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ABSTRACT

The autonomous nonlinear differential equations describing
the dynamic behavior of nuclear reactors with two reactivity feedbacks
are analyzed for stability and for the possibility of nonlinear oscilla
tory solutions.

Fourier series expansions of the reactivity and power

are used to search for limit cycles, successive approximations being
generated by starting from the linear results.

In the earlier work

using this method, the second approximation for the amplitude of the
reactivity was derived assuming that the feedback contained the funda
mental frequency only.

In this study, higher approximations including

feedback from higher harmonic frequencies are derived for not only the
amplitude of the reactivity but also the amplitude of the power.
The effective lifetime model and the prompt jump approximation
with one group of delayed neutrons are the two models used for the neutron
kinetics.

This permits an analysis of the effect of delayed neutrons on

oscillations since both models are the same for small amplitude lowfrequency oscillations.

The most general linear heat transfer equations

for two regions are described and the linear transformation for decoupling
the equations is derived.

A special set of two-region heat transfer

equations is discussed which describes the heat transfer in a nuclear
reactor with in-core thermionic converters.
Linear stability is examined by applying the Routh criterion
and plotting stability boundaries in a parameter space of reactivity

xiii

xiv
coefficients.

Nonlinear stability is discussed in terms of Welton's

criterion, boundedness, finite escape times, and limit cycles.
The results obtained with the Fourier series method are compared
with exact solutions obtained from analog and digital computations.
Accurate prediction of limit cycles by Fourier series is found when the
operating power is near the critical power for linear stability, but
only in the highest approximation used.
The system of equations with effective lifetime kinetics yields
stable limit cycles only, while the system of equations with the prompt
jump approximation yields both stable and unstable limit cycles.

Also,

solution trajectories between the shutdown and operating equilibrium
points exhibit some differences with the two kinetics models.
The thermionic reactor system is restricted to physically
meaningful parameters and then analyzed for stability.

The exact

solution indicates that the thermionic reactor system may be very stable.

CHAPTER I

INTRODUCTION

Purpose
The purpose of this study is to examine the autonomous nonlinear
differential equations, which describe the dynamic behavior of nuclear
reactors with two reactivity feedbacks, for stability and oscillatory
solutions.

This study finds application in the area of nuclear reactor

operating safety.

Historically, numerous nuclear power reactors have

been built and operated safely for long periods of time under restrictive
design and operating limits based on stringent safeguards.

However,

there is current interest, for economic and performance reasons, in the
design of reactors that are safe but for which some of the highly res
trictive safeguards may be relaxed.
For example, in present day power reactors, it is advantageous
to increase the specific power levels so that the reactor core is smaller,
and hence, the containment vessel and other structures are reduced in
size.

It becomes necessary to know the effects, if any, of increasing

the operating power of a reactor and the resulting margin of safety.
Also, fast spectrum power reactors are being designed for
construction early in the next decade.

The possibility exists that

these reactors will present more complex safety problems than the present
thermal reactors.

This does not mean that they can not be made and

operated safely.
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All of the temperature coefficients of highly enriched fast
spectrum cores may not be negative.

The effects of positive temperature

feedbacks in the fuel or coolant need to be examined.
Usually, in reactor design the only type of stability permitted
is asymptotic stability.

This may be too restrictive in cases where

there is sufficient time to arrest a slow excursion.

It may not be

restrictive enough in cases where a perturbation produces a large excur
sion before the disturbance dies out.

Furthermore, a reactor can be

designed to operate with stable oscillations if the oscillation amplitudes
are sufficiently small.

Also, a reactor with asymptotic stability may

become unstable from sufficiently large disturbances.
In this study, the stability analysis is applied to a nuclear
reactor with in-core thermionic converters which is an example of a
fast spectrum reactor with possible positive temperature feedback in
the fuel.

Background
The background includes an examination of the methods for
analysis of oscillatory solutions or limit cycles, and a review of the
early work in the Fourier series-transfer function method.

In addition,

the literature is surveyed for analysis of reactor systems with two
reactivity feedbacks.

Methods of Limit Cycle Analysis
Several phase plane methods (Minorsky 1962) for finding limit
cycles were examined.

These methods are generally easy to use; however,

they are only applicable to second order differential systems.

This

characteristic limits the value of the method since only simple
systems of equations can be solved.
Geometrical methods (Truxal 1955) are also restricted in order
to third order systems of autonomous differential equations with constant
coefficients.

The results of the analysis for the two temperature

reactor problem may be misleading.
Shotkin (1964) employed a method in which one coordinate of the
system is eliminated, and hence, reduces the order of the system.

He

analyzed several third order reactor systems by reducing the system
equations to second order and using phase plane methods.
Fourier series expansions and transfer function analyses were
examined and appear to overcome most of the objections in the above
methods.

This method is not restricted by the order of the system, and

yet is fairly straightforward in application.

Fourier Series Method
The early work was involved in modifying the system transfer
functions to account for the nonlinearities.

Later, as the effort

progressed, it became known as describing function analysis which was
used primarily with reactor oscillation experiments.

The mathematical

formulation for the natural, unforced, oscillations of the autonomous
equations is similar to the results of the describing function.
Rumsey (1947) was probably the first to substitute Fourier series
expansions of the neutron density, reactivity and delayed neutron pre
cursor concentrations into the space-independent neutron kinetics equations.

He solved the resulting set of coupled algebraic equations for the Fourier
coefficients of the neutron density assuming that the input reactivity
coefficients were known.

He iterated once and obtained a correction to

the system transfer function.
Following the same general approach, Nelkin (1955) solved the
neutron kinetics equations with an externally applied oscillating reac
tivity and linear feedback processes.

He recognized that a negative

reactivity bias was necessary for sustained power oscillations; however,
he failed to consider in the solution the change in average neutron
density from low power to high power operation.
Sandmeier (1959) contributed to the solution of the problem by
including the change in average neutron density which Nelkin had omitted.
Sandmeier then iterated for solutions of the power fundamental in terms
of the applied reactivity.
Later, Wasserman (1962) provided a comprehensive review of the
Fourier methods to 1962 when he extended and corrected the earlier works.
He developed a perturbation method that appeared superior in some res
pects to the iteration scheme.

His work was concerned with the applied

oscillating reactivity problem and thus did not consider autonomous
oscillations.

He relaxed the usual requirements of describing functions

(Weaver p. 147, 1963) and permitted feedback of all the harmonics
generated in the nonlinearity.
Smets (1964) applied describing function analysis to natural
oscillations in the reactor problem without delayed neutrons.
Smets (1965) included delayed neutrons in his analysis.

Later,

Subsequently,
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Akcasu and Shotltin (1967) modified the work of Smets to extend the
validity of the results to large amplitudes.

They analyzed the amplitude

and stability of the limit cycle solutions of the neutron kinetics equa
tions without delayed neutrons and concluded that only stable limit
cycles exist for this model with linear feedback.
Torlin (1966) used Fourier series expansions in the autonomous
reactor equations and iterated for the successive approximations of the
reactivity amplitude.

He applied his results to a homogeneous boiling

water reactor with one group of delayed neutrons and found stable as
well as unstable limit cycles, but his application of the method to
this model seems incorrect.

Reactor Systems with Two-Path Feedback
The reactor kinetics equations with two-path reactivity feedback
have been studied by several authors, of which only a few are mentioned..
Bethe (1956) used a reactor model with delayed neutrons and feedback
from two temperature regions in examining the stability of the fast
reactor EBR-I.

Gyftopoulos (1961) used a more general heat-transfer

model than Bethe but neglected delayed neutrons.

Shotkin (1964)

performed a complete analysis of the two temperature problem without
delayed neutrons using the canonical set of temperature equations.
and Suda (1961) included delayed neutrons by using the second order
neutron kinetics equations.

The resulting system was too complex,

however, to permit detailed analysis of all the cases.

Miida
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Summary
In this study the method of Torlin (1966), which used Fourier
series expansions in solving for limit cycles, is simplified and
extended.
In the derivation, Torlin used an average incremental power
for defining the neutron density which required the introduction of a
correction factor in the transfer function.

This adjusted for the shift

in the average power level produced by the nonlinearities.

By defining

the average incremental power differently and using the steady-state
bias term in the Fourier series expansion, the correction factor is not
needed and the derivation is more straightforward.
Torlin examined the second approximation for the fundamental
amplitude of the reactivity which excluded second harmonics in the feed
back.

It is demonstrated in this study that the second approximation

yields results which are partially incorrect.

Therefore, in an effort

to improve the results, the method is extended to the third, fourth,
and infinite-order approximations in reactivity amplitude and is examined
for inclusion of higher harmonics.

In addition, the successive approxi

mations are derived in terms of the fundamental amplitude in power which
provides a check on the results of the reactivity amplitude.

It is

evident that in order for the presence of a limit cycle to be substantiated,
it must be predicted by both the power and reactivity amplitudes.
Using series approximation methods, a solution of the system
equations (Hextrick 19.68) is presented which yields the same results as
the infinite approximation.

This method is an improvement over the

7
iterative method since the convergence of a series is not required in
the derivation; however, both methods are restricted to describing limit
cycles of small amplitude.

In practical stability only small amplitude

limit cycles are of interest since small stable limit cycles may permit
reactor operation outside the region of linear stability whereas large
stable limit cycles may not.

On the other hand, small unstable limit

cycles may restrict reactor operation to less than, the region of linear
stability whereas large unstable limit cycles may not.
An important result obtained with the prompt jump equations is
the existence of unstable limit cycles.

This result is predicted by the

successive approximations and verified by solutions of the exact equations.
A digital computer program was written to solve the various
approximations for the amplitudes and frequencies with different sets
of parameters.

The results of the various approximations for three

different systems are given and compared to the exact solutions.
Integrated throughout this study is a comparison of the effective
lifetime model and the prompt jump approximation for neutron kinetics.
The differences between the linear stability regions of the two parameter
spaces are emphasized.

The prompt jump approximation is in close agree

ment with the standard second order neutron kinetics equations.
There are also significant differences in nonlinear stability.
The effective lifetime model does not admit the possibility of unstable
limit cycles while the prompt jump approximation yields both stable and
unstable limit cycles.

There are also important differences in the

trajectories between shut down and operating conditions.

It is concluded

8
that the prompt jump approximation provides a much more accurate
description of neutron kinetics than the effective lifetime model.
The most general linear heat transfer equations for two regions
are described.

A linear transformation is derived for transforming the

coupled equations into a general set of decoupled equations which are
mathematically simpler and easier to use.
The stability of a special set of temperature equations (Hetrick,
Schmidt and Davis 1967) is analyzed using the time constants and feed
back coefficients which were calculated (Brehm 1968) for a nuclear reactor
with in-core thermionic converters.
strated for the model.

A wide range of stability is demon

The form of the equations has application to

systems other than the thermionic problem as Bethe (1956) used the same
equations with different parameters for analyzing the kinetic behavior
of the fast reactor EBR-I.
The iterative solution of the autonomous neutron kinetics
equations is derived in Chapter II.

The iterative solution is then

used to find the first, second, third, and infinite successive approxi
mations for the reactivity and power amplitudes.

The solutions are

compared to the results of a derivation using direct series methods to
the same order, of approximation.

The method of analyzing the approximation

for limit cycles is discussed.
In Chapter III the system equations are given.

The two neutron

kinetics models used in this study, the -prompt jump approximation and
and effective lifetime model, are derived.

The most general coupled

temperature equations for two regions are given and a linear transformation
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to the decoupled temperature equations is derived.

A description is

presented of the thermionic reactor concept, and the temperature equa
tions, which describe the heat transfer in the reactor, are given.
Linear and nonlinear stability is discussed in Chapter IV.

The

transfer functions for the forward and feedback loops of the system are
used to examine linear stability by applying the Routh stability criterion.
The stability boundaries are displayed in a parameter space where the
coordinates are functions of the feedback coefficients.

Various aspects

of nonlinear stability are discussed, and where boundaries exist, they
are noted in the parameter space.
Chapter V presents the results of the Fourier method for three
systems with different time constants using both neutron kinetics models.
These results are compared with the exact solutions of the system equations
obtained by analog and digital computer computation.
Chapter VI summarizes the conclusions.

CHAPTER II

FOURIER SERIES SOLUTION OF SYSTEM EQUATIONS

In this chapter, the iterative solution of the space-independent
reactor kinetics equations using Fourier series expansions of reactivity
and power will be derived.

This solution describes analytically the

frequency and the amplitude of the fundamentals in power and reactivity
of certain steady oscillations in reactor systems.

The derivation

follows the derivation by Torlin (1966) closely except in the consider
ation of the incremental shift in mean power level between the linear
analysis and the nonlinear analysis.

The differences will be noted as

they are included.
The iterative solution is used to calculate the next approximation
with the linear solution as the starting equations or zero order approxi
mation.

Various approximations for the reactivity amplitude are then

presented.

The final approximation considers the inclusion of all

higher harmonics and results from taking the limit of an infinite series
of terms.

This "infinite" iteration, however, includes only second

harmonics in power and reactivity, as the higher harmonics would be
expressed in terms of higher order than considered in this derivation.
The approximations corresponding to those developed for the
reactivity amplitude are then calculated for the power amplitude.
differences in development and formulation are discussed.

10
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The results of the iterative solution are compared to a
derivation by Hetrick (1968) starting with the integro-differential for
mulation of the neutron kinetics equations.

The results by Hetrick

are identical to the results of the infinite iteration.

In addition,

Hetrick's solution does not require the convergence of a series which
places a restriction on the validity of the iterative solution.

The

following section begins the derivation.

Derivation of Iterative Solution
The point reactor kinetics equations are used to describe the
dynamic behavior of the mean neutron density and the mean concentrations
of delayed neutron percursors over the reactor volume.

Since the power

of a nuclear reactor is proportional to the neutron density integrated
over the volume, the power and neutron density are used interchangeably
throughout the dissertation.
The validity of the point reactor kinetics equations, used in
this analysis, is discussed by Weaver (1963).
The n + 1 order system of reactor kinetics equations are

£ A.c .(t)

|
=
[p(t)-l]P(t) +

(2-1)

i=l

dC.(t)

3.
P(t) -X±Ct(.t)

i = 1, n

(2-2)

where; P is the mean neutron density or power, C_^ is a mean delayed
neutron percursor concentration, p is the reactivity of the system in
dollars, Si is the neutron generation time,

are the decay constants

for the delayed neutron percursors, and (3 is the delayed neutron fraction,
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Using (s) as the differential operator, d/dt, equations 2-1
and 2-2 may be rewritten as

A+

n

(3. /B 1

3 ' i=l
.IL, it,
s+X.
I.

P(t) - (j(t)P(t)

(2-3)

An incremental neutron density is defined which gives the relative
deviation of the neutron density about the equilibrium value, Po.
p<t)-p
o
p(t) =
p
(2-4)
o
Torlin (1966) used the nonlinear time-average value of the
neutron density, P, in this expression.
Replacing the linear differential operator by

P Z-1(s) = s
o

n

I

+

8./g(2-5)

I -r*
A S+Ai

the reactor kinetics equation from equation 2-3 becomes
PoZ_1(s)p(t) = p(t)[p(t)+l]

(2-6)

which is considered the forward loop equation.
The feedback equation is written in similar form,
PoH(s)p(t) = -p(t)

(2-7)

where H(s) is the linear differential operator depending upon the state
equations of the variables contained in the reactivity.

Torlin (1966)

included a factor of P/PQ in equation 2-7 to account for the deviation
between P and P .

This is necessary in his work because H(s) is

calculated for P while Torlin defined p
in terms of P.
v
o

The factor is
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not needed here since p is the incremental power about P .

The deviation

between P and Pq which is a shift in the mean equilibrium neutron density
caused by the nonlinearities in the system is discussed by several
authors (Sandmeier 1959, Smets 1964).
is not present; P = P^ and P/PQ = 1.

For a linear system, the shift
This shift in power level is rela

ted to the negative reactivity bias required to keep the nonlinear
oscillations from growing.

This will be discussed later.

Equations 2-6 and 2-7 together completely describe the system.
It is noted that the equations and the following method are not
restricted by the order of the system.

The equations are now in a form

which will yield the simplest derivation of the iterative solution.
The neutron density and the reactivity are expanded in Fourier
series expressed in exponential form.

The reactivity is given by

00

p (o>t) = . 7 • a. eika)t
k=—K

(2-8)

and the power by
00

p(a)t) =

SL— —

where a^ and
respectively.

A£ei£ut

I

(2-9)

00

are the complex amplitudes of the k

and i

harmonic

In this formulation, any shift in the equilibrium power

level will be accounted for by
A .
J
o
Substitution of the Fourier series for power and reactivity
into the forward loop equation, equation 2-6, gives
00
00
00
•
T"» ry-1 / \ V
A l&Gjt
O
llCOjt /
» l&COt , - v

v

(s)

I -CO V
2=

which can be rewritten as

=

I -°° V
k=

(I

1= ~°° V

+1)

t^ ~
(2"10)
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T1
Po

CO
V

Z
£= - co
I

00
V

M i£wt
(x£oj)A£e
=

2,

k=

00
V

,
a eiklOt +
k

- 03

oo
V

Z

Z

k=-°° £= -

A ei(&+k)(ut
a \
k

,o n\
(2-ii)

03

The nonlinearity of the equation is the term with the double
summation.

tj

PD

00
V
2
Z
£= - CO

Use of Cauchy's product theorem simplifies equation 2-11 to
\« i£wt
(i£a))A£e
=

00
CO
r
iJUut . r
a
i£cot
a \_ke
I
a^e
+ I
k
1= - co
k= - 00

10N

(2"12)

Note that the summations in the equation now have different
arguments.

Equating the coefficients of the same order of exponential

or frequency yields
PoZl

= aS, +

ASL

^
V^-k
k= - oo

The convention is used that Z(i£co) =

(2-13)

and similarly for the feedback,

H(iAw) = H .
Equation 2-13 is now used in the following form to iterate for
the successive approximations of the reactor power harmonics.

(v+1)
I

h

=

P
o

(2-14)

+J

k= - oo\A»-k<v)

Performing the same manipulations with the feedback equation
yields a second equation relating the power and reactivity harmonics.
Substitution of the Fourier series of power and reactivity into
equation 2-7 gives
00

„
p

v
0

/

00

it a

i£wt

W

v
=" J

ikut

V

rn

•

Collecting the coefficients of the same frequencies reduces equation
2-15 to

i

(2"15)
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Equations 2-14 and 2-16 constitute the system equations, and
they must be satisfied simultaneously for any solution of the power and
reactivity to be a valid one.

In developing the successive approximations,

both equations are used in order to eliminate either the power or the
reactivity and solve for the other explicitly.

Before going to the

successive approximations, the steady state values of aQ and

A

q

are

discussed.
Equation 2-13 can be used to determine the mean value or negative
bias of the reactivity for steady oscillations to occur.

Letting I = 0

and noting that Z(0) ^ = 0, the result is
CO
a

o " -k=J °> a k A - k

(2

•

-17)

The limits of the sum are simplified by using the fact that a ^
is the complex conjugate of a^ and similarly for A ^ and A^.

Thus,

a^ + a_^ = 2Re a, and
ao

= "2 Re

I akA_k
k=l

.

(2-18)

Equation 2-16 is then used to find the shift in the neutron
density or power level
V - F T
o o
where

A

q

<2"19>

is related to the equilibrium power level by
P-P
A =
o

.
P

o

Note that the preceding equations are exact in that no approxi
mations have been made to the point-reactor equations.
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Successive Approximations
In this section the iterative solution of the system equations
is used to solve for the various successive approximations.

The steps

will be outlined in some detail for the solution of the first approxi
mation.

For higher approximations only the additions will be discussed.

Equations 2-14 and 2-16 with substitutions of equations 2-18 and 2-19
are used to find the fundamentals of power and reactivity.

Eliminating

one fundamental leads to an expression for the absolute magnitude
squared of the other.

The amplitude of the reactivity fundamental

is derived in the following examples and the results for the corres
ponding amplitudes of the power fundamental are summarized afterwards.
The linear results are used for the zero approximation.

First Approximation
The first approximation is developed in the following manner.
For Z = 1, equation 2-14 for the forward loop becomes

(2-14)
o
As the zero approximation is the linear case in which all higher
harmonics

are zero, the expression for

is

immediately reduced to

(2-20)
o
From the feedback, equation 2-16
(l)

"*

^i_
« it

•

j

(2-21)
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To proceed, the right hand side of

must be expressed in tei-ms of

the appropriate fundamental which in this case is the fundamental of the
reactivity.

Thus, aQ,

and A

in equation 2-20 must be expressed

in terms of a^.
Using equation 2-14 for the linear case gives
A^0) = ^ ar
o

(2-22)

The expression for afrom equation 2-18 is
aQ = -2 Reta^^^A^0^ •••],

(2-18)

and since in the linear case the higher harmonics are elminated,
aQ = -2 ReU-jA^^] .

(2-23)

(o)
*
i
12
Using equation 2-22 for A ^
with the property that a^a ^ = a^a^ - |a^| >
equation 2-23 becomes „
-2|aJ2
31 =

P"
o

RSZ1

(2_24)

From equation 2-19 with the use of equation 2-24 it is seen that

^I a 1 1 2

A = ——
°
P 2H
o o

ReZ..
1

Substituting this together with equations 2-22 and 2-24 into
equation 2-20 gives
A (D
1

=

Zlal

21 aiI 2

P
o

_!
>

EeZl

(2-25)

o
Eliminating the power fundamental with the feedback equation, equation
2-21, then yields the first approximation for the amplitude squared
of the reactivity fundamental.

2
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From this result, it is seen that the higher harmonic frequencies
do not contribute in the first approximation.

In the second approximation,

the effects of higher harmonics are evident.

Second Approximation without a^
The simplest expression for the second approximation which
includes higher harmonics is determined by including
all other harmonics in power and reactivity be zero.

only and letting
The forward loop

equation, equation 2-14, is now written as
Z„
A (2) o
1
P
o

a +a A (1)+a A (1)+a ..A (1)
1 o 1
1 o
-12

(2-27)

This has the same three terms as equation 2-20 with an additional
. ^e aPProximations
Dns for

term,

first approximation.

A

q

and a

are the same as in the

(1)
However A^
, equation 2-25, now has two terms

more than A^°^.
To describe

which is the last term of equation 2-27, the

successive approximation, equation 2-14, is used with I = 2.

A (1) = —
2
P
o

00
a2+

J- - co\ k 2-k
k.=

(2-28)

For this case, a^ is not used, and only one term in the summation
contributes.
a2(1)

-r
o

aiAi(o>

(2-29)

• - •

Upon substitution of A-^°^ from equation 2-19 into equation 2-29,
becomes
(1)
A2

=

^1^2
"Hf
Po

2
(al}

(2_30)
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Substituting equations 2-19, 2-24, 2-25 and 2-30 into the second
approximation for A^.
. (2)
1

=

Zlal

(2)

including A^, equation 2-27, yields

l a l! 2

-1

,

,4

(2-31)
1 + —~~ [ZiZ2~2(Zl"Ho )ReZl] + 01ai1
Po
i
14
where the terms of order [a^[ are omitted. The usual argument for
P
o

2
validity of such a truncation is that |a^| <<1.

This requirement may

be relaxed by considering the right hand side of equation 2-31 as a
polynomial in |a^| .

If the smallest root is sufficiently smaller than

the other roots, the truncation is a fair approximation regardless of
the size of the root or the order of the polynomial.

However, it will

be seen later that inclusion of higher harmonics affects only the higher
2
order terms which tends to require that |a^| <<1 for sake of accuracy.
The feedback equation provides the second relationship for
A^ and a^.
V2)" - rh
o 1

(2-32>

2
Solving equations 2-31 and 2-32 for |a^| yields the second
approximation.
a |2
1

P 2
o

1+ZiHi
1 X

(2-33)

Z1H1[2(Z1-H _1)ReZ1 -Z Z„]
l l l o
1 1 2

This is identical to the equation used by Torlin (1966) in his
analysis, although here it was derived in a different manner.

This

expression now includes terms having second harmonic frequencies.

The

next order of complexity is to include the second harmonic reactivity.

20
Second Approximation with
The consideration of

in the derivation adds one more term in

the summation of the forward loop equation.

Equation 2-14 is now

Z„
A (2) = -1- a +a A (1)+a A (1)+a A (1)+a A (1)
1
P
1 o 1
lo
-12
2-1
o
The contribution of a^ to A^

(2)

(2-14)

is determined by the use of the

feedback equation for I = 2.

a2 °

- P„H2A2(1>

<2"34>

where substitution of equation 2-30 for A„ gives

2

. (a r
a2 =

" -P- Z1Z2H2
o

The addition of this term in A^

<2"35)

(2)

is subsequently reflected

in |a^|2 in the following manner.
|a |2

1+ Z H
(2-36)

Po

Z1H1[2(Z1-H; )ReZ -Z Z (l-Z_ H )]
1
1 2
1 2

In this expression frequencies of the second harmonic appear in the
feedback loop as well as in the forward loop.

Second Approximation with Higher Harmonics
The inclusion of third, fourth, or higher harmonics in power
or reactivity in the above equations only yields terms of order la^|^
and higher which are dropped in the derivation.

Therefore, the equations

developed above for the reactivity fundamental are unchanged and the
effect of harmonics other than the second is not considered in this method.
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Third Approximation
The third approximation with

only yields the same expression

as was derived for the second approximation with A^ only.
approximation including a^ gives additional information.

The third
The effect is

inA2<2).
A2(2) =/ y
o L

aiAi(1)

Compare this expression with equation 2-29.
of equation 2-35 for a^ into equation 2-37,
\
1

/

(2)

k2K

(2"37>
With the substitution

(2)

becomes

2

}

ZlZ2tl_Z2H2]

(2-38)

Po

Putting this expression into the equation for the third
approximation yields the following reactivity fundamental.
|.J2—

l + zA
(2-39)

Po2

2^[2(Zj-H,-Vz^ZjZ^l-Z^Hj)(1-Z2H2)]

This result has one term more than the second approximation.

It will

be shown in the next section that each new approximation adds another
term.

Infinite Approximation
Upon examination of the system equations for the higher
approximations, it is evident that the only change occurs in the expression
for A„.

Taking the n1"*1 approximation,

(a
A2<n) = "TV

o

W1"W^V" '•""W1 '

(2-40)
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This can be simplified by requiring that the power series be
convergent and by taking an infinite number of terms.
(«)
A2

ui)2

i
* 7^ z!z2 rs^iT
o

<2-«>

Using this result, the infinite approximation for the reactivity
fundamental becomes
|a |2
~ T~
Po

1 + Z H
i
—
t
(2-42)
Z1H1t2(Z1-HQ )ReZ1-Z1Z2(l-Z__1H2)(l+Z2H2) X]

This is the approximation that is used to generate the
most accurate results in the last chapter.

The various approxi

mations derived above for the reactivity fundamental may also be
derived in terms of the power fundamental which will be discussed
next.

Successive Approximation in Power Fundamental
In the same manner as the approximations for the reactivity
amplitude are derived, expressions for the power amplitude may be
derived.

There are a few differences to be pointed out and then the

results for the various approximations will be summarized.
The basic difference lies in describing the approximations in
terms of the power fundamental, A^, instead of the reactivity fundamen
tal.

For example in the linear case,
ax = -y1

is used to eliminate a^ in the approximation.

(2-43)
Notice that in the linear
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case, the feedback equation also provides a relationship between
(i.e.,a^ = -PoH^A^).

It might appear that either relationship can

be used in the development.
tion.

and

The choice is optional but with one excep

To satisfy the requirement that a^ = 0 when ReZ^ = 0, it is

necessary that the forward loop expression, equation 2-43, be used.
The problem arises because

A

q

of the forward loop equation.

is defined by the feedback equation instead
For other substitutions either expression

can be used.
In the first approximation for describing the power fundamental,
the reactivity bias in terms of A^ is

2 ReZ "1
a = -2P 1IA,I
o
o 11
1

(2-44)

With the use of equation 2-43 and 2-44 and the system equations,
the successive approximations for the power fundamental are developed.
In the first approximation, the power fundamental is given by

K

=

1+ Z H
_/ _!
IT
2Z..H [-H
-H
J ReZ,
1 1 1
o
1

•

(2-45)

Compare this expression with equation 2-26 for the reactivity fundamental.
Continuing on to higher approximations in the same manner as for
the reactivity fundamental, the infinite iteration of the power funda
mental is derived to be
?
IV

1 + ZH
-

rj—IT—
Z H [-2CH
+H
)ReZ

«J

(ltl

ZT~
H2)(1+Z2H2) ]

This equations corresponds to equation 2-42 for the reactivity
fundamental.

The principal difference arises because the power is

«-«>
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described in terms of the feedback transfer function, H, rather than
the forward loop transfer function, Z.
The various approximations of both the power and reactivity
fundamental are summarized in Appendix A.

Integral Formulation
Starting with the integro-differential formulation for the
forward loop of the reactor system, Hetrick (1968) has derived the same
expression for the successive approximations as was derived above.

Then

by considering the expression a series expansion and keeping terms of
second order, Hetrick was able to derive the same result as the infinite
approximation but without taking the limit of an infinite series, and
without iterating.
The method will be outlined so that comparison can be made.
The reactor kinetics equations may be written
[P(t-u)-P(t)]D(u)du

(2-47)

"o
where D(u) is the delayed neutron yield function.
1 n
D(u) = ~ I X.S.e V
p i=l
. - IX

(2-48)

and
D(u)du = 1
o
The other notation is standard, P is the mean neutron density,
Z

is the neutron generation time, 3 is the delayed neutron fraction

and p is the reactivity in dollars.
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The reactivity and incremental neutron density are expanded
in Fourier series

p(wt) =

p((dt) =

I
akelkcot
k= - co
P(lOt)"P
-

=

I

(2-8)

A^eiJia)t

(2-9)

Substitution of the Fourier expansions into equation 2-47, and
after some manipulation, leads to the following results which is the
same as equation 2-13.
00

poK

\ - \+ J

k= - oo

<2-49)

The feedback equation is unchanged from equation 2-16.
Now considering the terms in equations 2-49 of the same order
of a^ to be an approximate solution, an expression may be found corres
ponding to the infinite approximation.

2

The amplitude of the second harmonic in power to order (a^)
is given by
A2 =

Z2

pT"
o

[a2 + aiAi]-

(2-37)

Eliminating A^ and solving for a^ yields
(a )2Z Z H
a2 =

PQtl+Z2H2]

(2-50)

Use of this expression for a^ in equation 2-49 and elimination
of either fundamental leads to expressions which are the same as the
infinite approximation derived earlier in this section.
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Method of Analysis
The expressions developed in the successive approximations for
the fundamentals are composed of complex factors involving frequency.
Since the magnitude squared of the fundamental is a real number, values
of the frequency are sought which eliminate the imaginary portion of
the expression.

This is accomplished by solving a polynomial generated

2

by requiring that the imaginary part of |a^|

or |A-^|

2

be zero.

Each

root of the polynomial is a frequency squared, so that only the positive
roots represent meaningful frequencies for possible oscillations or limit
cycles.

The positive frequency roots are used in the real part of the

2

expression for |a^|

2

or |A^|

to calculate the oscillation amplitudes.

Of the resulting magnitudes, only the positive magnitudes are meaningful
for describing limit cycles.

In the infinite approximation a subharmonic

frequency gives rise to a positive real amplitude; however, this is not
physically possible and represents a spurious result.
With the lower approximations, the equations were easily solved
by slide rule, but for the higher approximations it was necessary to use
machine calculations.

To perform the analysis, a digital computer pro

gram, FREAMP, was written which describes the real and imaginary parts
of an expression for the magnitude squared of an amplitude.

The frequency

squared roots are extracted from the imaginary part, and the fundamental
amplitudes are calculated using the positive roots.
analysis are given in Chapter V.

The results of this

CHAPTER III

SYSTEM EQUATIONS

The system of equations analyzed in this dissertation are composed
of the nuclear reactor kinetics equations and the two-region heat
transfer equations.

The n + 1 order system of neutron kinetics equa

tions are discussed in Chapter II.

In this chapter the second order

neutron kinetics equations including one group of delayed neutron are
given and then simplified to the prompt jump approximation.

This approxi

mation is a first order equation which nevertheless includes a time con
stant for delayed neutrons.

The prompt jump equation is then simplified

to the effective lifetime kinetics model in which the effect of delayed
neutrons appears only in the weighting of the neutron lifetime.

The

prompt jump approximation and the effective lifetime kinetics are the
two neutron kinetics models used in this analysis.

The two models are

identical for small amplitude low-frequency oscillations which facilitates
analysis of the effect of delayed neutrons on oscillations.

The effec

tive lifetime model is the simplest neutron kinetics model and has been
examined extensively (Gyftopoulos 1961, Shotkin 1964, Smets 1964, Akcasu
and Noble (1966).

The prompt jump equation is slightly more complex than

the effective lifetime model; however, it yields a much more accurate
description of the neutron kinetics.

The prompt jump approximation has

been used by several authors (Bethe 1956, Meenan and Hetrick 1966) but
has not enjoyed as wide a usage as the effective lifetime model.

Both
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reactor models are restricted in validity to some degree, but for limited
disturbances about the operating conditions both equations provide valid
results.

Excursion analysis would require a different set of equations

or parameters.
For a fast reactor where the mean neutron generation time is very
short, solutions using the prompt jump approximation are very nearly the
same as the one delayed group second-order kinetics equations provided
the system does not approach prompt critical too closely.

The differences

will be discussed later.
Another important reason for use of the prompt jump approximation
and the effective lifetime model is that the neutron generation time does
not appear explicitly in the formulation.

This permits much easier solu

tion of the system equations by analog and digital computer.

When a

lifetime of approximately 10 ^ seconds appears among the time constants
of the system, it is difficult to scale the problem for analog solution
or to solve the problem numerically because of the small time steps
required in order to preserve accuracy.
The general two-region heat transfer equations are presented
and the transformation to the canonical heat transfer equations is
discussed.
The heat transfer model used in the analysis describes the heat
transfer of an internally heated thermionic diode which is representative
of a nuclear reactor with in-core thermionic converters.

The model can

be applied to other systems by merely adjusting the values of the time
constants and heat capacities to conform to the thermal properties of
the system.
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Neutron Kinetics Equations
The time-dependent point reactor neutron kinetics equations
repeated for convenience are
f [p(t)-l]P(t) +

I X.C.(t)

(3-1)

i=l
dC.(t)

p.
=TP(t) ~

dt

XiCi(t)

i=1, n

(3_2)

*

The notation is the same as listed in Chapter II.
If the delayed neutron precursors are lumped into a single group
with a mean decay constant,
i

*

n

l
=

B-s
(3_3)

B i=l
^ IT
3
Ai

equations 3-1 and 3-2 are reduced to a second order set of equations
with one group of delayed neutrons.
|
[p(t)-l] P(t) +

Ic (t)

(3-4)

= f-P(t) - XC(t)

(3-5)

C is the weighted neutron precursor group.
This set of equations can be reformulated as a single second
order equation in neutron density or power.

This is accomplished by

eliminating C in equation 3-5 by use of equation 3-4.
|
=
p(t)P(t) _ dP£0

(3-6)

Equation 3-4 is differentiated once and equation 3-6 is
substituted for dC/dt which gives
SL

d2P(t) ,
L dt2

;dP(t)
dt

^^-+ 3— p(t)P(t) +

p(t)P(t)

(3-7)
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The prompt jump approximation is an asymptotic form obtained
by setting the right hand side of equation 3-7 equal to zero.

When %

is small and p < 1, the transient term that is neglected will decay very
rapidly.

Since the order of the differential equation is reduced by one,

an initial condition is lost, corresponding to the rapidly-decaying tran
sient that is neglected.
Rearranging the remaining terms yields the prompt jump
approximation in its usual form.
tl-p(t)]

[^^+Ap(t)] P(t)

(3-8)

Using the following assumption
p(t)P(t)|< < A |p(t)P(t)|

(3-9)

in equation 3-8 the equation for the effective lifetime neutron kinetics
results.
= Ap(t)P(t)

(3-10)

In this formulation 3 A plays the role of an effective neutron
lifetime, £*, that is determined essentially by the properties of the
delayed neutrons.
n

*

+

J,
1=1

3j

n

B.
<3-n)

x7
J . T7
1 " 1=1
X " r

A model useful for analyzing rapid excursions is obtained from
equations 3-1 and 3-2 in the limit as

and X^->0.

Note that this

formulation is the same as equation 3-10 except that the neutron genera
tion time appears in place of the effective lifetime..
^
- S™

(3-12,

The prompt jump approximation is a good approximation to second
order neutron kinetics equations provided p < 1 and provided the follow
ing condition is satisfied (Hetrick 1968).

i - P(t)» /^ixP(t)+^pT
For small amplitude sinusoidal variation at angular frequency to and
amplitude pQ this requires

(aH -A)po« fFor effective lifetime neutron kinetics, the frequency limitation is
D p

T

X

T,
<< P

o

1 .
<< 1

o

The prompt jump approximation, equation 3-8, and the effective
lifetime model, equation 3-10, are the two reactor kinetics equations
used in this study.

General Two-Region Temperature Equations
Nuclear reactor models with linear temperature feedback from
two regions have been examined by several authors in the literature
(Gyftopoulos 1961, Shotkin 1964, Miida and Suda 1961).

In the majority

of this previous work, the equations used are decoupled equations which
are mathematically simpler and in general easier to analyze.

If a

decoupled system were to represent the physical system, it implies that
the heat generated in each region is transferred directly to the heat
sink or reservoir and that there is no heat transfer between regions.
In most reactor models this is rather artificial.
However, if the decoupled equations do not directly represent
the physics system, use of the equations is justified because of the
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fact that the physically coupled heat transfer system is related to the
decoupled system by a linear transformation.

Thus, coupled temperature

equations can be diagonalized into a decoupled system.

In doing this

one has to be careful in order to avoid certain pitfalls (Lellouche 1966)
In this section the most general heat transfer equations for two
regions are given.

The effects included are heat production in each

region, heat transfer between the regions and heat loss from each region.
The linear transformation for converting the coupled system into the
diagonalized system is derived.

Gyftopoulos' (1961) analysis of the two

temperature problem neglected direct heat loss in one of the regions.
The general coupled temperature equations for two regions are
dT (t)
= b1[PCt)-PQl - g1[T1(t)-T2(t)] - g2Tx(t)

(3-13)

dT (t)
-7r- = b2[P(t)-Po] + g3[T1(t)-T2(t)] - g4T2(t)

(3-14)

where
b^ = reciprocal heat capacity of i

til

region,

g_^ = reciprocal time constants for heat removal,
T.(t) = average incremental temperature in the i^ region.
The temperature equations can be considered as heat balance
equations where the heat transfer rate is proportional to the temperature
difference between two regions.

The temperatures are incremental tempera

ture based on a reference reservoir sink temperature.
In the two temperature problem the reactivity or feedback in
dollars is given as a linear combination of the temperatures,
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where a_^ is the reactivity coefficient of temperature feedback from
the ifc^ region.

The convention is used that positive a_^ denotes negative

feedback.
The heat transfer equations written in matrix form are given by
§= b(P-Po) + [A] T

(3-16)

dT
where — , b, and T are column vectors and A is an m x m submatrix of
dt
~
the system matrix where m is the number of regions.
gi ^

~81~82

A =

(3-17)
~83~84

Solviiig |A-AI| = 0 for the eigenvalues yields (I is the unit
matrix)
1

\>

X

2

=

~ 2^8l+82+S3+84^-

/if

•

•

•

-2

4^8l+82+83+84^

(3-18)

which can be written
X1'X2 =

~ t^8l+82+83+84^ l^4"^i+82~83"84^2+gl83

(3-19)

From this expression for the eigenvalues, it is evident that the
eigenvalues are always real since the time constants are inherently
positive.
Using the eigenvalues it is possible by the following to solve
for the eigenvectors, V, which are directly related to the linear
transformation of the temperatures.
[A - IX] y = 0
The eigenvectors are

a

(3-20)
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y2 =

h'

(3-21)

where
\ (sl+s2"s3"g4^
rl,r2

t/i(gi+8 -g -g4)2 + Slg3
2
3

(3-22)

Si

Since eigenvectors have arbitrary scale and sign,

and

were chosen

such that the transformation would be simple.
The linear transformation is defined by
T = [M] T'

(3-23)

where M is the modal matrix whose columns are composed of the eigen
vectors and T' is the column vector of the temperatures for the canonical
system.
-r,
r2-rl

r2~rl

M =

(3-24)
-1
r2~rl

r2~rl

By matrix algebra, the diagonalized matrix is found.
Substituting equation 3-23 into the heat transfer equation,
equation 3-16, gives
dT'
[M]

« b(P-Po)+[A][M]T*

(3-25)

Premultiplying by M ^ yields
= [M]_1b(P-Po) + [M]_1[A][M] T'

(3-26)
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where
tM]-1tA]tM] = [A] =

(3-27)
0

The relationship between the decoupled variables and the
physical variables is given by
T' = [M]_1T

(3-28)

where
1

r,

1

r
2J

,-1

[M]

(3-29)

so that the decoupled temperature are expressed as
T. 1 = T, + r.T„
x
1
x 2

(3-30)

The system equations with the decoupled heat transfer are then
written
dT1'
"dT ° Vc-V " Vi'

<3-31>

dT '

- b 2 '(P-P o ) - t 2 T 2 '

(3-32)

V
"2'
- - — Ti' - —

(3-33)

and

0

V

The parameters of this system are related to the physical
parameters by
b. 1 = bn + r.b
i
1
1 2
r± •= 8J+83-V3

(3-34)
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The physical temperatures in terms of the decoupled temperatures
are as follows.

Using the modal matrix, the temperatures are related by
r2

=
1

T

r2"rl

ri
T ' + —-—
1
r2"rl

T'
2

T/-T '
= -1
£-

2

(3-35)

rrr2

and the reactivity coefficients are
= a1l + a2'

(3-36)

a2 = rlal' + r2a2'

Thermionic Heat Transfer Model
At the present time there is considerable interest in the
stability of a nuclear reactor with in-core thermionic converters (direct
conversion devices for changing heat into electricity).

The impetus

behind this interest stems from the fact that there are some unique
problems associated with thermionic converters.

There is a materials

stability problem because of the very high temperatures required of the
emitters and the thermal gradient caused by the relatively low tempera
tures of the collectors.

Another aspect requiring investigation is the

effect of changes in the load resistance.

This may be a problem because

as much as 60% of the heat transfer from the fuel is accomplished by
electron cooling.

This flow of electrons across the diode comprises

part of the electrical circuit.

Attendant with these problems, are the

usual complex problems that are inherent in the design of a highly
enriched fast spectrum reactor core.

Highly enriched fissile fuels may

have positive temperature feedback characteristics because of Doppler
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broadening in the resonance region.

This is a prompt reactivity effect.

Changes in the coolant density may decrease the moderation and cause
the flux spectrum to harden which could also introduce positive effects
because the ratio of the cross section for capture to the cross section
for fission decreases.

This is a delayed reactivity effect.

Doppler

effects which arise in materials of the reactor other than the fuel and
expansion effects resulting from the specific reactor design generally
contribute negative feedback.
The basic concept for a thermionic converter is a fissile fuel
pin, oxide or cermet, approximately an inch in diameter and an inch or

j

two high, which is clad with an emitter of refractory material such as
tungsten.

Between the emitter and the collector is a spacing on the

order of .010 inches.

The collector may be molybdenum, nickel or other

materials and is isolated electrically from the rest of the heat trans
fer system by an insulator sheath of aluminum oxide.

The cladding

material covers the insulator and must be compatible with the liquid
metal coolants, which are necessary in this application because of the
high temperatures and the high rates of heat transfer required in the
core and in order to maintain the fast spectrum.
There are several mechanisms for heat transfer between the
emitter and collector.

They include electron flow across the gap, radiant

heat transfer, heat conduction down the electrical lead connection, and
other extraneous conduction losses.

It has been shown that for constant

current density the heat transfer is approximately linear over a
significant range of operating parameters (Gronroos 1967).

Thus, for
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simplicity the model used in this analysis incorporates linear heat
transfer across the spacing which is dependent upon the emitter tempera
ture only.
Because of the much lower temperature of the collector, back
emission from the collector is less than 5% of the total heat transfer
and therefore is not included.
The two temperature regions considered are region one, the
fuel-emitter region, and region two, the collector region.

In this study

region one is characterized by a prompt temperature feedback predominately
due to Doppler effects and region two is characterized by a delayed
temperature feedback which is caused by thermal expansion effects in the
reactor structure.
The heat flow in the system is from the fuel-emitter region,
where the heat is produced, to the collector region and subsequently
to the coolant reservoir heat sink.

A simplified diagram for a ther

mionic reactor system is shown in Figure 3.1.
The heat transfer equations (Hetrick, Schmidt and Davis 1967)
for this system are
dTl

= b(P-P )-n,T
(3-37)

dT2

dt

n2ri

"

n3T2

where b is the reciprocal heat capacity of the fuel-emitter region and
the eta's are the reciprocal time constants for heat transfer.
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n, is the reciprocal time constant for heat transfer out of region one,

J.

ri^ is

fche

reciprocal time constant for heat transfer into region two, and

n3 is the reciprocal time constant for heat transfer out of region too.
n1 is in general different from

because of the difference in the

heat capacities of the two regions.
Brehm (Brehm, Hetrick and Schmidt 1969) has calculated time
constants for a thermionic reactor design using uranium oxide as the
fuel and sodium as the coolant.

The values of the time constants are

given in Table 4.1 in Chapter IV as Case III.

The system equations using

this set of time constants as well as two other sets of time constants
will be analyzed in the results section.

ELECTRON CURRENT

Fissile
Fuel
Heat
Source

HEAT
REJECTION

Resistive
Load

COLLECTOR
ELECTRON FLOW ACROSS
CONVERTER GAP
EMITTER

Figure 3.1

Diagram for Thermionic Reactor System.

CHAPTER IV

SYSTEM STABILITY

In this chapter the stability of the system is analyzed.

In

order to understand the results of the stability analysis, the terms
used in the description of the various solution trajectories are
defined.

It is assumed that the reader has a basic notion of the types

of trajectories encountered in the solution of differential equations.
Linear stability analysis is then discussed and the results for
the thermionic reactor model using three different sets of time constants
are presented.

A parameter space which is a function of the system

parameters and the reactivity coefficients is used to show the stability
boundaries for the linearized system.

This parameter space is also

valid for some aspects of the nonlinear analysis, particularly, since
in a sufficiently small neighborhood about the equilibrium operating
point, the solutions of the linear and nonlinear systems coincide.

Linear

stability analysis is valid only in a small region about the equilibrium.
To extend the analysis beyond this small region, the nonlinearities in
the system must be considered.

An unstable linearized system may for

all practical purposes be stable with the inclusion of the nonlinearities.
The converse may also be true; a stable linearized system may become an
unstable system when the nonlinearities are considered.
The section on nonlinear stability discusses these effects.
regions in the parameter space are defined where the solutions are
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Also,
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asymptotically stable in the large and where solutions are bounded in
the large though not necessarily asymptotically stable.

With linear

systems, the size of the disturbance is unimportant since trajectories
are stable or unstable in all of state space.

In the nonlinear system,

solution trajectories depend upon the magnitude of the disturbance and
upon whether the disturbance is momentarily acting or continuously
acting on the system.
are considered.

In this study only momentarily acting disturbances

The primary concern is whether a disturbance of a cer

tain magnitude results in a stable or an unstable solution trajectory.
The results of the linear and nonlinear stability analysis are
summarized at the end of the chapter using a parameter space.

Stability Definitions
This discussion is not intended to be all inclusive; only those
aspects of stability which are germane to the results of the analysis
are presented.

A comprehensive discussion is found elsewhere (Magiros

1967, Truxal 1955).
A trajectory is stable, if, with a small disturbance, the
disturbed trajectory remains near to the undisturbed trajectory for all
time.

Disturbances are caused by perturbations which are reflected in

the system as disturbing forces.

A trajectory is unstable, if, with the

disturbance, the trajectory does not remain near to the undistrubed
trajectory.
A trajectory is asymptotically stable if the disturbed trajectory
ultimately coincides with the undisturbed trajectory.

A trajectory is

asymptotically stable in the large if it is asymptotically stable for
any size disturbance.
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A trajectory is bounded if the solution is finite for all time.
An unbounded trajectory is a solution which is not finite for all time.
A finite escape time is a solution which is unbounded and
furthermore becomes infinite at some finite time.

Such a trajectory is

caused by a singularity in the solution or in the system differential
equations.

An example of a solution exhibiting a finite escape time

is shown in Figure 4.1.
A center is a nonisolated periodic closed trajectory whose
amplitude and frequency depend on initial conditions.

An example of a

center is shown in Figure 4.2.
A stable limit cycle is an isolated periodic closed trajectory
whose amplitude and frequency are independent of initial conditions.
Trajectories near the stable limit cycle converge to the limit cycle.
This is shown in Figure 4.3.
An unstable limit cycle is an isolated periodic closed trajectory
whose amplitude and frequency are independent of initial conditions.
Trajectories near the unstable limit cycle diverge from the unstable
limit cycle.

An example of unstable limit cycle trajectories are shown

in Figure 4.4.
The limit cycle and finite escape time trajectories are found
only in the solution of nonlinear differential equations.
The other definitions apply to both linear and nonlinear systeirs.
Limit cycles and centers are periodic solutions, or oscillations, which
may be described by Fourier series expansions.

The major effort in this

dissertation is in the analysis of such periodic trajectories.

Temperature

Time
Figure 4.1 Example of a Solution '
Exhibiting Finite Escape Time.

Figure 4.2

Temperature

Temperature
Figure 4.3

Example of a Stable
Limit Cycle.

Example of a Center.

Figure 4.4

Example of an Unstable
Limit Cycle.
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Linear Stability Analysis
Several well established and straightforward methods are availa
ble for use with linear systems.

In this section the Routh criterion

is used to find those parameters which produce a stable system.

The

results are displayed in a parameter space for each of the sets of time
constants.

The system equations are linearized and then the Laplace

transform taken in order to find the transfer functions of the system.
For the prompt jump approximation the transfer function, using
6P =

given by
z(s).|Elsi.p

6p(s)

o

is±»
s

(4-1)

and for the effective lifetime model
.
z(s),Mil
Sp(s)

(4-2)

s

where the reactivity is in dollars.
The transfer function for the feedback is found by using the
system diagram in Figure 4.5.

6P
Z(s)

s+ri

s+n

Figure 4.5

Thermionic System Block Diagram
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From the temperature equations, equations 3-35,

Ti(s>

_ b6P(s)
s+n.

(4-3)

and
bn26P(s)
T2^

(4-4)

(s+nJCs+nJ

al
Noting that the reactivity is given by p = - -— T..
p
i

a2

— Tr
p
/

and that the system is antonomous,

H(s) = -

+ «2T2(s)
36P(s)

6p(s) _
6P(s)

which gives
a^b s+n3+n2(a2/ai^
H(s) =

3

(4-5)

(s+n 1 )(s+n 3 )

Now the system is in the standard form for analysis with
composite forward and feedback loop transfer functions as shown in
Figure 4.6.

V

)

<Sp

Z(s)

6P

H(s)

Figure 4.6

Standard System Block Diagram

4
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Considering the system with prompt jump approximation neutron
kinetics, the open loop transfer function may be written as
rw-VTfrl ... K(s+A)(s+?)
- 7(i+0(5+0'

z<s)H(s)

where
ot..bP
K = -V2-

(4-7)

and
K = 13+12

a2^a\

'

(4-8)

Stability is assured if the roots of the characteristic
equation, 1 + GH = 0, are in the left half plane.
The characteristic equation is
D(s) = s3+(K+n1+ri3)s2+ n1n3+KA+KC s+ICAS = 0

(4-9)

By the Routh criterion, the roots lie in the left half plane if the
following three inequalities ai*e satisified.
K + nl + n3 > 0

1-.ru + KA +
1 J

(4-10)

K +

+

n3

> 0

KA?>0

(4-11)
(4-12)

The variables used for the coordinates of the parameter spaces
are defined by letting
a-, bP
x = •••- • 0 = K

(4-13)

p

and
n, a0bP
y - J--2^
n3

p

(4-14)

The three Routh inequalities in terms of x and y are
x +

+ n-j > 0

(4-15)
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(X+n 3 )x

2

2

+ n3xy + (n3 +^*+2 n1n3)x + n3(n-j+n3-x)y +
(4-16)
nin3^r|i+ri3) > 0

+
x +y > 0

(4-17)

The system is stable in the region of the x, y plane for
which the three inequalities are satisfied.

If the inequality signs

are replaced by equal signs, the equations denote the boundaries of
stability.

It is noted that the third condition is the requirement

of a negative steady-state power coefficient where

~H^

=

gn,ru ^n3al
1 0

+ n2a2^

The second condition is a hyperbola.

(4-18)

A part of the hyperbola

is a resonance line where the characteristic equation has a pair of
roots that are pure imaginary.

When the other root of the character

istic equation is negative, that part of the hyperbola is the locus of
sustained oscillations or centers.
The asymptotes of the hyperbola are given by
x+ri2

+

n3*-A = 0

(4-19)

(A+n3)x + n3y + X2 + 0^2 = 0

(4-20)

The power level on the resonance line is called the critical power
level.
The coordinates of the parameter space, x and y, are defined
such that Routh conditions are functions of only two parameters,
n3.

Lambda is a nuclear constant and changes little.

convenient in parametric studies since only

and

This is especially

and n3 require changing.
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The coupling parameter,
changes in

are

appears only in the definition of y so that

merely a scale factor for y.

Considering now the system with effective lifetime neutron
kinetics, equation 4-2, the open loop transfer function becomes
Z(s)H(s) =

,K,(Sw),—r
s(s+ri1)(s+r)3>

(4-21)

The characteristic equation is
D(s) = s3 +( n ; L +ri 3)s2 + (KA+n1n3)s + KA?
where K,

=0

(4-22)

x and y retain their original definitions in equations 4-7,

4-8, 4-13 and 4-14.
Application of the Routh criterion to this characteristic
equation yields the following requirements
n1 + n3 > 0

(4-23)

n,ru + KA - ~~~ > 0
13
13

(4-24)

KA£ > 0

(4-25)

and

The first condition is true in any case as the time constants
are always positive.

The second condition is the resonance line which

corresponds to equation 4-11 in the prompt jump approximation.

The

third condition is the same as equation 4-12 which is the negative
steady state power coefficient requirement.

The two conditions using

x and y are

H-,

ru (ru+n J

y < — x + ——t——
n3
A

(4-26)

x + y > 0

(4-27)

and

If the kinetics equation for prompt neutrons only, equation
3-12, is used to find the Routh conditions, the resonance line is
\
. ^l(nl+T13)
y = — X +
a
3
3
Comparing the result to equation 4-26, it is seen that both equations
have the same slope.

However, the y intercept for the case of prompt

neutrons only is much smaller.

Thus, the effect' of neglecting delayed

neutrons is to severely restrict the region of linear stability; in
fact, the resonance line for prompt neutrons nearly coincides with the
nonlinear boundary for asymptotic stability which is discussed in the
nonlinear stability section.
The parameters selected for the three cases are listed in Table
4.1.

They are chosen to illustrate several aspects of stability as

well as to compare the two kinetics models, prompt jump and effective
lifetime.

The parameter spaces are shown in Figure 4.7 for the three

cases.
The stability boundaries in the parameter spaces are shown as
heavy lines with the resonance lines for prompt jump and effective
lifetime, equations 4-16 and 4-26, marked P. J. and E. L. respectively.
The first quadrant corresponds to both feedbacks negative
the second quadrant is for a positive prompt and a negative Relayed
feedback, and the fourth quadrant is for a negative prompt and a posi
tive delayed feedback.

The stability boundaries do not enter the
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Table 4.1
Parameters for Case Studies

Case I

Case II

A(Sec-1)

0.1

0.1

0.077

3

0.01

0.01

0.007

b (°C/Mw-Sec)

100

5

0.26(£°C/kwSec)

Pq(Mw)

10

10

100 (kw/I)

Parameter

Case III

(Sec

1)

0.5

0.025

0.031

n2(Sec

1)

0.25

0.0125

0.55

n3(Sec

1)

0.2

0.01

8.65

1
in"6
- 3 x 10

1
6
- 3 x in"
if)

Various

Various

1

a-L(/°C)

" 3

a2(/°C)

in"6
X 10

Various

third quadrant where both feedbacks are positive.

In all the cases and

for both kinetics models, one half of the fourth quadrant is uncondi
tionally stable.

Conditional stability exists when by virtue of

changing the power level only, the system becomes unstable.

An increase

in power level for a given set of parameters moves the point out on a
radial line from the origin.
In all cases the effective lifetime model is conditionally stable
in both the first and second quadrants.

Lellouche (1966) noted that with

Y
PJ

EL

X

CASE I
Figure 4.7

CASE III
Parameter Spaces with Linear Stability Boundaries for Prompt Jump
and Effective Lifetime Neutron Kinetics.
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the effective lifetime model, a prompt positive feedback may be more
stabilizing than a large negative delayed feedback.

Also, stability is

not assured even with both feedbacks negative since the resonance line
enters the first quadrant.

These two effects occur in all of the

effective lifetime cases using the coupled physical system.

It should

be noted that in the diagonalized system neither of these two effects
is observed which can be very misleading.

In the physical system, if

instability occurs with either a negative or a positive delayed
feedback, the system can be made stable by increasing the negative
prompt feedback.
In all cases the prompt jump approximation is conditionally
stable in the second quadrant and is unconditionally stable in the first
quadrant, except for Case II.

In Case II the resonance line enters

the first quadrant and yields an unusual type of conditional stability
discussed by Meenan and Hetrick (1966).

The system is stable at low

and high power levels while it is unstable at intermediate power levels.
The necessary requirement for the resonance line to enter the first
quadrant is determined from the asymptote of the hyperbola, equation 4-19,
to be
n-j^ + n3 < X

(4-28)

This case illustrates that both of Lellouche's comments on the sta
bility of the coupled system with effective lifetime kinetics are applica
ble to the prompt jump approximation providing equation 4-28 is satisfied.
If equation 4-28 is not satisfied, then neither of his observations apply.
In the diagonalized system for any case, the resonance line does not enter
the first quadrant which is similar to the effective lifetime results.
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In comparing the stability regions of the two models, the
effective lifetime is in general the more restrictive in that it does not
overestimate the actual stability regions.

This is desirable since the

effective lifetime kinetics is an approximation to the prompt jump
kinetics.

However, the cross-hatched area in the parameter space, for

Case I is a region which is unstable with prompt jump kinetics and stable
with effective lifetime kinetics.

This illustrates an instance when the

effective lifetime stability region is not a subset of the prompt jump
stability region.

The condition for this has been derived (Hetrick 1967)

and is given by

•7

A

> — +

nx

n3

z—

(4-29)

n 1 +n 3

As long as one of the n's is nearly equal to or less than X this condi
tion is not satisified.
When the condition ic satisfied, care is warranted in the use
of the effective lifetime model since it no longer represents a conser
vative system when compared to the prompt jump approximation.
In all three of the cases, except for the region just discussed
in Case I, the effective lifetime model is overly restrictive with
Case III being a prime example.
In order to check on the validity of the prompt jump approximation,
the transfer function for the one delayed group, second order neutron
kinetics equations was used in the system equations to delineate the
stability boundaries in the parameter space.

In the inequalities

resulting from the Routh criterion, terms of order 2/3 were present in
addition to the terms given in equations 4-15, 4-16, and 4-17.

For very

•
short neutron lifetimes characteristic of fast reactors, £/3
approximately 10

is

Thus, the agreement between the prompt jump approx

imation and the second order neutron kinetics is very close.
the limit as
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Also, in

the inequalities coincided with those found using

prompt jump kineitcs.

The equations for the Routh criterion using

the one delayed group neutron kinetics are given in Appendix B.

Nonlinear Stability
In this section nonlinear stability is analyzed for both
reactor kinetics models.

Nonlinear criteria are applied to the ther

mionic reactor system and the results are displayed in the parameter
space.
Regions exhibiting finite escape times are described, and
regions where bounded solutions exist are discussed.

The possible

regions where limit cycles may be found are also presented.

Welton's Criterion
Welton's criterion (Welton 1955) is a sufficient criterion for
asymptotic stability in the large for nonlinear systems with linear
feedback.

The criterion is
Re[H(jtd)]> 0

for all u>,

(4-30)

where the feedback is summed negatively as shown in the block diagram,
Figure 4.6.

The criterion insures negative feedback at all frequencies

and as such may be too restrictive.

For instance, the band width of

the system is not considered since the criterion is independent of Z(s),
the forward loop transfer function.
study.

This property is evident in this

The system with either prompt jump or effective lifetime kinetics
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has the same region of asymptotic stability derived by Helton's criterion
because the feedback transfer function is identical in both models.

Since

a large variance exists in the regions of linear stability for the models,
it seems reasonable to expect a variance in the regions of nonlinear
asymptotic stability.
Applying Welton's criterion to the feedback transfer function
for the thermionic reactor model, equation 4-6,

H(ju) = y~ - — r ^ w ^
(joj + r^)(jto + n3)

(4-6)

yields two conditions
K£ > 0

(4-31)

and
nl+n3 >

^

(4-32)

Writing the conditions in terms of x and y gives the boundaries
in the parameter space.
x +y = 0

(4-17)

nl
y = — x
n3

(4-33)

The first condition is the same as equation 4-17 in the Routh
array which is the requirement of a negative steady-state power coefficient.
The second condition is a line through the origin parallel to
the resonance line of the effective lifetime model.
The regions of asymptotic stability in the large are shown in
Figure 4.8 for the first case.

The other cases are similar.

cycles are not present in this region of the parameter space..

Limit
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Limit Cycle
"fa-*"

Effective Lifetime *'
Kinetics

EL

Times

Bounded
Solutions

Asymptotic
Stability

Figure A.8

Parameter Space for Case I Showing Boundaries
for Various Aspects of Nonlinear Stability.
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Using the second order neutron kinetics equations, Brehm
(Brehm, et al 1967) has shown that Liapunov's method for asymptotic
stability in the large yields the identical region resulting from Welton's
criterion.

Thus far, efforts to extend the region of asymptotic stability

using Liapunov's theory have proved unsuccessful.

Boundedness
The region of bounded solutions includes the region defined by
Welton's criterion as well as possible other regions.

Akcasu and Noble

(1966) derived a criterion for boundedness in reactor systems having
arbitrary linear feedback with any size initial disturbance.

It requires

that H(s) does not vanish on the positive real axis and H(0) > 0.
This is only valid for solutions of the reactor kinetics equations that
are Laplace transformable.

This excludes solutions of the prompt jump

approximation when p approaches 1 as were discussed in Chapter III.
H(0) > 0 is the requirement for a negative steady-state power
coefficient, equations 4-17 and 4-18, which is necessary for a finite
equilibrium power level.

Equation 4-17, then, is one of the boundaries

for bounded solutions and is repeated here.
x + y > 0

(4-17)

The zero of H(s) is real and given by

3 „ _c . _

n3

(4_34)

The numerator of equation 4-34, x + y, is positive from the
condition H(0) > 0, and if x > 0, then H(s) has no zeros on the positive
real axis and the second requirement is satisfied.
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Thus, the region in the parameter space for bounded solutions
is defined by the Y axis and the x + y = 0 line.

This region is shown

in Figure 4.8.
The region of bounded solutions includes regions that are linearly
unstable in both of the kinetics models.

Solutions in these regions

exhibit at least one stable limit cycle.

In the linearly stable region

not included by Welton's criterion, the solution is either asymptotically
stable or exhibits limit cycles in pairs, one being stable and one being
unstable.

Boundedness does not imply that a reactor can be designed

to operate in this region.

Oscillations or stable limit cycles with

large swings in power can not be tolerated in a reactor system.

Reactor

operation is feasible in the linearly unstable region if the amplitude
of the stable limit cycle is on the order of the noise level present in
the system.

Finite Escape Time
Finite escape time refer to trajectories that cease to exist
at some finite time.

Finite escape time trajectories are independent

of linear stability.

For example, in the linearly stable region, the

nonlinear solution is stable for small disturbances; however, for a
sufficiently large disturbance the trajectory may diverge and become
unbounded at a finite time.

The same effect may occur in the linearly

unstable region for any size of disturbance.

If stable limit cycles

are present, a disturbance larger than the amplitude of the limit cycle
is required for the trajectory to diverge.
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The necessary condition (Alccasu and Noble 1966) for the
existence of solutions with finite escape times is that h(t) < 0
for t = 0.

This implies that a sudden increase in power causes an

initial increase in reactivity.
Using the initial value theorem with the feedback equation
1•
rr
/ L>-\
S,(S+J\
h(0) » ^, I
(s+ri 3 )
s-*» (s+n1)

aibP

= K =

3

(4.35)

and the requirement for finite escape times becomes
< 0

(4-36)

Thus, h(0) is less than zero for positive prompt feedback.
the parameter space, negative a corresponds to negative x.

In

Thus with

positive prompt feedback an initial disturbance of sufficient size can
be selected so that the power diverges completely before the negative
delayed feedback can become effective.
Solutions using the prompt jump approximation are excluded in
this criteria because of the singularity in the differential equation.
Because of the singularity, it is possible to obtain solutions with
the prompt jump kinetics which diverge at a finite time even with h(0) > 0.
The reactor model is no longer valid for such solutions.
The necessary condition holds for effective lifetime kinetics
and the n + 1 group reactor kinetics equations.
The regions of finite escape times, restricted to reactors with
negative power coefficients, are also shown in Figure 4.8 for Case I.
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Limit Cycles
From the above analysis, the only regions excluding the possible
existence of limit cycles are the region defined by Welton's criterion
and the region of positive steady-state power coefficients.

It is diffi

cult to be more specific as to the location of limit cycles because
there is no simple sufficiency test for regions where limit cycles
exist.

If a region could be defined for the existence of limit cycles

which does not bound on the region of asymptotic stability, then a
larger region of asymptotic stability

may be inferred.

In the first

and second approximation of the successive approximations derived in
Chapter II it is possible to define regions in the parameter space for
existence of limit cycles which does effectively extend the region of
asymptotic stability in the large.
In the results of the various cases using prompt jump kinetics
limit cycles appear on either side of the resonance line and in either
the first or second quadrant.

In general, for a particular case the

limit cycle appears on one side or the other of a point on the resonance
line but not on both sides.

This is because the effect of the nonlinear-

ity does not change qualitatively when the resonance line is crossed.
An unstable limit cycle is caused by a destabilizing force in a linearly
stable region while a stable limit cycle is caused by a stabilizing force
in a linearly unstable region.
In the effective lifetime model only stable limit cycles have
been observed.
quadrants.
1967).

These are found also in both the first and second

This is in agreement with the literature (Akcasu and Shotkin

Shotkin (1964) has found a boundary for limit cycles in the
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effective lifetime model.

In the parameter space the boundary line is

given by
x = -

nln3

(4-37)

This line is where the coefficient of the linear term in the characteristic
equation vanishes.

No limit cycles exist in the region to the left of

this line, i.e., for large prompt positive feedbacks.

The line has been

verified on the computer as a boundary line for stable limit cycles with
the effective lifetime model in Case I.
The regions of the parameter space where limit cycles are
predicted by the Fourier method will be presented in the next chapter
together with solutions of the exact equations for selected points in
the parameter space.

CHAPTER V

APPLICATION TO THE TWO-REGION REACTOR MODEL

The results of the Fourier method with both neutron kinetics
models are presented along with the exact solutions for three different
cases.

The exact solutions are derived from analog and digital

computation.

Results of the Successive Approximations
The results of the various approximations of the Fourier method
are given and compared.

With the first approximation and the second

approximation without a^ for the transfer functions used, regions in the
parameter space are determined analytically which predict the locations
of limit cycles.

This is possible with these approximations because the

frequency can be expressed in terms of the system parameters.

It is

unfortunate that the two approximations do not yield more accurate
results since direct analytical determination of regions in the parameter
space is the most convenient and desirable approach.
In higher approximations the values of frequency result from
the numerical solution of a polynomial for a given set of parameters.
It is necessary to compute numerical values of the frequency for each
point in the parameter space.

However, with high speed computing facili

ties, regions of the parameter space can be scanned quite easily.

To

perform this operation, a digital program, FREAMP, was written which
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calculates the limit cycle frequencies and amplitudes for the various
approximations of the Fourier method.

FREAMP is described in Appendix C.

The results of the analysis are presented in several ways.

For

the infinite approximation the amplitude squared of the reactivity and
power are plotted versus the equilibrium power level.

For the first and

second approximations discussed above, the parameter space is used as
well as plots of amplitude squared.

First Approximation
The first approximation is analyzed in this section using prompt
jump kinetics.

With the effective lifetime model, the first approximation

yields no results because Re Z^ which multiplies the denominator
of the approximation, is zero.

The first approximation in reactivity

from Chapter II is
|a |2
1

1+ZH

2

(2-26)

2Z.iL [Z..-H -1]Re Z1
1 1 1 o
1

P
o
Z^ and

11

-

are the system transfer functions for reactivity in dollars

with the Laplace variable (s) replaced by (ito).

Z

P (ico+A)
= -2-;

1

H
H1

(4-1)

10)

_

K(iu)+g)
P (iw+n,)(iuH-nJ
o

1

J

K

'

and
Re Z = P
1
o

(5-1)

V "

(5"2)

u

Substitution of equations 4-1, 4-6, 5-1, and 5-2 into equation
2-26 gives
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laj2 = Kg ( { w 4 - [ n 1 n 3 + K ( x + ? ) ] t o 2 } + i03{-(n 1 +n 3 +K)w 2 +iae})-

({-2K[2KA5+KC2-n1n3(A+5)]032+2K2A252} + iuMnj^-KSlco2 +

+ 2KA 5[2KC+KX-n1n3.I})_1

(5-3)

2
As |a^| is a real quantity, the complex numerator and denominator
2
must be in phase so that |a^| can be written either as
o

k,,2

U \l ' 1'
~

2K

[u2-n1no-K(^+?)]
13
2
2
2 2
{[2KA£+K£ -n^T^(X+£) ]tu -KA r )

°r

/t - / N
(5 4)

2

o

laxl

[(n 1 +n,+ K )w - kae;]

vr

- -M

<5"5>

[(n 1 n 3 -KC)u +Ae(2KC+KA-n 1 n 3 )]
2

The square of the angular frequency, w , is found by setting the
imaginary component of equation 5-3 to zero and solving for the roots.

{KS-n^o)6 + {(n1+n3+K)[KAe+(A+0(KC-n1n3)] - (Ke-Ti^j)-'(n^^KX+K?) }u) 4 + KX£{(n 1 n 3 +KX+K£)(A+25)-KX£-

- (A+?)(K5-

n1n3) -

A5( n i +n 3 +K)}u 2 + k 2 a

V=

0

(5-6)

The regions in the parameter space where the approximation
predicts limit cycles are found by examining equation 5-3 for the posi-

2

tive values of |a^| .

Boundaries may be sought by locating limiting

2
2
values of |a^| , that is, where |a^| becomes zero or infinite.
2
To find the locus of points where |a^| = 0, the numerator of
equation 5-3 is set equal to zero which yields two conditions.

One

condition is derived by setting K£ equal to zero, which corresponds to
the zero power coefficient line in parameter space, x + y = 0.

The
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second condition is found by examining the term in the brackets of the
numerator.

Since this term is complex, both the real and imaginary

parts must be zero.

Setting the real part equal to zero and solving for

2

10 >
a)2 = ^3 +

K(A+D.

(5-7)

Substituting this frequency into the equation obtained by setting the
imaginary part equal to zero gives
[n1n3+K(x+5 )][n1+n3+K] - kxe, = 0

(4-11)

This is the equation in the parameter space for the hyperbolic
resonance line corresponding to one of the Routh conditions for linear
stability.
2
To find the locus of points where |a^| ->

00,

two methods may

2
First, the imaginary component of |a^| may be used to find

be used.

infinite values of the frequency.

2

for |a^|

because as w

2

-*•

This locates the infinite boundary

2

|a^|

-* °°.

The other method consists of setting the denominator of equation
5-3 equal to zero.
or x = 0.

This is used to provide one condition which is, K = 0

The other condition from the frequency polynomial is the

vanishing of the coefficient of the first term in equation 5-6:

K£ - n 1 n 3 = 0

(5-8)

which corresponds to a line in the parameter space

y = - x +

(5-9)

The region outlined by the reactivity amplitude in the parameter space
for the existence of the limit cycles for Case I is shown by a shaded
area in Figure 5.1.

To the right of the resonance line where linear

P0

Equilibrium Power

quilibriuiri Power

x
-1.0

-0.5

Figure 5.1 Parameter Space for First
Approximation with Prompt Jump, Case I.

?o

Equilibrium Power

Figure 5.2 Representative Oscillation
Amplitudes for First Approximation,
Prompt Jump, Case I.
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stability exists, the shaded area defines a region of unstable limit
cycles, and to the left of the resonance line where linear instability
exists, the shaded region is for the existence of stable limit cycles.
2
In the same manner the first approximation in power, |A^| ,
is analyzed.

The regions in the parameter space are solved for and

2
compared to the results of |a^| .
2

values of |a^|

and |A^|

2

Only the areas common to positive

are valid for predicting the existence of

limit cycles.
The first approximation in power is given by
1

+Z H

kr =

it

2Z H [-H
I l l

-H
o

(2~45)

] Re Z.
1

where
,
Re

z"1

=

2
"
Po(u)+AZ)

(5-10)

Substitution of equations 4-1, 4-6, 5-2 and 5-10 into the
power amplitude, equation 2-45, gives
IaJ2 = K?({o)V[A(n1+ri3)-n1n3-K5]w2-KX25} + iw{[x-K-(n1+n3)]w2 -

- [KA2+xnin3]})-

(5-11)

(2KW2{[-5oo2+25n1n3]+ito[5(n1+n3)+n1n3]} ) 1
2
Since |A^| is a real quantity, the amplitude is obtained from
either
9

|A I

0J^+[A(n +rio)-n1n^-KC]w2-KX25
=
0
9
2OJ [-0) +2ri1n3]

<5"12)

or
9
A

* =

K^[(A-K-n1-rio)a)2-(KA2+An1no)]

-——
2Ku U(n-j+n3) + n1n3l

(5-13)
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The angular frequency squared is found by setting the imaginary
component of equation 5-11 to zero and solving for the roots.

The

2

polynomial is quadratic in to .

{K 2 5-Kr, 1 n 3 -KAf;}w 4 +

{k2?2(n^n^+ka^n^+iu-n.,2-^2) +

+ Kn 1 n 3 tn 1 n 3 -(n 1 +n 3 ) (a+5)-k^] }to 2 +

(5-14)

+{KH[KA£;(n1+ri3) +KAn1r)3-2(n1n3)2]} = 0
2
The boundaries for zero amplitude |a^| coincide with the
2
boundaries for |a^| equal to zero.

They are the hyperbolic resonance

line and the zero power coefficient line.

|AJ

2

The boundaries for infinite
2

are sought from the denominator since the expressions for |A^| ,

equations 5-12 and 5-13, do not become infinite for infinite

oj

2

.

The

denominator yields two conditions that must be satisfied simultaneously
2
for |A1| to be infinite:
<d2 = 2n1n3

(5-15)

and
? = -

nln3

<5-16>

11+H3
These two conditions satisfy the frequency polynomial, equation
5-14, which indicates that w

2

has a constant value of 2ri^n3 along the

line of constant £ given by equation 5-16.

This line is the boundary

2
of infinite |A^[ and is shorn in Figure 5.1 for Case I.

Positive values

2
of |A | predicting unstable limit cycles occur to the right of the
resonance line bounded by the zero power coefficient line, and the
infinite |A^|

boundary.

Stable limit cycles are predicted to the left
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of the resonance line between the resonance line and the infinite
boundary.

2

The regions common to both |a^|

2

and |A^|

are depicted by

heavy lines and indicate that for this case unstable limit cycles exist
for K

>

~ 0.143 with Pq < Pc and stable limit cycles exist for £, < -0.16

with P > P , while for -0.143 > £ > -0.16 stable limit exist only
for
J
o
c'
equilibrium power levels sufficiently greater than the critical power
level.
In the exact solution, the only existing periodic solutions are
unstable limit cycles which are located near the resonance line in and
above the region predicted by the first approximation.

Furthermore,

the exact solution indicates that limit cycles are not found everywhere
in the common region lying to the right of the resonance line.

In part

of the region, all of the eigenvalues are real and linear oscillations
do not exist.

- —

This approximation illustrates the importance of requiring both
the power and reactivity to agree in frequency and amplitude since there
is a wide variance in the resulting regions.
In Figure 5.2, representative amplitudes of the power and reac
tivity are plotted versus the equilibrium power level for several values
of 5 as shown in Figure 5.1.

Holding £ constant fixes the ratio of

the feedback coefficients, and increasing the power level corresponds
to moving outward on a radial line in the parameter space.
xne critical power level is the equilibrium power level on the
resonance line and is denoted by a subscript c.
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The power amplitude is shown as a broken line and the reactivity
amplitude as a solid line.

The common areas denoting limit cycles are

shown by a heavy line on the equilibrium power axis.

Second Approximation without a^
This approximation is more complex than the first approximation
in that second harmonic frequencies are included in the forward loop
transfer function.

The approximation also yields results for both

neutron kinetics models.
Effective Lifetime Model.

The second approximation without

yields results with the effective lifetime neutron kinetics since there
are other terms in the denominator besides those multiplied by Re Z^.
The second approximation without a2 for the reactivity is given
by
a |2

i + ZH

V

=

-L~^

Z.H.[2(Z -H ~)Re Z. - Z.Z.]
11
lo
1
1 I

o

(2"33)

where for the effective lifetime model
AP
zi =

Z2

i^T
AP

•

(4"2)

" 2iS

•

(5"17)

.

(5-18)

and
lie Z
and

Hq

= 0

^ are the same as in the first approximation, equations

4-6 and 5-2 respectively.
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Substituting equations 4-2, 4-6, 5-2, 5-17 and 5-18 into the
second approximation, equation 2-33, yields
„
|
a|

=

-2co2{[(n1+n^)w2-KAf;]+iwtw2-(ri1no+K^)J}
Li

(5_19)

KA S + iwKA
The amplitude is obtained from either expression
2

lal

I

-2a)2t(n1+n.)u2-KA5]
—

(5-20)

KA C
or

,

-2o) 2 [m 2 -(n,n,+lu)l

kl2

3^

(5-21)

KA

2

In finding the limiting values of |a^| , the numerator is
examined for zero values.
u>

From the imaginary component of the numerator,

2 = r^r^+KA

and substituting this into the real component yields
(n 1n3+KA)(n 1+n3 )-KAC = 0

(4-24)

which corresponds to the Routh condition for the resonance line in the
parameter space.

2
In examining |a^| for infinite values, the denominator

yields no information and w

2

is infinite on Welton's line, y =

2
2
Checking the expressions for |a^| , equations 5-20 and 5-21, infinite w
2
leads to negative values of |a^| which provide no information concern
ing limit cycles.
In this model, however, the frequency can be solved for
explicitly in terms of the system parameters.

The values of frequency

which are positive are then used to fi.nd positive reactivity amplitudes.
The imaginary component of the second approximation, equation 5-19,
gives the following value for the frequency.
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2
w =

to

2

than ri-^+n^*

5n1 n,
/ . -Y
C-(n1H-n3)

(5-22)

c

is positive for all negative £ and for positive E, greater
The region for positive to

2

is bounded by the zero power

coefficient line and Welton's line, y =
is noted that to

2

From equation 5-22, it

has a constant value on a line of constant £.

2
Either expression for |a^| may be used to check for positive
values considering to

2

to be positive.

For equation 5-20, the requirement

»2 <

^

(5-23)
nl n3

which, using equation 5-22, leads to the resonance line in the parameter
space.

Equation 5-21 for the amplitude gives the same result.
The region predicted for limit cycles is between the resonance

line and the zero power coefficient line in the linearly unstable
portion of the parameter space which indicates stable limit cycles.
The region is displayed in the Case I parameter space for the effective
lifetime model in Figure 5.3.

The results are in fair agreement with

the exact solution in that stable limit cycles are produced with the
effective lifetime model.

However, the vertical line through the inter

section of the resonance line and the zero power coefficient line is a
boundary for limit cycles which is discussed in Chapter IV (Shotkin 1964),
From the figure, it is seen that the second approximation predicts too
large a region.
The second approximation without

|A

f°r the power is given by

1+2iHi

?

(5-24)

=

Z H [—2(H ->H
XX
X
o

)Re ZX

+ H /Z9]
-X I

-4

-3

-0,6
--2

-2

-2

Effective Lifetime
Figure 5.3

Parameter Space for Case I Showing Regions Predicted by the Second Approximation
Without a£ for Existence of Limit Cycles.

^
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Substituting equations 4-2, 4-6, 5-17 and 5-18 into the second
approximation, equation 5-24, yields
O /
O
O
O
-2a) {to -[KX-r^ -n3 ]i«) +[n1n3(KA+n1n3)-KX£(n1+n3)]} -

2

|
A| =

2 2 2
2
K X (w + T)

2

- 2iaj{KX(5-n^-n3)ai -KA^n^n^j}
2 2

?

(5-25)

2

K X (a) + K )
The amplitude is given by
O

9

|a |
^
I A, I =

!

0

0

0

K
-2<o {to -[KX-n,I -n,
]w +[n1
1 nn(KX+ri 1 no)- ^5(n 1 +no)]^
J
J
i J
-L J

9 2 2
2
kV (w + r)

1

/r
(5_26)

and the frequency is
o

-| ti «

w

=

r

/i .

(5-22)

C-(n +n3)

Using equation 5-25, the boundary for |A^|

equal to zero is

the resonance line in the parameter space, equation 4-24, and the boundary
2
for infinite |A^| is Welton's line.

The frequency expression is the

2

same as was derived for |a^| , equation 5-22.
seen that |A^|

2

is negative for infinite to

not a valid boundary for limit cycles.

2

From equation 5-26 it is

and thus, Welton's line is

The results of the second
2

approximation without a2 are the same for both |a^|

and |A^|

2

as shown

in Figure 5.3.
Prompt Jump Approximation.

The procedure for analyzing the

second approximation without a^ using the prompt jump approximation is
similar to the method used in the first approximation.
For the reactivity amplitude, equations 4-1, 4-6, 5-1, 5-2 and
5-17 are substituted into equation 2-33 and the limiting.values are
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examined.

2
In the parameter space |a^| is zero on the hyperbolic

resonance line and the zero power coefficient line.

Infinite values of

2
|a^| are found on the lines
K£ r 211^3

=

°

(5-27)

and
K = 0

(5-28)

The regions in the Case I parameter space for positive reactivity
amplitudes are shown in Figure 5-3.
For the power amplitude, equation 5-24 is used.

Substituting

2
in the system transfer functions yields an expression for |A^| which
is zero on the hyperbolic resonance line and the zero power coefficient
line.

The amplitude does not become infinite as w

2

goes to infinity

and zero roots of the denominator are difficult to obtain.
polynomial obtained from the imaginary component of |A^[
order in m

2

2

The frequency

is of sixth

and so the frequency can not be solved for explicity in

terms of the system parameters.

It is necessary to factor the frequency

polynomial numerically for specific values of x and y and then using
2
the positive frequency roots, solve for positive values of |a^| •

This

procedure must be carried out for numerous points in the parameter
space in order to define regions where limit cycles exist.

To perform

this calculation, a digital computer program} FREAMP, was written
which is described in Appendix C.
In the prompt jump parameter space, Figure 5.3, two radial lines
are shown for values of £ equal to -0.2 and -0.6.

FREAMP is used to

calculate the oscillation amplitudes along these two lines for both
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|AjJ

2

2

and |a^| .

The results of the computation are shown in Figures

5.4 and 5.5 for £ equal to -0.2 and -0.6 respectively.
In both figures the locus for |a^|~ has two branches which
is inferred by the lines of constant 5 in the parameter space, Figure 5.3.
For K equal to -0.2 near the resonance line, |a^|

indicates unstable

limit cycles since P < P . This agrees with the exact solution. The
o
c
2
2
other branch of |a^| does not satisfy the convergence criteria of |a^| <
even for very large

P q.

The power amplitude also predicts unstable limit

cycles near the resonance line.

2
There is another branch of |A^| which

indicates stable limit cycles
for P >> P , but since
J
o
c

2
a,
is not in
1'

agreement, no oscillation is predicted.
For E. equal to -0.6 the results are completely different.
the resonance line for P
limit cycles.

o

> P , both |a
I
1 n
c
11

2

and

A..
1

2

Near

indicate stable

This does not agree with the exact solution.

For Pq < Pc>

i
12
|a^| has a branch which does not meet the convergence criteria and
, , 2

|AjJ

exhibits a positive amplitude near the resonance line.

Neither

of these two amplitudes exist in the same region; thus, the amplitudes
are not meaningful.

For this value of

5, the second approximation

without a^ yields an incorrect solution for limit cycles.

Second Approximation with a^
This approximation represents an extension of the approximation
used by Torlin (1966) in his example,

The values of E, used in these

examples are the same as used in the second approximation without

as

shown in Figure 5.3.
Effective Lifetime Model.

The oscillation amplitudes for the

effective lifetime model are shown in Figure 5.6.

With £ equal to -0.2
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the common amplitudes are for Pq < P£ which represents unstable limit
cycles, and with £ equal to -0.6 the conunon amplitudes are for Pq > Pc
which represents stable limit cycles.

Since the exact solution for this

model yields only stable limit cycles, the results are partially incor
rect.

This indicates that the addition of the second harmonic in reacti

vity does not improve the results of the second approximation without a^.
The approximation does reduce the region where limit cycles are predicted
to regions in the vicinity of the resonance line.
Prompt Jump Approximation.

The oscillation amplitudes for the

prompt jump approximation are shown in Figure 5.7.

For ? equal to -0.2

and -0.6, common amplitudes exist near the resonance line for
which indicates unstable limit cycles.
solution for this case.

Pq

< Pc

This agrees with the exact

The results of the reactivity amplitude are

conservative from a stability point of view while the results of the power
amplitude are in better agreement with the exact solution since unstable
limit cycles exist only near the resonance line.

Infinite Approximation
The intermediate approximations between the second approximation
and the infinite approximation are not discussed since the infinite
approximation is no more complex than the third approximation, and less
complex than the fourr
polynomial is less.

approximation in that the order of the frequency
parameter spaces for Case I, Case II and Case III

are repeated in Figur . 5.8, 5.9, and 5.10 respectively in order to
illustrate the lines of constant £ and the points for which the exact
solutions are shown.

For Case I and III, three lines, and for Case II,

Figure 5.7
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two lines of constant £ are examined for each of the neutron kinetics
models.

In Figure 5.9 for Case II, the region about the origin is

expanded in the inset.
In the graphs for Case I and II all oscillation amplitudes
resulting from positive frequencies, whether positive, negative, or
resulting from subharmonic frequencies, are shown.
the valid amplitudes are included.

In Case III, only

The amplitudes arising from subhar

monic frequencies are considered non-physical.

Smets (1965) has proven

this rigorously for the effective lifetime model.

When shown in the

graphs, the amplitudes resulting from the subharmonic are given by
dotted lines.
After the three cases are examined, the results for Case I of
the second approximation without a2> the second approximation with a2»
and the infinite approximation are plotted on the same graph for compari
son.

A complete index of the graphs for the oscillation amplitudes is

given in Table 5.1.
Case I.

Effective Lifetime.

The oscillation amplitudes are

calculated for £ values of -0.1, -0.2 and -0.6 and are shown in Figures
5.11, 5.12 and 5.13 respectively.

For the three examples near the

resonance line, a common amplitude exists for P^ > P£ which indicates
the presence of stable limit cycles.

The region of limit cycles

yielded by the exact solution is described in the section on the second
approximation and is larger than indicated by this approximation.

For

instance, in these cases limit cycles
are found for P < P < 300 Mw in
J
co
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Table 5.1
Listing of Successive Approximation Results

&

Figure

Approximation

5-2

1st

Case

Neutron
Kinetics

5

I

P.J.

Various

0nd
2 w.o.a2

I

P.J.

-0.2

5-5

0nd
2 w.o.a^

I

P.J.

-0.6

5-6

0nd
2
w'a2

I

E.L.

-0.2,-0.6

5-7

0nd
2
w"a
2

I

P.J.

-0.2,-0.6

I

E.L.

-0.1

5-12

00

I

E.L.

1

5-13

CO
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the exact solution.

2

Individually, the region predicted by |a^|

is

2
much smaller, suggesting that the predictions based on |A^| are more
realistic.
In these examples, the agreement between the oscillation ampli
tudes of the subharmonic frequencies and the calculated result is
inconsistent.

This is substantiated in other examples which indicates

that the amplitudes of the subharmonic frequencies are generally
unreliable for predicting oscillations.
As an illustration, in Figure 5.14 the angular frequencies of
the power and reactivity amplitudes for Case I, effective lifetime model,
with £ = -0.2 are plotted versus the power level.

On the plot are given

the amplitudes with their algebraic signs as well as the resonant fre
quency and the critical power level.

This frequency plot corresponds

to amplitudes shown in Figure 5.12.
Case I.

Prompt Jump.

The oscillation amplitudes with the prompt

jump approximation are calculated for the same values as for the effec
tive lifetime model, £ equal to -0.1, -0.2 and -0.6, and are shown in
Figures 5.15, 5.16 and 5.17.

In the three cases, a common amplitude

exists for Pq < P^ which indicates the presence of unstable limit cycles.
For £ equal to -0.1 the approximation predicts limit cycles over a
wide range of equilibrium power levels while for £ equal to -0.2 and
-0.6 the range becomes more restricted.

In the exact solution the

unstable limit cycles exist only for power levels very near the resonance
line, so that the results of the infinite approximation with prompt
jump kinetics overestimates the region for the existence of limit cycles.
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2

Individually, the predicitions based on |A^|

tend to be closer to'the

exact solution.
In comparing the two neutron kinetics models, for £ equal to
-0.1 and -0.2 the critical equilibrium power of the effective lifetime
model is greater than the critical power of the prompt jump approximation
which illustrates that the effective lifetime may be linearly stable when
the prompt jump approximation is not.

The situation is reversed for £

equal to -0.6.
The stable limit cycles of the effective lifetime model tend to
increase the stable operating region of the linear parameter space,
whereas the unstable limit cycles of the prompt jump approximation tend
to reduce the stable operating region.

For example, if disturbance of

25% of equilibrium power were permitted and £ was equal to -0.6, Figure
5.17, the prompt jump reactor could operate at power levels no higher
than approximately 145 Mw which is well below the critical power level
for linear stability of 183 Mw.

The effective lifetime reactor could

operate at approximately 170 Mw, Figure 5-13, if the oscillations could
be tolerated.

If not, reactor operation would be limited to 161 Mw,

the critical power level.
Case II.

Effective Lifetime.

The oscillation amplitudes for

this model are shown in Figures 5.18 and 5.19 for £ values of -0.1 and
0.2 which are in the second and first quadrants respectively.

In

both graphs, the common amplitudes exist for Pq > Pc and indicate stable
limit cycles which agrees with the exact solution.

The limit cycles

are predicted for a region very near to the resonance line.
exact solution limit cycles are found for P

< P

In the

< 15 Mw with £ equal
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to -0.1 and for Pq >
evident that |A.J

2

for £ equal to 0.2.

From the graphs it is

2
yields a more accurate result than |a^| with

2
|a^| being very restrictive.

The results found in the first quadrant

are similar to those found in the second quadrant for the values of £
examined.
Case II.

Prompt Jump.

The examples for the prompt approximation,

Case II, are shown in Figures 5.20 and 5.21 for £ values of -0.1 and 0.2
respectively.

In the second quadrant for £ equals -0.1, the common

amplitude is for Pq > P^ and indicates stable limit cycles.

The region

is restricted to the vicinity of the resonance line with the reactivity
amplitude being the more conservative.

In the first quadrant an unusual

type of conditional stability is possible (Meenan and Hetrick 1966) in
that a line of constant £ may intersect the hyperbolic resonance line
twice, yielding two critical power levels.

The amplitudes shown in

Figure 5.21 indicate that stable limit cycles exist near each critical
power level.

This is in agreement with the exact solution.

In this example, the power amplitude is more restrictive than
the reactivity amplitude which is the opposite of the previous examples.
At some point for a smaller positive value of E,, the amplitude plots
should connect the critical power levels.
Case III.

Effective Lifetime.

The oscillation amplitudes are

calculated for £ values of -0.2, -15 and 11 and are shown in Figure 5.22.
Only the positive amplitudes of the fundamental frequencies are included.
All examples
have common areas near the resonance line for P
r

o

> P which
c

indicates stable limit cycles and agrees with the exact solution.

The

reactivity amplitude is again more restrictive than the power amplitude
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with the power amplitude being the more accurate solution.

However, for £=

-0.2 the power amplitude is not a restrictive solution since limit cycles
are predicted to the left of Shotkin's line which corresponds to a

Pq greater than 2.8 x 10"* kw/liter in the second quadrant.
Case III.

Prompt Jump.

The examples of this case are for £

values of -0.2, -4 and -15 and are shown in Figure 5.23 where only the
positive amplitudes from the fundamental frequencies are included.

In

all cases the amplitudes describe unstable limit cycles near the resonance
line since

< P^.

The reactivity amplitude is more restrictive than

the power amplitude in these cases.
Comparing the results of the two neutron kinetics models
indicates that higher nonlinearly stable power levels are permitted
with the prompt jump approximation than with the effective lifetime
model.

For example with £ equal to -15, the power level in the effective

lifetime model, Figure 5.22, is restricted to 1.035 x 10"* kw/liter
while stable operation is permitted with the prompt jump approximation
to 3.8 x 10"* kw/liter.

In a practical sense, these power levels do

not represent constraints on the system as nuclear reactors generally
operate at pov/er levels below 10

3

kw/liter.

The physical restrictions for the thermionic reactor are discussed
later.

Comparison of Approximations
In Figures 5.24 and 5.25, the results of the second approximation
with and without a^ and the infinite approximation are compared for
Case I of the effective lifetime model and the prompt jump approximation.
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Figure 5.24 illustrates the comparison of power amplitudes of
the approximations for the effective lifetime model.

The second approxi

mation without a.^ and the infinite approximation agree with the exact
solution while the second approximation with a^ for £ equal to -0.2 is
incorrect.
Figure 5.25 shows the comparison of reactivity amplitudes of the
approximations for the prompt jump approximation.

The second approxima

tion with a2 and the infinite approximation agree with the exact solution
while for this case the second approximation without a^ for £ equal to
-0.6 is incorrect.
These four examples are representative of the pattern of results
yielded by the various approximations.

The first approximation and the

second approximation with and without a^ produce valid results in some
examples and invalid results in others.

Also, the lower approximations,

in general, tend to predict larger regions in the parameter space for
the existence of limit cycles than exist in the exact solution.
The infinite approximation in all of the examples of the cases
examined produces valid results in the neighborhood of the resonance
line, and, as opposed to the lower approximations, yields results which
are generally conservative from a stability view point.

The predicted

regions of stable limit cycles tend to be smaller than the exact solution
while the regions of unstable limit cycles tend to be larger than the
exact solution.

Exact Solutions
The exact solutions were determined by analog and digital computer
computation.

The analog facility in the Department of Nuclear Engineering

107
at The University of Arizona was used to simulate the system equations.
The equations and the programs are given in Appendix D.
A digital computer program, DIFEQN, was written to check on the
analog solutions and also to solve for solutions which were not within
the range capability of the analog computer.
Appendix E.

DIFEQN is described in

The CDC 6400 digital computer at The University of Arizona's

Computer Center was used to perform the digital computation.
The exact solutions are presented in a power-temperature state
space with time as a parameter and the temperature being that of region
one.

The plots represent the projection of a three dimensional trajec

tory onto the power region-one-temperature plane.
is the temperature of region two.

The third dimension

The initial conditions for the tempera

tures and power were selected to illustrate typical trajectories in the
state space.

The initial conditions for the power and temperature of

region one can be obtained from the plots.

There are also two examples

of finite escape time solutions which are given as the time response of
the power.

The examples are summarized in Table 5.2 and the points in

the parameter spaces corresponding to the examples are shown in Figures
5.8, 5.9 and 5.10.

Point K is shown in Figure 5.37.

The phase plane for the system of equations is characterized by
equilibrium points at shutdown, i.e., zero power and zero temperatures,
and at the operating point.

In this study, for simplicity, the tempera

ture axis was translated to the operating equilibrium point.

In all of

the examples the shutdown equilibrium point is a saddle point.
operating equilibrium point exhibits a variety of solutions.

The
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Table 5.2
Summary of the Exact Solutions Presented for
the Various Cases

*

Figure

Neutron
Kinetics

Case
•

Parameter
Space
Location

Type Solution

5.26

I

E.L.

A

Stable Focus

5.27

I

E.L.

B

Stable Limit Cycle

5.28

I

E.L.

C

Finite Escape Time

5.29

I

P.J.

D

Stable Focus

5.30

I

P.J.

E

Unstable Limit Cycle

5.31

I

P.J.

E

"Finite Escape Time"

5.32

II

E.L.

F

Stable Focus

5.33

II

E.L.

G

Stable Limit Cycle

5.34

II

P.J.

H

Stable Limit Cycle

5.35

III

E.L.

I

Stable Focus

5.36

III

E.L.

J

Stable Limit Cycle

5.38

III

P.J.

K

Stable Node

E.L.:

Effective Lifetime Kinetics

P.J.:

Prompt Jump Approximation
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The examples illustrate that both stable and unstable limit
cycles are possible with delayed neutrons while only stable limit cycles
exist without delayed neutrons.

Case I
Two phase planes for Case I with effective lifetime kinetics are •
given in Figures 5.26 and 5.27.

The figures are for the same value of £

but with different equilibrium power levels.

For PQ <

the operating

equilibrium point is a stable focus as shown in Figure 5.26.

There

is a separatrix which connects the shutdown and operating equilibrium
points.

For Pq > Pc> the operating equilibrium point is unstable and

a stable limit cycle is present.

The separatrix from the shutdown

equilibrium point now converges to the limit cycle.
An example of a finite escape time solution for Case I is given
in Figure 5.28.

The figure illustrates that for a sufficiently large

disturbance the power diverges at a finite time which is dependent upon
the initial disturbance.
Two phase planes for Case I with prompt jump kinetics are given
in Figure 5.29 and 5.30.

Both figures are for the same £ AND for Pq<

P .

The operating equilibrium points are stable; however, close to the reson
ance line an unstable limit cycle exists which is shown in Figure 5.30.
The separatrix from the shutdown equilibrium point diverges in both
phase^jTlanes because of p approaching

1.

However, for a sufficiently

small operating equilibrium power level and appropriate initial conditions,
the separatrix would connect the shutdown and operating equilibrium points.
The time response of the power for three disturbances is given in Figure
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5.31 for the same parameters used in Figure 5.30.

The top two graphs

are outside the unstable limit cycle while the bottom graph is inside
the limit cycle.

Case II
Figures 5.32 and 5.33 are phase planes for Case II with effective
lifetime kinetics for Pq <

and P^ > P^ respectively.

The graphs are

qualitatively the same as the corresponding examples in Case I.
The results for the prompt jump approximations as shown in
Figure 5.34 are completely different than the prompt jump results in
Case I.

The operating equilibrium point for this power level is unstable

and a stable limit cycle is present.

Also the separatrix from the shut

down equilibrium point converges to the limit cycle.

Case III
Figures 5.35 and 5.36 are phase planes for Case III with effective
lifetime kinetics for P < P and P > P respectively.
J
o
c
o
c

The results are

qualitatively the same as for corresponding examples in the other two
cases.

The shutdown equilibrium point is not included in the graphs.
The prompt jump approximation phase plane for this case is

discussed in the next section.

Thermionic Reactor System Stability
The temperature equations describing the thermionic reactor
system are discussed in Chapter III.

The prompt jump approximation is

used for the neutron kinetics in this analysis.

The possible range of

116

366-

|218.5"

0.0

20
Time

(Seconds)

u

<D

0.0

20
Time

0.0

20
Time

Figure 5.31

40
(Seconds)

40
(Seconds)

Time Response for Various Power Disturbances, Case I with
Prompt Jump Kinetics; £ = -0.2, Pq = 183 Mw.

117

12.0--

9.0

6.0

3.0

-6.0

Figure 5.32

0.0

6.0

12.0

Phase Plane for Case II with Effective Lifetime Kinetics;
£ = -0.1, PQ = 3.0 Mw.

118

18.0

13.5

9.0--

4.5-

-1.8

Figure 5.33

0.0

1.8

3.6

Phase Plane for Case II with Effective Lifetime Kinetics;
£ = -0.1, P = 4.5 Mw.
o

119

63.0-

50.4-

37.8-

12.6-

0.0

252
Temperature x 10"^

Figure 5.34

5.04
(°C)

Phase Plane for Case II with Prompt Jump Kinetics
K = 0.2, P = 6.3 Mw.
o

7.56

120

42.0-

31.5

o

10.5-

-4.0

-2.0

0.0
Temperature :c 10"^

Figure 5.35

2.0
(°C)

Phase Plane for Case III with Effective Lifetime Kinetics;
£ = -15, Pq = 5.25 x 10 kw/£.

121

84-

o

2.0

0.0
Temperature x 10*"^

Figure 5.36

(°C)

Phase Plane for Case III with Effective Lifetime
Kinetics^ E, = -15 j PQ = 1.05 x 105 kw/2..

122
values for the time constants and heat capacities of the system have
been calculated elsewhere (Brehm, Hetrick and Schmidt 1969).

The

limits on the thermal constants are specified by the dimensions of the
converters and the thermal properties of the various materials.
nuclear constants, \ and

The

3, are determined by the particular fissile

fuel used as the heat source.

The constants used in Case III correspond

to a specific converter design and fissile fuel.
The parameters varied in this study are the equilibrium power
level and the feedback coefficients.

The equilibrium power level depends

upon the material properties of the fuel and the rate of heat transfer
out of the converter.

The prompt feedback coefficient is largely deter

mined by the fuel, its enrichment and the flux spectrum in the reactor.
The delayed coefficient is in general determined by the structure and/or
coolant of the reactor.

The range in value of both the prompt and

delayed feedbacks are from 10

to -10

/°C.

By imposing these limits

on the feedback coefficients fo the reactor, the region in the parameter
space is greatly reduced over that shown in Figure 5.10.

The stability

analysis of the thermionic reactor system is restricted to this physically
meaningful region which is shown in Figure 5.37.
because the ratio

^2^3

aPPears

The region is narrow

the definition of y.

The linear

stability requirements are governed solely by the zero power coefficient
line, the slant line in Figure 5.37, (Brehm, 1968) in that the resonance
line does not enter the region.
region as unconditionally stable.

Hence, for the linear system the entire
It is noted that because of the zero

power coefficient line the limit for positive prompt feedback is
approximately 0.63 x 10~6

/°C rather than 10~5 /°C.
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The nonlinear system is asymptotically stable by Welton's
criterion in part of the region in the first quadrant and in all of the
region in the fourth quadrant.

The remainder of the region in the

first quadrant has bounded solutions which also may be asymptotically
stable.

The second quadrant admits the possibility of finite escape

time solutions.

To explore this possibility, the stability of a reactor

system was analyzed having the limiting values of the parameters; that
is, the largest positive prompt feedback with the corresponding smallest
negative delayed coefficient.

The location in the parameter space,

Figure 5.37, for this example is identified by point K.

The phase plane

for the example is shown in Figure 5.38 with the power plotted as the
relative power.

The solution is a stable node with power disturbances

of at least 100 percent of the equilibrium power level, illustrating that
the thermionic reactor system may be very stable.

CHAPTER VI

CONCLUSIONS

In this study the Fourier series method of predicting the
amplitudes of the power and reactivity oscillations in nuclear reactor
systems is simplified and extended.

Higher harmonics are considered in

both the forward and feedback loops, and the infinite-order successive
approximation is found.

The highest approximation may also be derived

by direct series methods.
The results of the Fourier series method are compared with
exact solutions of the system equations.

Accurate prediction of limit

cycles by Fourier series is possible when the infinite-order approxima
tion is used.
some cases.

Lower-order approximations yield incorrect results in

The method is restricted to describing small amplitude

limit cycles near the critical power level (the threshold of linear
instability).

It is concluded that small-amplitude limit cycles exist

only when both the reactivity and power amplitude predict their presence.
An important extension of this work would be to relax the restriction
of the method to small amplitude limit cycles.

This would permit complete

description of the regions in the parameter space for nonlinear stability.
In general, direct analytical determination of oscillatory
regions in the parameter space is not possible, because the oscillation
frequency is obtained from the numerical solution of a high-degree
polynomial corresponding to a single point in the parameter space.
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real frequency must then be tested in formulas for reactivity and power
amplitudes.

Using this procedure, the Fourier series method is able to

examine a large number of cases for oscillatory solutions much quicker
than numerical integration schemes of the exact equations.
A linear transformation is derived for decoupling the most
general coupled heat-transfer equations for two regions, and the relation
ship between the resulting canonical variables and the original physical
variables is given.

A special set of two-region equations for a nuclear

reactor with in-core thermionic converters is discussed.
The prompt jump approximation is compared with the effective
lifetime model for neutron kinetics.

The effective lifetime model can

be considered a simplification of the prompt jump approximation, yet
it is not as restrictive in ; ' ' cases for linear stability.
There are significant, differences in the two models for nonlinear
stability, because the effective lifetime model predicts stable limit
cycles only, while the prompt jump approximation yields both stable and
unstable limit cycles.

These results are predicted by the successive

approximations and verified by solution of the exact equations.

There

are also important differences in the trajectories between shutdown and
operating equilibrium power levels.

For the same parameters, the effec

tive lifetime model may exhibit a separatrix connecting the two equili
brium points, while the prompt jump approximation may or may not exhibit
such a trajectory.

The power may diverge before reaching operating con

ditions, indicating that external control would be required during
startup of the reactor.

The prompt jump approximation is shown to be

in close agreement with the standard second order neutron kinetics equations.

127
These results apply to any two-region lumped-parameter feedback
model in the sense that all two-region models are equivalent under linear
transformation.

The parameter space used in this study is, in that sense,

applicable to any two-region model provided the matrix of inverse time
constants is non-singular and has real and distinct eigenvalues.
The thermionic reactor model which is an example of a two-region
model is analyzed for stability using physically meaningful parameters.
The exact solutions indicate that the thermionic reactor system may be
very stable for a wide range of parameters,

APPENDIX A

FORMULAS FOR POWER AND REACTIVITY AMPLITUDES

This appendix contains a summary of the iterative solutions
for power arid reactivity'amplitudes resulting from various successive
approximations.

The intermediate approximations between the third

approximation and the infinite approximation are not listed.

First Approximation
Reactivity
Ux|2

1 + Z1H1

P 2
o

2 Z1H1 [Z.,
- H
1 ll 1
o

1]

ReZ
1

Power
„
IA

|2

1

^

1 + ZiHi
1 X

2Z-HJ-H "1 -H _1] ReZ "1
1 1 1
o
1

Second Approximation with A^ Only
Reactivity

aj2
P 2
o

1 +
ZnH [2(Z -H "1)ReZ1 - ZZ ]
ll
lo
1
12
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Power
,2
* l'

u

„ „ r
11

"I . „ "Is „ „ "I
+ H
) ReZ,
+ II -Z_]
1
o
1
-± I

Z,U. [-2(1-1,

Second Approximation with A^ and
Reactivity

I AX I 2

1+VL

P 2
o

Z,UA2(Z-ll *1)ReZ1 - Z.Z (1-Z H )]
11
lo
1
1 2.
-1 I

Power

I A,|2 =

1+ZlHl

Z1H1[-2(H1~1 + Hq ^ReZj^ ^H^Z^l+I-I^""1^)]

Third Approximation
Reactivity

l a il

2

1+z a

PO2

Z^U^-H/BI^-Z^A-Z^)
(1-Z2H2)J

Power

9
|AX|2

1+Z.H1
-

1 1

Z1H1l-2(H1~1+Ho"1)ReZ1~1+H_;LZ2U+H_:1~:lH2)(l-Z2H2)]

130
Infinite Approximation
Reactivity

2

I I
I"!I
Po2

1 + Z

i H1
i
1

Z1H1[2(Zl-Ho-1)EeZ1-Z1Z2(l-2_1H2)(l+Z2H2)-1)

Power
0

|Aj2

1 + Z,H.
1 1

Z1B1[-2(H1"1+Ho"1)ReZ1"1+H_1Z2(l+H_1"1H2)(l+Z2H2)"1J

APPENDIX B

LINEAR STABILITY COMPARISON OF PROMPT JUMP
NEUTRON KINETICS WITH SECOND
ORDER NEUTRON KINETICS

In this appendix, the Routh array for the second order neutron
kinetics equations is calculated in order to examine the validity of
the stability boundaries in the parameter space resulting from prompt
jump neutron kinetics.
The transfer function for the second order kinetics equations,
equations 3-4 and 3-5, is given by
P

Z(s) =

(s + X)
r£s(s + A + I*)
5

(B-l)

which is simplified for the purposes of illustration to
P (s + X)
Z(s) = -2
—

(B-2)

ls(s + -)

3/£>>X is a good approximation in general.
Using H(s) from equation 4-5, the characteristic equation
becomes
D(s) = s^ + ( n ^ n ^ |-)s 3 +[n 1 n 3 + f( K + n 1 +n 3 ) ]s 2 +

+|tn1n3+K( x +0]s +|KX ?

(B-3)

This approaches D(s) for prompt jump kinetics, equation 4-9, for very
large 3/£.
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The Routh array yields four inequalities which must be sat
isfied for linear stability.

nl+n3 +!>0

(•|-)2[K+n1+n3]+

»-*>

[(K+n^Hg)(n-L+n3)-K(A+c)]+n1n3(n1+n3)>0
(B-5)

(|) 2 [(K+n 1 +n 3 )(n 1 n 3 +KA+K5)-KX5]+ (f)U(n 1 +n 3 ) 2 +

+ K(n 1 +n 3 -A-5)][n 1 n 3 +K(x+0]-2ia5(n 1 +n 3 )} +

+

[ (n 1 n 3 ) 2 +Kn 1 n 3 (X+5) -KX£(n 1 +n 3 )] >0

f (KA?)>0

(B-6)

(B-7)

The first condition is always true since all the quantities
are inherently positive.

When 3/& is very large the other three con

ditions approach the Routh conditions given for the prompt jump approx
imation in equations 4-10, 4-11, and 4-12.

Had equation B-l been used

instead of B-2, the result as $/£, becomes very large would be the same.
The last condition is identical to the requirement for a negative
steady-state power coefficient and corresponds directly to one of the
prompt jump conditions.
The effect on the hyperbolic resonance line is readily seen by
examining the asymptotes of the hyperbola.

Using x and y, the asymptotes
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are

(B-8)
X

y = -

(B-9)

Equation B-8 corresponds to the vertical asymptote of the prompt
jump approximation, equation 4-19, and also admits the possibility of
entering the first quadrant of the parameter space.
very slight.

The changes are

The x coordinate intercepts are almost exact and the

vertical asymptote now has a slope of approximately &/l rather than an
infinite slope.
The correspondence between the prompt jump approximation and
the second order neutron kinetics equations is very close.

By compari

son, the correspondence between the prompt jump approximation and
effective lifetime kinetics is very poor.

APPENDIX C

FREAt'IP PROGRAM

FREAMP is a digital computer program designed to analyze the
various approximations for the frequencies and amplitudes of oscil
lations. The program is composed of the main program and subroutines
CHECK and DPROOT.
The calculation of the frequency and amplitude for all of the
cases examined involves the same basic steps which are outlined here
as an example.
Substitution of the forward and feedback loop transfer
functions into a given approximateion (as listed in Appendix A)
results in an expression of the following form

I^ _
l1

a
c
e
g

+
+
+
+

ib
id
if
ih

(C-l)

Where a, b,...g, h are frequency dependent polynomials.

By algebra,

equation C-l is put into the form

|a1i2 = U(w2) + i V(u)2)

(C-2)

For the amplitude to be real, the imaginary component, V, in
equation C~2 must be zero.
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V if? a polynomial of the form

V = V llto2n + V <o2(n
n+1
n

+ ••• + V a)2 + V,
2
1

(C-3)

which is factored numerically for the roots by subroutine DPROOT.
The positive real roots of equation C-3 are substituted into
the real part of equation C-2,

l a j 2 = U(w 2 ).

(C-A)

Of the resulting amplitudes, only the positive values are
meaningful.

Main Program
The main program is used for the input and output of the
program and for calculating the coefficients of the imaginary frequency
polynomial and the amplitude squared of the reactivity or power.
The input is read in using 8D10.3 format and is listed below.
All variables in the program are double precision variables.

Double

precision is required to insure accuracy in the factoring of the
frequency polynomial.
Card 1
N

-

order of polynomial in 12.
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Card 2
lambda, delayed neutron decay constant

XL
T1

-

reciprocal time constant, heat out of region one

T2

-

reciprocal time constant, heat into region two
reciprocal time constant, heat out of region two

T3
BETA

-

delayed neutron fraction
reciprocal heat capacity of the fuel

B1
XI

-

ALPHI

-

a constant
prompt reactivity coefficient

Card 3
PWRERF -

reference equilibrium power

DELT

change in x for next calculation

-

The main program calculates the coordinates of the reference
point in the parameter space and then prints out all of the parameters
and the reference values to identify the data.
Constant values of £ correspond to radial lines through the
origin in the parameter space.

For a given c,, the program starts at

some point on the line, and solves for the coefficients of the
frequency polynomial.

DPROOT is called to factor the polynomial and

return the roots to the main program.
amplitudes, denoted AA.

The roots are used to find the

The output consists of the location in the

parameter space, the equilibrium power level, the frequency roots and
the resulting amplitudes.
the results.

Hollerith statements provide headings for

Then x is increased by DELT, y is increased accordingly,
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and the procedure is repeated for a different power level.
There is a test in the program to check for the critical power
level, PWRC, occurring when a radial line crosses a resonance line.
The resonance frequency of the fundamental is calculated from GH and
printed out to serve as a check on the factoring of the frequency
polynomial and to identify the fundamental amplitude.

Subroutine CHECK
CHECK finds the intersections of £ with the resonance hyperbola.
The critical coordinates are XC(I) and YC(I).

The resonance frequency,

OMEGS(I), is calculated for each intersection.

Subroutine DPROOT
DPROOT is a double precision version of PROOT and was written
by Shapiro (1965) using a method developed by Vordan at LASL.
finds all the roots of a polynomial with real coefficients.

PROOT

The routine

converges simultaneously towards a linear and a quadratic factor by
Newton's and Bairstow's methods respectively.
The input required from the main program is
N

-

order of polynomial

A(I)

-

coefficients of the polynomial

NPLUS2

-

dimension of arrays

NR

-

check variable for zero values of A(N + 1)

The roots are returned to the main program in the form
U(I) + i V(I) where U and V are one dimensional arrays of N elements.
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The convergence criterion is set at 5.D - 20 and if the
polynomial has not converged after a prescribed number of tries the
convergence criterion is relaxed.
A simplified flow chart is shown in Figure C.l and a listing
of the program follows.

START

READ IN
DATA

CALL
DPROOT

CALCULATE
REFERENCE
PARAMETERS

/ Xth \
ROOT REAL
SAND POSI-o
\TIVE/
YES

.PRINT ALL
\PARAMETERS

CALCULATE
Ith
AMPLITUDE

CALL
CHECK

PRINT FREvQUENCY
\ROOTS AND,
\ AMPLI\ TUDES /

INCREMENT

RESONANCE
< LINE? ,

RESET ORDER
OF POLYNOMIAL
IF NECESSARY

YES

SET PARA
METERS EQUAL
TO CRITICAL
VALUES

NO

LAST
DATA
.DECK?

NO
YES

CALCULATE
COEFFICIENTS
OF POLYNOMIAT

Figure C.l

Flow Chart for FREAMP.

NO
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PRO OR A;' I-P. F: AR I'

( lWi'l.'T

TUUT-MJT )

COMMON /A/ XC( 2 ), Yd 2 ) ,I>'JGS( ? ),/V, Xi
CnKMI.j'I /;</ 1 1, T 3, T S , T P , X , Y , :<L , KK , X Y , r
COMMIT /C/ :-j, At 32 ) ,u(32 ), v( 3 ? ), ;plu S ;, mp
OCIUBLf
CG f -'» G, GO ,U, A, V, T, T2S, T 3S, XX,T<., Ti' ,T- , AN

f CN,C
, l)N • E!'i» F ,on
PN,
J AD, PP, Cb, f.< D I r:f) I Pi,. ,GO,!iL: , PP>, vl.),RD, A i , A3, A A , T 1

, T 3 ,X L , PELT X

*, I; i;t- TY , X, Y| P, IV, T 'iI'I I ? i' R T 3 P t
PP,RP,SU, SU,

» x r,I',p ,CP , UP , E P ,FP,CP ,HP ,

*T PP, V. P T XP ,YP , 7P, HF , nr , PF , OF ,P P , IT ,Ut- ,WF , XF , Yi" ,ZF , VF , ST
, CP, XS, XY, A2
* , A4, AP, UP , SP,I IP , './ P , AF , HF , CF ,!'• F , b (- ,FF ,SF , XC , X S S ,0M F C S , X

CELT,S
*,T2,X?', h f: L T » PWRFP r f CWPF , PiVRC , AL1 , A L P H 2 , XRF , YKF , YC , Y5,
S,DETA, X I ,
C

C
c

C

IMF 11\ I T L APP' i U X l M A T IiH 1 'MCI-'' D 1 G TIE SLCG-'iO MArTiG'-llC
TWO T E M P E r U T U ^ i l T H - r l i l l H C H c ; 4 l T ' ^ ^ F r ^ ?!.JOfcL
p p c •• p t j u m p " i F E U T P C f - i i U K C T I C S
PCWSR A v P L 1T U D I: S 3 U . v U - 0
Kb Al)
VO FORMAT {i2)

5? READ lI> 1 » XL i T I , T 2 , T 31 •* cTA , '< !, v I , AL?ii I , P>.^.E'<F
•51 FORMAT ( h -j 1 G. )

LT

IF(XL) 6<-,
, Sb
55 fiPLUS 2 = .M-2
X = 0.0

Y = 0 .0
KC = 0

1 = 1
T S = T 1 +1 3
TP = Tl-13
X N = ( X i- T -1) / T 3
XI'F = A L P H 1
1 *'• P /.

/ f' i. T A

YPF = XM*XfAL Pi 12 = YRF*T.3*f ETA/( T2-L 1-Pv.RtIRf )
PR Iil 32, T l,T>,Ti
3? F0.-5MAT ( 1HI » H,/ 1 8hT I v:£ Cu.STA ; T L ^ 1)11.3,10X1 31 iT I
NSTAr.T 2 -- L.
*11.3, 1 V. Li-.in VTI CP-,ST.«.'-iT 3 = 011.3)

CO

PRINT °.'T, M_P';1 , M.PI-12, P,.RP,T
34 F C r<v A T ( / 3<9h.\LPhAl = D 1 1. 3 , 1 0 < t: \ L y'nA ?. = LU I.3. KX'3Ch
i'. t:F5 KF''CL
I L I ;.-P U.: PCi:,
= C 11.3)
PRI-'-iT 33, .r: T A , Cl, XL, :< I
33 Fl.'
i\ T (/ X 71 •' c T A = 0 L 1. < , 1 ,)\".HC, 1 = L 1 1.3 , 1 0 A 9hL A 'BO A
= D1 1.3 , i 3X5
*HXI = 1" 1 1.3)

PP. PiT

i

X IF , Yir

35 f 0%•••••'4 T i/j \ i irA^F.-.IF ICE
1.3)
CALL CV'tC- 1 -

= [ill. 1,1 )X1 ifYx.-Fc VI'.C. = U1
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CO 6 0 J J =1,5;':
Y = Y +[i A f; o( X )*!.)£ L T
X = X + X r-, U £ I. T / D A b -r.( X'i )
PUKE « X =•'ol T A /( AL PI! I * b 1 )
13 P f ; 1 '•] T 3 0
30 HC-RXAT ( /// 1 OX ,3 1 r .l .OCA I 1 ti 'i l-'-i TIC P A R A.'-'F TrR SPAC.i )
I r( D A B S( X - X C( I ) )-DI:LT )44,*4,43
44 IF|\!C)'i!5,-'I5,'I6
A l j XSi = X
YSS = Y
Y = YCU)
X = X C( I )
NC = 1
PWRC = X C( t) =': t • c T A /( \ L ? H 1 =!• i"j 1 )
PR 1 .''-IT A I, X ,Y ,LiLGS( 1 ), P i'iC
A 7 I-OR MAT ( 1 X A i- i X = 1)11. 3. 5X4HY = 011.3,1 'JX19H *bOT CHECK
VALUE = U1A.
*7, 10 X 17 ri C I T 1C A L P Lil "< = 1)11.3)
GO TC 62
A 6 Y = Y S S + D A P S { X ) v 0 £I T
X - X S S < X v.*f)£IT / D A b S( X *•:)
Pi:RE = XiJS£ T A /( AL P h 1 * £•1 )
1 =

2

\C = 0
AC CL .\T 1 ••:£• r
PR 1:JT 61, X,Y, Pl'.R:;
61 P I.P.•NAT ( ltiXAHX = Oil. 3,5X4HY = £<11. 3,1 3 X 2 0H £ £ U I L I r)I U
pc* ER = jn

*. 3)
(>? T 2 5 - T1*F 1 + 1 3=M 3
r 3 s = T 1* * 3 + T 3 * * 3
T = X L * 1 J * ( X -t-Y )
TN. = X*XL + TP
XX = X X L
XS = X X L H 3* ( X + Y )
XY = T3*{X+Y )
AP = 7 S + X
BP
TP + XS
CP = ( - ( X L + T S ) )
HP = T P + X L T S
( - ( X L «I P ) )
£P
F P = A . L i * ( X + Ti )
2. c * ( < x + x Y R r p )
CP
HP = ,* P + U P
n>° + AP vC P + u P
CP
PP = TPTAP*DP + CPVCR'
CP = A F • C P ^ C<
PI T*
po- L;J+ r*!;p
RP
SP
T *£r'
UP
XV
VP = X * I =
?.. U V XY V I P - - X * T P
>•: r
-

-

-

-

(((r.v* (>.;•,) ;)•".j > *(•>. \ jn + \?)*(, )"it •. i)* (.>•/,)

= iv

1 . 1 ci L { {
)fi) J I
4
'
•.L .1 C ••L (( KM ) A)J I
1
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(S^nni11oAv ': Li 1 1V111

=v> ; c, L no

,1//) i 'v ;i c • J • K.

I€
( l * vi (j 4 ] + - \c

1

(: 4 1 = ! 4 ( I
;;

HJL

d.i S

I ;J d

i

i•«y- > 1VK\' ij vs
) A 4 ( I JN) 4 VI-LM .'ID

i L-O^'dG
(iv i\T!'-:Aictc<

J

llv'J

»

Gd*iJv-'< ;i*av
!.v-!..d«3R +:>.0*G?
iw
nj^'SC-ClC^'.-'r-GH^i'V -l::l o+
•i d $!•;:i - a'}*' o-G H *: j >] - Oil * • • v -!: i *a a +v L G'j+Mi«ay+K'c)«ov
tl J
3
MH*•Mo-od*v;!-(i>j•i\v-1- d•nr3+r•.o•nc+"•;H«Qo+:.d•a•J + r«;v•(?v
-GH $''0-^d«:v"-utr.*ru-R .-osa? +' H*Ga + , ;D* : ID + VC*:J '-?
GI -I^k' r;-cd* • o-(i y*i;o -;• i •):? ci 3+.J « a :J H- • b* n o

v. 11 i v. d
= (6)v
= I ?)v
= t /)v
= (°)v
• "i n A V 0-

= (<; )v
= t v)v
= (nv

G D * V £ - <J LI * (•: G -!; D «;34 + \<r * U G = MV
CC'*\'3-;.->.:*G3 = (T)TF
jn := <J S + J ^H f!
(( c!S *0 * c + dd«dc+dC* d*'+ 1* rl«J )- )
d:i«CI*b + d3*dd + dO*dn4 i* c ! H
(( dL-*G*" + dJ*dlM-d c J)-)

=
=
=
=

\'}J
Nd
\'H
U9

rg = N;d
dS*L = V3

( ( <U#DR + c4< J*«J> l+.UCO)-) = F-CQ
d *«0 * ?+ d -.1* d *'+ d0* d d + 1•u i J

= \3

< (.M*;],,,Hd-lt!tcj>d|)^i|+ n-) »
«J4*(l*3-»d:l
d i I # d G + d d:.l 3
( (dd* dO+dO*dC I J!i* liH :kl*-.r/+ ( dC*dAH*dX )*0'2)-)
-J3*-f0+d j*d<nj0*jw( i' A *0 " S * <- d c Y + d? d M + 1 -I- d A )*G'7.
(( rl-* -JV+( df
+«!J* d A+ dO* dH ) * ? )-)
d n« '.J *') I
•Jd^dfJ
(( d0•d(!+ H H « d 0+ d d « d n + o' A•i•(J •? )-)
J?* HG+ dd«J0+ Jl'«.i'J+ JH•:J V +( c .-J •:< d A + dO* d X + i*d )*n * L'
( ( -l3*d"!td:J*.JV +( d >' V't * fi ^ d d d '' 4 d0 d A 4 X d fl ) (J ?. )- )
{ . ' j*

((( U 1 X

ZVT

Lr-

d d -•:= d n )* n • z

Vi)

= KV
— G (i
= Od
= OH

=
=
=
=
=
=

fJD
:Jd
G3
Cirj
G3
OR

= o v

( (.Ui-:="1X)-) =
V I-IX* ix*yx )* A X )- ) =
{TX*XX*Q•d-1 )AAX =
( AX*'J* ?+XX )*AX =
AX*>:*n»z =
(( di=? A\'«G • Z )- ) =
{( d U X + S 1 AX)-) AX^ CI* G-S.I^ X ^-]* 1 / =
5c*T^ =
dl + c!l-:-AM-:-.G * ~<Z
j L -I- (! L A X — d i* d i * X =

Jd
-lid
J9
J.1
jj
dG
JD

JY
-IV
dA
dX
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A3 = Fn-tut«<K »<-(ni'MU(K.;< ) * ( C . ' ; H I ( K K ) * { R U + U ( K K ) * A O » ) )
A A = ( - C A Y Ai/ A 3 ) )

C

PRI.Y! r> 6 i A A
06 r OR
T ( ? •) X r b 11A A = ,011.3)
l'\> COM 1 ij'lt
RESET GfUJtR OF P0 L Y i jG '-I I A I. TO REA 0 1 X V A L U L
92 I F ( * K I « ? O , - J O ,

n

I F CHANGED

90 N = N+L
NR = MR + 1
GU TO 92

9 1 COM IK 1.1 L
60 COMIXUO
GL TO ri 2
64 CONTINUE
F.ND

SUGROUT IF: CHECK
CFJI''-MFLN / « / XC ( 2 ) , Y C < 2 ) . O M H C S T 2 ) , X - , X I
CO' MGi , /U/ T I, T 3,TS, TP, X, Y, XL ,KK , XY,T
DUUTTLE 7 1 » T .5, X L » * , Y * A ^ , BP » C? , 1 0 U T,OMLOS,A , U , V
^ , X C T Y C » X LI 3 I A ' I 1 S > T P T X Y , F
A P --- X L + X I
HP = TPH i J - X I. + T S X I - X L * X I
CP = TP*TS
ROCT = T>P*HP-A.[)* AP*CP
I F ('"-I GOT )1,), 1.2, 12
12 XC T 1 )'= (-UPTCSQIUUCJ'JT) )/( ?.(J* V>)
XC( 2 > - { -HP-CSW!"'.T('ULOT ))/(2.D* AP )
IF (OARS(XM 1 )+XC( 2 )
S( XC ( 2 ) ) ) 14,13,13
1A XC( 1 ) = XC(2)
13 CO 11 1=1,2
YC( I ) - XM*XC( I )
11 UV.L G5I( I ) - XL*T3*( XC( I )+YC( I ))/( 1 S + XC( I ) )
10 PETUP'I
r'\C

SUC.XGUT I>:» PPilCGT
13 1 W f=S I U •
H( 32) ,r.(32 ) ,C< 32)
/r;/
,.\( 32 ) ,0( 32 ) , V ( 32 ) , ;PLUS2 , XX
DCiUiSL!: A, ijyV , H ^ , C » C O 'IV , f » , i _ ' , r » , C i" h, ' » L' ,; j P , P- 1

* » X ,Y
C C • V - 1.L - 3'>
r i •= I
NC = >i+ 1
CSEIXO C C i- F t~-1 C I I T S TC. rrEPOC-D C> /C FF 1 C I

CC'L 1 = 1 , \ C
0 ( 1 )

= M! [ )

1 C O M i X' i

::

:T IFOUGE
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CCIM-r.K

CN lii'<CE's UF l>OI YN(JM Al. READ 1 \l A ID CHAN;",!: It' ^FCrSSAR
V

o'? I F ( hi ( ,L ) ) o 0 t c L f 3 'J
U1 f\ C = :'J
N = i\- 1

;IR=NR-I
GfJ TL R 2
80 CTMI^JUL
C I M M A L 1 Z I: GULiSSL'b ANC SFT R t V f- P. 3 A L

I W I CAT OR

MORI-A L

p=o.n
G = 0.

D
R = 0. U
IRL"V=1

CSC At I NG TL! RE DU.! T AT THIS POI-.T
C R Ff- : uVALL 7 ERU ROOTS
b ir-(n( n
? NC=NC-1
V( I'MC )= 0.W
Uh\C)=0.0
nn 1 0 0 2 1 = i,:-;c
m i ) = i i(i + I )
1002 CO.;T I jUL
Gcro'i
CTr.ST FOR v'AR l')US [,bGn-L$
4 I F( \1C-1 )fi • IOC, 5
li
I F( iC-2 ) U 6, 7
6 P.= -H( 1 )/ii( 2 )
GOTO'3 0
7 ir-(:lC-3)v,*,S
3 P = K 2 )/ i i( 3)
Q = h( I )/r:( 3)
Gcroro
CTFST TO R E V C R 3 0 CUtfT tC IL>%TS A'lD HG SC. IF 1YST SUCCfceOi
9 I P (l)A ;i 3(!:(" i C — 1 )/ r •( ; C ) )-0 A 0 S(\!( 1 ) / H ( 1)) ) L D , L ^ » I 9
10 I RtV=-I I '.l J
V=\C/2

C G 11 I = 1 , •
NI. = NC + 1-I
F = 1-( uL )
H( \L )=H( I )
1 1 II( I )= FI F ( w )1 3 , I 2 , 1'3
1 2 P = 0.0
GUI: 15

N P = P/O

0=1.0/0
1 S I F { I ) 1 , L -J , 1 6
16 ".= l.L'/;!
CNiFv.r-T , CALCULATE F (X.) A'-.D
l-> C=5.0-?'.;
fl (isC ) = r; { : • C )
CC.C)=H(..C)

1" =ST FT. * xi.OT

{:?•?*:•)/c=d c*
/ rj • I = d'.) I A
<LL i i.' L M A ( A
I )J I

C-ON= 0 \ OA
^ ii.'L

I-hOJS i^'V

I-AT3S * 31 i V ,-!CV 1100

-•I- 1 JA ; U3 VS
( I + I )"I = (1)1!
jr-'M = l7f-30 er.
c-{Q"j)n zs
£GP100
•'/:'*! =( 3\') fl <<-,
Z -j'Z b M 'j( A
I )J I
1*C = I 'Jy) A
I-0N.= 3fv 0<,
r>iriOM ov^n jvjis :ivv ?ind'«oo *>.vi\'no
OZtUOO
j= A V'"13 OV
G'/ 1 OZ 'OZ( AMU3-D ) J I
a - n i *-3 = n
?fv:ii\irn 6»/

''":/((£) 0--R- ( T ) •• + "J V 3 * ( Z ) VI --) + 3 =0
n/((V)0*U ) il —(£ )3*(ZK!)+ri = d 99.
GVCaDO
(')•"[ +'))=;:
91'c t' v f(a)J i
{ v )3* Vi« S 3 - i'
)D = J

( ! ) J - ( > 3 = *IV N O * £
'/£'.H':•/. (

( I ),\/ ( I )~ )S^WQ)-i I t £

' / f. • £ t H £ ( - ! - ( ( Z ) ! i/ ( 2 ) 7. ) S H V O J J I Z £
V'E HT 4 £ T. (":-(( I )'</(/.)) ii ' H VtJ) H I 1 £
2£M£ 'Z£( IZ)H)JI
•ss3*md •".nisypit JO 30\'30i. jM'00 >nj i$3i o
( ZH
I 1+ I !0*c'-l I )y =( 1 )0 AC
i^i
i +1
i >u = (i )vi
LI —OM = I
ci!-' I = I I A £ OQ Of.
105^.c;00 aK'v n.iiiorianvj r.nisap'g v 3mv /J 0
( l 10/( I hl-M=V cz
0CUIUS

:"i* 1 + m = ti z?.

£Z'ZZ'£Z( M O H I HI
w.1 AS «o<;< :-I-( (1 )n/( 1 )--)SOVO)JI
( T + I )0 -r >1 +(I )'! = (1)0 I z
( l + l )H«>:+( I }H=( I )H
( I —0 = I
d!'1 T = 11 izn:i
C 0''i 1 [ = PG *; OCl OZ
i -0!« = dM
'!'('=( I i-3\')3
U * C ~( T + OV )'J

CC 3 000*1ZO-QCOCi'Z 1? 0000*1
ZO-L'££<E*£-K-CI0Cn*l'/O (JO 0 0 * I 20- C00 C.- * I 10-C!0Q0*i 10-3009*2 10-C000*<5 10-0000*1
8

:.i \> =t
Mini 3H 001
*0130
i r , < 33 L L
(.7+1)1 = (I )l-t
OV'I^UADCJ 9 L
S1 >.T; I n I -J J•33 vJiOOjjy r.£3M A'Vi-JdO
TG=( 3\ )A

{i +:rv)o/do = ( o\')n
0 * 0 =(I + ON') A
(( (JCI ' (-i) J

YO s O + ( <J F ' ) SGVG )NF- 1 sa-)-(i ON ;) n <\L
'S.L0Di.

-.\3
9L01no
( I + 0 K )A - =( 'J M ) A
(d-)l*JOSO =( I O M ) A
d ci — =( O.Y )11
dc'-=( i ovin
•Sino* A>jv• I Jv:•«' I JL1
'.*L 1 ^ / * V A( rf )J I
d»-Z*#<rfdl=:l
:i * 2/<J = fld

F;-(JO
C 2.1)130
9«7T

JSVOO

'?/.
3SV0Q
£/
ZL

APPENDIX D

ANALOG SIMULATION

All analog simulation was performed in the analog computer
laboratory in the Department of Nuclear Engineering at The University
of Arizona using the Dystac 5800 analog computer and associated equip
ment.

Equations
The kinetics equations which were programmed for the thermionic
reactor system are listed below with the reactivity in dollars.
Power Equations:
Effective lifetime,
=

A p ( t )

P

(

t

)

(D-l)

Linearized effective lifetime,

^FR1

• Ap(t>

(D-2)

po

Prompt jump

(D-3)
Linearized prompt jump,
(D-4)
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Temperature Equations:
dT (t)
=

b[p(t)

- V <D"5>

dT (t)
dt

=

r|2Tl^t^

"

T13T2^t^

The definitions of the symbols are presented in Chapter III
and are not repeated here.

The two temperature equations and one of

the power equations together with a linear reactivity feedback comprise
a system of equations which describes the thermionic reactor model.

Scaling
In order to keep the values of the variables within the
operating range of the analog computer, it is necessary to scale the
variables.
The scale factors used are
T^t) = x^ (t)

;

T2(t) = x2T2 (t)
(D-6)

P(t)

= x3P (t)

;

t

=

X ^T

Substituting the scaled variables into the system equations
with prompt jump neutron kinetics and the reactivity, equation 3-15,
yields

-a1x1dT1(T) - a2x2dT2(x)
dP(-r)
dT

dx

=

0 + a1x1T1(i) +

dT ( T)
— -

(X) -Xct
x„x,T (T)
^ - - + ,

-Xa1x1x.T1
dx

2

a x T (T)
2 2 2

2

4 2

(D-7)

bxx
-

( P ( T) - P 0 ] -

(D-8)
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dl2(t)
dT

*4

(D-9)

"2^ V*>-"3V*>

Example Equations
The example problem described here is for Case I using prompt
jump neutron kinetics.

With Case I, scaling was required to reduce

the values of the temperatures.

The scale factors are

xx = 100, x2 = 100, x3 = 1,

= 1

The values of the parameters used in Case I are listed in Table 4.1.
Substitution of the appropriate scale factors and parameters into
equations D-7, D-8 and D-9 with

= -0.33x10

—fi

and

= 0.8x10

—s

gives the following result.

0.33xl0~4
dP _
dt

dTl

dt

dTl-0.8xl0~3 dT2+0.33xl0"5T -0.8xl0"4T
dt
dt
_
_

(0.01 - 0.33x10"^ + 0.88xl0~3T2)

= P - 10.0 - 0.5T
1

dX2
•—
= 0.25T - 0.2T
at
12

The nonlinear power equation is programmed by using a multi
plier in a divide mode for the quotient with a subsequent multiplication
by P.

To improve the accuracy of this operation, the numerator and
3

denominator were increased by a factor of 10 .

This is necessary in

order to have the multipliers operate in their linear range.
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Analog Programs
Diagrams of the analog programs for the system of equations
with the different power equations are shown in Figures D.l through
D.4.

The diagrams are for positive prompt and negative delayed feedback

corresponding to the second quadrant of the parameter space.

To

consider other quadrants of the parameter space, the sign or signs of
the feedback coefficients must be changed in the programs.

Several

other modifications are necessary in the programs depending upon the
range of variable values and the size of disturbances.

For example,

it was necessary in one case to translate the origin to the equilibrium
power level in order to obtain accurate results for large disturbances.
The unsealed values of the potentiometers for the analog pro
grams are listed in Table D.l.

-n

<z^

Figure D.l

Analog Computer Diagram for Linear Effective Lifetime Neutron Kinetics.

Figure D.2

Analog Computer Diagram for Nonlinear Effective Lifetime Neutron Kinetics.

Ln
ro

-n

Figure D.3

Analog Computer Diagram for Linear Prompt Jump Neutron Kinetics,
Ln
U)

Figure D.4

Analog Computer Diagram for Nonlinear Prompt Jump Neutron Kinetics.
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Table D.l
Potentiometer Values for Analog Program Diagrams

Potentiometer
Number

NL-EL*
Figure D.1
p.

NL-EL*
Figure D.2

nl-pj*

Figure D.3

NL-Pj"
Figure D.4

P.

P.

X

X

Tli

Tli

Tli

Tli

T2i

T2i

T2i

T2i

4

b

b

b

b

5

bP

bP
o

bP
o

bP

nl

nl

nl

nl

n2

n2

n2

n2

n3

n3

n3

n3

9

XP a /&
o 1

Xa^/3

XP a.,/3

Xa^

10

XP a0/3
o I

Xa2/3

1
2
3

6

7
8

l

o

13

al/e

"l
a2

a2

15

NL-PJ:

Xa2

al

14

L-PJ:

o

XP a„/3
0 /

a1/3

12

NL-EL:

X

0 x

11

L-EL:

P.

3

Linear, Effective Lifetime
Nonlinear, Effective Lifetime
Linear, Prompt Jump
Nonlinear, Prompt Jump

APPENDIX E

DIFEQN PROGRAM

DIFEQN is a digital computer program which solves the diff
erential system equations.

The program was developed to verify analog

computer solutions and to extend the work performed on the analog
computer.

The general coupled heat transfer equations are used in the

program for the temperature equations.

There are four subprograms in

the program: DIFEQN, the main program; and subroutines, RHS, PARTIAL
and DEQVAR.

The subroutines required for the plotting routine are not

supplied by the user and will not be discussed.

Main Program
The main program is used to control the input and output of the
program.

It consists of read and print statements and plotting sub

routine calls.
The input is in format 8E10.3 and comprises the following:
Card 1

Y(l)

initial value of T
1

Y(2)

initial value of T

Y(3)

initial value of P

2

ALPH1

prompt feedback coefficient

ALPH2

delayed feedback coefficient
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B1

-

inverse heat capacity of Region 1

B2

-

inverse heat capacity of Region 2

BETA

-

delayed neutron fraction

YZERO

-

equilibrium pov7er level

ETA1

-

reciprocal time constant for heat transfer out of

Card 2

Region 1
ETA2

-

reciprocal time constant for heat transfer into
Region 1

ETA3

-

reciprocal time constant for heat transfer into
Region 2
*

ETA4

-

reciprocal time constant for heat transfer out of
Region 2

XLAMB

-

decay constant for delayed neutrons

ERROR

-

truncation error limit

X

-

starting value of time

XEND

-

ending value of time

PJ

-

control constant, 1.0 for prompt jump neutron

Card 3

kinetics and 0.0 for effective lifetime neutron
kinetics
Stacked data decks are used for examining several cases on the
same run or for selecting different initial conditions in the same case.

The parameters and the initial conditions read in are printed
out at the beginning of each set of data in order to identify the run.
The printed output consists of the time, power, temperature in region
one, temperature in region two, the step size, the number of the step
and the reactivity.

In the case of prompt jump kinetics, (1-p) is

printed instead of the reactivity.
subroutine.

The data is printed in the DEQVAR

A variable, KKK, is included to control the number of time

steps between printing.
Power"temperature plots are also produced using the Calcomp
plotter.

This permits rapid comparison with analog results.

The

procedure for using the plotting routine is described in the UA Computer
Systems Calcomp Instructions.

For producing multiple plots on the same

graph using the scaling subroutines, the largest trajectory must be
plotted first and the values of the scaling parameters stored for sub
sequent use with the other trajectories.

A variable, KOO, is used to

control the storage of data to be plotted.

The program limits the

arrays of plotter data to 2500 words for each variable.
The program is listed at the end of this appendix.

Subroutine RIIS
Subroutine RHS contains the system equations where the diff
erentials are defined by the one dimensional array, F(I).
gram F(l) = dT , F(2) = dT

dT

dt

and F(3) = dP.

In this pro

F(3) in this subroutine is

dt

changed automatically as the different neutron kinetics equations are
used.
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Subroutine PARTIAL
Subroutine PARTIAL defines the Jacobian which is used by DEQVAR
to adjust the time step in order to insure numerical stability.

The

elements in the Jacobian are defined by the two dimensional array
DF(I,J).

The changes occurring in this subroutine with use of different

neutron kinetics are taken care of automatically by the value of PJ.

Subroutine DEQVAR
DEQVAR integrates a system of first order ordinary differential
equations
dy.
it•

fi(x'

y> ••• >•„>

i -1. n

from x^ to x^ with given initial conditions.

DEQVAR was written by

Lewis and Stovall(1965) at LASL and is briefly summarized here.
The method is equivalent to finding the fifth degree polynomial
approximation to the desired solution of the differential equations.
Provision is made for automatic increase or decrease of the interval
size during the course of the integration.

Tests are included to insure

that the truncation error is bounded and that the integration scheme
remains numerically stable.
In addition to the variables discussed above, the main program
also provides to DEQVAR the following values.
NE

-

number of equations

H

-

starting value step size

ffi'IAX -

maximum value step size

JUMP

-

set equal to - 1 in main program

ERROR

-

related to truncation error
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ERROR is an approximate bound on the sum of truncation errors
incurred at each integration step.

As ERROR is decreased past a certain

level, the accuracy may start to decrease because of round off error.
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