pass through the aperture of the 

wind tunnel, since their downward drift velocity in the 

strong electric field was greater than the air stream 

velocity. 
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An expression for the electric field between the two 

finite circular electrodes has not been obtained in closed 

form; rough estimates, and comparison with other similar 

measurements, indicate that the field was within 3 percent 

of the field for electrodes of infinite dimensions. 

B. Procedure 

Drops of distilled water were inserted into the 

region just above the wind tunnel aperture by using a hypo

dermic syringe with a grounded needle, and adjusting the 

wind speed to support the drop aerodynamically. 

After the drop was inserted, the high voltage power 

supply was turned on. The voltage and air speed were ad

justed to keep the drop in the stable region of the air-

stream. This adjustment was necessary because of the 

increased terminal velocity of the drop as it was distorted 

into a more streamlined shape by the electric field. 

When the drop appeared to approach instability as 

the voltage increased, the camera was activated until after 

instability. 

To obtain unstable charged drops, the electric field 

was increased very slowly while the current of ions was 

flowing past the drop, always allowing the drop to attain 

its equilibrium charge until the drop either became levi

tated by the electric field with no wind, or until the drop 

became unstable. In all cases of charging by this method, 
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the polarity of the corona source voltage was always chosen 

such that the charge collected by the drop would enhance in

stability, i.e.s lower the instability onset field. 

Throughout the remainder of this dissertation we will refer 

to these drops, which by collection of the unipolar ions in 

the airstream are charged to the equilibrium value for the 

external field, as "fully-charged" drops for reasons of 

brevity. 

C. Results 

All drops of water of all sizes studied (1 mm to 4 

mm radius) either charged or uncharged, in fields of either 

polarity, both pulsed and slowly varying, have always become 

unstable first by the formation of a conical point at their 

upper surfaces, which exists for less than one millisecond. 

Figure 2-3 is a typical sequence of photographs of an un

charged drop reaching instability. The instability was 

usually preceded by the growth of nearly prolate-oblate drop 

oscillations before the formation of the point at the pro

late pole. 

The appearance of the point was followed by a sudden 

collapse of the upper surface of the drop back toward its 

shape before instability. The lower surface of the drop 

simultaneously began to flatten. 

The new, more flattened drop, even though it should 

have had a smaller terminal velocity, accelerated downward, 



Figure 2-3. Photograph of Instability of an Uncharged Water Drop. 

This photograph shows a typical sequence of exposures of an un
charged, aerodynamically-supported water drop just before, during, and 
just after instability. The time between exposures is 2.5 msec, with 
time increasing to the right. Instability is exhibited by the pointed 
conical shape of the top of the drop in the exposure near the center of 
the photograph. The capillary wave which is observed to travel down the 
drop after instability is launched by the sudden release of the electri
cal stress at the top of the drop during instability. The equivalent 
radius of the drop is approximately 2.0 mm. 
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Figure 2-3• Photograph of Instability of an Uncharged Water Drop. 
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against the airstream, into a region of higher air speed 

with accelerations as large as three times the earth's 

gravitational acceleration. This indicated that the drop 

had been highly charged at instability. 

Contrary to the findings of previous investigators, 

no mass loss was observed under any circumstances at the 

time of the initial.instability. The limit of detectability 

for any droplets emitted can be estimated as 25 micron 

radius. In some cases, instabilities subsequent to the 

first were observed. These could be obtained only if: 

1. drops which were initially uncharged 

were greatly overstressed, i.e., a field 

much greater than that necessary to cause 

instability was suddenly applied (see 

Figures 2-4 and 2-5); 

or, 2. the drop experiencing instability was 

initially highly charged in such a way as 

to produce partial levitation. In these 

cases, subsequent instabilities occurred 

without any increase in the field. 

Figures 2-6 and 2-7 are typical photo

graphs of such water drops becoming 

unstable; 

or, 3. after the initial instability, the 

airspeed was increased so as to retain 



Figure 2-4. Photograph of Initial and Subsequent Instabilities 

This photograph shows a sequence of exposures of an uncharged drop 
being overstressed. The drop was exposed suddenly to an electric field 
significantly greater than that necessary for instability. The left-most 
exposure shows the 2.4 mm radius drop approximately 15 msec after the 
field was switched on. As time increases to the right at 2.5 msec per 
exposure, the drop is observed to become unstable and give off charge 
first at the top. The bottom of the drop then becomes flattened and 
becomes unstable at the lower rim. Due to the interaction of the large 
field, the instabilities and the capillary waves, the drop then breaks 
up into two charged drops. The upper drop gives off a highly-charged 
droplet; the lower drop becomes unstable at the lower rim again and, 
after the end of the sequence shown, the two drops coalesce. 



Figure 2-4. Photograph of Initial and Subsequent Instabilities. 



Figure 2-5 • Photograph of Subsequent Umbrella Instability of a Large Drop 

This photograph shows a sequence of exposures of a 3.6 mm radius drop 
after its initial instability. The sequence begins at the left-most side of 
the figure approximately 20 msec after the drop first became unstable and 
continues at 2.5 msec intervals. Because of the initial instability, during 
which the drop becomes charged, the electric stress at the lower rim of the 
drop becomes a maximum and causes the drop to become very flat. In this in
stance the flattening was so great that the umbrella instability was created 
by air blowing up through the center of the drop. 



Figure 2-5. Photograph of Subsequent Umbrella Instability of a Large Drop. 



Figure 2-6. Photograph of Instability of a "Partially-Charged" Drop 

This sequence of exposures shows a charged 2.0 mm radius drop during 
instability in an 8.5 kv/cm electric field. At the beginning of the sequence 
in the upper left of the figure, the drop had approximately one-half its "full 
charge." (See text for definition of "full charge.") The'partial levitation 
by the electric field is exhibited by the small amount of aerodynamic flatten
ing of the bottom of the drop. The initial instability occurs at the top of 
the drop near the time of the third exposure (each of which is 2.5 msec apart) 
and launches a capillary wave which travels down the drop as time increases 
to the right. The loss of charge during the initial instability increases the 
electric stress on the lower part of the drop and, since there is little aero
dynamic flattening, the electric stress becomes a maximum at the bottom-center 
of the drop. Later, as shown in the bottom sequence, the drop becomes un
stable alternately at the top and bottom. 



Figure 2-6. Photograph of Instability of a "Partially-Charged" Drop. 



Figure 2-7. Photograph of Instability of a "Fully-Charged" Drop 

This photograph shows a sequence of exposures of a "fully-charged" 
2.7 mm radius drop during instability in a 5.6 kv/cm field.. (See text for 
definition of "fully-charged.") As time increases from left to right in 2.5 
msec increments between exposures, the initial instability is seen to occur 
approximately 6 msec after the beginning of the sequence. The capillary wave 
launched by the instability is evident as it travels down the drop and en
hances a subsequent instability at the bottom-center of the; drop". The shape 
of the drop before instability clearly shows the effect of the partial levi-
tation of the charged drop by the electric field in reducing the drop's 
terminal velocity and thus its aerodynamic flattening. 



Figure 2-7. Photograph of Instability of a "Fully-Charged" Drop. 
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the highly-charged drop in the wind tunnel, 

and the field was then further increased 

until a second instability occurred at the 

lower rim of the drop. 

Mass loss was observed to occur in most cases of 

subsequent instabilities in the form of droplet ejection, 

but not often in the form of filaments of water growing out 

from the drop. Thus we can see that, mass loss is associated 

with overstressing of the top of the drop surface, either by 

application of large external fields, as in (1) above, or by 

the combined action of the field and a suddenly increased 

charge on the drop, resulting from a subsequent instability 

at the base of the drop, as in (2) and (3) above. 

1. Uncharged Water Drops 

The overall experimental data for instability onset 

field versus drop radius for uncharged drops are shown in 

Figure 2-8. This figure.also indicates the polarity and 

type, i.e., pulsed or constant, of the electric field for 

each of the instabilities observed, as well as a curve which 

corresponds to Taylor's (196*1) criterion for instability of 

uncharged prolate water drops, E/r/a = 1.63. The data 

points for the pulsed electric field indicate that insta

bility occurred for a pulse of that field and does not 

necessarily preclude instability for a pulse of somewhat 

smaller amplitude. 



Figure 2-8. Instability Onset Field for Uncharged Drops 

This figure shows the applied vertical field, necessary to produce 
instability of various-sized drops. The points marked by triangles should 
be taken as upper limits since they represent drops which became unstable 
when a sudden, predetermined electric field was imposed on them. The 
points marked by squares and circles are the values at which drops became 
unstable when the field was increased very slowly. The points. marked by 
X's represent drops which were left in the chamber for several minutes and 
became aerodynamically or mechanically unstable, typified by large ampli
tude oscillations. These oscillations were reinforced by both the wind 
tunnel velocity profile and the turbulence which remained in the airstream; 
The lower curve is the instability criterion derived by Taylor (1964). 
The upper curve is the instability criterion as derived in Chapter IV. 
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The only data points which fall below Taylor's curve 

are drops which were left in the airstream for one or two 

minutes, and which broke up as a result of the amplification 

of their oscillations by the turbulence which remained in 

the airstream. These data points should not be considered 

as instabilities of water' drops in equilibrium with their 

field. 

The second curve in Figure 2-8 is the instability 

criterion for the upper pole of an uncharged prolate spher

oid in a gravitational field, the equation for which is de

rived in Chapter IV. Considering the complexity of the 

problem, there is good agreement between this curve and the 

experimental data for all drop sizes. For drops larger than 

about 2.5 mm radius, the experimental data show the insta

bility onset field to approach a minimum value of about 8.0 

kv/cm. 

A direct measurement of the charge given up by the 

drop during the initial instability was impossible because 

of the large electric fields which were present. To the 

author's knowledge, there is no method by which the charge 

could have been determined directly without seriously af

fecting the field configuration or the air flow pattern, or 

both. 

A lower limit of the charge given off can be 

obtained, however, by measuring the' downward acceleration 
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of the drop after the initial Instability. Assuming that 

the drag coefficient and cross-sectional area of the drop 

are constant and that the vertical wind speed profile of the 

wind tunnel is constant, the change of drop charge during 

instability can be determined readily by measuring the down

ward acceleration of the drop and using the equation QE = ma, 

where Q is the change of the drop charge, E is the electric 

field, m is the mass of the drop, and a is its acceleration. 

Obviously the more flattened shape, and the increase in the 

wind speed as the drop moves downward, will tend to decrease 

its acceleration, thus the use of QE = ma to determine the 

change of charge will give a lower limit to Q. 

The lower limit determined in this manner was found 

to be between 2.1 x 10~10 and 5-5 x 10~10 coulomb. The 

absence of any polarity dependence in the instability onset 

values, the observed loss of charge, and the known polarity 

dependence of corona onset from water surfaces, clearly show 

that the drops were first becoming hydrodynamically unstable 

(polarity independent), and then later producing corona at 

the high curvature instability site. 

2. Charged Water Drops 

The experimental data for instability of fully-

charged drops are shown in Figure 2-9. These drops were 

charged using the method described earlier with ions of one 

polarity in the airstream. 



Figure 2-9. Instability Onset Field for Charged Drops 

This figure shows the applied field necessary for instability of 
drops which were charged by ions introduced into the airstream. In each 
case the drop was allowed to obtain its equilibrium charge for the field 
magnitude in which it was exposed. (See text for a complete discussion.) 
The points marked by circles are points at which drops became unstable. 
The points marked by X's are drops which became levitated before the onset 
of instability, i.e., the net upward electrical force on the drop became 
equal to the weight of the drop. The dashed curve is the theoretical curve 
for levitation. The solid curves are the theoretical instability curves 
derived in Chapter IV. The upper curve includes the effects of gravity, 
whereas gravity has been neglected in the derivation of the lower curve. 
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This figure shows that for such drops the insta

bility onset field decreases only slightly to a minimum 

value of about 5 kv/cm with increasing size of the drops. 

The left side of the figure shows drops which became essen

tially levitated above the aperture by electrical forces and 

did not become unstable. ' In these cases the wind speed was 

decreased to less than 2 m/sec so that the gravitational 

force was almost equal to the electrical force. The 

theoretical curve on the left is obtained by equating the 

electrical and gravitational forces on the drop. The 

theoretical curve for instability of the fully-charged 

prolate spheroidal drops is shown in the upper right of 

Figure 2-9 and is also derived in Chapter IV. 

Estimates of the charge given up by the initially 

highly-charged drops were made using the same procedure as 

for the initially uncharged drops. The results are that the 

highly-charged drops gave up a charge of from 8.1 x 10"*10 

to 2.H x 10"9 coulomb during the initial instability. In 

every case the charge given up by these highly-charged drops 

was greater than the theoretical net charge on the drop 

before instability by an amount of approximately 5 * 10"*10 

coulombs. 

3. Electrical Corona 

Attempts were made to detect the presence of corona 

near the point of the drops during the initial instability 



by using the dark-field illumination technique. Corona was 

observed in cases of extreme distortion of large highly-

overstressed drops during subsequent instabilities, an ex

ample of which is given in Figure 2-10. In no case was 

corona detected photographically during the initial insta

bility of ordinary drops, but this was considered mainly to 

be a result of the low sensitivity of the photographic film. 

However, all of the evidence showed that weak corona stream

ers were present during the initial instabilities, e.g., the 

magnitude of the charge (~ 5 * 10**10C) given off during in

stability (such a charge is typical of a weak corona 

streamer), the lack of observable droplets or water fila

ments given off, and finally the characteristics of subse

quent spark breakdowns between the electrodes which clearly 

indicated corona processes. Furthermore, when an uncharged 

drop was in a negative field, (i.e., its induced positive 

end uppermost), the onset of instability was frequently 

followed immediately (within the 2.5 millisecond time reso

lution of the camera) by an upward-branching spark channel 

through the drop, an example of which is shown in Figure 

2-11. 

4. Alcohol and Acetone Drops 

Since previous work, e.g., English (1948) and Dawson 

(1969)3 has shown that at a pressure of one atmosphere the 



Figure 2-10. . Photograph of Corona from an Overstressed Drop 

This photograph is a sequence of exposures of a drop being over-
stressed. Taken with a dark-illumination technique which provides an image 
of the discharges as a faint line of illumination through the locus of points 
which define the top of the drop. Corona is also visible as the faint illu
mination at the bottom of the drop. At the beginning of the sequence on the 
left side of the figure, the applied electric field was substantially greater 
than that necessary for instability. As the electric field was increased even 
further during this sequence, the drop began to be pulled into a single fila
ment of water at the top and several filaments at the bottom, while corona 
pulses occurred at both ends. 



Figure 2-10. Photograph of Corona from an Overstressed Drop 



Figure 2-11. Photograph of Upward-Branching Spark from an Unstable Drop 

This photograph is a sequence of exposures of an uncharged, 1.2 mm 
radius drop which initiates an upward-branching spark as it becomes unstable. 
Each exposure is 2.5 msec apart, with time increasing to the right. The 
first few exposures show the drop becoming increasingly distorted and the 
spark occurring between exposures when the drop would appear to have become 
unstable. The small upward branch to the right of the main spark channel is 
evidence of positive corona from the upper pole of the drop during insta
bility. The later exposures illustrate the effect of high energy sparks on 
water drops. 



Figure 2-11. Photograph of Upward-Branching Spark from an Unstable Drop. 



onset field for corona from water drops is a little greater 

than the instability onset field, and since in this experi

ment the water drops always gave off corona as opposed to 

the mass loss observed by earlier workers, the following 

question arises: Is the behavior observed here less depen

dent on the properties of the liquid composing the drops 

than was previously thought, and in fact more a character

istic of freely-falling drops at terminal velocity composed 

of any liquid? 

The answer to this question can be found by perform

ing the experiment with a liquid with low surface tension 

which, in previous experiments, has always been reported to 

become unstable without producing corona. The experiment 

was therefore repeated using ethyl alcohol and acetone drops 

As would be expected because of the low surface 

tension, the shape of the drops was more flattened on the 

bottom and the instability onset fields were lower. However 

again, no liquid filaments formed from the drops at the time 

of their initial instability. Except for the drop shape, 

the behavior of drops of ethyl alcohol, acetone and water at 

initial instability appeared essentially identical. Subse

quent instabilities did occur much more readily, without in

crease of the applied field, to produce long filaments 

extending from the drops of acetone and ethyl alcohol. 

Figure 2-12 is a photograph showing the initial instability 



Figure 2-12. Photograph of Initial Instability of an Acetone Drop 

In this sequence of exposures taken at 2.5 msec intervals from left, 
to right, the initial instability of a typical acetone drop supported at 
terminal velocity in a vertical electric field is seen to be quite similar 
to the initial instability of water drops. 



Figure 2—12. Photograph of Initial Instability of an Acetone Drop. 
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of an acetone drop, and Figure 2-13 is a photograph showing 

the subsequent instabilities of an alcohol drop 0.15 seconds 

after its initial instability. 

Thus it appears from these experiments that the 

nature of the initial instability is an intrinsic property 

of drops falling at terminal velocity (at least over the 

range of surface tension studied here) due to the inter

action of the drop shape, aerodynamics, and the electric 

field, a more detailed explanation of which will be given 

in Chapter III. 

5. Oscillation Frequencies of Water Drops 

During the course of the experiment several thousand 

feet of 35-mm film were exposed. Much of this film contains 

photographs at 2.5 millisecond intervals of water drops 

oscillating from flattened prolate shapes to flattened 

oblate shapes while in fields of various strengths and with 

various changes. 

In several of these cases, the sequence of photo

graphs was long enough to obtain the oscillation frequencies 

for those drops. Figure 2-1^1 is a composite plot of the 

dimensionless angular frequency io/pr3/8a versus the dimen-

sionless electric field EA^irEorO/a for all those drops for 

which oscillation frequencies were obtained experimentally. 

In these dimensionless variables, w is the angular frequency 

of oscillation, p is the density of water, r is the radius 



Figure 2-13- Photograph of Subsequent Instabilities of an Alcohol Drop. 

This sequence of photographic exposures shows the behavior of an 
electrically-stressed ethyl alcohol drop after its initial instability. 
The sequence begins 0.15 seconds after the initial instability and shows, 
from left to right at 2.5 msec intervals, the shape of the drop as it 
produces filaments of alcohol at both the top and lower rim of the drop. 
The initial instability of this drop was very similar to those.of acetone 
a n d  w a t e r  d r o p s .  . . .  



Figure 2-13. Photograph of Subsequent Instabilities of an Alcohol Drop 



Figure 2-14. Oscillation Frequencies of Water Drops in an Electric Field. 

This figure shows the measured oscillation frequencies of several 
drop sizes in electric fields of various magnitudes. The ordinate is the 
dimensionless (or Rayleigh) frequency and the abscissa is the dimensionless 
electric field, both of which are defined in the text. .The numbers in the 
upper right of the figure designate the radius in millimeters of each of 
the drops. 
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of a sphere having'the same volume as the drop, E is the 

applied electric field far from the drop, and a is the sur

face tension of water, where all quantities are in M.K.S. 

unit s. 

The experimental data indicate that the dimension-

less oscillation frequency w/(pr3)/(8a) varies approximately 

linearly with the dimensionless electric field E/(Hire 0r)/a 

over the range of available data. Figure 2-14 indicates 

that the larger drops have a greater non-dimensional fre

quency than the smaller drops. 



CHAPTER III 

INTERPRETATION 

In this chapter we shall discuss qualitatively the 

physics of drop instability and corona streamers. This 

background will then be used to explain the results of 

Chapter II and of previous experiments. 

First, let us define corona. Corona is a localized 

electrical gas discharge associated with, and originating 

in, the high-field region surrounding an electrically-

stressed electrode of low radius of curvature. Corona 

usually extends a short distance into the surrounding 

regions of low electric field before dissipating. The 

properties and behavior of coronas depend on many things, 

e.g., gas type, pressure, electrode geometry, and (in some 

cases) material, but most of all, polarity. Positive 

coronas are filamentary in appearance, barely visible to the 

dark-adapted eye, and propagate relatively far into the low-

field regions. Each of these filamentary channels is called 

a streamer. Negative coronas are more diffuse laterally, 

more concentrated in the vicinity of the source, i.e., 

propagate for short distances only, and in general take on 

the appearance of small "burst-type" discharges. 

43 
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The different appearance is the result of quite 

different production mechanisms. Positive corona streamers 

are so-called "conservative" discharges, in that the elec

trons are attracted successively with the advancing tip of 

the channel, ionizing the gas and leaving behind a dilute 

plasma trail which constitutes an extension of the streamer 

channel. 

Negative coronas are dissipative discharges. 

Electrons are repelled from the electrode, causing ioniza

tion before becoming attached to oxygen molecules in the 

regions of low electric field. Both discharges occur in 

pulses; the space charge from a preceding discharge has to 

dissipate before the electric field of the electrode surface 

returns to its original value, just above corona onset. 

Only positive corona streamers are of importance for 

the present study, mostly because of their great range, and 

their slightly lower onset field from a water surface 

(Dawson, 1969). The range of a streamer depends on the 

amount of energy attained in the high-field region, and the 

rate of dissipation in the low-field region. Typical ranges 

of low-energy corona streamers in essentially zero fields 

are a few centimeters. The present experiment is somewhat 

unique. The corona streamer is produced, to be sure, at a 

surface of low radius of curvature (the tip of the water 
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drop) but should then be able to propagate for great 

distances in the large electric field away from the drop. 

Now, let us define what is meant by instability. A 

drop shape is said to be unstable if a small perturbation of 

that shape produces a catastrophic acceleration, i.e., an 

acceleration which increases with displacement, of some 

region of the surface outward from the center of mass of the 

drop. When conditions for instability exist, the perturba

tion grows rapidly; the field-enhancement factor of the 

perturbed shape is greater than before and, furthermore, the 

field is concentrated at the perturbation itself. This 

further increases the acceleration of the fluid at this 

site, resulting in a smaller radius of curvature at that 

point. If no other mechanism relieves the electrical 

stress, the perturbation will continue until it takes the 

form of a cone with a sharp point, from which filaments of 

charged liquid emerge. 

The preceding discussions of corona and instability 

show that both are mechanisms which can relieve the electric 

stress of a liquid surface, but we have yet to discuss which 

in fact does relieve the stress. 

The major factor entering into the problem is the 

pressure dependence of corona onset, the pressure indepen

dence of instability onset, the relatively slow speed of 

instability development 1 msec), and the high speed of 



corona development (<<1 ysec). Dawson (1969) has shown 

that as the electric stress on a water surface is increased, 

instability occurs first, i.e., has a lower onset field, 

when the air pressure is near one atmosphere. At air pres

sure corresponding to a height of about 4.5 kms and above, 

however, pure corona becomes the discharge mechanism. We 

will restrict ourselves here to a discussion of discharge 

mechanisms at one atmosphere. 

The fact that the response of the water surface to 

electric stress is to become unstable does not in itself 

imply that the electric stress of the surface will be re

lieved by loss of charged filaments or droplets. Once in

stability is attained, the high-curvature region it produces 

is a position of very high electric field. This field 

should easily exceed the corona onset field (lying somewhat 

above the instability onset) before any mass has been lost 

from the drop in the form of filaments of water. When the 

corona onset field is reached, the very fast (<< 1 ysec) gas 

discharge is able to relieve the electric stress before the 

slower 1 msec) mass loss process can occur. 

The question therefore arises as to why filaments of 

water are ever observed from electrically-stressed water 

surfaces even at atmospheric pressure. Equivalently, we may 

ask why an electrically-stressed water surface continues to 
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be hydrodynamically unstable if the corona discharge 

relieves the electric stress. 

To answer this question, we must look at the effect 

of corona on the surface electric field. We have stated 

that corona decreases the surface electric stress, and it 

does so by three mechanisms. 

Firstly, the corona discharge removes charge from 

the surface. Secondly, some of this charge is deposited in 

the space outside the drop surface. Thirdly, the reduction 

of the surface electric stress causes the drop shape to 

relax into a surface with less curvature. This third 

effect, which is a result of the first two, results in a 

lower surface field since the new, less distorted shape 

produces less field enhancement. 

There are two processes which can occur, each of 

which will counteract one of the first two effects (and in 

doing so, also counteract the third), and tend to re

establish or increase the surface electric field. The 

first effect above can be counteracted by connecting the 

drop surface to a source of potential, thereby replenishing 

any surface charge removed by the corona discharge-. The 

second effect is reduced by the removal of the space charge 

by sweep-up in the external field. 

Now let us apply these discussions of instability 

and corona to the three general typfes of experiments which 
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have been performed on electrically-stressed water drop 

surfaces. 

First, let us consider the captive drop experiments 

performed by Zeleny (1915), Wilson and Taylor (1925), 

English (19*18) j and Dawson ( 1 9 6 9 ) .  In these experiments, 

the drops were electrically connected to high voltage sup

plies, which are effectively infinite sources of charge. 

The geometry of the drop surfaces in these experiments is 

represented by Shape X in Figure 3-1. As the potential was 

increased, these drop surfaces were first observed to oscil

late between a normal and conical shape, and then, with 

further increase, this oscillatory motion ceased and the 

drop surfaces remained in the unstable conical shape, pro

ducing filaments of water at A. Some luminosity was ob

served, indicating the presence of corona. In all these 

experiments, the effect of corona was to reduce the electric 

field by the deposition of space charge only, since the 

surface charge removed by the corona was continually replen

ished by the voltage supplies. 

The second type of experiment which we shall 

consider is that with electrically-stressed water drops 

falling freely at less than terminal velocity. Examples of 

these experiments are those performed by Nolan (1926), Macky 

(1931), Ausman and Brook (1967), Matthews (1967), and 

A b b a s  a n d  L a t h a m  ( 1 9 6 9 ) .  



SHAPE Y SHAPE Z 

Figure 3-1• Three Drop Shapes for Consideration. 
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We can represent the shape of the isolated drops in 

these experiments by Shape Y in Figure 3-1, which is axi-

symmetrical about the AA' axis and also symmetrical about a 

plane which is perpendicular to the AA' axis. Even though 

some of the drops of this type of experiment were not per

fectly symmetrical about a plane, they suffered so little 

aerodynamic flattening that the following discussion still 

applies. 

Let us assume that as the external field is in

creased, instability first occurs at point A and that it 

proceeds until a corona discharge also occurs at A. In this 

case the corona reduces the surface field at A both by the 

deposition of space charge and the removal of surface charge. 

However, since the drop is nearly symmetrical, it must also 

be on the verge of instability at A'. The removal of charge 

from A will greatly increase the stress at A' and it too 

will rapidly become unstable and produce corona. It is 

easily seen that the loss of charge from both ends of the 

drop at, on average the same rate, is equivalent to one end 

of the drop's being connected to a source of constant po

tential. Thus, the behavior for this case will be the same 

as the first case discussed above. As before, filaments of 

water would be expected, and have been observed. 
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In this type of experiment, it is clear that corona 

and instability both play mutually supporting roles—each is 

necessary for the occurrence of the other. 

Now let us look at the third type of experiment—the 

one performed in this laboratory with electrically-stressed 

uncharged water drops supported at terminal velocity in 

vertical fields. Of the three types of experiments, this 

type* and the one using charged drops, are the only ones 

having meteorological significance. 

The experimental evidence clearly shows that the 

drops suffer considerable aerodynamic flattening; the 

shapes, represented by Shape Z in Figure 3-1, now lack sym

metry about a plane, but, of course, retain their axi-

symmetry. The aerodynamic flattening greatly reduces the 

electric field at A', and makes the surface field more near

ly uniform over the bottom of the drop. It is for this 

reason that instability of the drops falling at terminal 

velocity always occurs first at A. As the instability pro

ceeds to increase the surface curvature and field at A, the 

corona onset field is reached and a corona streamer is 

produced. This, of course, increases the surface field at 

A', but the increase is not sufficient to cause instability 

at A'. Therefore no more instabilities occur at either end. 

In both of the first two types of experiments, 

filaments of water were observed. In these experiments, the 
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effect of the corona was to decrease the surface field by 

only the deposition of space charge. In the third type of 

experiment, the effect of corona was to decrease the elec

tric field by both the deposition of space charge and by 

the removal of surface charge. 

We conclude from the evidence of filaments in the 

first two types of experiment that the space charge reduced 

the surface field to below corona onset, but was not able to 

reduce it to below instability onset. As a result, the 

hydrodynamic instability continued. 

The lack of filaments in the third type of experi

ment leads to the conclusion that the combined effect of 

space charge and surface charge lowers the surface field 

below both corona onset and instability onset. In this 

case, the hydrodynamic instability is choked off. 

When similar experiments are performed on charged 

drops, as here, the effect of the aerodynamic flattening is 

greatly reduced because of partial levitation. In these 

cases, one would expect the drops to behave as those in the 

second type of experiment above, giving off filaments of 

water. This indeed is the case, as shown by Figure 2-6 and 

Figure 2-7. 

The preceding discussion explains the behavior of 

electrically-stressed water drop surfaces at pressures where 

the corona onset field is larger than the instability onset 
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field. At lower pressures, corona should occur before 

instability, suppressing the formation of filaments. 

If any drop is overstressed, i.e., exposed to a 

field much greater than neaessary for instability, it should 

produce both corona and mass loss. Examples of overstressed 

drops at atmospheric pressure are given in Chapter II. 



CHAPTER IV 

THEORETICAL 

To make clear some 'of the difficulties involved in 

describing the behavior of a charged water drop falling at 

terminal velocity in a strong uniform electric field, let us 

state at the outset that a closed-form solution is not 

possible. 

In all previous work that has discussed the 

theoretical aspects of instability, the same simplifying 

assumption has been made; the drop shape is assumed to be a 

prolate spheroid. Most of these theoretical treatments have 

dealt with an isolated uncharged prolate spheroidal drop 

without gravity or aerodynamic pressure. None of them has 

correctly treated the effects of gravity, charge, and aero

dynamics. 

In this chapter, we shall present the general 

equations which govern a Charged drop falling at terminal 

velocity in an electric field and in a gravitational field. 

These equations are presented in a form which is readily 

adaptable to numerical methods of solution. 

More physical insight is gained from a closed-form 

<r.-

solution of a special case which is obtained by approximating 

54 
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the drop shape to a prolate spheroid. The approximation is 

later shown to be quite good. 

We then derive the equation of motion of the pole 

of a charged prolate spheroidal drop falling at terminal 

velocity in a gravitational and vertical electrical field 

with only the assumption that the tangential gradient of the 

aerodynamic pressure vanishes at the upper pole of the drop. 

The equation of motion of the pole of the prolate 

spheroid also yields small amplitude oscillation frequencies 

which, however, for reasons to be discussed, are in poor 

agreement with oscillation frequencies observed. 

A. The General Problem 

Let us consider all of the forces which could 

influence the motion of a fluid particle inside the drop. 

There are surface forces due to surface tension, electrical 

stress, and aerodynamic flow. There is a volume force due 

to gravity. In addition to these real forces, there are 

inertial forces due to internal circulation and transla-

tional motion as the drop shape changes. McDonald (195^) 

and Poote (1971) have shown that the internal circulation 

is small for most drops. We shall neglect internal circula

tions throughout this chapter. 

Thus, a close approximation to a non-oscillating 

raindrop falling through a thunderstorm can be obtained by 



including the effects of the surface tension, the aero

dynamic pressure, the electrical stress, and gravity. 

Let us write the pressure p^ at some point X just 

inside the surface of the drop as: 

P±  = Pa, + Pa + Ap (4-1) 

where p^ is the ambient pressure far from the drop, pa is 

the aerodynamic pressure on the surface due to the flow of 

air around the drop, and Ap is the difference in pressure 

across the drop due to surface tension and electric stress. 

The term Ap can be written as: 

Ap = CTK - E2 (4-2) 

where a is the surface tension of the drop, e0 is the 

permittivity of free space, E is the electric field outside 

the surface at X and K is the curvature of the surface of 

the drop at X, given by: 

k = — + — (4-3) 
Tj r2 

where rj and r2 are the principal radii of curvature at the 

point X. 

Taking the first derivative of with respect to 

the vertical coordinate z, we obtain: 
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3p± 

~Wz 

3P, 

dz + 8z^0lc^ 
_9_ 
9z 

EjL E 2 
8pn 

3z 
(4-4) 

However: 

3P. 

3z 
= - p 

is very small and can be neglected, since p^g, the atmos-
a 

spheric hydrostatic pressure gradient, is small compared to 

pressure gradients within a water drop. 

The equation of vertical motion of the point X is 

given by: 

d2z 
pw dtz 3z ~ ^w ~ ^a^' 

(4-5) 

where p is the density of water, p„ is the density of air, 
w a 

and g is the acceleration due to gravity. Equation (4-5) 

can be written as: 

d2z 
dtz 

w 

9pa 
Tz + 9z^aic^ ~ dz te' (4-6) 

if the drop is in equilibrium, i.e., no motion 

inside the drop, and if it is not accelerating, then the 

aerodynamic pressure at X is given by: 

pa  = po - aK + T" e2 - pw®z (1-7) 



where p is a constant which can be evaluated 
o 

of the bottom of the drop where p = fp„v2. 
cl ci 

Equation (4-7) and the equations: 

at the center 

1 p z»d§ = mg - QE 
h a  

(4-8) 

where dS is a surface element, 

Q 
(4-9) 

S 

and Laplace's equation for the region outside the drop: 

V2\p = V»S = 0 

together with the boundary condition that the potential \p 

is constant on the surface of the drop, are the integro-

differential equations which must be satisfied by a fluid 

drop in its equilibrium shape falling at terminal velocity. 

The left-hand side of Equation (4-8) is the integral over 

the closed surface of the drop of the vertical component of 

the aerodynamic pressure, and on the right-hand side m is 

the mass of the drop, Q is the net charge on the drop, and 

E^ is the electric field at large distances from the drop, 

assumed to be uniform and positive if directed upward. 



Equation (4-9) is simply Gauss' law applied to the surface 

of the drop. 

Ideally, one would wish to solve these equations so 

that a complete description of the motion of the drop sur

face could be obtained. The problem is extremely complex, 

however, for several reasons. One is the fact that the 

aerodynamic flow cannot be fully specified, but obviously 

depends upon the drop shape in a way that again cannot be 

fully specified, while the drop shape is greatly affected by 

the flow. Another severe complication is the surface stress 

calculation. The stress due to surface tension is simply 

proportional to the local surface curvature. The electric 

stress at a given point, however, depends not only on local 

values, but also on the shape and charge distribution of all 

the remainder of the drop. 

It is for these reasons that a closed-form solution 

of these equations does not exist. This leaves one with two 

alternatives: solve the equations numerically, or make 

approximations which will allow closed-form solutions. 

Chapter V presents some numerical techniques which illus

trate the numerical approach. The remainder of this chapter 

will deal with closed-form solutions when certain approxima

tions are made. 
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B. The Prolate Spheroid 

As will be shown in Chapter V, the prolate spheroid 

is a very good approximation to, but not an exact equilib

rium shape of, an isolated, gravity-free water drop in a 

uniform electric field. It is for this reason that almost 

every theoretical treatment of water drops in electric 

fields assumes at the outset that the drops take on the 

shape of prolate spheroids, thus allowing a closed-form 

solution, but none of the earlier treatments has correctly 

taken into account gravity or aerodynamics. 

In fact, there has been only one previous attempt 

to include aerodynamics and gravity. Latham and Myers 

(1970) incorrectly assumed that the aerodynamic pressure was 

zero at the equator of the drop, and also incorrectly 

assumed that a drop in a gravitational field would have no 

internal pressure gradient. 

An attempt is made here to give a theoretical 

treatment which is far more general and requires simplifying 

assumptions which are more realistic than any previous work. 

To obtain a closed-form solution, we too must assume 

prolate spheroidal shapes. 

The only other assumption which we shall make is 

that the tangential aerodynamic pressure gradient vanishes 

at the upper pole. This assumption is realistic, certainly 

for potential flow and should be also for real flow around 
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drops. McDonald (195*0 shows aerodynamic pressure profiles 

for real drops which suggest that the aerodynamic pressure 

gradient does indeed vanish at the upper pole. 

Most previous theoretical efforts used pressure as 

the unknown parameter in the description of the behavior of 

liquid surfaces. This method limited them to determining 

only the instability criterion and gave very little insight 

into the physics involved in liquid surface instabilities. 

Our method of approach will be to derive the 

equation of motion for the drop surface, thereby obtaining 

the acceleration of a fluid particle at the surface. This 

method not only provides physical insight into the problem 

of drop instabilities, but also describes quantitatively 

every aspect of the motion of the prolate spheroidal liquid 

drop. 

1. Coordinate System 

Since we are going to be working with prolate 

spheroids, we will find that the equations and their solu

tions will be very much simplified if we write them in terms 

of the prolate spheroidal coordinate system. The definition 

of the prolate spheroidal coordinate system in terms of the 

Cartesian coordinate system will first be given. 

Figure 4-1 shows the outline of a prolate spheroid 

of axial ratio a/b and, following Morse and Feshbach (1953), 



z 
oo 

Figure 4-1. Depiction of Prolate Spheroidal Coordinate 
System. 
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is defined by the prolate spheroidal coordinate: 

^ = — = a = = constant (4-10) 
e /a2 - b2 

where a is the major axis, b is the minor axis, and e is the 

eccentricity of the spheroid. The spheroid is generated by 

rotating the ellipse ABA'B' about the z-axis. 

The transformation from Cartesian coordinates to 

prolate spheroidal coordinates is given by: 

r'i = /[z + (a'/2)]2 + x2 + y: 

r'2 = /[z - (a'/2)]2 + x2 + y2 

K = ri t'V2 > + 1 £ S £ 00 . (4-11) 
d 

11 = ri a/P2 ' - 1 £ n £ 1 

$ = arctan — , 0 £ cf> 2ir 
X 

where ri is a measure of the latitude. The inverse trans

formation is given by: 

z = -la' £ri 

x = Aa'/(£2 - 1)(1 - n2) cos <f> (4-12) 

y = §a'/(£2 - 1)(1 - n2) sin <J> 
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Since there is no <J> dependence of any of the 

variables, e.g., electric field, surface stress, motion, we 

can and shall without loss of generality, let tj> = 0 through

out the following. 

We shall use the prolate spheroidal coordinates in 

this derivation since the- surface of an ellipsoid in such 

coordinates has the.simple representation £ = constant. The 

coordinate ri has a value of + 1 at the upper pole, zero at 

the equator, and - 1 at the lower pole. 

Since we wish to consider only constant volume 

drops, we can eliminate the interfocal distance a' from the 

equations by making use of the radius r of a sphere having 

the same volume as the prolate spheroid, and the prolate 

spheroidal variable £0 via the equation: 

"•A-Trr3 = V3irab2 = VsuC^a')3 £0(£0
2 - 1) (4-13) 

2. Method of Approach 

Since we know that the initial instability of a 

drop falling at terminal velocity is at the top, we shall 

derive the equation of motion of the upper pole of the 

prolate spheroid by finding the pressure gradient inside the 

drop at the upper pole, and make use of the assumption that 

the aerodynamic pressure gradient vanishes at the upper pole. 
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The equations of motion for a fluid particle in the 

drop at some point (X,Z) are: 

d2  z 1_ 3p g (4-14) dtz  

and 

(4-15) 

We wish to evaluate these at the upper pole of the 

drop. Therefore we must find the vertical pressure gradient 

in the prolate spheroid at z = a. 

To do this, we must have expressions for the surface 

stress due to surface tension and electrical stress. The 

derivation of the curvature K of the surface of a prolate 

spheroid is given in Appendix A. The result is given by: 

electric field at the surface of a conducting prolate spher

oid with a net charge Q in a uniform electric field E is 

given in Appendix B with the result: 

K 
r(t,0-ri j \c,Q-±j 6 

(4-16) 

Likewise, the derivation of the expression for the 

E 
^ n F V 3 / r 2  -I \ l A  

j 3-— + —0 £° (4-17 ) 
U2-1)H U2-ri2 )2Qi (£0) 4ire0r2 (?2-ri2)s 
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To obtain the pressure gradient at A in Figure 4-1 

we must first obtain expressions for the pressure differ

ences p^ - Pg and p^ - pz, since we can write: 

PA ~ PZ = PA ~ PX ^PZ ~ PX^ 

We first find the pressure at the points X and A 

just inside the surface of the drop. Using Equations (4-1), 

(4-2), (4-16), and (4-17)3 the pressure at any point just 

inside the surface is given by: 

Pi - p. + pa -
CT Sn /'3(2Zn-n2-l) 

£ o 
2 

r (5|-T12)2/'(CS-1) A 

?2„2 
K* 2E Qns, 

2 / 
/ 3 

(^_l)(C2_n2)[Qi(?o)]2 

*» / 1 / 
Q2Co /3(g%-l) 7 3 

(4Tre„r' j* uS-n* ) 
(4-18) 

Both p^ and px may be obtained by evaluating Equation (4-18) 

at n = 1 and n = 1 - (Az/a), respectively. 

The derivation of the expression for p^. - p^ is 

given in Appendix C. The result is: 

PX " pZ 
pw f d2a _ 3 fdal 2 

4a [ dt7" 2a|dtJ 
x' (4-19) 
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We can now calculate the vertical pressure gradient 

at A by finding: 

3z 

Pa""P7 PA Py Py""P7 
= lim A

t _  =  l i m  A
t _  +  li m  X

A_ (4-20) 
z=a Az->0 Az 

Az->0 
Az 

Az->0 
Az 

The first term on the right-hand side of Equation (4-20) is 

given by: 

Pa-PX 

Az 
4a 

lim 
Az-K) UZl r3U2-l) 

QEmUf+l) 

a -

Q' 

£oE;a 

4U2-1)[Q1U0)]: 

l6ira(5g-l)Q1 (50) (8ir)2e0r3 

(4-21) 

The steps necessary to obtain Equation (4-21) from Equation 

(4-18) have been omitted but are simply applications of the 

definition of a limit. 

The second expression on the right-hand side of 

Equation (4-20) is given by: 

lim 
Az->0 

P 

PX PZ 
Az 

Az->0 

xi 

Q. 

d2a 3 da' 
2 

Az sir dt1 
K 2a dt 

2as 

d2a 3 fda 

dt2 ~ 2 a l d t J  

2 2r3 

where lim -rr = ^ 
Az->0 a 

(4-22) 

is obtained from Equation (C-l). We 



are finally able to obtain the equation of motion for a 

fluid particle at z = a by inserting Equations (4-22) and 

(4-21) into Equation (4-20), giving: 

d2 

dt" 
a _ 

-8a E| 

pwrs(ei-i ) ( 3 e !-i> 

e.Eia 

9E (E?+l) 

a -

Q" 

4(C^-1)[Q1(C0)3: 

l67ra(?2-l)Q1 (£0) (8ir)2e0r3 

3 ^q-1) Tda]2 

2a (352-1) 

2?o 

(4-23) 

This .equation contains all the information that 

would be required about the behavior of charged or uncharged 

spheroid drops in gravitational and electrical fields. It 

can yield the instability criterion for prolate spheroid 

drops of any charge, size, eccentricity, surface tension, 

electric field and gravitational field, with or without in

ternal kinetic energy. 

For the case of a charged drop with no gravity or 

electric field the instability criterion from Equation 

(4-23) becomes that first derived by Lord Rayleigh (1882). 

For the case of an uncharged drop in an electric field but 

with no gravitational field, the instability criterion of 

Equation (4-23) reduces to approximately that derived by 

Taylor (1964). The instability criterion for any of the 

more general combinations has not been obtained before. 
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Equation (4-23) also yields a closed-form solution 

for small amplitude oscillations about an arbitrarily dis

torted equilibrium prolate spheroid. It indicates that for 

larger amplitude oscillations, the frequency of oscillation 

should decrease. A quite important result of Equation 

(4-23) is the effect of gravity upon instability as we shall 

see in the next sections. 

C. Applications of Theory 

In this section we shall use the equations derived 

in the preceding section to determine equilibrium and in

stability criteria and oscillation frequencies for charged 

and uncharged prolate spheroids in a gravitational field and 

show how these results reduce, in special cases, to those 

found by previous workers. 

1. Equilibrium and Instability 
of Uncharged Prolate Spheroids 

If the drop is in equilibrium, then there is no 

motion of the surface of the drop relative to a frame of 

reference moving with the drop; and if the drop is also 

falling at a constant velocity, then there is no net accel

eration of any part of the drop. Therefore, for equilibrium 

to exist, the time derivatives of a in Equation (4-23) must 

be zero, and that equation becomes: 
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Pwr3(5!-1) 

enE2a 
2-® - g = 0 (4-21) 

1(5|-1)[Q,(C0)]2 

for an uncharged drop. 

By rearranging and introducing Equation (4-13) to 

eliminate a, we can write Equation (4-24) as: 

-v. (4"25) 
5o 

for the equilibrium equation for uncharged prolate spheroids 

in gravitational and electric fields. 

The results of Equation (4-25) are shown in 

Figure 4-2 for several drop sizes. These curves indicate 

the effect of gravity in decreasing the distortion of the 

upper half of the prolate spheroid relative to the distor

tion predicted by the Taylor (1964) equilibrium criterion 

which neglects gravity, and is also shown in Figure 4-2 as 

the left-most curve. This curve is plotted from: 

which is the equilibrium equation obtained from Taylor. If 

we neglect gravity, as Taylor did, then from Equation (4-25) 

we obtain a similar expression: 

f2c0-(2e;-i)(5;-i)*i 
[Qx ( € o )]2(£§-1),,/3 (4-26) 



Figure 4-2. Equilibrium Curves for Uncharged Prolate Spheroidal Drops. 

This figure shows the equilibrium curves for uncharged prolate 
spheroidal drops in a uniform electric field. The left-most curve is the 
equilibrium curve derived by Taylor (1964). The curve which is second from 
left is the equilibrium curve derived in this chapter for a gravity-free 
drop. The curves labelled by 1.0, 2.0, 3-0, and 4.0 are the equilibrium 
curves derived in this chapter for drops in the earth's gravity with radii 
of 1.0, 2.0, 3*0, and 4.0 mm, respectively. The points labelled by X's 
are the maxima of these equilibrium curves and are points of conditional' 
instability. The ordinate is distortion ratio a/b and the abscissa is di-
mensionless electric field E/r/a. 
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Figure 4-2. Equilibrium Curves for Uncharged Prolate Spheroidal Drops. 
—  ̂
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^ *£1= -It? W.(5.)]2U5-D',/' (4-27) 
£ 0 

which is shown in Figure 4-2. A comparison of Equation 

(4-26) with Equation (4-27) as well as the curves of 

Figure 4-2 shows that our derivation reduces in this spe

cialized case to a result which is very similar to Taylor's. 

The difference in these results is due to the fact that, 

once again, the prolate spheroid is not an exact equilibrium 

shape, whereas we have assumed it to be so at one point, the 

pole. Taylor assumed that the poles and the equator were in 

relative equilibrium, i.e., the pressure was the same at 

both points. The similarity of these results can be shown 

numerically. 
a 

Equation (4-27) gives a maximum value of Eoo(r/a)2 

of 1.70 when a/b = I.89, whereas Equation (4-26) gives a 

corresponding value of 1.63 for the maximum value of 

1 i 
E (r/cr)2 at a value of 1.86 for a/b, both values of E (r/a)2 

00 00 

being given in electrostatic units. 

These numerical points in fact are those which 

define instability onset, i.e., they are points of condi

tional instability. Our method of approach enables us to 

prove explicitly for the first time that these points do 

indeed define instability onset. Previous theoretical ef

forts have only implied this from the shape of the resulting 

curves. 



If the uncharged equilibrium drop is to be stable, 

then the solution of Equation (4-23) must be such that the 

major axis of the prolate spheroid remains finite. This 

requires that there exist some maximum value of a, say a0, 

for values greater than which the right-hand side of 

Equation (4-23) is negative. If, however, there exists no 

such a0j and the right-hand side of Equation (4-23) is posi

tive for all a, then by definition the drop is unstable. 

Thus the drop is unstable when the nondlmensional electric 

JL 
field Eoo(r/cr)2 exceeds the maxima values obtained from 

Equation (4-25). The values of these maxima as shown in 

Figure 4-2 range from: 

Ew(r/a)2 = 1.70 (E.S.U.) (4-28) 

when the nondimensional gravity (p gr2)/(8a) is much less 
w 

than one, i.e., very small drops, to: 

EM(r/a)^ = 1.87 (E.S.U.) (4-29) 

for a 3*5 mm radius drop. 

The points of conditional instability defined by 

these maxima occur at values of a/b ranging from I.89, when 

the nondimensional gravity can be neglected, to 1.00. These 

points are shown as curves in Figure 4-2 and Figure 2-8. 

One fault of the spheroidal approximation when 

gravity is involved can be seen from the results of 



Equation (4-25). No conditional instability points exist 

for drops with radii larger than 3-^7 mm. This is because 

from Equation (4-25), with sufficiently large r, the force 

due to surface tension is less than that due to gravity, re

gardless of the distortion. The curve in Figure 2-8 there

fore ends at a drop radius of 3^7 mm. 

Considering.the complexity of the problem and the 

assumptions required to get any non-trivial closed-form 

solution, the agreement between experimental data and the 

theoretical curve in Figure 2-8 is considered to be good. 

The differences which do exist are due to aerodynamic flat

tening as we shall see in Chapter V. The theoretical curve 

is seen to be markedly better for most drop sizes than the 

expression of Taylor (196*0. The results of both theory and 

experiment have far-reaching implications about the initia

tion of lightning flashes by the instability of equilibrium-

shaped uncharged raindrops. Both the theory and the experi

ment show that a minimum field of about 8 kv/cm is required. 

2. Equilibrium and Instability 
of Charged Prolate Spheroids 

The experimental evidence of Chapter II shows that 

the prolate spheroid approximation should be quite good for 

most highly-charged drops. This is due mainly to the re

duced aerodynamic flattening of the bottom of the drop, 

since it is partially levitated. 



We shall assume throughout this section that the 

surface of the drop is at rest, i.e., it is not oscillating. 

If a charged drop is in a gravity-free region and 

the electric field is also zero, Equation (4-23) reduces to 

d 2 a  .  -8agp f Q2 

p w ^ c s o - 1 )  ( b s o - 1 )  i  ( b IT)  z e 0r 
(4-30) 

which has an harmonic solution if the quantity inside the 

brackets is positive. The solution is exponential, however, 

if: 

Q2 > (4ire0 )l6irr 3o (4-31) 

which is the instability criterion derived by Rayleigh 

(1882) for small second-order harmonic perturbations of 

charged spheres. Equation (4-30) shows that the stability 

due to charge on the drop is independent of the distortion 

of the drop, i.e., if.it is stable for some a/b, it is 

stable for all a/b. 

Equation (4-30) also shows the not unexpected result 

that the stable equilibrium shape of a charged drop in a 

field-free region is a sphere since K0 = 00 is the only value 

of g0 for which: 

^ = 0 
dt2 0 

when 
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Q2 < (4ire0)l6irr3cr 

The equilibrium and instability criteria can be 

obtained for fully-charged prolate spheroidal drops in elec

tric fields once the relationship between the electric field 

and the charge Q is known. Following the method used by 

Whipple and Chalmers (1944) to obtain the equilibrium charge 

accrued by a spherical conductor in a uniform electric field 

and in a flow of unipolar ions, it can be shown.that the 

charge on a prolate spheroidal conductor oriented as shown 

in Figure 4-1 is given by: 

4frenr2E 
Q = (4-32) 

[ £ 0 ( s 2 - d ]  q x  ( £ 0 )  

By substituting Equation (4-32) into Equation (4-23), 

the equilibrium and instability criteria for fully-charged 

drops are found. Equilibrium exists for: 

** / u / 
t ?  ' 3 ( r - 2 - i -v / : e o 

—=• E 
U2-l) 3 [Qj (£0)]: 

i + w 
Pr,Sr2 .(?2-l)I,/3l 

To r 
2/ 3 

(4-33) 

Figure 4-3 shows the variation of the non-

dimensional electric field with equilibrium distortion a/b 

for various sized drops as calculated from Equation (4-33). 



Figure 4-3- Equilibrium Curves for Fully-Charged Prolate Spheroidal Drops. 

This figure shows the equilibrium curves for fully-charged prolate 
spheroidal drops in a uniform electric field. The left-most curve is the 
equilibrium curve derived in this chapter for a drop in a gravity-free 
region. The curves labelled by 2.0, 3-0, and 4.0 are the equilibrium 
curves derived in this chapter for drops of radii 2.0, 3-0, and 4.0 mm, 
respectively, when in the earth's gravity. The points labelled by X's are 
the maxima of these equilibrium curves and represent points of conditional 
instability. The ordinate is distortion ration a/b and the abscissa is 
dimensionless electric field E/r/a. 



3.0-, 

E(r/a) l / 2 ,  cgs UNITS 

Figure 4-3. Equilibrium Curves for Fully-Charged Prolate Spheroidal Drops. 
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Using the same reasoning as that used for the 

uncharged prolate spheroid, the equilibrium shapes are un-

x 
stable if the non-dimensional electric field E^Cr/a)8 ex

ceeds the maximum values obtained from Equation (4-33)• The 

shapes are conditionally unstable at the maximum values of 

Ejv/o)* which are determined from Equation (4-33) and are 

shown in Figure (4-3) and Figure (2-9). For small non-

dimensional gravity, i.e.:-

pwgr 

IF « 1 

the conditional instability is given by: 

Ero(r/a)2 = o.92 (E.S.U.) (4-34) 

at a distortion ratio of a/b = 1.67• This curve is also 

plotted in Figure 2-9. 

This is the first time that an instability curve has 

been obtained analytically for charged stressed drops with 

or without gravity. With the amount of charging used in 

this experiment, the spheroidal assumption with gravity 

again fails to yield instability values for large drops for 

the reasons discussed earlier. The curve for instability 

with gravity ends at r = 2.69 mm; the curve without gravity 

extends over the full size range studied. Again, in view of 

the approximations necessary, agreement between theory and 

experiment is considered very good. 
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Prom the results for the charged drops, we are led 

to conclude that a field of at least 5 kv/cm is necessary to 

produce initiation of lightning by the instability of fully-

charged raindrops. 

3. Oscillation Frequencies' of Prolate Spheroids 

Numerical techniques must be used to obtain the 

general solution of Equation (4-23). We can, however, ob

tain closed-form solutions for small amplitude oscillations 

about the equilibrium shape, while bearing in mind that 

these may have little application to finite or large ampli

tude oscillations. 

We let a = ag + 6, where ag is the major axis of the 

equilibrium prolate spheroid and 6 is a perturbation whose 

magnitude is small compared to ag. Making this substitution 

in Equation (4-23), setting Q = 0, and neglecting all second 

and higher order terms in 6, one obtains: 

d26 8a 3^eS 
— + _ ? £ 2 
3 QjUJ 5e 

(4-35) 

The equilibrium prolate spheroid is defined as £ = £e. The 

solution of Equation (4-35) is harmonic when the quantity 

inside the brackets is positive, yielding: 
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3?!s 
CO = CO 
u o 

U*-D(3S|-1) 

2. 1 _ pr2 

3 oTTO. e 
(1-36) 

for the square of the angular frequency of uncharged prolate 

spheroidal drops with small amplitude oscillations, where 

wQ = C(8a)/(pr3) is the. Rayleigh (1882) frequency for 

second mode, small amplitude oscillations of an uncharged 

spherical drop in a field-free region. 

A similar derivation can be carried out for the case 

of fully-charged drops by letting Q be defined by Equation 

(1-32), and assuming small amplitude oscillations about the 

equilibrium prolate spheroid. The result is: 

KlUl-D 3 s; 
0)2 = CO2 -
q ° U*-l)(3£*-l) 

5 + 1 + e e 
2 

3 QTO^T 5|+i " 

(1-37) 

for the square of the angular oscillation frequency of the 

fully-charged prolate spheroid. One will note that both 

Equation (1-36) and Equation (1-37) reduce to the Rayleigh 

frequency in the limit of zero electric field and zero 

charge. 

D. Raindrop Behavior Inferred 
by Prolate Spheroid Theory 

Much of the generality is lost by restricting the 

drop shape to be a prolate spheroid but, as stated earlier, 



the approximation is reasonable for highly-charged drops and 

small drops, and does serve to provide insight into the 

general problem, since the solution can be written in closed 

form. For example, had Equation (4-23) been derived for the 

mass element at A' instead of at A in Figure 4-1, the sign 

of the term containing the product E^Q would be changed, 

thus showing that the stress'due to this term acts in the 

same direction as the stress due to surface tension for a 

positive charge on a drop in a positive field, tending to 

stabilize the lower surface. It is this term which deter

mines the presence or otherwise of subsequent instabilities 

at the lower surface of the drop. 

The effect of gravity is to increase the tendency 

for instability to occur at the bottom of the drop, but this 

tendency is opposed by the aerodynamic pressure gradient at 

that point. With charged drops, where this second factor is 

very small, subsequent instabilities occur readily at the 

bottom of the drop. 

Small amplitude oscillation frequencies have been 

deduced above; it is of interest to determine whether they 

could be used by radar meteorologists to remotely sense the 

location of high-field regions in the thundercloud. Even 

assuming the raindrops to be the same size, the prospects 

are not good. Inspection of Equation (4-23) shows that the 

oscillation frequency is a function-of the oscillation 
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amplitude. For a drop in an electric field, whether charged 

or uncharged, it is seen that the force due to the external 

electric field is essentially proportional to the square of 

the displacement, which decreases the restoring force as the 

distortion increases, thereby decreasing the oscillation 

frequency with increase of amplitude. Because of the lin

earization, the small amplitude oscillation frequency equa

tions above do not reflect this effect. 

For charged drops in a field-free region, the 

restoring force as seen from Equation (—23) is essentially 

proportional to displacement, even for large distortions. 

This is the condition for harmonic motion in which the fre

quency is independent of the amplitude. This is the reason 

that Brook and Latham (1968) found good agreement between 

the theory for small oscillations and the experiment with 

large-amplitude oscillating charged drops. 

An interesting observation drawn from Equation 

(4-17) and Equation (4-32) is that the surface electric 

field for an uncharged drop as well as the surface electric 

field for a fully-charged drop is independent of the size of 

the drop. 

Throughout this chapter we have assumed the drops to 

be in equilibrium, i.e., the drop has no internal kinetic 

energy. The inertial term of Equation (4-23), which is 

proportional to the square of the velocity of the pole, 



represents the internal kinetic energy. In fact, if Equa

tion (^-23) is integrated with respect to a, the resulting 

equation would be the energy equation for the pole of the 

drop. 

The internal kinetic energy enhances instability by 

deforming the. drop. If a drop is oscillating about some 

equilibrium shape, the internal kinetic energy is zero at 

the maximum distortion. Thus instability of oscillating 

drops may be obtained by applying the instability criteria 

to an equilibrium drop with a distortion equal to that of 

the maximum distortion of the oscillating drop. 

The scatter of the experimental instability points 

shown in Figure 2-8 and Figure 2-9 is believed to be due to 

the internal kinetic energy of the drops. The internal ki

netic energy increases the tendency for instability by caus

ing distortions greater than the equilibrium distortions as 

the drop oscillates. Therefore, if raindrops in thunder

storms suffer large distortions induced by mechanical-

forces, e.g., drop collisions or turbulence, it is conceiv

able that they could initiate lightning at fields somewhat 

below those given previously. However, since the simulta

neous occurrence of corona from several drops is probably 

required for the initiation mechanism to develop, lightning 

initiation by mechanically-perturbed raindrops is considered 

unlikely. 



CHAPTER V 

APPROXIMATIONS AND NUMERICAL RESULTS 

The purpose of this chapter is to provide.a 

numerical method for determining the various pressures on a 

drop of given shape and predicting its instability. Even 

though the prolate spheroid assumption of Chapter IV ex

plains quite well the onset of instability of a drop, it 

cannot be used to describe the pressure field throughout a 

flattened drop. 

We shall give methods for approximating observed 

drop shapes and their surface electric fields. Even though 

in this chapter we will use photographs of real drops, the 

methods presented could be expanded to predict drop shapes 

and motion. 

The aerodynamic pressure will be determined by using 

Equation (*1-7). Instability will be determined by the cal

culated internal pressure gradient. 

A. Pseudo-Analytical Approach 

Drop shapes observed in the experiments described in 

Chapter II can be fitted with an expansion of the form: 
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f  = 7  I a'P . ( c o s  0  )  ( 5 - 1 )  
rs c j =0 J J s 

where rg is the distance from a point 0 on the axis of the 

drop to a point R on the surface of the drop, and 0 is the 
s 

angle which OR makes with the axis of the drop as shown in 

Figure 5-1• Also, P. (cos 0 ) is the jth order Legendre 
J s 

polynomial of cos 0 , c is the distance of the point 0 from 
s 

the bottom of the drop C, and are shape expansion coef

ficients which must be determined from the drop shape. 

The a', are determined by generating a matrix 
J 

equation from Equation (5-1) by evaluating, from direct mea

surements of photographs of real drops, r at J + 1 angles 
O 

0 . Substitutions of these values into Equation (5-1) re-
s 

suit in a matrix of order J + 1 which can be inverted to 

obtain the values of the a'. . 
J 

Even though most shapes can be approximated ade

quately by terminating the expansion at J = 6, the original 

reason for choosing an expansion of the form given by Equa

tion (5-1) was to try to determine the surface electric 

field by an analytical method. 

This method, suggested by Mahmoud (1970), was to 

write the solution to Laplace's equation outside a conductor 

in terms of spherical coordinates r and 0: 
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Figure 5-1. Depiction of Drop Shape Approximation 
Coordinates. 
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I a.P.(cos 0) 

* = I i+i + E~r cos 0 (5"2) 

i=0 r 

where the a^ are field expansion coefficients to be deter

mined by use of the boundary conditions at the surface and 

at infinity. • 

This is facilitated by evaluating Equation (5-2) at 

the surface defined by Equation (5-1). By the repeated use 

of the addition theorem for spherical harmonies given by 

Rose (1957), Equation (5-2) evaluated at the surface can 

then be written in a power series of Legendre polynomials, 

the coefficients of which involve only the a^ and known con

stants. By using the orthogonality properties of the 

Legendre polynomials, a matrix equation for the a^ can then 

be obtained, the inversion of which yields the numerical 

values of the field expansion coefficients a^. 

This method is the same as a multipole expansion of 

the field. As the distortion of the drop from sphericity 

increases, the number (I + 1) of terms needed to accurately 

specify the field increases. If the time required to cal

culate the first term of Equation (5-2) is t, the time re

quired to calculate I terms is approximately (I!)t. The 

computer time required by this method for drops with realis

tic distortions was found to be excessive, thus limiting it 

to be of academic interest only. 
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B. Numerical Approach 

A method was found which gave accurate results with 

little computer time without resorting to relaxation or 

finite difference methods. 

In using this method a shape approximation which 

differs from Equation (5-1) was used. Instead of an expan

sion of the inverse.of the radius vector to the surface, an 

expansion of the form: 

J 
r = c I a.P.(cos 0 ) (5-3) 

j = 0 « • 

was used, where the a. were determined in the same way as 
J 

the a'. in Equation (5-1) were. For a given value of J, the 
J 

expansion of Equation (5-1) was found to give a better ap

proximation to the real, observed shapes than did the expan

sion given by Equation (5-3)> but the field expansion, 

Equation (5-2), converged more rapidly when the shape was 

approximated by Equation (5-3). 

After the a. in Equation (5-3) were determined, the 
J 

expansion was taken to be the definition of the shape of the 

drop to be used for curvature and surface electric field 

determinations, and not the shape taken from the photographs. 

The curvature of the surface defined by Equation 

(5-3) is the sum of two curvatures, the first being the 

curvature of the curve defined by the intersection of the 
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surface y = 0 and the surface defined by Equation (5-3)a and 

the second being the reciprocal of the.distance n along the 

normal to the surface from a point R on the surface to the 

axis of the axisymmetrical surface given by Equation (5-3). 

Standard analytic geometry textbooks present these defini

tions of curvature which can be evaluated by using: 

ri 

r|+2[(drs)/(d6s)]2 - r[(d2rs)/(d02
s)] 

and: 

C(drs)/(des)]2 + r2
s 

sin (3+0 ) 
o 

' / 2 
(5-4) 

r2 r sin 0 
s s 

(5-5) 

which are the first and second curvatures, respectively, 

where 3 is the angle between OR and the normal to the sur

face as shown in Figure 5-1. The derivatives necessary to 

evaluate Equations (5-4) and (5-5) are obtained from 

Equation (5-3). 

The values of field expansion coefficients a^ of 

Equation (5-2), as in any boundary value problem, are deter

mined by the value of the electric potential or its deriva

tives at the boundaries. In problems which have nice 

symmetrical boundaries, one can usually evaluate them from 

closed-form expressions. In the preceding section we showed 

how one could, in principle, use expansions to determine the 



coefficients for arbitrarily-shaped boundaries, but to 

implement such a method required excessive computer time. 

It was found that the a^ could be found by evaluating the 

terms in Equation (5-2) at I + 1 distinct points on the sur

face where ^ = VQ. The matrix of order I + 1 which resulted 

was then inverted to obtain the values of the a^. The ex

pansion for the potential was thus determined, from which 

the electric field anywhere outside the surface could be 

found. The surface electric field was found by evaluating 

V\p at the surface defined by Equation (5-3). 

The accuracy of this method was checked by using as 

an initial drop shape one for which expressions for the 

field and curvature could be obtained analytically, i.e., a 

prolate spheroid. The accuracy decreased as the distortion 

increased but for an axial ratio of 1.6, the curvature and 

the electric field at the poles of the approximate spheroid 

were calculated to be within 3 percent of the true values 

when the expansions were terminated at J = 6 and I = 11. 

When the method was applied to real drop shapes, 

which were distorted to the extent that more than four terms 

in Equation (5-3) were required to accurately describe the 

surfaces, the expansion of Equation (5-2) did not converge 

when evaluated for values of 0g in the interval ir/3 < 0 ̂  

(2tt/3) on the surface of the drop. This is believed to be 

due to the fact that a multipole expansion is not accurate 
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for regions near the multipole, especially not for such 

regions near the plane which equally divides the net charge. 

In most cases, this lack of convergence did not 

cause any problems, since for such drops the electric field 

decreased as 0 approached tt/2 from outside the region and, 
s 

as can be shown, if the charge density changes sign in the 

region, then the electric field must be zero somewhere in

side the region. Thus, in the figures in this chapter for 

which the regions in which the expansion of Equation (5-2) 

did not converge, we have simply extrapolated them to zero 

with dashed lines. 

C. Numerical Results 

In this section, we present the results of the 

application of the preceding numerical technique to some 

real water drops. The shapes of these drops were obtained 

from enlarged photographs taken during the experiment de

scribed in Chapter II. 

The first two drops which we shall consider were 

approximately at equilibrium. The drops were actually 

oscillating somewhat, but we have chosen the shapes photo

graphed midway between the maximum and minimum distortion. 

By choosing these shapes we are able to neglect any surface 

acceleration and assume the drop to be in equilibrium even 

though it does possess internal kinetic energy. 
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The third drop which we shall consider is an example 

of the more general case in which, as we shall see, the 

acceleration term of Equation (4-6) must be included. For 

this drop we have chosen the shape photographed near peak 

distortion when the acceleration of the drop surface is 

large. 

Using these.three drop shapes, we are able to 

determine with reasonable accuracy the aerodynamic pressure 

profiles about the drops. 

Figure 5-2 shows an uncharged drop of radius 2.64 mm 

in a field of 8.0 kv/cm. 

Figure 5-3 shows an uncharged drop of radius 2.80 mm 

in a field of J.6 kv/cm. 

The curves labelled A in these two figures are the 

approximations to the real drop shapes by Equation (5-3) 

with J = 8. In both cases, the approximations described the 

real drop shape to within the thickness of the line. 

Each of the curves labelled B in these two figures 

is the surface stress due to surface tension as calculated 

from Equations (5-4) and (5-5). The curve labelled C in 

each figure is the electrical stress on the drops calculated 

from Equation (5-2) as outlined in the preceding chapter. 

We can now use these data to calculate the aero

dynamic pressure profiles around the drop and compare them 



Figure 5-2. Approximation of First Uncharged Equilibrium Drop Shape. 

The curve labelled A in this figure is the approximate' equilibrium 
shape of a- 2.64 mm radius drop in a field of 8.0 kv/cm. The curve labelled 
B is the surface tension stress on the drop, and the curve labelled C is 
the electric stress on the drop. The dots are values of the electric 
stress of a sphere in this field. The numbers along 'the right side of the 
outline of the drop are the values.of the aerodynamic pressure on the drop. 
All values of stress and pressure are in newton/meter2. The values of the 
stresses are determined by the scale on the left side of the figure. 
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Figure 5-2. Approximation of First Uncharged Equilibrium Drop Shape 



Figure 5-3. Approximation of Second Uncharged Equilibrium Drop Shape. 

The curve labelled A in this figure is the approximate equilibrium 
shape of a 2.80 mm radius drop in a field.of 7«6 kv/cm. The curve labelled 
B is the surface tension stress on the drop, and the curve .labelled C is 
the electric stress on the drop. The dots are values of the electric 
stress of a sphere in this field.- The numbers along the right side of the 
outline of the drop are the values of the aerodynamic pressure on the drop. 
All values of stress and pressure are in newton/meter2. The values of the 
stresses are determined by the scale on the left side of the figure. 
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with previous work. By so doing, we are also making a check 

on the consistency and meaningfulness of the entire numeri

cal technique described above. The aerodynamic pressure is 

obtained as a difference between large terms; errors in any 

of the steps would show up clearly in the aerodynamic pro

files obtained. For drops' in equilibrium, we need, accord

ing to Equation (4-7), the electric stress, the surface 

tension stress, and the hydrostatic pressure at a point on 

the drop to calculate the aerodynamic pressure at that point. 

This we have done for both drops; the results are given by 

the numbers which appear around the right-hand side of the 

drop profiles in Figures 5-2 and 5-3. 

The importance, i.e., relative magnitude, of the 

surface acceleration of oscillating drops can be as great 

or greater than the terms in the equation of motion, Equa

tion (4-6). In these cases, the aerodynamic profile cannot 

be determined by Equation (4-7), which is valid for equi-

brium shapes only. Instead, the more .general Equation (4-6) 

must be used, which requires the measurement of the drop 

surface acceleration. 

To illustrate, let us consider the drop shape of 

Figure 5-4. This is the approximation by Equation (5-3) 

with J = 6 of a drop oscillating with large amplitude, 

photographed near peak distortion. This was an uncharged, 



Figure 5-4. Approximation of Uncharged Oscillating Drop Shape. 

This figure shows the approximate shape of an oscillating uncharged 
2.7^ mm radius drop in a 7-7 kv/cm electric field. The curve labelled A is 
the approximate shape of the drop, the curve labelled B is'the surface ten
sion stress on the drop, and the curve labelled C is the electric stress on 
the drop. The numbers along the right side of the drop shape are the values 
of the aerodynamic pressure around the drop. The crosses are the values of 
the difference between the surface tension stress and the electric stress 
at and near the top of the drop. The dots are the values of the electric 
stress on a sphere in 7-7 kv/cm electric field. The stresses and pressures 
are given in newton/meter2; the values of the stresses are determined by 
the scale on the concentric circles in the upper left of the figure. 
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Figure 5-4. Approximation of Uncharged Oscillating Drop Shape. 



2.7*1 mm radius drop in a field of 7 . 7  kv/cm. The accelera

tion of the surface of the drop was determined by measuring 

photographically the distortion of five successive drop 

shapes taken at 2.5 msec intervals, the third shape being 

that represented in Figure 5-4. These measurements showed 

the top of the drop in Figure 5-^ to be accelerating down

ward with respect to the center of mass of the drop at 

approximately 2.1 g, i.e., 2.1 times; the acceleration due to 

gravity. To obtain the aerodynamic pressure, this value for 

the acceleration was used in Equation (*1-6) and assumed to 

be constant with position. The resulting aerodynamic pres

sure profile for this non-equilibrium shape is given by the 

numbers around the right-hand side of the drop profile in 

Figure 5~^• 

There are several features of Figures 5-2, 5-3, 

and 5-4, which are worth noting. Firstly, these figures 

indicate that each of the shapes was stable, since in each 

case the surface tension stress exceeds the electric stress 

at the upper pole. Secondly, the flattened shapes produce 

a maximum in the curvature on the bottom rim and a high 

field near this maximum. Thirdly, some of the surface un

dulations indicated by the variation in the'curvature in 

Figures 5-2 and 5-3 are not fully understood, but they are 

not too important. Whether these are due to the approxima

tion method or the way in which the drop profile was 



obtained from the photographs, or, in fact, are real, has 

little bearing on the fact that this method gives the 

general behavior quite well... 

The aerodynamic pressure profiles obtained from the 

figures above are shown in Figure 5-5. These profiles are 

quite similar to those obtained through tedious graphical 

methods by McDonald. (195*1) for unstressed, non-oscillating 

raindrops. For completeness, the aerodynamic pressure pro

file about a sphere in potential flow is also given in 

Figure 5-5. 

Considering the fact that McDonald needed only two 

local parameters, the hydrostatic pressure and surface cur

vature, to determine the aerodynamic pressure profiles, and 

we had to calculate these as well as the more difficult 

electric stress, we must conclude that the results of 

Figure 5-5 are excellent. In fact, since the calculations 

of the aerodynamic pressure about electrically-stressed 

drops involves the difference of three large terms, even 

order of magnitude agreement would be considered good. 

These results show that not only can aerodynamic pressure 

profiles be obtained in this way, but that the whole method 

is self-consistent and gives reasonable results for all of 

the parameters. 

We turn now to the case of a fully-charged drop 

which was actually en route to instability. The drop of 



Figure 5-5. Aerodynamic Pressure about Stable Drops. 

This figure depicts the aerodynamic pressure about 
those drops in Figures 5-2, 5-3» and 5-^. Each curve is 
identified with its figure, as follows: 

Long dash/short dash - Figure 5-2 
Dash/dot - Figure 5-3 
Solid - Figure 5-^ 

The dashed line is the aerodynamic pressure about a sphere 
in potential flow. 

The ordinate is in §pavt
2 (the pressure at the center-bottom 

of the drop), and the abscissa is azimuthal angle. 
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radius 2.70 mm was in a field of 5.65 kv/cm with an equi

librium charge of approximately 1.4 • 10~9 coul when it was 

photographed. The photograph was used to obtain the ap

proximate shape labelled A in Figure 5-6 by using Equation 

(5-3) with J =6. The points near the approximate shape 

indicate the outline of the real drop, and the agreement 

between the shape of the real drop and the approximate 

shape. The agreement is quite good, except near the top of 

the drop, where the curvature of the real drop is greater 

than the curvature of the approximate drop. 

The curve labelled B in Figure 5-6 is the surface 

stress due to surface tension and the curve labelled C is 

the electrical surface stress. 

Figure 5-6 indicates and calculations verify that 

the net acceleration of the upper pole of the drop is up

ward, the necessary condition for instability. In this case 

we see an example of the ability of the numerical technique 

to predict instability. 

Now we are in a position to justify the use of the 

prolate spheroid assumption throughout Chapter IV. We will 

compare the results for the actual drop shape of Figure 5-4 

with those obtained from a prolate spheroid of the same size 

in an electric field of the same magnitude. The results are 

shown in Figure 5-7• 



Figure 5-6. Approximated Charged Drop Shape 

This figure shows the approximate shape of a highly-
charged drop which was en route to instability. The charge 
on the 2.70 mm radius drop was approximately 1.4 • 10~9 

coulomb at the onset of instability in a 5.6 kv/cm field. 
The curve labelled A is the approximate shape of the drop; 
the dots near the curve indicate the departure of the ap
proximate shape from the real shape of the drop determined 
photographically. The curve labelled B is the surface ten
sion stress on the drop. The curve labelled C is the elec
tric stress on the drop. The values of the stresses are 
given by the scale in the upper right of the figure; the 
units are newton/meter2. 
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Figure 5-7• Equivalent Uncharged Equilibrium Prolate Spheroid. 

This figure provides a comparison between the prolate spheroidal 
approximation and the numerical technique. The outer solid curve is the 
shape of the real drop as it was photographed. The departure of the mathe
matical approximation of the real drop is shown by the dashed lines in the 
bottom half of the figure. (This mathematical approximation is the one 
which also appears in Figure 5-4.) The dashed ellipse is the shape which 
the real drop would assume (in the same field without gravity) if it were a 
prolate spheroid. The almost circular inner curve is the internal pressure 
of that prolate spheroid, some particular values of which are shown at 
various angles around the drop in units of newton/meter2. The points 
labelled as a triangle and the circle just above it are the values of the 
electric stress at the pole of the real drop and the pole of the prolate 
spheroid, respectively. The points labelled as a square and the circle 
just under it are the values of the surface tension stress at the same 
respective poles. 
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The point marked as a triangle in Figure 5-7 is the 

value of the electric stress at the pole of the real drop as 

obtained by the numerical technique. The circle just above 

it is the electric stress at the pole of the prolate spher

oid. Similarly, the point marked as a square and the circle 

below it are the values of the surface tension stress of the 

real drop and the prolate spheroid, respectively. The fact 

that the values for each of these parameters are similar 

whether obtained by the numerical technique or the prolate 

spheroid assumption shows that the prolate spheroid shape is 

a valid approximation for the determination of instability 

at the upper pole. 

Also, the data at the upper pole and the drop 

profile clearly show that even though the curvature at the 

upper pole of the drop is greater than that of the corre

sponding prolate spheroid, the electric field is lower. As 

Richards and Dawson (1971) postulated, the aerodynamic flat

tening at the bottom of the drop does indeed result in a 

reduction of the surface stress at the top of the drop. 

Figure 5-7 exemplifies quantitatively this reduction. 

The almost circular curve in Figure 5-7 is & plot 

of calculated values of Ap around the prolate spheroid from 

Equation (4-18). The fact that this curve is almost circu

lar once again shows that in the absence of aerodynamic drag 

and gravity, the prolate spheroid is a good approximation 
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to the equilibrium shape of a drop in an electric field. 

Some of the values of Ap in newton/meter2 at various posi

tions on the drop are written in the upper right-hand corner 

of Figure 5-7 to show the small variation of Ap. 

D. Other Applications of Approximation Method 

We have shown that the expansion given above for 

determining the electric field at the surface of the drop 

converges for those regions in which instability is likely. 

The same expansion will converge everywhere in the region: 

r > (maximum of r ) 

where r is the distance from the coordinate origin to a 
s 

point on the surface of the drop as given by Equation (5-3). 

Thus, we have a truncated expansion which gives us, 

in essence, a closed-form solution of the electric field 

outside the drop. 

If one assumes the flow of air about the real drops 

to be potential flow, then the flow about the drop is given 

by the same expansion with the electric field E^ replaced by 

the velocity V^. 

These expansions should provide useful tools in such 

studies as droplet-drop coalescence in electric fields and 

propagation of electrical discharges from drops. 

To illustrate qualitatively the effect of distortion 

and aerodynamic flattening on the electric field near the 
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drop, we have indicated the electric stress which the drops 

of Figures 5-2, 5-3, and 5-4 would have had if they had been 

spheres. These values are labelled by the dots in those 

figures. 

Another important use of the approximation method 

is manifested by the determination of the surface electric 

field. Since the onset of corona depends upon both pressure 

and the surface field, the- determination of the surface 

field allows the prediction of the onset of corona at vari

ous pressures. Even though the experiments of Chapter II 

were performed at atmospheric pressure, the very similar 

drop shapes would also be expected at low pressure. Thus, 

by using the data for corona onset from water surfaces of 

given radius of curvature, surface electric field, and pres

sure, such as given by Dawson (1969), we can predict corona 

onset for raindrops falling at terminal velocity. 



CHAPTER VI 

SUMMARY 

This chapter presents the most significant results 

of the previous chapters, and the conclusions drawn from 

them. 

It has generally been accepted that the initiation 

of lightning discharges begins at raindrop surfaces in 

strong electric fields. If the electric field is large 

enough it distorts the raindrops to the point of instability. 

This instability then leads to the first tiny electric dis

charge which becomes self-sustaining to produce the light

ning discharge. 

All previous experimental studies of water drops in 

electric fields had been performed with either captured 

drops or freely-falling, accelerating drops falling at less 

than terminal velocity. These drops exhibited instabilities 

in the form of long filaments of water accelerating from the 

drop. The onset of instability of these drops agreed well 

with the theoretical criterion derived by Taylor (196-4) for 

prolate spheroidal drops in a gravity-free and wind-free 

environment. 

106 
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These results showed that such drops would become 

unstable when the dimensionless combination E/r/a, of elec

tric field E, drop radius r,.and surface tension a, was 

equal to or greater than I.63. Therefore, it was assumed by 

many that the initiation of the lightning discharge would 

take place at a value of E given by this equation. 

The conditions of the experiments and the assump

tions in the theory of all of the previous work are quite 

different from those actually experienced by a raindrop fall

ing through a thundercloud. In particular, the drop is 

falling at terminal velocity in a gravitational field. 

In this dissertation, we have described an experi

ment which was performed with drops supported at terminal 

velocity in a strong vertical field. This experiment shows 

that the initial instability of such drop's, whether they are 

charged or uncharged, of water, alcohol, or acetone, takes 

the form of a conical apex or point at the top of the drop 

which produces a corona streamer and then collapses. This 

corona streamer removes a charge of the order of 3 • 10"10 

coulomb, if the unstable drop was initially uncharged, and 

a charge of the order of 5 • 10~9 coulomb if the unstable 

drop was initially fully-charged. 

The experimental data (see Figures 2-8 and 2-9) for 

the onset of the initial instability show that the insta

bility onset field for uncharged drops decreases with drop 
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radius to a drop size of approximately 2 , 7  mm radius. For 

uncharged drops larger than 2.7 mm radius, the data show the 

instability onset field to be essentially constant at ap

proximately 8.5 kv/cm. The instability onset field for 

fully-charged drops is shown by the experiment to be essen

tially constant at approximately 5.5 kv/cm. 

Thus we conclude that if lightning is initiated by 

an uncharged, non-oscillating raindrop falling at terminal 

velocity in a vertical electric field, the field strength 

must be approximately 8.5 kv/cm, still much higher than any 

which have been observed in thunderclouds. If the non-

oscillating raindrops are fully-charged, then the field 

necessary for lightning initiation from their surface is 

lowered to approximately 5.5 kv/cm. 

This dissertation presents for the first time an 

accurate theoretical treatment of a charged drop in a verti

cal electric field and in a gravitational field with the 

assumption that the drop can be approximated by a prolate 

spheroid. The results for prediction of instability onset 

show good agreement with the corresponding experimental data 

for most drop sizes. The gravitational force reduces the 

tendency of the onset of instability at the upper pole of. 

the drop, especially for larger drops. 

The theoretical effort produced the equation of 

motion of the surface of the charged prolate spheroidal 
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drop. This equation yielded the oscillation frequency for 

small amplitude oscillations of the prolate spheroids about 

their equilibrium shapes. The measured oscillation fre

quencies of the real drops show that the oscillation 

frequency of a drop is essentially a linear function of the 

external electric field, and give poor agreement with theory 

for reasons given in Chapter IV. 

The theory presented in Chapter IV also, for the 

first time, gives the correct instability criterion for 

charged or uncharged prolate spheroidal drops with gravity 

and aerodynamics. The results for the instability of the 

upper pole give very good agreement with the experimental 

data. 

The theory and experimental data clearly show the 

reasons for the observed behavior of both drops falling at 

terminal velocity and drops which are accelerating, as in 

previous experiments. 

Drops falling at terminal velocity suffer an aero

dynamic flattening of the lower surface of the drop. This 

flattening causes the electrical stress to become more near

ly uniform over the bottom surface, thus decreasing its 

maximum value (since the total lines of force entering the 

bottom surface will be approximately constant). Thus the 

flattening tends to preclude instability at the bottom, with 

the result that the initial instability of a drop falling at 
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terminal velocity always occurs at the top of the drop. 

This instability produces a field enhancement which, even at 

atmospheric pressure with drops of low surface tension, is 

sufficient to produce corona streamers. 

Drops which are falling at less than terminal veloc

ity or which are highly-charged, such that their terminal 

velocity is very small, do not suffer much aerodynamic flat

tening. Thus the onset of instability occurs at one pole of 

the electrically-distorted drop almost simultaneously with 

instability onset at the other. The corona streamer from 

one pole of such a drop carries charge away from the drop, 

increasing the electrical stress and enhancing instability 

at the opposite pole of the drop. 

Even though the shapes of the drops falling at 

terminal velocity are not precisely prolate spheroids, the 

tops of these drops behave in many ways as though they were, 

e.g., the onset of instability of the top of the drop occurs 

under approximately the same conditions as it would if the 

drop were a prolate spheroid. 

To accurately describe the electric field near the 

large flattened drops, and to obtain the aerodynamic pres

sure about these drops, as well as their instability onset, 

a numerical method was devised. This method approximates 

the drop shape by a truncated Legendre polynomial expansion, 

and uses the approximated shape to obtain the curvature and 
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electric stress on the drop surface. These calculations 

make possible the determination of the internal pressure 

gradient and the aerodynamic pressure, as well as field 

distortions outside the drop. These results are in ex

cellent agreement with previous data. This agreement shows 

that the numerical method is self-consistent and gives quite 

accurate results in.view of the complexity of the problem. 

This method should prove useful in studies of, for example, 

the effects of electric fields on coalescence or the propa

gation of corona streamers from raindrops in thunderstorms. 

Figure 6-1 is presented for aesthetic value only. 



Figure 6-1. Photograph of a Lightning Flash. 



APPENDIX A 

CURVATURE OP PROLATE SPHEROID 

In any generalized 'orthogonal coordinate system the 

curvature of the surface defined by = constant, at the 

where £ 1, £2, and £3 are the generalized coordinates and 

hx, h2, and h3 are the respective scale factors for those 

coordinates. 

In the case of a prolate spheroidal coordinate 

system: 

Substituting Equation (A-2) into Equation (A-l), we obtain: 

point (£ls Kz, 53), is given by: 

(A-l) 

= 5 hx = §a'/U2 - n2)/U2 - 1) 

Kz = n h2 = ! a V U 2  - n2 ) / d  - n2) (A-2) 

€ 3  =  4> h3 =  • | a / / ( ? 2  - 1)(1 - n2) 

K 

§a' (£„ - n2) 9? 

1 9 
[U2 - n2)(C2 - l)F l5=5 (A-3) 
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for the curvature of the prolate spheroid £ = £0 at n• 

defining: 
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By 

7rr3 = | Trab2 = j Tr(-|-a' ) 3?0 (g* - 1) (A-4) 

we can eliminate the interfocal distance a7 in terms of the 

radius r of a sphere having the same volume as the prolate 

spheroid £ = £0. Carrying out these- operations leads to the 

final expression.for the curvature: 

k = S.V3(2?5 - 1* - 1) CA_5) 

r(c; - n2) /2ul - 1) /s 



APPENDIX B 

ELECTRIC POTENTIAL OUTSIDE PROLATE SPHEROIDS 

The problem of determining the electric field in the 

region about a charged conducting prolate spheroid in an 

external electric field ̂  which is uniform at infinity can 

be solved in closed form by finding the solution for the 

potential ^ from Laplace's equation V2ip = 0 written in pro

late spheroidal coordinates with the boundary considions: 

= V = constant 
o 

and: 

lim ViJj = S 

By using the method of separation of variables, the sepa

rated equations for ip = $ (<f> )X(£ )H(n) are given by: 

3 2$ 

W2' 
m2 $ (B-l) 

_9 
3n 

_9 
3? 

(i-n ) 2N3H 
9ri 

m 
+ n(n+l)H - Ii =' 0 

(l-£2) 2N8X + n(n+l)X -
m' X = 0 

(B-2) 

(B-3) 
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Since there is no $ dependence of i|>, the right-hand 

side of Equation (B-l) must be identically zero, therefore 

m = 0. The solutions of Equation (B-2) and Equation (B-3) 

are the Legendre functions of the first kind P™ and the 

Legendre functions of the second kind Q™. Since n goes from 

-1 along the negative z axis to +1 along the positive z axis, 

the solution for H must be proportional to P™(i"l)j where n 

must be zero or a positive integer, the reason being that 

Q™(n) becomes infinite for n = 1 and also has singu

larities in the domain of n unless n is restricted to zero 

or positive integers. The domain of E, is from +1 to °° over 

which neither P™(£) nor Q™(£) is everywhere finite for most 

values of n. Therefore the only acceptable solutions are 

the combinations of P™(£) and Q™(£) which will remain finite. 

The general solution for ip is the sum over n and m 

of all of the allowable combinations of Q™(n), 

and Q™(£)- The boundary conditions and the orthogonality 

characteristics of the Legendre functions are used to reduce 

the solution to a finite number of terms. The result for 

the potential about a conducting prolate spheroid, the sur

face of which is at potential V0, in a uniform electric 

field E^.parallel to the z axis is: 

A  V o Q o ( g )  
* = fca'EjPjCn) (Ijrfff} 5KO (B"̂  
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The capacitance of a prolate spheroid can be ob

tained by integrating the surface charge density, e0
E) over 

the surface of the drop. The electric field at the surface 

of the drop is obtained by finding Viplc c and since the 
| o 

electric field at the surface of a conductor is normal to 

the surface, ViM,. c becomes (l/hr) 0^/3?) I _ . Therefore: 
| S S? 0 Kf I b so 

p1 f27r 1 ' 3i|>; 87re0(a//2)V0 
" afh„hAdTid()) = oQ u. \ 

( B - 5 )  

Q = e0EdS = e 
n=-i 0̂ sf ri i|I = —oKIT! 

B y  introducing Equation ( B - 5 )  into Equation ( B - 4 ) ,  

dropping the zero superscript on the Legendre functions, and 

evaluating the gradient of Equation (B—^) at the surface of 

the prolate spheroid, we get: 

En n tr /3 ( r2 -i \ / 6 
E = x j + §— ̂  ^°~ j (B-6) 

(gf-i)a(^o-n2)2.Qi (€„) (?o_Ti2)a 

for the electric "field at the surface. We have made use of 

the fact that: 

Pj(x) = x 

qJ (X) = ?/n (x + 1)/(x - 1) 

Q°(x) = (x/2) 07i[(x + 1) / (x - 1)] - 1 



APPENDIX C 

HORIZONTAL PRESSURE GRADIENT 

Using the transformation defined by Equation (4-12) 

and Equation (4-13), the equation of the ellipse is defined 

by £ = £0 and y = 0 is given by: 

x = [(r3y/2 )/a® ][1 - z2/a2]2 (C-l) 

The volume of the sector of the ellipsoid above the 

Z = a - Az plane is given by: 

AV 
a 

a-Az 
TTX2 dz = ^Y(Az)2 3 -

Az (C-2) 

An expression for x in terms of a, r, and AV can be 

obtained from Equations (C-l) and (C-2). By holding r and 

V constant and differentiating this expression, one obtains 

or: 

dx 
x 

dx 
dt 

da 
2a 

(C-3) 

x da 
2a dt 

Differentiating Equation (C-3) once gives the expression for 

the horizontal acceleration: 
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d2x 
dF2" 

x d2a . 3 x 
2a dt * 4 a' 

da 
dt 

(C-4) 

By integrating Equation (C-4) with respect to x from 

point X to point Z of Figure 4-1, and using Equation (4-15) 

the pressure difference between Z and X is obtained: 

PX ~ Pj 
pw 
Ija 

d2a 3 fdal 2 

P,
 

ct
* N i 

2a [dtj: 
(C-5) 
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