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ABSTRACT 

Educators have felt that when individual differences 

among students are recognized there must be viable means of 

correlating instructional procedures with learning styles. 

The literature revealed that measures of intellectual 

ability might form the basis for individualization. 

Furthermore, levels of an aptitude variable might interact 

with an individualized treatment that capitalized on that 

aptitude in such a way that the educational outcome would 

be increased. 

The major purpose of this study was to determine 

whether fluid and crystallized intellectual abilities and 

individualized treatments in the area of mathematical con

cepts at the sixth grade level affect achievement. 

This study involved 180 sixth grade students in 

Tucson Public School District #1. The design required three 

equal groups: (1) the crystallized treatment group (T ) 
C 

composed of subjects who received the treatment that 

capitalized on crystallized intelligence; (2) the fluid 

treatment group (Tf) composed of subjects who received the 

treatment that capitalized on fluid intelligence; and (3) 

the control group composed of subjects who received neither 

treatment. These groups were randomly selected from among 

the population at three elementary schools. 

x 
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Intellectual ability measures were administered to 

the subjects. These instruments were: (1) the S.R.A. 

Primary Mental Abilities, Revised Test to measure crystal

lized intelligence; and (2) the I.P.A.T. Culture Fair 

Intelligence Test, Scale 2, Forms A and B to measure fluid 

intelligence. 

Pre- and posttest measures of mathematical concept 

achievement were administered. The pretest measured prior 

understanding of the mathematical concepts incorporated into 

the treatments. The posttest measured achievement of the 

mathematical concepts. Both tests were adjudged reliable 

as a consequence of the Kuder-Richardson (KR-20) internal 

consistency coefficient calculation. 

Both experimental groups (Tc and T^) received a 

treatment of the mathematical concept: for any given set of 

elements the number of subsets of that set will be equal to 

2n where Mn" is equal to the number of elements in the 

original set. One treatment was developed to capitalize on 

specific crystallized general abilities. The other treat

ment was developed to capitalize on specific fluid intel

lectual abilities. 

Several statistical procedures were used to test the 

hypotheses of this study. They were: (1) analysis of co-

variance, (2) analysis of variance, (3) Tukey's post-hoc 

procedures, and (4) t-tests. The independent variables 

were: (1) crystallized intelligence, (2) fluid intelligence, 
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and (3) sex. The control variable was the mathematical 

concept pretest, and the dependent variable was the mathe

matical concept posttest. 

The results of this study revealed that there were 

significant achievement differences and an interaction 

between treatments and levels of fluid intelligence (.05 

level of significance or beyond). When the posttest was the 

dependent variable, intellectual abilities the independent 

variables, and the pretest the control variable: (1) students, 

who were assessed as being in the middle or lower two-

thirds of the range of fluid intelligence scores achieved 

better when the teaching-learning procedures were indi

vidualized to coincide with their intellectual aptitudes; 

and (2) students who were assessed as being in the high 

one-third of either intellectual ability achieved well 

regardless of the instructional treatment they received. 

When the independent variable was sex, there were no 

achievement differences. 

Further research is needed to: (1) identify relevant-

to-task personality variables which might interact with 

levels of either intellectual variable, (2) determine the 

effect of longer instructional treatment exposure, and (3) 

complete retention testing to verify the effects of learning 

styles on the retention of concepts learned under a format 

which capitalized on the learner*s intellectual abilities. 



CHAPTER 1 

INTRODUCTION 

For many years, the individual student was a prisoner 

of the lock-step educational curricula in force within a 

particular school wherein he enrolled. He was subjected to 

the instructional procedures of specific teachers without 

regard for his uniqueness. Today, this trend is being 

reversed with attempts to adapt curricula to the needs of 

the individual. This indicates that educators are beginning 

to consider the importance and consequences of individual 

differences. In some instances remedial instruction has been 

used to reduce the effects of individual differences. How

ever, remediation connotes recognition of differences in 

learning rate and style. Breaking down the content to be 

learned into levels of difficulty or tracks and assigning a 

child to a track also has been utilized to narrow the scope 

of individual differences. 

Perhaps, the reverse conditions should exist. In

stead of narrowing the range of individual differences among 

the pupils, instruction could be developed to capitalize on 

the potential ability differences of pupils. This would 

necessitate the accurate identification of those variables 

which affect achievement in specific curricular areas and 

1 
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the development of learning tasks that capitalize on the 

individually assessed strengths. Success with a task could 

be better insured by capitalizing on the learning rate and 

style appropriate to specific aptitude variables. 

One area of investigation about individual differ

ences that has received attention is that of aptitude-

treatment interaction (ATI) studies. Cronbach (1967) and 

Cronbach and Snow (1969) have suggested that one way of 

dealing with individual differences in school might be to 

vary instructional methods to fit the aptitude pattern of 

the learner. This procedure would not be useful unless 

students high or low in a given aptitude achieved better 

under one method of instruction than they would under another 

method. When these phenomena are observed, aptitude-

treatment interaction effects exist. 

The individual difference that most educators con

sider first is some measure of general mental ability 

variously labeled intelligence or scholastic aptitude. How

ever, a general aptitude such as mental ability probably 

would correlate highly with achievement on most instructional 

tasks regardless of the treatment employed. The criterion 

score would show an upward trend with an increase in the 

particular aptitude (Cronback, 1967). 

Cattell's (1963, 1971) and Cattell and Butcher's 

CI968) studies, critiques of their studies (Humphreys, 

1967), and complexly designed factor-analytic validation 
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studies (Horn, 1965; Horn and Cattell, 1966a) have re

vealed evidence of higher-order factors of general mental 

abilities which Cattell has labeled fluid and crystallized 

intelligence. Cattell's general investment theory of fluid 

and crystallized intelligence could indicate an inter

dependence between intra-personal and environmental in

fluences determining behavioral aptitudes or abilities. 

By conducting an aptitude-treatment interaction 

study (Cronbach and Snow, 1969; Bracht, 1969) and utilizing 

the aptitude variables of fluid and crystallized intel

ligences as well as instruction adapted to these variables, 

there might be an effect upon or an interaction with per

formance in achieving mathematical concepts. 

The Problem 

This study was an attempt to determine whether fluid 

and crystallized intellectual abilities and individualized 

treatments in the area of mathematical concepts at the 

sixth grade level affect achievement. 

Hypotheses 

In order to provide direction for the study, the 

following hypotheses were tested for significance at the 

0,05 level or beyond: 

1, There are no differences among main effects 

variables when the following dependent, independent, 

and control variables are used: 



a. the mathematical posttest is the dependent 

variable, fluid intelligence is the independent 

variable, and the pretest is the control 

variable. 

b. the mathematical posttest is the dependent 

variable, crystallized intelligence is the 

independent variable, and the pretest is the 

control variable. 

2, There are no differences between sexes among the 

main effects variables when the mathematical post-

test is the dependent variable and either intel

lectual ability is the independent variable. 

Need for the Study 

Most educational psychologists agree that a general 

intellectual ability factor or aptitude would correlate with 

achievement no matter what the instructional treatment 

(Cronbach and Snow, 1969). The achievement measure should 

show a proportionate increase under any treatment with an 

increase in the aptitude. While the regression lines from 

treatment to treatment might show some differences in slope, 

the differences would be small and statistically insignifi

cant. 

A two-factor definition of intelligence (Cattell, 

1963) might provide more precise information about individual 

differences that affect differing rates and styles of 
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learning. Cronbach and Snow (1969) suggested that within 

the structure of abilities, some form of hierarchical 

arrangement of abilities existed with fluid ability at the 

peak of the system. Cronbach recommended that a study in 

which fluid and crystallized abilities both were measured 

would be relevant for research in the aptitude-treatment 

interaction paradigm. 

Implied in the identification of fluid intelligence 

factors within the total range of intellectual abilities is 

the assertion that fluid ability might be a complex of 

intellectual strategies and not a unitary process or bio

logical parameter (Horn, 1965). However, a system of 

complex abilities could provide a useful composite measure 

of such strategies. These might account in part for indi

vidual differences in learning. 

It appeared that this study would provide educators 

with pertinent information regarding both the identification 

of fluid intelligence and crystallized intelligence among 

elementary school children and their effect upon acquisition 

of a mathematical concept. 

Assumptions and Limitations 

In this study, it was assumed that: 

1. The S.R.A. Primary Mental Abilities Test yields a 

measure of crystallized intelligence when the five 



subtest scores are combined (Cattell and Butcher, 

1968) . 

The I.P.A.T. Culture Fair Intelligence Test yields 

a measure of fluid intelligence when the four sub

test scores are combined (Cattell and Butcher, 

1968). 

The mathematical concepts pretest score is an 

aptitude indicator of prior mathematical learning 

and as such is a concomitant variable to be 

statistically adjusted (Cronbach and Snow, 1969). 

Limitations underlying this study were: 

This study was limited to sixth grade students in 

elementary schools of Tucson Public School District 

#1, Tucson, Arizona, selected from nearly homo

geneous socioeconomic, cultural, and racial community 

backgrounds. 

The data in this study were limited by the validity 

and reliability of the instruments used to identify 

fluid intelligence and crystallized intelligence and 

those developed as pre- and posttest measures of 

mathematical concept achievement. 

The data in this study were limited by the construct 

validity of the two treatments developed by the 

researcher. 



Definition of Terms 

The terms used in this study are defined as follows: 

Fluid intelligence; "Fluid intelligence, g^, is an 

expression of the level of complexity of relation

ships which an individual can perceive and act upon 

when he does not have recourse to answers to such 

complex issues already stored in memory" (Cattell, 

1971, p. 99), 

Crystallized intelligence: "Crystallized ability, 

g , though of judgmental, discriminatory, and 
C 

reasoning nature, operates in areas where the judg

ments have been taught systematically or experienced 

before" (Cattell, 1971, p. 98). 

Treatment: "Treatments are designed and induced 

variations in the experimental teaching-learning 

procedures, the effects of which are to be observed 

and evaluated" (Lindquist, 1953, p. 1). 

Aptitude; Aptitude, in the context of aptitude-

treatment interaction is defined as 

. . .  a  c o m p l e x  o f  p e r s o n a l  c h a r a c t e r i s t i c s  
that account for an individual's end state 
after a particular educational treatment. 
, . . Aptitude, pragmatically, includes 
whatever promotes the pupil's survival in a 
particular educational environment, and it 
may have as much to do with styles of 
thought and personality variables as with 
the abilities covered in conventional tests 
(Cronbach, 1967, pp. 23-24). 



5, Personological variable: "A personological variable 

is any measure of individual characteristics, e.g., 

I.Q., scientific interest or anxiety" (Bracht, 1969, 

P, 3). 

6, Interaction: "The interaction effect sought in ATI 

studies is the difference in slopes from a linear 

regression equation between an aptitude measure and 

an outcome" (Cronbach and Snow, 1969, p. 15). 

7, Hi (High): The top one-third scores of a range of 

intelligence scores obtained from one of two 

intelligence tests. 

8, Md (Middle): The middle one-third scores of a range 

of intelligence scores obtained from one of two 

intelligence tests. 

9, Lo (Low): The bottom one-third scores of a range of 

intelligence scores obtained from one of two 

intelligence tests. 

10, Tc: The symbol abbreviation for the treatment which 

capitalized on a prescribed set of crystallized 

general abilities. 

11. Tf: The symbol abbreviation for the treatment which 

capitalized on a prescribed set of fluid abilities. 



CHAPTER 2 

REVIEW OF RELATED LITERATURE 

l  
The following discussion of the pertinent literature 

is divided into two sections: (1) aptitude-treatment inter

action, and (2) fluid and crystallized intelligences. 

Aptitude-Treatment Interaction 

Gagn£ (1967) has defined instruction as the arrange

ment of the external conditions of learning to interact 

optimally with the internal capabilities of the learner and 

hence bring about a change in the learner•s internal capa

bilities. Bloom, Cronbach, Gagn£, Glaser, Jensen, and other 

educational psychologists have suggested recently that no 

single arrangement of external conditions provides optimal 

learning for all students. By differentiating instruction 

for different types of students, a greater proportion of 

students can attain the instructional objectives. Bloom 

(1968) contended that educators should start with the 

assumption that different types of students may need very 

different types of instruction to achieve mastery. He 

stressed that the quality of instruction should be assessed 

for heterogeneous rather than homogeneous groups of students. 

Bloom expressed the hope that: 

9 
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the research of the future may lead to the defini
tion of the qualities and kinds of instruction 
needed by various types of learners. Such re
search may suggest more effective group instruction 
since it is unlikely that the schools will be able 
to provide instruction for each learner separately 
(p. 5), 

Similarly, Jensen (1968) recommended increased diversity in 

methods of instruction to create optimal diversity of 

educational opportunity for all segments of the population. 

Cronbach (1957) observed: 

We do find that a person learns more easily from 
one method than another, that this best method 
differs from person to person, and that such 
between-treatments differences are correlated with 
tests of ability and personality. The studies show
ing interaction between personality and condi
tions of learning have burgeoned in the past few 
years, and the literature is much too voluminous 
to review in passing (p. 681). 

Glaser (1967) and others have pointed out that 

psychologists in the past had been optimistic in their 

expectations of being able to formulate general laws of 

learning and consequently have not given sufficient atten

tion to individual differences. 

Cronbach and Snow (1969) stated: 

We should not be interested in the effectiveness 
of the pupil's maive strategies. It follows that 
the ATI problem becomes one of identifying apti
tudes that make it possible for some pupils to 
adopt a desirable strategy. Given contrasting 
treatments, a comparison of processes should 
guide the choice of aptitude measures; but the 
process analysis will also suggest ways in which 
contrasts between treatments could profitably be 
formed. Only such analysis will get us out of 
the present frustrating trial and error (p. 183). 



Therefore, as Bracht (1969) pointed out, "The 

goal of research on ATI is to find alternative instructional 

programs so that optimal educational payoff is obtained with 

students who are assigned differentially to the alternative 

programs" (p. 89), 

In summary, Cronbach and Snow (1969) observed that, 

"What is needed is a theoretical conception of the way in 

which ability enters into the instructional process" (p. 

187), The strategic line for establishing ATI is to try 

to develop contrasting treatments, one of which relies 

heavily on general ability and one which does not. 

Among the suggestions for further research, 

Cronbach and Snow (1969) stated: 

We badly need a study in which fluid and crystal
lized abilities are both measured; the two are 
highly correlated ... to begin to understand 
fluid ability, we need contrasts between high-
fluid and low-fluid cases at several levels of 
crystallized ability (p. 54). 

In another comprehensive review of aptitude-

treatment interaction studies, Bracht (1969) concluded that 

future experimenters should analyze the processes used by 

subjects when they are learning different concepts and 

then should construct alternative treatments with differ

ent processes for subjects with different abilities. After 

reviewing ninety research studies with ATI designs, Bracht 

further concluded that: (1) ATI is more likely to occur 

with the external conditions of the alternative treatments 



clearly prescribed and controlled by the experimenter; (2) 

ATI is more likely to occur with aptitude variables which 

are factorially simple, i.e., with measures of specific 

abilities; and (3) the dependent variable in most studies 

should be measures of the specific objectives of the 

instructional program incorporated in the treatments 

(Bracht, 1969). 

Of the total 103 studies reviewed by Bracht, only 

five studies showed disordinal interaction. Of these, four 

had controlled treatments, factorially simple aptitude 

variables, and specific dependent variables. Bracht (1969 

warned: 

Despite the large number of comparative experiments 
with intelligence as a personological variable, 
there is no evidence to suggest that the total IQ 
score and similar measures of general ability will 
be useful variables for differentiating alternative 
treatments for subjects in homogeneous age groups 
(p. 141). 

Fluid and Crystallized Intelligence 

The theory of fluid and crystallized intelligence 

had pervaded the literature on intelligence for over thirty 

years (Cattell, 1941, 1957, 1963; Horn, 1965; Horn and 

Cattell, 1966a, 1966b). The theory seriously questions the 

idea that there exists a unitary structure which can be 

designated as general intelligence. As researchers search 

for the best estimate of intelligence, this theory questions 

whether the conglomerate measured by subscores from 
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intelligence tests provides this best estimate. In its 

place, the theory basically states that with a more refined 

analytical method the general ability factor now measured 

by intelligence tests will be found to be not one factor 

but two, 

Cattell (1971) discussed six directions pointing to 

the two intelligence concept. These directions Cattell 

said, "point to the new synthesis" (p. 75), which spawned 

the birth of the two intelligence concept. Contributing to 

this synthesis were: (1) the work in Spearman's own 

laboratory on "content free" or "perceptual" intelligence 

tests by Line (1931), Fortes (1932), and Gopalaswami (1924) 

which later became culture-fair intelligence tests; (2) 

indications from the widespread tryouts of the perceptual 

tests that the age increase in performance on such percep

tual tests flattened out as a plateau distinctly earlier 

than did performance on abilities connected with education 

on the school intelligence test; (3) evidence from 

Thurstone's (1938) second-order analysis of the primary 

abilities which indicated more than one general factor; 

(4) results from initial experimentation with the culture-

fair intelligence test (Cattell, 1940; Cattell, Feingold, 

and Sarason, 1941) which pointed to a very different degree 

of IQ dispersion for a new general factor (a standard 

deviation of IQ around 24 instead of the older value of 15 

or 16 which had been accepted as standard for traditional 



intelligence tests); (5) evidence that brain damage may 

affect performance on the traditional test most noticeably 

in a person's performance in some one kind of subtest, 

while leaving others little affected if at all (Hebb, 

1942; Reitan, 1959; Lashley, 1963); and (6) differences in 

the age curves of change of general ability level after 

initial maturity for the two classes of tests with percep

tual, culture-fair type age curves declining steadily from 

about 20-25 years, whereas the verbal, numerical, mechanical 

curve continuing after 20-25 years at the same level or 

higher. 

Cattell (1941) and Hebb (1941) presented papers 

based on separate arguments but converging toward very 

similar conclusions; both concluded that two distinct 

concepts of intelligence•should be recognized. In Hebb's 

theory the central ideas were expressed in the concept of 

an intelligence A, representing potential, and an intelli

gence B, representing realized intelligence. In Cattell's 

theory, the somewhat similar ideas were represented in the 

concepts of fluid and crystallized intelligences. If it is 

desirable for behavioral scientists to define intelligence 

in terms of observable, measurable behavior, then Cattell's 

concepts warranted more attention since the principal 

concepts of Hebb's theory included the idea that intelli

gence A did not refer to measurable behavior but to 

neurological potential. 
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In essence, the fluid-crystallized theory argues 

that the primary abilities which can be said to involve 

intelligence are organized at a general level into two 

principal classes or dimensions. One of these, referred 

to as fluid intelligence (abbreviated g^), is said to be 

the major measurable outcome of the influence of biological 

factors on intellectual development. The other broad 

dimension, designated crystallized intelligence (abbreviated 

g ), is said to be the principal manifestation of a unitary 

influence of experiential-educative-acculturational influ

ences. 

In a practical sense, fluid intelligence represents 

processes of reasoning in the immediate situation in tasks 

requiring abstracting, concept formation arid, attainment, 

and the perception and education of relations. It will be 

measured most purely when the basics of the task materials 

are either novel for all persons being measured or else are 

extremely common, overlearned elements of a culture 

(Cattell, 1963; Horn, 1965). 

The crystallized intelligence function will indicate 

breadth of awareness and subtlety of relations previously 

perceived and concepts previously attained as indicated in 

tasks requiring recognition or recall of such relations, 

but it will also represent ability to reason in the 

immediate situation in tasks requiring abstracting, concept 

formation and attainment, perception, and eduction of 
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relations. Thus, in contrast to g^, gc is measured most 

purely under conditions in which the subject must use 

concepts and aids (Piaget, 1947) representing relatively 

obstuse elements of the collective intelligence of a 

culture (Horn, 1966). 

Cattell (1971) has proposed a probable theory to 

describe the development of fluid ability and its relation

ship to crystallized general abilities—two terms he 

originally used in discussing his two-factor theory of 

intelligence (Cattell, 1963) which later became fluid and 

crystallized intelligences. He has labeled this probable 

theory the "investment theory." Of this he said, 

The investment theory supposes that in the 
development of the individual there is initially 
(perhaps after two or three years of maturational. 
shaping from birth) a single, general, relation-
perceiving ability connected with the total, 
associational, neuron development of the cortex. 
This general power is applicable to any sensory 
or motor area and any process of selection 
retrieval from storage. Because it is not tied 
to any specific habits or sensory, motor, or memory 
area, we have called it fluid ability, g f  

(Cattell, 1971, p. 117). 1 

Through the investment of this primal fluid ability, 

a large number of perceptual discriminatory skills are 

added to an individual's repertoire. These skills accumulate 

into complexes depending on motivation, rote memory, fre

quency of reward, etc. These complex, acquired abilities, 

in the form of high-level judgmental skills in particular 

perceptual and motor areas, are called crystallized 
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intelligence because their expression is tied to a series of 

particular areas. The term "crystallized" is meant to imply 

a freezing in a specific shape of what was once fluid 

ability (Cattell, 1971). 

If this were the entire pattern of the investment 

theory, then previous comments relative to measuring fluid 

and crystallized intelligences would be in jeopardy. The 

expenditure of fluid abilities to generate crystallized 

abilities would ultimately exhaust the primary supply of 

g^. Cattell (1971) contends that another common influence 

affects the acquisition of crystallized abilities and 

thereby reduces the influences of fluid ability on 

developing a hierarchy of crystallized abilities. He says, 

"such a common influence is found in the combined result 

of the form of school curriculum, and of the social, 

familial, and personal influences which create interest 

and time for learning simultaneously in any and all forms of 

intellectual learning" (p. 119). 

In refinement and test of the theory of fluid and 

crystallized general intelligences, Horn and Cattell (1966b) 

stated that overall findings indicated a major proportion of 

the variance observed in intellectual performance could be 

understood in terms of six major functions: (1) fluid 

intelligence, (2) crystallized intelligence, (3) general 

visualization, (4) general speediness, (5) facility in the 



use of concept labels, and (6) carefulness. As they 

concluded: 

These general functions are positively inter
related and positively related to other 
variables indicating an optimistic view of self, 
personality, integration, independence, and 
upward mobile social attitudes. Such positive 
manifold would thus seem to represent an inter
dependence between the attributes of the person, 
the influence of the environment upon the person 
and the person's affect on his surroundings 
(p. 269). 



CHAPTER 3 

RESEARCH PROCEDURES 

The research procedures for this study were devised 

to investigate the effects of intellectual abilities defined 

as fluid and crystallized intelligence, of individualized 

instructional treatments, and of sex on mathematical 

concept achievement in the sixth grade, 

Subjects 

The population for this study was sixth grade 

students in the sixty-five elementary schools of Tucson 

Public Schools District #1 at Tucson, Arizona. Tucson 

Public Schools District #1 is the largest school district 

in Tucson and encompasses the center of the metropolitan 

area of the city. As of January, 1973, there were 5093 

pupils enrolled in sixty-five elementary school sixth 

grades within the district. This figure represented 15.5 

per cent of the District's elementary school total enroll

ment, K*-6, 

It was desirable to have sixth grade students from 

as nearly homogeneous schools as possible within the 

population. The criteria for homogeneity were: (1) 

approximately equal enrollments in the sixth grades of the 

sites chosen, (2) more than 60 sixth grade students per 

19 



20 

site, and (3) similar socioeconomic neighborhoods surround

ing the school sites. Upon consultation with Tucson Public 

Schools District #1 administrative personnel to acquire a 

list of schools meeting the above mentioned criteria, the 

four schools were chosen at random. One school was 

randomly selected for the pilot study. In the remaining 

three schools, classes were assigned randomly to treatments. 

The group N's were: Group 1 (Tc) = 60; Group 2 (T^) = 60; 

and Control =60. 

Description of Instruments 

I,P,A,T, Culture Fair Intelligence Test, 
Scale 2, Forms A and B 

The I,P,A.T, Culture Fair Intelligence Test was 

based on Cattell*s (1963) theory of fluid intelligence. 

Cattell published a factor analytic study which separated 

general intelligence, g, into "fluid" and "crystallized" 

intelligences. He believed that fluid intelligence was 

closer to unadulterated "g" and that the culture fair test 

should load on it. Scale 2, Forms A and B, consists of 

46 items per form in four sub-tests: Series, Classifica

tion, Matrices, and Conditions (Topology). 

Validity and reliability information was reported 

by Cattell (I,P,A,T,, 1960). Subtest correlations with 

Spearman*s Mg" ranged from .53 to .99 on American samples 

and from ,78 to ,83 on French samples. Field test 
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correlations were reported on the order of .59 with the ACE, 

.84 with the Wechsler-Bellevue, .56 to .85 with the 

Stanford-Binet, and an average of .73 with the Otis group 

test. Scale 2 showed moderate internal consistency. 

Buros (1965) concluded that although culture fair 

tests would seem to have possibilities for great usefulness 

in the current educational scene, there are some reserva

tions as to the suitability of Cattell's test. However, 

with further research to evaluate the test, Milholland 

(Buros, 1965) seemed to feel that the test had some promise 

for research purposes. 

S,R,At Primary.Mental Abilities, Revised 

Earlier editions of this test were edited by L. L. 

Thurstone and titled "Tests for Primary Mental Abilities" 

and "Chicago Tests of Primary Mental Abilities." The 

present test was revised by Thelma Gwinn Thurstone and the 

staff of S.R.A., both of whom supplied new test items, 

altered certain subtests, and eliminated the Motor and 

Auditory Discrimination subtests. The current edition 

was revised in 1962, P.M.A. Battery Grades 4-6 consisted 

of five subtests—Verbal Meaning, Number Facility, Spatial 

Relations, Reasoning, and Perceptual Speed—with a total 

of 32 practice items and 225 test items. The five subtest 

scores are combined and converted to a deviation IQ and 

percentiles for subtests and Total. 
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Validity data for the P.M.A. batteries were obtained 

from correlations between PMA scores and (1) overall grade 

point average, (2) grades in various subject matter areas, 

(3) Kuhlmann-Anderson Intelligence scores, and (4) Iowa Test 

of Basic Skills composite scores. P.M.A. Total test score 

correlation with the Kuhlmann-Anderson Intelligence scores 

ranged from .48 to .80 for grades 2-7. Correlations 

between P,M,A, Total score and Iowa Test of Basic Skills 

composite score ranged from .75 to .84 in grades 5-7 

(S, R, A,, 1965). 

Reliability coefficients represented the correlation 

between two testings on the same form administered to small 

homogeneous groups in separate grades either one week or 

four weeks apart. The indices for the total scores ranged 

between .83 and .95 and standard errors ranged from 3.65 to 

4.56 (Buros, 1965, pp. 1048-1050). 

Development of Treatments 

Theoretical Construct of Treatments 

Development of instructional treatments to teach a 

mathematical concept evolved after studying Cronbach's 

(1967), Cronbach and Snow's (1969), and Bracht's (1969) 

reviews of the literature on aptitude-treatment interaction 

studies. Furthermore, after reviewing Cattell's (1963) and 

Horn's (1965) research on fluid and crystallized 

intelligences, it seemed feasible to develop the treatments 



such that one treatment would capitalize on patterns of 

abilities incorporated in fluid intelligence and the other 

treatment would capitalize on patterns of abilities 

incorporated in crystallized intelligence. Both instruc

tional treatments would develop the same mathematical con

cept except in two distinctly different ways. After 

consideration of Cronbach's suggestions for prescribing a 

concept to be learned based on the learning aptitudes of 

the student, it seemed required to locate or develop a set 

of criteria for each treatment. 

Horn (1968) suggested that fluid and crystallized 

intelligences were composed of primary mental abilities 

which when isolated fell into different patterns appro

priate to the respective category of intelligence. Horn 

cited as examples of the kinds of abilities that defined 

fluid intelligence: (1) induction, (2) span of apprehension, 

(3) general reasoning, (4) semantic relations, (5) deductive 

reasoning, and (6) associative memory. The primary 

abilities that demonstrated crystallized intelligence Horn 

defined as: (1) verbal comprehension, (2) experiential 

evaluation, (3) formal reasoning, (4) number facility, (5) 

semantic relations, and (6) general reasoning. From these 

examples of the kinds of abilities that defined fluid and 

crystallized intelligences, according to Horn, the 

researcher developed the criteria for the development of 

the two instructional treatments (see Appendix A). 
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After consideration of the major curricular thrusts 

in the elementary schools, the investigator chose a concept 

from mathematics around which the two instructional treat

ments were developed. Mathematics was chosen because of 

the closed nature, the logical structure, and the sequencing 

of its content. The concept was presented as a develop

mental hierarchy of prior and new learning consistent with 

elementary school curriculum guides. After exposure to a 

treatment, all subjects were to demonstrate comprehension 

of the rule that for any given set of elements the number of 

subsets of that set was equal to ,2n where Mn" equalled the 

number of elements in the original set. 

The content of each treatment included: (1) set 

theory, (2) exponential notation, and (3) probability. 

Heddens* (1971) work was used to extract a logical format 

and examples of the content included in each treatment. 

Therefore each treatment consisted of three sub-sections 

with the terminal behavior task as stated above. 

After the content was selected, the previously 

discussed criteria for treatment development were applied 

and a separate individualized treatment was developed to 

capitalize on each of the two intellectual abilities. Each 

instructional treatment included visuals and a script which 

were coordinated mechanically into a slide-taped presenta

tion of approximately 30 minutes (see Appendix B). 
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An instrument was developed to test the content 

objectives (Heddens, 1971) of each subsection of the mathe

matical concepts incorporated into each individualized 

treatment. This test was constructed in two forms. One 

form was the pretest administered to all subjects and used 

as an aptitude indicator of prior mathematical knowledge of 

the concepts. The other form was the posttest administered 

to all subjects and used as the dependent variable of con

cept achievement. The two forms contained the same 

content, item for item, with the only differences between 

forms being a substitution within items of equivalent 

symbology or numerical example (i.e., one form asked for a 

2 description of "x " while the other form asked for a 

2 description of "y ") (see Appendix C). 

Validation of the Treatments 

During the fall of 197 2, four authorities—two in 

mathematics education and two in educational psychology— 

were invited to serve as a panel of judges to assess the 

construct validity of the two instructional treatments. 

One mathematics educator and one educational psychologist, 

both of professorial rank from The University of Arizona, 

were chosen. One mathematics educator, a researcher and 

mathematics curriculum supervisor, and one educational 

psychologist with a doctorate were chosen from Tucson Public 
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Schools District #1. All judges served for the entire 

validation procedure. 

Validity. Based on suggestions made by Bracht 

(1969) and Cronbach and Snow (1969), validity procedures 

for each instructional treatment involved the degree to 

which the established criteria for treatment development 

were present within the treatments. An evaluative check

list was developed for each instructional treatment that 

required the panel of judges to indicate whether the 

presence of each of the five selected criteria per treat

ment was: (1) optimal, (2) less than optimal, (3) adequate, 

(4) less than adequate, or (5) not observable. The 

validity process was not confined to the content of the 

instructional treatments but to the context of the content 

within each. 

On four separate occasions during the late fall of 

197 2, the validity panel met to review each instructional 

treatment and assess the degree of presence of each 

criterion around which that treatment had been developed. 

Table 1 is a summary of the median values for each criterion 

of the two instructional treatments as assessed by the 

validity panel. 

After studying the results of the validity panel's 

assessment of the presence of selected criterion, the 

investigator was satisfied that each instructional treatment 
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Table 1. Summary of Medians for Validity Panel's Assessment 
of the Presence of Each Treatment Criterion 

Criterion Median Value 

T verbal comprehension 1.0 
c experiential evaluation 2.5 

formal reasoning 1.0 
number facility 1.5 
general reasoning 2.0 

T^ induction 2.0 
span of apprehension 2.0 
general reasoning 1.5 
associative memory 1.5 
deductive reasoning 1.5 

was valid. After the validity panel had assessed the 

presence of selected criteria for treatment development 

within the two instructional treatments, minor changes were 

made to the content of one concept subsection for the 

treatment which capitalized on fluid intelligence. How

ever, no changes were made to the context criteria. All 

materials were then used in a pilot study. 

Reliability. The reliabilities of the pretest and 

posttest were determined from pilot study data using the 

Spearman^-Brown procedure for a split-half reliability 

coefficient (Lindquist, 1953). The resulting coefficients 

of reliability were not satisfactory so considerable 

revision of the pre- and posttest was conducted before the 

study began. 



On a randomly selected sample of thirty sets of 

tests within each instructional treatment group (n = 90), 

the Kuder-Richardson (KR-20) internal consistency coeffi

cient was calculated on the mathematical pretest and 

posttest. In all cases, the recommended values to estab

lish internal consistency (0.70) were obtained and surpassed 

as follows: 

Group Test Obtained value 

Tc pretest .75 
posttest ,91 

Tf pretest .76 
posttest .79 

Control pretest .74 
posttest .80 

From this statistical information, the investigator con

cluded that the reliabilities of the pretest and posttest 

were satisfactory. 

Experimental Design 

Pilot Study 

A pilot study was conducted in two sixth grade 

classrooms during the second week of December, 1972, 

Although the two classrooms were within the same building, 

they were independent of each other. 

The school principal and teachers allowed five 30-

minute periods for the pilot study. For each group the 

first period was the pretest; the second period was the 
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instruction in set theory; the third period was the 

instruction in exponential notation; the fourth period was 

the instruction in probability; and the fifth period was 

the posttest. The sessions ran for five consecutive days. 

Both treatment presentations were administered during the 

morning of each day. As a result of the pilot study, 

further changes in the administration procedures were 

modified to increase the efficiency of the study. 

Intelligence Testing 

During late October and early November, 1972, all 

subjects were given the S.R.A. Primary Mental Abilities, 

Revised Test and the I,P,A,T. Culture Fair Intelligence 

Test, The testing was conducted in two sessions. The 

administration and supervision of the testing were con

ducted by the investigator and an assistant. All testing 

was done during the morning. Each instrument was hand-

scored and twice rechecked by the principal investigator. 

Student identity was removed from all instruments to insure 

anonymity. 

Treatment Presentation 

As a result of information gained during the pilot 

study, the presentation of each instructional treatment was 

confined to one day. In total, three days were scheduled 

for conducting the study. During early January, 1973, the 

study was conducted with the three groups. The Control 
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group was pretested one day and posttested two days later by 

an assistant to the investigator. For the other two 

groups the pretesting, treatment presentation, and post-

testing were conducted solely by the investigator. All 

procedures were accomplished for the three groups within 

the same week. 

In a three-day sequence, the two experimental groups 

were pretested on the first day, received their indi

vidualized instructional treatment presentation on the 

second day, and were posttested on the third day. Exclu

sive of the intelligence testing, approximately one and 

one-half hours were spent with each of the experimental 

groups and approximately one hour was spent with the control 

group. 

Neither the pretest nor the posttest was timed. 

Although all subjects started at the same time, the test 

administrator accepted completed tests whenever the subjects 

finished them. To avoid unnecessary talk or confusion until 

all subjects had completed the test, the test administrator 

provided each subject with a puzzle to work on while others 

finished their test. The puzzle had no bearing on the 

content covered or the mode of treatment presentation. 

During the presentation of the instructional treat

ments, all directions were given as part of the slide-taped 

presentation. The investigator only assembled the necessary 

audio^-visual equipment and distributed the response booklets 
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appropriate for each treatment. The rooms where the treat

ments were presented were semi-dark throughout the presenta

tion. Both presentations lasted approximately thirty 

minutes with five additional minutes used to set-up and 

take-down the equipment. The only adult in each classroom 

during the presentation was the investigator who sat in the 

back of the room during the presentation. 

Post-study Procedures 

Once all the data had been recorded, the size of 

each group (Tc, T^, and Control) was equalized randomly to 

60 students per group. Each groups' intelligence scores 

were blocked on both the I.P.A.T, Culture Fair Intelligence 

Test (for fluid intelligence) and on the S.R.A. Primary 

Mental Abilities Test (for crystallized intelligence). The 

range of these blockings was organized from high to low 

with one-third of the total treatment group at each level 

(HI, Md, and Lo). These groupings then formed the basis for 

the statistical analysis. Furthermore, with an equal 

number of subjects at each level of the personological 

variable and within each treatment group, homogeneity was 

assumed (Glass, Peckham, and Sanders, 1972). 

Analysis of Data 

To determine answers to the questions asked in 

this study, the hypotheses were tested for significance. 

Means and standard deviations for all variables were 
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calculated. For each of the two blockings of fluid and 

crystallized intelligence scores, analyses of covariance 

were computed with Factor A being treatments and Factor B 

being levels of the personological variable within treat

ments. The pretest score was the control variable and the 

posttest score was the dependent variable. The independent 

variables were: fluid intelligence, crystallized intelli

gence, and sex. All calculations were computed by the 

investigator. Where significant interaction effects and 

differences beyond the stated level of significance were 

noted, Tukey's post-hoc procedures were utilized. 

To determine whether there were differences between 

sexes on achievement, analyses of variance for all variables 

were calculated with Factor A being treatments and Factor B 

being male or female. These calculations were done by the 

University of Arizona Computer Center, 



CHAPTER 4 

RESULTS 

For this study, means and standard deviations of all 

variables were computed. In Table 2 these data are pre

sented for the three instructional treatments blocked on 

fluid intelligence scores. Tc was composed of one-third of 

the subjects who received the treatment that capitalized on 

crystallized intelligence, T^, one-third of the subjects who 

received the treatment that capitalized on fluid intelli

gence, and Control, one-third of the subjects who received 

neither treatment. 

In Table 3 the means and standard deviations for 

all variables for the three levels of fluid intelligence 

are presented. Hi was composed of the top one-third of the 

range of fluid intelligence scores across all three treat

ments, Md of the middle one-third of the range of fluid 

intelligence scores across all three treatments, and Lo of 

the bottom one-third of the range of fluid intelligence 

scores across all three treatments. The standard deviations 

in both Table 2 and Table 3 indicated highly similar 

variability for all treatments and levels within treatments. 

To further analyze the forementioned data, an 

analysis of covariance was computed. Table 4 shows the 
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Table 2. Means and Standard Deviations of All Variables for Treatments 

Tc Tf 
Control 

Variables M SD M SD M SD 

Fluid intelligence 93.517 20.932 103.350 17.434 106.500 17.190 

Crystallized intelligence 102.183 14.338 105.433 13.733 109.283 11.287 

Mathematical Pretest 7,033 4.214 10.000 4.759 10.717 4.934 

Mathematical Posttest 
N. 

11.733 8.071 . . 13 . 517. . . .5 . 48.2 11.300 4.663 

N = 60 for each treatment 



Table 3. Means and Standard Deviations of All Variables for Levels of Fluid 
Intelligence 

Variables 

Hi Md Lo 

Variables M SD M SD M SD 

Fluid intelligence 120.383 7.846 102.617 6.953 80.367 14.260 

Crystallized intelligence 116.317 6.956 106.867 10.460 93.717 11.288 

Mathematical Pretest 11.350 4.919 9.533 4.500 6.867 4.208 

Mathematical Posttest 15,633 7.013 11.983 5.067 8.933 4.690 

N = 60 for each level. 
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Table 4. Analysis of Covariance for Achievement Differences 
Among Treatments and Levels of Fluid Intelligence 

Source df SS MS F 

Treatments 2 365.7519 182.8759 9.5285* 

Levels 2 258.2775 129.1388 6.7286* 

Interaction 4 355.3636 88.8409 4.6289* 

Within 170 3262.7340 19.1926 

N = 180. 

*
 

A
 

.01. • 
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results of this analysis in which source of variation A was 

treatments and source of variation B was levels of fluid 

ability (Hi, Md, or Lo). The purpose of this analysis of 

covariance, which controlled for prior mathematics achieve

ment, was to determine whether there were mathematical 

posttest achievement differences among the three experi

mental groups and among the three levels when subjects were 

blocked on the fluid intelligence scores (I.P.A.T.). As may 

be seen, significant differences existed among the three 

treatments, among the three levels of fluid intelligence, 

and there was a significant interaction effect, all at the 

0,01 level. 

To ascertain the existence of specific differences, 

the Tukey post-hoc test procedure for significant differ

ences among treatment means and levels within treatments was 

conducted (Kirk, 1968). The following adjusted treatment 

means for all levels of treatments were obtained: 

Group Adjusted Mean 

Tc 13.52 
Tf 12.91 
Control 10.17 

The critical values (q) for Tc and T^ were significantly 

higher than the Control. However, the critical value of Tc 

was not significantly greater than the value of Tf. This 

was interpreted to mean that both the group which received 

the treatment which capitalized on crystallized intelligence 

and the group which received the treatment which capitalized 
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on fluid intelligence performed significantly better on the 

mathematical posttest than the Control group which received 

neither treatment. 

With regard to differences among levels of fluid 

ability, Tukey's post-hoc test results indicated these 

adjusted means across treatments: 

Group Adjusted Mean 

Hi 13.94 
Md 11.75 
Lo 10.86 

The adjusted mean for the Hi level was significantly differ

ent from the Md and Lo levels groups. The Md level adjusted 

mean was not significantly greater than the Lo level 

adjusted mean. This was interpreted to mean that within 

treatments, the Hi group achieved significantly better than 

the Md and Lo groups. 

Table 5 presents the adjusted means for all groups 

at all three levels derived from the post-hoc analysis. 

Table 5, Adjusted Means for All Groups at All Three Levels 
of Fluid Intelligence 

Level 

Treatment Groups 

Level Tc Tf Control 

Hi 17.6630 13.9993 10.1556 

Md 12,9587 12.7707 9.5350 

Lo 9.9427 11.9650 10.6502 
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Figure 1 shows the posttest performance for each 

type of instruction and level within group. The Tukey post-

hoc analysis revealed that the achievement of the Hi-T J c 

group was significantly different from all other groups 

except the Hi-T^ group. The latter group's achievement 

(Hi-Tf) was significantly different from the Md-Control 

group but not significantly different from any other group 

within the matrix. In the cases of the Lo-T_ group and 

the Hi-Control group, Hi-T^ was within .334 and .547 

respectively of the critical value from being significantly 

different from these two groups. 

A more systematic procedure for determining whether 

the interaction effect is ordinal or disordinal was out

lined by Bracht (1969). He stated that if an overall F-

ratio was significant, which in this study it was, then the 

cell means were to be graphed. Table 6 shows the unadjusted 

cell means for all groups at all three levels of fluid 

intelligence. Figure 2 shows the graphed cell means. 

Bracht said that if the treatment lines crossed, which they 

do, then treatment differences within personological levels 

should be tested. Table 7 shows the results of the tests 

for differences among treatments within levels. 

It can be seen that in the Hi one-third of the fluid 

intelligence scores, those students who received the treat

ment that capitalized on crystallized intelligence achieved 

significantly better than the Control group, and, those 
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TV 

T, 
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Lo Md Hi 

Levels within treatments blocked on fluid intelligence 

Figure 1, Covariance Interaction Effect Between Treatment 
Groups and Levels Within Treatments Based on 
Adjusted Means 



Table 6. Unadjusted Means for All Groups at All Three 
Levels of Fluid Intelligence 

41 

Levels 

Treatment Groups 

Levels Tc Tf Control 

Hi 17.3000 16.5000 13.1000 

Md 10.7000 13.9000 11.3500 

Lo 7.2000 10.1500 9.4500 
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Levels within treatments blocked on fluid intelligence 

Figure 2, Covariance Interaction Effect Between Treatment 
Groups and Levels Within Treatments Based on 
Unadjusted Means 
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Table 7. t-Tests for Interaction Effect 

Tc Tf Control 

Hi Tc 
— 

Tf — 

Control ** ** — 

Md Tc 
— ** 

Tf 
— 

Control ** — 

Lo Tc 
- - ** ** 

Tf 
— 

Control * — 

**Significant beyond 0.01. 

•Significant beyond 0.05. 
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students who received the treatment that capitalized on 

fluid intelligence also achieved significantly better than 

the Control group. 

In the Md one-third of the range of fluid intelli

gence scores, those students who received the treatment 

that capitalized on fluid intelligence achieved signifi

cantly better than either the Control group or the group 

who received the treatment that capitalized on crystallized 

intelligence. 

In the Lo one-third of the range of fluid intelli

gence scores, those students who received the treatment 

that capitalized on fluid intelligence again achieved better 

than either the Control group or the group who received 

the treatment that capitalized on crystallized intelli

gence. Furthermore, the Lo-Control group which received no 

instruction, achieved better than the group that received 

instruction which capitalized on crystallized intelligence. 

Therefore, in accordance with Bracht's procedure, since 

there were at least two levels of the personological 

variable in which treatment differences were both signifi

cantly non*-zero and different in algebraic sign, disordinal 

interaction was shown. 

These results would tend to support the supposition 

that for students who have high fluid intelligence, 

achievement of a mathematical concept is not directly related 

to either instructional procedure utilized in this study 
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since both groups who received instruction achieved better 

than did the Control group. However, for the two-thirds 

of the students assessed as average or low in fluid intelli

gence, those who received the treatment that capitalized on 

fluid intelligence achieved better than either the Control 

group or the group who received the treatment that 

capitalized on crystallized intelligence. 

In Table 8 means and standard deviations are 

presented for the three treatments blocked on crystallized 

intelligence scores. In Table 9 means and standard devia

tions are presented for the three levels of crystallized 

intelligence scores. The standard deviations indicated 

quite similar variability for all treatments and levels 

within treatments. 

To analyze this second arrangement of the data 

blocked on the range of crystallized intelligence scores, 

another analysis of covariance was computed. Table 10 

shows the results of this analysis in which source of 

variation A was treatments and source of variation B was 

levels within treatments. The purpose of this second 

analysis of covariance was to determine whether there were 

posttest mathematical achievement differences among the 

three treatment groups and the three levels within treat

ments when the treatments were blocked on the range of 

P,M,A, intelligence scores or crystallized intelligence. 



46 

Table 8. Means and Standard Deviations of All Variables for 
Treatments of Crystallized Intelligence 

T T.e Control c f 

Variables M SD M SD M SD 

I,P,A,T% 93. 517 20. 932 103. 350 17 .434 106. 500 17 .190 

P,M.A, 102. 183 14. 338 105. 433 13 .733 109. 283 11 .287 

Pretest 7, 033 4. 214 10. 000 4 .759 10. 717 4 .934 

Posttest 11. 733 8. 071 13. 517 5 .482 11. 300 4 .663 

N = 60 for each treatment. 

Table 9, Means and Standard Deviations of All Variables for 
Levels of Crystallized Intelligence 

Hi Md Lo 

Variables M SD M SD M SD 

I,P,A,T, 115. 817 11 .827 103. 500 13 .761 00
 

• 050 16 .731 

P ,M, A, 119. 233 3 .864 107, 317 5 .170 90. 350 8 .779 

Pretest 11. 667 4 .635 9. 700 4 .921 6. 383 3 .508 

Posttest 15. 617 6 .148 12. 417 6 .102 8. 517 4 .359 

N = 60 for each level. 
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Table 10. Analysis of Covariance for Achievement Differ
ences Among Treatments and Levels of Crystallized 
Intelligence 

Source df SS MS F 

Treatments 2 355. 5487 177. 7743 8. ,7176* 

Levels 2 220. 8083 110. 4041 5, ,4140* 

Interaction 4 167. 9744 41. 9936 2. .0593 

Within 170 3466. 7216 20. 3925 
S 

N = 180. 

*p < .01. 

J 
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It should be noted that Table 2 and Table 8 are 

identical since blocking the data on the range of either 

set of intelligence scores would not change the means and 

standard deviations for any treatment as the same sixty 

students' data in each group were used for each calcula

tion. However, Table 3 and Table 9 do differ because any 

student's position within the range of intelligence scores 

would be different since the two intelligence tests 

measured different aspects of intellectual abilities. 

The Tukey post-hoc test procedure for significant 

differences among treatment means and levels within treat

ments was conducted. The results indicated for treatments: 

Group Adjusted Mean 

T_ 13.4492 
Tf 12.9417 
Control 10.1757 

Again, the critical value (q) for Tc and T^ were signifi

cantly higher than for the Control group. However, the 

critical value of TQ was not significantly greater than T^. 

It appeared that the group which received the treatment 

capitalizing on crystallized intelligence (which the P.M.A. 

Intelligence Test measures), when blocked on crystallized 

intelligence performed significnntly better than the Control 

group. The group that received the treatment which 

capitalized on fluid intelligence even though blocked on 

crystallized intelligence also achieved significantly 
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better than the Control group. However, T did not achieve 
C 

significantly better than under these circumstances. 

The Tukey post-hoc test results also indicated 

for levels: 

Group Adjusted Mean 

Hi 12.9826 
Md 12.1034 
Lo 10.7141 

The adjusted mean for the Hi level group was significantly 

greater than the Lo level but not greater than the Md level 

within treatments group. The Md level group's adjusted 

mean was not significantly greater than the Lo leve,l 

groups' adjusted mean. Therefore, the Hi group achieved 

better than the Lo group. In this second analysis, there 

was no interaction effect. 

The three treatment groups employed in this study 

had similar numbers of male and female students. Table 11 

presents the sex composition of the groups. 

Table 11, Male-Female Composition of Treatment Groups 

Treatment Males Females Totals 

Tc 31 29 60 

Tf 32 28 60 

Control 32 2£ 60 

Totals 95 85 180 
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In order to determine if there were sex differences 

in mathematics achievement, separate analyses of variance 

were computed for each treatment group on all variables. 

The summaries of results for achievement differences are 

presented in Table 12. It may be seen from the obtained 

probability ratios in Table 12 that the sexes did not 

differ in mathematical achievement in any of the three 

experimental groups. 

Table 12. Analyses of Variance for Achievement Differ
ences—Male vs. Female 

Treatment Source df MS F P 

T Total 59 65. 1480 c Groups 1 90. 0559 1.392 .2413 
Erros (G) 58 64. 7186 

Tf Total 59 30. 0506 
r Groups 1 43. 6574 1.454 .2292 

Error (G) 58 29. 8160 

Control Total 59 21. 7390 
Groups 1 18. 4527 .847 .6358 
Error (G) 58 21. 7955 



CHAPTER 5 

SUMMARY AND CONCLUSIONS 

Summary 

The purpose of this study was to determine the 

effects of crystallized and fluid intellectual abilities, 

individualized instructional treatments, and sex on 

mathematical concept achievement in the sixth grade. 

Specifically, the following hypotheses were tested: 

1. There are no differences among main effects 

variables when the following dependent, independent, 

and control variables are used: 

a. The mathematical posttest is the dependent 

variable; fluid intelligence is the inde

pendent variable, and the pretest is the 

control variable. 

b. The mathematical posttest is the dependent 

variable; crystallized intelligence is the 

independent variable, and the pretest is the 

control variable. 

2. There are no differences between sexes among the 

main effects variables when the mathematical post-

test is the dependent variable and either intellec

tual ability is the independent variable. 

51 
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Means and standard deviations for all variables 

were calculated. Analyses of covariance using the Kirk 

(1968) blocked variable design were computed to test the 

first hypothesis. Post-hoc test procedures were calculated 

to determine differences among treatments and levels within 

treatment groups, and for determining disordinal inter

action. Analyses of variance were computed to test the 

second hypothesis. 

The I,P,A,T. Culture Fair Intelligence Test was 

used to obtain a measure of fluid intelligence for each 

student. The S,R,A, Primary Mental Abilities Test was 

used to obtain a measure of crystallized intelligence for 

each student. A pretest over the mathematical content 

contained in the two instructional treatments-—T_ and c 

T^—was used to assess prior mathematical knowledge of 

each student which then became the concomitant variable 

in the analyses of covariance. A posttest, similar to the 

pretest, was used to assess the achievement of the mathe

matical concepts incorporated in the treatments. This 

measure was the dependent variable. 

The subjects were a sample of 180 sixth grade 

students from three elementary schools in Tucson, Arizona. 

Three groups of subjects with n = 60 in each group were 

as follows: 

T —the group of students who received the treatment 

that capitalized on crystallized intelligence. 



—The group of students who received the treatment 

that capitalized on fluid intelligence. 

Control--The group of students who received neither 

treatment. 

Results obtained in this study may be summarized as 

follows: 

1. When the mathematical concepts posttest was the 

dependent variable, fluid intelligence was the 

independent variable, and the pretest was the 

control variable which was statistically adjusted 

for all groups, there were significant differences 

among the treatments, among levels of fluid 

intelligence within treatment groups, and there was 

an interaction effect. The differences observed 

were; 

a. The Tc and Tf groups obtained better achieve

ment scores on the mathematical concepts post-

test than the Control group, with T_ showing 
c 

the best achievement results of the three 

groups. 

b. The Hi level group of the fluid intelligence 

measure obtained better achievement results on 

the mathematical concepts posttest than both 

Md or Lo groups. 



c. T
c~Hi anc* T^-Hi achieved better than Control-Hi; 

but Tf-Md achieved better than Control-Md or 

Tc~Md, and T^-Lo and Control-Lo achieved 

better than T -Lo. c 

Therefore, Hypothesis #la was rejected as a result 

of these findings. 

When the mathematical concepts posttest was the 

dependent variable, crystallized intelligence the 

independent variable, and the pretest the control 

variable which was statistically adjusted for all 

groups, there were significant differences among 

treatments and among levels of crystallized 

intelligence within treatments. There was no 

interaction effect. These outcomes were evidenced 

by the following: 

a. The TQ and T^ groups both obtained better 

achievement results on the mathematical concepts 

posttest than the Control group, with T_ c 

showing the highest achievement results of the 

three groups. 

b. The Hi level group of crystallized intelligence 

obtained better achievement results on the 

mathematical concepts posttest than the Lo 

level group. 

Therefore, Hypothesis #lb was rejected as a result 

of these findings. 



3. When sex was the independent variable and the 

mathematical concepts posttest was the dependent 

variable, there were no significant differences in 

achievement among treatment groups. Therefore, 

Hypothesis #2 was accepted. 

Conclusions 

This study was an attempt to investigate the effects 

of crystallized and fluid intellectual abilities, instruc

tional treatments, and sex on mathematical concept achieve

ment in the sixth grade. The following conclusions may be 

made based on the various analyses of data: 

1, Students who were assessed as being in the middle 

or lower two-thirds of the range of fluid intelli

gence scores achieved better when the teaching-

learning procedures were individualized to coincide 

with their intellectual aptitudes. 

2, Students who were assessed as being in the high 

one-third of the range of fluid intelligence 

achieved well regardless of the instructional 

treatment they received. 

3, Students who were assessed as being in the high one-

third of the range of crystallized intelligence 

achieved well regardless of the instructional 

treatment they received. 



4, Students who possessed a high degree of either 

crystallized or fluid intelligence, tended to 

achieve better when the instructional procedure for 

learning was traditional (capitalizing on learned 

intellectual abilities) and did not require a 

unique or novel learning response or style which 

would require capitalizing on fluid intellectual 

abilities. 

Recommendations for Future Research 

Based on the information obtained in this study, 

the following recommendations for future research may be 

made: 

1, Relevant<-to-task personality variables should be 

considered along with measures of fluid and 

crystallized intelligence. Specifically, the 

personality variable of perseverance might be found 

to be of importance or to interact with levels of 

either intellectual variable, 

2, Longer periods of exposure to the instructional 

treatments should be provided. This might allow 

the learner with higher fluid intellectual abilities 

to overcome traditionally oriented learning tasks. 

It also would allow determination of the effects in 

a more school-realistic setting and make for 

improved achievement. 
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3. Retention testing for all groups should be conducted 

several weeks after treatment posttesting. This 

procedure would verify the effects of learning 

styles on the retention of concepts learned under a 

format which capitalized on the learner's intellec

tual abilities. 

4, Less abstract mathematical content should be used 

as the conceptual basis for treatment development. 

The content chosen for this study may have been 

somewhat abstract for even the most intellectually 

able student to master. 



APPENDIX A 

CRITERIA FOR THE DEVELOPMENT OF TWO 
MATHEMATICAL TREATMENTS 

Fluid and crystallized intelligences are composed of 

primary mental abilities which when isolated fall into 

patterns appropriate to the respective category of intelli

gence (Horn, 1967, pp. 23-31). Therefore, the treatment 

of a mathematical concept that capitalizes on fluid 

intelligence should contain: 

1, Induction, or the ability to discover a general 

rule from several particular incidents. 

2, Span of apprehension, or the ability to recognize 

and retain awareness of the immediate surroundings 

(i.e., memory span). 

3, General reasoning, or estimating. 

4,. Associative memory, or the ability to aid memory 

by observing the relationship between separate 

items, 

5. Deductive reasoning, or the ability to reason from 

the general to the particular. 

The treatment of a mathematical concept that capitalized on 

crystallized general abilities should contain: 

1. Verbal comprehension of general information. 

2. Experiential evaluation, or common sense. 
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3. Formal reasoning, or culturally logical reasoning. 

4. Number facility, or the ability to do numerical 

calculations. 

5. General reasoning, which can also be included within 

a crystallized treatment since it is an alternative 

learning .strategy. 



APPENDIX B 

TREATMENT SCRIPTS 

Script of the Crystallized Treatment 

Exponential Notation Subsection 

Any place value numeration system has a way of 

grouping that is basic to that system. The number of 

symbols necessary in a particular numeration system is 

directly related to this basic grouping. For example, in 

our base-ten system, there are ten symbols or digits (Slide 

#1), They are zero, one, two, three, four, five, six, 

seven, eight, and nine. 

With various combinations of these ten digits, any 

number, no matter how great or small, can be expressed. This 

is possible because our decimal system makes use of place 

value and has a special symbol, the zero, for indicating 

"not any." 

(Slide #2) A one in the ones place means one ones 

and zero tens. A one in the tens place means ten ones or 

one ten, A one in the hundreds place means ten tens or one 

hundred. A one in the thousands place means ten hundreds 

or one thousand. 

60 
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Whenever we represent ten in any set, we move one 

place to the left and record a one in that column. Thus, a 

numeral in any column represents ten times the value of that 

same numeral in the column to its right, 

(Slide #3) One thousand equals one hundred times 

ten or ten times ten times ten times one. One hundred 

equals ten times ten times one. Ten equals ten times one. 

(Slide #4) By noting the number of times ten is 

used, each column represents ten times the value of the 

column to its right. Ten is a factor of one hundred because 

ten divides evenly into one hundred. Both tens in ten times 

ten are factors since when multiplied together, they result 

in the unique product of one hundred. A factor times another 

factor equals a product. In the thousands column, ten is 

used as a factor three times (Slide #5) and can be written 

ten with the exponent three, which means ten times ten times 

ten (Slide #6) or ten used as a factor three times. 

(Slide #7) In the hundreds column where one hundred 

equals ten times ten, how many times is ten used as a 

factor? (Slide #8) This can be written as ten with the 

exponent two, 

(Slide #9) How many times is ten used as a factor 

in the tens column? How could you write this number? With 

ten used as a factor one time (Slide #10), you could write 

this number as ten with the exponent one. Is ten used as a 

factor in the ones column? No. (Slide #11) Therefore, you 
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could write this number as ten with the exponent zero since 

ten is not used as a factor. Mathematicians have defined 

one as ten with the exponent zero. 

(Slide #13) For one hundred, ten is used as a 

factor two times and can be written as shown. (Slide #14) 

For one thousand, ten is used as a factor three times and 

can be written as shown. Can you see a pattern in the way 

these numbers are written? Starting with one thousand, as 

ten with the exponent three, and moving to the right, each 

place is represented as ten with an exponent-—each one, one 

less than the place to its left. Therefore, the pattern 

would have to show one as ten with the exponent zero. 

In this new form, ten with the exponent three, ten 

with the exponent two, ten with the exponent one, and ten 

with the exponent zero, the smaller numeral written above 

and to the right of the number ten is called an exponent. 

When a number is written using exponents, mathematicians say 

the number is written in exponential notation. For example, 
\ 

one thousand written in exponential notation is ten with the ' 

exponent three and can be read ten to the third power or ten 

cubed. They all mean the same thing: ten times ten times 

ten. Ten with the exponent two is read ten to the second 

power or ten squared and means ten times ten or one hundred. 

(Slide #15) As further justification that ten with 

the exponent zero or ten to the zero power equals one, 

consider the following: one thousand divided by one hundred 
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equals ten. One thousand can be written ten times ten times 

ten times one or ten to the third power, and, one hundred 

can be written ten times ten times one or ten to the second 

power, (Slide #16) Therefore, one thousand divided by one 

hundred equals ten times ten times ten times one divided by 

ten times ten times one or ten to the third power divided by 

ten to the second power. (Slide #17) Put yet another way, 

ten to the third power divided by ten to the second power 

equals ten to the three minus two power which mathematically 

(Slide #18) equals ten to the first power (Slide #19) and, 

ten to the first power must equal ten since one thousand 

divided by one hundred equals ten. 

Consequently (Slide #20), if one hundred divided by 

one hundred equals one or ten times ten times one divided by 

ten times ten times one equals one (Slide #21), then ten to 

the second power divided by ten to the second power equals 

ten to the two minus two power which equals ten to the zero 

power and that must equal one since one hundred divided by 

one hundred equals one. 

(Slide #22) In the following grid, ten with the 

exponent zero is read ten to the zero power. Ten with the 

exponent one is read ten to the first power. Ten with the 

exponent two is read ten to the second power, and ten with 

the exponent three is read ten to the third power. 

Any number raised to a power means that number used 

as a factor the number of times the power reads. For 
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example (Slide #23), ten to the third power means ten used 

as a factor three times (Slide #24), of ten times ten 

times ten. 

Similarly (Slide #25), we can write, five to the 

zero power equals one, five to the first power equals five 

times one, five to the second power equals five times five 

times one, and five to the third power equals five times 

five times five times one. Or (Slide #26), two to the zero 

power equals one, two to the first power equals two times 

one, two to the second power equals two times two times 

one, and two to the third power equals two times two times 

two times one. 

(Slide #27) Sixteen divided by eight can be written 

as the improper fraction sixteen over eight which when 

reduced equals two. (Slide #28) Sixteen also can be written 

as two to the fourth power and (Slide #29) eight can be 

written as two to the third power. (Slide #3 0) Since two 

to the fourth power equals two times two times two times two 

(Slide #31), and two to the third power equals two times two 

times two (Slide #32), then two to the fourth power divided 

by two to the third power equals two times two times two 

times two divided by two times two times two. (Slide #33) 

Since two divided by two is one (Slide #34), two times two 

times two times two divided by two times two times two equals 

two, (Slide #35) One might also conclude that two to the 

fourth power divided by two to the third power could be 
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rewritten as two to the four minus three power (Slide #36),or 

two to the first power which (Slide #37) we know equals two. 

(Slide #3 8) We also know that eight divided by 

eight equals one. Rewriting eight as two to the third power 

and applying the same procedure as previously explained, two 

to the third power divided by two to the third power equals 

to to the three minus three power which would equal two to 

the zero power, (Slide #39) Since eight divided by eight 

equals one, then two to the zero power must equal one also. 

Set Theory Subsection 

(Slide #1) Consider the following collections of 

well defined objects: a flower, a heart, a cube, a ball, 

and an arrow. Mathematically, this is the set with five 

different items or elements in it. (Slide #2) Another way 

to represent this set is: braces, flower, heart, cube, ball, 

arrow, braces and the set could be called Set A. How many 

separate elements are there in Set A? In this case, the 

elements as they appear are ordered. In set theory, elements 

of a set are usually unordered unless specified, 

(Slide #3) If Set B equals a triangle, a square, 

and a circle, one subset of Set B might be (Slide #4) Set C 

which could equal the set of a triangle and a square. A 

subset of a given set is a set that contains all, some, or 

none of the same elements as the original set. List all of 

the possible subsets of Set B, Did you include a subset 
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that had no elements in it? Mathematically, this subset is 

called (Slide #5) the null set and is equal to empty braces 

to indicate that the set has no elements in it. 

If Set C is a subset of Set B, alii elements of Set 

C are contained in Set B. (Slide #6) Consider that if Set 

C equals the null set, then is Set C a subset of Set B? 

Since there are no elements in the null set which are not in 

Set B, the relationship does not go against the rule, and, 

therefore the null set is a subset of Set B. 

(Slide #7) Suppose that Set R equals the elements 

"1" and "m". Write all the subsets of Set R. (Slide #8) 

How many subsets had no elements? (Slide #9) How many had 

one element? (Slide #10) How many subsets had two elements? 

If you were correct, one subset had no elements, two 

subsets had one element, and one subset had two elements for 

a total number of four subsets of an original set that 

contained two elements. 

Probability Subsection 

Probability is the chance that a particular event 

will occur in a given set of circumstances, depending on the 

possible events, 

(Slide #1) Consider a checker that has a star on 

one side (Slide #2) and a circle on the other side. If we 

flip the checker in the air one time and let it fall on a 

table, will the star be up or will the circle be up? There 
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are two possibilities: either the star will be up or the 

circle will be up, (Slide #3) On one toss the probability 

of obtaining a star is one half or one chance out of two 

possibilities. The probability of obtaining a circle is one 

half or one chance out of two possibilities. One half means 

one-half of the total events. 

Probability is a measure of the chance that a 

particular event will occur, compared with the total number 

of events that could possibly occur. 

(Slide #4) Blaise Pascal, a seventeenth century 

French mathematician developed a diagram of probability 

ratios that we know today as Pascal's triangle. (Slide #5) 

It looks like this. 

By looking at the pattern that appears in the 

triangle, you will notice that a given number can be found 

by adding together the numbers named in the two triangles 

next to each other and above the chosen number. For 

example, look at the numeral three in the row that contains 

the numerals one, three, three, and one. The two numbers 

named in the two triangles next to each other and above the 

three are one and two which when added together equals three. 

(Slide #6) As shown, the numbers in each level of 

the triangle can be associated with the number of elements 

in a set. For example, a set that has no elements, the 

triangle tells us has one subset. A set that has one 

element has two subsets represented by the level that has a 
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one and a one in it. One plus one across the level equals 

two. One subset has no elements, the null set, and one 

subset has one element in it. Skipping down to a set that 

has three elements, you will notice that there will be eight 

subsets or one plus three plus three plus one which equals 

eight. One subset will have no elements, three subsets will 

have one element; three subsets will have two elements, and, 

one subset will have all three elements. Can you apply this 

information to the level of the triangle that relates to a 

set with four elements? How many subsets will that set 

have? Do you know what the one, four, six, four, and one 

mean? 

(Slide #7) Now you can see what each level of the 

triangle means in terms of the number of elements in a set, 

the number of subsets, and an exponential notation for each 

level in base two. Study this information and see if it 

makes sense to you. Can you guess what the next level's 

information will read? 

(Slide #9) For a set that has five elements, there 

will be thirty-two subsets. Thirty-two can be written two to 

the fifth power. One subset will have no elements, five 

subsets will have one element, ten subsets will have two 

elements, ten subsets will have three elements, five sub

sets will have four elements, and one subset will have all 

five elements for a total of thirty-two subsets. 
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• When Pascal's triangle is used as an aid like we 

have been using it, (Slide #10) the triangle continues to 

yield valuable information for a set that has six elements. 

(Slide #11) Looking again at the pattern in 

Pascal's triangle as it is related to showing the probable 

sequence and number of subsets for a set that has a known 

number of elements, can you see how any number is the sum of 

the two numbers that appear in the triangles next to each 

other and above the chosen number? 

(Slide #12) If Set R equals the elements "r,H "s," 

and "t," how many elements are there in Set R? Using 

Pascal's triangle as an aid, what is the probable number of 

subsets of a set that has three elements? (Slide #13) Can 

you identify each subset? 

(Slide #14) Three elements in the original set 

result in eight subsets, and in this case they are: (Slide 

#15) the null set; a set that contains the element "r;" one 

that contains the element "s;" one that contains the element 

"t;M one that contains the elements "r, s;" one that contains 

the elements "r, t;" one that contains the elements "s, t;" 

and one that contains all of the original elements "r, s, t." 

(Slide #16) What is the number of elements of each 

subset? (Slide #17) It would be zero (Slide #18), one, one, 

one (Slide #19), two, two, two, and (Slide #20) three. How 

many subsets have zero as a cardinal number? How many sub

sets have one as a cardinal number? How may subsets have 
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two as a cardinal number? How many subsets have three as a 

cardinal number? 

(Slide #21) Doesn*t this information agree with 

Pascal's triangle? Your data should be the same. 

Script of the Fluid Treatment 

Exponential Notation Subsection 

Any place value numeration system has a way of 

grouping that is basic to that system. The number of 

symbols necessary in a particular numeration system is 

directly related to this basic grouping. For example, in 

our base-ten system, there are ten symbols or digits. 

(Slide #1) They are: zero, one, two, three, four, five, 

six, seven, eight, and nine. 

With various combinations of these ten digits, any 

number, no matter how great or small, can be expressed. 

This is possible because the decimal system makes use of 

place value and has a special symbol, the zero, for 

indicating "not any," 

(Slide #2) A one in the ones place means one. ones 

and zero tens. A one in the tens place means ten ones or 

one ten. A one in the hundreds place means ten tens or one 

hundred, A one in the thousands place means ten hundreds or 

one thousand. 

Whenever we represent ten in any set, we move one 

place to the left and record a one in that column, Thus, a 
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numeral in any column represents ten times the value of that 

same numeral in the column to its right. The one in the 

thousands column is ten times greater than the one in the 

hundreds column. Therefore (Slide #3) one thousand equals 

one hundred times ten or ten times ten times ten times one. 

One hundred equals ten times ten times one. Ten equals ten 

times one. Ten is a factor of one hundred because ten 

divides evenly into one hundred. Both tens in ten times ten 

are factors since when multiplied together, they result in 

the unique product of one hundred. 

(Slide #4) How many times is ten used as a factor 

in the thousands column? How many times is ten used as a 

factor in the hundreds column? In the tens column? In the 

ones column? 

Is there an easier way of writing out this informa

tion? (Slide #5) What do you suppose ten with the exponent 

three means? (Slide #6) Could you rewrite this chart where 

the thousands place means ten times ten times ten times one, 

and the hundreds place means ten times ten times one, and 

the tens places means ten times one, and the ones place 

means one? Where do you think ten with the exponent three 

might go? How would other columns be rewritten as ten to 

the nth power? Do you see a pattern developing? Could you 

guess how one might be written as ten to some power? 

(Slide #7) If you were right, your new grid would 

look like this. In the new form, ten with the exponent 
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three, ten with the exponent two, ten with the exponent one, 

ten with the exponent zero, the smaller numeral written 

above and to the right of the base number ten is called an 

exponent. Writing numbers this way is called exponential 

notation, (Slide #8) Ten with the exponent three is read 

ten to the third power; ten with the exponent two is read 

ten to the second power. How would you read ten with the 

exponent one? How would you read ten with the exponent 

zero? 

If the base number were something other than ten, 

could numbers also be written with exponents to ease place 

value writing? (Slide #9) 

What would five with the exponent three mean? Could 

you make a grid for base five? If you did, how would it 

look? (Slide #10) Complete this grid. If you are correct, 

your grid would be as seen now. (Slides #11, 12, 13) (Slide 

#14) A grid for base two would look like this. (Slide #15) 

Your places in base two are, the ones, twos, fours, eights, 

sixteens, and thirty-twos. (Slide #16) Starting with the 

ones column, each place is represented by: one, two times 

one, two times two times one, two times two times two times 

one, .two times two times two times two times one, and two 

times two times two times two times two times one. (Slide 

#17) Written in exponential notation, each place value 

column would read from right to left: two to the zero power, 

two to the first power, two to the second power, two to the 
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third power, two to the fourth power, and two to the fifth 

power. 

(Slide #18) If "n" equals any number, could you 

state a general rule for any number raised to any power? 

Set Theory Subsection 

(Slide #1) Consider the names of three of your 

friends. Your mother tells you that you can invite them to 

dinner. Now you are faced with the problem of deciding 

whether you want to have one at a time to dinner, combina

tions, all at one time, or some other arrangement. Name 

three of your friends and discover all of the possibilities 

you have to invite them over for dinner. 

Let's consider that if your friends' names are 

(Slide #2) Tom, Dick, and Harry, you could invite (Slide #3) 

Tom by himself, and another time invite Dick by himself, and 

still later invite Harry by himself. Or, you could invite 

Tom and Dick at one time, and so on. Did you consider the 

fact that at any one time you didn't have to invite any of 

the three to dinner? 

You know all of these people well—they have certain 

features that make each one different from the others and 

yet they are friends. 

In set notation, (Slide #4) we could say Set A 

equals the people or the elements Tom, Dick, and Harry. 

Being well defined, each person in the set would be an 
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element of that set, just as each person is different from 

the others in your circle of friends. List all of the ways 

or combinations in which you could invite these friends to 

dinner. How many combinations did you find? 

If you were correct, you listed: (Slide #5) a set 

that contained no one, sets that contained Tom, Dick, and 

Harry separately; sets that contained Tom and Dick, Tom 

and Harry, and Dick and Harry in combinations; and, one set 

that contained all three of the friends. You should have 

arrived at eight combinations. Why was the first alterna

tive included? Is that a possible alternative for any set? 

Within each of the above, how many people would be 

invited at any one time? What could you say about this 

information? (Slide #6) Could you complete the following 

chart of the number of times no one was invited (Slide #7)? 

the number of times one person was invited (Slide #8)? the 

number of times two people were invited (Slide #9)? the 

number of times three people were invited (Slide #10)? 

(Slide #11) Think of another set or collection of 

well defined elements or objects. Say there are only two 

things or elements in the set like a star and a ball. In 

what ways could these elements be considered as subsets? 

How many subsets did you choose? (Slide #12) 

If you gave each of these subsets a letter name, 

(Slide #13) like Set B equals a set containing the element 

"star," we might say (Slide #14) Set B is a subset of Set A, 



if Set A equals the set which contains the elements star 

and ball. 

(Slide #15) In this case, Set C could equal the set 

that has the element "ball." Set D could equal the original 

set and contain the elements "star" and "ball." We include 

this subset since a set is a subset of itself. What would 

Set E equal? 

(Slide #16) Can you develop a rule for why Set E 

which equals a set with no elements is a subset for Set A? 

If Set E is a subset of Set A, all elements of Set E 

are contained in Set A. Since Set E equals the empty set, 

there are no elements in the empty set which are not in 

Set A. Therefore, the relationship does not disagree with 

the rule and the empty set is a subset of Set A. 

Probability Subsection 

(Slide #1) Assuming that a marble is placed at the 

starting point of this game and it rolls down through the 

paths. How many different ways could the marble travel to 

get to point #1? (Slide #2) #3? (Slide #3) #6? (Slide #4) 

#10? (Slide #5) How many ways could the marble roll to get 

to point #4? (Slide #6) #8? (Slide #7) #11? (Slide #8) 

(Slide #9) If the marble is at point #2, how many 

different ways can it go next? From point #7 (Slide #10), 

how many different ways can the marble roll? (Slide #11) 
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If you are holding the marble in your hand, what choices do 

you have for starting the game? 

Can you record the number of paths the marble might 

follow from the starting point to the first layer? (Slide 

#12) To the second layer? (Slide #13) 

Did your data look like this? (Slides #14 and 15) 

Can you predict what possibilities exist for the third 

layer? (Slide #16) The fourth layer? (Slide #17) Do you 

see a pattern? 

What would the possibilities of landing at each 

point on the sixth layer of this game be? Can you figure 

it out without drawing it out? 

(Slide #18) At each point in the game, the marble 

could have gone one of two ways. At the starting point, 

either the marble was started down through the maze, or the 

player withheld the marble. At point #2, the marble either 

traveled to point #4 or (Slide #19) #5. Therefore, the 

chances of the marble going any one way are one out of two. 

(Slide #20) The marble either goes to the right from any 

point or to the left, but, then again, if the marble is not 

sent along the way, it won't go either way from any point. 

Can you apply this information to sets and the 

number of subsets each set contains? 

(Slide #21) Consider a set with three elements like 

Set D which equals the elements "r," "s,H and "t." Without 
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writing out the various subsets, can you use what you have 

just learned to decide how many subsets Set D would contain? 

(Slide #22) If a set has no elements, there would 

be one subset—the set itself which would be the empty set. 

(Slide #23) If a set has one element, there would be two 

subsets—one that contained no elements and a subset that 

contained the original element. (Slide #24) In a situation 

where a set had two elements, how many subsets would there 

probably be? What would the subsets be? What would be the 

pattern of the number of elements in each subset? (Slide 

#25) Can you develop a rule for the number of subsets a set 

will probably have if you know how many elements your 

original set contained? 



APPENDIX C 

MATHEMATICAL CONCEPT ASSESSMENT INSTRUMENTS 

Mathematical Pretest 

DIRECTIONS: The following series of questions are designed 

to find out how much you know about certain 

mathematical concepts. Read each question 

carefully and try to answer each question as 

completely as possible. If you are not certain 

of an answer, make the best guess you can at an 

answer rather than leave the answer blank. 

This is not a timed test. Do your own work. 

1, If Set A = {x, y, z}f then: 

a. What are the separate elements of Set A? 

b. What are all of the possible subsets of Set A? 

c. What is the cardinal number for each subset of 

Set A? 

d. How could you show an empty or null set? 

2, If 10 X 10 = 100, what does 10^ equal? 

3, What does the "3" in 2^ mean? 

4, How could you write 1000 as 10 to some power? 

5, What does each numeral mean in the following base 

10 number: 11,111? 
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6. How much larger is each place in the number above 

(11,111) from the one to its right? 

2 
7. What does 2 mean? 

8. What does n"*" mean if "n" equals any number? 

9. What are the chances a normal coin will land heads up 

after being flipped in the air? 

10. If a set has: 

0 elements then it will have subset 

1 element then it will have subsets 

2 elements then it will have subsets 

3 elements then it will have subsets 

4 elements then it will have subsets 

5 elements then it will have subsets 

n elements then it will have subsets 
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Mathematical Posttest 

DIRECTIONS: The following series of questions are designed 

to find out how much you know about certain 

mathematical concepts. Read each question 

carefully and try to answer each question as 

completely as possible. If you are not certain 

of an answer make the best guess you can at an 

answer rather than leave the answer blank. 

This is not a timed test. Do your own work. 

1, If Set B = {r, s, t}, then: 

a. What are the separate elements of Set B? 

b. What are all of the possible subsets of Set B? 

c. What is the cardinal number for each subset of 

Set B? 

d. How could you show an empty or null set? 

2, If 10 X 10 X 10 = 1000, what does 103 equal? 

3, What does the "2" in 3^ mean? 

4, How could you write 100 as 10 to some power? 

5, What does each numeral mean in the following base 10 

number: 22,222? 

6, How much larger is each place in the number above 

(22,222) from the one to its right? 

7, What does 23 mean? 

8, What does n^ mean if "n" equals any number? 

9, What are the chances a normal coin will land tails up 

after being flipped in the air? 
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10. If a set has: 

0 elements then it will have subset 

1 element then it will have subsets 

2 elements then it will have subsets 

3 elements then it will have subsets 

4 elements then it will have subsets 

5 elements then it will have subsets 

n elements then it will have subsets 

i 
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