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ABSTRACT
The outline of the plane image of animal shape was
taken as representative of the parameter of three dimen
sional shape if it provides adequate information to allow
species identification.

A common factor of shape was found

to characterize the essentially closed loop pattern of
animals in general.

The curvature of the outline seems

adequately expressed at any level of magnitude by some
portion of the equation r = cos6 ± (a0 - b - sin^S)3* where
a = .83 and b = .12.

A search for this generating function

was directed by presuming that the logic of the system as
a whole is to meet the specified demands of the kinetic
energy equation in expanding from a point in space within
the confines of a stable integument.

The calculated curve

is tested against the observed image by congruence, and is
likewise considered in the light of certain known equations
of growth.

vii

INTRODUCTION
Characterization of a process is most concise when
it gives one variable as a function of another.

It is the

aim of this study to define zoological process, generally,
as the shape of the animal body and in so doing obtain a
fundamental quantification of animal morphology.

Likewise,

it is intended to show that shape,as the outcome of
zoological process, is reversably adapted as an effector
of action.

Ultimately, the purpose is a more comprehen

sive and unified view of the dynamics of zoological struc
ture in purely mechanistic terms.
The taxonomic scope encompasses all animals that
manifest purposeful activity, as opposed to the passive
activity of sessile animals, plants, and many protists.
Though broad in scope, the investigation is limited in
the final analysis to a single parameter, that of physical
shape.
The taxonomic aspect of zoology characterizes the
animal body, and it does so largely on the basis of shape,
yet no concise definition of animal shape underlies the
criteria employed.

Lacking an absolute standard, for

instance, it is hard to say exactly what is meant by the
phrase "similar species" or its equivalents.
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The approach

taken here assumes that there is a communality of shape
among animals that is intuitively recognized and evaluated
in their classification.

Of course, the mere fact that

single word "animal" has meaning implies something of the
sort.
Can a shape parameter be defined in precise terms
which will apply to animals as a whole, in spite of the
enormous diversity embodied in even the smallest sample
of animal morphology?

I believe it can.

The question of

a common denominator of heredity for all organisms has now
found an answer, and one that is both concise and general,
in the exact description of the static shape of the DNA
molecule,
Hypothesis
The basic idea which this study seeks to develop
supposes that the animal body, at any instant, is a three
dimensional graph defining the history of energy expenditure
during growth.

This premise derives from the notion that

morphogenesis transports points of mass, whether cells,
molecules, or unit volumes of protoplasm, some finite
distance by overcoming resistance to motion.

Since this

amounts to acceleration of mass through a distance, which
is energy, the entire ensemble at a given time is a map
of work done.

If the map can be interpreted as a set of
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points expressed in coordinate distances from an origin in
space by a recognized scheme, then it is also a graph.
Being entirely self generating about a point in
space, and continuously regulated from within, the final
form of the body must express exactly that amount of
energy allowed the process from the start.

Such constraints

are not typically imposed on other finite solids.

Because

the animal body graphs itself, the process can hardly be in
conflict with preexisting fields of force, either local or
universal, but must rather be shaped in accordance with
them.

An invariant unit shape is therefore postulated as

ultimately the most probable configuration, and this in
turn is taken to be the most economic, hence the most
natural mode of epigenetic control.

Its form results from

the immediate effects of the prevailing field of force.
The idea in no way conflicts with the concepts of
genetic control.

On the contrary, it gives a blueprint,

or plan for the structure in progress, and thereby predicts
just what it is that the genetic system is trying to ac
complish in any one situation.

Since it is given as a

single geometric generality, it is quite the opposite of
genetic models which specify particular biological struc
tures in terms of protein synthesis.

Shape
The word shape usually refers to what we see.

The

visual image of a solid object is ordinarily a two dimen
sional projection of only one side, variously modified
by perspective.
information.

A photograph conveys essentially the same

For species

identification the criteria

of the animal image, once learned, can usually be reduced
further to one or more continuous curved lines.

This is

particularly true of profiles perpendicular to the line of
sight, and these are virtually the same as the three
dimensional section in the corresponding plane.

In such

cases the real shape can be closely approximated by an
equation of the plane curve of the profile,
A curve is the locus of a point having one degree
of freedom, namely, the next point given by its equation.
When normalized in a given set of units and in appropriate
coordinates, two equations that plot the same curve have
the same shape and must reduce to an identity.

The equa

tion therefore describes a curve through its intrinsic
ability to reproduce it.

Likewise, reproduction of a

shape seems to be an extension of concise description.
The profile curve is a pointwise representation of
the body surface projected onto the plane.

It is also a

mapping of the morphogenetic process that produced the
surface, since distances remain proportional and distance

is the outcome of energy expenditure.

It is not a, coding

of the shape, but a true representation of it.
As an abstraction, the curve is a model of the
system, not a sample of the biological material itself.
It can therefore have varying degrees of accuracy and
detail, and the two are not quite the same.

High accuracy

with limited detail results in a low resolution sketch,
allowing such things as genus, or family recognition, while
obscuring

species and individuality,

The central question

of this study is just how far nonspecifity can be carried.
Can one describe several phyla of animals, for instance,
using but one accurate curve that does not resolve the
lower taxa?
Atomic and molecular orbitals have been cautiously
elaborated in a low resolution mode, and energy distribu
tion is the determining parameter.

The representation is

radial distribution about a point, thus an energy graph in
a sense.

In the same way, the aim here is to formulate an

animal orbital, or an accurate, low detail sketch.
Approach
The initial phase of this study states the biologi
cal problem and the rationale for supposing that a solution
is possible.

The intent is to show first, that physical

constraints severely limit the degrees of freedom that
animal shape may assume, and these constraints constitute

a set of morphogenic controls that are precise yet not
biological in origin (or extent);

second, that the curves

bounding the surface of the animal body and its separate
parts are visible expressions of such physical factors;
and third, that functionality and economy of design
are best achieved by minimizing the number of different
curves employed by the system, and this may reduce to a
single family of curves, and even a small part thereof.
The secondary phase proceeds from these premises,
again in three steps.

First animal shape is sampled and

quantified as an equation.

Second, the equation is sub

jected to empirical test, and evaluated.

Third its justi

fication and applications are discussed.

Taxonomic Scope
To say that the study encompasses all animals dis
playing the purposeful activity typical of heterotrophic
organisms merely means that none so defined is excluded.
Under the present assumption that animal morphology has a
discernable basis in classical mechanics any taxonomic
limitation short of that prescribed by the physical param
eter under consideration is arbitrary and unjustified.
This work started with mammals, and they remain the
central theme.

But it is not restricted to mammals since,

inductively, elementary laws of mechanics expressed simply
as body shape in such highly evolved organisms must have

equally elemental expression in those more primitive.
Structural simplicity at higher taxonomic levels does not,
as a rule, give way to greater complexity at lower levels.
To look at it another way, there is a well estab
lished continuum in biological structure extending from
atom, or below, to whole organism.

For large animals, the

scale ranges through as many as 14 orders of magnitude.

If

mathematical simplicity can be demonstrated at the highest
levels of complexity, then surely it exists at levels far
simpler.

Existence of an Invariant
An invariant is that part of a system that remains
unchanged under a given set of transformations.

Applied

to animal shape it will be taken as a function of distance,
preferably a simple, visible identity that is universal
or widespread among animal phyla.

For the logical argument

of the existence of an invariant of animal shape three
essential concepts, or laws, capable of geometric crossspecification of a unique shape in three dimensional space,
are called into service.
growth.

The first of these is allometric

The second is any geometric specification neces

sitated by the laws of physics, instanced here by fluid
dynamics.

The third is kinetic energy.

Allometric growth is considered primarily as onto
genetic,

A special application of the power function
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y - bxa is presented, using various points of the surface
of the body as the measure radial distances y. from an origin
on the x axis.

Its effect is to extend the formula to an

"allometric field" without introducing any new concepts
requiring experimental verification.
The second argument, physical specification of
body geometry is, for convenience, limited to fluid dynamic
consideration of adaptation to drag, though any specifica
tion of shape by physical law is sufficient.
Kinetic energy is the third descriptor, measured
as the work done in growth.

It thereby redefines growth

of the body in terms of energy spent in transporting the
existing mass to its existing location after a given in
terval of time.

When the system is closed to mass and

energy, the relationship of mass to distance transported
is fixed by the relations inherent in E = %mv2•

In a

birds' egg for instance, the caloric value is represented
both by the dimensions of the embryo at a given time and
by the relative difference in caloric value between egg
and embryo.

The distance parameters giving shape are

bounded by this caloric difference.
Though to some degree any one of these laws applied
to the growing animal specifies certain shapes, the final
dimensions, and the variance are imposed ultimately by the
cross-specification of at least two such laws.

An
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allometric plot superposed on either the energy equation
or a fluid-dynamic specification can, by intersection in
the same three dimensional space, define mutual points
that lie on a continuous surface.

The shape of the

surface is necessarily the shape of the animal.
The aim at this stage is not to exactly describe
the shape of a given animal, but rather to show that
physical laws which are defined independently of biology
can exert absolute control on shape.

For example, if we

know that a porpoise is streamlined according to an exact
equation, and that the body grew allometrically, then the
outcome of the allometric function is one with the equation
for streamlining.

The shape of the body is the simul

taneous solution to both.

It is thus an equilibrium sur

face between external and internal forces.

To know any

two of these opposing forces quantitatively is to know
them all, or at least their solutions, namely the surface
of a body.

What emerges as supporting evidence for the

existence of an invariant of shape is the remarkable
agreement of animal growth with ostensibly unrelated func
tions of fluid mechanics.

Growth cannot be subordinated

to arbitrary factors of the environment if life is to
continue.
to growth,

Nor can the mechanics of motion be subordinated
guch compromises are lethal.

How often then,

can two such precise and complicated functions be expected

to occur together accidentally, yet so perfectly coordi
nated with each other as to be continuously efficient to
an ultimate degree throughout life?

The evidence, which

shows the two not only as correlates, but as total identi
ties, clearly asserts that this is no accident.

Stream

lining and growth are one and the same phenomenon.

The

same can be said of growth with respect to any other geo
metric specification of body shape by physical law.
Ecology of Form
The dichotomy of plant

and animal shape is pro

foundly related to the energy of the environment.

Plants

as autotrophs, are the initial energy receptors of the
biosphere and the everted, rather indeterminant morphology,
unadapted to mobility, relates directly to their function
as energy input channels capable of biological reduction
as well as oxidation.

Their cells are immobile and embryol

ogy is distal, occurring at the tips of roots and branches.
The resulting system is extended by multiple branching,
being ultimately controlled by the total quantity, rather
than relative placement of its exposed surface.
Animals, by comparison, are inverted systems whose
morphology is bounded by a stable integument.

Their shape

is generated about a central point, the zygote, as a type
of explosion in ultraslow-motion and under absolute in
ternal control.

Their highly determinate, encapsulated
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embryology seems to foster the vehicular design of the
free-living animal through its axial polarity and symmetry.
Animals are essentially the outward thrust in radial,
three dimensional form of the ready-made fuel, obtained
and ingested in the economy of a consumer.

Both seed and

ovum seem to share this consumer economy, and with it cer
tain characteristics of shape that are more animal than
plant.

Adaptive Limits
The existence of fluid dynamic shapes among mammals
is demonstrated by the body of the porpoise which is a
laminar spindle, the particular streamlined shape that for
its size, at typical viscosity and speed, produces laminar
flow over its surface rather than turbulent flow (Hertel
1966).

A related invariant, which simultaneously exists

in fish and cetaceans accounts for their characteristic
body form (Parsons 1888).

The maximum cross-sectional

area of the body invariably occurs at .36 of the way from
snout to tail.

More specifically, the shape is divisible

into two geometric entities, an ellipsoidal solid that
constitutes the main part of the body, and a tail curve
that is geometrically distinct.

The first can be written

(y/t>) ^ = 1 - (x/a)"*"^ where x is the length with the, origin
located at the point of maximum cross-section.
curve is given by (y/b)*® = 1 - (x/a)''"^^.

The tail

In both curves

the constants a and b determine the degree of radial
symmetry in sagital and planar sections.
Another example among mammals of perhaps even more
rigorous specification of fluid dynamic proportions is the
airfoil of a bat's wing.

The aerial performance of bats

is a fair indication of the precision of their overall
body design.

But swimmers and fliers are represented in

many groups other than mammals.

The fact that the majority

of animals are aquatic, and that all had relatively ex
tended aquatic origins suffices to show that fluid dynamic
constraints are neither a specialization nor a superficial
aspect of animal form.
The cross-specification of growth and fluid dynamics
can be assumed if any growth law whatsoever controls in
dividual growth, and at the same time produces a properly
streamlined shape.

It is assumed here that allometric

growth is universal in animals, though perhaps variously
modified, and the logical basis for it is sound (Hux
ley,

1950).

That is, animal tissue is self reproducing

from the basic cellular unit.

A self propagating mass

tends to grow at a rate proportional to its existing size.
This by definition is exponential increase, biological or
not.

In its reduced form, allometry assumes only that

such growth is fundamental in animals.

Since logarithms

are linear with respect to each other, one growing part can
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be related to another by a power function y = bxa where
x and jr measure size of the organ and a and b are con
stants of a particular plot.

The dimensions are unspeci

fied, which is allowable, since protoplasm is of quite
uniform density, and cellular structure is universal.
Also, the cellular basis of animal structure promotes a
certain uniformity in protoplasmic distribution and growth
properties, particularly in the early stages of morpho
genesis.

Superposition
The shape of aquatic animals is presumed to be an
adaptation to the high coefficient of drag that must be
overcome in swimming.

Gould (1966) showed that variables

responding to surface volume control, such as drag, tend
to grow as weight to the 2/3 power, which is no more than
surface to 1st power.

That is to say, growth is surface-

controlled, which happens to be the case with biological
chemistry generally.

If the allometric relation provides

for aquatic adaptation on this basis, then such adaptation
is understandably widespread.
Superposing fluid dynamic form of fish given by
Parsons on the allometric growth law requires only that
Parsons' equation for the laminar solid be given a common
axis with the power function.
tions of surface area.

Conveniently both are func

This facilitates superposing one
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on the other and also leaves the morphological implications
relatively apparent.

Ordinarily one function will specify

the other, by mutual intersection, over a considerable
range of both variables.

It follows then that this defines

a shape in space which is directly related to the visible
morphology of the animal.

That is, since the power of x

in Parsons' shape function is less than two and more than
one, in the general case they will not form an endless
lattice, but a closed surface.

This might be called a

shape invariant for aquatic form.
Gould's (1966) contention that a surface control
underlies body form would extend the invariant of aquatic
form throughout a considerable taxonomic range.

If the

airfoil can be shown to approximate the shape of fish,
which from a dorsal aspect is plausible enough, then the
same cross specification of body shape could be extended
without change, but on different criteria.

In fact, the

possibility of a universal shape function among animals
is thus given additional credibility.
Consider the particular case of the allometric
equation where y = x^ and b is unity, as it very nearly
would be if the growth process were recorded from the
zygote onward (b = 1 implies a sphere).

If

were a radius

perpendicular to the x axis, and the organism were radially
symmetrical, then the overall shape would become a

paraboloid of revolution.

In fact, it would look quite

like a gastrula, and it would maintain this appearance for
some time,

The fact that all paraboloids of revolution

are the same shape, and that for broad segments of the
animal kingdom gastrulae are nearly this shape, suggests
this particular equation as an approximation of animal
growth.

It will be shown that it is also a graph of

kinetic energy in three dimensions, given the right choice
of axes and symmetrical units.

Thus animal form, allometric

growth, and the energy equation, can all be given material
form as a specified shape in three dimensions which will
define itself.

This is epigenietic control, and it is

dictated by the physical concept of energy given graphic
form.

Regardless of what else it may be called, it is a

mechanism of differentiation that is external to the system
itself and is also known to exist in the necessary condi
tions of animal growth.
Allometry
Returning to the allometric model again, this time
with several radii (y^) in which alpha has a slightly
different value for each (a^) all less than 1,

The plot

of this equation in logarithmic coordinates will produce
a fan of lines from the corner of the graph.

At some

arbitrary unit of length each line will have a coefficient,
b^, equal to the log of alpha.

The equation y = bxa is
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thus a logarithmic fan, or in rectangular coordinates, a
set of parabolic curves passing through the origin and the
point (1,1), describing the shape of an animal of bilateral
symmetry (i.e., non-radial).

Since alpha is unspecified

and the point yi is arbitrary, these can be made to fit
any number of shapes.

Once fitted to a growing organism

they describe its growth, if it is allometric, and its
entire shape continuously in time thus comprising a morphogenetic field of a particular kind, namely, an "allo
metric field".

This is what is sampled in growth experi

ments of individual allometry.

It is a hypothetical field,

to be sure, but it is no more hypothetical than allometry
itself.

Regardless of how loose the fit to the real

biological situation, the form of the field can be modified
to fit reality.

The validity of allometric growth is fairly

well established, and certainly the reality of morphogenetic fields is accepted, for all the lay skepticism
they may have received.
Note that the allometric notation gives one distance
in terms of another, thus time cancels out, and what is
experimentally a growth curve is actually an allometric
shape function.

Also, the field gives all labeled points

of the organism as a continuous function, but it does not
give the particular shape for a, given time.
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Since every x corresponds to a, given time t of
the growth phase, however, a vertical transect of the log
arithmic fan through some point x on the abscissa gives
the entire shape (Fig. 1).

The shape of the organism for

a particular time is given by y^ = t n where n is propor
tional to the sequential values of a^'(b^ =1).

In polar

coordinates the shape will be a logarithmic spiral,
variously modified by the angular spacing of the slopes
and the values of b, in a particular case.
are uniform, so is the spiral symmetry.

Where these

Or if the spiral

preserves the original angular spacing, the profile of
the animal will be produced in its new shape corresponding
the larger x.
Shape and Purpose
Animals are capable of purposeful behavior.

In

fact, the word purpose has little meaning outside the con
text of animal behavior.

The neuromuscular system central

to animal adaptations has mobility as its cause and chief
function, as well.

Scattered embryonic cells, either in

tissue culture or in vivo, typically converge to form a
loose configuration whose shape is diagnostic of the organ
that is to follow.

Such control is epigenetic rather than

genetic (Waddington 1967) and while it does not explicitly
define purpose, it suggests a synonym.
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Fig. 1. Allometric growth field as a fan of lines
(above) and the spiral at x=lO (below). ~~ Compare with OC
(broken. line) •
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One such synonym might take the form of the equa
tion of force that the system simultaneously generates and
obeys.

This view has the advantage of reducing vagueness

of description, and along with it much of the associated
mystery stemming from the embryo's apparent prescience
that enables it to begin assembling structures long before
they are actually needed.

Reduced to the equations of

force, the phenomenon is little more remarkable than the
predictable equilibrium configuration attained by iron
filings in a magnetic field.
The biological reality of this analogy, incredently,
has recently been shown (Becker 1972) by the application
of an electric current to the amputated limb of juvenile
rats.

The force gradient set up gave rise to the normal

first stages of regeneration, an occurrence without
precedence in mammals, though electrical gradients were
the postulated means whereby amphibians are capable of
limb regeneration.

The artificial acquisition of this

ability might be equated to a three dimensional graph
induced in tissue of the electric field of force.
Under appropriate conditions, lines of force are
self-graphing energy equations, since only an integral
of force is self-graphing more or less by definition.
Force integrated over distance becomes energy, and in the
simpler cases the shape it takes is a conic.

The force is
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but a point on such a curve and has no shape; the final
energy is a scalar and has no shape either.
history of energy expenditure is shape.

But the

Seen as the orbit

of a satelite, for instance, energy is a conic.

The ec

centricity of the path is an index of the energy that
created it, and the shape is thereby specified.
Kinetic Energy
In applying the kinetic energy equation and
allometry equations, simultaneously, to a growing animal
one is assuming only that the use of energy by the system
is prescribed and regulated, and that relative growth is a
power function.

Both are well accepted, notions in biology.

It was noted earlier that the special case of
allometric growth y = bx^ is a paraboloid of revolution,
as is the three dimensional graph of kinetic energy where
mass is increasing at a rate proportional to the square of
time.

That is the volume of the figure, or a shell of pro

portional thickness, will be a measure of the energy expended
until time t where units of time are measured on the axis
of symmetry.

Applied to the biological situation, the

larger end is a circular growth front propagating at uni
form speed.

Two such paraboloids, their growth fronts on

a central point, could be extended in opposite directions,
thus producing an ellipsoidal shape (not a true ellipsoid).
Modification of the rate of propagation along x gives rise
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to various forms, among them all variations seen in the
eggs of birds.
To relate the outcome of growth to the invariant
ratios of the energy expended in the process, consider the
chick embryo as a representative biological system.

As

the environment of morphogenesis, it is assumed to have a
constant specific energy and density.

At a constant incu

bation temperature the system is virtually free of fluctua
tions of mass and energy.

Such constant conditions will

impose the form of the equation directly upon the morphogenetic process.

In terms of a three dimensional graph,

the growing embryo results from the funneling of the undif
ferentiated egg through a point in space, once the zygote,
into the volume around that point which thenceforth is the
origin.
Assigning unit value to the total energy of the
system and labeling growth energy as a quantity E associated
with mass m, it can be seen that since these quantities
have no other source than the egg itself, the caloric
value of the embryo must be 1 - E and its weight 1 - m.
The existing mass of the body (1 - m) will therefore have
been distributed over the total distance inherent in E
calories of kinetic energy.

Once spent in transport, the

quantity E is lost to the system.

Its mass (m) is excreted

to points topologically external to the body and its
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dimensions in terms of distance, by necessity, are the
space around the chick.

The complementary value 1 - E

will be dimensionally expressed as the same shape, though
as the convex surface of the embryo, and will be a measure
of the potential energy of the embryonic structure.
The rather constant ratio of energy to mass in
protoplasm implies that the specific energy E/[m] =
%([L]/[t])

will stay approximately in equilibrium,

But

time changes continuously, and a constant L/t can only be
maintained by the increase in the radial distance propor
tional to the time.

At three weeks this amounts to some

C
2 X 10 seconds, and as distance in centimeters it is con

siderable,

However, energy transduction in biological

systems takes place at the molecular level and the particles
to which the velocity term refers are of minute size.
Furthermore, the average straight line distance traveled
by each is about equal to the radius of the egg.

Multi

plied by the number of particles, the total distance is
easily of the same magnitude as time in seconds.

For a

monomolecular gas the constant of proportionality (Boltzmann's constant) is 1.36 X 10

— 16

,

The biological equivalent

could perhaps be determined from growth data by using
= L^/kt^ where k would be the biological growth constant.
As biological molecules are far larger than those of a
perfect gas, the constant should be somewhat smaller, as
seems to be the case here.
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The point of the argument is that the growth energy
gives rise to a shape which is inherently limited by its
spatial component at any one time.

The shape is at once

the space around the embryo and that of the embryo itself,
the relation being essentially that of mold to cast.

The

morphogenetic process must transform the elapsed time into
distance transported provided the average velocity is con
stant,

Algebraically, mass is the square root of this

distance, or the inverse square root of time.

Squared,

this becomes the inverse square law of a typical field
of force, postulated earlier.
Going back to the allometric plot where every t
has a single x it can be seen that if the mass of the
embryo be represented by 1 - m that any point t will
h

correspond to (1 - m) .

From this, one might conclude

that the growth processes in some ways actually do conform
to the special case of allometry y = bx 3 which is, as
designated, a paraboloid.
In a closed system like that of the chick-egg,
time is internally consistent with the other variables of
the equation, but this need not be real time.

It has been

postulated, in fact, that biological time is logarithmic
with clock time (Laird, Barton and Tyler 1965).

Here it

does not matter, since the point is merely to establish
grounds for assuming that a shape invariant exists, and to
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show that these grounds are a mere extension of what was
postulated from the outset.
Extension of Model
Preston (1953) first accurately described birds'
eggs by starting with a profile in the form of an ellipse
and then pointing one end by adding powers of sin0 while
flattening the other through effect of the odd powers.
His results were excellent, and apparently characterized
most families without recourse to powers higher than
the third.

The modified ellipsoid was named the avian

ovoid, and this was the shape of birds' eggs.

That is, a

single name served to describe many shapes, all of the
same kind, but forming a biological, as well as a mathe
matical, entity.
Recalling the previous model, the chick in the
long run, cannot deviate very far from the shape of the
egg in which it is enclosed.

An invariant of shape for the

developed embryo is therefore the avian ovoid, and it
demonstrates too what might be taken as the first approxi
mation of the orbital of the free living animal.

Even

though the simplicity may not be evident in the external
form of adult hen, the egg is the core of the transforma
tion,

Likewise it seems to be the internal shape of the

oviduct, since the egg results from oogenesis, and its mass
is noncellular.

The hen is no special case and the kinetics
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that determine its embryo must be found in all amniotes.
Nor can amniotes as a major group be fundamentally dif
ferent in their morphogenesis from most other animals.
The invariant factors of energy and allometric growth
must apply to all.
Again, the hen is but a single example of the
precision in shape required of oviduct and that which
traverses it.

Of particular importance is the shape of

the human skull and the birth canal of the mother, because
not much accommodation can occur in bone.
dent that the products

Is it an acci

of two genetic systems, invariably

different, so often match in curvature?
Exponential Growth
Recent theoretical work on growth has focused on
0 b-bt
the Gompertz function which gives weight as W = e ae
where a and b are constants.

The exponential, e at , is

thus altered to give the sigmoid curve of animal growth
by taking biological time to be a logarithmic function
of real time.

Laird, Barton and Tyler (1965) find

that this damping effect is virtually invariant for
metazoans under optimal conditions.

In other words, the

specific growth rate diminishes at about the same rate in
all animals.

The effect on the allometric function is to

unify and explain the apparent errors in which log log
plots come out as curved lines.

This connects time to the
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allometric shape function and renders it again a growth
curve, though the transform by way of the Gompertz function
slightly mars its elegance.
Laird et al, (1965)

also found that it

was necessary to subtract a linear component of acretionary
growth from the weight in order to obtain a semilogarithmic
relationship between time and the Gompertz decay.

The

source of this component was not verified.
Now it is not impossible that kinetic energy, as
given in the equation of normal density, is turning up in
the guise of a second order exponential decay.
of the form e~^ mv

If W were

which relates among other things,

energy to a sample of a monomolecular gas at a given tem
perature, then by analogy, increased W is associated with
lower energy.

If the energy cost of growth rose gradually

with time, and the ability to pay did not, the organism's
specific growth rate would damp out slowly with time.

No

interpretation of the damping effect, which occurs in
malignant as well as normal tissue, has been generally
accepted nor in the above cited, has one been forwarded.
However, the identification of some quantity that is linear
with time seems ambiguous since it includes an unobtainable '
amount of the total weight.

Also, the real question is,

what is it that provides for the universality of the
control?

It can be seen that kinetic energy, as given in

I
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the density function, may be mathematically appropriate
provided only that the energy ratios (%mv /KT) are such
that their change with time is logarithmic.

The advantage

in this notion is its causative implication which is
testable and which places it among many widely occurring
natural phenomena.
Coordinate Transforms
The fact that the allometric formula is actually a
scaling function of the growth regression underlying
animal morphology is in evidence in the work of D'arcy
Thompson (1952).

Among the most contraversial of his dis

coveries are the "rubber sheet" transformations of related
taxa.

In these the line drawing of an animal shape is

subjected to a nonlinear warping of its original co
ordinates to give the image of a related species.

These

were not truely quantitative, as the operation was not
mathematically characterized.

Yet they were clearly

recognizable as "artificial" evolution.

Transformations

of streamlined animals were plausible since they followed
the intuitive course of adaptation to fluid flow.

But

the transformations were carried out with equal facility
and graphic credibility on such things as the bones of
mammals and birds, fossil and modern.

Particularly well

known is his transformation of the human skull to that
of a chimpanzee, then a baboon, and finally to the skull
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of a dog.

But there was no clear connection here between

the mechanics implied by the warping of coordinates and the
evolutionary changes that account for the structural dif
ferences, and therefore its biological significance was not
fully realized.
Many critics of the work failed to grasp that they
were denying what was visibly demonstrated, yet accepting
its undemonstrated violation of evolutionary principles.
The transformation process approximated plane stretching,
a direct application of force in diagrammatic form.
changes it created were realistic.

The

Thompson never claimed

the process, but only the effect, was directly repre
sentative.

General Transformations
Thompson (1952) and others, have argued that such
transformations must conserve biological homology.

Since

these are made by mapping one landmark into its image in
the modified grid, they necessarily comply.

The same

limitation was imposed on all comparable transformation
thereafter, but without explicit biological justification.
Since allometry as a general concept grew out of Thompson's
work and there is no similar limitation invoked there, it
would seem that the rule of homology was only established
by intuition.

Indeed, much of the current work in allometry

\
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is devoted to comparing analogous, or even dissimilar
entities as variables of the allometric power function.
The transformations of Thompson are not really
stretching operations, any more than they are organic
evolution, and still either process is plausible as the
means whereby one familiar shape is changed to another.
The question that emerges is just what are they?
Stretching a rubber sheet is applying force through a
distance, and the new configuration represents a new energy
potential.

Allometry measures the same thing, and the new

potentials are a measure of the anabolic cost involved in
growth.

Since this is also kinetic energy, the processes

of growth and stretch have a common source.

But the com

parison, in even a roughly quantitative sense, ends there.
Starting with a central core, say an early develop
mental stage, and assuming an elliptic shape, the allometry
formula suggests the deeper column of cells will generate
proportionately more new tissue than the shallower.
trend will be self reinforcing.

The

Furthermore, the rate at

which various vectors propagate will be given by bx a where
a is the log tangent of a particular direction, and b is
the depth of a given column.

If time were linear with x

the process would eventually amount to an explosion.
Stretching an elastic sheet, on the other hand, is
a self limiting process.

The force required increases
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with distance moved, and though the relationship can be
complicated, it is safe to say that the outcome will not
resemble exponential growth.
The Gompertz function, however, provides for the
disparity between the growth function and the expansion
about a point under limited energy input, and in so doing
also provides one of the best models for growth in animals.
It does so by altering the time scale at an exponential
rate that is negative and proportional to the rate of ex
pansion.

This of course can be made to approximate the

gradual attainment of a final potential energy, say 1 - E,
and the shapes produced by the two functions need not be
different.
In the elementary physical model presented here,
the shape of the core structure, regardless of its composi
tion, will effect the shape of the final external surface.
The limiting functions will be of determinate, mechanistic
kind, and they will also represent the channeled expression
of kinetic energy.

But the core, or rather its biological

analog, whether it be the zygote of an embryo, or the
chomatin of a nucleus, will itself have arisen as a result
of the same sort of processes emanating from a lower level
and must correspond in shape to their invariant outcome.
The next stage of this study is directed toward correlating
the dual elements of shape determinism that have been
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postulated; continuity and self similitude as expressed
in the exponential function, and the quadratic surface of
equilibrium determined by the quantity of energy devoted
to expansion in space.
Since both processes, given tangible

representa

tion of any kind, result in curves that are not the same
shape, their union in protoplasmic structure is necessarily
a continuous modification of one by the other.

The regions

of mutual intersection are limited, and as already stated,
the lines of stress of the finished structure must be one
and the same with those induced externally by forces of the
environment.

The observed preadaptation to such things

as flying, swimming, sensing, or effective activity in
general are most easily explained if a single shape serves
all purposes.

Convergent and parallel evolution would

likewise emerge as aspects of the same invariant, mathe
matically determined by a universal kinematics and neces
sary economy rather than by genetic affinities which,
after all, are the product rather than the governors of
continued functional coordination.

METHODS AND MATERIALS
The problem of fitting an equation to a curve is
quite the opposite of the usual curve sketching where the
equation is given and the points need only be plotted.
Biological curves are usually sketched by experiments in
which the curve maps an event by transforming its time
coordinate to one of space, thus fixing the location of
a point.

The curve essentially draws itself, and no one

expects such a curve to look anything like the event it
abstracts.
gaging

Identification is then curve fitting, and

the fit is the pivotal task in experimental biology.
Animal shape also graphs itself, its time coordinate

being mapped by growth into points in space.

The photo

graphic reduction to 2 dimensions can be further reduced
to an outline, and if the species identity is retained it
is safe to say that this mapping process is faithfully
represented.

The curve then looks like the event that

produced it, namely morphogenesis.

Though the system is

multidimensional, a statistical sample of cells represents
the pointwise mapping of the process with an error near
zero.

The process, in the long run is the translation of

mass from one point at the origin, to a radial distribu
tion of points, the surface of the body.
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If one were to
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find a mathematical function that generated a curve of the
same shape, the operations prescribed would correspond to
same relative distances.

Since these are a manifestation

of time in the organism, the same relationship to time must
be inherent in the mathematical function.

If a single

equation is widely representative of animal shape, then the
analogy is strengthened.

Ideally the result is a mathe

matical model of anabolic process as well as a description
of the animal image in 2 dimensions,
The curve sought will be similar to the shape of
some animal throughout some part of the body, and properly
scaled, will be congruent with it.

Thus, for a good es

timate of the reliability no other evaluation than congruence,
the classical geometric proof of identity, is actually neces
sary.

The primary problem is finding the right equation from

the infinity of possibilities existing in the plane.
Choice of Method
Usually, the curve to be identified can be plotted
in rectangular coordinates and reconstructed as Fourier
series, that is, as a series of sine curves of various
periods.

Any single valued curve can be so analyzed.

The

problem arising in our case is that animal shapes are not
single valued but closed loops.

Circumventing the problem

by applying polar coordinates to the photograph and con
verting to x and jr. leads to an alternate difficulty in
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selecting the proper origin and polar axis.

This type of

analysis has other drawbacks of a more fundamental nature.
If one succeeds in drawing a picture by component
analysis, the picture is a representation of both general
features and details of a particular specimen.
are hard to separate.

The two

Proper weighting seems best achieved

by matching the hypothetical generating function of the
animal body to those functions that have at least a
theoretical correspondence to the morphogenetic process.
The closed loop configuration of an explosion about a
point is such a function.

Its first approximation suggests

the use of polar coordinates.
Biological Form
Growth from a point in space by an inverse square
law is assumed as the mode of energy expression under the
conditions postulated.

In this case one should anticipate

a sphere as the basic, symmetrical shape.

But to get shape

rather than an integrated quantity of mass or total energy,
it is necessary to invert the process and work backward
from the final outcome.

Taking this to be the organism

itself, shape is a distance parameter, not a process.

The

inverse square law thus becomes an inverse square root
law where mass to the h power is proportional to linear
space units.

The 2 dimensional image of a sphere generated

in this way is a series of concentric circles, well repre
sented by the Fresnel zone plate, which will be covered
later in more detail.
Animal growth proceeds by exponential change in
mass,

If any law for such growth in a single variable be

plotted about a point in the plane the result is a log
arithmic spiral, the projection of a helicoid from three
space.

As noted, these do not occur as animal protoplasm,

nor do spheres.

Furthermore, exponential functions of

time, like the logarithmic spiral, are fundamentally dis
tinct from square root functions of velocity.

In order

that the two be coordinated in the generation of a spatial
distribution, they must be combined in space as a surface
of intersection.
In brief, the logic of the system was deduced from
well known concepts and presumed to operate on the basis
of two kinds of functions.

The energy relationship with

its quadratic form gives rise to one, and the exponential
nature of a self propagating mass produces the other.
Direct application of the most representative coordinate
system led to the use of polar coordinates.

The shape of

animals in projection onto the plane was obtained as a
curve in which the radius, r, is given as a function of the
vectorial angle, 0.

These are coordinates only and carry

no intrinsic biological meaning other than being appropriate
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to the parameters of spatial distribution typical of
animals in general,
Curve Computers
For even an elementary function there can be con
siderable labor involved in computation of enough points
to allow an accurate plot of the curve.

This study en

tailed the additional labor of devising a suitable method
of application.

For instance, wax models, photographed

and then traced, were used in the early stages to reduce
a plausible three dimensional structure to a plane curve.
The primary fault with this technique was the lack of a
built in coordinate system by which the equation might be
derived and reproduced for evaluation,

A preliminary

step in overcoming this difficulty was the use of
a Moire pattern (Edmund Scientific Co.) produced by the
superpositioning of transparencies of two or more geo
metric figures in repetitive sequence.

The visible curve

emerging as the pairwise intersections of the figures has
an accurate representation
nonmetric) coordinates.

as the indicial (ordinal,

The Moire fringe, as this line of

intersections is called, will appear in as many multiples
as there are lines in the smaller figure, generally in some
kind of a coaxial distribution.

Each fringe, or composite

curve, is designated separately by a constant, jd, which is
the order of the fringe.

Using the lines of the component
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figures as coordinates by numbering the lines of one, h,
and the other k, then the difference between them, h - k =
p, is the indicial equation for the fringe of order £
(Oster, 1965).
In substituting Moire patterns for wax models, only
two components were necessary.

One of these is the Fresnel

zone plate, typically seen as the laser diffraction pattern,
or as the Fresnel lens.

This consists of a sequence of

concentric rings (black) each having the same area.
Geometrically, it is the axial view (vertical, or :z axis)
of a paraboloid of revolution banded at equal increments
of height.

As seen directly from above, each ring is one

of these equispaced contour lines.

The other figure is

a set of radial lines with a regular angular spacing of
three degrees (Figs. 2, 3).

The geometric interpretation

is various, but a straight-forward, solid model is a simple
helix.

The pattern is the vertical view, again looking

down the £ axis.

Following the indicial notation, the

circles of the Fresnel zone plate are numbered from the
center outward, as integers, where h is the number of a
given circle.

This number is also proportional to the area

it encloses, since each ring encircles all those central to
it, and the rings, as noted, all have the same area.

Each

radial line, starting with an arbitrary zero angle can be
labeled an integer in the series k, such that a fringe
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Fig. 2, Fresnel zone plate consisting of ' concentric
rings of equal area, -- Radial pattern r,e of 3° spacing is
superposed to give high order Moire fringes.

39

I

J

Fig. 3. Origin superposed on circle h=22 producing
the median, optimal curve, referred to in the text as the

oc.

represents a one-to-one correspondence of k with h.

For

example, the fringe, £, starting at k = 5 also starts at
h = 1, so:

p = 4, the difference between h and k.

In

teriorly, by one line is p = 5, meaning that first circle
(h = 1) intersects the sixth radial line (k = 6) which is
the initial intersection of that fringe.
The Moire lines (Figs. 2, 3) generated are of vari
able shape, depending on the center to center distance and
- the order of the fringe.

But all are composed of straight

lines and circles, and their equations can therefore be
obtained.

Where the two dimensional image of an animal

photograph is congruent with the curve of the fringe, the
shape of the animal has been reduced to component lines
and circles and its equation is one with that of the con
gruent Moire fringe.

The curve of the Moire is repro-

duceable, and once an acceptable curve is found it can be
reconstructed without knowledge of the equation in con
ventional terms.

The pair of figures really amounts to a

curve computer of extraordinary speed.

A simple flick

of the wrist gives the same product as hours of computa
tion, and gives an exact visual display simultaneously.
In this capacity, digital computers are no match for this
simple analog computer.
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Derivation of the Equation
The triangle (Fig. 4) composed of sides sine,
r+cos0, and R cuts the circles h=5 and h'=45 (where
capital R is the radius of circle h),

By the Pathagorean

2
2
2
theorem, sxn 0 plus (r+cosd) is equal to R ,

Therefore,

in order to find r, which is the length of the radius
(r,0) from the center of the radial pattern to the outer
Moire intersection, it is only necessary to write:
2

(r+cos0)

= R

2

2
- sin 0 and take the square root, then

transpose which gives r = -cos0 ± (R^-sin^0)%.

Since any

radius of the Fresnel zone plate is equal to h^c, where c
is the radius of the innermost circle, and h is the circle
2
0
number, then R = he* and in terms of the angle 0, any h
is equal to a0 - b where the two constant equal a and b
of the normalized equation.
2 J<
cos0±(a0-b-sin 0) .

The general equation then is r=

For absolute distances the original

constants are used substituting 1/a^ with c and multiplying
through by c then gives the integer

jd ,

the order of the

fringe in place of b.
Because both cos0 and sin 0 are the same for
negative and positive rotations, the figure reflects in
the polar axis provided all signs within the radical are
changed.

The value for r covers the entire fringe, and

for circles of less than unit radius, the square root
value is the visible pattern distributed as the chords of
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the circles as they are cut by the radial lines.

Notice

that origin is the center of the radial pattern, thus both
angle and radial length are given as functions of the
single pattern.

The Fresnel zone plate no longer enters

in, its purpose being only to give one of many possible
spacings which are reduced to the parameters a and b.
Sample
Animal species used for demonstration are random
with respect to the trigonometric functions which are in
tended to describe them.

They are no more than a spot

check based on availability, rather than suitability to
their purpose, ('I'he concept ot random sampling precludes
the necessity of broad sampling of many species.) Anatomical
structures have also been included without pretesting.

For

all of the sample the illustrations are the data.
Line specimens were traced directly from the image
of a photograph, or as in the case of the skulls, by direct
traces of an opaque (View-Lite) projector.

These were

enlarged five diameters and this allowed an accuracy to
less than 0.1 mm on the original specimen, probably equal
to the fidelity of the projection.

The skulls are a series

of Neotoma albigua ablgula (White-throated wood rat) from
a single population,

A second series of four specimens,

Perognathus intermedius pinacate (rock pocket mouse) are
presented as photographs, slightly enlarged.

It should be

pointed out that the sample actually under evaluation is
not the series of individuals, but the set of points that
constitute the outline.

The distribution law is the

calculated curve of the graph.

The null hypothesis to

be disproved is that the two sets of points at exactly
corresponding angles are governed by the same distribution
law.

Failure to establish a significant difference there

fore connotes identity within the confidence limits
stated.

Preliminary Fit
When overlaying a polar graph on the photograph
of an animal a set of coordinates for the image is super
posed, thereby establishing an animal origin and axis.

It

should be remembered, this axis has no necessary biological
meaning, since the integrated growth function that the
animal body represents is defined only by the curve of
its surface contour, and is in this way like any other
indefinite integral.

However, when animal features are

congruent to the graphic curve, and there is a marked
anatomical homologue for the origin, or axis, of the polar
graph as well, then the agreement enhances the fitting of
the curve, and may well have profound biological signifi
cance,

As it turns out, this type of agreement is the rule
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rather than the exception, and anatomical points of inter
section, such as the heart (virtually a graphic origin
of the circulatory system), typically lie exactly on the
origin of the polar graph, with the body axis parallel to
the polar axis.

In these cases there is a strong case for

identity of equation and animal shape, even though the
overall conformation cannot be considered high resolution.
Consistent with this idea of identity between
elements of the Moire components and anatomical structures
are the straight lines which are occasionally seen in a
particular view, often in conjunction with normal perspec
tive (i.e., visual perspective).

When a perfectly straight

edge, say of a limb, does occur in a photograph it is fre
quently congruent to one of the radial lines of the pattern,
being mathematically one and the same function of theta.
Though lines of this kind are hardly thought of as curves,
technically they are curves, and their equation is simple.
I have taken this as another significant biological feature,
because very often the plane of the body in which the limb
extends is the same as that which fits the curve, but only
so long as it remains congruent with the radial line of
the graph.

Goodness of Fit
The accuracy of visual comparison is far greater
than a statistical, test for congruence between curves in
superposition, provided their arcs are fairly similar.
However, when there is a deviation of more than a few per
cent in radii of curvature visual comparison is unreliable
and is best replaced by an objective quantification.

The

statistical test used here is the Kolmogorov-Smirnov test
for goodness of fit based on the cumulative relative
frequency of classes.

The critical difference (D) that

develops between any two such distributions is given as
function of n for a selected probability- alpha.

Where-

ever the specified D is encountered the curves have the
alpha probability of being of the same population as they
are assumed to be under the null hypothesis.

By way of

repetition, the samples under comparison are not, primarily,
individuals of a particular taxon but are, instead,the two
sets of points whose distributions are:

(1) a calculated

shape function, and (2) a morphological entity, reduced to
an outline.

Both are given in (r,0) and corresponding

radii are the variate.
An anomaly develops in this test when two concentric
curves are the same shape but are of different sizes.
Since radial distance is the class variate, and A0 is the
frequency, in such cases all 0 deviate and the first few

increments provide the critical difference, even though
there may be no shape difference.

Consecutive A0 also

diverge at the termination of a shape unit in either the
animal or the calculated curve, at which point the lines
themselves deviate,

A minimum unit of shape is therefore

designated by a range of angle beyond which testing is
unnecessary.

No minimum is less than 135°, a substantial

range of arc length in which to expect near identity in a
pair of unrelated curves.
A further compensation which touches on the funda
mental point of this study, has to do with the idea of unrelatedness.

By the Kolmogorov'-Smirnov test one obtains

an alpha down to about 1%, but only with a very large D,
thus the assurance
origins.

that the samples are of different

But this is already known here, and it is the

smallest possible D that is the most significant test of
similarity.

Hence the score can only be given in terms

of the largest alpha, which in the tables used is 20%.
In other words, the smallest listed D for any sample size,
if greater than the largest observed D, means that we have
only a 20% level of significance, hardly sufficient to
disprove the null hypothesis which assumes the curves have
the same parent source.

This source has been detailed in

the Introduction, and by current thinking in biology which
subscribes to a more or less unlimited diversity of shape

among animals, the chance of a random sample all being with
in a few percent of a specified form throughout a major
portion of the parameter is virtually zero.

Add to this

the infinity of curves in the plane from which to choose,
if by chance, the one that fits an existing invariant
and it becomes defensible to say that accident is ruled
out.
It is appropriate to mention again, as a method,
that a major part of this work has been the elimination
of accident through the formulation and application of an
inductive hypothesis, and its basic premise is the sole
guideline.

The results, which will be considered now, are

meaningless without the hypothesis which led to them.

RESULTS
The primary result of this study is an equation
for the shape of the plane image of animals.

Contingent on

this result was the finding that a single equation proved
optimal for describing the shape of animals in general,
irrespective of taxonomic category, or spatial orientation
with respect to the image plane.

The invariant of shape

thus defined is freely variable in both size and orienta
tion, but evidently maintains a constant shape in two
dimensional projection.
Optimal Curve
Curves generated by the intersection of the Fresnel
zone plate with the radial line pattern are sets of coaxial
Moire fringes which vary in shape as a function of distance
between the two centers.

This distance is measured by the

radial line, r, which passes through the center of the con
centric circles of the Fresnel zone plate.

By superposing

various curves, each of a different r, on a reasonably
scaled photograph or outline projection of an animal in
such a way as to give the longest segment of congruence
between Moire fringe and the outline of the animal, the
various curves could be evaluated for closeness of fit.
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It was found that the curves showed a tendency to
fit particular organisms in to some degree in most settings,
but that the greatest number of specimens were fitted most
accurately by the fringe arrays of greatest total length.
These occur at the point where the spacing of the two
patterns approach a one to one correspondence, on or about
h = 22.

The fit was both one of curvature and topography

and relatively uncorrelated with all else but the animal
nature of the protoplasm.
The final appraisal of the phenomenon was that the
general form of the animal body in 3 dimensions has a
structural component in the form of a twisted, space curve
that projects from many aspects into a plane curve of a
single shape.

The shape in 2 dimensions is very closely

approximated by the equation:

r = cos

where a = .83 and b = .12 (see Methods).

± (a

- b - sin

2

H
)

This unique shape,

as determined by the fixed constants, may be considered
the optimal curve, an empirically derived median of a
large sample of animal shape.

For the sake of brevity it

will be referred to as the OC.
The OC, with the constants a and b as given, can
be regarded as a transformation of the indicial equation
h - k = p which applies to nearly any sequence of regular
intersections between coordinates of unspecified spacing.
In our case, the constant b is the modified (normalized)

value of £, the order of the fringe.

The term aQ is equal

to the radius squared of any circle, h, given in radian
units of the angle 0, which is also measured by the index
k.

The term sin^0 is the square of the same radius, h, as

it is approximated by sin0, actually quite closely.

Plus

or minus the square root of the quantity is then an in
terval laid off on the circle r = cos0, formed by consecu
tive radial lines with a point of tangency on consecutive
circles of the Fresnel zone plate.

The radial line, in

each case, is a secant to the next larger circle, and the
length of the chord thus formed is given, plus and
minus, by the radicle.
The equation when plotted in polar coordinates
results in a single loop which is symmetric about the polar
axis.

It is this loop, connecting the endpoints of bi

sected chords that comes closest to being the geometric
invariant in most reduced form.

Note that the chords are

the radii of the equation and that they converge at the
origin.

In effect the pattern is bipolar, resembling the

spindle apparatus of the animal cell which, significantly
enough is lacking in plant cells.
Interpretation
Two parameters, the relationship between the various
orders of fringes, and the change in shape a given order of
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fringe undergoes with a change in center to center distance
(Figs. 2, 3) can be regarded as separate phenomena for a
given Fresnel zone plate.

The fringes of different orders

are variations of parabolic spirals of the form r

2

= a0.

Due to the fact that r is a square root, for some constant
a, each r has two values for a given angle, 0, and the
curve has the appearance of a worm coiled up with its
anterior end on the zero angle.

It is a double curve,

just as is the Moire loop, and for the same reason; because
it is a square root function.

In the case of the Moire

fringe, there is undulation on the axis normal to the plane
of the curve, the -z_ axis.

This is apparent in the fifth

order fringe particularly, as it dips out of the plane at
about one radian from the zero angle and reappears again
about a half radian farther on.

The curves external to it

do not disappear from the plane, but they do show an in
flexion, in or about this region, indicating that some
degree of undulation is common to all.

This parallel,

double spiral structure itself is significant biologically,
since it bears strong resemblance to the ergastoplasm, or
endoplasmic reticulum of cellular fine structure.

The

general topology and conformation of the endoplasmic
reticulum is becoming a crossroad where basic problems of
molecular biology often meet.
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As for the change in the shape of a given fringe
with a change in center to center distance of the com
ponent patterns, it has the nature of a family of curves,
but is more complicated, since it involves a change in
more than one parameter.

The simpler case of the same sort

is the change in shape of a circle as it is viewed from a
decreasing angle of elevation.

The image becomes an

ellipse, but regardless of how elliptic it becomes, it
still remains the oblique projection of a circle, and it
can be transformed back to a circle by reversing the change
in the angle of elevation.
One other feature of the Moire generated curves
and their relationship to animal structure is their topology
or the connectedness of their surfaces, quite a different
thing from their shape, or their topography.

The formal

application of topology to biology is still unrealized and
perhaps impossible (Medawar, 1945).
be attempted here.

Certainly it will not

But in the broadest sense of the word,

certain topological concepts are hard to avoid in describing
the morphology of an animal.

For one thing, the basic plan

of an animal is a torus, like an inner tube, with the hole
analogous to the gut.

The inflated tube corresponds to the

protoplasm of the animal, capable of growth without change
of topological genus, or gain in formal complexity.

Figure

5 presents a view of the substructure of the torus as
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Fig. 5.

Thorax of mammalian skeleton.
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demonstrated by the mammalian skeleton.

The rib cage,

incidentally, can be seen to have the shape of the inner,
or fifth order fringe described above, and the topography
as well as the shape correspond to the Moire to a degree
that seems well beyond the range of accident.

Not only is

the overall contour identical, but the components of the
Moire are rib-like structures.
Topologically, each individual rib with its at
tached vertebrae and sternal cartilage is at least partially
a torus, being a closed loop and also a shell around the
marrow cavity.

Comparing the whole Moire pattern to the

thoracic cavity in cross-section, each of the coaxial
loops encloses a space, discontinuous both dorsally and
ventrally, as does a rib.

The lower half of the Moire

carries this similarity even further, since individually
and collectively, the lines have the same contour as the
rib cage in frontal section.

It seems a reasonable,

though far from proven assumption, that the model provided
by the pair of three dimensional Moire components in inter
section might be a first approximation.to the generating
function that gives rise to the entire animal, both with
respect to shape and to the concomitant topology.

This

will be reconsidered in a more particular vein in the
next section.

Evaluation of Results
It should be remembered that the aim of this study
is to describe the shape of animals, not the animals
themselves.

The specific equation given for the Moire

fringe is a unique shape, and this shape when superposed
on the photograph of an animal is congruent with the out
line, or very nearly so.

The validity of this congruence

by superposition, as I have said, rests on its classical
definition in plane geometry.

When the graph and the

animal contour remain congruent for an arc extending
through two inflexion points, with their radial lines,
axis, and origin all in register simultaneously, then
there can be little doubt that the curves have the same
shape.

That is, their congruent segments of arc have the

same equation.

To the extent that the illustrated examples

are representative of animal shape, and to the degree that
they fulfill these explicit criteria of identity, the
preliminary phase of this study, the somatic characterization, was achieved.
Specific Results
The first sample (Fig. 6) shows the outline of the
skull of the White-throated wood rat (Neotoma albigula)
given as the maximum and minimum for all points of a sample
of 15 adult males from a single locality.

Fifteen con

tours are represented and the outlines of the extremes
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Fig. 6.
Haximum and minimum of t he skull outli ne in
a sample of 15 adult male Neotoma albigula.

are placed concentrically.

The OC is then fitted to the

space between, and as can be seen, this line, absolutely
specified, lies in between the inner and outer curves
for some 135° of arc.

This means that at least for the

distance traversed, the arc segment and the skull outlines
define corresponding curves of similar shape.
There are two aspects of the fit that deserve
further comment at this juncture.
about the polar axis.

One is its degeneration

In the OC this is due to the incre

ment size of the components which tend to leave the
fringe ill defined, or imaginary, at the terminal regions.
For the particular sample of the skulls, it is the anatomi
cal unit that is ill defined posteriorly, since it is con
nected to the vertebrae in life.

The other end is the

region of maximum variance, due to the allometry of the
nasal bones.

Arbitrary as it may seem to delete these

segments of arc, it is nonetheless meaningful that the de
leted segments are relatively indeterminate areas in both
the graph and the organism.

It is this consistent, but

quite unpredicted result, that allows for the great gener
ality of description of a single equation, and concurrently
defines the area of greatest variability in a given plane
as that in which the mathematical function degenerates.
The second aspect of fit is the configurational
similarity which takes into account an identity of axis

and origin for both biological and mathematical curve.
That is, if the curve is fitted with respect to the orbits
of the skull it automatically defines the absolute width
on the basis of this parameter.

Or, conversely, fitted

to absolute width, the curve then defines a loop and thereby
predicts the limits of the eye socket, or the surface of
the eye, or other such highly determinate dimension.
does so time and again, virtually without fail.

It

Though

not a necessary part of shape, as defined and tested by
this study, this configurational similarity can be traced
back to the allometric equation, and is its necessary
corallary.

The OC, as intended, makes this relationship

of shape to allometry quite clear.
Single skulls of Noetoma were fitted to variations
of the OC (Figs, 7-9).

The skull of a large male is fitted

to the OC with the expected agreement, while a smaller,
less robust

male

is fitted to a modified curve.

In the

latter case the value of a = .90 and the value of b is
altered accordingly.

In terms of the patterns, the center

to center distance has been reduced, and the emergent curve
is simpler though it is still part of the same series of
transformations.

By contrast the larger and more differen

tiated skull of Noetoma alleni, a giant species of this
genus showing considerable allometry, has been fitted
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Fig . 7 . Skul l o f l arg e male N. albigula (UA 4198 )
fitt e d t o the oc.
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Fig, 8, Skull of small adult mal e N. albig ul a
{UA 4524) fitted to modified OC; a = .90 an~ b = .18.
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Fig. 9.
Sk u ll of f ema l e Neotorn a a ll eni (UA 85 6 3 )
showing pronounced allome t ry .
Ilo difi ed OC :
a== .7 85
~nd b == ,0 68 a nd 1,0,
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better with a more differentiated, complex, pattern in
which a = .785.
In general, a relative increase in the constant
a renders the pattern smoother and less differentiated,
and conversely, a reduction in the ratio a/r makes it more
complex.

These parallel the known effects of allometry,

both in ontogeny and speciation.

Ideally even more direct

effects of aging and its overall pattern will emerge with
further analysis of the mathematical model.
One intuitive corralary of interspecies allometry,
or allomorphosis, asserts that the larger species of a
genus are essentially more adult than the smaller.

Although

something of an oversimplification, this is a good verbal
sketch and basically valid.

Yet it ignores certain taxonomic

differences that seem not to be the expression of allometry,
or the fact that maturation rates do not correspond to size
alone.

Significantly, the equation also shows, in addition

to the allometric type transform, another type of growth
that influences the overall shape of the purvey
Returning to the OC setting, instead of selecting
the third order line given by the equation, if one were to
chose the zero order line exterior to it denoted by b = 0,
the curve is found to be rounder and smoother than the OC
and a bit wider.
of the OC.

The value of the constant a remains that
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There is an immediate relation here to the ob
served morphology of animals.

The allometric curve of

proportionately longer radius with respect to the constant
a is relatively uncoupled, being enlarged in some areas and
diminished in others, the typical manifestation of allomet
ric growth.

The zero order curve, on the other hand, while

larger than the OC, is merely expanded, uniformly.
might say it is bloated, or obese.

One

By these standards the

allometric form is more robust, or developed.
These two kinds of size differences are familiar to
everyone, and in a way they bear a resemblance to Sheldon's
somatotypes of the human physique.

But there is another,

biologically pertinent aspect of this type of growth and
form.

Aquatic animals tend toward the rounder, low order

curve, as do small compact animals like mice.

This is

actually the globular body form generalized by Bergman's
rule on thermal efficiency.

We have, in effect put num

bers to it, and these are given by the constant b.
that this is growth, but not allometric growth.

Note

It also

corresponds to evolutionary change, but of the special
kind induced by adaptation to temperature.

Interestingly

enough, this type of change also reduces appendages, and
may even be said to promote streamlining by accentuating
the log spiral component of the profile.

The somatic com

plex, or somatype of the whole organism is hard to define
by separate traits, and the similarity sa,y between a bird

and a seal for example would be hard to measure.

However,

with the present model the whole complex can be evaluated
at once and quantified.

What is more, it can be seen as

a mathematically determined association of shape components
arising naturally from an energy diagram, the Fresnel zone
plate,.

This point might have some bearing on such phenom

ena as evolutionary convergence and preadaptation.

Mouse Form
A sample of four Rock pocket mice (.Perognathus
intermedius) were found to fit quite well to the OC but
there seemed to be some discrepancy between the order of
curve fitting the head and that best describing the rest
of the body.

It was found that although the OC could fit

either end separately, the zero order curve at the same
coefficient, a, fitted the entire body far more closely
(Figs. 10-13).

The low order curve also involves more

units of angle, extending through some 200° of arc, and
thus provides a very accurate and complete description.
It is worth noting that here, where b = 0, the curve does
not degenerate or become imaginary about the polar axis,
nor does it lose its descriptive power as in the sample
of skulls,- Accordingly, the body profile retains its
integrity as a natural surface throughout, unlike the
skulls which are arbitrarily bounded posteriorly and depart
from the equation at precisely this point.
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Figo 10 .
rofi le of Perognathus interme d'us
inacate over a·n b y t e c , three values of b · .. Oute r
curve : b = 0 ; middle : b = .12 (OC); a n d i nner : b = . 22.

curv e

Fi g .
P rofi l e of anoth er s p ecimen . -- The s ame
a · d su s p ec ies a r e u s ed in the Figso 10-1 3 .
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Fig. 12 o Po s ition of t h e anima
re l ative inv ariance with p ers p ective .

cel

en~

~ o oto

demonstr a t' ng

Fi g . 1 3 . Prof ~ e of a n other s p ecimen s owin e x a g r eemento - Note th a t y ax's te d s ~ cr s s f re
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The OC proportionately reduced is shown in these
figures as a more medial contour which, in fact, bears
fair correspondence to the topography of that area of the
body.

Theoretically, it should bear equally close cor

respondence to the visceral structures since in neither
case is it calculated with particular reference to the
animal it fits.
One could refer to this as a mouse form, except
for the significant fact that Perognathus is not a mouse,
but more nearly a squirrel.

Probably the majority of

mammals of this particular body form would not qualify as
mice.

Rather than mouse form then, the more accurate

description is the OC equation with b = 0.
Goodness of Fit
The Kolmogorov-Smirnov test as applied to all single
specimens of the Neotoma skulls, and all specimens of
Perognathus, over the regions tested fails to disprove the
null hypothesis (a = .05) that the curve of the graph and
those of the animals represent different sources.

One can

easily find significant differences, especially for the
skull population, but such segments were eliminated.

Being

easily detected visually their testing is unnecessary.
Since 135° of arc are tested, as a minimum, the arbitrary
nature of the cutoff points is hardly disturbing.

In the

case of the skull outlines, because there is bilateral
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symmetry and both sides were evaluated, the total arc
length tested amounts to 270°, or 3/4 that of the whole
perimeter.

Any interval in which three consecutive radii

fail to match the expected value within less than 5% of
their length is grounds for rejection of the null hy
pothesis.

Not only would this seem to eliminate any form

of illusion or subjective judgment, but it would probably
eliminate most artists trying deliberately to duplicate
the shape of the biological curve.

Sample Extended
The modified curve (Fig. 8) has been enlarged to
show the precision possible when origin of the graph is
unspecified (see Discussion),

In Fig, 9 the hatched por

tion of the curve represents a region where Ar is imaginary.
The corresponding region spans the squamosal dentary
articulation in all cases tested.
will be offered here.

No interpretation of this

DISCUSSION

There is an "in depth" correspondence between the
idea that an animal is the solid graph of its own history
of energy spent in anabolism and the particular manner in
which the OC duplicates the modal unit of animal architec
ture.

Not only does the graphic line itself closely

approximate the curve of the animal image, but the com
ponents, the paraboloid and helix, that make up the Moire
line have their own individual correspondence to the animal
body plan.

The combination from which the OC equation is

taken is a spatial interaction that has a clear cut analog
in the chemical interaction through which the organism
develops in space and time.

The function by which the

geometric shape is generated is given as the equation, and
this one function could conceivably lead to a deeper in
sight into the dynamics of zoological process.

Extension

of the basic idea in this vein is the primary aim of the
discussion that follows.

Geometric Specificity
Though a shape is specified in concise terms by
the equation, this is explicitly not any animal in par
ticular,

In fact, the shape is more like that of a

gastrula, or early neurula of a vertebrate, than it is
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of any free-living organism.

This unexpectedly appropriate

finding, being with reference to a general equation for
animal form, speaks for itself.
The frontal aspect of the human skull shows par
ticularly good agreement with the entire pattern of the
OC,as do many mammalian embryos, and among other things,
the larvae of some invertebrates, commonly described by
shape classes that freely cross the taxonomic boundaries
by which the adult forms are classified.

The reason for

the special agreement of the human head, but not the out
stretched hand, for instance, rests in the degree of
developmental specialization, or level of differentiation,
thus the relative size of the structure with respect to
the system, as a whole.

It appears generally

that there

is a roughing out, a low resolution sketching, as it were,
of the primitive animal shape by the OC when it is centered
on an embryonic, or entire, unspecialized form.

In con

trast to this general resemblance, is the specific, curve
for curve, congruence that results from pointwise matching
of animal outline and graphic curve.

Over and over in the

animal body, the same curve in varying sizes is repeated
thereby structuring a continuous set of details, some as
concavities and others as convexities, but all of the same
outline.

For example, the curve that defines the upper
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portion of the human ear is the same as the one that forms
the parietal region of the skull in a perpendicular plane.
In other words, when the orientation and relative
size of the OC are free to vary, the outline can be made
to match exactly some portion of the outline of the animal
image.

Conversely, a symmetrical view of a body overlain

by the OC in coaxial position may be only approximated by
the loops of the equation.

In this case, however, an exact

fit may come with some surface feature instead of the
silhouette.
This would stand to reason if the curve were an
indefinite integral of the process of growth as it actually
takes place in the animal.

The added constant, so to speak,

is missing, hence the axis below it is unspecified.

By

allowing freedom of area under the curve, it turns out that
we can be more specific about the shape of the boundary.
Paraboloid
The paraboloid of energy is an abstraction of
physics and depends partly on choice of axes and symmetry
of the generating function.

The paraboloid of revolution,

seen in vertical projection as the Fresnel zone plate, is
an abstraction too, but it is also a component of the Moire
which conforms to the animal contour.

Thus the animal is

the physical representation of an abstraction, to a degree,
and this is in keeping with the original premise.

There

are certain corollaries to this idea which may have bio
logical importance.

One is the eye and its associated

optics.
If an axis of energy were to be drawn straight
through the pupil of the eye, and a minature paraboloid
assumed to be symmetrically constructed about it, then
looking down the axis, perpendicular planes would appear
as concentric circles.

Eyes happen to have this char

acteristic pattern, even in lineages as distantly related
as mollusc and chordate.

In side view, by definition,

the curve is a parabola on its outer surface, or in geo
metric optics, a converging lens.
has evolved in the organism.

Conveniently, this also

Therefore, if the shape of

the animal is truly an equation of its growth energy,
the lens of the eye is structured from the start, some
thing that seems disturbingly apparent from induction
experiments of classical embryology that have yet to be
fully explained.
To return to the geometric specificity of the
paraboloid of energy, it should be remembered that the
paraboloid is a symmetrical figure that results from
circular expansion in an x, y plane accompanied by uni
form velocity along the

axis.

The Freznel zone plate

in itself does not specify the spacing along this axis,
and with the proper spacing it could as easily be a sphere
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an ellipsoid, or even an egg.

This implies that some

nonlinear relationship of biological time with respect to
a uniform energy input, such as calories, can produce
profound variations in the growth of a given structure.
Anatomically, it should be possible to locate a particular
£ axis in the body of any animal, having in its normal
plane structures bounded by the shape invariant.

If the

body were in any part a true sphere, or circular cylinder,
such planes would not necessarily exist.
Helix
The helix, super helix, twisted circle, and
equivalent terms are often used in current molecular
biology.

The helical nature of such things as scale rows,

the course of muscle fibers, or the ciliated bands of larvae
has long been recognized in zoology.

Still it seems that a

general connection between the helix of macromolecules and
the animal structures to which they give rise has not been
made.
A basic connection of this collective geometric
property, actually the most general of three dimensional
displacements (Coxeter, 1966), is made here with animal
structure at all magnitudes.

Assuming the helix to be the

second component of the Moire fringe, then the connection
is visibly made in all cases that match the fringe.

Radii

of a helix are the radii of the polar coordinate equation

given above, and r is the dependent variable by which the
shape is defined,

The angle, 0, which in the plane is

continuous and uniform is the independent variable, and
like the number of base pairs per revolution in DNA, 0
is the parameter that fixes the unit size.

It may be sig

nificant that the convenient angular spacing for animal
structure was found to be 18° (=IT/10 radians), or half that
of the DNA molecule.
onal

Both are consistent with the pentag

symmetry ubiquitous in biological structure from

the five digits, common in vertebrate limbs, to the faces
of icosahedral viruses, which are pentagonal clusters of
regular tetrahedra.

This has a fundamental geometric

basis including, and independent of, DNA.

Five fold

rotational symmetries in solid space are self encompassing
for one thing, and derive from the simplest solid for
another.
Asymmetry
In photographs of an animal turning in space, the
plane image may undergo a barber-pole effect,

A striking

example is the Paramecium, swimming, in which the part of
the image disappearing from view in say the upper left, is
»

simultaneously replaced in the lower right.

The total

effect may also be attributed to the animal's closed-loop
configuration, a general feature of animals.

Although it

may be less apparent, a self-replacing, closed-loop effect
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is produced in the same way in more complex animals.

The

ambiguity is augmented, naturally, by the fact that we
can not see both front and back simultaneously.

Combined

with one-sidedness, this self-replacement may lend to animal
photographs a geometric similarity that is lacking in the
living specimens.
Carried over from optics to morphology, the figure
8, or lemniscate, or twisted circle, when rotated in space
has a variable profile in which one loop grows at the ex
pense of the other.

Many concentric, twisted circles can

form a surface, related in fact to the ruled quadric, the
hyperbolic paraboloid (or parabolic hyperboloid) which is
also known as saddle surface.

The name of the surface

obviously relates it to animal morphology.

If a surface

like this were modified by making it more convex, hence
self-enclosing, we might compare it to the underlying plan
of the animal outline, asymmetrically manifest in the
Paramecium.

The helical, ciliated bands would be repre

sented, as would the OC outline, which no doubt first gave
rise to the name "slipper animicule".

I might mention

here that the shape of the human foot bears more than
accidental resemblance to this protist shape, and by the
same hypothesis, the human foot is shapewise related to
other somatic manifestations of the OC.
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Morphologically, the solid figure 8, with slight
variations in rotation, gives a series of head-body pairs
that realistically reflect the relationships of many
mammal bodies.

The head, as far as shape goes, is a smaller

version of the trunk, and closely related species with
different proportions are not so much different in shape
as in degree of rotation, and a variously rotated OC
curve describes them all well.
The same complementarity, identity relationship
attributable to the sine function can have important
mechanical consequences,

A pair of wax, circular discs,

twisted equally in opposite directions, and stretched
slightly to give them asymmetry, or chirality, can then be
identified as right and left handed figures.

They will

also fit one, to the other, or interdigitate, if their
poles be reversed.

It is this quality, common to animal

shapes, that makes the remarkable drawings of E. M. Escher
not only possible, but quite accurate.

There is the as

sociated property of handedness in all bilaterally sym
metrical animals, which though imperfect, exists and is
apparently without genetic basis, or any other mechanistic
explanation.

In the implicit control exerted by the

external field force postulated as my basic premise, the
chirality phenomenon is fully explained without any added
hypothesis.

However, even if there were such a thing as
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mirroring gene for each cell of one side of every animal,
its mechanics could still be explainable by the rotational
symmetry existing at a higher level, and at all levels it
should be referable to the helix component of animal
structure,

External Morphogenetic Control
The idea from which this study originated is that
energy gives rise to shape.

Given the parameters of an

energy equation, meted out in space as points of mass
and expanding in time about one point of origin, a shape
comes into being.

It may be indeterminate, or it may not

have any far-reaching significance, but it will exist.
The energy equation fills the space axes specifically
for all intervals over its variables, and where potential
energy increases, kinetic energy diminishes.

Therefore,

with respect to an animal morphology, which begins as a
point and remains within the space about that point, the
quadratic relationship existing between mass and space
imposes an external governor on the shape in correspondence
with potential energy.

As mentioned previously, the

Fresnel zone plate gives the propagation wave, in the near
field as it expands in time.

The derivative of radius

with respect to time in this case is an inverse square
root law, and this

distribution

has shape properties

which could coordinate movements of the entire cell mass,

or the whole body of; a growing individual in an external,
overall way that is impossible to conceive in terms of the
intracellular chemistry alone.
puts it,

As Waddington (1967:96)

, , for instance, grafting a slip of bone into

an existing bone; after a time it tends to be smoothed
down into the general outline of the bone, by a process
involving bone resorbing cells and bone depositing cells.
This one cannot expect to explain in terms of individual
cells but only in terms of a larger unified aggregate".
With respect to the regeneration of the feather blastema
he says "particular cells do not go to particular places
to make the rachis and the peripheral parts of the feather;
the whole of the shape arises after an initial group has
developed which has a general 'feather' constitution - .

I

am not explaining this; I am simply describing it by using
inexplicable words; but I think the order of complexity
is above the level of the cell" (p. 96).
As both geneticist »and embryologist, Waddington
recognizes the problem on which this study centers with
special acuity, but he also demonstrates its obscurity
as a scientific consideration by defining it without
technical terms, and on the vaguest of conceptual levels,
Defining the problem still deserves the majority of atten
tion.
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Using the Fresnel zone plate diagrammatically I
wish to define the idea of mathematical control in a way
that has more tangible meaning than the preceding examples,
and simultaneously applies to the animal shape as a general
result of processes which are typically zoological.

Of

particular importance is the process of diffusion, a random
;

walk phenomenon whose energy is coupled with probability
in a way that removes some ambiguity from the latter concept.
Random Walk
I have referred, in a general way, in the pre
ceding paragraphs to a field of force. -As an example of
diffusion, in which each of the 50 concentric circles of
the Fresnel ..zone plate is equated to a unit of time, say
seconds, the random walk shows how the connection with
energy expenditure can be made numerically and at the same
time incorporated into the OC, the shape already derived.
If a swarm of moving particles, each in random
)

collision with its neighbors, and moving at one step a
second with undiminished speed, were started from the
center of the plate they would undergo a random walk to
the outer edge.

The average time in transit would be 50

seconds and the distance traveled would be 50 times the
unit radius of the innermost circle.
The circles as visualized in the plate have a
radius equal to the square root of 50 units, indicating
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that the straight line distance of the random walk is the
square root of distance actually traveled.

The important

thing is that the randomized deflection, such as can be
seen in Brownian movement, has a predictable distance
relationship with time, or more precisely with number of
unit steps taken, and is perfectly consistent with energy
paraboloid resulting from the linear relationship existing
between time and the square of the radial length.
When the radial pattern is inserted into the graph,
just about at the point where the OC emerges, there is a
one for one matching of the angular units and the spacing
between circles.

The radial segments whose ends form the

outline are chords to the arcs of the corresponding circles.
Viewed from the center, there is a central angle £3 de
termined by this chord and is hence its arcsine, or more
correctly the halves of the angle 3 are the arcsines of
the half-chords,
abstract process.

A picture is thereby constructed of an
Each circle crossed by a particle in

its outward journey narrows the number of possible routes
left open to it.

Thus diffusion outward has its randomness

curtailed in a predictable way.
In this respect, the body form of animals, to the
extent that the OC is that form, obeys the same distribu
tion law as the diffusion front whose sector is arccosine
to the determining radius.

Since the random walk is a
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manifest~tion

of the energy localized about the path of

the particle, we have a functional connection with the
energy equation postulated at the outset of this study,
and with probability as it is more commonly used in biology.
Energy and Probability
In extracting shape rather than time from an energy
relationship the usual inverse square law was modified to
an inverse square root law.

The random walk diagram shows

this relationship as a probability which can be directly
related to the normal probability density curve.

As

derived in statistical mechanics the equation of density
n

of probability (P) relates to energy by P = e-2mv
where

!

is temperature and

~

2/kT

is a proportionality constant.

This equation was compared earlier with the Gompertz decay
function which relates the allometric function to recent
studies in growth (see Introduction).

Probability, thus

represented, is computed as the area under the curve along
some interval of x.
This sort of distribution is just the inverse of
that postulated for the radial segments that gave rise to
the OC, but the set of variables concerned is the same, as
are alltheir spatial relationships.
By empirical evaluation with a template, or by
alge brai c app lic ati on of the Cosine Law , it c an be s h o wn
that these negative exponentials plot as spirals originating
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on the first circle of the Fresnel zone plate, and the
equation written from the origin of the polar coordinates
comes out as R = cos6 ± (sin© - sin^0) which is very much
like the OC for the first 60° of the angle theta.

The

difference being that in the latter the (.830 - .12), a
spiral arc, replaces its chord, sin0, given here.

The

result is that the OC blends together the spiral curves
given piecewise by the equation in R.

It is pertinent

that R,when plotted for plus and minus values of the angle
0, gives a series of spiral arms much like the Moire fringes.
The point to be made by this argument is that the
OC as a logarithmic spiral, at least in its distal segments,
and when measured by radii with an origin on the circle
h = 1, has a significant relationship to -In P, reduced to
a square root function.

That is, the quantity m 2 v in

which the OC is derived is equal to the square root of
-2kT/n(ln P).

Shape and probability are thus mutually

determining.
Probability as given in terms of an exponential
function of kinetic energy refers to the result of action,
as does the ordinary energy expression.

But there has been

an inversion of axes and independent variables in getting
from one to the other, and with it a shift of emphasis.
In the expression for P the parameter becomes the resolu
tion of the results of action within prescribed concentric
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boundaries, a delineation that becomes clearer with time
and thus with the increased expenditure of energy.
By contrast, the OC is derived from the inverse
square root of In P, and it is the hypothetical distribu
tion of all points fulfilling an algebraic function of
k

(E)^ as represented in the morphogenesis of an organism
with assigned variables of time and space.

Figuratively

speaking, the shift of emphasis was accomplished by shifting
the origin of the equation for P from x = 0 to a point
given by r = 1 - x, or from the center of the Fresnel zone
plate to the center of the radial pattern in its optimal
position.

The value of P is rendered as density in con

centric rings (spaced as the square of the Fresnel zone
plate) and comes out in exponential form, since it is the
integral of the reciprocal of the distance values defining
the OC.

This summation of points to give probability is

naturally a time dependent phenomenon that defines an area.
The animal contour, on the other hand is the specified
locus of points along the exact line of an equation.

The

former is the typical outcome of experimental result; the
latter, the parameter of interest in this study, is the
product of growth in which accident is not considered.
This dual intersection of shape and probability is
here defined as a special function of energy which might be
said to generate a "probable" shape, the OC.

If this applies
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generally to the overall architecture of animals, it would
be hard to exaggerate its importance.

Just this type of

postulate is sorely needed in the current origin-of-life
theories.
It is not generally acknowledged that there might
be an exact way to complement the results that are or
dinarily obtained statistically, and in physics there may
not be.

In biology, however, we are not dependent on the

reaction of a particle to describe the whole, since in a
way that is foreign to physics, we have a population of
particles in autonomous association as the living organism.
Their workings do not have to be deduced; they are being
demonstrated.

The integrated whole is absolutely de

termined and it is tangible, visible, and capable of direct
measurement.

It is somewhat surprising that statistical

approaches geared to parameters other than individual
functionality and determinism still eclipse theoretical
biology.

Complementary Approaches
There was evidence throughout this study that
the very problems which have become an enigma in modern
biology are peculiarly suited to the individual approach.
One of these is evolutionary convergence, and as suggested
earlier, the shape invariant has clear implications re
garding this fundamental and rather intractable problem.

86
Viewing the problem from statistics, a particular
example which helps to demonstrate the point is spurious
correlation.

Product moment correlation coefficients of

the whole to its parts lead

to mathematical artifacts

when the variance of the parts is uniform (Sokal and Rohlf
1969)

The coefficient that can result is not generally

meaningful biologically, yet it is high, hence often mis
leading.

The concentric ellipsoids of scatter which en

gender the result are energy functions of the same sort as
the OC.

Suppose, then, that the OC were merely another

diagram of such an invariant.
If I were trying to decipher contributing causes
in a multidimensional system like the animal body, where
every correlation is part of another, leveling of the com
ponents by an external geometric property would indeed be
defeating.

The task, in effect, amounts to seeking a

destination, or final state by one of numerous paths all
of which are similar, yet counterfeit.
On the other hand, if I were seeking to show that
an invariant governed the final form of the distribution,
in this case the final morphology of the organism, then
the task is made easier and the result more significant
if such an invariant is an inevitable factor of the system
This happens to be the case, in fact, and it does tend
to bear out the original premise of this study, that the

self graphing nature of the animal body, an energy func
tion by necessity, is subject to universal constraints
that limit the degrees of freedom available as shape of
the integrated surface.

/

CONCLUSION
A point X wish to make in closing is that the
hypothesis forwarded here arose from very prosaic biological
problems.

Their solution demanded a more concrete founda

tion in theoretical biology, and this work is offered as a
preliminary step in that direction.

From preliminary

application, it seems that the hypothesis covers with
predictable regularity just those points where there is a
troublesome break in .existing explanations of biological
phenomena.

Moreover, it does not depend on particulars

unique to a given situation.
real, and even visible.
exist.

The parameters are general,

Where they can be recognized they

Where they exist the mechanisms dependent on them

should be found to exist too, in one form or another.

If

they are not found, then something is specified as the ob
ject of search; if they are, an explanation from another
slant is provided; one that is internally consistent and
thoroughly testable.
What matters most is not the correctness of the
calculations as I have given them, nor the actual deriva
tion of the equations, but rather that the relationship
in elemental form exists in the animal structure, regard
less of how complex the system may be.
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That the
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relationship can be seen as shape, thus as a mathematical
entity, is most significant.

It suggests the possibility

of an alternate approach to the understanding of zoological
processes.

SUMMARY
A geometric invariant of animal shape is postulated
on the coincidence of the allometric growth law with such
physically determined parameters as streamlining as well
as the dimensional constraints intrinsic to meticulous
parceling of kinetic energy in growth and development.

It

is deduced that the surface of the animal body is the
simultaneous solution to a variety of unrelated shape
equations.

Multiple solutions would occur naturally and

invariably only if a single formula provided for all, and
this, itself, were the invariant consequence of prevailing
forces.

Such a geometric invariant is computed and tested.

It is shown that in anatomical units and in the whole body,
one shape may occur to the exclusion of all others.

Its

median profile is given by r = cos0 + (a0 - b - sin^e)^
where a = .83 and b = .12 in what is called the optimal
curve (OC).

Variations are examined and the biological

implications of this and other growth related shape func
tions are discussed.
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