
A MINIMUM-COST DISEASE CONTROL PROGRAM

Item Type text; Dissertation-Reproduction (electronic)

Authors Hutchinson, Thomas, 1941-

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:34:08

Link to Item http://hdl.handle.net/10150/288081

http://hdl.handle.net/10150/288081


INFORMATION TO USERS 

This material was produced from a microfilm copy of the original document. While 

the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 

submitted. 

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction. 

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity. 

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame. 

3. When a map, drawing or chart, etc., was part of the material being 

photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again - beginning below the first row and continuing on until 

complete. 

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced. 

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received. 

Xerox University Microfilms 
300 North Zeeb Road 
Ann Arbor, Michigan 48106 



I 

73-24,831 

HUTCHISON, Thomas, 1941-
A MINIMUM COST DISEASE CONTROL PROGRAM. 

The University of Arizona, Ph.D., 1973 
Health Sciences, general 

University Microfilms, A XEROX Company , Ann Arbor, Michigan 

THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED. 



A MINIMUM COST DISEASE 

CONTROL PROGRAM 

by 

Thomas Hutchison 

A Dissertation Submitted to the Faculty of the 

AEROSPACE AND MECHANICAL ENGINEERING DEPARTMENT 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 
WITH A MAJOR IN AEROSPACE ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA . 

19 7 3 



THE UNIVERSITY OF ARIZONA 

GRADUATE COLLEGE 

I hereby recommend that this dissertation prepared under my 

direction by Thomas Hutchison 

entitled A Minimum Cost Disease Control Program 

be accepted as fulfilling the dissertation requirement of the 

degree of Doctor of Philosophy 

CS X ^.- 1 

Dissertation Director & ; )A~7 ^ 
Dat 

After inspection of the final copy of the dissertation, the 

following members of the Final Examination Committee concur in 

its approval and recommend its acceptance:"" 

TX.U^afrJ" im 

% 6 

Z(o CijUuf 1111 

This approval and acceptance is contingent on the candidate's 

adequate performance and defense of this dissertation at the 

final oral examination. The inclusion of this sheet bound into 

the library copy of the dissertation is evidence of satisfactory 

performance at the final examination. 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial 
fulfillment of requirements for an-advanced degree at The 
University of Arizona and is deposited in the University 
library to be made available to borrowers under rules of 
the Library. 

Brief quotations from this dissertation are allow
able without special permission, provided that accurate 
acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manu
script in whole or in part may be granted by the head of 
the major department or the Dean of the Graduate College 
when in his judgment the proposed use of the material is 
in the interests of scholarship. In all other instances, 
however, permission must be obtained from the author. 

SIGNED: 



ACKNOWLEDGMENTS 

It is difficult to acknowledge all the many sources 

of aid and encouragement which helped to make this work 

possible. However, I wish to express my gratitude to my 

advisor and good friend, Dr. J. L. Sanders. I would like 

to thank Professors M. R. Bottaccini, T. L. Vincent, and 

J. Casti for their criticisms and suggestions. 

I also wish to express thanks to the Public Health 

Service, Health Program Systems Center, Tucson, Arizona for 

their financial support and encouragement. 

Finally, I would extend a special note of apprecia

tion to my wife, Lisette, without whose insistent persuasion 

this study would not have been possible. 

iii 



TABLE OF CONTENTS 

Page 

LIST OF ILLUSTRATIONS vi 

LIST OF TABLES viii 

ABSTRACT ix 

CHAPTERS 

1 INTRODUCTION AND GENERAL CONSIDERATIONS ... 1 

From Classical Epidemiology to Modern Control 
Theory 2 

The Development of a Markov Disease Model . . 5 

2 A STOCHASTIC DISEASE MODEL 10 

A Deterministic Disease Model 12 
A Stochastic Disease Model 17 
The Steady State Solution 21 
The Markov Model 23 
The. Difference Equation of the Mean State . . 28 
Phase Plane Plots for Comparison 32 
Integral Curves for Comparison 37 

3 THE DISEASE CONTROL MODEL 4l 

The Disease Control Model of Taylor 42 
A Deterministic Disease Control Model .... 45 
Conclusions from the Deterministic Model ... 47 
The Markov Disease Control Model 49 
The Binomial Distribution Assumption 60 
The Mean State Equation with Control 63 
The Cost Structure of the Disease Model ... 68 
The Social Cost of a Disease 73 
The Single Stage Cost Equation 76 
Formulation of the Multi-stage Cost Equation . 80 
An Error Bound for the Approximate Formulation 84 
The Significance of the Approximate Formula

tion 87 

xv 



TABLE OF CONTENTS - Continued 
v 

Page 

4 SOLUTION OF THE MULTI-STAGE DECISION PROBLEM 89 

Dynamic Programming Formulation . 90 
Existence and Uniqueness 91 
The Main Theorem 9^ 
Interpretation of the Main Theorem 101 
Application of the Main Theorem 103 
The Multi-stage Process 105 
Approximation in Function Space 114 
The Infinite Stage Approximation 121 
The Solution for Case II 127 
Case III and Case IV 132 
Analysis in State Space 139 
A Slightly Different Case, Case V 143 
The Most Difficult Case, Case VI 149 
The Infinite Stage Minimum Cost Function, 

Case VI 158 

5 SUMMARY AND APPLICATIONS 165 

Summary of the Disease Control Model 165 
Estimation of Parameters 169 
The Upper Limit, An Example of Case I .... 173 
The Lower Limit, A Case III Example 176 
The Intermediate Case, Case VI 177 
Calculation of the Maximum Error Term . . . . l8l 
Limitations and Possible Extensions 182 

REFERENCES 185 



LIST OP ILLUSTRATIONS 

Figure Page 

1 Numbers of Infecteds as a Function of Dimen-
sionless Time from the Kermack-McKendrick 
Model 16 

2 Monotonic Convergence of Difference Equation . 31 

3 Oscillatory Convergence of Difference Equation 31 

4 Phase Plane Plot of Markov Model and KM Model 33 

5 Comparison of Linear Model and KM Model ... 38 

6 Phase Plane Plot, of Linear Model and KM Model 40 

7 Single Stage of Multi-stage Control Process. . 53 

8 Two Stages of Multi-stage Control Process. . . 55 

9 Examples of Detection Cost 72 

10 Single Stage Cost Function 106 

11 Single Stage Minimum Cost Function 109 

12 The Minimum Envelope from Below of a Set of 
Straight Lines Ill 

13 Comparison of One Stage Cost Function with Two 
Stage Cost Function 116 

14 Comparison of Minimum Cost Functions 119 

15 Comparison of the Infinite Stage Approximation 
and Multi-stage Cost Functions 126 

16 Comparison of Multi-stage Cost Functions for 
Case II 130 

17 The State Space Divided into Two Decision 
Regions 134 

vi 



vii 

LIST OP ILLUSTRATIONS - Continued 

Figure Page 

18 Trajectories From x* for Case III Using Two 
Different Decision Sequences 141 

19 Trajectories from x* for Case IV Using Two 
Different Decision Sequences l4l 

20 State Space and Two Trajectories for Case V . 144 

21 State Space and Two Trajectories for Case VI . 150 

22 State Space with First Subdivision of 0 Region 
for Case VT 156 

23 A Complete Subdivision of the State Space into 
Policy Regions for Case VI 159 

24 Minimum Cost Function for Case VI with Five 
Subdivisions 164 

25 Comparison of Trachoma Model with Data .... 171 

26 Determination of the Root of the Function 
G(S) 179 



LIST OP TABLES 

Table Page 

1 Results of Trachoma Examinations at the San 
Xavier Mission 22 

2 Incidence of Active Trachoma (percent) .... 36 

3 Summary of Disease Control Model Cases .... 168 

viii 



ABSTRACT 

A disease control model is proposed to be used to 

study the control of a contagious disease process. The 

growth and decay of the number of infected in a. population 

is modeled as a Markov process. This Markov model provides 

a suitable representation for such diseases as trachoma or 

venereal disease. The control technique which is used to 

regulate the disease process is a series of mass screening 

examinations which separate infecteds from susceptibles. 

This control process is modeled as a sampling process and 

is incorporated into the disease model. A cost structure 

is developed which includes treatment, detection and social 

cost. This cost structure when used with the disease model 

provides a method for analyzing disease control programs 

which are based upon mass screening techniques. 

The disease model and cost structure are examined 

to develop a minimum cost disease control program. Dynamic 

programming is used to find the minimum cost control policy 

which is shown to be an "all or nothing" type of policy. 

This result depends upon the cost structure and is shown to 

be valid for all concave monotone increasing cost functions. 

The problem is formulated using a stochastic approach. The 

certainty equivalence principle is applied to the problem to 

ix 
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yield a deterministic formulation which is then solved and 

used as an approximation to the stochastic problem. Error 

bounds are developed for the difference between the two 

problems. Finally, the disease control model is used to 

study the trachoma control program on the San Xavier Papago 

Indian reservation. Collected data are used to estimate the 

parameters of the disease model and a linear cost model is 

used. 



CHAPTER 1 

INTRODUCTION AND GENERAL CONSIDERATIONS 

Man's ability to contend with infectious disease has 

improved significantly in the most recent century. The 

credit for this improvement has been claimed by modern medi

cine and the wonder drugs when, in fact, their position has 

been secondary. The significant health gains of the last 

century have resulted largely from social measures. Today's 

sanitation procedures act as a form of vaccination against 

disease-carrying microbes. Pood handling processes are con

trolled by government inspection. Community drinking water 

is treated and tested. The techniques of the medical 

sciences are employed only when these social measures fail. 

In spite of these improvements, epidemics remain a very real 

possibility. The incidence of gonorrhea and syphilis in the 

United States has risen to record levels exceeding the sharp 

increase that accompanied World War II. Elaborate reporting 

procedures have been instituted to counter the threat from 

venereal disease and other communicable diseases. This 

world-wide reporting procedure when tied to the modern trans

portation networks makes improved medical technology avail

able at any trouble spot. The development and maintenance 

1 
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of this health care delivery system has been costly. It is 

the intention of this study to examine one method of deter

mining the costs involved in the control of a communicable 

disease process. This research involves the development of 

a mathematical model of a disease control process and uses 

analytic techniques to find improved control procedures. A 

brief historical sketch may help to illuminate the relation

ship between mathematics and epidemics. 

From Classical Epidemiology to Modern 
Control Theory 

Medical historians such as Pox, Hall and Elveback 

(1970) list Hippocrates as the father of epidemiology 

because he was the first to record his observations in a 

quantitative manner. The beginning of classical epidemi

ology is usually marked, however, at the mid-nineteenth 

century. The study on cholera by John Snow in 1854, the 

Scandinavian rabies control program initiated in 1825, and 

the use of cowpox as an immunization against smallpox are 

all cited by Fox, Hall and Elveback (1970, pp. 1-16). All 

of these examples indicate that epidemiology is a study that 

attempts to define the causative factors of a disease and 

techniques for disease control. This hypothesis is then 

tested in a controlled environment or by means of collected 

data. 

At the turn of the century, mathematicians were 

exploring the application of mathematical models to 
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biology. Early success (1907) was recorded in the general 

area of probability and statistics, particularly in the 

field of genetics. The type of mathematical model that will 

be examined was first suggested in 1926 by Lotka and Voltera 

who attempted to model the interaction between two species 

called prey and predator. An early attempt at using the 

mathematical approach to model epidemics was carried out by 

W. 0. Kermack and A. G. McKendrick (1927, 1932, 1933). The 

Kermack-McKendrick model is presented in Chapter 2 as an 

example of one type of model for epidemics. As one might 

expect, the formulation of a disease model depends upon the 

current understanding of the disease process. A model used 

for an infectious process may not be a good model for a 

genetic or hereditary disease process. Mathematical epi

demiology is consequently dependent upon the success of 

epidemiological studies. The assumptions necessary to con

struct the model should be validated by collected data 

whenever possible. 

The mathematical approach to the study of a disease 

process has a different objective from the epidemiological 

method. Mathematical models are intended to be predictive 

and are not concerned with finding causative factors. It 

should be possible with accurate models to predict the total 

size of an epidemic or the conditions necessary for an epi

demic to occur. Bailey (1957) gives many examples of such 

predictive models and highlights these examples with 



applications from collected disease data. One of the earli

est reported successes in this field was a model of measles 

developed by Hamer and Soper and discussed by Bartlett 

(i960, p. 63). This was the first epidemic model that pre

dicted a cyclic or recurrent behavior for an epidemic without 

explicitly including such behavior in the fundamental assump

tions of the model. Another type of disease model, the sto

chastic model, which exploits the random or stochastic 

aspect of the process being examined, was used by Kermack in 

1926 to demonstrate the conditions necessary for an epidemic 

to occur and the probability distribution for the final size 

of the epidemic. Today, the stochastic models have enjoyed 

the greatest appeal as analogs for the disease process, and 

a typical stochastic model is examined in Chapter 2. 

The next development was the incorporation of opti

mal control theory into the modelling studies. The mathe

matical source of optimal control theory lies in the early 

works on the calculus of variations. However, optimal con

trol theory as known and exploited today was developed from 

the more recent works of Pontryagin and Bellman. Dynamic 

programming as defined by R. E. Bellman (1957) is used in 

the present study because of its adaptability to the study 

of processes which are discrete in time. The development of 

optimal control models represents a new extension for models. 

The primary objective of these new models is no longer pre

diction. The desired goal is to examine various control 
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policies and compare the anticipated results of these decis

ions . The predictive capabilities are not neglected but 

become one method of .evaluating the credibility of the con

trol model. Construction of an optimal control model for 

disease control programs is particularly difficult since the 

model must include the disease behavior, the control alterna

tives, and some method of comparing results. An optimal 

control model was successfully used by E. A. Silver (1968) 

in the study of a venereal disease control program for the 

National Center for Disease Control. Cost effectiveness 

studies have also been carried out using optimal control 

models. Typical examples include a study on periodic medi

cal examinations by T. L. Lincoln and G-. H. Weiss (196^) and 

the typhoid fever study by L. F. Krystanak (1970). Chapter 

3 contains the development of the disease control model. 

The Development of a Markov 
Disease Model 

The spread of a disease has always seemed to man 

almost willfully erratic. Infectious illnesses attack some 

members of a population and leave others untouched. The sto

chastic disease model is a logical attempt at simulating 

this random or erratic behavior. Recent stochastic disease 

models have concentrated on the "birth and death" process 

as described by M. S. Bartlett (1960, p. 21). H. M. Taylor 

used a birth and death model to study various methods for 

controlling bovine virus diarrhea. Additional applications 
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of the "birth and death model to other disease processes have 

not been found in spite of the numerous theoretical studies 

that have been reported. The absence of applications is 

understandable since determining the necessary parameters to 

model a disease as a birth and death model is a formidable 

task even when the simplest linear case is used. Further, 

the more realistic birth and death models, which are non

linear in form, have not been solved analytically. The lack 

of an analytic solution makes it difficult to examine the 

characteristic features of the model. Numerical simulation 

on digital computers is possible but would become very 

expensive since many solutions would be necessary to deter

mine the effect of a single parameter. It was these diffi

culties that forced the development of a new model, the 

Markov disease model. 

The Markov process is one of the simplest stochastic 

processes available that has proven to be a useful model for 

a multitude of physical processes. An extensive amount of 

literature is available which describes techniques for 

analyzing Markov processes. A comprehensive treatment is 

contained in ¥. Feller, Vol. 1 (1968, pp. 372-424). The 

disease processes examined in this study are modelled as 

Markov processes because of the simplicity and flexibility. 

The primary objective is to reflect the fact that the dis

ease process cannot be perfectly predicted and yet to main

tain the possibility of an analytic solution. The Markov 
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disease model is built upon a number of classical assump

tions that are detailed in Chapter 2. There is one unusual 

assumption that must be pointed out. The Markov model 

assumes that each susceptible individual has an equal proba

bility of becoming infected. Furthermore, each infected 

individual has an equal probability of being cured. This 

last assumption implies that there is a possibility that an 

infected person may not be cured. This parameter was 

included in the model to account for treatment failures and 

other contingencies. These two probabilities represent the 

basic parameters of the Markov disease model. 

The cost of any large scale disease control program 

has become a critical factor in the justification of such 

programs. Expected costs are usually compared with expected 

benefits. In order to study the costs involved in a disease 

control program, two additional features of the Markov dis

ease model had to be developed. First, the model was modi

fied to reflect the ability to control the disease process. 

The primary control technique examined in this study is 

modelled as a process of identifying and treating the 

infected individuals of the population. The identification 

process was assumed to consist of examining an individual to 

determine if he is infected or not infected. The second 

development concentrated on accounting for the cost involved 

in controlling the disease and the cost of letting the dis

ease grow within the community. These modifications when 
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combined with the Markov disease model provided the means 

for examining different levels of effort associated with 

controlling the disease process. The costs of using a 

control program could then be compared with the expected 

benefit of lower disease prevalence which would also be 

expressed as a cost. 

The disease model assumes that the population of 

infected individuals is not known exactly but is specified 

by a binomial probability distribution. This distribution 

of infected individuals changes with time by means of the 

conditional probabilities that comprise the Markov chain. 

Large scale examination and treatment of the population 

becomes the primary technique for controlling the spread of 

the disease. The results of this extensive screening of 

the population provide information about the exact number of 

infected individuals who are present in the community. This 

information is used to update the probability distribution 

of infecteds. This is accomplished using Bayes' Theorem. 

The complete development of the disease control model is 

det a i l e d  i n  Ch a p t e r  3. 

The development of the disease control model permits 

an analytic method of examining assorted control policies. 

These policies are thought of as a collection of situations 

which dictate a specific decision. For example, hospitals 

usually have very rigid admission policies. These admission 

policies dictate who receives priority with respect to being 
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accepted as a patient in the hospital. The admitting staff 

has little or no flexibility in making decisions on specific 

cases. With respect to the policies of disease control 

programs, the main question was concerned with finding those 

situations when an examination and treatment program would 

be advantageous. A secondary problem was concerned with the 

magnitude of the control program. Are there any conditions 

defined by the level of infection within the community when 

only a fraction of the population should be examined? A 

major result of this research indicates that for those dis

eases for which this model is applicable, only two possi

bil i t i e s  n e e d  t o  b e  e x a m i n e d .  T h e  m a i n  t h e o r e m  o f  C h a p t e r  4 

shows that a 100$ population examination or no examination 

program at all are the only alternatives that need to be con

sidered. The remainder of Chapter 4 details the derivation 

of the cost equations and the optimal disease control 

policy. This study is concluded by means of an application 

to the trachoma control program carried out on the San 

Xavier Papago Indian reservation near Tucson, Arizona. The 

results of eight years of data are collected and analyzed in 

Chapter 5. 



CHAPTER 2 

A STOCHASTIC DISEASE MODEL 

Any attempt at modelling a physical system, such as 

an aerospace vehicle or a communicable disease process, 

begins with a description of the phenomena to be modelled. 

The first objective of the disease models to be considered 

here is to describe and predict the natural history of a 

communicable disease. One possible method of attacking this 

problem would be from the point of view of the physician 

looking at a sick patient. In this case, it would be neces

sary to describe the disease characteristics in terms of 

the individual patient's attributes such as temperature, 

blood pressure, or past medical history. The attitude 

assumed here is that of the public health professional or 

epidemiologist. The private physician confronts his patient 

on an individual level, but the epidemiologist must deal 

with large populations, working with incidence and preva

lence rather than temperature or heart rate. The focus of 

this chapter is the mathematical modelling of contagious 

diseases within a fixed population. 

One assumption made about this particular disease 

process is that any member of the population can be 

10 
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categorized in one of two possible states, infected and sus

ceptible. An individual is said to be infected when he 

exhibits a prescribed set of observable symptoms. This 

assumption describes the infection process at the expense of 

gross simplification. It would be desirable to further 

classify infecteds in several ways. For example, in dealing 

with syphilis, infected individuals are further categorized 

as to stage of infection such as primary, secondary, or 

latent. These categories are used to describe the degree or 

severity of the infection. Unfortunately, such a fine but 

sometimes necessary distinction complicates a procedure that 

is already mathematically complex. Another definition of 

the term "infected" is to classify any individual who is 

capable of transmitting an infection as an infected. Pox, 

Hall and Elveback (1970, p. 56) adopt this convention in 

describing the epidemiological method. This procedure has 

certain drawbacks in that an infected may himself not suffer 

the consequences of the disease and yet be an active carrier. 

This phenomenon occurs with such childhood diseases as 

measles or mumps. This definition will not be used for the 

diseases considered here since it is assumed that there is 

no natural immunity to the effects of infection. The two 

assumptions, fixed population and no natural immunity, limit 

the types of diseases that may be considered. Some typical 

diseases that may be considered are trachoma, syphilis, 

gonorrhea and tuberculosis. The disease models to be 
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considered will be discussed' in relation to disease in a 

human population. It should be noted that the models could 

be interpreted in terms of animal or plant populations also. 

Perhaps the pioneering effort in the area of disease 

modelling was first published in 1927 by Kermack and 

McKendrick. The most extensive modern account of mathemati

cal disease models is in the text by Norman T. J. Bailey 

(1957)- Two of the three models presented in this research 

are also discussed in Bailey's text. They are the Kermack-

McKendrick model and the birth and death model. The impor

tant features of both models will be discussed. 

A Deterministic Disease Model 

The Kermack-McKendrick (KM) model is described first 

of all as a continuous model. This description stems from 

the fact that all variables are assumed to be continuous 

functions of time. The KM model assumes a zero length 

latent period to simplify the dynamics of the disease pro

cess. The latent period is the amount of time from expo

sure to an infection to the time a susceptible becomes 

infected. Additionally, the KM model is a deterministic dis

ease model in that all the disease parameters and variables 

are point values rather than random variables. The specific 

model that will be examined here is referred to by Bailey 

(1957* p. 22) as the "model with no removals," since the 

population is assumed fixed at size N individuals. There 



13 

are no removals from the population because of death, immu

nization or isolation. The basic variables of this model 

are the number of infected individuals, Y, and the number of 

susceptibles, Z. The dynamics of the disease process are 

based upon two major assumptions. First, the number of new 

infections is proportional to the product of susceptibles 

and infecteds. Let B represent the rate of infection with 

the units of (individuals x time units)-1. In the small 

increment of time (dt), there are (BYZ dt) individuals who 

become infected. Second, the number of infected individuals 

who will be cured depends only on the number currently 

infected. Assuming that (A) represents the cure rate with 

the units of (time units)"1, in the increment of time (dt) 

there are (AY dt) infected individuals who become suscep

tible again. The set of equations that describe the dis

ease dynamics are 

Z'(t) = - BYZ + AY (2.1) 

Y1(t) = BYZ - AY (2.2) 

Y + Z = N (2.3) 

The proportionality constant B represents the 

"infectivity" of the disease and A reflects the ability to 

treat the disease. It is assumed that this treatment level, 

represented by the parameter A, is held constant as a conse

quence of the existing system of clinics and medical service 



facilities. The model can be applied to situations where 

there are no health service facilities. In the absence of 

such services, the constant A represents the individual 

ability to recuperate from infection. 

For the KM model, the course of the disease can be 

completely described by obtaining the solution for Y or Z. 

If the solution for one of the variables is obtained, then 

the solution for the other may be inferred from equation 

(2.3). Solving equation (2.3) for Z and substituting into 

equation (2.2) yields a single nonlinear differential equa

tion. 

Y'(t) = BY(N-Y) - AY (2.4) 

This differential equation is best examined by 

transforming into a scaled format. The scaling is accom

plished by introducing the new dependent variable X = Y/N 

and the new time variable r = BNt. The new variable X is 

dimensionless and represents the fraction of the total popu

lation that is infected. The new time variable t is also 

dimensionless. Introduction of the dimensionless variables 

in equation (2.4) produces 

X'(T) = X(l-X) - pX (2.5) 

The parameter p = A/BN represents a relative control 

rate parameter since it compares the treatment capability 

against the infectivity of a specific disease. The solution 
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to the differential equation is obtained by separating the 

variables and integrating. The fraction of the population 

that is infected at the start of the disease process (r=0) 

is represented by X(0). The solution is 

X(T) - , (2.6) 
(i- p ) - x ( o)(i-e(1-P T̂) 

An important property of the KM model is that it 

exhibits a steady state solution. The value of X(T') remains 

constant for large values of the variable t. These steady 

state solutions are obtained by solving for the equilibrium 

points of the differential equation (2.5). The equilibrium 

points are given by 

X(l-p-X) = 0 (2.7) 

Two solutions are X = 0 and X = 1 - p. The solution 

X = 0 is unstable if p is less than one. The solution 

X = 1 - p is the stable solution for p less than one, and 

will be referred to as the steady state solution. If p is 

greater than one, the steady state solution is X = 0. Typi

cal solutions for the case when p is less than one are 

shown in Figure 1. The steady state solution for the cases 

shown is X = 0.55- Two curves are shown, one with initial 

condition X(0) = 0.10 and the other with initial condition 

X(0) = 0.95. 
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STEADY STATE 

DIMENSIONLESS T/ME, T 

Pig. 1 Numbers of Infecteds as a Function of Dimen-
sionless Time from the Kermack-McKendrick 
Model 
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The existence of this steady state solution has a 

number of important implications. The epidemiologist refers 

to the steady state level of infection as the endemic or 

prevailing level of infection. In modelling epidemics, the 

steady state solution provides one method of estimating the 

model parameter p. Assumption of a value of p fixes the 

prevailing level of infection. The implied value can be 

used as a verification of the original assumption. A com

plete specification of' the disease model must also include 

an estimate of the model parameter B which can be obtained 

from data that are recorded on a periodic basis such as the 

official weekly or monthly notifications of measles and 

chicken pox. These two parameters, p and B, are sufficient 

to construct a disease model of the KM type. 

A Stochastic Disease Model 

There are a number of justifications for the examin

ation of disease models that are based upon the mathematical 

theory of probability and statistics. These models are 

referred to as stochastic disease models. The primary 

appeal of such models lies in the fact that they can be 

constructed from probabilistic hypotheses about the infec

tion and treatment process. A probability distribution 

which evolves with time may then be extracted from such a 

model. Such an approach is especially relevant when the 

process is dependent upon accidental occurrences such as the 
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transmission of infection. The stochastic disease model to 

be considered herein is categorized as a birth and death 

process. The model is discussed by Bailey (1957> p. 58) and 

Bartlett (I960, p. 55) • Both Bailey and Bartlett acknowl

edge Kermack and McKendrick as the original proposers in 

1929. Severo (1969) proposed a generalization of this model 

which involves an additional two parameters. Severo's model 

provides no additional insight about the original birth and 

death model but does provide additional flexibility and 

complication. Unfortunately, an analytic solution for the 

birth and death model has not been found. Bailey himself 

admits (1957, p. 5^-)* 

No satisfactory way has yet been found of handling 
such expressions in a manageable form so as to 
yield, for example, the distribution of duration 
times or the epidemic curve. 

This statement remains valid to this date to our knowledge. 

The two basic parameters of the birth and death 

model are the infection rate, b, and the treatment rate, a. 

These two parameters correspond to the parameters B and A of 

2 the KM model. The units of b are (individuals x time 

units)-1 and the units of the parameter (a) are (individuals 

x time units)-1. The random aspect of the model is intro

duced by the following conditional probabilities. 
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Probability of one new 
infected in the interval , , /„ , N/0 
of time dt given that k " (N"k)« (2-8a) 
people are infected 

Probability of one 
infected being cured in 
the interval of time dt = ak dt (2.8b) 
given that k people are 
infected 

These probabilities are "conditioned" by the event 

that k individuals are infected at time t which is assigned 

the probability P^Ct). The index k can have values from 1 

to N, the total size of the population. The probability dis

tribution [Pjc(t)} is continuous with respect to time and dis

crete with respect to the finite number of points 1 through 

N. The derivation of the differential equations for the 

probability functions Pk(t) is accomplished by taking the 

limit of finite difference equations as the increment of time 

dt approaches zero. An inherent assumption of this limiting 

process is the observation that not more than one suscep

tible can become infected during the small increment, dt. 

The dynamics of the disease process are described by a 

linear system of N simultaneous differential equations. A 

complete derivation is given by Bailey (1957* PP- 50-61). 

P1,(t) =- {b(N-l) +a}P1(t) + 2aP2(t) (2.9a) 

P2'(t) = 'b(N-l)P1(t) - {2b(N-2) + 2a}P2(t) +3aP3(t) (2.9b) 
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P3(t) = 2b(N-2)P2(t) - {3b(N-3) + 3a}P3(t) + 4aP4(t) (2.9c) 

Pk(t) = (k-l)b(N-k+l)Pk_1(t) - {bk(N-k) +ka}Pk(t) 

the N probabilities given by the probability distribution of 

infecteds at the initial time t = 0. The solution of this 

linear system would provide the probability distribution of 

infecteds as a function of time. The linear structure of 

the equations (2.9) suggests that each Pk(t) will be a sum 

of exponential terms. Unfortunately, there is no simple 

procedure for deriving such expressions. Algebraic diffi

culties prevent solution even for the simple case when the 

total population is taken to be only five individuals (N=5)-

A solution can be obtained through the use of a digital 

computer provided a prior knowledge of the numerical values 

of the disease parameters is available. There are additional 

complications associated with the accuracy of such solu

tions introduced by numerical integration, but such stumbling 

blocks can be bypassed with enough computer time and storage 

capability. A specific numerical solution does not provide 

insight into the general character of the solution of the 

+ (k-H)aPk4l(t) (2.9d) 

PN(t) = b(N-l)PN_1(t) - NaPN(t) (2.9e) 

The initial conditions that must be satisfied are 
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system (2.9) or the sensitivity of the various model param

eters. Finally, it is interesting to note that V. Siskind 

(1965) and J. Gani (1965) have presented the general solu

tion to a modified version of the stochastic epidemic model. 

The model examined by Siskind and Gani is similar in con

struction to the birth and death model but allows for the 

removal of infecteds by means of immunization, isolation, or 

death. The total population size is not held constant but 

is reduced as a function of a removal parameter which is 

used in addition to the treatment rate parameter, a. The 

solutions obtained independently by Siskind and Gani confirm 

the cumbersome nature of such problems and the exponential 

character of the solution. The model studied by Siskind and 

Gani predicts that the level of infection will be reduced to 

zero after a long period of time since all infecteds will 

become immunized either by infection or treatment. This is 

equivalent to predicting a zero steady state, and is unreal

istic for the diseases to be modelled here because of the 

assumption of no natural immunity. 

The Steady State Solution 

The existence of a persistent level of infection is 

a nagging problem of grave concern to public health offi

cials. A continuing high level of infection implies required 

external action in order to remove the source of infection 

or provide a controlling treatment. Table I shows an 
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Table 1 

Results of Trachoma Examinations 
at the San Xavier Mission 

Date Examined Positive 
Percent 

Active Trachoma 

Nov., 1963 81 44 54 

Nov., 1964 86 63 74 

Feb., 1966 89 21 24 

Mar., 1967 87 11 13 

Nov., 1967 93 14 15 

example of this phenomenon with respect to trachoma. These 

results were obtained from data provided by the Phoenix Area 

Trachoma Control Unit on the San Xavier Papago Indian 

Reservation from 1963 through 1967 • The initial examina

tions by the trachoma teams on the reservation were limited 

to the screening of school children in the Mission School. 

Based on this data, the prevalence of the disease was esti

mated to be 14$. This rate of infection was judged to be 

very high and appeared to have reached a static phase, 

neither increasing nor decreasing. The existing situation, 

with respect to trachoma, had reached a point where 

infecteds were being cured at about the same rate that 

susceptibles were becoming infected. 
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In October, 1968, a complete trachoma screen of the 

entire San Xavier Reservation was initiated. A total of 441 

individuals were examined. The total population at the time 

of the examination was estimated at 550 individuals. The 

results of this complete screen indicated that 12$ of the 

population had active trachoma. The results used here and 

additional conclusions are contained in the report by A. L. 

Portney, M.D., and I. Hoshiwara, M. D. (1970). 

The Markov Model 

The model proposed here attacks the problem in a 

different fashion than the two models previously described. 

It is assumed that all individuals in the population can be 

categorized as one of two types, infected or susceptible. 

When an infected is treated, he is assumed to be cured and 

returned to the population as a susceptible. No immunity is 

acquired by treatment or from having had the disease. The 

population is assumed fixed at size N. Since the population 

size is assumed constant, the state of the population with 

respect to the disease is defined as the number of infected 

individuals within the population. The actual number of 

infecteds in the population is never known unless a coinplete 

testing is performed covering the entire population. With

out this information, one can only speculate about the 

state of the disease. The haziness of such a speculative 

option is summarized as a probability distribution. For 
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example, if a population composed of five persons is taken, 

a probability value would be assigned to each of the six 

possible events: no individuals are infected, one individual 

is infected, two are infected, three are infected, four are 

infected, and five are infected. The sum of the six proba

bilities must equal one. The probability distribution 

represents the current state of knowledge about the disease 

within the population. If the exact number of infecteds is 

known at any time that event is assigned a probability 

value of one, and all other events are necessarily given a 

value of zero. This procedure is modelled by defining X(t) 

as a random variable which represents the number of infected 

individuals in the population at time t. The associated 

probability distribution is given by {Tr.(t)). 
tl 

TTj(t) = P{X(t) = J-},  j=0, 1, ..., N (2.10) 

The immediate problem is to describe the time his

tory of the probability distribution {ir.(t)}. Two cases 
J 

will be examined. In the first case, no testing of the pop

ulation is considered. In this case no new information 

concerning the progress of the disease is provided. The 

second case, to be examined in Chapter 3, provides for 

partial or complete inspection of the population. This lat

ter case provides periodic information about the disease 

process. This additional Information is used to alter the 

distribution {Tr.(t)} through the use of Bayes theorem. 
J 
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With the assumption of no testing, the next step is 

to describe how the state probability distribution changes 

with time. The independent variable time shall be treated 

as a discrete variable, where t = 0* 2, . as neces

sary. This technique is introduced because disease or 

epidemic data are usually reported at discrete points in 

time. The principal building block of this disease model is 

the relationship between the state probabilities at adjoin

ing points in time. It is assumed that the current state 

probability distribution depends only on the state proba

bility distribution at the last time period. It is inde

pendent of any earlier states. This characteristic is 

referred to as a Markov property, and a process that has 

this property is called a Markovian process. A detailed 

discussion of Markovian processes is contained in Feller, 

Vol. 1 (1968, pp. 372-446). This method which is used to 

represent a disease process as a Markov process requires 

four conditional probabilities. 

P {infected remains infected at next time period) 

P {infected becomes a susceptible at next time period} 

P {susceptible remains susceptible at next time period} 

(2.11) 

— 1 - (c-j^ + C2) (2.12) 

(2.13) 



P {susceptible becomes infected at next time period] 

= c± (2.14) 

The probabilities c^ and c2 are the two parameters 

that establish the dynamics of the disease process. The 

conditional probability c^ + cg represents that portion of 

the infected population that remains infected during one 

time period. The probability 1 - (c^ + Cg) represents that 

portion of the infected population that will be treated 

through the existing community health facilities. These 

individuals are returned to the population as susceptibles. 

There are several unrelated factors that influence 

the choice of the value for c^ + c2- One factor that must 

be considered is the existing level of community-wide 

episodic health care that is available. A second factor 

would be the infected individual's attitude concerning the 

seriousness of the infection. It is also possible that 

psychological factors could be important when there are 

adverse social implications associated with the disease. 

Finally, the ability of an individual recovery without treat

ment or medical care might be considered. The parameter 

c^ + c^ represents a simplification of the complex phenom

enon of infection-recovery. It would be difficult or 

impossible to measure c^ + Cg directly. A method of esti

mating this probability will be discussed along with numeri

cal examples in Chapter 5* 
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The probability represents the portion of the 

susceptible population that will become infected during one 

time period. This parameter represents the disease contact 

rate. Estimates for the parameter c^ will be discussed 

s i m u l t a n e o u s l y  w i t h  t h e  p r o b l e m  o f  e s t i m a t i n g  c T h e s e  

estimation problems require the assumption that the exist

ing health care system be maintained at a constant level 

during the period of estimation. 

With the above assumptions, it is possible to define 

a transition probability as 

PJk = PfX(r) = k|X(T-l) = j} (2.15) 

In terms of the probabilities c-^ and Cg, the transi

tional probability form j to k in one period is given by 

pJk- = (i)(K)(=i«2)u( 1̂-=2)J-V"u(i-ci)N"d"k+u 
u=° (2.16) 

where the standard convention for binomial coefficients is 

followed. See Feller, Vol. 1 (1968, pp. 50-51). A com

plete description of the disease dynamics is given by the 

equation 

N 
TTk(T) = £ 7r.(T-l)p,k k = 0, I,- 2, N (2.17) 

j=o J J 
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The difference equation (2.17) represents the cur

rent state of knowledge concerning the disease and the 

method by which that knowledge changes with time. 

The Difference Equation of the Mean State 

The state probability distribution becomes mathe

matically awkward because of the great number of terms 

needed to describe the distribution for large populations. 

For simplicity, it becomes advantageous to deal with a 

mathematical average of the state probability distribution 

rather than the distribution itself. The mean state at 

period t is defined as 

y = E[X ] = Nx T = 0, 1, 2, ... (2.18) 
T T T V 

where N is the population size and xis the average frac

tion of the population that is infected. Using the defini

tion of mean state (2.18) and the relationship between the 

state probabilities (2.17)* it is possible to show that 

yx = N c± + c2 yT_1 (2.19) 

An equivalent relationship for the average fraction infected 

can be obtained by making the obvious substitution and 

dividing by N. 

x = cn + c0 x t (2.20) 
T 1 D. T-J- V 
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Equation (2.20) is preferred to equation (2.19) 

because the actual size of the population does not enter 

into the calculations of average fraction infected. In the 

discussion that follows x will be referred to as the 
T 

"fraction infected" with values in the range from 0 to 1. 

Difference equations such as (2.20) have two charac

teristics that are important to this analysis. First, the 

sequence of numbers x^, x2, ... that satisfy the difference 

equation have a unique functional relationship. It is pos

sible to solve for this relationship and express the (k)th 

term of the sequence as a function of the first or initial 

term in the sequence. Such a relationship is called the 

solution of the difference equation. The solution to the 

difference equation (2.20) is given by 

X
T ~ l-c2 + (c2(xo l-c^ if c2 ̂  1 (2.21a) 

x = (c^)t + xQ if c2 = 1 (2.21b) 

If the additional restriction that |c2| < 1 is added, then 

the solution (2.21a) can be shown to have a limit. 

lim x xgs 1_c (2.22) 
T-*co d 

This limit is called the "steady state solution," 

Xgg. The steady state solution is independent of the initial 
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value of the sequence, Xq. If | C£| > 1, the solution does 

not have a limit and the sequence of terms diverges. 

A second important property of difference equations 

that is useful is the manner in which the sequence of terms 

approaches the steady state solution. This feature exists 

only when the sequence of terms has a limit. To demonstrate 

the manner of convergence, define 

2T = XT - XSS (2*23) 

Substitution of this transformation into equation (2.20) 

yields a new difference equation in z 

z = C« Z -| (2.24) 
T ^ T-J-

If 0 < cn < 1. then z will have the same sign, positive 
D T 

z 
T 

or negative, as zT_i' Moreover, if Zq is positive, then 

will be positive for all r > 0, by induction. In this case, 

the sequence of terms is said to converge monotonically from 

above to the steady state solution. If Zq is negative then 

the sequence of terms is said to converge monotonically from 

below. In either case, the convergence of the sequence of 

terms is monotonic. Examples of monotonic convergence are 

given in Figure 2. 

There exist equally important circumstances when the 

convergence of the sequence (2.21a) is not monotonic. If 

- 1 < c2 < 0, then each term of the sequence defined by 
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(2.24) is of the opposite sign from the immediately pre

ceding term. In this case the convergence is not monotonic 

but oscillates about the limit value. Each succeeding term 

is closer to the steady state solution than the preceding 

term. An example of non-monotonic or oscillatory conver

gence is given in Figure 3- A more complete discussion of 

difference equations is given by Boole (1958). 

It seems highly unlikely that divergent cases need 

to be considered. Divergence depends upon c^ >1, c2 > 1. 

This represents the pathological situation where a suscep

tible never becomes ill or an infected is never cured. 

Because of the improbable nature of this situation, it will 

not be considered. 

Phase Plane Plots for Comparison 

One technique for the comparison of the Markov dis

ease model to the KM model is the phase plane plot. This 

diagram is a graph of the derivative of a function plotted 

as ordinate and the value of the function plotted as abscis

sa as shown in Figure 4. The utility of such diagrams 

results from the fact that the equilibrium points can be 

obtained graphically without knowledge of the solution of 

the equation. A complete discussion of phase plane plots 

and their analysis is contained in Minorsky (1962). 
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The construction of a phase plane plot requires a 

differential equation since the derivative is to be plotted 

against values of the function. Although the necessary 

equation for the Markov model is not obvious, it can be 

obtained. The analog of a first derivative for a discrete 

system is the first difference which is defined as 

Ax = x - x (2.25) 
T T T-l 

The difference equation of the Markov model can be written 

in terms of a first difference. 

= cI + (c2~-0xt_i (2.26) 

The form of equation (2.26) is a straight line. It is lin

ear in the variable x n. The straight line in Figure 4 is J-

equation (2.26). This straight line intercepts the ordinate 

at (c1) and the abscissa at ^/(l-Cg). This latter inter

section is to be expected since this point was shown to be 

the steady state solution. Representing the solution of the 

difference equation in this form is particularly convenient 

since both the monotonic and oscillatory solutions are 

represented by the same straight line. 

In addition to equation (2.26), the phase plane for 

the KM model is shown on Figure 4. The curve shown is a 

plot of equation (2.5) for the case when p is less than one. 

For the KM model the graph is a quadratic equation in the 



variable X. This curve intercepts the abscissa as indicated 

at zero and (1-p). The arrows on both curves indicate the 

direction of increasing time. The interpretation is that 

with increasing time both models approach their respective 

steady state solution. 

The phase plane plot shows important features of 

both models. The KM model has a positive derivative for 

values of X in the positive neighborhood of zero. This 

indicates that the process will grow in an epidemic fashion 

to the steady state value. Exactly at the origin (X=0) the 

derivative is zero. The physical interpretation is clear. 

If there are no infected individuals in the population, an 

ideal situation, an epidemic does not start. The introduc

tion of one infected individual is adequate to begin the 

growth process. The Markov model does not exhibit this 

particular epidemic characteristic. The Markov model shows 

a positive growth rate when the number of infecteds in the 

population is zero. One feasible explanation for such 

behavior is that there exists a source of infection with 

respect to the fixed population. The nature of this source 

of infection is such that if every individual in the popula

tion were susceptible, which implies no one is known to be 

infected, then new infections would still occur. This 

hypothesis is at least partially supported by the research 

of Gerald L. Portney and Susan B. Portney (1971). In a 

second study a door-to-door examination of approximately 500 
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San Xavier Papago Indians was conducted in order to deter

mine the incidence of trachoma. The significant result is 

the following table, taken from Portney's study. 

At yearly intervals since 1968, examination of 

every resident of the Papago Indian reservation was under

taken. Less than ifo of the entire population were unavail

able for examination each year. Appropriate doses of triple 

sulfonamides were given to all positive cases discovered and 

the other members of the immediate family. The figures of 

interest from Table 2 are the total incidence figures since 

Table 2 

Incidence of Active Trachoma (percent) 

Year Mission School Adult Total 

1968 12 12 12 

1969 9 5 6 

1970 20 4 7 

1971 11 2 6 

the proposed Markov model does not distinguish between adult 

and child.h Prom 1969 through 1971 a complete examination of 

the entire population each year theoretically reduced the 

number of infecteds to zero. During the time between exam

inations, new infections occurred and old infections became 

active to produce the incidence figures reported. It is this 
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phenomenon that will be referred to as the source of infec

tion. This source of infection could be attributed to 

undetected infections, treatment failures, or exogenous 

reinfection. A precise distinction is not necessary. 

Integral Curves for Comparison 

The phase plane plot is not a completely satisfac

tory method of comparing the two disease models. A more 

direct comparison can be obtained from a graph of the solu

tions of both models. This can be accomplished if a contin

uous version of the Markov model were available. The phase 

plane plot of the Markov model suggests one such continuous 

version. The continuous analog of the average fraction 

infected from the Markov model should be a linear differen

tial equation whose graph would appear as a straight line of 

the phase plane diagram. The specific equation would be 

x'(T) = + (c2-l)x (2.27) 

The solution to this differential equation with the condi

tion that at t = 0, x = xQ, is 

*(T) - x0e-<1-°>T + (jis-Hl-e 2) (2.28) 
2 

The solution to this linear model is compared to the solu

tion of the KM model in Figure 5. The steady state solution 

for both equations was selected as 0.15 and the term c.^ 

for the linear model was set at 0.06. Two different initial 
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conditions were used. The upper curves of Figure 5 have 

initial condition xQ = 0.30 while the lower curves have 

initial condition xQ = 0.01. Figure 6 shows the phase plane 

diagram for these models. Figure 5 shows the significant 

features of both models. There is no important difference 

between the models for initial conditions greater than 

Both solutions tend asymptotically towards the steady state. 

The major difference occurs when the initial condition is 

less than the steady state value. The KM model shows a 

significantly slower approach to the steady state value. 

There are some disease processes for which this model may be 

applicable. For the data given in Table 2 concerning 

trachoma, the linear Markov model is more satisfactory. The 

approach to a steady state value is much faster than the KM 

model indicates. 
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CHAPTER 3 

• THE DISEASE CONTROL MODEL 

Historically, the most effective methods of con

trolling epidemics have been preventive methods. Medical 

science was quick to learn that it is easier to prevent dis

eases than to cure them. Unfortunately, there is no gen

eral immunization that will protect the individual from 

every disease. One task of the Public Health Service is to 

follow the development of disease trends and decide when 

intervention on a community level is necessary. This chap

ter discusses the development of the disease control model 

and the related cost equation. 

The' term "control" as used in this study requires 

special restriction. Several methods of disease control are 

available to the professional health officer. Preventive 

measures such as vaccination, isolation, and establishment 

of quarantine are just a few of these alternatives. The 

particular form of control referred to in this research is 

thought of as a mass screening technique for the diagnosis 

and treatment of disease. A portion of the population is 

selected for examination. The fraction that is selected is 

referred to as the control intensity and will be some 
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fraction from 0 to 1. The examining process separates the 

infecteds from those who are susceptible. The infected 

individuals are treated and returned to the population as 

susceptibles. It is assumed that neither treatment nor the 

fact of having had the disease provides immunity to later 

infection for the diseases examined in this research. 

Syphilis, gonorrhea, and trachoma are typical diseases that 

might fit this model. 

This screening action can be interpreted for prob

lems other than communicable diseases. In the case of a 

noncommunicable disease, the mass screening serves to sep

arate the immune individuals from the susceptibles. In 

this case susceptible individuals are vaccinated and then 

returned to the population. An actual clinical test may not 

be administered but the individual's immunization record 

could be screened. In this sense the model could be applied 

to the scheduling of innoculations against smallpox, dip-

theria, or rabies. As a point of history, it was the 

immunity of a dairy herd with respect to infection by 

bovine virus diarrhea that provided the stimulus for one of 

the first disease control models. 

The Disease Control Model of Taylor 

Howard M. Taylor (1968) was the first to consider 

the control of an epidemic as a decision problem. Taylor's 

initial intention was to examine the problem of controlling 
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bovine virus diarrhea (BVD) in dairy cattle. The model had 

much wider application as noted by Taylor. Instead of con

sidering the birth and death of infecteds, Taylor assumed 

that the population was composed of immune or susceptible 

individuals. The process begins either when the entire pop

ulation has been vaccinated or has just survived an attack 

of BVD. In either event, the entire population is immune to 

additional outbreaks. The disease process is modelled by 

assuming that the number of susceptibles increases stochasti

cally with time. This occurs because the immune members may 

be removed from the population because of death or other 

reasons and are then replaced by susceptibles. In addition, 

some individuals may lose their immunity with time. This is 

typical of such diseases as diphtheria or polio. The 

combination of these two events is used as the justification 

for a stochastic pure birth model for susceptibles. Expo

sures to the disease were assumed to occur with independent 

exponentially distributed occurrence times. An outbreak of 

the disease could occur if there were susceptible members in 

the population. 

A cost structure was imposed on the model to com

plete the problem. If a vaccination program is selected, a 

cost K(x) is incurred when there are x susceptibles in the 

population. If an epidemic occurs, the cost is C(x) and is 

measured in economic units. The objective of the decision 



maker is to minimize the long-run time average cost of 

operation of the vaccination program. 

Taylor considered two families of decisions. In 

the first case the number of susceptibles was assumed known 

at all times and was called the observable case. Since this 

information is available to the decision maker, the control 

decision is specified by an integer k with 0 < k < N. Rule 

k called for vaccination when the number of susceptibles is 

k or more. The second case or unobservable case is speci

fied by rule k' which calls for vaccination k' time units 

after the last total immunization whether by vaccination or 

outbreak. 

Taylor's disease control model has relevance to a 

large class of population control problems. For example, 

this model appears to be applicable to pest population con

trol but this problem will not be considered here. The 

prime limitation of the model is the requirement that the 

number of susceptibles must grow with time. Under more 

general circumstances, the number of susceptibles can be 

expected to both grow and decay. This implies that the 

susceptible process would best be modelled as a birth and 

death process as in Chapter 2. This approach was tried by 

D. L. Jaquette (1970) who extended Taylor's model by gener

alizing both the control model and the disease model. 

Unfortunately, this extension produced a model that could 

only be analyzed with the aid of a computer. The model 
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accurately reflects the growth and death process of a popu

lation but the control policy could only be examined by 

extensive numerical procedures. While such a numerical eval

uation is interesting, it does not provide insight concerning 

the structure of the optimal policy or the relative impor

tance of the various disease parameters. 

A Deterministic Disease Control Model 

An early disease control model that possessed 

generality with respect to the structure of the optimal 

policy was developed by J. L. Sanders (1972). The model 

examined by Sanders was a deterministic model based on the 

Kermack-McKendrick disease model as discussed in Chapter 2. 

To formulate the problem as a decision or control model it 

was necessary to propose a cost structure. In this model a 

cost function was assumed that was the sum of a social cost 

and a program cost. The social cost, C(x), was taken as a 

composite of all costs, real or indirect, due to the exis

tence of x infecteds in the population. The program cost, 

K(p), was the total cost of mounting a screening and treat

ment program of magnitude p. Previously, the parameter p of 

the KM disease model was taken as a fixed constant that 

determines the disease dynamics. In Sander's disease control 

model, p is treated as a variable in the sense that the 

decision maker (the public health service or other appropri

ate health agency) could control the value of p in an effort 
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to control the number of infecteds in the population. Quite 

naturally, this variable is called the control or decision 

variable and usually is specified as a function of time. 

However, to simulate the actual control activity more pre

cisely, the continuous time model was discretized and 

considered in stages. The stages were taken as a convenient 

unit of time measured from the time of an initial control 

action to the next time control action was considered. All 

stages were assumed to be of the same length of time. This 

simplified the problem in that the decision maker must now 

select a value for the parameter p between zero and some 

maximum level b < 1, instead of finding p as a function of 

time. The value chosen for p would be fixed for that stage. 

If only a single decision is necessary, the process is 

called a single-stage process. In general, a sequence of 

decisions is required and this is called a multi-stage 

decision process. 

This particular formulation depicts quite clearly 

the dilemma of the program manager. One possible decision 

would be to elect to do nothing, p =0, whereupon the social 

cost accumulates and the program cost would be zero. The 

opposite alternative, the choice of p = b, the maximum value, 

reduces the social cost but increases the program cost. The 

program manager's job is to attempt to select a value for p 

that minimizes the sum of these two costs, C(x) + K(p). In 

an attempt to infer general results, Sanders did not use 



specific functions for C(x) and K(p). Both functions were 

assumed to possess continuous negative second derivatives 

and both were assumed to be monotone increasing functions. 

Eynamic programming was used to solve the optimization 

problem and some basic conclusions regarding optimal disease 

control policy were obtained. 

Conclusions from the Deterministic Model 

There are three main results given by Sanders. All 

of these conclusions are of a qualitative nature and are not 

disease specific. First, if the cost functions are concave 

increasing functions of their arguments, then an optimal 

decision at any stage is either zero or maximum depending 

upon the number of infecteds in the population. From the 

point of view of the public health service, the optimal 

policy is either a maximum effort or no effort at all. Any 

intermediate level of control intensity is nonoptimal for 

the stated objective of minimum total cost. Second, a cost 

condition is derived that is sufficient to determine if a 

disease program will ever be necessary for all stages and 

levels of prevalence. Finally, Sanders develops a set of 

conditions such that if the optimal decision at the present 

stage for a specified number of infecteds is zero (max), 

then for all future stages at the same level of infection 

the optimal decision is still zero (max). 



The results of Sanders as given here are quite 

general in that they only depend upon certain structural 

features of the costs rather than a specific cost function. 

The cost functions need possess only two characteristics. 

Because of this generality, these results could be applied 

to any population model in. addition to the population of 

infecteds that was examined. One might consider a popula

tion composed of immune and susceptible individuals and 

seek the optimal vaccination schedule as suggested by 

Taylor. Another possible example would be the problem of 

controlling a pest population such as rodents or insects. 

The optimal solution, inferred from the analysis by Sanders, 

would be to exterminate at the maximum level or not at all. 

In attempting to find alternate applications, two crucial 

tests are necessary. First, the population to be modelled 

should have characteristics similar to the KM disease model. 

In the case of the vaccination program the rate of growth of 

susceptibles must be assumed to be proportional to the 

product of susceptibles and immunes if the results are to be 

applicable. This may not be a good assumption but might be 

a reasonable approximation. The rate of growth of a pest 

population must be assumed to vary in the same manner. In 

this case the KM model may be a useful approximation to the 

actual population dynamics. 

The second important consideration is the cost 

structure. In the two examples (vaccination and pest 
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population) the decision makers' objective was assumed to be 

minimum total cost. Also, it was assumed that a cost is 

assessed for both using control and for allowing the popula

tion to grow unchecked. Again, these assumptions should be 

verified before the results of Sanders can be applied or 

interpreted in terms of new problems other than the disease 

model examined. 

The Markov Disease Control Model 

The primary reason for the development of an alter

native disease control model is to examine the structural 

properties of the optimal control policy when probabilistic 

effects are introduced. The disease control model given by 

Sanders possessed a simplicity that permitted general 

conclusions to be constructed by means of analysis. The 

approach used was strictly deterministic. This approach may 

be valid when a large population is considered such that 

variations in individual susceptibility to a specific dis

ease may be of little or no consequence. For smaller popu

lations, individual variability with respect to infection or 

immunity becomes significant. This suggests that a sto

chastic approach is more logical. 

The basic approach to the problem is to consider the 

disease process to be made up of discrete periods of time 

called stages. Each stage is then broken into two segments. 

The first segment is composed of an examination and 



treatment period and the second segment is a transition 

period described by the disease dynamics of Chapter 2. 

Stages are taken as any convenient period of time. Usually 

all stages are of equal time for simplicity. The actual 

length of time of one stage is immaterial and can be 

selected arbitrarily to make the problem of estimating 

parameters less difficult. 

The dynamics of the disease model are described in 

Chapter 2 and are referred to as the Markov disease model. 

This model was an attempt to describe mathematically the 

mechanism for converting infecteds into susceptible indivi

duals using a probabilistic approach. This conversion was 

assumed to be accomplished by prescribed clinical procedures. 

In general, such procedures involve both a diagnosis to 

confirm the existence of the infection and a treatment to 

cure the infection. The diagnostic techniques involved may 

be very simple such as the measurement of body temperature, 

or very complex such as the routine used to detect venereal 

disease. In the discussion that follows, the collective 

term treatment will be used to describe this transformation 

phenomenon. This is slightly misleading in that treatment 

implies some diagnosis. In the disease model, it was assumed 

that this treatment occurred as a result of the existing 

system of hospitals, clinics, or other health facilities 

within the community. The control method to be incorporated 

in the Markov disease model is used to augment the existing 
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treatment system. It is assumed that infecteds are not 

being treated fast enough with the existing facilities. The 

treatment must be carried into the community and the unknown 

or uncooperative infected individuals must be found. This 

control technique will be identified as screening. Once the 

infected individual is identified, he is treated and 

returned to the population as a susceptible. There are two 

phenomena inherent in the above assumption that should be 

noted. First, it appears that the existence of an infal

lible screening routine has been assumed. This is not the 

case. The parameter c^ + Cg of the Markov disease model 

represents the probability of an infected remaining 

infected. There are several factors that influence this 

parameter. Missed diagnosis or misclassification that 

results in an infected being classified as a susceptible is 

just one more factor that must be taken into the determina

tion of this parameter. Second, it appears that treatment 

failures have not been allowed. Again, this is not the case. 

Treatment failures may be handled by two methods. In the 

first case, they can be introduced into the parameter (c1+c2) 

in a manner similar to missed diagnosis. Alternatively, 

treatment failure rate can be used as an upper bound on the 

control intensity. For example, the maximum control inten

sity can be limited to 90</o which would imply a 10% treatment 



failure rate. Since this procedure requires a special cost 

structure, the former assumption is used to justify treat

ment failures. 

The screening process is modelled by the use of 

techniques developed for sampling inspection plans of large 

production lines. The function of sampling inspection as 

developed for production models is to provide information 

about the quality of the product under production. The 

concept of sampling inspection when applied to control of 

communicable diseases is concerned with finding those indi

viduals who are infected. There are four probability dis

tributions that must be followed for the development of the 

control model. The first distribution is the probability 

distribution used to describe the number of infecteds in the 

population at time T and is designated by TT.(T). The 
J 

second distribution describes the probability of the number 

of infecteds in a sample of size n. This distribution is 

designated by 1^(1-)• The third distribution is used to 

describe the number of infecteds that remain in the popula

tion after a sample of size n has been removed from the 

population and is designated by The final proba

bility distribution is given by IT . (T+1) and represents the 
J 

number of infecteds at the beginning of the (r+l)st stage. 

A diagram of the sequence of events in the disease control 

model is given by Figure 7- The four distributions are 

shown on the diagram relative to the start and end of the 
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rth stage of a multi-stage process. This figure also 

indicates that the program costs will be assessed against 

the two distributions T^(T) and TT'(T). A multi-stage 

process is represented by multiple single-stage processes 

linked together as shown in Figure 8. The actual time 

consumed by an examination program is usually much shorter 

than the time from the beginning to the end of a single 

stage. For example, a 100$ screen of the population may 

take two weeks to complete, whereas a single time period may 

be as long as six months. 

The control action is modelled by allowing the size 

of the sample, n, to vary from stage to stage. The appro

priate control agency determines the size of the screening 

examination by selecting n. Selection of a sample size 

depends upon many factors such as cost and effectiveness. 

Costs involved in detection and treatment will be discussed 

later in this chapter. In this section, attention is 

focused on just two factors which are the number of 

infecteds that are expected to be found in the sample of 

size n, and the expected number of infecteds that will 

remain in the population after sampling. The determination 

of these numbers can be accomplished by calculating the two 

distributions F^(t) and The conventional notation 

P {X}, P {Y| X}, and P {X,Y} will be used to designate the 

probability of event X, of event Y given X, of event X and 

Y, respectively. See Parzen (i960). The probability of 
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finding i infected individuals in a sample of size n given 

that j individuals are infected in a population of size N is 

P{S(T) = i|X(T) = J} = (3-1) 

The index i can have integer values from 0 to n while the 

index j can have integer values from 0 to N. The probabil

ity (3.1) is conditioned by the event that the population N 

has exactly j infecteds. This information is only available 

as a probability, ttj(t). This information is incorporated 

into the calculation by means of the joint probability of 

the two events, S(R) = i and X(T) = j. 

The joint probability is given since the random variables 

S(T) and X(T) are usually dependent. A transformation of 

variables, X'(R) = X(t) - S(r), yields the joint distribu

tion of infecteds in a sample size n and the number of 

infecteds in the remainder of the population. 

P{S(T) = i, X(t) = j} = 

P{S(T) i,Xf(T) = K} = 
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The binomial coefficient and distribution of 

equation (3-3) link the probability distribution of 

infecteds in the sample to the probability distribution of 

infecteds in the remainder of the population. In general, 

the two distributions may not be separated. If the random 

variables S(T) and X'(T) were independent then the two dis

tributions ri(T) and could be separated from equation 

(3.3). This separation is not necessary but more convenient 

since the average of both distributions is required. It 

would be possible to compute the desired averages from the 

joint distribution (3-3) but that has not been accomplished 

here. Instead, it is assumed that TT.(T) has a binomial 
J 

distribution given by 

^•(t) = (^)xtJ(1-x.)N-j\ j = 0, 1, 2, N (3.4) 

Substituting (3.4) into equation (3*3) yields 

P{S(T) = i, X'(T) = k} = 

1 (il^H J""1' t (Nkn)xf(l-*T )M"n"k] 0-5) 

i = 0, 1, 2, n and k = 0, 1, 2, N-n 

In these expressions, x^ represents the fraction of the pop

ulation that is infected at the start of the rth stage. 

Equation (3-5) indicates the desired separation of the joint 

distribution (3.3) into ̂ (t) and t£(t). 
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r±(T) - (3.6) 

V(t) = (nin)\(l"\)n"n"k (3-7) 

The desired averages of the three distributions (3-4), 

(3.6), and (3-7) may be calculated directly. 

E[x(t)] = Nxt (3.8) 

E[S(T)] = N*T (3.9) 

E[X'(T)] = (N-n)xr (3.10) 

These three averages represent the expected number of 

infecteds in the population at stage T (NX^), the expected 

number of infecteds in a sample of size n (nx^), and the 

expected number of infecteds remaining in the population 

(N-n)x . V T 

Two important aspects of the control model must be 

discussed at this point in the development. The first 

point concerns the information processing aspect of the 

problem. Once the results of a sampling inspection are 

known, how does this information affect the state of knowl

edge about the disease within the population? Mood (19^-3) 

established that no information can be gained by sampling 

from a binomial distribution. This unusual feature of the 

binomial distribution is related to the independence of the 

two distributions which represent the sample and the 



unexamined portion of the population or lot. Mood shows 

that the statistics of these two distributions have zero 

correlation. This particular case where the binomial dis

tribution is used with sampling under no replacement repre

sents a degenerate example of the traditional Bayesian 

decision problem. The general Bayesian approach would 

relate the information gained by sampling to the appropri

ate parameters of the probability distribution for the 

remainder of the population. This approach relies on the 

fact that the two distributions are dependent. Bayes1 

theorem represents the mathematical procedure to accomplish 

this objective. 

The next point concerns a fundamental problem which 

occurs in the actual design of control systems. Tradi

tionally, the development of a control policy assumes the 

control policy to be a function of the state variables. 

This requires that the state variables must be known or 

measured so that the control policy can be used. If this 

measurement is possible then the system is said to be 

"observable." See Schultz and Melsa (1967, p. 24) for 

additional examples and an expanded definition. The state 

variables of the disease control model are the individual 

probabilities TT.(T)- All N of these probabilities, the 
J 

entire probability distribution, can be constructed from 

the single term x for the binomial distribution. Conse-
T 

quently, it is assumed that the fraction x can be 



"measured" at every stage. In this context the disease 

model is said to be observable. The actual fraction 

infected may never be known and the actual measurement may 

be the best available estimate at that point in time. 

The Binomial Distribution Assumption 

There are no data to support or refute the assump

tion that TT.(T) has a binomial distribution. The binomial 

distribution was selected on logical grounds that were con

sistent with previous assumptions. The binomial distribu

tion is selected as a model when two hypotheses are 

satisfied. The first requirement stipulates that the situ

ation to be modelled be dichotomous by nature. This 

implies that the event has two natural categories. For 

example, a tossed coin lands either heads or tails showing. 

A worker in a plant is either absent or present on a fixed 

date. An item produced by a machine is either defective or 

nondefective. An individual is either infected or not 

infected by a specific disease. A second requirement stipu

lates that at any single occurrence of the dichotomous 

event, the probability of one of the specified outcomes is 

always the same independent of the number of occurrences of 

that event. Referring to the earlier example, this hypoth

esis requires that independent of the number of times a coin 

is flipped, the probability that a head occurs must always 

be the same. For the disease model, this assumption was 
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applied in Chapter 2. Each individual of the population has 

an equally likely chance of being infected. These condi

tions define a binomial distribution. In this sense, this 

assuimption is consistent with the interpretation of TT.(T) 
J 

which represents the state of knowledge about the disease 

within the population at stage t• Prom the standpoint of 

decisions or control theory, it is this information that is 

most important. The selection of the control intensity must 

be based upon what is believed to be the current state of 

the system. 

There is an additional utility to this approach 

that may not be readily apparent. One of the difficulties 

inherent in using the probabilistic technique is the addi

tional problem of parameter estimation associated with the 

distribution TT.(T). Specifically, a procedure is needed to 
J 

estimate the parameter x . Since TT.(T) is assumed to be a 
T JX 

binomial distribution, certain simple formulas exist which 

can be used for this particular aspect of the problem. The 

probability that exactly j infecteds are in the population 

is given by equation (3.^)- Consequently, the probability 

that there are at most j infecteds in the population is 

p{x(T) < j} = jo(w_j+u)xrj+U(i"xT)J"u (3,ii) 

This series is only formally an infinite series since the 

terms with u > j vanish. It is easily established that the 
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terms of the series (3.11) decrease faster than the terms of 

This inequality may be used to provide estimates for 

the parameter x . To make a decision about the disease con

trol program, the program manager must develop an opinion 

about the level of prevalence of the disease. Most fre

quently this opinion can be expressed as a probability state

ment. Specifically, a typical opinion would be, "There is a 

90$ probability that at most 12% of the population is 

infected." Taking the population size as 500 and using 

inequality (3.12), it is possible to develop upper and lower 

bounds for x . For the given example, P{X(T) < 60} = 0.9 
T ~ 

since 60 individuals represent 12$ of the population. 

Substitution of the appropriate numbers into (3.12) yields 

a geometric series with common factor (Nx^-j)-"1". As a 

result, the equality of (3.11) may be replaced by the 

inequality 

(3-12) 

T 

440x 
T (3.13) 

Solving the quadratic equation gives the limits for X . 
T 

0.1049 < \ < °-1359 (3.14) 



A certain amount of expert opinion on the part of 

the program manager has been assumed. The manager must have 

adequate familiarity with the operation of the health ser

vices in the area to express an opinion in the fashion just 

described. A complete discussion of the estimation proce

dure is given by Feller, Vol. I (1968, pp. 146-152). 

The Mean State Equation with Control 

A complete description of the disease control model 

must relate the control intensity to disease prevalence in 

the population. One method of description would be to 

calculate the number of infecteds that remain in the popu

lation after a screen. The difficulty with such an 

approach lies in the fact that the number infected before 

screening is not known exactly and the number that become 

infected during one stage cannot be determined precisely. 

The method considered here is to describe mathematically 

what happens to the state of knowledge as it changes during 

one stage. If the state of knowledge at the start of the 

stage is represented by TT^ ( T ) * then the problem is to cal

culate 7t.(t+1) for a given screen size, n. 

The required equation relates the distribution of 

the number of infecteds remaining in the population after 

screening to the distribution of the number of infecteds in 

the population at the beginning of the next stage which is 

obtained through Markov transition probabilities. 
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N  
TTk(T+l) = .E Tj(T)Pjk (3-15) 

Determination of the distribution 7rk(T+l) is best 

accomplished using probability generating functions. A com

plete discussion of the techniques for handling generating 

functions are given by Feller, Vol. I (1968, pp. 264-282). 

The generating function for the (T+1) stage probability 

distribution is defined as 

N 
E 
k=o 

p
T+l(s) =iS •n"k(T+l)sk (3.16) 

N N k 
= E S Tri(r)p1ksK (3.17) 
k=o j =0 J J 

Equation (2.16) defines the transition probabilities 

p-k which when introduced into (3.17) permit summation with 

respect to the index k. 

N  
E 
j=o 

p
T+l(s) = .S iTj (T ) (l-c-L+c1s )^~ J* (l-c-^-Cg- (c^+cg)8 )^" (3.18) 

Summation with respect to index j may be carried out 

when equation (3.7) is substituted with equation (3.18). 

T 

where 

P T + l( s )  = (l-c1̂ 1s)n(l-q + 1 s ) N _ n  (3.19) 

q
T+l = C1 + C2Xt (3'2°) 
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The probability distribution tt̂ (t+1) is determined 

from the expansion of equation (3.19) and selection of the 

appropriate coefficient in the expansion. 

r0(r+l) = (l-c1)n(l-q +1)N-n (3.21) 

, / -l %n,N-n% \N-n "T ! ( T +i) = (i—c1) ( ! )qT+i) 

+ (3.22) 

VT+1) - °IN(QT+L>''"N <3'23' 

The equation for the mean state can be determined 

from the generating function (3-19)• 

AWS> 
y
T+l ~ ds s=l 

(3-24) 

= n c1 + (N-n)qT+1 (3-25) 

= N c1 + (N-n)c2XT (3.26) 

Two normalizations, n = v N and y , = x , n W, are 1 7 x -KL T +-L 

introduced into (3.26) to obtain the mean state equation 

with control. 

XT+1 = C1 + C2(1"Vt)xt (3.27) 
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The control variable v represents the fraction of 
T 

the population to be examined at stage r and is restricted 

to the closed and bounded interval [0,1]. Under these 

assumptions the difference equation (3.27) has the proper

ties of convergence and existence of a steady state solution. 

The values of yt must be specified at each stage to solve 

the difference equation. 

The distribution 7t^(t+1) can be shown to be the 

convolution of two independent binomial distributions. One 

distribution has parameters n and (1-c^) while the other 

distribution has parameters (N-n) and assuming the 

distribution ̂ (t) was a binomial distribution. Continua

tion of the control model to additional stages seems 

impractical if ̂ (t+I) is not binomial. A method that 

avoids this difficulty is to approximate the distribution 

(3-19) by a binomial distribution. 

PT+l(s) = (1"x
t+i+x

t+1
s)N ( 3 - 2 8 )  

The individual terms of the distribution -^(t+I) 

will be approximated by the appropriate terms of the 

binomial distribution. 

TT0(T+1) = (1-XT+1)N (3.29) 
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^(t+1) - (?)xt+1(1-Xt+1)B-1 (3-30) 

7rif(T+1) (XT+l) (3.31) 

The binomial distribution used for approximation 

involves using a distribution with the identical first 

moment but with a larger variance than the actual distribu

tion. This approximation implies that some information has 

been discarded. The exact distribution distinguishes new 

infecteds from old infecteds while the binomial distribution 

used as an approximation makes no such separation. All 

infecteds, new and old, are lumped into one category as in 

Bailey's epidemic model. The alternatives if this approxi

mation is not used are cumbersome from a computational 

point of view. One alternative would be to use the exact 

distribution and keep track of new and old infecteds. This 

seems difficult because the r stage problem would require 

t+1 states where each state represents the number of stages 

that an infected has remained infected. Another alternative 

would be to find a new state probability distribution which 

would remain invariant under sampling and transition through 

the Markov chain. This second approach seems futile since 

Mood (194-3) has shown that the binomial distribution is the 

only distribution which.produces two independent distribu

tions. Other distributions may be used but the sample 
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distribution and the remainder distribution become dependent. 

Finally, it should be noted that in the special case when 

the sample size is zero or N, there is no approximation. 

The exact distribution becomes a binomial distribution which 

can be seen by setting n equal to 0 or N in equation (3.19)• 

The Cost Structure of the Disease Model 

To be able to classify one particular decision as 

better than any other decision, an indicator of the effec

tiveness of a decision must be developed. This indicator 

has many different names such as objective function, index 

of performance, or performance criterion. For the disease 

control problem, this indicator should show how well or how 

poorly the infection in the population is being controlled. 

A universal performance criterion applicable for all disease 

control programs does not exist, and such a criterion will 

not be proposed here. Instead, the index of performance for 

this model will be specified by the cost structure of the 

model itself. This approach guarantees consistency between 

the model and the criterion. 

The basic unit in the cost structure is an economic 

unit such as the dollar. An immediate difficulty arises in 

connection with this attitude. The assumption implied is 

that decisions concerning a disease control program can be 

made on an economic basis. Economic arithmetic is only one 

factor in the evaluation of health programs. Other factors 



that should be considered are the alleviation of risk, pain, 

suffering, fear or anxiety. The analysis in this research 

is concerned with the development of the economic aspects of 

the problem as far as possible. The objective of such an 

approach is to demonstrate the cost of various disease pro

grams in an economic sense. Until a theory for measuring 

the non-monetary costs of a disease is developed, analysts 

must accept this quantitative limitation. 

The monetary costs in this model are put into three 

categories: detection or screening costs, treatment costs, 

and social costs. Detection or screening costs are the 

direct and indirect costs associated with carrying out an 

external treatment program but do not include the actual 

treatment cost itself. The primary costs involved in the 

detection costs include the direct and indirect costs of 

housing, transportation, and pay for medical personnel 

needed to examine the population. Determination of the 

detection cost should also include such factors as the cost 

of the preliminary diagnosis, the cost of hiring transla

tors or guides when the population is foreign, and the cost 

of temporary employees to handle the expected quantity of 

data and administrative details. An indirect cost of mass 

screening programs is the cost associated with overburdening 

the existing medical laboratory facilities. This type of 

problem would arise when very large populations are involved. 

As an example, if every fertile female within the community 
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of Tucson, Arizona, were examined by Pap smear, the number 

of specimens would cause a backlog of work for the medical 

laboratories of the community for months. To handle this 

situation, additional equipment and personnel might be hired 

on a temporary basis. All costs associated with the screen

ing program but not to include treatment will be termed 

detection costs. Treatment costs will be handled separately. 

Estimating the detection cost can be simple when the 

size of the population to be examined is a fixed constant. 

A much more difficult problem would be to estimate the 

detection cost per person when the total number to be exam

ined is not known. This problem amounts to estimating a 

function rather than estimating a specific point. The 

detection cost function should exhibit definite nonlineari-

ties which compounds the estimation problem. Setup costs 

and quantity discounts are two examples of such nonlineari-

ties. Setup costs are typically found in production models 

and are defined as the initial amount of capital required 

before production can begin. A mathematical expression for 

setup costs would be given by 

| 0 if x < 0 (3-32) 
Cost (x) = 1 

I c+ax if x > 0 

where x represents the number of items produced. Quantity 

discounts usually occur in purchasing problems when the 

seller offers special price breaks for large orders. In 
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general, larger orders are cheaper in cost on a per item 

basis. Both of these costs could be expected in the context 

of large-scale medical screening. An initial amount of 

capital would be spent before one single person could be 

examined. Discounts should also be encountered as the 

examinations proceed and efficiency improves. Figure 9 shows 

a graphical comparison of a linear detection cost and a non

linear cost function including both setup costs and quantity-

discounts. A primary objective in formulation of our Markov 

disease control model was simplicity. Consequently, the 

detection cost will be assumed to be a linear function of 

the number of individuals examined. This assumption is not 

important and will have little effect on the conclusions. 

The only requirement with respect to the detection cost 

function is that it must be a concave monotone increasing 

function. A function is defined to be concave if 

f (Xx-L+(l-\ )xg) > \f(x1) + (l-x)f(x2) for all 0 < \ < 1. In 

terms of medical examinations, the assumption of concavity 

implies that each additional individual to be examined costs 

no more than the previous individual. The assumption about 

monotone increasing functions follows from the fact that it 

will always be more expensive to examine more people. 

Treatment costs are defined as the costs associated 

with the administration of a clinical course of treatment 

of an infected individual. This includes the cost of drugs 

or therapy, the fees of the medical personnel involved in 
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the treatment, and the cost of follow-on visits if that is 

part of the standard procedure. Conceptually, there are no 

special problems involved in the estimation of the treat

ment cost per individual. Nonlinearities such as setup 

costs or quantity discounts may also be involved. One pos

sible difficulty occurs when treatment involves drugs since 

dosage is heavily dependent upon age or body weight, partic

ularly in the young. The disease model proposed is not age 

specific. Therefore, treatment cost is interpreted as an 

average cost per person and is assumed to be a linear func

tion of the number of individuals treated. 

The Social Cost of a Disease 

The social cost of a disease is the direct and 

indirect cost to the population associated with one indivi

dual having the disease for one stage. This monetary cost 

takes many forms. The most obvious loss is associated with 

the loss of an individual's contribution to the society 

because of partial or complete inability to work. Sick

ness may reduce the individual's resistance to further 

attacks of the disease or to other causes of disability. 

Rheumatic fever attacks are typical examples of this type of 

sickness since they can weaken the heart leading to 

coronary problems at a later time. The society must pay an 

indirect cost for having infected individuals roam 

untreated within the community. These infected individuals 
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cause the spread of the disease which creates more infecteds 

ultimately increasing the burden on the existing health 

services facilities. To be consistent, the cost of a pre

mature death need not be considered since the diseases 

considered do not result in death directly. In summary, all 

direct and indirect monetary costs to the society are called 

social costs. 

The problem of actual determination of the social 

cost of a disease has been attacked by many economists. Two 

predominant attitudes are obvious. The first is a cost-

benefit analysis as typified by Burton A. Weisbrod (1961), 

Herbert E. Klarman (1965), Dorothy P. Rice (1966), and 

others. The social cost appears when attempts are made to 

compare the costs of various health programs with expected 

benefits. These expected benefits are related to the 

monetary cost associated with the morbidity and mortality 

rates of a specific disease. The present value of an 

infinite cash flow stream is calculated using several dis

count factors. The resulting numbers are reported to repre

sent a monetary measure of the benefit to be derived from a 

health program. This benefit may be interpreted as the 

social cost. A major drawback of this procedure is that it 

views a human being as a productive asset, one who will 

generate a stream of earnings through future years. Capital

izing these future earnings at an appropriate rate attaches 

a capital value to an individual. Any investment which 



raises the capital value of a human being by more than the 

cost of the investments is judged worth undertaking. Deci

sions about medical care, especially where survival is 

concerned, are not usually directly related to questions of 

profit and loss. 

The alternative point of view was represented by 

Vincent Taylor (1969) and Eramett Keeler (1970). The major 

conclusion of Taylor's paper is that good health is worth as 

much as people are willing to pay for it. This conclusion 

is based on the economic proposition that the consumer 

represents the ultimate authority in all markets. He goes 

on to conclude that these demands should be the deciding 

factor for health programs. Determination of consumer 

demands can be accomplished, theoretically, by polls, sur

veys or opinion samples. Keeler (1970) gave a sample of 

such a survey. The objective was to determine what the 

individual consumer of a health program would be willing to 

pay for the service provided. This procedure is exactly 

what is required to determine the social cost as defined 

originally. It would be instructive to know what a repre

sentative sample of the population would be willing to pay 

for cure or immunity from cancer, tuberculosis, schizo

phrenia or any other disease. This type of evaluation would 

provide a monetary assessment of pain, anxiety, and even the 

reduction in probability of contracting a communicable 

disease. Such a scheme involves certain fundamental 
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difficulties. In cases where individuals stand to benefit 

just as much whether they pay or not, it should be clear 

that payments for such a service would be small or non

existent. Keeler reports that an attempted survey provided 

no real answers since the survey results were very inconsis

tent . 

Clearly, the problems of determining the social 

cost for one disease are immense. No scheme seems to be 

adequate. Nevertheless, decisions must be made and resources 

allocated by one means or another. The relationship of the 

model to the overall problem of disease control becomes 

important. The Markov model considered here represents an 

analytic tool available to the decision maker for the 

assessment of the relative economic costs of alternative 

control programs. For the purpose of comparing programs, 

the structure of the social cost seems unimportant and a 

linear function of level of infection will be assumed for 

simplicity. With the knowledge of the relative costs, the 

responsible authority is potentially better equipped for 

the role of decision making. 

The Single Stage Cost Equation 

The cost of the disease control program in this 

model is determined in two segments during any one stage. 

The actual calculations are based upon the two distributions 

r±(T) and TTj^(t ) • During the screening segment, one unit of 
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detection cost is charged for each individual that is exam

ined. The detection cost is Dn where D represents the 

detection cost per individual examined. If an individual is 

found to be infected during an examination, he is treated 

and one unit of treatment cost is charged. If i individuals 

out of the n who were examined are found to be infected, 

then the cost for treatment is given by K i where K is the 

treatment cost per person. The exact number of infecteds 

in a sample is not known until the exams have been com

pleted. The expected number of infecteds in a sample of 

size n can be determined using the probability distribution 

r±(T) defined by equation (3.6). An expected treatment 

cost may also be computed assuming the cost is linear with 

respect to the number of individuals who are treated. Let 

S be a random variable which represents the number of 

infecteds in a sample of size n with distribution T^(t)^ the 

expected treatment cost is 

E[KS] = KE[ S] = Knx^ (3-33) 

The total cost for examining n individuals is the 

sum of the detection cost and expected treatment cost. 

Dn + Knx^ (3-34) 

The costs incurred during the second segment of one 

transition stage are more difficult to determine since the 

dynamics of the disease process must be considered. In this 
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period of time some fraction of the unexamined portion of 

the population will be treated at the available clinics or 

other health care facilities. A treatment cost must be 

assessed for each individual treated during this time. 

Additionally, some infecteds will go untreated and remain 

infected. A social cost must be assessed for each of these 

individuals. Both of these calculations depend upon the 

number of infecteds that remain in the population after n 

individuals have been removed. The probability distribution 

associated with the remaining number of infecteds is given 

by defined by equation (3-7) • Let be a random 

variable representing the number of infecteds remaining in 

the population, the expected number of infecteds is 

E[XJ] = (N-n)x (3.35) 

In the development of the disease model, it was 

assumed that during one transition period out of all the 

infecteds at the start of the transition, the fraction 

(cl+c2) will remain infected and the fraction 1-(c-j+c2) 

will be treated and become susceptibles. Therefore, the 

expected number of infecteds that will be treated is 

(l-c^-Cg)(N-n)x and the expected number that will remain 

infected is (c^+cg)(N-n)x . One unit of treatment cost must 

be assessed for each infected.that is treated and one unit 

of social cost must be charged for each infected that 

remains infected. Here again the exact number of infecteds 
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is unknown and the expected value must be taken, 

E^l-c^-c^Xj + SC(c1-ki2)XrJ] (3.36) 

The parameter SC represents the social cost per 

infected for one transition period. This cost is assumed to 

be a linear function with respect to the number of infecteds. 

The expected value denoted in equation (3.36) is taken over 

the distribution and for the case where is 

binomial, this value is 

K(1-C1-C2) (N-n)X + SC^+CG) (N-n)X (3-37) 

The total expected cost during one stage including 

all the costs is given by slimming equations (3.3^) and 

(3-37). 

Dn + Knx^ + K(l-c1-c2)(N-n)x + SC(c^+c2)(N-nJx^ (3-38) 

The single stage cost at stage -T is a function of 

the fraction infected at the beginning of the stage, x , 

and the size of the screening program during that stage, n. 

Two normalizations are introduced to reduce the 

number of constants. Since x is a non-negative fraction, 
T 

it would be desirable to have the screen size, n, subject to 

the same bounds. Let 

n = YtN : yt = 0, jj, jj, •••, 1 (3.39) 
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The variable represents the fraction of the population to 

be examined. Next, the unit of social cost, SC, is taken as 

the standard monetary unit. Detection costs and treatment 

costs are represented in units of social cost. These costs 

are normalized with respect to social cost. 

K = k SC (3.40) 

D = d SC (3.41) 

The indicated normalizations are incorporated into 

equation (3-33) to yield the single stage cost equation. 

J(x ,v ) = ax + dx + (k-a)v x (3-42) 
t t t t tt 

where 

a = k + (c1+c2)(l-k) (3-43) 

The constants a, d, and k are all non-negative and the vari

ables x and v are restricted to the closed and bounded 
T T 

interval [0,1]. 

Formulation of the Multi-stage 
Cost Equation 

Development of the multi-stage cost equation is 

accomplished by means of a functional equation. Define 

Fi(xo) as the minimum expected cost for a one-stage problem 

when the initial probability distribution is specified 

by xQ. 

pl(xo) = min <j(VY0)3 (3.44) 
Yo 
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The minimum expected cost for a two-stage problem 

depends upon F1(x). 

N 

P2(xo) = min {J(xo,Yo) + 6 S tt .(1) F-^)} (3.45) 
Y0 J'=° 

The summation term of equation (3.45) represents the 

expected cost of one additional stage. The discount factor, 

6, is introduced to account for the present value of the 

expected future costs. The minimum expected cost for the 

t-stage problem follows in a similar manner. 

N 
F
T(XG) = min {J(Xo,Y0) + 6 E 7Tj (l)FT_i(-i)} (3-46) 

Y0 J~° 

The variable xQ defines the initial binomial distri

bution of infecteds in the population. The variable yQ 

represents the initial choice for the fraction of the popula

tion to be examined. The probability distribution ir.(l) j 
represents the change in the state of knowledge after one 

transition and is related to the initial probability distri

bution by the Markov condition. 

N 
V1' = P3^FC(0) T3-47' 

where 

'k'0) = (Y1)*0k(1-xo>K"'n"k (3-48' 

It has been shown previously that the distribution 

ir.(l) is not a binomial distribution but can be approximated 
J 



by a binomial distribution. The probability distribution 

tt .(1) is approximated by j 

^(1) = (3.49) 

where 

*1 = cl + c2(1~Y0)xO (3-50) 

A similar approximation must be made at each stage 

for the t-stage problem. If the variable y is restricted 

to be 0 or 1, then no approximation is involved since the 

actual distribution is identical to the approximating 

binomial distribution. 

The solution to the functional equation (3.^6) must 

specify the optimal choice for the variable y^ for each 

stage of a j-stage problem. The specification of the opti

mal choice depends upon the (N+l) probabilities, 

TT0(T ), T^(T)J ..., TJJ(T ) • Determination of the solution is 

very difficult since an entire distribution must be known 

at each stage. The problem has (N+l) state variables but 

can be simplified by approximating the calculation of 

expected future costs. The approximation that will be used 

involves replacement of the expected value of a function of 

a random variable by a function of the expected value. The 

error involved in this approximation is designated M and 

will be discussed separately. 

E{u(X)} =u(E{X}) + M (3-51) 
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The expected value operation to be approximated is 

the calculation of expected future costs. 

N 1 
S  =  P t ( X T )  +  M  < 3 ' 5 2 )  

j_O j T T 

where 

^•(R) = (J)X^(L-XT)N-D (3-53) 

The left side of equation (3-52) is a polynomial, 

called the Bernstein polynomial of degree N corresponding to 

the given function P fx). Bernstein's theorem which is dis-
t 

cussed in Feller, Vol. II (1971, p. 222) states that if 

F (x) is continuous in the closed interval (0,1), then the 

Bernstein polynomials tend uniformly to F (x ). The error 
t t 

term goes to zero as N becomes large and convergence is 

uniform. 

The multiple-stage cost function may be reformu

lated using the indicated approximation. The approximate 

formulation is distinguished from the exact formulation by 

using a lower case f for the minimum cost function. There 

is no approximation involved in the computation of the 

minimum expected cost for a single stage and ^(XQ) = 

F1(xq). The minimum expected cost for two stages depends 

upon f1(xQ). 

f2(x0) = mln fj(vy0) + 5^(^)3 (3.54) 

where ° 

XI = CI + C2(1_Y0)X0 (3.55) 
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The minimum expected cost for a T-stage problem is 

formulated in a similar manner. 

f (x0) = min £j(xo'Y0) + i(xi)3 (3.56) 
Yo 

The variable x. represents one parameter of the 
J 

binomial probability distribution at the j-th stage. The 

other parameter is the total population size N which is a 

fixed constant for every stage. Equation (3-56) implies 

that Bernstein's approximation will be used at each stage 

after the first stage. 

An Error Bound for the 
Approximate Formulation 

The approximations introduced in the previous sec

tion are useful since an estimate for error bounds can be 

calculated. The exact problem was formulated as a T-stage 

problem given by equation (3-46). The approximate formula

tion of the problem is given by equation (3.56). Let y be a 

value of yQ for which the minimum of (3.46) is obtained 

and y* be a value of y0 for which the minimum value of (3-56) 

is obtained. 

Ft(*o) = J(*0'V) + 6  ̂ (3-57) 

f
T(*0) = J(xo'Y*) + 6 (3.58) 

Ft(xo) ̂  J(xo'Y*) + 6 S TTj(l)PT_i(4) (3*59) 
J 
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f
T(x0) ̂ j(x0̂ y) + 6 fT_i(xi) (3.60) 

The maximum difference between the approximate and 

the exact formulation follows from the inequalities (3-59) 

and (3.60). 

|PT(x)-fT(x)| < max {6 S Tj " fT_i(xi))} (3-6l) 
x-l j 

Let ^ be the maximum error in the approximations 

defined by equation (3-51)• 

|pt(x) - ft(x)| < 6 mt_1 (3.62) 

If each stage is considered separately, a sequence 

of maximum error terms can be developed. Denardo (1967), 

Bellman (1957), and others have shown that if x is an 

element of some closed and bounded region, then the func

tions F fx) and f (x) as defined are continuous on some 
T T 

closed and bounded interval. Let M (x) be the difference 
T V 

between the two functions F (x) and f (x). 
T T 

Mt(X) = Ft(X) - fT(x) (3.63) 

The function M (x) will be continuous on the same 
T X 

closed and bounded interval. The continuity of (x) 

implies that the maximum value of the right-hand side of 

equation (3.61) exists and is finite for all values of t > 1. 

If the function F^(x) converges for large T to F(x) and 

f^_(x) converges to f(x), then M^(x) converges to M(x). 
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lim M (x) = M(x) = F(x) - f(x) (3.64) 
1—>00 ^ 

The convergence and continuity of F^(x) and fT(x) 

have been shown by Denardo and Bellman and will be examined 

again in Chapter 4. The function M(x) is also continuous 

which implies the existence of a finite maximum value, M*. 

|F(x) - f(x)| < M* = max {M(x)} (3.65) 
x 

The most important calculation is'the determination 

of M*. Feller, Vol. II (1971> p. 222) examines an expected 

value operation of the same type as defined in equation 

(3.51)• Feller discusses the problem for a large class of 

probability distributions including the binomial distribu

tion which is the distribution of interest in this study. 

Feller shows that the error term, M(x), in equation (3-52), 

tends to zero as the population size becomes large. Addi

tionally, it is assumed that the convergence is monotonic 

with respect to the population size N. The maximum error 

for the expected value operation (3.52) should occur for 

the smallest population size, N = 1. Numerical examples of 

this calculation are given in Chapter 5 which show that the 

error for N = 1 are about 30$, whereas for populations of 

size N = 560, the error is about 1%. 



The Significance of the 
Approximate Formulation 

The utility of an approximate formulation lies in 

the fact that such a formulation has an analytic solution. 

Such a situation exists in this case, and Chapter 4 details 

the analytic solution of the multi-stage problem. What is 

not so obvious is that it has been shown that the cost of 

following the optimal policy which results from the approxi

mate formulation will always be within some small error of 

the cost that results if the exact optimal policy had been 

known. 

Another implication of the approximate formulation 

is related to the certainty equivalence principle. See 

M. Aoki (1967, pp. 51-52). The certainty equivalence 

principle is a technique used to obtain optimal control 

policies for stochastic systems. This procedure stipulates 

that all random variables of the stochastic system are 

replaced by their expected values. The resulting system is 

treated as a deterministic system and the optimal policy is 

found. The disease control system examined here was formu

lated originally in terms of probability distributions 

instead of random variables. An approximation was intro

duced to simplify the analysis which replaced the expected 

value of a function by a function of the expected value. 

The effect was to replace the stochastic system by a deter

ministic system which is the same result obtained by use of 



the certainty equivalence principle. The approximation 

used in the disease control problem provides the same • 

simplification as the certainty equivalence principle but, 

in addition, provides an estimate of the error involved in 

the approximation. 



CHAPTER 4 

SOLUTION OF THE MULTI-STAGE 

DECISION PROBLEM 

In the application of mathematics to any endeavor, 

a primary goal is the creation of a mathematical model 

which will contain the essential relationships that must, be 

examined. These relations can then be examined by mathemati

cal methods and frequently yield information that is not at 

all apparent in the original data. A great deal of detail 

must be ignored or simplified to develop a model. The 

resulting success of the model depends entirely on whether 

those factors which were included turn out to be essential. 

A disease control model has been proposed in 

Chapters 2 and 3 in order to study the effectiveness of vari

ous disease control programs. The disease control program 

is modelled as a multi-stage decision process. The decision 

at each stage or time period is to select the level of 

screening that will be used to detect infected individuals 

within the population. This chapter will explore the vari

ous mathematical complexities of the disease control model 

and summarize the essential results for the applications 

contained in Chapter 5« 

89 



Eynamic Programming Formulation 

The problem of modelling the disease control program 

is typical of a much larger class of problems that have been 

modelled as multi-stage decision processes. The common 

feature of such problems is that they are concerned with the 

allocation of some scarce resource among competing alterna

tives. In the disease control problem, the desired solution 

is to specify the optimal allocation of funds to be spent on 

the control of a specific communicable disease. The proce

dure that will be used to determine this optimal set of 

decisions is called dynamic programming and was developed by 

Richard E. Bellman (1957)- The essence of the dynamic 

programming technique is to develop the functional equation 

governing the process by means of the principle of optimal-

ity. A complete discussion is given in Chapter 3 of Bellman 

(1957* pp. 81-115). The functional equation that will be 

examined here is obtained by defining the function f (xQ) 

as the minimum cost function for the x-stage process which 

starts at the initial point, x , for j = 1, 2, ..., and 

xQe[0,l]. The minimum cost function is given by 

f
T (xQ) = min {J(Xo,Y0) + 6fr_l(xl)} (4.1) 

where 

J(xo'Y0) = a xQ + d Yq + (k-a)xo Yq 

x2 = ci + c2xo(1-yq) 

(4.2) 

(4.3) 
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and Y0e[0,l]. The constant 6 is introduced into equation 

(4,1) as a discount factor since all costs are measured in 

economic units. The discount factor is used to account for 

the present value of future costs. It is not necessary to 

specify one value for 6 but it is assumed that 0 < 6 < 1. 

Before proceeding with the solution of the functional equa

tion (4.1), two important properties of multi-stage decision 

processes will be examined in detail. First, the existence 

and uniqueness of the minimum cost function is explored. 

Second, a theorem concerning the properties of easily 

classified processes is developed that helps simplify later 

calculations. 

Existence and Uniqueness 

The existence and uniqueness of the solution of the 

functional equation (4.1) is of no direct value in a computa

tional sense. It is of great importance for the approach 

used here, however, and becomes a critical issue in deter

mining the minimum cost function. Bellman (1957, p. 121) 

proves the following theorem. 

THEOREM. If the equation 

f(x) = INF {g(x,y) + h(x,y)f(T(x,y))} is an equation 
Y 

of Type Two, there is a unique solution which is 

bounded in any finite part of some domain D. 

Additionally, the solution may be found by means of 

successive approximations. If g(x,y), h(x,y) and T(x,y) 
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are continuous in x in any bounded portion of D, uniformly 

for all yes, then f(x) is continuous in any bounded por

tion of D. The set S may be finite, enumerable, a continua, 

or some combination of these types. In this study it is 

sufficient that S be a closed and bounded interval and is 

taken as [0,1]. 

Bellman defines equations of Type Two to possess 

three characteristics. If 

(a) |g(x,y)| is uniformly bounded for all y € S, 

and ||x|| < c^, x e D. 

(b) |h(x,y)| < a < 1 for all y e S and uniformly in 

any region ||x|| < Cj* x e D. 

(c) ||T(x,y) || < | |x || for all x or alternatively 

D is a bounded region, and no condition is 

imposed upon T except that T(x,y) e D for all 

x e D, and y e S. 

then 

f(x) = INF [g(X,y) + h(x,y)f(T(x,y))} (4.4) 
Y 

is an equation of Type Two. The multi-stage model repre

senting the disease control process is an equation of Type 

Two. The function 

g(x,y) = J(x,y) = ax + dy + (k-a)xy (4.5) 

is uniformly bounded for all y e [0>1] and ||x|| < c^ for 

x e [0,1]. The function h(x,y) is just equal to 6 which is 
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less than one by definition. The final condition concerns 

the function 

T(X,y) = + c2(1-y)X (4.6) 

The domain D is the unit interval [0,1] and T(x,y) is 

uniformly bounded in D. Thus, condition (c) is satisfied. 

Equation (4.1) is of Type Two and as a consequence possesses 

the essential properties of existence and uniqueness. An 

additional benefit is derived from Bellman's proof since he 

shows that successive approximations converge to the 

desired solution. With a fortunate amount of foresight, the 

correct solution can be found in a single iteration. 

E. Denardo (1967) has taken a slightly different approach to 

proving the same result given by Bellman. Denardo's proof 

emphasizes the successive approximation technique since it 

is based upon the fixed point theorem of contraction mappings. 

Denardo assumes that the functional equations obtained by 

the dynamic programming formulation possess a contraction 

property and consequently satisfy the contraction mapping 

theorem which is the critical step for existence and 

uniqueness. Bellman's equations of Type Two satisfy this 

contraction assumption along with many other examples given 

by Denardo. A complete discussion of contraction mappings 

and the fixed point theorem is given in H. Kushner (1971, 

p. 100). 
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The Main Theorem 

In addition to existence and uniqueness a few 

structural aspects of the minimum cost function, f^(x), are 

of enough importance to warrant special attention. These 

structural properties may be derived from the structural 

properties of the functions J(x,y) and T(x,y). The intention 

of this section is to show that specific information about 

these two functions implies a specific set of features of the 

minimum cost function. The two structural properties that 

will be examined are monotonicity and concavity. Defini

tions of these two properties are usually given in most text

books concerned with real analysis such as N. B. Haaser and 

J. A. Sullivan (1971)• Equivalent definitions are restated 

here to avoid any misinterpretation. A function of one 

variable is a monotone increasing function if f(x^) < f(x2) 

whenever x^ < x2 and monotone decreasing if f(x1) > f(x2). 

A function of one variable is a concave function if 

f(\x1 + (l-\)x2) > \f(x1) + (l-x)f(x2) for all x1, x2 and 

0 < \ < 1. The function is convex if the inequality is 

reversed. 

Before proceeding directly with the structure 

theorem, it would be best to clarify some of the concepts 

that will be employed. The first observation concerns the 

minimum value of a concave function of one variable defined 

on some closed and bounded interval. This minimum must occur 

at a boundary point or else is undefined. If the function is 
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strictly concave, the minimum must occur at the boundary. 

When the minimum of a concave function is undefined, the 

only possible candidate is the constant function. If the 

function is strictly concave then the location of the mini

mum of the function may occur at most at two points. These 

two points are the upper limit and the lower limit of the 

domain of definition of the function. Otherwise, the loca

tion of the minimum is either one limit or the other. The 

minimum value of the function is always unique in any case. 

The second observation concerns the composition of two con

cave functions. 

LEMMA 1. If g(x) is a concave monotone increasing 

function of x and u(x) is a concave function, then 

the composition 

f(x) = g(u(x)) (4.7) 

is a concave function. 

PROOF. The concavity of the function u implies that 

u(\x1 + (l-x)x2) > \u(x1) + (l-\)u(x2), and since g is mono

tone increasing g(u(\x1 + (l-x)x2)) > g(\u(x1) + (l-\)u(x2)). 

The concavity of the function g implies that g(xu(x^) 4-

(l-\)u(x2)) > Xg(u(x1)) + (l-\)g(u(x2)). 

f(\x1 + (l-x)x2) = g(u(\xx + (l-\)x2)) (4.8) 

> X g (u(x1)) + (l-x)g(u(x2)) (4.9) 

> Xf(x1) + (l-x)f(x2) (4.10) 
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LEMMA 2. If G(x,y) is a concave function of x and y 

for x e [0,1] and y e [0,1], then f(x) as defined by 

f(x) = min {G(x,y)} (^-H) 
Y 

is a concave function of x. 

PROOF. The function G(x,y) is concave with respect 

to y which implies that the minimum occurs at the limiting 

values for y which are 0 and/or 1. Consequently, 

f(x) = min {G(x,0), G(X,1)} (4.12) 

The minimization of equation (4.12) is a choice 

between two concave functions which implies that f(x) must 

be concave for all x. 

LEMMA 3. If g(x) is a concave monotone increasing 

function of x 6 [0,1] and u(x) is a concave function 

that is either (a) monotone increasing or (b) mono

tone decreasing such that 

|g(x2) - g(x1)| > |g(u(x2)) - g(u(x1))| (4.13) 

for all x^, x2 such that x^ < Xg, then the functions 

defined as 

f (x) = s(x) + f (u(x)) t = 1, 2, ... (4.14) 
T T--1-

f Q ( x )  =  0  

are concave monotone increasing functions of x. 

PROOF. For t = 1, the function f^(x) = g(x) is a 

concave monotone increasing function of x by assumption. 
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The second function is 

f2(x) = g(x) + fi(u(x)) (4.15) 

Since f-^x) is concave and monotone increasing and u(x) is 

concave, f^(u(x)) is concave by Lemma 1. The function f2(x) 

is concave because it is the sum of two concave functions. 

The concavity property follows inductively for all values 

of x > 2. 

For t = 1> = s(x) -*-s mono"tone increasing. For 

t = 2, the next function is 

f2(x) = +fi(u(x)) (4.l6) 

= g(x) + g(u(x)) (4.17) 

If u(x) is a monotone increasing function then f^(u(x)) is 

monotone increasing and f2(x) is monotone increasing. If 

u(x) is a concave monotone decreasing function an additional 

condition is imposed. 

IsCx-l) - g(x2)| > |g(u(x1)) - g(u(x2))| (4.18) 

Choose any x-^, x2 e [0,1] such that x^ < x2-

f2(x2) - f2(x1) = g(x2) - g(x1) + g(u(x2)) - g(u(x1)) (4.19) 

Since g(x) is monotone increasing and u(x) is monotone 

decreasing, the composition g(u(x)) is monotone decreasing. 

The term g(u(x2)) - g(u(x1)) in equation (4.19) is negative 
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and g(x2) - g(x^) is positive. The difference between the 

two terms is positive because of condition (4.l8), and the 

function f2(x) must be monotone increasing. Additionally, 

note that an upper bound for the difference f2(x2) - f2(x^) 

can be established from equation (4.19)• 

f2(x2) - f2(x1) < g(x2) - g(x2) (4.20) 

The induction proof can be completed by showing that 

the function f*3(x) is monotone increasing. Choose any x-^, 

x2 such that x^ < x2. 

f3(x2) - f3(x1) = g(x2) - g(x1) + f2(u(x2)) - f2(u(x1)) 

(4.21) 

The inequality given by equation (4.20) is incorporated 

into (4.21). 

f3(x2) - f3(x1) > g(x2) - g(x1) + g(u(x2)) - g(u(x1)) 

(4.22) 

The right side of (4.22) has been shown to be positive which 

implies that 3̂(x) i-s monotone increasing. The proof fol

lows inductively for all larger values of t- The hypotheses 

of Lemma 3 constitute a sufficient set of conditions but not 

a necessary set of conditions. However, these conditions 

are adequate for the intended purpose of this research. 

It is now possible to examine the structural theorem 

that is the important result of this section. 
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THEOREM. Assume the functions J(x,y) and T(x,y) 

are concave functions of the variables x and y. 

For fixed values of y, the function J(x,y) is a 

monotone increasing function of x. For fixed 

values of y, the function T(x,y) is assumed to be 

either (a) monotone increasing, or (b) monotone 

decreasing such that for all x^ < Xg, 

|j(x2,y) - J(x1,y)| > |J(T(x2,y)) - J(T(x1,y))| 

(4.23) 

Under these conditions, the functions f (x) defined 

as 

f (x) = min {J(x,y) + 6f 1(T(x,y))} ?  =  1 ,  2 ,  . . .  

Y (4.24) 

are concave monotone increasing functions of x. 

PROOF. For t •= we have 

f^(x) = min {J(x,y)} (4.25) 
Y 

Since J(X,Y) IS concave in y, the minimum occurs when 

Y = 0 and/or 1 by Lemma 2, and 

f^(x) = min {J(x,0),J(x,l)} (4.26) 

The minimization is taken over two concave monotone increas

ing functions of x, and ^(x) must have these properties as 

a consequence. 

For x = 2, we have 

f2(x) = min C J(x> Y) + Sf-L(T(2c, Y) )3 (4.27) 
Y 
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Since f^(x) is concave and monotone increasing and T(x,y) 

is concave in both x and y, the composition f^(T(x,y)) is 

concave in both x and y by Lemma 1. According to Lemma 2, 

the minimum occurs when y = 0 and/or 1. The equation for 

f2(x) becomes 

! J ( x , 0 )  +  6f 1 ( T ( x , 0 ) )  

(4.28) 

J(x,l) + 8f1(T(x,l)) 

and the function f2(x) must be concave. The concavity 

property follows inductively for all higher values of • 

The function f^(x) has been shown to be a concave 

monotone increasing function of x. Define 

G2(x,y) = j(x,y) + 6f1(T(x,y)) (4.29) 

If the function T(x,y) is monotone increasing function of x 

for fixed y, then f^(T(x^y)) is a monotone increasing func

tion of x for fixed y. Since G2(x,y) is concave in y, the 

minimum occurs for y = 0 or 1. The function defined as 

f2(x) = min {G2(x,0), G2(x,l)] (4.30) 

is a minimum over two monotone increasing functions and is 

therefore monotone increasing. The proof can be completed 

inductively for values of t greater than 2. 

If T(x,y) is a monotone decreasing function of x for 

fixed values of y, then G2(x,y) is monotone increasing 

because of condition (4.23) and Lemma 3- The minimum of 

Gg(x,y) occurs when y is 0 or 1. 
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f2(x) = min {G2(X,0), Gg(x,l)} (4-31) 

The function f2(x) must be monotone increasing with 

respect to x, and for any x^ < x2 with a fixed value of y 

|f2(x2) - f2(x1)| < |J(x2,y) - J(x1,Y)| (4.32) 

This inequality is used to establish the monotonicity 

of f^(x). 

G3(x,y) = J(x,y) + 6f2(T(x,y)) (4.33) 

The function f2(x) is a concave monotone increasing 

function. If T(x,y) is a monotone decreasing function of x 

for fixed values of y, then G^x^y) monotone increasing 

because of condition (4.32) and Lemma 3. The minimum of 

G^(x,y) occurs when y is 0 or 1. 

f^(x) = min {G3(x,0), G^x,!)} (4.34) 

which implies that ̂ (x) must be monotone increasing with 

respect to x. For values of T greater than 3 the proof 

follows inductively. This establishes the structural prop

erties of the functional equation defined by (4.1). 

Interpretation of the Main Theorem 

The major conclusions of the main theorem may be 

interpreted in terms of the disease control model. Specifi

cally, the minimum cost function, f^(x), will be a concave 

monotone increasing function of the variable x. The variable 
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x represents the fraction of the population that is infected 

at the T-th stage. The property of concavity implies that 

treatment will cost less on an individual basis when more 

individuals are to be treated. This phenomenon is called 

"economies of scale" by H. M. Wagner (1969* p. 303). The 

monotonicity property implies that the cost of the disease 

control program will never decrease as the percent infected 

increases. Intuitively, these conclusions are valid with 

respect to the cost of disease control programs. However, a 

less intuitive conclusion of the main theorem is that the 

optimal policy for controlling a disease is a policy com

posed of the 0 and 100$! screening decisions. The interpre

tation is that to obtain the minimum cost for disease con

trol, the required alternatives are to examine everyone in 

the population or else to examine no one. Additionally, 

this "all or nothing" type of policy is not unique. Other 

optimal policies may exist but these alternate policies will 

cost exactly the same as the "all or nothing" policy. 

The function T(x,y) represents the equation used to 

predict the fraction of the population that will be infected 

at the next time period given the present level of infection, 

x, and the screening level, y 1^° different assumptions 

are made concerning this function. In the first case, the 

function is assumed to be a monotone increasing function of 

x which implies that the fraction infected at the next time 

period will be greater than or equal to the current percent 
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infected. Several authors have proposed these types of math

ematical models for epidemics. The "catalytic" models pro

posed by H. Muench (1959) are in this category and various 

specific cases of models proposed by Bailey (1957). In the 

second case, the transition equation, T(x,y), is assumed to 

be a monotone decreasing function of x. This assumption 

implies that the fraction infected at the next time period 

will be smaller than the current fraction infected. This 

type of model was used by Armitage (i960) when studying the 

problem of sequential medical trials. However, several 

significant disease models are available that do not fall 

into either of these two cases. With an appropriate choice 

of parameter values, Bailey's simple epidemic model with no 

removals is in this category. Care must be used to avoid 

these disease models if the main theorem is to be used. 

Application of the Main Theorem 

The main theorem of this chapter was developed to 

analyze the decision policies associated with disease 

control programs. Those policies which produce minimum cost 

will be determined. Equation (4.1) represents the dynamic 

programming formulation of the minimum cost function. The 

main theorem will be applied to equation (4.1). The first 

requirement of the main theorem is that the function J(x,y) 

be a concave monotone increasing function of x and y. 
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The function J(x0>Y0) was defined by equation (4.2). The 

parameters a, d, and k, are strictly positive constants by 

definition. Consequently, the single-stage cost equation, 

J(x0,v0), satisfies the first requirement. The next 

requirement concerns the transition equation, T(x ,y ). 

This function is defined as 

T(VY0) = C1 + (4-35) 

where c^ and Cg are parameters defined in Chapter 2. The 

parameters are restricted such that 

0  <  c 1  < 1  (4. 3 6 )  

0 < |c2| <1 (4.37) 

These restrictions imply that T(xo,yo) is concave in the 

variables x and y. The function may be monotone increasing 

or decreasing in x depending on the value of cg. The case 

when Cg is negative corresponds to T(xQ,yo) being a concave 

monotone decreasing function of x. For this case, an addi

tional condition was imposed. 

|J(Xg, Y )-J(x1 , Y ) | > | J(T(Xg, Y ))-J(T(x1 , Y ) ) |  (4.38) 

This condition holds for all the admissable values of Cg, a, 

d, and k, when x-^ < Xg. Consequently, the main theorem is 

applicable to the disease control problem. The functions 
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f (xo) as defined by equation (4.1) will be concave and 

monotone increasing for values of T > 1. To obtain the 

function f"T(x0), it will be necessary to follow either a 

policy of 100% screening (y = 1)> or no screening program 

at all (y = O). The only unsolved portion of the problem is 

to find the conditions when it becomes advantageous to 

select one alternative over the other. 

The Multi-stage Process 

The technique used to solve the functional equation 

(4.1) is an iterative procedure based upon successive approx

imations. The function fQ(x ) is taken as equal to zero. 

The index, tj is set equal to 1 and the first-stage equation 

is solved. 

fl(x0) = min xo + d Yo + (k-a)x0Y03 (4.39) 
O^Yo 1̂ 

The minimum value of the function inside the brackets 

depends upon the value of x0. Figure 10 is a graph of this 

cost equation for three values of Y0(Y0 = -5> and 1.). 

The optimal choice for yQ for values of xQ < x-j* 

is 0.0. For values of xQ > x-j*, the optimal choice for y0 

is 1. At the specific point x = x-^* the optimal choice for 

Y0 is not unique. Selecting yq = 0 or 1 or any value in 

between results in exactly the same cost. The optimal 

decision, denoted by yQ*> which minimizes the single-stage 

cost equation has the following form. 
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Pig. 10 Single Stage Cost Function 
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Y * = 0 Yo if d + (k-a) xQ > 0 

if d + (k-a) XQ < 0 

Yq* indeterminate if d + (k-a) xQ = 0 (4.40) 

The optimal decision yq* is no"fc unique at the specific point 

x^*, given by-

Assume that 0 < x-j* < 1, otherwise the optimal policy is 

simply 0 or 1. This assumption requires that d > 0, (a-k) 

> 0, and d < (a-k). The point x^* represents the indiffer

ence state since the cost of the disease control program for 

this particular state is indifferent to the decision that is 

made. The interest here is not with the uniqueness of the 

optimal decision but with determining an optimal solution. 

One such solution, expressed as a function of x , is given 

1 if > x,* o 1 

At the specific point x^* the decision y0 = 0 will be used. 

Once an optimal solution is known, it is possible to 

calculate the minimum cost function, f,(x ). The solution 1v o' 

(4.42) is substituted into equation (4.39)j the result is 

by 

0 if x„ < x,* o — 1 

(4.42) 
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ax o if x < x * o — 1 

W - ' (4.43) 

d+kk if x„ > x-,* o o 1 

In distinction to the optimal decision, the minimum cost 

function is unique even at the point x-j*. This can be seen 

by substituting yQ* = 0 and yQ* = 1 into equation (4.39) 

and evaluating the function at x^*. Using yQ* = 0 yields 

from the definition of x-j* given by equation (4.4l). Using 

Yo* = 1 yields 

The optimal return function has exactly the same value at 

the point x-^*, and is composed of two straight lines as 

shown in Figure 11. 

single stage problem. The decision rule used to obtain the 

minimum cost is given by equation (4.42). Either the graph 

or the equation indicates that f-^(xQ) is a concave monotone 

increasing function of xQ as expected. The main theorem 

can be used to determine the minimum cost for any value 

of t- Setting j = 2, equation (4.1) becomes 

F2(X0) = MIN FJ(XO'Y0) + 6FI(T(X0,Y0))} (4.46) 

(4.44) 

-p ( v  *1 = d+kx * = a<̂  
Il x̂l > a+KXi a-k (4.45) 

Equation (4.43) represents the solution to the 
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It is known that the minimum cost occurs for v T o 

equal to 0 or 1. This substitution yields 

f2(xQ) = min ' 

J(xQ,0) + 6f1(T(xo,0)) 

(4.47) 

J(xo*l) + Sf1(T(xQ,l)) 

The functions j(xq,y0) and T(xo,yo) may be evaluated 

as indicated. 

J(x0'°) = a x0 (4.48) 

J(x ,1) = d + kx 

T(xo,0) = c± + c2 

t(xq,1) = c1 

(4.49) 

(4.50) 

(4.51) 

Substitution of these four equations along with the 

equation for f-^(x) into (4.47) yields 

f2(xo) = min< 

fa x^+6„ (cn+c0x^) if C-, +c0x_ < xn* i  o a v 1 2 o /  1  2  o  —  1  

ia xQ + 6d+6k(c1+c2xo) if ci+c2xo > xl* (^*52) 

if [d + kxQ + 6a c^ 

.d + kxQ + 6d+6k c^ if 

C1 < xi* 

C1 > xi* 

The indicated minimization in equation (4.52) is 

taken over a set of straight lines. The desired minimum is 

the envelope from below of this set of lines. Figure 12 

shows the geometric interpretation of this minimization 
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process. In Figure 12, the desired minimum is indicated 

"by the heavy solid line. 

In equation (4.52) there is an additional complica

tion to finding the minimum envelope from below. Specifi

cally, some of the straight lines of the set are only 

defined over a subset of the unit interval [0,1] and not 

over the entire interval. The first straight line is defined 

for the set {xQ| c^ + • ^•'ie seco:n3 straight line 

is defined for the set {xQ| c^ 4 c2 xQ > x^*}. A boundary 

point for both sets is given by 

x,* - c, 
V = - (4.53) 

2 

This point is exactly equal to the point where the first two 

straight lines of equation (4-. 52) intersect. The set is 

composed of two straight lines and a third curve that is 

made up by two pieces of different straight lines that have 

a common intersection at the point v. An additional simpli

fication occurs in that only one of the two straight lines 

needs to be considered. One of the lines will be excluded 

depending upon the magnitude of c^ and x^*. According to 

the conditions given in equation (4.38), if c^ < x^*, then 

the line given by ( d + kxQ -f 6a c^) is included and the last 

line of the set is excluded. Mien c^ > x-^*, the last line 

is included and the third line is excluded. Under the most 

general conditions, the minimization involves a set contain

ing at most one straight line and one curve that 
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is piecewise linear. In the material that follows, several 

combinations of conditions will be examined that simplify 

the determination of the minimum envelope. The entire 

problem has been divided into six separate cases that 

may be studied individually. The remainder of this chapter 

describes the details of finding the minimum cost function 

for each case. 

Before proceeding with the solution of equation 

(4.52) it would be helpful to examine the makeup of the 

entire problem. The six cases are defined by three condi

tions. The first condition concerns the magnitude of c1 

compared to x*, the indifference state. The second condition 

concerns the sign of Cg. The third condition specifies the 

relationship between the steady state level of infec

tion, and x*. The six cases are summarized as: 

Case I) c1 > x*, c2 > 0, xgs > x* 

Case II) c.^ < x*, c2 < 0, xgs < x* 

Case III) c^ < x*, c^ > 0, xgs > x* 

Case IV) c-j^ > x*, c2 < 0, xgs < x* 

Case V) c1 > x*, c2 < 0, xgs < x* 

Case VI) c1 < x*, c2 > 0, xgs > x* 



114 

Unfortunately, the x* for all cases is not the same 

but must be determined for each case. The equation for x* 

along with the minimum cost function fT(x) will be deter

mined whenever possible. 

Approximation in Function Space 

The simplest case that can be solved directly 

occurs when the point v defined by equation (4.53) is nega

tive or greater than one. In this case, one of the first 

two lines of equation (4.52) can be eliminated entirely 

since the defining constraint will never be satisfied. 

Case I occurs when c^ > x^*, and c2 > 0 which implies that 

ci + c2x0 > xl* -54) 

for all values of xQ in the interval [0,1]. The point v is 

negative in this case. This implies that the first straight 

line of equation (4.52) will not be used. In addition, 

only the last straight line will be used since > x-j*. 

This reduces the problem to the simple form given by 

f2(xo) = min 

' 6d + Bkc-j^ + (a+6kc2)x0 

(4.55) 

d + 6d + 6kc^ + kxQ 

The minimization is over a set with only two straight lines. 

In this case, the minimum expected cost function is 



115 

f
2(xo) " 

where 

r 6d + 6kc1 + (a+6kc2)xQ if xQ < x2* 

d + 6d + Skc-^ + kxQ if xQ > x2* 

x * = . , ^ r 
2 a-k(l-6cP) 

(4.56) 

(4.57) 

It is possible to express Xg* in terms of x^ 

* = 
x * X1 

1 + 
6kc2 

(a-k)" 

(4.58) 

Prom equation (4.58) it can be seen that x^* < Xj* 

because the denominator is greater than one. Figure 13 shows 

a graph of f^(xQ) and ôr comParison* 

To obtain the minimum cost as shown in Fig. 13 or 

given by equation (4.43)> the optimal decision is 

* = 

0 if xQ < x2* 

1 if xQ > x2* 

(4.59) 

To interpret the results, recall the definition of 

f (xrs) given in the early part of this chapter. The func-o 

tion f2(x ) m̂ -n̂ -mum expected cost function for the 

2 stage process starting with an initial quantity xQ. The 

subscript 2 refers to the fact that the program in this 

case will last for only two stages. The planning horizon is 
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117 

two time periods away after which the program terminates. 

In actual time, this may be two months, two years, or two 

six-month periods. The quantity xQ refers to the current 

percentage of infecteds in the population. If the current 

percentage of infecteds is less than or equal to Xg*, an all-

out control program should be used. With only one stage 

remaining, the optimal decision depends upon x^. It is 

expected that the percentage of infecteds with one stage to 

go will be greater than x^* even with a 100% control program 

since c^ > x-j* for this case. There is no guarantee that 

this will be the situation. The actual change in the frac

tion infected from one period to the next is not known. The 

decision for the one stage problem must wait until the new 

estimate for percentage infected is obtained. The predic

tion, for planning, is that an all-out program will be 

necessary with only one stage remaining. 

The next step for Case I is to compute the minimum 

expected cost when t = 3- This is the next problem in the 

sequence and corresponds to a three stage planning horizon. 

Setting t = 3 and invoking the main theorem, equation (4.1) 

becomes 

' J(xQ,0) + 6f2(T(xo,0)) 

(4.60) 

k J(xQ,l) + 6f2(T(xQ,l)) 

f3(xo) = min 
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Making the appropriate substitutions for the function J and 

T, and recalling that Case I implies c^ > x2* and c2 > 

yields 

' 6(1+6)(d+kc1) + (a+6kc2)xQ 

^(XQ) = min - (4.6l) 

k d(1+6 +6 ) + 6kc^(l-H>) + kxQ 

Again, the minimization is over a set containing only two 

straight lines. The minimum cost function becomes 

f3(x0) -

where 

' 6(1+6)(d+kCj) + (a+6kc2)x0 if xq < 

d(1+6+6 ) + 6kc1(l+6) + kxQ if xQ > x^* 

x * = ii 
3 a - k + 6c0k 

(4.62) 

(4.63) 

Note that x^* = x2*. The only difference between f^x^ 

and fg^o^ is a difference in intercept. Both curves 

are parallel since the slopes are everywhere identical. 

Figure 14 shows a graph comparing f^(xQ), f2 x̂o^ and f3 x̂o^ 

The optimal decision for the initial stage of the 

three stage process is given by 

* = 

0 if x < x3* 

, 1 if x > x^* 

(4.64) 
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It is possible to continue in this fashion and deter

mine the minimum expected cost function for any stage. 

(6d+6kc-L)(|r|-)+(a+6kc2)xo if xQ < x*+1 

= T +1 O (4.65) 

\ d+(5d+5kc1)(^|-) + kxQ if xQ > xj+1 

where 

d (4.66) t +1 a k + 6kc2 

The optimal decision for the T-th stage of the pro

cess is given by 

multi-stage problem. The decision at the first stage of the 

process is contained in (4.67). The optimal policy must be 

determined in order to prescribe the decisions at later 

stages of the process. The distinction between policy and 

decision is that a policy is a rule or prescribed course of 

action, whereas a decision is a particular application of 

the policy. Recall that for Case I (c^ > x* and c2 > 0) 

x2* = x= x^ for t = 2, 3, 4, ..., from equation (4.66). 

The decision at any particular stage is that as long as 

the percentage infected is greater than the quantity 

4 (4.67) 

* 1 if x„ > x* . n 
O T+l 

The above equations represent the solution to the 
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d/^a-k+kCg) an all-out or 100$ screening program should cost 

least. If the fraction infected should drop below this 

level, then no screening program should be used. It seems 

unlikely that the latter choice will be necessary because 

of the assumption that c^ > x*. This phenomenon is best 

explained by considering the ideal situation when there are 

no infecteds in the population. This implies that the frac

tion infected is zero and the correct decision is to do 

nothing. The situation changes radically, however, in just 

one transition. The percentage infected at the next stage 

is expected to be c-^ from equation (4.6). Since c^ is 

assumed to be greater than x*, the correct decision at this 
t 

point is the 100$ program. The "all-out" decision poten

tially will reduce the population of infecteds to zero 

again. During the following transition the fraction 

infected has grown to c-^ again. The process repeats itself 

from this point. In general, the policy is expected to be 

an "all-out" policy. The rule of action is to call for a 

100$ screen at every stage. 

The Infinite Stage Approximation 

The solution to the multi-stage problem expressed in 

(4.65) possesses typical properties that will be exploited 

later in this chapter. The most useful characteristic is 

obtained by considering the sequence of the functions 

defined by {f1(x0), f2(x0)> •••> fT(x0)' •••3 where fjx0) is 
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defined by (4.65) and (4.66). Note that all f^(xQ) are 

bounded, concave, monotone increasing functions as guaran

teed by the first theorem. In terms of this sequence, an 

interesting question arises. Does this sequence of func

tions have a limit as t becomes large? Define the limiting 

function by 

iim fip(x{5) = f(xQ) 

then 

f ( * 0 )  -

rp_+CO 

6d + 6kc, 
( ^ + (a+6kc2)Xo 

d + 6kc-
(" 1-5 -) + kx 

if 

if 

x„ < x* o — 

x_ > x* o 

(4.68) 

where 

lim x* 
1"-»00 

x* a - k + 6kc, (4.69) 

The existence of the limits in (4.68) requires that 

6, the discount factor, be less than one. Otherwise, the 

limits do not exist and the sequence of functions may 

diverge. 

The result given in (4.68) and (4.69) was to be 

anticipated. Several authors such as Bellman (1957), 

Howard (1969), Wagner (1969), and others, have defined this 

procedure as approximation in function space. The inter

pretation of this procedure may not be obvious. The 

implication of the limit process is that the planning 
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horizon is indefinite, usually a large number of stages away. 

If t is large, it becomes reasonable to consider, as an 

approximation, the infinite stage process defined by the 

requirement that the multi-stage process continue indefin

itely. The advantage of such an approximation lies in the 

fact that in place of a sequence of equations given by (4.1), 

the problem has been reduced to one equation 

f(x ) = min {J(x0*Y0) + 6f(T(x ,y ))} (4.70) 
O^Yo 1̂ 

where f(x ) is the total expected minimum cost function. 

Such an immense simplification is possible only because the 

properties of uniqueness and existence of f(x ) can be 

justified. 

The result obtained earlier for f (xQ) would sug

gest a piecewise linear curve such as 

f(xo) = 

a,, + ano x„ if x^ < x* 11 12 o o — 

a21 + a22 xo if xo > x* 

(4.71) 

This general form is substituted into (4.70) and solved for 

the five unknown parameters a^, a j .2'  a21' &22' a n c^ x*'  ® i e  

equations to be solved are obtained from the primary func

tional equation (4.70). 
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6aii+6ai2ci+(a+6ai2c2)Xo 0£cI+c2XO X̂* 

6a21+6a22c1+(a+6a22c2)x0 if x*<c1+c2x(>< 1 

f (x ) «= min{ 
d+6a11+6a12c1+kxQ if 0<c^<x* 

• d+6a21+6a22c1+kxo if x^cc-j^cl 

(4.72) 

For this case, Case I, the requirements are that c-^ > x* 

and c2 > 0. This implies that the first and third equa

tions on the right-hand side of (4.72) may be eliminated. 

Pour linear simultaneous equations result. 

all = 6a21 + 5a22cl (4.73a) 

a2̂  = d 6agi ^^22^1 (4.73b) 

a12 = a + Sa22c2 (4.73c) 

a22 = k (4.73d) 

Solving these four equations in terms of the parameters of 

the system is straightforward. 

all = 5(d+kci)/(1_5) (4.74a) 

a 12 = a + skc2 (4.74b) 

a21 = (d+6kc1)/(l-6) (4.74c) 

a22 = k (4.74d) 
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The solution for x* is given in terms of the unknown 

parameters and system parameters 

x* = (all-a21^ ̂ a22-a12 ̂ 

= d/(a-k+6kc2) (4.75) 

The minimum cost equation is obtained by substituting the 

appropriate results into equation (4.71). 

6(d+kcn) 
— + (a+6kc2)xQ if 0 < xQ < x* 

(4.76) 

d+8kcn 
+ toc0 if X* < x0 < 1 

Figure 15 is a graph comparing f(x ) with f1(xQ), f2(xQ), 

and f^(XQ)• 

The result (4.76) is identical to the result-

obtained previously, equations (4.65) and (4.66). There is 

one significant distinction between the limiting procedure 

used to obtain the earlier results and the infinite stage 

approximation technique. Case I and Case II represent the 

simplest situations to be examined. The simplicity of 

these cases permits the algebraic solution of the multi

stage process. In the more intricate cases that follow, it 

will be impossible to determine the general solution and 

then take the limit as T becomes large. It is still neces

sary, however, to determine the infinite stage solution. 
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It is the infinite stage solution that provides insight 

concerning the formulation of the optimal policy. 

The Solution for Case II 

The first situation examined was defined as c^ > x-j* 

and c2 > 0. These conditions were defined as Case I. The 

next set of conditions will be called Case II and be defined 

by Cj < x-L* and c2 < 0. The necessity of these assumptions 

will become obvious as the solution develops. The solution 

procedure is identical to the previous case. Setting t = 1 

and f0(xo) = 0) the result (4.43) is obtained as before. 

Setting t = 2 and making the appropriate substitutions as 

indicated earlier, yields equation (4.52) given by 

Sac-j^ + (a+6ac2)xQ if 0 < c1+c2xo < x-j* 

I ̂5d+6kc-, +(a+6kc0)x if x*< cn+c0x^ < 1. 
f2(xo) = min< 1 2 ° 1 2 o -

d+6ac1+kxQ if 0 < c1 < x^* 

where 

.d+6d+6kc1+kxQ if x* < c^ < 1. 

(4.52) 
Repeat 

xi" = (4.41) 
Repeat 

For case II, the second and fourth lines may be 

eliminated since c^ < x-j* and c2 < 0. The minimum cost 

equation becomes 



f2(xo) = min 
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6ac^ + (a+6ac2)xQ 

(4.77) 
d + 6ac^ + kxQ 

The minimization is over a set composed of two 

straight lines. The desired result is 

6ac^ + (a+6ac2)xQ if 0 < xQ < x2* 

f2(X0) -

d + 6ac1 + kxQ if x2* < xQ < 1 

where 

(4.78) 

V-aTTSH^FE (4-re> 

The quantity x2* is related to x-j* by 

V - -̂8°) 

a-k 

The denominator is less than one because c2 is less 

than zero and all other parameters are positive. This 

implies that x2* is greater than The original assump

tion that c^ < implies that c^ < x2* also. This obser

vation leads to the general solution of the multi-stage 

problem for Case II. The general solution for the r-th 

stage is 



f (XJ = T V O 

where 

and 

0 + Q x^ if 0 < x^ < x * T T O — O — T 

d + 9 + kx^ if x * < x^ < 1. 
T O T O — 

X* = 
a - k 
T 

n = 

ax (611=611 
axSS { 1-6 

a(l-6Tc2T) 

6C2(1-6TC2T) 

1 - 6G /- ) 

l-6CR 
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(4.81) 

(4.82) 

(4.83) 

(4.84) 

These equations hold for t = lj 2, 3, ••• . Taking 

the limit with respect to T yields the following results. 

f ( X o )  =  

6ac. ax. 

(1-6)(1-6C2) + (1-6C2) 

6acn 

if 0 < xQ < x* 

(4.85) 

d + ( i - 6 ) ( a - 6 c „ )  +  k x o  l f  x *  <  x o  £  1  

where 

x* = 
d(l-6c2) 

a-k -i- SCgk (4.86) 

The existence of these limiting values requires that 

| 6[ be less than one and | c2| be less than one. This 

requirement is satisfied by the assumptions that have 

already been used earlier in the development of the disease 

control model. Figure 16 shows a comparison of f^(xQ), 

f 2 ( x 0 ) ,  f 3 ( x
0 )  a n d  f ( x

Q )  f o r  C a s e  1 1 •  
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It is possible to obtain the limiting minimum cost 

function using the infinite stage approximation technique. 

The procedure is identical to the situation examined earlier 

for Case I. The functional equation to be solved when t is 

large is given by (4.70). The form for f(xQ) once again is 

assumed to be a piecewise linear curve. That is 

| a l l  +  a 1 2  \> if 0 £ xo i ** 

(4.87) 

aon + a-,0 if x* < x„ < 1. 21 12 o o — 

This form is substituted into equation (4.70). The required 

relations are derived from the conditions that c-^ < x* and 

Cg < 0. Imposing these conditions eliminates two of the 

four lines from consideration. Pour linear simultaneous 

equations result: 

a-j^ + Sa^gCj (4.88a) 

a12 = a + &a12c2 (4.88b) 

&21 ~  ^ ^ ^ a 1 2 c l  (4.88c) 

a22 = k (4.88d) 

In terms of the parameters of the model, 

6c^a 
lll ~ (1-6)(l-6c2j 

(4.89a) 



a, 12 ~ (1-6C2)  
a 
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(4.89b) 

6cna 
(4.89c) 

(4.89d) 

The solution for x* is given by 

d(l-6c2) 
(4.90) a - k + 6c2k 

The results (4.88), (4.89), and (4.90) agree identi

cally with the previous results using the limiting technique 

for this case. 

termed Cases III and IV. Case III is defined by the set of 

conditions that c^ < x* and c2 > 0, and Case IV by c^ > x* 

and c2 < 0. To simplify the discussion of this portion of 

the problem only Case IV will be analyzed in detail. The 

solution for Case III follows in a similar manner and only 

the results will be given. 

using the technique of analysis in function space for 

Case IV. Cases I and II were straightforward, and the solu

tion for the multi-stage problem was derived in a direct 

fashion. For Case IV such a direct method does not work. 

The specific difficulty exists in finding the minimum 

Case III and Case IV 

The next set of circumstances to be examined will be 

It would seem logical at this point to continue 
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envelope from below for a set that is composed of one 

straight line and one curve that is piecewise linear. No 

simple algorithm has been found to find the minimum enve

lope. A different technique must be used if general results 

are desired. 

The technique to be used is called approximation in 

policy space by Bellman, Wagner, Howard, and others. The 

foundation for this method of analysis is to examine the 

state space by means of decision regions. The state space 

is the set of values defined by f(x ,r)j x e [0,1] and 
T T 

x = 0, 1, 2, The decision regions divide this space 

into sets where the 0 decision is optimal or the 1 decision 

is optimal. For Cases III and IV, there are only two such 

decision regions. There will be more than two regions in 

the cases to be examined later in this chapter. 

The objective is to obtain the infinite stage solu

tion to determine the optimal policy. In the cases to be 

examined, the limiting technique is useless since a general 

solution to the multi-stage problem is not available. 

Approximation in policy space will provide the means neces

sary to obtain the infinite stage solution. The analysis 

begins with the assumption that there are only two decision 

regions as in Figure 17-

The 1 region is defined as that subset of the state 

space such that the 1 decision is the optimal choice, and 

the 0 region is defined as that subset such that 0 is the 
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optimal choice. Originally, the location of the 0 region 

relative to the 1 region was selected intuitively. If the 

fraction infected is very small, then it seemed intuitive 

that there should be no need for an external program. 

Intuition is aided by the known solutions for Cases I and 

II. The optimality of the 0 decision can be established by 

setting xQ = 0 in the infinite stage functional equation. 

f(0) = min • 

6f(c1) 

(4.91) 

d + 6f(c1) 

The minimum is ef^^) since d is assumed to be a 

positive constant. The implication is that for values of 

xQ very near the horizontal x-axis, the 0 choice is the 

optimal decision. As a result, the 0 region was placed 

close to the r-axis. The next step of this procedure is to 

determine the location of the boundary between the two 

regions. This is equivalent to finding the value for x*. 

Two important facts should be emphasized before attempting 

this calculation. First, the function f(x ) exists and is 

unique even when xQ = x*. Second, the choice for the 

optimal control at xQ = x* is not unique but the choice of 

0 or 1 will yield the same cost. 

The analysis of the minimum cost function using 

approximation in policy space is relatively straight

forward. The procedure is begun by assuming that the 
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fraction infected is exactly x*. The minimum cost function 

is then evaluated at this point by using both the 0 and the 

1 decision. The functional equation with the 0 choice is 

given by 

f(x*) = a x* + 6f(c1+c2x*) (4.92) 

while the 1 choice yields 

f(x*) = d + k x* + SfCc-jJ (4.93) 

The value f(x*) is the same in both relations 

because of the uniqueness of the function f. It would be 

correct to eliminate f(x*) from (4.92) and (4.93) but the 

resulting equation would not yield the unknown value x*. 

The next step of the procedure is to evaluate the minimum 

cost function at the new arguments c^ and c^ + c2x*. This 

can only be done if the optimal decision at these points is 

known. The optimal decision depends upon the region in 

which these values lie. For Case IV, the defined conditions 

stipulate that c^ < x* and c2 > 0. The first condition 

indicates that c^ is in the 0 region. The minimum cost func

tion at this point is given by 

f(c1) = ac^ + 6f(c1+c2c1) (4.94) 

Substitution into (4.93) yields 

f(x*) = d + kx* + Sac^ + 52f(c^+c,,^) (4.95) 
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The defining conditions for Case IV are not suffi

cient to fix the optimal decision for the second argument, 

C1 + C2X*' An ad(2itional defining condition for Case IV is 

required. Specifically, assume that xgs is less than x*. 

This assumption implies that 

With this additional condition, the second argument is also 

in the 0 region. In addition, the quantity c^ + c2°l "*"s 

also less than x* and will be in the 0 region. From the 

monotonicity arguments of Chapter 2, all the remaining 

points at which the minimum cost function must be evaluated 

will lie in the 0 region. Knowing that the optimal decision 

will be 0 for all future stages permits the complete 

evaluation of the functional equation 

f (x*) = d + kx* + fiac^ + 62f (c^+CgC-^) 

(4.96) 

or 

c^ + c2x* < x* (4.97) 

f(x*) = d + kx* + 
6ac^ 

(4.99) (1-5)(1-6C2; 
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This calculation is repeated for equation (4.92). 

f(x*) = ax* + 6f(c1+c2x*) 

= ax* + 5a(c^+c2x*) + 62f (c^+cgc^+c^x*) (4.100) 

0 1 , ax* 
F ~  (1- 6 ) ( 1 - 6 C 2 )  +  1  -  6 C 2  

(4.101) 

In this fashion, the unknown function, f, is elimi

nated by iteration from the right-hand side of the equation. 

Equating (4.101) and (4.99) produces the desired x*. 

from the 1 region for Case IV. The situation for Case III 

may be analyzed in exactly the same fashion. For Case III, 

the condition that xsg > x* is added, and the problem is 

driven to the 1 region as opposed to the 0 region. The 

dividing boundary for Case III is given by 

d(l-6c2) 
(4.102) a - k + 6c2k 

This is the value of x* that separates the 0 region 

x* d (4.103) a - k + ec2k 
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Analysis in State Space 

Much of the preceding argument can be explained by 

examining the trajectories in state space. These trajec

tories can be analyzed because of the simple mathematical 

form of the governing equations of state. Consider the 

expected state transition equations given by 

c^ + C2X„ ^ Y„. = 0 

X
T+1 = 

T 
(4.104) 

c^ if = 1 
T 

Let x = x* and examine both decisions, 0 and 1. 
T 

The resulting equation is simple if y = 1. The fraction 

infected at the next stage is c^ and from the defining con

ditions , c-^ is less than x*. This implies that from x* the 

trajectory in state space moves into the 0 region to the 

point c1 specifically. The next optimal choice is 0. On 

the other hand, beginning at x = x* again, if v = °, the 
T T 

motion depends upon Cg and the steady state solution. The 

sign of Cg determines if the motion is monotonic or oscil

latory. The magnitude of xgs determines its location rela

tive to x* and as a result determines the next optimal 

choice. With this information it is possible to analyze the 

trajectory and the implied optimal decisions. For example, 

the defining conditions for Case IV stipulate that c^ < x*, 

Cg > 0, and xss < x*. The motion is monotonic since c2 is 

positive. The trajectory for v =0 from the point x* must 
T 
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lie in the 0 region since xgs is less than x* and the motion 

is monotonically decreasing to Xgg. The same conclusion 

holds for the trajectory that begins at the point c-^. The 

only difference is that the motion is monotonically increas

ing to Xgg. Figures 18 and 19 illustrate the trajectories 

that are generated by starting at x* for both Cases III and 

IV. Figure 18 is for Case III and shows the motion 

beginning at x*, being carried into the 0 region, and then 

remains there. This implies that all future decisions are 

expected to be zero. The opposite decisions are used for 

Case IV since the trajectory lies entirely in the 1 region. 

The formulas (4.102) and (4.103) which define the 

dividing state for Cases III and IV are identical to the 

formulas (4.68) and (4.85) derived earlier by different 

methods for Cases I and II. The location of the steady 

state did not enter into the analysis of Cases I and II, but 

was vital in deriving the results for III and IV. The 

explanation is that the defining conditions for Cases I and 

II are sufficient to fix the location of the steady state 

relative to x*. This is accomplished by two conditions. 

The defining conditions for Cases III and IV do not ade

quately fix the location of the steady state. For example, 

the defining conditions for Case I are c^ > x* and c2 > 0. 

Since Cg > 0, this implies that 
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0 < 1 - C2 < 1 (4.105) 

CL(L"C2) — C1 (4.106) 

for c-^ > 0, and 

ciiT^ = *ss <4-107) 

The conclusion is that xsg > x*. A similar calcula

tion for Case II indicates that XgS < x*. Typical trajec

tories for Cases I and II would be identical to Figures 16 

and 17. This explains the similarity of the results. The 

same results are obtained if the first two cases are 

analyzed by approximation in policy space. 

The result of using approximation in policy space 

is the determination of the unknown parameter x*. The 

minimum cost function is still unknown but can be found. 

This is accomplished by assuming a general piecewise linear 

form for the infinite stage cost function, substituting into 

the functional equation, and solving for the unknown param

eters. This technique was first introduced in an earlier 

section for Cases I and II. The infinite stage minimum cost 

functions for cases III and 17 are identical to these 

earlier results. For Case III, the minimum cost function is 

given by (4.76). The minimum cost function for Case IV is 

given by (4.87) and the set of relations (4.88a,b,c,d). 
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A Slightly Different Case, Case V 

The next set of conditions to be examined is a 

variation of Case III and is called Case V. This case is 

defined by three conditions: c^ > x*, c2 < 0, and xgs < x*. 

Determining the minimum cost function directly becomes 

impossible because of algebraic difficulties. A simple 

algorithm for finding the minimum from below for all pos

sible values of xQ has not been found. The only other 

alternative is to use approximation in policy space. 

Assume that the state space may be divided into two 

regions as shown in Figure 20. The parameters c^ and Xgg 

are shown relative to x*. Two trajectories from x* are also 

shown. 

The procedure begins by assuming the fraction 

infected is exactly x*. The state transition equation is 

given by 

I C1 + c2\ lf YT = 0 

X
T+1 

= j (4.108) 

^ c, if y = 1 
1 TT 

If the decision v = 1 is used then the fraction 
T 

infected at the next stage is c^. The defining conditions 

stipulate that c^ is in the 1 region. This is shown in 

Figure 20. The optimal choice at the next stage is also 1 

which implies that the fraction infected will again be c^. 

This implies that the optimal sequence of decisions from 
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this stage onward is composed of the 1 choice. The resul

ting trajectory lies in the 1 region. The value of the 

minimum cost function may be determined using this informa

tion. First, the value of the minimum cost function is 

calculated for the point c^. 

f(c^) = d + kc^ + f(ci) (4.109) 

and 
d + kc., 

f(c3.) ~ 1-5 (4.110) 

Starting at x = x* and using v - 1* the minimum cost is 
T T 

f (x*) = d + kx* + f(c^) (4.111) 

which is also 

6(d+kc,) 
f(x*) = d + kx* +—(4.112) 

d + 6kc-, 
= kx* + _ 1 (4.113) 

The alternate decision from the point x* is to use 

= 0. The trajectory moves into the 0 region since xgs is 

less than x*. The trajectory oscillates about xsg because 

Cg is negative and is shown in Figure 20. The optimal 

sequence of decisions is composed of the 0 choice since the 

trajectory lies in the 0 region of the state space. The 

value of the minimum cost function for this policy at the 

point x* is 



146 

f(x*) = ax* + 6f(c1+c2x*) 

= ax* + 6a(c-L+c2x*) + 62f (c^-K^c^-fc^x*) (4.114) 

6ac- ax* 
f (X*) ~ (1-6)(l-6Cp) + 1 - 6 (4.115) 

'2/ u^2 

Equating (4.113) and (4.114) eliminates f(x*). The 

unknown x* is given by 

x* = 
(l-6c2)(d+6kc1)-6ac1 

(4.116) (1-6)(a-k+6c2k) 

The minimum cost function is assumed to be a piece-

wise linear function. Specifically 

f(xo) = 

all + a12xo if xo ̂  x* 

a21 + a22xo if xQ > x 

(4.117) 

This form is substituted into the functional equa

tion to yield 

f(xQ) = min. 

6all+6a12el+̂ a+6a12c2 x̂o °<ci+c2xo x̂* 

,6a21+6a22c1+(a+6a22c2)xo if x*<c14c2xo<1 

d+6 a.^+6 a12c 2+kxQ 

d+6a21+6a22c1+kxo 

if 0<c ̂<x* 

if x*<c^<l 

(4.118) 
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A defining condition for this case indicates that 

> x*. This condition eliminates the third line on the 

right-hand side of (4.118). The remaining two conditions 

eliminate the second line. The result is 

f (* „ )  -

ea-j^ + 6a12c1 + (a+6a12c2)xo 

(4.119) 

d + 6 (a2i+a22ci) + 

Equating like terms produces four simultaneous 

linear equations in the parameters a^i' a12' a21' arî  a22' 

a^^ = Sa2i + 5&j_2ci (4.120a) 

a12 = a + 6c2a12 (4.120b) 

a21 = d + 6a21 + 5a22cl (4.120c) 

a22 = k (4.120d) 

The system of equations (4.120) may be solved 

directly in terms of the system parameters. 

6ac-, 
all = (1-6)(1-6C2) (4.121a) 

al2=l-rt (4-121b> 
' 2  

d + 6kCo 
a21 = 1-6 (4.121c) 

a22 = k (4.121d) 
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and 

**. (4.i22) 
12 22 

The last relation for x* is exactly the same result 

as (4.116) where (4.121) is used. The minimum cost func

tion is found "by substituting the set of equations (1.21) 

into the piecewise linear function (4.117). The uniqueness 

of this solution is guaranteed because it satisfies the 

functional equation. 

The optimal policy for this case is clear. If the 

fraction of the population which is infected is less than or 

equal to x*, then the optimal policy is to do nothing. 

Further, it is to be expected that the natural course of the 

disease will tend to the steady state which is also less 

than x*. If the fraction infected should exceed x*, the 

optimal decision is to initiate a 100$ screen. A strange 

result occurs at this point. Should the 1 choice ever 

become the optimal choice then it is expected that a 100$ 

screening program will always be needed to obtain the 

minimum cost. The 100$ control keeps the fraction infected 

at the c^ level which is greater than x*. This seems to be 

an unusual result because in the event that no action were 

taken, the fraction infected would decrease to a level that 

would be in the O region at the next stage. A partial 

explanation lies in the dynamics of the disease model. 

This particular case corresponds to a highly infectious 
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disease. This can be seen in the large fluctuations of 

Figure 20. Further, the economics of the situation dictate 

that a minimum cost is obtained by a continuous 100$ 

screening program. 

The Most Difficult Case, Case VI 

The last case that needs to be examined is Case VI. 

The defining conditions for this case are: c^ < x*, 

Cg > 0, and Xgg > x*. The state space is divided as before 

into two main decision regions, the 0 region and the 1 

region. An additional subdivision of the 0 region will be 

introduced but is not important for the initial analysis. 

Figure 21 shows two possible trajectories origin

ating at x*. One trajectory corresponds to the sequence 

with 0 as a first choice and is labeled sequence A. The A 

trajectory initially moves towards xss and is carried into 

the 1 region by the 0 decision. The optimal decision for 

the second stage of this trajectory is 1. The second trajec

tory, labeled B, is associated with the initial decision 1. 

The trajectory moves from x* to c^ under this decision. 

The next optimal decision for trajectory B is 0. The 

policy space technique is used to find the state, x*. This 

is done by evaluating the minimum cost function for the 0 

decision (4.123) and the 1 decision (4.124). 

f(x*) = ax* + 6f(c1+c2x*) (4.123) 

f(x*) = d + kx* + 6f(c1) (4.124) 
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The optimal decision for the point (c-^-K^**) is 1 as seen 

in Figure 21. 

f(c1+c2x*) = d + k(c1+c2x*) + 6f(c1) (4.125) 

Substituting (4.125) into (4.123) yields 

f(x*) = ax* + 6d + 6k(c1+c2x*) + 62f(c^) (4.126) 

Equating (4.126) and (4.124) yields 

d- 6(d-t-kc-,) + 6 (1-6 )f (c,) . I • • • . .. 
a - k + 6c2k 

It is necessary to determine f(c-^) to evaluate x*. The 

state is less than x* which implies that the optimal 

decision is 0 at this point. The minimum cost function is 

f(c^) = ac1 + 6f (c1+c2c1) (4.128) 

The trajectory from the point c^ approaches x^g monotoni-

cally since c2 > O. This is as shown in Figure 21. Assume 

S stages are required for the trajectory to move from the 

point c-^ into the 1 region which is greater than x*. The 

optimal decision at the (S+l) stage will be 1. The trajec

tory returns to c-^ after this decision is made, and the 

process is repeated. The optimal policy becomes a sequence 

of O-decisions taken S times followed by a single 1 decision. 

The implication is that equation (4.128) is iterated exactly 

S times. 

(4.127) 
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Iteration S times produces the sequence 

f(c1) = ac1 + 6f(c1+c2c1) 

2 2 = ac1 + 6ac1(l-tc2) + 6 f (c^+CgC-^+Cg c-^) 

2 2 = ac^ + 6ac-L(l+c2) + 6 ac^l+Cg+Cg ) 

3 / 2 3 • -P f n /"» _J_T* /-» _i_V» *•> + 8 f(c1+c2c1+c2 c1+c2 c1) (4.129) 

es + 6S[d+kxss(l-c2S+1)] (4.130) 
f(cl) ~ 2 "__5S+1 

where 
1-6 fi, 

5s ~ axss {(FEF) - °2<T^->} 

The value of the minimum cost function at the point c^ is 

given by (4.130). Note that this expression is identical 

to (4.83). The expression (4.130) may be combined with 

(4.127) to yield x* as a function of the system parameters 

and the unknown number of stages, S. 

A second expression for the unknown value S is 

obtained from the state transition equation 

X
T+1 = C1 + c2xt (4.132) 

Setting x = cn in equation (4.132) and then requiring that T -I-

after S transitions the fraction infected be greater than or 

equal to x* produces the condition that 
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xss(1-c2s+1) > x* (4.133) 

The Inequality in (4.133) may he eliminated by assuming that 

S is a continuous variable instead of restricting S to be an 

integer. The rule for choosing S will be to use the next 

highest integer value. With this assumption and rule, equa

tion (4.133) becomes 

xss(1-c2S+1) = x* (4.134) 

The sequence of equations (4.127), (4.130), (4.131), 

and (4.134) provides a complete system for finding the two 

unknowns, x* and the associated S*. A simple expression for 

one of these variables in terms of the system parameters has 

not been found. Combining the indicated equations elim

inates x* and f(c^). The resulting equation is an implicit 

equation for the unknown number of stages, S. 

. .  „ .  S+l, 15  - (l-6)e s  

" 2 ) - a - k + 6c2k - (a_fc+6C2k)(1.6S+l) 

(4.135) 

The quantity 0g was defined earlier in equation (4.131). 

The root to equation (4.135) is defined as S* such that 

G(S*) = 0. Questions about the existence and uniqueness of 

such roots require further study. More than one root is 

expected under the most general circumstances. If multiple 

solutions to (4.135) exist, the correct root can be 
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determined by examining the minimum cost equation for each, 

root. The examples of Chapter 5 illustrate simple methods 

for finding the roots of equation (4.135). 

Fixing the value for S* determines a specific state 

x* from (4.127) and (4.130). The next requirement is to 

find the infinite stage minimum cost function. The form for 

this function is fixed by the optimal policy. The optimal 

policy in this case is periodic in that it repeats itself 

after (S+l) stages. The simplest form of the policy is to 

do nothing for S stages, then use the maximum control or the 

1 decision to eliminate as many infected individuals as 

possible. This policy is then repeated. An unstated 

assumption of this simplified policy is that the fraction 

infected was initially c^. As this ideal initial condition 

is not general enough, it becomes necessary to modify the 

periodic policy for arbitrary initial levels of infection. 

In other words, an initial policy must be developed to 

yield the optimal decisions until entering the periodic 

policy. This initial policy takes account of the current 

level of infection. The specification of this initial 

policy is accomplished by subdividing the 0 region. If the 

initial fraction infected is in the 1 region, the initial 

optimal decision is clearly the 1 decision. This will 

reduce the level of infection to c^ and the periodic optimal 

policy may be followed for all further stages. The next 

step is to consider levels of infection in the 0 region, or 
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initial values from 0 to x*. The solution is to dubdivide 

this region into intervals. The intervals are specified by 

calculating the number stages required to go from some 

arbitrary level, xQ, to a level greater than x*. This cal

culation is accomplished by solving the state transition 

equation (4.132) in a backwards sense. Substitute x* for 

x in (4.132) and let x^ be equal to 

x*^1) = 1 h (4.136) 
2 

The quantity x* 1̂̂  represents a boundary point for 

the first subinterval. All states in the interval 

[x*, x*("*")) are guaranteed to exceed x* in one stage. The 

implication for the optimal policy is that if the initial 

fraction infected is in this interval, the initial decision 

is to do nothing. The level of infection after one stage 

will then exceed x* and the next decision should be the 1 

decision. This will reduce the level of infection to c-^ at 

the following stage. The periodic policy may then be fol

lowed once the system has entered the state c-^. This is 

illustrated in Figure 22. 

The above procedure is repeated to find the boundary 

point for the next subinterval. Substitute x*^"^ for xT+2. 

in equation (4.132) and let x be equal to x* ( 2 )  
T 

/P\ ) - C -I 
X*(2J = i (4.137) 

2 



156 

/ REGION 

r/ME INDEX, f INITIAL 
POLICY 

Fig. 22 State Space with First Subdivision of 0 Region 
for Case VI 
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(  2 )  

The quantity x*v 1 represents the lower boundary 

point for the second subinterval. All states in the inter

val ,x*) will exceed x* in two stages. The optimal 

initial policy is to wait two stages, then use the 1 decis

ion to reduce the level of infection to c^. Once the level 

of infection has been reduced to c^, the periodic policy is 

followed. 

This calculation procedure is repeated until all 

possible initial values between 0 and x* have been divided 

into (S+l) intervals. These intervals are specified as 

[ x*, x* ̂1 ̂ * [x^-^x* 2̂)), [x*(2),x*(3)), ..., and 

[x*(®),0]. The boundary points are determined recursively 

by means of the following equations. 

/ -i \ x* - c, 
x*!1) =— i (4.138) 

2 

/p\ x^C1) - C-| 
x*( ' = - (4.139) 

2 

( i )  x*^ - CT 
x*(3; 1 (4.140) 

C2 

This iterative calculation is repeated S times to 

yield the (S+l) intervals. This agrees with the intuitive 

notion that starting the process with 0 infecteds would 

require (S+l) stages before any decision is required. It is 

assumed that S stages are required to go from level of 
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infection c^ to the 1 region. Only one stage is required to 

go from the zero level to the c-^ level. There are conse

quently (S+l) intervals in the region [0,x*]. Further, the 

level of infection c^ will he in the interval 
fS-l'N (a) 

[x*v J , x * K  1  ). Figure 23 shows a complete division of the 

state space into policy regions for Case VI. 

The Infinite Stage Minimum Cost 
Function, Case VI 

The division of the state space as shown by Figure 

23 suggests a new form for the minimum cost function. The 

minimum cost function will reflect the decisions that must 

be made. The minimum cost function in this case will have 

(S+2) linear pieces. The 0 region will have (S+l) pieces 

because of the (S+l) subintervals and the 1 region adds one 

more segment. The general form of the minimum cost function 

is 

0 < x < x*^^ 

f(x) = < 

all + a12x 

a21 + a22X 

if 

if x* (s) < x < x* (S-l) 

a (S+2)l+a(S+2)2^ if x* < x < 1. 

(4.141) 
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This equation is substituted into the functional 

equation to yield 

ax + 6-

f(x) = min• 

all~ â12x ^ — x — x* 
(S) 

a21+a22X x*^ < x < x*(^) 

va(S+2)"L"ra(S+2) 1+a, ,2x if x* < x < 1. 

d + kx + 6 

|all+a12cl cn if 0 < c^ n < x*<S> 

a21+a22Cl 
•(S). 

'(S+2)i+a(S+2)2Cl ±f **«>!<?•• 

(4.142) 

In equation (4.142) a number of simplifications 

occur that assist in solving the functional equation. The 

greatest simplification occurs within the lower braces since 

(S) (S-l) 
it is known that c^ lies in the region [x*^ ',x*^ '). 

This eliminates all possibilities except the second line. 

The first line within the upper braces is eliminated since 

f S ̂ is greater than x*v 1 implying that only negative values 

of x will satisfy the resulting inequality. The first line 

is eliminated since x must be greater than or equal to zero. 

Incorporating these simplifications into (4.142) results in 

equation (4.143). 
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5a21 + 5cla22 + (a+6a22c2)x if 0 < x < x*(S) 

' 6a22 + 6c1ao2 + (a+6c2a~2)x if x* Ŝ̂ <x<x* Ŝ-1̂  

f(x) = -

6a(S+2)l+6a(S+2)2Cl+̂ a+5a(S+2)2C2)X lf x*<x<1 

d + 6ai;L + + kx •*-*" x*^^<Cj<x*^""'"^ 

(4.143) 

Equating the appropriate coefficients from left- and right-

hand side of (4.143) produces a linear system of (2S+4) 

equations 

all ~ 6a21 + 6C1 a22 

3*21 ~~~ ^^*31 ^32 

a. (S+l)l ~ 6a(s+2)l ̂  0U1 a(S+2)2 + 6cn a. 

' (S +2) 1 "11 "I 12 
(4.144) 

a ~f~ ^22 

a^2 — a ~f* ^^2 ̂ 22 

a (S+l)2 ~ a + 5C2 a(S+2)2 

l(S+2)2 
= k 
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A general solution to the linear system may be found by 

direct algebraic or numerical methods. The coefficients 

with j=l, 2, ..., S + 2 form a system independent of the 

a^ coefficients. These coefficients may be found directly 

in terms of the parameters of the model 

, ,S+1 a(l-(6c2)S+1) 
a12 ~ (6C2) k + 1 - 6C0 

a(l-(6c2)S) 
a22 ~ 6̂C2^ k + 1 - 6C2 

a 
2 a(l-(6Cg) ) 

S2 ~ (6c2^ k + l-6c 

a(S+l)2 ~ 6c2k + a 

a(S+2)2 = k 

(4.145) 

The solution for the a^ coefficients depends on 

(4.145) and is unique for 6 not equal to 1. 
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(l-6S+2)ai:L = 6c1a22+62c-La32+63c1a2f2+. . .+6S+2c1a12+6S+1d 

q+P P S4-1 ^ ^4-2 
(1-6 )a21 = 60^32+8 c2aij.2"^* * *cla12~*~^ Cla22 

q ip q <3—1 ^4-1 ^-4-P 
(1-6 )a31 = 6ĉ 2+. . .+6 0^2+6 xd+6 c-^g+e c.^^ 

• • 
• • 

• • 

S ~h2 2 S +2 
(1-6 )a(s+2)l = 5ciai2+d+6 0^22+- • •+6 cla(S+2)2 

(4.146) 

The equations (4.145) and (4.146) represent the 

complete specification of the minimum cost function. The 

(S+2) linear pieces of this function combine to provide a 

concave monotone non-decreasing function. An example with 

S = 3 is shown in Figure 24. 
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CHAPTER 5 

SUMMARY AND APPLICATIONS 

The previous chapters describe the details and devel

opment of a disease control model. The present chapter is 

intended as a demonstration of the application of this model 

to a specific case. Application of the model requires the 

estimation of several parameters. The difficulties encoun

tered in estimating the required parameters and using the 

model are discussed along with suggested areas for additional 

development. 

Summary of the Disease Control Model 

There are .six basic parameters within the disease 

control model. Two of the parameters, ̂  and c2, define the 

dynamics of the disease model. The remaining four param

eters, D, K, S, and 6, define the economic structure of the 

model. These six parameters are combined in various ways to 

yield the minimum cost disease control policy. This minimum 

cost policy is accomplished by specifying when to use a mass 

screening program to detect infected individuals in the 

population. The main theorem of Chapter 4 was shown to be 

applicable to this model and indicates that only two choices 

for the size of screening examinations need to be considered, 

165 
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no examinations at all or else a 100$ examination of the 

entire population. 

The state of the population with respect to the 

disease was defined by a probability distribution of the 

number of infecteds in the population since the exact number 

of infecteds is not known precisely. This distribution was 

assumed to be a binomial distribution with parameters N, the 

population size, and x^, the expected fraction of the popu

lation that is infected at stage j. The two parameters c-^ 

and Cg are used to define the change in fraction infected 

during one time period. The disease dynamics are such that 

a steady state solution, designated xss, exists and is 

given by 

This "steady state" as defined represents the asymp

totic behavior of the disease if the existing health 

services of the community are maintained at the present 

level indefinitely. 

The economic parameters K, D, and S, represent the 

treatment, detection, and social costs, respectively. A 

simplification is introduced by taking S as the unit 

economic cost and normalizing K and D. This means that all 

costs will be given in units of dollars of social cost. 

The complete definitions of these costs are given in Chapter 

3. The normalized costs are 



k = K/S 

d = D/S 
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(5.2) 

(5.3) 

An additional parameter was defined to simplify 

algebraic manipulations. This parameter, a, is a combina

tion of dynamic parameters and economic parameters. 

a = k - (c1+c2)(k-l) (5.-4-) 

An indifference state was defined as x*. There are 

four separate formulas for x* depending upon the specific 

situation being examined. For example, Case I was defined 

as c^ > x*, Cg > 0, and xgs > x*. The formula for the 

indifference state, x*, for this case is given by 

° a - A 6cgk (5'5) 

The entire disease control problem was divided into 

six separate cases. The six cases and the appropriate 

formulas for x* are listed in Table 3. The indifference 

state is used to determine the optimal control policy. If 

the fraction infected is greater than x*, then a 100$ 

screening program should be used. If the fraction infected 

is less than x*, then no program should be used. 
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Table 3 

Summary of Disease Control Model Cases 

Case I: c2 >0, c1 > x*, xgs > x* 

x* = 
a - k + 6c2k 

Case II: c2 — °1 — x*' XSS — x* 

d(l - 6cp) 
x* = 

a - k + 6Cgk 

Case III: c2 > 0, < x*, xgs < x* 

d(l - b c 0 )  
x* = 

a - k + SCgk 

Case IV: c2 < 0, c1 > x*, xgs > x* 

x* = 
a - k + 6c2k 

Case V: c2 <0, c-L > x*, xgs < x* 

(l-62) (d+6c^k) - Sc^a 
x* = 

(1-6)(a-k+SCgk) 

Case VI: c2 — cl — x*' XSS > X* 

d - 6(d+kc1) + 6(l-6)f(c1) 

a - k + 6c2k 

(1-5S) _ . (1-6SC2S) g g+1 

f(c1) =axsŝ (l-5) 2 (l-6Cp) ) +6 ((d+kxsg(l-c2 )) 

1 - 6S+1 
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Estimation of Parameters 

The disease trachoma has been selected to demon

strate the application of the Markov disease control model. 

Trachoma is a disease affecting the eyes. More precisely, 

it is a chronic viral keratoconjunctivitis. The trachoma 

agents cause lesions on the eyelids. These lesions in turn 

scar and infect the eye resulting in blindness. This patho

genic process can be stopped with chemotherapy. Spontaneous 

healing is not uncommon but the possibility of a natural 

recovery decreases with age. There is no known immunity to 

trachoma and healed cases are susceptible to reinfection. A 

complete description of the disease with regards to its 

stages, diagnosis, and treatment, is given by Phillips 

Thygeson, M. D. (i960). Today, trachoma persists as a 

major health problem among the Indian nations of the American 

Southwest. Two studies concerning this aspect of the tra

choma problem are of prime consideration. The first article 

was cited in Chapter 2 and concerns trachoma among the 

population of the San Xavier Papago Indian reservation by 

Gerald L. Portney, M. D., and Isao Hoshiwara, M. D. (1970). 

The data reported by Portney and Hoshiwara will be used to 

estimate the model parameters. 

Use of the term estimation may be misleading since 

it has many interpretations. Statisticians have developed 

a quantitative theory of estimation to aid in the analysis 

and interpretation of numerical data. These quantitative 
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theories are usually based upon samples with a large number 

of data points. However, everyone, including statisticians, 

is required to make estimates of a very large number of 

parameters as a routine matter of daily life. Such daily 

estimates usually have no basis in the more classical 

theories. In studying epidemics, one cannot afford the lux

ury of gathering adequate data customarily used by statisti

cians. Only allied data exist. The required parameters of 

the model may be extracted from these data but confidence 

intervals may never be known. 

The parameters to be estimated are: (1) the detec

tion cost, D, (2) the treatment cost, K, (3) the social 

cost, S, (4) the discount factor, b, and (5) two transition 

probabilities, c1 and c2- The Portney and Hoshiwara data 

have been plotted and are shown in Figure 25- The steady 

state level of infection is taken as 12$ from this graph. 

The data of Table 2 from Chapter 2 represent the effect of a 

100$ examination program. At yearly intervals since 1968, 

examination of every resident (560 individuals) of the San 

Xavier reservation was attempted. Less than 1$ of this 

population were ultimately unavailable for examination. 

This yearly screen theoretically reduced the fraction 

infected to zero. New infections occurred and old infec

tions became active between population screens to produce 

the incidence figures that are reported. These data imply 

that the parameter c-^ is 3$ which means that the probability 
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of a susceptible becoming"infected is 3%• The length of 

time for a single stage is assumed to be six months. This 

estimate, combined with the estimate for the steady state, 

provides a means for evaluating the parameter c2. 

l^=-12 (5'6> 

= .03 (5-7) 

These two equations imply that Cg is 75%• Figure 

25 shows a comparison between the model of trachoma and the 

data of Table 1 from Chapter 2. These two parameters may be 

interpreted as follows: 

P {infected remains infected} = .78 (5*8) 

P {infected becomes susceptible} = .22 (5-9) 

P {susceptible remains susceptible} = .97 (5-10) 

P {susceptible becomes infected} = .03 (5.11) 

These probabilities are representative of one type 

of situation that the Public Health Service is expected to 

handle. There is a very low probability (3fo) that a suscep

tible individual will become infected with trachoma. On the 

other hand, there is a high probability (78^) that once an 

individual becomes infected, he will remain infected. This 

is typical of such diseases as trachoma or venereal disease. 
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The next step is to estimate the economic param

eters . The treatment of trachoma consists of appropriate 

doses of triple sulfanomides given to all positive cases 

detected. The average treatment cost, K, is $2.00 per 

infected. The total cost of the population screen was esti

mated at $4,500. This includes salaries for one month for 

the doctors, nurses, guides, and their transportation 

expenses. The implied examination cost, D, is approximately 

$8.00 per person, since the San Xavier Indian population was 

estimated at 560 individuals. The discount factor, 6, is 

arbitrarily selected as 0.9. 

The next step is to provide an estimate for the 

social cost, S. A different approach will be used because 

of the difficulty in obtaining such an estimate. Three 

values for the parameter S will be selected. The optimal 

screening program will be determined for each value of S. 

This procedure will be used to demonstrate the dependence of 

the optimal policy on the value of the social cost, and will 

cover the entire spectrum of possible social cost values and 

screening policies. 

The Upper Limit, An Example of Case I 

The first situation to be examined assumes the social 

cost to be $500 per person. It must be noted that this 

estimate is very subjective by nature. The social cost repre

sents the price which the community must pay for having one 
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infected individual in the population for six months. There 

are a multitude of factors that influence this parameter. 

For example, the cost of caring for a person who has become 

sightless because of trachoma is part of this cost. The 

increased cost of treating an advanced case of trachoma 

would be another factor. A more subjective cost factor 

would be the cost of allowing an infected individual to 

mingle with the remainder of the population for six months. 

This cost is the cost associated with the risk of being 

infected by trachoma. Fixing a value to the social cost 

must be left to the responsible health agency within the 

community because of these subjective factors. 

Assuming the social cost is $500, it becomes possible 

to calculate the value for the remaining model parameters. 

The resulting values are: k is .004, d is .016, a is .78, 

6 is .9, c1 is .03, and Cr, is .75. According to Table 1, 

only three cases need to be considered since Cg > 0. These 

three are Case I, Case III, and Case VI. Case VI will be 

ignored temporarily and will be shown to represent the inter

mediate situation. Case I and Case III represent the limit

ing situations. Using the appropriate formulas from Table 1, 

the following values for the indifference state, x*, are 

calculated: 

x* = .0205 for Case I (5.12) 

x* = .0666 for Case III (5*13) 
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The conditions for Case III are not satisfied since c^ is 

less than the x* computed for that case. All the conditions 

for Case I are satisfied since c^ and xgs are greater than 

the x* for that case. Setting the social cost at $500 pro

duces a Case I situation. The equation for the minimum cost 

is given in Table 2. Substituting the appropriate values 

yields 

.145 + .783 x if 0 <'x < .0205 

f(x) = \ (5-14) 

.161 + .004 x if .0205 < x < 1 

This minimum cost is expressed in normalized units 

of social cost. Multiplication by the social cost yields 

the same expression in units of dollars per person. Multi

plication by the population size, 560 individuals, yields 

the expected minimum cost in dollars. 

f 00 = 

40,900. + 219,000. x if 0 < x < .0205 

45,000. + 1120.x if .0205 < x < 1 

(5.15) 

The optimal policy inferred by this cost equation is 

to examine the entire population if the fraction infected is 

greater than 2.05^. If the fraction infected is less than 

2.05^, a screening program should not be used. This policy 

should be followed indefinitely. If the social cost were 
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greater than $500, the same formulas would be used. The 

value of x* would decrease and the values given by the mini

mum cost equation would increase. As- long as the social 

cost is greater than $400, the situation is described by 

Case I. The value of $400 represents the limit on"social 

cost that will produce Case I situations. For values of 

social cost less than $400, either Case III or Case VI must 

be used. 

costs implied a Case I situation. The second example con

siders small social costs. The social cost is taken as 

$10.00 in this example. The value of the model parameters 

are: k = .2, d = .8, and a = .824. The Case I formula for 

the indifference state yields x*=1.06. The Case III 

formula gives a value of x* = .344. In this example, the 

conditions for Case I are not satisfied and all the condi

tions for Case III are satisfied. This is an example of the 

Case III situation. The minimum cost equation for Case III 

is given in Table 2. 

The Lower Limit, A Case III Example 

The first example showed that very large social 

.685 +2.54 x if 0 < x < .344 

f (x) = (5.16) 

\ 
1.49 + .2 x if .344 < x < 1. 
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Again, the units are expressed relative to the 

social cost and population size. Multiplying by the social 

cost and population size yields units of dollars. 

f(x) = -

3840. + 14,200. x if 0 < x < .344 

(5.17) 

8390 + 1120. x if .344 < x < 1. 

In this example, the optimal screening policy is to 

screen the entire population if the fraction infected is 

greater than 34.4^. If the fraction infected is less than 

34.4^, no screening program should be used. The Case III 

situation would prevail as long as the social cost was less 

than $28.00. If the social cost were greater than $28.00 

but less than $400, then Case VI would have to be examined. 

The Intermediate Case, Case VI 

The next example assumes the social cost is $100. 

The normalized costs are: k is .02, d is .08, and a is .785-

The following values of the indifference state, x*, are 

calculated using these costs. 

x* = .1004 for Case I (5-18) 

x* = .0326 for Case III (5.19) 

Case I requires that c^ > x* which is not satisfied 

according to the value given by equation (5.18). Case III 

requires that xsg < x* which is not satisfied either 
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according to (5.19). Consequently, the only remaining possi

bility is Case VI. 

The first step in using the formulas for Case VI 

requires the determination of the root of the function 

G(S). 

Q4.T d - 6 (d+kc-,) (1-fc) 60 
0(8, - xss(l-c2S+1) - - (1,5S,1)(:,WCgk) 

s s (5-20) 
S 1 5 c 

eS = axss " c2 (l - 6c2 ) (5-21) 

The function G(S) is plotted in Figure 26. The root of this 

function lies between S = 1. and S = 2. The largest integer 

value near the root is chosen according to the rule estab

lished in Chapter 4. The example given here produces a 

value of S = 2. The root of the function G(S) yields the 

number of time periods that are required to exceed x* when 

starting from c-^. Once the value for S has been found, the 

value for x* can be determined using the formula for Case VI 

given by Table 1. 

x* = .0648 for Case VI (5.22) 

The conditions for Case VI require that < x* 

which is satisfied and that xgs > x* which is also satisfied. 

Obviously, this is an example of the Case VI situation. 
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3. 4. 
/A/CtfEMENT, S 

Ot — 

Fig. 26 Determination of the Root of the 
Function G(S) 
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The next step requires the calculation of the inter

mediate values of x*(Ŝ : Two intermediate values are 

required since S = 2. 

X*(D = " gl = .0464 
2 

(5-23) 

(5.24) 

At this point, the minimum cost screening policy has 

been determined. If the fraction infected is greater than 

6.48$, a 100$ screening program should be used. Additional 

100$ screening programs will be necessary after 2 time 

periods have elapsed. In this example, this implies that a 

complete screen of the population will be necessary at 

yearly intervals since a single time period is six months. 

If the fraction infected is less than 6.48$ but greater 

than 4.64$, the minimum cost program is to wait one time 

period (six months), and then use a 100$ screening program. 

Additional screening programs should be used at yearly inter

vals. If the fraction infected is less than 4.64$ but 

greater than 2.19$, then a 100$ program should be used after 

2 time periods have elapsed and all additional programs 

should be separated by yearly intervals (2 time periods). 

The final situation occurs when the fraction infected is 

less than 2.19$. In this case, three time periods (18 

months) should pass before using a 100$ screening program. 
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After this initial screening, the yearly examinations should 

be used. The cost in dollars of following this policy is 

given by equation (5.25) and depends upon the fraction of 

the population that is infected initially, x. 

f(x) H 

, 23900. + 93900. x if 0 < x < .0219 

24400. + 7*1-100. X if .0219 < X < .0464 (5-25) 

25700. + 44700. x if .0464 < x < .0648 

v 28500. + 1120. x if .0648 < x < 1. 

In summary, when the social cost is $100, the mini

mum cost policy is to screen the entire population at yearly 

intervals. The only exception to this rule occurs at the 

initiation of the program when the initial fraction 

infected determines the time delay until the initial screen. 

Changing the social cost will produce different policies. 

For example, a social cost of $40 implies a three-year 

interval between examinations. A social cost of $200 

implies a six-month interval between examinations. The time 

delay between examinations decreases as the social cost 

increases. 

Calculation of the Maximum Error Term 

The solutions for the three cases given in this 

chapter represent the certainty equivalence approximation to 

a stochastic dynamic programming problem. The certainty 

equivalence approach replaces a stochastic problem by a 
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deterministic one. The basis for this approximation was 

established in Chapter 3 and involves the replacement of 

the expected value of a function by a function of the 

expected value. 

N . . 
E (*)x->(l-x)I,-J f(4) = f(x) (5.26) 
j=o J 

The difference between the stochastic problem and 

the deterministic approximation lies in the error which is 

introduced by equation (5-26). If the function f(x) were 

linear, there would be no approximation involved. However, 

the function f(x) as given by equation (5.16), (5-17)* and 

(5-25) are piecewise linear. It is possible to compute the 

expected value of a piecewise linear function in terms of 

incomplete Beta functions. See M. G. Kendall, Vol. I, 

(1948, p. 120). This provides a means of calculating the 

maximum error given by the approximation (5-26). The 

maximum error for Case I is 0.1$ and occurs at the point 

x = 0.0205. The maximum error for Case III is 1.3$ and 

occurs at the point x = .344. For Case VI, the maximum 

error is 0.23$ and occurs at x = 0.0648. 

Limitations and Possible Extensions 

The example presented in this chapter demonstrates 

the application of the Markov disease control model to the 

disease trachoma. The important feature of the application 

is the "all or nothing" type of optimal policy. This 
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result was established by the main theorem given in Chapter 

.4. It now becomes necessary to examine the assumptions of 

this theorem to further understand the limitations of the 

model. 

One of the major assumptions of the disease control 

model and the main theorem was the assumption of concave 

monotone increasing functions. The development of the 

minimum cost functions assumed additionally that these cost 

functions were linear. The main theorem still remains appli

cable with nonlinear concave monotone increasing costs. 

The optimal policy would still be the "all or nothing" type 

of policy examined in the application. The difficult aspect 

of nonlinear costs arises when trying to calculate the 

minimum cost functions. The dynamic programming procedure 

used in this research becomes much too cumbersome because 

of algebraic difficulties. The explicit solution of the 

simple case with linear costs may serve as an approximation 

to more complex problems. If the cost equations were 

assumed to be convex and also nonmonotone, then a signifi

cantly different policy would result. The convex cost 

equation may possess a unique minimum not necessarily 0 or 

1 which implies intermediate levels for mass screening. 

Keeping track of the minimum value and the implications for 

the minimum cost policy would be a difficult but not impos

sible task. An example of such a problem involving convex 

costs is given by K. J. Astrom (1965). 
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The costs are not the most significant limitation of 

the disease model. The basic disease model assumes the 

population is composed of two distinct types of individuals, 

infecteds and susceptibles. This type of classification 

may not be possible for all disease situations. More fre

quently, the population of infected individuals is divided 

by age or sex. A disease model with these additional 

categories could be used to model the change in disease 

dynamics which change with age or sex. Additionally, the 

Markov disease control model presented here describes the 

level of infection of the population at discrete points in 

time. Markov models that are continuous with respect to 

the time variable have been analyzed elsewhere. Feller, 

Vol. I (1968, pp. 470-482) presents a complete discussion of 

continuous Markov processes. The present disease model 

could benefit from this type of modification because time 

variations of the disease parameters could be introduced. 

It should be noted that generalizations of the type men

tioned would not be achieved without penalty. The estima

tion problem for the model parameters would be increased 

significantly. A model with increased complexity may not 

be amenable to analytic techniques and the extraction of 

general results may not follow. 
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