
ABSORPTION LINES IN A STRATIFIED
RAYLEIGH ATMOSPHERE

Item Type text; Dissertation-Reproduction (electronic)

Authors Molenkamp, Charles Richard, 1941-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:16:47

Link to Item http://hdl.handle.net/10150/287833

http://hdl.handle.net/10150/287833


72-11,968 

MOLENKAMP, Charles Richard, 1941-

ABSORPTION LINES IN A STRATIFIED RAYLEIGH 
ATMOSPHERE. 

The University of Arizona, Ph.D., 1972 
Physics, meterology 

j University Microfilms, A XEROX Company, Ann Arbor, Michigan 

THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED 



ABSORPTION LINES IN A STRATIFIED 

RAYLEIGH ATMOSPHERE 

by 

Charles Richard Molenkamp 

A Dissertation Submitted to the Faculty of the 

DEPARTMENT OF ATMOSPHERIC SCIENCES 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 7 2 



THE UNIVERSITY OF ARIZONA 

GRADUATE COLLEGE 

I hereby recommend that this dissertation prepared under my 

direction by charles Richard Molenkamp 

entitled Absorption Lines in a Stratified Rayleigh 

Atmosphere 

be accepted as fulfilling the dissertation requirement of the 

degree of Doctor of Philosophy 

Dissertation Director Date / 

After inspection of the final copy of the dissertation, the 

following members of the Final Examination Committee concur in 

its approval and recommend its acceptance:"" 

(f̂ aJLS IC ̂  *2-P / 91 / 

 ̂O (ZuujfAdA /97 I 

Z?/7/ 

/j->/ 

This approval and acceptance is contingent on the candidate's 
adequate performance and defense of this dissertation at the 
final oral examination. The inclusion of this sheet bound into 
the library copy of the dissertation is evidence of satisfactory 
performance at the final examination. 



PLEASE NOTE: 

Some pages have indistinct 
print. Filmed as received. 

UNIVERSITY MICROFILMS. 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial 
fulfillment of requirements for an advanced degree at The 
University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of 
the Library. 

Brief quotations from this dissertation are 
allowable without special permission, provided that 
accurate acknowledgment of source is made. Requests for 
permission for extended quotation from or reproduction of 
this manuscript in whole or in part may be granted by the 
head of the major department or the Dean of the Graduate 
College when in his judgment the proposed use of the 
material is in the interests of scholarship. In all other 
instances, however, permission must be obtained from the 
author. 

SIGNED: / JTZ&j,. /k, 



ACKNOWLEDGMENTS 

I sincerely appreciate the guidance of Dr. 

Benjamin M. Herman who aroused my interest in the subject 

of atmospheric radiation, who initially suggested this 

study, and who advised and encouraged me throughout the 

course of this work. I am also indebted to Dr. Herman and 

General (ret.) Samuel R. Browning for the use of their 

auxiliary equation computer program. 

I wish to thank Dr. A. Richard Kassander, Jr. and 

the faculty and staff of the Institute of Atmospheric 

Physics for the many facilities and services that have 

been made available to me. 

I am especially grateful to my wife, Margaret, for 

her understanding and patience and particularly for her 

constant encouragement. 

This work was supported by the National Aeronautics 

and Space Administration under Contract NGR-03-002-155 and 

the Office of Naval Research under Contract Nonr-2173(11).  

The computations were performed on the CDC 6*100 at The 

University of Arizona Computer Center. 

iii 



TABLE OP CONTENTS 

Page 

LIST-OP ILLUSTRATIONS vi 

LIST OF TABLES xl 

ABSTRACT xii 

I. METHODS OF INTERPRETING ABSORPTION LINES IN 
PLANETARY SPECTRA 1 

Reflecting Layer Model 3 
Scattering Models 8 
Method of Synthetic Spectra 16 

II. THE RADIATIVE TRANSFER PROBLEM 2h 

Auxiliary Equation Method . . 26 
Surface Reflection 35 

III. THE SINGLE-SCATTERING ALBEDO 43 

Rayleigh Scattering Coefficient H6 
Mass of Scattering Material ^9 
Distribution of Absorbing Gas 50 
Absorption Coefficient 51 

Line Strength 51 
Line Broadening and Profiles . . 55 

Procedure for Evaluation of the 
Single-Scattering Albedo 60 

Results for Pressure-Broadened Lorentz 
Absorption Coefficient Profile ... 63 

Voigt Profile 68 
Variation of Single-Scattering Albedo 

with Pressure 71 

IV. SYNTHETIC ABSORPTION LINES 76 

Comparison of Absorption Line Charac
teristics in Homogeneous and In-
homogeneous Atmospheres 78 

Variation of Line Characteristics with 
Observation and Solar Zenith Angles . 93 

iv 



V 

TABLE OP CONTENTS—Continued 

Page 

Variation of Line Characteristics with 
Strength of Absorption 100 

Variation of Line Characteristics 
with Scattering Thickness of the 
Atmosphere Ill 

Variation of Line Characteristics 
with Surface Pressure 117 

Synthetic Absorption Lines in an 
Atmosphere with Surface Reflection . 138 

Comparison with Other Models 15^ 
Variation of Polarization across an 

Absorption Line 156 

V. SUMMARY OF RESULTS AND POSSIBLE IMPROVEMENTS 
OP THE MODEL 163 

Summary of Results 163 
Improvements of the Model 166 

REFERENCES 170 



LIST OP ILLUSTRATIONS 

Figure Page 

3.1 Synthetic Line for an Inhomogeneous Atmosphere 
with a Lorentz Broadened Absorption 
Coefficient Profile 64 

3.2 Lorentz Profiles with Different Half-Widths 
but the S^me Line Strength . . 66 

3.3 Voigtj Doppler, and Lorentz Profiles at Three 
Levels in the Atmosphere 70 

3.4 Variation of Single-Scattering Albedo with 
Pressure up to 1 Atmosphere 72 

3.5 Variation of Single-Scattering Albedo with 
Pressure up to 8 Atmospheres 75 

4.1 Synthetic Lines for Homogeneous and Inhomogeneous 
Atmospheres, High Sun 79 

4.2 Synthetic Lines for Homogeneous and Inhomogeneous 
Atmospheres, Low Sun 80 

4.3 Variation of Half-Width with Zenith Angle of 
Observation, High Sun 82 

4.4 Variation of Half-Width with Zenith Angle of 
Observation, Low Sun 83 

4.5 Variation of Equivalent Width with Zenith Angle 
of Observation, High Sun 85 

4.6 Variation of Equivalent Width with Zenith Angle 
of Observation, Low Sun 86 

4.7 Synthetic Profiles with Equal Half-Widths for 
Homogeneous and Inhomogeneous Atmospheres . . 87 

4.8 Variation of Half-Width with Zenith Angle of 
Observation for Homogeneous and Inhomogeneous 
Atmospheres 89 

vi 



vii 

LIST OF ILLUSTRATIONS—Continued 

Figure Page 

4.9 Variation of Equivalent Width with Zenith 
Angle of Observation for Homogeneous and 
Inhomogeneous Atmospheres 90 

4.10 Synthetic Lines at Several Zenith Angles of 
Observation 94 

4.11 Intensity as a Function of Zenith Angle of 
Observation 96 

4.12 Principle of Reciprocity Illustrated by 
Synthetic Lines 98 

4.13 Synthetic Lines at a Small Zenith Angle of 
Observation—Comparison at Two Scattering 
Coefficients and Four Line Strengths .... 101 

4.14 Synthetic Lines at a Large Zenith Angle of 
Observation—Comparison at Two Scattering 
Coefficients and Four Line Strengths .... 102 

4.15 Variation of Half-Width with Zenith Angle of 
Observation for the Weakly Scattering 
Atmosphere 104 

4.16 Variation of Half-Width with Zenith Angle of 
Observation for the Strongly Scattering 
Atmosphere 105 

4.17 Variation of Equivalent Width with Zenith 
Angle of Observation for the Weakly 
Scattering Atmosphere 107 

4.18 Variation of Equivalent Width with Zenith 
Angle of Observation for the Strongly 
Scattering Atmosphere 108 

4.19 Dependence of Equivalent Width on Line Strength 
for the Weakly Scattering Atmosphere .... 109 

4.20 Dependence of Equivalent Width on Line Strength 
for the Strongly Scattering Atmosphere . . . 110 



viii 

LIST OP ILLUSTRATIONS—Continued 

Figure Page 

4.21 Variation of Half-Width with Zenith Angle of 
Observation—Comparison of Atmospheres 
with Different Scattering Coefficients . . . 113 

4.22 Variation of Equivalent Width with Zenith 
Angle of Observation—Comparison of 
Atmospheres with Different Scattering 
Coefficients 114 

4.23 Variation of Intensity at Line Center and in 
the Wing with Zenith Angle of Observation . . 115 

4.24 Synthetic Lines for Atmospheres with Different 
Surface Pressures—Comparison of Models 
with the Same Optical Depths 119 

4.25 Variation of Half-Width with Zenith Angle of 
Observation—Comparison of Models with 
Different Surface Pressures but the Same 
Optical Depths 121 

4.26 Variation of Equivalent Width with Zenith Angle 
of Observation—Comparison of Models with 
Different Surface Pressures but the Same 
Optical Depths 122 

4.27 Synthetic Lines for Atmospheres with Different 
Surface Pressures, Small Zenith Angle of 
Observation 124 

4.28 Synthetic Lines for Atmospheres with Different 
Surface Pressures, Large Zenith Angle of 
Observation . . 125 

4.29 Reflected Intensity across Absorption Lines 
Formed in Atmospheres with Different 
Surface Pressures, Small Zenith Angle of 
Observation 126 

4.30 Reflected Intensity across Absorption Lines 
Formed in Atmospheres with Different 
Surface Pressures, Large Zenith Angle of 
Observation 127 



ix 

LIST OP ILLUSTRATIONS—Continued 

Figure Page 

4. 31 Contributions by Various Layers to Total 
Reflected Intensity across an Absorption 
Line 129 

4.32 Reflected Intensity in the Wing as a Function 
of Zenith Angle of Observation 131 

4.33 Reflected Intensity at Line Center as a 
Function of Zenith Angle of Observation . . . 132 

4.34 Variation of Half-Width with Zenith Angle of 
Observation for Atmospheres with Different 
Surface Pressures 134 

4.35 Variation of Equivalent Width with Zenith 
Angle of Observation for Atmospheres with 
Different Surface Pressures 136 

4.36 Synthetic Lines for Atmospheres with Surface 
Reflection, Small Zenith Angle of 
Observation 139 

4.37 Synthetic Lines for Atmospheres with Surface 
Reflection, Large Zenith Angle of 
Observation 140 

4.38 Variation of Equivalent Width with Zenith 
Angle of Observation for Atmospheres with 
Surface Reflection 142 

4.39 Variation of Half-Width with Zenith Angle 
of Observation for Atmospheres with 
Surface Reflection 143 

4.40 Intensity across an Absorption Line for 
Atmospheres With Surface Reflection, 
Small Zenith Angle of Observation 144 

4.41 Intensity across an Absorption Line for 
Atmospheres with Surface Reflection, 
Large Zenith Angle of Observation 145 

4.42 Components of Intensity Due to Atmospheric 
Scattering and Surface Reflection, 
Small Zenith Angle of Observation 146 



X 

LIST OF ILLUSTRATIONS—Continued 

Figure Page 

4.43 Components of Intensity Due to Atmospheric 
Scattering and Surface Reflection, 
Large Zenith Angle of Observation 147 

4.44 Variation of Intensity with Zenith Angle of 
Observation at Three Frequencies for 
Atmospheres with Surface Reflection 149 

4.45 Variation of Polarization across an Absorption 
Line for Zenith Angles of Observation in 
the $ Equal 0° Half-Plane . . . . 157 

4.46 Variation of Polarization across an Absorption 
Line for Zenith Angles of Observation in 
the (f> Equal 180° Half-Plane 158 

4.47 Variation of Polarization across an Absorption 
Line for Atmospheres with Different Surface 
Pressures 160 

4.48 Variation of Polarization across an Absorp
tion Line for Atmospheres with Surface 
Reflection l6l 



LIST OF TABLES 

Table Page 

1. Typical Values of S(L,T)/Cabs . 53 

2. Mean Level of Line Formation from Observed 
Half-Widths 133 

xi 



ABSTRACT 

Sunlight incident on a planetary atmosphere is 

scattered by molecules and aerosols and partially reflected 

by the surface. Some of the atmospheric gases also absorb 

part of this radiation at characteristic frequencies so that 

the intensity of the emergent radiation has a variation with 

frequency that depends on the interaction of the scattering 

and absorption'processes. Measurements of spectra in light 

reflected by planetary atmospheres are used to determine 

their structures, but the conclusions depend on the model 

used to interpret the measurements. Very thin atmospheres 

can accurately be modeled using a simple reflecting-layer 

theory in which the absorption takes place in a non-

scattering layer lying above a reflecting surface, but for 

thicker atmospheres scattering of incident light in the 

atmosphere changes the characteristics of the observed 

absorption lines. In previous research a curve of growth 

based on a homogeneous, semi-infinite, isotropically scat

tering model has been used to interpret measurements of 

absorption lines from Venus. Also, similar data have been 

studied by comparing observed lines with synthetic absorp

tion profiles formed in a homogeneous, semi-infinite, 

isotropically scattering model atmosphere. 

xii 
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In the present research a numerical model is 

developed that produces synthetic absorption lines in an 

inhomogeneous, finite, Rayleigh scattering model atmosphere. 

The transfer equation describing the interaction of solar 

radiation with the atmosphere including the effects of 

Lambert surface reflection is solved using the auxiliary 

equation method. The absorbing gas is assumed to be well-

mixed, but the absorption coefficient profile changes in the 

vertical because of changes in temperature and pressure. A 

Voigt profile is used to specify the value of the absorption 

coefficient across the line at each level in the atmosphere. 

The structure of the model atmosphere is based on terrestri

al conditions, and the synthetic spectra correspond to 

absorption lines that would be measured in light scattered 

by the earth and its atmosphere in regions where non-

Rayleigh scattering can be ignored. 

Differences between inhomogeneous and homogeneous 

atmospheres imply that an inhomogeneous model should be used 

for comparison with spectra from thick planetary atmospheres. 

Absorption lines observed in scattered light are broader 

than the corresponding absorption coefficient profile, and 

absorption in the wing is enhanced by scattering. The char

acteristics of synthetic absorption profiles depend only 

weakly on the scattering thickness of the atmosphere. For 



xiv 

moderate absorption the equivalent widths of synthetic lines 

are proportional to the product of line strength and amount 

of absorbing material raised to a power between one-half and 

one, the power decreasing with the amount of absorption. 

Radiation reflected by the surface broadens and deepens 

absorption lines, and the per cent polarization of the 

emergent radiation is usually largest at the line centers. 



CHAPTER I 

METHODS OP INTERPRETING ABSORPTION LINES 
IN PLANETARY SPECTRA 

Sunlight is scattered and absorbed in the atmospheres 

and at the surfaces of the planets. A mathematical descrip

tion of solar radiation interacting with a planet and its 

atmosphere is important for two basic reasons: 1) the 

structure of a planetary atmosphere both physically and 

dynamically is determined primarily by how much and where 

solar energy is absorbed, and 2) important data on planetary 

atmospheres can be deduced from measurements of scattered 

sunlight. The particular purpose of this work is to study 

the characteristics of absorption lines formed in sunlight 

that has been reflected from a planet and to relate these 

characteristics to the physical structure of the planet's 

atmosphere. 

Because of interest in planets and their atmospheres, 

space scientists have developed spectrographic observing 

systems capable of measuring the intensity over small fre

quency intervals, Iv, of light emerging from the planets. 

In this dissertation it will be assumed that appropriate 

measurements can be made; only the interpretation of these 

observations will be discussed. 

1 
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The determination of composition, temperature, and 

pressure in planetary atmospheres from spectroscopic mea

surements of reflected sunlight depends in part on the 

assumptions made about the atmosphere. Therefore it is 

important to use a realistic model. Typically the primary 

interest is to determine what gases are present, the abun

dance of each constituent, the surface pressure, and the 

surface temperature. Later the aim is to specify the 

vertical distribution of abundance and temperature. 

The presence of various gases is usually determined 

by noting the presence of absorption lines in planetary 

spectra at characteristic wavelengths. The relative 

strengths of absorption lines at several wavelengths also 

aid in determining the presence of specific molecules. 

While the identification of constituents is 

straightforward, the determination of abundance depends on 

the method used to evaluate the data. Traditionally in 

astronomical spectroscopy the equivalent width, W, has been 

used as a measure of the total absorption in one line and is 

defined by 

W = 
I 

(1 - dv, (1.1) 
c 

where Iv is the emergent intensity at frequency v and Ic is 

the emergent intensity in the nearby continuum. (The normal 



procedure of placing the zero of frequency at the line 

center and integrating from instead of -v has been fol

lowed.) A mathematical relationship expressing equivalent 

width as a function of the amount of absorbing material is 

called a curve of growth. Several curves of growth exist 

based on different assumptions about the absorption coeffi

cient and method of line formation. 

Reflecting Layer Model 

A simple reflecting layer model has been used 

extensively to interpret planetary spectroscopic measure

ments. An absorbing but non-scattering atmosphere is 

assumed to lie above a reflecting surface which may be 

either the planet's surface or a cloudy layer. The inci

dent solar beam traverses the atmosphere, is reflected at 

the surface, and passes back through the atmosphere to the 

observer. The equivalent width can be written 

.00 ("M'ta) 
W = [1 - e a va ]dv , (1.2) 

J -co 

where M' is the mass of absorbing material per cm2 along the 
cl 

path and k is the mass absorption coefficient in cmVgm. 
Va 

,2 

. 2 M' is related to the mass of absorbing material per cm in a 
cl 

vertical column, M„, by the expression M' = M (1/y + l/y_) 
cL • cl d o O 

where y is the cosine of the zenith angle of the sun and y 



is the cosine of the zenith angle in the direction of the 

emergent radiation. The product M k is called the 
ci Va 

absorption optical depth, x , of the atmosphere. At the 
Va 

temperatures and pressures of line formation in planetary 

atmospheresj the absorption coefficient will usually have 

a Lorentz shape given by 

SaT 
k = . - . (1.3) 

ir(v2+a£) 

CO 
Here S represents the line strength, fm k^dv, and a-^ is the 

Lorentz half-width. Ladenburg and Reiche (1913) have shown 

that the equivalent width can be expressed in terms of 

Bessel functions. If the optical distance traversed at line 

center, t , is given by 

T = M' S/TTaT , (1.4) 
O ct XJ 

the expression for equivalent width, W, developed by 

Ladenburg and Reiche becomes, in the limit of strong lines 

when t >>1, o 5 

W « 2/M^ SaL • (1.5) 

This is called the square-root law regime. In the weak line 

limit when tq << 1, the Ladenburg and Reiche expression for 

equivalent width becomes 
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W « M' S . a (1.6) 

This is the linear law regime and can be derived independent 

of any assumption about absorption line shape because when 

M'k << 1 equation 1.2 becomes cl Va 

If measurements of equivalent widths in both the weak and 

strong line limits are possible, the amount of absorbing 

material can be determined from the measured equivalent 

width of a weak line of known strength using equation 1.6 

and, using this value of amount, the half-width can be 

determined from the measured equivalent width of a strong 

line using equation 1.5. The half-width is proportional to 

the mean pressure of line formation; the pressure at the 

reflecting surface is usually assumed to be double the mean 

pressure of line formation. 

are the simple form the relationship takes in the limiting 

cases and the availability of tables and diagrams of the 

curve of growth for intermediate values of tq (Goody, 196^J). 

A measurement of equivalent width gives directly the amount 

of absorbing material along the observed path. 

(1.7) 

The advantages of using the reflecting-layer theory 
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The large majority of planetary spectroscopic data 

have been interpreted using the reflecting layer model. 

Sinton (1964) provides a table of "gases found spectro-

scopically on the planets" and includes references on the 

amount of each gas detected. Moroz (1968) discusses similar 

material. The currently accepted estimates of the amount of 

carbon dioxide and water vapor on Mars come from analyses of 

spectroscopic measurements interpreted using the simple 

reflecting layer model (Kaplan, Miinch, and Spinrad, 1964; 

Owen, 1966; and Belton and Hunten, 1966). For a very thin 

non-cloudy atmosphere the reflecting layer theory seems to 

be adequate. Mercury and Mars apparently are in this 

category, but Venus and the major planets (Jupiter, Saturn, 

Uranus, and Neptune) all have thick cloudy atmospheres. 

Only if the clouds act as a highly reflective layer with 

little penetration, are the assumptions of the reflecting 

layer theory appropriate. 

Venus, because of her relative proximity to the 

earth, has been most extensively studied. The reflecting 

layer theory has been widely used to determine the amounts 

of gases and the pressure at the top of the clouds. The 

mean rotational temperature above the clouds has been es

timated from measurements of the variation of equivalent 

width with rotational level for observation of several 

absorption lines all in the same vibration-rotation band 



7 

(Chamberlain and Kuiper, 1956). A survey of review articles 

on Venus reveals a wide range of values for the amount of 

carbon dioxide and for temperature and pressure at the cloud 

tops (Opik, 1962; Sagan, 1962; Sagan and Kellogg, 1963; 

Brooks, 1967; Moroz, 1968). A table in Rea (1962) gives a 

range of estimates for CO2 amounts of from 2 x 103 to 

2 x 10s atm-cm. Many of these different values come from 

observations at different wavelengths, but Kuiper (1963) 

also found temporal and spatial variation of equivalent 

width at the same wavelength. Spinrad (1962) and Kuiper 

(1963) both concluded that about 2 x 105 atm-cm of C02 lies 

above the reflecting clouds and this value is most commonly 

accepted. 

The confusion over the interpretation of spectro

scopic data has also contributed to the disagreement on the 

composition of the clouds on Venus (Sagan and Pollack, 1967; 

Rea and O'Leary, 1968; Pollack and Sagan, 1968). 

The reflecting layer theory predicts that the 

equivalent width of an absorption band will increase with 

planetary phase. (The phase of a planet is the angle be

tween lines drawn from the sun to the planet and from the 

planet to the observer.) Chamberlain and Kuiper (1956) pre

sent observations of Venus, for which stronger absorption 

occurs at smaller phase angles, a variation in the opposite 

sense to that predicted by equations 1.5 and 1.6. 
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In spite of a phase variation in the wrong sense and 

the inconsistencies among different observations, values 

from the reflecting layer model are widely used. Connes, et 

at. (1967) have interpreted their detection of HC1 and HF on 

Venus using the reflecting layer model. The values given by 

Moroz (1968) for the amount of hydrogen, methane, and 

nitrous oxide on Venus and the abundance of various gases 

on the major planets are all based primarily on measurements 

interpreted using a reflecting layer model. 

Scattering Models 

Because of the problems and inconsistencies result

ing from use of the simple reflecting layer theory there has 

been considerable interest in developing better models of 

absorption line formation for thick cloudy atmospheres. 

Even before these problems became so apparent, radiative 

transfer theory was being used to describe radiation re

flected by planetary atmospheres. When the mass scattering 

coefficient is constant the scattering optical depth of an 

atmosphere at frequency v, T , is given by the product of vs 

the mass of scattering .material per cm2 in a vertical 

column, M„, and the mass scattering coefficient, k.._ . The 
S VO 

total optical depth in the Vertical, tV]_j  sum of the 

absorption and scattering optical depths. 
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In one of the earliest studies of a scattering and 

absorbing atmosphere van de Hulst (19^8) derived expressions 

for the intensity of light reflected from and transmitted 

through a planetary atmosphere. He assumed that the scat

tering was isotropic and that the mass absorption and 

scattering coefficients at frequency v were constant. The 

solution is based on an approximation to Chandrasekhar's 

(i960) X and Y functions and is valid for small optical 

depths (f j << 1). Provision was also made to add the 

effects of Lambert ground reflection. 

Van de Hulst and Irvine (1962) proposed a theory 

based on the "method of successive scattering" that gives 

the reflected intensity across an absorption line or band. 

This method was further developed in a series of papers by 

Irvine (1964, 1966, 1968a). The procedure involves an 

assumption that the absorption process can be separated from 

the radiative transfer aspects of the problem. The numeri

cal procedure uses a great deal of computer time, and the 

method cannot be applied to an atmosphere in which the mass 

absorption coefficient is vertically variable. 

Chamberlain and Kuiper (1956) pointed out that for 

Venus the variation of the equivalent width of C02 absorp

tion lines with planetary phase implied that there was 

considerable penetration of sunlight below the cloud top and 
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and that absorption by CO2 in the clouds was more important 

than that above them. Therefore, a model of line formation 

must take into account the multiple-scattering nature of the 

region where most of the absorption takes place; such a 

model was developed by Chamberlain (1965)- He assumed that 

the scattering particles and absorbing gas were uniformly 

mixed. Because very little was known about the nature of 

the scatterers or the structure of the atmosphere, he 

treated the transfer equation "in the simplest and crudest 

possible way." The scatterers were assumed to have an iso

tropic scattering phase function and solutions to the trans

fer equation were taken to be those that apply for a semi-

infinite atmosphere. The absorption coefficient was 

evaluated from conditions existing at the mean depth of line 

formation, so that for any individual line the atmosphere 

was considered to be homogeneous. The vertical inhomoge-
V. 

neity of the atmosphere was partially accounted for by 

allowing different lines in a band and different bands to 

be formed at different mean depths . Because of the large 

number of assumptions made during the procedure the values 

calculated for the number of absorbing molecules varied 

widely. Nevertheless, the multiple-scattering mechanism for 

producing CO2 bands on Venus is supported by observations of 

the variation of equivalent width with planetary phase, the 

variation of absorption across the planetary disk, the 
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relative equivalent widths in different bands, and the 

variation of equivalent width with isotopic ratios. 

An atmosphere containing only molecular scatterers 

is called homogeneous if the albedo for single scattering 

(ratio of the differentials of scattering optical depth and 

total optical depth at a given height) is a constant. An 

atmosphere in which the ratio of absorbers to scatterers 

changes with height would be vertically inhomogeneous, but 

even a well-mixed atmosphere would probably be inhomogeneous 

in the vertical because the absorption coefficient is nor

mally a function of temperature and pressure and they change 

with height. Chamberlain and McElroy (1966) extended 

Chamberlain's (1965) model and considered an atmosphere in 

which the albedo for single scattering decreased exponen

tially with optical distance from the top. They reduced the 

inhomogeneous problem to an equivalent homogeneous one by 

finding an effective albedo, and corresponding effective 

optical depth, such that the H-functions, (Chandrasekhar, 

i960) which are defined only for a homogeneous atmosphere, 

"satisfactorily" represented the solution to the inhomoge

neous transfer equation for the reflected light. Because 

they did not derive a solution as a function of optical 

depth they could.not determine a mean depth of line forma

tion or the number of absorbing molecules. 
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Goldstein (i960) discussed an inhomogeneous model in 

which the absorption optical depth was much greater than the 

scattering optical depth. Such a model could be useful near 

the centers of strong lines. In this model only the first 

few orders of scattering need to be considered and the re

flected intensity was given as the sum of the first two. 

Absorption was accounted for by calculating a properly 

weighted mean albedo for both orders of scattering. For 

higher orders of scattering these averages become increas

ingly complicated. It is still not clear in either 

Goldstein's or Chamberlain and McElroy's treatments that a 

homogeneous solution can be properly modified for applica

tion to an inhomogeneous atmosphere. 

The theory of line formation on Venus as developed 

by Chamberlain (1965) was for a semi-infinite, isotropic 

scattering, homogeneous atmosphere. The method he outlined 

for determining chemical abundance was indirect, applicable 

primarily to weak lines, and imprecise because of the many 

assumptions made about the atmosphere. Belton (1968) de

rived a curve of growth for lines formed in a semi-infinite 

homogeneous atmosphere. The scattering was assumed to be 

isotropic, and the absorption line was assumed to have a 

pressure-broadened Lorentz, shape. Belton showed that the 

equivalent width can be written in the form 
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(1.8) 

where 

T 
w SM c a (1 .9)  

a 27rajj 

To is the optical depth at the line center corresponding to 

the mean depth penetrated by a photon traversing a mean free 

path in the atmosphere. The half-width of the Lorentz pro

file at the mean level of line formation is aT , and n J_/ O O 

are the cosines of the zenith angles of observation and 

solar incidence, S is the integrated absorption cross sec

tion per gm of absorbing material or the strength of the 

line, wc is the albedo for single scattering in the continu

um, and M0 is the mass of absorbing gas above the mean depth 

of penetration, also called the specific amount of absorbing 

gas. For a given geometry and continuum albedo, is a 

function of only and is analogous to the Ladenburg-Reiche 

function for the reflecting layer model. For weak lines, 

when xa << (1 - a) ), it is shown that the equivalent width 

follows a linear law, 

W « MaSa)cn(y0,ys,a)c) . (1.10) 

The function ri(y„jy >u„) specifies the phase effect for weak o s c 

lines. In the strong line limit, when t 0 00 the equivalent 



width becomes 

W » /^SwcaLMa ZB(y0,ys,u>c) , (1.11) 

where ZB(uo,ys,u)c) specifies the phase effect. For strong 

lines the equivalent width is proportional to the square 

root of the product of the specific amount of absorbing gas 

and the pressure. This dependence for saturated lines is 

shown to be a result of using the Lorentz profile and is in

dependent of the scattering model. The asymptotic regions 

fo l l o w  t h e  s a m e  l a w s  a s  i n  t h e  n o n - s c a t t e r i n g  p r o b l e m .  A  

major difference, however, is that the scattering model 

produces an extended transition region in which the equiva

lent widths of unsaturated lines of medium strength follow 

roughly a square-root behavior. This is because scattering 

produces longer paths enhancing the wings of a line and 

causing them to dominate the total absorption in the line 

before the center is completely blacked out. The phase 

effect for strong and weak lines is given by different func

tions, the variation being smaller for stronger lines. 

Using this model Belton re-interprets the spectral data for 

Venus and concludes that the atmosphere near the cloud tops 

is best represented by a pressure of 200 mb and a tempera

ture of 240-270°K. The specific amounts of the various 

constituents at this level are given with an uncertainty of 
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a factor of 2. They are C02, 2 x 101* atm-cm; H2O, 2 atm-cm; 

CO, 2-6 atm-cm; HC1, 2 x 10~2 atm-cm, and HP, 2-6 x lO-1* 

atm-cm. Connes, ei> at. (1967) derived pressures 2 to 3 

times smaller and abundances of HC1 and HF an order of mag

nitude smaller using the reflecting layer theory. 

A diff icul ty  encountered when using the scat ter ing 

model  i s  that  the interpretat ion of  a l l  data  depends on 

knowing the cont inuum albedo for  Venus a t  the proper  wave

lengths .  The resul ts  are  sensi t ive to  small  changes in  the 

value of  the albedo for  s ingle  scat ter ing in  the cont inuum, 

to . The reason for this is that in a semi-infinite atmo-
c 

sphere all light contributing to the emergent beam in the 

continuum can be considered to have undergone less than 

(1-0) ) _ 1  scat ter ings because (1 -  oj )  i s  the probabi l i ty  c  c  

that a photon will be abosrbed rather than scattered by 

cloud particles. The closer 10 Q is to 1 the greater the mean 

free path in the continuum; however, for intense scattering 

the mean depth of penetration may be small even for coc very 

close to 1. One major inconsistency was found with this 

scattering model; the observed phase variation for lines in 

a strong C02 band was much greater than predicted. Among 

the suggested reasons for this disagreement are anisotropic 

scattering, finite cloud thickness, and vertical inhomoge-

neity. 
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Method of  Synthet ic  Spectra  

All of the models discussed so far have been con

cerned with translating observed equivalent widths and half-

widths into pressures and amounts. A completely different 

approach for interpreting spectral data has been proposed 

and used by Belton, Hunten, and Goody (1968). They compared 

high resolution spectra of absorption bands with synthetic 

spectra. Certain conditions were assumed to exist in the 

atmosphere of Venus, and using radiative transfer theory a 

synthetic spectrum, which is the calculated variation of 

intensity as a function of frequency across an absorption 

band, can be produced. By making proper assumptions about 

the atmosphere and allowing for instrumental effects it 

should be possible to produce a synthetic spectrum identical 

to the observed spectrum. When this occurs and if no other 

model atmosphere produces the same synthetic spectrum the 

observed atmosphere can be assumed to have the structure of 

the model. 

To illustrate the application of this method, 

several C02 bands and water vapor lines in the Venus spec

trum were compared to synthetic spectra. The relatively 

simple radiative-transfer theory of line formation for a 

semi-infinite, homogeneous, isotropically scattering model 

atmosphere was used. The absorption coefficient was assumed 

to have a Lorentz shape using the mean pressure of line 
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formation to evaluate the half-width; an allowance was 

included for the overlapping of neighboring lines in the 

molecular vibration-rotation band. For the particular geom

etry of the observations it was possible to produce syn

thetic spectra. By changing the pressure, temperature, and 

specific amount of absorbing gas, best fits to the observed 

Venus spectra were obtained. The best-fit values were 

temperature, 270 ± 25°K, pressure 50-200 mb, specific amount 

of C02, 3-5 x 101* atm-cm, and specific amount of H2O, 4 

atm-cm. 

One of the greatest advantages that accrues from a 

study of synthetic spectra is an understanding of how the 

shape and properties of individual absorption lines are 

related to the physical characteristics of the atmosphere. 

Belton, Hunten, and Goody showed that the half-width of 

observed lines is larger than that of the absorption coef

ficient. Also, the wings are tremendously enhanced so that 

appreciable absorption takes place many half-widths from the 

centers of the lines. This great enhancement is partially 

dependent on the value assumed for the continuum albedo, toc, 

because in a semi-infinite atmosphere the reflected inten

sity increases as w approaches 1. The enhancement of the o 

wings is a direct result of using a scattering model. 

Synthetic spectra revealed that observed lines are sensitive 

to changes in the product of abundance and pressure. When 
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this product was left unchanged, even if pressure and 

specific amount were varied, the line profile was almost 

unchanged; only the very center became slightly deeper as 

specific amount was increased. It was also shown that 

lines are deeper at all frequencies and have larger half-

widths as the angles of incidence and observation become 

more vertical. Therefore, the longest average path lengths 

occur for vertically incident and reflected light. 

In discussing the weaknesses of their model, Belton, 

Hunten, and Goody mention the assumption of isotropic 

scattering. Potter (1969) calculated the ratio of emergent 

intensity at frequency v to emergent intensity in the con

tinuum as a function of the ratio of absorption coefficient 

at frequency v to scattering coefficient using a thick 

(essentially semi-infinite) homogeneous model atmosphere in 

which the scattering was highly anisotropic and corresponded 

to scattering by cloud particles. A comparison of his re

sults with those of Belton, Hunten, and Goody indicated that 

the appearance' of the synthetic spectrum would be the same 

for a cloudy atmosphere as for the isotropic model, although 

the interpretation of the data was altered. For the angles 

of the observations considered, the abundance determined 

from the cloud model was about 1/6 the amount determined 

using isotropic scattering, or conversely the scattering 
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coefficient for the cloud was 6 times larger. The conclu

sions about temperature and pressure were not changed. 

A major deficiency in the model, mentioned by both 

Potter and Belton, Hunten, and Goody, is the homogeneous 

assumption. As has been pointed out previously, even a 

well-mixed atmosphere would be vertically inhomogeneous in 

this context because of the variation of the absorption. 

coefficient due to pressure and temperature broadening. One 

of the major objectives in this present work is to examine 

an inhomogeneous model atmosphere and compare the results 

with a homogeneous model. Also, synthetic spectra will be 

produced for several inhomogeneous atmospheric models to 

determine how specified changes in atmospheric structure 

affect absorption line profiles in a reflected spectrum. 

Synthetic absorption lines will be produced by 

solving the radiative transfer equation at several wave

lengths across an absorption line from the center to the 

wing. The method used to solve the transfer equation will 

be discussed in Chapter II. It involves dividing the 

atmosphere into many layers of small optical thickness. The 

scatterers are assumed to be molecular or very small parti

cles so that Rayleigh's scattering phase function can be 

used. The scattering optical depth of each layer, AT , can 

be evaluated if the density of scatterers and the frequency 

at line center are known. The absorption coefficient is 
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assumed to have a Voigt profile; it can be evaluated at each 

level in the atmosphere if a temperature, pressure, and type 

of absorbing gas are assumed for that layer. The absorption 

optical thickness of each layer at a particular frequency v, 

Axva, is the product of the absorption coefficient at that 

frequency and the amount of absorbing gas in the layer. The 

albedo for single scattering, which is the parameter that 

appears in the radiative-transfer equation, is calculated 

using the relationship 

AT 
w = 7 — , (1.12) 
V AT +AT J 

s va 

and may be different in each layer. A complete discus

sion of the determination of w will be given in Chapter 

III. When the albedo at each level has been determined 

based on the assumed structure of the atmosphere, the 

radiative-transfer equation is numerically solved, giving 

the reflected (and transmitted) intensities at several 

angles. In this work all of the discussion will be con

cerned with synthetic absorption lines in reflected sun

light. It should be pointed out that the transfer equation 

is solved at a particular frequency, not for an average over 

a frequency interval. The absorption line profile for given 

angles of incident sunlight and observation is then drawn by 

connecting plotted values of I /I at each frequency. The 

numerically calculated intensity at a frequency far out in 

the wings is used for I . 
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Because the transfer equation must be solved at 

least 15 to 20 times for each profile, it is necessary to 

use a method that is numerically fast. The efforts of 

Chamberlain and McElroy (1966) to modify the H-functions of 

Chandrasekhar (i960) for application to an inhomogeneous 

atmosphere were not promising, particularly if the value of 

u)v is not simply related to optical depth, tv> Other 

methods that have been used for thick or semi-infinite 

atmospheres are time consuming and in many cases limited to 

homogeneous atmospheres. Therefore, it does not appear 

feasible at present to develop a method directly applicable 

to spectra reflected in thick planetary atmospheres. For 

that problem the present work should be regarded only as an 

indicator of some of the differences between a homogeneous 

model and an inhomogeneous atmosphere. The main interest 

will be on discovering what parameters are important in 

determining the shape of spectral lines by examining molec

ular atmospheres of small to moderate optical thickness. 

By systematically increasing the thickness of the model 

atmosphere up to x = 2 and keeping in mind the general s 

conclusions of Belton, Hunten, and Goody (1968), it may be 

possible to infer what happens in very thick atmospheres. 

The method of solution of the transfer equation used 

in this work is suitable for describing the intensity of 

sunlight reflected by the earth's atmosphere in regions 
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where aerosols can be neglected and there are no clouds. It 

has been used previously by Dave and Furukawa (1966) to de

rive the intensity and polarization of sunlight reflected 

from and transmitted through the earth's atmosphere at 

ultraviolet wavelengths where ozone absorption is important. 

In that case the vertical distribution of ozone causes the 

atmosphere to be inhomogeneous. Since the scattering model 

in this present study could be applied to the earth, it was 

decided to use the earth as the basis for specifying the 

atmospheric structure of the model. The structure was 

chosen to preserve as many analogies as possible with 

planetary atmospheres. The model developed here produces 

synthetic spectra that correspond to terrestrial spectra 

observed from another planet or from a satellite, and it can 

predict how changes in the amounts or vertical distribution 

of absorbing gases affect the disposition of solar energy 

in the earth's atmosphere. Synthetic spectra in diffusely 

transmitted sunlight although not studied in this disserta

tion can be produced using the model. Development of an 

appropriate spectroscopic observing system could enable one 

to measure amounts of pollutants in the atmosphere. If the 

synthetic spectra show detectable variations with the 

various parameters of atmospheric structure, it may also be 

possible to use measurements of diffusely transmitted sun

light for indirect atmospheric sounding. 
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In summary, observations indicate that scattering 

models must be used to interpret planetary spectra. In 

previous research a curve of growth based on a semi-

infinite, homogeneous, isotropically scattering model 

atmosphere has been developed which gives the specific 

amount of absorbing material above a corresponding tempera

ture and pressure level. Also in previous research 

temperature, pressure, and specific amounts have been evalu

ated using synthetic spectra produced in homogeneous semi-

infinite atmospheres with both isotropic and cloud 

scattering. But planetary atmospheres are inhomogeneous; 

therefore one of the goals in this study is to determine how 

changes in the absorption coefficient profile with height 

affect the shape of absorption lines in sunlight reflected 

by a planetary atmosphere. Other major objectives are to 

gain an understanding of the process of line formation in a 

Rayleigh scattering atmosphere and to illustrate that mea

surements of absorption profiles in sunlight scattered by 

the earth's atmosphere may be useful in determining atmo

spheric structure parameters. 



CHAPTER II 

THE RADIATIVE TRANSFER PROBLEM 

The processes of diffuse reflection, transmission., 

and absorption of solar radiation are of great importance in 

both planetary and terrestrial physics and consequently have 

been the subject of many theoretical studies. The equation 

describing these processes is called the radiative transfer 

equation. The same equation presents itself in describing 

other physical processes, most notably the diffusion of fast 

neutrons (Davidson, 1957). From among the available methods 

for solving the radiative transfer equation, it was neces- . 

sary to find one that was numerically fast and applicable 

t o  a n  i n h o m o g e n e o u s  a t m o s p h e r e .  C h a n d r a s e k h a r  ( i 9 6 0 ,  p .  

265) has shown that the results for total intensity are in

correct if the polarization or vector nature of radiation 

is ignored; therefore, scalar methods are not suitable. A 

method applicable to semi-infinite or thick atmospheres 

would be most desirable to ascertain conditions for plane

tary atmospheres, but both of the methods that have been 

developed in vector form have deficiencies that seem to be 

insurmountable. It has already been pointed out that the 

H-functions of Chandrasekhar are valid only for homogeneous 

2H 
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atmospheres. The doubling method developed by van de Hulst 

(1963) or the equivalent addition of layers method developed 

by Twomey, Jacobowitz, and Howell (1966) has been used for 

thick planetary atmospheres by Irvine (1968a, 1968b), Hansen 

(1969), and Potter (1969). This method loses its advantage 

of computational speed when the atmosphere is inhomogeneous 

because the large layers that would be combined must be 

separately built up from very thin layers. Therefore, no 

presently available procedure was found that reasonably 

modeled a thick inhomogeneous atmosphere. Since the inhomo

geneous assumption is crucial in this dissertation, the 

decision was made to eliminate the requirement that the 

atmosphere be optically thick, forfeiting direct applica

bility to the atmospheres of Venus and the major planets. 

The direction of propagation of a beam of radiation 

can be specified by its azimuth angle, (f>, referred to an 

arbitrary vertical plane (usually, the vertical plane con

taining the sun) and the cosine of its zenith angle, y. The 

scattering phase matrix P (y,<j>,y',<j>') specifies the angular 

distribution of the Stokes polarization parameters of the 

radiation scattered into the direction (y,<j>) due to a unit 

mass illuminated by radiation from the direction (y',((>')• 

For atmospheres of small to moderate scattering optical 

depth, a numerical solution to the transfer equation has 

been developed by Herman and Browning (1965). This solution 



can be applied to problems with an arbitrary scattering 

phase matrix and to vertically inhomogeneous atmospheres. 

Because the computational time increases very rapidly with 

scattering optical depth, it is not practical to make many 

calculations using this method when x is greater than s 

about 1. Otherwise, the procedure is applicable to almost 

any realistic terrestrial radiative transfer situation. If 

only molecular or Rayleigh scattering is permitted a con

siderable savings in computational time can be achieved by 

using the auxiliary equation method developed by Sekera 

(1963) and Dave (1964). If scattering by cloud and dust 

particles is ignored, the terrestrial atmosphere can be 

considered to be a Rayleigh scattering atmosphere. Since 

the primary purpose in this study is to examine absorption 

lines formed in a scattering atmosphere, the particular 

phase matrix used was considered of secondary importance. 

Therefore, the auxiliary equation method was used to solve 

the radiative transfer equation. Later refinements of the 

model could use the Herman and Browning computational scheme 

to assess the effects of different scattering phase func

tions. 

Auxiliary Equation Method 

The auxiliary equation as presented by Dave (1964) 

was originally programmed for an atmosphere without surface 
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reflection by Herman and Browning. The present author, also 

following the theory given by Dave, modified that program to 

include the effects of a partially reflecting lower surface. 

This modified program was used to numerically solve the 

radiative transfer equation at each frequency. Since the 

equation has the same form at all frequencies, the notation 

for the frequency dependence of the variables with a sub

script v will be suppressed throughout the remainder of 

Chapter II. The derivation need not be repeated in detail 

here, but the procedure will be outlined and several rele

vant features elucidated. The theory is developed for a 

plane-parallel horizontally homogeneous atmosphere; these 

assumptions are appropriate at this state in the development 

of the model. Planetary atmospheres including the earth 

generally have temperatures low enough that emission of 

radiation at visible wavelengths can be neglected. The 

Stokes polarization parameters describe the radiation field 

(Chandrasekharj i960) and can be represented by a four 

element column matrix of intensity, I.. This intensity can 

be expressed in terms of the integration of an attenuated 

source function vector, J, over optical depth. The solution 

for the diffuse field, in the absence of incident diffuse 

light, is given by 
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I(t,-V0A0>-VS,<I>S) 

T - ( T-t ) /]iQ 

— e J(t,-y0,(l>05-ys,<|>s)a)(t)dt (2.1) 

for downward radiation, and 

1 
y f 

T1 -(t-T )/]J 
° J(t,yo,<(.o,-us,<|.s)(0(t)dt ( 2 . 2 )  

o 
e 

T 

for upward radiation. The optical depth at which the inten

sity is calculated is represented by t, the total optical 

thickness of the atmosphere by n. y„ is the cosine of the s 

zenith angle and <f> is the azimuth angle in the direction of s 

the incident solar beam. yQ is the cosine of the zenith 

angle and <j>Q is the azimuth angle in the direction of the 

observed radiation. The single-scattering albedo io(t) which 

specifies the relationship between absorption and scattering 

is vertically variable and hence dependent on optical depth. 

A method for specifying co(t) will be developed in Chapter 

III. The source function, J, is evaluated at each level, t, 

and the diffusely reflected intensity matrix can be found by 

integrating equation 2.2 for r = 0. The diffusely trans

mitted Stokes parameters can be evaluated by integration of 
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equation 2.1 with T = . For an atmosphere illuminated by 

a solar beam incident at the top, the source function, J, at 

each level is made up of two parts, the scattering of the 

attenuated direct solar beam and the multiple scattering of 

diffuse light. 

where F is the Stokes parameters for the direct solar beam, 

Z = b> Oj 0), and P is the scattering phase matrix. (In 

the method of Herman and Browning equation 2.3 is substi

tuted for J in equations 2.1 and 2.2 giving an expression 

for I in terms of I itself. This equation is solved itera-

tively working down the atmosphere and then back up again 

until the values of I_ converge. The mean value of the 

Stokes parameters over each interval of solid angle (Ay,A<|>) 

are defined at every level, and these values are used to 

perform numerically the double integration over solid angle. 

The repeated calculation of this double integral for all 

solid angles at each level can be a time consuming process.) 

The auxiliary equation is produced by substituting into 

equation 2.3 the appropriate expression for I from equations 

2.1 and 2.2. (This is accomplished by dividing the integral 

-T/y s 

£(yn><!> ,y><i>) • I(T,y,c|>,-y„,<!>„)dud<f> (2.3) 

-1 0 
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over y into two parts, one for positive y, and one for 

negative y.) The resultant expression of the auxiliary 

equation gives the source function, J, in terms of the 

incident solar flux, P, the scattering phase matrix, P, and 

J itself. 

The phase matrix for Rayleigh scattering is given 

by Chandrasekhar (I960, p. *J2). Two important properties 

are immediately obvious. The only non-zero element in row 4 

and column 4 is Pm; therefore, the I^ parameter is inde

pendent of Ii, I2, and I3. Since Fi, is zero in the incident 

solar beam Iit is always zero. The I_ and J vectors can be 

assumed to have only three elements and P can be reduced to 

a 3 x 3 matrix. Chandrasekhar writes the Rayleigh phase 

matrix as the sum of the first three terms of a Fourier 

series in (<j> - <i>0). If J is also written as the sum of 

Fourier elements, and if the integral of P*J over dtp is 

performed in the auxiliary equation, then, because of the 

orthogonality relationship, J can be expressed as the sum of 

just three Fourier terms, 

J(T,y ,<|> ,-y ,<j> ) = (x,y ,-y ) + (x,y ,-y ) 
_v. >^o' o' s' S — ' "o> s — J^o> s5 s ro 

+ J(2) [T,yo,-ys,2(<(.s - < P o ) ]  , (2.4) 

where each of these new matrices is independent of the other 

two and satisfies its own auxiliary equation. 
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These three new equations are solved by iteration; 

that isj the n-ls^ approximation to the i^*1 Fourier compo

nent of the source function, is used on the right hand 

side to evaluate a new • The initial approximation, 

is taken as the scattering of the attenuated solar 

beam. Because of the unique properties of the Rayleigh 

scattering matrix, the azimuth dependent Fourier components 

of the nth approximation to the source function, and 

can be written 
—n 

4l)[T»yo»-V1(,|,s ~ *0" 

= - <f>0)] • 5- Jn1̂ T'~uŝ  (2.5) 

where J^^(x,-y ) are scalars and must satisfy the iterative n s 

equation 

( -^ ) ! +- 11 
Jnl)(T>-1Js) = e /1JS + > (t,-y )K| ;(|T-t|)u(t)dt . 

0 n-x s 

( 2 . 6 )  

The expressions for are 

Kl1)(t) = FCEil(t) + E i3 ( t )  ~ 2E 1 5 ( t ) ]  (2 .7)  

and 

4 2 )  ( t )  = |^[E i l ( t )  + 2E i 3 ( t )  + E i 5 ( t )3  ,  (2.8)  
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where E..(t) is the standard exponential integral, 
J. J 

Eij(t) = 
_-t/y ..3-1 dy 

y y ( 2 . 9 )  

The azimuth independent term is slightly more complicated 

because the product of (y ,y) (yj-y„) can only be — o • • s 

reduced to a 2 x 2 symmetrical matrix. Nevertheless, the 

n^*1 approximation to can be written again in a form in 

which the yQ-dependence of has been factored out, 

-n°^ (T>yo,-Vts^ = fsi^o5 ' * F , . (2.10) 

where 

M(y) = 
/2(l-y2) 

0 
(2.11) 

J. 
and M (y) is the transpose of M(y). Zn(Tj-|iQ) must satisfy 

the iterative matrix equation 

=n 
-x/y 1 o" 

= e ° + 
0 1. 0 

•K,(|x-t|).Z , (t,-yja)(t)dt 

(2.12) 

where K-^(t), expressed in terms of exponential integrals, is 

given by 

K^t) = | 
[En (t) + E±5(t).] /2[E±3(t) - E±5(t)] 

/2[E.3(t)-Ei5(t)] 2[Ei;L(t)-2Ei3(t)+Ei5(t)] 

(2.13) 



What has been accomplished in this: The six equations that 

must be solved by iteration involve only a single integra

tion over optical depth to determine and and 

the four elements of .Z at each level. (By comparison the 

method of Herman and Browning involves a double integral for 

N x I Stokes parameters at each level, where N and I are the 

numbers of y- and cj>- intervals, respectively.) 

The following steps are followed in solving the 

transfer equation numerically using the auxiliary equation 

method: 

1) The atmosphere is assumed to consist of N layers 

of equal total optical thickness. AT. The properties of 

each layer are represented by the values of the variables at 

the mid-point of the layer, or in some cases by the average 

of the values at the top and bottom of the layer. Using 

layers of equal optical depth is not only a normal choice 

but it limits the number of possible values of the argument 

of the K11s in the iteration equations. For if all the 

layers have the same optical thickness, |x—t| always equals 

an integer, H, times AT. For example, layers 5 and 10 are 

separated by an optical thickness 5AT, but so are layers 6 

and 11, and layers 106 and 111, etc. Since the values of 

the K^'s are needed many times for the same N values of 

|T—t| they can be determined before the iteration equations 

are numerically solved. 
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2) A converging series is used to evaluate E^(£AT) 

for I = 1 to N (Chandrasekhar, I960, p. 37^, Eq. 8 and 11). 

Using the recursion formulae for exponential integrals the 

values of E^C&AT) and E^^(AAr) and then the K^^(Mx) are 

determined using equations 2.7, 2.8 and 2.13. 

3) For one particular solar zenith angle equations 

2.6 and 2.12 in finite difference form are solved by itera-

( 1 )  ( 2 )  
tion for the values of the six functions , and Z 

at every level. The iteration solution is considered cor

rect when the change in all of these variables is less than 

.000001 from their values after the previous iteration. 

(These variables have typical values of the order of 0.1 

to 1.) Two solar zenith angles were used during the course 

of this present work, 0 = 25° and 75°. Dave has shown that s 

the number of iterations is equal to the highest order of 

scattering considered. 

4) Using equations 2.5 and 2.10 the Fourier compo

nents of the source matrix are evaluated at those angles for 

which one wishes to calculate the intensity. In all calcu

lations reported here the set of zenith angles of observa

tion used i s 0 Q  = 5 ° ,  1 5 ° ,  2 5 ° ,  3 5 ° ,  45°, 55°, 65°, 7 5 ° ,  

and 85° and <|> = 0°, 30°, 60°, 90°, 120°, 150°, 180°. (The 

intensity at azimuth angles between 180° and 360° is given 

in terms of these 4»0's because the solution is symmetric 

about the plane of the sun, A =0.) s 
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5) The source matrix at each level and at each 

angle is then obtained by matrix addition of the three 

Fourier components, equation 2.4. 

6) Finally the reflected intensity out the top of 

the atmosphere at each angle is determined by a numerical 

integration of the finite-difference form of equation 2.2 

for T = 0. 

The transfer equation has then been solved for an 

inhomogeneous atmosphere of total optical thickness n, 

illuminated by a direct solar beam in the direction -y a<f> . s s 

Other quantities that can be calculated from the source 

matrix produced at step 5 include the diffusely transmitted 

radiation at the ground and the Stokes parameters of inten

sity at any level in the atmosphere. The total intensity, 

I, is given in terms of the elements of the Stokes polariza

tion vector, I_, by the sum 1^ + and the degree of 

2 2 — polarization by the expression [(1^ + I3^S//I ' 

upward and downward diffuse fluxes can be determined by 

numerical integration of the normal components of total 

intensity over solid angle; subtraction of these two gives 

the net diffuse flux at that level. 

Surface Reflection 

For any atmosphere'of finite optical thickness some 

energy is directly and diffusely transmitted out the bottom. 
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This radiation incident on the lower boundary is, in 

general, partially reflected by the surface; therefore, a 

calculation of the total diffuse reflection from a planet 

must include the effects of surface reflection. If all the 

monochromatic radiation passing out of the lower boundary of 

an atmosphere is absorbed at the surface, the previously 

discussed solution is valid. This assumption is made for 

most of the results that will be presented. Even when there 

is reflection by the planetary surface, the problem that has 

already been solved is retained as part of the result be

cause this solution applies to radiation that never reached 

the lower boundary. The problem of ground reflection can be 

treated separately if the upward intensity incident from 

below is specified. The Stokes parameters for the complete 

problem will be the sum of the Stokes parameters of the two 

separate problems. The ground reflection solution, however, 

is dependent on the solar incidence problem because the 

source of radiative energy that is reflected by the ground 

is clearly the total flux out of the bottom of the atmo

sphere . 

The reflective properties of various surface 

materials have been the subject of several experimental 

studies including Coulson, Gray, and Bouricius (1966), and 

Coulson (1966), who studied the reflective properties of 



several surface materials by measuring the total reflec

tivity and polarization as a function of angle of incidence 

of a beam of natural light at three wavelengths. Each 

material displayed individual characteristics. The re

flectivities ranged from near 0 in the case of black loam 

to over 0.9 for white sand, and the polarizations ranged 

from 0 to 50 per cent. Chen and Rao (1968) and Rao and 

Chen (1969) discussed the polarization features for desert 

sand, white sand, soil, and water at three wavelengths for 

natural and linearly polarized incident beams of light. 

Water exhibits extremely wide variations in both polariza

tion and reflectivity as a function of zenith angle. Using 

a polarimeter mounted in an airplane Pernald, Herman and 

Curran (1969) measured the degree of polarization for sun

light reflected from desert terrain. The measured polariza

tions ranged from 3 to 18 per cent and increased as the 

scattering angle approached 90°. Because of the complexi

ties of this problem and the immediate desire of only 

evaluating the importance of including surface reflection, 

a crude but mathematically simple approximation was used. 

The surface is considered to reflect a fraction, R, 

of the flux incident at the ground according to Lambert's 

law; that is, the upward intensity at the lower boundary, 

I , is independent of direction and unpolarized, I = 
S o 



(|rl , s~£rr> 0)- The development of the relevant equations 
6 O 

for solving the radiative transfer problem for a Rayleigh 

atmosphere illuminated from below by an isotropic total 

intensity, I , are given by Dave (1964). The incident 
O 

intensity and therefore the scattered intensities and source 

functions are independent of azimuth. Again, because of 

simplifications due to the form of the Rayleigh scattering 

matrix, the ̂ -dependence in the iterative equation can be 

t h factored out, so that the n approximation to the source 

function can be written 

J*(T,U ) = sU- I M(y ) • Z*(T, - T) —n '^oy 16 g— Ko —n 1 ' (2.14) 

where Z* satisfies the iteration equation 

Z^TJ-T) = Z*(TJ-T) + K1( |T-t | ) •Z*_ 1(T1-t)u(t)dt 

(2.15) 

The value of Z* is calculated from the source matrix —o 

J*(T,]i0) = 2HF 
2tt 
Ziv0A0>vA) ' lg.e 

-(TJ-T)/IJ 
dy d(j> 

TRF 

+1 

-1 

2tt 
Z(V0A0,VA) ' I*(T,y,<j))dy d(f> (2.16) 

with Is equal to 0, and gives 



'E±2(t) + E±1((t) 

/2[Ei2(t) - E^Ct)] 
(2.17) 

Z* is a two element column matrix; therefore, only two func

tions are needed to determine the solution to this transfer 

problem. The values of the Stokes parameters in downward 

and upward directions can be calculated from equations 2.1 

and 2.2j respectively, with J* substituted for J. 

the total upward intensity at the bottom of the atmosphere; 

it is equal to 1/TT times the fraction R of the total down

ward flux incident on the surface. This downward flux at 

the bottom of the atmosphere consists of three parts: 

1) the attenuated direct solar flux, 2) the diffusely 

transmitted flux due to.the illumination of the atmosphere 

by the sun without surface reflection, and 3) the diffuse 

flux arising from the scattering of radiation incident from 

the bottom of the atmosphere. The attenuated solar flux is 

are determined by integration of the downward component of 

total intensity at the lower surface, but if they are 

expressed in terms of and 2^* it is possible to complete 

the y and (f> integration in terms of exponential integrals. 

The diffuse flux due to radiation described by 2). is given 

The scalar I in equation 2.14 has been defined as g 

given by Try Fe s 

-T1/ys 
where F = F^ + F2• The diffuse fluxes 
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by irFCg^Tj a-Us) + g2(Ti j-Vs)] = f"pgi 

£(Ti»-'is) = h £L( tx -t ) • Z (t,-y )co(x)dr IX o 
M+ (y s )  

1 

1 

(2.18) 

where 

G(t) = 
(E^Ct) /2[E±2(t) - E,„(t)] 

E±2(t) 0 
(2.19) 

Similarly, the downward flux due to radiation described in 

3) is given by irIg[Sgl(T1) + Sg2(T1)] = 7rIgsg' 

q _ 3 
^g " B" f

Tlfi(T1 
J n 

T) • Z*(Ti - T ) CO ( T)dT . ( 2 . 2 0 )  

Using the definition of I for a surface of reflectivity, R, 
O 

R ~Tl/ys 
Ig = 7(irys Pe + + 

or 

I « -

-T/y, 
(u e + g)RF 

b 

(i - RSg) 

(2.21) 

( 2 . 2 2 )  

To include the effects of surface reflection the 

computational procedure is altered in the following ways: 

In step 2 (p. 3*0 the exponential integrals E^^AT) and 

E^jj (HAt ) are also evaluated and from them Z*(£At) and 

G(£AT) are determined for I = 1 to N. After step 3 has been 



completed, additional calculations are made to evaluate the 

two functions in the Z* matrix by iteration of equation 2.15 

at each level using the same accuracy criteria specified in 

step 3« Then the value of I is determined using equations 
O 

2.18 - 2.22. Added to step 4 is the calculation of J* using 

equation 2.1k. Rather than determining separate values of 

Is, the equivalent procedure of adding J* to Jn in step 5 

is followed. The result of the integration in step 6 will 

then give the Stokes parameters of radiation coming out of 

the top of the atmosphere including sunlight diffusely 

reflected before ever reaching the ground and diffusely 

transmitted radiation entering the atmosphere at the ground 

because of surface reflection. To obtain the Stokes param

eters for radiation reflected from the atmosphere-planet 
-t1/V -Ti/y. 

system the matrix (-|-I e °, -|I e , 0) must be 
S 6 

added to account for ground reflected radiation transmitted 

directly through the atmosphere. The values of surface 

reflectivity used in this work are 0.1, 0.25, and 0.75; the 

value 0.25 is frequently considered to be the global average. 

For a scattering optical depth of 1.0, the auxiliary 

equation method using 50 layers and including Lambert sur

face reflection requires 2k iterations and about 35 seconds 

on a CDC 6*100 computer. The results are within 1% of those 

given in tables (Coulson, Dave, and Sekera, I960). The 

solution at 15 frequencies, sufficient to define a line 



profile, takes about 10 minutes including evaluation of the 

single-scattering albedo at each level. The amount of 

computer time required to produce a solution at a single 

frequency is roughly proportional to the square of the 

number of layers if they all have the same optical depth. 



CHAPTER III 

THE SINGLE-SCATTERING ALBEDO 

As radiation passes through a distance, ds, of the 

atmosphere its specific intensity (or Stokes parameters) at 

frequency v decreases by an amount dl^ which is proportional 

to the incident intensity and the attenuation of the atmo

sphere. The attenuation can be written as the product of an 

attenuation coefficient per unit mass, K , and the mass per 

unit cross-sectional area of attenuating material in the 

distance ds, so that 

where P is the density of attenuating material. This rela

tion can be expressed in terms of height, z, since 

where y is the cosine of the zenith angle in the direction 

of the beam, then equation 3-1 becomes 

dly = -IvKvPds (3.1) 

dz = yds (3.2) 

dlv = 
Iv 
p—KvPdz (3.3) 

It is customary to define the product KvPdz as the differ

ential total optical thickness, dTv. The total optical 

4 3  



depth of the atmosphere at frequency v is given by 

Tvl 
K pdz . (3.4) 

0 v 

If several materials with different mass attenuation co

efficients are present K p must be replaced by £ K . p.. If 
j 

the attenuation is due to several physical processes, the 

mass attenuation coefficient can be written as the sum of 

coefficients describing each process. 

The energy lost from an incident monochromatic beam 

and that reappears at the same frequency in the same or any 

other direction can be called scattered radiation; it has a 

mass scattering coefficient, k . All other energy lost 
V s 

from the incident beam will be called absorbed radiation and 

assigned a mass absorption coefficient, k . As in equa-VcL 

tion 3-3 the changes in intensity due to scattering and 

absorption can be written 

dIvs = -VWs r and "va - Vva f • (3'5) 

respectively. The differential scattering optical depth, 

dr , is given by the product k p dz, and the differential V S V s s 

absorption optical depth, dT , is given by the product Vcl 
kvapadz' 'Por an beam traversing a differential 

distance ds the albedo for single scattering, u>v, is 



defined as the ratio of the energy lost from the beam 

because of scattering to the total energy lost, so that 

dl I k p ds k p dr 
VS _ V VS'S _ VS^S _ VS / N  /-S 

% " dlv - lvKvpds " Kvp " dxv ' 

Since the change in intensity and the differential total 

optical depth can both be written as the sum of contribu

tions due to scattering and absorption, the albedo for 

single scattering is also expressed by 

dl k p dr „ 
VS _ VS KS _ VS /_ 

v dl +dl k p +k p dx +dx vs va vsps va^a vs va 

In general k,,„, k,la3 p. and p change with height 
Va VS a. S 

or with optical depth; therefore is a function of T . It 

is this variable O>v(T ) that must be specified for each 

layer and used in the numerical solution to the radiative 

transfer equation. The single-scattering albedo appears in 

the iterative equations 2.6, 2.12, and 2.15, and in equa

tions 2.1 and 2.2 which are used to evaluate the Stokes 

parameters from the source functions. Using the method to 

be developed in this chapter OJ is specified at the mid

point of each layer of the atmosphere. The total optical 

depth, must be determined by integration of equation 

3.4 ,  and the optical thickness of each layer is given by 

Axv = tv^/N, where N is the number of layers. 



At frequency v the mean value of uiv for a layer of 

small but finite optical thickness, can calculated 

by assuming that the mass scattering and absorption coeffi

cients are constant within the layer. Then for layer, Si, 

and 

AxvaU) = kvaU) 

ATvsU) = kvsU) 

t p dz = k (£)AM (a) (3.8) 
ci Va a. 

b 

z-t- . 
^ p dz = k U)AM_U) (3.9) 

b Vb b 
Zb 

where z^ and zb are the heights at the top and bottom of 

layer I, and AM (S,) and AM (£) represent the mass per unit a. S 

area of absorbing and scattering material within this layer. 

Putting these values in equation 3-7 for dx^ leads to 

k U)AM U) 
«•>, , (*)  =  ==  — S  •  (3-10)  

kvsU)AMsU) + kvaU)AMaU) 

Rayleigh Scattering Coefficient 

In order to evaluate each of the quantities in 

equation 3.10 assumptions must be made about the type and 

distribution of the scattering and absorbing materials. It 

has already been indicated that only Rayleigh scattering 

will be considered. The Rayleigh scattering coefficient is 

typically expressed in terms of wavelength, A, but its value 
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will be numerically the same whether it is expressed in 

t e r m s  o f  w a v e l e n g t h  o r  t h e  c o r r e s p o n d i n g  f r e q u e n c y ,  v  =  c / X .  

Therefore k equals k.. . The mass scattering coefficient 
V S AS 

for Rayleigh scattering as given by Chandrasekhar (i960, 

p. 38) is 

8TT 3 (n?-l) 2 
k, = , (3.11) 
A S  3A*N mp 

where n^ is the index of refraction of the medium, is the 

number of molecules per unit volume, and p is the mass den

sity. Since the index of refraction for gases is near 1, 

(n| - I)2 = [(^ + l)(nj, - l)]2 * ^(n^ - I)2 . (3.12) 

Following Johnson (195*0 the variation of the index of 

refraction with density can be represented by 

(n. - 1) 
— = C , (3.13) 

P 

where C is a constant, and equation 3-11 can be written 

32IT3 (n. -l)2p 32TT3 

k>C5 = i = C2m . (3.14) 
3XVNm SX" 

In this expression m represents the mean mass of the scat

tering molecules. Each different atmospheric gas has a 

different C, and m changes with height if the atmosphere is 
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not well-mixed. But Deirmendjian (1955) has shown that for 

the earth, where the two major gases are well-mixed, mean 

values of C and m give sufficiently accurate results. In 

this study the small variation of C with wavelength is 

neglected. For the atmosphere of a planet such as Venus 

which apparently has only one major gaseous constituent, 

there should also be no difficulty in using equation 3.14 to 

determine the Rayleigh component of the scattering coeffi

cient. The numerical value of C for the earth's atmosphere 

was determined from conditions at sea level 

C . = (ni 1)alr = 2,93 X 10""— = .227 cm3/gm. (3-15) 
air p 1.29xlCr3gm/cm3 

Then equation 3.14 can be written 

k, = X 10 cm6/gm . (3.16) 
AS ,1, 

Absorption resulting from molecular transitions 

typically occurs in a series of very narrow lines. If the 

wavelength spread over which absorption is significant is 

AX, the relative change in mass scattering coefficient 

across a line is indicated by the ratio of the coefficients 

in the wings, 

kXs_ „ U+Aiil „ J. + tax + . . . (3.17, 
k (X+AX)s X it 



The value for itAA/A is generally much less than .001 so 

that the variation in mass scattering coefficient across a 

molecular absorption line at visible wavelengths can be 

neglected. Therefore the mass scattering coefficient is a 

constant for a given absorption line, k , and the scattering 

optical depth of a pure Rayleigh atmosphere is simply 

Ts = k s M s  (3 .18)  

where is the total mass of scattering molecules in a 

vertical column of unit cross-section. 

area, M . and the mass of scattering molecules per unit s 

area in layer SL, AM (A), can be determined by integration s 

of the hydrostatic equation. 

where p is the air density, z is height, p is atmospheric 

pressure, and g is the acceleration of gravity. The 

appropriate expressions are 

Mass of Scattering Material 

The total mass of scattering molecules per unit 

^ - - sg . (3 .19)  

( 3 . 2 0 )  

where pQ is the surface pressure, and 



AMgU) = [ 
z, (£) 

where z^(Z) and z^(Z) are the heights at the top and bottom 

of layer Z, p^(Z) is the pressure at the top of layer Z, and 

A p ( J i )  i s  t h e  p r e s s u r e  t h i c k n e s s  o f  l a y e r  Z .  

a theory that gives insight into the interpretation of 

planetary spectra. Since the main interest in such work is 

centered on major constituents, it is most suitable to 

assume that the absorbing material is well-mixed; that is, 

it has the same vertical distribution as the whole atmo

sphere. Then the density of the absorbing gas, p , can be aI 

expressed as a fraction of the atmospheric density, 

where f is a constant. For the earth appropriate fractions cl 

of oxygen and nitrogen are fQ = 0.21 and fN = 0.78; on 

Venus the value f^Q would be about 0.95. For a planetary 

atmosphere the goal may be to determine f^ from the spectra. 

Based on this assumption, the expression for the mass of 

absorbing gas in layer Z is given by 

Distribution of Absorbing Gas 

One of the aims in this dissertation is to develop 

p
a ( z )  =  f

a
p ( z )  ( 3 . 2 2 )  
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AMaU) = fa Ap^) . (3.23) 

When equation 3-22 is used to express p the atmosphere will 
a. 

be inhomogeneous solely because of vertical changes in the 

absorption coefficient. 

Absorption Coefficient 

The mass absorption coefficient can be written as 

the product of the strength of the line, S(L,T), and a 

shape factor or line profile, K(AV,P,T), 

K V A  = S(L,T)K(Av,p,T) (3.24) 

The index, L, identifies a particular molecular absorption 

line, and Av represents the difference in frequency from 

the frequency at the line center. x(Av,p,T) is assumed to 

be normalized at each level so that at all temperatures, T, 

and pressures, p, 

c°° 
K(Av,p,T)d(Av) = 1 . (3.25) 

J —CO 

Line Strength 

Because of the complex structure of even the sim

plest diatomic molecules, the strength of an absorption line 

must be determined from measurements. Nevertheless, the 
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absorption of a particular gas has a unique spectrum of 

vibration-rotation bands and the line strength can be re

lated to some of the properties of the molecules. Herzberg 

(1950, p. 125) gives the following expression for the depen

dence of absorption line strength on temperature and rota

tional level of the-initial state, L, 

-BL(L+1)1T£ 
S(L,T) = Cabs(2L+l) e Ki . (3.26) 

C^abs is a constant for a given rotation band, but depends on 

the dipole moment, on the number of molecules in the initial 

vibrational state, and the energy of the transition. B is 

the rotational constant which has a value of about 2 cm"1 

for 02 and N2. Plank's constant is denoted by h, the 

Boltzmann constant by k, and the velocity of light by c. 

Measurements of the variation of equivalent width, which was 

proportional to line strength, with rotational level, L, 

were used by Chamberlain and Kuiper (1956) to determine the 

rotational temperature from spectra of Venus. In the pre

sent case the concern is with the variation of S with 

temperature. Typical values of S(L,T)/Cabs for several 

values of L at temperatures of interest in planetary atmo

spheres are recorded in Talple 1. 



Table 1. Typical Values of S(L,T)/C abs 
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L = 2 H  6 8 10 l H  

T(°K) 

150 5.35 6.13 5.80 H . 2 7  2.54 0.51 

220 5-55 7.01 7.51 6 .61 4.98 1.83 

280 5 . 6 H  7.32 8.43 8.10 6.79 3.34 

400 5.75 7.80 9.60 10.13 9.57 6.38 

The familiar fact that the L at which the strongest absorp

tion occurs increases with temperature is exemplified in the 

table. Two additional facts can be noted: 1) for a partic

ular value of L, s(k,T)/CakS increases as temperatures in

crease, and 2) this increase becomes magnified at larger L. 

Therefore, in an atmosphere in which the temperature varies 

in the vertical every line in a rotation band will behave 

differently. In this present work, where the emphasis is to 

be on the effects of line profile, the value of S(L,T) was 

assumed to be independent of temperature, an assumption 

which is reasonable only for lines with small L. 

In order to specify a numerical value of S(L,T) it 

is necessary to use measured values for a specific absorp

tion line. The gases in the earth's atmosphere that have 

the vertical distribution assumed in equation 3.22 include 

the major constituents, N2 and O2, and several trace gases. 



In keeping with the plan to use the earth as the prototype 

of a planetary atmosphere, absorption by minor constituents 

was considered not of interest. A well-known property of 

nitrogen molecules is that they do not have any significant 

absorption bands at visible wavelengths, but oxygen has a 

series of atmospheric bands in the red and infrared. There

fore, oxygen was considered to be the absorbing gas. For 

the atmospheric oxygen lines Goody (196*1, p. 176) has given 

a table of strengths per molecule for the entire rotation 

band and the wavelength at the band head. These values were 

used as an initial guide in specifying S(L,T). While a 

realistic model of the earth's atmosphere is desirable, a 

major goal of this work is to examine conditions that have a 

bearing on planetary problems; therefore, a great deal of 

freedom was exercised in adjusting the values of wavelength 

and line strength. Because the scattering thickness at long 

wavelengths is small, the frequency of the center of the 

absorbing line was shifted to a lower value. The line 

strength was set so that the total absorption optical depth 

at the line center and the scattering optical thickness of 

the atmosphere were of roughly the same size. Most of the 

results to be presented use a wavelength of ^336a, which 

gives t = 0.24, and S(L,T) was set equal to 5.05 * 10~5 

cm/gm of 02. One of the factors that will be investigated 

is the effects that changes in line strength and wavelength 



have on the profiles of absorption lines in diffusely 

reflected sunlight. 

Line Broadening and Profiles 

The absorption of a quanta of radiative energy in 

the atmosphere is accompanied by a corresponding transition 

between discrete energy levels in a molecule. This absorp

tion does not occur at discrete frequencies, however, but 

over a small range of frequencies. The broadening of spec

tral lines in the atmosphere is primarily a result of 1) the 

motion of the molecules called Doppler broadening, and 2) 

distortion caused by the fields of neighboring molecules 

called pressure or Lorentz broadening. The profile for 

Doppler broadening, originally developed by Rayleigh is 

given by Goody (196*1, p. 98), 

tc(Av) = —— exp (- ̂ —) (3.27) 
â /ir AD" " aD 

where a^, the Doppler width of the line, is 

2 

•D  *  '  ( 3 .28 . )  

with m the mass of the absorbing molecule, Vq the frequency 

at line center, c the velocity of light, k the Boltzmann 

constant, and T the temperature. The half-width for Doppler 



56 

broadening is a^/ln2. For a hypothetical oxygen absorption 

line at X = *13361 and at a temperature of 285°K, the Doppler 

half-width in wave number units, cv, is 2.^9 x 10"2 cm"1. 

The theory of the effects of neighboring molecules 

on the line profile is reviewed in detail by Breene (1961). 

Two different points of view can be taken. In the interrup

tion theory or the theory of strong encounters it is postu

lated that a radiating or absorbing molecule suddenly moves 

within a certain minimum separation from another molecule. 

During this optical collision absorption or emission of 

radiation is interrupted, so that the period of absorption 

or emission is shorter than the natural radiative lifetime 

of the molecule; therefore the profile is broadened. The 

profile that results is a Lorentz profile given by 

k(AV) = i — (3.29) 
(Av+B) 2  + ot^ 2  

where aL is the Lorentz half-width of the line and B mea

sures a shift in the frequency of the line center. This 

theory applies "when the pressure is low—probably not 

greater than an atmosphere—or at positions near line 

center" (Breene, 1961, p. 7*0 . 

For high pressures and wing frequencies a statisti

cal theory applies. The energy levels of an absorbing 

molecule are viewed as being distorted by all other randomly 
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situated and moving molecules. The profile in this case 

becomes approximately 

K(AV) - (Av) 3/2 exp (- ̂ ^-) ; (3.30) 

_o/p 
therefore the intensity in the wings varies as (Av) . It 

is stated that this prediction does not correspond to exper

imental profiles. 

Based on measured profiles the appropriate expres

sion for pressure broadened lines in planetary atmospheres 

even in the wings is given by equation 3.29. If the shift, 

B, is included in the definition of line center frequency, 

ci^, is inversely proportional to the time between collisions, 

At 1# °rj equivalently directly proportional to the rate at 

which collisions occur. The collision rate is proportional 

to the number of molecules or the air density, p, their mean 

velocity, v, and a collision cross section, a. Using the 

kinetic theory relations gives 

K(Av) = i 
* (Av)2 + aT 2 

(3-31) 

The half-width of a pressure-broadened Lorentz line 

(3.32) 
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where R is the gas constant, m is the mass of the g 'a 

absorbing molecules, and k is the Boltzmann constant. (If 

the broadening for absorbing molecule j is due to collisions 

with several different types of molecules, i, equation 3.32 

becomes 

AL * P I f, 
2fcT 
+ 1-

mi mj 

a. . 
Ji 

(3.33) 

where f^ is the mass fraction of molecules of type i, m^ 

and m. are the masses of molecules of type i and j, and 
J 

is the cross-section for collisions between these 

molecules. For some gases self-broadening behaves differ

ently from broadening due to collisions with molecules of a 

different type.) 

If the Lorentz half-width at standard temperature, 

Tq, and pressure, p0> (STP) is denoted by aQ, 

a o  =  C 1  t  
g 

2 P .  
ITL T 2 o 

(3.3*0 

where C.^ is a proportionality constant; the half-width at 

level Z, can be written 

aLU) = ao p 
pU) 

T. 

|TU)J 
(3.35) 
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The half-width at STP, aQ, for an oxygen red line in 

wave number units, vc, is *1.7 * 10"2 cm"1 (Goody, 1964, 

p. 176). In the earth's atmosphere p/pQ ranges from 0 to 1 

and (TQ/T)s from 1.12 to 0.97 for T from 218°K to 288°K. 

The temperature variation of the Lorentz half-width in 

equation 3*35 was neglected because this variation is small 

and should not substantially alter the results. 

In order to determine the Doppler half-width at 

level £ it is necessary to specify the vertical distribution 

of temperature. Since the earth is the prototype, the 

typical distribution given by the NACA Standard Atmosphere 

(Smithsonian Meteorological Tables, Sixth Revised Edition} 

1958, p. 265) was used. The temperature at a pressure, p(&): 

is evaluated using the relationship 

T(£) = T, 
s P. 

0.190284 
(3.36) 

where T is the surface temperature, 288°K, and p is s o 

surface pressure, 1013-25 mb = 1 atmosphere. This equation 

is subject to the restriction that T S; 2l8°K which must be 

invoked for p < 234.5 mb. For p less than 234.5 mb T is 

assumed to be equal to 2l8°K. Often in planetary problems 

the subject of the investigation is the.vertical distribu

tion of temperature with pressure. The viewpoint taken here 



is that familiarity with the effects on synthetic spectra 

produced for different distributions will give insight into 

the interpretation of planetary data. 

Procedure for Evaluation of the 
Single-Scattering Albedo 

The details of determining the mean value of the 

albedo for single scattering in each layer, the variable 

used in the auxiliary equation, are of some interest. The 

total optical thickness of the atmosphere at a given fre

quency separation from the center of an O2 absorption line, 

Av, is determined from 

Tvl(Av) = k 
0 s g 

0 f0nS(L,T)<(Av,p,T) 
dp 

(3.37) 

This expression is valid if no other material absorbs at 

this frequency and if there is no overlapping of neighboring 

lines. For the assumptions made in this model, equation 

3.37 can be simplified to 

Tvi(Av) - ks r 
+ f02s(L'T) K(Av,p,T)dp . (3.38) 

The value of ATv is set so that the atmosphere is divided 

into N layers of equal optical thickness; it has been 

pointed out in Chapter II that the transfer equation solu

tion is most efficient for equal values of Axv for all 



layers. The size of Ax^ is restricted for two reasons: The 

accuracy of the auxiliary equation solution deteriorates as 

AT = to AT , becomes larger than 0.02. Also, if W (T ) has vs v v ' v v 

large nonlinear variations within a single layer oi^( I) cal

culated at the mid-point of the layer may not be a suitable 

average. At a particular frequency separation from line 

center, Av, the mean value of the albedo for single scatter

ing in layer £, co(£,Av), is determined using equation 3.10 

in the form 

k 

™U'Av:i " k APU) I f E {zykPlM. <3'39) 
s g a va g 

The mean absorption coefficient for each level, k (£), is 
V ci 

evaluated at a pressure, p(£), midway between the pressure 

at the top and bottom of the layer and it is different in 

every layer. In order to keep the total optical thickness 

of all the layers the same the pressure thickness of layer 

H, Ap(&), must be adjusted, but this makes necessary a re-

evaluation of k, (&) at a slightly different pressure. 
V ci 

Therefore, the equations were satisfied by a prescribed 

trial and error method that seems to be efficient. The 

exact procedure used, starting with level 1 at the top of 

the atmosphere and working'down layer by layer and assuming 

only pressure broadening occurs, is as follows: (1) An 
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initial guess is made for Ap(£). For level 1 it is PQ/N; 

for £ > 1 it is .98 Ap(Jl-l) added to the pressure at the top 

of the layer, pt(&). (2) Using this value of Ap(£), p(£) 

is given by pt(&) + Ap(£)/2. (3) This value of p(£) is put 

into equation 3-35 to evaluate aL(p) ignoring the tempera

ture dependence. (4) Using the appropriate shape factor 

(equation 3-31) a value of k>0(J£) can be found using equa-
Va 

tion 3.24. (5) For these values of k (&) and Ap(£) the 
Va 

scattering, absorption, and total optical thicknesses of the 

layer are determined. (6) Prom Axv(£) a value for at the 

bottom of layer H is set, and this is required to be 

equal to (1 ± 10"6)£Atv. If this criteria is met w(£,Av) is 

defined by equation 3.395 but if it is not, Ap(£) is ad

justed as follows: Since rv is a monotonic function of p, 

the sign of the adjustment for Ap is known. If the previous 

adjustment had the same sign as is required for this new 

adjustment, Ap is changed by the same amount as before. If 

the sign of the last alteration is opposite, that change was 

too big, so Ap is given a value midway between its last two 

values. Using this adjusted Ap(£) the procedure is repeated 

starting at step (2). In general about 10 values of Ap(£) 

were tried before the convergence criteria of step (6) was 

met. The whole process at all levels could be completed in 

an almost negligible amount of computer time. 
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Results for Pressure-Broadened Lorentz 
Absorption Coefficient Profile 

As is often done in terrestrial radiation studies, 

thermal Doppler broadening of spectral lines was neglected 

in the model in its earliest form. It was assumed that, 

since aQ was larger than a^, the pressure-broadened Lorentz 

profile would be approximately correct. A typical profile 

of a synthetic absorption line in sunlight reflected from 

the earth under the assumptions of this model is illustrated 

in Figure 3.1. In the figure the abscissa is the non-

dimensional frequency separation from line center obtained 

by taking the ratio of the actual frequency separating Av, 

to the half-width of the pressure broadened Lorentz profile 

at a pressure of 1 atmosphere, a_. The values of 0 and A 
O SS 

specify the zenith and azimuth angles of the sun and the 

values of 0O and tj> specify the zenith and azimuth angles of 

the observed emergent radiation. In this model the scatter

ing optical depth of the atmosphere, x_, is about 0.24, and 

the absorption optical depth of the atmosphere at line 

center is about 0.57* The surface reflectivity is zero so 

that all the observed light is reflected by the atmosphere. 

The most striking feature of the synthetic absorption line 

is that it has a deep and extremely narrow center, and yet 

it still has rather extended wings. If the half-width of 

the profile is assumed to be approximately equal to the 
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Lorentz half-width of the absorption coefficient at a mean 

level of line formation, the pressure at this level, using 

equation 3-35 without the temperature dependence is 0.07 

atm. The implication is that the top part of the atmosphere 

is extremely important in the formation of the central 

region of the line. But for this line of weak to moderate 

strength formed in an atmosphere of small to moderate scat

tering optical depth there should be significant contribu

tions to the line formation process from all levels. An 

explanation for this discrepancy can be found by examining 

what happens to a Lorentz profile as pressure decreases. 

The half-width has been shown to be proportional to pres

sure, so that at low pressures the lines must be narrow. 

But the strength of the lines at all levels is held constant, 

and since the strength is proportional to the area under a 

plotted line profile, the center must become deeper as the 

lines become narrower. This feature can be readily seen in 

Figure 3.2 where several Lorentz curves with the same 

strengths but different half-widths are drawn, and it is 

also evident from equation 3-31 with Av = 0 

K(4V = 0) = jSai . (3.10) 

Therefore, near the top of the atmosphere the absorption 

coefficient at line center is very large. Since nearly all 
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Figure 3.2 Lorentz Profiles with Different Half-Widths but 
the Same Line Strength. 

The labels for each curve are the half-widths used in 
equation 3*31 to compute the profiles. 
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of the emergent light reflected by the atmosphere passes 

through the top layers twice, radiation at frequencies very 

near the line center is strongly absorbed, and as a result 

the line center is abnormally deep. Because the frequency 

range of very strong absorption is small its importance 

diminishes rapidly as Av increases. The wings of the line 

in the synthetic spectra probably approximate existing con

ditions much better, but absorption by the upper layers is 

slightly underestimated. 

The results of this numerical experiment support two 

very important conclusions. Although the atmosphere that 

has been modeled with this set of w(£,Av) does not represent 

the terrestrial atmosphere, an atmosphere with this set of 

<o(&,Av) could conceivably exist. The synthetic profile that 

has been produced would then correspond to an absorption 

line in sunlight scattered by that hypothetical atmosphere. 

It would be an exceptionally inhomogeneous atmosphere, and 

to model it as homogeneous with an absorption profile based 

on conditions at some mean level is impossible. For, clear

ly, the profile must be narrow and deep to model the region 

near Av equal 0, but such a profile would not allow for the 

extended wings which are presumably produced by light scat

tered in the lower layers which absorb more strongly in the 

wings. 
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The behavior of a Lorentz profile at low pressure is 

seldom discussed. In the infrared bands Doppler broadening 

is usually ignored because the level at which the Lorentz 

and Doppler half-widths become equal occurs at a high level 

above which there is only a negligible amount of the absorb

ing gas. However, if it were not for Doppler broadening, 

the absorption coefficient at the line center and near zero 

pressure would still become so large that this "negligible" 

amount of gas would absorb strongly. In the present model 

which uses typical values for molecular absorption lines the 

Doppler and Lorentz half-widths are equal at a pressure 

level in the middle of the atmosphere. The important con

clusion is that at visible wavelengths thermal Doppler 

broadening of molecular absorption lines in vibration-

rotation bands cannot be ignored. 

Voigt Profile 

Because Lorentz and Doppler broadening are caused 

by different physical processes it is reasonable to define a 

line profile in which both effects are accounted for by a 

superposition of the individual line profiles. This profile 

is called a Voigt profile and is given by 

®L 
K(AV}ar,an) = L' D 3/2 it ,aD 

exp Lisll 
2 2 aT + (Av-u) 

du . (3.11) 
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The Lorentz and Doppler widths aL and in this 

expression are given at a particular level in the atmosphere 

by equations 3*35 and 3.28, respectively. By substitution 

of variables equation 3-41 can be written in a form more 

suitable for numerical evaluation 

( \ K° K (x,y) = — y 
IT 

exp ( g2) d? (3.42) 
y + (x-z) 

where y is the ratio of x is Av/a^; and kQ, the 

2 —1/2 normalization constant, is given by (aD7r) . A comparison 

of Lorentz, Doppler, and Voigt profiles for 3 levels in the 

atmosphere is shown in Figure 3.3. The non-dimensional 

half-widths of the Lorentz and Doppler profiles at each 

level are given by the numbers in parentheses; these same 

values were also used in computing the Voigt profile using 

equation 3.^2, and the same line strength was used for all 

profiles at all three levels. The characteristics of the 

Voigt profile as x and y approach their limiting values can 

be Inferred from the figure or determined from equation 

3.^2. Near the top of the atmosphere where Doppler broaden

ing is dominant (small y) the Voigt profile approaches the 

Doppler curve, but in the far wings (very large x) the 

effects of pressure broadening compete because of the much 

slower fall off of the Lorentz curve relative to the Doppler. 

At the bottom of the atmosphere where pressure broadening 
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becomes dominant (large y) the Voigt profile approaches a 

Lorentz shape. It is this feature that is used in studies 

of infrared absorption. For molecular absorption lines at 

visible wavelengths the effects of Doppler and pressure 

broadening in the terrestrial atmosphere are nearly equal. 

The Yoigt profile is broader than the curve obtained con

sidering only one of these broadening mechanisms, and it has 

a unique profile resembling the others only in that it has 

a maximum at the line center and falls towards zero as Av 

increases. At large values of Av the Voigt profile does 

approach the Lorentz curve because of the rapid fall off 

of the Doppler profile in the wings. A computer program 

developed by Armstrong (1967) was used to evaluate equation 

3.42 and this value was used in step (4) of the procedure 

for determining the single scattering albedo of each layer 

(p. 62) in the models to be discussed in Chapter IV. 

Variation of Single-Scattering 
Albedo with Pressure 

The variation with pressure (or height of the 

single-scattering albedo for various Av is of interest in 

itself. The distribution of u)(Jl,Av) with pressure for a 

stratified atmosphere with 25 layers is shown in Figure 3.4. 

The absorption line strength is 15.15 x 10~5 cm/gm of O2 

(T1o at line center equals .3^66) and the wavelength of the 
V8. 

line center is 4336A (T equals .2413). The values given 
s 
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for DN refer to the ratio Av/aQ. The general features of 

these curves can be understood using the definition of 

Av) in equation 3-39 and the characteristics of the 

absorption line profiles at each pressure level. In the 

present model the fixed total optical thickness of a layer 

can be written as proportional to (k + k (&))Ap(£) where 
S VcL 

k is a constant. [The fraction of absorbing gas could be s 

included in k ,„(£)]. Since k is the same for every level 
va S 

an increase in ^va(^) must be compensated for by a decrease 

in Ap(£). It is clear from the definition of the albedo for 

single scattering and from equation 3-39 that an increase in 

the mean absorption coefficient in a layer, k(£), must 
Vet 

cause the single-scattering albedo for that layer, u>(£,Av), 

to decrease. At or near the line center (curves for DN = 0 

and 0.5) the absorption coefficient decreases with increas

ing pressure because the width of the profile is increasing 

and the line strength is held constant; therefore w(£,Av) 

increases with pressure. Also to keep AT^ constant at all 

levels Ap(£) must be smaller near the top of the atmosphere; 

this effect can be very clearly seen in Figure 3-4 for DN = 

0. In the wings, k „(&) is largest at the bottom of the 
Va 

atmosphere so that w(£,Av) decreases with pressure; in the 

far wings where the absorption coefficient is very small the 

single-scattering albedo remains close to unity and the 

atmosphere is almost perfectly scattering. At intermediate 
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values of DN the single-scattering albedo reaches a minimum 

at some intermediate pressure level. This fact is demon

strated by the curve for DN = 1 in Figure 3.4, and for DN = 

1, 2, and 4 in Figure 3-5, which is for the same conditions 

as Figure 3.4 but extends the atmosphere to a surface pres

sure of 8 atmospheres (T = 1.93). (The top one-eighth of S 

Figure 3*5 is identical to Figure 3.4 as it must be since 

u)(£,Av) depends only on conditions at a particular level.) 

That K (&) does have a maximum [OJ(£,AV) has a minimum] at 
Vci 

an intermediate level for intermediate Av can be confirmed 

by referring to Figure 3.2. On the left-hand edge of the 

figure the curve with intermediate half-width has the 

largest absorption coefficient. From Figure 3-5 for DN = 1 

the minimum in (o(£,Av) occurs near 0.7 atmospheres; for 

DN = 2, near 1.8 atmospheres; and for DN = 4, near 4 atmo

spheres. As the line profile assumes a pure Lorentz shape 

the minimum in single-scattering albedo occurs at a pressure 

level p/pD = Av/aQ. This property of a Lorentz curve can be 

easily demonstrated by differentiating equation 3-31 with 

respect to at constant Av. For higher levels in the 

atmosphere the half-width of the absorption line will be 

greater than aQ(p/po) because of Doppler broadening. 

Therefore, the value of p/pQ at the level where <o(£,Av) 

is a minimum should be smaller than the value of A v / a Q .  
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CHAPTER IV 

SYNTHETIC ABSORPTION LINES 

Using the model described in the previous chapters, 

synthetic absorption lines have been produced. The pro

perties of the atmosphere were varied in certain specific 

ways with the goal of discovering how these variations 

affect the characteristics of absorption lines in diffusely 

scattered sunlight. An attempt has been made to answer the 

following questions: 1) Can an inhomogeneous atmosphere be 

accurately modeled if it is assumed to be like a homogeneous 

atmosphere with the absorption profile determined by condi

tions at a particular level? 2) How do the characteristics 

of absorption lines (shape, half-width, and equivalent 

width) change with solar zenith angle and observation angle? 

3) For moderately strong absorption how are equivalent 

width and line strength related to each other? 4) Does the 

scattering optical depth of the atmosphere have an effect on 

line shape? 5) As the. pressure thickness of the atmosphere 

is increased, does the absorption line in diffusely scat

tered sunlight approach a fixed shape determined primarily 

by the upper layers? 6) How important is surface reflec

tion in altering the characteristics of absorption lines? 

76 
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7) How does the percent polarization vary across an 

absorption line observed in reflected sunlight? This list 

is not intended to be complete, but it does indicate 

parameters that can be conveniently and meaningfully varied. 

Answers to these questions will give substantial new insight 

into the process of absorption line formation in a scatter

ing atmosphere. 

It is advantageous to non-dimensionalize the fre

quency separation from line center, Av, by expressing it as 

a ratio to some standard value. A convenient choice is 

the half-width of a Lorentz line at standard temperature and 

pressure, aQ; the value of aQ can be readily found for most 

of the absorption lines identified in planetary spectra. 

The non-dimensional frequency separation at one half-width 

from the center of the absorption coefficient profile for a 

pure pressure broadened Lorentz profile at the surface of 

the earth would be 1, but when the Doppler broadening is 

included, the non-dimensional frequency separation at the 

half-width of the Voigt profile is greater than 1. In the 

present model the non-dimensional frequency separation at 

the hal f - w i d t h  o f  th e  V o i g t  a b s o r p t i o n  p r o f i l e  i s  abo u t  1 . 2 5  

at the surface of the earth and 1 at a pressure level of 

about 0.7 atmospheres. In most of the calculations the 

particular set of values of non-dimensional frequency 



separation from line center, DN (0, 0.1, 0.2, 0.3, 0.4, 0.5, 

0.6, 0.7, 0.8, 0.9, 1.0, 1.25, 1.5, 1-75, 2.0, 2.5, 3-0, 

3.5, 4.0, and 10.0) was used. The line profile at a partic

ular observation angle was obtained by plotting the quotient 

of the reflected intensity at each of these values of DN 

divided by the intensity reflected in the same direction at 

DN equal to 10 and connecting the plotted points. The 

difference between the intensities at DN equal 10 and for 

an atmosphere in which there is no absorption at all is 

generally a few tenths of a percent. The small amount of 

absorption at DN equal 10 was regarded as due to the contin

uum. The equivalent widths were calculated by numerically 

integrating the area above the synthetic profiles including 

a contribution from the region between DN equal 4 and DN 

equal 10. The half-widths are the values of DN that occur 

when the line depth is equal to one-half the depth at line 

center; between data points they were calculated by linear 

interpolation. 

Comparison of Absorption Line Characteristics in 
Homogeneous and Inhomogeneous Atmospheres 

Synthetic absorption lines produced in homogeneous 

and inhomogeneous Rayleigh scattering atmospheres are pre

sented in Figures 4.1 and 4.2. In these illustrations the 

labels V and C represent albedos variable (inhomogeneous 
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atmosphere) and constant (homogeneous atmosphere) with 

height. Two line strengths were used, the weaker line, 

labeled W, has a strength of 5.05 x 10~5 cm/gm of Oz, and 

the stronger line, labeled S, has a strength three times as 

large. The solar zenith and azimuth angles are indicated 

by 0 and <f> 3 and the zenith and azimuth angles in the di-S S .  

rection of the observed emergent radiation are indicated by 

0Q and <j>o. The single-scattering albedo as shown in 

Figure 3-4 applies to the calculations labeled V-S. For 

the homogeneous atmosphere the single-scattering albedo at 

each DN was obtained using a Voigt profile at a pressure 

of 0.5 atmospheres and a corresponding temperature of 270°K. 

It is apparent in Figures 4.1 and 4.2 that the half-widths 

of the lines formed in an inhomogeneous atmosphere are 

smaller than those for lines formed in a homogeneous atmo

sphere where the absorption coefficient profile is deter

mined using the pressure and temperature at the middle of 

the atmosphere. That thi.s feature is characteristic at all 

angles is illustrated in Figures 4.3 and 4.4. The label 

0-l80 SECTION in these figures indicates that the plotted 

data are for radiation emerging in the vertical plane that 

contains the incident sunlight. The left side of these 

figures is the <J> equal 0° half-plane and the right side is 

the (j>Q equal 180° half-plane. The arrow in these figures 

indicates the angle of direct backscattering; it is in the 
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180° half-plane when the incident sunlight is in the <J> equal 

0° direction. For all observation angles and for both line 

strengths the half-widths are larger for lines formed in the 

homogeneous atmosphere. Also, in both homogeneous and in-

homogeneous atmospheres the stronger lines have larger half-

widths than the weaker lines. The variation of half-width 

with observation angle is generally small except near the 

horizon and is slightly larger for the stronger line. In 

Figures 4.5 and 4.6 it can be seen that the equivalent 

widths of both of the wealt and both of the strong lines are 

nearly the same at all angles and that the equivalent widths 

are larger for larger angles of incidence and observation. 

Since the line strength at all levels is the same in both 

the homogeneous and inhomogeneous models, the equivalent 

widths can be expected to be nearly equal. 

It is possible to produce in a homogeneous model 

atmosphere a synthetic absorption line that has a profile 

that more closely matches the synthetic line produced in an 

inhomogeneous atmosphere if the absorption coefficient pro

file for the homogeneous model is evaluated at a different 

height. In Figure 4.7 such a comparison is made using the 

larger line strength and the profile at the 0.2 atmosphere 

level for the homogeneous model. The variations of half-

width and equivalent width with zenith angle of observation 
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are shown in Figures *1.8 and 4.9. Now the half-widths are 

nearly equal, but the equivalent widths are only close to 

each other. Ignoring this difference the homogeneous model 

gives about the same results as the inhomogeneous atmo

sphere. But the mean pressure level of line formation is 

not the mean pressure of th? atmosphere, nor does a measure

ment of the half-width of a synthetic absorption line reveal 

directly what pressure level was used to determine the 

single-scattering albedo. For example, the half-width of 

the absorption coefficients at 0.2 and 0.5 atmospheres are 

0.60 and 0.86 while the corresponding half-widths of the 

synthetic absorption profiles in light reflected from a 

homogeneous atmosphere are about 0.8 and 1.0. These latter 

values also depend somewhat on the line strength and angles 

of incidence and observation. 

That the half-width of a synthetic absorption line 

in light reflected from a homogeneous atmosphere should be 

larger than the half-width of the absorption coefficient is 

due to the exponential nature of absorption and can be 

better understood if the line formation process is visual

ized as follows: The emergent radiation observed at any 

angle can be considered to be made up of many photon beams. 

Each photon beam is composed of a large number of photons, 

all of which have traversed identical zig-zag paths through 
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the atmosphere. For a particular beam the number of photons 

emerging out the top of a non-absorbing atmosphere per unit 

time can be denoted by N . When there is absorption, fewer 

photons emerge per unit time. For the particular beam con

sisting of N photons initially and following a zig-zag path 
P 

through the atmosphere of length £, the number of photons 
-K £ c emerging per unit time at line center is N e , where K p c 

is the absorption coefficient per unit path length at the 

line center. The number of photons emerging per unit time 

at the frequency corresponding to the half-width frequency 
-K £/2 

of the absorption coefficient profile is N e . The 
Jr 

ratio of line depth at the half-width frequency, to the 

line depth at the line center, Dc, is given by 

D ~Kc5/2 HW = 1 - e c . 
Dp -K E > kH'1} 
0 1 - e c 

which can be factored to give 

dhw _ 1 (J|-2) 

Dc ~V / 2  '  0 (1 + e c ) 

The upper limit on this ratio is 1 at large Kc£, and the 

lower limit is 1/2 for small Kc5* Therefore, the depth of a 

line for all path lengths through a moderately absorbing 

atmosphere at the frequency separation which corresponds to 

the half-width of the absorption coefficient profile is 



greater than 1/2, It follows that the absorption line 

observed in scattered light, which is made up of many photon 

beams with different paths, has a broader profile than the 

absorption coefficient. This effect was noted by Belton, 

Hunten and Goody (1968) in their synthetic spectra and also 

applies to absorption profiles obtained using the model 

developed here. It also follows from this discussion that 

the longer the path the broader the absorption line in 

scattered light, and the larger Kc, that is, the stronger 

the line or the greater the amount of absorbing material 

along the path the greater the half-width of the observed 

profile. 

In the present model it was possible to find a level 

at which the half-width for a synthetic absorption line 

formed in a homogeneous atmosphere is equal to the half-

width of the line formed in an inhomogeneous model. But the 

equivalent width is slightly larger for the line formed in 

an inhomogeneous atmosphere because of greater absorption in 

the wings. The same differences in line shape, that is, the 

central part of the line is narrower and the wing more 

strongly absorbing for the inhomogeneous model, were pointed 

out for the exaggerated case of a pure Lorentz line dis

cussed in Chapter III. For a thick planetary atmosphere 

where the surface pressure is very large, the pressure level 

that would model the central region of the line would 
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greatly underestimate the absorption in the wings and there

fore the equivalent width; in this case the error would 

again be large. Therefore, data on absorption lines for 

planetary atmospheres can only be reliably compared with 

synthetic absorption profiles produced with inhomogeneous 

atmospheric models. 

Variation of Line Characteristics with Observation 
and Solar Zenith Angles 

Synthetic absorption line profiles change with the 

zenith angle of observation in the typical manner illus

trated in Figure 4.10. The left-hand graph is for lines 

formed in the inhomogeneous atmosphere, V-S, and the right-

hand graph for absorption by the homogeneous atmosphere, 

C-S, with its absorption coefficient profile based on a 

pressure of 0.5 atmospheres and a temperature of 270°K. The 

solar zenith angle is 25°. As shown in Figure 4.5 absorp

tion is greatest for large zenith angles, and the equivalent 

width is smallest for nearly vertical observation. The 

equivalent width increases most rapidly at large zenith 

angles of observation. In Figure 4.3 it can be seen that 

the half-widths of synthetic absorption lines do not change 

very much with observation angle, but do increase slightly 

at large zenith angles. The differences in line profiles at 

various zenith angles must be a result of the different 

paths traversed by reflected sunlight. Absorption will be 
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larger for beams traversing longer paths and for beams whose 

paths, due to scattering, are mainly at levels where the 

absorption coefficient is larger. Both of these factors 

contribute to the observed variations in absorption pro

files. The intensity of light reflected from a finite atmo

sphere as a function of zenith angle of observation is shown 

in Figure 4.11 where the curve for the wings, DN = 10, can 

be considered applicable to a non-absorbing atmosphere. For 

a given solar zenith angle the reflected intensity is deter

mined by the scattering phase function and the total scat

tering optical depth of the atmosphere. For the reflected 

intensities a Rayleigh phase function tends to produce a 

maximum in the backscattered direction and a minimum in 

directions 90 degrees from that. But the slant optical 

thickness of a finite atmosphere in a given direction 

depends inversely on the cosine of the zenith angle, so that 

for observations near the horizon the atmosphere appears 

very thick. Additional slant scattering thickness permits 

additional scattering in the direction of observation, and a 

fraction of this radiation will emerge out of the top. 

Therefore, the larger the slant optical thickness of the 

atmosphere the larger the reflected intensity, implying that 

observations along the horizon have the largest intensities. 

When absorption is considered the fraction of energy last 
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scattered at a given level that emerges out of the top is 

decreased because the slant total optical depth is increased 

by absorption. Because of multiple scattering and the in-

homogeneity of the atmosphere the intensity of the emergent 

radiation at the line center can be smaller for observations 

at large zenith angles than for observations at some smaller 

zenith angles. Since the calculated intensity near the line 

center is relatively constant at all observation angles 

while the intensity in the v/ings is largest near the horizon 

(Figure 4.11), the absorption lines are deepest at large 

zenith angles of observation. It is also clear that obser

vations along the horizon are more sensitive to character

istics at upper levels, while nearly vertical observations 

probe deeper into the atmosphere. 

The coincidence of line profiles shown in Figure 

*1.12 for lines formed when the angles of incidence and 

observation are interchanged illustrates the principle of 

reciprocity between these angles. The principle of reci

procity as stated by Chandraselchar (i960, p. 172) is "the 

scattering and transmission functions are unaltered when the 

directions of incidence and emergence are interchanged." 

The scattering function, s (T n ,yc ,<f> ), is defined 
V VJ- o o s s 

such that for an incident parallel beam of light of net flux 

irF the reflected intensity is expressed in terms of the 

scattering function by 
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= ^ sv(Tvl'lJo^o^s'(i,s) * (Zt'3) 

Applied to the present conditions 

Iv(0, .2588, 0, -.9063, 0) 

F rs.CT„n, .2588, 0, -.9063, 0) (4.4) 4(. 2588) v vl: 

at 0o = -25° and e = 75° and 
s o 

iv(o, .9063, 0, -.2588, 0) 

4(.9063)sv(xvl' -9063j °> ~•2588, 0) (4.5) 

at 0 = -75° and 0 = 25°. The principle of reciprocity 
s o 

states that both s !s are the same. The ratio of reflected 
v 

intensities is 

I (0, .2588, 0, -.9063, 0) 
= = 3,50 * 

I (0, .9063, 0, -.2588, 0) •o°o 

The reflected intensities at the line center are 0.02572 

and 0.00735 and in the wing 0.06247 and 0.01784; the ratios 

are both 3-50. As a consequence of this principle the vari

ation of line characteristics with solar zenith angle can be 

inferred from the changes with observation angle. 

All of the synthetic absorption lines discussed in 

the remainder of this chapter are for inhomogeneous model 

atmospheres. The albedo for single scattering at each 
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level was determined using the method discussed in Chapter 

III assuming the absorption coefficient has a Voigt profile. 

Variation of Line Characteristics 
with Strength of Absorption 

A very important property of absorption lines is the 

dependence of equivalent width upon line strength and amount 

of absorbing gas. In the present atmospheric models the 

line strengths and fractional amounts were held constant at 

all levels, although the absorption profile was allowed to 

change. In order to investigate this property of absorption 

lines in reflected light, synthetic profiles were produced 

for products of line strengths and fractional amounts in the 

ratio 1:2:3:6. The product of line strength and fractional 

amount will be called the line strength in the atmosphere 

and has units of cm/gm of air. The line strengths in the 

atmosphere were deliberately chosen so that the single-

scattering albedos at line center were not close to either 0 

or 1; therefore, the lines were neither strong nor weak but 

in the transition region. Profiles are shown for two obser

vation angles in Figures 4.13 and 4.14. In these figures 

the first letter in the labels indicates the value of the 

mass scattering coefficient, S for single and D for double 

2.32 x 10-" cm2/gm of air., The second letter in the labels 

indicates the line strength in the atmosphere, S for single, 

D for double, T for triple, and X for six times 1.06 x 10""5 
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cm/gm air. The last letter, S, indicates a surface pressure 

of 1 atmosphere; therefore the two scattering optical 

depths, which are proportional to the product of mass scat

tering coefficient and surface pressure, are 0.24 and 0.48. 

The absorption optical depths depend on the line profile at 

all levels as well as the line strength in the atmosphere. 

At the center of the weakest line the absorption optical 

depth is 0.19. In this section the sets of lines that have 

the same mass scattering coefficients and surface pressures, 

but different line strengths in the atmospheres will be com

pared. These sets are those profiles labeled SSS, SDS, STS, 

and SXS and those profiles labeled DSS, DDS, DTS, and DXS. 

At all DN the depths of the profiles are greater for the 

stronger lines. 

The half-widths of the lines at various zenith 

angles of observation are shown in Figures 4.15 and 4.16. 

That the half-widths are slightly larger for the stronger 

lines is probably a result of the exponential nature of 

absorption as discussed earlier in explaining the fact that 

synthetic lines are broader than the absorption coefficient 

profile. At very large zenith angles the slightly narrower 

half-width in the more strongly scattering atmosphere 

(Figure 4.16) is probably due to the narrowness of the 

absorption coefficient profile at high levels of the atmo

sphere, an inhomogeneous effect. 
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In Figures it. 17 and 4.18 the equivalent widths are 

plotted for the various zenith angles of observation. At 

all angles the equivalent width increases with line strength 

in the atmosphere. It has been pointed out in Chapter I 

that for weak lines the equivalent width increases linearly 

with the product of line strength and amount of absorbing 

material (equation 1.6) and for strong lines the equivalent 

width increases as the square-root of the products of line 

strength and amount of absorbing material (equation 1.5). 

Figures 4.19 and 4.20 are log-log plots of the equivalent 

width as a function of line strength for observations at 

several zenith angles. The slopes of these curves are 

between 1/2 and 1 and decrease with line strength in the 

atmosphere. In a finite atmosphere light emerging at large 

zenith angles tends to have traversed longer paths than 

light emerging at small angles, so that in the transition 

region radiation observed at larger zenith angles is not 

only more strongly absorbed (has a larger equivalent width) 

but also has an equivalent width that increases less rapidly 

with line strength. Because the equivalent width depends on 

these interrelated factors it has not been possible to 

develop a precise mathematical relationship between equiva

lent width and the product of line strength, S, and the 

fractional amount of absorbing material f.. Figures 4.19 CI 
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and 4. 20, however, suggest the approximate relationship 

W (Sf )^; the exponent q is between 1/2 and 1 and de-3. 

creases as (Sf ) increases and as effective thickness of the ct 

atmosphere increases. 

Variation of Line Characteristics with Scattering 
Thickness of the Atmosphere 

Because gases have absorption lines at several wave

lengths, it is of interest to investigate how the charac

teristics of synthetic absorption profiles change with 

scattering coefficient and the scattering optical thickness 

of the atmospheres. Also, each line in a vibration-rotation 

band is at a slightly different wavelength, and it is impor

tant to determine whether the profiles of each line are 

altered because of their slightly different scattering coef

ficients. Absorption profiles are illustrated in Figures 

4.13 and 4.14 for two scattering coefficients and at several 

line strengths. In this section the profiles to be compared 

are those formed in model atmospheres in which the scatter

ing coefficients (indicated by the first letter in the 

labels) are different but the line strengths (indicated by 

the second letter in the labels) and surface pressures (in

dicated by the last letter in the labels) are the same. 

Pour pairs of profiles, SSS and DSS, SDS and DDS, STS and 

DTS, and SXS and DXS, can be compared. A first letter S 

stands for a mass scattering coefficient of 2.32 x 10_lt 
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cm2/gm of air and a first letter D stands for a mass scat

tering coefficient twice as large. Since the surface pres

sure for all the model atmospheres considered in Figures 

4.13 and 4.14 is 1 atmosphere, the first letter in the label 

also indicates-the scattering thickness of the atmosphere, 

S for 0.24 and D for 0.48. The half-widths and equivalent 

widths of the two pairs, SSS and DSS, and STS and DTS are 

plotted in Figures 4.21 and 4.22. Only for observations 

near the horizon are there significant differences between 

the two lines of each pair; therefore, all lines in a 

vibration-rotation band, where the difference in scattering 

coefficient would be much smaller, can be modeled without 

significant errors using the same scattering coefficient. 

Although the line profiles are very similar, the 

Intensity of light reflected by a finite atmosphere in

creases with scattering thickness. The energy scattered in 

an atmosphere with a larger scattering optical depth is 

greater and a smaller fraction of the incident beam is di

rectly transmitted. This effect appears very clearly in 

Figure 4.23, where at small zenith angles of observation the 

reflected intensity for the more strongly scattering atmo

sphere even at line center (curve labeled DTS,C) is greater 

that the intensity reflected in the wing for the atmosphere 

with a smaller scattering depth (curve labeled STS,W). For 

observations in the vertical the intensity from the strongly 
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scattering atmosphere is almost double that from the weakly 

scattering atmosphere. But at .l.arge zenith angles the 

reflected intensity in the wing is much less than twice as 

large for the stronger scattering atmosphere because the 

Uo~1 factor increases the slant optical depth so that light 

scattered from deep layers tends to be scattered into other 

directions rather than being transmitted. When absorption 

takes place, the situation is very complicated, but Figure 

4.23 shows that the variation of intensity with angle is 

smaller than when there is no absorption. The profiles at 

large zenith angles are deepest because the reflected in

tensity in the wing is increased more than the intensity 

reflected at absorbing frequencies. For observations nearly 

along the horizon the narrower half-width of lines formed in 

light reflected by the strongly scattering atmosphere pro

bably is due to the fact that most of the reflected light 

traversed only higher levels where the absorption profile 

is narrower. For a terrestrial atmosphere with a non-

reflecting surface it is reasonable to conclude that obser

vations of line profiles at smaller zenith angles (less than 

65°) are not strongly dependent on scattering depth, 

although the reflected intensities are. The differences 

between lines observed at large zenith angles, which can be 

considered to indicate whether the situation would be 
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different in thick atmospheres, and at small zenith angles 

suggest that some of the features of synthetic absorption 

lines in the present model do not apply to thick planetary 

atmospheres. 

Variation of Line Characteristics 
with Surface Pressure 

In explaining the differences between line profiles 

in the previous sections of this chapter, the finite thick

ness of the earth's atmosphere has been an important factor. 

Since the lower surfaces of the major planets and Venus do 

not affect observations at visible wavelengths primarily 

because of their large scattering depths due to clouds and 

the large thicknesses of their atmospheres, the interpreta

tion of spectroscopic data for these planets should be based 

on a model in which the scattering optical thickness is 

large enough that the synthetic line profiles do not change 

significantly when the optical depths are further increased. 

In order to approximate these planets the terrestrial model 

was allowed to extend to surface pressures of 2, and 8 

atmospheres. Line profiles were based on the temperatures 

and pressures that would exist in an extrapolated standard 

terrestrial atmosphere. At the higher pressures of the 

lower levels the absorption profile becomes very nearly a 

pressure-broadened Lorentz line. 
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Because atmospheres with larger surface pressures 

contain more scattering and absorbing molecules, the optical 

depths are increased. In order to determine whether the 

absorption coefficient profile alone, due to different tem

peratures and pressures at each level, changes the line 

shape, synthetic absorption profiles formed in atmospheres 

with the same scattering optical depths and line strengths 

but with surface pressures of 1 and 2 atmospheres are shown 

in Figure 4.2*). The first letter in the label again indi

cates the value of the mass scattering coefficient, S for 

2.32 x 10"* cm2/gm of air and D for 4.64 * 10"4 cm2/gm of 

air. The second letter indicates the line strength in the 

atmosphere, S for single, D for double, T for triple, and X 

for six times 1.06 * 10"5 cm/gm of air. The last letters, 

S and D, indicate surface pressures of 1 and 2 atmospheres. 

Since the scattering optical thickness of the atmosphere is 

proportional to the product of the scattering coefficient 

and surface pressure, halving one and doubling the other 

preserves the value of scattering optical depth. Since the 

absorption optical depth integrated across an absorption 

line is proportional to the product of the line strength and 

the surface pressure, the absorption optical depth inte

grated across an absorption line is also left unchanged if 

the line strength is halved when the surface pressure is 

doubled. In Figure 4.24 all the curves have the same 
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scattering optical depth of 0.48; the pair DXS and STD have 

an absorption optical depth integrated across an absorption 

line three times as large as the pair SSD and DDS. For both 

pairs the line profile for the atmosphere with -a larger sur

face pressure (last letter in label is D) has a larger half-

width. This is true at all zenith angles of observation 

(Figure 4.25), but at the largest zenith angles the differ

ences are smaller. The equivalent widths (Figure 4.26) are 

also larger for lines formed in an atmosphere with a larger 

surface pressure due to greater absorption in the wings, but 

the variations with angle are similar. The conclusion that 

can be drawn is that for atmospheres with small to moderate 

optical depths the absorption coefficient profile at lower 

layers is more important in the line formation process for 

observations at smaller zenith angles; that is, measurements 

probe deeper into an atmosphere as the zenith angles of 

observation approach the vertical. This conclusion should 

also apply to semi-infinite atmospheres because it is a re

sult primarily of the slant optical depth to various levels. 

The smaller the slant optical depth of a layer from the top 

of the atmosphere the greater its effect on the reflected 

intensity. Therefore, light reflected in the wings tends 

to have penetrated to deeper levels than light reflected 

at frequencies where the optical depth is increased by 

absorption. 
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Synthetic line profiles in light reflected in 

atmospheres with different masses or surface pressures are 

shown in Figure 4.27 for observations at a small zenith 

angle and in Figure 4.28 for observations at a large zenith 

angle. In these figures the labels indicate the surface 

pressures of the model atmospheres. The mass scattering 

coefficient in all models is 2.32 x 10"*1* cm2/gm of air and 

the absorption line strength is 15-15 * 10~s cm/gm of 02. 

The model atmosphere labeled 1 ATM here was labeled STS in 

the previous figures. The line profiles become deeper, 

particularly in the wings, and broader as the atmosphere 

becomes thicker. Some insight into the process of line 

formation can be acquired by considering the variation of 

intensity across an absorption line as shown in Figures 4.29 

and 4.30. The addition of lower layers can only increase 

the reflected intensities even at absorbing frequencies be

cause all light reflected in the upper atmosphere is un

affected by the lower layers and some of the light scattered 

in upward directions at lower levels eventually emerges out 

the top. The scattering optical thickness of the model with 

a surface pressure of 8 atmospheres is 1.92. Therefore, at 

non-absorbing frequencies less than 12 percent of the solar 

beam incident at a zenith angle of 25° is directly trans

mitted, and at line center less than 2 percent of the inci

dent sunlight is not scattered or absorbed in the atmosphere. 
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For the relatively thin atmospheres considered earlier 

(r = 0.2*1) only about one-fourth of the incident energy is s 

ever scattered and only about half of that is diffusely 

reflected. In the wings the emergent intensities increase 

proportionately more than at line center because the stron

ger absorption at line center allows less light to penetrate 

to deep layers and less of the light reflected from deep 

layers to emerge out of the top. In Figure 4.31 the con

tributions due to each additional layer are more clearly 

illustrated. These curves were obtained by subtraction of 

intensities. Those labeled 2-1A, 4-2A, and 8-4A represent 

the contributions due to layers with pressures between 1 

and 2, 2 and 4, and 4 and 8 atmospheres. The contribution 

to intensity per layer of thickness 1 atmosphere is indi

cated by the set of curves labeled 1 ATM, 2-1A, 4-2/2, and 

8-4/4j where 4-2/2 can be considered the average contribu

tion by the third and fourth layers and 8-4/4 the average 

contribution for layers five through eight. The conclusion 

is that each additional layer makes a smaller contribution 

to the total reflected intensity, particularly at line 

center, than the layer immediately above. In the illus

trated example, addition of the eighth layer increased the 

reflected intensity by about .4 percent in the.wings and 3 

percent at line center. Therefore the characteristics of 

the line profile are still being significantly altered, and 
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more layers should be added to the model atmosphere to 

produce synthetic absorption lines to compare with measured 

lines emerging from very thick atmospheres. But because of 

limits on computing time it is not practical to perform 

calculations for atmospheres with scattering optical depths 

greater than 2. The reflected intensity in the wing and at 

line center as a function of zenith angle of observation is 

plotted in Figures 4.32 and 4.33. As the thickness of the 

atmosphere is increased, the shape of these curves resemble 

more and more the variation of intensity from a single-

scattering Rayleigh atmosphere because the finite thickness 

of the atmosphere, which gave a much larger intensity 

reflected at large zenith angles, no longer dominates the 

variation of intensity. Multiple scattering, of course, 

tends to make the total reflected intensities differ from 

the variation predicted on the basis of a single-scattering 

Rayleigh atmosphere. At frequencies where the absorption is 

moderate or strong the intensity reflected along the horizon 

is not significantly increased by the addition of lower 

layers, but in the wings the intensity does increase. Most 

of this increase is probably due to radiation that was 

scattered last at high levels, but came from lower layers 

along more vertical paths because along the horizon the 

optical depths of lower layers are large and favor re-

scattering rather than transmission of radiation. 
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In Figure 4.3*1 the half-widths are plotted as a 

function of the zenith angle of observation. At large 

angles the increase of half-width with atmospheric thickness 

is small, indicating again that at these angles the top 

layers determine the line profile, the small increase in 

half-width is probably due to multiply scattered light that 

has passed through lower layers. Except for large observa

tion angles the variation of half-width is small. If these 

half-widths are assumed to give a mean level of line forma

tion at a pressure level for which the absorption coeffi

cient has the same half-width as the synthetic absorption 

line, the approximate pressure levels are given in Table 2. 

Table 2. Mean Level of Line Formation 
from Observed Half-Widths 

Surface Observed Line Formation 
Pressure Half Pressure Level 
(atm) Width (atm) 

1 0.7 0.35 

2 0.95 0.65 

4 1.25 1.0 

8 1.7 1.6 

It was pointed out earlier that synthetic absorption lines 

have broader profiles than the absorption coefficient. If 

an allowance is made for the broadening of the synthetic 
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profiles, the estimated pressure at the mean level of line 

formation would be even smaller than that listed in Table 2. 

That these values of pressure at the mean level of line for

mation are less than half of the surface pressures shows 

that higher levels of the atmosphere are more important in 

the formation of the central part of absorption lines even 

at small zenith angles, but the addition of lower layers is 

still significant for scattering optical depths up to at 

least 2 and moderate line strengths. 

The equivalent width as a function of observational 

zenith angle is plotted in Figure 4.35. As the thickness of 

the atmosphere increases, the trend in variation with angle 

suggests that, for very thick atmospheres, the maximum equi

valent width would occur for observations in the vertical. 

This is in agreement with the results of Chamberlain and 

Kuiper (1956) and Chamberlain (1965) for the phase variation 

of equivalent width, W <= (y + y ), in a semi-infinite, s o 

homogeneous, isotropically scattering atmosphere. The major 

success of the scattering model was its explanation of this 

observed phase variation, but it is seen here that it is, in 

fact, the large scattering thickness which leads to the ob

served phase variation. The increase of equivalent width 

with surface pressure at a particular angle of observation 

can be expressed as W ^ p where p is the surface pressure 

in atmospheres and the power a decreases slowly with 
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pressure. This variation corresponds with that shown in 

Figures 4.19 and 4.20 for the increase of equivalent width 

with line strength, but now the increase is due to longer 

.paths through the atmosphere and greater absorption coeffi

cients in the wing at lower levels. The extended wing ab

sorption for lines formed in atmospheres viith higher surface 

pressures can be clearly seen in Figures 4.27 and 4.28. As 

pointed out in the study of semi-infinite atmospheres by 

Belton, Hunten and Goody (1968) the value of the single-

scattering albedo used for the continuum can have a signifi

cant effect on the equivalent width because it determines 

the reflected intensity at frequencies outside the line. It 

has been shown here that when the mass of the atmosphere is 

increased, the reflected intensity increases most in the 

wings or continuum where the absorption coefficient is 

smallest. Apparently at non-absorbing frequencies a signif

icant amount of reflected radiation penetrates to very large 

optical depths, suggesting that information about deep 

levels of an atmosphere may be contained in observations of 

very weak absorption lines. But the interpretation of spec

troscopic measurements for thick atmospheres using synthetic 

line profiles is a very difficult problem that probably will 

not be solved until some method for solving the transfer 

equation more rapidly for a thick, inhomogeneous atmosphere 

is developed. 
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Synthetic Absorption Lines in an Atmosphere 
with Surface Reflection 

In the previous section it has been shown that thick 

planetary atmospheres can not be accurately simulated with 

the numerical model that has been developed. The method is 

useful, however, for studying atmospheres ivith Rayleigh 

scattering optical thicknesses less than about 2. The most 

important atmosphere that meets this criterion is the 

earth's, which at visible wavelengths has a molecular scat

tering optical depth of from 0.02 at a wavelength of about 

0.8 microns to 1.0 at a wavelength near 0.3 microns. A 

large part of the incident sunlight is directly transmitted 

through an atmosphere of small to moderate optical thickness. 

Therefore reflection by the surface has a considerable 

effect on reflected intensities, and it is appropriate to 

investigate the variations in the characteristics of absorp

tion lines observed in sunlight reflected from a planet with 

a partially reflecting surface. It may also be possible to 

approximate thick planetary atmospheres using the present 

model by assuming that they consist of a weakly scattering 

upper layer of small optical thickness above a strongly 

scattering cloud layer that can be treated as a partially 

reflecting surface. 

In Figures 4.36 and 4.37 line profiles are shown for 

light reflected by the model terrestrial atmosphere with a 
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lower surface reflecting according to Lambert's law. The 

curve labeled 0 is the profile that would be observed when 

the surface is totally absorbing, and the labels for the 

other three curves correspond to surface reflectivities of 

0.1j 0.25, and 0.75- An identical overlying atmosphere with 

a mass scattering coefficient of 2.32 x 10~'' cm2/gm of air 

and an absorption line strength of 15-15 x 10"5 cm/gm of 02 

was used in all four cases. It can be seen that the absorp

tion lines become deeper and therefore have larger equiva

lent widths as the surface reflectivity increases, but the 

variation of equivalent width with zenith angle of observa

tion, as shown in Figure 4.38, does not change significant

ly. The half-width also becomes larger as the surface re

flectivity increases; its variation with zenith angle, 

illustrated in Figure 4.39, is similar for all surface 

reflectivities. 

The variation of total reflected intensity across an 

absorption line is illustrated in Figures 4.40 and 4.41. 

The energy reflected by the surface can only increase the 

total reflected intensity because, if the energy incident 

on the surface is not reflected, it will be absorbed and 

does not contribute to the reflected intensities. Plotted 

in Figures 4.42 and 4.43 are the components of intensity due 

to surface reflection; they were evaluated by subtracting 

the intensity reflected by the model atmosphere with a 
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totally absorbing surface from the intensity reflected at 

the same angle by the model atmospheres with partially 

reflecting surfaces. The curve labeled 0 in these two 

figures is the component of total reflected intensity due 

to atmospheric scattering alone. It can be seen in Figures 

4.42 and 4.43 that the increase in reflected intensity due 

to surface reflection and the component of intensity due to 

atmospheric scattering are of the same magnitude. It can 

also be seen that the surface reflected component is a 

smaller fraction of the total reflected intensity at line 

center than in the wings. In Figure 4.43, for example, the 

curves for 0 and .75-0 are nearly equal at line center, but 

in the wing the sui'face reflected component is more than 

twice as large as the atmospheric scattering component of 

intensity. The explanation for this observation is that all 

energy reflected at the surface must pass through the entire 

atmosphere twice while that reflected in the atmosphere can 

have a much shorter path. Due to the longer path, attenua

tion at line center will be greater for the surface re

flected component. The angular variations of emergent 

intensity in the wing, at line center, and at an inter

mediate frequency are plotted in Figure 4.44. At line 

center and large zenith angles the optical depth is so great 

that only a small amount of energy reflected at the surface 

is transmitted out the top of the atmosphere. 
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Due to the rather small optical thickness of the 

atmosphere in the present example, a major contribution to 

the total emergent intensity is sunlight that is transmitted 

through the atmosphere without being scattered, is reflected 

at the surface, and then is transmitted back through the 

atmosphere. This component of intensity, can be ex

pressed for unit normal incident solar flux by 

I = u e"Tvl/lJs £ e"Tvl/y° (4 7) 
vD PS IT E 5 

where R is the surface reflectivity and T ^ is the optical 

thickness of the atmosphere. At 0a equal to 25°, 0^ equal s o 

to 35° and T ^ equal to 0.24, ID has a value of . 165R, which 

means that at these angles one-fourth to one-half of the 

total reflected light in the wings is due to directly 

transmitted sunlight. (See Figure 4.40.) As the slant 

optical depth, Tv^/yo, increases the component of emergent 

radiation due to directly transmitted sunlight decreases 

becoming a smaller fraction of the emergent intensity. 

Using equation 4.7 with appropriate values of t^, a line 

profile for directly transmitted sunlight IvD> can be de

fined. This profile has a larger half-width and equivalent 

width than the profile in light reflected by the atmosphere 

alone because radiation scattered in the atmosphere tends to 

have a shorter optical path since much of it does not 
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traverse the lower levels. Because a large part of the 

emergent radiation is directly transmitted sunlight re

flected at the surface, the profile should be broadened 

and deepened. The synthetic profiles show this effect. 

Light reflected by the surface and also scattered in the 

atmosphere has an even longer path leading to stronger ab

sorption and, therefore, an even greater equivalent width. 

Light scattered back and forth several times between the 

atmosphere and the surface before finally emerging out the 

top has a relatively long path in the lowest layers and 

would tend to increase the half-width of the profile as well 

as the equivalent width. 

While the direct solar component can be used to 

partially explain the calculated variations of line charac

teristics, it is a linear function of surface reflectivity, 

R. (See equation 4.7.) The total effect of a partially 

reflecting surface, however, is non-linear in R because the 

surface can reflect photons more than once. If the proba

bility for a photon reflected at the surface to emerge out 

the top of an atmosphere is represented by U, then the 

probability of that photon striking the surface again is 

(1 - U - A), where A is the probability that the photon will 

be absorbed before emerging out of either the top or the 

bottom of the atmosphere. The total energy reflected at 

the surface and transmitted out the top of the atmosphere, 
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FK, can be expressed by 

, F RU 
F* = F I Rn(l-U-A)n U = S (4.8) 

S n=l 1 - (l-U-A)R 

where R is the surface reflectivity and F is the flux of 
o 

radiation incident on the ground due to photons that have 

not hit it before. Each term in the sum is the contribution 

to the emergent flux by photons reflected n times at the 

surface. At a particular frequency U and A are constants, 

so that for a large surface reflectivity, R^, the non-linear 

terms (n > 1) increase the total reflected intensity rela

tively more than for small reflectivity, Rg. Therefore, the 

ratio of reflected intensities due to surface reflection is 

greater than RjVRg- Physically this is just a consequence 

of the fact that, when the surface has a high reflectivity, 

photons can be reflected many more times by the surface 

before a given fraction of them are absorbed, and after each 

reflection the probability of escape is the same. This non-

linearity can be verified by referring to Figures 4.^2 and 

4.^3 where, for example, the increase for R equals 0.75 is 

more than three times the increase when R is 0.25. The 

values of U and A are determined by the optical thickness of 

the atmosphere. For frequencies approaching line center A 

becomes larger and U smaller. By differentiation of 
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equation ^.8 it can be verified that both of these changes 

decrease the amount of surface reflected energy that 

emerges. 

The total reflected intensity from a planetary atmo

sphere has been divided into two components, light scattered 

in the atmosphere only, and light that has been reflected by 

the lower surface. A part of the latter component is sur

face reflected sunlight that is not scattered in the atmo

sphere. For atmospheres with very small scattering optical 

thicknesses the component of intensity due to sunlight 

reflected at the surface is dominant; for atmospheres with 

very large optical thicknesses, especially if there is some 

absorption, the component due to atmospheric scattering is 

dominant. For the earth's atmosphere both atmospheric and 

surface reflected components contribute significantly and 

the absorption line characteristics depend on both. Since 

the relative contributions of each component change across 

an absorption line and since the surface reflection compo

nent is non-linear in surface reflectivity, any change in 

surface reflectivity or the properties of the atmosphere 

require a completely new solution. The numerical method 

that has been developed can be used to produce synthetic 

absorption lines for any reasonable terrestrial problem in

volving only Rayleigh scattering. 
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Comparison with Other Models 

It is possible to compare the present model with the 

reflecting layer model. If it is assumed that the synthetic 

profiles are real absorption lines that can be observed, the 

equivalent widths and half-widths of the synthetic profiles 

would be the measured equivalent widths and half-widths of 

the observed lines. These "measurements" could be inter

preted using the reflecting layer theory. For example, the 

synthetic profile for the model atmosphere with a line 

strength of 1.515 x 10_lt cm/gm 02 , an amount of 02 in a 

vertical column of unit cross-section of 2.17 x 102 gm 

02/cm2, a surface pressure of 1 atmosphere, a surface re

flectivity of 0.25, and a solar zenith angle of 25° (curves 

labeled .25 in Figure 4.38 and 4.39) has, at a zenith angle 

of observation of 35° in the half-plane containing the sun, 

an equivalent width, W, of 1.20 aQ or 5.67 * 10~2 cm-1 and 

a half-width of 0.88 a or 4.14 x 10~2 cm"1. In order to o 

apply the reflecting layer theory to these "measurements" 

these values of equivalent width and half-width can be used 

in equation 1.5 or 1.6 for W and a^, and an amount of 02 in 

a vertical column of unit cross-section can be determined. 

If the line were in the weak line limit the amount of 02 in 

a vertical column would be 1.61 x 102 gm 02/cm2, and if the 

line were in the strong line limit the amount of 02 would be 

0.55 x 102 gm 02/cm2. Since the line is in the transition 
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region the amount of O2 would be between these limits; 

therefore, the amount of 02 deduced by applying the reflect

ing layer theory to this "measurement" is smaller than the 

amount of O2 actually used in the model atmosphere that 

produced this synthetic line by a factor of between 1/H and 

3/4. Other synthetic lines interpreted similarly using the 

reflecting layer theory show that the amount determined 

using equations 1.5 and 1.6 tends to be an underestimate of 

the amount of absorbing material, but usually by less than 

an order of magnitude. These comparisons also indicate that 

for the models considered atmospheric scattering causes the 

equivalent width to be smaller than it would be for a finite 

but non-scattering atmosphere containing the same amount of 

absorbing material. 

A comparison between the amount of absorbing 

material obtained using the present model and the specific 

amount of absorbing material obtained using the other scat

tering models has not been made because all the other 

scattering models apply to semi-infinite atmospheres, in 

which case the specific amount of absorbing material is the 

amount above some mean depth of penetration. This mean 

depth of penetration depends in part on the continuum 

albedo; therefore, the relationship between equivalent width 

and specific amount depends on the mean depth of penetration 
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or the continuum albedo. In the present model the amount of 

absorbing material refers to the total amount in the atmo

sphere above the lower boundary, and the equivalent width 

depends on the thickness of the atmosphere. It is not clear 

how the depth of penetration in a semi-infinite atmosphere 

can be related to the finite thickness of the present model 

atmosphere. Therefore, the two different quantities that 

are determined, the specific amount for a semi-infinite 

atmosphere and the total amount in a finite atmosphere, 

could not be meaningfully compared. 

Variation of Polarization across 
• an Absorption Line 

The solution of the radiative transfer equation in 

vector form gives more information than total intensities. 

A parameter that has been measured for planetary atmospheres 

and for the earth is the degree of polarization. Figures 

4.45 and 4.46 show the variation of degree of polarization 

across an absorption line at several observation angles. 

The data are for the model labeled SXS earlier, but the 

variations are similar in all models. The solar zenith and 

azimuth angles are 25° and 0°, respectively, so that for 

single Rayleigh scattering the polarization should be a 

maximum of 100 per cent in, directions perpendicular to the 

incident beam, for example, 0o equal to 65° and $ equal 0° 

and a minimum of 0 in the backscattered direction, 0Q equal 
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25° and c|> equal 180° . The variation of polarization with 

angle is in this sense, but the values do not reach the 

extremes because of multiple scattering. Singly-scattered 

light is a larger fraction of the emergent intensity at line 

center than in the wings because multiply-scattered light, 

which tends to have a longsr path, is more strongly absorbed. 

The calculations show that the per cent polarizations at all 

observation angles except the angle of direct backscattering 

are a maximum at line center; therefore the degree of polar

ization of singly-scattered light must be greater than the 

degree of polarization of multiply-scattered light. For 

thicker atmospheres there should be relatively more 

multiply-scattered emergent radiation, particularly in the 

wings. The variations in the degree of polarization across 

absorption lines illustrated in Figure 4.47 show that the 

per cent polarization decreases as the surface pressure of 

the model atmosphere increases; this result confirms the 

conclusion that at this angle multiply-scattered light has a 

smaller degree of polarization than singly-scattered light. 

The effects of dilution by unpolarized surface reflected 

light is apparent in Figure 4.48. When light reflected by 

a Lambert surface is added to the model, some of the un

polarized light reflected >at the surface is directly trans

mitted out the top in all directions. It is concluded that 
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for Rayleigh scattering, the largest polarizations should be 

found in directions perpendicular to the incident beam for 

atmospheres with small scattering optical depth, no surface 

reflection, and at the centers of strong absorption lines. 



CHAPTER V 

SUMMARY OF RESULTS AND POSSIBLE 
IMPROVEMENTS OP THE MODEL 

Since the lengthy discussion of the previous 

chapters has probably obscured some of the more important 

results they are gathered together here. 

Summary of Results 

The development of the numerical model used through

out this dissertation to produce synthetic absorption lines 

is a significant accomplishment in itself. The use of a 

Voigt absorption profile with different Lorentz and Doppler 

widths at each level is of particular importance because the 

broadening of absorption coefficient profiles in planetary 

atmospheres causes significant alterations to absorption 

spectra observed in scattered sunlight. While there are 

many limitations on the applications of the method, with 

further development its usefulness could be greatly in

creased . 

An important concept that has been demonstrated is 

that a pressure-broadened Lorentz profile is not a reason

able line shape at low pressures, that is, at high levels of 
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the atmosphere. Due to the combined effects of temperature 

and pressure broadening a Voigt profile gives a much more 

representative line shape that should be used for absorption 

near the top of the atmosphere. 

The investigation in Chapter IV followed the proce

dure of comparing synthetic spectra for model atmospheres 

that differed from each other in specific ways. Synthetic 

absorption lines formed in homogeneous and inhomogeneous 

atmospheres have significant differences. In an inhomoge

neous atmosphere the central part of the lines, where the 

absorption coefficient is largest, has characteristics most 

representative of the higher layers, while in the wings 

light tends to penetrate to deeper levels. Synthetic spec

tra formed using a homogeneous model may not correspond to 

absorption lines in spectra observed from a planetary 

atmosphere. If the synthetic line has the same half-width 

as the observed line, the equivalent width and therefore the 

amount of absorbing material will be underestimated. 

Because of the exponential nature of absorption it 

was shown that, for a homogeneous atmosphere, the line pro

file in reflected light must be broader than the correspond

ing absorption coefficient profile. For the same reasons 

synthetic absorption lines in light reflected from inhomoge

neous atmospheres are also broadened. 
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The principle of reciprocity whereby the synthetic 

line shape is unchanged when the directions of incident sun

light and observation are interchanged was verified by the 

numerical results. 

The changes in line profile with small to moderate 

changes in scattering optical thickness are small, except 

for observations at large zenith angles, implying that one 

scattering optical depth can be used across a line and even 

for all lines in a band without significant errors. 

For absorption lines of moderate strength the 

relationship between the equivalent width, W, and the 

product of line strength, S, and fractional amount of 

absorbing material, f , can be written as W ^ (Sf )q where 
a. a. 

q is between 1/2 and 1 and decreases with line strength and 

observation angle. 

As the pressure thickness of an atmosphere with a 

non-reflecting lower surface increases the reflected in

tensities also increase. At line center the increase in 

intensity due to lower layers is small because radiation is 

strongly absorbed in passing through upper layers, but at 

weakly absorbing frequencies a significant portion of the 

reflected energy comes from the lowest layers. Since the 

depth of a line profile depends on the intensity reflected 

in the continuum, equivalent widths increase with atmo

spheric mass. 
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Because of limits on computing time the scattering 

thickness of the atmosphere must be limited. The optical 

depth necessary to determine the reflected intensity in the 

continuum for thick atmospheres is greater than this limit. 

One of the major goals at the outset was the development of 

a model that could be used to interpret spectroscopic mea

surements for thick planetary atmospheres, but the model as 

developed does not meet this objective. 

Radiation reflected by the surface becomes a large 

part of the reflected intensity as the optical thickness of 

the atmosphere decreases. Surface reflected light tends to 

deepen and broaden synthetic absorption profiles. The 

optical thickness of the terrestrial atmosphere is small 

enough that ground reflection cannot be ignored. 

Improvements of the Model 

Through a study of a hypothetical atmosphere a great 

deal has been learned about the formation of absorption 

lines in scattering atmospheres and much more can be learned 

from similar studies. The characteristics of synthetic 

absorption lines in diffusely transmitted sunlight have not 

been discussed although the data is available for the model 

atmospheres studied in this dissertation. The model can be 

improved by eliminating some of the simplifying assumptions. 

Several factors that have been ignored so far could be in

cluded with only minor changes in the model. Many absorbing 
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gases have unique and sometimes variable distributions with 

height. The vertical variation of temperature at any time 

is different from that specified by a standard atmosphere, 

and the line strength is generally dependent on temperature. 

Each of these three complications could be allowed for in a 

straightforward manner. Any specified distribution of tem

perature and absorbing material could be used to determine 

the single-scattering albedo at each level, and correspond

ing synthetic spectra could be produced. How sensitive 

absorption line characteristics are to any of these changes 

has not yet been determined. 

The atmospheres of the earth and many planets 

contain clouds, dust, and other aerosols which are not 

Rayleigh scatterers of visible light. To allow for these 

particles would require extensive modifications of the nu

merical model because a different method must be used to 

solve the transfer equation. The technique of Herman and 

Browning (1965) solves the transfer equation for a finite 

atmosphere containing aerosols if a phase matrix can be 

defined. This method requires more computing time, but it 

can be applied to almost any terrestrial situation. Whether 

the characteristics of absorption lines depend on the scat

tering phase function could be easily determined by compar

ing profiles formed in an atmosphere with and without 

non-Rayleigh scatterers. If the profiles are dependent on 
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scattering phase function, measurements at absorbing and 

non-absorbing frequencies may reveal information about the 

aerosols. 

The ground has been considered to be a Lambert 

reflector, but measurements show that radiation reflected by 

the ground is generally neither isotropic nor unpolarized. 

It would be very difficult to properly modify the numerical 

model to account for ground reflection better because the 

transfer equation would have to be solved separately for 

many directions of ground reflected light. Also, surface 

materials have unique reflective properties which depend on 

the material and the state of the incident light. The view

point taken at present and without supporting evidence is 

that, although intensities will depend on the nature of sur

face reflection, the synthetic absorption profiles will be 

nearly correct if the surface is treated as a Lambert 

reflector at all frequencies across the line. 

It is doubtful whether the method of synthetic 

spectra can be used to interpret measurements of spectra 

observed in diffusely reflected or transmitted sunlight be

cause the characteristics of synthetic absorption lines 

depend on so many variables. In this dissertation the char

acteristics have been shown to depend on the shape of the 

absorption coefficient profile at each level, on the direc

tion of observation, on the zenith angle of the sun, on the 
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scattering optical depth of the atmosphere, on the absorp

tion line strength, on the amount of absorbing material, on 

the pressure thickness of the atmosphere, and on the amount 

of surface reflection. In addition the characteristics of 

synthetic absorption lines would be expected to depend on 

the vertical distribution of absorbing material and tempera

ture, on the scattering phase function, which depends on the 

properties and vertical distribution of aerosols, and on the 

nature of surface reflection. Horizontal inhomogeneity 

would probably also alter absorption profiles observed in 

diffuse light. Since the shape of a synthetic absorption 

line depends on so many variables it is reasonable to expect 

that many different model atmospheres could be found that 

all produce synthetic spectra that match any one observed 

spectrum; that is, the method of synthetic spectra may not 

produce a unique solution. Nevertheless, it is valuable to 

know how all these changes in the structure of an atmosphere 

affect the shape of absorption line profiles. 
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