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ABSTRACT 

This dissertation investigates unsupervised learn­

ing as related to pattern recognition and adaptive signal 

detection. The unsupervised techniques considered fall 

into the category often referred to as "clustering" or 

"grouping" algorithms. It is argued that such procedures 

are an attempt to learn the morphology of the measurement 

space. 

A performance index is defined upon the measurement 

space and it is argued that the minimum of this index 

define: the location of well separated data clusters. The 

index is generalized to incorporate cluster shape and 

orientation. The conditions under which it is possible for 

the minimum to specify the optimal partition of a bimodal 

Gaussian mixture distribution are found. 

Once the characteristics of the performance index 

minimum ai~e determined, procedures for attaining this 

minima are discussed. For data which are sequential in 

nature, the methods of Stochastic Approximation are 

applied. It is shown that an accelerated Stochastic 

Approximation algorithm corresponds to a sequential 

algorithm previously developed on heuristic grounds. 

Extensive simulation results utilizing one and two dimen­

sional Gaussian mixture distributions are given. The 

xii 
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effects of various parameters of the distributions on the 

partition obtained by these proceoures is investigated. 

Convergence to local minima is discussed and demonstrated. 

An application to adaptive signal detection is considered. 

For- data which are available all at once, as is 

typically the case in pattern recognition, the method of 

steepest descent is applied to minimize the performance 

index. It is seen that a modified gradient search proce­

dure corresponds to an algorithm previously proposed on 

heuristic grounds. Operation of the algorithm on a Gaussian 

mixture distribution is considered. Appl.icati.on of 

unsupervised learning techniques in a practical pattern 

recogjii lion envix omiient is discussed anu illustrated with 

an example. 



CHAPTER I 

INTRODUCTION 

1-1 Introductory Remarks 

It is customary and essential to begin any treat­

ment of unsupervised learning with a discussion of what is 

meant by the tei~m, and why it is of interest. Such a dis­

cussion is essential, since usage of the term is not 

standardized in the literature and seems to be somewhat 

contradictory when viewed in terms of the usual definitions 

of learning. Further, one finds the same concept termed 

differently outside the pattern recognition literaturo. 

The objective of this chapter is to discuss, on an intui­

tive basis , what is meant here by the term unsupervised 

learning, why it is of interest, and to introduce a class 

of unsupervised learning algorithms. 

This work is primarily concerned with unsupervised 

learning techniques as applied to pattei-n recognition and 

signal detection. Pattern recognition and signal detection 

are subproblems of the general problem concerned with 

classification of an object given measurements made upon 

it. We shall discuss some details of unsupervised learning 

in a context usually associated with pattern recognition, 

but the ideas apply as well to signal detection. 

1 
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For the purposes of this discussion, the pattern 

recognition problem can be characterized by a set of n-

dimensionc.l vectors (measurements) 

X - { X1 • X! • • • X . • • • « "} 1 —1 ' —2 —j ' J 

a training set (possibly empty), 

xt C x 

a class label set 

C = 1 , 2, 3, . • • E, 

and a classifying function (discriminant function) 

f: X C. 

The classifying function establishes a correspondence 

between the elements of X and the elements of C. The true 

correspondence is known a_ priori between the elements of 

X^_ and C. We will expand the above notation somewhat in 

Chapter II, but this will suffice for the moment. 

The theoretical basis of pattern recognition can 

be l-oughly divided into two fundamental approaches (l4 , 

19 , 27, 29, 3d) : (a) parametric methods and (bJ non-

parametric methods. 

Application of parametric methods depends on 

knowledge of the form of the conditional probability 

density 

P(x|j» 6) j = 1, . . . R (1-1) 



where j is the class membership and 0 is a possibly empty 

set of unknown parameters. 

If all the parameters, 9, in (I-l) are known, then 

the parametric methods are simply application of decision 

theoretic ideas to pattern recognition. If unknown 

parameters exist, then they must be estimated, or "learned," 

from the available pattern set, X. If this estimation 

requires knowledge of the true class assignment, and hence 

is restricted to the training set, it is said to be super­

vised. It is possible to formulate situations in which the 

unknown parameters may be estimated without knowledge of 

the class assignments. References (9, 1^, '*2), among 

others consider some examples wlnJ.e (^u) discusses the 

conditions under which this can be accomplished. Such 

techniques are often referred to as unsupervised learning. 

The orientation of this work is not toward estimation of 

the parameters of an assumed decision structure but is 

philosophically somewhat different, as will be seen later. 

The primary practical weakness of the parametric 

methods is that rarely are the conditional densities (I-l) 

known. Examination of the training set may lead to an 

assumption as to the form of (I-l). However, evaluation of 

the validity of this assumption on the basis of a finite 

(often small) number of members of the training set can be 

inconclusive. Often, the assumption as to the form of (I-l) 

is strengthened by the belief that the training set is in 



some sense "representative." Usually the validity of such 

an approach is justified by the accuracy of the results so 

obtained. 

Non-parametric methods are related to the psycho­

logical concepts of 1earning--that is based on stimulus-

response-reward. One of the earliest non-parametric 

sohemes was Rosenblatt's (33) Perceptron, which began as a 

simulation of these concepts. Later, this concept found 

theoi-etical basis in threshold logic (29)* 

Fundamentally, application of nonpararaetric methods 

involves the adaptive determination of discriminant func­

tions , 

M 
f,(x) = F, oc. 0 . (x) Z = 1, • . . R (1-2) 
t - j J -

where the 0.(x) are real valued functions on X, and the 
J - ' 

discriminant functions have the property 

f. (x.) > f (x.) for all s/k (1-3) 
k —x s —x 

implies that x^ is in class k. Typically, these dis­

criminant functions are determined by consideration of the 

training set alone. Algorithms for determining the {oc^} 
J 

given the set of functions 0 . are developed numerous places 
J 

in the literature (l, 3, 29). 

This approach i-equires two assumptions: 



1. The set 0  Ax )  is adequate to resolve the pattern 
J 

"t R "t 
classes—that is a set of n-tuples {A = [oc^ , 

C "t 
a„ , . . . a ] exist such that (1-3) is satisfied. 
2 ' m 1 

2. The training set is representative —that is, a set 

of discriminant functions developed from the 

training set will resolve the entir*e set adequately 

The parametric methods involve learning of the 

unknown parameters of the conditional densities (I-l) while 

the non-parametric methods are concerned with the learning 

of the parameter vectors which specify the discriminant 

functions (I — 3) - In both cases, a training set is usually 

required. In this work we choose to consider unsupervised 

learning to be those techniques which do not utilize a 

training set. If we disregard the previously mentioned 

parametric methods in which the unknown parameters can be 

learned without class assignments, then it is unclear what 

exactly can be learned. Let us, at this point, consider a 

hypothetical situation in order to illustrate some concepts 

Suppose an alien intelligence was presented with a 

set of objects consisting of men and mice, and told that 

these objects were classifiable into two classes: 

Mart = class 1 

Mouse - class 2. 

Let us assume that this intelligence is capable of 

observing simple parameters such as weight, length, method 



of locomotion, etc. Then it is reasonable to expect that 

our alien intelligence would decide, on the basis of the 

data thus obtained, that there were two distinct subsets. 

The member of each subset exhibits differences, but differ­

ences small with respect to the difference between a member 

of one subset and a member of the other subset. It is 

likely that one subset would contain essentially mice and 

the other men. However, without having a sample known to 

be Man or a sample known to be Mouse, correct class assign­

ment would be a matter of chance. 

If sufficient samples were available fi-oni both 

subsets, it would be possible for the alien, once the 

hypothesis that two distinct subsets existed was accepted, 

to learn a great deal about the characteristd.cs of each 

subclass. For instance, it would soon become apparent that 

the subsets differ in more than mean value of the measure­

ments. For instance, the variance of the weight of the 

class Man would be clearly different from that of the class 

Mouse. In other words, without use of a training set, the 

alien could determine the structure, or morphology, of the 

measurement space. 

Another advantage to this approach would be that, 

once the measurement space structure had been determined, 

the introduction of a small training set would result in 

the classification of the entire set. However, this 

classification requires the assumption that the measurement 



space structure reflects the class differences. That is, 

we assume that each nicasurement space subset so identified 

contains primarily members of one class. This assumption 

is not really as limiting as it may seem, since the super­

vised techniques described earlier do not usually perform 

well in situations in which this assumption does not hold. 

One hopes that, if the pattern classes are truly different, 

then the measurements performed will support this assump­

tion. A further advantage to this approach is that we may 

use the entire set of measurements for the determination of 

this structure, rather than the training set alone. 

A historical instance bearing a degree of resem­

blance to the man-mouse discrimination example is found in 

the decipherment of Ancient Egyptian hieroglyphics (22). 

This form of writing was studied extensively with little 

success until the Rosetta Stone (training set) was dis­

covered . 

Before we leave this discussion, we would like to 

consider a few practical differences between, pattern 

recognition and signal detection. Most signal detection 

problems are sequential in nature--that is, the measurement 

vector on a single signal is presented and an immediate 

decision required. The signal set itself is well defined, 

but the measurements are noisy—noise introduced by a 

channel with, perhaps, some known characteristics. Further, 



and importantly, the noise is usually independent of the 

signal. 

The man-mouse discrirainatr'.on problem just con­

sidered is a typical pattern recognition problem—the 

measurements on a finite set are available all at once. We 

may reexamine each measurement ve .'.tor —in some instances 

even perforin additional measurements on each or some 

objects. Yet, there is a more fundamental difference. The 

subsets are fundamentally different but within themselves 

variable. For instance, the weight of the class Man has a 

given mean, variance, and distribution. However, the 

weight variability is not due primarily to measurement 

error but to variability in the weight or the individuals. 

Further, there is no reason to expect the class Mouse to 

have the same weight distribution with a difference in 

mean. That is, if we attempt to fit this into the signal 

detection problem, we have the "noise" being very defi­

nitely dependent on the "signal." 

In short, many pattern recognition problems can be 

described as relatively precise measurements on ill-defined 

objects, whereas signal detection involves noisy measure­

ments on relatively well defined objects. In other words, 

pattei-n recognition, as opposed to signal detection, is 

often more ill defined than stochastic in nature. 

We conclude this introductory discussion with the 

following observations: 



1. At least if the measurement space structure.is 

sufficiently distinct, as in the Man-Mouse example, 

it is possible to assess significant features of 

this structure without a training set. 

2. If the morphology of the measurement space reflects 

the class distinctions, knowledge of this structure 

can facilitate determination of the classifying 

function. 

In the next section we will elaborate on what we 

consider to be the morphology or structure of measurement 

space and how we can describe it. 

1-2 The CIusLeting Problem 

I-2a General Discussion 

This procedure that we have described as the 

determination of the structure of the measurement space is 

often referred to as data clustering or grouping. While 

"clustering" is, reasonably, the process of associating the 

data into "clusters," exactly what constitutes a cluster is 

less clear. Ball (2) has suggested that a cluster is a 

region in data space in which the density (of data points) 

exceeds that of the surrounding space. In this section we 

will attempt to modify this concept to distinguish the type 

of data space structure with which we are concerned. We 
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must necessarily build these concepts in one or two dimen­

sions, since visualization fails in higher dimensions. 

Figure 1-1 shows sample sets from a variety of twc-

dimension&l data structures. Figures I-l(a) through I-l(e) 

fall into one category, I-l(f) and X-l(g) into a second, 

while I-l'h) could be considered as a mixture of the two. 

Note that I-l(e) could be considered as a noisy version of 

I -1 ( a) . 

* * V* v v > v v v v .  uv ^ V V > V V . 

an* v\* * J N »v >V»\ < * . **** 
\*** „ it 

yW> <£ & & 

' M "Jt- " »*"!:>/; 

» <• 

.a) b) c) d) . 

v yWk vJfVXKl" 

W : f 
X v'IK f f A . % * 7 % Vr 

e)  

kmix * j / A r 
> A ( /\ '> -** 

> ,**>>> V V T »"""<** *> * / 

K V 

> y 
f) g) h) 

Figure 1-1. Some example data structures-

The fii-st category, Figure I-l(a) through (e) ar~e 

examples of the typo of data structures with which we shall 

be concerned. The data space consists of generally 
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ellipsoidal subsets, not generally of the same shape or 

well sepai-ated, or entirely free from noise. Let us 

consider, intuitively, description of the morphology of 

these examples. 

Figure I-l(a) is the simplest to describe. Here, 

a fairly adequate description is simply the number of 

subsets, tAvo , and a measure of location of the subsets. 

For instance, we could specify the controid of each subset 

as the location of the subset. Subset identity for each 

point could be established by minimum distance to these 

centroids . We will consider in Section I-21J an algorithm 

which generates an adequate description of the structure of 

data sets of the type I-l(a). 

Figure I-l(b) presents a slightly more complex 

problem. Now, the subsets, although differing only in 

location, no longer have spherical symmetry. Hence, a more 

complex description seems necessary. We need to describe 

both the location of the subsets, the number, and the shape 

of the clusters. 

We have now introduced another undefined concept, 

that of shape. This concept must remain intuitive unless 

we assume some paramctric form for the clusters. For 

instance, if we assume that each subset consists of samples 

from a multivariate Gaussian distribution, then the covari-

ance matrix could be considered as ei measure of shape, and 
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together with the mean, would completely describe the 

subs et. 

Continuing on to Figure I-l(c) we see that now, 

location, number, shape, and orientation of each cluster 

must be specified. In Figure I-l(d) we must specify 

shape, orientation, and location for each cluster, as well 

as tho number of clusters. 

In contrast, we see that such a technique for 

describing the second category, Figures I-l(f) and I-l(g), 

would be excessively complex. These structures are more 

adequately described by direct description of the inter-

point relationships. That is, we could tag the points and, 

for each point, enumerate those points which could be 

considered neighbors. 

Zahn (44) has described a technique based on a 

graph theoretic approach for treating structures of the 

tjrpe shown in Figux*es I-l(g) or I-l(f). In essence, this 

technique amounts to construction of a minimal spanning 

tree (MST) and then application of a heuristic approach for 

scparating the tree into subtrees. Zahn gives several 

examples which demonstrate the decomposition of structures 

similar to Figure I-l(g), I-l(f) in a satisfying manner. 

A MST defines the shortest path, in terms of total 

Euclidian distance, which connects all points in a data 

set. Construction of such an entity is an intuitively 

reasonable point to begin a procedure intended to resolve 



such structures. Mr. John Bellamy (4) has developed a 

procedure entirely from heuristic considerations which 

constructs a MST and employs a different subtree separation 

procedure than does Zahn. We shall consider briefly the 

performance of Bellamy's procedure in Chapter IV. 

At- this point, we note that the specification of a 

cluster as being a region in measurement space of higher 

density than the surrounding space is, from an intuitive 

standpoint, still reasonable provided that we allow the 

region of consideration to be sufficiently complex. We 

prefer to consider a data cluster as any data subset the 

members of which can be said, under some criterion, to be 

similai-. The similarity may be uue to belonging to a 

region of high relative density, or due to belonging to a 

subtree constructed by a technique of the graph theoretic 

type. We shall consider techniques which associates 

measurement vectors into subsets described by location, 

shape, and orientation. 

We do not claim to have removed the heuristic 

element from the definition of what constitutes a cluster. 

The subject is inherently heuristic. Indeed, an additional 

motivation for its study is the modeling of human cluster­

ing abilities. We are trying to develop techniques which 

resolve at least a class of one and two dimensional struc­

tures in a manner satisfying to a human observer and can 

reasonably be expected to perform in a similar manner in 



higher dimensional spaces in which the human observer's 

intuition fails. 

In this work, we are primarily concerned with 

structures of the type in Figures I-l(a) through I-l(e).. 

The techniques developed will not be generally applicable 

to structures resembling those in Figures I-l(f), I-l(g), 

or I-l(h). Since our structure resolving ability fails in 

higher dimensions, in a truly unsupervised situation we do 

not know, priori, if our- techniques are applicable. In 

practice, then, we must rely on some criterion of success 

to evaluate the applicability of our techniques. 

A simple, iterative, algorithm exists which is 

particularly applicable to structures which can be speci­

fied by cluster location alone. An early formulation of 

this algorithm is the "Adaptive Sample Set Construction11 of 

Sebestyan (36). However, the formulation which we will 

begin with is due, in the essential aspects, to Nagy (27, 

28)  .  

I-2b Nagy 's Clustering Algorithm 

Suppose that given a pair of measurement vectors 

a e X 

b e X 

We define a distance d (_a,b.) • Further, at the n!Ji step of 

the algorithm, let the set measurement vectors, or patterns, 



comprising the jib cluster be X.n; and the center of this 
0 

cluster be The term "center1, is used loosely here, 
J 

but will be clarified by the statement of the algorithm. 

The algorithm is then expressed in two steps 

a. Assign each pattern e X to a cluster by the rule 

x. e X^if d (x., C n) < d (x., C. n) for all k / j 
—x j —i' -*-j —i' -̂ k 

or x. e X ,n if d (x. , C, ,n) = d (x. , C n) j < k 
-x j —x' -x' —k 

b. Define cluster centers at the (n+l)tb step so that 

y d2 (x., c .n+1) (i-'i) 
x. txn 
-T- J 

is minimum. 

In the interesting case when the patterns are 

n-tuples of real numbers, and the distance measure is 

Euclidian distance 

0,2 = (1-5) 

it is easily shown that (I-'lb) becomes 

b. c,n+1 = sr 23 x (1-6) 
J Nj X .  E  Xn 1 

1 J 

where N. = Cardinality of X1^ • That is, the center of the 
J J 

j lis cluster at the (n+l)U-> step is simply the center of 
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gravity of X.n, or the mean of the patterns belonging to 

X " .  
J  

It is argued (27, 28) that this algorithm must 

converge since the mean distance between the patterns and 

the appropriate cluster centers decreases in both steps. 

Since the me em distance is necessarily non-negative, 

eventual convergence in some sense seems certain. The 

operation of this algorithm on a fairly simple structure is 

shown in Figure 1-2. The algorithm "converges" in three 

steps to a heuristically satisfying dichotomy of the data 

set . 

© 

a) 

c) 

b) 

© Cluster Centers 

x Pattern Points 

— Decision Boundaries 

Figure 1-2. Nagy's algorithm applied to a simple two 
dimensional structure. 
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In Figure 1-2, at least, this procedure has 

adaptively determined the location of the clusters in an 

intuitively satisfying manner, without any supervision. 

Further, it could be said that it has located the regions 

of high local density. Much of the remainder of this 

dissertation will be devoted to study of the types of data 

structures to which this procedure is applicable, and a 

technique for modifying it in such a manner to take into 

account cluster shape and orientation so as to extend its 

applicability. 

First, let us consider an .important variant of 

Nagy's algorithm. 

I-2c Sequential Form of Nagy's 'Algorithm 

The formulation of the preceding section requires 

that the measurement data be available for reconsideration 

at each step in the procedure. In some environments, this 

restriction might be unrealistic. For instance, the 

measurement set might be too large for the random access 

storage media available. Or, as might be encountered in a 

signal detection environment, the measurement data arrive 

in a time sequential manner, and it is simply not convenient 

to defer classification until the entire record is avail­

able. In addition, the record might be of indeterminate 

1ength. 
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Since we are considering the cluster centroids as 

measures of location, a reasonable variant of this pi~o-

cedure would be to simply store the centroids and the 

number of points previously classified in each cluster. 

Then, upon receipt of an additional measurement point, we 

would classify the point by associating it with the closest 

centroid, and update the centroid and number of points• 

Thus, it is possible to formulate a sequential 

11 
version of Nagy's algorithm. That is, if is the 

center of the i'-1-1 cluster at the n!l> step, and x is the nti' 1 1 —n 

sample received, wo have: 

.n+1 , n 1 ,-n+l , n 1 r n i 
C • = C • + — 1 x - C • } —x —j. ii. L —n —i J 

if i is such that 

(xn - LLn)T(xn - O < - i/V^i - C/) (1-7) 

for all j / i, 

and n_^ is the total number of past samples classified in 

the i!b group, otherwise 

..n+1 r n 
•̂ •i " id * 

The implications of this procedure will be dis­

cussed in detail in Chapter III. 

As such properties as cluster shape, location, and 

orientation are local rather than global, in the next 



section we discuss some ideas about local properties in 

one dimension. 

1-3 Local Properties in One Dimension 

In the previous section we discussed, in general 

terms, the ideas of cluster location, shape, and orienta­

tion. In this section we will consider some alternatives 

for specification of such. To this end, let us consider 

the one-dimensional probability density function shown in 

Figure 1-3• 

b — m. m-

Figure 1-3• A unimodal probability density. 

In order to specify the location of this distribu 

tion, we wish to specify a central, or typical, point of 

the distribution. Most observers would agree that the 

"center" of this distribution lies between points a and b 

Some disagreement would probably arise as to what 

point would constitute a good choice for the distribution 

center. Commonly, one of the three points m. , m_, m_, 
X £ j 

where 
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m^ = mode = point of maximum probability (density) 

m^ = median = point coi-respont'iing to probability of .5 

on the cumulative distribution 

= mean of distribution 

is chosen. We will be primarily concerned with the mean. 

Occasionally, a distribution will be spoken of as "multi­

modal" which simply means that the distribution has two or 

more local maxima. 

One well known, and interesting, property of the 

mean can be observed if we find £ such that the function 

K(C) 

k(G) = E { ( X - G) 23 ( 1 -8) 

is minimum. Provided that differentiation and expectation 

can be interchanged, we have that 

£ = x = E(x) (1-9) 

minimizes (1-8). The minimum of K(£) is, of course, the 

variance of x, which is itself a measure of dispersion, 

or in a crude sense, the one dimensional shape of the 

distribution. 

Keeping the above in mind, let us consider the 

multimodal distribution^shown in Figure 1-4. This dis­

tribution clearly has three modes—one lying between a and 

b, one between b and c, and the third between c and d. 
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Figure 1-4. A multimodal probability density 

Now, our interest is in finding central points for each of 

the three modes . 

Note that, b> speaking of "central points" we have 

shifted the discussion from one of global properties of the 

distribution (mean, variance) to local properties. In 

fact, one means of identifying the peaks would be to find 

"local means." At this point, the discussion becomes 

somewhat ill-founded due to the difficulty in defining 

exactly what is meant by a local mean, or what constitutes 

"loc alness." 

Considering that the global mean was the point from 

which the mean square deviation was minimum,twe are led to 

apply this idea in a local manner. Suppose that, given a 

set of R non-repeated numbers 

~  ^ JL;l i  2 ' ' * " -̂R ̂ » 

we consider the squared deviation of x to the closest 

number, 
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f(x,£_) = Min(x-C^) 2 • 
i 

Given a probability measure on x, we have the function of 

alone 

K(£) = E{f(x,C)}• (1-10) 

It seems reasonable that, for distributions of the type 

shown in Figure I-'i, if one exists for cach mode and the 

modes are sufficiently separated, that K( G )  would achieve 

at least a local minimum if each £ constituted a local 

mean. That is, if Q . corresponds to the jU-1 mode, then Q. 
J J 

would be the value of the global mean if only the mode 

existed. Further-, the value of the mean squared deviation 

to the closest C. would the local variance. 
0 

If the structure is sufficiently well behaved, 

then, determining the value of C. which minimizes (1-10) 

potentially allows a significant description of the data 

spac e. 

Extending the above discussion to multidimensional 

data structures, we find ourselves concerned with minimiza­

tion of 

K(£) = EfMinU-^J^X-J^) } (I-ll) 

where each is now a vector. The concept of a local mean 

still applies, but it is not clear what constitutes a 

measure of shape and orientation. As was noted in Section 
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1-2, a n-diniensional Gaussian cluster is totally specified 

by its mean and covariance matrix. Since the Gaussian 

cluster a good example of the structure type with which 

we are concerned, it seems reasonable to consider some 

procedure based on the covariance matrix. We will pursue 

this topic further- in Section II-3« 

1-4 Literature Survey 

A comprehensive survey of clustering techniques is 

given by Ball (2). Nagy (27), in a survey paper on pattern 

recognition discusses the algorithm considered in Section 

1-2. Application of this algorithm under varying circum­

stances is considered in (7, 16, 28). In these publica­

tions, it is observed that the algorithm minimizes eithei~ 

the total, or the expected, mean square distance to the 

nearest cluster center. The argument given in support of 

this statement is that each step must decrease this total, 

as discussed previously in Section I-2b. 

MacQueen (2'i) considers the sequential form of 

Nagy's algorithm and demonstrates that it minimizes the 

expected mean, square distance to the closest cluster 

center. We find algorithms similar to this termed as 

decision directed measurements in the signal detection 

litei-ature (13 » 3-8, 31 ) . Usually, the approach taken is 

the estimation of the parameters of an assumed parametric 
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decision process rather than exp3.ic.it consideration as a 

clustering problem. However, the algorithm is similar. 

In summary, then, the past work on this class of 

algorithms has been restricted to the forms considered in 

Section 1-2, which are clearly applicable to simple 

structurej of the form shown in Figure I-l(a). In the 

signal detection literature, it is usually assumed that the 

data space either has this structure, or is transformed to 

it. As discussed in Section 1-1, this assumption may well 

be unwarranted in a pattern recognition context. In the 

pattern recognition literature we usually find evaluation 

of the technique by some external performance criteria. 

1-5 Objectives 

The approach taken in this dissertation is the 

explicit definition of a performance index, or criterion, 

which expresses the desirability of a given clustering, on 

the data set and a parameter vector (cluster centers). 

This index is a generalization of (1-3.1) to take into 

account cluster shapes and orientation. Since it is 

intended that the parameter vector which minimizes this 

index provide the means to specify the data space struc­

ture, the characteristics of the minima are investigated 

in some detail. Chapter II will be concerned with the 

investigation of the data set partitions defined by the 

minimum of such an index. We will discuss these partitions 



with respect to the Bayes optimal pai-tition for the case in 

which the data space structure is a mixture of n-

dimensional Gaussian distributions• We will also con­

sider a technique for incorporating the covariance matrix, 

whether learned or given _a priori. so as to account for 

cluster- shape and orientation. 

In Chapters III and IV we will be concerned with 

the explicit numerical minimization of this index. In 

Chapter III we will consider the sequential data case, and 

show that the sequential algorithm is the statement of an 

accelerated Stochastic Approximation scheme for minimiza­

tion of the index. We will consider the existence of, and 

convergence to, local, minima. II wili bu seen that 

convergence to minima which define undesirable partitions 

does occur and that, in general, one must speak of the 

probability of convergence to a given minimum. A Monte 

Carlo technique for evaluating such probabilities will be 

discussed. Concluding Chapter III, we will consider the 

application to decision directed and non-decision directed 

measurements. We will see that a class of decision 

directed measurements corresponds to the unaccelerated 

version. Specific decision directed and non-decision 

directed procedures in which one cluster center is known 

will be investigated. 

Chapter IV will be concerned with the pattern 

recognition problem in which the entire data record is 



available. It will be shown that a steepest descent 

minimization procedure for minimization of the performance 

index (I-ll) is Nagy's algorithm as discussed in Section 

I-2b. The optimal step size will be considered. The 

operation of the algorithm on sample data sets from 

Gaussian mixtures will be considered. Finally, the 

algorithm will be applied to a real world pattern recog­

nition problem, and its operation compared to that of two 

heuristic clustering algorithms. 



CHAPTER II 

MINIMA CHARACTERISTICS 

II-l Introduction 

In this chapter we will consider the characteriza­

tion of the minima of some generalized forms of the 

performance index (i-ll) discussed in Section I-3« The 

generalized index incorporates cluster-dependent transforma­

tions in order to allow for cluster shape and orientation 

as discussed in Chapter I. As we desire to retain the 

local mean seeking concept discussed in Chapter I we will 

refer to the performance index variants as: 

1. The generalized local mean seeking index (GLMS) 

when the cluster-dependent transformations are not 

specified. 

2. The identity local mean seeking index (ILMS) when 

all transfornmtions are the identity. 

3. The local mean and shape seeking index (LMSS) when 

the transformations incorporate the cluster 

covariance matrices in a particular manner dis­

cussed in Section II-4. 

Note that the ILMS index is simply (I-ll). 

We will be concerned here solely with the charac­

terization of a minimum of these various forms. Techniques 

27 
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for attaining a minimum will be considered in Chapters III 

and IV. In order to facilitate this discussion, we will 

begin by n.ore carefully defining some terms from Chapter I. 

We then consider the conditions under which the generalized 

index is a minimum. 

Once these conditions have: been found, we will 

begin to relate these conditions to typical data structures 

by considering a one dimensional Gaussian mixture distribu­

tion. Having considered the one dimensional problem, 

extension to n-dimensional Gaussian mixtures is fairly 

straightforward. We will establish the conditions under 

which it is possible for the minima of the ILMS index 

(I-ll) to describe the Bayes optima.!, partition of the n-

variate Gaussian mixture. 

Finally, we consider a technique, the LMSS index, 

for incorporating the cluster covariance matrices in such 

a manner as to enhance the partition effected. 

Most of the theorems in this chapter are con­

ceptually straightforward and involve proofs primarily 

algebraic in nature. For clarity sake, these proofs are 

relegated to Appendix A, and the theorems stated with only 

intuitive arguments as .justification. 

Firstly, we shall expand the notation of Chapter I 

to clarify the following discussion. 
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Definition II-l Given sets X, C, S, where 

X = {xx , xg i • • • 2£j ? • • • } 

is a set of n-diinensional real valued measurements called 

the pattern, feature or measurement set, C is a set of 

class labels, we define the clustering; function 

f : X C 

and the classifying function 

g : (C x X) ->• S. 

In principle, the x^ need not be restricted to real 

n-vectors, but this case will be our sole concern. 

Siinilar.lv, the cluster label set and cl nss label set r.nnl d 
7 

each contain anything which could be considered a label. 

However, we wish to simply refer to the ilb cluster or the 

ji'j class, and so will assume that all class or cluster 

labels are integers, distinct within each class. In 

addition, we have a subset of the pattern set, X^_ , called 

the training set, whose members are classified _a priori. 

The classifying function is known on this subset. 

An example is in order to illustrate the above 

terminology. We choose to treat Nilsson's (29) 0-machine 

in this framework. That is, let T be a real number and W 

be a polynomial function mapping the space containing X 

onto the real line. Further, suppose 
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S = (1,2) 

C = (1,2) 

and that a non-empty training set, , exists. Then, let 

the clustering function, f, be defined by 

f : X -»• (1,2) by 

f (x) = 1 if W (x) > r 

= 2 if w (x) < T 

and the classifying function g (x) by one of the functions 

g (x) , = i if f (x) = i, or, 

g (x) = j if f (x) = i 

where the choice of g (x) is made such that g (x) = i is 

properly defined for all x e 

This simple example illustrates the essence of the 

nonsupervised approach to pattern recognition. We have a 

clustering function — soinehovr determined--which groups the 

feature space into clusters. Then, the classifying func­

tion maps the range of the clustering function (integer 

cluster labels) into the class labels so that the resultant 

composite function agrees with the classifying function 

everyplace where it (the classifying function) was a_ priori 

defined (the training set). 

One problem immediately apparent here stems from 

the second step—that is, it may not be possible to map the 

cluster labels into the class labels in such a manner as to 

agree with the training subset's _a priori classification. 
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That is, a single cluster may contain training set members 

from more than one class. In practice, this mapping must 

usually be chosen so as to agree with the training set 

classes on the largest possible subset of the training set. 

A solution, in some cases, to the above dilemma 

involves finding a clustering function which resolves the 

feature space into more clusters than classes. That is, 

clusters can correspond to subclasses. 

This procedure can be extended to the extreme case 

in which there is one cluster for each sample in the 

(finite) training set. This procedure guarantees that g(x) 

exists such that evei-y member of the training set is 

properly dandified. For a discussion of the shortcomings 

of such a procedure, see Meisel (26). However, we might 

also find the situation in which we have a cluster which 

has no training set members. In this case, we would either 

need to request additional training samples, classify this 

cluster arbitrarily, or create a new class (which may be 

called unclassified) corresponding to this cluster. 

The motivation for the unsupervised approach to 

pattern classification is dependent on the assumption that 

a clustering function exists such that a classifying 

function can be defined on it, in such a manner as to agree 

with the training set classifications on a sufficiently 

large subset of the training set. If this assumption is 

reasonable, then we desire to work with the entire set 
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X D X , in order to reduce the statistical uncertainty 

below that which would result from use of the smaller set 

X^_ . Even if this assumption is nut satisfied, determina­

tion of the structure of the pattern space can be of 

interest in itself, as discussed in Chapter I. 

II-2 Definitions 

In this section Ave will try to lay the groundwork 

for discussion of the conditions for the minima of the GLMS 

index. What we wish to do is generalize (I-ll). so as to 

incorporate ideas of shape and orientation. To this end, 

letting the pattern space be n-dimensional, associate with 

the itL> cluster, not only a centroid, , but a transforma­

tion, T which maps n-space into m-space, that is, 

T. : En -> Em. (II-l) 
x 

Now, we wish to consider the mean square distance in the 

image space, as defined in Definition II-2. 

Definition II-2 

Let the function 

K (C) = E {Min |T. (X ) - T. U-)|2} (II-2) 
— . 1 x — x —i ' J 

x 

be known as the generalized local mean seeking (GLMS) 

performance index. Where the are as in (II-l), and the 

C. are n-vector centroids. 
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Next, observe that the subset clustering is 

determined by the and the T\ , not explicitly by the 

performance index. So we have Definition II-3. 

Definition 11-3 

Given a set of R transformations (Il-l) and a set 

1 ••• iL]}) n-diraensional centroids, we denote 

the region .induced by as D (C.^) and define it as 

D(C.) = {x e X| |T (x) - T (£h) | < |T (x) - T (£_ ) | 
1 XX J J J 

for all . it ±] 
J 

When no confusion will be introduced, we will denote the iib 

induced .region, D by D_^ . 

Now that we have this concept of an .induced region, 

if p(x) is the n-dimensional probability density of x.̂  we 

can rewrite the GLMS index in the expanded form (II-3). 

= J*J* lTn (*) ~ Ti H 2p(x)dx 
Di 

+ J*J* lT2(-) " T2(i-2) I 2p(-)d-
D2 

+ ... /J |T (x) - T (CR) |2p(x)dx (U-3) 

°R 

This restriction of the probability measure to continuous 

distributions may be somewhat arbitrary, but encompasses 
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the type of structures with which we are primarily 

concerned. 

Wc- will occasionally refer to the set of induced 

regions defined by £_ as "the partition induced by C. 

although this collection of sets does not, strictly 

speaking, define a partition, since the D_^ are not 

collectively exhaustive. 

Definition II-3 dealt with the definition of a set 

of regions in the feature space by a set of arbitrary 

points contained in the space. The function of the 

performance index is to provide a means of finding a 

particular set of points, and hence a particular set of 

induced x Bjjiuns . Thus, we have Definition II-4. 

Definition 11-4 

Given a set of centroids and a set of trans­

formations (11-2), and that the set S comprising the 

boundaries of the induced regions 

S = {x e X 

for some i,j} 

T±(x) - T±(Ci) | = |T..(x) - TjUj) 

occurs with zero probability, then we say that the set of 

induced regions 

D ( Q ), i = 1, . . • R 

is stable under the performance index K (C.) if £_ is such 

that IC (£) is minimum. 



As we have restricted ourselves to consideration of 

continuous distributd.ons , the assumption that the boundary 

occurs with zero probability is always met. 

We choose the term "stable" to describe those 

particular partitions for which the index is a minimum 

since, if each T_^ is the identity transformation, the 

index (II-2) reduces to (I-ll) (the TLMS index) and the 

iterative form of Nagy's algorithm discussed in Section 

I-2b terminates, or the partition becomes stable, when such 

a partition is achieved. At this point, we introduce an 

additional property which is desirable fox" partitions to 

exhibit. 

In Chapter I, we discussed the idea of local means, 

variances, etc. We would like to express, to some 

extent, local properties. That is, we would like to be 

the point to which the algorithm would converge if the 

distribution outside D_^ were set to zero and global 

properties determined. MacQueen (24)^ in the less general 

context where the T. are all identity transformations, 
i J ' 

refers to this property as unbiased. We choose not to use 

this term since it will be shown in later sections that the 

are, in general, biased estimates of some parameters of 

Gaussian mixture distributions. Instead, we make the 

following definition. 
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Definition II-5 

Given a performance index K (£_), 

K(£) = Jf f(xjCn )p(x)d2i + JT 
D'l 2 

+ f (^CJpCxJdx 
°R 

and a stable partition [D^, D^, ... D^] under IC ( C_) , we say 

that the partition is consistent if f (x,^)p (x)dx is 

minimum for all i. 

It is not claimed that stable, consistent parti­

tions exist for all choices of transformations T. and 
i 

density functions p(x). The purpose here is not the 

investigation of conditions on the T\ and p(x.) which 

guarantee that stable and consistent partitions do exist. 

Our purpose is solely to investigate and examine the 

procedures which we do use. Further, we do not claim that 

a stable and consistent partition is always an intuitively 

satisfying one. In fact, this may well not be the case, as 

discussed in Section III-4, on local minima. 

We shall now investigate the characteristics of 

stable and consistent induced regions under the GLMS 

performance index. The first theorem will be stated with­

out further specifications of the form of the T^. 

Theorem II-l Suppose that the set of regions, 

D U±) , i = 1, . . . R, induced by the vector C. is stable and 
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consistent under the GLMS performance index. Then, 

T±(£i) = E{T±(x) | x G  D(C.±) J, if Prob {x e D(£±)} > 0, 

= T ( C • ) , otherwise. 
i —x ' 

The proof of this theorem is primarily algebraic in 

nature and is given in Appendix A. We note that this 

theorem simply states that the image of the i'-L1 centroid, 

is the expected value, on x, of the image of D_^ , 

if occurs with positive probability. If occurs with 

zero probability the contribution to K (£) from the iUj 

term in (II-3) is zero. 

We now move on to a more pertinent situation, that 

is, when the are non-singular linear transformations. 

Theorem II-2 Let T_^ be a non-singular linear 

transformation for all i in the GLMS index. Suppose that 

the regions D_^, i = 1, 2, . . . R, are stable and consistent 

under this index. Then 

= E {x | x e ] if Prob (x e D_^) > 0 

= otherwise 

Establishment of Theorem II-2 essentially entails 

showing that, for the T^ linear and non-singular, that 

E {T (X ) I x e D±} = E [x | x e D }. 

The details ai~e given in Appendix A. 
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We have not said anything so far about existence or 

uniqueness of stable and consistent partitions. In 

general, such partitions are not unique, but this discus­

sion will be deferred to Chapter III for detailed con­

sideration . 

Henceforth, our concern in this paper will be 

solely with linear, non-singular, . In Section II-4 we 

consider a specific choice for such T.. c i 

Now, let us consider a one dimensional interpreta­

tion of the GLMS index, for which it is possible to show 

existence of stable and consistent partitions. 

Theorem II-3 Let f(x) be a continuous density 

function on x, the real line. Let t^, tn, be positive 

numbers. Consider 

CO 

K(£) = J Min [t?(x-C.)2} f(x)dx 
-co i=l,2 

then, a stable partition under K(Q) exists and is con­

sistent . 

The proof for this theorem is straightforward and 

given in Appendix A. However, we wish to consider the 

characteristics of the partition so determined. 

Without loss of generality, let > t^, C q  > C-^ 

(by making the transformation y = -x, and relabeling, we 

can always make this true). 
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Let us consider the induced regions. are 

bounded by the points X such that 

tl(X " £1)2 = t2U ~ ?2)2' 

solutions to which are given by the equations 

+_ t^ (X - C^) - ̂ 2^ ~ ^2) 

Corresponding to the positive sign, we have 

. _ t2^2 " tl^l 
2 ~ tn - t, 

and, to the negative sign 

+ t2^2 
t„ + t. 

Note that for t2 > t^, 

X2 > Q2 and 

^1 < < ^ 2' 

so that we have the situation shown in Figure II-l. 

D1 * 
D„ 

Figure XX-1. Induced regions under a univariate GLMS index. 
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It is obvious from consideration of Figure II-l 

that the partition determined by this univariate GLMS index 

is more complex than that determined by the unmodified 

algorithm, as considered in Section 1-2. This suggests a 

possible application to the resolution of univariate 

clusters possessing different shapes. 

We conclude the general discussion of the charac­

teristics of the minima of the GLMS index with the 

n-variate extension of Theorem II-3« 

Theorem II-4 A partition stable under the GLMS 

index with the T_^ non-singular, linear transformations is 

consistent. 

In summary, we can conclude that introduction of 

linear, non-singular T^ changes the shape of the induced 

regions, but the location of a region is still determined 

by its centroid. 

Now that we have, in general, determined the 

characteristics of the minima of the GLMS index, we will 

consider the partitions so obtained in a specific example 

having a known optimal solution. 

II-3 Partitions Effected on Gaussian Mixture 
Distributions by the GLMS Index 

The conditions for a minimum of the GLMS per­

formance index obtained in Theorems II-l and II-2 do not 

give a clear idea of the partition effected by this minimum 
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on typical data. In order to gain some feeling for the 

characteristics of such partitions we shall consider an 

example—one that is of interest in itself. This problem 

will be examined at this point with the assumption that the 

performance index minimum has been found. 

Suppose that 

f(x) = P N(x,in.j ,0^) + P2N(x ,m2, cj2) (II-'l) 

where P^ + V = 1 

and 

N(x,m,a) = (V271ct) exp{-(x-tn) ̂/( 2q2) 3 (II-5) 

The density (II-'±) could be viewed as the density of a 

population composed of two subpopulations S , S where S. 
Jl u X 

occurs with probability P^ and is distributed as 

N(x,mi,Gi) • 

Suppose now, on the basis of a sample taken from 

the population at large, that -we wish to decide which sub-

population that particular sample came from. 

The Bayes solution (l8) to this problem minimizes 

the average risk 

K = P1C1X + P2C22 + pic2ia + Via" 

where = cost of deciding class i when class j was 

correct 
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a = probability of deciding class 2 when class 1 

was correct 

(3 = probability of deciding class 1 when class 2 

was correct. 

For this discussion, we view one kind of error as being as 

undesirable as the other and correct decisions to be with­

out cost. That is, we specify a symmetric loss function 

Cij =0 if i = j 

Ci j = 1 if i / j 

Thus, the average risk, R, reduces to the average error, 

E = Pa + P2(3. (II-6) 

The scheme which minimizes the average error is often 

referred to as the ideal observer detection system. Since 

we are concerned here with minimization of the average 

detection error, we shall be making comparisons with the 

ideal observer. In the following discussion, we shall 

refer to this paragon variously as the ideal observer, 

optimal detector, or the Bayes solution. 

The following brief discussion is elementary and 

is repeated here for the purpose of emphasizing key points 

in the notation of the main body of this paper. 

The Bayes solution to minimization of the average 

error chooses or according to the maximum ai posteriori 

probability of or S^, i.e., is chosen if 
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Prob(S^|x) 

Prob(Sg |x) > 

and S chosen otherwise. By Dayes i"ule, this is equivalent 

to choosing if 

Prob(xjs^) 

P2 Prob(x|S2) > 1 

S otherwise,. 

Substituting (IT.-5) and taking logarithms of both 

sides, we have the rule: 

Choose if 

t . \2 ti / ... ^2 

log(-i-) \— > log(-r^) §— (11-7) 
al 20l 2 2CTo 

Choose Sg otherwise. 

If we let the inequality (II-6) become an equality, 

the solution of the equality for x describes the boundary 

between regions of acceptance of sub-population as 

opposed to S . In particular, (II-7) becomes (II-8) 

2/ 2 \2 _/ 2 2 s  2  2  22 
x -02> - mi~a2 m2 G1 1112 ~ °2 ml 

p 
+ 2ct,2ct0

2 log(p^——) = 0 (II-8) 
l 4 1 lCTl 
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o 2 2 
Note that, if a1 ~ °2 = ° ' (II-^ has a sinSle solution 

M +111 O21OT(p /p ) 

= x ~ -V1 + at-,-!) 
eL X 

which divides the real line into two disjoint, connected 

regions: 

i) x < 

ii) x > X.J2 

2 2 If o / CT2 ? then (II-8) has two solutions, x = , 

x = which divide the real line into three disjoint 

regions: 

i) x < XD2 

ii) XB1 < x < XB2 

iii) XB2 < x 

Regions .i) and iii) correspond to one hypothesis, ii) to 

the other. 

Now, let us consider the separation effected by 

minimization of the ILMS index. From Theorem II-3 we know 

that such a minimum effects a stable, consistent partition 

with 

= E [x | x e } 

C2 = E {x | x e D2) 



C-, +GP 
and, if we define ^ = rj (11-10) 

: [x | x < X) 

D2 : {x | x > X] . 

Thus, the partition effected is seen to converge to 

a separation of the real line into two and only two dis­

joint, connected regions, irrespective of the variances 

2 2 
ax , a2 (this observation is obvious, we shall follow this 

discussion to less obvious conclusions). 

Hence, we have that the partition under considera­

tion is always suboptimal with respect to the ideal 

observer for the unequal variance case. In fact, we can 

extend this argument to n-diitiensions simply by observing 

that the partition (under the ILMS index) results in a 

hyperplane separation, and will always be suboptimal if the 

ideal observer implements other than a hyperplane. 

Reference to Figure T.I-1 suggests a possible 

technique for treating the non-equal covariance case. This 

approach will be considered in Section II-'l, and in 

Chapters III and IV. For the present, we will investigate 

the equal covariance case in moi-e detail. 

To begin with, we shall state some simple observa­

tions in the form of a theorem. 

Theorem II-5 The following observations can be 

made concerning equations (Il-'i), (II-9), and (II-IO): 
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1. The mean of the distribution (II-'l) is 

E (x) = + p2m2 

2. Xj, in (II-9) is equal to E (x) if and only if 

P = P 
1 2 

3. X in (11-10) is equal to E (x) if and only if the 

distribution mean is equal to the distribution 

mo d e . 

The proof is straightforward—obvious for the first 

two parts—and is given in Appendix A. These three condi­

tions , along with consideration of the non-optimality of 

the ILMG indu-A. paxixtion in the uuii-equivariance case leads 

to Theorem II-6. 

Theorem II-6 A stable and consistent partition 

under the ILMS index results in a minimum error detection 

scheme for a distribution of the form (II-4) if and only if 

n 2 _ 2 
01 ~ °2 

2.  P ; L  = P 2  

The proof of this theorem is given in Appendix A. 

The first p^^rt is obvious. The second part simply involves 

the establishment that the ILMS decision boundary moves 

toward if P is increased from . 5« The Bayes boundary 

does the reverse. 



Inspection of the algorithms for minimization of 

K (C) in Chapter III reveals that these algorithms are 

simply estimates (or reduced variance estimates) of the 

poxaulation mean if = P^. Thus, examination of these 

algorithms would extrapolate to a result similar to 

Theorem II-6. Fukunaga and Koontz (l6) take an approach 

similar to this alternative. 

A further observation of interest here is that, 

even when the partition is optimal, are biased 

estimates of the means m^, m^. Under certain circum­

stances when P^ > P^, could be an unbiased estimate of 

m^, whatever use this fact might be. This generation of 

biased estimates will generally occur whenever there is 

distribution overlap. Thus we see that we can only obtain 

a biased estimate of one of the properties of the data 

space structure which we wished to estimate, that of 

cluster location. In the particular situation when P^ = 

P^, this fact does not affect the cluster membership 

assignment accuracy since the biases cancel. 

We shall now conclude the discussion of the ILMS 

index by considering the application to n-dimensional 

Gaussian mixtures. 

Theorem II-7 Let 

P (x) = P1N1(x,M1,D) + P2N2(x,M2,D) (11-11) 
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where N. is a n-dimensional Gaussian distribution with mean 
i 

vector M_^ and covariance matrix D. Suppose 

— (a, a, a, • • • 111^ , a, a, • • • a) 

= (a,a,a, m^ a, a, a) 

that is, the mean vectors differ in the iUi position only. 

Further suppose D is diagonal and non-singular. Then there 

exists a stable and consistent partition under the ILMS 

index which effects a hyperplane: 

1. Equal to the ideal observer hyperplane if and only 

if px = p2 = 1/2* 

2. Parallel to the ideal observer hyperplane if 

pi V 

The proof of this theorem, given in detail in 

Appendix A, is based on the observation that a stable and 

consistent partition exists which effects a hyperplane 

whose intersection with each coordinate axis is defined by 

Theorem H-5 with f(x) defined as the respective marginal 

distribution. 

Next, we consider the effect of a rotational 

transformation. 

Theorem .11-8 Suppose that C, defines a stable, 

consistent partition on X under the ILMS index. Further, 

suppose that we introduce a transformation y = cxA^x where oc 



49 

is a positive scalar and A is unitary. Then, 

1. The partition, so far as cluster labels are con­

cerned, is not modified, that is, if x e D. 

aAt x e D . (aAt £ .) 
~ J -o 

2. The partition is stable and consistent. 

This result leads immediately to Theorem II-9* 

Theorem 11-9 The conclusion of Theorem II-7 is 

true if the covariance matrix D in (11-11) is non-singular, 

not necessarily diagonal, and if a unitary transformation 

At = A x 

exists such that P (^) satisfies the premise of Theorem 

II-7. 

Theorem II-9 simply states that the Bayes hyper-

plane is parallel or congruent to the boundetry of a stable 

and consistent partition under the ILMS index if the subset 

distributions differ only in mean and the space can be 

rotated so that the means differ in only one coordinate. 

This is equivalent to stating that the Bayes hyperplane is 

perpendicular to the difference-in-mean vector. 

We have now chayacterized the class of binary 

Gaussian mixture distributions for which the ILMS index 

specifies an optimal partition. As will be seen in 

Chapter III, in general more than one stable and consistent 
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partition exists for distributions (II-ll), only one of 

which is optimal. 

In the next section we consider a means for 

incorporating the cluster covariance matrices into the T_^. 

II-4 Discussion of a Set of Transformations 

Throughout Sections II-l and II-2 of this chapter, 

we considered a generalized performance index in which each 

cluster had associated with it a transformation, 

about which we said little. In this section, we will 

consider a class of such transfoi-inations which provided the 

motivation for the earlier formulation. 

To begin with, let us consider the four clustering 

problems shown in Figure II-2. 

The example shown in Figure II-2a meets the 

hypothesis of Theorem II-8, and thus we are assured that 

the Bayes optimal separating hyperplane is a stable and 

consistent partition under ILMS. However, we will see in 

Chapter III that convergence to this partition in general 

cannot be assured.. In fact, we will consider an example in 

Chapter III in which convergence to this partition 

empirically appears to be of low probability. 

The discussion in the preceding sections clearly 

indicates that the partitions stable and consistent under 

x 
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00 
b) 

c) 

Figure II-2. Some shape and orientation dependent 
clustering problems. 

the ILMS index are incapable of implementing an optimal 

decision surface for problems of the type shown in Figure 

II-2b or c. We would like to generate a scheme to provide 

some improvement for problems of this type. 

consider cluster II alone. Considering only the poi.nts 

belonging to cluster II, we see that the expected magnitude 

of deflection for- a point from the centroid in the y^-j-

direction is larger- than in the x^ direction. Considering 

cluster I alone, we see that larger deflections from the 

centroid in direction x^- ai~e expected than, in Yj • ( Loosely, 

To begin with, let us consider Figure II-2b, and 



we are saying that cluster I has an orientation and shape 

different from cluster II. 

What we would like to do :.s transform the i!i> 

cluster so that given membership in it, deflections in one 

direction under the transformation are as important as in 

another. That is, we wish to transform the itb cluster so 

that, given membership in it, it looks approximately 

spherical. 

To this end, suppose that cluster i has covariance 

matrix • Then, given that E^ is non-singular, it is well 

known (20) that, since E^ is real and symmetric, and thus 

normal, a unitary matrix A. exists such that 
' J x 

T A. ~ E. A. = D. = (X , X . 0, ... X. ) 
i xx x xl' x2' in 

(11-12) 

where X. . is the jib eigenvalue of E. • If the X. . are 
xj J x xj 

distinct for fixed i, this unitary inatx"ix consists of a 

matrix having as columns the eigenvectors of . For the 

moment, we will assume that E^ has distinct, nonzero 

eigenvalues. 

Observe that 

T. E. T. = I 
X XX 

if T. = 
x 

(X±i> 
-1/2 

( x ± 2 )  -1/2 
0 

0 
-1/2 

A. 
1 

(11-13) 
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Hence, we wish to make the transformation 

X . = T.T X (II-1'Jt) 
1 i 

which would result in the desired spherical appearance of 

cluster i, to the members of cluster i. 

Now, let us consider the application of transforma­

tion (II-14) to problems of the type shown, in Figure II-2b 

and c. Since in both these examples the two clusters have 

identical covariance matrices, the transformation (il-l'j.) 

is the same for both clusters, and hence the entire space. 

What this transformation then amounts to is a transforma­

tion of problems of types (a) and (c) to type (d), for 

which L-uiivfyj. >= io the optimal -partition will be seen to 

be of high probability. Note that Figure II-2c is a 

cluster of the type for which the Bayes hyperplane is not a 

stable and consistent partition. Hence the transformation, 

in this case, has taken us from a situation in which the 

partition was suboptimal to one in which it was optimal. 

It must be noted that other works (31) either 

assume clusters of the form Figure II-2d or assume that the 

uniform transformation to this case discussed above can be 

made. The generalized, local transformation approach taken 

here allows us to consider more general problems. 

So far, we have said nothing about where the 

covariance matrices necessary for generation of (II-l4) are 

obtained. Of course, we can always assume that we are 
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given such, _a priori« or that a training set exists from 

which they may be estimated. In this case a problem 

exists in associating each transformation with the proper 

cluster, in a truly unsupervised environment. 

In Chapter III, we will also consider estimation of 

the during operation of the minimization algorithm. I:i 

this case, then, we have the unsupervised estimation of 

shape, orientation, and location of a cluster. We will 

consider an example or two in which this procedure performs 

quite well. 

To designate the index with this particular choice 

of the T_^, we will refer- to the local mean and shape 

seelting index (LMSS) whether the T. be learned from Known 03 x 

or estimated covariance matrices. The method for obtaining 

the covariance matrices will be made clear in the accompanyr-

ing discussion. 



CHAPTER III 

SEQUENTIAL PROCEDURES 

I1I-.1 Introduction 

In this chapter we shall consider a generalized 

form of the sequential form of Nagy's algorithm. This 

algorithm will be developed as a stochastic approximation 

procedui-e for minimization of the LMSS or ILMS index. We 

shall consider convergence to local minima, and show that 

such convergence is probabilistic in nature. We will 

consider extensive Monte Carlo simulation results in one 

and two dimensions. Finally, some topics in adaptive 

signal detection are considered. It will be seen that a 

class of decision directed measurements is an accelerated 

form of a Stochastic Approximation algorithm, the non­

accelerated version of which is similar to a non-decision 

directed measurement. 

The topics considered in this chapter, although 

perhaps more complex than those in Chapter IV, are con­

sidered first because the sequential nature allows us to 

consider large sample sets so as to illustrate error 

performance characteristics, and convergence to local 

minima. 

55 
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The techniques considered here naturally apply to 

any situation in which the samples are taken sequentially 

in time, with a requirement for classification after each 

sample. A typical situation which fits this model is 

adaptive signal detection, which is considered in Section 

III-6. Xr this environment, it is likely that classifica­

tion of each received vector will be required immediately 

after receipt. The fact that the parameters of the 

receiver adjust as a result of the reception of this 

vector may well be considered of importance secondary to 

the classification of the received vector. 

Alternatively, these sequential algorithms are 

applicable who;; the sample set, although available all at 

once, is too large for the rapid access storage available, 

necessitating sequential processing. 

With this motivation in mind, let us begin with 

the ILMS index 

K (£) = E {Min lx-C.il2}- (III-l) 
i 

The characteristics of the minima of this function were 

considered at length in the last chapter. We now wish to 

consider techniques for attaining this minima. 

Suppose that we consider the ILMS index as a 

generalized regression function 

K (O = E {f(x,£)} = JJ f(x,£) P(x) (III-2) 
x 



We wish to find a parameter vector Q_ such that 

K (£_) is a minimum. Since, for given P (3c), IC (Q) is a 

function, of the parameter vector L_ alone, the minima of 

K (£_) will be found among the solutions to 

IC (O = 0. (III-3) 

If K (£) is knoim, the deterministic algorithm 

C.n+1 = Qn - a Vc IC (C.11) (Ill-'i) 

will converge to such a solution for properly chosen a . 

Since we do not wish to assume knowledge of the 

distribution P (x), we cannot directly apply this 

algorithm. However, minimization or a regression function 

of this form can be approached via the techniques of 

Stochastic Approximation without explicit knowledge of 

P (x), yielding a very similar algorithm. In order to 

simplify the discussion we shall consider, at first, a one-

dimensional problem. Note that X has dimension one—the 

optimization problem is still multidimensional., 

III-2 Stochastic Approximation Minimization 

Let us consider the performance index (III-l), 

with x of dimension onp'and 

T\ (x) = x for all i, 

K U) = J Min (X - £. )2 P (x) dx (III-5) 
x i=l,2 1 
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We wish to apply the techniques of stochastic approximation 

to the minimization of this performance index. A brief 

discussion of the principal ideas of stochastic approxima­

tion as related to this problem are considered in 

Appendix B. 

algorithm for finding the (unique) root to a generalized 

regression function (T.II-2). The Kiefer-Wolfowitz pro­

cedure obtains the minimum of such a function. Outwardly, 

the Kiefer-Wolfowitz method would seem to be most nearly 

applicable. It is shown in Appendix B that the Kiefer-

Wolfowitz procedure applied to (III-l) reduces to the 

Robbins-Monroe method. Since tliu Kiefur-Yvolfowitz pro­

cedure requires the one- or two-sided difference approxima­

tion to the gradient, Robbins-Monroe, where applicable, is 

computationally simpler. The applicability of Robbins-

Monroe is deteirmined by the behavior of the regression 

function. We will deal here only with data structures to 

which Robbins-Monroe will apply. Therefore, we assume at 

this point that K (£_) as stated in (III-5) is sufficiently 

well behaved. That is, for application of the Robbins-

Monroe procedure all first partials of K (O must exist and 

Briefly, the Robbins-Monroe procedure yields an 

= -2 J P (x) dx 
D. 
1 
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Now, let us consider the principal theorem of this 

chapter. 

Theorem III-l Let (x
n3 be a sequence of inde­

pendent and identically distributed random variables having 

bounded variance. The sequential algorithm 

Cn+1 = en + (A.)(a )(x - £n) 
x x x n n x 

(III-6) 

if i such that (x - < (x - for all j / i, 
n x n j 

or C1.1 = Cn, otherwise, where a = (—77-) and A. is positive, Bx x' ' n n+1 x 1 ' 

will converge in the mean square sense to a minimum of the 

ILMS index 

K (£) = E [Min (x - C±)2} 
i 

if such a minimum is known to lie in a known bounded 

rectangular set A to which _£n is restricted and in which 

K (Q) is uniinodal with Prob [x e D^} ̂  6 > 0 for all D_^ 

defined by the solution C*1. 

Proof; In essence, we must show that such an 

algorithm converges in the mean square sense, under these 

conditions, to a root of the vector equation. 

K <£> = £, 

which is the set of equations 



= E = J -2(x-C -j ) P (x) dx = 0 

m = F {fQ(x,0} = J -2(x~C ) P (x) dx = 0 
• d2 

= E { F R ( X , 0 }  = J -2(x-CR) P (X ) dx = 0, 

°R 

From Theorem 15-1, we know that if a solution, £*, exists 

the sequence defined by 

Cn+1 = Cn - a [f(xn,Cn)3 
n — n1 

converges to in the mean squafe sense, that is 

lira E {|£n+1.- £*|2} = 0 
n><o 

if 

1 . There exist k , k 1 , 0 < k < k ' < » such that 
o' o' o o 

lc 11-1* I £ (l-i*)TUu)) < kj 11-1* 

2. For all £, we have that 

2 
Var 

I- 0' 
< CO 

3« an is chosen such that lim an = 0, while 
n>«° 

S a = w and E a < ». 
n=l n n=l n 



Let us consider condition (J.) first. Suppose that we let 

£ . = C* + e. , for- all i, 
*x x x' ' 

and define E = (e^, e^, ... e^). Now for all i 

m. (£) = J (x - - g^) P (x) dx 
D.(Cn) 

X  X  

= -e± Prob ̂ x e D( £* • 

Hence, if we let u = diag ^Prob (x e ), Prob (x e Dg) •• 

Prob (x e we have 

k |ETEl < ET(uE) < k« ETE 
o — — o 

as a condition equivalent to (l). Clearly, k^ = 1 is 

satisfactory. If we choose 

k - min Prob 
o 

^x e D(£*)^ 

the condition is satisfied if this minimum probability is 

positive. 

Now, let us consider condition (2). For all 

having non-zero probability, we can consider the n'-J> 

component of £_ (xn,£_) to be 

fn = (x-Cn) all x such that (x~Cn)^ < (x-Cj)2 

for all n ̂  i 

f =0 otherwise. 
n 



Thus, |f(xn,£) | = f1"f
1 
+ f2*f2 + •" fRV 

i i 2 
let us consider the ilb term of If/x ,_£) | , 

R 

f.'f. = (x-C-)^ for all i such that (x-C-)^ < (x-C-)^ 
11 i i — j 

for all j = i 

= 0 otherwise. 

This term has finite variance if x is of finite variance 

and Q _^ is bounded. Since we restrict £_n to a bounded set, 

and x is assumed of finite vai"iance. we have condition (2) 
n ' 

The sequence a = l/n meets the criterion 
^ n 

co co 2 

E a = co • 2 a <» 
, n i n n=l n=l 

and, for A. >0, for all i, so does A.a . Thus we have 
' i ' ' in 

condition (3), and the theorem. 

Choice of A. =1 for all i results in an univariate 
l 

form similar to the sequential version of Nagy's algorithm 

discussed in Chapter I. In Section III-3 we will consider 

a weighting sequence, a^, which will modify this algorithm 

to the Chapter I foi-m.. 

The conditions on this theorem may be more restric­

tive than necessary, from the mathematical point of view, 

but from an applications viewpoint they reflect the 

problems associated with implementation of this algorithm. 

For this reason, no great effort was expended to determine 

a less restrictive set. 
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In. particular, let us consider the relation of 

these restrictions to the application of the algorithm. 

Since all measurements are bounded, and usually those 

bounds are known, the rectangular set A can be defined. In 

effect, the assumption that all induced regions occur with 

positive probability is a restriction on the data structure 

and the initial C_.', That is, we cannot choose the initial 

Q such that we define an induced region of zero proba­

bility; and the data structure must be such that the 

sequence {G*1) does not do so for any n. Such conditions 

are met with the Gaussian mixture type data structures with 

which we ai~e concerned, especially if the initial points 

are points« If the probciLility of occurrence of o. 

D_^ is very small, actual convergence will be slow. For 

instance, if for some i the Prob (x e D.) = 10 1, in 10 * 
' l ' 

samples only one would be expected t,o actually occur from 

D . . 
x 

Finally, we consider the unimodality assumption. 

This assumption is not met, in general, so we can no longer 

talk of mean square convergence to a unique minimum. We 

shall discuss this problem further in the section on local 

minima. 

It is shown in Appendix B that the Kiefer-

Wolfowitz procedure results in an algorithm which 

approaches that given in Theorem III-l with large n. 



64 

Let us consider the extension to the LMSS algorithm 

in one dimension. That is, we wish to minimize, by choice 

of _£, 

IC U) = E |Min ^t±
2 (x -

The development which led to Theorem III-l applied to this 

index would result in the algorithm (III-7), 

- n + 1  - n  .  , 2  /  . 1 1  \  
G •  =  Q. +  A .  t .  a  ( x  - £ • )  61 1 1 n n a. 

if i such that t.^ (x - < t.^ (x -
1 n .• x J n j 

for all 3 / i (III-7) 

Cj+1. = Cj, otherwise. 

where, again a = (n+l) and A. is a positive number. 
' n 1 

2 —1 n 
Now, if we let A_^ = (t^ ) the method of updating G^ 

becomes the same as before but the determination of which 

G™ to update differs. This choice of A^ might not be the 

best possible, but results in a simple algorithm, 

especially in the n-dimensional generalization.. 

The extension of the ILMS algorithm to n-dimensions 

follows in a straightforward manner. We simply consider 

the parameter vector now to be 

— = ^—1' j -S-2' J * ' * 

and the minimization algorithm becomes (III-8). 
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C?+1 = Cn + A. 7-—T ~ ̂  •2a X X (.11 + 1) L—11 —X 

2 2 
if i is such that |x - C™ I < |x - C*M 1 —n l 1 1 —n j 1 

for all i ̂  j (III-8) 

^n+1 _ QTI 0^iierw-Lse> 
x —x 

and A. > 0. 
x 

Extension to the LMSS form results in 

Cn+1 = Cn + (-JL.) D. [x - C-1} 
bx x n+1 x c—l* xJ 

2 2 
if i such that IT.  ( X  -  I < |T. (x - I i x _n x 1 j —n 53 j 1 

for all i / j (III-9) 

^n+1 _ ^n 0^.]lerw-Lse, 

where is a diagonal matrix. 

D_^ expresses our knowledge of the relative dis­

persions of the differing coordinates, as expressed by . 

In other words , if we know that the ilb dimension is more 

disperse than the j Us, then, perhaps, we should take larger 

steps in that direction. For computational simplicity, we 

take D. to be the identity, although it is recognized that 
' X  7  1  

this procedure may not be best from an efficiency stand­

point . 



We see that the mamiei- in which we minimize the 

LMSS inde:* differs little from the minimization procedure 

for the ILMS index. This might be expected, since we saw 

in Chapter XI that introduction of linear, non-singular 

transformations pi-i.inarx.Ly changed the shape of the induced 

regions. We see here that the effect of such transforma­

tions on the minimization algorithm is to alter the rule 

for classification of a sample, not the manner in which the 

appropriate centroid is adjusted as a result of this 

classification. 

Up to this point, we have referred to minimization 

procedures for the ILMS or LMSS algorithm. Henceforth, we 

shall refer to such minimization procedures as the ILMS ur 

LMSS algorithm. The ILMS algorithm is basically the 

sequential form of Nagy's algorithm. 

With this, we conclude formal consideration of the 

minimization procedure as a Stochastic Approximation 

algorithm. Next, we consider an acceleration procedure, 

and show that the accelerated form corresponds to the 

heuristic algorithm of Chapter I. 

III-3 Acceleration Procedure 

The ILMS algorithm is named as it is because it 

seems, intuitively, to estimate local means. It was shown 

in Chapter II that, the estimates so generated are, in 

general, biased. Let us consider the situation shown in 
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Figure III-l, in which the local mean estimates generated 

by the ILMS algorithm would be unbiased. 

f(X) 

Figure III-l An idealized biinodal univariate density. 

In Figiu'e III-l, we have Lwo groups I, II, where 

E (x|x e I) = ̂  

Var (x|x e I) = 

Prob (a < x < b|x e I) =3. 

ID  C  and similarly for group II, with < » j ̂  ̂  | ; b « -j-^—j-p 

That is, we have two subgroups which do not overlap and are 

widely spaced with respect to the dispersion of either one. 

In this particular instance, with (x) = x, for 

all i, we find that the conditions of Theorem II-2 are 

satisfied with 

^1 = ̂ 1 

C2 = n2 (111-10) 
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Theorem III-l assures us that the ILMS algorithm converges 

in mean square to a minimum of such a ci'iterion, and thus 

must find the local means (111-10). So, our interest in 

this section is in finding techniques for converging more 

rapidly (reducing the variance- of the estimate at the nU) 

sample) to this solution. One technique which is suggested 

by this example is to separately estimate the means of each 

mode. That is, choose A. and a in (II1-6) so that 
1 1 n 

,-n+l A r . <-11-, 
Si = (n.+l) {+ Xn " Ci3 

X  

if i such that (x - < (x - C*!)^ (III-ll) 
n i J 

for all j / i 

otherwise 

where n. is the number of members of the sequence x 
l 1 n 

previously classified in it!) group. 

If we consider (III-ll) in the form of a stochastic 

approximation algorithm we find that an is no longer a 

deterministic sequence. However, since it is a positive 

term sequence, it still satisfies condition (3) of Theorem 

B-l, and we are still guaranteed convergence. Further, 

(III-ll) fits the form of the heuristically generated 

sequential form of Nagy's 'algorithm discussed in Chapter I. 
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The procedure above is strongly related to the idea 

of Stratified Random Sampling (5)* It can be shown that if 

we have the situation shown in Figure III-l, even without 

the assumption of non-overlapping and widely separated sub-

populations, but we have _a priori knowledge of which sub-

population each sample conies from, the variance of the 

estimate of the population mean can always be reduced 

provided that 

In algorithm (III-ll) we are attempting to reduce 

the variance of the estimate of the parameter vector by 

substituting the estimated classification of each sample 

for the _a priori classification required by the stratified 

random sampling procedure. If the assumptions of Figure 

III-l are well satisfied, we would expect that there would 

be little difference effected by the use of learned classes 

versus &_ priori samples, except possibly at the onset. 

Thus, we would expect somewhat better performance with the 

accelerated procedure, except perhaps initially, when 

starting point effects may be more evident. The situation 

is less clear with less well separated groups. 

In order to demonstrate the usefulness of this 

acceleration procedure, the following experiment was 

performed. A sample space distributed as 

f (x) = (.5) N (x, jxa2) + .5 N (x, (j,2, CT2) 



70 

with \l0 > U-. was generated by the method described in & X 

Section III-5a. The convergence of algorithm (XII-ll) vs. 

algorithm (III-6) with = 1 was compared. The algebraic 

difference between 

and the Bayes decision surface which is the limit point 

of X , is tabulated in Table III-l for values of 
n' 

R = ((i2 - H)2/c^ 

between 100 and 0.1. For each value of R, the same sample 

record was used for the two procedures. 

Table III-l indicates that the accelerated ILMS 

algorithm suffers somewhat from stax-ting point sensitivity, 

but rapidly recovers. Particularly in the case of small R, 

the accelerated algorithm is much superior (for large R, 

any procedure is likely to succeed). 

The extension to multidimensions and the LMSS 

algorithm amounts to the simple substitution in the 

appropriate algorithms of the weighting sequence 

an n.+1 
x • 

where n^ is in (III-ll). 



Table IIX-1. Deviation of ILMS boundary from Bayes boundary vs. number of samples 
for accelerated and unaccelerated ILMS algorithm. 

Accelerated Unaccelerated 
Sample 
Number 100 10 1 .1 100 10 1 .1 

10 -1.03 .3106 5 .069 12.119 .3875 -.784 4 .348 17-86 
20 -•39 -.548 3 .645 15.707 .1499 -I.0618 3 .495 19.58 
40 -.1297 • 5015 2 .007 13.274 .0417 -.861 2 .736 18.098 
80 -.0367 -.2048 1 • 4558 8.34 .024 -.960 2 • 35 16.736 
100 -.0445 -.1395 1 .084l4 8.00 • 033 -.8487 2 • 31 15-564 
200 .0269 -.1071 .9392 4.85 .023 -.6788 2 .65 13 «4l 
4oo -.0198 -.1039 .96116 4.55 .004 -.544 2 • 1315 12.20 
800 -.0163 -.1410 .80813 4.367 .008 -.4514 1 .94 11.004 
1000 -.0076 -.0904 .66251 4.385 • oo48 -.408 1 .871 10.604 
2000 -.0273 -.0577 .61218 3-149 .0193 -.328 1 .64 9 .44 
4000 .0047 -.1075 .585 2.027 .00384 -.307 1 • 527 8.45 
8000 .01071 -.036 .5270 1.561 .0023 -.2366 1 • 397 7.43 
10000 .01038 -.0557 .4315 1.323 .0032 -.232 1 .322 7.14 

U - \ n 

f(x) = 

B) tabulated 

•5N(X,H1,G2) 

' ̂B = ̂  

+ .5N(x 

•0, n = ssimple number. 

2 
• G ) where p,2 = 10, P1! = 0 * 



Ill-4 Local Minima 

In Chapter II, we extensively investigated the 

characteristics of stable and consistent partitions without 

saying much about uniqueness. In Section II.I-2 we con­

sidered a procedure for minimizing a specific performance 

index which required us to assume that, within a region, 

the performance index has a unique minimum with all 

induced regions having positive probability. 

We will continue to assume that the physical 

constraints on the problem and the method of choosing 

starting points preclude .induced regions of zero proba­

bility. In this section, we will consider some specific 

examples in viliic.li i-lie ILMS index does not have a unique 

minimum. We will argue that, while the Bayes hyperplane 

defines a stable and consistent partition under ILMS for 

Gaussian inixtui~e distributions, under certain conditions 

convergence to this partition is of low probability. 

To begin with, let us consider the distribution 

shown in Figure III-2, originally suggested by MacQueen 

(24). In this situation, the distribution has sharp peaks 

of probability at each of the corners of a square. In 

order to avoid violation of the assumption in Definition 

II-l, we require this distribution to be continuous. 

Suppose, for purposes of discussion, that these peaks 

possess spherical symmetry about their centroids. 
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© Cluster Centers 

® Probability Masses 

— Decision Boundaries 

O B, 

Figure III-2. Local minima Example I. 

The partition A is consistent under ILMS , but not 

stable — either in the sense of Definition II-l, or in the 

sense that the algorithm is likely to converge to it. 

Partition A corresponds to a saddle point. Partitions B 

and C are stable and consistent, and possibly equally 

likely. The sequence of the first few points will deter­

mine which partition is converged to. 

A slight extension of this situation occurs in 

Figure IIX-3, where we now have a rectangle, rather than a 

square. 

In Figure III-3, only two possible stable and 

consistent partitions, A and D, exist. In terms of the 

minima of the ILMS index, partition A is a global minimum, 
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Figure III-3* Local minima Example II. 

while D is local. With positive probability, a sequence of 

samples can occur such that partition D goes to partition 

A. The j.everse is not true. Hence, t'nu global minimum, in 

this case, seems more probable. The key point is that the 

final partition is determined by a sample sequence. 

In reality, both Figures III-2 and III-3 constitute 

a situation in which we ai~e searching for fewer clusters 

than actually exist. That is, associating foui~ non-

identical objects into two, rather than four, groups 

constitutes suboptimal grouping from a heuristic stand­

point. In Figure -111-4 we have a uniform distribution over 

a circle of radius R. If we consider the ILMS index, any 

straight line passing through P constitutes the boundary of 

a stable and consistent partition. Hence, there are an 

infinite number of local minima. 
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f(^=(2TlRj1 

(Line Mass) 

Figure III-4. Local minima Example III. 

In the first two examples, moving from one minima 

to another occurs with zero probability. In the last 

example, a unique minima does not exist. Now, let us 

consider an intcrniediate and more realistic problem, shown 

in Figure III-5« In Figure III-5 the probability density 

looks like two parallel line segments, of length b and 

separation a. Assume that the line segments are uniform 

and occur with equal probability. It is always possible to 

attain either separation A or D given the proper initial 

sequence. Fur"ther, it is always possible (with positive 

probability) to go from separation B to separation A. 

However, if a/b is sufficiently large, the reverse is not 

possible. 

since it is an idealization of a realistic px'oblem, two 

groups, well separated in one dimension having low variance, 

and not separated at all in a second dimension having high 

The example shown in Figure III-5 is interesting 
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Figure III-5. Local minima Example IV. 

variance. If a/b is sufficiently large, depending on the 

* within group distribution, the partition B in Figure III-5 

is a global minimum. Further, the probability of conver­

gence to A is low, if a/b is small. It is interesting to 

pursue this idea a little further. 

Davisson (12) duscusses convergence of stochastic 

approximation estimators when local minima exist, or when 

the conditions of Theorem B.l or B.2 are only satisfied 

locally. In particular, suppose that a unique minimum 

exists in a region in parameter space Q for which the 

conditions of a stochastic approximation theorem are 

satisfied. Then, a lower bound on the probability of 

convergence to that minimum is given by the probability 



that the sequence of estimates defined by the stochastic 

approximation algorithm does not leave Q. 

We wish to consider the probability of convergence 

to pai-tition A or B in Figure III-5. To begin with, let us 

consider the extreme case when a » b. Here we assume that 

a/b is large enough that the transition from partition A ':o 

partition D occurs with zero probability. Hence, if the 

sequence begins in partition A, it remains there with 

probability one. If the sequence begins with two sample 

points as cluster centers, the probability of partition A, 

then, is at least 

Suppose, however, that the first two sample points 

come from Class I. Then the parlition is defined by a line 

parallel to the x-axis. So long as only points from 

distribution I are obtained, this will remain true. How­

ever, this occurs with zero pi-obability as the number of 

samples goes to infinity. If a point is received from 

Class II, then the decision plane rotates. The amount of 

rotation depends upon the number of previous samples, the 

value of the cluster centers, and the value of the sample 

received. It will increase the probability of the next 

sample taken from II being classified in the same cluster 

as the last one—possibly to 1. When the line rotates so 

as to divide I and II, the sequence has left partition B 

and returns with probability zero. 
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If we consider the two dimensional set of numbers 

(a , a ), where a = intersection of the boundary line with 
X b J. 

the line x = 0, = intersection of the boundary line with 

x = b, we have Figure III-6. 

2 A 

b-

•> SlA 

K 

Jl a 

Figure III-6. Regions of convergence to partition A or 
partition D. 

The region (^3) is the region of convergence to 

partition A (B). The problem proposed defines a random 

sequence of a = a2^ which, once it leaves cannot 

return. The probability of convergence to A, in this case, 

is the probability of not leaving £1^. More generally, 

however, if a/b is smaller we can go from to as well. 

Now, convergence probabilities are less clear. 

We will not pursue this problem further since it is 

difficult analytically and has served its purpose. 
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Empirical solution, in principle, via Monte Carlo tech­

niques would not be difficult. In fact, the stochastic 

approximation algorithms of the Inst section describe a 

Monte Carlo simulation. The practical difficulty in Monte 

Carlo simulation would be determination of a stopping 

criterion. For a » b the stopping criterion is defined; 

however, in general it is not. To a good approximation one 

could probably assume that oscillation would not take place 

after a .large enough number of samples has been observed. 

The simulation examples in the next section implicitly make 

this assumption. In the next section, however, the 

distributions are bivariate normal. We shall see examples 

there of apparent convergence to a local minimum. 

In general, one could describe the convergence to 

local minima problem by means of a probability measure 

defined on the allowable range of the sequence { C_} • Given 

a point £_ in this range and a positive integei~ n, there 

exists a probability that the sequence converges to the jUi 

local minimum 

P (j|cn). 

Then, the probability of convergence to the j'J-1 local 

minimum would be 

p U) =I| p (j|£°) P U°) dQ 
S 
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where S is the region containing all possible initial 

points <£_° . In the example of Figure III-3 regions existed 

in which convergence to a single minima occurred with 

probability one, that is, for some lc 

P (j|C.n) = 1 for j = k 

= 0 for j / k. 

In most cases, we expect this behavior for large enough n--

that is, after enough samples we expect the probability of 

switching minima to be small. However, we are not assured 

by this discussion of zero probability of oscillation 

between local minima, which would result in non-convergence. 

Before we leave this discussion, we wish to 

consider a simple, intuitive data space transformation 

which, under some circumstances, may increase the proba­

bility of convergence to the desired optimum, A. We will 

see that it can also decrease such a probability. 

Recently, Fulcunaga and Koontz (16 ) have proposed 

basically this transformation for use with a finite data 

set generated by Gaussian mixture distributions and Nagy 's 

sequential algorithm. They do not consider its application 

to reduction of the probability of convergence to a local 

minimum since they are dealing with a fixed data set and 

Nagy's algorithm. As will be seen in Chapter IV, this 

algorithm is deterministic, although the data set genera­

tion is stochastic. Fukunaga and Koontz consider 
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convergence of a finite data set algorithm assuming 

probability masses, which is somewhat incongruous. We will 

consider this transformation because it seems a natural and 

reasonable procedure. 

In particular, suppose that we transform the entire 

data space so that the population covariance matrix is the 

identity. Let us consider the effect on distributions of 

the sort shown in Figure III-6, where we assume that the 

line distributions are uniform. Making this transformation, 

we have that 

a 1 -2 */% 

b • = 2 

Note that, for those conditions the possibility of 

switching from the local minimum B to minimum A exists, 

even though the original distribution may have had a/b 

large enough such that this possibility did not exist. 

Hence, we may well have made the situation worse. 

In the two dimensional Monte Carlo simulations of 

Section III-5c we will consider a siinilax" situation for 

Gaussian mixtures. We will consider a distribution having 

identity population covariance matrix and positive proba­

bility (empirically) for convergence to a non-Bayes 

hyperplane. 
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III-5 Simulation Results 

III-5a Procedure 

This thesis, up to this point, has dealt with 

considerations of what constitutes stable and consistent 

partitions, and methods for finding such partitions. We 

shall now use the techniques generated in the earlier 

portion of this chapter to investigate the practical 

implementation of the algorithms and the problems actually 

encountered. We shall, for motivational reasons, organize 

this discussion along the lines that the research was 

actually conducted. That is, we shall begin with simple, 

straightforward, problems and observe the shortcomings of 

these procedures as the problems progress in difficulty. 

In general, Gaussian mixture distributions will be used as 

the vehicle for this discussion since such distributions 

are readily generatable to a sufficient degree of accuracy, 

and since the Gaussian mixture distribution is the paradigm 

for both this type of algorithm, and for the problem 

usually presented. 

Before launching this discussion, elaboration of 

the method under which these experiments were run is in 

order. The entire simulation work was performed in FORTRAN 

on the University of Arizona Computer Center CDC 6^100. The 

5 samples were generated from a tape having stored on it 10 

samples of zero mean, variance one, approximately normal 
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random numbers. Each number was generated (RUN FORTRAN, 

December 15, 1969) by the summstior of 12 samples from the 

CDC 6400 uniform distribution rancom number generator, and 

performing the appropriate transformation for zero mean and 

unit variance. Generation of the subpopulations used in 

these experiments was then simply a matter of arithmetic 

operation on these random samples. 

Determination of which subpopulation the sample to 

be generated was to come from was done by utilizing the 

random number generator on the CDC 6'i00. 

Sincc both random sources are record devices, it 

was possible to repeat experiments allowing direct compari­

son between different techniques without parallel imple­

mentation . 

In order to present properly the results of these 

experiments we need to be able to compare the relative 

performance of the various algorithms under conditions of 

varying difficulty, for which we need a measure. 

Two methods will be used here for- measures of 

performance: 

1. Comparison, where possible, of decision boundaries. 

2. Comparison of number of samples misclassified with 

the number misclassified by the ideal observer over 

the same sample record. 

The decision boundaries will be compared graphically for 

one and two dimensions, and, in the one dimension, equal 



variance case, the algebraic difference between the Bayes 

decision boundary and that obtained by the ILMS algorithm 

will be computed to illustrate Theorem II-6. In most 

cases, however, we will use the gross performance criterion 

(2), since the error performance is always a meaningful 

parameter. 

For the univariate experiments, we will be 

investigating the performance of ILMS and LMSS on dis­

tributions of the form 

f (x) = P-j^ N (x, 0, C^2) + P2 N (x, 10, Og2) 

for various values of the a_ priori probability ratio 

P^/P-^, AND UBJJI BUM of separation of the two modes. 

For one dimensional equal variance problems, the 

signal to noise ratio 

R1 = ^2 ~ (III -12) 

is a meaningful measure of the separation of the two 

distributions, and hence the "difficulty" of the problem. 

R^ in (III-12) is the square of the separation of the 

means, in standard deviations. For one dimensional, non-

equivariance problems, such a concept as signal to noise 

ratio is no longer applicable. We will use 



or the square of the separation of the means in terms 

standard deviations of the more "r-.oisy" distribution, 

subscript, S, is the ratio of the variances, i.e., 

Thus, either (111-12) or (III-13) specifies the structure 

within the _a priori probabilities and choice of scale. 

Generally, problems in two or more dimensions will 

be considered individually, although in Section III-6 we 

will consider an application to an adaptive communication 

system in which a signal to noise ratio type criterion will 

be applicable to a higher dimensional space. 

Sample sizes were large enough so that the data 

obtained were repeatable and seemed to fit with the trend 

of related data. For well separated modes 1,000 samples 

were usually sufficient. Poorly separated modes requii-ed 

10,000 or more samples. 

III-5b One Dimensional Results 

The univariate case is considered extensively for 

several reasons. To begin with, the additional complexity 

of the higher dimensional problems results in excessive 

computation time when investigating slowly converging 

algorithms. Secondly, the data structure and decision 

boundaries are not amenable to pictorial representation in 

of 

The 
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higher than two dimensions. Finally, with the exception of 

local minima convergence, the essence of most of the 

concepts with which we are concerned can be demonstrated ?.n 

one dimension. 

To begin with, we consider univariate data struc­

tures consisting of a binary mixture of Gaussian distribu -

tions differing only in mean and a. priori probabilities • 

We compare the difference in percentage error between the 

Bayes receiver and the ILMS algorithm. Further, since the 

decision boundary in both cases is a single real number, we 

consider their algebraic difference. These experiments 

were conducted over a range of R^ 

•3 < K - L  < 30. 

and a range of the ratio of a priori probabilities 

.i < P2/P1 < 10. 

The percentage error for ILMS is given in Table 

III-2 for the above range of R^ and ^^l* °kserved 

Bayes percentage erroi' over the same sample record is given 

as a reference. Records of length 1000 (error statistics 

over last 900) or 10000 (error statistics over last 9000) 

were used, depending on the degree of separation. Figui~e 

III-7 shows the algebraic difference (X - X^) between the 

ILMS and Bayes boundaries. 



Table XII-2. Observed error rates for Bayes, ILMS vs. and ^2^1' 

R1 

'vpi 

R1 
1 2 5 10 • 5 .2 .1 

30 .11/.11 • 33/-33 •5/.11 1.3/0 .11/.11 0/0 •33/.22 

20 •55/.55 1.0/1.0 1 •7/1.6 8.6/.74 .4/.4 1 .8/1.1 1-5/.7 

10 5.O/5.O 5-1/4.0 14 •7/5-4 29.7/3.4 9-1/5-4 9 .8/4.0 23.6/3.4 

3 20.1/20.0 20.9/18.0 27 .8/13.2 37.6/9.5 20.7/17.8 31 .8/12.8 37.2/9-3 

1 30.0/30.0 34.0/28.7 39 •5/18.4 44.7/11.0 33-8/26.8 38 .8/17.7 47.0/12.0 

• 3 37.8/37-7 39.6/34.4 46 .5/18.2 47.2/9.3 41.9/33.6 47 .5/18.3 49.7/9.52 

ILMS error/Bayes error (observed) in per cent. 
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The results confirm Theorem II-6. For equal priors 

and equal variances, the stable and consistent partition 

under ILMS is Bayes optimal. For nonequal priors, the 

decision boundary moves in the opposite direction from the 

Bayes boundary. Moreover, we also observe that well 

separated groups, although considerably different in 

priors, can be adequately dichotomized, from the error 

performance viewpoint, by the ILMS algorithm. However, 

groups that overlap severely and have diffei-ing priors are 

not so well treated. This behavior is reasonable, since 

the data structure begins to look more like one group under 

these conditions. If we let = 0, Theorem II-5 assures 

us that the ILMS decision boundary will be the mean of the 

distribution, p,^. In this case we would have an error 

probability of . 5» 

Moving on to the non-equivariance experiments, the 

comparative error statistics for which are given in Tables 

III-3, III-'l, and III-5, we see that the ILMS algorithm 

begins to suffer, error-wise, with respect to the Bayes 

receiver, as the ratio ^a2//°l^ becomes larger, particularly 

when (P2/P.I.) is large also. That is, when the mixture 

density looks like a large variance, large probability mode 

and a relatively low probability, small variance mode the 

ILMS algorithm perforins poorly. Detailed examination of 

the error statistics, shown in Table III-6 for a typical 

case, show that ILMS clusters a significant portion of the 



Table III-3* Observed error rates for Bayes, ILMS vs. Rg and P2^l* 

R2 
1 2 5 10 • 5 .2 • X 

30 .11/0 .22/.11 • 55/0 1 -3/0 .11/0 0/0 .11/.11 

20 .11/0 •77/.44 1.4/.77 9 .0/.25 .22/0 3 

<M • 
\
 

CO • .15/.16 

10 3.0/2.3 3.6/2.3 14.3/2.8 29 .7/2.1 3-3/2.8 1 .6/1.6 5.0/1.3 

3 13.4/13.5 24.6/16.2 31.2/12.3 38 

0
 • 

CO \
 
0
 11.6/11.4 18 .9/7.8 28.9/4.9 

1 27.8/27.8 31.8/27.2 37.1/16 .2* 43 .2/9.2* 25.3/21.7 34 .9/12.7 42.0/7-4 

• 3 35.3/35.6 39.5/34.3* 46 .2/16 .4* 38 .2/8.8* 38.9/28.0 45 •3/15.1 48.4/8.4 

ILMS error/Bayes error (observed) in per cent 

*Bayes Error = . 

vo 
o 



Table III-4. Observed error rates for Bayes, ILMS vs. R and P /P . 
P cL _L 

P /P 
2' 1 

*5 
1 2 5 10 • 5 .2 .1 

30 .22/0 .22/0 0/0 .11/.11 .11/0 0/0 0/0 

20 1.2/0 •77/.11 1.4/0 16.4/.22 • 55/0 .33/0 .22/.11 

10 3-5/1.1 5-8/1.2 11.0/1.5 28.4/1.2 1-7/.67 .44/.22 2.4/.22 

3 14.5/10.7 20.0/11.5 31.6/10.7 38.9/8.6 9.7/8.3 9.7/4.7 6.0/2.8 

1 21.4/20.9 30.5/24.0 37.5/16.2* 40.4/8.8* 16.5/16.3 11.9/9.2 19.0/5.6 

• 3 30.9/27.6 37.8/29.6 43.8/16.5* 44.8/8.7* 27.4/20.8 35.5/11.3 39-3/6.6 

ILMS error/Bayes error (obs erved) in per cont 

*Baye s Error = P.^ • 



Table III-5* Observed error rates for Bayes, ILMS vs. and Pg^l" 

P /P 
2.' 1 

R10 1 2 5 10 • 5 .2 .1 

30 0/0 • 33/0 • 33/0 (27«2)/0 .22/0 0/0 0/0 

20 .33/0 .66/0 1.1/0 10.7/0 .66/0 .22/0 .11/0 

10 3-6/1 6.1/.9 8.3/1.0 7-7/.22 3-5/1.2 .67/.55 .4/.3 

3 14.4/7-4 19.1/8.85 30.1/8.5 35.2/7.2 8.8/5.8 4.0/3.9 2.1/1.7 

1 22.6/16.8 29.7/19.3 38.0/16. 1* 43.8/8.8* 14.5/12.7 12.5/7.3 4.3/4.1 

• 3 28.1/22.5 36.7/24.2 43.8/16. 65* 45 .6/8.7* 19.0/16.2 28.9/9.6 36.4/5.5 

ILMS error/Bayes error (observed) in per cent 

*Bayes Error = . 
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Table III-6. Detciiled statistics for Bayes, ILMS for 
R10 = 1' VP1 = 10• 

Bayes Error in Per Cent 

Estimated Class 
True 
Class 1 2 

1 0 8.88 

2 0 91 .12 

ILMS Error in Per Cent 

Estimated Class 
True 
Class 

1 8.86 .02 

2 43.84 47.3 

f (x) = .09091 N (x, 0, 10) + .90909 N (x, 10, 100) 

Error difference = 3'1«99% 

Statistics on last 9000 of 10000 samples 



high variance mode in the same cluster as the low variance 

mode while the Bayes receiver classifies all samples into 

the large variance mode. Note that the unsupervised 

algorithm correctly classifies nearly all samples of the 

low variance mode. The decision boundaries and the dis­

tribution which resulted in the statistics shown in Table 

III-6 are shown in Figure III-8. 

If we consider the reverse situation, a high 

probability low variance mode and a low probability high 

variance mode, we find the ILMS approach performs quite 

well with respect to the Bayes receiver. For example, 

consider the detailed error statistics in Table III-7 and 

the density in Figure III-?. We find that the Bayes 

receiver decision boundary and the ILMS boundary are quite 

similar in the region of significant probability density. 

Hence, the error statistics are similar also. 

Before continuing on to two dimensional simulations, 

let us consider the application of the LMSS algorithm to 

this problem. Considering a distribution such as is shown 

in Figure III-.10 for a moment, one can observe that, 

intuitively speaking, the confidence with which a sample is 

assigned to a given cluster expressed as a function of 

distance from the cluster center is a function of the 

tentative cluster membership. That is, the "scale" or 

"shape" of the clusters is different and should be con­

sidered as well as the Euclidian distance. So, we are 
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10000 

Figure III-8. Bayes and ILMS decision boundaries for 
P /P 
2 1 

10. R 
10 

= 1. 
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Table III-7« Detailed statistics for Bayes, ILMS for 

R10 = 1' ̂ 2 1 = 0,1 * 

Bayes Error in Per Cent 

Estimated Class 
True 
Class 1 2 

1 90.71 .422 

2 3.722 5.1'i 

ILMS Error in Per Cent 

Estimated Class 
True 
Class 1 2 

1 90.7 . 4 3 3  

2 3.87 5-0 

f (x) 

Error 

= .90909 N (x, 0, 10) + .09091 N (x, 10, 100) 

difference = 0.15% 



Bayes and ILMS decision boundaries for 
P0/Pn = 0.1, R._ = 1. 



Distribution for R 



presented here with a data structure for which the LMSS 

algorithm has been designed. 

We now must face the problem of obtaining the sub -

2 
population variances, , from which to generate the t^ -

(cr.^) "*" • We have two clioices, both of which pose additional 

problems: 

2 
1. Assume that the are known, _a priori. 

2 
2. Learn the by some type of "bootstrap" procedure. 

If we know, _a priori, the sub-population variances, 

but have no idea as to sub-population means, no obvious, 

well defined procedure suggests itself for making the 

proper association. Clearly, if the incorrect association 

is made, the result will not be desirable. 

Thus, we can assume that we are given starring 

points along with the variances, or that we employ some 

heuristic for making the association. For instance, we 

could begin with both t^ = 1, compute sample variances, 

and at some point make the assignment on the basis of the 

best correspondence between the _a priori and sample 

variances. 

For the simulation experiments, the results of 

which are shown in Tables III-8, III-9, and 111-10, the 

initial cluster center for each cluster was the sub-

population mean. The equivariance case was not investi­

gated since it would not differ from the ILMS version. 



Table III-8. Observed error rates for Bayes, LMSS -with a_ priori variances vs. R 
and P2/P!• 

R2 

P /P 
2' 1 

R2 
1 2 5 10 •5 .2 -1 

• _X_ 

20 .2/. 2 •33/.33 •33/.33 .LI/.22 .22/.22 0/0 1 •1/.55 

10 2.3/2.1 2.4/2.9 3-1/2.7 4.9/1-9 2.3/1.6 6 .6/2.0 7 .4/1.2 

3 17.4/15-3 14.4/13.1 20.1/12.9 25.9/7.8 24.0/13.7 33 • 0
3

 
\
 

• 45 .6/5.0 

1 29.8/27.8 28.0/27-2 29.5/16.3* 31.8/9.3* 34.3/21.7 46 .5/12.7 51 •7/7-4 

• 3 38.5/35-6 37.7/33.8* 35. 0/16.3* 35.2/8.9* 44.4/27 -1 52 .4/14.9 56 .8/8.8 

LMSS error/Bayes error (observed) in per cent 

*Bayes Error = . 



Table III-9* Observed error rates for Bayes, LMSS with a. priori variances vs. R_ 
and P2/P1• 

*5 
1 2 5 10 • 5 .2 .1 

30 0/0 0/0 0/0 0/0 0/0 0/0 0/0 

20 0/.1 .L/ .L .1/0 0/0 0/0 0/0 0/.1 

10 .5/.4 1/1.1  1 •
 

yo
 

S
 

H
 

0
5

 

1 .7/1.1 •56/.56 2 .4/.75 2 •7/.35 

3 12.1/10 •5 11 .6/1.6 12 .8/10.7 13 .6/8.01 16.2/8.3 39 •3/5-2 54 .0/3.0 

1 30.7/21 .1 25 •1/23-5 22 .4/16.1* 23 .4/9.3* 37.4/16.3 54 •5/9-2 67 • 2/5•1 

.3 42.0/27 .8 35 .8/30.1* 29 •5/16.3* 27 •5/8.9* 51.8/20.5 60 •1/11.5 70 .2/6.7 

LMSS error/Bayes error (observed) in per cant 

*Bayes Error = . 



Table 111-10. Observed error rates for Bayes, LMSS with a_ priori variances vs. 

R10 and P2/Pl* 

R10 1 2 5 10 • 5 .2 .1 

30 0/0 0/0 0/0 0/0 0/0 0/0 0/0 

20 0/0 0/0 0/0 0/0 0/0 0/0 0/0 

10 1 .2/1.0 .88/.88 .88/1.0 •55/.22 1 .2/1.2 •77/.55 .88/.33 

3 11 .0/7-5 9-5/8.8 9.0/8.4 8.7/7.2 19 .6/5.8 44.6/3.9 64.5/1.7 

1 27 .4/16.8 25.3/19.4 19.3/16.2* 18.3/8.9* 42 •7/12.8 60.1/7-3 80.3/4.2 

• 3 39 .1/22.5 31.2/24.2 24.0/16 .6* 21.3/8.7* 33 .4/16.2 65.1/9.6 89.6/5.4 

LMSS error/Bayes error (observed) in per cent 

*Bayes Error = . 

H 
O 
DO 
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The results of these experiments indicate that LMSS 

algorithm with _a priori variances performs better than the 

ILMS algorithm in cases in which the ILMS algorithm does 

poorly, that is, when the low variance mode occurs with low 

probability. If the high variance mode occurs with low 

probability this variant does worse than the ILMS case. 

However, with reasonable separation, use of the _a priori 

variances does remove some of the sensitivity to _a prior 1 

probabilities. 

Detailed comparisons of the results obtained for a 

specific, rather extreme, example of each of these situa­

tions are shown in Tables III-ll and 111-12. Comparison of 

Table III-ll with Table III-6 shows that the use of the ix 

priori variances has reduced the error difference in this 

case from 35% to 10.6%. The unsupervised decision bound­

aries are now -10.17 and .45 vs. -co for the Bayes receiver. 

Comparison of Tables 111-12 and III-7 shows that in this 

case the variant using _a priori variances does far- worse 

than with identity transformations. The distributions for 

these examples are shown in Figures III-8 and III-9. 

Finally, note that when the variances are quite 

different, as for ratios of 5 or 10, the LMSS with _a priori 

transformations does provide significant improvement in 

cases where the ILMS does reasonably well--that is for 

R = 10 or better. 
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Table III-ll. Detailed statistics for Bayes , LMSS with -a 
priori variances for Q = 1, ̂ 2^1 ~ " 

Bayes Error in Per Cent 

LMSS with a priori 
Variances Error- in 

Per Cent 

Ti-ue 
Class 

Estimated Class 
True 
Class 

Estimated Class 
Ti-ue 
Class 1 2 

True 
Class 1 2 

1 o 8.878 1 4.6 4.2 

2 0 91-1222 2 14. ]. 77-0 

f (x) = .09091 N (x, 0, 10) + .90909 N (x, 10, 100) 

Error difference = 10.6% 

Statistics over last 9000 of 10000 samples 
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Table 111-12. Detailed statistics for- Bayes, LMSS with 
a. priori variances for - 1, ̂ 2^1 = 

LMSS with a. priori 
Variances Error in 

Per Cent 

True 
Class 

Estimated Class 

1 

2 

11.02 

.25 

80.11 

8.6i 

Bayes Error in Per Cent 

Estimated Class 
True 
Class 

1 

2 

90.71 

3.72 

.422 

5 .l'l 

f (x) = .9091 N (x, 0, 10) + .0909 N (x, 10, 100) 

Error difference = 76.2% 

Statistics over last 9000 of 10000 samples 
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Now, we come to the second alternative, the LMSS 

algorithm with learned variances, with which our real 

interest lies. In this case, we are attempting to learn 

the variarce of each cluster. We "do not have the problem 

of making the correct association, as before, but do have 

the problem of estimating the sub-population variances. 

First, let us note that any estimate that we 

2 
generate of based solely on samples classified in the 

it!) group is necessarily biased. This is not a great short­

coming if the prime purpose is not to estimate the 

parameters of the Gaussian distjribution, but to enhance 

the classifying ability of the algorithm. However, it does 

constitute S. shortcoming so far GC description of the dai-a 

space structure is concerned. 

The first solution which presents itself, and which 

was implemented, is to estimate each variance by a sequen­

tial algorithm using the estimated cluster memberships. 

That is, 

n.+l n. _ 
9 9 1 n 

(a,2) = (a,2) + — [(x - C- ) 3 
i i n. n. D x J 

1 1 (111-15) 

where x is the n. lb sample classified in class i. 
i 
Then, the LMSS algorithm was implemented using, at 

2 the nil' step, the values of obtained by (111-15). 

One obvious problem with such a procedure occurs in 

the first few steps. If the first few samples classified 
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into cluster i falls very close to C^, then the resulting 

2 
estimate of is small. From then on, if there is much 

distribution overlap, cluster i may remain defined with 

this abnormally small variance. 

The procedure which was used to alleviate this 

2 starting problem is to simply define the = 1 for all *L, 

fox' the first few samples. Then, after some predetermined 

number of samples has been observed, we institute the LMSS 

algorithm using the values of determined by (111-15) 

over this limited set. In a sense, we are using the ILMS 

algorithm to generate a starting point for the LMSS 

algorithm. We are then presetting, for the LMSS algorithm, 

the weighting factor, 1/ru , to indicate some degree of 

confidence in this starting point. 

The precise procedure used for these simulations 

was : 

2 
1. Set ai = 1, for all i. 

2 
2. Proceed to classify samples and estimate , for 

all i, until the minimum n^ in (111-15) is 100. 

3« Then, implement the LMSS algorithm, continuing to 

update the a ̂  by (III-15)* 

The above procedure was implemented for the same 

data structures as were the ILMS algorithm and LMSS with 

2 
a priori • The results of these simulations are given 

in Tables 111-13, Ill-l'i, and III-15. 



Tab le  III-13. Observed  e r ro r  ra tes  fo r  Bayes ,  LMSS w i th  l ea rned  va r iances  vs .  R  

and  ^2^1 '  

R2 

P /P 
2 1 

R2 
1 2 5 10 • 5 .2 • i 

30 0/0 .l/.l .1/0 1/0 .1/0 0/0 .32/.02 

20 •32/.31 .44/.44 22.1/.38 1 .7/.25 .28/.25 6/.18 42/.13 

10 3.36/3.14 6.8/3.0 23.1/2.7 56 •5/2.2 3.5/2.6 12 .4/2.0 26.5/1.3 

3 16.1/15.2 19.3/13.1 28.7/12.9 48 •3/7.8 26.3/13.7 33 .4/7.7 53.2/5.0 

l 29.5/27.8 29-1/27.2 34.1/16 .3* 43 .2/9-3* 32.9/21.7 46 .2/12.7 52.4/7.4 

• 3 38.3/35.6 39.6/33.9* 44.6/16 .3* 51 .4/8.9* 45.4/27.1 45 .6/14.9 56.7/8.9 

LMSS error/Bayes error (observed) in per cent 

*Bayes error = . 

H 
O 
00 



Tab le  I I I-14. Observed  e r ro r  ra tes  fo r  Bayes ,  LMSS -with l ea rned  va r iances  vs .  R 
and  

*5 

P /P 
21 

*5 
1 2 5 10 • 5 .2 • J. 

20 .11/.11 .22/.11 2/0 18 •3/0 .22/0 0/0 •55/.11 

10 2.1/.44 2/1.1 4 •7/1.7 45 •9/1.1 •55/.55 3 .4/.75 2.6/.35 

3 10.9/10.7 13 .8/11.4 23 .0/10.5 32 •7/7.8 11.0/8.4 26 •1/5.2 15/3-2 

1 22.6/20.6 26.3/23.9 33 .5/16.8* 44 .6/9.07* 19.6/16.4 56 .9/9.2 61.6/5.7 

• 3 32.2/28.0 36.2/30.1 4l •5/16.7* 4o .8/9.3* 30.3/21.0 49 •3/12.4 55-7/6.6 

LMSS error/Bayes error (observed) in per cent 

*Bayes Error = . 



Tab le  III-15* Observed  e r ro r  ra tes  f o r  Bayes ,  LMSS w i th  l ea rned  va r iances  vs .  R  

and  P 2 / p i -

R10 
1 2 5 10 • 5 .2 T 

* JL 

30 0/0 .1/0 .1/0 • 3/0 0/0 0/0 0/0 

20 0/.2 .03/.03 .4/.03 38 .8/.02 .02/.01 .07/0 •03/0 

10 •73/.53 .99/.69 7.1/.75 33 .2/.71 •91/.67 1.5/.26 44.4/.17 

3 7-8/7.7 10.1/9-5 27.6/8.9 39 .6/7.3 11.0/5-8 21.0/3-6 68.4/1.8 

l 18.8/16.9 27-1/19-4 31.6/16 .7* 39 •9/8.3* 16.5/12.3 56.1/7.1 73-3/3-7 

• 3 26.7/21.4 32.6/23.5 44.4/16 .1* 46 .4/8.8* 4l.6/16.4 66.3/8.9 67.2/5.6 

LMSS error/Bayes error (observed) in per cent 

•Bayes Error = P . 
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Consideration of tlie LMSS algorithm with adaptive 

shape determination reveals that, as might be expected, its 

performance characteristics resemble the variant with known 

variances. However, its performance falls off rapidly as 

the ratio of _a priori probabilities becomes more extreme. 

In other words, when there exist only a relatively few 

samples in one mode, the attempt to extract the variances 

is not successful. 

Secondly, consideration of the LMSS algorithm with 

either alternative under conditions of varying variance 

ratios indicates that significant advantage is gained 

primarily when the variance ratio is large. In other 

words, incorporation of shape information is worthwhile 

only if there exists a significant difference in shape. 

Figure III-ll shows the error performance vs. ̂ ^l ̂ or 

R^q = 10 for the three procedures which have been con­

sidered. The distribution for R = 10, P /P = 1 is shown 
XU x 

in Figure 111-10. 

III-5c Two Dimensional Simulation Results 

To begin the discussion of two dimensional 

problems, let us note that experience in one dimension 

provides significant insight into multidimensional 

problems. For example, for the ILMS algorithm, we saw that 

a high probability, high variance mode tends to "overpower" 

a low probability, low variance mode. We also saw that 



q3> 
I  

; i it/ '.per cent. ;::; LMSS IFPROff, £ - t-rlS. OH 

ERROR, IN P£ff Cf/VTi 

; C:16/)zr/eo I; 

I : I rrn iCM/sso Meijutes). 

CttitTH A P&tff 
Mttuuxes) 

-U-L '••••- 1 i 

/O-C 
PZ/PI • 

Figure 1X1-11. Relative performance of ILMS, LMSS with _a priori and learned 
variances for = 10. H 

H 
CO 
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introduction of the variances, either learned or _a priori, 

via the transformation discussed in Section J.'L-h seems to 

help this situation somewhat, provided that the separatioi 

of the means is greater than two to three standard devia­

tions of the more disperse mode. 

We expect much the same sort of behavior in higher 

dimensional spaces, with the additional complication 

incurred by local minima, discussed in Section III-4. We 

will largely leave the detailed effects of differing £i 

priori probabilities to the one dimensional case and 

consider here the complications introduced in attempting to 

resolve different geometrical configurations. 

Tn Section T.II-'l we discussed four data straoLuies 

exhibiting local minima under the ILMS index. In two 

cases, it was clear which partition was desirable from a 

heuristic standpoint, while in the other two one partition 

seemed as desirable as another. In this section we treat 

six bivariate Gaussian mixtures and so have a standard of 

performance. We will consider examples in which neither 

ILMS nor LMSS can converge to the Bayes partition, as well 

as ones in which such convergence is possible. We will, in 

all cases, refer to the partition yielding the lowest error 

rate as the desired partition, while all others are 

spurious partitions. 

To this end, we will consider the three example 

configurations shown in Figure 111-12 and the effects of 
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CO 
a) b) C) 

Figure 111-12. Three example two dimensional data struc-

application of the different procedures under considera­

tion. No attempt was made to obtain statistically sig­

nificant estimates of the convergence probabilities due to 

the excessive amount of computer time which would have been 

required and the limited value of such data. However, we 

will comment on the apparent probabilities with respect to 

each problem. 

Figure III-12a which has an overall covariance matrix equal 

to l'lO jE, and thus could have resulted from a data space 

transformation similar to that discussed at the end of 

Section III-'l. 

Example I. The mixture distribution is 

tures. 

First we will consider a configuration as in 

f (x) = 0.5 N (x, M1, + 0.5 N (x, M E2) 
(UI-16) 

where M = (-10, 0) 

M2 = (10, 0) 



115 

ko 0 

and E 1 E 
2 

o 14o _ 

i4o o 

T 
hence E (x x ) 140 I. 

0 l40_ 

1 /2 
In the first coordinate, the means are separated by (10) 

standard deviations. Hence, we would expect a fairly low 

error rate from the Bayes classifier. Figure 111-13 shows 

the partition hypcrplane for an instance in which conver­

gence to the Bayes partition was observed and Figure III-14-

shows convergence to a spurious minimum. These two parti­

tions seem to be the only stable and consistent partitions 

for this example. Eleven computer runs were made with this 

example, all with random starting points, and four appeared 

to be converging to the spui-ious minimum, five to the 

desired minimum, and two were undecided after 500 or more 

samples. 

Implementation of the LMSS algorithm with _a priori 

covariances amounts to transforming £ = Ec "to "the form 
X d* 

2 
a I, as discussed in Section III-4. This results in 

convergence to the minima shown in Figure 111-15 in every 

instance investigated. 

In order to implement the LMSS algorithm with 

learned covariance matrices, the covariances were learned 



"A'= true class 1 

'B'-- true class 2 

1000 samples, 200 plotted 

IL.MS error ~ 5.6 % 

Bayes error (observed)-5.4 % 

EACH UNIT on x AXIS >i .looaooooE-oi UNITS 
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igure 111-13• ILMS convergence to desired partition 
example I data structure. 



"A'= true class 1 

B= true class 2 ILMS error =46.1% 

1000 samples, 200 plotted Bayes error (observed)-5.8 % 

EACH UNIT ON X AXIS - .SOOOOOOOE^OO UNITS 
EACH UNIT ON Y AXIS • .1OOOOOOOE*01 UNITS 

32 •50 

ILMS 
'38 

AA 
A AA •27 

AA 

AA 

AB AA AW AA 16 

Baye: 

BA 

1 6  

BB BB 

27 OB 

38 

SO 

Figure III-14. ILMS convergence to spurious partition 
example I data structure. 



7\ = true class 1 

'B- true class 2 ILMS error =17.2 % 

1000 ramples, 203 plotted Rayes error (observed)^ 3.9?» 

EACH UNIT ON X AXIS - .U000000c«01 UNITS 
EACH UNIT ON Y AXIS - .1OOQQ0OOE>01 UNITS 

-50 -•! -3a -23 -14 -5 * 13 22 31 40 -

•23* 

•16* 

A AA 
AAA 

AA 
AA 
AA Bayes AAAA A AA 

AA A 
ABAA 

Qd 
da A3 

(NO 

16* 

23* 

Figure III-15* Partition of example II data structure 
effected by ILMS• 
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by the matrix analog of the one dimensional algorithm 

(III-16), except that, since generation of the transforma­

tions required finding eigenvectors and eigenvalues, to 

save computational time the following procedure was used: 

1. Define the transformations for the first time when 

there are 40 members in the group having the 

smallest number of members. 

2. Update the transformations every 20 samples there­

after, rather than after each sample. 

In this example, it would seem that the learned 

covariance matrix algorithm will tend to the local minimum 

that the first few samples seems to be tending toward. 

This behavior was observed. 

One final note on Example I. Empirically, as the 

variance of the second coordinate is increased, the proba­

bility of the spurious minimum increases. For this 

example, this variance was increased from l40 to 1000 and 

convergence to the desired partition was never obtained in 

several trials. Conversely, a decrease in this variance 

results in an increase in the probability of convergence to 

the desired minimum. Note that either of these situations 
t 

can be transformed to the original problem. Hence this 

transformation would be desirable in one case and undesir­

able in the other. As a general procedure, without a_ 

priori knowledge, it is not to be recommended. 
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Next, we consider the slight generalization to the 

configuration. III-12b. Here we have a simple problem in 

which we know that the partition effected by the ILMS 

algorithm is always subopt.imal . Further, note that this 

problem is transformed to Figure III-12a by the transforma­

tion which takes the data space covariance to the identity. 

The hazards of this procedure were just discussed. 

Ex .ample II. The distribution is of form (III-l6) with 

M = (-10, -5) 

M2 = (+10, +5) 

kO 0 

E1 = S2 = 

. 0 

J. 
hence £ = E {x_ ) 

100. 

i4o 25 

25 125 

It appears that, under ILMS, there exists only one stable 

and consistent partition, which is suboptimal and shown in 

Figure III-15. If we incorporate the _a priori covariances, 

we have again a problem with identity covariance matrices, 

and convergence to the optimal hyperplane shown in Figure 

111-3.6 is observed. With learned covariances, we observe 

convergence to the improved pai'tition shown in Figure 

IH-17. 
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*A'= true class 1 

'D'- true class 2 LMSS error =4.9 % 

1000 samples, 200 plotted Bayes error (observed)*5.1 % 

EACH UNIT Oil X AXIS • .lOOOOOOOE'Ol UMTS 
EACH UNIT OH Y IMS • • 1 OOOOOOOE.Ol UNITS 
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Figure III-16 . Partition of example II data structui~e 
effected by LMSS with _a priori covariances 
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"A'= true class 1 

B- true class 2 LMSS error = 5.2 % 

1000 samples, 20D plotted Bayes error (observed)---4.6 % 

EACH UNIT ON X AXIS • . 10000000C•01 UNITS 
EACH UNIT ON Y AXIS • • 1OOOOOOOE*01 UMTS 

-60 -50 -40 -30 -20 -10 

LMSS 

4 AA A A AA A A 
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A A A  
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A A A  A  A  O A  l i A  A A B < ' A 

H MM d 

due y b B B 
BO BO Q8U 6a 86 B 

Figure 111-17 • Partition of example II datfi structure 
effected by LMSS with learned covariances. 
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Next we come to a more interesting configuration, 

that of Figure III-12c. Here we have a structure which 

cannot be transformed to Ill-12a by a linear transforma­

tion. Further, the Bayes decision boundary is no longer a 

hyperplane. 

Example III. The distribution is of the form (III-16) 

with 

=  ( - 1 0 ,  0 ) ,  

m2 = (10, 0) 

and 

"1000 0 " 

0 10. 

"10 0 

0 1000. 

There appears to be at least two stable and con­

sistent partitions. The desired partition is shown in 

Figure III-18 for the ILMS, III-I9 for a_ priori covariances, 

and in 111-20 for learned covariances. Note the significant 

improvement in performance effected in both cases involving 

incorporation of the covariance matrices. A spurious 

partitioning of this distribution into two "L's" occurs. 

E, = 

= 



'A'-- true class 1 

'B'= true class 2 ILMS error ^26.4% 

2000 samples, 200 plotted Bayes error (observed)-6.4 % 

E A C H  U N I T  O N  X  A X I S  •  , 2 0 0 0 0 O O O E • 0 1  U N I T S  
E A C H  U N I T  O N  Y  A X I S  - .20000000E-01 U M T S  

•50 -40 -39 -20 -10 0 t O  20 30 A O  S O  

-32 A A  

A A A  
Baye: 

A  A A  
A A A A  

A A A  A  

A A A  

A A  A A A  
A  A A A  ]  ILMS 

R Q  
B BAAAAB FL BHO 6 

B B nn BAARcno B ri 
83880H'*T!SAABA0B HBB 

A A  A Q  

A A  

22 
A A  

Figure III-18. Partition of example III data structur 
effected by ILMS. 
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"A'= true class 1 

'B= true class 2 LMSS error =4.9 % 

2000 samples, 203 plotted Bayes error (observed)-4.9 % 

E A C H  U N I T  O N  X  A X I S  *  v ? 0 0 0 0 0 0 0 £ * 0 1  U N I T S  
E A C H  U N I T  O N  Y  A X I S  •  . 2 0 0 0 0 0 0 0 £ « 0 1  U N I T S  

• S O  - 4 1  - 3 2  - 2 3  - 1 4  * 5  

< LMSS 
N  

AAAA A 

AA AA 

B  a  
B  B  H  6 D  0  B  A B  

B O H  H 8 b  6 H  B  6  A ^ N A A R R B B B  6 8  B  B R B 8  
B  B  

igure 111-19. Partition of example III data structure 
effected by LMSS with a. priori covariances. 



'A'*- true class 1 

'13- true class 2 

2000 samples, 203 plotted 

E A C H  UNIT ON X AXIS • .?C00OO00E>01 UNITS 
EACH UNIT ON Y AXIS « .20000000E»01 UMTS 

LMSS -> 

A A A  A  

Bayes 

AAA A 

BBQB eon ab ftnuntn 00 f\n NB BB<IB DD 
6BBFJ eonn 

AA 

LMSS error = 23.6 % 

Bayes error (observed) = 6.9 % 

igure 111-20. Partition of example III data structure 
effected by LMSS with learned covariances 
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We summarize this section by the following general 

observations: 

1. Spurious minima can occur, and in some instances 

with high probability. 

2. Transformations to the identity covariance matrix 

for the data space are not advisable without £i 

priori knowledge. 

3. In situations where the ILMS algorithm does 

reasonably well, incorporation of either learned 

or _a prl ori covariance matrices via the transforma­

tions of Section II-4 can improve the operation 

signif .ic antly. 

'i. If the ILyMC algorithm performs poorly, incorpora­

tion of cither transformation is unlikely to 

improve matters significantly. 

Before leaving this discussion, an observation 

pertinent to actual application of the learned covariance 

variant is in order. In many practical situations, a 

training set is available, or some other means for 

obtaining a within class covariance estimate exists. This 

estimate could be used in the first step of the learning 

proc edure. 
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III-6 A Simple Application to an Adaptive 
Coinmunlc at ion Syst eni 

Let us consider the model of a communication system 

shorn in Figure 111-21. The transmitter transmits during 

the time interval (0,T) a signal s^(t) with probability P, 

or Sg(t), with probability P^. Now, given that the receiver 

has time synchronization, it must decide on the basis of 

the received signal, x(t), whether the transmitter sent 

s1(t) or s_(t). We shall consider receivers that operate 
X tL 

on the sampled data representation of the received wave­

form. For simplicity's sake, let s^Ct) = 0, and let n(t) 

2 
be white Gaussian noise with zero mean and variance a . 

Then if we consider the ideal observer detection scheme 

(discussed in Chapter- II) with respect to this problem, it 

can be shown (l8) that the optimum receiver, from this 

standpoint, calculates the statistic 

i* = xH (111-17) 

which is easily seen to be distributed as 

P (p. | S) = N(u, AE, a2E) 

P (jJ,|o) = N(u, 0, ô E) , where E = Ŝ S 

and compares it to the'bias 

a2 log (p2/pj ̂ 
(III-18) 

A 
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Channel 

Transmitter s(t) Gain A, Sampler S1+N Receiver 

sjX) Additive Noise 
S^N 

Figure 111-21. A communication system model. 

if (j, > b, choose x = s 

< li, choose x = n. 

Thus, the optimum receiver- structure is as shown in 

Figure 111-22. While this solution is mathematically 

simple and the physical realization is straightforward, 

the applicability to real communications problems is 

questionable on several points; 

1. The receiver and transmitter must be in time 

synchronism. 

2. The receiver must have a stored exact replica of 

the sampled transmitted waveform, in order to form 

the statistic X^S . 

3. The receiver must have _a priori knowledge of the a_ 

priori probabilities, the noise variance, and the 

channel gain in order to calculate the bias 
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>o =»s 

<o •=& t\ 

Figure 111-22. Optimal receiver structure. 

(III-18). The latter two items, in particular, 

might be difficult to ascertain. 

3'. If the _a priori probabilities, and P^, are equal, 

then the channel gain alone is needed to calculate 

the bias, (III-18). 

'i. The noise must be additive, Gaussian and inde­

pendent or transformable to independent (pre-

whitening). 

Examination of the foi~in of (III-18) reveals that if 

P^ = Pg = 1/2, _a priori, then the noise variance need no 

longer be known. Ilence, condition 3' replaces condition 3* 

The effects of nonequal priors can be extrapolated from 

Section III~5b. 

Hancock and Wintz (l8) discuss methods for estima­

tion of the channel gain A so that a bias estimate can be 

calculated. The methods proposed are: 
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1. Since E (u|.S) = AE, calculate over the past IC 

signalling intervals which resulted in the decision 

that S was sent the estimate of b 

6 = = 2 ^ + (111-19) 
i = l 

H* Hci'e is the value of JJL in the i!i of the past K 

intervals in which it was decided that S was sent. 

The procedure is an example of what is termed a 

decision directed measurement. 

2. Note that under the assumption = 1/2, 

b = E (p.) . 

Thus, the sample mean is an unbiased estimator of 

the optimal bias. So, we simply calculate 

„ , K 
b = •£• £ u. (III -20) 

1=1 

where jj,^ is the value of |a in the ilb of the K past 

intervals, without respect to the decision. 

Hancock and Wintz (l8) refer to this type of 

estimation as a non-decision directed measurement. 

In both cases, it is necessary to obtain initial 

estimates of b in order to start the procedure. A reason­

able technique would be to generate this starting point by 

averaging a fixed number of initial samples. 
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Let us consider the decision directed version, in a 

sequential form, fox- the first few samples after start-up. 

A 
If b is the estimate of b after the nil* sample, we have 

11 ' 

ft ft 1 ft 
b , , = b + 777 -rpr (u, - b ) 
n+l n 2 In +1) rn n 

s 

if 

or 

if 

a > b 
•n n 

b = b 
n+l n 

u < b rn n 

where ng = number of samples classified as signal, and 

n < K. 
s 

We observe immediately that this sequential form 

looks very similar to the accelerated one dimensional ILMS 

algorithm discussed in Section III-3, except that we are 

estimating only one parameter. In fact, we are actually 

estimating the mean of the signal related distribution, and 

using the relation 

b = AE/2. 

Thus, the decision directed algorithm could be 

considered as an accelerated ILMS algoritlim with one 

cluster center known _a priori. We saw in Chapter II that 

the cluster centers as estimated by ILMS are biased 



133 

estimates of the sub-population means. However, for equal 

priors, these biases cancel, and the decision boundary 

estimate is unbiased. So, for this case, we would expect 

that the estimated cluster center is still biased, and 

hence the decision boundary is suboptimal. 

After ng = IC, this interpretation no longer applios 

exactly, since we now have 

bn+l = bn + 2K ^n ~ ̂ n-K^ 

if LI > b 
^n n 

= b otherwise 
n 

+ 
Where ur,_^ is the KU> past sample resulting in a signal 

decision. We would still expect a biased estimate if any 

of the past IC classifications resulting in a signal deci­

sion was in error. 

Now, let us reconsider the non-accelerated version 

of the ILMS algorithm and let 

n , n 

C - 1 + 2 

n 2 

then, we have 

n+1 • + tS + " 'SJ)/2 

+ 2(n+l) "" ^2} 
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*'n + 2(n+1) (̂ n " ̂  

In a sense, this algorithm implements a non-decision 

directed measurement, since a correction of the decision 

boundary is made in response to each received sample 

regardless of the decision. However, the manner in which 

the correction is made is a function of the decision. 

The sequential version of the non-decision directed 

technique is 

for all n < K. 

In both algorithms, the (n+1) lb boundary moves 

toward the n't sample by an amount weighted by (l/n+l). In 

one case, the amount is the difference between the nil1 

A 
sample and b^. In the other case, it is one-half the 

difference between the n!i sample and the appropriate 

cluster center. Thus, the algorithms are not the same, 

but are similar, up to the Ktt sample. After the ICU-1 sample 

the non-decision directed measurement becomes 

b 
f 
n+1 

b 
n+1 IC ^n ^n-K^ ' 
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which is always an unbiased estimate if started at an 

unbiased point. 

Viewed from this standpoint, we would expect the 

decision dii-ected variant to be biased, but more efficient 

with respect to number of samples than the unbiased non-

decision directed measurement. Further, by not using our 

ji priorj. knowledge of one mean, the decision directed 

version becomes the one dimensional equivariance case 

investigated at length in Section III-5a. It is interesting 

to note, that by not using this prior information an 

unbiased estimate can be obtained. 

We will now consider the specific estimates (111-19) 

and (111-20) in some detail. We will present simulation 

results to demonstrate the relative merits of the two 

techniques. 

To begin with, we state a simple result observable 

from the sequential form of the decision directed measure­

ment. A proof is given in Appendix C. 

Theorem III-4. The estimate (111-19) is a biased 

estimate of b, (III-18), for all K and some n. 

Note that Theorem III-4 states only that the 

sequence of decision boundaries are not unbiased estimates 

of b for every n. This does not preclude oscillatory 

behavior about b, with expected value b. That is, we have 

established that E (b ) /• b, for all n, but E (b ) = b for 
11 ' ' n 
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some n is not precluded. We will not attempt to establish 

here that the expected value of b is (at least asymptot­

ically) independent of n, but will suggest this as a 

conjecture with justification left to experimental results. 

Con.j ectur c: 

1. The sequence of decision boundaries 

0̂ ' ̂ 1' * ' * **n * * * ̂  

has, for sufficiently large n, the property 

E (b±) = E (bj) , i , j > n, 

2. The estimate bias 

E (b.) - b = e, is independent of K. 
l b 1 

3« As S/N >• co 

E (b) S* b 

While these three statements will be substantiated 

experimentally, a result of the proof of Theorem 1II-4 is 

that 2 and 3 follow from 1. Note, however, that the 

variance of the estimate (111-19) is certainly a function 

of It. 

As experimental justification for- statements 2 and 

3 we offer Table III-16 to compare the effectiveness of 

this procedure with the Bayes (theoretical) error rate. 

Table III-16 shows the observed correct classification 



Table XII-16. Observed error performance for Bayes receiver, XLMS, and a decision 
directed measurement scheme vs. signal-to-noise ratio. 

S/N 
(db) 

Bayes 
Predicted 

Bayes 
Obs erved ILMS 

Decision Directed Measurement 

K=20 K=10 K=5 K=2 K=1 

-20 db . 5 6 2 8  .5631 .5652 •5583 •5577 .5562 • 5555 •5509 

-7.95 .6240 .6240 .6229 .6l8l .6l6l .6143 . 6 1 1 3  . 6 0 5 6  

0 .6915 .6914 .6902 .6813 .6818 .6808 .6764 .6677 

6 .02 .7602 .7648 .7648 .7688 • 7595 •7573 .7524 .7428 

12. 04 .8413 . 8 3 8 6  . 8 3 8 9  .8352 • 8339 .8317 . 8 2 1 1  .8110 

20.00 .9430 • 9429 • 9411 .9389 .9386 • 9374 • 9315 • 9197 

K equals number of past samples. 

4 
Correct decision probability estimates after 10 samples tabulated 

H 
U> 
-vj 
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Zj. 2 'i 
percentage over the last 3.0 - 10 samples in a 10 sample 

record for the S/N ratios investigated. Note the good 

correspondence between the theoretical Dayes error rate and 

that observed. Further, note that the decision directed 

measurement technique using only one past sample was always 

within of the Bayes receiver This suggests that in 

situations in which the assumptions made here are satisfied 

that implementation of the more complex schemes with K > 1 

may not be worthwhile unless the best possible error 

performance must be obtained. 

average decision directed measurement decision boundary is, 

at least approximately, independent of A. Table 111-17 

verifies that the average decision boundary is not a 

function of the number of past samples. 

The non-decision directed measurement (111-20) is 

less difficult to analyze. Since, in this case only, 

b = E (jo,) 

(111-20) is an unbiased estimate of b with variance 

Examination of (111-21) reveals an interesting property of 

the non-decision directed estimate. Suppose that we 

rewrite (III-21) as (111-22) 

The results shown in Table 111-17 indicate that the 

Var (b) =|rVar ((j.) (111-21) 



Table III-17- Decision boundaries for ILMS and a decision directed measurement 
scheme vs. signal-to-noise ratio. 

S/N 
(db) 

Decision Directed Measurement 
S/N 
(db) Bayes ILMS K=20 K=10 K=5 K=2 K=1 

-20 5 3-5596 20.116 20 .167 20.120 20.204 20.273 

-7-95 5 5-5252 1 1 . 1 8 8  1 1 . 2 6 3  11.202 11.265 11-354 

0 5 5.596 7-905 7.983 7.976 7-968 7.968 

6. 0 2  5 5-148 6.4p4 6.481 6  . 5 1 1  6.478 6.498 

12.04 5 5  . 0 6 1 2  5  . 6 0 6  5 . 5 9 6  5  . 6 2 6  5 . 6 1 1  5  . 6 2 0  

2 0 . 0 0  5 5-048 5.081 5 - 0 9 0  5 .086 5 . 0 8 1  5-07 

K equals number of past samples, AE = 10. 

Estimates 
4 

over 10 sample record. 

H 
U5 
\D 



i 4o  

2 / /A2E \/l\. 
a 2t 

Var (1.) = ^1 -—'J— = ° E(̂ -|'R/̂ ) (111-22) 

where R is- the received signal to noise ratio. If we let R 

grow large with respect to 4, we have the approximation 

(III-23) 

Var (b) = (°4K)" = (2^) (F} (111-23) 

Thus, we observe that, for lai"ge S/N ratios, the 

estimate variance does not approach zero for fixed K. 

This is entirely reasonable from the statistical viewpoint 

since the S/N ratio going to infinity does not force the 

population vax.Lanee--which determines the variance (IIX-2.L) 

—to zero. 

Looking at the problem from another angle, we see 

that the probability that the last IC samples came from 

noise alone is 

i K p = <|) 

which would result in, for this sequence, 

E (bK) = 0 

and a probability of error on the next sample of 

P(error) = Prob ((j, > b |noise) (i) 
IV. u 

+ Prob (|A > b | signal) (-j-) 
K £ 
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which for large S/N approaches 

P (error) = (.—) (i) + (0+)(i-) ~ ̂  

where 0 is a negligible positive quantity. Note that the 

last IC samples could have originated from signal, so the 

same argument would apply. For 1 irge S/N ratio, we would 

expect that if one or more of the last K came from a 

different source than the rest, that the decision boundary 

would be "good enough" to provide a low error probability. 

On the basis of this intuitive argument, it would be 

expected that 

n K K+1 
Pjerror) = (~) (2)(£) = (i) (111-24) 

lv -X 

for lai~ge S/N. Experimental results given in Table III-18 

seem to verify this argument. Hancock and Wintz (l8) 

suggest that the error rate does not go to zero. We 

suggest that tiae error rate goes to (111-24). 

We shall terminate this discussion with an observa­

tion ox- two. Firstly, the decision directed measurement 

proposed by ( l8) is always suboptinial but performs well. 

In particular, if only one past sample is used, the 

perfoi-mance is, to this'^ author, amazingly good. Applica­

tion of the T.LMS algorithm would result in an optimal 

receiver, but a more complex one. 
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Table III-18. Observed error rate vs. number of past 
samples of a non-decision directed measure­
ment scheme for sifinal-to-noise ratio = 
80 db. 

K Error 
, K+l 

1 .2473 . 2500 

2  .1212 .1250 

3 .06l4 .0625 

4 . 0 3 0 3  .0312 

5 .0147 .0156 

6 . 0 6 8 2  .00781 

7 .0043 .0039 

8 .0025 .0019 

9 .0014 .0009 

10 . 0 0 0 7  • ooo4 

K equals number of past samples. 

4 
Error probability estimates over 10 samples tabulated. 
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In view of the error performance vs. signal-to-

noise ratio of the non-decision directed variant for small 

K, it seems definitely inferior to the decision directed 

version. ILMS yields an unbiased estimate without the 

shortcomings of this procedure. 

Finally, ILMS can be applied in the n-dimensional 

case without knowledge of the signal, thus removing 

restriction 2 discussed at the beginning of this section. 

However, for low S/N ratios and a large number- of dimen­

sions, convergence is extremely slow, unless a good start­

ing point is given. For instance, a five dimensional 

simulation with a S/N ratio of 6.0 db, corresponding to a 

Dayes error rate of approximately 25%, was conducted. 

After 3000 samples the ILMS algorithm was operating at an 

error rate of 34%. While the ILMS algorithm was steadily 

improving, the rate of such was extremely slow—from 42% 

error after* 1000 samples to 3'*% over the last 1000 at the 

3000 sample point. A ten dimensional example at a 6.0 db 

S/N r at i o was much worse. 

Thus, ILMS in n-dimensions is not attractive unless 

a good starting point is known, or the S/N ratio is high. 



CHAPTER IV 

ITERATIVE METHODS 

IV-1 Introduction 

In Chapter III, we were concerned with sequential 

algorithms applicable to cases in which the data set is 

presented one sample at a time for an indefinite number of 

samples. We examined some particular examples for the 

purpose of gaining knowledge of the actual problems 

encountered in the use of this algorithm. We considered 

an application to an adaptive communication system. 

In this chapter, we are concerned primarily with 

a type of problem often encountered in the real world 

pattern recognition environment. We shall consider the 

applicability of an iterative form of the GLMS algoi-ithm 

to this problem both with simulated problems and a real 

world problem. Also, comparison of the relative perform­

ance of the GLMS algorithm and two heuristic unsupervised 

techniques will be made. 

A typical, real world, pattern recognition problem 

with which we will be concerned falls into the following 

format. A number of measurements are made upon a fixed 

set of objects and recorded. The recorded data are 

numerical, but some of the measurements may be a numerical 

Ikk 
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representation of an essentially non-numerical quantity. 

Fox- instance, the investigator may record a one, if the 

object possesses a given quality, and a zero if it does 

not. 

If we consider the set of measurements 011 a given 

object as a point in n-space, we see that the situation is 

quite different from the signal detection type problem 

considered previously. Now, as was discussed in Chapter I, 

if we try to impress a probabilistic structure upon this 

problem the result is a very unwieldy situation indeed. 

Because of this difficulty, the approach usually taken is 

to simply apply a procedure and evaluate its performance by 

some cALui'hcii unmrioni 

Quite often, the investigator has tentative _a 

priori classes for at least a subset of the objects, 

although some of these may be in error. In other cases, it 

is often of interest to see whether a set of measurements 

can be used to predict a measurement not in this set. So, 

we may have numerous possibilities in practice for evaluat­

ing a particular grouping. 

In practice then, one of the functions of unsuper­

vised techniques in pattern recognition is, as mentioned 

in Chapter I, to assess the morphology, or structure, of 

pattern space. That is, if we apply a clustering algoi-ithm 

to a data set, and we find that our _a priori subset is 

reasonably well separated by the cluster assignments, then 



146 

we feel that the measurement set may be valid. Or, even in 

the absence of such a_ priori information, we may apply 

several different algorithms and compare the resultant 

groupings. If the groupings a.re consistent, we feel that 

the delta space has distinct structure to it. If not, then 

we are less confident. 

Let us begin this discussion with the reconsidera­

tion of the performance index (1-10) designated in Chapter 

II as the ILMS index. Up to this point we have been con­

cerned with minimization of this index defined as an 

expected value. In the situation with which we are 

presently concerned, our sole information about the data 

otruc Lui c is c wilt tLtiuiied in a fj-iixLe jiumuci uf samples. 

Thus , the analogous .index would be 

K (£) = ̂  S Min |x. - C.J2 (IV-1) 
J i J 

where N is the number of sample points. 

Note that (IV-l) is not an expected value but a 

statistic. Rather than expressing the mean squared 

distance to the closest cluster center, it is an arithmetic 

average squared distance. Further, if the sample set is 

known, (IV-l) is an ordinary and totally specified function ' • 

of Whereas we applied stochastic approximation pro­

cedures to minimize a regression function in Chapter III, 

we may now use a more ordinary technique, steepest descent. 
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For consideration of this type of data set, we 

shall refc-r to (IV-2) as the LMSS index, if the transforma­

tions, T\. are as described in Section II-4, and as the 

ILMS index, if the T. are all identity transformations. 
' 1 

K E Min lTi (2£- " liM2 (IV-2) 
j i J 

IV-2 Steepest Descent Minimization 

In this section we are concerned with the applica­

tion of the optimization procedure known as steepest 

descent (37)• Suppose that we have a reasonably well 

behaved objective function of N real variables, 

y = y (x), 

which it is desired to minimize. It seems reasonable that 

if we always move in the direction of the negative of the 

gradient that we may ultimately achieve a minimum. That 

is, given a point x , 

x n = x - a Vy (x)| (IV-3) 
—n+1 —n n J — 'x=x 

— —li 

where a is a scalar known as the n^ step size, 
n 1 

We desire to relate the heuristic iterative 

algorithm (1-4) (Nagy's algorithm) to a formal minimization 

procedure applied to the ILMS index. It will be seen that 

straightforward application of algorithm (IV-3) with y(x) 

being the ILMS index (IV-2) does not quite result in Nagy's 
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algorithm. We can, however, generate Nagy's algorithm by 

allowing a to become a linear transformation A . To begin & n n 

with, let us consider Theorem IV-]. 

Theorem IV-l Application of the steepest descent 

algorithm (IV-3) to the ILMS index (IV-l) results in the 

algorithm 

2a Nn 2a 
r* ̂  /* t -% n X ̂ n n / rir r \ 
£i = ii (1 N—} •h IT s

nn iv-5) 
xeDV 

for till i = 1, 2, ... R where is the number of elements 

rxn in D. . 

Proof: Write (.IV-2) with T_^(.x) = x as 

K (O = i { E lx-^12 + E U-C2|2 

xgDj ~gD2 

+ 2 |x-CR|2} 
XCDr 

Now, considering x~7— where . C. is the it'-1 coordinate of the 
' 6 . C . i j 

i j J 

j Hi centroid. We have 
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Thus , 

viLjK = n  ̂ Sn (xl"l̂ ĵ ' Sn (x2~2̂ j)' 
£gD1 —e°2 

•  •  •  s  ( ^ 3  

—eDR 

and, we have 

I I 
VIK  = (V£N

K  I V£2
K  I • ••  VIRK )  

l i 

A steepest descent procedure for minimization of (IV-2) is 

£n+1 = £n - an 7CK (Cn) 

or, 

I I 
,n+l ,n 
Cx = C." - a (VC"K I VCJK ... IVCJO 

which, if we look at the jii» centroid, is 

Cn+1 = C" - a (#) ̂ CnK 
— —J n N —j 

and, if we look at the ill' coordinate of 
0 

11 2a 
„n+l ,11 11 , r  ̂

icJ = icJ + — £JD» l*i - xv 
J 

2a N1? 2a 
_ C

n (1 - 2-1) + S x - iCj N N =Dn Xi 

J 

where N1? = number of xeD1^. 
J - J 
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Henc e 

£n+1 = C" (1 
J J 

for all j = 1, 2, ... R. 

Consideration of (IV-5) reveals that, for any 

single choice of i, we can choose 

N 
an ~ 2N . n 

1 

and, for that specific i (IV-5) looks like Nagy's algorithm. 

In general then, if we associate a different value of a 

with each cluster center 

(IV-5) becomes Nagy's algorithm. 

Wilde (39) noted that the direction of "steepest 

descent" is scale dependent. That is, if the gradient 

direction in IC dimensions is 

where the c. are positive constants, can be the line of 
x ' ' 

steepest descent after a change of scale. 

If we allow a in (IV-5) to be a function of i, in 
n ' 

essence we define a scale change at each step by a diagonal 

1 P2 ' ' " ' ^ 

then 

c£ = (clPl' C2P2' ckPk)' 
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transformat ion having the first lc elements equal to a , 

2 R 
the second k, a , up to the last lc being a , where k is 

' n ' a n ' 

the diniensrionality of x, R is the number of clusters, and 

a 1 is as defined in (IV-6). While such a procedure cannot 
n 

strictly be called a steepest descent procedure, it is a 

gradient search procedure. 

Suppose that we consider a one dimensional variant 

with this sort of scale change. 

_ 2a1Nn 2a1 
„n+l „n , „ n xn , Tir C± = C± (1 N + — x (IV"7) 

xeD. 
x 

for all i = 1, 2, ... R. 

Now it is possible to determine the optimal step size. 

Theorem IV-2 If the algorithm (IV-7) is applied to the 

minimization of the univariate ILMS index, the optimal step 

size is 

i N 
an ~ 2N . n" 

x 

2a1 
Proof: Let X. = • ^,n 

x N 

Then, 

..n+l ,,n ,, , ..nv , „ 
ci = ci (1 - + x± £

n„ 
xeD. 

x 

for all i = 1, 2, ... R. 
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Let us write the ILMS index as 

K Un+1) = E E (x - en+1) 
i=l xeD" L 

We wish to maximize K ( "* ) by appropriate choice of X^. 

Let us consider 

8cn+l 

If: (in+1) = 77n+l ' -§T- = * -2(x-Ci)n+1  

X X Xe i 

(-CiN'i + V x) 
xeD. 

i 

which is zero if 

-n.,n _ - C - N - +  2  x  =  0 .  
* x x nn xeD. 

x 

which implies 

,.n+l 1  ̂ , 1 i N C. = E x: X. = ; hence a = . 
1 N? xeD1.1 1 Nn n 2N1.1 

x x x  x  

Thus we see that the step size and scale change 

which results in the intuitive Nagy's algorithm has a 

certain optimality to it, when viewed from this standpoint, 

The argument above could be applied to each coordinate to 

establish the optimality of the multivariate version. 

Now, let us consider the application of this 

algorithm to the LMSS index. The T^, as defined in 
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Section Il-'i, consist of rotations and scale changes, 

dependent upon the tentative cluster assignment. The scale 

change will result in nonoptimality of the step size 

whereas the rotation will have no effect. Hence, as in 

Chapter III, the simple algorithm for updating the cluster 

centers remains effective, although perhaps non-optimal. 

The only change is the method for determination of class 

memberships. 

We will delay the procedure for obtaining 

covariance matrix estimates to the next section. 

We wish to emphasize one point before consideration 

of some examples. This algorithm is deterministic. That 

is, givun the uala set and the starting points the final 

partition is determined. This algorithm exhibits the same 

sort of local minima behavior as did the sequential version 

studied in Chapter III. However, with a fixed data set and 

fixed starting points, it is not proper to speak of 

probability of convergence to a specific minimum. This is 

one point in favor of a randomized starting point proce­

dure, which will be discussed in the next section. 

IV-3 Application 

IV-3a Procedure 

We do not desire to repeat here for the finite data 

case the work which was done in Chapter III. Instead, this 
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section is oriented towards application of this algorithm 

to some sample problems. We will consider, for illustra­

tions sake, a few two dimensional problems and will 

consider the apjalication of this algorithm to a pair of 

real world data sets. The incorporation of learned 

covariance matrices into this algorithm will be discussed. 

Some of the results in this section are examples 

of the operation of the pi*ograni UNSUP. UNSUP is a collec­

tion of subprograms which implement unsupervised clustering 

algorithms, one of which, PINDEX1, implements the IMLS or 

LMSS algorithm. UNSUP also includes various data pre­

processing and feature selection routines, along with some 

routines designed to aid the uacx in uvalualion of the 

performance of a given algorithm. UNSUP is discussed in 

some detail in Appendix C. 

This opportunity will be taken to compare the 

relative operation of this algorithm with two effective 

heuristic algorithms, CLUSTER and HOMTEST, which are 

included in the UNSUP package. CLUSTER and HOMTEST are 

both described in detail in Appendix C. 

Since UNSUP was written under the assumption that 

the most a_ priox-i information which would be available 

would be sample classifications (perhaps none), no provi­

sion for incorporating a^ priori covariance matrices was 

incorporated. Thus, the only variant of the LMSS 

necessarily uses learned covariance matrices. The 
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application of this procedure is problematic enough in 

itself. The bootstrap procedure for the sequential LMSS 

involved taking sufficient sampler under ILMS so that the 

estimates of within group covariauce was reasonably good. 

However, in the problem here, we find that this many 

samples may not exist. 

The procedure used was to: 

1. Apply the iterative ILMS algorithm until a 

minimum is obtained. 

2. Calculate the cluster sample covariance matrices, 

and from them the transformations. 

3 • Holding the transfoi-mations fixed, iterate until a 

minimum is reached. 

k. Repeat 2 and 3 until a transformation redefinition-

minimization sequence results in no further 

reclassifications. 

IV-3b Simulated Data Examples 

To begin with, we shall consider a data set con­

sisting of 50 samples from the distribution considered in 

Example I of the two dimensional simulations of Chapter III. 

Example I 

f (X) = 0.5 N (X, M1, + 0.5 N (X, Mg, Eg) 



156 

where 

M = (-10, 0) 

m2 = (10, 0) 

and 

"'±0 0 

S1 = S2 

0 l'l0_ 

Due to the random starting point feature of the ILMS 

algorithm as implemented in PINDEX1, it is possible to 

observe convergence to local minima. Of course, this 

distribution provides a good example for demonstration of 

this feature. Figure IV-1 shows convergence to the 

desj.red partition and Figure IV-2 convergence to the 

spurious partition. Since this data set consists of a 

rather small set of samples, we cannot expect the parti­

tion to correspond well to that obtained in the large 

sample cases considered in Chapter III. 

Both CLUSTER and H0MTEST were applied to this 

problem. This particular data set provides an example 

of a case in which CLUSTER does not achieve a dichotomy. 

That is, the hierarchical procedure implemented by 

CLUSTER does not resolve the data set into two groups at 

any point in the process (see the discussion of CLUSTER in 

Appendix C) . II0MTEST, with a recombination parameter of 

0.5 leaves a sizeable proportion of the data points 
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"A'= true class 1 

'B'= true class 2 

EACH UNIT ON X AXIS » 
EACH UNIT OH Y AXIS A -f.2 -31* 

• 50000 00 0C* 00 UNITS 
• 10030 00 QE+ 01 UNITS 
-26 -16 -10 

A 
. 6  2 2  30 

ILMS 

Bayes-

0 C 

Figure IV-1. Desired partition effected by ILMS on 
example I sample. 



'A'= true class 1 

'B'- true class 2 

EACH UNIT ON X AXIS « .50000000E»00 UNITS 
EACH UNIT ON Y AXIS = •1000000CE»C1 UNITS 

-50 -U2 -3«. -26 -18 -10 

Figure IV-2. Spurious partition effected by ILMS on 
example I sample. 
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unclassified and places the remainder in a single class. 

The results of CLUSTER and IIOMTEST are tabulated in 

Table IV-1. 

For this problem, PINDEXl required 0.242 seconds of 

computation time, CLUSTER 7*^7 seconds, and IIOMTEST 11.226 

seconds. Note also, for any pi" obi em, PINDEXl requires 

essentially storage for each data point while CLUSTER and 

HOMTEST require storage in addition to this on the order of 

the square of the number of data points. A better compari­

son of storage requirements is given in Appendix C. 

Next, let us consider an example of the type shown 

in Figure III-12b again with 50 data points, 25 from each 

class. 

Example II 

f (x) = 0.5 N (x, M , + 0.5 N (x, Mg, Eg) 

where 

M3 = (-10, 5) 

M = (10, 5) 
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Table IV-1. Comparative performance of CLUSTER, HOMTEST, 
and ILMS on Example I 

Point 
Identifi- a. priori CLUSTER HOMTEST ILMS 
cation class assignment assignment assignment 

1 1 1 1 1 
2 1 1 0 1 
3 1 1 1 2 
k 1 1 1 2 
5 1 . 1 1 2 
6 1 1 1 2 
7 1 1 0 2 
8 1 1 0 2 
9 1 1 1 2 
10 1 1 1 2 
11 1 1 1 2 
12 1 1 1 2 
13 1 1 0 2 
14 1 1 1 2 
15 1 1 1 2 
16 1 1 I 2 
17 1 ]. 1 2 
18 1 1 0 2 
19 1 1 0 2 
20 1 1 0 2 
21 1 1 0 2 
22 1 1 1 2 
23 1 1 1 2 
2 k 1 1 1 2 
25 1 1 1 2 

151 2 1 1 1 
152 2 1 1 1 
153 2 1 1 1 
154 2 1 1 1 
155 2 1 1 1 
156 2 1 1 1 
157 2 1 1 1 
158 2 1 1 2 
159 2 1 1 1 
160 2 1 1 1 
l6l 2 1 1 1 
162 2 1 1 1 
163 2 1 1 1 
l6'i 2 1 1 1 
165 2 1 0 1 
166 2 1 1 1 
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Table IV-1.--Continued 

167 2 1 1 1 
168 2 111 
169 2 111 
1 7 0  2  1  1  1  
1 7 1  2  1 1 1  
1 7 2  2  1  0  2  
1 7 3  2  1  1 1  
174 2 111 
175 2 111 
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and 

40 0 

.  0  l4o_  

40 0 

S2 = 

. 0 l'lO. 

Figux-e IV-3 shows the separation affected by the 

ILMS algorithm. Figure IV-'a shows the separation affected 

by the LMSS algorithm after it is allowed to run to 

completion. 

This example provides a case in which the results 

obtained by CLUSTER and ILMS are quite similar. HOMTEST 

grouped most of the data in cluster 1, left a few points 

unclassified, and placed one point in cluster 3* The 

comparative performance of CLUSTER, HOMTEST, ILMS, and LMSS 

is given in Table IV-2. 

We will conclude the consideration of simulated 

data sets with an example consisting of samples from a 

distribution of the type shorn in Figux~e III-2c. 

Example III 

f (x) = 0.5 N (x, M1? S1) + 0.5 N (x, Mg, E2) 
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'A'= true class 1 

'B- true class 2 

EACH UNIT ON X AXIS * .10030000C«01 UNITS 
EACH UNIT ON V AXIS a .1C000OOOE»01 UNITS 

12 21 30 

Figure IV-3. Partition effected by ILMS on example II 
sample set. 



'A'= true class 1 

'B'= true class 2 

- 6 0  
- 3 0 * —  

EACH UNIT ON X AXIS *  .  10000000E»01 UNITS 
EACH UNIT ON Y AXIS *  •10000OOOE*01 UNITS 

-51 -<.2 -33 -Z<« -15 -6 12 21 

Figure IV-4. Partition effected by LMSS on example 
sample set. 
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Table IV-2 . Comparative performance of CLUSTER, HOMTEST, 
ILMS , and LMSS on Example II. 

Point IIOMTEST CLUSTER ILMS LMSS 
Identifi­ A priori Assign­ As. sign- Assign­ Assign­
cation Class ment ment ment ment 

251 1 1 1 1 1 
252 1 1 2 2 2 
253 1 1 2 2 2 
25'i 1 1 2 2 2 
255 1 1 2 2 2 
256 1 1 2 2 2 
257 1 1 2 2 2 
258 1 1 2 2 2  
259 1 1 2 2 2 
260 1 1 1 1 1 
26.1 1 1 1 1 1 
262 1 1 2 2 2 
263  1 1 2 2 2 
264 1 1 2 2 2 
265  1 1 2 2 2 
266 1 1 r\ 2 2 
267  1 0  1 1 1 
268 1 1 2  2 2 
269  1 1 1 1 1 
270  1 1 2 2 2 
271 1 1 2 2 2 
272 1 1 1 1 1 
273 1 1 2 2 2 
274 1 1 1 1 1 
275 1 0 2  2  2 
426 2 1 1 1 ]. 

427 2 1 2  2  2 
428 2  1 1 1 1 
429 2 0 1 1 ]. 

430  2 0 1 1 1 
431 2 1 1 1 1 
432 2 0 1 1 1 
433 2  0 1 1 1 
434 2  0 1 1 1 
435 2  '• 3 2  1 1 
436 2  1 1 1 1 
437 2  0  1 1 1 
438 2  0  1 1 1 
439 2 1 2  1 1 
44o  2 1 2  1 1 
44l 2 1 1 1 1 
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(-10, o) 

(0, 10) 

"10000 o" 

0 .10. 

".10 0 

. 0 10000. 

Figure IV-5 shows the separation effected by ILMS 

and IV-10 the separation effected by LMSS. 

Again, we have an example in which CLUSTER and ILMS 

perform in a similar fashion. IIOMTEST, while continuing to 

leave a number of points unclassified, performs somewhat 

better in this case. The results of the four procedures 

are given in Table IV-3-

IV-3c A Real World Data Set 

Now, we will consider a real world problem which 

exhibits some of the applications of unsupervised tech­

niques to pattern recognition. 

This data set consisted of data from 193 diagnosed 

cases of Hodgkins disease. The measurements consisted of 

such parameters as age, sex, race, length of survival, and 

various numerically coded histological variables referring 

where 

M, = 

M_ = 

E, = 

En = 



'A'= true class 1 

'B'-- true class 2 

E A C H  U N I T  O H  X  A X I S  *  
E A C H  U N I T  O N  Y  A X I S  »  

- 3 2  - 2 < »  

•  2 0 0 0  0  0 0  0 E * 0 i  U N I T S  
«  2 0  0 9  0  0 0  Q E »  0 1  U N I T S  

- to  -a  o Z V  3 2  

A  A A  A A 9 H  A  A  A A A A A  

ILMS 

gure IV-5. Partition effected by ILMS on example III 
sample set. 
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"A'= true class 1 

'B'= true class 2 

EACH UNIT ON X AXIS ® • 23000 000£*0 1 UNITS 
EACH UNIT ON Y AXIS * •23000000C»01 UNITS 

16 32 32 

Baye: 

A A A  
A A A A A  

AA A A  

13 
00 

22 

LMSS-31 

•— •N~ 

Figui-e IV-6 . Partition effected by LMSS on example III 
sample set. 
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Table IV-3 Comparative perroriiianco of CLUSTER, H0MTEST, 
ILMS , and LMS S on Example ! III. 

Point 1I0MTEST CLUSTER ILMS LMSS 
Identifi­ A prior .i Assign­ Assign­ Assign­ Assign­
cation CI as s ment ment ment ment 

501 1 0 1 1 1 
502 1 0 1 1 1 
503 1 0 1 1 1 
504 .1 0 1 1 1 
505 1 3 1 1 1 
506 1 0 .1 1 1 
507 1 3 1 1 1 
508 1 0 3. 3. 1 
509 1 0 1 3. 1 
510 1 0 1 1 1 
511 1 0 1 1 1 
512 1 3 1 1 1 
513 1 0 1 1 1 
514 1 1  3. 1 1 
5.1-5 1 3 1 1 1 
516  3. 0 1 1 1 
517 1 0 1 1 1 
518  1 0 1 1 1 
519 1 0 1 1 1 
520 1 0 3. 1 3. 
521 1 3 1 1 1 
522 1 3 1 1 1 
523  1 0 1 1 1 
524 1 0 1 1 1 
525 1 3 1 1 1 
626  2 0 1 1 1 
627  2 0 2 1 2 
628  2 2  2 2 2 
629  2 0 1 1 1 
630  2 0 2 2  2 
631 2 0 1 1 1 
632  2 0 2 2 2 

. 633 2 0 1 1 1 
634 2 0 2 2 2 
635  2 3 1 1 1 
636  2 2 2 2 2 
637 2 0 2 2 2 
638  2 2 2 2 2 
639 2 3 1 1 1 
64o 2 2 2 2 2 
641 2 0 1 1 1 
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Table IV-3.—Continued 

642 2 0 1 1 1 
643 2 0 2 2 2 
644 2 2 2 2 2 
645  2  2  2  2  2  
646 2 3 1 1 1 
647 2 Olll 
648 2 2 2 2 2 
649 2  Olll 
650  2  0  1  1  .1  
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to presence or absence of various call types, or degree of 

presence. The histological variables ranged in value from 

0 to 10. We will not consider the specific identity of 

these variables, since they were not meaningful to the 

author and as such identification is not necessary to this 

discussio.'i. 

This data set structure, due to the presence in 

numerically coded form of essentially non-numerical data, 

is a good example of the typical pattern recognition 

problem. It seems intuitively obvious that the data will 

not fit nicely into any simple parametric model. Further, 

we cannot assume that the data structure fits the general 

clas^, discujscd in Chapter I, toward which the ILMS and 

LMLSS procedures are oriented. Hence, as discussed before, 

we must simply apply the procedure and evaluate the 

results by some performance criterion. 

In any case, the data set consisted of 193 points 

in 10 dimensions. In addition, one additional measurement 

was present which, according to a hypothesis of the investi­

gator, Dr. W. Copplcson (11) of the Univei~sity of Chicago 

Department of Surgery, tends to separate the data set into 

sets having certain characteristics, and hence could be 

considered as _a priori classifications. So the approach 

taken to this problem was to apply an unsupervised cluster­

ing procedure to the data set, and then compare the 
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resultant clusters to the a_ priori classes provided by this 

parainet er . 

Two algorithms were applied to these data, ILMS and 

CLUSTER. HOMTEST could not be used due to insufficient 

core storage on the CDC 6400. CLUSTER could only be 

applied with a subset of 100 data points, due to storage 

restrictions. We will consider the results of application 

of ILMS to the entire set, and the comparative application 

of ILMS and CLUSTER to a 100 data point subset. 

This data set illustrates a characteristic typical 

of many pattern recognition problems. Included are such 

measurements as age, in years, and sex, coded as a "1" or a 

"2." On a ci;;;j;lc metric basis, age appears more important 

than sex, simply because it has a larger numerical range. 

Indeed, application of either ILMS or CLUSTER resulted in a 

dichotomy based essentially on age alone. 

This situation indicates the need for some sort of 

data conditioning transformation. We could, for instance, 

transform the entire sample set so that the sample 

covariance matrix is the identity (see Section III-4). 

Such a transformation would mask the measurement identities. 

For example, the effect of age on the clustering would not 

be as easily determinable after such a transformation than 

after one which does not rotate the space. 

For this reason, we chose to simply scale each 

coordinate so that each coordinate has zero mean and unit 



variance. This transformation brings the various measure­

ment scales into rough agreement while leaving their 

identity undisturbed. For a discussion of the transforma­

tions available in the UNSUP package, see Appendix C, 

description of the subprogram PRESEL. For a more complete 

discussion of the feature selection problem see Prabhu 

(32) . 

After application of this transformation, the 1LMS 

algorithm was applied to separate the entire data set into 

2, 3, groups. Tables IV-4 through IV-7 show the 

comparison between the _a priori classifications and the 

cluster assignments for these trials. In Table IV-4 we see 

the rocultc cf Lv.-c applications of ILMS to the full data 

set. We see that the two trials gave essentially the same 

results, up to a labelling of clusters. We see that one 

pattern classified a_ priori in class 2 and two of prior 

class 3 changed clusters. This gives us some confidence 

that a dichotomy of these data by this procedure has some 

consistency. 

In order to further investigate the structure of 

this data set, we applied ILMS to separate the set into 3 

and k clusters. These results ai-c given in Tables IV-5 

and IV-6. 

For more than two groups, we cannot describe the 

migration of the cluster labels of a given point in terms 

of tables of this sort. However, we can still make some 
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Table IV-4. Clustering of 193 points of Hodglcins data into 
tivo groups . 

(a) Trial 1 (b) Trial 2 

Prior 
Class 

Clust er 
Prior 
Class 

Cluster 
Prior 
Class 1 2 

Prior 
Class 1 2 

1 0 20 1 20 0 

2 53 24 2 23 54 

3 35 44 3 42 37 

4 0 0 4 0 0 

5 0 0 5 0 0 

6 9 1 6 1 9 

7 1 4 7 4 l 

8 0 2 8 2 0 

Total 98 95 Total 92 101 
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Table XV-5* Clustering of 193 points of Hodgkins data into 
three groups. 

Prior 
Class 

Clust er 
Prior 
Class 1 2 3 

1 3 17 0 
2 l4 16 47 
3 21 28 30 
4 0 0 0 
5 0 0 0 
6 6 0 4 
7 2 2 1 
8 2 0 0 

Total 48 63 82 

Table IV-6. Clustering of 193 points of Hodgkins data into 
four groups . 

Prior 
Class 

Cluster 
Prior 
Class 1 2 3 4 

1 5 1 l4 0 
2 18 16 14 29 
3 31 13 l4 21 
4 0 0 0 0 
5 0 0 0 0 
6 1 1 0 8 
7 1 0 4 0 
8 1 1 0 0 

Total 57 32 46 58 
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observations to suggest directions for the detailed 

examination of individual patterns. For instance, com-

parison of Tables IV-'la and IV-5 suggests that cluster 1 

in IV-4a and cluster 3 in IV-5 have some common charac­

teristics. Each contains no members having ex pi-io.ri class 

1 and a majority of those having _a priori class 2. Hence, 

on the basis of these two tables, we could make the 

hypothesis that cluster 1 of Table IV-'l-a retained its 

integrity and cluster 2 of Table IV-4a was dichotomized to 

form groups 1 and 2 of Table IV-5* Examination of the 

point by point cluster assignments reveals that this 

interpretation is quite good. 

Comparison of Table IV-4a with Table IV-6 suggests, 

in a similar fashion, that clusters 1 and 3 of Table IV-6 

correspond to cluster 2 of Table IV-4a, and 2 and 4 to 

cluster 1. Detailed examination of the point by point 

cluster assignments reveals that this hypothesis also holds 

up well. 

Incidentally, PINDEXl required 6.06 seconds of 

processor time for two groups, l4.4 seconds for three, and 

l4.4 for four groups. This efficiency, in terms of storage 

and computation time, permits the user to investigate 

various permutations of a given problem at relatively low 

cost. 

We will not go further in the interpretation of the 

significance of the above results, as such would require 



178 

discussion of the detailed characteristics, in terms of 

histological parameters, of the subgroups. We can, how­

ever, say with some degree of confidence, that the ILMS 

algorithm supports the hypothesis that the data space has a 

fairly well defined structure. 

We would now like to reinforce our ideas as to tha 

consistency of this data set by use of another clustering 

algorithm. None of the other clustering procedures 

included in UNSUP are applicable to a problem of this size 

with the storage available on the University of Arizona 

Computer Center's CDC 64-00. However, if we consider only 

100 of the 193 points, enough storage is available for 

application of CLUSTER. 

So, PINDEXl and CLUSTER were applied to the first 

100 points in this set. PINDEXl required 2.4-9 seconds to 

separate this set into two groups while CLUSTER required 

91.38. The results so obtained are shown in Tables IV-7 

and IV-8. 

Consideration of Tables IV-7 and IV-8 leads to two 

observations: 

1. The structure of the 100 point subset is similar to 

that of the 193 point set. 

2. The two clustering procedures considered dichotomize 

the data into essentially the same subsets. 
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Table IV-7« CLUSTER results on 100 points of Hodgkins 
data. 

Cluster 
Prior 
Class 1 2 

1 0 11 
2 26 11 
3 23 20 
4 0 0 
5 0 0 
6 4 0 
7 1 2 
8 0 2 

Total 54 46 

Table IV-8. ILMS results on 100 points of Hodgkins data. 

Clust er 
Prior 
Class 1 2 

1 0 11 
2 29 8 
3 20 23 
4 0 0 
5 0 0 
6 3 1 
7 0 3 
8 0 2 

Total 52 48 



CHAPTER V 

CONCLUSIONS 

This chapter is a brief summary of the major 

concepts of the preceding chapters and discussion of what 

further work could be of interest. 

The work reported in this dissertation was 

motivated by an interest in unsupervised learning, 

especially clustering, both from an artificial and natural 

intelligence viewpoint. The simple iterative algorithm 

(1-4) described by Nagy (27) became the focal point of this 

interest. The prime questions which the author felt had 

been left at least partially unanswered were: 

1. What is the mechanism of operation? 

2. What are the associated pitfalls? 

3. How can the performance be enhanced? 

It was felt that the answer to the first question would 

at least point to the answers to the second two. 

The first question was answered, in part, by the 

early proponents of this algorithm. That is, the algorithm 

minimizes the ratio of intergroup to total scatter. 

However, the actual mechanism of such minimization had 

never been considered. In this work, we saw that the 

iterative algorithm can be considered as a gradient search 

l80 
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technique (Chapter IV) and the sequential version a 

stochastic approximation procedure (Chapter III). 

This formal application of an explicit minimization 

procedure to an explicit criterion pointed immediately to 

some possible answers to the second two questions. In 

partial answer to the second question, the possibility of 

non-convergence or convergence to local minima exists. 

Redefinition or generalization of the criterion provided an 

approach to the resolution of the third. 

The pattern which the research then took was to: 

1. Examine in detail the characteristics of the 

minima of the original criterion. 

2. Generalize the criterion and reexamine. 

3. Consider procedures for attaining a minimum. 

In order to facilitate this approach, the application of 

these procedures to one or n-variate binary Gaussian 

mixtures was considered. 

Of course, more work can be done along these lines. 

For instance, while the minima characteristics (stable and 

consistent partitions) were established for R-category 

pattern spaces, the performance was investigated for two-

category spaces alone. It would be interesting to see 

under what conditions, if any, the R-category Gaussian 

mixture can be optimally resolved. 

Secondly, the modified criterion which we con­

sidered involved cluster-dependent lineal" transformations 
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consisting of rotations and scale changes. It would be 

interesting to consider transformations of a more general 

nature. l'or instance, one could consider some sort of 

potential function approach in which the effect of a 

pattern value upon the cluster center is other than a 

linear function of its distance from the center. In the 

early stages of this research, we considered the minimiza­

tion of the mean, rather than mean squared, distance from 

the local mean. In one dimension this provided an inter­

esting sequential algorithm in which the cluster center 

adjusted according to the sign of the difference between 

it and the sample and the number of preceding samples. 

This algorithm was then a local median seeking procedure 

in one dimension. However, as this procedure was not 

readily extendable to n-dimensions, and was quite scale 

dependent, consideration of it was not pursued. Procedures 

with step function, exponential, inverse square, and other 

weightings were considered briefly but none were found to 

be immediately promising. 

The one dimensional simulations of Chapter III 

demonstrated the sensitivity of the ILMS and LMSS algorithms 

to differences in _a priori probabilities. We saw that a 

high variance, high probability mode would effectively 

mask a low variance, low probability mode if the separation 

was small. If we view these procedures as simulations of 

natural intelligence, then such behavior is to be expected 
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since such a distribution appears unimodal• However, if 

such procedures are to be employed to separate such 

distributions, then some method of incorporating learned 

priors is desirable. The author investigated several 

approaches to this problem but found all to be unstable 

whenever enough distribution overJap occurred to make the 

incorporation of prioi~s worthwhile to begin with. Davisson 

and Schwartz (13) recently have considered this problem in 

decision directed receivers. 

In this work, we only considered gradient-type 

minimization procedures. Particularly with the LMSS 

algorithm, we were not certain that the magnitude and 

direction of the &Lep was best. It might be fruitful to 

consider other numerical approaches for attaining a minima. 

Particularly in the case of the sequential algorithm, in 

which the population parameters might be time-dependent, 

some sort of evolutionary operation scheme might be of 

int erest. 

Another interesting topic which was not reported 

in detail here arises fi-oin the discussion of the Kiefer-

Wolfowitz procedure discussed briefly in Appendix B. The 

Kiefer-Wolfowitz procedure uses a one or two sided gradient 

approximation to attain directly a minima of a generalized 

regression function. As discussed in Appendix B, this 

procedure applied to the ILMS index results in an algorithm 

identical to the Robbins-Monroe procedure so long as the 
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cluster center perturbations necessary for computation of 

the gradient approximations do not result in a change in 

cluster assignment. If such a change does occur, either we 

move more than one centroid or, possibly, disregard (leave 

unclassified) the sample. This procedure leads to an 

interesting way to consider ambiguously classified samples 

and algorithms which depend on a threshold for cluster 

assignment. Ball (2) discusses some algorithms of this 

sort. 

The LMSS algorithm with learned covar.iance matrices 

utilizes the ILMS procedure as an opening gambit to generate 

initial estimates of the covariance matrices. These 

initial matrices could be generated as tfte result of a 

supervised procedure utilizing a training set. In this 

case, the LMSS procedure could be considered as an end game 

for a supervised procedure. This application of unsuper­

vised procedure was proposed by Sebestyan (36) and more 

recently by (10) and (4l) 

A further topic which arises from this framework 

results from consideration of the criterion itself. We 

have been concerned here with the conditions for the 

minima, rather than the, actual value, of the criterion. 

It seems reasonable that the value of, or a function of, 

the criterion could be used for determination of a confi­

dence level for the clustering. For instance, if the value 

of the minimum is "low" we might say that the data were 
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well clustered. This approach could lead to a procedure 

for determination of the actual number of clusters, a 

quantity which was implicitly assumed to be known _a priori 

in this work. 

In Chapter III we discussed briefly a data space 

transfoi~mation which can decrease, or increase, the 

probability of convergence to a local minima. In Chapter 

IV we considered a data conditioning transformation which 

adjusts the measurement scale. In Appendix C other data 

space transformations are considered. All of these pro­

cedures ai~e attempts at solution to one of the central 

problems in pattern recognition, that of feature selection 

(8). The feature selection px'uuluiu is concerned with the 

determination of the best set, or combination, of measure­

ments fox" discrimination purposes. Particularly if some 

importance can be assigned to the value of the criterion, 

one could perhaps evaluate different feature selection 

procedures by how well the unsupervised approach can 

"cluster" the transformed data. 

In Chapter I, we discussed some data structures to 

which these procedures are not well selected. We referred 

to recent work by Zahn (kk) which describes a graph 

theoretic approach applicable to some of these structures. 

Such an approach describes the interpoint relationships of 

the data space rather than its structure. In the author's 

experience, resulting from research not reported here, and 
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from application of the graph theoretic related algorithm 

IIOMTEST, and the hierarchical algorithm CLUSTER, procedures 

requiring examination of interpoiiit relationships are 

costly from a storage or computation time viewpoint, or 

both. However, they do provide a means for- resolving these 

more complex structures. For this reason, we feel that 

further research along these lines is warranted. 

Philosophically, this work has been concerned with 

the determination of the data space structure. An alterna­

tive viewpoint, is suggested by the work on "fuzzy sets" 

(25, 3'i, ^3) • We could consider the procedures considered 

here as a means for determining the characteristic function 

or degree of membership of each pattern point to a given 

fuzzy set. For instance, an appropriate function of the 

distance from a given centroid to the pattern, under the 

appropriate transformation, could be considered as the 

degree of membership of that pattern to the associated 

cluster. 



APPENDIX A 

FORMAL ESTABLISHMENT OF MINIMA CHARACTERISTICS 

This Appendix contains the formal development of 

the Theorems of Chapter II. 

Theorem II-l Suppose that the set of regions D(£ ), 

i = 1, . . . R, induced by the vector C_ is stable and con­

sistent under the GLMS index. Then 

Ti (^i) = E tTi (x) I x e D 

if Pi~ob ^x e D (£.• )^ > 0 

= T. (£.) otherwise 
x —x 

Proof: 

R . 2 
K S |T•(x) - T.(C1)| P(x) dx 

i=l D. 1 1 

x 

We see that K (Q) is a finite sum of non-negative 

quantities. Since the partition was assumed consistent, 

we know that each term in the sum is individually minimum, 

as well. While such a condition does not guarantee that 

K (j^) is minimum (stable) it does not preclude it, either. 

Let us proceed as follows. 

187 



188 

Suppose that Prob (x e D_^) >0. For e let 

Z. = T. (X. ) and P. (x) = density of x given that 
—x x —x x — J — 

P. (x) 
x — 

Then 

s s  i T ± -  z ± i 2  p i ^  =  n  i T
±  

°i D. 
X 

P. (x) dx Prob (x e D.) 
x — — x 

Since, by assumption, p (D^) -> 0. the left hand side is 

miniinum when the right hand side is minimum. Hence, we 

wish to find the minimum of 

JJ lTi - zj2 p± (x) dx 

D. 
X 

=  N  £ T I  ( X )  T ( X )  P ( X) dx 
D 
x 

+ ZT Z. - 2ZT T. (X )] P. (X ) dx 
X X  X X —  J  X  —  

= JI Tl (x) Ti pi <*) dx + Z. 

X  

- 2Z^ n T. (x) P. (x) dx > 0. (A-l) 
—~ •L D. 1 1 

x 

x e D±, 

= P (x) |prob (x e . 

(x) - Z.|2 
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Since the first term above is not a function of , (A-l) 

is minimum when the quantity 

S = ZT Z. - 2zT ff T. (x) P. (x) dx (A-2) 
—X —X —x ̂  X — x — — 

i 

is minimum. By the Cauchy-Schwartz inequality, the second 

term is most negative when 

Z. = a (T T. (x) P. (x) dx = a !. (A-3) 
—X X ~ X — — —X 

i 

where a is a positive scalar. Substituting (A-3) into 

(A-2) we have 

2 T T 
S = oc^ Y T Y . - 2a T f. 

XX XX 

which is clearly minimum when a = 1. Thus, we have that 

= H Ti (*} pi dx = E [T± (x) I X e D±} 

Dx 

for Prob (X e D^) > 0. 

Thus, in order for the iUi term in K (QJ o be 

minimum, with Prob (x e D^) > 0, 

T U±) = E {T± (x) | x e D±] 

If Prob (x e D.) = 0, then 
x ' 

H |T. (x) - T. (x.)|2 P (x) dx = 0 
D x xx 
x 

For any X. e D. . Since C .  defines D. , for C .  , and we have J —x X —X X ' —X ' 



190 

z .  =  c .  
—i —x 

for Prob (x e D^) = 0. 

Thus, we have found Z. = T. (X.) such that each term is 
' —x x —x 

minimized. Since the partition was assumed stable, that 

is, for some X .  such that 
' —x 

then 

Z. = T. (X . ) 
—X X —X 

-i = 

Again, note that we have found the properties of a 

stable and consistent partition, not justified the existence 

of such. That is, £_ may not exist such that K (£_) is a 

term by term minima. 

Theorem II-2 Let 1\ be a non-singular linear trans­

formation for all i in the GLMS index. Suppose that the 

regions D^, i = 1, 2, ... R, ai~e stable aiad consistent 

under this index. Then 

Q± = E {x | x e }, if Prob (x e D_^) >0 

= otherwise. 

Proof: 

1. For Prob (X e D_^) >0, we have from Theorem II-l 

Ti { c.± 3 = E (T±(x) |xeDi 3 
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,-1 
since T\ is non-singular, TV exists and 

Q. = T?1 T. (£.) = T71 E {T. (X )  |  X  e D.) 1 1 T W 1 — ' — *1 •> 

= t:1 H T, (x) P. (x) dx 
x -D« x - x 

for notati on's sake, let 

T. = 
x 

all a12 

a n . inl 

lin 

mm J 

' Ti1 

rbll b12 

b i - ml 

llll 

b 
mm J 

let us consider, for instance, the r'i component of , 

-1 T 
^ir = Ti " y where x. = 'yivy2i ••• ym) and 

111 

y = Ji" ( E a x ) 
3 D. s=l JS S 

m m 
= E a . JT x P. (x) dx = E a . Z 

J  s --d 1 —- — IS S = 1 D. 
x 

S  1  s= 1 J S  s 

= T ( z )  » T"1 (^) = T"1 (Z)^ = 

li 
z = JJ X • P. (x) dx = E {x I x G D 3 

D . 
x 

2. For Prob =0 any X e will do. Since _C^ is 

surely in D.--it is the "center" of D.--the result 
x x 

is trivially true. 



Theorem II-3 Let f (x) be a continuous density func 

tion on the real line. Let t^, t^ be positive numbers. 

Consider 

CO 

K (O = J Min {t.2 (x - C-)2] f (x) dx» 
-w i = l,2 1 1 

Then, a stable partition under K (^) is consistent. 

Proof: Assume t > t^ , ^2 > ^1* Then, 

is bounded by 

-co < x < t^, tg < x < co 

and is bounded by 

tx < X < t2, 

where 

t 
1 

t 
2 

Writing IC (£_) in its expanded form, we have 

X 

(x - C^)2 f (x) dx 
— CO 

X 

1 

CO 
+ J t2 (x - C-, )2 f (x) dx 
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Taking the first partial with respect to we have 

S2L 
SG 
1 -CO 

J (-2) t^ (x-C^) f (x) dx 

? P ^ ̂ 1 
+ *1 ^i " ̂  f (>li^ sTT 

t2 ̂ 1 ^ 2 ̂ f ^1^ dCjL 

2 9 ^ ̂ P 
+ *2 (X2 - «2> f (X2> 

ti ̂ 2 " ̂ i^ f ^2^ ac1 

+ J (-2) (t^) (x - C-1 ) f (x) dx 
*2 

= -2 J t^ (x - £ ) f (x) dx 

= 0 if J (x - £ ) f (x) dx = 0 
D1 

which implies 

J x f (x) dx = C-i J f (x) dx. 
D1 D1 
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Hence 

J x f (x) dx 
D 

r = _J: = E {x | x e D ]. 
1 J f (x) dx 1 

D1 

Considei-ation of the partial with respect to *>y a 

similar procedure, yields 

= 0 if C2 = E [x | x e D23. 

This demonstrates that the stationary point, if it is a 

minimum, is consistent. Since IC (Q) is quadratic in , 

Q , the stationary point is a minimum. eii 

Theorem J.I-4 A pa.rtition stable under the GLMS index 

with the T_^ non-singular linear transformations is con­

sistent . 

Proof: Write 

K (_£) = S J,f |t (X  - C, )|2 p (x) dx 
i = l,2 D. 

K = . ^ ^ ̂il (xl ~ ^il ̂ + ti2 (x2 " ̂ i2 ̂ i=l,2 D. \ 

+ ... t. (x — C- )^ll? (x) dx 
in n in ' — — ! ) P  

considering the partial of K with respect to Q. we see 
J 

that we have the same situation in each dimension of this 



195 

problem as was encountered in the univariate case con­

sidered in Theorem II-3- Hence, Theorem II-3 applies in 

each dimension, and we have this conclusion. 

Theorem II-5 Given the distribution 

f (x) = P^N (x, in.j , a2) + PgN (x, m2, a2) 

we have 

1. E (x) = P m^ + P in2 

2. The Bayes decision boundary 

nij + m2 a2 log (Pj/Pg) 
X2 = 2 + 2 (111 - in ) 

is equal to E (x) if and only if 

P = P 
1 2 

The boundary of a stable and consistent partition 

under the ILMS index 

Ci + ^ 2 

is equal to E (x) if and only if the distribution 

mean is also the distribution mode. 

Proof: Part 1 follows from the definition of expected 

value. 
m + 111 

If P1 = P2 = .5, ^ = E (x) . Now, 

consider 
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2 in + 111 a log (P /P ) 

\Q - E (x) = — g + 2 (in_ - nin ) Plinl + P2m2* 

Without loss of generality, suppose in^ > m^ . Then, let 

P^ = .5 + e 

P2 - .5 - c 

If e > 0, then P > P^ and log > ^^len 

(xB = E <*)) 
a2 log (P /P ) 

Xr, = E (x)l = (m, - m0) e + — III—/ t .  T  ~7 \ 
12 2 

cannot be zero since both terms are negative. Hence 

XR / E (x) if e > 0. 

A similar conclusion arises if e < 0, and part 2 is estab­

lished. To begin the proof of part 3, let us note that for 

any real number y such that 

Prob (x < y) >0 

Prob (x > y) >0 

Prob (x = y) =0 

we have that 

E (x) =E (x | x < y) Prob (x < y) 

+ E (x | x > y) Prob (x > y) (A-k) 

Now, assume that X = E (X). Then 
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^1 + ^2 E (x I x < X )  + E (x I x > X.) 

which, by comparison with (A-4) results in 

Prob (x < \) = Prob (x > X )  = 1/2, 

since, by assumption, X  = E (x) = x, we have 

Prob (x < x) = Prob (x > x) = 1/2. (A-5) 

Thus, if X  =  E (x) then E (x) = median. Always, 

X  = E (x | x < X ) (1/2) + E (x | x > X)(l/2) 

Now, if (A-5) is true 

X  = E (x) 

by comparison with (A-'i) . 

Before considering the proof of Theorem II-6, let 

us establish a lemma. 

Lemma: Let 

/ ^ 2 
m 1 r Ix+mJ 1 N = —- exp I } 

V2Tta 2 ct 

M 1 r (x-in)2., 
N = —- exp I § J 

V271ct 2a 

and, m > 0 
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Then 

0 0 0 0 
J Nx dx J x Ng dx - J N2 dx J x dx 

00 00 CO 00 
J N dx J x N dx - J N dx J* x N dx > 0. 
0 0 0 0 

Proof: Consider 

0 0 0 0 
J N dx J x N2 dx - J N2 dx J X Nx dx = S (A-6) 

and note that 

0 0 
1. J Nx dx > J N2 dx 

since has mean -m while has mean +m and 

f (X) = ^ N (0,1) dx is monotone increasing. 

2. Consider 

0 0 
M = J x N dx - J x N dx 

0 
= J x (N2 - N^) dx. 

— CO 

Note that, for all x < 0 

N2 < Nl' 

hence the integrand is positive over the range of 

integration (except at the upper limit, where it is 
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zero) and thus the integral is positive. That 

0 
M = J x (N2 - dx = J x N2 dx 

0 
J x N dx > 0 

1 — 00 

which implies 

0 0 
J x dx > J x dx 

— QO —00 

This, together with 1 establishes that S in (A-6) 

is positive. 

. Let y = -x. Then (A-6) becomes 

0 0 
J Nx (-y)(-dy) J (-y) N2 (_y)(_dy) 
ec po 

0 o 
- J n2 (-y)(-dy) J (-y) n]L (_y)(_dy) 

J N (-y) dy J y N (-y) dy 
0 0 

+ J Np (-y) dy J y N (-y) dy (A-7) 
0 0 

reference to the definition of N N reveals that 

N1 (_Y) = N 2 (Y) 

N2 (-Y) = Nx (y) 
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Thus, (A-7) becomes 

co co m co 
J N dy Jy N dy - J N dy J y N dy 
0 0 0 0 

and the lemma is established. 

Theorem II-6 A stable and consistent partition under 

the ILMS index results in a minimum error detection scheme 

for a distribution of the form 

f (x) = P3 (x, m.L, a^) + Pg Ng (x, m2, Og) 

if and only if 

2 2 
1• a] = CT2' and 

2* P1 = P2 

Proof: 

2 2 
1. The necessity of = CTg was established in 

Section II~3. 

2. Theorem II-5 established that the Bayes decision 

boundary is the distribution mean if and only if 

2 2 
C-^ = ct2 and Pjl = 132* Further, it was established 

that the stable and consistent partition boundary 

was equal to the distribution mean if it is also 

the distribution mode. This is the case by 

symmetry if P^ = P^. It can be shown that the mean 
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is not the mode for ^ P^. Thus, we have 

2 2 sufficiency of P^ = P^ and Q-^ = • 

We shall now demonstrate the necessity of P^ = Pg, 

2 
2 

2 2 2 
given that a-, = a0 = a • Without loss of genera3.ity, we 

2 
shall assume m^ > , and, for ease of discussion o = 1. 

We have that 

in.L + in g log (p1/p2^ 
kB = 2 + 2 (m2 - m ) 

Note that an increase in P0 from P^ = P^ = .5 results in 

Xg moving toward m^. That is, the ideal observer is 

biased in favor of _a priori more likely events. We shall 

demonstrdLe thai the algorithm unuex uiscussion does the 

opposite. Let us consider the effect of an increase in P^ 

on Cx, 

q = E [x | x < X} = prob }x < k) J x f (x) dx 
— 03 

= ^P^ (x < X)^ 1 J x [p^ N (x, , y) 

+ Pg N (x, m2, y)] dx 

Let us now modify the a' priori probabilities to 

P' = PI - e 

= p2 + e" 

e > 0 (A-8) 
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- ? (« 
— CO \  

Now, P_'_ (x < X) = J ~ ^1 + ^2 + ^2/ 

P 
r 
(x < X) + e | J N dx - J N dxl (A-0) 

{  ^ -»  x  J 

where N. is the distribution having mean m.. Since i ° l 

trig > nij , the second term in (A-9) is negative, and 

Pr 1 (x < X.) < Pr (x < X). 

Considering the integral in (A-9), we have 

X 
J x {(p.^ - e) + (P2 + e) N23 dx 

X (X X ) 
= j x (p1N1 + P2N2^ dx + e < J x I\'2 dx - J x ux> 

What we would like to investigate now, is the increase or 

decrease of £^ = E{x | x < X, P^, That is, we wish 

to establish the sign of 

c1 ~ C ^1 ^1 

J x (P1N1 + P2N2) dx + e j J x (N2 - ) dxj 
—00 * (  —CO )  

Pr (x < X) + e } (N2 - N ) dx 
— CO 

X 
J X  ( P - ^  +  p2

N2^ D X  

P (x < X) * 
r 
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This is of the form 

A + C A BC - AE' 
B + D " D ~ B(B + P) * 

Returning to (A-9) we see that the quantity (B + D) is a 

probability, as is B. Thus, we can limit our concern to 

the numerator-. 

X X 
S< = e J (PjNx + P2N2) dx • J x (N2 - Nx) dx 

X X 
J x (P-^ + P2N2) dx • J e (N2 - N±) dx (A-10) 

Since e > 0 , the sign of (A-10) is not affected by the 

magnitude of e. Rearranging (4-10) and dividing by c, we 

have 

X ( X 
S  =  J" Nx dx • jPj, J x (N2 - Nx) dx 

+ J x (P-LN]L + PgNg) dx > + J N2 dx 

P2 J x (N2 - N1) dx - } x (P^ + P2N2) dxj 

X X XX 
J dx J x Ng 'c]x - J Ng dx J x dx (A-ll) 

That is, we can now restrict our attention to (A-ll). If 

we make the transformation 
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y = x - X  

we have 

0 0 
S = J Nj' dy I (y + X) dy 

0 0 0 0 
I 112 dy J (y - X) N' dy = J N« dy J y N» dy 

0 0 
J N£ dy J y dy 

(m^ + nig) m - ing 
where N' has mean - + in = —-—- = -m 

J. U X ^ 

(ral + m2} 2 " ,nl 
2 ha" i !;uiin 2 ! ' " 2  = 2 +m 

Thus, by the lemma 

S > 0 

which implies that an increase .in results in an increase 

in . Now, we must consider, in a similar manner, 

C2 = E { x | x > X} 

= ^Prob (x > X)^"1 J x (P-,^ + P2N2) dx 

Defining P^, P^ as in (A-8), and considering - £2, we 

have 
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^2 ~ ^2 

J x + P2N2^ dx 
+ J ex (N2 - N ) dx 

X X 
CO 05 

J (p^ + P2N2) dx + G J (N2 - Nx) dx 

J x (P1N1 + P2N2) dx 

CO 
J [(P^ + P2N2)3 dx 
X, 

As before, the sign of ££ " -*-s dependent on the numerator 

of the combined fraction, that is 

CO 00 

f • P2N2) c1x ' * J X (1'2 * "V dx 
X  X  

- J X  (PjN + PgNg) dx • e J (N - N ) dx (A-12) 
X X 

Again, since s > 0, we can divide by e without 

changing the sign of S. Dividing by e and rearranging 

(A-12), we have 

S = J N dx J* x N dx - J N dx f x N dx 
X X X X 

If we make the transformation, as before, 
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we have 

CO CO CO GO 

S = J N' dy J x N' dy - J N' dy J y N' dy 
0 0 0 0 

which, by the Lemma is positive. Thus, an increase in 

causes an increase in both and £ . Therefore, a stable 

partition for 

PD = 1/2 - e 

P2 = 1/2 + e 

must have X' > X. The Bayes partition under these same 

circumstances has Xg < X. Thus we have demonstrated tlie 

necessity of P1 = PQ • 

Theorem II-7 Let P (x) = ^ —' ̂ 1' + 

P_N (x, M D) where N. is a n-dimensional Gaussian 
£-i ~ t-l X 

distribution with mean vector M. and covariance matrix D. 
x 

Suppose that 

M = (a, a, a, ... in^, a, a, ... a) 

Mg —- (a,a,a, ... in ̂ , a ̂ a ̂ ... a) 

that is, the mean vectors differ in the itb position only. 

Then there exists a stable and consistent partition under 

the ILMS index which affects a hyperplane 

1. Equal to the Bayes hyperplane if P^ = ^2* 

2. Parallel to the Bayes hyperplane if P^ / ̂2* 
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2 2 2 
Proof: Let D = diag (d^, &22i ••• dnn^ since xi ? 

x., for all i / j are uncorrelated and Gaussian, they are 
J 

independent, and P (JC) can be written 

P (x) = Pj N (x1, a, d^^) N (x2, a, d22^ 

... N (x., mn,d,,)...N(x,a,d ) 
l' 1' u ' n' ' nn 

+ Pg N (x.^ a, dxl) N (^2, a, d^) 

. . . N (x . , m0 , d . . ) . . . N (x , a, d ) l' 2' 11 n ' ' nn n nn 

ix N (x . , a , d . . j) 
d*L J JJ. 

P, N (x. , m , d. . ) 
1 i' 1 ' ii 

+ P2 N (x., .n2, d..) 

Writing the ILMS index using this form of P (x^ , we 

have 

K (£) = JJ E (x. - Cld)2 n N (x., a, d..) 
D1 J 

[pi N (x., mx, d..) + P2 N (x., m2, d..)] dx 

+ U S (xi " S2j)2 n.. N (xi' a' dii} 
°2 J 

j 3 

[Pn N (X;L, m1, d±±) + Pp N (xH , mp , d.. .. ) ] dx i' "'2' ii' 

If we consider the £41' term I / i in the summation, 
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K« = JT < X  ,  
D„ 

Cli' N <3V a' "u1 

Tt N (x . , a, d..) 
j^,i J JJ 

[P N (x., m d..) 
1 x' 1' xx 

+  P 2 N  ( X . ,  m2, d.J] dx 

+  n (x4 - ^2A)2 n a' d^) 

T[ N (x., a, d..) [pi N (x., H, x, d..) 

+ P2 N (x±, nig, d±i) ] dx 

Note that the induced region D_. defines an induced region 

on the JJ UJ coordinate, D. „ . Clearly, K. attains a minimum 
' x£ J ' & 

if 

= E K • X4 6 Di^, i = 1,2 

which are the conditions for stability and consistency of 

the one dimensional problem defined by the marginal 

density. Thus, by Theorem II-5 

= 9 

for the intersection of the ILMS jDartition hyperplane with 

the £{-i! coordinate axis. By a similar argument on the xtb 

coordinate 
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If = P2, = (in^ + m2)/2 is equal to the 

intersection of the Bayes hyperplane with the it!.' coordinate 

axis. If P^ ̂  P^, the ILMS hyperplane and the Bayes 

hyperplane do not intersect the in coordinate at the same 

point. However, since only the i'J! coordinate intersection 

is dependent on P , P, the planer are parallel. 

Note that this argument merely shows that a 

coordinate by coordinate solution in this case is a stable 

and consistent partition. This does not exclude other 

stable and consistent partitions. Indeed, the coordinate 

by coordinate solution may well be a local minimum. 

Theorem II-8 Suppose that defines a stable, con­

sistent partition on X under the ILMS index. Further, 

suppose that we introduce a transformation 

»t = a A x 

where a is a positive scalar and A is unitary. Then, 

1. The partition, so fax- as cluster labels are 

concerned, is not modified, that is, if 

x e D (_£.), then 
0 

a At x e D . (a At C, .) . 
— J • 

2. The partition is stable and consistent in the 

image space. 
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Proof: To prove 1, we must show that 

|x - C.. | < |x - C.. I if and only if 
J 

1^ x - A^J < |At x - A t  £ . \  

This is clearly true (32) if A is a unitary transformation. 

It is also true if 

A - aiL 

when U is unitary and a is a real positive scalar. To 

prove 2, we must show that 

i 
DfUV 

(A-13) 

"t 
is a minimum, term by term. Since =  A  x, (A-13) is 

(6, 30) equal to (A-l4) 

r ) 
•̂ -1 det 

i 

i D. 
P (x) dx (A-l'i) 

1 

which is term by term minimum by hypothesis. 



APPENDIX h 

DISCUSSION OF STOCHASTIC APPROXIMATION 

In this appendix we wish to discuss on an intuitive 

basis some ideas from the topic of Stochastic Approxima­

tion. This discussion is influenced by a EE 399 term paper 

written by Hampton (17) and the discussions of the subject 

given by Wilde (39) and Salcrison (35)* The formulation of 

Theorems B-l and B-2 is taken from Salcrison (35) • 

Stochastic approximation can be described as "noisy 

hill climbing." In other words, stochastic approximation 

is the careful formulation of gradient search tecliniques in 

the presence of experimental error. Gradient search 

techniques essentially involve selecting a direction in 

which to move—based on a noise free observation—and an 

amount by which to move. Stochastic approximation tech­

niques select the dii-ection based on a noisy observation in 

the same manner as the gradient search and choose the step 

size in such a manner as to assure eventual convergence. 

The step size in stochastic approximation is chosen such 

that an occasional wrong move due to experimental error 

will (with probability one) be correctable in the long run. 

An example will serve to clarify this discussion 

somewhat. Suppose that we have a sequence of independent 

211 
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and identically distributed random variables {x . }. The 
J 

sample mean of the first n members of this sequence is 

M = — E x . 
n n n 

We can write 

M , = -TT EX = M + • (x _ - M ) . 
n+.L n+1 n n n+1 n+1 n 

We know that this estimate converges in mean square to the 

population mean provided that the x are of finite variance, 

Considering this algorithm further, we see that 

the n*-1' estimate becomes the (n+1) Us estimate by moving 

toward the (n+l)lfi sample, regardless of the value of the 

( 11 "f 3. ) S cii nple. This move often will be in the wrong 

direction. However, we know by the law of lax-ge numbers 

that convergence is (almost) certain. 

Note that the displacement caused by the (n+l)^ 

sample is inversely proportional to (n+l). In other words, 

this weighting by l/(n+l) reflects the reluctance to 

significantly alter the estimate from that obtained by the 

preponderance of past evidence. 

Hampton (17) interprets the sequence a = l/n, 

which has the properties 

05 00 

E an = »; E < <0 
n=l n=l 


