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ABSTRACT 

Lyapunov stability, uniform stability, and asymp­

totic stability for a class of systems of multiple Volterra 

integral equations are studied. Stability results are ob­

tained using a representation for the solution in terms of 

a fundamental solution (a generalization of the fundamental 

matrix in the theory of ordinary differential equations). 

Criteria for stability in terms of the fundamental 

solution are established for the general linear equation 

under consideration. A nonlinear perturbed equation is 

studied and results concerning the preservation of stabili­

ties from the linear to the perturbed equation are given. 

Lipschitz and little o type nonlinearities are considered. 

The general results are then applied to several 

special equations and conditions for various stabilities 

are given in terms of the kernels in these equations. The 

results established may also be used to study stability of 

the characteristic value problem for hyperbolic partial 

differential equations. 

vii 



CHAPTER 1 

INTRODUCTION 

The goal of this dissertation is to define and study 

various types of Lyapunov stability for a class of systems of 

Volterra integral equations in several independent variables. 

The main results are concerned with preservation of stability 

from a linear equation to a perturbed nonlinear equation. 

The initial value problem for ordinary differential 

equations 

The general Volterra equation in one independent variable 

may then be thought of as a generalization of the initial 

1 

(1.1) 

is equivalent to the Volterra integral equation 

(1.2) 
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value problem (1.1). This has motivated recent papers by 

Bownds and Cushing [5], [6], [7], [8] in which they general­

ized much of the stability theory for the initial value 

problem (1.1) to the integral equation (1.2). 

In a sense, the mixed partial derivative is the 

natural generalization of ordinary derivative [39, pp. 147-

148]. From this point of view the hyperbolic partial dif­

ferential equation of the form 

uxy = 9(*#y#u) 

is the natural two dimensional generalization of the ordinary 

differential equation 

u' = f(x,u). 

Many authors (e.g., [15], [17], [39]) have been guided by 

this analogy, and the theory for the characteristic value 

problem 

r 

uxy = 9(x,y,u) 

( u(x,yQ) - ̂ (x) ^(Xq) = <^2(y0) (1,3) 

u(xQ,y) = 4>2<y) 

parallels the theory for the initial value problem (1.1) in 

many respects. This suggests considering stability questions 
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for (1.3). But in the same way that the initial value problem 

for ordinary differential equations is equivalent to an inte­

gral equation, the characteristic value problem (1.3) is 

equivalent to the integral equation 

fx (Y 
u(x,y) = •1(x) + ~ •l^O* + J J 9(*/S,u(r,s))dsdr 

But this is just a special case of the general integral equa­

tion in two independent variables 

u(x,y) = i|>(x,y) + f f k(x,y,r,s,u(r,s) )dsdr. (1. 4 )  

V *0 
Keeping in mind the relation between u1(x) and u (x,y), 

xy 

and the progress made by Bownds and Cushing in generalizing 

from (1.1) to (1.2), one is then led naturally to stability 

considerations for the equation (1.4). 

The Volterra equation to be considered here is a 

generalization of (1.4) in several respects, but the motiva­

tion for considering this equation stems ultimately from the 

initial value problem (1.1) and, as indicated in the previous 

paragraphs, noting the analogies and generalizations of this 

problem. It will be seen that the stability results obtained 

here are consistent in the sense that many of the results due 

to Bownds and Cushing and the results from ordinary differ­

ential equations follow as special cases. 
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One approach to stability problems for nonlinear ordi­

nary differential equations and nonlinear Volterra integral 

equations in one independent variable is the following. Con­

sider a linear equation which is stable in some sense. Sup­

pose a nonlinear perturbation is now introduced. We study 

the linear equation and the perturbation to obtain results of 

the following general form: if the stability possessed by the 

linear equation is strong enough and the nonlinear perturba­

tion is small in some sense then the nonlinear equation is 

also stable in some sense. This is the approach employed in 

this dissertation. 

In this approach the concept of a fundamental solu­

tion plays a major role. This is true for two reasons: 

i) the original nonlinear integral equation may be re­

placed by an equivalent integral equation involving 

the fundamental solution and 

ii) the strength of the stability assumed on the linear 

equation may be expressed in terms of the fundamental 

solution. 

A fundamental solution will be defined for the Volterra inte­

gral equation under consideration. It will be seen that it 

is a generalization of the fundamental solution used by 

Bownds and Cushing [5] for Volterra integral equations in 

one variable which is in turn a generalization of the funda­

mental matrix in the theory of ordinary differential equations. 
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Also, we will see that it is, under certain conditions, a 

generalization of the classical Riemann function of the 

adjoint operator associated with a hyperbolic operator. 

We give a brief outline of the organization of the 

dissertation. The remainder of this chapter is dedicated to 

setting down a concise notation, introducing the equations 

to be studied, and defining the stabilities for these equa­

tions. Then the mathematical results needed to establish 

the stability results are considered. These consist pri­

marily of the equivalent integral equation in terms of the 

fundamental solution and a Gronwall type inequality. The 

stability results for the general linear equation and the 

perturbed equation are then established. These stability 

criteria for the general equation are couched in terms of 

the fundamental solution. We then consider some special 

equations where it is possible to establish, via the funda­

mental solution, stability results directly in terms of the 

kernels in the equations. Finally, an application for partial 

differential equations is discussed. 

1.1 Notation 

Much of the analysis will be simplified by intro­

ducing the notation which follows. Unless otherwise speci­

fied this notation will be adopted for the remainder of the 

dissertation. 



We shall use x = (x^x^... ,xR) c Rn where R de­

notes the set of real numbers. If x, y < Rn then x <_ y 

iff x^ £ y^ for i • 1, 2, ..., n. If af be Rn, then 

[a,b] will denote the set ta,b] = {x|x < Rn,a £ x <_ b). 

If a c Rn, then la,0®) = {x|x c Rn,a <_ x < 00}. 

Various norms will be used and those used most often 

are listed as follows: 

an arbitrary vector norm on Rn 

the I^ norm on Rn (i.e., if x e Rn then 

1*1 x - ? IkJ) 
x i=l 1 

the norm on Rn (i.e., if x € Rn then 

0,a 

I x | = max{|x1|,|x2|,...,|xn|}) 

if a < Rn and g:[a,<») -*• Rm so that g is 

bounded, then l|g|L « sup|g(x) | 
' x>a 

the matrix norm such that if M is an m x n com­

plex matrix then ||M|| = sup{|Mx||x E Rn,|x| = 1}. 

Let denote a combination of the integers 

{l,2,...,n} taken k at a time. Suppose a particular com­

bination of k elements of (l,2,...,n> has been selected. 

The elements in this combination may always be ordered. It 

will be convenient to assume that this is always done. Thus, 

if * {i^i^ ... ,1^} is a combination of (l,2,...,n> 

then i^ < i2 < ... < i^. For each combination o^, we 



let a£ = {1 ,2 , . . . ,n )  - a^. We note that <*£ is also a 

combination of the integers (lr2,...,n} and we may assume 

the elements in a£ to be ordered. 

Let * (i^,i2,...ji^) be any combination. For 

x c Rn we define x = (x. ,x. ,...,x. ). We denote the 
k *1 2 lk 

X. X.  X.  x_ 
f Alf x2 f *k f k multiple integral symbol I I ... I by I , and 
a i & • a i 

x i  h  x k  "k  

the sequence of differentials dr. dr. ... dr. by dr„ . 
* *  l k- i  h  ° ic  

If g:Rn * Rm we define g (x) • g (x) and 
X • X* •  •  •  •  X • X 
1 2 xk k 

by a pure mixed partial of g(x) we mean a partial of the 

form g (x) for some a. with 1 < k < n. For x, y c Rn 
a. k - -
k 

we introduce the following: let 

xi 1 ' a k  

w i (x#y;o ] c )  = < and 

In 14 \ 

w(x,y;ak) = (wx  (x,y;ak ) ,w2  (x,y;ak), . . . ,  w n(x, y ;ak)). For 

example, suppose n = 5, a3 s fl»3,5}, x » (x^x^x^x^x,.), 

and y = (y1#y2#y3#y4iy5> then w(x ,y;a3) » (y1#x2,y3/X4 ,y5 )  

and w(y,x,-a3) - (xj/y2#x3,y4,x5). 
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1.2 The Volterra Equation and Definitions of Stability 

In this section the general form of the Volterra 

equation will be given. The general equation will be written 

out without the notation introduced in Section 1.1 and then 

written concisely using that notation. 

Let a c Rn and u(x), $(x) be functions from Rn 

to Rm. For each combination aj, • {i^,i2»...ri^} let 

h. . . (x.,x,,...,x ,r. ,r. ,...,r. ,z) map x > a, 
12* * k 1 * X1 *2 k 

a < r < x . and z c Rm to Rm. We shall then consider 
°k " °k " ak 

the equation of the form 

u (x^ #Xj t... *x^) s »x2' • • • »xn) 

Xi n , X1 t  
T I h. (x1/X^/.../x .r• i  (1.5) 

iSlJa. X1 1 2 n A1 
+ 

V-'~i 

u(x1,x2,... 

xi xi 
n-1 n r if 2 

+ I I hi 
i^l ̂ ii+iJa^Ja^ 1 

^ (x^ix2t  . . • » x ^ r U f x ^ r X j f . . .  

xi1-lri1 Xi2-1' ri2' xl2+l xn» dri2dri1 

+ 



X. X.  
n-k+1 n-k+2 n r  *1r  x2 

+ I I ... I ] f 
tfl i2=i1+l 

x. 

f lk • • • I i j (^1/X«; • i. / x »r. »r. /...fir. ,u(x./...r 
'a. V2,,,:ik 1 '  n x l  12 k X 

xk 

il 1 xx i1+l ik 1 ik ik+l n 

dr. dr. ...dr. 
xk xk-l X1 

+ 

X1 x2 xn 

+ | | ...j ^12..,n^xl'x2'•••'xn'rl'r2'* * *'rn' 
12 an 

u(r1#r2,... 'rn) )drndrn_1«. .drr 

This is a system of m Volterra integral equations in n 

independent variables. We notice that there are 2n - 1 in­

tegrals in the right hand side of Equation (1.5) by observing 

that the number of integrals in the term involving 

n-k+1 n-k+2 n 
I  I  1  n n 

ix=l i2-i1+l i]c=ik-l+1 is (k* and that I(v) = 2n - 1. 
k=l 

For each combination = {i^,i2,...,i^}, let the 

function h. ^ . be denoted by h . Then using the 
12'' k ak 

notation introduced in Section 1.1, we have 
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n-k+1 
• • • 9 

x_#r. »•••»r. >u(x.r•••|X 
1 k 

i  • • • t  

> • • • > 

u(w(x ,r ?a )) )dr 
k a. 

k 

(Here the summation ranges over all combinations of k 

of the integers (1 ,2 ,...,n}). Equation (1.5) may now be 

written in the form 

We simplify the notation further by using £ in place of the 

of the latter may help to clarify a discussion. Also, we 

will sometimes refer to the function <j>(x) in Equation (1.6) 

as the initial function for that equation. 

We will now turn to defining stability for a solu­

tion of Equation (1.6). Let a e Rn be fixed. Let N 

x 

l<k<n 

particular summation 

l<k<n 
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denote a normed space of functions mapping x >_ a to Rm 

and denote the norm on N by j| • |J. The normed space 

(N,||*|J) will be referred to simply as N. 

Definition 1.1. Let $(x) c N and let u(x) be a 

solution of Equation (1.6) for x a >_ a corresponding to 

<l>(x). The solution u(x) is stable on the space N if for 

each a a and any e > 0 there exists a 6(a,e) such 
A A 

that if $ c N and ||$ - <J>|| < 6(a,e) then any solution 
A A 

u(x) of Equation (1.6) corresponding to <|> (x) exists on 
A 

x > a and satisfies ||u - u|L < e. 
* "  U  f  SL  

Definition 1.2. Let <J> (x) c N and let u(x) be a 

solution of Equation (1.6) for x a ̂  a corresponding to 

<J> (x). The solution u(x) is asymptotically stable on the 

space N if we have the following: 

i) Equation (1.6) is stable on N 

ii) for each a ̂  a there exists a 6 (a) > 0 such that if 
A A A 

<p c N and ||<t> - || < 6(a) then any solution u(x) of 
A 

Equation (1.6) corresponding to <t>(x) exists for x a 

and satisfies lim|u(x) - u(x)| =0. 
| x | -»•«* 

We point out that part ii) of Definition 1.2 means 
A 

that for each e > 0 there is a T = T(a,c,$) so that if 
A A ^ 

II• - <frll < 6(a) and x >_ T(a,e,<fr) then |u(x) - u(x) | < e. 
A 

In particular, T may depend on 4. This dependence does 

not occur in asymptotic stability for ordinary differential 
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equations and has led to consideration of a distinct type 

asymptotic stability for integral equations in which T does 
A 

not depend on <j>. For further discussion in the case n » 1 

see [7]. The author is interested in this distinction and 

hopes to investigate the distinction for Equation (1.6) at 

some future time. 

Since all vector norms on are equivalent, the 

n A m 
norm on x c R and the norm on u(x) - u(x) < R in part 

ii) of Definition 1.2 need not be the same norm. 

Definition 1.3. Let 4>(x) e N and u(x) be a solu­

tion of Equation (1.6) for x a >_ a. corresponding to 4>(x). 

The solution u(x) is uniformly stable on the space N if 

given any e > 0 and any a ̂  a there exists a 5(e) such 
A A 

that if <t>(x) € N and ||<|> - $|| < 6(e) then any solution 
A A 

u(x) of Equation (1.6) corresponding to $(x) exists for 

x > a and satisfies jiu - u|L < e. 

We will occasionally use the abbreviations A.S. for 

"asymptotic stability" (or "asymptotically stable") and U.S. 

for "uniform stability" (or "uniformly stable"). 

The distinction between Definition 1.1 and 1.3 is 

that the 6 in Definition 1.3 is independent of a > a. He 

will see that the concept of uniform stability for Equation 

(1.6) on the space Rm plays a central role in preservation 

of stability results. 
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We note that in the case n « 1, Equation (1.6) 

becomes 

fXi 
u(xx) = 4>(xx) + I h^x^r^ufr^ Jdi^ 

al 

and the Definitions 1.1-1.3 reduce to the definitions given 

by Bownds and Cushing [5]. If h^(x^,r^,z) is independent 

of x^, and if the space N in these definitions is Rm, 

then these definitions coincide with the stability defini­

tions for ordinary differential equations [16]. 

We now list the function spaces on which the various 

stabilities will be studied. 

Nq = {<j> (x) | <p: [a,») Rm, <p is continuous and bounded}. The 

norm to be used on Nq is 11*11 g 

N. = {(x) | <t>: [a,") -*• Rra, <p is continuous and bounded, 
* 

k 
is continuous and bounded for each a^, with 1 £ k £ n}. 

The space N, will be normed by l|<f>|| • ||<|>||n - + I j|«l> |L -
1 °'a ak xak °'a 

l<k£n 

N, = {<t> (x) 1<J>: [a,«>) -»• Rm, <j> is continuous and bounded, A x 
°k 

is continuous for each with 1 < k <_ n, 

sup |<fc (x)|dx < «»}. N, will be normed by 
J a a , <x , <» ov k 
"k V ak k 
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ll*H = Mo,a + E f- r (x)'dxo, * 
x, 'a a ,<x , <*> o, 
k a. a •- a/ k 

l<k<n * K * 

= {<{>(x) |<j>: [a/*) Rm, <Kx) is constant}. will have 

the norm ||<f>|| = 

The sup appearing in the definition of the norm on 

N2 is necessary, since otherwise the integrals would be 

functions of x , and jj*|| would not be a norm. Also, we 
k 

note "o 3 N2 3 N3* 

We will now be concerned with stability results on 

various spaces for equations of the form 

x 
f °k 

u(x) • <f>(x) + I K *x'r„ )u(w(x,r;a. ) )dr (1.7) 
Ja„ °k k K k 
°k 

and 

x 
ak 

u(x) = <|> (x) + xf K (x,r )u(w(x,r;a.) )dr 
J a ak "k 1 a k 
°k 

+ f f(x,r,u(r))dr (1.8) 
' a 

where u and map x > a to Rm, K is an m * m 
" ak 

matrix function on x > a and a < ra < xM , and f 
k ~ k k 

maps x^a, a 1. r .1 x* Rm to Rm« will be sufficient 
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to assume f(x,r,0) = 0, and to study the stability of the 

solution u = 0 corresponding to <J> = 0. This is true 

since a change of variables involving a particular solution 

under investigation will result in an equation of the form 

(1.8) in which the function f satisfies f(x,r,0) = 0. We 

will then say Equation (1.8) is stable (A.S., or U.S.) when 

the solution u = 0 is stable (A.S., or U.S.). The termin­

ology "Equation (1.8) preserves stability (A.S., or U.S.) on 

N" means that if Equation (1.7) is stable (A.S., or U.S.) on 

N then Equation (1.8) is also stable (A.S., or U.S.) on N. 



CHAPTER 2 

BASIC MATHEMATICAL TOOLS 

In this chapter we obtain several results that will 

be needed in establishing our stability results. Although 

developed here for the express purpose of studying stability, 

some of these results are interesting generalizations of 

known results and hold promise for application in other 

areas. 

We include a section on existence and uniqueness not 

so much as a tool, but rather so we may concentrate on the 

other qualitative criteria set down in the stability 

definitions. 

2.1 Existence and Uniqueness 

It is not the goal of this section to give the most 

general conditions under which Equation (1.6) has a unique 

global solution, but to show there are reasonable conditions 

insuring global existence and uniqueness. The reader is 

referred to a paper by Suryanarayana [36] for other results 

pertaining to global existence and uniqueness for Equation 

(1.6) . 

We will be concerned in this section, and in the 

remainder of the dissertation, with continuous solutions 

for the Equation (1.6). The existence and uniqueness 

16 



theorem is obtained using Banach's contraction principle and 

the following lemmas will be useful. 

Lemma 2.1. Let ft be a region in Rn. Let g:ft R 

satisfy 0 < m £ g(x) <_ M for all x c ft. Let C(ft) 

= {<t> (x) |<j>:ft Rm, <p is continuous and bounded on ft). 

Then the function J| •||gSC(ft) R defined by ||<Hlg 

= sup |<t>(x)|g(x) is a norm on C(ft) and it is equivalent 
xcft 

to the norm ||<t>||0 = sup |<|»(x)|. Therefore <C(ft) ,||«|| ) is 
xcft 

a Banach space. 

Proof. Let 0 denote the function in C(ft) map­

ping all xcft to the zero element of Rm. Since 

|0(x)| = 0, we have ||o||_ = sup |0(x)|g(x) = 0. Now sup-
g xcft 

pose ||<t>|| = 0. Then sup |4>(x)|g(x) » 0, and hence 
g xcft 

|4>(x)|g(x) = 0. But g(x) ̂ m > 0 implies |<j>(x)| = 0. 

Therefore <J> = 0. Take any c c R and <j> c C(ft). Then 

||c<j>|| = sup | c<t» (x) | g (x) = |c| sup | * (x) | g (x) = |c|||<t>|| . For 
9 xcft xcft y 

any 4>2 < we have 11*1 + ^"g 

= sup 14>1 (x) + <ji,(x)|g(x) < sup (|<J>.(x)| + |4>,(x) |)g(x) 
xcft 1 xcft 1 

< sup |<J>, (x) |g(x) + sup |(x) |g(x) = ||<t>,|L + ll<Ma* Thus 

xcft xcft y g 

ll'llg is a norm on C(ft). Take any $ c C(ft). Using the 

hypothesis on the function g(x) we have m|$(x)| 

< 14> (x) | g (x) <M|<j»(x)|. Hence m sup | (x) | < sup |<|>(x) |g(x) 
xcft ~~ xcft 
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£M sup | <p (x) | and in ||ij>|j0 < |j<f>j| _< mJJ^JJ0. Thus, the norms 
x<fl ~ 9 

il'tig and 11*110 are equivalent on c(ft) and, since 

(C(n) #|| -IIq) is a Banach space, so is (c(n) ,|| 'H^). This 

completes,the proof. 

Remark 2.1. We will use the following easily estab­

lished fact. Suppose g: [a,b] R. Suppose (x^) is any 

sequence in [a,b] so that lim x^ = y with x^ / y for 
k-v« 

each k. Then lim g(x) = L if and only if lim g(*jc) " L. 
x+y k->-oo 

We will also use the following form of the dominated 

convergence theorem to establish the continuity of certain 

integrals which will be of interest to us. 

Dominated Convergence Theorem [18, p. 195]. Let E 

be a bounded measurable subset of Rn having finite measure. 

Suppose g^:E R so that g^ is measurable for each 

k - 1, 2, ... . Suppose 

i) lim gv(x) = g(x) almost everywhere in E. 
k+w K 

ii) there is a constant m so that> Ig^tx) | <. M for all 

x ^ E and k = 1, 2, ... . 

Then lim [ gk(x)dV = [ g(x)dV. 
k+co J E ' E 

We now use the facts above to prove the following lemma. 
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Lemma 2.2. Suppose h(x,r ) has values in Rm and 

is defined for x e [a,b],  a .  <  r < x < b . Suppose 
k  \ ~ °k " \ 

for each x < la,b], h(x,ra ) is continuous in ra with 
k k 

and for each ra with a ^ r 
k jc jc 

is continuous in x where rQ ^ xQ 
k k 

such that |h(x,ra )| ̂  M for x e [a,b], aa < ra < xa 
k k k k 

°i. 
f k 

± ba . Then the function I(x) = I h(x,ra )dra is 
k 'a_ k k 

°k 

continuous on [a,b]. 

Proof. Let • {i1/i2,...,ik> and h(x,ra ) 
k 

• (h*(x,ra ), h2(x,ra ), ..., hm(x,ra )). Take any j so 
k k k 

aa 1 
k r \ -

x < a — 
k \ 

< x_ 
" ak 

, h(x 

k 
' aa1 

k 
i *a-

k 

£> v I 

that i < j < m and consider the function I.(x) 
x„ ai 

f k i = hJ(x,ra )dra . The vector function I(x) will be 

v k k 
k 

continuous if Ij(x) is continuous for each j. 

We define the function h^(x,r~ ) for x ( [a,b], 
k 

a ^ r < b bv o, — a, — a, y 

k k k 
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^h3(x,r ) x« [a,bl, a <r <x <b 
k k k k k 

K^(xfr_ ) m{ 
ak 

^0 x c [a,b], > x^ for some i c <*j 

For each x c [a,b], h(x,r ) is continuous in rQ for 
k k 

a« - ra — xa * Therefore, h3(x,ra ) is continuous in 
k k k k 

r„ for each x c [a,b] with a„ < r n  < x . Then for 
k k ~ k ak 

each x e [a,b], the function h^(x,r ) is discontinuous 
k 

on the set 

* . 
E (x) a U {(r. ,r. ,...,r. ,x. fr. )| 
k p=l X1 x2 xp A xp Xp+A xk 

a* ^ r. ^ x» ,m s l,2,«»«,p ™ 1, p t 1, • • •, k)< 
xm ~~ xm ~ m 

For each x c la,bj each set in the union forming E (x) 
°k 

is a subset of a k - 1 dimensional plane. Thus, if 

is the k-dimensional Lebesque measure on R , we have 

Vv(E ) = 0. Therefore, for each x c [a,b], the function 
* k 

fr3(x,ra ) is measurable in ra for a 5. ra — * 
k k k k k 

Now take any x c [a,b]. We will now fix r and 
k 

let x approach x. Suppose we have < xq . Then, 
K k 
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since the function h^(x,r ) is continuous in x for each 
k 

r with r < x < b and a . < x • < b .» we see 
k "" k — k k ~ k ~~ k 

* • • • 
that lim h3(x,r ) ® lim h3(x,r ) = h3(x,r ) • ̂(x^r ). 

— le — k k k 
x+x x+x 

Suppose now ra is such that r^ > x^ for some i ( a^. 
k 

Then we have lim K^(x,r ) = 0 » h3(x,r ). Finally, r 
— k k k x+x K K * 

may be in E (x) . If x -*• x so that x > r , we then 
k k ~~ k 

have lim K3(x,r ) = h-JfXjr ). However, if x -»• x so 
— k ak x+x K K 

that x^ < r^ for some i € a^, then lim K^(x,ra ) » 0. 

x+x k 

Therefore, except on the set E„ (x), we have lim H^(x,r ) 
k k 

= E3 (x,r ) . 
k 

Now consider any sequence (xn) c [a,b] so that (xR) 

-* x and xR f x for n = 1, 2, ... . We define the sequence 

of functions g„(r ) = h3(x .r ) on ,b ]. By the 
n ak n ak ak ak 

arguments above, we see that each 9n(r ) is measurable in 
ak 

r and that lim g_(r ) = E^(x,r ) almost everywhere. 
ak n-»-« n k k 

Also, from the definition of h^(x,r ) and the hypothesis, 
°k 

it follows that l9n^r0 H * I ^xn'ra ^ - M ^or n* 
k k 

Then, using the dominated convergence theorem as given above, 

we have 
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b b a, a, 
k • t k 

lim I.(x ) • lim f ^(xn'r„ )d*a = lim f gn(r )dr 
n-*~ 3 n n~ ' a n ak ak n~ n °k °k 

ak °k 

^ak Xak 
- f h3(x,r )dr » f E3 (x,r )dr » I.(x). 
>an k k ' a ak °k 3 

°k ak 

Thus, by Remark 2.1, we see that lim I^(x) = I j (x) and 

x+x 

Ij(x) is continuous on [a,b]. Hence, I(x) is continuous 

on [a,b] and the proof is complete. 

The following theorem gives sufficient conditions for 

existence and uniqueness of a continuous global solution of 

Equation (1.6). 

Theorem 2.1. Suppose for each with 1 £ k < n, 

the functions h (x,r ,z) with x c [a,b], a < r 
ak ak ak ~ ak 

< x < b , and z e Rm map into Rm and satisfy: 
" ak " °k 

i) h (x,r ,z) is continuous on its domain 
ak ak 

ii) there is a constant M > 0 such that |h (x,r ,z.) 
°k °k 1 

- ha (x,r >z2)| < Mlz^ - z2| for all z^, Zj « Rm. 
k k 

Suppose $:[a,b] Rm continuously. Then Equation (1.6) 

has a unique continuous solution on [a,b]. 
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Proof. Let C[a,b] = (g(x) |g: [a,b] + Rm and g 

continuous). Let X be any positive ntunber such that 

M ( 2n—X) 
X > 1 arid ^—- < 1. Consider the norm, denoted by 

||*||^ on C[a,b] such that if g c C[a,b] then 

n 
llglli = sup |g(x) |exp[-X ( I  x.)]. The space (c[a,b] ,||-||x) 

A xc Ia,b] i=l 1 A 

will be denoted by C^(a,b]. By Lemma 2.1, c^[a,b] is a 

Banach space. 

Define the map T on C^[a,b] such that if 

g e C^[a,b] then 

(Tg) (x) = 4>(x) + J h (x,r #g(w(x,r;a. ) ))dr . 
J a„ ak ak k ak 

ak 

Since each h is continuous in x, r , and z and g 
ak ak 

is continuous, we see that h (x,r ,g (w(x,r;av))) is 
k ak K 

continuous on the compact set x e [a,b], a < r < x 
ak ~ ak °k 

< b for each a.. Thus from Lemma 2.2 it follows that 
~ ak k 

x 
ak 

the function h (x,r ,g(w(x,r;av)))dr is continuous 
* a ak ak K ak 
°k 

on [a,b] for each a^. Then since <f> (x) is continuous 

T:Cx[a,bl [a,bl. 
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Take any g2 c C^Ia^bJ. 

% 
|(Tgx)(x) - (Tg2)(x)| < |ha (x,ra ,gx(w(x,r;ak))) 

d i k  k  
°k 

- h <x,r ,g2(w(x,r;ak)))|dr . 
JC JC JC 

Using hypothesis ii), we have 

X 
|(Tgx)(x) - (Tg2)(x)| < M|gx(w(x,r;ak)) 

- g2(w(x,r;c*k)) |dra 
k 

X 
= Mj| |g1(w(xrr;ak)) - g2(w(x,r;ok))| 

a« 
ak 

n n 
• exp[-X( I w. (x,r;a ))]exp[X( £ w. (x,r;a,,)) ]dr_ 

i=l 1 K i=l K "k 

x« °k r k n 
i - g2MJ explx(.l wi(x#r;ak))]dra 

a°k 1-1 1 

l n 

< MUg. - g2||xI-rexptX( J x.) ]. 
1 * XK i=l 1 

Recalling that X > 1, we have 



. Mllgi-g2"xr > P 
I (Tgx) (x) - (Tg2)(x)| < ( Z A£exp[X( £ xA>] 

M||gi-gJU n «/•>" i\ n 
» ^ exp[X(^Xi)]£l - y ||g^ - g2llxexPlx^iIixi>l • 

n 
Therefore |(Tg^)(x) - (Tg,)(x)|exp[-X( I x.)] 

i=l 

< M(2^"1)||g1 - g2||x and thus IjTg^^ - Tg2(|x 

^ x" But we **ave taken X so that M(2^-l) 

< 1. Therefore T is a contraction on C^[a,b] and has a 

unique fixed point in C^[a,b]. Thus Equation (1.6) has a 

unique continuous solution on [a,b]. This completes the 

proof. 

The contraction principle of course has been used by 

many authors to establish existence and uniqueness for both 

differential and integral equations. In the usual treatment, 

a map is defined from the continuous functions normed by the 

sup norm to itself. Then, even though the hypotheses are 

sufficient to insure global existence, it is necessary to 

choose a smaller interval so that the map will be a con­

traction. In Theorem 2.1 we have avoided this problem by 

observing that there are many ways in which C[a,b] may be 

normed to obtain a Banach space, and that T will have a 

fixed point if it is a contraction on just one of these 

spaces. We see that {C^(a,b]| - « < X < •} is a family 



of Banach spaces and that in Theorem 2.1, we have selected 

one on which T will be a contraction. This approach to 

global existence and uniqueness for the initial value 

problem of ordinary differential equations and for a special 

case of Equation (1.6) has been considered by Bielecki [3], 

[4]. These ideas have also been given in a different form 

by Chu and Diaz [12]. Their approach is to show that the 

map under consideration has a fixed point if and only if a 

related composition map has a fixed point. Using their ap­

proach one has no need to change from sup norm on c[a/b]. 

We will use Theorem 2.1 in the form of the following 

corollaries. 

Corollary 2.1. Suppose for each combination 

with 1 < k < n the functions h (x,r ,z) with x > a, 
~ ~ k k 

a < r < x < 00, and z € Rm map to Rm and satisfy: 
k ~ ak ~ k 

i) hQ (x,ra /Z) is continuous on its domain 
k k 

ii) there are continuous scalar functions y (x,r ) > 0 
k k ~ 

defined for x > a, a„ < r < x„ < ® such that 
ak - an - ak 

" 'V'Sc'*2'1 "Z2' 

for all z^t z2 € Rm. 

Suppose <t>(x) is continuous for x a. Then Equation (1.6) 

has a unique continuous solution on x a. 



Proof. Suppose this is not true. Then there is a 

point b c Rn with b ̂  a so that on [a,b] Equation (1.6) 

fails to have a solution or has more than one solution. But 

the hypotheses of Corollary 2.1 insure the hypotheses of 

Theorem 2.1 so there must be a unique continuous solution on 

[a,b]. This contradiction completes the proof. 

For the linear equation we obtain the following 

corollary directly. 

Corollary 2.2. Suppose for each with 1 £ k £ n 

the m x m matrix functions K (x,r ) are continuous for 
k k 

x > a and a < r < x < ®. Suppose $(x) is con-
k ~~ k ~ k 

tinuous for x a. Then Equation (1.7) has a unique con­

tinuous solution for x ^ a. 

2.2 The Fundamental Solution 
and Representation Theorems 

We now turn our attention specifically to the Equa­

tions (1.7) and (1.8) . As mentioned previously, the concept 

of a fundamental solution is important for our stability 

analysis. Here we will introduce the fundamental solution 

and use it to establish an integral representation for the 

solution of Equation (1.7). We will also use the funda­

mental solution to obtain an integral equation which is 

equivalent to Equation (1.8). 
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The following lemma will be useful. 

Lemma 2.3. Suppose K(x) is an m x m matrix func­

tion on x ̂  a and g(x) maps x :> a to Rm. Suppose 

both functions have continuous pure mixed partials of all 

orders less than or equal to n on x > a. Then 

| K(r)gr(r)dr « K(x)g(x) - K(a)g(a) 

x 
ak 

I f K(w(a,r;ak) )g (w(a,r;a.) )dr 
r*. J a H. 
ak ' aa. *k 

0<k<n-l K 

x 
°k 

+ I (-l)kf K (w(x,r;a, ) )g(w(x,r;av)dr . (2.1) 
a,. * a a,. K K ak k a. k 

l<k<n * 

Proof. The proof is by induction. In the case n • 1, 

Equation (2.1) is just the ordinary integration by parts 

formula, 

fXi 
J K(r1)gr (r1)dr1 = K(x)g(x) - HU^glx^ 

fXl 
K (r,)g(r,)dr,. 

a
x 1 

Now assume the result is true for any n. We now consider 
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- i 1 

x, a, r e R such that a < r < x. We also introduce 

the following: if r = ^ri'r2'* * *'rn'rn+l^ then 

r = (r2'r3'***'rn'rn+l^' if x " *xl'x2'* * *'xn+l* then 

x= (x2,x3,...,xn,xn+1), and if a= <ai'a2'***'an+l* then 

a = (a2'a3'•••'an'an+i^• We notice then that r = (r^r), 

x = (x^,x), and a = (a1#a). With this notation we consider 

| K(r)gr(r)dr = J [Jj^r^rjg^-fr^rjdrjdr^ (2.2) 

Let Bk denote any combination of the n integers 

{2,3,... ,n,n+l} taken k at a time. Once agin if 

Bk = {i£,±2'***'ij^>* we assume i^ < i£ < ... < i£. 

Now using the induction hypothesis in Equation (2.2) we have 

fx fXl 
J K(r)gr(r)dr = J [Kfr^xjg (r1#x) - K(r1#a)g (rx,a) 

XBk 
I [ K(r, ,w(a,r; 6. ) )g - (r, ,w(a,r;0V))dr 

®e 1 k Bk 

0<k<n-l 

xft 
kf k _ 

+ I (-1)1 K- (rlfw(x,r;ek))gr (rlfw(x,r;Bk))drg ]drx 
6k ap. ek 1 k 

l<k<n K 

X1 X1 
| K(rlfx)gr^ (r^xjd^ - j K(rlfa)gr^ (r^,a)dr^ 
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I ] l _  K ( r l f w ( a , r ; 3 k )  ) g r  -  ( r 1 , w ( a / r ; B J c )  ) d r p  d x 1  

6k al\ 1 ek k 

0<k<n-l * 
(2.3) 

f
xlf% 

+ I (—1) J I K- (r1,w(x/r;3Jc) )gr (r1,w(x,r;6Jc) )dr^ dr^ 
Bk al a0. Bk 1 k 

l<r<n 

For each Bk, using Fubini's theorem (see Appendix A, or 

[32]) and the integration by parts formula, we obtain 

-xlfXek 
- Kr )gr (rlfw(x,r;Bk> )drg drx 

al'aBk Pk 1 k 

fX _ _ _ _ _ 
= l_ Kr (x1»w(x,r;Bk))g(x1,w(x,r;0k))drg 

aBk Bk k 

s  _ _ . _ _ 
" J_ Kr (a1#w(x,r;Bk) Jgta^wUjr;Bk) )dr0 

8k 8fc k 

X1 *ek 
" I I K»- 7 (r, ,w(x,r; B.)  )g (r. ,w(x,r; B. ) )drft dr. (2.4) 

J  a  > a 0  1  $ .  1  K  p k  1  

1 B k  k 

Using Equation (2.4) and 
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rXl _ 
j K(r1,x)gr^(r1,x)dr1 = K(x)g(x) - K (a-^x) gU-^x) 

f*1 
- j Kr^(r^,x)g(r^,x)dr^ 

in Equation (2.3) we see that 

| K(r)gr(r)dr = K(x)g(x) - K(a1#x)g(a1,x) 

K (r, ,x)g(r. ,x)dr, - [ K(r.,a)g 
rl 1 1 'ai 1 

(r1,a)dr1 

X1 **k 
K(r1/w(a,r;Bk))gr - (rlfw(a,r; 0k) )drg drx 

k • VaBv 1 0k k 

°<k<n-l 

k S  - -  - -  -+ I l"1) U_ K r  (xi'w<x'r'* Bk)g(*1/W(x,r;gk))dr 

0k 0. 0k k 

l<k<n K 

X6k 
- [ K- (a, ,w(x,r;0v) )g(a. ,w(x,r;Bv ))dr 

aBk 0k k 

- Kr r <ri'w<x»r'Bk)g(r1,w(x/r;Bk) )drp dr^ (2.5) 
al'aBk 1 6k k 
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Using the induction hypothesis again we have 

f_K(a1r)gp(a1,r)dr » K(alfx)g(a.,x) - K(a)g(a) 
• a 

XBk 

I L K
(ai #w(a,r; 3. ))g— (a, tw(a,r; et) )dr 

Jv X 6 k  

0<k<n-l K 

xft 
lc f k 

+ I f"1) J_ Kf (a1,w(x,r;Bjc))g(alfw(x/r;Bk))dr 
ek \ 6k 

l<k<n K 

Thus 

Kta^xJgU^x) 

_ kf * + I  (_1> j_ Kr tai'w(x»r'Bk))g(a1#w(x,r;Bk))dr0 
ek aB. 6k k 

l<k<n K 

*« 
t k _ 

« K(a) g(a) + I I K(a^,w(a,r; 0^))g— (a^w^r; 0k) )dr v 

6k V 6k k 

0<k<n-l K 

+  j _ K (  a ^ r j g p f a ^ r j d r .  
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fX f*1 j K(r)gr(r)dr • K(x)g(x) - j Kr^(r1,x)g(r1,x)dr1 

f*1 - j K(r1,a)gr^(r1,a)dr1 

* i , X  
I I j_ K(r1#w(a,r;ek)gr - (r1#w(a,r;$k) )drg d^ 
Pi, ai a<j 1 8v. k Jk "1 "0. 

0<k<n-l K 

xft 
Bk 

+ [  ( - l ) k f  K-  (x .  ,w(x , r ;0 .  )  )g (x .  ,w(x , r ;0 .  ) )drft 
8k Jx X k 

l<k<n K 

xl,X 
I J I- K

r r tri' w ^*» r ' 3 k))g(r1,w(x#r;0 k))dr d^ 
0i. a. a. X 0< k 6k ;al a0. 1 *k 

l<k<n K 

Xft 
Bk 

-  K(a )g (a )  -  £ f  K  (a ,  ,w(a , r ;  0 .  )  )g -  (a ,  ,w(a , r ;0 V ))dr ' 

*k j% ®k ek 
0<k<n-l * 

- |_K(a1/Er^-(a1/r)dr. 



Therefore 

j*K(r)gr(r)dr = K(x)g(x )  -  K(a )g (a )  

X1 
- [J K(r1/a)gr^(r1,a)dr1 

f h  
+ I I )g- (a1#w(a,r; )dr ] 

ft- ^ 1 
3X 

-X1>1 
L _ KtrwwUirjj^g (r. ,w(a,r; B.) )drR dr.. 

Vai\ 1  ̂  1 1 h 1 

r 2 
+ I K(a, ,w(a,r; g5) )g— (a.,w(a,r;09))dr ] 

fi.Ja A z rft_ A ^02 02 ag. 

X1,X 
~ IZ | Kfr^wUjryBfcMg^p 0T1,w(a,r;3k) )dr0^dr 

®k k 1 0k 

t pk+l 
+ I K(a1,w(«,r,Blt+1)fc <«1'w<«'r'WdrB1l 

°k+l Bk+l k+1 k+1 
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xi *0 i 

LI r n-1 
K(r.,w(a,r;3 ,)) 

»„-x 

g_ =• (r,,w(a,r;e ,))dr dr. + f K (a. ,r) g-(a. ,r)dr] 
rlr6 , 1 n A en-l 1 Jl 1 r L 

n—i 

f*1 - [j K^tr^xjgfr^xjd^ 

xs 
f 1 _ - -

+ I l_ (*1»w(*»r;B1))g(x1#w(x,r;01))drp ] 
B1 aBx ei 1 

xft e2 2  (  *  -
t"1) ll _ Kp (*1#w(x,r;B2))g(x1»w(x,r;B2))drg 

e2 aB2  
02 2  

f
XlfX0l 

+ 7 7 (r.,w(x,r;B1))g(r1,w(x,r;B1))dr dr.] 

l si 1 



X 
(-l)ktE f K- (x. ,w(x/r;Slf))g(x. ,w(x,r; 0. ) )drfi 

Vx X 8 *  

f
xlfXpk-l 

+ I Kr ? (r,,w(x,r;B. ,)) 

g(r1,w(x,r;Bk_1) )dr0 dr^ 
k—1 

n+1 f (-1) j Kr(r)g(r)dr. 

Hence 

fXK(r)gr(r)dr = K(x)g(x) - K(a)g(a) 
* A 

X 
ak 

I [ K(w(a,r;ak)gr (w(a,r;ak))dr 
<*i, Ja_ au k "a. 

0<k<n * 

x 
ak 

+ I  (-l) k f  K (w(x,r;aw))g(w(x,r;av))dr . 
°k Jv «k °k 

l<k<n+l K 

36 
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This completes the proof of Lemma 2.3 

We now give the definition of a fundamental solution 

for Equation (1.7), 

r\ 
u(x) = <(>(x) + I K (x/r )u(w(x,r;av) )dr for x > a > a 

J a„ ak ak k ak ~ 
ak 

Definition 2.1. Suppose the matrix function A(x;£) 

satisfies the matrix equation 

r k 
A(x;£) = I + H K (x,r )A(w(x,r;a. ) ;5)dr (2.6) 

J 5a k k K k 
k 

for a£a£?£x<«°. Then A(x;U will be called a 

fundamental solution for Equation (1.7). 

If the matrix functions K (x,r ) are continuous 
k k 

for x > a, a <r < x„, <®» then the fundamental solu-
ak " ak " ak 

tion exists, is unique, and is continuous in x for each 

fixed 5 with x >_ Z. This may be seen by applying corollary 

2.2 to the vector equation 

u. (x) = e. + l\ K (x,r )u. (w(x,r;a. ))dr 
D J J ^ aR a

k J K ak 

k 
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where e^ is the j*"*1 column of I. The matrix with u^ (x) 

as its j***1 cdlumn is then the unique fundamental solution. 

The following theorem and its corollaries are basic 

to our analysis. 

Theorem 2.2. Suppose for each with 1 < k < n 

the matrix function K (x,r„. ) is continuous for a < x < » 
k ak 

and a n  < r < x < ». Suppose <t> (x) is continuous and 
k ~~ k ~~ k 

has continuous pure mixed partials of all orders less than 

or equal to n for a £ x < 08. Let A(x;€) be the funda­

mental solution for Equation (1.7). Then the unique con­

tinuous solution of Equation (1.7) for x ]> a is 

u (x) = A(x;a)<Ma) 

x 

f ak 
+ H A(x;w(a,r;ak)) <j>r (w(a,r;ak) Jdr^ . (2.7) 

a ov k 
k k 

Remark 2.2. We will prove Theorem 2.2 under the 

following additional hypotheses on the fundamental solution: 

i) suppose for each x ̂  a the fundamental solution A(x;£) 

is continuous in £ for a < £ < x, and 

ii) suppose for each b a there is a constant M(b) so 

that j|A(x;£)|| <. M(b) for a £ £ < x £ b. 
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We will see in Section 2.3, with the aid of the inequality 

developed there, that continuity of the matrix functions 

K (x,r ) is sufficient to insure the additional assump-
k k 

tions made here. Thus, Theorem 2.2 will be complete once 

these facts are established in Section 2.3. 

Proof of Theorem 2.2. (Under the additional assump­

tions given in Remark 2.2). Take any b > a. From the discus­

sion preceding this theorem it follows that for each fixed 

% _> a the fundamental solution A(x;£) is continuous in x 

for x > £. Thus, for each cu, and each r with 
— * k a. 

k 

a„ < r < b , the function A(x;w(a,r;av)) <J>_ (w(a,r;av)) 
k ~ ak ~ k k rak k 

is continuous in x for x c [a,b] and r < x < b . 
ak ak ak 

By Assumption i) of Remark 2.2 and the continuity of <j>x (x) 

°k 
it follows that for each x c [a,b] the function 

A(x;w(a,r;av)) <J>_ (w(a,r;ctv.)) is continuous in r with 
K r K Cli, 

k k 

a < r < x Using Assumption ii) of Remark 2.2 and the 
ak ~ ak ~ ak 

continuity of <|>x (x) we also see that 
ak 

A(x;w(a,r;ak) )4»r (w(a,r;ak>) is bounded for x * [a,b] 

°k 
and a < r < x < b Thus, by Lemma 2.2, the inte-

ak ~ ak ~ ak " ak 

grals in Equation (2.7) are continuous on [a,b] and u(x) 

given by Equation (2.7) is also continuous on [a,b]. 
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We now show by direct substitution that u(x) given 

by Equation (2.7) satisfies Equation (1.7) on [a,b]. Let 

also denote a combination of the integers {1,2,...,n} 

taken k at a time and let s = (s^,Sj,...,sn) e Rn. Then 

putting u(x) as given by Equation (2.7) into the right 

hand side of Equation (1.7) we obtain 

<f> (x) 

x 
ak 

+ E f  K (x,r ) [A(w(x,r;av) ;a)<|» (a) 
« J a ak ak K a. Ja k "k 
k cu 

l<k<n K 

wv (x,r;a.) 
Yi K 

+ I A(w(x,r;a.) ;w(a,s;Yi)) 
Y i  ' a 
1 Yi 

l<i<n 

<|>s {v(a,s;yi))ds^ ]dr^ (2.8) 
Yi Ti k 

x 
f °k 

= <j>(x) + I y K (x,r )A(w(x,r;a. ) ;a)dr ]<j»(a) 
J a ak ak K ak ak ' a k «k 

K ct^. 
l<k<n 

x V(x'r,ak> 
°k, 1 

* I I I f V'V 
°k JvaYi k k 

i<k<n i<i<n 

A(w(x,r;ak) ;w(a,S;Yi) )«J»S (wta.s.'Y^lds dra . 
Y i  i  k 



Now consider any integers p and g such that 1 < p < n 

and 1 < q < n. We verify the following in Appendix A. 

w (x,r;a ) 
«« Yq P 

\ 1 Ka tx'ro > 
a  ay P P 
p fq 

A(w(x,r;a ) ;w(a,s;y ) )<j> (w(a,s;* ) )ds dr 
P 4 Yq q q P 

x_ x 

f T«r 
, /a <*'r„ > 

aY wa <a'S'*Y0> P P 
q p 4 

A(w{x,r;a );w(a,s;Y_))$_ (w(a(s;Y ))dr ds . 
P Yq q P Tq 

Using this in Equation (2.8) we have the right side of Equa 

tion (2.8) equal to 

x 
"k 

<j>(x) + I  f K (x,r )A(w(x/r;ak.) ;a)dr ]<f>(a) 
L U ak ak k ak 
k oil. 

l<k<n * 

X x 
Yi , °k 

) 
*k 

Yi k ak 
l<i<n l<k<n 

r r f °k 

+ I ( I \ K (x,r 

*y, Jvu'S!n' "k "> 

A(w(x,r;a.) ;w(a,s;Y.) )dr )<J> (w(a,S;y4) )ds 
K 1 ak s

Yi 
1 Yi 
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= * (x) + [A(x;a) - IJ<Ma) 

f 1 
I [A(x;w(a, s; y.)) - IU (w(a, s; y .) )ds 
v. Ja 1 Sv. 1 »i 
Yi Yi 

l<i<n x 

A 
= A(x;a)<J»(a) + J A(x;w(a,s;y.))<|ic (w(a, s; y.) )ds 

y. Ja„ 1 y. x Yi Yi ^ Yi 
l<i<n x 

*Yj 

+ [<J> (x) - <j) (a) - I  f  <(> (w(a, s;y.) )d's ]. 

^ S, \ Yi 

i<i<n x 

* 

Using Lemma 2.3 with K(x) = 1 and g(x) « <j,(x) we see that 

x 

f YjL 
(j)(x) - 4>(a) I «j> (w(a,s; y^) )dSy = 0. 

Yi J* Yi 1 YI 
1 <i <n 

Therefore 

x 

f k 
<t> (x) + E K (x,r ) lA(w(x,r;ak) ;a)^(a) 

av 'a_ k k 
k ~ak l<k<n K 

w^(x,r;ak) 

+ I | A(w(x,r;ajc) ;w(a,s;y^)) 
y. 'a 
1 ^ l<i<n 



<j>s (w(a, s;y.) )ds ]dr = A(x;a)4>(a) 
s
Yi 

1 Yi °k 

A(x;w(af s; y.)) • (w(a, s; Y<) )ds„ =u(x). 

l<i<n 

+ 1 I  
Yi J 1 SY, 11 

But since b is arbitrary, u(x) given by Equation (2.7) 

is the unique continuous solution for x ̂  a. This completes 

the proof. 

Remark 2.3. We notice that in the special case 

4>(x) = <J> (a constant), the solution of Equation (1.7) is 

just u(x) = A(x;a)<f> and there is no need for the assump­

tion on A(x;£) given in Remark 2.2. (In this case the 

continuity of u(x) follows directly.) We will later use 

this fact to prove that the continuity of the functions 

K (x,r ) implies the continuity of A(x;£) in the 5 
k ak 

variable. 

We have the following important corollary for the 

nonlinear Equation (1.8). The importance of this result, as 

mentioned earlier, is that we have an equivalent integral 

equation for the solution of the nonlinear Equation (1.8) in 

terms of the fundamental solution. 

Corollary 2.3. Suppose for each with 1 £ k < n, 

the function K (x,r ) is continuous for a < x < «® and 
ak ak 
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a < r < x < 00. Suppose <|> (x) is continuous and has 
ex. — a, — a, 
k k k 

continuous pure mixed partials of all orders less than or 

equal to n for x ]> a. Suppose f(x,r,z) is continuous for 

a < r < x < °°, zcRm and for each with 1 £ k <_ n 

the function £~-(x,w(x,r ,z) is continuous for a < x 
ak 

<°°, a <r <x <«» and z c R . Let A(x;€) be 
ak ~ °k ~ ak 

the fundamental solution for Equation (1.7). Then u(x) is 

a continuous solution of Equation (1.8) if and only if u(x) 

is a continuous solution of 

xak 

u(x) = A(x;a)<j> (a) + H A(x;w(a,r;av))<J> (w(a,r;a. ) )dr 
' a * a. * °] 
°k k 

+ 
a 
| A( x;r)^r[ j  f(r,s,u(s))dsjdr (2.9) 

Proof. We first prove necessity. Suppose u(x) is 

a continuous solution of Equation (1.8) for x ̂  a and con­

sider the equation 

x 

r a,c 
u(x) = <J> (x) + l\ K (x,r )u(w(x,r;a. ) )dr 

J* av ak K k 
°k 

rx  
+ j f(x,r,u(r))dr. (2.10) 
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This is a linear equation since the last term depends only on 

x. The unique continuous solution of Equation (2.10) is 

u(x), since u(x) satisfies Equation (1.8). Letting 

fx <j> (x) =• <|>(x)+ f (x,r,u(r) )dr, Equation (2.10) becomes 
' A  a 

x 
ak 

u(x) = <#> (x) + X f  K (x,r )u(w(x,r;a ))dr . (2.11) 
* a„ k k K k 

ak 

But Jr (w(a/r;aJc)) = <|>r (w(a,r;<*k)) + 
ak ak 

w(a,r;a. ) , , k 
dr 

f x ' ' k' 
J f (w(a,r;ak) ,s,u(s))ds = <J>r (w(a,r;ak)) for 

Va ak 

1 < k < n - 1 and <Fr(r) = <|>r(r) + f(r,s,u(s))ds. The 

continuity assumptions on f and its partials imply that 

<Fr(r) is continuous. Thus using Theorem 2.2 the solution 

of Equation (2.11) is 

u(x) = u(x) = A(x;a) <J>(a) + 

Xak 

+ J A(x;w(a,r;a. ) )<J> (w(a,r;a.) )dr 
Jaft K rak K aJ 

k K 

+ 
a 
| A(x;r)-^[| f (r,s,u(s) )ds]dr 

Therefore u satisfies Equation (2.9). 
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To prove sufficiency, assume u*(x) is continuous 

and satisfies Equation (2.9). Consider the linear equation 

x„ 
f k 

u(x) = <f>(x) + l\ Ka (x,rd )u(w(x/r?aJc))dra 
k k k 

ak 

+ f f(x,r,u*(r))dr. 
'a 

But the solution of this is given by 

u (x) - A(x;a) <t> (a) 

x 

+ f ^ H A(x;w(a/r;ak))<j»r (w(a,r;ak) )dro 
aak _ «k k 

+ | A(x;r)^(j f (r,s,u* (s) Jdsdr - u» (x). 

Therefore u*(x) satisfies Equation (1.8) and the proof is 

complete. 

The following corollary will be useful in establish­

ing various stability criteria. 

Corollory 2.4. Suppose all of the hypotheses of 

Theorem 2.2 hold. Suppose in addition the fundamental solu­

tion A(x;£) for Equation (1.7) has continuous pure mixed 

partials of all orders less than or equal to n in the € 
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variable for a <_ £ <_ x. Then the solution of Equation (1.7) 

for x ^ a is 

u (x) = <|>(x) 

X 
"k 

+ I(-l)kf Ar (xjwtXfrjaj^HfwtXfrjaj^Jdr . (2.12) 

S 
Proof. Fix x > a. Let K(£) = A(x;£) and g(£) 

= <p(0 in Lemma 2.3. Then noting that K(x) = A(x;x) = I 

we obtain 

A(x;r)<j> (r)dr = <|)(x) - A(x;a)<|>(a) 
'a 

x 
°k 

I f A(x;w(a,r;a. )) <J> (w(a,r;cL.) )dr 
n. J a K rn. K aV 
ak '% ak 

0<k<n-l K 

X 
ak 

I (-l)k[ A (x;w(xfr;ak) )<j>(w(x,r;aky)dr 
a,. a. k 

l<k<n K 

Therefore 

u(x) = A(x;a)«j> (a) 
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x_ 
°k 

I [ A(x;w(a,r;a. ) )«(> (w(a,r;a. ) )dr 
a. Ja_ K ro, K aJ 

+ 

" % l<k<n * 

% 
= <f>(x) + I (-1)kf A (x;w(x,r;a ))<f>(w(x,r;a )dr . 

a, ' a r8, K K k k a. k 
l<k<n 

This completes the proof. 

In the case n = 1 Equation (1.8) becomes 

f*1 u(xx) = •(Xj^) + j [Kfx^r^utr^ 
al 

+ f (x^r^ufr^) ]drx (2.13) 

with a^, x^, r^ c R , xi 2 ai an<* al i rl - xl' In 

this case the fundamental solution for the linear equation 

satisfies 

r*1 

Afx^^) « I + j K(x1/r1)A(r1;51)dr1, a1 < ^ < x1# 

and the integral equation equivalent to Equation (2.13) is 

f*1 u(xx) = A(x1;a1)«(>(a1) + I (A(x1;r1)(r^ 

al 1 
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d f*1 
+ 3r~M f (*2/8^(8^ idSjJdr^ (2.14) 

1 al 

Equation (2.14) is used by Bownds and Cushing in their inves­

tigations of stability for Equation (2.13). When Equation 

(2.13) is equivalent to an initial value problem the funda­

mental solution is the fundamental matrix Y(x^)Y~^(£^) 

from the theory of ordinary differential equations, and 

Equation (2.14) is the well known variation of constants 

formula. 

When n = 2, Equation (1.8) is 

fXl u(xlfx2) = (j)(xlfx2) + J K1(xlfx2,r1)u(r1,x2)dr1 
al 

X2 
+ | K2(x1,x2/r2)u(x1,r2)dr. 

a2 

x i  r X 2  
| | K2(x1/x2,r^,r2)u(r^,r2)dr2dr^ 

al a2 

X 1  r X 2  
| | f (x1,x2,r1,r2,u(r1,r2))dr2drx. (2.15) 

al a2 

The fundamental solution A(x^,x2;£^,52) for the linear 

equation satisfies 

fXl 
A (x^ »x2 ; £t  £2) ~ ̂  J ^l("l'^2'^l^^l'*l'^l'^2^^1 

al 



2 
+ 
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x. 

J Kj '*2 '^2^^(*1 '^"2' ̂1'^2^ 

XlrX2 

| J ^12 ̂ X1 'X2'^1'^2^^ (^1'^"2' ̂1'^2^ 1 * 
al a2 

The equation equivalent to Equation (2.15) is 

u(xlfx2) = A(x1,x2;a1/a2)<|) (a1#a2) 

fXl + I A(x]L/x2;rira2)<|>r (r1,a2)dr1 
al 1 

X2 
+ | A(xlfx2;a1#r2)<|>r (a^r^dr. 

a2 

XlrX2 L L [AtXl'X2;rl'r2)<^r1r2(rl/r2) + 

J"ll'el2 

•> ri r-> 
a f f 

+ 3r,3r_{I_ I f(ri'r2'sl's2'u(sl's2) )ds2ds1}]dr2dr1. 
1 2 ai a2 

We will return to stability considerations for special cases 

of Equation (2.15) later in the dissertation. 

2.3 A Gronwall Type Inequality 

In 1919, T. H. Gronwall [21] made use of a lemma 

which, in a generalized form, is a basic tool in the theory 

of ordinary differential equations. The following generalized 
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version of that original lemma is now known as Gronwall's 

lemma or Bellman's lemma (sometimes the Gronwall-Bellman 

lemma) [2]. 

Gronwa11's Lemma. Suppose u(t) and g(t) are 

real valued, nonnegative, and continuous functions of the 

real variable t for tg 5 t £ t. Suppose 

u(t) £ c + | g(s)u(s)ds (tQ £ t £ t) (2.16) 
t0 

holds where c is a nonnegative constant. Then 

u(t) £ c exp[J g(s)ds] (tQ £ t £ x) . (2.17) 
t0 

This result is useful in the theory of ordinary differential 

equations for such topics as, uniqueness, continuous de­

pendence, comparison results, and stability considerations. 

The lemma has been generalized in several ways and 

for a variety of motives [1], [11], [14], [15], [33], [34], 

[39], [41]. In this section we will establish a generaliza­

tion of this lemma which is particularly suited to our 

stability study. We will return to a discussion of the con­

nection between this generalization and those of other authors 

later in this section. 
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Our result is based on the following theorem which 

can be found in [24/ p. 18]. 

Theorem 2.3. Suppose F is a complete metric space 

and is partially ordered (the symbol of the partial order 

will be <) in such a way, that if an increasing sequence 

(yn) c F has the limit yQ, then yn < yQ for all n. 

Let T be an order preserving (f-^ < fj Tf^ < Tf2) con­

traction on F. Let fp be the unique fixed point of T. 

Then f c F and f < T(f) implies f < fp. 

Proof. Suppose f c F and f < T(f). Since T is 

order preserving f < T(f) < T2(f) < T3(f) < ... < Tn(f). 

Since T is a contraction we have lim Tn(f) = fg. But 
n-t-m 

(Tn(f)) is then an increasing sequence in F and therefore 

Tn(f) < fQ for each n. In particular, f < T(f) < fg and 

the proof is complete. 

As in Section 2.1, let C[a,b] = {g (x) |g: [a,b] -»• Rm, 

g continuous} and let C^[a,b] be the Banach space of 

functions C[a,b] normed by 

n 
llglli = SUP |g(x) |exp[-X{ £ x.}] for any real X. Let 

x<[a,b] i=l 1 

K c c^[a,b] be the positive cone of functions such that 

<{> c K if and only if each of its component functions is non-

negative. We may use K to establish a partial order on 

C^[a,b]. The partial order is defined such that if g^, 
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g2 € C^[a,b], gjL < g2 iff ^2 ~ 91 € K* We notice that this 

partial order has the property that if (gfl) is an increasing 

sequence in C^[a,b] converging to g^, then gR < g^ for 

all n. 

We have the following generalization of Gronwall' s  

lemma. 

Theorem 2.4. Suppose <J> (x) is continuous on [a,b]. 

Suppose for each with 1 £ k n, the m * m matrix 

function K (x,r„ ), defined for x « [a,b] and a_ 
k ak ak 

< r« < x« < » has nonnegative elements on this domain. 
" k ~ ak k 

Then if u(x) c C[a,b] and 

X 
u (x) < 4>(x) + H K (x,r )u(w(x,r;a.) )dr (2.18) 

' a ak ak K ak 
k 

then u(x) < v(x) where v(x) is the unique continuous 

solution of the equation 

% 
v(x) = <p (x) + xf K (x,r )v(w(x,r;av))dr 

U av av k av a uk k 
ak 

for x < [a,b]. (2.19) 

Proof. Since each K (x,r ) is continuous on the 
ak °k 

compact set a < x < b and a < r < x„ < b , there is an 
" " ak " ak " ak " ak 
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M so that ||K (x,r ) || < M on this domain. Choose X so 
k k 

that X > 1 and < 1. Define T on C^[a,b] such 

that for g € C^[a,bl, 

(Tg) (x) = <|>(x) + J K (x,r )g(w(x,r;ak) )dr . 
i  a^ k k k 

ak 

The argument used in Theorem 2.1 shows that T is a con­

traction on C^[a,b], 

Suppose g1# g2 € C^[a,b] such that g^^ < g2; then 

g1(w(x,r;a]c)) < g2 (w(x,r;alc)). Since the elements in the 

matrix K (x,r ) are nonnegative we have 
ak ak 

K (x,r )g, (w(x,r;a. )) < K (x,r )g7 (w(x,r;a. )), 
k k K k k K 

hence 

x 
ak 

f K (x,r )g, (w(x,r;a. ) )dr 
* a ak ak 1 k a, 

ak 

x 
ak < f K (x,r )g, (w(x,r;a. ))dr 

J a °k k * aJ 
°k 

and 
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x« 55 
°k 

,) (x) = <|»(x) + ][[ K (x,r )g, (w(x,r;a. ))dr 
A J a„ ak ak 1 K °i 

ak 

S 
< <l>(x) + ][[ K (x,r )g2(w(x,r;a. ) )dr = (Tg,) (x). 

J a„ ak ak 2 K ak 2 

ak 

Therefore T is an order preserving contraction on C^[a,b]. 

The hypothesis on u(x) implies that u < Tu. Then by Theorem 

2.3, u < v where v is the unique solution of v = Tv. 

This completes the proof. 

The following corollary gives a useful property of 

the fundamental solution. 

Corollary 2.5. Suppose <J> e K c c^[a,b]. Suppose 

the m x m matrix functions K (x,r ) are continuous and 
k k 

have nonnegative entries for x e [a,b] and a,, < r„. < x„ 
ak " ak - °k 

£ ba . Then the unique continuous solution v(x) of 
k 

x 

f ak 
v(x) = <p (x) + H K (x,r ) v(w(x,r;a. ) )dr 

Ja„ k ak * °k 
°k 

is in K. (i.e., v > 0). 

Proof. Since • c K we have $ > 0 and thus u = 0 

satisfies inequality (2.18). Therefore the solution v of 

Equation (2.19) satisfies 0 » u < v. This completes the 

proof. 
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Corollary 2.5 may also be established by noting that, 

in the case <J> > 0, the restriction of the map Tf defined 

in Theorem 2.4, to K is a contraction on K. Since K is 

a closed subset of the complete space C^[a,b], K is com­

plete. Thus, the unique fixed point of the restriction of T 

to K is in K. 

Remark 2.4. If we consider the partial order as given 

above on the continuous functions defined for x ̂  a then the 

results of Theorem 2.4 and Corollary 2.5 may easily be ex­

tended to hold for the unbounded region x a. 

Remark 2.5. Suppose for each a,,, K„. (x,r„ ) is 
k k 

continuous and has nonnegative elements for x ̂  a and 

a < r < x < «. Let A. (x;5) be the j*"*1 column of 
ak " ak ~ °k 3 

til 
the fundamental solution, and let e^ be the j column 

of the identity matrix I. Then, since A(x;£) satisfies 

Equation (2.7) we see that 

X«k 
A.(x;0 = e. + H K U,r )A. (w(x,r;a.) ;S)dr . 
3 3 U k ak 3 K k 

ak 

Thus from Corollary 2.5 and Remark 2.4 it follows that 

Aj(x;£) > 0 for a <_ S <. x < ® and each j. Therefore all 

the elements in the matrix A(x;£) are nonnegative on 

a < 5 < x < «®. 
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We will now use the Gronwall inequality to show that 

continuity of the kernels K (x,r ) implies the additional 
k k 

assumptions made on A(x;£) in Remark 2.2. We begin with a 

preliminary lemma. 

Lemma 2.4. Let K and be such that £ •> >_ a. 

Suppose each of the matrix functions K is constant. Then 
k 

the fundamental solution for Equation (1.7) satisfies A(x;£) 

= A(x - (£ - 5°);£°) for x > C > 5° > a. 

Proof. Take £ and x ̂  We recall that 

-X°k 

A(x;C°) satisfies A(x;5°) = I + E| K A(w(x,r;a.) ;S°)dr 
j 0 ak K 

ak 

For each aR = {i1 ,i2,... ,ik> let r£ = ) 
P P P P 

for 1 < p < k. When r. = 5- we have r! = , and 
— — i„ A_ • l 

P P P P 
when r. = x. we have r! ** x. - (5. - £? ) . Thus 

i i i_ i_ i_ 
P P P P P P 

x„ 
k 

I + if K„ A(w(x - (5 - 5°) ;r - (5 - S°) ?a. ) ;£°)dr 
ak K k 

^ 0 
x« ) 
. ajc a]£ 

= 1 + 11 K A(w(x - u - £°) ;r';a. ) ;£°)dr' 
Jo ak k k 

ak 

= A(x - (£ - e°);5°>. 
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Therefore by uniqueness it follows that A(x;£) 

= A(x - (£ - 5°);S°) for a < 5 ± 5° ± x. This completes 

the proof. 

Lemma 2.5. Suppose each of the matrix functions 

Ko. ) *s continuous for x > a, a < r < x < °®. 
k k " k " k k 

Let A(x;£) be the fundamental solution for Equation (1.7). 

Then 

i) for each b >_ a there is a constant M(b) such that 

jjA(x;£) || <_ M(b) for a £ 5 <_ x <_ b; 

ii) for each fixed x > a, A(x;£) is continuous in K for 

a < $ < x. 

Proof, i) Take any b ̂  a. From the continuity of 

the functions KQ (x,r ) it follows that there exists a 
k k 

constant M(b) so that ||Ka (x,ra )|| <_ M(b) for each o. 
k k 

and xc [a,b] , a„ < r„ < x„ < brt . Since A(x;€) 
k ~ k ~ ak ~~ ak 

satisfies Equation (2.7) we have 

xak 

||A(x;5)|| < 1 + mJ f ||A(w(x,r;a.) ;5)||dr . 
> £ k 
°k 

Let A*(x;€) be the fundamental solution for the scalar 

equation 
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x 
°k 

u(x) = 1 + MH u(w(x,r;a.) )dr . (2.20) 
i a °k 

ak 

Using Theorem 2.4 we see that ||A(x;£)|| £A*(X;5) for 

a 1 5 £ x < b. 

The function A*(x;a) is continuous on [a,b] so 

there is a .constant M(b) such that A*(x;a) M(b) for 

all x c [a,b]. Take any K and x such that a <_ 5 x 

< b. Using Lemma 2.4 we have A*(x;£) = A*(x - (5 - a);a) 

<_ M(b) . Thus ||A(X;£)|| <_ M(b) for a <_ £ <_ x <_ b. 

ii) Take any x ^ a, e > 0, and £, 5^ € [a,x] . 

Choose any b a. As in part i) there are constants 

M(b) , M(b) so that for each a., ||k (x,r ) j| < M and 
K k k ~~ 

j|A(x;£) || £ A*(x;5) M for a £ K £ x <_ b. (A*(x;5) is the 

fundamental solution for Equation (2.20).) 

Let Ra (S) = {ra Ua <rQ < xa } and let VR de-
k k k k 

k 

v 
note the k-dimensional Lebesque measure on R . Then, if 

ak = (i1,i2,... ,ik>, we have Vk(Ra (5))= n (xA - Ci ) . 
k p=l p p 

For each a^, v
k(Ra (5)) is a uniformly continuous function 

k 

of 5 on [a,x]. Thus there is a 6a such that if 
k 

c2 * [a,x] with |ex - C2L < 6a then |Vk(Ra (q)) 
k k 

" Vk(R <C,»| < * _ 
K 2 (2^-1) MM 
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Let = max{^i/Ci> and £ = (f^,»• • • »?n> • Let 

6 = min {6 } and take 5, £ so that |5 - 5 |_ < 6• 

°k "" 
l<k<n 

•0 T- i  Thus | £ - 51 „ = max {|C. - Tj|) < 5. Likewise |K - K\, 
l^-i <"n 1 1 
l£i£n 

< fi. Then observing that 

R (£) - R (?) U (R (£) - R (O) where 
ak ak ak ak 

R (?) n <R (5) - R  ( Z ) )  - <J> 
ak ak ak 

and 

R„ (5°) = R„ (?) U (R (5°) - Rrt (5)) where 
k k k k 

R U°) 0 (R„ (5°) - R (?)) = <j) 
k k k 

(2.21) 

we see that 

_ d r  =  V  ( R  ( O  -  R a  U ) )  =  V k ( R  ( ? ) )  
R (S)-R (5) k k k K k 
°k"" ak 

- V. (R (£)) < n _ 3 and 
K k 2 (2-1)MM 

I. 0 - dra = Vk(Ra (5 ' " Ra (5)) (£°)-R (?) k K k k 
ak ak 

= VRa (* ,} " VRa (*,} < n T"7 
* ak K ak 2(2-1)MM 

( 2 . 2 2 )  



Thus for |5 - < 6 we have 

61 

j|A(x;g) - A(x;£°) 

ak 
< XII f K« *x'r« )A(w(x,r;o. ) ;5)dr 

*£ ak ak K 

ak 

x 
ak 

- f K (x,r )A(w(x,r;ct. ) ;£°)dr ||. 
J
£0 k k K \ 
°k 

From the expressions in (4.21) , (4.22) and the estimates for 

K (x,r ) and A(x;£) it follows that 
k k 

||A(X;C) - A(x;5°) || 

i X t f _ ||K (x,r )A(w(x,r;ak) ;?)||dr 
J r „  ^>- r « k  k  k  

k k 

+ l|K (x,r )A(w(x,r;a. ) )||dr ] 
J n — lr ulr K k 
R (5°)-R (O k k 

k k 

x 
ak 

+ £||[ K (x,r ) [A(w(x,r;a. ) ;0 - A(w(x,r;ak) ;€°) Jdr || 
J X k ak K k 

ak 

£ "Mil [ - dr
a 

+ f dr„ 1 \ a )'\U )  "  \ «°>-".  <*> k  

k k 
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ak 
+ Mjj ||A(w(x,r;ok) ;£) - A(w(x,r;ak> ;£°) ||dra 

x 
ak 

~ + M | ||A(w(x#r;ak) ;5) - A(w(x,r;ak);5 °) J|dra . 

Sc 

Using Theorem 2.4, Remark 2.3, and the fact that A*(x;£) £M 

we have ||A(X;£) - A(x;£°)|| < A*(x;C)(^) < £. This completes 

the proof of Lemma 2.5. 

Remark 2.6. The conclusions of Lemma 2.5 show that 

we need not have made the additional assumptions on A(x;€) 

in Remark 2.2. Thus Lemma 2.5 completes the proof of Theorem 

2.2 as stated in Section 2.2. 

Remark 2.7. If we assume the hypotheses of Theorem 

2.4 for x :> a and in addition assume that <j> (x) has con­

tinuous pure mixed partials of all orders less than or equal 

to n on x ^ a then the conclusion of Theorem 2.4 in 

terms of the fundamental solution A(x;£) for Equation (1.7) 

is that u(x) satisfies 

xak 

u(x) < A(x;a) <p (a) + A(x;w(a,r;ak>) <J>r (w(a,r;ak> )dro . 
aak 

If we assume further that A(x;£) has continuous pure mixed 
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partials of all orders in 5 for a <_ C £ x then, by 

Corollary 2.4, the conclusion of Theorem 2.4 becomes 

.A 
u(x) < • (x) + X (—1) I Ar (x;w(xfr;ak) )(|» (w(x,r;ok) )dro . 

X ak k 

We will now discuss some other generalizations of 

Gronwall's lemma and show how some of these follow from 

Theorem 2.4 (and Remark 2.7). We first note that Gronwall's 

lemma as stated at the beginning of this section is a par­

ticular case of Theorem 2.4. In that lemma u(t) satisfies 

the scalar inequality 

u(t) c + j g(s)u(s)ds t, s real, tg <_ t £ T. 
t 0 

The fundamental solution for integral equation 

a u(t) = c+ | g(s)u(s)ds 

:0 

is A(t;5) = exp[[ g(s)ds]. Then using Theorem 2.4 and 
U 

Remark 2.7, we have 

'II. u(t) < A(t;tQ)c = c exp[j g(s)ds] (tQ < t < x). 

"'0 

CoriLan and Diaz [15] have used the following gener-

th 
alization of Gronwall's lemma to study existence for an n 
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order hyperbolic partial differential equation. The statement 

of their result is as follows: if Y, M, L are nonnegative 

constants, and if in the region 0 x <_ b(b * Rn,b > 0) the 

real valued function u(x) is continuous and nonnegative, 

and if 

% 
,23) 

f k fx 
u(x) < y + L I u(w(x,r;a ))dr + M u(r)dr (2.: 

n J n K uv J n a, '0 
k av 

l<k<n-l 

for x c [0,b] then u(x) < yK for all x * [0,b], where 

K is a constant depending on M, L, and b. 

We see that under their hypotheses we may apply 

Theorem 2.4 and Remark 2.7.to infer that u(x) A(x;0)Y. 

However, from Lemma 2.5, Part i) it follows that there is a 

constant K = K(b) depending on b, L and M so that 

|A(x;0) | <_ K(b) . Thus using our approach we obtain the re­

sult given by Conlan and Diaz. 

Another generalization for a scalar equation in two 

independent variables has been given by Snow [33]. Through­

out this discussion x, y, r, s, a, b, 5, n will be 

real and u, <}> and g will be scalar functions. We state 

here a modified version of the result given in [33]. Let 

D be the rectangle given by 0£r£a, 0<s£b. Sup­

pose u(r,s), <p(r,s) , and g(r,s) are continuous on D 

and g(r,s) > 0 on D. Let P(x,y) be a point in D and 



and let 

P(x,y). 
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G be the rectangle with opposite corners (0,0) and 

Suppose R(r,s;x,y) is the solution of the problem 

Rrs(r,s;x,y) = g(r,s)R(r,s;x,y) (2.24) 

R(x,s;x,y) = 1, R(r,y;x,y) = 1. 

Let D+ be connected subdomain of D which contains P(x,y) 

and on which R(r,s;x,y) ̂  0. Then if G c d+ and if 

u(x,y) satisfies 

u(x,y) < <J> (x,y) + [ [ g(r,s)u(r,s)dsdr (2.25) 
J oh  

then u(x,y) also satisfies 

u(x,y) < 4» (xry) + f [ <J> (r,s)g(r,s)R(r,s;x,y)dsdr. (2.26) 
'0^0 

The function R(r,s;x,y) introduced here is the Riemann 

function for a special hyperbolic partial differential equa­

tion. We will discuss this function R in more detail in 

Section 4.5 (see also 119], 135], [37]) and use h re some 

facts which will be given in that section. 

We will now show that Snow's result also follows from 

Theorem 2.4. Let A(x,y;£,n) be the fundamental solution 

for the equation 



u(x,y) = 4>(x,y) + f f g(r,s)u(r,s)dsdr. 
J 0 J 0  
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(2.27) 

If <J>, g, and u are as above and if u satisfies in­

equality (2.25) then by Remark 2.7, u satisfies 

u(x,y) < <f> (x,y) -[ A (x,y;r,y)4>(r,y)dr (2.28) 
J0 r 

- f A (x,y;x,s)<J>(x,s)ds + f P^A (x,y;r,s)<Mr,s)dsdr 
Jo s J0j0 r 

provided A (x,y;r,y), A (x,y;x,s), and A (x,y;r,s) are 
 ̂ S JL S 

continuous. We will use the following relation between 

R(r,s;x,y) as given by Equation (2.24) and the fundamental 

solution A(x,y;5,n) for Equation (2.27): 

A(x,y;£,n) = A(£,n;x,y) = R(x,y;£,n) = R(S,n;x,y) (2.29) 

(Here we are assuming A(5,n;x,y) is the solution of the 

usual equation even though K < x, n < y.) We will establish 

the identity (2.29) in Section 4.5. 

Using identity (2.29) we have 

A(x,y;£,n) • A(£,n;x,y) = l + f f g(r,s)A(r,s;x,y)dsdr. 
'x'y 

r n 
Thus Ag(x,y;£«n)  »  J g (K»s)A(£,s;x,y)ds and A^(x,y;5/Y) 

« 0. Similarly A^tx^yjx^n) = 0. Also, A^(x,y;5 ,n) 
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= g(5/n)A(f;,n;x,y) = g(5,n)A(x,y; f ; ,r)). The functions A^, 

A^, and A^ are continuous and inequality (2.28) becomes 

r x r y  
u(x,y) < <j)(x,y) + g(r,s)<j>(r,s)A(x,y;r,s)dsdr. 

Ja'b 

Then using identity (2.29) we obtain (2.26), which is Snow's 

conclusion. 

Snow has given a similar result for systems in two 

independent variables [34] and Young [41] has generalized 

Snow's result for the scalar case in two independent variables 

to the case of n independent variables. The author feels 

that these inequalities may be obtained using Theorem 2.4 in 

a manner similar to that given above and plans to study these 

in more detail at some future time. 

Although it does not follow from Theorem 2.4, we 

mention another inequality of interest given in [1]. It is 

referred to there as Wendroff's inequality. Suppose c is a 

real nonnegative constant and u(x,y), v(x,y) are nonnega-

tive continuous scalar functions. Suppose u(x,y) satisfies 

f*fY 
u(x,y) < c + v(r,s)u(r,s)dsdr (2.30) 

Vn 

for x 5, y ^ n« Then 

fxfy 
u(x,y) <_ c expN v(r,s)dsdr]. 

J S J n  
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This result gives an exponential estimate for the fundamental 

solution A(x,y;5,n) for the equation 

fXfy 
u(x,y) = c + v(r,s)u(r,s)dsdr 

J ? J n  

where c 0, v(x,y) is continuous and nonnegative. We see 

that A(x,y;£,n) must satisfy 

0 < A(x,y;5,n) < exp[f [ v(r,s)dsdr] . 
J S J n  

We point out that although Wendroff's inequality gives an 

explicit bound for u satisfying (2.30) it is not the best 

estimate which may be obtained for u. 



CHAPTER 3 

GENERAL STABILITY RESULTS 

In this chapter we will establish our main stability 

results. As mentioned earlier our approach is one of seeking 

conditions for preservation of stability from the linear equa­

tion to the nonlinear perturbed equation. It is then natural 

that we begin by considering different kinds of stability for 

the linear equation (1.7) before pursuing questions of 

preservation. 

We will assume throughout this chapter that a t Rn 

is fixed, and that the matrix functions K (x,r ) are con-
ak ak 

tinuous for x > a and a < r < x < <». 
ak " ak - «k 

3.1 Stability of the General Linear Equation 

The following theorem gives important characteriza­

tions of stability, uniform stability, and asymptotic sta­

bility on the space N^. We point out that if $(x) is any 

of the spaces NQ, , N2, or then it is continuous 

for x a, so we always have existence (and uniqueness) 

for Equation (1.7) for a £ a £ x < «». 

Theorem 3.1. Let A(x;£) be the fundamental solu­

tion for Equation (1.7). Then 
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i) Equation (1.7) is stable on if and only if there 

exists a constant M(a) (M depends on a >_ a) such 

that |iA(x;a)jj £ M(a) for x a. 

ii) Equation (1.7) is uniformly stable on if and only 

if there is a constant M, independent of a, so 

that ||A(x;a)|j £ M for a < a £ x < °». 

iii) Equation (1.7) is asymptotically stable on if and 

only if lim ||A(x;a)|| = 0 for each a ̂  a. 
|x|-» 

Proof, i) We first proof sufficiency. By Theorem 

2.2, the solution of Equation (1.7) for any <j> c and for 

x > a > a is u(x) = A(x;a)<j>. Then |u(x)| £ ||A(x;a) || || 

< M(a)||<j>||. For any e > 0, take <|> c such that j|$|j 

< 2M(a) * Thus |u(x)| < J for x ̂  a and therefore 

||u||o a i I < e* means Equation (1.7) is stable on N.j. 

We now prove necessity. Take any e > 0 and any 

a ^ a. There is a 6 (a) > 0 such that if • c Nj with ||$|| 

< 6(a) and if u is the solution of Equation (1.7) cor­

responding to <j> then ||u|L _ < e. Now take <F c N, so that 
U / cL 

||<jT|| = 1. Let u(x) be the solution of Equation (1.7) cor­

responding to !$". Since ||u||0 # » ||A(x;a)^||0 a < e it 

follows that |A(x;a)$| < —g for x ̂  a. Thus J|A(x;a) || 

= sup |A(x;a)^| < t for x > a. 
1*1-3. " 4 

ii) The argument here is the seune as that given in 

part i) except that 6 and M are now independent of a a. 
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iii) We first prove sufficiency. Take any a ̂  a. 

Since lim ||A(x;a)|| = 0 and A(x;a) is continuous in x 
|x|-*-» 

there is an M(a) so that ||A(x;a)|j <_ M(a) for x ̂  a. 

Thus by part i) of this theorem Equation (1.7) is stable on 

N^. Take any e > 0 and any $ c N^. The solution of 

Equation (1.7) for x ̂  a corresponding to <t> is u(x) 

= A(x;a)<f>. Since lim j|A(x;a)jj = 0 there is a T « T(a,e,<j>) 
| x|->® 

such that if |x| >_ T then J|a(x;a) || < Thus |u(x) | 

<_ j|A(x;a) |||||| < e for |x| >_ T and lim |u(x) | = 0. 
|x|-*~ 

We now prove necessity. In this proof we specialize 

the vector norm and use 1*1]/ ^ K any constant m * m 

matrix with elements k. . and $ C N,, then we have ||K|| 
m 

• sup |K<j>L = max [ X |k4J] (see [16], p. 41). Let e. 
|*|i=i 1 l<j<m i=l 13 

a (O/Of*** *0 j^^'l '0 •.. f 0m) for j 33 1, 2 f ... f m. Then 

for each j, ||e..|| = lejli = There is a 6(a) such 

that <J» c  and ||<J>|| =» < 6 then the solution u(x) 

of Equation (1.7) corresponding to <p satisfies lim |u(x) |, 

M1"  

= 0. Take any e > 0. For each j, let u^(x) be the 

solution of Equation (1.7) corresponding to <J>j • |ej* Thus 

for each j there exists a T^ such that if | x | ̂ _> T^ 

then |u. (x)L < 4£. Let T • max {T.}, and let A. . (x;a) 
3 1 1 l<j<m 3 13 

denote the elements in A(x;a). Then for x so that |x|^ 

jf in in & 
> T we have lu^x)^ - |A(x;a)5e.. |± » J | £ Aik<x'a>f«kj| 
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< Therefore I |A..(x;a)| < e for j • 1, 2,  . . . ,  m 
* i-1 x;} 

m 
and ||A(x;a)|| = max [ J |A. . (x;a) | ] < e. Thus 

l<j<m i=l 13 

lim ||A (x;a) || = 0 and since all vector norms are equivalent 
1*11"" 

on Rn, lim ||A(x;a)|| = 0. This completes the proof of 
M-"0 

Theorem 3.1. 

Remark 3.1. If in Equation (1.7) the matrix func­

tions K (x,r ) = 0 for 1 < k < n - 1, then Equation 
k k 

(1.7) cannot be asymptotically stable on N^. In this case 

Equation (1.7) becomes 

u(x) = $ + [ K (x,r)u(r)dr. (3.1) 
Ja n 

Thus u(a1/x2»x3,... ,xn) = for all (x2,...,xn) e Rn_1 

and u(x) cannot go to zero as |x| -»• ». We also point out 

that this means the fundamental solution A(x;£) for Equa­

tion (3.1) cannot approach zero as |x| •* «. 

The following theorems give sufficient conditons 

for stability, U.S., and A.S., for Equation (1.7) on the 

space Nj* and Ng respectively. 

Theorem 3.2. Let A(x;£) be the fundamental solu­

tion for Equation (1.7). Then we have the following: 
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i) Suppose there is a constant M(a) such that ||A(x;£)|| 

<_ M(a) for a£a£££x<°>. Then Equation (1.7) 

is stable on Nj. 

ii) If the constant M in part i) is independent of a, 

then Equation (1.7) is uniformly stable on Nj. 

iii) Suppose Equation (1.7) is uniformly stable on and 

lim ||A(x;£)J| = 0 f°r each £ >_ a. Then Equation (1.7) 
| x | -»-<» 

is asymptotically stable on 

Proof, i) Take any a ̂  a and any e > 0. Prom 

Theorem 2.2, the solution of Equation (1.7) for any <f> < Nj 

is given by Equation (2.7). Therefore 

Iu(x) | < ||A(x;a) || |(a) | 

k 

k 

xa, 

][j ||A(x;w(a/r;ak))|||<|>r (w(a,r;ak)) |dr^ + 

X 
M(a) 1||4>H0 — + ij Ur (w(a,r;ak)) |dro ] 

a a. 
K k 

< M(a) [||<|»||0 -+ jf _ sup |<j> (r) |dr ] - M(a)||<fr||, 
°'a Ja a . <r . <• ra. ak a a , <r , <°° a. 

°k 0 k- 0 k k 

If <P C N2 and ||<j>|| < 2MTaT " 6 then ' < f for 
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x > a. Thus ||u||0 a i f < e and Equation (1.7) is stable 

on N2* 

ii) The proof here is the same as part i) except the 

choice of 6 is independent of a and hence we have uniform 

stability for Equation (1.7). 

iii) Since Equation (1.7) is uniformly stable on 

there is a constant M such that ||A(x;£)|| £ M for a £ a 

<_ 5 < x < ». Therefore by part i) Equation (1.7) is stable 

on N2. 

Take any a ̂  a. The fundamental solution A(x;£) 

for Equation (1.7) is defined only for a £ 5 £ x < °». We 

therefore introduce the matrix function A(x;£) defined for 

x, £ ^ a given by 

t  
A(x;£) a <_ £ <_ x < « 

A(x;5) -< (3.2) 

0  5 > a ,  £ .  >  x .  f o r  s o m e  i  w i t h  1  <  i  <  n .  
— l i — — 

From the assumption that lim j|A(x;£)|| • 0 for each 5 > a, 
|x|-*® 

it follows that lim ||A(XJ£)|| » 0 for each £ a. We see 
| x| 

that ||A(x;£)|| • ||A(x;£)|| £ M for a <_ £ £ x < «• and 

j|A(x;£) || - 0 if > x^ for some i. 

For each fixed x and • {i^,i2>•../i^) the 

matrix function A(x;w(a,€;o^)) is discontinuous on the 

k - 1 dimensional set 
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k 

E\ = JJ,{ (al'a2'",'ai1-lfri1'ai1+l,,"ai -l'xi ai +1' k p=l i ll p p, p 

*" * 'aik~lfrik'aik+l' *" * '^q ~ ̂ q " *V ±q * °k'iq ^ 

Recalling that is the k-dimensional Lebesque measure on 
If 
R , we see that Vv(E ) = 0. Thus for each x the function 

k 
||A(x;w(a,£;a. )) || is integrable on sets of the form [an ,b ]. 

K k k 

Take any e > 0. For any x ̂  a and any ok let 

R (x) = {r |a < r < x } and R (x) = [a,«) - R (x). 
k k k k k k °k 

Take any c N2. There is an x a such that 

f _ sup |<J> (r) |dr < . 

R (x) aa'k—rct'k.<e° ak k 3M(2 

k K * 

Take any x so that |x|^ |x|w and let p e Rn be such 

that p= (|x||x1^,...,Ixl^). The solution of Equation 

(1.7) corresponding to <J> is given by Equation (2.7). 

Therefore 

Iu (x) | < ||A(x;a) || |«j» (a) | 

lk 
xa, 

+ £[ ||A(x;w(a/r;ak) )|| |<j> (w(a,r;«k))|dr 
» 2k n. 1 A* av °k * 

and thus 
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Iu(x) | < ||A(x;a) || |<Ma) | 

P r 
ak ]>J ||A(x;w(a/r;ak))|J|<J>r (w(a,r;ok) |dr^ + 

k 

Thus 

I u(x) | < ||A(x;a) || |<Ma) | 

+ jf ||A(x;w(a,r?c*. )) || | * (w(a,r;a. )) |dr 
jR„ (x) K ra,_ K °J 

k 

m[ _ sup |<j> (r) |dr 
J _ * . <1- _ <08 al ,S <" °1 

. -a 
R„ (p)_R„ (x) a'k- a k 

and since R„ (p) - Rrt (x) c r (x) we obtain 
k k k 

I u(x) | < ||A(x;a) || |<J> (a) | 

+ x[ ||A(x;w(a,r;a. )) || |<f> (w(a,r;a. )) |dr + §•. 
Jp tv \  K r~ * alc J 

V"' "k 

For each x the function ||A(x;w(a,r;ak)) || is discontinu­

ous in r on f) [a„ ,x ]. Then since <b (w(a,r;a.)) 
k k k k rak * 

is continuous on the compact set R (x) and ||A(X;£)|| < M, 
k 

we see that ||A(x;w(a,r;ak)) || | <b (w(a,r;ak))| is measurable 

°k 
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and uniformly bounded for r in R (x). Since 
k k 

lim ||A (x; C) (I • 0 for each £ >. a it follows that 
|xh« 

lim ||A(x;w(a,r;a. ) || U (w(a,r;a.))| = 0 for r < R (x). 
|x|-» * rak K V ak 

Using the dominated convergence theorem (see Section 2.1) we 

have 

lim f ||A(x;w(a,r;a. ))|||<J> (w(a,r;a.)) |dr - 0 
|x|—JR„ (x) K ro. K °k 

k * 

for each a^. Thus there is a so that for each a^, 

||A(x;w(a,r;av) )|| |# (w(a,r;a. )) |dr < 1 when 
R (x) * ct. K ak 3 (2-1) 
k K 

|x|«o > T^. Also, there is a T2 such that ||A(x;a)|| 

< 31 <j> (a) | when 'x'« - T2* Let T = max* There­

fore for x with |x|ao 1 T we see that |u(x) | < 3 jy 

* |<Ma) | + £ + % • e. Thus lim |u(x) | = 0 and the 
3(2-1) J |x|-*» 

proof is complete. 

Theorem 3.3. Suppose A(x;£) is the fundamental 

solution for Equation (1.7). Then we have the following, 

i) If there exists a constant M(a) such that 

||A(x,a) || + Ij ||A(x;w(a,r;ok)) ||dro < M(a) for 

a°k k 

x > a > £, then Equation (1.7) is stable on N^. 

ii) If the constant M in part i) is independent of a, 

then Equation (1.7) is uniformly stable on N^. 
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iii) If for each a a, 

s 
IIA(x;a) il + JJ J|A(x;w(a,r;ak)) ||dro - 0 as |x| «, 

a« k 
°k 

then Equation (1.7) is asymptotically stable on N^, 

Proof, i) Take any a ̂  a, e > 0, and any <t> e N^. 

From Theorem 2.2, the solution of Equation (1.7) for x a 

is given by Equation (2.7) . Thus 

I u (x) | < ||A(x;a) jj | (j) (a) | 

xk 
xo. 

+ if V, x;w(a#r;ak)) || |<|>r (w(a,r;ak)) |dra 
a o, 
ak k 

°k 
£ IMI I||A(x;a) || + ||A(x;w(a,r;ak)) ||dr0 ] < M(a) ||«|»||. 

a„ 
°k 

For • ( Nj such that ||<j>|| < ^M(a) = 6(a) then |u(x)| < j 

and thus l|u||0 a i. § < e. 

ii) This follows from the argument used in part i) 

except 6 will now be independent of a. 

iii) From Lemma 2.5, Lemma 2.2, and the hypothesis 

of part iii) it follows that the expression given in part i) 

is bounded for x > a. Thus by part i) we see that Equation 

(1.7) is stable on N^. In the proof of part i) we obtained 

the estimate 
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X 
|u(x)| < Il4»|| l||A(x;a)|| + ||A(x;w(a,r;ak)) ||dra ] 

a« 
ak 

for the solution of Equation (1.7) for any $ c N^. It 

follows directly from this and the hypothesis of part iii) 

that lim |u(x)| = 0. This completes the proof. 
|x|-*» 

Theorem 3.4. Let A(x;£) be the fundamental solution 

for Equation (1.7) . Suppose for each x a, and each 

a., A_ (x;£) is continuous in £ such that a £ £ £ x. 
°k 

Let Nn = Nn fi {| <f>:Rn Rm, <J> (x) continuous and A (x) 

°k 
•0 "0 " x 

continuous on x ^ a} (NQ is normed by 11*11 q j) • Then we 

have the following. 

i) If there is a constant M(a) so that 

x 
f °k 
H j|A (x;w(x,r;a. )) ||dr < M(a) , then Equation 

•k k °'k~ 

(1.7) is stable on Nq. 

ii) If the constant H in part i) is independent of a a 

then Equation (1.7) is uniformly stable on Nq. 

iii) If J J|A (x;w(x,r;a. )) JJdr • 0 as |x| -»• », 
' a ra. K k 

ak k 

Then Equation (1.7) is asymptotically stable on Nq 

n {$|$:Rn •+ Rm, |4(x)| -*0 as |x| •}. 
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Proof, i) Take any a a, e > 0, and c NQ. 

By Corollary 2.4, the solution of Equation (1.7) corresponding 

to <j> is given by Equation (2.12). Thus |u(x)| <_ ||$|L — 
V 
ak 

+ 11*110,5^1 "Ar (*»w(*#r;ok))j|dra ] < ||$||0 j[l + M(a)]. 
a Oi, k ' 
°k k 

Hence for e NQ with ll*ll0 5 < 2[l+M(a)I = we have 

*u"o,a 1 ! < e-

ii) This proof is like that of part i) except now 6 

is independent of a. 

iii) Take any a >_ a. Since for each a^, 

% 
Xf ||A (x;w(x,r;a. )) ||dr is continuous on x > a and 

\ <k 
since by hypothesis H ||A (x;w(x,r;a. )) ||dr 0 as 

S k k 

X 
I x | -*• °° it follows that ][[ ||A (x;w(x,r;a. )) ||dr is 

J a  n  V a. 
a k k 

bounded for x ̂  a. Then part i) implies Equation (1.7) is 

ro stable on Nn 0 {<{> (x) | <p :Rn -»• Rm, |<Hx)| 0 as |x| 

For $ < Nq the solution u of Equation (1.7) satisfies 

x 

f 
| u(x) | < | (x) | + ||«j»||0 -[H ||Ar (x;w(x,r;ak))||dra ]. 

' J a„ a. k 
ak k 



Asymptotic stability of Equation (1.7) on 

Nq ft {$(x)|<fr:Rn •*" Rm,|<Mx)| 0 as |x| • «} now follows 

from this estimate, hypothesis iii) , and the fact that 

|<Mx)| •* 0 as |x| ». This completes the proof. 

These theorems generalize results obtained by Bownds 

and Cushing [5] for the case n = 1. Also, in the case n *> 

when Equation (1.7) is equivalent to an initial value problem 

we see that Theorem 3.1 specializes to give well known re­

sults for the linear ordinary differential equations [16]. 

3.2 Preservation of Stability for 
Lipschitz Type Nonlinear Perturbations 

We now turn our attention to the nonlinear Equation 

(1.8). He will prove that, under conditions to be specified 

on the function f(x,r,z), the nonlinear equation will re­

main stable when the linear equation is sufficiently stable. 

The following lemmas will be useful. 

Lemma 3.1. Let g:[a,») R such that g c L^(a,®) 

fi Cla,») and such that g(x) ̂ >0 for x a. Then the 

unique continuous solution of the scalar integral equation 

u(x) • 1 + [ g(r)u(r)dr (3.3) 
'a 

is uniformly bounded in a and x with a a x < ». 
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Proof. For each a _> a the successive approximations 

for Equation (3.3) converge uniformly to the unique continu­

ous solution. Consider the successive approximations 

Fg (r' uk-l uQ(x) =0 u
k(x) ® 1 + j g(r)ulr_1 (r)dr k » 1, 2 ,  . . .  .  

Let zk(x) = uk+i^x^ ~ uk^x^ k=0, 1, 2, ... . We see 

k-1 
that u. (x) = \ z .(x). If u(x) is the unique continuous 

K j=0 3 

solution of Equation (3.3) for x > a, then u(x) = lim u.(x) 
k-»-« K 

uniformly on x _> a. 

Since ZQ(X) = 1 and ZFC(X) = [ G( r ) ( r ) d r  f o r  
cl 

k = 1,  2 ,  ... we have 

rx fx ,r 
|z.(x) | - g(r)z0(r)dr < g(r)exp[2 g(s)ds]dr. 

'a 'a 

Since 

^{exp[2| g(s)dsj} > 2g(r)exp[2| g(s)ds] (3.4) 

we have 

|z1(x)| < ^{expuj g(s)ds]}dr 
a 'a 

rx  
< ^jexp [2 f g(r)dr] (3.5) 
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for x ̂  a (see Walter [39], p. 142 and p. 148). Assume 

1 fx 
lz k * x *  I - 9(r)dr] for X  > a. We then have 

rx  i  r x  r r  
|zk+i<x> I 1 g(r) |zk(r) |dr < g(r)exp[2 g(s)ds]dr. 

•"a 2 'a 'a 

Using (3.4) and (3.5) again, we see that 

lzk+l(x)l 1 2k+]j njr(expl2f 9(s)ds] }dr < ~^exp[2j g(r)dr] 

and hence 

1 fx | ZJ. (X) | <  -nexp[2 g(r)dr] for x > a and j = 0, 1, 2, ... 
J  2 J  J a  

Thus 

00 fx 00 i -i fx 
|u(x) | < I | Zj (x) | < exp[2 g(s)ds] J> (^-)-1 = 2exp[2 g(s)ds] 

j=0 3 ~ U j=0 1 Ja 

But since g c L^ta,®) and g(x) 0 it follows that |u(x) 

r < 2exp[l g(s)ds] and this bound holds for any x and a 
'a 

such that a < a £ x < ». This completes the proof. 

Consider the following hypotheses on the m-dimen-

sional vector valued function f(x,r,z) defined for a £ a 

£ r < x < oo# zc Rm, | z | < b where b is a positive 

constant. 
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(HI) The function f(~x,r,z) is continuous and there exists 

a continuous function |3(x,r) ^ 0 so that 

|f(x,r,z1) - f (x,r,z2) | < e^r)^ - z2| for z 

z2(c Rm, | z± \, | z2 | £ b, a <_ a <_ r <_ x < ». 

(H2) There exists a continuous scalar function YqM >. 0 

such that |f(x,x,z)| <_ (x) | z | for |z| <. b, x>a 

and such that J (ar)dxr < ®. For each <*^(3. <_ k <_ n), 

3^f 
the function ^—(x,w(x,r;ak), z )  is continuous for 

°k 

x > a > a, a < a < r < x < and |z| <_ b. 
"" k ~~ k k k 

Suppose for each there exists a continuous scalar 

function y (x,r ) > 0 such that 
ak ak ~ 

—(x,w(x,r;ak),z)\ < ya (xfra)|z| for x > a > a. 
ak k k 

a  <  a  < r  < x  <  0 8  #  I  z  I  <  b  a n d  s u c h  t h a t  
ak " °k ~ ak ~ ak ~ 

rfS 

Ui Vr'Wr < "• 
°k 

Let $(x;a) be the solution of the linear Equation 

(1.7) associated with the nonlinear Equation (1.8) for 
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a 1 a i x < 09 and corresponding to $(x). If (x) is 

continuous on x > a for each we have, by Theorem 2.2, 

4»(x;a) - A(x;a) <p (a) 

x 

f ^ + H AfxywUjr;^))^ (w(a,r; o^) )dr (3.6) 
a« °lr * 

where A(x;£) is the fundamental solution for Equation (1.7), 

We now give an important lemma. 

Lemma 3.2. Suppose <J>(x) and <j>x (x) are continu-

°k 
ous on x >_ a a. Let A(x;£) be the fundamental solution 

for Equation (1.7) and suppose f(x,r,z) satisfies (HI) and 

(H2). Suppose Equation (1.7) is uniformly stable on N^. 

Then there is a constant L > 0 independent of a such that 

if the solution 4(x;a) of Equation (1.7) corresponding to <t> 

satisfies |j$(x;a)J|n _ < bL~* then the solution u(x) of 

Equation (1.8) exists and satisfies |u(x)| < Ljj$(x;a)|| 

for x > a. 

Proof. The function f(x,r,z) may be extended 

in such a way that the extension 7(x,r,z) is defined and 

satisfies (HI) , (H2) for a<^a£r£x<», zc Rm. Prom 

Corollary 2.1 it follows that Equation (1.8) with the per­

turbation taken to be 7(x,r,z) has a unique continuous 



86 

solution u(x) on x ̂  a. Using Equation (3.6) and Corollary 

2.3 we see that 

u(x) = • (x;a) + | A(x;r)^[| ?(r,s,u(s))ds]dr 

= 4>(x;a) + [ A(x;r) [!T(r,r,u(r)) 
' Sk 

a 

C' 
r. 

f °k3kf 
+ l\ —(r,w(r,s;ak),u(w(rfs;ak)))dsa ]dr. 

Since Equation (1.7) is uniformly stable on there exists 

an M such that ||A(x;r)|| £ M for a<a£r<x<». Using 

this and (H2) we obtain 

|u(x) | < || $(x;a) j|o^a + mJ*I yQ (r) |u(r) | 

r 

r 
+ I y ^r»sc, ) |u(w(r,s; a. )) |ds ]dr. 

'a tc TC ak 
"k 

Let v (x) » sup |u(r)|. We then have 
a<r <x 

v(x) < ||<T> (x;A) L|G^A + M| Y(r) v(r)dr 

r 
t ak 

where y(r) • yft(r) + 7 y (r,s )ds . Let A*(x;£) be 
0 J« a* °k ak 

ak 



the fundamental solution for the scalar equation 
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u(x) = <|>(x) + M[ y (r)u(r)dr. 
'a 

It follows from (H2) that Y(r) ̂  0 and 7(r) c L^I^#08) 

fl C[a,«). Thus by Lemma 3.1 there exists a constant L > 0 

such that 0 A*(x;£) £ L for a <_ K < x < °°. Continuity 

of v(x) for x ̂  a follows from the continuity of u(x) 

and we may therefore apply Theorem 2.4 in the form of Remark 

2.7 to bbtain 

v(x) < A* (x;a) ||* (x;a) ||Q^a < L||$ (x;a) ll0#a. 

Thus l|u|l0#a < L||$(x;a) ||0^a. If ||*(x;a) ||0 a < bL"1 we see 

that |u(x) | < b for all x a and, since T(x,r,z) 

» f(x,r,z) for z with |z| b, u(x) must satisfy Equa­

tion (1.8) on x a. This completes the proof of Lemma 3.2. 

In the remainder of the dissertation we will refer 

to an arbitrary space of functions on x ̂  a as N. We will 

assume that functions in N are continuous and have contig­

uous pure mixed partials of all orders less than or equal 

to n. 

We now give preservation of stability results. 

Theorem 3.5. Suppose f satisfies (Hi) and (H2). 

Suppose Equation (1.7) is uniformly stable on N^. Then 
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Equation (1.8) preserves stability and uniform stability on 

any space N and preserves asymptotic stability on any space 

N such that Nj c N. 

Proof. We see that preservation of stability and 

uniform stability for Equation (1.8) are immediate conse­

quences of Lemma 3.2. 

We now turn to preservation of asymptotic stability. 

Take a >_ a and e > 0. Since Equation (1.7) is asymptoti­

cally stable on N it is stable on N and since stability 

is preserved we see that Equation (1.8) is stable on N. 

Thus for any c > 0 there exists a ^(a) such that if 

il*HIN < 6q (a) then the solution u(x) of Equation (1.8) satis­

fies ||u|L _ < c. Asymptotic stability of Equation (1.7) on 

N means there exists a 6^(a) such that if ll$liN < ^(a) 

then the solution 4(x;a) of Equation (1.7) corresponding 

to <)> satisfies lim 1$ (x;a) I • 0. Let 
| x|-*» 

6(a) = min{6Q(a) ̂ (a)}. Take <j> c N such that 

H^lity < 6(a) and let u(x) be the solution of Equation (1.8) 

corresponding to $. With v(x) and y(r) as in Lemma 3.2 

and using Corollary 2.3 we see that 

rx _ 
| u (x) | < | $ (x;a) | + j|A(x;r) ||y(r)v(r)dr 

— ' a 

< | • (x;a) | + cf ||A(x;r) ||y(r)dr. 
'a 
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By Theorem 3.1 there exists an M such that ||A(X;£)|| f. M 

for a£a£5£x< ». Let R(x) = {r|r c Rn#a < r £ x} 

and R(x) = {a,<*>) - R(x). Since _y(r)dr < » there exists 
'a 

an x such that y(r)dr < Then for x such 
Jr(x) 3mc 

that |x|„ > |x|w we have 

|u(x)| < | $ (x;a) | + cf _ ||A(x;r) ||y (r)dr 
'R(x)nR(x) 

+ cf _ ||A(x;r) ||y (r)dr 
'R(x)-[R(x)flR(x) J 

and 

| u (x) | < |4(x;a)| + cf _ ||A(x;r) ||y(r)dr 
JR(x) 

+ cf ||A(x;r) ||Y(r)dr (3.7) 
JR(x) 

where A(x;€) is defined by Equation (3.2). 

Since Equation (1.7) is asymptotically stable on N 

and Nj c n it follows that Equation (1.7) is asymptotically 

stable on N^. Thus from Theorem 3.1 we see that 

lim ||A(x;g)|| " 0 for each £ ^ a, *nd hence 

lim ||A(X;£) || = 0 for each C ^ a. Recalling that 

Mo,-*00 

JJA(X;£)|| we see J|A(x;£) |JY(r) is uniformly bounded and 



lim ||A(x;r) ||y(r) = 0 for r € R(x). Thus using the domi-
IxL-*"0 

nated convergence theorem we obtain lim ||A(X;X) l|7(r)dr 
M.-* 'R(x) 

- 0. Then there is an such that for x with I*!,, 

we have ||A(x;r) ||Y (r)dr < Also there exists an M-
' R(x) JC * 

so that |$(x;a)| < when |x|^ Mj. Let 

M = max{ |x|o#/M^,M2}. Then for x with |x|^ M we have 

from Equation (3.7) 

I u (x)| < % + c(4~) + cM| y(r)dr < e. 
~ J JC JR(X) 

Thus lim |u(x)| = 0 and Equation (1.8) is asymptotically 
| x | -*•«» 

stable on N. This completes the proof. 

For n = 1, Theorem 3.5 reduces to a result obtained 

by Bownds and Cushing [5]. Further specialization to the 

case when the Volterra equation is equivalent to an initial 

value problem in ordinary differential equations 
A 

(K^x^r^ = ^(r^ ,f (x^r^z) = f(rlfz),<|> c N3), yields 

results given in Coppel [16]. 

Examples given in [16] show that the hypothesis of 

uniform stability on in Theorem 3.5 cannot be weakened 

to stability on N^, and also that the integrability con­

dition on the function Yq(x) in (H2) cannot be weakened to 

Yq(X) •+ 0 as |x| -»• ». The scalar equation in one independent 
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variable with a « 0, = 0, and f(x,r,z) = [e^x~r^ - l]z 

shows that the hypotheses on the derivatives in (H2) cannot 

be dropped. In this example f(x,x,z) = 0. However 

df 
-jgjr(x,r,z) = e z does not satisfy the derivative assump­

tion in (H2) . Although the unperturbed equation (u(x) = <{>) 

is uniformly stable on it may be shown that the perturbed 

equation is not stable on N^. Other aspects of this example 

are discussed in [7]. 

Corollary 3.1. Suppose Equation (1.7) is uniformly 

(and asymptotically) stable on and f(x,r,z) satisfies 

(Hi) and (H2). Then Equation (1.8) is uniformly (and asymp­

totically) stable on N2. 

Proof. From Theorems 3.1 and 3.2 we see that Equa­

tion (1.7) is uniformly stable on N2 iff Equation (1.7) is 

uniformly stable on N^. Thus it follows from Theorem 3.5 

that Equation (1.8) is uniformly stable on N2. If in ad­

dition Equation (1.7) is asymptotically stable on part 

iii) of Theorem 3.2 implies Equation (1.7) is also asymp­

totically stable on N^. Hence, by Theorem 3.5, Equation 

(1.8) is also asymptotically stable on N2. This completes 

the proof. 

We also have a corollary pertaining to stability of 

Equation (1.8) on the space N^. It follows directly from 

Theorem 3.3 and Theorem 3.5. 
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Corollary 3.2. Suppose Equation (1.7) is uniformly 

stable on and f satisfies the Hypotheses (HI) and 

(H2). Then 

i) if A(x;£) satisfies the condition in part i) of 

Theorem 3.3, Equation (1.8) is stable on N^. 

ii) If A(x;£) satisfies the condition in part ii) of 

Theorem 3.3, Equation (1.8) is uniformly stable on 

Nl* 

iii) If A(x;£) satisfies the hypothesis of part iii) of 

Theorem 3.3, Equation (1.8) is asymptotically stable 

on . 

3.3 Preservation of Stability for Little 
o Type Nonlinear Perturbations 

As in the case of ordinary differential equations 

linearization of the multiple Volterra equation gives rise 

to stability questions for Equation (1.8) where f(x,r,z) 

is higher order in , z. For some perturbations of this type 

the results of the previous section may be used to establish 

various stabilities for Equation (1.8). However if the 

perturbation f(x,r,z) is independent of x and r then 

the results of Section 3.2 cannot be applied. We establish 

results in this section which allow us to consider per­

turbations which are little o in z and are indepen­

dent of x and r. 
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Let A(x;£) be the fundamental solution for Equation 

(1.7). Consider the following hypothesis on f(x,r,z) and 

A(x;£). 

(H3) Suppose f (x,r,z) is continuous for a £ r £ x < 

m 3kf z € R and for each a^, ^—(x,w (x,r; ot^),z) is 

ak 
continuous for a < a < x < a < a < r < x„. 

~ " k k ak k 

< , z c Rm. Suppose there exists continuous func­

tions >0, \ p  (x,r ) > 0 and a constant M(a) 
ak ak 

having the following properties: 

a) for each e > 0 there exists an n > 0 such that 

lzll» I z21 in implies IfUfX/Z^ - f(x,x,z2)| 

< (x) |z^ - z2| for x >_ a >_ a and 

—(x,w(x,r;ak),z,) - —(x,w(x,r;ak),z2) \ 

ak ak 

i el|,ak(x'rak)lzl " z2^ 

for S < a < x, 5^ < < x^. 

b) ||A(x,r) ||tp(r)dr < M(a) and 
'a 

(X 
IIA (x,: 

||A(x;r) 11^ (r,s )ds dr < M(a) 
Jala alc alc aV a' a 

ak 

for x > a > a. 

Although (H3) is not just an assumption on the per­

turbation f(x,r,z), in cases when b) of hypothesis (H3) 
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is satisfied with iMr) = ^ (x,r ) = 1 hypothesis (H3) 
k k 

does define a class of perturbations. Perturbations of this 

type have been studied for Volterra equations in one inde­

pendent variable in [27], [28], [29], [30], [31]. For our 

study of preservation of stability the hypothesis as stated 

above yields more general results. 

To illustrate the connection between hypothesis (H3) 

and the usual little o assumption we suppose the funda-

perturbations f(x,r,z) = f(r,z) which are independent of 

x. Then f(r,z) will satisfy hypothesis (H3) if for each 

e > 0 there is an n > 0 such that |F(r,z^) - F(r,Z2>| 

£ e\z± - z2| uniformly in r when Iz^J, |z2l — n* We 

point out that this condition is slightly stronger than the 

little o assumption ?(r,z) =o(|z|) uniformly in r, 

which is often assumed in ordinary differential equations. 

3 T  
However, it may be shown that if the matrix -r—(r,z) is con-

d Z  

tinuous in z for some neighborhood of z = 0 uniformly in 

r then the two conditions are equivalent. 

The following theorem will be used to obtain preser­

vation of stability results. 

mental solution satisfies 
a 

and consider 

Theorem 3.6. Suppose f(x,r,z) and the fundamental 

solution A(x; £) satisfy (H3) . Suppose <|>(x), $x ^ 
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are continuous for x ^ a and $(x;a) is given by Equation 

(3.6). For each X c (0,1) there exists an = eo^ > ® 

such that if e satisfies 0< e < en and if ||$(x;a)||n U U F SL 

£ Xe then there exists a unique continuous solution u(x) 

of Equation (1.8) such that l|u|L _ < e. 
0 f 3 — 

Proof. Take any X € (0,1). Take p > 0 so that 

pm(a) <1. By hypothesis (H3) there exists an n such that 

lzll» Iz2I implies |£(x,x,z1) - f(x,x,z2)| 

< (x) | - z21 and 

gkf gk-
—(x,w(x,r;ak) ,z^) - —(x,w(x,r;ak) ,z2) | 
ak ak 

i- |zi " *2' 

for each av. Take u > 0 such that yM(a) < (1 - X). From 
k 

3 f hypothesis (H3) and the fact that —(x,w(x,r;av),0) =0, 
a. 
k 

there exists a 6 such that |z| <_ 6 implies |f(x,x,z)| 

< (x) | z | and ||rp-(x,w(x,r;a. ) ,z) | £ (*/*" ) I z I 
~ 2 k K 2 k k 

for each a^. Let = min{6,n} and take any e such 

that 0 < e <_ £q. Consider the set S(e) = (g(x)|g:Rn •+• Rm, 

g C eta,00)»||g|lo a - ̂  * Tlie set a c*osed subset 

of a Banach space and is therefore complete. 
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We define the map T on S(e) so that for each 

g * S(e) then 

(Tg)(x) = $(x;a) + f A(x;r)[f(r,r,g(r)) 
1 a 

r 

f k 3kf + II —(r,w(r,s;ak),g(w(r,s;ak)))dsa ]dr. 

a°k ak " 

It follows from Lemmas 2.2 and 2.5 that (Tg)(x) is con­

tinuous for x ̂  a. Using the estimates above we have 

| (Tg) (x) | < ||«(x;a)||Q a + ̂ [ f  ||A( x ;r)||iJ>(r)dr ' 
' 0 » a 2" Ja 

r. 

f x  I  
+ 

x ak 
if [ ||A(x;r)|U (r,s )ds dr] 
JaJa„, k k k 

ak 

< Xe + — • 2n • M(a) = Xe + eyM(a) < Xe + e(l - X) = e. 
2n 

» • » • * 

Therefore ||Tgj|n < e and T:S(e) -»• S(e). 
U / a "" 

Take g^, g2 € S(e). Then using the facts that 

II9ill n = < H^JIft =» < and the estimates above we see X U F A — £ U|Q — 

that 

I (Tgx) (x) - (Tg2) (x) | < -£^[f || A(x;r)|U(r)| gx(r) - g2(r)|dr 
2 a 
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+ Ij || A(x;r) || if>a (rfsa ) |gx (w(r,s;ak)) 

\ k k 

- g2(w(r,s;ak))|dsa dr 
k 

- ̂11 «1 - 92ll0/a • 2" • M(a) = pM(a)|| gx - g2ll0fa. 

Thus || Tgx - Tg2||0^a < pMfa)!^ - 92110,3* since PM(a) 

< 1, T is a contraction on S(e) and has a unique fixed 

point u(x) c S(e). By Corollary 2.3, u(x) is a solution 

of Equation (1.8) and the proof is complete. 

Arguments similar to the one employed in Theorem 3.6 

have been used in [27], [28], [31] to study perturbed non­

linear Volterra equations in one independent variable. Their 

approach is based on a representation for the nonlinear 

equation in terms of the resolvent for the associated linear 

equation. 

We will now introduce further conditions on the per­

turbation which will be needed for preservation of asymp­

totic stability. Let a ^ a and let X c R so that X 

max {a.}. Let X* e Rn and be given by X* - (X,X,...,X). 
l<i<n 

Certain problems arise in attempting to prove Theorem 3.7 

below when the perturbation f(x,r,z) is not independent 

of x. We therefore consider the following hypothesis on 

the perturbation f(x,r,z) and A(x;£). 



(H4) Suppose f(x,r,z) = f(r,z). Suppose there exists a 

continuous scalar function il>(r) 0 such that for 

each e > 0 there exists an n such that |z^J , 

| z2 I £ n implies |f(r,z^) - ?(r,z2) | £ eip(r) | - Zj| 

for a < a < r < °°, and there exists a constant M(a) 

fx _ -
such that ||A(x;r) ||4) (r)dr £ M(a) for all x •> a. 

' a 

Suppose for each X* >_ a and each we have 

w(x,X*;ak) 

lim f ||A(x;r)||iF(r)dr = 0 for xa > X*a , 
l*a I -°°J k k 

k » 

uniformly in Xj such that a^ i i X with j f a^. 

If we assume f satisfies (H4) and demand more of 

the solution of the linear equation we then have the fol­

lowing theorem concerning the solution u(x) of Equation 

(1.8) . 

Theorem 3.7. Suppose f(x,r,z) satisfies (H4), 

4>(x), $ (x) are continuous for x and $(x;a) is 

% 
given by Equation (3.6). For each A< (0,1) there exists 

an £q = £q(M > 0 such that if e satisfies 0 < e <_ Eq 

and if ||*(x;a)||n < Ae then there exists a unique con-

tinuous solution u(x) of Equation (1.8) such that llu||g a 

<_ e. If, in addition, lim 1(x; a) | = 0 then 
| x | -*00 

lim |u(x)I = 0. 
| x | 
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Proof. Take X e (0,1). Take any p > 0 such that 

pM(a) <1. By hypothesis (H4) there exists an n such that 

lzll' I z21 £ *1 implies Iffr^) - f (r,z2) | 

£ pip(r)|z^ - z2|. Take y > 0 such that yM(a) < (1 - X). 

From Hypothesis (H4) it follows that there exists a 6 such 

that I z| £ 6 implies |f (r,z)| £vnjT(r)|z|. Let 

Eq = min{<S,TI} and take any e such that 0 < e £ e^. Let 

S(e) = {g(x)|g:Rn -»• Rm;g c C [a,») JlglL < e> and define T 
U ia — 

on g c S(e) so that for g c s(e) we have 

fx 
(Tg) (x) =4>(x;a) + A(x;r)?(r,g(r) )dr. 

' a 

Proceding as in Theorem 3.6 we see that T is a contraction 

on the complete set S (e) . 

Now let SQ(e) = {g(x)|g c S(e), lim |g(x)| = 0>. 
| x| +°° 

The set sq(g) is a closed subset of the complete set S(e) 

and is therefore complete. Take any a > 0 and any 

g c Sq (c). Take X* ^ a such that |x|^ ̂  Xq  implies 

|$(x;a)| £ £ and |g(x)| £ —By hypothesis (H4) there 
3My 

exists a x > Xq such that | x | ̂ >_ x implies 

w(x,X*;ak) 

J II A(x;r)|| ̂(rjdr < for any uniformly 

in Xj such that aj £ Xj £ X^, j / a^. Take 

x = (x,,x„,...,x ) such that Ixl > x and let aj be 
x ^ n 00 — x. 
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the special combination such that if |x^| XQ then 

i c a* and if \x^\ < XQ then i ft ot£ (a£ will be fixed 

in regions of the set {x € R*11 |x|^ >_ XQ}) . Let R(x) 

= <rl lr|oo > xo'r - x}* We observe that [a,x] = R(x) 

U [a,w(x,X*;a*) ] and R(x) fl [a,w(x,X*;a£) ] = (f». 

Thus we have 

rx _ 
| (Tg) (x) | <_ | 4> (x;a) | + y J|A(x;r) Jjip (r) |g(r) |dr 

J a 

w(x,X*;ot*) 

< j + y j  | | a  (x;r) j|ijJ(r) |g(r) |dr 

+ yf [|a (x; r) ||i/7 (r) |g(r) |dr 
JR(x) 

w(x,X*;a£) 

i f + wef |jA(x;r) ||ij7(r)dr + ||A(x;r) ||iMr)dr 
Ja 3MjR(x) 

i f + ye(^-) + -2- ||A (x;r) ||Tj7(r)dr < a 
J Jye 3MJa 

for x such that l^lo, t. Therefore lira | (Tg) (x) | = 0 
I * L"-00 

and T:Sq(e) -*• Sq(g). But T is a contraction on S(e) 

and thus is also a contradiction on Sq(c). Hence the 

unique fixed point u(x) of T in S(e) is also in Sq(c). 

Since u(x) is a solution of the Equation (1.8) the proof 

is complete. 
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We now have the following preservation results. 

Theorem 3.8. Suppose f(x,r,z) and A(x;£) satisfy 

(H3). 

i) If Equation (1.7) is stable on any space N, then 

Equation (1.8) is stable on N. 

ii) If the constant M(a) in (H3) is independent of a 

for a _< a and if Equation (1.7) is uniformly stable 

on any space N, then Equation (1.8) is uniformly 

stable on N. 

Suppose f(x,r,z) = f(r,z) and A(x;£) satisfy (H4). 

iii) If Equation (1.7) is asymptotically stable on any 

space N, then Equation (1.8) is asymptotically 

stable on N. 

Proof, i) Take e > 0, a a, and X c (0,1). 

By Theorem 3.6 there exists an Cq such that if 0 < y _< Eq 

and if ||$(x;a)|L „ < then there is a unique solution U/a 

u(x) of Equation (1.8) such that Ilu||n < y. Let 
U / cl — 

— p 
e = min{eQ,^-} £ Eq. Since Equation (1.7) is stable on N 

there exists a 6 = 6(a) such that if IUIIN K 6(a) then 

||$ (x; a) ||n < Xt. Thus there is a unique solution u(x) 
0 / «* 

of Equation (1.8) corresponding to <j> such that llullft < 
U / cl — 

"I £ | < e. Therefore Equation (1.8) is stable on N. 
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ii) In the proof of Theorem 3.6, £q was chosen so 

that eQ = min{6,n). In the proof 6 and T) depend on the 

point a since p and p as defined there depend on the 

constant M(a). But if M is independent of the point a, 

then Eg is also independent of a. Then for any a >_ a 

there exists a fixed £q with the property insured by 

Theorem 3.6. Now take any e > 0, a ̂  a, and X c (0,1). 

Let e = min{eQ,j}. From the uniform stability of Equation 

(1.7) on N it follows that there exists a 6 = 6(7) such 

that if ll'f'lljj < 6 then ||$(x;a)jj < Then the solution 

u of Equation (1.8) satisfies ||u||n , < e < e and Equation 
U $ ci — 

(1.8) is uniformly stable on N. 

iii) Choose any a ̂  a. Stability of Equation (1.8) 

follows directly from part i) of this theorem. Take any 

A € (0,1). Then there exists an Eq having the properties 

given in Theorem 3.7. Since Equation (1.7) is asymptotically 

stable on N there exists a 6 such that if j| <J>|| N < 6 

then II $ (x;a)|| q a < XEq, and there exists a 6q < 6 such 

that if 11*11 < then lim |4>(x;a)| = 0. Thus if 
| x | -»•» 

||4>JJ <N and ||<i>||N K "Sg/ it follows from Theorem 3.7 that the 

solution u of Equation (1.8) corresponding to <J> satis­

fies lim |u(x)| = 0. This completes the proof. 
| x | -*-00 

A rather detailed example discussed in [7] shows 

that Theorem 3.8 is false if the conditions on the deriva­

tives in (H3) are dropped. We also mention that the 
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hypotheses made here are related to those assumed in the 

study of little o perturbations for ordinary differential 

equations. It may be shown for ordinary differential equa­

tions that the assumption that the linear equation is uni­

formly asymptotically stable is equivalent to the assump­

tion that the fundamental solution satisfy the condition 

FX _ 
| ||A(x;r)||dr <_ M for x ̂  a ̂  a [ 2 2 ,  p. 290]. Using the 
' a 

equivalence of these conditions we may obtain results in the 

theory of ordinary differential equations from Theorem 3.8 

[22], [23]. 

We now see that Theorem 3.8 may be used for perturba­

tions which are independent of x and r and are higher 

order in z. As mentioned previously, perturbations of this 

form cannot satisfy hypothesis (H2) of Section 3.2. This 

important class of perturbations is not the only instance 

in which Theorem 3.8 may yield results while Theorem 3.5 

does not. Examples illustrating this are not difficult to 

construct. 

We point out another aspect of Theorem 3.8. Part i) 

of Theorem 3.8 shows that ordinary stability of Equation 

(1.7) may be preserved to Equation (1.8). For example, sup­

pose Equation (1.7) is stable on a space N such that 

c N. Suppose the perturbation f(x,r,z) h fT(r,z) 

satisfies the following: there is a continuous function 
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iMr) ^ 0 so that for each e > 0 there is an n such 

that |z1|/ |z2| <_ n implies |?'(r,z1) — T(r,z2> | 

£ e^(r)|z^ - z2| and | ^(r)dr £ M(a). It then follows 

from Theorem 3.8 part i) that Equation (1.8) is stable on N. 

This is interesting in light of examples from the theory of 

ordinary differential equations [16] where stability is not 

preserved for either little o type perturbations or per­

turbations of the type considered in Section 3.2. 



CHAPTER 4 

SPECIAL EQUATIONS AND APPLICATIONS 

In general the fundamental solution A(x:£) is dif­

ficult to obtain. This is the case even for the differential 

system ^ = K(t)u (t € R), when K is not constant. In 

this chapter we will study the fundamental solutions for some 

special linear equations. The information obtained concerning 

these fundamental solutions will then be used, along with the 

results from previous chapters, to establish stability re­

sults for these special equations. 

We will also study the relationship between the funda­

mental solution and the Riemann function for hyperbolic 

partial differential equations and give stability results for 

the characteristic value problem. 

Most of the results in this chapter will be for inte­

gral equations in two independent variables. We therefore 

drop the notation used in the previous chapters and, unless 

stated otherwise, the variables x, y, r, s £, n, etc. 

will be real. We will assume that a and b are fixed 

throughout the discussion. 

Since we will be concerned here with results for equa­

tions in two independent variables we give the hypotheses 

on the perturbation introduced in the previous chapter for 

105 



106 

this special case. Let d be a positive constant. Then 

hypotheses (HI) and (H2) specialize to the following. 

(HI)' Suppose f(x,y,r,s,z) is continuous for a £ a £ r 

£ x < °°, b£b£s£y<®, zc Rmf | z | <_ d and 

there exists a continuous function B(x,y,r,s) so that 

|f(x,y,r,s,z ) - f(x,y,r,s,z2)| < @(x,y,r,s)|z1 - z2| 

for |z1|, | z2 | <_ d. 

(H2)' Suppose there exists a continuous function Yg(x,y) 

0 such that | f (x,y ,x,y, z) | £ Y0(x,y)|z| for all 

x > a i 3, y ̂  b ^ b, z c Rm, | z | £ d and such that 
*00 #00 UrV" 

s)dsdr < °°. Suppose the functions 
'aJb 

3f. . 3f. , 32f , . 
^(x#yfrfyfz), g^(x,y,x,s,z), 7^-^(x,y ,r, s, z) are 

continuous for a _< a £ r _< x < °°, b£b£s£y<°°, 

z C Rm, |z| <_ d. Suppose there are continuous non-

negative functions y^{x,y,r), Y2(x,y,s), Y3(x,y,r,s) 

9f such that |g^(x,y,r,y,z)| < yx(x,y,r)|z|, 

||£(x,y,x,s,z)| < y2 (x,y,s)|z|, ||^|^(x,y,r,s,z)| 

<_ y (x,y,r,s) | z | for a£a£r£x<°°, E £ b £ s 

.00 .00 .r 

£ y < °°» I z I £ d and |_ ly, (r,s,p)dpdsdr < », 
JaJb'a .oo .oo »s .oo.oo-r/S 

y (r,s,q)dqdsdr < », __ _ _y_(r,s,p,q)dqdpdsdr 
JaJbJb * JaJbJaJb J 

< » .  

As mentioned in Section 3.3, hypothesis (H3) is not 

just an assumption on the perturbation. However in cases 
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where the fundamental solution satisfies the integral con­

ditions in (H3) with rp = ip = 1, then (H3) describes a 
k 

class of perturbations. The fundamental solutions studied 

here unfortunately do not satisfy all of these conditions. 

We therefore assume the perturbation f is independent of 

x and y and consider the following hypothesis which will 

allow us to obtain preservation results based on the results 

of Section 3.3. 

(H3)1 Let f(x,y,r,s,z) = h(r,s,z). Suppose h(r,s,z) is 

continuous for a £ a £ r, b £ b £ s, z€Rm and 

suppose for each e > 0 there exists an n such 

that |z^|/ |Z2I £ n implies |h(r,s,z^) 

- h(r,s,z2)| < e|zx - z2|. 

r X  
4.1 The Equation u(x,y) = <J>(x,y) + [ k^(r)u(r,y)dr 

f y  fxry a 

+ J k2 (s)u(x,s)ds + j j [k^ (r, s)u (r, s) 
b ;a;b 

+ f (xfy,r,s,u(r,s))]dsdr 

In this and the next section we will be concerned with 

special cases of the scalar equations (m = 1) in two in­

dependent variables of the form 

u(x,y) = < p ( x , y )  +  [  k^x^rjufrjyjdr 
J  A  

r  y  f x r y  
+ j k2 (x,y,s)u(x,s)ds + j j k3(x,y,r,s)u(r,s)dsdr (4,1) 
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and 

u(x,y) = 4>(x,y) + J ^ (x,y,r)u (r ,y)dr + J k2 (x,y,s)u(x, s)ds 

fx fy j J [k3(x,y,r,s)u(r,s) + f(x,y,r,s,u(r,s))]dsdr. (4.2) + 
^a-'b 

This section will be devoted primarily to the study of re­

sults for the linear equation 

u (x,y) = <J» (x,y) + J k^ (r)u(r,y)dr + J k2 (s)u(x,s)ds 

fx fy + k,(r,s)u(r,s)dsdr (4.3) 
JaJb J 

and the perturbed equation 

u(x,y) = <|>(x,y) + | k1 (r)u (r,y)dr + J k2(s)u(x,s)ds 

+ || [k^(r,s)u(r,s) + f(x,y,r,s,u(r,s))]dsdr (4.4) 

where k^(r), k2(s)/ and k3(r,s) will be assumed 

continuous. 

The following lemma concerning the fundamental solu­

tion for Equation (4.3) together with the Gronwall inequality 

will yield a stability result for the more general Equation. 

(4.2). 
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Lemma 4.1. Suppose k^(r) ( L^ta,00), ^2^ c [!>#<»), 

k-j(r,s) € ([a,oo) x [b,00)) and each of these functions is 

nonnegative on its domain. Then there exists a constant M 

(independent of (£,n)) such that the fundamental solution 

A(x,y;S,n) for Equation (4.3) satisfies, 0 <_ A(x,y;£,n) M 

for a <_ E, <_ x < °° and b <_ ti y < °°. 

Proof. Take any ? a, n b and let v(x,y) 

= A(x,y;£,Ti). Then we have 

The successive approximations for this equation converge uni­

formly for x. >_ £, y > iv These approximations are defined 

v (x,y) = 1 + (r) v(r,y)dr + 

for x >_ £, y >_ x). (4.5) 

by 

vQ(x,y) = 0 

and 

fXfy 
+ j J k3(r,s)vk_1(r,s)dsdr k = 1, 2, ... . 
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Let zk = vk+1 - vk, k = 0, 1, 2 ... . Then vR(x,y) 

n-1 
= I z•(x,y) and the solution v(x,y) of Equation (4.5) is 

3=0 3 . 

v(x,y) = I z. (x,y). 
j=0 3 

fx Now Zq (x,y) = 1 and zk(x,y) =1 (r) Zj^ (r,y)dr 

ry rXfY ? 

+ j k2(s)zk-1(x,s)ds + j j k3(r,s)zk-1(r,s)dsdr. Let 

H(x,y) = 6 IJ k^ (p)dp + |yk2(q)dq + jj k3(p,q)dqdp] for 

x ̂  5, y > n- Then since H(x,y) ̂  0 for x >_ Z, y ̂  n 

we see that 

rx  ry 
Iz^Xfy)! < j k^(r)exp[H(r,y) ]dr + J k2 (s)exp[H(x,s]ds 

+ f f k,(r,s)exp[H(r,s)Jdsdr (4.6) 
U ' r )  J 

3 fy 
But "5^{exp[H(r,y) ] } = Sfk^r) + I k3 (r,q)dq]exp[H(r,y) ] 

6k^(r)exp[H(r,y)] and hence 

kx (r)exp[H(r,y] < ^ -jp{exp[H (r,y) ] }. (4.7) 

In a similar way we have 

k2 (s)exp[H(x,s) ] < jr -j^{exp[H(x,s) ] >. (4.8) 
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32 ^ 

Also •g^j^-{exp[H(r,s)] } = 6k3 (r, s) exp [H (r, s) ] + (6) [k^r) 

+ j k3(r,q)dq][kg (s) + J k3(p,s)dp]exp[H(r,s)], thus 

3 2 
•g-^r{explH(r,s) ]} > 6k3 (r,s)exp[H(r,s) ], and therefore 

1 a2 
k3 (r,s)exp[H(r,s) ] < ^ gjg^{exp[H(r,s) ] >. (4.9) 

Using Equations (4.7) — (4.9) in Equation (4.6) we see that 

Iz-^Xry)! <_ g-[j^g^-{exp[H(r,y) ] }dr + J ^{exp[H(x,s) ] }ds 

fxry g2 
+ j^J g^g^-{exp[H(r, s) ] }dsdr] < g{exp[H(x,y)] - exp[H(£,y)] 

+ exp[H(x,y)] - exp[H(x,n)] + exp[H(x,y)] - exp[H(x,n)l 

- exp[H(£,y)] + exp[H(C/n)]}• 

Therefore |z-^(x,y) | < ^exp[H(x,y)] for x ^ y >_ x\. 

Now assume |z (x,y) | £ --rexp[H (x,y) ] for any n. 
2 

We then have 

1 fx 
lzn+l(x'y)l - ̂[J^k1(r)exp[H(r/y) ]dr + j k2 (s)exp[H(x,s)]ds 

+ [ [ k.(r,s)exp[H(r,s)]dsdr]. 
J 5 J n  J  
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Using Equations (4.7)-(4.9) and the calculations above we 

obtain 

lzn+l(x'y)I - n+lGxp[H(x'y*] for x - y - n* 
2 

Therefore |z (x,y) | £ "7-exp[H(x,y) ] for n = 0, 1, 2, ..., 
n 2 

and x > ?, y > r]. Thus we have 

00 00 . 

Iv(x,y)| £ I |z.(x,y)| £exp[H(x,y)] I -^ = 2exp[H(x,y)] 
i=0 J j=0 2? 

* 00 » 00 s CO 0 CO 

<_ 2exp[6{ jjc^ridr + j_k2(s)ds + J_J_k3 (r,s)dsdr}] 

for any n# and x >_ £ ,  y  >. n« Using Corollary 2.5 

we see that 

#00 *co 
0  <  A ( x , y ; £ , n )  < 2exp[6{j_k1(r)dr + j_k2(s)ds] 

«00 » 00 
+ J_J_k3(r,s)dsdr}] 

for any a •<_£_< x < «, b £ n £ y  < °°- This completes the 

proof of Lemma 4.1. 

We may now prove a stability theorem for Equation 

(4.2). 
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Theorem 4.1. Suppose there exists continuous func­

tions Y^r), y2(s)' an(* Ygfr/S) defined respectively on 

a — r> £ s, and a <_ r, b <_ s such that |k^(x,y,r) | 

< Yj^Cr) for a£a£r£x<«>, y >. b, |k2(x,y,s) | 

£ Y2(s) f°r b£b£s£y<», x ̂  a, and |k3(x,y,r,s) | 

£ Y3(r,s) for a <_ a <_ r <_ x < °°, b£b_<s£y< Sup­

pose Y^(r)f an<* Y3(r/S) are in on their 

respective domains, and f(x,y,r,s,z) satisfies (HI)' and 

(H2)1. Then Equation (4.2) preserves stability and uniform 

stability on any space N. In particular, Equation (4.2) 

is uniformly stable on N2. 

Proof. Let A(x,y;£,ri) be the fundamental solution 

for Equation (4.1). We then have 

(X 
IA(x,y;£,n)| < 1 + J Y^(r)|A(r,y;?,n)|dr 

fy fx fy 

+ y9 (s) |A(x,s;?,n) |ds + y-i (r,s) |A(r,s;C,n) |dsdr 
1  n  J 5 J n  

for a £ 5 £ x < », b < n < y < ». Let A*(x,y;£,n) be 

the fundcunental solution for the equation 

v(x,y) =1 + | y1 (r)v(r,y)dr + J y2 v(x,s)ds 

+ | |%3 (r,s)v(r,s)dsdr. 
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By Lemma 4.1 there exists constant M such that 

0 £ A*(x,y;£»n) <_ M for a £ £ x < °°, b £ n £ y < °°. 

Using the Gronwall inequality (Theorem 2.4) we have 

|A(x,y;5,n) | £ A*(x,y;S,n) <_ M for a £ £ £ x < «>, b £ n 

£ y < oo. it then follows from Theorem 3.2 that Equation 

(4.1) is uniformly stable on N2> The result now follows 

directly from Theorem 3.5. This completes the proof. 

We will now consider several lemmas leading to ex­

plicit solutions for the fundamental solution of Equation 

(4.3) when kj(r,s) is of certain special forms. The fol­

lowing lemma is well known. We include the proof for com­

pleteness. 

Lemma 4.2. Suppose f(r) is continuous for a £ x. 

Then for x a we have the following identity. 

( f(r)dr) for n > 2. (4.10) 

Proof. Take n = 2. Let u(r) = f(r^)dr^. Then 
a 
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Assume Equation (4.10) holds for any n > 2. Then using this 

assumption we have 

Thus, by induction, the proof is complete. 

Consider the integral equation 

u(x,y) = 1 + [  f  f (r)g(s)u(r,s)dsdr (4,11 
J S J n  

with x £, y ̂  n and f (r), g(s) continuous. The next 

lemma establishes the solution for Equation (4.11). Results 

for the scalar equation in several variables (x c Rn, 

r = (r1,r2,...,rR)) of the form 

may be found in Walter [39, pp. 142-143]. 

Lemma 4.3. The solution of Equation (4.11) for 

x > 5, y > n is 

=TOTTT«rt<*i>«*i>n+i i - OT-«rf(r>dr>n+i 

c i  c i  

u(x) = 1 + ) ... fn(rn)u(r)dr. 
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u(x,y) = I0(2^j f(r)dr)(| g(s)ds)) 
n 

where IQ(X) is the modified Bessel function of the first 

kind of order zero [25], [40]. 

Proof. Consider the successive approximations for 

Equation (4.11). They are UG(x,y) = 1, 

f x t y  
uk(x,y) as l + j J f (r)g(s)uk_1(r/s)dsdr. 

Then, 

u, (x,y) = 1 + [ [ f (r)g (s)dsdr = 1 + ([ f(r)dr) ( f  g(s)ds) 
J C J n  U  J n  

and an easy induction shows that 

u (x, y) = 1 + ([ f (r)dr) ([ g(s)ds) + 
n U jn 

+  [ f  f (r) ([ f (r,)dr1 )dr] [ f yg(s) ([ g(s,)ds,)ds] 
U U 1 Jn Jn 

r, 

. . .  +  [ j  f(r) (j  ffr^dr^fj f(r2)dr2) 

rn-2 y s S1 
... ([ f (r ,)dr ,)dr][[ g(s)([ gfs^ds^J g(s2)ds2) 

' F i n * n * n e 

sn-2 

n 

r  n - t  
. . .  (I gfs^Jds^Jds] . 

* r\  



Using Lemma 4.2, we have 
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u_(x,y) = 1 + (f f (r)dr) (f g(s)ds) + -^-(f f(r)dr)2([ g(s)ds) 
JS Jn 2 U Jn 

i rx r y  
f (r)dr)n( g (s)ds)n 

n* h Jn 
+ ... + 

(ni)" n >t\ 

and thus 

n {2[(/*f(r)dr)(/^g(s)ds)]1/2}2k 

un(x,y) = I £ XT—2 * 
k=0 2 (kl) 

These successive approximations converge to the solution 

u(x,y) of Equation (4.11) for x £, y >_ n» Hence 

« {2[ (/*f(r)dr)(/^g(s)ds)]1/2>2k 
u(x,y) = lim u (x,y) = \ = -—H— , 

n-voo n k=0 2 (kl) 

r x2k Since Ia (x) = £ -~j- 5- ([25], p. 108), we have 
k=0 2 (kl) 

u(x,y) = Iq(2^(| f(r)dr)(j g(s)ds)) and the proof is 

complete. 

Lemma 4.3 cannot in general be extended to systems. 

This is not surprising since in the case of the differential 

system y* = A(x)y with variable coefficients, the solution 

fx can no longer be expressed as exp[ A(s)ds] as in the 
'a 

scalar case. We will consider systems with constant kernels 

in Section 4.3. 
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Remark 4.1. Using Lemma 4.3 we see that the solution 

of the scalar equation 

u(x,y) = 1 + [  f  cu(r,s)dsdr for x > y > n (4.12) 
J£jn 

where c is a constant is u(x,y) = Ig(2/c(x-£)(y-n)) 

[19], [37]. 

Lemma 4.4. Suppose v(x,y) is the solution of the 

scalar integral equation 

v(x,y) = 1 (4.13) 

+ [k1(r)k2(s) + k3 (r,s) ] v(r,s)dsdr for x ̂  a, y ̂  b. 

Then the solution u(x,y) of Equation (4.3) for x ^ a, 

y b with <J> = 1 is 

fx fy u(x,y) = v (x,y)exp[j k1(r)dr + j k2(s)ds]. (4.14) 

Proof. The function u(x,y) is the solution of 

Equation (4.3) with 4> = 1 iff u(x,y) is the solution of 

the characteristic value problem 



u
xy(x»y) = ^ ( x J U y U j y )  + k2 ( y ) u x ( x / y )  +  k3 ( x , y ) u  ( x , y j |  

u(x,b) = exp[ [ k.frjdr], u(a,y) = exp[ f  k,(s)ds] . 
Ja A ^b ) 

r* ry 
Now let u(x,y) = exp[j k1(r)dr + j k2 (s)ds]v(x,y) . 
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(4.15) 

Then 

ux<x,y) = [k^xjvfxjy) + vx(x,y) ]exp[| kx(r)dr + J k2(s)ds], 

uy(x,y) = [k2(y)v(x/y) + vy(x,y)]exp[J k^rjdr + j^tsjds] 

and 

uxy(x,y) = tki(x>vy + vxy + ki (x)k2 (y)v(x,y) + k2(y)v(x,y)] 

• exp[[ k.(r)dr + [ k~(s)ds]. 
]K 1 Jn 

The differential equation in terms of v then becomes 

vxy(x,y) = [k1(x)k2(y) + k3 (x,y) ]v(x#y). 

The characteristic data for v(x,y) is determined from 

fy (y 
u (a,y) = exp [ j k2(s)ds] = exp[J k2 (s)ds] v(a,y) 
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and 

f x  f x  
u(x,b) = exp[ k-^rjdr] = exp[ (r)dr]v(x,b). 

Si cl 

Therefore v(x,y) satisfies the characteristic value problem 

v
x y ( x»y)  = [k1(x)k2(y) + k 3  (x,y) ] v(x#y)^ 

\ (4.16) 

v(a,y) = 1 v(x,b) =1 I. 

If v(x,y) is the solution of the problem (4.16) then u(x,y) 

fx fy = exp[ k1(r)dr + k2(s)ds]v(x,y) is the solution of problem 
•'a •'b 

(4.15) and is therefore the solution of the integral Equation 

(4.3) with <{> = 1. But v(x,y) is the solution of problem 

(4.16) iff v(x,y) satisfies the integral equation 

v (x,y) =1 + || [k1(r)k2(s) + k3 (r, s) ] v (r, s) dsdr. 

This completes the proof. 

We see that if k.j(r,s) is such that k1(r)k2(s) 

+ k3(r,s) can be written as the product of a function of r 

and a function of s, then Lemma 4.3 will give the solution 

of Equation (4.13). Then, by Lemma 4.4, Equation (4.14) 

yields the fundamental solution for Equation (4.3) for this 
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particular k3(r,s). This discussion allows us to give the 

following lemma in which we list the fundamental solution for 

kernels k3(r,s) which may be expressed as the product of a 

function of r and a function of s. 

Lemma 4.5. Assume that the functions g^(r) an<* 

g2(s) are continuous on a < r and b £ s respectively. 

Let A(x,y;£,n) be the fundamental solution for Equation 

(4.3). 

i) If k^, k2, and k3 are constants then 

A(x,y;S,n) (4.17) 

= IQ(2/(k1k2+k3)(x-£)(y-n))exp[k1(x - £) + k2(y - n)]. 

ii) If k3(r,s) = 0 then 

A(x,y;£,n) (4.18) 

= Iq(2\/(| kL(r)dr) (| k2(s)ds),)exp[ J k^rjdr + J k2(s)ds] 

iii) If k3(r,s) = g^^ (rjk^^ (r)k2 (s), then 

A (x,y; 5, n) 
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(2\/(j k^(r) {g^rJ+Ddr) (J^ (s)ds) )exp[J kx(r)dr 

(Y 
+ k2(s)ds] (4.19) 

i n 
< 

and if kg(r,s) = g2 (s)k-L(r)k2 (s) then 

A(x,y;£,n) 

- iot2V<n^x (r)dr) (|yk2 (s){g2 (s)+l}ds) )exp[ j k1(r)dr 

fy + k (s)dsj. (4.20) 
•'n 

iv) Suppose k^ and k2 are constant. If kj(r,s) 

= g^(r) then 

A(x,y; C# n) (4.21) 

l0(2V(f tk^kj+g^ (r) ]dr) (y-n)) exp [k^ (x - K) + k2 (y - n) ] 

and if k3(r,s) = g2(s) 

A(x,y;£,n) (4.22) 

= IQ(2\/(x-5) ([ [k1k2+g2(s) ]ds) )exp[kx(x - O  +  k2(y - n) 1 • 
J n 
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v) If k3(r,s) = k^rjg^s) + k2(s)g1(r) + g1(r)g2(s) 

then 

A(x,y;?,n) 

Results along these lines have been given in [35]. 

The solutions given in iii)-v) appear to be new. 

We notice in Lemma 4.5 that the fundamental solution 

in each case is a product of exponentials and the Bessel 

function. The following lemmas give results concerning such 

products and will be useful in establishing stability results? 

they follow from a basic representation for Ig(t). 

Lemma 4.6. Let t be a real variable. Then 

lim I0(t)e_t = 0 and 0 < lQ(t)e <_ 1 for all t >_ 0 

Proof. The Bessel function I (t) is given by 
v 

(l/2t) 
r(v+1/2)r(l/2) 

Since T(l/2) = /? we have 
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i„ (t) e-t = i|V cos 6e"tae = i|Vt(1"cos9ae. 

Consider the function h(t,0) = ^ on [0,») 

x [0,ir]. Then lim h(t,0) = 1, and for 0 € (0,ir] we have 
t+oo 

lim h(t,0) = 0. We also see that 0 < h(t,0) £ 1. By the 
t^-oo 

dominated convergence theorem (see Section 2.1) 

lim Ioltle"1 = i limfVt(X-cos e)de 
t-*00 t-*-00' 0 

= ̂  limf h(t,0)d6 = if (lim h(tf0))d0 = 0. 
11 t->°°j0 j0 t-*» 

Also, 0 < 7joe~t(1~C°S 0)d0 — w/ d0 = 1' Hence 0 < I
0(t>e_t 

£ 1 and the proof is complete. 

Lemma 4.7. Let c^ and c2 be real positive con­

stants . Then 

_ Q ^ ^ 
lim I„(2/c1c,t1t,)e e 2 2 = 0 and 

|(t1(t2)|- 0 1212 

_Q ^ VC t 
0 < I0(2/c1c2t1t2)e 1 1 e  2  2  < 1 for all tL, t2 > 0. 

Proof. ;*'s a positiv® increasing function of t 

—Q t -c t 
with ^(O) = Thus Iq(2/c^c2tjt2)e * *e 2 2 > 0. Since 
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KVl)1^2 " ̂ c2t2^1^2^2 — 0 We have 2^clc2tlt2 — cltl 

+ C2t2 for all t2 ̂  0, and thus IQ (2/c^c^t^tJ) 

<_ IQ^citi + c2t2^ * Us^n9 Lemma 4.6 we see that 

I0(2/clc2tlt2)e 
- (c1t1+c2t2) 

-(c,t,+c_t5) 
< Iq(citi + c2t2)e - 1' 

Now take any e > 0. By Lemma 4.6 there exists an M such 

that if t ̂  M then Ig(t)e < e. Take | (tj^tj) |j^ 

^•min<c".c2)- Then + o2t2 > min{e1,c2)(|t1| + |t2|) 

> min{Cl,o2} • rolnfc" C2) = M. Hence 

"(cltl+c2t2^ _ , . . ^ , ""(clti+c2t2) IQ U/c^t-^e A < ^(Cj^K^t^e x * < e 

and this completes the proof. 

Remark 4.2. We introduce the Bessel function JQ (X) 

and note some of the properties of this function [25]. We 

have the following relation between Iq and J^: 

IQ(Z) = JG(-iz) for z complex, - j < arg z < rr. 

By taking z = ix, x real and x ̂  0, it then follows 

that 

Jq(x) = Iq(ix). (4.24) 
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We also have |jg(x) | £ 1 for x real and x ̂  0. Then 

since = * and *0 ;®"s increasin9 it follows that 

|J0(x)| = |lQ(ix)| < 1 < IQ(y) (4.25) 

for X/ y real, x, y ̂  0. 

Remark 4.3. Using Remarks 4.1 and 4.2 we see that, 

in contrast to the behavior of the fundamental solution for 

the scalar equation in one independent variable, the funda­

mental solution in two independent variables can be negative 

for some values of the independent variables. 

Due to the fact that several different assumptions 

lead to the same stability conclusions we will now give a 

list of hypotheses and then a theorem based on these 

hypotheses. 

(H5) Suppose there are positive constants M^, M2 such 

that | k1(r)dr <_ and J k2(s)ds M2 for a <_ £ 

£ x < ® ,  b  <  n  1  y  <  ° ° .  S u p p o s e  k . j ( r , s )  c  L ^ ( [ a , » )  

x [b,»)>. 

fx (H5.a) Suppose (H5) holds and _k^(r)dr -»• -® as 
' cl 

fY x 09, k_ (s)ds -*•-<*> as y -»• 08. 
JE 2 

(H6) Suppose k3(r,s) = g^^ (r) ̂  (r) k2 (s) (or k3(r,s) 

= g2 (sjkj^ (r)k2 (s)). Suppose k1(r) c I^da,")), 
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k2(s) € I^ttb,00)) and k1(r)g1(r) c ^([a,")) (or 

k2(s)g2(s) c L1 ([F, •>))). 

(H7) Suppose k3(r,s) = (r) k1 (r) k2 (s) (or k3(r,s) 

= g2 (s)k1(r)k2 (s)) . Suppose k^r), k2(s) :> 0 and 

k^r) c L1([a,<»)) and k2(s) c L1((E,<®)). Suppose 

(r) 1 0 for r i a 1 a (or ?2 s > b > b). 

(H8) Suppose k3(r,s) = g^^ (r)k1 (r)k2 (s) (or k3(r,s) 

= g2 (s) k^ (r) k2 (s)). Suppose k^(r) <_ 0 for r >_ a 

and k2(s) £ 0 for s >_ b. Suppose g^ (r) £ 0 for 

r :> a (or <J2(s) £ 0 for s >_ b). 

fx (H8.a) Suppose (H8) holds. Suppose _k^(r)dr -*• -<*>, 
* d 

fy as x -> °°. ]_k_ (s)ds -»• -» as y -»• 
Jb £ 

(H8.b) Suppose (H8) holds. Suppose there exists an 

r^ > a and an Sq b and positive constants 

a, $ such that k^(r) £ -a, ^2^ — 

for r _> Z q ,  S ̂  sQ. Suppose g^(r) < -1 for 

r :> a (or g2(s) £ -1 for s >_ b). 

(H9) Suppose k3(r,s) = g-^tr) (or k3(r,s) = g2(s)). Sup­

pose k^, k2 are nonpositive constants and g^(r) £ 0 

for r a (or g2 (s) £ 0 for s b) . 

(H9.a) Suppose (H9) holds and in addition k^ < 0, 

k2 < 0. 

(H9.b) Suppose (H9) and (H9.a) hold and g^(r) 

— ~^1^2 ^or r — ® ^or ^2^ — ""^1^2 ^or 

s > b) . 
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(H10) Suppose k3(r,s) = k1(r)g2(s) + k^sjg^r) 

+ g1(r)g2(s). Suppose k-^r), g1(r) c I^Ua,®)) 

and k2(s), g2(s) € ^([E,")). 

(Hll) Suppose k3(r,s) = k1(r)g2(s) + k2(s)g1(r) 

+ 91(r)g2(s) where k^r) < 0, k
2(s) £ 0. Suppose 

any one of the following hold for g^(r), g2(s): 

(Al) g1(r) >_ |k1 (r) | and g2(s) £ 0. 

(A2) g2(s) >_ |k2 (s) | and g-j^r) £ 0. 

(A3) g^r) >_ 0, g2(s) ̂  0 and g^r) 

£ |kL (r)|, g2(s) £ |k2(s)|. 

rx  
(Hll.a) Suppose (Hll) holds and _k^(r)dr -»• -» as 

[ Y  3  

x -*• 00, _k_(s)ds -*•-«> as y 
Jb ^ 

(Hll.b) Suppose (Hll) with (Al) or (A2) holds. Sup­

pose there exists an Tq a and an Sq ^ b 

and positive constants a, $ such that 

k1(r) £ -a, k2(s) £ -$ for r > rQ, 

s > sQ. 

( 12) Suppose k^, k2 and k^ are constants such that 

k^§ k2/ k^ ^ 0• 

(H12.a) Suppose (H12) holds with k^ < 0 and 

k2 < 0. 

(H12.b) Suppose (H12) and (Hl2.a) hold and 

^1^2 + ̂ 3 i "• 
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We now return to stability results for Equation 

(4.4). 

Theorem 4.2. Suppose f(x,y,r,s,z) satisfies (HI)' 

and (H2)'. 

i) Suppose any one of the hypotheses (H5)-(H12) is satis­

fied. Then Equation (4.4) preserves stability and 

uniform stability on any space N and preserves asymp­

totic stability on any space N such that Ng c N. 

In particular, Equation (4.4) is uniformly stable on 

h2. 

ii) Suppose any one of the hypotheses (H5.a), (H8.a), 

(H9.a), (Hll.a), or (H12.a) is satisfied. Then Equa­

tion (4.4) is asymptotically stable on Nj. 

iii) Suppose any one of the hypotheses (H8.b), (H9.b), 

(Hll.b), or (Hl2.b) is satisfied. Then Equation (4.4) 

is uniformly stable on N^. 

Proof. We notice that some of the hypotheses above 

contain alternate assumptions. Since in each case the 

method of proof is the same for these alternate assumptions 

we give the proof for only one set of assumptions. Through­

out this proof A(x,y;£,n) will be the fundamental solu­

tion for Equation (4.3). 
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i) Assume (H5) holds. Consider the equation 

u(x,y) = <J> (x,y) + J (r)u(r,y)dr + J k2 (s)u(x,s)ds (4.26) 

for a £ a £ x < », b £ b £ y < 00 and let A(x,y;£,n) be 

the fundamental solution for this equation. Suppose for some 

- fx x _> £ >. a and y > f) > b we have k^(r)dr 0 and 

y 5 ' 

I k2(s)ds j> 0. Then since Ig is an increasing function we 

A 

see from Equation (4.18) that |A(x,y;£,n)| 

< Iq (2/MjM2)exp [M^ + M2]. If for some y^.n^b 

fx  ry  rx  
we have k, (r)dr < 0 and k0(s)ds j> 0 or k. (r)dr > 0 

y 
J S  n U  1 

and I k2(s)ds < 0 then from Equation (4.18) and inequality 
J in n 

(4.25) we see that |A(x,y;£,n)| <_ exp[M^ + M2] . If we have 

rx  fy  
k^(r)dr < 0 and k2(s)ds <0 it follows from Lemma 

' € ' n 
A 

4.7 and Equation (4.18) that |A(x,y;5,r\) | £ 1. Thus in 
A 

each case we have |A(x,y;£,n) | £ IQ ( 2 ) e x p [ M ^  +  M 2 ]  

for x >_ £ ^ a, y^n^.b. Thus from Theorem 3.2 it follows 

that Equation (4.26) is uniformly stable on N2. We then 

have by Theorem 3.5 and the assumption on the function 

k^(r,s) that the Equation (4.3) is uniformly stable on N2» 

It follows from Theorem 3.5 that Equation (4.4) preserves 

stability, and uniform stability on any space N and pre­

serves asymptotic stability on any space N such that 

N3 c N. Thus Equation (4.4) is uniformly stable on Nj. 
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In each of the remaining cases (H6)-(H12) the as­

sumption will lead to a uniform bound on the fundamental 

solution A(xfy;S,n). The result then follows from Theorems 

3.2 and 3.5. We indicate how the uniform bound is obtained 

for the hypotheses (H6)-(H12). 

Assume (H6) holds. Using Equation (4.19) and Remark 

(4.2) we see that 

|A(x,y;5,n)| 

Vf -00 ' .00 
( _lkl(r)g,(r)|dr)(|_|k2(s) |ds) 

#00 #00 #00 #00 

+ (J_lkl (r) |dr) (J Jk2(s)ds) )exp[ j_|k1 (r) |dr + j_|Jc2 (s) Jdsj 

for a £ £ _< x < °°, E < n £ y < 

Suppose hypothesis (H7) holds. It follows that 

(J k1 (rjg-j^ (r)dr) ( j  k2(s)ds) + (| k1(r)dr)(| k2(s)ds) 

< (j^trjdr) (|Yk2(s)ds) (4.27) 

for a < £ < x < 00, b£n£y<00« It then follows from 

Equation (4.19) and Remark (4.2) that 
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|A(x,y;£,n) | 

- J0 (2V< j-lki ldr) ( f_lk2 Ids) )exp[ [ 13c1 (r) |dr 
a *> •'a 

+ J |k2(s) |ds] for a £ £ < x < °°, b < n < y < », 

Assume (H8) holds. It follows that inequality (4.27) 

holds. Thus from Equation (4.19), Remark (4.2), and Lemma 

4 . 7  w e  h a v e  | A ( x f y ; £ , n ) |  <  1  f o r  a  <  5  <  x  <  » ,  E < n  

1 y < 08. 

Suppose hypothesis (H9) holds. It follows that 
fX 

kik2*x ~ 5) (y - n) + (y - n) (J^g1(r)dr) £ ki*2
(x " ?) (y - n) 

for x >_ E, , y ̂  n . Thus by Remark 4.2 and Lemma 4.7 we 

have |A(x,y;£fn)| < 1. 

Using hypothesis (H10), Equation (4.22), and Remark 

4.2 we obtain 

|A(x,y;£,n) | 

- I0(2Vf/~'klCr) + gl(r)ldrJl| |k2(s) + g2(s)|ds]) 

exp[fjk (r) |dr + [_ ̂ (s) |ds] 
;a J b  

for a £ £ <. x < «*», b < n £ y < <». 
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£ exptj k^(r)dr + J k2(s)ds] £ 1. The proof under the as-
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Suppose (Hll) with the assumption (Al) holds. It 

follows that (j [k^r) + g1(r)]dr)(| [k2 (s) + g2(s)]ds) £ 0 

and hence from Remark 4.2 we see that |A(x,y;£,n)| 

rx tv 
k. (r)dr + I 

5 Jn 

sumption (A2) is similar. Now assume (Hll) with (A3) holds. 

It follows that (j [k^'(r) + g1(r)]dr)(| [k2(s) + g2(s)]ds) 

fx ry 
£ (j k^(r)dr)(j k2(s)ds) and thus by Lemma 4.7 we have 

|A(x,y;£,n) | £ 1 for a £ 5 £ x < °°, b £ n £ y < °°. 

Assume (H12) holds. Then k^k2 + ^3 £ ̂ 1^2 an<* we 

have by Lemma 4.7 that |A(x,y;£,n)| £ 1 for a £ £ £ x < ®, 

b £ n £ y < °°. 

ii) Assume (H5.a) holds. Take any e > 0 and 

- fx £ >_ a, n >_ b. Since I k^(r)dr -»•.-« as x -»• <» it follows 

fX 3 fy that k, (r)dr -•• -<*> as x °°. Likewise k_(s)ds 
J5 1 Jn 2 

as y -*• <*>. From Lemma 4.7 there exists an M > 0 such that 

if | k^(r)dr + j k2(s)ds £ -M then 

V2 k^rjdrnj k2 (s)ds) )exp[| k1(r)dr + J k2(s)ds] < e. 

There exists constants M^, M2 > 0 such that 

fx - fy I k^(r)dr £ -M - M2 for x ^ and I k2(s)ds £ -M -

for y >_ M2. Take (x,y) such that | (x,y) 1^ max{M^,M2}. 
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- fX Suppose | (x,y) 1^ = x >_ max{M^,M2}. Then I k^(r)dr 

fy 5 
+ I k2(s)ds £ -M - = -M. In a similar way 

r ? 
+ J k2(s)ds <_ -M when | (x,y) !«, = y max{M^,M2>. Thus 

using Equation (4.18), we see that the fundamental solution 
A 

A(x,y;£,ri) for Equation (4.26) satisfies 
A 

lim |A(x,y;£,n)| = 0. Thus Equation (4.26) is asymp-
|(x,y)|-»-<» 

totically stable on N2. Therefore by part i) of this 

theorem Equation (4.3) is asymptotically stable on N2. 

Using part i) again we see that Equation (4.4) is asymp­

totically stable on N2. 

For the remaining hypotheses we show that 

lim |A(xfy;£,n) | = 0 for a _< £ £ x < °°, E £ ri £ y < °°. 
I (x,y) 

It then follows from Theorem 3.2 and part i) of this theorem 

that Equation (4.4) is asymptotically stable on N2> 

Assume (H8.a) holds. From inequality (4.27) and 

Equation (4.19) we see that |A(x,y;£,n)| 

<  I Q ( 2 \ [ ( j  k1(r)dr)(| k2 (s)ds) )exp[j k^rjdr + J k2(s)ds] 

for x 5/ y > n. An argument similar to that used above 

to show A(x,y;£,n) +  0  as | (x,y) | 00 establishes here 

that lim |A(x,y;£,n)| = 0. 
| (x,y) |-*<» 

Assume (H9.a) holds. Since k^k2 (x - S) (y - n) 

+ (y - n) ([ g^rjdr) < k1k2 (x - £) (y - n) it follows from 

j kx(r)dr 
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Equation (4.21) that |A(x,y;5,n) | <_ IQ (2/k^ (x-5) (y-n)) 

exp[k^(x - £) + kj(y - n)]« Then, as above we have 

lim |A(x,y;£,n) | = 0. 
I(x,y)|f-

Suppose (Hll.a) is satisfied. Using the discussion 

in part i) and Equation (4.23) we see that the assumptions 

(Al) and (A2) both lead to the estimate |A(x,y;£,TI)| 

fx fy <_ exp[I^k^(r)dr + I k2(s)ds]. The assumption (A3) implies 

IA (x,y; £, n) | < IQ (2^ J k1(r)dr)(| k2 (s)ds) )exp [| k^rjdr 

+  f  k-(s)ds]. In either case we see that 
Jn ^ 

lim |A(x,y;5,n)| = 0. 
I(x,y) 

I A(x,y; £, n) | < I0(2/k1k2(x-5) (y-n)) exp tk1 (x - O + k2 (y - n)]. 

Hence lim |A(x,y;S,ri) | = 0. 
I (x,y) 

iii) We may treat (H9.b) and (Hl2.b) together. These 

assumptions both lead, via Equations (4.21) and (4.17) re­

spectively, to the estimate | A (x,y; £, ri) | £ exp[k^(x - 5) 

+ k2 (y - n) ] £ 1 for a <_ E, <_ x < °°, b £ n £ y < Thus 

It follows from (Hl2.a) and Equation (4.17) that 

k. (x-a) . 
tl - e ] £ j- for x > a, y > b 
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y f y 

Similarly, J |A(x,y;a,s) |ds £ an(* 

fxfy 1 |A(x,y;r,s) |dsdr £ . . for x ̂  a, y > b. It then 
Ja'b T2 

follows from Theorem 3.3 that Equation (4.3) is uniformly 

stable on N^. Thus part i) of this theorem implies Equa­

tion (4.4) is uniformly stable on N^. 

We may also treat hypotheses (H8.b) and (Hll.b) 

together. These hypotheses imply that lAfx/yj^/n)| 

fx fy 
£ exp[ k1(r)dr + k2(s)ds] £ 1 for a £ £ £ x < «>, b £ n 

Jn 

£ y < oo. Thus 

[ |A(x,y;r,b) |dr < [ exp[f k,(p)dp]dr for x ̂  a, y >_ b. 
' a  i a  J r  

Suppose a £ Tq. Take any x such that a £ x £ r^. Then 

fX fx f x  
exp[ k.(p)dp]dr £ dr £ (Tq - a). Take any x such 

'a 'r 'a 
such that x > Tq. Since k^(r) £ -a for r r^ we see 

fx ,x 
that k^pjdp £ -a(x - r) and hence exp[ k^(p)dp] 

Jr 'r 

£ exp[-a(x - r)] for r > Tq. Thus for x ̂  r^ we have 

f exp [ [ k1(p)dp]dr = [ exp[f k.(p)dp]dr 
J a 'r Ja 'r 

[ exp[f k1 
>  J r  

(p)dp]dr £ (rn - a) 
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fx - 1 + j exp[-a(x - r)]dr < (rQ - a) + -. 
r0 

Thus for a > Tj and x ̂  a we see that f  |A(x,y;r,b)| 
'a 

<_ (rQ - a) + ̂ . For a ^ and any x >_ a a calculation 

r x  
similar to that given above shows that |A(x,y;r,b)|dr 

'a 

< Hence for a _< a _< x < b _< b _< y < °°, we have 

r x  , 
|A(x,y;r,b)|dr £ (rQ - a) + —. Similar arguments show 

Ja 
»y 

that j  |A(x,y;a,s)|ds £ (Sq - b) + ̂  and 

j j |A(x,y;r,s)|dsdr £ [(rQ - a) + [(sQ - b) + ̂ ] for 

a 1 a 1 x < °°' ^ £ b £ y < °°. Thus by Theorem 3.3, Equation 

(4.3) is uniformly stable on N^. It then follows from 

part i) of this theorem that Equation (4.4) is uniformly 

stable on N^. This completes the proof of Theorem (4.2). 

Remark 4.4. We notice that the conditions in (H3) 

of Section 3.3 will be satisfied (with = 1 and ip = 0) 
k 

if (H3)' holds and A(x,y;£,n) satisfies 

f X r  y  
J J |A(x,y;rfs) |dsdr <_ M(a,b) for x ̂  a, y ̂  b. (4.28) 

Also, the conditions in (H4) will hold if in addition we have 

for each fixed t > max{a,b} 
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lim f f |A(x,y;r,s)|dsdr = 0 
(*»y.) L"*00 a b 

for x _> t,  y > t, 

lim f  f  | A (x, y; r, s) |dsdr = 0 
x-*<» Ja^b 

uniformly in y for b £ y < t 

lim f  f  |A(x,y;r,s)|dsdr = 0 
y•*•<*> •'a-'b 

uniformly in x for a < x < t  

(4.29) 

We now turn our attention to a stability theorem for 

the class of perturbations satisfying hypothesis (H3)'. 

Theorem 4.3. Suppose f(x,y,r,s,z) satisfies (H3)1. 

Suppose any one of the hypotheses (H8.b), (H9.b), (Hll.b), 

or (H12.b) hold. 

i) Then Equation (4.4) preserves stability and uniform 

stability on any space N. In particular, Equation 

(4.4) is uniformly stable on and Nj. 

ii) If either (H8.b) or (Hll.b) hold, assume in addition 

that the functions k^(r), ^(s) are negative con­

stants. Then Equation (4.4) preserves asymptotic 
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stability on any space N. In particular, Equation 

(4.4) is asymptotically stable on Nj" 

Proof. Throughout this proof A(x,y;S,n) will de­

note the fundamental solution for Equation (4.3). 

i) Both hypothesis (H9.b) and (H12.b) lead to the 
k,(x-£) k2(y-n) 

estimate |A(x,y;£,n)| < e e . Thus 

fXry k,(x-a) k (y-b) 
|A(x,y;r,s) |dsdr < - e ] [1 - e ] 

Jajb 12 

< v for a > a, b > b. The hypotheses (H8.b) and (Hll.b) 
~  1 2  

[X 
each yield the inequality |A(x,y; £,TI) | < exp[L k^(r)dr 

fy + k_(s)ds]. Thus, as in the proof of Theorem 4.2, we have 
Jn ^ 

r x r y  ,  ,  _  i  
j J |A(x,y;r,s)|dsdr < [(rQ - a) + -] [ (sQ - b) + for 

a £ a, b <_ b. We see that these bounds are independent of 

a and b. Therefore by Remark 4.4 and Theorem 3.8 it fol­

lows that Equation (4.4) preserves stability and uniform 

stability on any space N. Hence by Theorem 4.2 Equation 

(4.4) is uniformly stable on and Nj. 

ii) Take any (a,b) and fix t max{a,b}. Under 

each of the hypotheses we have |A(x,y;£,n)| £ exp[k^(x - £) 

+ kj(y - n)1• Thus 

[  f  |A(x,y;r,s)|dsdr 
J a J b  
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1 k k (exp[k^(x — t)] — exp[k^(x - a)]}{exp[k2(y - t)] 

exp[k2(y - b)]} < k k cxplkj^x - t) + k2 (y - t) ] 

for x ̂  t, y 1 t. Take any e > 0 and let k = max{k^,k2}. 

There exists an R such that if (x - t) + (y - t) > R 

then exp{k[(x - t) + (y - t)]}<k^k2£* Now take (x,y) 

such that x ̂  t, y >_ t and | (x,y) 1^ R + |t|. Then 

max {| x - t|,|y - t|} = | (x,y) - (t,t) !«, > | (x,y) - | (t,t) | 

•> R. Thus for x ̂  t, y > t such that | (x,y) R  + |t| 

we have (x - t) + (y - t) >_ R and hence 

0|A(x,y;r,s) |dsdr £ . * oxp[k. (x - t) + k, (y - t)] 
b 12 1 

1 k-^-exp{k[ (x - t) + (y — t) 1 } < e. 

{1 - exp[k2(y - b)]} £ j^-{exp [k1 (x -1) ] - exptk^x - a)]} 

for all y such that b £ y <• t. From this estimate it 

12 

Therefore 0|A(x,y;r,s)|dsdr = 0 
v. 

We also see 

that 

0|A(x,y;r,s)|dsdr 
b 

{exp[k. (x - t) ] - exp[k. (x - a)]} 
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IT' x+o° JaJb 
follows easily that lim f  f  |A(x,y;r,s)|dsdr = 0 uniformly 

v-*-00 * a * v\ 

in y such that b £ y <_ t. Similarly we have 

lim [ [ |A(x,y;r,s)|dsdr = 0 uniformly in x such that 
y+ c o  J a

J b  

a £ x £ t. The result now follows directly from Remark 4.4 

Theorem 3.8, and Theorem 4.2. This completes the proof. 

4.2 The Equation u(x,y) = <J>(x,y) 

fx fy + I (r,y)u(r,y)dr + k2 (x,s)u(x,s)ds 

f x  f y  
- I I [k1(r,s)k2 (r^^s) + klg (r,s) ]u(r,s)dsdr 

fx fY + f(x,yfr,s,u(r,s))dsdr 
JaJb 

In this section we will give some results for the 

equations 

f *  f Y  
u(x,y) = <j) (x,y) + j kx (r,y)u(r,y)dr + j k2 (x,s)u(x,s)ds 

- | | k3 (r,s)u (r,s)dsdr, (4.30) 

u(x,y) = <f> (x,y) + J k1(r,y)u(r,y)dr + J k2 (x,s)u(x,s)ds 

(4.3 

f x f *  f X f y  
- j j k3(r,s)u(r,s)dsdr + j j f(x,y,r,s,u(r,s))dsdr 
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where k3(r,s) = kj_ (r,s)k2 (r,s) + klg(r,s) or k3(r,s) 

3kx 
= k1(r,s)k2(rfs) + k2r(r,s) (here we use k^g = and 

3k2 
k2r = • We assume that the functions k^(r,s), k2(r,s), 

k (r,s), and k2r(r,s) are continuous. 

with <f>(x,y) = 1, is equivalent to a characteristic value 

problem which may be solved explicitly: hence we may obtain 

the fundamental solution for Equation (4.30). The method 

used to obtain the following lemma is called Laplace's 

cascade method and is discussed in [26], [35]. We use the 

following lemma for stability purposes and include the proof 

for completeness. 

Lemma 4.8. The fundamental solution for Equation 

(4.30) with k.j(r,s) = k^rfSjkjfr ,s) + klg(r, s) is 

for a < ^ < x, b < n < Y- For k3(r,s) = k1(r,s)k2(r,8) 

+ k2r(r,s) we have 

Proof. We will give the proof that A given by 

(4.32) is the fundamental solution for Equation (4.30) with 

We consider Equation (4.30) because this equation 

k2(x,s)ds] (4.32) 

(4.33) 
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k3(r,s) = k1(r,s)k2(r,s) + klg(r,s). The proof for k3(r,s) 

= k1 (r,s)k2 (r,s) + k2r(r,s) is similar. Take 5 >_ a, 

n > b. If u(x,y) satisfies the characteristic value problem 

u
xy(x,y) = k^XfyJUy + k2(x,y)ux(x,y) 

+ tk2x(X/y) - kj^ (x,y)k2 (x,y) ]u(x,y) 

u(x,n) = exp[J k1(r/n)dr], u(5,y) = exp[J k2(£,s)ds] 

(4.34) 

for x  > _  £ ,  y >_ rif then u satisfies Equation (4.30) with 

4> = 1, k3 = k^2 + klg and hence u(x,y) = A(x,y; £,ti) . We 

have the following identity: 

(uy " k2u)x * kl(uy " V = uxy " kluy " k2ux + <klk2 " k2x,u' 

Thus u satisfies (4.34) if and only if u satisfies 

(uy - k2u)x - kx(uy - k2u) = 0 

rx ty 
u(x,n) = exp [J k^fr^nJdr], u(5,y) = exp[J k2(?,s)ds] 

(4.35) 

Let h(x,y) = u„(x,y) - k-(x,y)u(x,y). From problem (4.35) 
y ^ 

it follows that the function h(x,y) satisfies hx(x,y) 

- k^ (x,y)h(x,y) = 0. Then integrating with respect to x we 
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fx 
see that h(x,y)exp[-J k^(r,y)dr] = g^(y). To determine 

g^(y) we set x = C and use (4.35) to obtain g^(y) 

= h(5,y) = uy(5,y) - k2(£,y)u(5,y) h 0. Therefore we must 

have h(x,y) = u (x,y) - k9(x,y)u(x,y) = 0. Integrating with y ^ 

fy respect to y we obtain u(x,y)exp[- k~(x,s)ds] = g,(x). 

f x  
Setting y = n we have g2(x) = u(x,n) = exp[ k^(r,n)dr], 

f x  f y  ?  
Thus u(x,y) = exp[ J  k^(r, n)dr + j  k2(x, s)ds] is the solu­

tion of (4.35) and the proof is complete. 

We point out that when k^(r,s) is independent 

of s and k2(r,s) is independent of r then Equation 

(4.19) with g^(r) = -1 and Equation (4.32) are identical. 

We consider the following hypotheses on the functions 

k^(x,y) and k2(x,y). 

(H13) Suppose there exists a constant M such that 

rx ry 
k^(r,n)dr + k2(x/s)ds £ M for a £ 5 £ x < <», 

- n fx fy b < n < y < 00 (or k. (r,y)dr + k_(£,s)ds < M 
U 1 Jn 

for a £ £ £ x < °°, b £ n £ y < °°) . 

(H13.a) Suppose (H13) holds and in addition for 

- rx 5 — a» 1 > b we have k^(r,n)dr 

ry E 

+ [ k_(x,s)ds -»• as | (x,y) | -»• « (or 

| k1(r,y)dr + J k2(£,s)ds -» as 
5  '  n  

I  ( x , y )  |  « ) .  
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(H14) Suppose there exists constants a2 > 0 such that 

^(x/Y) < k2(x,y) < -a2 for x ̂  a, y > E. 

We have the following stability theorem for Equation 

(4.31). 

Theorem 4.4. a) Suppose f(x,y,r,s,z) satisfies 

(HI)' and (H2)•. 

i) Suppose we have (H13). Then Equation (4.31) with 

= + kls (or k3 = k1k2 + k2r) preserves sta­

bility and uniform stability on any space N; it pre­

serves asymptotic stability on any space N such that 

N c • Equation (4.31) is uniformly stable on N2« 

ii) Suppose (Hl3.a) holds. Equation (4.31) with 

k^ = k1k2 + k^s (or k3 = k^2 + k2r) is asymptoti­

cally stable on N2» 

iii) Suppose (H14). Then Equation (4.31) with k^ = k^k2 

+ k^s (or k3 = k^k2 + k2r) is uniformly stable on 

Nl* 

b) Suppose f(x,y,r,s,z) satisfies (H3)'. Suppose 

(H14) is satisfied. Then Equation (4.31) with k^ = ^^2 

+ k^g (or k^ = k^k2 + k2r) preserves stability, uniform 

stability and asymptotic stability on any space N. Equa­

tion (4.31) is uniformly stable on and N2 and 

asymptotically stable on N2. 
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Proof. We give the proof only for the case 

*3 = ^1^2 + kls* Throughout the proof A(x,y;£,n) is the 

fundamental solution for Equation (4.30). 

a) i) From Equation (4.32) and hypothesis (H13) it 

fol l o w s  t h a t  | A ( x , y ; £ , n )  I  £  e M  f o r  a  < _  5  _ <  x  <  0 0 ,  b £ r i  

^ y < oo. Thus, by Theorem 3.2, Equation (4.31) is uniformly 

stable on N2» The result now follows from Theorem 3.5. 

ii) It follows immediately from (H13.a) and Equa­

tion (4.32) that lim |A(x,y;£,n)| = 0. Hence by part 
I (x,y) |-*<» 

i) and Theorem 3.2 we see that Equation (4.31) is asymp­

totically stable on N2« 

iii) From (H14) and Equation (4.32) we see that 

|A(x,y; 5,ti) | £ exp[-a^(x - O - (y - n) 3 - An easy calcula­

tion similar to the one made in Theorem 4.2 shows that 

fx fy 
|A(x,y;a,b)| + |A(x,y;r,b)|dr + |A(x,y;a,s)|ds 

Ja Jb 

fxfy ill 
+ |A(x,y;r,s) |dsdr < 1 + — + — + ̂ r 

JaJ b al 2 12 

for a £ a £ x < », b £ b £ y < °°. Thus by Theorem 3.3 and 

part i) it follows that Equation (4.31) is uniformly stable 

on 

b) As in part iii) above we have |A(x,y;€,n)| 

£ exp[-a^(x - £) - «2 (y - n) 1 - This result now follows from 
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calculations obtained in the proof of Theorem 4.3, Theorem 

3.8, and part a) of this theorem. This completes the proof. 

4.3 Results for Systems with Constant Kernels 

In this section we will consider the linear equation 

u(x,y) = <f>(x,y) + J Kxu(r,y)dr + J K2u(x,s)ds 

rx ry 
+ J j K3u(r,s)dsdr (4.36) 

and the nonlinear equation 

fx fy u(x,y) = <f>(x,y) + j Kju(r,y)dr + j K2u(x,s)ds 

Db[K3U<r'; (r,s) + f(x,y,r,s,u(r,s))]dsdr (4.37) 

O n* 
where u, <J> map R to R , K^, K2, are constant 

real m x m matrices, and f has values in Rm with domain 

a  ̂  r  _ <  x  < o o ,  b  ̂  s  _ <  y  <  ° ° ,  z c R m *  

In constructing the solution of the differential 

system y' = By (where B is an m x m constant matrix), 
D 

we define the matrix e for each constant matrix R and 
4-Q 

then establish e as a fundamental matrix for y' = By. 

This is a generalization of the fundamental solution for the 

scalar version of y' = By. We will see that it is possible, 
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under certain commutivity conditions on the matrices K^# 

K^» to carry out a similar generalization here. 

Remark 4.5. Let B be any m * m complex matrix 

k 

2 
r a 

It follows easily that the series I + £ —-—converges. 
k=l (kl) 

Our motive for considering this series is that the funda­

mental solution for Equation (4.36) when m = 1 is given by 
00 k 

Equation (4.17) and that In(2/x) = £ ——*• [25]. 
k=0 (k!r 

We may therefore make the following definition. 

Definition 4.1. For each complex matrix B let 

" nk 
I n ( 2 / B )  = 1 + 1  B  

0 k=l (kl)2' 

The following lemma gives a useful property of the 

matrix Ig(2/B). 

Lemma 4.9. Suppose B is an m x m complex matrix 

which is similar to a diagonal matrix A and T is such 

that A = T~1BT. Then 

IQ(2/B) = TIq (2/7T)T""1. 

Also, if A = diag (A.) then I Q ( 2 / K )  = diag (IQ(2/T7)) 
l<i<m l<i<m 
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Proof. We have 

x ,2/B) - I + I = TT"1 • I 1 
k=l (fcl)^ k=l (k!) 

oo oo 
TT-1 + T( I —-—*•) T_1 = T(I + y ——=•) T*"1 

k=l (k!) k=l (kl)2 

T I Q ( 2 / K ) l " 1 .  

If A = diag (X.) it follows that A^ = diag (X^). There-
l£i<m l_<i<ra 1 

fore, we have 

00 • k 
I0<2VT) = I + I  ——j  = diag (I0 (2/XT)). 

k=l (ki) l<i<m 

This completes the proof. 

We now use our definition of IQ(2/B) to obtain the 

following lemma. 

Lemma 4.10. Let B be a real m x m matrix. Then 

the solution of the equation 

u(x,y) = I + [ [ Bu(r,s)dsdr for x y n (4.38) 
J C J n  

is 

u(x,y) = IQ (2/B(x-£)( y -n ) ) .  
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Proof. The successive approximations for this equa­

tion converge to the unique continuous solution. We have 

u^ (x / y) = I 

and 

u9(x,y) = I + f f BIdsdr = I + B(x - K) (y - n)• 
*  } Z } T \  

Assume that 

un(x,y) - I + T tBC-0 (Y-n)lk 
n k=l (ki)^ 

Then 

u ,(x,y) = I + f [yB[I + j1 [B(r"^) (2~n)]k]dsdr 
n+1 JCJn k=l (kip 

n-1 /-x/y nk+l, PXk. .k 
= I + B(x - C) (y - n) + I [|I - j n ]dsdr 

k=l 'Z't) (k!) ̂ 

n-1 nk+l. ...k+1. . k+1 
=  I  +  B ( x - S ) ( y - n ) +  I  -

k=l [(k+l)lp 

= I + f [B(x-€) (y-n)1kj 
k=l (kl) ' 
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.n*"l k 
Thus u (x,y) = I + I tB(x-g)(y-n)1 for each n = if 2, 

k=l (kir 

... . Therefore the solution u(x,y) of Equation (4.38) is 

given by 

u (x,y) = lim u (x,y) = IQ(2/B(X-£) (y-n)) . 

This completes the proof. 

The following lemma gives the fundamental solution 

for Equation (4.36) under the specified conditions on the 

kernels. This result is a generalization of the fundamental 

solution given by Equation (4.17) for the scalar equation with 

constant kernels. 

Lemma 4.11. Suppose the matrices K^, 

satisfy = K^, K1K3 = and K2K3 = K^. Then 

the fundamental solution for Equation (4.36) is 

K, (x-5) K,(y-n )  
A(x,y;?,n) = IQ(2/(K1K2+K3) (x-O (y-n))e A e . (4.39) 

Proof. For any £, n let u(x,y) = A(x,y;Ji,n)» 

Thus u(x,y) must satisfy Equation (4.36) with <J> = I, a = 

b = n. But u(x,y) is the solution of Equation (4.36) with 

<t> = I, a = £, b = n if and only if u(x,y) satisfies the 

characteristic value problem 



u
xy(X/y) = Kxuy(x,y) + k2ux(x,y) + K3u(x,y) 

u(x,£) = exp [K^ (x - £)], u(S,y) = exp[K2(y - n) ] 
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( 4 . 4 0 )  

Let 

K^x-5) K (y-n) 
u(x,y) = e e v(x,y) ( 4 . 4 1 )  

Since and K2 commute we have, 

K^x-O+K^y-n) K^y-^+K^x-n) 
u(x,y) = e v(x,y) = e v(x,y) 

K9(y-5) K, (x-n) 
= e e v(x,y). 

We then have, 

u
x(x,y) = K., e 

K-^x-f;) K2(y-n) K-^x-O K2(y-n) 
v + e 

and 

Kj^x-5) K2(y-n) K^x-f;) K2(y-n) 
uy(x,y) = K2e e v + e e vy. 

Therefore 
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K , ( x - S )  K , ( y - n )  K , ( x - £ )  K , ( y - n )  
uxy(x'y) = KlK2e e v + Kie x e z vy 

K,(x-£) K-(y-r)) Kn (x-C) K, (y-n) 
+  K  e  e  v + e  e  v .  

2 x xy 

Putting u # u - and u in terms of v into the equa-
* Y xy 

tion in (4.40)/ we obtain 

k , (X- £ )  K 2 ( y - n )  k ,  ( x - 5 )  K , ( y - n )  
e e vxy = (K^ + K3)e x e * v. (4.42) 

Using the fact that if B and C are m x m matrices such 

C  C  that BC = CB then Be = e B, we see that Equation (4.42) 

becomes 

K .  ( x - C )  K , ( y - n )  K ,  ( x - e )  K , ( y - n )  
e  e  v

X y = e  e  ( K 1 K 2  +  K 3 ) v *  < 4 - 4 3 )  

n 
Since e is nonsingular for each m x m matrix B, Equa­

tion (4.4 3) takes the form 

vxy
( x , y )  =  ( K X K 2  +  k 3)V.  ( 4 . 4 4 )  

Using the characteristic data for u(x,y) in problem ( 4 . 4 0 ) ,  

we obtain the following conditions on v(x,y): 

i  

v(x,n) = I, v(£,y) = I. (4.45) 
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Now if v(xfy) satisfies (4.44) and (4.45) and if u(x,y) 

is given by (4.41), then u(x,y) is the solution of Equation 

(4.3 6) with <J> = I, a = £, b=n. The integral equation 

for v(x,y) is 

v(x,y) =I + || (Kj^ + K3)v(r,s)dsdr. 

Thus, by Lemma 4.10, v(x,y) is given by 

V(x,y) = I0(2/(K1K2+K3)(X-£)(y-n)) 

and hence 

K,(x-£) Ky (y-n) 
A(x, y ;£,n) = u (x,y) = e e IQ (2/(K^+K^Xx-C) ( y - n ) )  

K,(x-£) K,(y-n) 
= I0(2/(K1K2+K3)(X-£)(y-n))e x e z 

This completes the proof. 

We will make use of the following hypotheses. 

(H15) Suppose the matrix K^K2 + K3 similar to the 

diagonal matrix A, and the eigenvalues 

are real and nonpositive. Suppose the eigenvalues of 

and Kj have nonpositive real parts and those 

eigenvalues with zero real parts are simple. 
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(H16) Suppose KiK2 + K3 similar to the diagonal matrix 

A, and the eigenvalues of kik2 + K3 are rea^ an<* 

nonpositive. Suppose the eigenvalues of and K2 

have negative real parts. 

We now give a stability theorem for Equation (4.37). 

Theorem 4.5. Suppose K^K2 = K2K1' K1K3 = K3K1' 

and K2K3 = K3K2. 

a) Suppose f(x,y,r,s,z) satisfies (HI)* and (H2)*. 

i) Suppose (H15) holds. Then Equation (4.37) preserves 

stability and uniform stability on any space N; it 

preserves asymptotic stability on any space N such 

that N.j c N. In particular, Equation (4.37) is 

uniformly stable on Nj. 

ii) Suppose (H16) holds. Then Equation (4.37) is uni­

formly stable on and N2; it is asymptotically 

stable on N2« 

b) Suppose f(x,y,r,s,z) satisfies (H3)' and (H16) holds. 

Then Equation (4.3 7) preserves stability, uniform 

stability, and asymptotic stability on any space N. In 

particular, Equation (4.3 7) is uniformly stable on 

and N2; it is asymptotically stable on N2« 
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Proof, a) i) Take any £ a, n b. By Lemma 

4.11 the fundamental solution A(x,y;5,n) for Equation 

(4.36) is given by (4.39). In this proof we will use a 

special matrix norm; if B is an m * m matrix with ele-
m 

ments b.we will use ||B|| = max [ I |b..|]. Since 
13 l<i<m j=l 3 

Kj^ + K3 is similar to A, there exists a nonsingular 

matrix T such that A = T^fK^Kj + K3^T* Then using Lemma 

4.9, we have 

I0(2^(K1K2+K3)(X-C) ( y - n ) )  = TIQ(2/A(X-?)(y-n))T-1. 

Suppose A = diag (X.). By assumption we have A. < 0 for 
1£i£m 

i = 1, 2, ..., m. Using this, Remark 4.2, and Lemma 4.9 

again we see that 

In(2/A(x-5)( y - n )) = diag (In(2/A.(x-£)( y - n ) )  
i^i^m u x 

= diag (Jn(2/|A.|(x-£)(y-n))). 
l<i<m u 1 

Therefore || IQ (2/A (x-S) (y- n ) )  II £ 1 for x >_ 5, y ̂  n .  Since 

all the eigenvalues of and Kj have negative or zero 

real parts and those with a zero real part are simple, there 

are constants and M2 independent of £, n so that 
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K , ( x - S )  K - ( y - n )  
lie || <_ M1 and ||e || <_ M2 for x  > _  Z ,  y >_ n 

(see [9], p. 81). Therefore 

l|A(x,y;£,n) || 

<  l | T | | | | l 0 ( 2/A( x - { W y - n ) ) l l l | T - 1 l|EK l ( X " 5 ) | | | | e K 2 < y " ' , > | |  

< ||T|| ||T~1||M1M2. 

Thus it follows from Theorem 3.2 that Equation (4.36) is uni­

formly stable on N2. Theorem 3.5 then implies the preser­

vation results. 

ii) Since (H16) implies (H15), it follows by part i) 

of this theorem that Equation (4.37) is uniformly stable on 

Nj. Also, as in the proof of part i), we have 

. K.(x-£) K0(y-n) 
l|A(x,y;£,Ti)l| < I|T||||T ||||e ||||e 2 ||. 

However, the additional assumptions now insure existence of 

positive constants M^, M2, p^, p2 such that 

Kl(x-C) -Pitx-n) K2(y_n),. -P2(yn) 
||e || < M^e x and ||e || < M2e z 

Therefore, we have 



158 

||A(x,y;£,n)I |  < ||T||i|T~1fiM1M2e 
-P1(x-?) -p2(y-n) 

From this it follows that lim l|A(x,y;£,r)) || = 0 for 
| (x,y) |-+°° 

each 5 a, n ^ b. Thus Equation (4.36) is asymptotically 

stable on N2; hence, by part i) , Equation (4.37) is also 

asymptotically stable on N2« Using the inequality above and 

proceeding as in Theorem 4.2, part iii), we see that Equa­

tion (4.37) is uniformly stable on N^. 

this result by the same argument that was employed in the 

proof of Theorem 4.3. 

4.4 Results for Equations With a 
Pincherle-Goursat Kernel 

In this section we will return to the notation used 

in the earlier chapters. We shall consider the equations 

b) Using the estimate in part ii) above, we obtain 

a i=l 
(4.46) 

and 

a i=l 

a 
(4.47) 
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K 

where a, r, x € Rn, u, <J> map x j> a to Rm, B^(x), 

C^(r) are continuous m x m matrices, and f maps a £ r 

£ x, z c Rm to Rm. Kernels of this type, namely 

= \ B. (x)C.-(r), are known as Pincherle-Goursat kernels, 
n i=l 1 x 

or PG-kernels [38]. Equations with kernels of this form ap­

pear in the literature for a variety of reasons. We will 

obtain stability results for Equations (4.46) and (4.47). 

The fundamental solution A(x;£) for Equation (4.46) 

satisfies 

A(x;£) = I + [ [ f B. (x)C. (r) ]A(r; £)dr 
i c  i=l 1 1 

x > 5 > a. (4.48) 

We may obtain A(x;£) in this case in terms of the solution 

of a related problem. Consider the pm * pm matrix M(x) 

given by 

M (x) = 

C1(x)B1(x) C1(x)B2(x) ... Cj^txjBptx) 

(^(XJBj^X) C2(X)B2(X) .,. C2(x)Bp(x) 

C (x)B, (x) C (x)B~(x) ... C (x)B (x) 
p i  p  i  P P .  

(4.49) 

We now suppose that A*(x;£) is the solution of the integral 

equation 
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A* (x;5) = I + JXM(r)A*(r?£)dr. (4.50) 

Suppose A*(x;£) is blocked off into m x m submatrices. 

Let A*.(x;£) be the m x m submatrix in the i*"*1 row and 

th j column of the resulting p x p matrix of submatrices. 

The following lemma gives A(x;£) in terms of 

A*(x;£)» Results related to this lemma have been discussed 

in [6], [13], [20]. The author has obtained a similar re­

sult for a special case of the more general Equation (1.7) 

with PG-kernels and hopes to obtain further results along 

these lines. 

Lemma 4.12. Let A*(x;£) be the solution of Equation 

(4.50) for x ̂  ^ a. Then the fundamental solution for 

Equation (4.46) is given by 

P 

• 1 ,J,Bi 
A(x;£) = I + [ | Bt(x)Atj(x;r)Cj (r)dr (4.51) 

for a 5 <_ x < «. 

Proof. Putting Equation (4.51) into Equation (4.48) 

we obtain 

I + f [ f B. (x)Ci (r) ] [I + f [ B»(r)A* (r;s)C (s)ds]dr 
'5 i-1 ^/q=lJC q q 
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I + fX[ f IMxJC.Orndr 

+ ? f [ B. (x)Ci (r)B. (r)A* (r;s)C (s)dsdr. 
i,^,q=lJcJC q q 

From Fubini's theorem, (see Appendix A), it follows that the 

above becomes 

I + f*[ ? B• (x)C. (r) ]dr 
i=l 1 

+ f f f B. (x)C. (r)B„ (r)Aj (r;s)C_(s)drds 
itl,q=VZ>s 1 1 41 q 

= I + fX[ \ B. (x)C. (r)]dr 
i=l 

+ f f B± (x) [ f f C.(r)B„(r)A* (r;s)dr]C (s)ds. (4.52) 
i,q=lJ? 's 1=1 1 * q 

Since A*(x;£) is the solution of Equation (4.50) it fol­

lows that 

A? • (x;0 = 6. .1 + Dj^Vr.^Ol-r. 
1 5  '5 

Now using this in Equation (4.52) we see that the right hand 

fo that equation becomes 
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I + [ [ f B,(x)C. (r) ]dr 
J5 i=l 

f [? B.(x)C.(r)]dr + ? f B. (x)At (x;s)C (s)ds 
U i=l i,q=lJ5 1 lq q 

B^xjC^slds = I + B. (x)Aj (x;s)C (s)ds 

This completes the proof. 

We point out that Equation (4.50) is equivalent to a 

characteristic value problem for a system of hyperbolic 

partial differential equations. Thus Lemma 4.12 gives the 

fundamental solution for Equation (4.46) in terms of an as­

sociated characteristic value problem. This generalizes a 

result obtained in [6]. 

which also generalizes a result given in [6]. The space Ng, 

introduced in Theorem 3.4 and used in the next theorem is 

given by Nq = Nq H {(J> | <J> :Rn Rm,<{>(x) is continuous for 

x >_ a and for each a^, <>x (x) is continuous on x ̂  a} . 
ak 

Theorem 4.6. Suppose A(x;£) has continuous pure 

mixed partials of all orders less than or equal to n in 

We may now establish the following stability theorem 
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£ for a £ 5 < x < 00. Suppose the equation 

u(x) = (j) (x) + M(r)u(r)dr (4.53) 
a 

is uniformly stable on Nj and there exists a constant L(a) 

a) Then Equation (4.46) is stable on N^; if L is inde­

pendent of a, Equation (4.46) is uniformly stable on 

Nq. If for each a a 

then Equation (4.46) is asymptotically stable on 

Nq A (4) (x) | <|>:Rn -»• Rm, |<J> (x) | -+• 0 as |x| °°). 

b) If f satisfies (HI) and (H2) of Chapter 3 and L in 

the hypotheses above is independent of a, then Equa­

tion (4.47) preserves stability and uniform stability on 

any space N; it preserves asymptotic stability on any 

space N such that N 3 In particular, Equation 

(4.47) is uniformly stable on Nq. 

Proof, a) From Lemma 4.12, the fundamental solu­

tion A(x;£) for Equation (4.46) is given by Equation (4.51) 

where A*(x;£) is the solution of Equation (4.50). Since 

such that for x > a > a 

as |x| <» 
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Equation (4.53) is uniformly stable on N^, there is a posi­

tive constant M such that ||A*(X;£)|| <_ M for x K a. 

For k < n, we have 

A- (x;?) 

S 

» X«'v 
v P f k 

= (-D I B.(x)A* . (x;w(r,5;ak) )C-(w(r,C;a. ) )dr , , 
i/D=l 3 * 3 k a k 

a k 

and for k = n 

n p 

A (x;U » (-l)n 7 B.(x)A* (x;UC.(5). 
* i,5=l i 13 3 

Therefore, for k < n we obtain A (x;w(x,r;a. )) = 0. Thus 

* 
x 
ak 

]>[ ||A (x;w(x,r;ak)) ||dr = f ||A (x;r)||di 
Ja_ a,. K ak U r 

k k 

= f ||(-l)n ? B. (x)A* . (x;r)Cj (r) ||di 
U i,5=l 1 13 

< \ f IIBj (x) ||||At. (x;r) ||||c . (r) ||dr 
i,3=l'a 1 13 3 

<M f ||B. (x) || flic. (r)||dr < ML(a). 
i,5=l 1  J a  J  
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Therefore, by Theorem 3.4, Equation (4.46) is stable on Ng, 

and uniformly stable on Nq when L is independent of a. 

If f ||B. (x)||[ ||Cj (r) |Jdr + 0 as |x| -»•<», it follows 
i,j=l 1 Ja J 

from the estimate above that 

Thus by Theorem 3.4 Equation (4.46) is asymptotically stable 

on Nq n U (x) | <p :Rn •* Rm» | <f> (x) | 0 as | x | •+ °°} . 

b) By part a) above, Equation (4.46) is uniformly 

stable on Nq when L is independent of a. Since c Nq» 

Equation (4.46) is uniformly stable on N^. The result now 

follows directly from Theorem 3.5. This completes the proof. 

4.5 Connection Between the Fundamental 
Solution and the Classical Riemann Function 

In the theory of hyperbolic partial differential equa­

tions, the Riemann function may be used to give integral repre­

sentations for the Cauchy problem and the characteristic value 

problem. In Chapter 2, we introduced the idea of a funda­

mental solution for an integral equation and gave an integral 

representation for the solution of this integral equation. 

Special cases of the integral equation are equivalent to a 

characteristic value problem and thus a natural question 

arises as to the connection between the fundamental solution 
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and the Riemann function. The purpose of this section is to 

give this connection. We begin by briefly describing 

Riemann's method of solution for the characteristic value 

problem for a hyperbolic scalar equation in two independent 

variables. We will follow closely the presentation given by 

Garabedian [19]. 

Consider the characteristic value problem 

Lu = uxy - k2(x,y)ux - k1(x,y)uy - k3(x,y)u = g(x,y) 

(4.54) 

u(x,b) = <|>1 (x) / u (a,y) = <f>2 (y), <fr1 (a) = <f>2 (b) 

where (a,b) is fixed, <J>^(x), are continuously 

differentiate, ^iy' ^2x are cont*nuous' anc* g(x,y) is 

continuous. The adjoint operator M associated with the 

operator L is given by Mv = v ' + (k2v)x + (k^v)y - k^v. 

We have the following identity for any two functions u and 

v: 

vLu - uMv = (-kPuv - vu ) + (-k,uv + vu )y. (4.55) 
• jt X X 

Let (Xq'Yq) be any point such that a £ Xq, b £ yQ and 

let D = {(x,y)|a£x£xQ,b£y£yQ). Using identity 

(4.55), Green's theorem, and integration by parts we have 
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[vLu - uMvJdsdr = (-k-uv - vu )ds - (-k-,uv + vu )dr 
D J 3D ^ s x r 

fX° 
= u(x0,y0)v(xQ/y0) - v(a,b)u(a,b) - I [-k! (r,b)u (r,b) 

cl 

f*0 + ur (r,b) ]v(r,b)dr - J [kx (r,yQ)v(r,yQ) + vr (r,yQ)]u(r,yQ)dr 

ry° 
- j [-k2 (a,s)u(a,s) + ug(a,s)]v(a,s)ds 

f° 
[k2 (xQ,s)v(x0,s) + vs(x0,s)]u(x0/s)ds. 

' a 
(4.56) 

Let R(x,y;x0,yg) be the solution of the following special 

characteristic value problem. 

MR(x,y;x0,y0) = 0 

R(x,y0;x0,y0) =exp[-[ k1(r,y0)dr]/ 
'  v 

ry 
R(x0,y;x0,yQ) = exp[- k2(xQ,s)ds] 

Jy0 

(4.57) 

The function R(x,y;xQ,yg) is known as the Riemann function 

associated with the operator L. We now suppose u is the 

solution of problem (4.54) and take v(r,s) = R(r,s;xQ,yQ). 

Then using the characteristic data and replacing Xq, y^ by 

x, y we see that Equation (4.56) becomes 
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u(x,y) = R(a,b;x,y) (a) 

+ I [-k1 (r,b) (r) + <J>| (r) ]R(r,b;x,y)dr 

fy + [-k2 (a,s) <j>2 (s) + (s) ]R(a,s;x,y)ds 

fx fy + R(r,s;x,y)g(r,s)dsdr. 
' a'b 

(4.58) 

Thus u(x,y) given by Equation (4.58) is the solution of 

problem (4.54). 

Suppose we introduce the Riemann function R(x,y;r,s) 

for the adjoint operator M. It is easy to see that the 

adjoint of M is L and therefore R(x,y;r,s) satisfies 

LR(x,y;r,s) = 0 

If we assume g(x,y) = 0, then R(x,y;r,s) must satisfy 

Equation (4.58) with a = r, b = s. Therefore, since the 

integrals vanish, we obtain 

x 
(4.59) 

s 

R(x,y;r,s) =R(r,s;x,y). (4.60) 
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(4.60) may be used to write the Equation (4.58) in 

the Riemann function R(x,y;r,s). Equation (4.58) 

u(x,y) = R(x,y;afb)4>1(a) 

+ f [~k1 (r,b) <f>. (r) + <J>| (r) ] R(xfy;r,b)dr 
* A 

ry 
+ [-k2 (a, s) <^2 (s) + <j>2(s)]R(x,y;a/s)ds 
' h 

lfD
9(r' s)R(x,y;r,s)dsdr. (4.61) 

When the operator L is self-adjoint, that is 

k^ = = 0, then the operators L and M are identical. 

It then follows from problems (4.57) and (4.59) that 

R(x,y;r,s) = R(x,y;r,s). Thus using Equation (4.60) we have 

R(x,y;r,s) = R(r,s;x,y) = R(x,y;r,s) = R(r,s;x,y). (4.62) 

Remark 4.6. If ^2x^X/^ an<* are con~ 

tinuous it follows easily that u(x,y) is a solution of 

problem (4.54) if and only if u(x,y) satisfies the inte­

gral equation 
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u(x,y) = (x) + <J>2(y) - 4^ (a) - I k1(r,b)<ji1(r)dr 

fy fx fy 
J k2(a,s)<j>2(s)ds + J k1(r,y)u(r,y)dr + JJc2 (x,s)u(x,s)ds 

r x  r y  
+ J j [k3(r,s) - k2r(r,s) - klg(r,s)]u(r,s)dsdr 

fx fy + g(r,s)dsdr (4.63) 
'a^b 

We see by Equations (4.58) and (4.61) that the solu­

tion of problem (4.54) may be expressed in terms of the func­

tion R(x,y;r,s) or the function R(x,y;r,s). By Remark 4.6 

we see that the characteristic value problem (4.54) is 

equivalent to an integral equation of the form considered 

earlier and for which a fundamental solution has been de­

fined. Thus we may also express the solution of problem 

(4.54) in terms of the fundamental solution A(x,y;£,n) 

for Equation (4.63). The following lemma gives the con­

nection between these three functions. This lemma along 

with Equation (4.62) are the results used in our discussion 

of the Gronwall inequality in Section 2.3. 

Lemma 4.13. Suppose the functions k2x(x,y) and 

k^y(x/y) are continuous. Then, 

A(x,y;f;#n) = R(x,y;£,n) = R(£,n;x,y). 
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Proof. We have already seen (Equation (4 .60)  that 

R(x,y;£,n) = R(£,n;x,y). Since R(x,y;£,n) is the solution 

of the characteristic value problem (4.59) we see by Remark 

4.6 that R(x,y;£,n) satisfies the following: 

R(x,y;£ ,n)  = exp[J k^O/riJda] + exptj k2(£,o)da] - 1 

- J k1(rfn)exp[J k^(o,n)do]dr - J k^^sjexplj k1(?/o)do]ds 

+ | k2 (r,y)R(r,y; n)dr + J k^XjSjRfXfS^nJds 

+ J J [k, (r,s) - k^^. (r, s) - kn e (r,s) ]R(r,s; n)dsdr. ^3^/-/ ~2r''' Is 

But 

exp[| kj^ta/nJdcr] = 1 + j ̂  (r, n) exp 1J ^ (a,n)dojdr 

and 

exp [ J k2(5/a)da] = 1 + j k2(£,s)exp[J k2 U,o)da]ds, 

Therefore, R(x,y;£ ,n)  satisfies 
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R(x,y;f;,n) = 1 + J kx(r,y)R(r,y;£,n)dr 

+ | k2 (x, s)R(x,s;£,n)ds + | J [k3(r,s) 

- k2r(r,s) - klg(r,s)]R(r,s;£,n)dsdr. 

But this is the equation satisfied by the fundamental solu­

tion for Equation (4.63). Therefore A(x,y;£,n) = R(x,y;£,n). 

This completes the proof. 

We see that the fundamental solution defined for 

integral equations may be thought of as a generalization of 

the Riemann function for the adjoint operator M. The Reimann 

function and integral representations for the solution of the 

Cauchy problem and the characteristic value problem associ­

ated with a hyperbolic partial differential equation in n 

variables have been studied by Sternberg [35]. He also con­

siders the Riemann function for an adjoint operator and re­

fers to this solution as the principle solution (he in turn 

attributes this terminology to duBois Reymond) for the original, 

operator. The author conjectures that the result given in 

Lemma 4.13 may be generalized for the case of n independent 

variables to a relation between the fundamental solution for 

an equivalent integral equation and the functions considered 

by Sternberg. 
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Remark 4.7. From Lemma 4.13, it is now easy to see 

that the integral representations for the solution of the 

characteristic value problem (4.54) in terms of R(x,y;£,n) 

(or R(x,y;£,n)) is identical with the integral representa­

tion for the solution of the equivalent integral Equation 

(4.63) in terms of the fundamental solution. We note that 

there is a distinction when applying these representations. 

To give the representation in terms of R(x,y;5,n) we need 

only characteristic data while the representation in terms 

of the fundamental solution requires the initial function. 

We see from Equation (4.63) that these are not in general 

the same. 

4.6 Stability for a Characteristic Value Problem 

In this section we will consider stability for the 

following characteristic value problem, 

Lu = f(x,y,u) | 

> (4.64) 

u (x,b) = (^(x), u (a,y) = <t>2(y)/ ^(a) = <J>2 (b) I 

where L is defined in Section 4.5, <J>^(x), <|>2 (y) are 

continuously differentiable, k2x are continuous' an<* 

a, b are fixed. Under these assumptions this problem is 

equivalent to the Volterra integral equation 



u(x,y) = <J>1(x) + <J>2(y) ~ ^(a) - |_k1(r,b)<|)1(r)dr 
174 

x 
J 
a 

fy - rx ry 
- j ̂ 2 <a's)4>2 (s>ds + J_k1(r,y)u(r,y)dr + j_k2 (x,s)u (x, s)ds 

rxry 
+ J_J_[k3(r/s) - k2r(r,s) - klg(r,s)]u(r,s)dsdr 

+ f f  f(r,s,u(r,s))dsdr. (4.65) 
Ja'b 

We define stability for problem (4.64) in terms of the 

characteristic data ij^ (x) and <J>2 (y) and then study spaces 

of characteristic data for which the initial function 

<t> (x,y) = ^(x) + <f>2 (y) - 4^(5) - (r ,b) ̂  (r)dr 

( Y  _ 
- j_k2 (a,s) <p2 (s)ds (4.66) 

for the equivalent integral Equation (4.65) remains in one 

of the spaces considered previously. Thus, the results 

obtained earlier for integral equations will yield stability 

results for the characteristic value problem (4.64). 

Let G = (I i: 1^/°°) •* R} x (4>2 I <t»2: tb,») •* R> 

where G is normed in some appropriate way. We now make a 

stability definition for problem (4.64). 
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Definition 4.2. Suppose ,^2) -€ G an<* u(x,y) 

is a solution of problem (4.64) for x ̂  a, y >_ E with 

the characteristic data <J>^(x) and ^(y)* The solution 

u(x,y) is stable on G if given e > 0 there exists a 

6(e) such that if ((J^,^) c G and ll(<P1t<P2) - < 6 

then any solution u(x,y) of problem (4.64) with data 
A A 

^(x), <()2^^ exists for x ̂  a, y >_ b and satisfies 

stable if it is stable and if there is a 6^ so that when 
A A A 

II (<P 1 *< t> 2 )  ~  < 6i we have lim |u(x,y) - u(x,y) | 

As before, we assume that f(x,y,0) = 0 and say that 

problem (4.64) is stable or asymptotically on G if u = 0 

is a stable or asymptotically stable solution on G. We 

will be interested in the following spaces. 

Ilu - ulL —v < e. We say that u(x,y) is asymptotically 
U  f  { 3 . ,  D )  

o. 

b 

will be normed by 

II (<*>!#<J>2) II - ll*ill0,5 + 1'^2^0/b + J—I (r) ldr + J_l *2 (S) Ids-
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G2 = ^I S R' 
fOO .00 
_Ui<r)ldr < °°f I |<j>j (r) |dr < «} 

Ja 1 a 

#00 *00 

x ^2^2:  t ^ , 0 0 )  R  '  J_l 4*2  l d s  <  0 9 '  J - 1 ^ 2  ' d s  <  ° ° ^ *  

Gj will be normed by 

= "Mo>a + H*2"o,E+ JjVr)'dr 
SL 

0 00 < 00 s 00 

j_| <J>2 (s) |ds + J_| 4>£ (r-) Idr + J_| <(>£ (s) |ds 

.00 

+ 
b 

G^ = {<|>^| <J>^: [a,®) •* R, <J>^, <J>^ are bounded, 

{_U1(r) |dr < oo} x {<|>2|(f)2: [b,~) -»• R , <j>2/ <j>2 are bounded, 

j_l <P2 Ids < »} . 

The norm on G^ will be 

H (* l ' V "  =  "* l"o,a + "^2"o,b + "*i"o,a + "*2"o,& 

<•00 «oo 
+ J_l<l,i(r)ldr + j_| *2 (s) lds-

We observe that G^ 3 G2. 
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We have the following stability theorem for problem 

(4.64) . 

Theorem 4,7. Assume k^X/y) = k^(x) and k2(x,y) 

= k2 (y) • Suppose f(x,y,z) in problem (4.64) satisfies 

(HI)' and (H2)•. 

i) Suppose any one of the hypotheses (H6), (H7) or (H10) 

hold. Then problem (4.64) is stable on G^. 

ii) Suppose any one of the hypotheses (H5.a), (H8.a), 

(H9.a), (Hll.a) or (Hl2.a) hold. Suppose in the 

hypotheses (H5.a)/ (H8.a), and (Hll.a) the functions 

k^(r), ^(s) are bounded. Then problem (4.64) is 

asymptotically stable on G2. 

iii) Suppose any one of the hypotheses (H8.b), (H9.b), 

(Hll.b) or (H12.b) hold. Suppose in (H8.b) and (Hll.b) 

the functions k^(r), k2(s) are bounded. Then 

problem (4.64) is stable on G3» 

Proof, i) By Theorem 4.2 we see that Equation 

(4.65) is uniformly stable on N2. We need only show that 

if (# <i>2) c then the function 

<p(x,y) = <t»1(x) + <j»2 (y) - <(>3^ (a) - J_k1 (r) <1*^ (r)dr 

ry  
j_k2(s)«|)2(s)ds (4.67) 
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is in N2 and that if the norm of is small 

then so is the N2 norm of <|>(x,y). For any « G# 

we have 

<{>x(x,y) = 4>^(x) - k1 (x) <J>1 (x) 

4>y Cx,y) = <(>2 (y) - k2(y)<t>2(y) ) (4.68) 

<|,xy(x'y) E 0 

Take any (<f>^^ ̂ 2) * Gl" Eac^ 0f t'ie hypotheses im-
<00 *00 

plies I |k^(r)|dr< 00 and _|k2(s)|ds < °°. Thus we have 
•"a 'b 

|<!>(x,y)| < ll*1ll0f5+ H<Mo,b + "Mo,! + ll<f,ll'o,al-|kl(r)|dr 
ci 

+ ll<Mo,b|jk2(s)lds 

and <J> is bounded for x ̂  a, y >_ b. Using Equations (4.68) 

we see that 

fOO *00 *00 

sup U (r,y)|dr < |<{>{(r)|dr + l|$,IL —1_|k-, (r) |dr 
Ja b<y<- r ~ Ja 1 1 

°'aJa 

and 

*00 <00 #00 

sup |<(> (x,s)|ds < | <t>L (s) |ds + ||<t>2lln r- _|k, (s) |ds, 
Jb a<x<» s ~ JK 1 * u'DJh z 

Thus 4»(x,y) given by Equation (4.67) is in Nj. 
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Let M = max {1, j_ 1  ̂(r)| dr,J_|k2(s) |ds}. Take any 

* 

6 and any (^z^) c Gl so that H " < 9M* Then 

from the estimates above we have 

f 
l l<P(x,y) H  < sup |4 (r,y)|dr < ^ and 

a b<y<°° y 

f°° 26 
sup |<J> (x,s) |ds <_ -Q-. 

* K n < v <oo b a<x«» 

These calculations show that ||<j>|| £ 6 and stability on 

follows. 

ii) Theorem 4.2 shows that Equation (4.65) is 

asymptotically stable on N2. Take (<J>^*<l>2) G2* In eac^ 

case there are positive constants , M2 such that 

| (r) | <_ and |k2(s)| < M2« Thus 

I <f> (x,y) | < + ll^2"o/b + "*l"o,a 

• 00 *00 

+ Mx|-.l*l^rJ ldr + M2J — I ^2 (s^ lds* 

Also 

a b<y 

and 

• 00 f 00 >00 
sup |<J> (x,y) |dx < lUi (r) |dr + M. I (r) |dr, 

Ja b<v<« Ja ' a  
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0 00 s 00 «00 

sup |<J> (x,y) |dy £ |<J>® (s) |ds + M,[ |<|>9(s)|ds. 
Jb a<x<» y Jb * z'b 

Therefore <j> given by Equation (4.67) is in For any 

(^2.'^2^ € G2 so that II ^ - 9M with M = maxdjM^Mj} 

an argument similar to that used in part i) shows that 

||<|>|| <_ 6 and the result follows. 

iii) By Theorem 4.2 Equation (4.65) is stable on 

N^. The result then follows from an argument similar to 

that used in parts i) and ii). This completes the proof. 

With regards to part ii) of the previous theorem we 

point out that asymptotic stability of problem (4.64) im­

plies that <J>^(x), <f>2^ must go to zero as x -»• «>, 

y «>. Although this is not explicit in the assumption that 

(^1, <#>2^ € G2 ^ may ke shown that this assumption is suf­

ficient for lim <fr^(x) = o and lim <f>2 (y) = 0. 
X"*"00 y-»-oo 

We now give a theorem for problem (4.64) where the 

function f(x,y,z) satisfies (H3)'. The proof follows 

from Theorem 4.3 and arguments similar to those given in 

Theorem 4.7. 

Theorem 4.8. Suppose k^(x,y) = k^(x) and k2(x,y) 

= k2(y). Suppose f(x,y,z) in problem (4.64) satisfies 

(H3)1. Let any one of the hypotheses (H8.b), (H9.b), 

(Hll.b), or (H12.b) hold. 
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i) Suppose the functions k^(r), ^(s) *n (H8.b)  and 

H(ll.b) are also bounded. Then problem (4.64) is 

stable on G2 and G^. 

ii) Suppose the functions (r), k2(s) in (H8.b) and 

(Hll.b) are negative constants. Then problem (4.64) 

is asymptotically stable on G2. 

We now give a theorem for problem (4.64) under the 

assumptions k2x - k^k2 - k^ = 0 (or k^y - k^k2 - k3 = 0). 

Under these assumptions the problem (4.64) is equivalent to 

the Volterra equation 

f x  f y  
u(x,y) = <f> (x,y) + j_k^ (r,y)u(r,y)dr + j_k2(x,s)u(x,s)ds 

- [_fk.(r,s)u(r,s)dsdr + f [ f (r,s,u(r,s))dsdr (4.69) 
J a

Jb *  Ja Jb 

where <j>(x,y) is given by (4.66) and k3(r,s) = k^ (r,s)k2(r,s) 

+ klg(r,s) (or k"3(r,s) = ̂  (r, s) k2 (r, s) + k2r(r,s)). Then 

using Theorem 4.4 and arguments similar those used in Theorem 

4.7 we have the following. 

Theorem 4.9. Suppose k2x - k^k2 ~ ^3 = 0 (or 

kly ~ k lk2 ~ k3 =  °) •  

a) Let f(x,y,z) satisfy (Hi)' and (H2)•. 

i) Suppose (H13) holds. If k^, k2 are also bounded 

then problem (4.64) is stable on G2> 
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ii) Suppose (Hl3.a) holds and k^, k2 are bounded. 

Then problem (4.64) is asymptotically stable on 

G2 * 

iii) Suppose (H14) holds and k^, k2 are bounded. 

Then problem (4.64) is stable on G^. 

b) Let f(x,y,z) satisfy (H3)1. Suppose (H14) holds and 

kl' k2 are bounded* Then problem (4.64) is stable on 

and asymptotically stable on G2 

As an example we will now discuss briefly a physical 

problem whose mathematical formulation can be put in the form 

of a characteristic value problem. We will apply the results 

of this section and then give physical interpretations for 

our stability conclusions. We will give the equations de­

scribing the process and indicate how we obtain a character­

istic value problem. For a more complete discussion the 

reader is referred to [37, pp. 176-179]. 

We consider a semi-infinite tube filled with an ab-

sorbant. Let the axis of the tube be the x-axis. Suppose 

a gas and air mixture is passed through the tube with a con­

stant velocity v. We assume that the amount of gas u(t) 

in the gas-air mixture at the open end of the tube (x = 0) 

is given. Let a(x,t) be the amount of gas absorbed per 

unit volume of absorbant and let u(x,t) be the concentra­

tion of gas in the pores of the absorbent in the layer x. 
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The conservation of mass law yields the equation 

3u _ 3a . 3u 
3x 3t 3t* 

We must also satisfy the equation of kinetics of absorption 

f £ -  6(u  -  y) 

where & is the kinetic coefficient (3 is a positive con­

stant) and y is the concentration of the gas in equilibrium 

with the quantity a of gas absorbed. The quantities a 

and y are related by the equation 

a = f (y) 

which is determined by the absorbent under consideration. We 

will assume that a = y y (y is a positive constant) which 

is valid for small concentrations. We will also assume that 

a(x,0) = 0. The problem now is to find a an u satisfying 

9u _ jJa , 3u 
v 3x 3t 3t 

| f  -  6(u -  ya) 

u(0,t) = u(t) a(x,0) 2 0 

(4.70) 
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The function a(x,t) may be eliminated from this 

system and the new condition for u(x,t) is a hyperbolic 

equation whose characteristics are x = c^f t ~ v = c2* 

(It is also possible to eliminate u(x,t) to get a hyper­

bolic equation.) It may then be shown that the solution for 

x >_ 0, t - ̂  < 0 is u = 0 and that along the character­

istic t = 2S, u is discontinuous. Writing the hyperbolic 

equation for u in terms of the characteristic variables 

(S/T)# W; 

equation: 

(£/X)# with £ = x, T = t - we obtain the following 

u?T =  -  |uT -$yu? Z  >  0 ,  T > 0. (4.71) 

It may also be shown that u along the characteristic £ = 0, 

T = 0 must be given by: 

u(5,0) = u(0)exp(-

(4.72) 

U(0,T) = U(T) 

From Theorem 4.7, part ii) it follows that the 

characteristic value problem given by (4.71) and (4.72) is 

g 
asymptotically stable on Gj. We see that (u(O)exp(- ̂ £), 

U(T)) will be in G2 if U(T) is continuous* 
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00 

|U(T) |dx < 00, and if u' (X) is continuous with 
0 

|u' (T) |dx < We also note that the norm of 
J0 

R — 
(u(O)exp(- ̂ S)fU(x)) will be small if the quantities 

f00 -00 

|u(0)|, |u(x)|dx, |u1 (r) |dx (4.73) 
J 0  J0 

are small. 

Stability of the characteristic value problem means 

that if the gas supplied at x = 0, that is u(x), is small 

in the sense that the quantities in (4.73) are sufficiently 

s m a l l  t h e n  u ( £ , x )  w i l l  b e  s m a l l  f o r  ^  =  x .  > _  0 ,  0 £ t  

- = x. Asymptotic stability implies, in addition, that for 

each e > 0 there is a T so that if | (£,x) \m >_ T then 

|u(£,x) | < e. To give further physical interpretation to 

asymptotic stability we note that each characteristic line 

x = t - — = c may be though of as the wave front of the gas-

air mixture entering the tube at time t = c. Our solution 

u(£»x) will be less than e independent of the manner in 

which (£,T) becomes large. We may fix a position XQ = CQ 

in the tube and allow the number of wave fronts passing this 

position to become large. This means |(Sq/T)1^ will be 

large by moving along the curve shown in Figure 1A. 

Once the number of wave fronts is large enough so | (SQ ^*) 

_> T (C^ crosses the parallelogram I (£#T) 1^ = T), 
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(1A) 

(1C) 

Figure 1. Illustrations Associated With Asymptotic Stability 
of Problem (4.71), (4.72). (The parallelogram 
in each figure is the set of (€,T) such that 
K^t)^ < T.) 
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then |U(£Q*T)| < e for all future waves passing We 

may fix a wave T q and follow it until £ is large enough 

so that | (5fT.)| ^ T. We are then passing out of the 0 oo 

parallelogram |(£,T)1^ < T along the curve C2 as shown 

in Figure IB. Once £ is sufficiently large the concentra­

tion on the wave Tq will be less than e. We may also 

move through the tube at a variable velocity less than v. 

We are then at a different position and on a different wave 

front at each time and following a typical path as shown 

in Figure 1C. Again once the (S ,T) associated with our 

movement is such that |(£,T)1^ ̂  T, then any reading of 

the concentration as we move will be less than e. 



APPENDIX A 

VERIFICATION OF INTERCHANGING THE ORDER OF INTEGRATION 

In the body of the dissertation we have used (without 

verification) the fact that the order of integration in a 

multiple integral may be interchanged. The proposition given 

below is sufficiently general to verify all cases of inter­

changing the order of integration occurring in the disserta­

tion. We will make use of Fubini's Theorem in the following 

two forms [32]. 

1) Suppose a, b € Rn, c, d c Rm and f:[a,b] x [c,d] 

R such that f is integrable in the Lebesque sense. 

,b,d fd rb 
Then f(r,s)dsdr = f(r,s)dsdr. 

Ja-'c 'c'a 

2) Suppose a, b € R and g(x,y) is real valued and in­

tegrable on a £ x £ y £ b. Then 

We return to the notation introduced in Chapter 1 and have 

the following. 

Proposition. Let a , y  be any two combination 
P 3 

of the integers {1,2,. ..,n}. Suppose for each x a the 

g(x,y)dydx g(x,y)dxdy. 

188 
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function h(x,r ,s ), having values in Rm, satisfies 
P q 

the following: 

i) for each fixed r with a < r < x , h(x,r , s ) a  a  —  a  —  a  ' a ' y  p p p  p  p  'q  
is continuous in s., for a,, < s„ < w^ (x,r;a ). 

Y y — Y — Y P q q q  q  y  

ii) For each fixed s with a <_ s £ x , 
q Y q Y q Y q 

h(x,r , s ) is continuous in r for 
P q  P 

w (a,s;y ) < r < x . 
P 4  P P 

iii) Suppose there exists a constant M(x) such that 

|h(x,r ,s )| < M(x) for a < r < x , 
P q P P P 

a < s < w (x,r;a ) < x 
Y q "  Y q "  Y q  P  "  Y q  

Then for each x we have 

X0 W (x,r;a> 
Pf q p  

h(x'ra 'Sv )dSY dra 
a 'a p Tq Tq p 

p rq 

a 

I Pf ' a * z 

xy xa 
QR P 

/ s )dr ds . 

v a 
p q p q 

q p 

f qf p 
•* J , ,h<x'rc. Ja^ w (a,s;y ) I 

Proof. Let h(x,r ,s ) = (h, (x,r ,s ), 
p T q p T q 

**•' ^m^x,r #SY TA'CE ANY i such that 1 < i < m and 
a p q 

consider the function h^(x,r ,s ). Let 
P Y q 
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= ap 0 Yg = {k1#k2,...fkt> (we assume &t is ordered) 

and let a* = ap - Bt* = " ̂t* T^en ky repeated ap­

plication of 1) above and Lemma 2.2 we have 

x w (x,r;a ) 

Pr Tq P 

I 1 'a 
h. (x,r , s )ds dr 
i a ' Y Y a a ' a ap q Tq up 

P Y q 

x * x~ x * r„ 
a Pr Y*q Bt 

f f f i 'a ' y B y* 6 a* 
a* aR aY* afi P q q t a p 
a p Bt Y q Bt 

X * X * Xo ro 
y  q  a  p  3 t  B t  

= [ f f f hi(x'ra 'SY )dse drft dra* dSY* 
JV v J V * B, p yq Bt et ap ^ q  
' q p Mt Mt 

x 4 x . x, r, x, r. 
Y „ a* k, k, k0 k, 

qj* Pr ir if 2r 2 

V a<** ak ak ak ak 7 q p K1 K1 K2 2 

x, r, 
t kt 

h.(x,r ,s )ds, dr. 
Jak Ja 1 V Yq kt kt 

t Kt 

ds, dr, ds, dr, dr * ds * . 
2 2 kl kl °*p Tq 
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Using the fact (see [10], p. 644) that if a function 

f(x^,x2/ ...» xn) is continuous in each variable holding 

the others fixed then f is measurable and 2) we obtain 

x w (x,r;a > 
[ P|'9 p 

h.(x,r ,s )ds dr 
J a J a 1 Y„ or J  a  ' a  P 'q  'q  P 

P T q 

X * X * X, X, X, X, 
Y* a* k, kn k, k0  

• la L L is L I. 
V* ft* k k k k Y q p i i 2 2 

xi X, 
kt kt 

... h.(x,r ,s )dr, ds. L Jsk 1 aP ^q kt kt 
t t 

... dr, ds, dr, ds, dr * ds * . 2 2 ki ki a"P r*g 
Again through repeated use of 1) and Lemma 2.2 we see that 

X w <x,r!0 > 

f  Pf q  

h.(x,r ,s )ds dr 
Ja Ja 1 ap Vq Yq « 
«p Yq 

X * X * Xo Xo 
Y qr Pf etf et 

* q a p 6t 6t 
• f J J I V' if* Ja . Ja J s . 

r , s )drfl dsQ dr * ds 
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V X xa* XB 
q r  t r  p r  t  

•  I  I I I  h i (X'RA ,SY 
)dre„ARA« 

ds6(.dV JaY. g 'aa. g P <J t p t q 
1 q pt p pt 

x x 
Y a Tqr p 

= f f I(X'RA 'SY )DRA Y • 
AV A (a,s;Y ) P q P q 

q p 4  

Hence it follows that 

xa WY 
(x'r;V 

f  P f  q  *  
h(x'ra 'SY )dSY dr« a

a  
a

Y  p q q P 
p q 

XY x« f qf p -J , h(x,ra , B )dra ds 
AV A (A'S;^A) P q P q 

q p 4  

and the proof is complete. 
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