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ABSTRACT 

A general, systematic method for modeling three-

dimensional bulk effects in integrated bipolar devices is 

developed. The application of the technique to a device 

results in a hierarchy of linear models of variable 

accuracy and complexity from which the simplest but 

sufficiently accurate model of the device and its inter

actions with neighboring devices can be selected. 

The models produced consist of lumped elements which 

are directly related to the device morphology and to physical 

processes occurring in the device. The analogies existing 

between the terminal characteristics of the lumped elements 

and those of electrical elements are utilized in the formu

lation of a general lumped-electrical transformation tech

nique by which equivalent electrical models, amenable to 

analysis by existing network analysis programs, can be 

obtained. 

The derived modeling theory is applied to several 

devices of variable complexity, and resulting models are 

verified experimentally. 

Finally, discussions concerning modifications of the 

linear models to include, at least on first-order bases, 

several nonlinear effects, some associated with pn junctions, 

are given. 

xii 



CHAPTER 1 

INTRODUCTION 

A major problem associated with the design of 

integrated circuits is that of obtaining relatively simple 

yet sufficiently accurate models of integrated devices and 

their interactions. These models are most efficient when 

they relate terminal behavior directly to the device 

geometry and to physical processes occurring in the device. 

Models of this sort, when available, can be used in 

existing network computer analysis programs, e.g., CORNAP 

(1), to optimize the design of circuits containing the 

devices or the devices themselves. The models can also be 

used to analyze existing devices. 

Furthermore, a modeling theory which will produce 

models of the type described is essential if the long range 

goal of a completely computerized system for the design of 

integrated circuits is to be achieved. Such a computer-

aided design system, which can be used to derive, in some 

optimum fashion, the layout and the processing schedule of 

an integrated circuit, subject to the desired terminal 

characteristics of the circuit, requires a satisfactory 

integrated device modeling capability to be used in con

junction with a process modeling theory. 

1 
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Previous modeling work has failed to completely 

resolve the problem. On the one hand, models which are 

simple enough to be used in network analysis programs 

generally do not possess the desired accuracy or complete

ness. On the other hand, the accurate models are too 

complex to efficiently aid in the design of circuits con

taining the devices. 

Presently, the transistor model most often used in 

computer network analysis programs is the Ebers-Moll model 

(2). This model, derived for a discrete transistor, as 

well as its integrated circuit counterpart, the nonlinear 

four-layer transistor model (3), has several drawbacks, 

although it is a relatively simple model. 

It is based on a one-dimensional current flow 

approximation and does not reflect the three-dimensional 

aspects or interaction effects associated with an integrated 

transistor. Its degree of validity may be acceptable when 

it is used to model the standard double-diffused transistor, 

but it is totally unacceptable in other cases, e.g., in the 

modeling of a lateral pnp transistor. 

Furthermore, the Ebers-Moll model does not include 

such effects as high-level injection, current crowding, 

space-charge-limited current flow, etc. 

There are more accurate models. The Gummel-Poon (4) 

transistor model, for example, is capable of accounting for 

the nonlinear effects mentioned above, at the expense of 
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greatly increased complexity of the model. This model is 

also based on the assumption of one-dimensional current flow. 

The primary objective of this study is the develop

ment of a general technique for obtaining the least complex 

models of integrated devices and their interactions with 

sufficient accuracy to be used in existing computer analysis 

programs to aid in the design of the devices and of circuits 

containing the devices. Complete models of this nature are 

necessary because the optimum design of integrated circuits 

cannot be separated from the design of the devices consti

tuting the circuits. 

This objective is achieved with the derivation of a 

modeling theory through which integrated bipolar device 

models of variable complexity and accuracy, which relate 

directly to the morphology of, and to the physical processes 

occurring in the device, can be systematically obtained. 

The lower-order models generated, although they may not 

possess the desired accuracy for some application, are 

useful nevertheless. Their simplicity makes them amenable 

to quick qualitative or quantitative analyses. The knowledge 

gained through these first-order analyses can provide 

valuable insight into the performance of the device, and 

consequently, aid in its design. It can also, perhaps, be 

helpful in the analysis of the higher-order, sufficiently 

accurate model. 
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The form of the models obtained is that of the 

Linvill lumped models (5). It should be emphasized that 

the models derived are really sets of equations relating 

various parameters of the device to one another. The 

schematic circuit diagrams of the models represent, or 

depict pictorially, the equations and simplify the analyses. 

The lumped models can very easily be transformed into 

equivalent electrical models (RCIV circuits) which can be 

analyzed by existing computer analysis programs. 

The models can be used to relate the design of the 

device to conditions which induce the onset of high-level 

injection, current crowding, space-charge-limited flow, and 

other nonlinear effects. The linear model can be modified 

to include any nonlinear effects which may prevail. The 

result is a quasi-linear model (6). 

The model of least complexity with sufficient 

accuracy can be chosen from the hierarchy of models generated 

systematically through use of the modeling theory. This 

model can then be transformed to an equivalent electrical 

model and used in a computer analysis program. 

It is to be emphasized that the modeling theory 

derived in this dissertation specifically accounts for 

three-dimensional effects and integrated device interactions. 

Also, because numerical techniques are used in the develop

ment of the models, the theory is general in the sense that 
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it can be applied in principle to any integrated or discrete 

bipolar device. 

The development of the systematic modeling theory 

is contained in Chapter 2. Lindholm and Hamilton's (7, 8) 

systematic one-dimensional modeling theory is modified and 

enlarged to form the three-dimensional theory which results 

in the linear integrated device models described above. 

Applications of the theory are presented as verifi

cations in Chapters 3, 4, and 5. Devices of increasing 

complexity are modeled such that various phases of the 

modeling theory can be confirmed independently. The basic 

three-dimensional modeling capability is substantiated in 

Chapter 3 where the substrate (vertical) pnp transistor is 

modeled. In Chapter 4, the lateral pnp transistor and its 

parasitic substrate pnp transistor are modeled satis

factorily; basic bulk interaction effects are consequently 

within the realm of our modeling capacity. The modeling 

theory is finally applied successfully to the field-aided 

lateral pnp transistor (9). The basic effects of an 

electric field in bulk material, including, naturally, 

current crowding, are therefore adequately modeled. These 

three chapters, in addition to presenting verifications of 

the modeling theory, also clarify, through examples, the 

application of the theory. 

Chapter 6 deals more specifically with nonlinear 

effects, their onsets and how they may be incorporated into 



the linear model to form a quasi-linear model. Space-charge 

layer recombination and high-level injection are considered. 

Since usually the optimum design of a particular device is 

one which results in the absence of any nonlinear, degrading 

effects in the proposed regions of operation, a discussion 

relating device design to conditions inducing the onset of 

nonlinear effects is included. 



CHAPTER 2 

BASIC SYSTEMATIC MODELING THEORY 

The systematic modeling theory developed by Lindholm 

and Hamilton (7, 8) results in models of solid state devices 

which possess many of the characteristics discussed in 

Chapter 1. In this chapter, we modify and expand Lindholm 

and Hamilton's theory to obtain a more general and complete 

modeling theory that enables us to systematically model 

integrated bipolar devices and their interactions. 

2.1 The Lindholm-Hamilton Theory 

Before proceeding with the development of the 

modeling theory, we briefly discuss the theory of Lindholm 

and Hamilton. Models obtained by using Lindholm and 

Hamilton's techniques are derived systematically in a general 

manner. The models incorporate a direct relationship to 

device morphology and to physical processes. Furthermore, 

models of variable complexity and accuracy can be developed. 

It is highly desirable that our new modeling theory and 

resulting models reflect all these properties. 

The theory of Lindholm and Hamilton contains some 

limitations which must be removed. The entire theory is 

based on the assumption of one-dimensional current flow. 

Intrinsic in this assumption is the fact that device 

7 
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geometry is not completely accounted for in the model. 

Furthermore, the theory does not incorporate nonlinear 

effects. Indeed, even some linear effects, e.g., surface 

recombination, are not related to the modeling. 

The models generated are lumped models (5), yet no 

discussion of a lumped model-equivalent electrical model 

transformation technique is included. If the model is to be 

used in a computer network analysis program, one must be 

able to transform the lumped model to an equivalent 

electrical model amenable for use in that computer analysis 

program. 

The Lindholm-Hamilton theory suggests four 

distinct approaches, i.e., approximating techniques, to the 

modeling problem. When the modeling theory is extended to 

three dimensions, it is convenient to use a combination of 

approximating techniques. The fundamental approximation 

used here is the quasi-static approximation (8), i.e., the 

use of steady-state information in the solution of a time-

varying problem. Basically, the assumption involved here 

is that relations among various parameters, e.g., current 

components and carrier densities, under steady-state (DC) 

conditions prevail under time-varying conditions as well. 

2.2 First-Order Modeling 

Consider a bulk region, with volume V, of semi

conductor material bounded by N smooth surfaces with areas 
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S1'S2'—,Si'—,SN' as shown Figure 2.1. The region might 

be the base of an integrated transistor, and the bounding 

surfaces may be depletion region boundaries of pn junctions, 

/ + + \ high-low (p p or n n) junctions, metal-semiconductor 

junctions, and/or oxide-semiconductor interfaces, all of 

which typically bound the bulk regions of integrated devices. 

MS; 

Figure 2.1. A Bulk Region of Semiconductor Material 
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We are interested in modeling this quasi-neutral 

region—we have implicitly made the depletion approximation 

—in the sense of relating the currents flowing through the 

bounding surfaces to the minority carrier density in the 

region. Without any loss of generality, we assume that the 

material is n-type with a net donor density N^(r), where r 

represents the spatial coordinates. The analysis that 

follows may be made applicable to p-type material by simply 

interchanging the roles of the holes and the electrons. 

The distributed-Kirchoff (d-K) equation (8), i.e., 

the continuity equation, for holes, the minority carriers, 

in the region can be written as follows: 

N N _ 
E i „ (t) = - Z r i(r,t)-dS. 

i=i pSi i=i i .  p  1  
i 

= - | Vr,t).dSv 

= dt faplr.tlav] - Jq [ap(y] av (2.1 

recomb. 

where 

jp = hole current density 

ipS = hole current flowing through the surface into 

the region V 

p = hole density 

Sy = total surface area enclosing the region 
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N 
= 2 S. 
i-1 1 

and 

dS = incremental normal surface area vector directed 

outward from the region V. 

If we assume that the recombination rate of hole-electron 

pairs can be written as the ratio of the excess hole density 

to the hole lifetime in the material, T (r.t), i.e., 
' p ' ' ' 

\ n p(r,t) - p (r) 
8p(r't)] = . ,;n„ (2.2) 

3t J T (R, t) 
recomb. " 

where 

pn = thermal equilibrium hole density in the region 

2 2 
n. n. 

_ 1 ~ i 
~ n " N_ 

n D 

we can rewrite (2.1) as 

n N _ _ _ _ 
S ipS {t)= " S I j (r,t)-dS = - J j (r,t)-dS 

i=l p i i=l S, p 1 Sv p 

^1 r _ T p( r»t) - p„(r) 
- at [|qp<r.t)avj+ Tp(r,t) dv (2-3) 

Applying the divergence theorem to the surface integral in 

(2.3), we obtain 
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- | V. jpdV =. q J |E dV + q | ̂ dV 

or 

P-P. 

£ 
I [qlt + v*j

P 
+ = 0 (2-4) 

Since (2.4) was derived for an arbitrary volume V, the 

integrand must be zero everywhere. Hence, 

|E = - ̂ v-"J - (2.5) 
at q T 

H * P 

The hole current density can be written as the sum of a 

drift term and a diffusion term (10): 

j (r,t) = qp(r,t)|_i (r,t)E(r,t) 
P P 

-qD (r,t)Vp(r,t) (2.6) 

where 

Up = hole mobility in. the region 

D = diffusion constant for holes in the region 
Jb^ 

and 

E = electric field. 

Inserting (2.6) in (2.5), we have 

= v-(D pVp) - V. (pn pE) - ̂ -2- (2.7) 

P 

Equation (2.7) is the d-K partial differential equation 
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(d-K PDE) (8) which expresses the continuity of the holes 

in the region being considered. 

Thus far, we have been using p, the hole density, 

as our dependent variable. For reasons which will be 

discussed later, we now use the excess hole density, p', as 

the dependent variable. 

p'(r,t) = p(r,t) - Pn(r) 

Substituting for p in (2.6), we have 

Ip = q(p'+Pn>HpE - qDpV(p'+pn) 

= qp'UpE + qpnnpE - qDpvp' - qDpvPn (2-8) 

Under thermal equilibrium conditions, p = Pn and j = 0; 

thus, from (2.6), 

j = qp |a E - qD Vp =0 Jp ^n'p ^ p *n 

Hence, from (2.8), we see that "j can be written as 
' ' Jp 

= - qDpvP' (2-9) 

Also, it is true that 

It = ̂ P'+Pn5 = i2'10) 

since pn does not vary with time. Using (2.9) and (2.10), 

we can rewrite the d-K PDE in terms of p'. From (2.5), 

dp 1  1„ — p' 
-T1 = - —V • 3 -at q Jp t 

P 
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or, 

= V. (D Vp-> - V. (p'uE) - £l (2.11) 
p p p 

Furthermore, from (2.3), we have 

N N 
S i c = -E f f qp1 (a E - qD Vp1 | • dS . 

i=i psi i=i i. L P P J x 

or, 

N N 

.E /pS. = 7s i=l ^ i i=l 
fq f u p'E dS. - q f D |^-dS."| 
I S. P nSi 1 S. PSnS. 1 
L l l l J 

- |P'dv + 5 <2-i2» 

In writing (2.12), we used 

E>dS^= Ens.^®i = magnitude of the component of the field 

E normal to and out from the surface element dS., 
l' 

i.e., parallel to dS^, times dS^ 

and 

— Bp 1  

Vp'*dS. = (3S. s normal derivative of p'out from dS. 
l ong i ^ i 

i 

times 

Note that if magnetic field effects are negligible, we may 

use the approximation 

E - - V$ 

where 

$ = electric potential in the region. 
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Thus, 

E 
nS. ~ 3n 

l S. 
1 

= normal derivative of § in from dS^. 

Hence, the integrands of the two surface integrals in (2.12) 

are somewhat similar. 

It should also be pointed out here that the electric 

field E is the total field existing in the region; that is, 

it is the vector sum of any built-in field which may exist 

plus any externally applied component. 

Let us now return to (2.12) and write it in the 

following form: 

N 
E i 

i=l 

(2.13) 

Utilizing integral averaging techniques, we can write 

i 
(2.14) 

l 

where 

F. 
l ~ 

(2.15) 

l 

We have used 

l 
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unity weighted average of p' over S^. 

Similarly, 

*5t I p'dv = qlt K>v]S <P'>v (2.16) 

where 

S = qV (2.17) 

and 

<P'>V = 7 J" P'av 
V 

= unity weighted average of p' over V. 

Note that in writing (2.16), we have implicitly assumed 

that V is constant, i.e., that the boundaries of the region 

are not time-varying, or, more generally, that any time-

variation of V is insignificant. This approximation is 

usually a good one. 

Using a slightly different manipulation, but the same 

principle, we obtain 

Referring again to (2.13), we can write 

(2.18) 

where 

(2.19) 
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I Dpl^si s Hdi [<P'>s. - <P'>v] (2-20» 
1 1 

where 

dp' 
q £.Dp^8i 

Hdi s <Pos - <P.>V (2-21) 
i 

In our analysis thus far, we have made only two, 

reasonably good, approximations: the depletion approximation 

and the assumption that the region boundaries do not vary 

with time. Consequently, our work to this point is rather 

accurate, although perhaps not tractable. The integral 

expressions in (2.15), (2.19), and (2.21) are complicated 

and hard to evaluate. Examination of these equations 

reveals that the parameters F^, H and are time-

dependent; this further complicates matters. 

We therefore invoke a quasi-static approximation 

discussed in Section 2.1. We assume that F., H , and H,. l' c' di 
are not functions of time, but that they always retain their 

corresponding steady-state (DC) values. Physically, this 

means we are assuming that certain hole current components 

—transport and recombination currents—are related to 

specific average excess hole densities in the region under 

time varying conditions in the same way they are related 

under steady-state conditions. 
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Using (2.14), (2.16), (2.18), and (2.20), we can 

rewrite (2.13) as 

.2^pS. = . S [Fi^p'^S. + Hdi (^P'^S. " ̂ P'^V)] 
1=1 ̂  x 1=1 L 1 1 J 

= <P')V + Hc <p')v (2.22) 

Equation (2.22) is a first-order model—higher-order models 

are discussed in Section 2.8—of the relation existing 

between the hole current and the hole density in the region 

being considered. It has the form of a Linvill lumped 

model (5) in that S represents a storance, Hc a combinance, 

H,. a diffusance. and F. a driftance. Note that here, 
di ' i ' 

however, since we are considering a three-dimensional 

region, the nodal variables are surface and volume averages 

of excess hole densities. For this reason, the element 

values of the model will depend to some extent on how these 

averages are calculated, i.e., on the averaging techniques 

used. 

2.3 Steady-State Evaluation of the Model 
Parameters 

We now concern ourselves with the region under 

steady-state conditions and evaluate the model elements. 

We see from (2.15), (2.19), and (2.21) that the excess hole 

density must be known before we can evaluate F., H , and 
l' c' 

Hence, we must solve the steady-state form of the 
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d-K PDE, (2.11). Under steady-state conditions, (2.11) 

becomes, after expanding the divergence terms, 

2 — 
0  =  D  V P '  +  V D  - V P '  -  u  E . V P '  P P P 

- P'E-VH - P ' \ l  V E  - — (2.23) 
P P Tp 

We have designated the steady-state excess hole density by 

P' = P'(r) 

Using the Einstein relation, 

Dp _ kT 
i-1 q P M 

after dividing (2.23) by D , we obtain P 

?  / V D  _ \  

7  P '  

/E-vy _ _\ p, 

-(T^ + mv-e)p' "72 " 0 (2-24) V P / Lp 

where 

L = VD T  P P P 

= diffusion length of holes in the region. 

Equation (2.24) is now solved subject to the applicable set 

of boundary conditions on P' at the surfaces surrounding 

the region being modeled. 
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To validate our quasi-static approximation, we must 

restrict the application of the model described by (2.22) to 

cases where only one independent boundary condition, i.e., 

a condition imposed on P' at a surface by some external 

mechanism, is non-zero. The reasoning behind this will be 

discussed later. Hence, (2.22) represents a "component" 

model of the region, and the complete model is a super

position of all the component models resulting when each 

independent boundary condition on P' is individually, in 

turn, allowed to be non-zero while the others are all forced 

to be zero. 

With this restriction in mind, we return to a 

discussion of the solution of (2.24) and the evaluation of 

the model elements. Assume all independent boundary condi

tions are zero, except on one surface, say S^, where, at 

some point on that surface, r^ , 
j 

P' (r ) = P' / 0 
Sj 0 

as a result of some externally applied constraint, e.g., a 

bias voltage. Then P'Cr) throughout the region is defined; 

it is the corresponding solution of (2.24). 

Using this "component solution" for P' in (2.15), 

(2.19), and (2.21), we can evaluate the lumped elements. 

The resulting model is a component model, M^. The complete 

model for the region, M, is the superposition of all the 



component models: 

M = S M. (2.25) 
j 3 

where the index j varies so as to include all the bounding 

surfaces on which P' is subject to external constraints. 

We can now describe restrictions which must be 

enforced to ensure the feasibility of the quasi-static 

approach, as well as the validity of the superposition 

technique. Basically, we must maintain a linear system; 

then, in addition to (2.25), we can say, if 

P'(7S ) = P' —* 
3 

where A is some constant, accordingly, 

P1 (r) —> AP 1 (r) 

This relationship enhances the quasi-static approximation. 

Our steady-state d-K PDE, (2.24), must consequently 

be linear and homogeneous. We attained the homogeneity by 

changing our dependent variable from P to P', and thus 

eliminating the "constant" term Pn/Tp* To ensure the 

linearity of (2.24), we cannot allow D , (i , L ( and E to 
P P P 

be functions of P*. We must therefore assume low-level 

injection, i.e., 

P' « n - N n D 

We see now why we must consider only one non-zero 

independent boundary condition at a time. If we allowed 
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more than one, multiplying one non-zero boundary value by a 

constant does not result in the complete solution of the 

partial differential equation being multiplied by that 

constant. Hence the application of the quasi-static 

approximation has no sound basis in this case. Since our 

describing equation, (2.24), is linear and homogeneous, 

however, there is no real problem involved in handling the 

non-zero independent boundary conditions individually to 

obtain the component models, i.e., solving the steady-state 

d-K PDE, (2.24), and evaluating (2.14), 2.16), (2.18), and 

(2.20) for each independent boundary condition, and then 

superimposing the component models to obtain the complete 

model for the region. Often, just one component model will 

satisfy the modeling requirements; for example, only one 

component model is necessary to describe a transistor 

restricted to the forward-active region of operation since 

there is essentially only one non-zero independent boundary 

condition imposed on the minority carrier densities. 

Additional clarification associated with component models 

and the application of the modeling theory in general is 

included in Chapters 3, 4, and 5. 

2.4 Symbolic Representation of the Model 

Equation (2.22), which, as we have described, is a 

first-order component model of the minority carrier (hole) 

behavior in the region under consideration, can be 
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represented symbolically by a Linvill— type lumped model 

(5). That representation is shown in Figure 2.2, in which 

we have included majority carrier (electron) current lines. 

The validity in including the majority carrier 

contributions to the model as simply as we have done is 

based on our assumption of low-level injection. For low-

level operation, the electric field is independent of carrier 

densities and currents. This coupled with our quasi-static 

approximation means that the field is not a function of 

time. Using Poisson's equation, 

VE = -£• = 
0 

q(ND + p - n) 

we see that the net space-charge density, p, must then be 

time-independent. Therefore, any changes in the minority 

carrier density must be accompanied by equal changes in the 

majority carrier density. Consequently, the role of majority 

carriers is to maintain the steady electric field. Because 

the effect of the field is incorporated in our model of hole 

behavior, our inclusion of electron behavior is justified. 

The elements of the model in Figure 2.2, with the 

exception of the driftances, possess similar characteristics 

to elements defined in previous works associated with 

lumped one-dimensional modeling of semiconductor devices 

(5, 7, 8). In three-dimensional modeling, however, the 

terminal variables are not simply carrier densities, but 
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are average carrier densities over bounding surfaces. The 

terminal characteristic of the driftance used in the present 

work is defined in Figure 2.3 

Figure 2.3. The Driftance Used in the Three-Dimensional 
Modeling 

Models similar to that shown in Figure 2.2 may be 

obtained for each set of independent boundary conditions of 

which the hole density on a particular surface is non-zero, 

determined by some external constraint, while the densities 

on the remaining surfaces subject to external conditions 

are zero. The complete model for the region consists of the 

superposition of all the component models, the number of 

which will be less than or equal to N, depending on how many 

of the surfaces S. are subject to external constraints. 

When the terminal currents of the component models are 

properly superimposed, the resulting model yields the 

F F 

F  ̂<P >s 

1 
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complete terminal behavior of the region for any set of 

terminal conditions which may be imposed. 

2.5 A Note on Boundary Conditions 

The modeling theory described thus far is incomplete. 

To model a device, we must describe the relations existing 

among terminal currents and terminal voltages. Hence, we 

must supplement the model of the bulk region with models of 

surrounding surface or junction effects. 

Generally, the surfaces subject to external con

straints are boundaries of depletion regions of pn junctions; 

i.e., a forward-biased junction would result in non-zero 

independent boundary conditions on the.minority carrier 

densities on either side of the junction. Hence, the lumped 

model must be supplemented in this case with pn junction 

models, illustrated in Figure 2.4, furnishing the interface 

between voltage and carrier densities, as well as other 

pertinent information, e.g., the junction capacitance,, C_.. 

The modeling of the pn junction is not studied here. 

However, if a model of the form in Figure 2.4 were available, 

it could be incorporated into the lumped model as shown in 

Figure 2.5. For now, we neglect any voltage gradients 

occurring in the bulk material and assume that terminal 

voltages are essentially dropped across the junction deple

tion regions. In Chapter 5, we consider bulk resistance and 

the accompanying current-crowding effect. 
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The surfaces not subject to external biases will 

exhibit dependent boundary conditions, i.e., conditions 

dependent upon p', Vp', etc., at the surfaces. For example, 

surface recombination imposes such a dependent boundary 

condition. These conditions, as exemplified in Chapters 3, 

4, and 5, should be used to simplify, i.e., complete, each 

component model; they prevail always and hence will affect 

each component model in the same way. 

To exemplify how dependent boundary conditions 

affect each component model, assume that a bounding surface, 

say S., exhibits a surface recombination velocity, sR (r) 
i 

(11). There is no terminal current from this surface; this 

constraint eliminates one terminal of the component model. 

However, there is recombination current flowing into the 

surface from within. The surface recombination hole current 

density is 

dp^ (r) 

^pRi(r)=q dt 

where 

dp^ (r) 

—s sR u) 
l l 

= number of holes that recombine on per 

unit area per unit time (11). 

The total hole recombination current flowing into is then 
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Vi I.^pV33* ~" xt>s± 

or, 

ipsi - £ 1SR.P'dSi = Hci<p,>Si ( 2 . 2 6 )  

where 

| qs^p'as. | qs^p'dS. 

(2.27) 

We again apply the quasi-static approximation and assume 

that the value of Hc^, the surface combinance at , computed 

using (2.27) with steady-state information is valid under 

time-varying conditions as well. Using (2.26), the component 

model of Figure 2.2 can be simplified as indicated in Figure 

2 . 6 .  

related to any independent boundary condition, the ith 

terminal branch of each component model will be shunted by 

Hc^, as shown in Figure 2.6. 

throughout the derivation of the first-order modeling theory. 

The assumptions, with discussions of their inherent limita

tions, are: 

Since this dependent boundary condition is not 

2.6 Assumptions and Limitations Inherent 
in the First-Order Theory 

In this section we review the basic assumptions made 
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The depletion approximation, i.e., the assumption of 

the existence of depletion (space-charge) regions 

and quasi-neutral regions around pn junctions, was 

made. This approximation introduces no significant 

limitation to the analysis. 

A first-order recombination law of the form in (2.2) 

is assumed. This expression is really a definition 

of the carrier lifetime (11), and its accuracy is 

dependent upon how well that lifetime can be 

determined. 

The surfaces bounding regions to be modeled vary only 

insignificantly with time. Generally, this is a good 

approximation. 

A quasi-static approximation was made. At first 

glance it appears that this approximation introduces 

a severe limitation to the modeling theory, and that 

the models derived are valid only for relatively low 
f 

frequencies. However, we later show that the error 

associated with the quasi-static approximation can 

be reduced at the expense of increasing the com

plexity of the models. 

Making a quasi-static approximation encompasses the 

restriction that the electric field be time-

independent. The total electric field may consist 

of a built-in component and an externally applied 

component. The low-level injection approximation 
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ensures that the built-in field (fixed field) will 

not vary with time. Hence, the important limitation 

here is that only time-independent applied fields 

can be handled. 

6. Low-level injection is assumed. This assumption 

linearizes the d-K PDE, enhances our quasi-static 

approximation, and allows us to use superposition. 

Its inherent limitations are obvious. Chapter 6 is 

concerned with the removal of the linearity restric

tion and the modeling of nonlinear effects on 

first-order bases. 

7. We assume that the role of majority carriers is to 

maintain "quasi-neutrality," that is, to keep the 

net space-charge distribution constant with time (3). 

This allows us to model a device essentially from 

minority carrier considerations. Linked with our 

previous approximations, this assumption introduces 

no new significant sources of error. 

8. We have offered no means to account for voltage drops 

in quasi-neutral material. Bulk resistance is 

discussed in Chapter 5 in relation to the current-

crowding effect. 

2.7 Component Model Dimensioning Using 
a Digital Computer 

To dimension a component model, that is, determine 

element values for one set of independent boundary conditions, 
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the steady-state form of the d-K PDE, (2.24), subject to the 

dependent and the independent boundary conditions, must be 

solved for P' (r^ throughout the entire region under con

sideration. Equation (2.24), as written, is not restricted 

to a particular coordinate system; any system may be used 

as long as the proper expressions for the laplacian, the 

divergence, and the gradient are used. 

The most general, and perhaps the most efficient way 

to solve a partial differential equation as complicated as 

(2.24) is numerically, using a digital computer. Even if 

the equation could be solved exactly, the solution would 

probably be intractable and would have to be evaluated 

numerically. Our method of solution would apply to a 

particular region, and regions of different geometries and 

characteristics would have to be handled differently. 

The technique which is used is the successive-

overrelaxation method of solution (12), aided by a digital 

computer. This involves defining a grid throughout the 

region over which the solution is desired, writing a 

finite-difference approximation of the partial differential 

equation at each interior grid point, and, using the 

boundary conditions when necessary, solving the resulting 

set of linear, algebraic equations interatively to obtain 

the solution, P'(r), at each grid point. The integral 

expressions in (2.15), (2.19), and (2.21) can then be 

evaluated numerically with the computer using the point 
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solutions available. A complete discussion of the numerical 

solution of the steady-state d-K PDE and its use in 

numerically evaluating the component model elements is 

included in Appendix A. 

The procedures described above must be separately 

applied to each component model, that is, for each set of 

independent boundary conditions, subject always to the 

dependent boundary conditions, to completely dimension the 

entire superimposed model. 

2.8 Use of Subregions to Obtain 
Higher-Order Models 

We begin this section by stating a postulate which 

will be verified in Chapter 4. We divide the region to be 

modeled into subregions, or partitions, and apply the 

modeling theory derived in this chapter to each individual 

subregion. We postulate that the more complex model 

resulting from proper partitioning is more accurate than the 

first-order model obtained without the use of subregions. 

The improvement in accuracy is related to the manner in 

which the region is partitioned and the number of subregions 

used. 

This postulate is not without basis. We know, for 

example, that we can obtain the exact frequency character

istics of the one-dimensional distributed RC structure (8) 

from the lumped model obtained using an infinite number of 

subregions. Using this device as an analogy, then, we can 
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qualitatively see how the use of subregions with our 

modeling theory can significantly reduce the magnitude of 

the error resulting primarily from the quasi-static 

approximation. 

To incorporate the use of subregions into the 

modeling theory, we proceed as follows: First, we numeri

cally solve the steady-state form of the d-K PDE, (2.24), 

over the entire region under study, subject to dependent and 

independent boundary conditions corresponding to the 

particular component model we are deriving. This solution 

gives the excess minority carrier (hole) density at a finite 

number of points on a pre-defined grid throughout the region. 

Next, we divide the region into subregions. The 

most efficient means of choosing subregions has not been 

determined. Nevertheless, based on our limited results 

associated with subregion formation, we postulate the 

following algorithms, with reference to the steady-state 

d-K PDE, (2.24): 

1. Use subregions whose dimensions are of the same 

order of magnitude as the minority carrier diffusion 

length, L^; if the dimensions are much smaller than 

Lp, the subregion will not introduce anything 

significant to the lumped model. 

2. Use subregions only in regions were the excess 

minority carrier (hole) density is significant; if 

P' in the subregion is everywhere much less than the 
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maximum value of P1 over the entire region, use of 

such a subregion will not significantly improve the 

results. 

Continuing with the development of a higher-order 

component model, we apply the modeling theory described 

herein to each individual subregion, using the appropriate 

portions of the solution of (2.24), previously obtained over 

the entire region, to numerically evaluate (2.15), (2.19), 

and (2.21), and thereby dimension the corresponding sub

models. The submodels are then cascaded to obtain the 

higher-oi^der component model of the entire bulk region. The 

model is completed when the dependent boundary conditions 

have been incorporated into it, as described in Section 2.5. 

Each higher-order component model must be obtained 

in a similar fashion, with the corresponding set of in

dependent boundary conditions, but the same dependent 

boundary conditions and the same subregions. The complete 

higher-order model of the region is then the superposition 

of the higher-order component models. 

2.9 Lumped Model-Electrical Model 
Transformation Techniques 

As was discussed in Chapter 1, good integrated 

device models must be amenable to analysis by existing 

computer network analysis programs. We might want to analyze 

either the device by itself or a circuit containing the 
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device.. In either case, we must be able to transform the 

H^KLjFS lumped models to equivalent RCIV networks. For 

instances when we are interested in analyzing just the 

individual device, simplifications in the transformation 

techniques can be made by utilizing an analogy between 

average excess minority carrier density and voltage. This 

procedure is described in detail in Chapter 3. 

We consider here the general transformation tech

niques required in the computer-aided analysis of a 

circuit containing a device for which we have derived a 

lumped model. We want to use a network analysis program to 

determine the frequency response of a single-stage transis

tor amplifier, the AC equivalent circuit of which is shown 

in Figure 2.7. Assume that we have applied the systematic 

modeling theory to the transistor and have developed the 

lumped model (first-order) illustrated in Figure 2.8, which 

we have verified to be sufficiently accurate for our present 

purposes. The transistor is always biased in the forward-

active region of operation. Thus, the model in Figure 2.8 

is really only a component model; i.e., essentially, the 

only non-zero independent boundary values of the excess 

minority carrier densities exist at the boundaries of the 

emitter-base depletion region. Furthermore, the derivation 

of the model is based on the assumption that the base region 

is the only bulk region of the device which affects its 

terminal characteristics. 
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The desired transformed circuit is obtained by 

noting analogies between lumped and electrical elements as 

indicated in Figure 2.9. Note the negative currents 

involved when the minority carriers are electrons, that is, 

when the material is p-type. The transformed circuit, 

capable of being analyzed by a computer analysis program, 

is shown in Figure 2.10. 

The areas enclosed by dashed lines in Figure 2.10 

contain dependent sources that produce the interfaces 

between the intrinsic transistor model and the surrounding 

circuitry. Basically, these sources implement the laws of 

the junctions, while preserving current flow. This technique 

was used at the base terminal so the analogies described in 

Figure 2.9 could be utilized. 

It is important to note here that the values of the 

lumped elements in the transistor model of Figure 2.8 must 

be normalized, along with the law of the junction relation, 

f(VEB)' before one attempts to analyze the transformed 

circuit of Figure 2.10. This results in compatible element 

values throughout the entire circuit so that the computer 

analysis program can be used most efficiently. 
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CHAPTER 3 

BASIC THREE-DIMENSIONAL EFFECTS: 
THE SUBSTRATE PNP TRANSISTOR 

As a first application of the modeling theory, the 

simplest active integrated device imaginable, the substrate 

(vertical) pnp transistor is considered. The modeling of 

this device serves to validate some of the elementary 

principles, including the basic three-dimensional modeling 

capability, of the theory. Verification is provided here, 

as well as in the following applications, by demonstrating 

good agreement between theoretical results and experimental 

measurements. 

3.1 General Characterization of 
the Device 

Devices of circular geometry are studied so that -. 

only two spatial coordinates need be considered. This 

simplifies the analysis but does not result in any loss of 

generality. The structure of the devices being considered 

is formed by rotating the cross-section shown in Figure 3.1 

360° around the axis of rotation indicated. 

The following assumptions and limitations apply to 

the devices being modeled: 

1. The base region of the transistor is an epitaxial 

layer and is uniformly doped. 

44 
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2. The transistor can be modeled satisfactorily by 

considering only the base region. The emitter 

efficiency is essentially unity, and the base-

collector (epi-substrate) junction is always 

reverse-biased. 

3. As indicated in Figure 3.1, the lateral diffusion 

from the emitter results in a circular profile, 

that is, the lateral p diffusion proceeds in all 

directions identically to the vertical diffusion. 

4. The lateral isolation diffusion profile is far 

enough removed from the emitter that approximating 

it by the dashed vertical line shown in Figure 3.1 

does not introduce any significant errors. 

5. The SiC^-Si interfaces exhibit no appreciable net 

surface recombination. 

6. The primary effect of the n+n junction is to prohibit 

the passage of minority carriers across the junction 

in either direction, while the majority carriers 

suffer no impediment in their transit (13). 

3.2 First-Order Model 

As was mentioned earlier, to model the substrate 

pnp transistor, we need only consider the base region, 

bounded by surfaces through as labeled in Figure 3.1. 

Note that each surface is completely defined only when the 

cross-section is rotated 360° about the axis of rotation. 
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The only surfaces on which the excess minority 

carrier (hole) density exhibits independent boundary 

conditions are S^, S2, and S^; these surfaces are the 

depletion region boundaries on the base sides of the 

emitter-base and collector-base junctions. The excess hole 

density on these surfaces is dependent upon the emitter-

base and collector-base voltages through the appropriate 

law of the junction. 

Since the collector-base junction is always reverse-

biased, the excess hole density on S2 and S3 is everywhere 

approximately the negative of the thermal equilibrium 

density, the magnitude of which is negligible compared to 

densities elsewhere in the base when the emitter-base 

junction is forward-biased. For this application, we 

restrict operation to the forward-active region. Essen

tially, then, all we need is the forward-active component 

model of the base region, with the only non-zero independent 

boundary condition on p' existing on S^. 

Letting N = 6 in Figure 2.2 generates the basic 

form of the model. Since the base region is homogeneous, 

it contains no built-in electric field, and because no 

field is externally applied, 

E = 0 

Thus, from (2.15), 

F. = 0, i = 1, 2, —, 6 
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With essentially unity emitter efficiency, 

negligible electron current flows across the emitter-base 

junction. Also, since the collector-base junction is 

reverse-biased, very little electron current flows through 

it. Furthermore, since is several diffusion lengths from 

the emitter, where the injection of minority carriers is 

occurring, 

|El--° (3.1) 

3 

Using this in (2.21), we find 

Hd3 " 0 

Equation (3.1) is later verified by the actual solution of 

the d-K PDE. 

Zero net surface recombination is assumed on and 

Sj.. This implies that no holes diffuse to or from these 

surfaces; i.e., 

= 0 (3.2) 
on0 

4 

dp' 
dn c  

5 

= 0 (3.3) 

Using (2.21) then, we obtain 

and 

H, . = 0 
d4 

Hd5 = 0 
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By the same argument, no electrons flow to or from and 

V 

Because of our postulated action of the n+n junction 

a t  S 6 '  

i q = 0 
pS6 

Since Fg = 0, this implies that 

Hd6 = 0 

or, from (2.21), 

= 0 (3.4) 
onc 

6 

Incorporating the assumptions and dependent boundary 

conditions described above into our component model, we 

obtain the simplified version of the first-order model of 

the substrate pnp transistor biased in the forward-active 

region of operation. The lumped model is illustrated in 

Figure 3.2. We have not included the junction capacitances. 

From (2.17), 

S = qVB (3.5) 

where 

VB = volume of the undepleted base region of the 

transistor. 

We assume V0 is constant, independent of any applied 

voltages. 



E O  

C O  

Figure 3.2. The First-Order Lumped Model of the Substrate PNP Transistor in the 
Forward-Active Region of Operation ui 
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Because the base is homogeneous, the hole lifetime 

Tp is constant throughout Vg. Hence, from (2.19), 

Lp '  
dVB 

H = -3- • —Y—J-R = V„ 
C TP \ TP B 

qvBDp 

L2 
p 

(3.6) 

The diffusion constant D and the diffusion length L for 
P P 

holes in the homogeneous base region are constant, independ

ent of the spatial coordinates also. Thus, we obtain from 

(2.21), 

qD f |^-dS. ^ p i on„ i S.W"S. 
Hdi -  <P '>S

1-<P'>V  <3-7» 
i B 

To evaluate the model elements given by (3.5), (3.6), 

and (3.7), we invoke the quasi-static approximation and use 

the steady-state excess hole density, P'. In addition to P* , 

the device geometry and the physical parameters and 

must be known. The determination of D and L is discussed 
P P 

later when an experimental device is considered. 

To obtain P', we must solve the steady-state d-K 

PDE, (2.24), subject to the independent and dependent 

boundary conditions of the excess hole density in the base 

region of the transistor. Since 
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E = 0 

and, because of the homogeneity of the base, we have 

VD = 0 P 
VHp = 0 

the steady-state form of the d-K PDE simplifies to 

V2P' ^ = 0 (3.8) 
L 

As is indicated in Figure 3.1, we use cylindrical coordinates, 

(r, 0, z), in the analysis. Inserting the appropriate form 

of the laplacian operator into (3.8), we obtain 

1 JL / ,-BP' \ . _!_ 32P' 
r 3r ^ dr )+ f2 

afpjL _ _ o 
a 2 T2 oz L P 

Because of the symmetry of the transistor, P' will contain 

no 0 variation: 

P» = P' (r,z) 

Thus, the steady-state d-K PDE becomes 

/a2P' B2P' \ 

U2 s-2 / 

+ -^1 - = 0 (3.9) 
9r L2 

Equation (3.9) must be solved over the base region subject 

to the dependent boundary conditions given by (3.2), (3.3), 

and (3.4) and to the proper set of independent boundary 
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conditions resulting from forward-active region operation: 

P' ̂  0 on S2 and S3 

and 

P* £ 0 on S 
1 

Because the base is homogeneous, P' assumes the same value 

everywhere on , if current-crowding effects are negligible. 

Hence, since (3.9) is linear and homogeneous, we can set 

P' = 1-0 on Sx 

and obtain a normalized solution for the steady-state excess 

hole density in the base region. 

Because P' contains no 9 variation, we need only 

solve (3.9) over the cross-section of the base region shown 

in Figure 3.1. To do this, we make use of the condition 

forced upon P' on the axis of rotation in the base, namely, 

dP' 
3r 

= 0 for r = 0 

The solution of (3.9) is obtained numerically 

through the computer-aided use of a successive-overrelaxation 

method (12). This technique is described in Appendix A. 

The solution, which consists of values of P1 on a finite 

number of pre-defined grid points, i.e., 

pij -

is used, along with the device geometry and its physical 
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parameters, to numerically evaluate the expressions for the 

lumped elements of the model. A discussion of the numerical 

evaluation of integral expressions such as (3.7), as well 

as the numerical incorporation of dependent boundary 

conditions on normal derivatives is included in Appendix A. 

An indication of typical computer times required is also 

given there. 

3.3 Second-Order Models 

In this section, we consider two different second-

order models of the substrate pnp transistor, formed by 

partitioning the base region in two ways. The same 

assumptions and simplifications given in Section 3.1 are 

used here. 

Initially, we partition the base horizontally, as 

shown in Figure 3.3. Incorporating the independent and 

dependent boundary conditions listed in Section 3.2, which 

were used to solve the steady-state d-K PDE, we can obtain 

the lumped forward-active submodels of regions I and II. 

These models are shown in Figure 3.4. In Figure 3.5, we 

have properly cascaded the two submodels to obtain a 

second-order forward-active component model of the 

transistor. 

To evaluate the elements of the submodels in 

Figure 3.4, we revert to Equations (2.17), (2.19), and 

(2.21), and apply them to each subregion in turn: 



i 
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Figure 3.3. Horizontal Partition of the Base Region of the Substrate PNP 
Transistor U1 

U1 
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(a) Lumped Model of Subregion I 
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(b) Lumped Model of Subregion II 

Figure 3.4. The Submodels of the Substrate PNP Transistor 
in the Forward-Active Region of Operation 
Resulting from the Horizontal Partition 
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ST = qV, 

qVTD 
H = -3-V = 5—2. 
c l  T  I  T  2  

P L 
* P 

qD f fo' dS 
^ p i dn„ 1 

1 1 
Hdl = <p')Si-<p')Vi 

qD f -^-L_ dS 
p i 3ns T p 

TT P Pi 
dpi <P' >s -<p'>v 

P I 

SII = «VH 

^VIIDI H = -3-V _ 
ell T II T 2 

P L 
* P 

qD f |P' 6S0 
P 9nq 2 

Hd2 = <p.>s2-<p')v 
2 VII 

qD J dS 
p i 3nS TT P 

T T  _ P PH 
dpiI " <p'>s -<p')y 

P II 

The homogeneity of the base and its implications have been 

used to simplify the element-value expressions. The steady-

state solution of the d-K PDE, P', over the entire base 
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region, is used to evaluate the expressions for the 

diffusances. 

We now generate a different second-order model of 

the substrate pnp transistor by partitioning the base region 

vertically. This partition and the resulting surface 

designations are shown in Figure 3.6. Applying our modeling 

theory to each subregion, we obtain the two submodels of 

Figure 3.7. Note that corresponding junction voltages of 

each submodel have been set equal. This implies that we are 

neglecting any voltage drops in bulk material, an assumption 

implicit in our modeling theory thus far. 

The cascading of the two submodels to form the 

second-order model in this case is somewhat more complicated 

than that of the model formed by the horizontal partition. 

The reason for this is that the vertical partition line 

intersects critical surfaces on which the excess minority 

carrier density is subject to independent boundary conditions. 

The components of current flowing through these surfaces 

must be summed to form the corresponding terminal currents 

of the device. The second-order model is illustrated in 

Figure 3.8. 

In this case, since the junction voltages do not 

vary along the junctions, 

^p'^S1II(vEB) = (3.10) 

This relation can be used to simplify the equivalent 
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(b) Lumped Model of Subregion II 

Figure 3.7. The Submodels of the Substrate PNP Transistor 
in the Forward-Active Region of Operation 
Resulting from the Vertical Partition 
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electrical model when we wish to analyze the model of Figure 

3.8. An instance when a simplification of the form in 

(3.10) cannot be made is encountered later when we discuss 

the field-aided lateral pnp transistor. 

To complete the model, we now use (2.17), (2.19), 

and (2.21) to evaluate the elements of the individual sub

models : 

ST = qVT 

qV D 
H = -SLy = -ii-E 
Cl T

P 
1 L2 

* P 

qD I* dP' ds 
^ p i dnc II 

H - II II 
dll - <p'>_ -<P')V 

S1I VI 

qD f dS P i 3n
S P 

w _ P Pi 
dpi <p'>s -<P'>v 

P I 

5Dp | 
21 21 

Hd2I " <p'> -<p')v 
21 I 

SII = 
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qVTT
D 

H = _3_v = Z l P ell r II T 2 p L
P 

qD f aP' dS1TT 
P § dng III 

H III III 
dill  ~  < p ' > q - < p ' > v  

blII VII 

qD f 5p' dS 
PS 3ns TT P 

H - P P11 
dpll <p'> g- <p') v  

P 11 

qDp I 3nsP' dS2II 
211 211 

d2II " ^JZ - <p')v 
211 II 

Again, the expressions for the diffusances are evaluated by 

using the steady-state excess hole density, P1, over the 

base region. 

3.4 Experimental Verification 
of the Models 

Table 3.1 describes two substrate pnp transistors 

which were fabricated and tested. The dimensions given are 

defined in Figure 3.1. Transistor A is of a nominal size, 

whereas the emitter radius of transistor B was made as small 

as possible, subject to artwork tolerances, so that the two-

dimensional effects would be accentuated. The transistors 
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Table 3.1. Descriptions of the Fabricated Substrate PNP 
Transistors 

Transistor rE(|i) rjtia) zE(n) z s (^  Lp(n> 
2 

D ) 
p sec 

A 25.0 119 5.1 13.6 45.0 7.8xl08 

B 5.0 107 5.1 13.6 45.0 7.8xl08 

are compatible with the assumptions and simplifications, 

previously described. 

The two transistors were fabricated on the same chip 

along with a large geometry substrate pnp transistor, the 

emitter area of which was large enough that the device 

behavior was essentially one-dimensional. The DC current 

gain, of this transistor was measured, and a one-

dimensional analysis was used to determine the hole diffusion 

length, L in the base region. This value of was used 

in the analyses of the other devices on the chip. 

If we assume unity emitter efficiency and neglect 

the reverse-bias leakage current of the collector-base 

junction, then the a of the transistor is simply the base-

transport factor: 

Pl-D , /ZB \ 
«1-D - [~ p)  

where 

Zg = undepleted base width of the one-dimensional 

transistor 
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= Zg - zE = 8.5u 

The measured value of the common-emitter current gain is 

^1—D = 56.0 

from which we calculate 

L = 45.Ou. 
P 

From the sheet resistivity and the epitaxial layer 

thickness of the wafer before processing, the epi 

resistivity was calculated to be 

p e p i  =1.14 fi-cm 

Using this value and a published curve of resistivity vs. 

impurity concentration for homogeneous n-type material (14), 

we obtain a donor density in the epitaxial layer of 

ND = 4.7 x 1015 cm"3 

Then, using a published mobility vs. carrier concentration 

curve (15), and the Einstein relation 

"p " 9 

at T = 300°K, we find 

2 ft 2 

D = 7.8 = 7.8 x 10 ^— 
p sec sec 

The hole lifetime in the base region is given by 
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2 

I 
P " Dv 

L 
T_ = = 2.6 x 10" sec 

P 

To obtain frequency analyses of the lumped models 

developed in preceding sections of Chapter 3, a network 

analysis program is used. CORNAP (1), which derives the 

state equations and the desired transfer functions, together 

with frequency and/or time responses, of an n-port general 

linear active network, is used to obtain the 3 vs. frequency 

characteristics of the models. 

As was indicated in Section 2.9, we must first trans

form the models to compatible equivalent electrical forms 

before they can be analyzed. If an analysis of the device 

by itself is all that is desired, this transformation can be 

accomplished in a simpler manner than that described in 

Section 2.9. 

We initially consider the first-order lumped model 

of the substrate pnp transistor in the forward-active region 

of operation. This model is illustrated in Figure 3.2. 

Using an analogy between average excess hole density and 

voltage, and noting the analogies among lumped and electrical 

circuit elements, we can construct an electrical circuit 

equivalent to the model in Figure 3.2, based on the current 

relation 

+ """C + "^B = 0 

This circuit is shown in Figure 3.9. 
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\ 
B 

Figure 3.9. An Electrical Circuit Equivalent to the First-
Order Lumped Model of the Substrate PNP 
Transistor in the Forward-Active Region of . 
Operation 

If we are only interested in current-excess hole 

density or current-current relationships of the device, the 

simplified model of Figure 3.9 is sufficient. If we are 

concerned with voltages associated with the device, then 

the more general transformation technique described in 

Section 2.9 must be used. 



Our equivalent electrical circuits, including those 

more sophisticated ones to be described later, will consist 

of resistors, capacitors, independent current sources, and 

the four types of dependent sources, one of which is used 

in our present circuit. CORNAP is capable of handling all 

of these element types. It was used to obtain the frequency 

response of the model in Figure 3.9. We let the base 

current, ig, be the input and determine the transfer 

function, 

•*"C 
P = I2 

as a function of the frequency, f. 

Figures 3.10 and 3.11 contain plots of the experi

mental and first-order model frequency responses of p for 

transistors A and B, respectively. Comparisons of the 

experimental and theoretical DC current gains are also 

included. The agreement is quite good. 

The experimental curves were obtained with the 

transistors biased as follows: The collector current was 

low enough that no high-level injection effects were 

obvious, yet high enough that the current flow was not 

space-charge limited; the collector-emitter voltage was 

small enough that the depletion region boundaries were not 

significantly altered from their thermal equilibrium 

locations. It should be mentioned here that the experi

mental setup used to obtain the frequency responses was 
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Figure 3.11. A Comparison of Experimental and First-Order Model Frequency 
Responses for the Substrate PNP Transistor B 
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somewhat crude, and accurate data could be obtained only at 

frequencies up to approximately one megahertz. 

Similar transformation techniques were applied to 

the second-order lumped models derived in Section 3.3, and 

the resulting electrical equivalent models were analyzed 

using CORNAP. However, as might have been inferred from 

the satisfactory representations of the devices by the 

first-order models, the second-order analyses resulted in 

dominant-pole characteristics; secondary singularities in 

the transfer functions, i.e., in f3(s), were far removed 

from the first pole, and the frequency responses obtained 

were essentially the same as the first-order, single-pole 

responses, for the frequencies of interest anyway. 



CHAPTER 4 

BASIC BULK INTERACTIONS: THE 
LATERAL PNP TRANSISTOR 

The second integrated device to be considered is the 

lateral pnp transistor. It provides an additional degree of 

complexity in the analysis; the effect of the parasitic 

substrate (vertical) pnp transistor is important, and its 

interaction with the lateral pnp must be reflected in a 

satisfactory model. 

4.1 General Characterization 
of the Device 

A cross-section of the circular structure to be 

modeled is shown in Figure 4.1. The six assumptions listed 

in Section 3.1 apply here as well. 

4.2 First-Order Model 

To satisfactorily model the structure, we need only 

consider the base region bounded by surfaces S^ through Sg, 

as labeled in Figure 4.1. The substrate junction is always 

reverse-biased; thus, the independent boundary conditions 

of the excess hole density on S^ and S^ are approximately 

zero. If we are interested in the lateral pnp transistor 

in the forward-active region of operation, we examine the 

component model of the device resulting when the only 

73 
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Figure 4.1. The Lateral PNP Transistor Structure 



non-zero independent boundary condition of p' is allowed on 

S^; the component model associated with the non-zero 

independent boundary condition on S^ depicts the lateral pnp 

in the inverse-active region of operation. The most general 

model of the region, then, is obtained by superimposing the 

two component models. 

Let us develop the forward-active component model 

of the lateral pnp transistor and its parasitic substrate 

pnp transistor, which is necessarily biased in the forward-

active region as well. Referring to Figure 2.2, we let 

N = 8, and thus produce the general form of the model. As 

we did in the case of the substrate pnp transistor, we now 

invoke the dependent boundary conditions, along with other 

applicable relationships, to simplify, i.e., complete, the 

model. 

No electric field is present in the base region; 

accordingly, 

F. = 0, i = 1, 2, , 8 

* 

The emitter efficiency is unity; thus, no electron current 

flows through S^. Since the substrate-base and the 

collector-base junctions are reverse-biased, negligible 

electron current flows through surfaces S^, S^, and S2. 

Again the isolation diffusion is far removed from the 

emitter diffusion; thus, 
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This implies that 

H,. ̂  0 
d4 

Furthermore, because zero net surface recombination occurs 

on the oxide-semi conductor interfaces, the following 

dependent boundary conditions obtain: 

|^-=0 (4.1) 
dnQ 

5 

= 0 (4.2) 
onc 

6 

1^— = 0 (4.3) 
on0 

7 

From (2.21), then, we have 

Hd5 = 0 

Hd6 = 0 

Hd7 = 0 

Consequently, no electron current flows into these surfaces. 

Finally, as before, at the n+n junction, 

= 0 

pS8 

Accordingly, 

and 

Hd8 " 0 

|̂ — = 0 (4.4) 
ane 

8 
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Utilizing these conditions, we can complete our first-order 

forward-active component model of the lateral pnp transistor. 

The lumped model, together with appropriate law of the 

junction designations, is illustrated in Figure 4.2. 

The element-evaluating equations of Section 2.2 can 

now be written, incorporating properties of the structure 

presently being studied when applicable: 

S = qVB (4.5) 

qvoD 
Hc = f" VB - -P (4-6) 

P LP 

qD J j*P' dS. 
p § dng l 

Hdi - <p'>si-(p'>v • 1 ° 2- 3 <4-71 

i B 

The region geometry and the steady-state excess hole density, 

P', are used in (4.5), (4.6), and (4.7) to evaluate the 

elements of the first-order model. 

To obtain P', the steady-state form of the d-K PDE, 

(2.24), must be solved, subject to the independent and 

dependent boundary conditions, throughout the base region 

of the device. The form of the steady-state d-K PDE in this 

instance, with the cylindrical coordinate system indicated 

in Figure 4.1, is exactly the same as that of the substrate 

pnp transistor given by (3.9). Its derivation is discussed 

in Section 3.2. A method of solution similar to that 
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Figure 4.2. The First-Order Lumped Model of the Lateral PNP 
Transistor in the Forward-Active Region of 
Operation 
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described there is used here with the following independent 

boundary conditions: 

P' - 0 on S^, S3, and 

and 

P' = 1.0 ̂  0 on S.^ 

In addition, the dependent boundary conditions (4.1), (4.2), 

(4.3), and (4.4) must be employed. 

4.3 Second-Order Model 

To develop a second-order model of the lateral pnp 

transistor-substrate pnp transistor combination, we will use 

the partition of the base region shown in Figure 4.3. This 

partition, to some extent, separates the effect of the 

lateral pnp transistor from that of the vertical (substrate) 

pnp transistor. The resulting second-order model will 

therefore illustrate well how the two active devices inter

act with one another. 

Applying our systematic techniques individually to 

subregions I and II, we obtain component submodels of the 

structure. Our partition has intersected the emitter 

surface, as well as the collector surface; the results of 

this partition are therefore similar to those of the vertical 

partition made in the base region of the substrate pnp 

transistor. Thus, proceeding in a similar fashion here, and 

applying the various constraints mentioned earlier, we 
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properly cascade the two submodels to obtain the second-

order model in Figure 4.4. 

We now apply (2.15), (2.17), (2.19) and (2.21) to 

the individual subregions and obtain expressions for the 

element values of the model. 

SI = <*VI 

qVTr> 
H = JLVt = lf£ 
cl TP 1 L2 

* P 

qD J* -.5p' 6S 1  _ M p J 3n_ II 
„ II II 
HC3H " <P'>S -<P'>V 

II I 

r dp' 
p | 9ns °p qD r •£X—&Sr 

TJ _ P Pi 
dpi <P* >s ~<P >v 

' Dpl d S2I 
21 21 

Hd2I <p'>s -<P'>v 
21 VI 

SII = <*VII 

H = -a_v - qVlI°P 
ClI T II " T 2 p L 

* p 
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Figure 4,4. The Second-Order Lumped Model of the Lateral PNP Transistor in the 
Forward-Active Region of Operation 
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qD f <3S1TT 
P S, __ S, 111 

H _ HI HI 
dill ~ <p'>„ -<p') 

S1II VII 

qD r -̂̂ is 
P & s P 

H _E£L 

H 

dpiI <p'> s- <P'> V  

P 11 

qDP Jj SngP' dS2lI 
_ 211 211 

<3211 " <p- > -<p' >v 
211 VII 

<*D
P| lHf- d S3 

_ 3 3 
Hd3 ~ <p» >o - <p'> v  

3 VII 

Note once again that the diffusances are evaluated using the 

appropriate steady-state excess hole density, P' •<— p', 

over the entire base region; the quasi-static approximation 

is invoked by assuming that the resulting element values are 

valid for time-varying as well as DC conditions. 

4.4 Experimental Verification of the Models 

The circular lateral pnp transistor whose base 

region is described in Table 4.1 was fabricated and tested. 

The resistivity of the homogeneous base is identical to that 

of the substrate pnp transistors considered earlier; accord

ingly, the hole diffusion constant, D^, is the same. 



Table 4.1. Description of the Fabricated Lateral PNP 
Transistor 
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r£ = 24. 7|a 

rCl = 39-5LA ZE =  4 , 2 | i  L p =  2 7  * 5 | a  

rc2 " zs - Dp - 7-8x108 

rI = 12m 

The diffusion length of minority carriers in the 

base region of the lateral pnp transistor, L was 
hr 

determined in the following manner: Based on the success of 

our modeling techniques as applied to the substrate pnp 

transistor, the value of L was chosen, by trial and error, 
P 

such that our theoretical DC current gain of the lateral pnp 

transistor, PLQ, matched its measured value. The validity 

of this technique is illustrated in Table 4.2, which 

compares measured and theoretical results, with the value of 

L determined as described above. Values of various other 
P 
DC current gains associated with the lateral pnp transistor-

substrate pnp transistor combination are also shown. The 

almost perfect match in the experimental and theoretical 

values for the DC p of the substrate pnp transistor in the 

forward-active region, PSq, justifies our determination of 
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Table 4.2. Experimental and Theoretical Values of DC 
Current Gains Associated with the Lateral PNP 
Transistor-Substrate PNP Transistor Combination 

DC Current Gain 
Experimental 

Value 
Theoretical 

Value 

Forward-active 
lateral PLq 6.40 6.39 (matched) 

Forward-active 
substrate PSq 19.5 

I 
19.7 

Inverse-active 
lateral 3LI0 1.60 1.35 

Inverse-active 
substrate PSIQ 23.0 18.6 

The fact that agreement is not as good for 3liq and 

pglO is a result of the linear approximation of the isolation 

under-diffusion profile. This approximation, illustrated 

in Figure 4.1, was based on the fact that the isolation 

diffusion is far removed from the emitter region, around 

which the excess hole density is significant when the 

transistors are in the forward-active region of operation. 

In regions removed from the emitter, the density is not so 

significant. However, when either device is in the inverse-

active region, this is not the case, and the linear approx

imation of the sidewall results in some error. 

To complete our description of the fabricated lateral 

pnp transistor, we calculate the hole lifetime in the base 

region: 
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L2 , 
T = = 0.97 x 10" sec 
P -D 
* P 

To obtain frequency analyses of the lumped models 

through the use of CORNAP, we again transform them to 

equivalent electrical forms using the techniques discussed 

in Section 3.4. Following the development there, we can 

immediately obtain an equivalent electrical form of the 

first-order lumped model of the lateral pnp transistor 

shown in Figure 4.2. The circuit, based on the fact that 

+ "*"C + + "*3 = ® 

is given in Figure 4.5. 

The second-order model of Figure 4.4 is transformed 

in a similar manner to its equivalent electrical form, shown 

in Figure 4.6. Two comments about this circuit are warrant

able here. 

First, the summing resistor RDUM, of arbitrary 

value, was inserted so that the total collector current of 

the lateral pnp transistor, ic, could be taken as the out

put of the circuit; it in no way influences the frequency 

response of PL(s). 

Second, to indicate generality, the dependent 

voltage source, (T,p' ), was inserted, even though for the 
II 

present case, 

Tx = 0 
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Figure 4.5. An Electrical Circuit Equivalent to the First-Order Lumped Model of 
the Lateral PNP Transistor in the Forward-Active Region of Operation 
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Figure 4.6. An Electrical Circuit Equivalent to the Second-Order Lumped Model of 
the Lateral PNP Transistor in the Forward-Active Region of Operation 
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The function of this source, in the general case, is to 

supply the proper variation of the average excess hole 

densities at the emitter-base depletion region boundary in 

the base: 

<p'>„ = (1 + T ) <p«> (4.8) 
falII 1 bll 

The average densities in (4.8) are, through the law of the 

junction, dependent upon the emitter-base voltage, which is 

time-dependent. Accordingly, T^ is a function of time. To 

remove the time-dependence of T^, we once again use a quasi-

static approximation and assign to T^ the value it assumes 

under the steady-state conditions at the anticipated 

operating point of the device. 

Nonetheless, in the present situation, since the 

base region is homogeneous, and we are neglecting voltage 

drops in bulk material, 

<p')s = <P'>S 
II III 

Referring to (4.8), we obtain 

Tx = 0 

Figure 4.7 shows a plot of the measured frequency 

response of (3^, the current gain of the lateral pnp transis

tor, with the substrate junction reverse-biased. (Note that 

the particular device tested is not the one which was used 

to determine L .) Also included in the figure are the 
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responses of the first- and second-order models. The agree

ment between the experimental and the theoretical curves is 

good. 

Note that the response of the second-order model is 

identical to that of the first-order model for relatively 

low frequencies. The second-order transfer function, 

however, contains a high-frequency zero and starts to 

deviate from the first-order characteristic as the frequency 

increases. The experimental curve also exhibits a high-

frequency- zero effect, which leads us to believe that our 

postulate of increased accuracy through the use of subregions 

may be valid. This proposition will be further verified when 

we consider the thick-epi lateral pnp transistor in the next 

section. 

4.5 The Thick-Epj Lateral 
PNP Transistor 

A unique lateral pnp transistor structure has been 

examined by Lindmayer and Schneider (16). Their device is 

characterized by a .very narrow lateral base width, much less 

than the hole diffusion length in the base, L^, and a 

homogeneous epitaxial layer much thicker than L . The base 
P 

contact of the transistor is the substrate. 

They performed both DC and AC "quasi-one-dimensional" 

analyses of the device to determine its current gain p. 

They did not rigorously include the effect of the curved 

under-diffused portions of the emitter and collector regions. 
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In the DC analysis, it was assumed that the injected 

emitter current could be separated into lateral and vertical 

components, IL and 1^ respectively, which could be con

sidered independently. All the lateral current was assumed 

to be collected by the collector, while none of the vertical 

component is collected; the entire vertically injected 

emitter current was assumed to result in, through re

combination, the base current. Hence, the DC 0 is 

IC h, s 0  =  i ^ - r 1  ( 4 . 9 )  
u AB V 

Their AC analysis consisted of combining the 

characteristics of a one-dimensional, lateral, narrow-base 

pnp transistor with the effects of a one-dimensional, 

vertical, wide-base diode. The result, which was verified 

experimentally, was the following expression for the magni

tude of the current gain as a function of the angular 

frequency, uu(=2rrf): 

P0 
3 = (4.10) 

b+ -P]1/4 

Note that Equation (4.10) implies that for high frequencies, 

0 oc f"1/2 

that is, (3 falls off at 10 db/decade instead of the usual 

20 db/decade. 
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We now apply our systematic modeling techniques to 

a lateral pnp transistor of the type studied by Lindmayer 

and Schneider (16). Referring to Figure 4.1, we can see 

that if 

(zg - z£) » Lp (4.11) 

and 

(rj - rE) » Lp (4.12) 

the effect of the substrate junction is negligible; all 

injected holes diffusing toward the substrate will recombine 

in the base before they reach the junction. Thus, if, in 

addition to the inequalities in (4.11) and (4.12), we have 

<rCl " r E> << L p u - 1 3 )  

the resulting lateral pnp structure will possess the same 

characteristics as those of the Lindmayer and Schneider 

device. 

We therefore consider the "thick-epi" lateral pnp 

transistor satisfying (4.11), (4.12), and (4.13). The 

first- and second-order models in Figures 4.2 and 4.4, 

respectively, are valid and may be simplified. Since no 

substrate current flows, 

Hd3 " 0 

in both models. 

It is worthwhile to develop a third-order model of 

the lateral pnp structure. The base partitions to be used 
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are shown in Figure 4.8. The development of each submodel 

and the cascading of them to form the third-order model are 

not significantly unlike the generation of the second-order 

model discussed earlier. If the thick-epi device is being 

modeled, again the diffusance associated with the substrate 

junction is zero in value. The transformation of the 

third-order lumped model to an equivalent electrical network 

amenable to analysis by CORNAP is also straightforward and 

is similar to the transformation of the second-order model. 

Arbitrarily, we assign 

Lp = 26.0 (a 

and 
o . .2  

D = 7.0 x 10° ̂ — 
p sec 

for the significant minority carrier parameters in the base 

region of the thick-epi lateral pnp transistor. Conse

quently , 
L , 

T = = 0.965 x 10" sec 
P D 

P 

The frequency responses of the thick-epi lateral pnp 

transistor first-order model, second-order model, and a 

third-order model are compared with the response derived by 

Lindmayer and Schneider (16), (4.10), in Figure 4.9. The DC 

current gain, as calculated through our modeling techniques, 

is 

PL0 = 16.3 
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Judging from our previous applications, we can assume that 

this value is fairly accurate. For simplicity then, we 

have assumed that |3q of Lindmayer and Schneider's analysis, 

(4.9), which generally will not contain the accuracy of the 

present analysis, is equal to 

Referring to Figure 4.9, we see that the second-

order model is a definite improvement over the first-order 

model; while the first-order model response is falling off 

at 20 db/decade, the second-order response weaves around the 

Lindmayer and Schneider characteristic before starting to 

fall off at 20 db/decade at a much higher frequency. The 

second-order -3 db cutoff frequency is consequently closer 

to that of Lindmayer and Schneider's response than is that 

of the first-order model. 

Several third-order models, using different values 

of z as indicated in Figure 4.8, were developed and 
P 

analyzed. The improvements obtained over the second-order 

model are significant around the cutoff frequency, but 

negligible, or negative, at higher frequencies. The third-

order characteristic shown in Figure 4.9 is essentially the 

optimum one attainable subject to the use of the partitions 

illustrated in Figure 4.8. For the corresponding model, 

(zp - zE) = 25.6m - Lp 

We see from the plots that this response has the 

same -3 db cutoff frequency as the Lindmayer and Schneider 
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characteristic; in fact, it matches it exactly for frequen

cies up to and beyond the cutoff frequency. 

The success achieved by applying our systematic 

modeling techniques to the thick-epi lateral pnp transistor 

has, for the most part, verified our postulate proposing 

increased accuracy from higher-order models developed through 

the use of subregions. Referring to the frequency responses 

in Figure 4.9, we have achieved a monotonic increase in 

accuracy for frequencies up to and beyond the cutoff fre

quency by going from the first-order model to the second-

order model and then to a third-order model. It is not un

founded to say here that the frequency below which our 

lumped model is sufficiently accurate, in some respect, can 

perhaps be continuously increased by going to successively 

higher-order models. Optimization techniques could probably 

be used to select the partitions, as well as to determine 

the least number of subregions required to produce the 

desired model accuracy for a given application. 



CHAPTER 5 

BASIC EFFECTS OF AN ELECTRIC FIELD: 
THE FIELD-AIDED LATERAL PNP 

TRANSISTOR 

An additional degree of complexity is added to the 

application of our modeling theory in this chapter. We 

model the so-called field-aided lateral pnp transistor, a 

device first introduced by Long and Frederiksen (9). Our 

capability of modeling the effects of an electric field in 

a bulk region, including the current-crowding effect, is 

required here. 

5.1 General Characterization 
of the Device 

The cross-section which when rotated 360° around the 

axis of rotation forms the transistor is shown in Figure 

5.1. The basic assumptions made in Section 3.1 are valid in 

this application also. 

The performance of the transistor is improved 

significantly when a bias voltage, is applied across the 

two base contacts, B+ and B__. This voltage creates an 

electric field in the base region which induces two basic 

enhancing effects. Its associated lateral voltage gradient 

tends to decrease the forward bias of the bottom and remote, 

i.e., removed from the collector, portions of the 

99 
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emitter-base junction below that existing on the lateral 

edge closer to the collector. Current is then predominantly 

injected laterally toward the collector; the effect of the 

vertical (substrate) pnp action, which degrades the per

formance of the lateral pnp, is lessened. Secondly, the 

electric field accelerates the injected holes toward the 

collector not unlike the action of the built-in field in a 

graded-base transistor. These two effects of the electric 

field produced by VfiB both tend to increase the current gain 

of the device and its cutoff frequency. 

The successful modeling of this device therefore 

depends on our capability of handling a non-zero electric 

field and its consequences. The presence of a field was not 

excluded in the derivation of our theory, and, theoretically 

anyway, it presents no problem. 

5.2 First-Order Model 

Referring to Figure 5.1, the first-order lumped 

component model of the base region of the transistor, 

bounded by surfaces through , which we are assuming 

satisfactorily describes the entire device, can be immed

iately generated by letting N = 10 in Figure 2.2. We are 

interested for now in the component model of the region when 

the lateral pnp transistor is biased in the forward-active 

region and the substrate junction is reverse-biased; hence, 

S1 is the only surface on which the excess hole density, p', 
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is subject to a non-zero independent boundary condition. To 

simplify the model, now, we will utilize the dependent 

boundary conditions of p1 and conditions imposed on the 

electric field in the base region. 

Before we can intelligently discuss the electric 

field, we must consider its derivation. The field is given 

by 

E = - V$ 

Expressing the gradient operator in its cylindrical-coordi

nate form and using the fact that no 0 variation exists 

within our circular device, we have 

E = E f + E S = - |i f - |i 2 (5.1) 
r z ar az 

where 

$ = $(r,z) = electric potential. 

Now, 

V-E = V (-V$) = 
e 

or, 

v2§ = - £ 
e 

where 

p s q(p - n + Nd - Na) 

= net space-charge density in the base region 

and 

e = dielectric permittivity of silicon. 
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We assume that the bulk regions of the bipolar devices being 

considered are quasi-neutral: 

p - 0 

Thus, 

V2§ = 0 

Inserting the cylindrical-coordinate form of the laplacian 

operator, with no 0 variation, we obtain 

Ur2 5z2/ 8r 

The solution of (5.2), subject to the appropriate boundary 

conditions, must be obtained over the base region. It can 

then be used in (5.1) to determine the electric field in the 

base. 

We realize that we are facing a very complex problem 

when we start to think about the boundary conditions of $. 

The potential is a continuous function throughout the entire 

device and must be analyzed as such. When we separate the 

device into distinct depletion and quasi-neutral regions 

and attempt to determine the potential variation in certain 

regions only, we encounter problems. We therefore obtain 

a sufficiently accurate approximate solution of (5.2) over 

just the base region, bounded by surfaces through 

by postulating boundary conditions of § on surfaces where 

they are questionable. 
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Let us describe the boundary conditions of $ on the 

bounding surfaces when a potential difference is applied 

across the base terminals as indicated in Figure 5.1. Since 

(5.2) is a linear partial differential equation, the 

reference level of $ is unimportant. We therefore assume 

that the potential at terminal B_ is zero volts and that at 

on Sg (5.3) 

on S1Q (5.4) 

In the numerical solution, we ignore the depth of the n+ 

diffusions; this approximation is justified because we are 

dealing with a relatively thick epitaxial layer and deep p 

diffusions. 

Because there is no surface recombination or 

generation, we assume that the normal components of the 

electric field, as well as the normal fluxes of the carrier 

densities, at the oxide-semiconductor interfaces are zero: 

EnS. 0, i = 5, 6, 7, 8 (5.5) 

X 

The remaining surfaces, through , are pn 

junction depletion region boundaries. Because the conditions 

imposed on $ at these surfaces do not significantly affect 

the accuracy of the succeeding analysis, we assume that 

B+ is +VfiB volts. Thus, 

§ = V 
* BB 

and 

$ = 0 
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the normal components of the field are everywhere zero at 

these boundaries: 

Ens. = - asr= °. 1 = 2- 3- 4 (5-6) 
1 s± 

It is indeed true that when compared to the fields existing 

within the depletion regions themselves, the fields at the 

boundaries are negligibly small. 

Finally, because of the symmetry of the device, 

U = 0 for r = 0 (5.7) 
or 

The successive-overrelaxation method is used here 

to obtain the potential at a finite number of points 

throughout the base region. The partial differentiations 

in (5.1) are then performed numerically to obtain the r-

and z-components of the field at those same points. 

We assume that the electric field produced in the 

base region by the bias VBB is not significantly altered 

when the transistor is activated. The validity of this 

assumption results from the fact that we are able to neglect 

any current-crowding effects, or voltage gradients in bulk 

material, when VBB is zero. We are, of course, assuming 

that low-level injection conditions prevail. 

We now complete the development of the first-order 

forward-active component model. Referring to (2.15), since 

the normal component of the electric field around the base 
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region is non-zero only on surfaces Sg and we have 

F± = 0, i = 1, 2, , 8 

The isolation diffusion is again far removed from the 

emitter; accordingly, 

^El ~ o 
dnc 

4 

and 

H,. - 0 64 
Zero net surface recombination implies 

Consequently, 

-  = 0 ,  i  =  5 ,  6 ,  7 ,  8  ( 5 . 8 )  
3. 
l 

Hd. =0, i = 5, 6, 7, 8 

No electron current flows into these oxide-semiconductor 

surfaces. Furthermore, because the emitter efficiency is, 

for now, assumed to be unity, and the substrate and collector 

junctions are reverse-biased, negligible electron current 

will flow through S^, , S^, and S2. 

We have assumed that the function of the n+n 

junctions is to prohibit the flow of hole current through 

those junctions without impeding the electron current at 

all. Thus, the total hole currents through Sg and S^q are 

zero. We assume, however, that the components of the hole 

current are individually zero at these surfaces; i.e., 
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and 

Hd9 = 0 

f9 = 0 

Hdl0 = 0 

F10 = 0 

This appears to be a somewhat gross assumption. Its effect, 

however, is not significantly degrading because the n+ base-

contact diffusions are removed from the really critical 

regions of the base. The assumption was made merely to 

simplify the solution of the steady-state d-K PDE. Since 

and are zero value, we can use the following 

approximate boundary conditions: 

- 0 (5.9) 
onc 

9 

( 5 - 1 0 >  

10 

The completed first-order forward-active component 

model of the field-aided lateral pnp transistor is shown in 

Figure 5.2. Note that even though an electric field is 

present in the base region, the form of the model, except 

for the existence of two base terminals, is exactly the same 

as that of the first-order lateral pnp model in Figure 4.2. 

The effect of the field is implicitly included in the model 

however; its presence in the d-K PDE and its effect on the 
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forward bias of the emitter-base junction are reflected by 

the diffusance values. 

Note also that we have placed bars over the junction 

voltages (v) to indicate average biases of some sort. Since 

a voltage gradient exists in the base region when VBB is 

non-zero, the voltages across the various junctions are not 

uniform; they change with position. The appropriate law of 

the junction must therefore be integrated over the entire 

junction, and the barred voltage symbols have been used in 

the model to imply this. The substrate and collector 

junctions are sufficiently reverse-biased everywhere such 

that the corresponding injected hole densities are approx

imately zero. The injected hole density along the forward-

biased emitter varies however, and must be examined more 

closely. 

Before we discuss the emitter bias and its effects, 

let us write down the expressions for the element values of 

the model. Referring to Section 2.2, we have: 

S = qVB (5.11) 

qVnD 
HC=f- VB--f" E  <5- 1 2 )  

P 

qD f 5P'dS. 
PJs.Sns. 1 

Hdi = <P'>S1-<P')V ' 1 = 1' 2' 3 (5.13) 
i B 
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We invoke the quasi-static approximation here and use the 

steady-state excess hole density, P*, which is dependent 

upon the bias , to evaluate (5.13). 

To obtain P'f we must solve the steady-state form 

of the d-K PDE, (2.24), subject to the appropriate boundary 

conditions. Since the base region is homogeneous, (2.24) 

simplifies to 

V2P' - j~L E. VP' - jgr v.EP' - ̂  = 0 
L 
P 

Because the space-charge density has been assumed to be 

approximately zero, 

VE = — - 0 
e 

Thus, using the cylindrical coordinate system labeled in 

Figure 5.1, and incorporating the symmetry of the device, 

we obtain 

r (&± + + 221 . i r fn t s 

\dr2 3z2 / ar kT L zSz J 

- r ~ = 0 (5.14) 
L 
P 

We have described how the electric field components E^ and 

E are obtained. To complete the description of the problem, 
z 

we need only give the boundary conditions of P'. On 

surfaces through P' is subject to the dependent 

boundary conditions given by (5.8), (5.9), and (5.10). The 
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collector and substrate junctions are reverse-biased; thus, 

P' - o on S^, and 

The only condition remaining to be described is the in

dependent boundary condition of P1 at the forward-biased 

emitter, i.e., on S^. The relative values of P' around 

depend on the forward bias around the emitter-base junction, 

the variation of which is a function of , through the law 

of the junction. 

The emitter-base law of the junction, 

p. = = P£(Veb) on Sx 

was determined experimentally for the devices fabricated in 

the following manner: The current-voltage characteristic 

of the junction by itself, 

I = I (V ) 
E E EB 

was plotted. Since the emitter efficiency is approximately 

unity, we can write, under low-level injection conditions, 

PE ~ KEIE = KEIE^VEB^ (5.15) 

where K£ is a constant. Equation (5.15) is the desired law 

of the junction, but K£ is not known. Since (5.14) is 

linear however, we need only concern ourselves with the 

relative variation of the excess hole density along the 

emitter-base depletion region boundary S^. Hence, a 

normalized law of the junction will be sufficient. 
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As a normalizing factor, we use that value of P£ 

resulting when the transistor, with VBB equal to zero, is 

biased just below the onset of high-level injection; i.e., 

P1 = K I  
E N F  E E O  

where IEq is the emitter current flowing at this point. It 

is large enough that space-charge layer recombination 

effects are not important and just small enough that high-

level injection effects have not started to significantly 

degrade the performance of the device. Our normalized law 

of the junction is then 

P* I (V ) 
p. _ _IE_ _ XE IVEBJ (5 is) 
EN - P1 I IO.-loi 

ENF EO 

This experimentally derived relation is plotted in Figure 

5.3. It is obvious that it differs substantially from the 

classical law of the junction, 

P '  
E  

I qVEBAT -A - P„ [" -J 
which results in 

(log Pi,) - log(e) - 17 volt"""'" 
dVEB * E M 

for substantial forward biases at room temperature. 

Now, when a bias VBB is applied across the base 

region, if we assume that no voltage drops exist in the bulk 

material of the emitter region, the emitter-base voltage 

directly across the junction from some point (re,ze) on 
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is given by 

V E B ( r a , z e )  "  V E  " l(ra'ze' (5-17) 

where V£ is the emitter potential. Solving (5.2) to obtain 

§ in the base region has been discussed. Thus, (5.17) can 

be used in (5.16) to assign the boundary values of P' on , 

once V£ is given. 

The potential V£ is a measure of the level of bias 

on the transistor in this theoretical analysis. To avoid 

any high-level injection, we choose V£ such that V£B at the 

upper point of the lateral edge of adjacent to the 

collector, that is, the point at which V£B will be greatest, 

is the value which results in a normalized excess hole 

density of unity: 

P« [(r£2 + z£), 0] = 1.0 

To be compatible experimentally then, we bias the transistor 

at a current level just below the point at which the current 

gain starts to diminish. We can be fairly certain that this 

phenomenon is the result of high-level injection occurring 

in the critical portion of the base region between the 

emitter and collector diffusions. 

We have now completely defined the problem, and the 

solution of (5.14) can be obtained numerically. Since 

numerical techniques are being used, the method of solution 

is general; (5.14) can be solved in a manner identical to 
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that used to solve the steady-state d-K PDE applicable to 

the substrate pnp and the lateral pnp transistors. 

5.3 Second-Order Model 

To perhaps better handle the presence of the 

electric field in the base region of the transistor, we 

develop a second-order lumped model by partitioning the base 

into two subregions as illustrated in Figure 5.4. Applying 

the assumptions and simplifications described in the develop

ment of the first-order model, we obtain a submodel for each 

region. They are then cascaded to form the second-order 

forward-active component model of the field-aided lateral 

pnp transistor shown in Figure 5.5. 

Using (2.15), (2.17), (2.19) and (2.21), we can 

write down expressions for the lumped element values of the 

second-order model: 

ST = qVT 

qV_D 
H - -3_VT = 1-i-E 
cI T

p 
1 L2 

y P 

qD J ;.ap'dS ^ p J dn„ 1 
1 1 

Hdl = <P'>s -<P'>v 
1 I 

qD P 5P' dS_T M p i dnc 31 
„ _ 31 31 

• <331 <p' )q -<p' )v 
31 VI 
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The elements can be evaluated numerically using the 

numerical solutions, P1, the steady-state excess hole 

density, and E, the electric field, in the base region. 

Note that for each value of there corresponds a 

particular dimensioning of the second-order model, as well 

as one of the first-order model. 

5.4 Experimental Verification of 
the Models 

The field-aided lateral pnp transistor was fabricated 

on the same chip as the standard lateral pnp discussed in 

Chapter 4. Consequently, the parameters associated with 

holes in the base region, namely the diffusion constant D 

the diffusion length L the mobility and the lifetime 

T , are correspondingly equal in value in the two devices. 

.The mobility is related to the diffusion constant through 

the Einstein relation: 

kT = — = 0.026 volt 
u q 
KP M 

at room temperature. Essential features of the field-aided 

transistor fabricated and tested are given in Table 5.1. 

As an initial test of the models, we calculate the 

DC current gains associated with the device. Table 5.2 

compares experimental and theoretical values of the common-

emitter DC current gains of the lateral pnp and the sub

strate pnp with no base bias VBB applied. The results are 



Table 5.1. Description of the Fabricated Field-Aided 
Lateral PNP Transistor 
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El 

'E2 

CI 

C2 

B 

36.0|i 

48.6|i 

71.9n 

95. 6n 

13. 5p. 

r0 1 = 114|i 

rB_2 = 14°^ 

rj. = 146|i 

zE = 4.2|a 

zg = 11.4|-i 

L = 27.5|J 

D_ = 7.8x10 8 u' 
sec 

T_ = 0.97xl0~6 sec 

a = 3.0x10 10 n 
volt-sec 

Table 5.2. Experimental and Theoretical Values of DC 
Current Gains Associated with the Field-Aided 
Lateral PNP Transistor with Zero Base Bias 

DC Current Gain Experimental Theoretical 
(VfiB = 0) Value Value 

PL0 1.13 1.06 

PS0 14.0 16.5 
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good and imply accordingly that our numerical solution of 

the steady-state d-K PDE is accurate. (Note that the base 

current of the field-aided lateral pnp transistor is the sum 

of the B+ and B terminal currents.) 

When a non-zero value of Vgfi is applied, the lateral 

current gain is larger and the vertical (substrate) gain 

smaller than those respective values given in Table 5.2. 

In Figure 5.6 we have plotted the experimental and theoret

ical variations of the DC lateral current gain, PLq, as a 

function of the base voltage V^g. The discrepancy evidenced 

there for non-zero values of VBB leads us to believe that 

our modeling of the field-aided transistor is incomplete. 

The phenomenon we have omitted is the recombination 

occurring in the emitter-base space-charge region. It 

results in an increase in the base current and a corresponding 

decrease in the collector current; the current gain is 

lowered accordingly. 

Space-charge layer recombination is not significant 

when there are no voltage gradients in the bulk material, as 

when V0B is zero, and as in the previous devices considered. 

In such cases, the emitter-base junction forward bias is 

uniform and large enough that the recombination effect is 

negligible. 

When VBB is non-zero, the emitter-base junction is 

not uniformly biased. When the lateral portion near the 

collector is forward-biased just below the value which 



122 

LO 

Theoretical j neglecting 
- recombination \n emit-ter-
base space - charge layer 

Ex p e f ' menta I 

The o ret i cq I ;  including 
emitter - base. space.-charg 
|pyer recombination 

BB 
(volts) 

OS 1-5 1 0  2-0 2-5 

Figure 5.6. A Comparison of Experimental and Theoretical 
DC Current Gains as a Function of the Base Bias 
for the Field-Aided Lateral PNP Transistor 
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induces high-level injection in the lateral base region, the 

remote parts of the junction, due to the lateral voltage 

gradient, are not sufficiently forward-biased to mask the 

contribution to the base current supplied by the recombina

tion occurring in the space-charge layer there. As is 

increased, the forward bias of the remote portions of the 

junction decreases, causing the recombination effect to 

become more important; this is verified in Figure 5.6 by the 

growing error observed between the experimental and 

theoretical curves as VBB is increased. 

The incorporation of this nonlinear effect into our 

models is discussed in Chapter 6. When it is included, the 

theoretical values of at various values of VgB indicated 

by the circle points in Figure 5.6 result. They are 

essentially coincident with the experimental curve. 

The lumped models can now be transformed, using the 

techniques outlined in Section 3.4, to equivalent electrical 

networks amenable to analysis by an existing computer 

program. CORNAP was again used to obtain the frequency 

responses, i.e., vs. f, of the models developed. Figures 

5.7, 5.8, 5.9, and 5.10 contain the first-order model 

(including the emitter-base space-charge region recombina

tion effect) responses for various values of base bias, VBB-

Included in each figure is the corresponding experimental 

frequency response of the field-aided lateral pnp transis

tor. 
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The responses of the second-order models were not 

significantly different from those of the first-order models. 

Whereas the increase observed in the -3 db cutoff frequency 

of the first-order model as V,,,, is raised is due solely to DD 

the space-charge layer recombination effect (this phenomenon 

will be clarified later), the second-order models showed 

slight increases in the cutoff frequency beyond the increases 

associated with the recombination. Increases of this sort 

are to be expected, as the electric field in the base tends 

to decrease the transit time of the injected minority 

carriers. However, because the device being considered is a 

relatively large one, as is indicated in Table 5.1, the 

electric field strengths resulting from base biases on the 

order of a volt are relatively small, and hence their 

effects are not so significant. Consequently, although the 

second-order model is somewhat more accurate, since it 

predicts the expected increase in cutoff frequency with 

increase in VBfi, the first-order model is sufficient in the 

particular case under consideration. 

Referring to Figure 5.7, we see that the match 

between the experimental and first-order model frequency 

responses, when VBfi is zero, is very good. However, as VBfi 

increases, the match progressively worsens, as evidenced in 

Figures 5.8, 5.9, and 5.10. This results because, experi

mentally, the -3 db cutoff frequency of the vs. f 

response monotonically decreases as the base bias increases; 
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this is just the opposite of what we would intuitively 

expect. 

The observed decrease in the cutoff frequency as VgB 

increases is related to the non-uniform forward bias on the 

emitter-base junction, just as was the discrepancy in the DC 

current gain as a function of VfiB. The effect of the 

junction capacitance in the portions of the junction which 

are not completely forward-biased cannot be neglected. 

When VBB is zero, i.e., when no voltage gradient is present, 

the junction is forward-biased uniformly and completely. In 

this case, the effect of the junction capacitance is over

whelmed by the diffusion capacitance, that is, the capacit-' 

ance effect of the bulk base region through its storage of 

excess minority carriers. When a non-zero base voltage VBB 

is applied, the reduction in the forward bias of the remote 

portions of the emitter-base junction reduces the diffusion 

capacitance effect of the bulk material there and conse

quently renders the junction capacitance significant. As 

Vbb is increased, this effect becomes more prevalent since 

the temote parts of the junction become less forward-biased; 

the sequence of experimental frequency responses in Figures 

5.7 through 5.10 confirm this. 

The modification of the first-order model in Figure 

5.2 to include the emitter-base junction capacitance, as 

well as the space-charge layer recombination effect at the 

emitter-base junction, is shown in Figure 5.11. 
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E O  

C O 

S O  

B O  

Figure 5.11. Inclusion of the Emitter-Base Junction 
Capacitance and Space-Charge Layer Recombina
tion in the First-Order Model of the Field-
Aided Lateral PNP Transistor 
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5.5 Effects of the Emitter-Base Junction 

As was stated in Chapter 2, the development of a 

satisfactory model of the pn junction is not included in 

this dissertation. Consequently, only an incomplete descrip

tion of the junction capacitance effect can be presented. 

To determine this effect, we must relate the current in the 

capacitor to other currents flowing in the device. This 

current is given by 

dv 
= C . (Vr,,,) EB 

' jEB jEB EB dt 
(5.18) 

Assuming a classical law of the junction relation, we can 

write 

<P'>Sl<vEB)^Pn(eq^T-l) 

Hence, 

" Pne 
qvEB/nkT 

v EB 

/<P'>S \ 
_ EM ln( !i) 

\ Pn / 
(5.19) 

Using (5.19) in (5.18), we obtain 

lcjEB " °3EB [nqT'7F7^"-ddt <p,>sJ 

Or, we can write 

1CjEB ~ SjEB(vEB) dt <'lp,y>S1 
(5.20) 
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Not surprisingly, the junction capacitor behaves like a 

storance when the excess densities of minority carriers are 

the nodal parameters. Note that SjEB is dependent upon the 

emitter-base voltage, which is not uniform around the 

junction, but varies as a function of the base bias Vgg. 

To linearize our model so that we can analyze it in 

a straightforward fashion, we will assume that the device 

is biased at some operating point, including a base bias 

VBB, and a small-signal excitation is applied. The bias 

(DC) conditions fix the element values, and the resulting 

linear model can be easily analyzed. 

In Chapter 6, we show that, for small-signal 

excitation as assumed here, the emitter-base space-charge 

layer recombination current indicated in Figure 5.11 can be 

expressed as 

iEBR = GEBR ^-Ep (5.21) 

where G£BR is a constant dependent upon the bias of the 

transistor; iEp is the hole diffusion current labeled in 

Figure 5.11. Using techniques described earlier, along with 

(5.20) and (5.21), we can transform the lumped model of 

Figure 5.11 to the equivalent electrical model shown in 

Figure 5.12. This transformation is based on the following 

current relations: 

^E + *C + "^S + """B = 0 



0 

EBR €P 

Figure 5.12. An Electrical (Small-Signal) Circuit Equivalent to the Modified 
First-Order Lumped Model of the Field-Aided Lateral PNP Transistor 
Biased in the Forward-Active Region of Operation and Excited by a 
Small Signal H 

00 
OJ 
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iE = 1EJ) + ̂ EBR + iCjEB 

We can, using a computer analysis program or, more 

efficiently in this case, by hand, easily determine the 

frequency response of the modified first-order model of the 

field-aided lateral pnp transistor. 

Both nonlinear effects associated with the emitter-

base junction, i.e., G£BR and SjEB, become more important 

as the base bias, VfiB, is increased. From the analysis of 

the equivalent circuit in Figure 5.12, we find that the 

space-charge layer recombination, in addition to lowering 

the current gain of the transistor, increases its cutoff 

frequency over that predicted when the effect is ignored. 

The junction capacitance lowers the cutoff frequency. 

Comparing the experimental frequency responses in 

Figures 5.7 through 5.10, we deduce that the capacitance 

effect is dominant, as the cutoff frequency is seen to 

decrease as VBB is increased. 

Since we do not have available an accurate model for 

the pn junction, we cannot theoretically evaluate SjEB* 

therefore assign values for S^EB which will results in 

cutoff frequencies of the circuit model in Figure 5.12 

approximately equal to the experimentally observed cutoff 

frequencies of the transistor at various non-zero values of 

VBB. We are justified in doing this because of the 

excellent match between the experimental and first-order 
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model PL frequency responses with VgB equal to zero (Figure 

5.7). The resulting responses are plotted in Figures 5.8, 

5.9, and 5.10. The agreements with the experimental curves 

are very good. 

Note that as the base bias is increased, the experi

mental frequency responses begin to show a high-frequency 

zero effect. Naturally, this effect is not predicted by the 

first-order model. However, based on our success with the 

thick-epi lateral pnp transistor, we anticipate that a 

higher-order model of some sort will satisfactorily handle 

this peculiarity. 

5.6 Current Crowding 

It is worthwhile to stress here that, through our 

successful modeling of the field-aided lateral pnp transis

tor, we have systematically analyzed a form of current 

crowding. The basic current-crowding effect results because 

of the existence of voltage gradients in quasi-neutral 

regions which induce non-uniform forward biases on associated 

junctions. This is exactly the type of situation encountered 

in our field-aided transistor modeling work. Accordingly, 

the systematic inclusion of the general current-crowding 

effect is not at all outside the realm of our modeling 

techniques. 



CHAPTER 6 

INCORPORATION OF NONLINEAR EFFECTS 

Nonlinear effects in bipolar devices generally tend 

to degrade their performances. Accordingly, it is desirable 

to operate the devices in regions where nonlinear degreda-

tion is absent or minimal. This means that the devices must 

be designed so that the onsets of nonlinear effects are out

side the range of operation. Hence, we are more interested 

in the behavior of a device at and around the onset of some 

nonlinear effect than we are in the performance of the 

device when the nonlinearity is predominating. 

In this chapter, therefore, we consider the 

systematic modifications of the linear models developed in 

Chapter 2 to include, on first-order bases, nonlinear effects. 

The resulting models are quasi-linear and, because they do 

show direct relations to physical processes occurring in the 

devices and to device geometries, can be used effectively to 

design the device so as to eliminate or minimize the non

linear effects in the proposed regions of operation. 

We touched lightly on this subject in Chapter 5. 

There we showed how the nonlinear junction capacitance can 

be included in our models. We also illustrated the results 

of a systematic inclusion of the junction space-charge layer 

136 
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recombination effect. The model modification associated 

with this effect is now discussed. 

For all of our nonlinear incorporations, we refer 

to a particular device, in this case, the field-aided 

lateral pnp transistor; however, the basic approaches are 

general and can be applied to any device in which the 

particular nonlinearity predominates. 

6.1 Space-Charge Layer Recombination 

Basically, the emitter-base space-charge layer 

recombination introduces additional emitter and base current 

components. Some holes injected from the emitter recombine 

with electrons in the space-charge layer before they reach 

the base region. The recombining electrons are supplied 

from the base. Consequently, an electron component of 

emitter current flows at the depletion region boundary in 

the base. The emitter efficiency is no longer unity, and 

the current gain of the transistor is decreased. The 

resulting modification of the linear first-order model is 

shown in Figure 5.11. 

To evaluate the current source, VEB ̂' we 

proceed as follows: We will assume that a differential 

component of that current can be written as (17) 

dWvEB> " ! * ̂  W EB ( v EB> eqVEB/2kTdSl 
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where 

Tq = associated lifetime 

WEB 5 width of the space-charge region at dS.^ 

and 

VEB s emit-ter-kase forward-bias at dS^. 

Note that v£B is dependent upon the base bias, VfiB. Combin

ing all the voltage-independent terms into a constant, , 

we have 

diEBR^VEB^ ~ K1 WEB^VEB^ e dSl (6.1) 

We now assume that the variation of diEBR with v£B induced 

by (VEB^ ^"s when compared with that resulting 

from the exponential term in (6.1). Thus, 

dWVEB> -

Now, using the classical law of the junction relation, we 

can write 

e^B^T ̂  (p, ,1/2 

assuming 

^ kT 
EB q 
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We have let 

PE = excess hole density on the base boundary of the 

emitter-base depletion region. 

Hence, we have 

dlEBR(vEB) ~ K3(pE) ̂  dSl 

Integrating over , the emitter-base depletion region 

boundary in the base, we obtain 

iEBR^VEB^ " K3 | (p1 ) ̂  «3S1 + iQ (6.2) 
S1 

where 

ig = integration constant. 

Referring to our normalized solution for P', the steady-

state excess hole density in the base region, discussed in 

Section 5.2, we assume that 

iEBR ~ 0 when = 1.0 

that is, the space-charge layer recombination current is 

negligible when the excess hole density (normalized) is 

uniformly unity over S^. This assumption is related to 

our being able to neglect the space-charge layer recom

bination at a junction which is uniformly and sufficiently 

forward-biased, as explained in Chapter 5. From (6.2), 

then, we can write 
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0 - K3 I aEl + *0 
S1 

or, 

h = -K3 [ dSl = -K3S1 (6'3) 
S1 

Using (6.3) in (6.2), we get 

•""EBR^ VEB ̂ = ~K3 I ̂  ~ ^P'^ ^ ̂  dSl (6.4) 
S1 

It is advantageous to rewrite (6.4) as 

iEBR*VEB^ = ~ ~f~ KEBR I '-1 ~ *P'^ ^ ̂dSl (6.5) 
P ! 

using the hole lifetime in the base region, T , and the 

appropriate constant, K£BR. With (6.5), we can better relate 

the space-charge layer recombination current to the other 

emitter and base current components. 

The constant KEBR is dependent upon several physical 

parameters associated with the emitter-base junction. 

Sufficient knowledge of the material used to fabricate the 

device is not available, and, consequently, KgBR can not be 

evaluated, although, in general, it can be. Therefore, the 

DC current gain of the modified model of the field-aided 

lateral pnp transistor at a particular base bias VfiB 

(0.5 volt) is matched to the corresponding measured value by 

assigning the required value of KEBR- This value of K£BR 
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is then used to evaluate the model at other values of 

The validity of this technique is borne out by the almost 

perfect match between the experimental and theoretical 

vs. Vgg characteristics illustrated in Figure 5.6. 

The modified model that includes the space-charge 

layer recombination effect, given by (6.5), is obviously 

nonlinear. To obtain an AC analysis of the model, we 

linearize it, that is, develop its small-signal counterpart. 

The small-signal model effectively describes the device when 

it is biased at some operating point and is excited by a 

relatively small time-varying signal. 

To do this, we simply replace the nonlinear current 

source, iEBR^vEB^' some appropriate linear element. We 

use the quasi-static approximation to accomplish this. 

Using the steady-state solution of the d-K PDE, P», we can 

evaluate (6.5). We then merely relate the recombination 

current, ^EBR^vEB^' to some other state variable of the 

model, for example, the diffusion current iEp flowing 

through as indicated in Figure 5.11, and assume that 

this relation holds for time-varying conditions as well. 

The result is the small-signal model, the electrical 

equivalent of which is shown in Figure 5.12. 

The relation assumed is 

1EBR = GEBR Ep 

• gEBR [Hdl(<P'>S -<P'>vJ3 <6-6) 
1 B 
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Using (5.13) and (6.5) in (6.6), we can write 

f"KEBR I C1 " 
P 51 

GEBR N, ">] 

or, 

J* [1 - (P' )1/2]dS1 
KFRR SI 

GEBR(VEB) = ~ L2 J P 3P' ^ (6.7) 
p f i Sns 

1 S1 S1 

Writing GEBR as a function of some average emitter-base 

voltage indicates that it is dependent upon the bias condi

tions of the transistor, including the base bias VgB. 

The accuracy of the quasi-linear model of the field-

aided lateral pnp transistor which includes the space-charge 

layer recombination effect, as well as the emitter-base 

junction capacitance, was discussed in Section 5.5. 

6.2 Hiqh-Level Injection 

Next we systematically model effects induced at and 

around the onset of high-level injection. We are interested 

in obtaining, for some device, the least complex modifica

tion of a model that possesses the desired accuracy, or, in 

other words, sufficient information about the onset of 
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high-level injection to enable us to achieve an efficient 

design of the device. 

There are three most significant effects associated 

with high-level injection (18): 

1. Bulk resistance effects. 

2. Space-charge effects due to carriers in transit. 

3. Decrease of the emitter efficiency due to conduc

tivity modulation in the base. 

Invoking our accuracy-complexity compromise described above, 

we can, for our purposes, neglect the first effect listed. 

The second and third effects are most important at the onset 

of high-level injection (18) and, for the devices we have 

modeled in Chapters 3, 4, and 5, whose base regions essen

tially dictate their performance, these two effects can be 

handled through a consideration of the general hole and 

electron current expressions in the base. 

The generalized hole current density in n-type 

material is 

jp = qHp(pn+p')(E^+E') - qDpV(pn+p') (6.8) 

The subscript n indicates thermal equilibrium quantities, 

and the superscript 1 implies excess, that is, over and 

above the corresponding equilibrium values. Expanding 

(6.8), we obtain 
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\ = WpPr?n + ̂ pPn¥' + ̂ pP'^n + ̂ pP'*' " qVPn 

- qDp^p' 

Realizing that the current density must be everywhere zero 

in thermal equilibrium, i.e., 

= qu p E _ qD Vp = 0 
Pn p^n n ^ p rn 

we have, for the general case, 

Tp = qMp(Pn+P')E' + qHpp'En - qDpVp« (6.9) 

Similarly, for electrons in n-type material, 

Tn = qnn(nn+n')(En+E') + qDnv(nn+n«) 

= q(an(nn+n')E' + qi^n'E^ + qD^n* (6.10) 

Note that the total carrier densities are 

P = PN+P' 

and 

n = n +n' 
n 

Thus far, no approximations whatsoever have been made; (6.9) 

and (6.10) are exact. 

Using (6.10), we can obtain an expression for the 

excess electric field: 

i — CTLI n'E — crD vn1 
E «  =  n  M h n  n  n  

q^nn 
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Inserting this in (6.9), we have 

i p  - IMpP 
rjn " ®V,'E„ " 5Vn'l .. .= 
[ qlTn J + 'V n " 1Dp'P 

= " «V [(n)n' " P']En " " 5Dp7p' 
n r ^n 

Now, letting 

"P 

we have 

3p = b(n^n + ̂ p¥n[P' " (S)n'] " ̂ p^P' + ^)Vn'] 

(6.11) 

Equation (6.11) is completely accurate and general. 

We now simplify matters somewhat by assuming quasi-

neutrality, i.e., 

p1 ~ n' 

Consequently, 

Vp* ~ vn' 

Defining 

P + p' 
m = S = n" + n' (6.12) n n„ + n' n 

we obtain from (6.11), 

^p - JPn + q,ap®np' (1 " m) " qDpVP' (1 + m) (6.13) 
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Note that under low-level injection conditions, 

p « n 

which implies that 

m ~ 0 

From (6.13), the minority carrier (hole) current density in 

quasi-neutral n-type material simplifies to the familiar 

expression 

jp _ <^pEnP' - qDpVp-

Using (6.13), we can modify the linear lumped model, 

e.g., Figure 2.2, to account for, on a first-order basis, 

the effects of high-level injection. Analogous to (2.1), 

in this instance, 

N N _ 
2 i-.c = - s r j *ds. 

i=i pSi i=i i p 1 

where. now 

ipSi = " | [Sjn + ̂ pEnP' (1 ~ m) " qVP' (1 + m)]*dSi 

or, 

L „ = - f v~-j dS. - qf n p'E (1 - m)dS. 
PSi S. b nnS. 1 JS. P nnS. 
11 l l 

+ Dn bSr- (1 + m)dSi (6-14) S p ons i 
1 1 
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Referring to Chapter 2, we see that we can relate components 

of the high-level current in (6.14) to the low-level compo

nents given by (2.14) and (2.20). Note that although the 

development in Chapter 2 associated with (2.14) and (2.20) 

was general, the evaluation of these equations through the 

use of the quasi-static approximation required the low-level 

injection assumption. From (6.14), then, using the develop

ments in Chapter 2, we have in the high-level injection 

case, 

V- = " I , dSi + <1-<m>Ei)Pi<P'>S. c x s. no. x 
X X 

+ (l+<m>Gi)Hd.[<p')s -<P')V] (6.15) 

where 

f |i p'E mdS. 
i p n_ 0 x S. r nS. 

(m)^. s ~ (6.16) 
^x n •• dS. 

jj>pP'En nS. 1 

x 

and 

I D
P l?r"dsi S. * ~"S. 

<m>r . = — (6.17) 

J D s. P s. 1 

Once again, the quasi-static approximation can be used to 

evaluate (6.16) and (6.17) at particular levels of injection. 
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In principle, every term in (6.15) is known, except 

the electron current density j . Equation (6.12) can be 

used to relate the injection level to the excess hole 

density. We must, however, know something about the 

electron current flowing through the surface S^. 

We can, at this point, by using (6.15), describe the 

form of the high-level injection modification of the low-

level lumped model. The electron current flowing through 

into the region under consideration is 

i o = - f j *dS. = - f j dS. 
nSi S. n 

1 i nnS. 1 
1 11 

We can therefore write the integral expression in (6.15) as 

- f £j dS. = ({-->. i „ (6.18) 
JS. b nnS. 1 b 1 nSi 
l l 

where 

r & ds. 
S. b nnS. 1 

<£> s -i i (6.19) 

J" j  as. 
s. nnS. 1 

l l 

Using (6.18), we can represent (6.15), the high-level 

modification of the ith surface branch of the lumped model, 

symbolically. The result is shown in Figure 6.1; it is 

naturally nonlinear, as is evidenced by the non-constant 

magnitudes of the dependent current sources [given by 

(6.16), (6.17), and (6.19)]. 
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Figure 6.1. Quasi-Low-Level Form of the Lumped Model 
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We now apply our high-level injection development 

to a particular device, the substrate pnp transistor dis

cussed in Chapter 3. We modify its first-order lumped 

model, which we found to be sufficiently accurate for low-

level operation, so as to include the nonlinear effects 

occurring at and around the onset of high-level injection. 

The substrate pnp base region is homogeneous; no 

built-in electric field is present there. We are concerned 

with the device in the forward-active region of operation, 

which means we must dimension the high-level modification, 

the form of which is shown in Figure 6.1, of the branch 

associated with the emitter-base junction, that is, 

the surface branch as indicated in Figure 3.1. From 

(6.15), because the base is homogeneous, we can write 

X - EinS1 + U-™>Hdl[<p'>Si-<pOvJ (6.20) 

We have used the fact that the injection level is uniform 

over , i.e., from (6.17), 

<m>Gi = m 

and, consequently, the mobility ratio is constant over at 

a given injection level. Also, because no equilibrium field 

exists in the base, 
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We must now examine the electron component of the 

emitter current, i „ . We can relate this current to the ' no^ 

hole component, i^g , by using an appropriate expression for 

the emitter efficiency, Yg. When we neglect any generation-

recombination currents developed in the emitter-base deple

tion region and any surface-derived currents around the 

emitter-base junction (these omissions are justified at high 

current levels), the following expression is a valid repre

sentation of the emitter efficiency of the substrate pnp 

transistor (19): 

i 1,lSi 

y *  = 1 + ^ 1 + a ( s ' 5 K ^  

where nEfi(s) = some average electron density over the 

emitter boundary of the emitter-base 

depletion region 

pBE(s) = hole density on the base boundary of the 

emitter-base depletion region (it is 

constant over because of the base 

homogeneity) 

and A(s) is a function, of various material parameters and 

device geometry, as well as the complex frequency variable s. 

The total densities n£B and pfiE are related to their 

thermal equilibrium counterparts, nEfi and pn respectively, 
P 

through the law of the junction: 
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<*VEB 
( 6 . 2 2 )  nEB ~ nEB e 

P 

PBE = Pn 6 /ABkT 
<*VEB 

(6.23) 

Hence, if we neglect the frequency dependence of A(s), 

which yields a good approximation (20), we have, from (6.21), 

and the emitter efficiency is essentially constant, and 

approximately unity. At and around the onset of high-level 

injection in the substrate pnp transistor, only in the base 

region is the injected minority carrier density comparable 

to the thermal equilibrium majority carrier density. The 

high-level injection occurs in the base before it does in 

the more highly doped emitter region. For our purposes 

then, is approximately constant, while varies with 

the injection level. 

Recognizing the fact that under low-level injection 

conditions, the diffusion current, ir, , as labeled in 
dl 

Figure 6.1, which is the total emitter current under these 

conditions, is approximately proportional to the law of the 

(6.24) 

Under low-level injection conditions 

E B 
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junction exponential, i.e 

i 
<̂ VEB/''̂ BkT 

H 
oc e 

dl 

we can make a "quasi-low-level approximation" and write 

(6.24) as 

The coefficient K£ is dependent upon material parameters, 

but it is assumed to be approximately independent of the 

injection level. 

We assume here that, for our purposes, the exponent 

in (6.25) can be suitably represented by some average value 

E at and around the onset of high-level injection. Then, 

(6.25) 
dl 

• V E  —  1  +  K E 1 H  
dl 

or 

i n.*? 

i dl 
( 6 . 2 6 )  

Combining (6.26) and (6.20), we obtain 

(l+m)i 
H 
dl ] 
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or 

i = h(m)iH 
dl 

(6.27) 

Equations (6.27) and (6.20) represent the desired modifica-

transistor. Incorporating them into Figure 6.1 and supply

ing the remaining portions of the first-order model shown in 

Figure 3.2, we obtain the schematic representation of the 

quasi-low-level model of the transistor. This is illus

trated in Figure 6.2. Note that m, defined in (6.12), as 

well as h(m), given by (6.27), is a measure of the injection 

level, and K£ and E are constants dependent upon material 

parameters and device geometry. 

of the quasi-low-level model in Figure 6.2. Since we are 

dealing with a first-order model, we can easily analyze it 

by hand. Working in the frequency domain, we have 

tion of the linear lumped model of the substrate pnp 

Let us examine the current gain 

( 6 . 2 8 )  

IB(s) + h(m)IH 
dl 
(s) = -H P' (s) - sSP' (s) 

c v_ v_ 
(6.29) 
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Figure 6.2. The Quasi-Low-Level First-Order Lumped Model of 
the Substrate PNP Transistor in the Forward-
Active Region of Operation 
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I„(s) = (l+m)IH (s) + (1 + ̂ •)h(m)It, (s) 
E Hdl b Hdl 

= -Ic(s) - IB(s) (6.30) 

Combining (6.28) and (6.29), we obtain 

Ir(s) 
In(s) = -h(m)I„ (s) + (H +sS)~ (6.31) 
B Hdl c d2 

From (6.30), 

-Ir(s) - In(s) —I_(s) - I„(s) 
I„ (s) = —^ -£ = C , v B (6.32) 
dl l+m+(l + £)h(m) g(m) 

D 

Using (6.32) in (6.31), we find 

r-I-fs) - I„(s)-i I~(s) 
IB(S) = -h(m)[ 5^ J + (H,+sS>^—-

Dividing through by Ig(s) and using 

Ir(s) 

»(s» =ifr¥T 

we obtain 

H +sS 
1 =|ro-[B(s,+1] +^7-p(s) 

This can be solved for f3(s) to yield 
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1 - tfef] <32 L q(i 
ti , TT h (ici) 11 1 I X 1 •• / V 

U(S) _ £ d2 g(m) (6_33) 

1 + —— 
H + H. h<n,) 
c <32 g(m) 

Note that under low-level injection conditions, 

VE - 1 

and consequently 

h(m) ~ 0 and g(m) ~ 1 

Therefore, in this case 

H, o/H 
p(s) = ——-f (6.34) 

1 + — H 
c 

This is, of course, the current gain expression of the 

first-order linear substrate pnp transistor model in 

Figure 3.2. 

Under steady-state conditions (s = 0), from (6.33), 

we have 

H ?(l - ̂ prl 
P = (6.35) 

H + H. h(m) 
c d2 g(m) 

Equation (6.35) indicates how the DC current gain of the 

substrate pnp transistor varies with the injection level at 

and around the onset of high-level injection. We can 
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rewrite (6.35) in terms of the low-level DC current gain, 

Pq, given by (6.34) as 

n "<32 
P0 ~ H 

c 

Using this relation in (6.35), we obtain 

B F, - *<m>1 
P - ° h(m) (6.36) 

1 + eoiHT 

To experimentally verify (6.36) and, in one respect, 

the high-level model modification of Figure 6.2, we must 

first relate the injection level, m, to the current level, 

in = - T qD vp'-as, =-qD r j*p' as, Hai P 1 P ̂  an
Sl 

1 

This surface integral can be evaluated numerically using the 

steady-state excess hole distribution in the base region. 

For the larger, substrate pnp transistor described in Section 

3.4 (Transistor A), we obtain 

I„ = 0.296(f) ma (6.37) 
Hdl 

PE 
where f = -s— = the ratio of the excess hole density on the 

D 
base boundary of the emitter-base deple

tion region to the donor density in the 

base. 
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If we assume that high-level injection effects 

become evident when 

f - 3 

i.e., when 

n' ̂  • N 
pE — 3 D 

equation (6.37) indicates that the onset occurs when 

I„ ~ 0.2 ma (6.38) 
Hdl ~ 

From (6.12), around the onset of high-level injec

tion, 

m JLL_ „ P'/NP 
nn+n' - ND+p' 1 + p'/ND 

Or, at the emitter, 

m = x I f (6.39) 

We can now satisfactorily relate all our injection-

level parameters. For example, given f, from (6.39), we can 

obtain m, and from (6.37), which we assume to hold under 

high-level injection conditions, we can find IH . Then, 
dl 

from (6.27), we can evaluate h(m), provided we know K£ and E. 

Finally, using (6.30), we can get I£: 

I„ = g(m)I„ 
E Hdl 
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Since we do not have complete knowledge of the 

material parameters associated with the substrate pnp 

transistor, we use two experimental points to determine K£ 

and E. Combining (6.27), (6.32), and (6.36), we can obtain 

-1 

VH^-f-rr (6-4t» 

The experimental j3 vs. Ic characteristic of a substrate pnp 

transistor, the morphology of which is under consideration, 

has been plotted in Figure 6.3, omitting, through extrapola

tion, the emitter-base space-charge layer recombination 

effect, which is not included in the present development. 

From this plot, we find 

P0 - 42*° 

Using the two sets of data in Table 6.1—which reflect two 

relatively low-level points on the experimental curve, 

chosen in the vicinity of the approximate onset level 

calculated previously, (6.38)—in conjunction with (6.40), 

we obtain, by solving simultaneously the two resulting 

equations, 

Kfi = 5.38 x 10~2 

E = 2.70 

The mobility ratio is determined by using published mobility 

vs. impurity concentration curves (15). For the base donor 
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Figure 6.3. A Comparison of Experimental and Quasi-Low-Level Model DC Current 
Gains as a Function of the Collector Current for the Substrate PNP 
Transistor A 

<n 
H 



Table 6.1. Experimentally Derived Parameter Values Used to Define the Emitter 
Efficiency Expression for the Substrate PNP Transistor A 

XC P ek p c E Hdl 
h(m) m g(m)[~l+m] 

lHai 

o
 
o
 
|
 

250 ma 

300 ma 

41.0 

40.5 

0.256 ma 

0.307 ma 

5.67xl0~4 

8.61xl0~4 ~0 

0.385 

0.422 

1.385 

1.422 

0.185 ma 

0.216 ma 

H 
cn 
N) 
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density given in Section 3.4, we find 

u 1200 cm 
n volt-sec „ „ 

b = 7T - 2 = 4*° 
p 300 —— volt-sec 

Sufficient information and relationships are now 

known to allow us to evaluate, using a digital computer, 

(6.36) at various levels of injection. The resulting (3 vs. 

Ic characteristic is plotted along with the experimental 

curve in Figure 6.3. We see there that we have indeed 

achieved our objective, that is, modeling, on a first-order 

basis, the nonlinear effects at and around the onset of 

high-level injection. The quasi-low-level model predicts 

accurately the f3 falloff with injection level of the 

substrate pnp transistor out to collector currents sub

stantially greater than the value at which the high-level 

degradation starts to occur. 

If we were interested in optimumly designing a 

transistor of this type, for high current levels, for 

example, we could accomplish it using the quasi-low-level 

model shown in Figure 6.2. Using the direct relations 

between the lumped elements and the device morphology, we 

could efficiently design the transistor so as to ensure that 

the high-level injection effects would not significantly 

degrade its performance in the proposed regions of opera

tion. Only a nonlinear model sufficiently accurate around 
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the onset of high-level injection is needed to achieve this 

type of a design. 

6.3 A Note on Quasi-Linear Models 

It is important to realize the purpose of this 

chapter. It was not intended to produce complete models 

describing the nonlinear effects considered. The quasi-

linear models were developed merely as examples illustrating 

how the linear models may be satisfactorily modified to 

include, on first-order bases, nonlinear effects, if 

needed and when desired. 

Because quasi-linear models are derived from linear 

models, we have no way of predicting how far into nonlinear 

regions of operation they will faithfully represent device 

behavior. Only experimental results can provide this infor

mation. The experimental results associated with the non

linear effects in the particular devices considered in this 

chapter indicate that the methods are quite adequate for 

determining device behavior at and around the onset of the 

nonlinearity. 



CHAPTER 7 

CONCLUSIONS 

The basic accomplishment of this dissertation is the 

development of a systematic three-dimensional modeling 

scheme for integrated bipolar devices and their interactions. 

The theory can be generally applied to an arbitrary bipolar 

device and will produce a hierarchy of models of increasing 

accuracy and complexity. This result makes it possible to 

select the least complex model possessing the sufficient 

accuracy for a particular application. 

To facilitate the design of the corresponding 

integrated devices, the models consist of lumped elements 

which bear direct relations to physical processes occurring 

in the devices and to the device morphologies. It has been 

illustrated how, by using simple transformation techniques, 

these lumped models can be converted to equivalent electrical 

configurations which are amenable to analysis by existing 

network analysis programs. The models are therefore useful 

in the computer-aided design of the devices and of circuits 

containing the devices. 

Several applications of the modeling theory have 

been described. The characteristics of the resulting models 

have been shown to match corresponding experimental data 

165 
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very well in all cases. The assumption that greater 

accuracy can be obtained by going to higher-order, more 

complex models has been verified. 

It was also described, and substantiated experi

mentally, how the linear model—the systematic modeling 

theory results in linear models initially—can be modified, 

in straightforward fashion, to account for, on first-order 

bases, nonlinear effects which may occur in the device. The 

resulting quasi-linear model is useful in relating the 

conditions inducing the nonlinear, and generally degrading, 

effects to the design of the device. 

We now summarize the general contributions to 

modeling theory and to device modeling afforded by this work. 

Contributions to modeling theory: 

1. A general three-dimensional modeling theory for 

integrated bipolar devices and their interactions. 

2. A lumped-electrical transformation technique by 

which electrical networks equivalent to derived 

lumped models and amenable to analysis by existing 

computer analysis programs can be obtained. 

3. Systematic techniques for developing higher-order 

models, and verification that increasing the model 

complexity through the utilization of these 

techniques generally results in more accuracy. 

4. Linear model modification techniques to obtain 

quasi-linear models, which, as was verified, 
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accurately predict device behavior at and around 

the onsets of particular nonlinearities. 

Contributions to device modeling: 

1. A valid model of the circular substrate (vertical) 

pnp transistor, including a quasi-low-level 

modification which accurately describes the |3 

falloff with current level at and around the onset 

of high-level injection. 

2. A satisfactory model of the circular lateral pnp 

transistor and its interaction with the parasitic 

substrate pnp transistor. 

3. Models which accurately predict the unique behavior 

of the thick-epi lateral pnp transistor (16). 

4. Good models of the circular field-aided lateral pnp 

transistor (9) which necessarily include emitter-

base space-charge layer recombination effects, 

emitter-base junction capacitance effects, and 

current-crowding effects associated with voltage 

gradients in the base region. 

To completely model a bipolar device, we must apply 

the modeling techniques developed in Chapter 2 to each bulk 

region associated with the device. Compatible junction 

models then supply the required interfaces between bulk 

region models. We propose the following basic guidelines 

for employing the modeling theory on a given bulk region: 
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1. Numerically solve the steady-state form of the 

d-K PDE, (2.24), i.e., the continuity equation for 

minority carriers, throughout the region under 

consideration. 

2. Invoke the quasi-static approximation by using the 

steady-state solution of the d-K PDE in conjunction 

with the device morphology to numerically evaluate 

the first-order model elements in (2.15), (2.17), 

(2.19), and (2.21). 

3. Using the criteria listed in Section 2.8, partition 

the region into two subregions, then, proceeding as 

directed in Section 2.8, develop the corresponding 

second-order model. 

4. Use the transformation techniques introduced in 

Chapter '3 to obtain electrical circuits whose 

characteristics represent those of the first- and 

second-order models. 

5. Analyze the two equivalent electrical networks with 

an existing computer analysis program. If there is 

any significant difference in the characteristics of 

the two models, assume the higher-order model is 

more accurate and proceed to develop a third-order 

model to compare with the second-order model. Only 

when two successive models exhibit essentially the 

same characteristics can the lower-order model be 

assumed to be sufficiently accurate. 
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6. Once a satisfactory model has been obtained, or, if 

necessary, during its development, use techniques 

similar to those presented in Chapter 6 to obtain a 

quasi-linear model when and if required. 

There are some areas, related to the research 

described herein, warranting future work. They are 

summarized as follows: 

1. A compatible model for the pn junction is a necessity 

if the modeling developed here is to be generally 

applicable. The junction model must satisfactorily 

relate carrier densities at the depletion region 

boundaries to the junction voltage, in addition to 

defining the depletion region and its associated 

effects, e.g., junction capacitance and space-charge 

layer recombination, with respect to the junction 

voltage. 

2. Additional applications of the modeling theory are 

required to completely verify its feasibility. The 

systematic modeling of an inhomogeneously doped 

region would be a worthwhile check. Furthermore, an 

application to a true three-dimensional device is 

warranted. The devices modeled in Chapters 3, 4, 

and 5 were of circular surface geometries; they con

sequently could be analyzed by using only two 

dimensions. Although the degree of complexity 
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increases much more drastically in going from a one-

dimensional to a two-dimensional analysis than it 

does in going from two to three dimensions, a three-

dimensional example of the general modeling theory 

is certainly desirable. 

3. The cascading technique necessary in the modeling of 

devices containing more than just one effective bulk 

region, and the superposition technique for obtain

ing models of a region subject to more than one non

zero independent boundary condition require verifi

cations of practicality. 

4. To complete the computer-aided design system for 

integrated circuits mentioned in Chapter 1, an 

integrated circuit process modeling capability, to 

be used in conjunction with the device modeling 

techniques, is essential. Only through an inter

action of the two modeling schemes can the terminal 

characteristics of an integrated circuit be related 

to the diffusion times and temperatures, rates of 

gas flows, etc., of the processing schedule. 



APPENDIX A 

NUMERICAL ALGORITHMS 

We describe here the basic numerical algorithms 

which, when implemented by a digital computer, were used to 

dimension the lumped models developed in Chapters 3, 4, and 

5. It is not to be inferred that these methods are 

necessarily the most efficient; they were found to be 

successful and were therefore utilized without additional 

consideration. 

To simplify our discussion of the algorithms, we 

relate them to the numerical dimensioning of the lateral pnp 

transistor models of Chapter 4. The discussion is 

sufficiently general, however, to make the applications of 

the techniques to other devices obvious. 

A.1 Numerical Solution of the 
Steady-State d-K PDE 

The first step in the numerical dimensioning of the 

transistor models is the attainment of the steady-state 

excess hole density in the base region. We must solve (3.9), 

' P 

over the region bounded by surfaces S^ through Sg in Figure 

171 
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4.1, subject to the independent and dependent boundary 

conditions of P'. A successive-overrelaxation technique 

(12), which is an extension of the Gauss-Seidel method, is 

used to obtain the solution at a finite number of points 

throughout the region under consideration. 

A rectangular grid system consisting of equally 

spaced horizontal and vertical lines of points is defined 

over the region. Each point is labeled, (i,j), which 

indicates its coordinate position: 

r^ = (i - 1)Ar, i = 1,2, 

Zj = (j - 1)Az, j = 1,2, 

where Ar and Az are the coordinate spacings of the grid 

points. The excess density at each point is indicated by 

A finite-difference form of (3.9) is then written at each 

interior point using the following approximations: 

dP! . P' . - P! . . 
ijJ.  ̂ i+l.J izLl 
Br 2Ar 

dP! . P! . , n - P! . n 
l.1 ~ 1.1+1 1.1-1 
3z 2Az 

a P! . P! - . - 2P! . + P! , . 
IjJ. ~ 1+1 .1 1-1.1 

^  2  . 2  
dr Ar 
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-.2_., P! . ,. _ 2P! . + P! . n 3 p ~ 1.1+1 l.l 1.1-1 
^ 2 a 2 9z Az 

The resulting finite-difference form of (3.9) at the point 

(i,j) is 

[P! ,. . - 2P! . + P! , . _1±1J 1J iziil 
a 2 Ar 

P! . ,. - 2P! . + P! .1 P,, . - P! . . 
+ 1 > 3+1 J-,1-1 + 1+1,3 1-1,3 

As2 J 2ir 

P! . 
- (i-l)Ar = 0 

L 
P 

Rearranging, we obtain 

(i-^-) ArP! , n . + (i--l-)ArP! . . 
2 1+1,D 2 i-l,D 

+ R2 (i-1) Ar fp! . n + P! . .11 
[ i,3+l 1'3"1J( 

[2 (1+R2 ) + ̂ f.] 

P| . = 1 2 ^ (A-1} 

(i-1) Arfefl+R2) + 
L' 

P 

where 

R S f  Az 

Equation (A.l) is evaluated at each interior grid point, 

using the independent and dependent boundary conditions to 

determine the values of P' on the boundaries of the region. 

The values given by (A.l) are then overrelaxed by using a 

weighting factor, w, in the following manner: 
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P! . = wP! . + (l-w)P! . ,, 0x X, 1 l.l I.T-ij \ A. 2) ,Jnew ,J ,Jold 

Equation (A.2) is used in conjunction with (A.l) to 

successively assign new values to the excess hole density at 

each interior point. The procedure is iterated until some 

acceptable difference error between the old and the new 

values of P! .is achieved. The number of iterations 
1 $ J 

required to obtain a given error is dependent upon the value 

of weighting factor used, as well as the region geometry. 

For all the devices considered in this dissertation, 

the numerical solutions of the d-K PDE were obtained over 

grids with point spacings on the order of one micron to 

-5 
within a relative error of 10 —that is, normalized 

_5 
solutions with difference errors less than 10 were 

achieved—us ing 

w = 1.9 

Required CDC 6400 CPU times were generally within the range 

of 30-50 seconds. 

Independent boundary conditions are incorporated 

into the solution by simply assigning the appropriate excess 

hole density values to the proper boundary grid points. For 

example, with the lateral pnp transistor in Figure 4.1 

biased in the forward-active region of operation, the excess 

densities at points on S^, , and are approximately zero, 
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while those at points on are set equal to 1.0 to obtain 

a normalized solution. 

Note that the circular p-under-diffusion cross-

sections must be approximated by series of steps as 

illustrated in Figure A.l. The step approximation is 

generated by connecting with horizontal and vertical line 

segments those grid points closest to the actual circular 

arc. The point directly below the center of the arc at the 

junction depth, labeled point No. 1 in Figure A.l, is used 

as the starting point in the generation of the approximate 

profile. 

While the independent boundary conditions are 

applied initially, before the iterative process is begun, 

the dependent boundary conditions, which, as the nomen

clature implies, are dependent upon the P' distribution, 

must be invoked after every iteration, that is, every time 

P1 is modified. 

Generally, a dependent boundary condition concerns 

the normal derivative of P' at the corresponding boundary. 

We therefore want to numerically evaluate this type of a 

derivative. To do this, we use Newton's forward, or back

ward, whichever is applicable, interpolation formula (21). 

Differentiating the three-point versions of these formulae, 

we obtain the following one-sided derivative approximations: 
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df. -f•,o + 4f.,, -3f. 
x~ 1+2 1+1 i (A. 3) 
dx 2 Ax 

and 

df. 3f. - 4f. n + f. 9 
i ~ 1 1—1 1—4 / 7V /I \ 
9x 2Ax *A*4' 

We have used the same type of point notation described 

earlier. 

The relations (A.3) and (A.4) can be used, given the 

dependent boundary conditions, to evaluate, after each 

iteration, the excess hole densities at points on the 

surfaces subject to those conditions. For example, on S,. 

through Sg in Figure 4.1, 

=0 for z = 0 
dz 

Consequently, using (A.3), we can write 

P! = ^-(-P! . + 4P! ,) 
1,1 3 1,3 l, Z 

Similarly, on the axis of rotation in the base region, due 

to the symmetry, 

3P • = 0 for r = 0 
or 

Using (A.3), then, we have 

P' . = %(-Pi . + 4Pi .) 
1,3 3 3, j 2,j 

The same successive-overrelaxation technique can be 

used to solve Poisson's equation, (5.2), for the potential 
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variation in the base region of the field-aided -lateral pnp 

transistor discussed in Chapter 5. 

A.2 Numerical Integral Evaluation 

As was indicated in Chapter 2, to complete the 

dimensioning of a lumped model, several types of integrals, 

over both surface areas and region volumes, must be eval

uated. The basic numerical technique used is Simpson's 

rule for definite integral approximation: 

xQ+Ax 

J f(x)dx ~ -j[f(Xq-Ax) + 4f(Xg) + f(xQ+Ax)] 
x0-Ax 

The surface integrals associated with the develop

ment of models for the lateral pnp transistor, due to the 

rotational symmetry, can be simplified to single integrals, 

i.e., integrals with only one variable of integration. For 

the same reason, the volume integrals can be reduced to 

double integrals. These integrals can be evaluated 

numerically using the two-dimensional form of Simpson's 

rule: 

J* J  f(x,y)dxdy ~4[A(y0-Ay) + 4A (yQ ) + A(y„+Ay ) ] 
y0-Ay a 

where 

b 
A(y) = J* f(x,y)dx 

a 

y0+Ay 
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At this point, then, we have available the informa

tion—the steady-state excess hole density in the base 

region and the device morphology—and the tools—Simpson's 

one- and two-dimensional integral approximations along with 

the one-sided derivative approximations, (A.3) and (A.4)— 

to evaluate the integrals necessary to dimension the lumped 

models of the lateral pnp transistor, i.e., integrals of 

the form 

transistor, we can write the following integral expressions 

for the four terminal currents flowing into the device under 

DC conditions in the forward-active region of operation: 

| P' dS 

and 

Referring to the description of the lateral pnp 

(A.5) 

= emitter current 

(A.6) 

= collector current 
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< a - 7 )  

3 3 

= substrate current 

and 

^ " " ̂  J P' dVB (A-8> I " 
B 

= base current. 

Theoretically, we can directly evaluate the 

integrals in (A.5), (A.6), and (A.7) to determine the 

diffusances of the first-order model. Implicit in this 

operation, however, is the subtraction of, perhaps, almost 

equal currents to yield the base current. The use of the 

direct evaluation of (A.8) in the model dimensioning is a 

much more accurate approach. We therefore use the relation 

among the terminal currents, 

I = -I - I - I ±S E •'"C aB 

to indirectly evaluate the integral in (A.7) through the 

direct evaluation of (A.5), (A.6), and (A.8); i.e., 

i  8 r d 8 3 - - {  £ r a s '  
3 3 S1 S1 2 2 

dV0 (A.9) 

P B 

In addition to eliminating the error induced by the 
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subtraction of nearly equal quantities, using (A.9) to 

obtain the substrate integral also reduces any error 

resulting from the approximation for the isolation diffusion 

front, S4. It also incorporates a volume integral whose 

integrand need not be obtained by an approximation, as do 

those in (A.5), (A.6), and (A.7), and hence can be eval

uated with substantial relative accuracy. The basic concept 

behind (A.9) can be used to dimension higher-order lateral 

pnp transistor models as well as the models developed for 

the other devices studied in Chapters 3 and 5. 

Special mention of the technique used to numerically 

evaluate surface integrals over the curved under-diffused 

portions of pn junction depletion region boundaries, as 

illustrated in Figure A.l, is essential. The basic approach 

involves separating these portions of the integrals, which, 

due to the symmetry, reduce to contour integrals, into two 

components, one associated with the vertical and one with 

the horizontal line segments of the step approximation 

exemplified in Figure A.l. 

Assume, for example, that we want to numerically 

evaluate the following surface integral: 

J =r F(P.)ds0 
0 0 

The surface Sq and its grid-point approximation are 

illustrated in Figure A.2. Associated with each point is 

a horizontal (r-direction) or a vertical (z-direction), or 
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Figure A.2. Pictorial Representation of the Surface Integration Technique Used 
Over an Under-Diffusion Front 
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both, or, sometimes, neither, representation of the 

integrand at that point. For example, if 

F (P1 ) = ^P--
3nc 

0 

then, at point 10, we use (A.3) to numerically evaluate 

dP' 3P1 3P' 
; at point 9, we need and , as indicated in 

Figure A. 2. Points such as 8 are ignored. If we just have 

F(P *) = P' 

then, we simply use the value of the excess hole density at 

the point in question, once, twice, or not at all. 

We now evaluate the two components of Jc , Jc 
- 0 OH 

and , using Simpson's rule in each case. Utilizing the 
OV 

rotational symmetry, the double integral is simplified to a 

single integral which, in turn, is decomposed into the two 

components. They are then evaluated numerically after the 

point integrands described above are multiplied by the 

appropriate differential coefficient: 

J„ : dSn —E»- 2Trrdz 
OH 

J_ : dSn —> 2nrdr 
OV 0 

Finally, we assume 

Jo - Jo + Jo 
0 OH OV 
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This approximation was verified to a certain degree prior 

to any model development. 

The computer times required to implement the 

numerical techniques described in this section are in

significant when compared to the time it takes to solve the 

steady-state d-K PDE. For example, to dimension a typical 

lumped model, after the steady-state minority carrier 

distribution in the region modeled has been obtained, 

generally takes only one or two seconds of CPU time. 

A.3 A Note on Grid Size 

It is obvious that all the numerical algorithms 

described here will yield better and better results as the 

grid size is decreased, naturally at the expense of more 

computer time however. This brings to mind two questions: 

(1) how fine should our grid be? and (2) is it advantageous 

to calculate a secondary solution on a finer grid in a 

critical region, for example, around a junction? 

To answer the second question first, no. Utilizing 

a trial-and-error approach, it was found that using 

initially a reasonably fine grid throughout the entire 

region results in a much more efficient—efficient with 

respect to the numerical error-computer time tradeoff— 

solution than that obtained by initially finding a coarse 

solution and then using it to calculate finer solutions in 

certain regions. 
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The answer to the first question is dependent upon 

the device being modeled. Its physical make-up and 

parameters must be considered, and then, only through a 

trial-and-error technique can the question be answered 

conclusively. 
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