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ABSTRACT 

A first-order nonlinear differential equation whose 

variables are stress, strain, and the first derivatives of 

these quantities, was fitted to steady-state stress-strain 

hysteresis loops of a spheroidized 1078 carbon steel for 

four amplitudes of strain. It was shown that the differen­

tial equation, or model, using terms obtained from the 

fitting of the model to a given hysteresis loop, could 

predict any other hysteresis loop obtained for this material. 

It is proposed that this model be used to predict the 

mechanical response of a metal to an arbitrary non-static 

mechanical cyclic input, or loading. 

The motivation of studying the mechanical energy 

dissipation, or damping, properties of materials at strain 

amplitudes of engineering interest is discussed. Both 

historical and recent literature are surveyed. 

The analysis of stress-strain hysteresis in metals 

by means of rheological models is discussed. Prior work 

hypothesizing a generalized hysteresis loop using a Laurent 

series is analyzed. This work is applied to certain linear 

rheological models that include the Maxwell unit, the Kelvin 

unit, and the standard linear solid. Difficulties in the 

use of a Coulomb, or slip, element are noted, and an 

instance of inapplicability of linear superposition to this 

xv 
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element is cited. Rheological models having parabolic 

stress-strain laws are explained, and difficulties in their 

treatment are noted. Models having hyperbolic stress-strain 

laws are discussed, and reasons for success of these models 

over parabolic-law ones are cited. Some specific closed-

form solutions and a general open-form solution of the 

differential equations for the hyperbolic models are 

presented. 

Parabolic-law rheological models were numerically 

integrated for a sinusoidal force input. The displacement 

was thus determined, using small whole numbers for the 

parameters. Changes in the shapes of the force-displacement 

hysteresis loop and of the displacement rate vs. displace­

ment phase plane loop of each model were noted with changes 

in exponents in the model. Of the models studied, a 

Kelvin-unit form of three-body model was found to have the 

hysteresis loop shape most appropriate to metals. 

Specimens of spheroidized 1078 steel were fatigue 

tested in servo-controlled sinusoidal radial strain at 

amplitudes from h% to 2%. Stress and strain vs. time were 

measured in steady cycling. Strain rate data were obtained 

from a cubic spline fitted to the strain data. 

Nonlinear optimization techniques to accomplish the 

model fitting are discussed and were applied to the data. 

Conjugate direction techniques were found to be superior to 

direct search techniques for the objective function used. 



xvii 

Computed (model) stresses for one steady-state 

cycle at each strain amplitude were determined by inte­

grating the differential equation of a hyperbolic-law 

three-body model, using the experimental strain as a 

function of time. These stresses were compared to 

experimental stresses at corresponding points in time to 

form a least-squares objective function for fitting the 

model to the data. The best-fitting model at all strain 

amplitudes consisted of a slightly soft elastic element 

in series with a parallel combination of a hard elastic 

element and a soft viscous element. Stress rate vs. 

stress curves in the phase plane for the experimental data 

are compared to those for the model data. The dissipation 

rate of mechanical energy as a function of time was 

estimated from the model for each strain amplitude. It 

was concluded that the model could predict the cyclic 

response of the specimen metal once the parameter values in 

the model had been determined. 



CHAPTER 1 

BASIS OF THE INVESTIGATION 

When a solid is subjected to cyclic deformation, 

energy is dissipated in the solid. With regard to the 

extension produced parallel to the force in the deformation, 

this dissipation prevents the extremes of force and 

extension from occurring simultaneously. The time-

separation, or lag, of these extremes is termed hysteresis. 

Stress and strain may be considered instead of force and 

extension, respectively. If the stress and strain ampli­

tudes are independent of time, a plot of stress versus 

strain over a cycle produces a closed curve. Since the 

area enclosed by the curve is proportional to the dissipated 

energy per unit volume, the curve is called a hysteresis 

loop. The energy dissipated is the damping energy (Lazan 

1968, p. 18). If the rate of change of stress amplitude 

with strain amplitude is not constant, then the two ampli­

tudes are not linearly proportional. This type of 

hysteretic behavior is thus called nonlinear hysteresis. 

1 
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1.1 Special Terms 

1.1.1 Analog 

In this investigation, a mathematical equation 

(algebraic or differential) is made an analog of a given 

physical phenomenon when the variables in the equation are 

correctly associated in a specific way with the experimental 

observables, or variables, of the phenomenon. Concisely, 

an analog is associated with a phenomenon. The analog may 

be generalized somewhat by using, in lieu of the observables, 

certain mathematical abstractions associated with the 

observables. For example, a specific component of the 

stress tensor may be used instead of force. This concept 

of an analog is applied in this investigation by associating 

terms in various equations with stress, strain, and time. 

1.1.2 Mathematical Model 

An analog is made a mathematical model of a given 

observation of a phenomenon when the constants in the 

analog are correctly associated with material properties of 

the system observed. In cases where such direct associa­

tions cannot be made, a model is made when the constants are 

assigned values such that the resulting behavior of the 

analog agrees explicitly with the observation of the 

phenomenon. Concisely, a model is associated with one or 

more observations. For example, one constant may be 

associated with the modulus of elasticity, while another 
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may have no correlation with any presently known material 

property. This concept of a mathematical model is applied 

in this work by determining those values of constants that 

cause the behaviors (or solutions) of analogs to agree best 

with experimental data relating stress and strain in the 

hysteretic behavior of metals. 

1.2 Objective 

The objective of this investigation was to determine 

an acceptable time-dependent description of the stress-

strain hysteretic behavior in metals at large strain 

amplitudes. The description was to be in the form of an 

analog (as defined in Section 1.1.1), and to be accepted if 

the analog could be particularized to a model (as defined 

in Section 1.1.2) of a fixed set of observations (stress-

strain hysteretic data). Thus, a secondary objective was 

the procurement of the observations to be modeled. 

1.3 Motivation 

This investigation was motivated by a desire to 

understand better the energy dissipation, or damping, 

behavior of metals when placed in engineering service. 

Damping is of importance as an engineering property in the 

optimal analysis and design of machines and structures. 

Experience has shown that failure to account thoroughly for 

the energy dissipation characteristics of a material in 

dynamic engineering service usually will not produce the 



optimum lifetime and utility of the material. Industrial 

problems in which a knowledge of damping is important are 

mechanical resonance and near-resonant fatigue, acoustical 

response and fatigue, rolling and sliding friction, shaft 

whirl, instrument hysteresis, and heating under cyclic 

stress (Lazan 1968, p. ix). 

A method of describing hysteresis loops was proposed 

by Wirt (1966). Although the method is successful for 

experimentally known loops, it is time-independent and thus 

has limited predictive character (Section 2.5). A method 

that would predict damping behavior that is experimentally 

unknown on the basis of known behavior would certainly be 

an improvement. Thus, a more specific motivation for this 

investigation was a desire to find a method of describing 

hysteresis loops that is as accurate as Wirt's method and 

is predictive as well. 

1.4 Means of Investigation 

The analogs devised are conceived as mechanical 

ones, both in agreement with the practice in rheology 

(Sections 2.1-2.3) and in recognition of the mechanical 

nature of deformation. The equations for the analogs are 

nonlinear differential equations. Parameters in the 

analogs were varied to fit models to experimentally known 

hysteresis loops. A digital computer was used to integrate 

the equations numerically and to adjust the parameters so 



that a best model was determined. Ifysteresis loops were 

produced by subjecting a series of steel specimens to 

sinusoidal strain waveforms, using a closed-loop tensile-

testing machine. 



CHAPTER 2 

HISTORICAL ACCOUNT AND REVIEW OF RECENT LITERATURE 

It would be a Herculean task to review compre­

hensively the literature concerning the mathematical models 

of the mechanical behaviors exhibited by materials. The 

metallurgist finds that the subject embraces not only his 

own field but the fields of mechanical, civil, and chemical 

engineering as well. The literature references lead to 

journals of applied mechanics, continuum mechanics, rheology, 

polymer physics, and applied physics. 

Rather than undertake such a task, this investigator 

has selected recent papers from the above disciplines on the 

subject of mathematical models of the mechanical properties 

of materials. These works are notable enough that they 

exemplify areas and approaches of research on this topic. 

Before discussing recent literature, the development of use 

of analogs to describe mechanical behavior of materials is 

traced. 

2.1 Historical Account 

The history of mechanical models of material 

mechanical behavior may be viewed with respect to motiva­

tion and development. Since knowledge of motivation gives 

6 
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a sense of reason to order of development, the motivation of 

modeling is discussed first. 

2.1.1 Motivation 

In noting the history of mechanical models, one may 

wonder why and for what the models are used. The history 

of philosophy shows that man has reasoned by analogy for 

ages. Unfortunately, by choosing inappropriate analogies he 

has often reached erroneous conclusions. Still, the desire 

to explain a complex event in terms of a simpler analog is 

deeply rooted in the intellect of man. 

In seeking analogs of mechanical behavior, what 

could be more natural than the selection of mechanical 

models? Other models, such as electrical ones, could be 

used since they do have differential equations equivalent 

to- those of mechanical models; this is the basis of the 

field of analog computation. Nonetheless, for metallurgists 

and mechanical engineers, electrical analogs often lack the 

intuitive appropriateness of mechanical analogs to mechanical 

behavior. 

Freudenthal (1950) stated that the principal value 

of mechanical models is to show how different types of 

simple behavior may be superposed. Furthermore, it may be 

possible to identify each element of the model with a given 

atomic or molecular process. Although Freudenthal asserted 

that mechanical models can be correlated with mechanical 

t / J ty 
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behavior of materials only under simple testing conditions, 

such as pure shear or volume-constant homogeneous stress or 

strain, he offered no proof of this limitation. 

Lazan (1962) stated that the differential equations 

of rheology can often be understood more clearly when viewed 

in terms of equivalent mechanical models. The number of 

terms in the differential equation is related to the number 

of model elements. Moreover, use of models can provide 

insights on time scale effects in rheological observations. 

The internal time scale relates to the atomic or molecular 

processes. The experimental time scale relates to the 

loading history applied to the specimen. Models assist in 

expressing the interaction of these two quantities. Lazan 

illustrated how the ratio of the experiment time scale to 

the microstructure (or internal) time scale could influence 

the form of the model determined by experimental data. He 

considered models helpful in exemplifying metallurgical 

behavior but not quantitatively useful. 

It appears that, while mechanical models may be 

arranged to imitate the mechanical properties of a material, 

they may be thermodynamically inappropriate. Rubin (1968) 

showed that an assembly of elastic-perfectly plastic bodies 

could be brought from an initial state, equivalent to an 

annealed state in metals, through an arbitrary loading path 

and back to the initial state. However, it is not possible 

to return a worked metal to its annealed state except by 
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thermal treatment. Rubin concluded that the models were 

thermodynamically too well defined to be appropriate 

thermodynamical-mechanical models of metallic behavior. 

These conclusions were amplified by Drucker (1968). 

Often, the value of these models seems to lie in the 

mechanical concepts that the models convey, since each 

model is qualitatively correct for the mechanical behavior 

associated with it. However, the models are limited in that 

they are seldom quantitatively correct for the associated 

behavior. The usual approach to quantitative accuracy is to 

add elements to the model; the result, self-defeating, is 

often a model too cumbersome to retain the convenience of 

its qualitatively correct form. 

2.1.2 Development 

Modern solid mechanics appears to have its founda­

tion in Hooke's (1678) law, the law of linear elasticity. 

In a hypothesis of his Principia. Newton (1687) proposed a 

relation that has evolved into the law of linear viscosity. 

It appears, however, that neither man formulated the state­

ment of his law mathematically. 

Hooke's law appears to have been expressed in a 

mathematical form first by James Bernoulli (1744) in an 

investigation of the elastica. Yet, the general equations 

of elastic equilibrium were not investigated until 1827 by 

Navier. He expressed Newton's law of viscosity in a 
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mathematical form also for the first time in 1822. Almost 

150 years were required to translate two verbal, somewhat 

imprecise ideas into symbols with precise meanings! 

The concepts of elasticity and viscosity remained 

separate until 1867, when Maxwell incorporated them into a 

single differential equation. While Maxwell had conceived, 

of elastic and viscous elements having a common stress, 

Voigt (1892) conceived of them as having a common strain 

and expressed the relation mathematically to describe creep. 

Kelvin (Thomson 1890) published the same notion but failed to 

write a mathematical statement of the idea. Wiechert (1893) 

extended Maxwell's work by suggesting that an assembly of 

bodies, each obeying Maxwell's equation and having the same 

strain as the others, could describe stress relaxation. 

It is presently common to find elastic and viscous 

elements schematically portrayed by helical springs (Fig. 

la) and dashpots (or dampers) (Fig. lb), respectively. 

Combinations of springs and dashpots are used schematically 

to represent more complex rheological models. Both Zener 

(1948, p. 42) and Eirich (1956, p. 50) assert that Poynting 

and Thomson (1902) were the first to publish the use of 

schematic mechanical models in this way, and this investi­

gator has found no evidence to the contrary. Poynting and 

Thomson depicted the Maxwell unit (Fig. lc) as a spring in 

series with a dashpot, while the Voigt (or Kelvin) unit 

(Fig. Id) was a spring in parallel with a dashpot. Since 



a. Elastic Element b. Viscous Element 

d. Kelvin Unit 
c. Maxwell Unit 

e. Coulomb Element 

f. St. Venant Unit 

g. Bingham Unit 

Fig. 1. Representations of Rheological Models 



Maxwell Form 
(after Poynting and Thomson) 

Kelvin Form 
(after Zener) 

h. Poynting-Thomson Unit, or Standard Linear Solid 

i. Lethersich Unit 

j. Trouton-Rankine Unit 

k. Jeffreys Unit 

1. Burgers Unit 

Fig. 1.—Continued 
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Poynting and Thomson made no claim to an original presenta­

tion, one may speculate on how commonly it was known 

already. 

The multiplicity of spring-dashpot combinations has 

been increased by the use of the slip, or Coulomb, element 

(Fig. le), representing dry sliding (Coulomb) friction. The 

element is commonly depicted by two blocks in contact, 

experiencing relative motion only when a shear force greater 

than a critical value is applied. A St. Venant unit 

(Eirich 1956, p. 43) is a Coulomb element in series with a 

spring (Fig. If). This represents the elastic-perfectly 

plastic material. The Bingham unit (Bingham and Green 1919) 

is a St. Venant unit in series with a dashpot (Fig. lg). It 

is a model for paint. The Poynting and Thomson (1902) unit 

is a Maxwell unit in parallel with a spring. This model was 

used for metals extensively in later years by Zener (1948). 

The Lethersich (1942) unit is a dashpot in parallel with a 

Maxwell unit. It was used for the description of elastic 

bitumen. The Trouton and Rankine (1904) unit is a dashpot 

in series with a Poynting-Thomson unit. It was used to 

study torsion of lead wire. The Jeffreys (1952) unit is a 

dashpot in series with a Voigt unit and was used to describe 

the earth's crust. In the linear case, the Jeffreys unit 

is equivalent to the Lethersich unit. The Burgers (1935) 

unit, often applied to concrete, is a Maxwell unit in series 

with a Kelvin unit. In the linear case, the Burgers unit is 
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equivalent to the Trouton-Rankine unit. Thus, models have 

experienced steady development into current times. 

The somewhat "classical" models discussed above 

show that many different models exist. While the reason 

for this multiplicity is not certain, the variety of 

mechanical behavior in materials seems to call for a 

variety of models; a good model for bitumen is unlikely to 

be a good model for metal. Moreover, these models have 

derived from different disciplines with different scales and 

objectives of study; lack of communication among disciplines 

may have caused some duplication of models. Finally, per­

haps the investigators were unaware that some models could 

have different arrangements of elements and yet have the 

same form of differential equation, thus being equivalent. 

2.2 Review of Recent Literature 

Excepting a few publications of singular interest, 

this review encompasses papers dating from about 1965 to 

the present. Of special note are five comprehensive 

bibliographies of the damping field, as follows: Demer 

(1956), Chi (1962), Wood and Lee (1965), Maringer (1966), 

and Lazan (1968, p. 272). It is likely that any paper prior 

to 1965 concerning a model of damping in metals is contained 

in at least one of these works. Papers using models in non-

metallics and in metallics are discussed here, followed by 

discussion of remarks on the limitations of models. 
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2.2.1 Models for Nonmetallic Rheology 

Fundamentals of the mechanical properties of 

polymers are found in such texts as those of Alfrey (1948) 

and of Eirich (1956). More recent treatments, such as that 

of Fredrickson (1964), attack the subject with tensor 

analysis and continuum mechanics (linear and nonlinear). 

These treatments can be applied to other materials, such 

as concrete and fiberglass. 

A brief sketch of polymer models is given in Table 1. 

The terms T, Y, and Y are shear stress, shear strain, and 

shear strain rate, respectively. The terms A, IB, C, and D 

are general constants, while ri is an integer constant. Time 

is Jt. These models are discussed in the three references 

immediately above and in Wilkinson (1960). 

Recently Ohta and Fujise (1971) have applied a six-

body model to the study of concrete. The model consisted of 

a linear spring (for elasticity) in series with a parallel 

combination of a linear spring and Coulomb body (for 

elastoplasticity). These were in series with a linear 

dashpot and with another parallel spring-and-Coulomb-element 

unit to describe plasticity. Constants in the model were 

determined by digital computer. The model was then used to 

determine the curvature of a concrete beam in viscoelastic 

bending. 

In the study of fiberglass-reinforced plastics 

(Fujii, Mizukawa, and Zako 1972), a Coulomb element was placed 
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Table 1. Prominent Models for Polymer Rheology 

Model Reference 

T _ T = AY* T > T 
y - y 

T = AYn 

T = + C
'
y 

BY = T(1+AT2) 

v = -t[a + (B-A) r1 

1+(T/C) 

T = Ay + B arcsinh(CY) 

Y ss A sinh(T/B) + Ctn sinh(T/D) 

Y = T[A + Be"(T/C) ] 

T = Y/B + C sin (T/A) 

T = A sin(Y/B) 

Bingham and Green (1919) 

Ostwald (1926) 

Williamson (1929) 

Rabinowitsch (1929) 

Philippoff (1935) 

Powell and Eyring (1944) 

Findley and Khosla (1955) 

Reiner (1960) 

Wilkinson (1960) 

Wilkinson (1960) 
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in series with a dashpot. A spring was then placed in 

parallel with this combination. Response of the model was 

compared to that of the material for free and forced 

vibrations. 

2.2.2 Models for Metallic Rheology 

Metallic rheology has its roots in the fundamentals 

of polymer rheology. In general, however, the physical 

basis for a model as used for polymers does not extend to 

metals. Instead, metallic rheology has tended to derive its 

physical basis from three areas of research, as discussed 

below. The first area, often investigated by the physicist, 

is concerned with mechanical behavior in a very small region 

of a metal subjected to the mild strains appropriate to 

linear mathematical analysis. Frequently, the objective is 

to determine fundamental mechanisms of mechanical behavior. 

The second area, often investigated by the applied 

mechanicist, is concerned with mechanical behavior over 

a large sample of a metal subjected to engineering loads. 

The viscous, or anelastic, character of metallic behavior 

is neglected, and only the elastic and plastic time-

independent characters are regarded, often with the use of 

Coulomb elements for modeling. The description is strictly 

phenomenonological; fundamentals of mechanical behavior 

are seldom determined. The third area, often investigated 

by the theoretical mechanicist, is concerned with appropriate 
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descriptions of mechanical behavior at any scale in a metal. 

The elastic, viscous, and plastic characters of the behavior 

are regarded in a metal under arbitrary loading conditions. 

Descriptions are either phenomenological or fundamental. 

(As an example of the latter, Owen [1971] has treated the 

nonlinear theory of dislocations in composites.) It is 

evident that the model derived in a given study depends on 

the scale and objectives of the study. 

2.2.2.1 Microstructural and Linear Rheoloqy. Zener 

(1948), in his study of linear anelasticity, made the notion 

of rheological models widespread in the metallurgical field. 

He used the Poynting-Thomson model and referred to it as the 

standard linear solid (p. 43). He developed a number of 

relations involving the proportionality constants in the 

model and the internal friction. The internal friction was 

defined as the tangent of the phase angle between an applied 

sinusoidal stress and the resulting sinusoidal strain. 

Following this development, however, he stated that the 

model could not reproduce precisely the behavior of any real 

metal. In contrast to trying to overcome this deficiency 

with a differential equation having higher derivatives of 

stress and strain (that is, a more complex model) as dis­

cussed by Alfrev (1948), he turned to the Boltzmann (1876) 

superposition principle. Abandoning explicit differential 

equations relating stress to strain, he tried to develop all 
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conclusions derivable from the assumption that the relations 

between stress and strain are linear in themselves and their 

higher time derivatives. Consequently Zener (1948, p. 49) 

became concerned with determining the creep function and 

stress function by use of the Boltzmann principle rather 

than with determining the proportionality constants in the 

model. His final analytical results expressed the internal 

friction in terms of these two functions. 

Sleeswyk (1970) has used the standard linear solid 

to relate dislocation velocity v to temperature T_. He made 

the following assumptions: 

1. The moving dislocation converts some of its strain 

field •'S elastic energy to acoustic energy by 

emitting elastic waves. Their frequency is propor­

tional to v/b; b is the Burgers vector. The varia­

tion of lattice potential with inter-atomic distance 

acts as a wave (band-pass) filter that passes only 

elastic waves of the frequency stated. 

2. The viscous component of the reaction force is pro­

portional to v_ and is present in the dislocation 

core only. 

3. The viscous response of the dislocation core is 

analogous to a dashpot, the elastic constraint in 

the core region is analogous to a spring in series 

with the dashpot, and the constraint exerted by the 
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material around the core is analogous to a spring 

in parallel with the Maxwell body. 

He used Zener's relation between damping and frequency to 

show that the velocity-dependent component of the applied 

stress is proportional to sech[(T/T ) ln(v/v )], where T 
c c c 

is a material constant and vc is the shear wave velocity. 

A five-body model was discussed by Bozhinov (1971). 

It consisted of a Trouton-Rankine body in parallel with a 

spring. The second-order differential equation describing 

this system was solved for creep and relaxation conditions. 

In a connected paper, Rodriguez Cuevas (1971) discussed the 

experimental determination of the constants of this model; 

the method was applied to steel, some soils, concrete, and 

wood. 

Waddington (1972) applied the standard linear solid 

to the microtensile testing of a SiC whisker. The model 

was used to account for anelastic effects in the adhesive 

used to hold the whisker to the testing machine. The 

series spring represented the sum of elastic extensions in 

the whisker, adhesive, and machine. The Kelvin unit repre­

sented the viscoelastic flow of the adhesive. By using 

this model, Waddington was able to measure the elastic 

modulus of the SiC whisker more accurately. 

2.2.2.2 Macrostructural and Elastoplastical 

Rheology. Whiteman (1959) postulated a parallel arrangement 
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of St. Venant units in which the springs had the same 

moduli but the Coulomb elements had different yield stresses. 

He obtained the form for the frequency of yield stresses as 

a function of strain by using an infinite number of St. 

Venant units. The frequency function was used to develop 

tensile stress-strain curves and hysteresis loops. The 

resulting equations were independent of strain rate since no 

time-dependent body was used. However, he noted some time 

dependence could be introduced for hysteresis loops if the 

yield stress frequency function were dependent on the number 

of cycles. Unlike Zener, he did not attempt to interpret 

microstructural phenomena in metals. 

Stulen (1962) used a Coulomb element in parallel with 

a form of Burgers body. This combination was placed in 

series with a standard linear solid to form a basic block. 

An arbitrary number of blocks were then placed in series to 

form the model. The dashpot of the Maxwell unit of the 

Burgers body of each block represented second-stage creep 

and was considered locked at room temperature. For non­

dynamic test conditions, the other dashpots were considered 

to be fully relaxed. Thus, most of Stulen's results apply 

to blocks composed of a spring in parallel with a Coulomb 

body, and that unit in series with a spring. His results 

model yielding, permanent set, Bauschinger effect, dynamic 

loading, creep, and stress relaxation. As in Whiteman's 

paper, a spectrum of yield stresses was used in the 
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Coulomb bodies. While Stulen was able to model many of the 

mechanical phenomena of metals, he did not state how to 

determine the parameters of his model. Moreover, since an 

arbitrary number of basic units appear in the model, a great 

many values would require determination. Since no work 

using his model has been published, his method of modeling 

appears to have limited utility. 

A trio of papers by Iwan has continued in the area 

of Whiteman and Stulen. Iwan (1966) used Whiteman's model 

but formulated the yield stress frequency function more 

simply. The function was considered constant over a finite 

strain bandwidth rather than log-normal as in Whiteman's 

work. The method was applied to theoretical hysteresis 

loops and the resonant excitation of mild steel. Later Iwan 

(1967) considered his earlier model from a more general 

point of view, noting the formulation always gave stress as 

a function of strain. He also investigated a series of 

units much like the simplified form of Stulen's model. This 

gave strain as a function of stress. By showing that the 

yield stress-frequency function for either model was related 

to the second derivative of the specific cyclic energy loss 

with respect to stress or strain, he found how to determine 

the function directly from experimental hysteresis loops. 

The paper concluded with an application of the work to 

three-dimensional incremental plasticity. Lastly, Iwan 

(1970) applied a standing-wave analysis to his earlier 
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models to study standing stress waves in metals. Three 

response modes were analyzed. He noted that his model 

exhibited less damping at low excitation levels and more 

damping at high excitation levels than an equivalent Kelvin 

body. Thus, the higher the excitation levels, the greater 

the contribution of the higher-order response modes to the 

total damping. 

A singular paper by Te'eni and Staples (1971, p. 

481 _ff) used multi-dimensional rheological models. The two-

dimensional models consisted of a Maxwell body in series 

with a Coulomb body for each leg of a triangle. The three-

dimensional models consisted of tetrahedra in which at least 

one face was like the two-dimensional model. The objective 

was to model structural flexure. However, no parameter 

values for the models were assigned. 

2.2.2.3 Nonlinear Rheology. Great advances have 

been made in recent years in nonlinear continuum mechanics. 

It is unfortunate that little regarding the analytical 

methods developed in that field appears to have been 

communicated to metallurgists. However, some of the papers 

employing nonlinear rheological models are treated below. 

Shaw and Cozzarelli (1970) discussed the application 

of a nonlinear viscoelastic body to the description of 

stress-wave propagation in metals at elevated temperatures. 

They used a Maxwell body in series with a series sequence of 
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Kelvin bodies. In the Maxwell body, the strain rate was 

proportional to the nth power of stress, where n was an odd 

integer. In each Kelvin body, the sum of strain rate and 

the ratio of strain to relaxation time was proportional to 

the cjth power of stress, c[ being an odd integer, also. The 

stress-strain relations of the model were inserted in the 

stress-wave equation. For q = n, a series solution of 

stress as a function of time and the material parameters was 

obtained. The authors noted that a closed form solution may 

not be possible for the most general case. 

Shaw and Cozzarelli (1972) later used an aging unit: 

one in which a parameter is explicitly time-dependent. Here 

the unit was a nonlinear dashpot with time-dependent 

viscosity. The aging units were interspersed in series with 

the models developed in the earlier paper. Transient and 

steady creep were modeled, showing the effects of strain-

hardening and time-hardening. The solution for strain was 

an integral equation in stress and in memory functions of 

time. Specific solutions were obtained for a creep-creep 

recovery (single stress step) test, a double stress step 

test, and a constant stress rate test. The authors deter­

mined model parameters with good success for aluminum alloy 

D-16T tested under a double stress step at 150°C. The 

model could not be fitted as well to the data for alloy 

D-16AT. 



25 

2.2.3 Static Models of Hysteresis Loops 

The models in these papers are referred to as static 

because they are algebraic relations of stress to strain, in 

contrast to differential equations. Thus time is an 

implicit variable in these expressions. The first group of 

papers involves the use of real variables, while the second 

group involves the use of complex variables. 

2.2.3.1 Real Variable Descriptions. Civil 

engineers are well acquainted with the Ramberg and Osgood 

(1943) law. In it, strain is proportional to a sum of 

stress and stress raised to a power. To metallurgists it 

looks much like a form of strain-hardening law. Jennings 

(1967) used a modification of the law to model hysteresis 

loops. Additionally, he determined a dynamic force-

deflection relation for a simple yielding structure. 

The Davidenkov (1938) equations express the two 

branches of the pointed hysteresis loop as stress propor­

tional to strain and to a power of strain. Rather than 

being purely algebraic, the initial equations are differen­

tial ones of stress in terms of strain functions. Constants 

in the equations are considered material properties. Lazan 

(1968, pp. 95-100) gave a detailed account of this investi­

gation. 

2.2.3.2 Complex Variable Descriptions. Two recent 

works (Wirt 1966, Fancher 1968) rest on the research of 
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Yamamoto (Spears 1964) on the nonlinear dynamics of whirling 

shafts. Yamamoto represented the shaft motion by a super­

position of simple circular motions. In the analysis of 

motion, each circle was assigned a given radius and angular 

velocity. The number of circles used depended on the 

accuracy of the representation of the motion required. This 

superposition was termed the method of rheological epicycles 

(Wirt 1966, p. 6-22). 

Wirt used this method to describe hysteresis loops 

in the complex plane by using, for a point on the loop, 

z ss e + ia. He noted (p. 6-103) that the description took 

the form of a Laurent series. In a sequence of hypotheses 

(p. 6-112) he suggested that the coefficients of the Laurent 

series for a given loop are material parameters that are 

sensitive to the environment and possibly to the stress 

history of the material. Moreover, he proposed the existence 

of a generalized hysteresis loop obtained from the linear 

superposition of two Laurent series, one for a sine strain 

input and one for a sine stress input. The objective of 

determining a generalized hysteresis loop was to be able to 

predict the response for a given input. However, he was 

inexplicit regarding the procedure for prediction. While 

the descriptive power of the Laurent series was shown, the 

verity of his hypotheses has yet to be proven. Since linear 

superposition does not apply to nonlinear effects, it is 

doubtful that, for materials having nonlinear stress-strain 
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relations, a generalized hysteresis loop exists in the form 

Wirt suggested. 

Fancher (1968) continued Wirt's method by using 

rheological epicycles to describe hysteresis loops for 

SAE 1017 steel and 2024 aluminum alloy. The epicycle terms 

were determined by Fourier analysis from stress and strain 

data obtained as functions of time. At most, five terms 

were required to reproduce the experimental results within 

the limit of experimental accuracy. Fancher's theorem for 

the description of hysteresis loops (p. 45) is proven 

automatically when the convergence properties of a Laurent 

series are considered. The series is always convergent in 

i0 
the domain of definition, which is the unit circle e in 

Wirt's method. Thus, a convergent Laurent series for any 

hysteresis loop does exist. As a corollary, Wirt's loop 

vector H(0) is analytic on, and only on, the unit circle. 

The Laurent series method of describing a known 

hysteresis loop is worthwhile, in that the method is 

accurate. However, its value is somewhat limited. There 

is no reason to expect given terms in the series to 

correspond with given micromechanisms, so the series 

cannot yield knowledge about the nature of the material 

behavior. Also, the series is determined for a given input 

to the specimen and shows the response; if a strongly 

different input is used, the series cannot predict the 

output correctly. Finally, the hysteresis loop shape 
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produced by the series is independent of frequency: the 

amplitudes and phase relations of the series terms are not 

time-dependent. Thus, the Laurent series method can predict 

responses only for time-independent behavior of the material 

and for inputs very similar to the one for which the series 

is determined. 



CHAPTER 3 

THEORETICAL ANALYSIS 

This chapter discusses the development in this 

investigation of the theoretical analysis of stress-strain 

hysteresis in metals. First, the investigator's analysis 

of Wirt's hypothesized generalized hysteresis loop is 

explained. Conclusions on the limits and validity of 

Wirt's method are reached. Definition and explanation of 

certain linear rheological models follow. Difficulties in 

the use of Coulomb elements are noted, and an instance of 

inapplicability of linear superposition to these nonlinear 

elements is cited. This closes the investigation of linear 

methods; hereafter, the investigation is directed to non­

linear methods. 

Rheological models having parabolic stress-strain 

laws are explained. The nonlinear dependences of the 

damping on the stress and strain amplitudes are demon­

strated. However, certain mathematical difficulties of the 

models are noted. Rheological models having hyperbolic 

stress-strain laws are introduced to eliminate these 

mathematical difficulties. The hyperbolic models are 

explained, with the presentation of a series solution. This 

29 
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concludes the development of nonlinear rheological models 

for theoretical analysis. 

3.1 Generalized Hysteresis Loop 

Wirt suggested (Section 2.2.3.2) that a generalized 

hysteresis loop could be formed as follows: 

1. Apply a sine strain input and obtain a general 

Fourier series stress output. 

2. Apply a sine stress input and obtain a general 

Fourier series strain output. 

3. Sum the strain terms of (1) and (2) to form the real 

component of the Laurent series for the generalized 

loop. 

4. Sum the stress terms of (1) and (2) to form the 

imaginary component of the Laurent series for the 

generalized loop. 

Plainly, the unwritten assertion in this procedure was that 

the material would respond under the summed input as the sum 

of the individual responses. That is, the generalized loop 

would be the linear superposition of two simpler loops. 

Linear superposition can be applied properly only 

to linear systems. The analysis of linear systems is a 

highly developed field, in which the principal mathematical 

tool is the transfer function, the Laplace transform of the 

linear differential equation of the system. Hence, if one 

wished to analyze a metal as being a linear system, he would 



use the method of transfer functions and not the method of 

Wirt. If one wished to analyze a metal as being a nonlinear 

system, then the inapplicability of linear superposition 

would invalidate the method of Wirt. This investigator has 

made the following conclusions: 

1. For linear systems, the method of Wirt would not be 

used, since the method of transfer functions is far 

more general. 

2. For nonlinear systems, the method of Wirt would not 

be used, because linear superposition does not 

apply. 

If one had the transfer function for a linear 

system, the response for any input could be predicted. 

Wirt's method can predict the response of a linear system 

for a given frequency when a hysteresis loop obtained at 

that frequency is known. It cannot predict the response 

at other frequencies if the response is frequency-sensitive. 

Finally, it cannot predict the response for a nonlinear 

system at all, from conclusion (2) above. It must be 

noted, however, that the capability of Wirt's method to 

describe a known metallurgical stress-strain hysteresis 

loop is absolutely valid, as demonstrated by Fancher 

(1968). 

At this point in the development of the theoretical 

analysis, this investigator abandoned Wirt's method as a 
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means of prediction. But the question Wirt had implicitly 

asked remained, nagging: How could the response of a metal 

be predicted? Surely it would be necessary to employ some 

form of description other than complex variables. 

3.2 Linear Models 

The most common method of describing and predicting 

mechanical behavior of materials is by use of rheological 

models, in the form of differential equations. This is the 

essence of the discipline called continuum mechanics. Use 

of rheological models in metallurgy is well established 

(Section 2.2.2). Although it is not guaranteed that such 

models can predict the response of metals as well as 

desired, the explicit dependence of such models on time 

certainly makes the models more general than a Laurent 

series. Thus, this investigator decided to use differen­

tial equations as the basis of analysis in this work. 

The extent to which a differential equation can be 

a model of a metal requires delimitation. It is well 

established that a force, when applied to a metal, can 

induce not only the simple deformation of atomic lattices 

but also the motion of defects in the lattices. The dis­

placement of a metal due to the elastic deformation is 

recoverable. However, the defect motion leads to displace­

ment of parts of the lattices with respect to the other 

parts; this displacement is not totally recoverable. 
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However complex it may be, in the mean there exists a 

causal relationship between the atomic motion of the lattice 

defects and the macroscopic irrecoverable displacement of a 

metallic specimen. 

To examine the stress-strain relationship in a 

metal from the standpoint of basic lattice defect 

mechanisms would require an exercise in a nonequilibrium 

statistical mechanics in which the various classes of 

defects were the object of statistical study. Such a chore 

is manifestly difficult. The prime assumption of the 

present work is, then: 

The stress-strain behavior of a metal can be described 

by means of a nonlinear differential equation relating 

only macroscopic mechanical and thermodynamical 

observables. 

Such an equation must represent the behaviors of all micro-

mechanisms averaged over the volume of the specimen at a 

given time. It is certain that the behaviors have a 

collective average for a given observation, and that such 

averages may themselves be averaged over a series of 

observations for the same corresponding times. As a 

concrete example, the differential equation sought would 

deal with the stress-strain behavior of a given type of 

metal as displayed by thousands of specimens of the metal 

when subjected to the same experiment and averaged over all 

the specimens. The mechanical observables are force and 



34 

displacement, convertible to stress and strain by calcula­

tion. The thermodynamical observables are those variables 

in the Gibbs' energy: temperature and pressure. 

In this work, experimental data refer to constant 

temperature and pressure in the environment of the specimens 

(except for disturbances due to heat sources and motion of 

the specimens). Hence only mechanical observables appear 

explicitly in the differential equations. Parameters in the 

differential equations implicitly represent metallurgical 

variables. Although the metallurgical structure changes as 

a metal is worked, it is assumed that the time scale of such 

changes is much larger than the time scale of the experi­

ments in this work. Thus, these equations in their present 

form do not account for such structural changes. 

It is worth considering whether a differential equa­

tion in mechanical variables would constitute a mechanical 

equation of state. An equation of state, in describing the 

mechanical processing of a metal, depends on the initial and 

final states only; it is independent of the process path. 

It is well known that metals are quite dependent on the 

path, or history, of processing. Thus, a mechanical equa­

tion of state is unsuitable for metals. 

However, in order for a differential equation to be 

an equation of state, it must be an exact differential. It 

is quite evident that, with exceptions to be noted, 

rheological differential equations are not exact. Thus, 



such models are path-dependent. The problem then is to 

determine which model has a path dependence most like the 

metal under study. 

Before investigating nonlinear rheological models, 

it is instructive to examine certain linear ones. The 

variables are expressed here as force, F_, and displacement, 

X. Under experimental circumstances the variables could 

retain their identities or be stress and strain, respec­

tively. Derivatives with respect to time are denoted by a 

dot above the quantity differentiated. 

3.2.1 Elastic Element 

This model is depicted by a spring (Fig. la) and is 

stated as Hooke's law: 

F = K X, (3.1) 

where K is the proportionality constant. Note that Eqn. 

(3.1) is an equation of state, for its differential is 

perfect. 

3.2.2 Viscous Element 

This model is depicted by a damper, dashpot, or 

oilpot (Fig. lb) and is stated as Newton's law: 

F = C X, (3.2) 

where C is the proportionality constant. Note that Eqn. 

(3.2) is an equation of state in I? and X. 
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3.2.3 Maxwell Unit 

In this model, depicted in Fig. lc, a spring and 

dashpot have a common force, but their velocities add. 

Using subscript j3 and d^ for spring and dashpot. respectively, 

the equations of the model are: 

F = Ffi = Fd, (3.3) 

X = Xs + Xd, (3.4) 

.*. X = | + £ (3.5) 

The differential equation of this model is given by Eqn. 

(3.5). In this work the differential equation of each 

model was integrated by Laplace transforms. Denoting the 

relaxation time as 

T = C/K, (3.6) 

the solutions to Sqn. (3.5) are: 

X = X± + | + £ J* F dt, (3.7) 

and 

F = KX + e~t/T (F± + £ J Xet/T dt). (3.8) 

The initial conditions are denoted by subscript i. If a 

definite integral is used in any solution, the need for the 

initial-condition term is obviated. Note that Eqn. (3.5) 

is not an equation of state, nor is it an integral of one. 

Formally, one might multiply Eqn. (3.5) by the differential 
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dt. The product F dt is identified as the impulse, the 

differential of momentum. Mathematically, then, one notes 

that Eqn. (3.5) is exact in the variables force, displace­

ment, and momentum (cf. Eqn. [3.7]). However, the system is 

massless; physically, all inertial effects are neglected. 

Hence the momentum does not exist, and there is no equation 

of state. 

3.2.4 Kelvin Unit 

In this model, depicted in Fig. Id, a spring and 

dashpot have a common displacement, but their forces add. 

The equations of the model are: 

X = X = X,, (3.9) 
s a' 

F = KX + CX. (3.10) 

Note that Eqn. (3.10) can be integrated to yield 

X = e"t/T (Xt + ̂  J* F et/T dt). (3.11) 

3.2.5 Standard Linear Solid—Kelvin Form 

In this model, depicted in Fig. le, a spring and 

Kelvin unit have a common force. It is their displacements 

that add; thus, their velocities add. Using subscript k to 

denote the terms of the Kelvin unit, the equations of the 

model are: 
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X o Xg + X^ (3.13) 

.\ X = Xs + Xĵ . (3.14) 

Substituting Eqns. (3.1) and (3.10) into Eqn. (3.14) and the 

then applying Eqns. (3.13) and (3.6) yields 

• F F Vk 
x - b + '§ - -£-*> 

s 

F F 
= K~ + C " C~ (X"V 

S 

V 
K ' K T. C 
s s ks 

(3.15) 

where the relaxation time of the Kelvin-spring system is 

given by 

Tks = iHh£-

The solutions to Eqn. (3.15), the standard linear solid in 

Kelvin form, are: 

-t/T t/T 
X = | - + e  K (X. + i  J  F e  K dt), (3.17) 

s 

-t/T. K2 t/T, 
F = KgX + e ks (F. - ̂  J  X e ks d t ) .  (3.18) 

Note that Eqn. (3.17) has the Kelvin relaxation time. 
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3.2.6 Standard Linear Solid—Maxwell Form 

In this model, depicted in Fig. If, a spring and 

Maxwell unit have a common displacement; their forces add. 

Using subscript m to denote the terms of the Maxwell unit, 

the equations of this model are: 

X = Xs = Xm, (3.19) 

F = Fs + Fm, (3.20) 

.*. F = F + F . (3.21) 
s m 

Into Eqn. (3.21) are substituted Eqns. (3.1) and (3.5) with 

Eqn. (3.6), followed by Eqn. (3.20), yielding 

* - Ks* + (Km* - 5s' 
m 

(F-F ) 
= (K +K )X - S 

s m T 
m 

K X „ 
= (Ks+Km)X + (3.22) 

m m 

The solutions to Eqn. (3.22), the standard linear solid in 

Maxwell form, are: 

-t/T K t/T 
F a KgmX + e m (F. - ̂  J X e m dt), (3.23) 

m 

-t/T K t/T 
X = + e sm (X. + —^- J F e sm dt), (3.24) 

sm TmKom m sm 
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where (3.25) 

T K 
and T m sm 

(3.26) sm K 
s 

Again, there is a difference in the relaxation time of the 

two solutions. In comparing Eqns. (3.15) and (3.22), it is 

seen that they are identical in form. Thus, it is possible 

to construct a standard linear solid in Kelvin form with one 

set of constants and in Maxwell form with another set of 

constants so chosen that the total model has the same 

behavior, regardless of form. 

3.2.7 Equivalence of Kelvin and Maxwell Forms 
of the Standard Linear Solid 

Kelvin and Maxwell differential equations have the same 

form. Thus, the equations are equivalent. Using the prime 

( * )  t o  d e n o t e  t h e  c o e f f i c i e n t s  o f  t h e  M a x w e l l  d a s h p o t  a n d  

the spring in parallel with the Maxwell unit, the relations 

between the two forms are given in Table 2. Moreover, 

certain time constants are equivalent: T = T T. = T . 
KS ill K sm 

That is, the Maxwell unit relaxes at the same rate as the 

Kelvin-spring system, and the Kelvin unit relaxes at the 

same rate as the Maxwell-spring system. 

Comparison of Eqns. (3.15) and (3.22) show that the 
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Table 2. Interrelations Among Parameters of Kelvin and 
Maxwell Forms of the Standard Linear Solid 

Kelvin Parameters in Terms 
of Maxwell Parameters 

Maxwell Parameters in Terms 
of Kelvin Parameters 

K = K' + K 
s s m 

K K. 
K i = s * 
s Ks + ̂  

-

K'(K' + K ) 
s s m 

K 
m 

K 
K = 
» - Ks + Kk 

C = 
C' (K« + K )' 

s m 

K 
m 

CK 
C' = 

(Ks + V' 

3.2.8 Determination of Parameters in the 
Standard Linear Solid 

Solutions (3.17), (3.18), (3.23), and (3.24) to the 

standard linear solid describe the model behavior in terms 

of known parameters. Since the standard linear solid is 

the basis for studying internal friction, how may the 

parameters be determined from experimental data? One way 

is to invert the solutions to express the parameters in 

terms of force and displacement. 

Suppose a sinusoidal displacement is applied: X = 

Xq sin <J0t. From the steady-state portion of solution 

(3.18), one finds the steady-state force to be 

F = F. sin wt + F cos wt, (3.27) 
X o ' 
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where the force component in phase with the displacement is 

X K [K (K +K ) + (U)c)2] 
F. = ° 5 * s

? k 5 (3.28) 
(K^I^) + (ouc) 

and the force component out of phase with the displacement 

is 

X K2WC 
F = 2S (3.29) 
° (K +K ) + (10C)Z 

S K 

Equations (3.28) and (3.29) are two nonlinear 

algebraic equations in terms of the unknowns and C, if a 

value of K is assumed? K could be the known elastic s ' s 

modulus of the material. These nonlinear equations are 

solved for and C by the following substitutions, as 

detailed in Appendix A: 

Z = Ks + (3.30) 

Y = U>C, (3.31) 

W = Y2 + Z2. (3.32) 

These substitutions effectively transform Eqns. (3.28) and 

(3.29) into two equations linear in Z, Y, and W. The 

results are two Kelvin parameters expressed in terms of the 

experimental observables F^ and Fq and the assumed value of 

K : 
s 



43 

*k = (3.34) 

where 

(3.35) 

It is evident that the transformation equations of Table 2 

can be used with Eqns. (3.33) and (3.34) to express two of 

the Maxwell parameters in a similar manner. 

Obviously, one. pair of C and exist for each 

choice of K . A given linear hysteresis loop (i.e., a given 
s 

F. and F ) can be fitted by an unlimited number of sets of 
l o 

parameters for which Eqns. (3.33) and (3.34) hold. Hence no 

unique set of parameters can be determined from a single 

steady-state result. 

distinct transient behavior will result for each choice of 

K . To find a unique set of parameters, let the force be 
s 

observed at a given time, t , so that F(tQ) is known 

experimentally. The full solution (3.18) may be written as 

However, for a given linear hysteresis loop, a 

(3.36) 



where the phase angle is 

0 = arctan(F /F.). 
o x 

44 

(3.37) 

Equation (3.36) may be evaluated at t and inverted to 

express the time constant in terms of the experimentally 

known quantities as 

"ks 
In 

(F?+F2)^ sin(wt + 0) - F(t ) 
X o o o 

(3.38) 

Equations (3.16) and (3.33) can be used to define 

F In o 

K = 
F. 
x 

X 

j-

(F?+F2) sin(^t + 0) -  F(t ) 
X o o o . 

X u>t 
o o 

(3.39) 

Hence Eqns. (3.39), (3.33), and (3.34) define a unique set 

of parameters by using experimentally observable quantities. 

3.3 Coulomb Unit 

One elementary rheological body not yet discussed is 

the Coulomb unit, often used to model plasticity. Its 

behavior is nonlinear and somewhat poorly defined from a 

mathematical point of view. There is no motion for some 

force less than a critical value F . Once this force is 
c 

attained, motion begins and the unit will not support any 

larger force. While the unit is not sensitive to the 

velocity magnitude, it is sensitive to the velocity sign. 
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That is, a change in direction, or velocity sign, is not 

permitted until the critical force changes its sign. The 

force is always well defined: 

|F | < |Fc|, X = 0; (3.40) 

F o Fc# X > 0; (3.41) 

F = -Fc, X < 0. (3.42) 

The unit is poorly defined in the sense that the 

velocity is undefined in Eqns. (3.41) and (3.42). The 

velocity is defined only when some well-defined rheological 

model, such as one of those of Section 3.2, is placed in 

parallel with the Coulomb unit. Failure in the literature 

to clarify the equations of the Coulomb unit often causes 

ambiguity for the reader's comprehension, e.g., Stulen 

(1962). 

The nonlinear behavior of the Coulomb unit and the 

inapplicability of linear superposition to it are illus­

trated in the following example taken from Wirt (1966, 

p. 6-58). Consider a Coulomb block on a plane, the velocity 

. of the block being determined by the velocity of a hydraulic 

ram, to which the block is attached (Fig. 2a). The pressure 

in the oil reservoir of the ram is increased until the force 

transmitted to the motionless block is equal to the critical 

force, F . This rise in force at the initial position of 
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hydraulic, ram block 

-F 

a. Coulomb block on a plane 

F 

2A/UJJ 

b. Force (F) vs. 
Displacement (X) 

iWt/TT 

X = A sin 

•o o X = 2A sin 2^t 

• xx X = A(sin^t+2sin2UJt) 

d. Velocity (X/A) vs. Time 
(U)t/TT) 

F 

-F 
2A, 

f. Force (F) vs. Displace­
ment (X)—Superposed 
Case 

r 

~] s j 

t J1 l h 2| 
• 

U)t/TT 

X = 2A sin 2UJt 

c. Force (F) vs. Time (^t/TT) 

Xiu/A 

UUt/TT 

X = A sin out 

X = 2A sin 2uut 

-*K- X = A(sin^t+2sin2U)t) 

e. Displacement (Xui/A) vs. 
Time (uut/TT) 

F 
F r • 

i  
1 h 2 

Wt/TT 

g. Force (F) vs. Time (wt/TT) 
—Superposed Case 

Fig. 2. Failure of Linear Superposition for a Coulomb Block 
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the block is shown in Figs. 2b and 2c. The block velocity 

is controlled to be 

X = A sin wtf (3.43) 

as in Fig. 2d; this could be done by using a velocity 

transducer in a feedback loop. The motion of the block is 

X = £(1 - cos out) , (3.44) 

as in Fig. 2e. When the velocity is zero at Wt = T, the 

force jumps to -F in order to reverse the block. When the 

negative critical force is achieved, the block returns to 

its initial position. From the force-displacement plot 

(Fig. 2b) the dissipated energy is 4FcA/U). It is noteworthy 

that this energy is frequency-dependent. 

Suppose the test is conducted at twice the fre­

quency, but in such a way that the displacement amplitude is 

the same as before. Then the dissipated energy in the same 

time is twice as much as before. Hence, the respective 

velocity and displacement equations are 

X = 2A sin 20it, (3.45) 

as in Fig. 2d, and 

X = ̂  (1 - cos 2UJt), (3.46) 

as in Fig. 2e. The force now jumps at the zeros of sin 2®t: 

UUt = 0, TT/2, TT, 3TT/2 (Fig. 2c). 
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To illustrate the failure of linear superposition, 

let the velocity be the sum, or superposition, of the ones 

discussed (Fig. 2d): 

X = A(sin u»t + 2sin 2Wt). (3.47) 

The displacement (Fig. 2e) is then 

X = ̂  (2 - cos U)t _ cos . (3.48) 

To attain the desired superposition the block is advanced 

to 3.125A/U), pushed back to 2A/U)f advanced to 3.125A/UJ 

again, and returned to zero. The force jumps at the zeros 

of X: ft = 0, 0.58TTf TTf l.42n (Fig. 2g). From the force-

displacement plot (Fig. 2f) the dissipated energy is 

8.5FcA/U). it is clear that the resulting force (Fig. 2g) 

is not the sum of the force waveforms of Fig. 2c. Moreover, 

the dissipated energy is less than the sum of the energies 

of the first two tests. Hence, the result is not the sum 

of its parts, so superposition does not apply to a Coulomb 

element. 

3.4 Parabolic Models 

Damping of metals at low strain (or stress) ampli­

tudes is proportional to the square of the amplitude (Lazan 

1968, p. 27). Since linear models, such as the standard 

linear solid, display this property, this type of damping 

is termed linear. It is also termed quadratic to relate to 

the second power of the amplitude. This correspondence 
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between material and model is part of the reason the 

standard linear solid has been used so much by investi­

gators of dislocation phenomena. 

However, at the higher strains and stresses 

encountered at the engineering level, Lazan noted that 

the damping is proportional to some power of the amplitude 

other than two. If there is to be some rheological model 

for this behavior, the model must become nonlinear. Noting 

that polymer rheology is replete with parabolic relations 

between stress and strain, it is interesting to consider 

the application of these relations to metals. 

3.4.1 Elastic Element 

This is essentially of the form F = KX , where a^ is 

some positive exponent and K is the proportionality constant. 

However, serious difficulties arise in the relation as 

written if X is negative. While this could be obviated by 

making a^ an odd integer, this approach is quite restrictive. 

One of the operators in mathematics is the siqnum function. 

sgn(-). It has the magnitude of unity and the sign of its 

argument. The equation for the nonlinear elastic unit may 

then be written 

F = K|X|a sgn(X). (3.49) 

This is inverted to yield 

.Fi1/a 
X = |^-| sgn(F). (3.50) 
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If a > 1, the spring is termed "hard" in mechanics, since 

the instantaneous modulus increases with X. If 0 < a < 1, 

the spring is termed "soft." Note that a < 0 would yield 

hyperbolas, with singularities at the origin, instead of 

parabolas. 

3.4.2 Viscous Element 

Following the principles of the preceding section, 

the equations for this unit are: 

F = c|x|b  sgn(X), (3.51) 

. .pI1/k 
X = |£| sgn(F). (3.52) 

Equation (3.52) is a nonlinear differential equation that 

does not have a closed-form general solution, unlike the 

linear equation of Section 3.2. If F(t) is sufficiently 

simple, of course, then Eqn. (3.52) can be integrated. 

For sinusoidal input functions it is possible to use 

Eqns. (3.51) and (3.52) to determine the damping energy 13. 

Two properties of the signum function should be noted, for 

a given function C2: 

1. Q sgn(Q) = |QI. (3.53) 

2. Csgn(Q)]^ =1. (3.54) 

The gamma function of Q is denoted by T(Q). For a sinu­

soidal force, F = A sin Wt, and noting the symmetry of 

powers of the sine about the origin, one has (using Eqn. 

[3.52]): 
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2TT/U) 

E = J* F X dt 
0 

.F.1/b 
= J F |-^-| sgn(F) dt 

. <Z±£2] |F|<!•*>/»> act) 
0 

_ nf ( A  s i n  ̂ (l+bl/b d ( l B t )  

0 

2jfTA (A,1/*3 r(1 + 2b} 
= ~UU (c} 

r/ 3 1 / (3-55) 

2 + 2b 

The damping energy for a sine force input thus depends on 

the 1 + 1/b power of the force amplitude. Moreover, the 

damping depends on the constant C to the -1/b power. No 

matter how nonlinear the dashpot is, the damping is 

inversely proportional to the first power of the frequency. 

For a sinusoidal displacement, X = B sin wt, the 

results are quite different: 

2TT/IU 

E = J C |x|D sgn(X) X dt 
0 

= § 2f l*lb+1 d<«*> 
o 
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2C//nB(BU)) (3.56) 

The damping for a displacement sine input thus depends on 

the 1+b power of the displacement amplitude. The dependence 

of damping on frequency is to the b power of w. Finally, 

no matter how nonlinear the dashpot is, the damping is 

linearly proportional to C. 

dependence of the damping on the amplitude would be the 

same—quadratic—regardless of whether the input function 

were force or displacement. Not so, here. For a nonlinear 

model, then, the meaning of the expression "dependence of 

the damping on amplitude" itself depends on which amplitude, 

force or displacement, is referred to. 

(3.55) or (3.56) is an integer, the result is somewhat 

simplified. For example, using b = % in Eqn. (3.55) yields 

E = (3.57 
3WC 

while Eqn. (3.56) yields 

If this were a linear model, the exponential 

When the exponent in the final integrand of Eqn 

E = S.SCKB3^ (3.58) 
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These results again show that the faster the oscillation is 

at constant force amplitude, the less is the damping. The 

faster the oscillation is at constant displacement ampli­

tude, the greater is the damping. Moreover, the choice of b 

in this example is a case of a soft dashpot. For a hard 

dashpot, it is evident that the dependence of the damping 

on amplitude and frequency with respect to the type of input 

(force or displacement) would be reversed from that of the 

soft dashpot case. 

3.4.3 Kelvin Unit 

Using the equations of the two preceding sections, 

the equations for a nonlinear Kelvin unit are 

F = K|x|a sgn(x) + c|x|b  sgn(X), (3.59) 

and 

.U.1/b 
X = |g| sgn(U), (3.60) 

where the force in the dashpot is 

U = F - K|X|a sgn(X). (3.61) 

Since Eqn. (3.60) cannot be integrated analytically, it is 

not clear how the damping might depend on the amplitude of 

an applied sinusoidal force. But, from the previous section, 

a conclusion about an applied sinusoidal displacement can be 

drawn: the damping dependence on amplitude and frequency for 
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a Kelvin unit is the same as for a dashpot, for a sinusoidal 

displacemento This follows from the linear separability of 

the total force into its spring and dashpot components. The 

damping is the sum of integrals over each component times 

the common displacement rate. The integral over a cycle for 

a spring is zero. Thus, only the integral over the dashpot 

remains, as discussed above. 

3.4.4 Maxwell Unit 

Since the displacement rates add here, one must 

consider the displacement rate of a nonlinear parabolic 

spring. First, note that 

^l-1- = F sgn (F). (3.62) 

The time derivative of Eqn. (3.50) yields, using Eqns. 

(3.62) and (3.54), 

• F | F i ^ ^/a 
x3 = fe 1^1 • <3-63) 

Summing the displacement rates of the spring and dashpot 

yields one Maxwell unit equation: 

. i p (l-a)/a lF|l/b 
X = fa ifel + l§l sgn(F). (3.64) 

This is inverted to yield 

pVb „ if i (a-1 )/a 
F = [X - £ sgn(F)] Ka |£| . (3.65) 
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Again, a conclusion about the damping dependence may be 

drawn: the damping dependence on amplitude and frequency for 

a Maxwell unit is the same as for a dashpot, for a sinus­

oidal force. This follows from Eqn. (3.64), in which the 

displacement rate is linearly separable. 

3.4.5 Standard Parabolic Solid—Kelvin Form 

Using the subscript notation of Section 3.2.5, and 

following Eqn. (3.14), one equation for this unit is 

P iP ,<l-n)/n .ir.l/b 
X = ||-| + |§| sgn(U), (3.66) 

s s 

where the force in the dashpot is 

U = F — |z |a  sgn(z)  (3.67) 

and the displacement of the Kelvin unit is 

Z = X - |F/K |1/n sgn(F). (3.68) 
s 

Here the exponent for the series spring is n, while that for 

the Kelvin spring is a. Equation (3.66) is inverted to 

yield 

TT 1/b p (n-1 )/n 
F = [X _ |^| sgn(U) 3 Kgn |~| . (3.69) 

s 

This unit is too nonlinear to yield direct information, by 

the use of known closed-form integrals, on the dependence of 

the damping on amplitude, frequency, and exponent. 
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3.4.6 Standard Parabolic Solid—Maxwell Form 

Using the subscript notation of Section 3.2.6 and 

following Eqn. (3.21), one equation for this unit is 

F = KgnX |x |n_1 + [x _ |^|1/bsgn(V)3 , 
m (3.70) 

where the force in the Maxwell unit is 

V = F - K |X|n sgn(X). (3.71) 
s 

Equation (3.70) is inverted to yield 

i v (l-a)/a v l/b 
. n 1—1 + W sgii(v) 

X = -52 52 . (3.72) 
K  n  | x  | n — ( l - a ) / a  

1 + -hrs IK-I 
m m 

It was noted in Section 3.2 that the Maxwell and Kelvin 

forms of the standard linear solid are the same. Comparison 

of Eqns. (3.66), (3.69), (3.70), and (3.72) shows that this 

is not true for the nonlinear case. However, the equations 

are of the same form when the springs are linear (a = n = 1), 

even if the dashpot is nonlinear. 

3.4.7 Mathematical Difficulties of 
Parabolic Models 

The first type of difficulty is of an analytical 

nature, rather than a computational one. The slope of an 

F-X plot of a parabolic spring is dF/dX = F/X. At the 

origin, this slope is zero for a hard spring and infinite 
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for a soft one. For a hard spring, a finite velocity can 

be imposed with a resulting force rate of zero. However, 

attempting to impose a finite force rate would require an 

infinite velocity! The converse is true for a soft spring: 

a finite applied force rate yields a velocity of zero, but 

a finite velocity requires an infinite force rate. Similar 

remarks apply to hard and soft dashpots, where the 

acceleration is considered in place of the velocity. 

The second difficulty is of a computational nature. 

For both the Kelvin and Maxwell forms of the parabolic 
• • 

standard solid, the Taylor series expansion of F(F,X,X) at 

the initial-condition point F = X = 0 is zero. This causes 

• • 
all points of F(F,X,X) near F = X = 0 to be approximated by 

the Taylor series expansions as zero also. As a result, 

some numerical integration methods, such as the Runge-Kutta 

algorithms, produce only zero as a solution; that is, the 

methods fail. Other methods, such as the DEQVAR subprogram 

(Chapter 4), give erratic results. It happens that, for 

the Kelvin and Maxwell forms of the parabolic standard 

solid, X(X,F,F) does not share this problem. Thus the 

numerical work in Chapter 4 was possible. 

Finally, there is the question of the behavior of 

parabolic models at very small force or displacement 

amplitudes. For any degree of nonlinearity, it is desirable 

that the behavior should become linear for sufficiently 

small forces or displacements. As the first paragraph of 
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this section shows, parabolic elements do not have finite 

slopes at infinitesimal amplitudes, so linear behavior is 

not achievable. 

3.5 Hyperbolic Models 

As indicated in Section 3.4.7, a great deal of 

difficulty arises from omitting linear elements from models. 

It is possible to obviate such difficulty by placing a 

linear element in series with a parabolic one. However, 

there is a well-known function that, with its inverse, is 

equivalent to an infinite number of parabolic terms—the 

hyperbolic sine. Precisely, the hyperbolic sine of a 

quantity is a sum of odd powers of that quantity, each 

power of the quantity having a specific coefficient. The 

first term of the series is linear, so that the slope of 

the hyperbolic sine near the origin is neither zero nor 

infinite. A model composed of such a law, or its inverse, 

has linear behavior for a sufficiently small amplitude of 

force or displacement. There is a problem in using the 

hyperbolic sine, in that it cannot represent an arbitrary 

combination of parabolic terms. Yet, it does represent an 

infinite number of model elements quite compactly in a 

single mathematical term. 

It must be acknowledged that the hyperbolic sine is 

not uniquely suited to the modeling needs of this investiga­

tion. For example, the hyperbolic tangent is linear at the 
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origin and is a sum of odd powers of a quantity. However, 

it is also asymptotically bounded; it is limited, no matter 

how large its argument becomes. Probably, other nonlinear 

functions do exist that would be suitable here. Since the 

hyperbolic sine has the desirable properties mentioned, 

its use was exploited in this investigation. 

3.5.1, Elastic Element 

A hard spring can be formed by using 

F = f sinh(X/d ), (3.73) 
s s 

where f is the force coefficient and dg is the displacement 

coefficient for a spring. Since the hyperbolic sine of ii 

can be written 

u -u =2, 2n+l 

sinh(u) = - e = 2Z (2n+l)i* (3*74) 
n=u 

Eqn. (3.73) is a sum of forces and thus represents an 

infinite number of parabolic springs in parallel, each 

spring being described by an odd exponent. Moreover, no 

cumbersome signum function is required in order to express 

the spring behavior for negative displacements. The 

inverse of Eqn. (3.73) is 

X = d arcsinh(F/f ). (3.75) 
s s 
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A soft spring can be formed by using 

F = f arcsinh(X/d ). (3.76) s s 

An important identity and series are 

2 i 
arcsinh(u) = ln[u + (u +1)^3 

. u + £ (-l)"(2n-l)l u2n+1 . (3_77) 

n=l 2 n!(n-1)i(2n+l) 

Thus Eqn. (3.76) represents a parallel arrangement of 

parabolic springs, half of which have negative forces for 

positive displacements. An electrical analog of the 

behavior of these latter springs is negative resistance. 

The inverse of Eqn. (3.76) is 

X = de sinh(F/f ). (3.78) 
s s 

From the expansion in Eqn. (3.77) it is clear that 

Eqn. (3.75) is a sum of displacements and represents an 

infinite number of springs in series. However, Eqn. (3.75) 

is the same curve as Eqn. (3.73), which is said to be a 

parallel arrangement of springs. If one attempts to ask 

whether a hyperbolic spring represents a series or a 

parallel arrangement of parabolic springs, the philosophical 

circumstance is rather like asking whether an electron is a 

particle or a wave. The answer is "neither or both." The 

hyperbolic spring represents one set of parallel parabolic 

springs and, simultaneously, another set of series parabolic 
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springs. Thus the hyperbolic spring has a dual nature that 

is, in a philosophical sense, not unlike that of an electron. 

3.5.2 Viscous Element 

where fd and v are the force and velocity coefficients, 

respectively, for the dashpot. A soft dashpot is given by 

The remarks of Section 3.5.1 concerning the dual character 

of a hyperbolic element apply here, too. 

expected for a hyperbolic dashpot? Let a sinusoidal dis­

placement be applied: X = A sin ̂ t. From the series 

expansion in Eqns. (3.74) and (3.77) the dissipated energy 

is 

2TT 

E = J F X dt 
0 

A hard dashpot can be formed by 

F = f^ sinh(X/v) (3.79) 

F = f^ arcsinh(X/v) (3.80) 

What amplitude dependence of the damping should be 

2n+1out] dt f^Aiu J* (cosUJt) [^costut + 2 a
n(^~) 

0 n=l 

. c î 2-2 2J [coAt + S an(M)2ncoS2(n+1W] act) (AID) 

] (3.81) 
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where aR is the nth term of the appropriate series, and C is 

the slope of Eqn. (3.79) or (3.80) at the origin. Thus, the 

damping depends on all even powers of the amplitude! This 

conclusion is unchanged even if a sinusoidal force is 

applied; but the damping is then strictly inversely propor­

tional to the frequency, as in Eqn. (3.55). The frequency 

dependence in Eqn. (3.81) is rather like that in Eqn. (3.56). 

Evidently, the damping in a hyperbolic dashpot depends on an 

amplitude spectrum. This spectral dependence occurs in all 

models having a hyperbolic dashpot. 

3.5.3 Maxwell Unit 

This unit has two elements, each of which may be 

hard or soft. Although parabolic models can change from 

hard to soft by changing the exponent, hyperbolic models 

must use a distinct functional form for each mode of 

behavior. Hence, the hyperbolic Maxwell unit has one of 

four equations to describe its behavior, depending on the 

choice of hard or soft elements. Alternatively, there are 

four types of Maxwell units possible. 

Since the velocities of the elements add in a 

Maxwell unit, the spring velocity requires derivation. For 

a hard spring, 

X = d arcsinh(F/f ); (3.82) 
So S 
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For a soft spring, 
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*8 = ds*/(fs + f2^- <3.83) 

X = d sinh(F/f ); (3.84) 
s s s 

hence 

Xs = |- cosh(F/fs), (3.85) 
s 

where K = f_/d is the elastic modulus at the origin. The 
S  S S  

velocities of a hard and a soft dashpot are obtained from 

the inversion of Eqns. (3.79) and (3.80), respectively. 

Thus, the four possible Maxwell unit models are as 

follows: 

1. Hard spring and dashpot, 

d F 
X = —9S 0 i + v arcsinh(F/f,)• (3.86) 

(F +f^) d 

2. Hard spring and soft dashpot, 

d F 
X = —0S - ! + v sinh(F/f,); (3087) 

(F +f^ a 

3. Soft spring and hard dashpot, 

X = cosh(F/fg) + v arcsinh(F/fd); (3.88) 
s 
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4. Soft spring and dashpot. 

X = cosh(F/fg) + v sinh(F/fd) (3.89) 

Equations (3.86) through (3.89) are not integrable in 

general in terms of common functions. However, for a creep 

test (F =s constant), all four equations yield a constant 

velocity, just as the linear model does. It is the force 

relaxation that is nonlinear. For a hard spring and linear 

dashpot, the force for a fixed displacement decays as the 

hyperbolic cosecant. In Eqn. (3.89), for f = f^, the 

force for a fixed displacement decays as the hyperbolic 

—t/T 
arcsme of e ' , where T. is the txme constant. 

3.5.4 Kelvin Unit 

Since the forces add for this unit, the model equa­

tions can be written without further discussion: 

1. Hard spring and dashpot, 

F = f sinh(X/dg) + f^ sinh(X/v); (3.90) 

2. Hard spring and soft dashpot, 

F = f sinh(X/dg) + fd arcsinh(X/v); (3.91) 

3. Soft spring and hard dashpot, 

F = f arcsinh(X/dg) + f^ sinh(X/v); (3.92) 
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4. Soft spring and dashpot, 

F = fg arcsinh(X/ds) + f^ arcsinh(X/v). (3.93) 

As an example of some of the nonlinear behavior, suppose 

that the dashpot of Eqn. (3.90) is linear, and that the 

model has already been stretched to a displacement Xq. For 

a free contraction of the model, 

X = ̂  arctanh [e""^^ tanh(aXQ)], (3.94) 

where T is the time constant and a is a ratio of propor­

tionality factors. It is interesting that the exponential 

decay term appears in the argument of a function, rather 

than being a separable multiplier of the solution as in the 

linear case. A result of the same form as Eqn. (3.94) is 

obtained for a linear spring and soft dashpot under the same 

conditions. 

3.5.5 Standard Hyperbolic Solid—Kelvin Form 

If a hyperbolic spring is added in series to any of 

the models of the preceding section, eight variations result. 

The details of the derivation are discussed for the case 

most important to the experimental vrork in this investiga­

tion. The other cases are stated briefly. 

For this form of model, it is necessary to sum the 

velocities of the Kelvin unit and series spring. For a 

Kelvin unit with a hard spring and a soft dashpot, inversion 
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of Eqn. (3.91) yields 

rF - fks sinh(X^/d ) 
X. = v sinh [ £2-= * * ] (3.95) 
K d 

using in part the subscript notation of Section 3.2.5. For 

the series spring, Eqns. (3.84) and (3.85) apply here. 

Using = X-Xg and Eqn. (3.84) in Eqn. (3.95) and summing 

Eqns. (3.85) and (3.95) yields 

* F F 
X = cosh(-g—) + v sinh 

s s 

X - d sinh(F/f ) 

F - fks sinhC 3^ 3 

£a 
(3.96) 

In later discussion it is shown that this model (Eqn. 

[3.96^) is the most appropriate of any studied for the 

description of nonlinear stress-strain hysteresis in metals. 

Each of the other cases is derived in the same manner as 

Eqn. (3.96). That is, the velocity resulting from the 

inversion of one of the four equations in Section 3.5.4 is 

added to Eqn. (3.83) or (3.85). The equations of all eight 

models are given in Table 3 according to functional form. 

3.5.6 Standard Hyperbolic Solid—Maxwell Form 

This model could be formed in a manner similar to 

that of the preceding section. Eight new nonlinear differ­

ential equations would result. However, the work presented 

in Chapter 4 shows that the parabolic Maxwell form, as a 

class of models, is generally inappropriate to the modeling 



Table 3. Kelvin Forms of the Standard Hyperbolic Solid 

Type 

* - 5T + v <>: 
s s 

Model 

X - d 04(F/f) 
F - V* -31 

Function 

0 XU 0 9U f3[] f4() 

I Hard Kelvin spring, soft cosh() 
dashpot and series spring 

II Hard Kelvin spring and cosh() 
dashpot, soft series 
spring 

III Soft series spring, Kelvin cosh() 
spring and dashpot 

IV Soft series spring and cosh() 
Kelvin spring, hard 
dashpot 

2 
V Hard series spring and [l+() 3 

Kelvin spring, soft 
dashpot 

2 i-is 
VI Hard series spring, Kelvin [l+() J "a 

spring and dashpot 

;inh{} 

sinh{} 

5inh{} 

sinh[ 3 

arcsinh{} sinh[3 

arcsin inh[ 3 

arcsinhC} arcsinh[3 

sinh[3 

arcsinh{} sinh[3 

sinh() 

sinh() 

sinh() 

sinh() 

arcsinh() 

arcsinh() 



Table 3.—Continued 

Function 

Type Model 01C) 0 2U 

1—
ft 

1 
1 C

O
 04O 

VII Hard series spring, soft 
Kelvin spring and dashpot 

Cl+O2]--h sinh{} arcsinhC 3 arcsinh() 

VIII Hard series spring and 
dashpot, soft Kelvin 
spring 

[l+o2]" -h arcsinhC} arcsinh[3 arcsinh() 



69 

of metallurgical mechanical behavior. Since the work of 

Chapter 4 was done prior to the development of hyperbolic 

models, this investigator inferred that the hyperbolic 

Maxwell form would also be inappropriate and thus did not 

develop the form. 

3.5.7 Series Solution to Kelvin-Form Standard 
Hyperbolic Solid 

The nonlinear differential equations of the 

hyperbolic models are not integrable to closed form 

complementary and particular solutions except under quite 

restricted circumstances. Complementary and particular 

solutions do exist in series forms, however, due to the 

expansion of the equations by means of the series in Eqns. 

(3.74) and (3.77). The determination of terms in the 

series solutions is not directly useful in this study, 

since numerical integration by digital computer is far more 

rapid than the laborious determination of terms by algebra. 

However, the form of the solutions is important since the 

number of degrees of freedom available for evaluating the 

six parameters is deducible from the form. 

In the experiments that were performed on steel 

specimens in this investigation, extension was controlled 

and force was observed. Hence, the equations of Section 
• • 

3.5.5 were used in their F(F,X,X) form, as follows: 



70 

- 2 a i(J-) 
s i=l 1 rs 

i-1 

CO X - dc £ a (F/f )n 
s . n s 

m 

P «F T. r* n=l 
ks . m d. m=l k = X - v 2 b. 

3=1 3 

(3.97) 

The sets of coefficients {a}, Cb}, and {c3 are those for the 

series of the functions 0^, 02, and 0g of Table 3, respec­

tively. The indices i_, j_, m, and ji are odd integers, only. 

Equation (3.97) is homogeneous in F if X = X = 0. 

Its solution, called the complementary solution, here is of 

the form 

F = C S g e 
° n=l n 

-nt/T ks (3.98) 

where g^ = 1, n is odd, and 

C0 = F(0)/ S gn. 
n=i 

(3.99) 

When Eqns. (3.98) and (3.99) are substituted into Eqn. 

(3.97), each polynomial of degree n may be solved for gn# 

It is evident that, for n > 1, each gn depends on T^s and 

tsi'r1- ~ — 

Particular solutions depend on the exact nature of 

the driving, or input, function. If X = Xq sin ^t is the 
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driving function, then the particular solution is of the 

form 

m n 
F = 2 S a (sinWt)n~m(cosWt)m. (3.100) 

, n nm n=l m=0 

For a given degree n, all cross products of sine and cosine 

are present. The set tAnm3 is produced by substituting Eqn. 

(3.100) into Eqn. (3.97) and equating terms of degree n, 

where n is always odd. As with g„, each A depends on the 
— n' nm 

coefficients of lower degree and the six parameters. 

Since there are at least as many A as there are 
nm 

parameters, each steady state solution is unique to a given 

set of parameters, and vice versa. No degrees of freedom 

remain, unlike the linear case (Section 3.2.8). The 

parameters may be determined from any six Anm. The remain­

ing A are redundant in their information content about the 3 nm 

parameters. If this redundancy did not exist, then differ­

ent sets of six A values would give different sets of 
nm 

parameters values, which would imply that the set of six Anm 

values used was not a part of the solution to the particular 

differential equation at hand. 

3.6 Conclusions 

The method of Wirt is clearly inapplicable to the 

general description and response prediction of a metal as a 

nonlinear system. It is absolutely valid for the descrip­

tion of a known hysteresis loop in terms of a Laurent 
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series. Mechanical behavior can be predicted, at least 

qualitatively, by the use of linear differential equations 

as models. Generally, such models do not constitute 

mechanical equations of state. A unique set of parameters 

for a standard linear solid exists only if both the 

transient and the steady state are used to determine the 

parameters. The Coulomb unit is well-defined with respect 

to force but poorly defined with respect to velocity. 

Although the usual motivation for using a Coulomb unit is 

its supposed independence of the damping as a function of 

frequency (Lazan 1968, pp. 113-116), or strain rate, it is 

shown here that the element can have such a dependence on 

frequency. The Coulomb element is nonlinear in that linear 

superposition cannot be applied to it. 

Nonlinear models definitely have nonlinear 

dependence of the damping on the amplitude of the force or 

displacement. This dependence is appropriate to the 

modeling of metallic mechanical behavior. Moreover, the 

dependence with respect to force differs strongly from that 

with respect to displacement. Parabolic models, although 

more concisely stated than hyperbolic ones, may have singu­

larities in their behavior under certain conditions. 

Ifyperbolic models under similar conditions do not have such 

singular behavior. Models using laws that have power series 

expansions, such as hyperbolic functions, have a spectral 

dependence of the damping on the amplitude. Mathematically, 
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then, hyperbolic models are more tractable, and in that 

sense more appropriate, than are parabolic ones. 

Yet, no evidence in this chapter is presented to 

show that hyperbolic models have more appropriate topological 

properties than do parabolic models. It is through 

Chapters 4 and 8 that this conclusion is reached. The 

nagging question of Wirt (Section 3.1) is answered in 

Chapter 8 by the application of hyperbolic models to the 

description of some experimental data. 



CHAPTER 4 

HYSTERESIS IN PARABOLIC MODELS 

The parabolic models described in Sections 3.4.5 and 

3.4.6 are quite general in form. It is plausible to suppose 

that some specific forms are appropriate models of stress-

strain hysteresis in metals, while other forms are in­

appropriate. In this study, a model would be appropriate 

if its hysteresis loop resembled that of a real metal, 

especially with respect to sharp tips on the hysteresis 

loop. To determine which forms would be appropriate, the 

models were numerically integrated for a sinusoidal force 

input. The displacement was thus determined, using small 

whole numbers for the parameters. Changes in the shape of 

the hysteresis loop (force-displacement loop) of each model 

were noted with changes in exponents in the model. One form 

of model having the most appropriate hysteresis loop shape 

was found. This form was not entirely suitable for 

experimental work, as explained in Section 3.4.7, but it 

did motivate the development of the Kelvin-form standard 

hyperbolic solid of Section 3.5.5. 

4.1 Method 

In order to note clearly the effect of each non-

linearity on a given model, the model was studied initially 

74 
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with two of its exponents held at unity. In each study, 

the following constants were used: C=K.=K =K = w = 1. K m s 

The input function was F = 2 sin ̂ t; an amplitude of unity 

was avoided so that nonlinear amplitude effects would be 

apparent. Models with brief transients were integrated for 

two cycles (4TT), while those with long transients required 

four cycles. The initial condition was always F(0) = 

X(0) = 0. 

The model, as a differential equation, was inte­

grated numerically using the CDC 6400 computer. The 

integrating subroutine DEQVAR, obtained from the library 

of the University of Arizona Computer Center, operated on 

the differential equation. A basic step size of tt/36 was 

used. The solution points of the displacement X were 

plotted against the force £ by the CalComp off-line plotter. 

As an additional measure of the degree of nonlinearity, the 

velocity X was plotted against X by the plotter. This 

latter type of graph is known as a phase plane plot. 

The method of DEQVAR is equivalent to finding the 

fifth-degree polynomial approximation to the solution of 

the differential equation. This polynomial is the same as 

that of the Adams method of numerical integration. The step 

size is changed automatically during the integration to 

ensure that the truncation error is bounded and that the 

integration scheme remains numerically stable. The 

particulars of the method are due to Nordsieck (1962); the 
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FORTRAN version of this method is by Lewis and Stovall 

(1965). DEQVAR uses an error limit that is an approximate 

bound on the sum of truncation errors incurred at each 

integration step; in this work the error limit was set at 

0.1. The error limit has the dimensions of the integral 

of the differential equation and is effectively a limit on 

the rate at which this integral increases as the independent 

variable is incremented by the step size. 

Phase plane plots are used in the qualitative 

theory of differential equations. Most often these diagrams 

are used in the description of autonomous systems: systems 

in which time does not appear explicitly (Bauer and Nohel 

1969). An example of such a system is X = f(X). The 

analysis of the stability of physical systems represented 

by differential equations is facilitated by the use of 

phase plane plots. In this investigation, however, such 

diagrams are used primarily to portray the relative degree 

of nonlinearity of a given model. In certain instances, 

the diagrams are used to determine some fundamental behavior 

of the model. 

4.2 Results 

The Kelvin form of the standard parabolic solid was 

studied first, followed by the Maxwell form, each having 

one nonlinear element. Lastly, the Kelvin form with two 

nonlinear elements was studied. 
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4.2.1 Standard Parabolic Solid—Kelvin Form 

The response of this model was studied first for a 

nonlinear dashpot. Then a nonlinear spring in series 

with a linear Kelvin unit was the object of study. Finally, 

the effects of nonlinearity in the spring of the Kelvin unit 

were noted. For the parameters and forcing function used 

in this form of model, the energy dissipated per cycle was 

2TT for the linear case. 

4.2.1.1 Nonlinear Dashpot. From Section 3.4.5 and 

Eqn. (3.66) with a = n = 1, one obtains 

• F i Z i 
X = jr- + l^l sgn(Z), (4.1) 

s 

where the force in the dashpot is 

Z = 
F(KS + Kk> 

K 
s 

- K^X. (4.2) 

Closed-form results for two special cases are 

easily obtained. In a creep test, one obtains (for F = F ) 

F (K + K, ) 
X = (4.3) 

where 

ICIl-blt F <b"1,/b 

z o  =  -*"55  +  •  ( 4 - 4 )  
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For a soft dashpot (b < 1), 

Fo(Ks + V 
lim X = ° ysy (4.5) 
t-» KsKk 

which is the classical result of the linear case. This 

follows from the fact that the springs here are linear and 

the dashpot becomes fully relaxed. For a hard dashpot, the 

final displacement is the same as in Eqn. (4.5), but the 

model comes to rest in a finite period of time tQ: 

F (b-1)/b 

fco = K^b-1) '(T"' • (4.6) 

For t > t in a hard dashpot the velocity is negative; thus 

t > t is not in the domain of a physical solution. 

A relaxation test, in which X = Xq, yields a result 

similar to that of Eqn. (4.3): 

K C 
F = ,„Ks.? v f̂ -2- + \\|b/<b"1,sgn(Z1)j , (4.7) 

where 

K X <B"1,/B (K +IC ) (X-B) t 
= l-S-^l + ' be • (4-8) 

For a soft dashpot, 

K K. X 
lim F = vs . ° . (4.9) 
t—»a K~ + V 
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which is again the classical result of the linear case. The 

same final force is obtained for a hard dashpot in a finite 

period of time t^: 

K x (b-1)/b 

fci= ib^irnr+i^T ' • (4.10) 

Finally, if the two tests are performed so that the 

initial force and displacement are the same for each test, 

then tQ > t^. Hence the hard dashpot requires more time to 

relax under creep than under stress relaxation. 

In the computer simulation of this model under a 

sinusoidal force, the initial velocity was 2. For the 

initial conditions of this study, the initial velocity of 

this model is always given by F/K . The exponent 1/b was 

varied, at first, by integers from 1 to 8. This produced 

a soft dashpot. As 1/b increased, the hysteresis loops 

(Fig. 3) approached a rhomboid shape. The changes in shape 

were most rapid in going from 1/b = 1 to 4. The effect of 

larger values was to sharpen the tips, to extend the flatter 

segments of the loop, and to decrease the displacement 

amplitude. 

It is noteworthy that a bilinear hysteresis loop 

appears to be approached despite the absence of a Coulomb 

element. This bilinearity is due to two effects: 

1. As the force magnitude increases ("loading" segment 

of Fig. 3), the reduced effective viscosity of the 
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F 

- 2  -3 

o - Transient, 1/b = 

- - Transient, 1/b = 

A _ Transient, 1/b = 

-1-

- 2  

Fig. 3. Force F vs. Displacement X for a Kelvin-Form 
Standard Parabolic Solid with a Nonlinear Dashpot 

I 
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dashpot causes most of the motion to occur in the 

Kelvin unit: |Xg | « Ix^L Thus the slope dF/dX is 

nearly K^/d^+1^). 

2. As the force magnitude decreases ("unloading" seg­

ment of Fig. 3), the effective viscosity has been 

increased, causing most of the motion to occur in 

the series spring: |xg | »|£k|. Thus the slope 

dF/dX is nearly Kg. 

The transient solutions depicted in Fig. 3 show that, 

while the linear steady state is not reached until the third 

quadrant, the highly nonlinear steady state for 1/b » 1 is 

reached early in the first quadrant. Despite the shorter 

transient time with increasing nonlinearity, the energy 

dissipated does not increase, but decreases, as shown in 

Table 4. This possible contradiction may be resolved by 

observing that the nonlinear transient is heavily damped 

during the first motion of the dashpot, yet the dashpot 

travels less as the nonlinearity is increased, thus 

decreasing the dissipated energy. 

The effect of increasing nonlinearity may be noted 

from the phase plane plot, or response rate vs. response 

plot (Fig. 4). The linear steady state is a circle: 

cos Wt vs. sin U>t. The plot for 1/b = 2 is shown in dashed 

lines to set the linear curve apart from the nonlinear ones. 

The effect of nonlinearity on the transient, beginning at 



Table 4. Variation of Hysteresis Loop Area and Integration Step Size with 
Exponents in Kelvin-Form Standard Parabolic Solids 

Number of Least Fraction 
Integration of the Basic 

Nonlinear Exponent Exponent Hysteresis Steps in Step Size, 
Element Varied Values Loop Area Two Cycles rr/36 

Dashpot 1/b 1.00 6.283 145 1 
2.00 6.007 145 1 
3.00 5.697 201 Js 
4.00 5.447 218 h 
5.00 5.261 287 h 
6.00 5.120 333 h 
7.00 5.014 351 h 
8.00 4.925 359 h 
0.90 6.255 145 l 
0.80 6.237 157 *5 
0.70 6.226 170 
0.60 6.170 181 1/8 
0.50 6.114 194 1/16 

Series 1/n 1.00 6.283 145 1 
Spring 1.001 6.276 152 3* Spring 

1.01 6.273 152 h 
1.10 6.282 206 1/32 
1.50 6.283 201 1/32 
2.00 6.281 169 1/8 
3.00 6.273 145 1 
4.00 6.279 181 3* 
5.00 6.280 276 Js 



Table 4.—Continued 

Number of Least Fraction 
Integration of the Basic 

Nonlinear Exponent Exponent Hysteresis Steps in Step Size, 
Element Varied Values Loop Area Two Cycles TT/36 

Kelvin 
Spring 

1.00 6.283 145 1 
1.001 6.258 145 1 
1.01 6.249 145 1 
1.10 6.166 145 1 
1.50 5.867 200 h 
2.00 5.655 341 h 
3.00 5.489 1142 1/16 
4.00 5.470 3928 1/64 
5.00 5.490 322 
0.90 6.360 294 h 
0.80 6.463 310 h 
0.70 6.589 333 h 
0.60 6.681 349 1/8 
0.50 6.781 532 1/8 



Fig. 4. Displacement Rate X vs. Displacement X for a 
Kelvin-Form Standard Parabolic Solid with a 
Nonlinear Dashpot 



(X=0, X=2)f is also shown. The "pinches" in the curves 

correspond to the regions in Fig. 3 of transition from 

one asymptotic slope to the other. These regions, from 

Fig. 4, are terminated by great increases in velocity. 

This increase is caused by the reduced effective viscosity 

at large force values. This investigator speculates that, 

in sufficiently nonlinear models, part of each pinch is a 

region in which the velocity is a triply-valued function of 

displacement. If so, then there would be a velocity jump, 

at constant displacement, from the least to the largest 

velocity, for each of which the model would be in stable 

mechanical equilibrium. The jump would pass through the 

intermediate velocity, for which the model would be in 

unstable equilibrium. It is helpful to note that, in Fig. 

4, time increases in a clock-wise direction. 

One computational effect noted was the decrease in 

step size required for numerical stability of the integra­

tion in DEQVAR as the nonlinearity increased. Total steps 

required to complete the integration and the least step 

size are given in Table 4. The basic step size was per­

mitted during the unloading portions of the hysteresis loop, 

but the minimum step size was required for the loading 

portion. 

The model was also studied using the fractional 

values of 1/b given in Table 4. This produced a hard 

dashpot. For these values the model became less damped as 
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the nonlinearity increased. In Fig. 3, the transient for 

1/b =0.5 remains through most of the third quadrant. 

Figure 4 shows that the phase plane curves now bulge where 

they pinched in the preceding study. Unloading causes the 

Kelvin spring force to drop. This promotes a rise in the 

dashpot force, thus increasing the velocity rapidly. When 

the Kelvin extension becomes large enough, the dashpot force 

drops, ending the phase plane bulge. In order to obtain 

steady state curves, this study used four cycles of oscilla­

tion. From Eqn. (4.1) it may be shown that the initial 

slopes of the phase plane curves are given by 

9X | 
•sx L t=o 

0, 1 > b > 0 

Kg/C, 1 = b (4.11) 

», 1 < b . 

The damping energy and displacement amplitude again decreased 

with increasing nonlinearity. Thus, it appears that the 

linear case yields the maximum damping for a force input in 

this model. Moreover, it seems from the step-size data of 

Table 4 that the values of b > 1 cause the model to tend to 

numerical instability more than do values of b < 1. 

In conclusion, hysteresis loops for b < 1 appear 

appropriate to metals from the point of view of sharp loop 

tips and linear segments in the unloading portions of the 

loop. 
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4.2.1.2 Nonlinear Series Spring. From Section 

3.4.5 and Eqn. (3.66) with a = b = 1, one obtains 

F ,F ,<l-n)/n F-ICCX-|F/K |1/nsgn(F)] 
x = bHIH + 

— 1 • <4-12' 
s s 

Since Eqn. (4.12) can be rearranged in the form 

X + f(t)X = r[F(t)], (4.12a) 

it is a nonhomogeneous differential equation that is linear 

in X and X. In principle, then, a solution to Eqn. (4.12) 

exists in the form 

X = e~h [X± + J ehr(t) dt], (4.13) 

where 

h = J* f(t) dt = I^t/C. (4.14) 

However, since r(t) as defined by Eqn. (4.12) is nonlinear, 

the solution (4.13) is of rather limited utility, the 

integrals in Eqn. (4.13) not being found analytically in 

most instances. Yet, it is clear from the term X^e"*1 in 

Eqn. (4.13) that the transient is exponential and has the 

time constant this transient is independent of the 

nonlinearity of r(t). It is possible that the numerical 

computation of solution (4.13) is simpler than the 

numerical integration of Eqn. (4.12). 

For F = A sin ^t, an analytical form of solution 

(4.13) can be obtained: 
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~Kkt/C 
A[uuc(e K - cos UJt) + K. sin «)t3 

V _ * 
2 ? 

K£ + (OUC)^ 

. |A sin u>t I1/11 , , . 
+ I £ 1 sgnlsxn wt). (4.15) 

s 

Equation (4.15) is the sum of a linear and a nonlinear 

response. The amplitude of X is given by 

X 1 'max 

2 | AWC 

K^+(0UC)2 ^ V J ^ [K2+(UJC)2 
(4.16) 

It is noteworthy that the linear component of the amplitude 

is frequency-dependent, while the nonlinear component is 

frequency-independent. This reflects the fact that the 

displacement amplitude of a dashpot does depend on the rate 

of forcing, whereas the displacement amplitude of a spring 

does not. 

Despite the nonlinear terms in Eqn. (4.15), the 

damping is still quadratic because the dashpot is linear. 

That is, the Kelvin unit is linear. Hence the damping here 

is the same as that for a linear Kelvin unit under an 

applied sinusoidal force. Unfortunately, the closed-form 

result (4.15) and the existence of necessarily quadratic 

damping were not known at the time the following computer 

study was conducted. 
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In the computer simulation of this model under 

sinusoidal force, the initial velocity was zero. The 

exponent 1/n was assigned the values greater than or equal 

to 1 in Table 4. This produced a soft series spring. 

Figure 5 shows the hysteresis loops obtained. As 1/n 

increased, the hysteresis loops became more sigmoid, with 

pointed loop tips and increasing displacement amplitudes. 

Inflection points in the hysteresis loops were detected for 

values of 1/n as low as 1.1. It may be that inflection 

points exist for any value of 1/n greater than unity. 

The phase plane plot, Fig. 6, shows that local 

minima in the absolute value of the velocity occur when £ is 

zero. This means that all the displacement is in the Kelvin 

unit at this point in time, since the series spring is not 

displaced. Examination of Eqn. (4.15) shows that X is 

independent of n when IT is zero. Hence, all the velocity 

minima occur at the same displacement of the Kelvin unit. 

The derivative of Eqn. (4.15) shows that the velocity does 

depend on _n but is least for a given n when £ is zero. 

Moreover, for a given set of constants, all the F-X 

trajectories pass through a common point for which F = 1, 

as may be seen in Fig. 5. It is true that X is independent 

of n at this force value also, from Eqn. (4.15). 

While the hysteresis loops of Fig. 5 are not 

appropriate to metals, they definitely resemble the loops 

of magnetic flux density 15 vs. magnetic intensity H for a 
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slightly hard ferromagnetic material. Finally, all the 

loops of Fig. 5 enclose the same area (Table 4), since the 

dashpot is linear. 

From Eqn. (4.12) it is clear that X —• 00 as F —»• 0 

if 1 < n. That is, this model is mechanically unstable 

under an applied force rate for any n > 1. Conversely, the 

model is unstable under an applied velocity for n < 1 

(Section 3.4.7), since F —*• 00 as F —*• 0 in this model. 

• • 

Despite the opportunity for singularities in X and F, all 

functions remain bounded, as exemplified by solution 

(4.15). Hence, no investigation under an applied force for 

n > 1 was made. 

Table 4 shows, by the number of steps and the least 

step size, that the region 1 < 1/n f 2 is generally 

numerically more difficult than the region 1/n >2. This 

may be due to the fact that the series spring velocity is 

proportional to a fractional power of F_, in the first range, 

whereas the power is greater than unity in the second range. 

4.2.1.3 Nonlinear Kelvin Spring. From Section 

3.4.5 and Eqn. (3.66) with b = n = 1, one obtains 

• F-K. |w|asgn(w) 
X = |- + ^ , (4.17) 

s 

where the displacement of the Kelvin unit is 

W = X - F/K . (4.18) 
s 
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Since the series spring is linear, the solution to Eqn. 

(4.17) will consist of a linear and a nonlinear term. The 

linear term will be directly proportional to the applied 

force. 

In the computer simulation of this model under 

sinusoidal force, the initial velocity was 2. The 

exponent a. was first assigned the values of Table 4 greater 

than or equal to unity. This produced a hard spring in the 

Kelvin unit. The hysteresis loops are shown in Fig. 7. 

For values of _a as low as 1.5, the Kelvin spring was hard 

enough to prevent the entire Kelvin unit from appreciably 

contributing to the total displacement on unloading. The 

Kelvin unit participated greatly during the loading. As a 

increased, the loop tips became sharper while the loop areas 

decreased (Table 4) and the displacement amplitude decreased 

(Fig. 7). If the linear dashpot had always traveled with 

the same peak velocity, then the loop area would have been 

independent of a, The inference is that the peak velocity 

of the Kelvin unit decreased as a increased, for a given 

force amplitude. This explains why the loop area decreased 

even though the dashpot was linear. For the loops to have a 

common area, it would require the force to increase with a^ 

in a particular way. 

The model was also investigated for the fractional 

values of a^ given in Table 4. A soft Kelvin spring was 

produced. The loops broadened and blunted somewhat, with 
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an increase in area as a^ decreased. The displacement 

amplitude decreased, however. Inflection points appeared 

in the hysteresis loops for a = 0.7, corresponding with 

incursions in the phase plane plot (Fig. 8). The transient 

was quite underdamped, so an integration time of four 

cycles was required. The nodes of Fig. 8 are the points 

where the Kelvin unit displacement is zero. This zero 

condition requires raising W = 0 to a power in Eqn. (4.17), 

an undefined operation for most digital computers. The 

problem is obviated computationally by a special definition 

of |w|a = 0 for W = 0. As a^ approaches zero, the Kelvin 

unit accelerates more rapidly through the velocity value at 

the node; this is due to the parabolic character of the 

Kelvin spring. As a. approaches infinity, the Kelvin unit 

approaches an acceleration of zero through the node. 

The hysteresis loops of Fig. 7 for a > 1 appear 

reasonably appropriate to metals. This result may be put 

with that of Section 4.2.1.1 to conclude that a hard Kelvin 

spring and a soft dashpot provide an appropriate model of 

metallic stress-strain hysteresis. 

4.2.2 Standard Parabolic Solid—Maxwell Form 

The response of this model was studied first for a 

nonlinear spring in parallel with a linear Maxwell unit. 

Then a nonlinear spring and a linear dashpot, as the Maxwell 

unit in parallel with a linear spring, were studied. The 
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case of a nonlinear dashpot is identical to that of Section 

4.2.1.1. For the parameters and forcing function used in 

this model, the energy dissipated per cycle was 0.8TT = 2.513. 

4.2.2.1 Nonlinear Parallel Spring. From Section 

3.4.6 and Eqn. (3.72) with a = n = 1, the equations for this 

model are 

. FC+K [F-K |x|bsgn(x)3 
X = 2! s , b > 1, (4.19) 

C(K +K b X b_1) 
m s 

and 
t 

(FC+K F) IX 11_b-K K X 
X= m, n . S-^-f b < 1. (4.20) 

C (Km | X | +Kgb) 

The exponent b was first assigned the values of 

Table 5 greater than or equal to unity. This made the 

parallel spring hard. As b increased, the hysteresis loops 

(Fig. 9) approached a sigmoid shape inverted from that of 

the Kelvin-form studies. The curves of Fig. 9 resemble 

those of Fig. 5, but with force and displacement inter­

changed. Points of inflection at zero displacement 

appeared for b = 1.1. Table 5 shows that the area enclosed 

by the loops decreased as b was increased from 1 to 2. The 

displacement amplitude also decreased. Examination of Eqn. 

(4.19) shows that this range of b produced a fractional 

exponent in the denominator. Thus, for this range of b, a 



Table 5. Variation of Ifysteresis Loop Area and Integration Step Size with 
Exponents in Maxwell-Form Standard Parabolic Solids 

Nonlinear 
Element 

Exponent 
Varied 

Exponent 
Values 

Hysteresis 
Loop Area 

Number of 
Integration 

Steps in 
Two Cycles 

Least Fraction 
of the Basic 
Step Size, 

TT/36 

Parallel 
Spring 

Maxwell 
Spring 

1/a 

1.00 2.513 145 1 
1.001 2.491 145 1 
1.01 2.490 145 1 
1.10 2.484 162 h 
1.50 2.467 182 1/8 
2.00 2.463 181 1/8 
3.00 2.478 163 is 
4.00 2.507 170 h 
5.00 2.538 173 h 
0.90 2.526 171 1/8 
0.80 2.542 188 1/16 
0.70 2.564 194 1/32 
0.60 2.595 202 
0.50 2.627 341 2-20 

1.00 2.513 145 1 
1.001 2.492 145 1 
1.01 2.505 148 h 
1.10 2.558 169 h 
1.50 2.761 197 1/16 
2.00 2.960 186 1/8 
3.00 3.248 160 h 
4.00 3.435 171 h 
5.00 3.576 183 h 



Table 5.—Continued 

Number of Least Fraction 
Integration of the Basic 

Nonlinear Exponent Exponent Hysteresis Steps in Step Size, 
Element Varied Values Loop Area Two Cycles TT/36 

0.90 2.455 165 h 
0.80 2.387 185 1/16 
0.70 2.335 189 1/16 
0.60 2.285 194 1/16 
0.50 2.160 186 1/16 

vo 
10 
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behavior exists that is distinct from that for b > 2f for 

which no fractional exponents exist. For the latter range 

of b, the area increased as b did, while the displacement 

amplitude continued to decrease. At very large values of 

b, the hysteresis loops would probably become as exaggerated 

at the tips as those loops in Fig. 5. The model of this 

section is mechanically much like that of Section 4.2.1.2 

and Fig. 5, but with a relatively greater damping. 

The phase plane plots are shown in Fig. 10. For 

1 < b < 2, the velocity peaked sharply near zero displace­

ment. Because the parallel spring is hard, a great deal of 

the total force is borne by the spring at large extensions; 

the larger b is, the less is the maximum extension. The 

peaking at zero displacement shows the rapid transfer of 

lead-bearing from the spring to the Maxwell unit as zero 

extension (and thus zero spring force) is approached. For 

b < 2, the parallel spring force rate law is itself soft; it 

is hard for b > 2. This explains the peak broadening for 

b > 2. That is, the peak breadth relates to the difference 

between the rates of change of the force rates of the 

parallel spring and of the Maxwell unit with respect to 

displacement: (dFm/dX) _ (dFg/dX). As b increases, the peak 

velocity shifts to larger displacements because the parallel 

spring bears more of the total force than the Maxwell unit 

for a given displacement, thus controlling the velocity 

more. This shift may be compared to that in Fig. 8 for the 
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model of Section 4.2.1.3, where the Kelvin spring is hard. 

The peaks of Fig. 10 are associated with the inflection 

points of Fig. 9. 

For clarity, the transient curves associated with 

the hysteresis loops of Fig. 9 are depicted in Fig. 11. The 

inflection point in the transient, for b > 1, was first 

detected at b = 1.5. At the origin,<Eqn. (4.19) shows that 

the slope is 

IV b * 1 

H|t=0 = KS + Km' b = 1 • (4-21) 

0 < b < 1 

The phase plane plots of the transients are shown in Fig. 

12. The initial velocities are 

!F(0)/K , b > 1 
m' 

F(0)/(K + K ) b = 1 . (4.22) 
s m ' 

0, 0 < b < 1 

For the input function used here, (^/dX)t_0 is zero. 

Using this fact and Eqn. (4.21) in Eqns. (4.19) and (4.20) 

shows that 
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Fig. 12. Displacement Rate X vs. Displacement X of the 
Transients for a Maxwell-Form Standard Parabolic 
Solid with a Nonlinear Parallel Spring — 
Transients are shown from the initial time until 
the first zero of the displacement rate. 
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1 < b < 2 . 

$ 

b = 1 

b > 2 

b = 2 

(4.23) 

\ » 0 < b < 1 

Hence Eqn. (4.23) gives the initial slopes pf the curves in 

Fig. 12. From the same equation and figure, it can be seen 

that there are five regions of behavior, depending on the 

value of b. Comparison of the transient with the steady-

state curves shows that the transient becomes less damped 

as b decreases. The model is started most smoothly when 

(3X/3X)t_g is zero; this obtains when b = 2 and F(0) 

of b given in Table 5. This made the parallel spring soft. 

This soft character turned the hysteresis loops back to the 

usual sigmoid shape, as shown in Fig. 9. The inflection 

points at zero displacement were obvious only for b = 0.6. 

From Fig. 10, a relative minimum in the velocity occurs at 

the inflection points shown in Fig. 9. Evaluating Eqn. 

(4.19) shows that X(X=0) is zero. Due to the effect of 

applying a finite force rate in the parallel spring at zero 

extension, the velocity must drop to zero, as discussed in 

= K3/2CK 
m' s 

The model was also studied for the fractional values 
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Section 3.4.7. This implies that the Maxwell unit velocity 

is also zero; the dashpot velocity cancels the Maxwell 

spring velocity. Table 5 shows that the hysteresis loop 

area increases as b decreases. The displacement amplitude 

likewise increases. The smaller b is, the less force the 

parallel spring bears for a given displacement. Hence, a 

larger fraction of the applied force is shunted to the 

Maxwell unit. The total displacement amplitude then 

increases, causing the loop area to increase. It is 

interesting to note that, for b = 0, the force of the 

parallel spring is a constant, K . Then Eqn. (4.19) can be 
s 

integrated as a linear Maxwell unit acting under the applied 

force £ and the constant force Kg. Such a limiting case, 

for the input conditions of this study, would be a spiral 

curve shifting along the X-axis in a negative direction. No 

closed loop would result. 

It is notable that more computational effort was 

required (Table 4) for b < 1 than for b > 1. The singu­

larity at zero displacement for the soft spring is surely 

responsible. This model might be applicable to magnetic 

hysteresis loops, using J3 for X and H for £. The model 

cannot be applied to metallic stress-strain hysteresis. 

4.2.2.2 Nonlinear Maxwell Spring. The equations 

for this model are, from Section 3.4.5 and Eqn. (3.72) with 

b = n = 1, 
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FC+K;|;/aa | Z | (2a"1)/aSgn(Z) 
X = 1/a. • (a l)/a ' 1 - a' (4'24) 

C (aK~" Z ' +K ) 
m s 

Fc|z| (1~a)//a+K1/'aaZ 
k 175 ,  , / T  a ) / a  .  1  >  a .  < 4 - 2 5 )  

C(K1/aa+K Z 11 a;/a) 
m s 

where the force in the Maxwell unit is 

Z = F - KgX. (4.26) 

The model was first investigated for a soft Maxwell 

spring using the values given in Table 5 for 1/a greater 

than or equal to one. The hysteresis loops (Fig. 13) became 

more sharply pointed as 1/a increased. In the unloading 

portions of each loop, for 1/a >1.1, a re-entrant region 

occurred near each loop tip. 

This re-entrant region is caused by the interaction 

of the velocities of the linear dashpot and the soft Maxwell 

spring. As the tip is neared in the loading segment of the 

hysteresis loop, the parallel spring force is very large 

because the displacement is large. Hence the force in the 

Maxwell unit is small, causing the dashpot velocity to be 

small. During unloading, the model tends to contract as if 

only the two springs were present, as evidenced by the 

sharpness of the loop tips at high nonlinearity. Especially 

for 1/a = 5, the re-entrant region resembles the F-X plot 
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for a soft spring. Despite the lowering of the total force, 

the lower displacement causes more of the total force to be 

shunted to the Maxwell unit. Thus, the dashpot velocity 

increases and, near the loop tips, is opposite in sign to 

the velocities of the Maxwell and parallel springs. At 

sufficient nonlinearity, the dashpot velocity becomes large 

enough to cause a change in the sign of the total velocity 

(Fig. 14). As the displacement increases again, the force 

in the parallel spring rises, shunting force away from the 

Maxwell unit. Hence, the velocity of the dashpot falls and 

the whole model begins to contract as the opposite load is 

applied. 

The changing of the velocity sign (1/a = 4 and 5) 

and the dropping of the velocity due to the spring contrac­

tion can be seen in Fig. 14. In fact, a phase plane loop 

is formed for 1/a = 4 and 5. Since each of the two pairs of 

of loops cuts the line X = 0 three times, there must be 

three distinct extrema in the displacement near the tip of 

each hysteresis loop. The other hysteresis loops do not 

have extrema but do have inflection points associated with 

the cusps in the velocity. Table 5 shows that the area 

of each hysteresis loop increased with increasing non-

linearity. This is due to the increased loop broadening as 

a result of greater peak dashpot velocities with increasing 

nonlinearity. The displacement amplitude decreased with 
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Fig. 14. Displacement Rate X vs. Displacement X for a 
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increasing nonlinearity; the decrease is related to the 

depth of the re-entrant regions. 

From Fig. 14 it can be concluded that there is some 

value of 1/a, greater than 5, for which the loops and cusps 

in the phase plane disappear. The Maxwell spring will then 

be so soft that the re-entrant regions of the hysteresis 

loops will disappear. The dashpot velocity will be quite 

large during the unloading from the loop tips, and the loop 

will be broad ovals. The displacement amplitude may 

increase with increasing nonlinearity. 

The model was also examined for the fractional 

values of 1/a given in Table 5. This produced a hard 

Maxwell spring. A re-entrant region for 1/a = 0.5 is shown 

in Fig. 13. The inflection point in this region of the 

hysteresis loop corresponds to the velocity peak shown in 

Fig. 14. It can be seen from Fig. 14 that the behavior is 

nearly linear in the regions where the velocity and dis­

placement have like signs. This is evident from the 

similarity of the curves to the circle of the linear case. 

One may conclude that, in the loading portions of a 

hysteresis loop, the hard spring quickly becomes too stiff 

to expand much. The rest of the model becomes effectively 

a linear Kelvin unit, causing the near-linear behavior 

cited in Fig. 14. The loop tip and initial unloading are 

also obtained by this mode of model operation. The peak 

velocity occurs as more of the applied force is shunted to 
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the dashpot by the contracting parallel spring. At a 

sufficiently low applied force in unloading, the effective 

stiffness of the hard spring decreases to the point that the 

spring operates appreciably again. The re-entrance of the 

hysteresis loop corresponds to the contraction of the hard 

Maxwell spring. Table 4 shows that the area decreases as 
i 

1/a does, while Fig. 13 shows that the displacement ampli­

tude increases. The area and displacement are bounded, 

however, since it can be seen from Eqn. (4.24) that a linear 

Kelvin unit results as 1/a approaches zero. 

From Section 3.4.6 and the conditions of this study it can 

be shown that the initial slopes of the hysteresis loops 

(Fig. 15) are 

From Eqns. (4.24) and (4.25) it can be shown that the 

initial slopes in the phase plane (Fig. 16) are 

Figures 15 and 16 show the transients of this model 

(4.27) 

a > 1 

a = 1 (4.28) 

0 < a < 1 
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Fig. 15. Force F vs. Displacement X of Transients for a 
Maxwell-Form Standard Parabolic Solid with a 
Nonlinear Maxwell Spring 
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while the initial velocities are 

F(0)/Ks, a > 1 

X(0) = F(0)/(Ks+Km), a = 1 . (4.29) 

0, 0 < a < 1 

Thus, there are three regions of behavior for the model, 

depending on the value of _a. 

In conclusion, this model does not seem to have 

application for any material over the region of a^ investi­

gated. However, for a very soft spring outside the current 

region of a_, some application may exist for highly d is si-

pa tive materials. 

4.2.3 Standard Parabolic Solid—Nonlinear 
Kelvin Unit 

To determine whether the interaction of a hard 

Kelvin spring and a soft dashpot actually would be 

appropriate to the modeling of metallic stress-strain 

hysteresis, such a nonlinear Kelvin unit was tested under 

the same experimental conditions used in the preceding 

sections. From Section 3.4.5 and Eqn. (3.66) with n = 1, 

one obtains 

• F i V i 
X = + |^| sgn(V), (4.30) 

s 

where the force in the dashpot is 

V = F - sgn(U) (4.31) 
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and the displacement of the Kelvin unit is 

U = X - F/Ks. (4.32) 

The exponents 1/b and a^ v/ere assigned the values 

given in Table 6. The hysteresis loops for which a = 1/b 

are shown in Fig. 17. This figure is effectively a pro­

jection of cross sections in the four-dimensional hyper-

space (FfXfl/bfa). It is quite representative of the 

results obtained in studying the nonlinear Kelvin unit. 

The corresponding phase plane plots are in Fig. 18. It may 

be seen that the peak velocities occur at the inflection 

points of the re-entrant regions of the hysteresis loops. 

As unloading begins, only the Kelvin unit is moving. The 

Kelvin displacement is large enough to cause the Kelvin 

spring to support most of the force acting on the Kelvin 

unit. Hence the Kelvin velocity is quite small, due to the 

small force on the dashpot. While the series spring 

velocity increases quickly, the Kelvin velocity changes 

slowly. Hence most of the motion occurs in the series 

spring during unloading. This contraction causes the force 

in the hard Kelvin spring to drop quickly, thus transferring 

the load-bearing in the Kelvin unit to the dashpot during 

the loading. The increasing force in the soft dashpot 

causes the Kelvin velocity, and hence the total velocity, 

to increase greatly. This causes the re-entrant region of 

the hysteresis loop. As the Kelvin displacement increases 



Table 6. Variation of Hysteresis Loop Area and Integration Step Size with 
Exponents of a Nonlinear Kelvin Unit in a Standard Parabolic Solid 

Nonlinear 
Nonlinear Kelvin Number of Least Fraction 
Dashpot Spring Integration of the Basic 

Exponent, Exponent, Hysteresis Steps in Step Size, 
1/b a Loop Area Two Cycles TT/36 

1.1 6.098 162 h 
1.5 5.858 166 h 
2.0 5.683 194 h 
3.0 5.562 217 h 
4.0 5.548 273 h 
5.0 5.578 290 h 

1.1 5.944 163 h 
1.5 5.770 192 h 
2.0 5.613 192 h 
3.0 5.535 240 h 
4.0 5.530 281 h 
5.0 5.553 301 1/8 

1.1 5.649 195 *2 
1.5 5.512 215 
2.0 5.421 261 * 
3.0 5.370 282 h 
4.0 5.380 313 1/8 
5.0 5.404 330 1/8 



Table 6.—Continued 

Nonlinear 
Nonlinear Kelvin Number of Least Fraction 
Dashpot Spring Integration of the Basic 
Exponent, Exponent, Ifysteresis Steps in Step Size, 

1/b a Loop Area Two Cycles TT/36 

o
 • 

in 

1.1 5.229 285 
1.5 5.123 302 1/8 
2.0 5.076 315 2* 
3.0 5.063 379 1/8 
4.0 5.088 404 1/8 
5.0 5.120 434 1/16 
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because of the greater Kelvin velocity, the force in the 

hard Kelvin spring increases quickly. This increase causes 

the dashpot force to drop, thus causing the Kelvin and total 

velocities to drop. The Kelvin spring begins to restrict 

the Kelvin motion as the loop tip is neared. The re-entrant 

region is terminated as the Kelvin unit becomes more bound, 

with most of the motion occurring in the series spring as 

the loop tip is executed. 

Table 6 shows that, for all values of 1/b tested, 

the dissipated energy decreases with increasing exponent a^ 

until a^ is 3 to 4. Thereafter, the energy increases with 

increasing a^. For a given value of a^, the energy decreases 

monotonically as 1/b increases. Hence, the dissipated 

energy decreases as the dashpot becomes softer and passes 

through a local minimum as the Kelvin spring becomes harder. 

The standard linear solid reaches a maximum dissi­

pated energy under sinusoidal loading when the resonance 

condition u>T = 1 is used. But, it is a valley in the 

dissipated energy function of the standard parabolic solid 

that is discussed above. Hence, a nonlinear model may have 

not only a resonance, as a linear model would, but an anti-

resonance as well. Indeed, multiple resonances and anti-

resonances may exist for some nonlinear models. The number 

and condition for these extrema must be determined by 

numerical analysis, since the functional dependence of the 

energy on the parameters is not usually known. 
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Because of the re-entrant regions in the hysteresis 

loops, it can be concluded that the combination of a hard 

Kelvin spring and a soft dashpot at high nonlinearities is 

not appropriate to metallic stress-strain hysteresis loops. 

The combination may be appropriate at mild nonlinearities, 

where a ~ 1/b ~ 1.5. This combination illustrates how two 

nonlinear elements, each having desirable effects when all 

other elements are linear, can interact adversely with 

respect to the effects desired. 

4.3 Conclusions 

The work of this chapter establishes that the Kelvin 

form of the standard parabolic solid is definitely more 

appropriate to the description of metallic stress-strain 

hysteresis loops than is the Maxwell form. This conclusion 

is reached by comparing the topologies of the two forms for 

the nonlinear conditions described. As the preceding 

section shows, even in the Kelvin form the interactions of 

the nonlinear elements must be finely balanced to make the 

Kelvin form topology agree with that of a real metal. 

Some of the adverse interactions of parabolic 

elements are caused by the lack of linear character for 

small amplitudes in these elements. This observation 

motivated the development of Kelvin-form nonlinear models 

having linear character for small amplitudes. This develop­

ment is discussed in Section 3.5 and applied in Chapter 8. 



CHAPTER 5 

EXPERIMENTAL WORK 

This chapter reports the manner and method by which 

experimental stress-strain data were obtained. The objec­

tive of the experiments was to obtain a number of hysteresis 

loops using sinusoidal strain control. These loops were to 

be modeled by the standard hyperbolic solids, as discussed 

in Section 3.5 and Chapter 8. 

The choice and metallurgical condition of the 

material studied were rather arbitrary; the need was to 

apply the standard hyperbolic solid model to any given 

metal. The particular material studied was part of a 

fatigue life test program conducted by the U. S. Army Benet 

Research and Engineering Laboratory at Watervliet Arsenal, 

New York. This investigator was the project officer for 

that program. Prior work in this area is discussed by 

Milligan (1972). The cyclic data desired for this disserta­

tion were acquired as a matter of convenience during the 

fatigue life tests. 

Fatigue life tests conducted in universal testing 

machines, especially closed-loop machines, often employ 

either a triangular wave or a sinusoidal wave to .determine 

the rate at which the specimen is stressed or strained. The 
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opinion is frequently expressed that a metal's mechanical 

behavior is independent of waveform for strain rates below 

those of dynamic loading conditions. Recent studies have 

shown that this assumption is not always valid. Koibuchi 

and Yamane (1968) conducted fatigue life tests on 0.3%C 

steel at 5 Hz using sinusoidal, triangular, and square load 

waves. They observed that the fatigue strength achieved 

depended on the waveform used. Williams (1970) has shown 

that the S/N curves of L73 aluminum alloy are affected by 

whether the loading is sinusoidal or narrow-band random. 

Halford (1972) has noted the effects of cyclic straining 

compared to those of constant load in the construction of 

creep-rupture curves for titanium, cobalt, and stainless 

steel alloys. Barsom (1972) showed that the crack growth 

rate in corrosion fatigue below the critical stress 

intensity factor for certain steels depended on whether the 

stress waveform was square, triangular, or sinusoidal, even 

though all three waveforms had the same frequency, 0.1 Hz. 

Selines and Pelloux (1972) have also noted the effect of 

these three waveforms on the crack growth rate for 7075 

aluminum alloys. Lord and Coffin (1973) have compared the 

fatigue lives of cast Rene 80 for continuous strain cycling, 

tensile strain hold periods, and compressive strain hold 

periods. Hence, it is reasonable to expect that the results 

of fatigue life tests will depend on the waveform a 

specimen has experienced. 
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A sinusoidal wave was chosen as the input function 

in this investigation because this waveform is a very simple 

excitation. Other common waveforms are not so simple. For 

example, any good approximation to a triangle wave would 

have at least five frequencies of order higher than the 

fundamental one. Moreover, linear systems are tested with 

sinusoidal inputs; by use of linear superposition and 

Fourier analysis, the results of sinusoidal tests can be 

applied to determine the results for complex inputs. This 

practice of using sinusoidal inputs has generally carried 

over into the testing of nonlinear systems. Finally, Wirt 

(Section 3.1) suggested using a sinusoidal input to deter­

mine a generalized hysteresis loop. This suggestion was 

followed in this work to determine if such a loop existed, 

not in the sense of a Laurent series, but in the sense of 

a given form of nonlinear differential equation with 

coefficients that were material constants. 

In determining these coefficients, thereby fitting 

a model to the material, it is immaterial with respect to 

the theory whether the stress or the strain is the controlled 

input. A model that is truly appropriate to a material 

would yield the correct results for either form of input. 

As is often the case, experimental expediency dictated the 

choice of input in this investigation. The material studied 

was a spheroidized 1078 steel. The test program called for 

the yield point to be exceeded in the initial loading. If 
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stress-limited control is applied to such a material, and if 

the yield point is exceeded, the yield-point strain incurred 

will be determined entirely by the metallurgical condition 

of the specimen. The mechanical instability of the specimen 

during yield point elongation may induce instabilities in a 

stress-controlled testing machine; oscillations may result. 

Control stability for a yielding material is enhanced by 

using a strain-limited input. Thus, these experiments were 

conducted in a sinusoidal strain control. 

5.1 Material 

Five bars of 1078 steel were cut from 1-inch 

diameter round stock. These were austenitized for one hour * 

at 1575°F and oil quenched. They were then packed in fire 

clay, held for 11 days at 1300°F, and air cooled. The 

resulting metallurgical structure consisted partly of 

spheroids of transformed martensite distributed somewhat 

evenly throughout ferrite grains. The balance of the 

structure was partly-spheroidized pearlite. The ASTM 

ferrite grain size was 10 to 11. 

As shown in Fig. 19, the bars were machined into 

one tensile and four low-cycle fatigue tension-compression 

specimens. The ends of the specimens were designed to fit 

into cylindrical cavities in the cross heads of a universal 

testing machine (Section 5.2). The nearly-square shoulders 

at the junction of the ends with the intermediate diameter 
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were supported by split-ring collars that screwed into the 

cross head cavities. 

The cylindrical gauge length of a tensile specimen 

is mechanically stable in tension. But in compression, due 

to the possibility of misalignment, such a specimen may 

buckle. Hence, the fatigue specimens had no constant 

diameter gauge length; the hour-glass shape promoted 

mechanical stability in compression. 

5.2 Equipment 

The tensile and low-cycle fatigue tests were con­

ducted on a closed-loop Universal Testing Machine TM 6-120. 

The machine was designed by the now-defunct Marquardt Corp. 

of Van Nuys, California, prior to 1 July 1963. It was 

serviced at the time of these experiments by the corporate 

successor to Marquardt, the MB Electronics Division of 

Textron Industries, Inc. 

The load cell in the testing machine had a 25,000 

lb capacity. It was designated Model PTC-FF42CD-25K by 

Transducers, Inc. The extensometer was a Sanborn 24V DC-

excitation differential transformer with a half-inch 

stroke. The sinusoidal wave for the closed-loop control 

of the testing machine was provided by a Hewlett-Packard 

function generator (Model HP3300A) equipped with a trigger/ 

phase lock (Model HP3302A). A constant strain rate signal 

for control of the tensile test was provided by a common 
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analog integrator circuit with a variable time constant. 

Hysteresis loops, as force-displacement curves, were 

recorded on a Moseley 7001AR X-Y recorder. Load and dis­

placement were recorded as functions of time on a Moseley 

7100 dual pen chart recorder. 

For the tensile test, the differential transformer 

case was mounted in a split-ring platform attached to one 

end of the specimen gauge length. The core rod contacted 

a similar platform at the other end of the gauge length. 

The two platforms were kept parallel by a system of tracks 

and guides. For the fatigue tests, the differential 

transformer was mounted in a ring concentric about the 

specimen, as in Fig. 20. Thus the radial displacement could 

be recorded, although the axial displacement could not be. 

The cage to which the ring was suspended was attached to 

the frame of the testing machine. The spring constants of 

the supporting springs were quite low, permitting the ring 

to ride with the neck of the specimen as the lower cross 

head moved. 

5.3 Procedure and Results 

Two types of experiments were conducted. First, a 

tensile test was made to determine the yield point, among 

other properties. Then, four constant radial strain 

amplitude fatigue life tests were conducted at nominal 

radial strain amplitudes of h%, 1%, lh%, a"d 2%. 
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Calibration of the transducers and recorders in 

terms of load and displacement was accomplished using 

standardized resistors to simulate the electronic output of 

a transducer for a given mechanical input. Any systematic 

errors introduced here were constant for all tests. Errors 

due to DC drift of operational amplifiers in the control 

and recording systems were minimized by having all elec­

tronic components thoroughly warm and by eliminating air 

drafts in the test room. 

5.3.1 Tensile Test 

The test used a constant engineering axial strain 

rate of nominally 1% per minute. Calculations after the 

test showed the rate to be 0.938% per minute. Recorded were 

load vs. axial displacement (Fig. 21), load vs. time, and 

axial displacement vs. time. 

The proportional limit was observed to be 47,500 

psi. No upper and lower yield point behavior was noted. 

However, the slope of the stress-strain curve was least at 

a strain of 0.225%. The stress at this point, 53,300 psi, 

was taken as the yield point. At 0.2% strain offset, the 

offset yield strength was 57,500 psi. The ultimate tensile 

strength of 123,000 psi occurred at 11.0% strain. The 

rupture stress was 117,900 psi at about 15.7% strain. The 

reduction in area after rupture was 25.2%. 
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5.3.2 Fatigue Tests 

The fatigue tests were conducted in the following 

manner. A specimen was mounted within the radial extenso-

meter ring in the universal testing machine. A single cycle 

of sinusoidal radial strain was applied, the strain first 

being positive, so that the specimen was compressed axially. 

The amplitude of strain applied was low enough so that the 

resulting compressive stress did not exceed the yield point 

of the specimen. This step was repeated four times at 

successively larger radial strain amplitudes until the 

radial strain amplitude desired for each test was achieved. 

The oscillator was then put into a continuous operation 

mode, thus initiating the steady cycling of each specimen. 

Strain hardening was complete within three steady cycles for 

all specimens. The frequency, for both single and continuous 

cycles, was about 0.1 Hz. Continuous recordings of load and 

radial displacement vs. time were made. Plots of axial load 

vs. radial displacement were made intermittently after the 

tenth cycle. 

To apply the theory of Section 3.5 to this experi­

mental work, it was necessary to render the stress-time 

and strain-time graphs in digital format for use in the 

digital computer. Selected were those steady-cycling 

portions of the graphs for which strain hardening was 

complete. The graphs were read with a combination magnifier 

and etched-glass grid having a least scale division of 1/20 



135 

of the least printed division of the chart paper, which was 

0.1 inch. This resolution permitted a precision in the 

digital data of four significant figures at most. While 

such precision may be beyond the limits of experimental 

accuracy, it is desirable in avoiding computation errors, 

such as round-off errors, in the digital computer. 

The chart speed of the strip chart recordings was 

1 in/sec. This permitted 100 data points per cycle of 

radial strain and 100 corresponding data points per cycle 

of stress to be determined from the grid of the chart paper. 

Such points were spaced 0.1 sec apart. Because the test 

frequency was always slightly more than 0.1 Hz, one more 

data point per cycle was required to render the data 

periodic. This point was always less than 0.1 sec from 

the preceding one. Thus, the time increment, or basic step 

size, between 100 of the data points of each recording was 

0.1 sec. The increment for the last point was the period of 

the cycle less 10 sec. 

To obtain the necessary cubic splines, the procedure 

stated in Section 7.1 was applied to each set of 101 data 

points for radial strain and for axial stress. The splines 

fitted to these data were then numerically integrated, as 

discussed in Section 7.2, to determine the mean values. 

Subsequently, the axial stress, radial strain, and time 

origins of each cycle were shifted in the manner discussed 
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in Sections 7.2 and 7.3. The resulting cubic splines are 

shown in Figs. 22 and 23. 

The results of the fatigue tests are given in Table 

7. The nominal values of radial strain listed were those 

intended in setting the amplitude control of the oscillator. 

The values actually achieved were determined from the strip 

chart recordings. The fatigue life of each specimen was 

determined by counting the cycles traced on the strain-time 

charts. The frequency was found by dividing the number of 

cycles incurred over a time interval by the length of the 

interval. The mean strain and stress were found by applying 

the method of Section 7.2. All mean strains under about 

0.005% and mean stresses under about 100 psi were probably 

beyond the limits of experimental accuracy. The areas 

enclosed by the axial stress-radial strain hysteresis loops, 

listed in Table 7, were computed for each data set by 

multiplying the axial stress spline by the radial strain 

rate spline to form a spline with the dimensions of power. 

This spline, integrated arcwise, was summed over the arcs to 

yield the area, using the techniques of Section 7.2. Such 

areas are presented as statistics only, since they have no 

direct physical meaning. These areas are used to measure 

the quality of model fitting in Chapter 8. The areas are 

negative because axial stress and radial strain have opposite 

signs most of the time. The radial strain-time and stress-

time data are given in Figs. 22 and 23, respectively. The 
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Table 7. Amplitude and Fatigue Life Data for Four Fatigue Specimens3 

Nominal Actual 
V 

Axial Stress-
Radial Rad ial Axial Mean Mean Radial Strain 
Strain Strain Stress Fatigue Rad ial Axial Loop Area 
Amplitude Amplitude Amplitude Life Frequency Strain Stress (lb-in/ 

(%) (%) (psi) (cy) (Hz) do-4) (psi) in3 x 10J) 

0.484 77,200 750 0.0994 -0.0839 349 -0.7145 

1 0.993 103,100 196 0.0995 0.8670 1,535 -2.0780 

ih 1.480 112,000 96 0.0997 0.1210 3,662 -3.9120 

2 1.970 119,000 42 0.0961 1.3300 4,156 -5.7750 

aThese data apply to the steady-cycling tests; strain hardening is 
complete. 
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radial strain splines (Fig. 22) were differentiated with 

respect to time to estimate the radial strain rates. These 

estimated rates are shown in Fig. 24. The stress-strain 

data are given in Figs. 25 through 29. Finally, the S/N 

data are presented in Fig. 30. Data regarding the root-

mean-square values of stress and strain are given in Table 

8, Section 7.1. Because asymmetries exist between the 

tension and compression portions of the waveforms observed, 

root-mean-square values are useful here. These values, 

being forms of average values, are more representative of 

the whole waveform than are peak values. 

The degree of asymmetry of the observed waveforms 

can be measured by the number and relative magnitude of 

higher order harmonics present. An arbitrary number of 

harmonic terms can be determined for a given waveform by 

fitting a spline to it, as in Sections 6.1 and 7.1, then 

integrating the spline piecewise in the formulas for Fourier 

coefficients. This procedure was followed for both the 

axial stress and the radial strain data. The results are 

summarized in Fig. 31. Let the ith-order sine and cosine 

X X Fourier coefficients be denoted by S^ and C^, respectively, 

where x denotes the symbol for stress or strain. Each 

0 c c 
strain wave was dominated by S^, followed by S^ and (in 

decreasing order). The fourth significant coefficient was 

6 C 
S? for nominal radial strain amplitude and for the 

other three strain waveforms. Since the relative magnitude 



10-

Time (sec) 

-5 -

Nominal Radial Strain Amplitude 

+ h% 

x 1% 

y lh% 

4 2% 

-10 

Fig. 24. Radial Strain Rate vs. Time — Computed from splines in Fig. 22. 

H 



142 

CQ 

rH ro 

30 

Radial Strain 

V ^sA5" 25 0.25 -0.50 

-30-

60 

Fig. 25. Hysteresis Loop for %% Nominal Radial Strain 
Amplitude 



143 

CO 
CO 

U -H 120-1 

CO 

•H rH 

o-

40-

.Radial Strain 

\ iUO (%) 0.5 -1.0 

-40-

-80-

-120-1 

Fig. 26. Hysteresis Loop for 1% Nominal Radial Strain 
Amplitude 



144 

w w 120-1 
rl W ft 
(0 0) 
•H wo 
x v o 
RTJ W H 

80-

40-

Radial 
Strain 

-1.5 -1.0 -0.5 0.5 1.0 1.5 

-120 

Fig. 27. Hysteresis Loop for 1%% Nominal Radial Strain 
Amplitude 



145 

80-

40-

, Radial 
strain (%) 

I ?o -2 .0  -1.0 1.0 

-120-

Fig. 28. Hysteresis Loop for 2% Nominal Radial Strain 
Amplitude 



H Ul 10-
m to 

•H fl) *r) 

:adial 
train 

-2  

Nominal Radial Strain 
Amplitude 

-10-

Fig. 29. Nested Hysteresis Loops — Loops for the four 
radial strain functions in Fig. 22. 



147 

150 -

2% Nominal Radial Strain Amplitude •H 
CQ 
cu 

n 
o 
rH 

100 -

<D 

"8 •p 
•H 
i—I 
0, 
e 
< 50-

CQ 
CQ 
0) 
U 
•P 
VI 

200 400 600 800 0 

Number of Cycles to Failure (Cycles) 

Fig. 30. Stress Amplitude vs. Fatigue Life 



1.4142 -

10 
e 

w 
\ 

1.4140 -

w 
1.4138 T-

*2 
T~ 
1 

—T" 
13s 

-25 

-20 

-15 

CO 

o 

-5 

01 
e 
u (i> 

w -H 
U 

.10 (0 
£ 
M 

w 

O -rt 
W 

Nominal Radial Strain 
Amplitude {%) 

a. Reduced Strain Coefficients 

CO 
E 
M 

t> 

tWH 
u 

CO 
e 

W 

l.o-

0.5" 

A/2 

/ 
I _ 
I 

Extrapolation to 
""Zero Strain 

0 % 1 Ik 2 

Nominal Radial Strain 
Amplitude (%) 

b. Reduced Stress,Coefficients 

Fig. 31. Reduced Fourier Coefficients of Radial Strain and Axial Stress vs. 
Nominal Radial Strain Amplitude 



149 

e 
of S1 generally increased with increasing strain amplitude 

(Fig. 31a), the strain waves were more sinusoidal the larger 

the amplitude. The presence of coefficients above the 

fundamental is probably caused by sticking or binding of the 

core rod of the differential transformer. After conclusion 

of the experiments, it was found that the core rod could 

bind under certain circumstances. Since the extensometer 

signal was used against the control signal to generate the 

error signal of the closed loop system, the binding did 

cause small control errors. These errors appear as the high 

order coefficients. 

The five most significant stress Fourier coeffi­

cients are shown in Fig. 31b. The increase of with 

respect to was due to the increased damping as the 

strain amplitude was increased. The increase of shows 

the increase of nonlinear nondissipative character in the 

metal as the strain amplitude was increased. The shifts in 

and indicate changes in the nonlinear dissipative 

character of the metal. This interpretation is possible 

because the input is so purely sinusoidal that the non-

fundamental harmonics cannot be attributed to corresponding 

harmonics in the input. In extrapolating to zero strain 

amplitudes for a purely sinusoidal strain input, would 

approach ^2* and all other terms would approach zero. The 

magnitudes of coefficients of order higher than those of 

the coefficients discussed here were too small to be 
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physically significant. The data can be expressed within 

the experimental accuracy by use of the terms mentioned. 



CHAPTER 6 

ANALYTICAL TECHNIQUES—DISCUSSION 

Operations were performed on the load, extension, 

and time data in a sequence of analytical steps. Some of 

the techniques used in these operations are rather common 

knowledge to investigators who have taken a first course in 

numerical methods. These techniques are merely discussed 

briefly and referenced. However, many of the techniques 

are not common knowledge in the metallurgical field at all. 

Hence, considerable general discussion is provided on these 

matters. The order of discussion follows roughly the 

analytical procedure given in Chapter 8. Specifics related 

to use of all techniques are deferred to Chapter 7. 

6.1 Curve Fitting by Spline Method 

The notion of a mathematical spline derives from the 

draftsman's spline, a flexible thin beam used to fair-in a 

smooth curve among specified points, or joins. The mathe­

matical spline is the result of replacing the draftsman's 

spline by its elastica and then approximating the latter by 

piecewise continuous cubic arcs between the joins. In its 

simple form, the spline is continuous and has continuous 

first and second derivatives. At the specified joins, the 

third derivative is discontinuous, corresponding to the 

151 
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draftsman's spline having continuous curvature with jumps 

in the rate of curvature change occurring at the joins 

(Ahlberg, Nilson, and Walsh 1967, pp. 1-3). 

It is common mathematical practice for the spline to 

interpolate to the ordinates of the joins. The spline that 

does this for a given set of joins minimizes the curvature 
b 2 

of the spline, in the sense of Min(J |y"(x)| dx). Viewed 
a 

more abstractly, this property is called the minimum norm 

property. The coefficients of the spline cubics arise from 

functions that are orthonormal in the Hilbert space associ­

ated with the ordinates of the joins. The spline, which is 

a linear combination of these functions, has the property 

that it is the best approximation of any sequence of cubic 

arcs to the ordinates of the joins. The minimum norm and 

best approximation properties receive concern equal to that 

for existence, uniqueness, and convergence. 

It is possible to increase the smoothness of the 

spline by allowing the individual cubic arcs to deviate 

somewhat from the prescribed ordinates at the joins. The 

degree of deviation can be controlled by a factor X. in Eqn. 

(6.1). This equation is a sum of a measure of smoothness 

and of a measure of fidelity to the given ordinates at the 

joins. It is this quantity, E, that is actually minimized: 

E = Jly"(x) dx + X. 2 (y.-y*)^. (6.1) 
a i 
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The index i^ runs over the joins, which are defined on the 

interval (a,b). The prescribed ordinates are the set Cy*3, 

while the spline values at the joins are the set 

For X very large, the condition of the previous paragraph 

is obtained, in which the spline passes through the Cy*}. 

As X is reduced, greater weight is laid in E to the reduc­

tion of curvature at the expense of fidelity. 

Splines may be periodic or nonperiodic. For the 

latter, end conditions concerning the first or second 

derivatives may be specified. This is especially helpful 

when the application at hand is a beam bending problem with 

end constraints. 

6.2 Mean Value of a Spline 

If a cubic spline y(x), consisting of N arcs, is 

defined over the domain (XqjXjj), then it may be integrated 

with respect to x by integrating each jth arc over its own 

domain, (x^ ̂ ,Xj). Thus, it may be shown that the mean 

value, y, of a cubic spline over its domain is given by 

N 3 a. . . 
2 S TZT" (x-Tx-i «i a i+1 3 ]-l 

7 = 3=1 1=0 — (6.2) 
*a ~ xo 

Similarly, the root-mean-square value, Yrms, a cubic 

spline over its domain is 
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3 3 a.. . a. . ,\ J< 
Z 2 J-3 k3 (x _x ji+k+lV 

y . ii=i *=o i^o "** 3 
(6 3, 

ms \ ^ - xQ / * 

The term a^^ is the ith-order coefficient in the cubic 

polynomial for the jth arc. 

6.3 Roots of Polynomials 

When it becomes necessary to determine the abscissa 

for a given value of a polynomial, as in a spline, a root of 

the polynomial must be determined. A number of methods 

exist, many of which involve Newton-Raphson iterations 

(Carnahan, Luther, and Wilkes 1969, pp. 156-157). Computer 

programs for such purposes are available as software 

packages in most computer systems. For example, in the 

IBM 360 System's Scientific Subroutine Package, the 

appropriate subroutine is the one named P0LRT. It deter­

mines both real and complex roots. 

6.4 Optimization Methods 

A function, called the objective function, is said 

to be optimized in some region of its variable space when a 

local extremum in the function and its location in the space 

are found. Methods to achieve optimization are topics of 

the disciplines of optimization theory and of nonlinear 

programming. These methods are generally of three kinds: 

ones that compute derivatives, ones that approximate 
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derivatives, and ones that do not use derivates at all. If 

the objective function cannot be differentiated explicitly, 

which is the case for this investigation, the first kind of 

method cannot be applied. Both of the other kinds were 

used in this study. 

The search for the optimum may be made without or 

with constraints. If the objective function is un­

constrained , then no boundaries in the variable space are 

set. The optimum, if found, may be either local or global. 

Global means the most extreme of all the local extrema. 

Methods for unconstrained optimization work to find an 

extremum, but it may not be global. For a non-

differentiable objective function, it can be considered 

global only after many other regions of the variable space 

have been tested and no greater extremum has been found. 

The objective function is constrained when certain 

auxiliary relations, either equalities or inequalities, of 

algebra or of calculus, must be satisfied. Since 

constraints are imposed, the extremum is not expected to 

be global for the entire variable space, but only for the 

region within the constraints. Even then, for a non-

differentiable objective function, it is difficult to be 

sure that the extremum is global until many points within 

the constraints have been tested. 

Another means of distinguishing among optimization 

methods is by the manner (or order) of convergence of the 
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method to an extremum. If the linear, or first-order, terms 

of the Taylor series expansion of the objective function 

about some point are dominant, then the gradient (e.g., 

steepest descent) and direct methods work well. At an 

extremum, however, the gradient necessarily is zero. In the 

neighborhood of this point these two kinds of methods 

usually oscillate because of the multiplicity of points 

where the gradient is virtually zero. In the same neighbor­

hood the second-order terms of the Taylor series dominate 

the linear ones. Methods that employ the second-order 

terms to guide the search vectors to the extremum are said 

to have quadratic convergence and are termed quadratic 

methods. They are more effective than the first two kinds 

because the second-order terms (or Hessian matrix) vary more 

strongly in the neighborhood of the extremum than do the 

linear ones. Generally, orders of convergence higher than 

the second are not needed because most objective functions 

may be adequately approximated near the extremum by the 

quadratic terms. A frequent optimization procedure is to 

use a gradient or direct search to approach the extremum, 

then to use a quadratic search to locate it (Beveridge and 

Schechter 1970, p. 494). 

Criteria for the termination of optimization methods 

vary. If a quadratic method is applied to a quadratic 

objective function, the method is terminated when con­

vergence occurs, which is in a finite number (usually the 
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number of variables) of steps. In most other circumstances 

termination depends on the precision required in the 

evaluation of the extremum. For example, more iterations 

are required to determine the extremum to six decimal places 

than to four. If only the objective function or only its 

argument changes slowly over a sequence of iterations, the 

procedure should not be terminated since the other of the 

two quantities may be changing rapidly. If both the 

function and its argument change progressively slowly with 

each iteration, the process may be terminated at the desired 

precision. Termination is basically set by the investigator, 

not by mathematical fundamentals. 

The three optimization methods used in this investi­

gation are discussed below. Aspects of the evaluation of 

the objective function are discussed in Section 7.5.2.1. 

6.4.1 Rosenbrock Method 

The basic method (Rosenbrock 1960) may be described 

as an exploratory move method, a direct search method, or a 

method that accelerates in both distance and direction. No 

derivatives are computed. For n variables, a set of n 

mutually orthogonal search directions are generated by n 

successive unidimensional searches for the extremum, from 

the initial point, along the coordinate directions, to a 

terminal point. The first set of generated directions then 

directs further searches from the first terminal point and 
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produces a second set of search directions and a new 

terminal point. This process is repeated until either the 

extremum is determined to the desired precision or the 

search method is changed. Searching along a given direc­

tion, as described in Section 6.6, yields a value of the 

objective function that is extremal along that direction. 

The procedure used in local searches was improved by Swann 

(1964) and is discussed in Section 6.6.2. 

In a given set of directions, the first direction is 

expected to produce the greatest reduction of the objective 

function, the second one the next-greatest, and so on. Each 

new set of directions constitutes a rotation in variable 

space of the search directions and tends to align them with 

the principal axes (valley axes for minimization) of the 

objective function. For example, if the objective function 

has an elliptical cross-section, the directions in a set 

would tend to align with the axes of the ellipse (Jacoby, 

Kowalik, and Pizzo 1972, pp. 70-76, 91). 

Himmelblau (1972, pp. 158-167) states that the 

principal axes are the eigenvectors of the Hessian matrix 

and form a special case of conjugate directions (Section 

6.4.2). The Hessian matrix is that of the second-order 

partial derivatives of the objective function with respect 

to the variables. Himmelblau's observation may not be too 

helpful, however, since Beveridge and Schechter (1970) state 

that Rosenbrock's method has no satisfactory convergence 
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criterion. Jacoby et al. (1972) assume convergence of the 

method. 

The original method of Rosenbrock relied on the 

Gram-Schmidt orthogonalization method to produce the new 

search directions from the steps taken from the prior to 

the current terminal points. This method is highly 

susceptible to numerical errors and has been improved by 

Rice (1966), Powell (1968), Palmer (1969), and Golub and 

Saunders (1970). Himmelblau provides an information flow 

diagram and sample problem using the method. 

6.4.2 Powell Method 

Description of this method must be prefaced by a 

discussion of conjugate directions (not necessarily 

gradients) on which the method is based. A set of ji nonzero 

directions is said to be mutually conjugate with 

respect to a given positive definite matrix A if 

(x^AtXj) 

= 0 ,  l ^ i ^ j < n  

(6.4) 

> 0, i = j 

The inequality is the result of the positive definite 

character of A; the superscript £ means transpose of the 

matrix. There is always at least one such set, the set of 

eigenvectors of A. The conjugate directions of any set are 

linearly independent, but usually there is no set unique 
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to A (Jacoby et al. 1972, p. 101; Beveridge and Schechter 

1970, pp. 421-432; Himmelblau 1972, pp. 88-95). 

The Powell method may be described as one that 

accelerates in direction; it has quadratic convergence and 

approximates the second derivatives of the objective 

function (Beveridge and Schechter 1970, pp. 392-396; Jacoby 

et al. 1972, pp. 124-127). A sequence of sets of conjugate 

search directions is generated in much the same way that 

one of sets of orthogonal directions is generated by the 

Rosenbrock method0 It is quadratically exact for £ 

variables. That is, if the objective function is a 

quadratic, convergence occurs in at most n searches over a 

corresponding number of conjugate search directions. 

The property of conjugacy becomes meaningful when 

the matrix A, above, is identified as the Hessian of the 

quadratic. The quadratic approximation to the objective 

function _f at x^_ is then 

f(x) = f (x' )+[Vf (x' ) ]T(x-x' )+JS(x-x* )TH(X' ) (x-x1 ), (6.5) 

where H(x') is the Hessian matrix evaluated at x1. The 

necessary and sufficient condition for an extremum at x*. 

is Vf(x*) ss 0. If a set of n conjugate directions is 

initiated at xL, then xjl must lie in the trajectory of the 

directions since the set of conjugate directions Cx*-x'} 

clearly minimizes the second-order terms of the Taylor 

series (Zangwill 1969, pp. 130-132). 
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The Powell method generates conjugate directions by 

obtaining the first one from coordinate searches. All later 

directions are determined from this principle: if the local 

extremum of the quadratic objective function is found along 

each of the jo < n conjugate directions, the step from the 

initial point to the £th extremum is conjugate to all the £ 

subdirections of the search. For a non-quadratic objective 

function the method only approximates a quadratic over the 

space traversed in computing a new conjugate direction, and 

the directions computed are not truly conjugate. In any 

case the Hessian matrix is approximated in the course of 

determining each new direction (Zangwill 1969, pp. 129-132). 

The procedure for generating directions as first suggested 

by Powell may tend to generate ones that are linearly 

dependent. He later suggested a better procedure (Powell 

1964a). Zangwill (1967) made a simpler improvement to the 

generating procedure. 

A specialization of this method was made by Powell 

(1964b) to the problem of minimizing the sum of squares. 

Jacoby et al. (1972, p. 245) discuss the nonlinear least 

squares problem in general. Himmelblau (1972, pp. 167-176) 

provides an information flow diagram and sample problem of 

the Powell method. 
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6.4.3 Zangwill Method 

This method (Zangwill 1967) uses conjugate direc­

tions also, thus having all the quadratic properties already 

discussed for the Powell method (Section 6.4.2). Its 

principal advantage over the Powell method is that the 

objective function is minimized over the coordinate 

directions as well as over the conjugate ones. This 

permits revision (that is, successive computation) of the 

conjugate directions, promoting the quadratic convergence 

(Daniel 1971, p. 204). In the case of n variables, ri 

conjugate directions are generated in as many iterations. 

For k _< n, in the kth iteration k-1 conjugate and n-(k-1) 

arbitrary (e.g., coordinate) directions are used. After 

each iteration the earliest coordinate direction is dis­

carded and the latest conjugate direction is added. After ri 

iterations the extremum of a quadratic will be found. For 

non-quadratic objective functions, new conjugate directions 

are determined as the earlier ones are discarded. The 

method cannot generate directions that are almost linearly 

dependent, as in the Powell method, and is thus preferred. 

Zangwill (1969, pp. 136-139) discusses the method with a 

sample quadratic problem. 

6.5 Numerical Integration 

In the numerical integration of a function with 

respect to its independent variable, two circumstances 
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arise. In one, the function is known explicitly in terms 

of the independent variable, either by an algebraic relation 

or by numerical tables. In the other, the function is known 

implicitly in terms of the independent variable by a rela­

tion of calculus, such as a differential equation. The 

circumstance determines the method of solution. 

6.5.1 Known Function 

Numerical integration of a known function is often 

accomplished by fitting a polynomial of a given order 

through the given function values. The polynomial is then 

integrated with respect to the independent variable. A 

typical formula for integration over four equal steps h is 

the fifth-order Newton-Cotes closed integration formula: 

J f(x) dx = ̂ C7[f(xg)+f(x^) 3 + 32[f(x1)+f(x3)3 

x0 

+ 12f(x2)} - f(6)(§). (6.6) 

It is exact if the given data are, in fact, drawn from a 

fifth-order (or lower) polynomial. The final term is the 

error (Carnahan et al. 1969, pp. 71-74). 

Should the data be separated by _n equal steps and 

one step unequal to the others, integration over the odd 

step can be accomplished by the trapezoidal rule; 
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X1 3 
J f(x) dx = J [f (xQ)+f (X1) ] - JJ f"(5) 

x0 

Only a linear approximation is possible for a single step. 

Thus, the error term is greater than in the fifth-order 

formula. 

6.5.2 Differential Equation 

Numerical integration of a differential equation may 

be accomplished by a number of techniques, one of which is 

the Runge-Kutta method (Carnahan et al. 1969, pp. 361-380). 

This method consists of a number of algorithms. Each one 

is equivalent to a numerical Taylor series expansion, of a 

given order, of the differential equation about the current 

value of the dependent variable. The Runge-Kutta method is 

a one-step procedure that involves only first-order 

derivative evaluations and yet produces results equivalent 

in accuracy to higher-order Taylor formulas. 

6.6 Minimization Along a Ray 

All optimization methods employ a sequence of 

searches along rays or directions. In a given search the 

ray passes through the current point in variable space and 

the ray is traversed until a minimum is found. In some 

methods the point found is just one where the objective 

function has a more extreme value than at the current 

point. The new point, in either case, becomes the current 
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point. Two of the many methods used in such searches were 

employed in this investigation and are discussed below. 

6.6.1 Powell Search Method 

This method (Powell 1964a) uses three points on the 

ray. One point is equidistant from the others. The 

objective function is evaluated at these points and a 

quadratic interpolation to an extremum is made. At this 

estimated point of extremum the objective function is 

evaluated. The process may be continued by discarding the 

least extreme of these four values and repeating the 

interpolation until the desired precision is achieved 

(Jacoby et al. 1972, pp. 62-65; Himmelblau 1972, pp. 45-46). 

This method, and many others, cannot distinguish between a 

maximum and a minimum, however. 

6.6.2 BDS Search Method 

This method of Box, Davis, and Swann (1969), denoted 

here by the initials of the authors, does distinguish 

between a minimum and a maximum (Jacoby et al. 1972, p. 63). 

It is based on an earlier technique of Swann (1964). It 

uses a sequence of points that have increasing spacing on a 

ray. The search is made from a point, in the direction of 

increasing extremity, with double the prior spacing, until 

a point of less extremity is encountered. The point lying 

between the last two is evaluated and a quadratic inter­

polation (to a minimum here) is made using three of the 
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last four points. The three selected are those most likely 

to lie on the same quadratic (Himmelblau 1972, p. 44). 



CHAPTER 7 

ANALYTICAL TECHNIQUES—APPLICATIONS 

General discussion of the techniques used on the 

data of this investigation has been given in Chapter 6. 

Thus, only those details necessary to understand their use 

in this work are given in this chapter. The order of this 

chapter follows roughly that of Chapter 6. 

7.1 Spline Fitting 

In order to integrate numerically the differential 

equation for a given model, not only the applied strain but 

also the strain rate were needed to fully define the input 

waveform as a tabular function of time. While the strain 

values were easily determined from radial extension vs. time 

strip chart recordings, no direct record of radial extension 

rate vs. time was made. Thus it was necessary to infer the 

rate data from the strain data by some mathematical tech­

nique. The numerical differentiation methods presented in 

most basic numerical analysis texts are known for their 

susceptibility to error. However, the cubic spline can be 

constructed with such a balance of smoothness and accuracy 

that it exceeds the capabilities of other methods in the 

production of accurate inferences of the first and second 

derivatives. 

167 



168 

Discrete strain data (Section 5.3.2) and the 

corresponding time data were read into a main computer 

program. The main program in turn called the subroutine 

. DSPLPW. This subprogram, listed in Appendix B, computes the 

coefficients of the periodic cubic spline that approximates 

the given points and has a join, or knot, on the abscissa of 

each point. The parameters needed at the time of call to 

DSPLPW are as follows: 

N - the number of distinct data points; excludes the 

final point. 

X - the time vector of the data set; dimensioned N. 

Y - the strain vector of the data set; dimensioned > N. 

ALAM - the weighting factor ^ in Eqn. (6.1). 

W - the non-negative weighting vector applied to Y; 

dimensioned ^ N. 

DUM - a work space dimensioned (4,J>N). 

The following vectors, dimensioned with those above in the 

main program, are returned: 

YDP - the second derivative of the spline at each join; 

d imensioned > N. 

A - the array of periodic cubic spline coefficients; 

dimensioned (5,J^N). 

The leading letter of each name above denotes the type of 

variable or constant in the usual FORTRAN sense. 

While the factor ^ must be supplied by the user, 

he has no guide in his choice except his eyes, his 
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intuition, and his subjective "feel" for the data. To 

determine an appropriate value for and thus to define a 

desirable spline, spline coefficients were computed for the 

sequence of ^ = 10n, n varying from zero to four by integers. 

For each sequence, both the spline function values and the 

first derivatives were plotted against time, using the 

computer's CALC0MP plotter, to note the effect of n. At 

n < 1, the derivative was an entirely smooth function of 

time, but accuracy (or fidelity) of the spline, strain data 

was poor. At n = 4, each spline value lay within the least 

count (or smallest graph square, in terms of the data 

recordings) of its experimental value, but the derivative 

function showed frequent spikes. The best compromise seemed 

to be n = 3. Thus A. = 10 was used for all four strain data 

sets. 

At return from DSPLPW, the main program determined 

the number of least count that each computed spline value 

lay from the corresponding experimental one. The changes 

in fluctuation of the least count over the data set were 

noted as X was varied. As stated, at X = 10^ all least 

count numbers were zero. Observation of the least count 

was a quick way to measure the effect of changes in X. It 

was noted that points of relatively large least count did 

not always coincide with local peaks in the first deriva­

tive. 
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The standard deviation of the spline values from the 

experimental ones was also estimated. In this, the number 

of degrees of freedom is N-4 since four degrees of freedom 

are consumed in determining the four coefficients of each 

cubic arc. Consequently, at least four data points are 

required to determine any cubic spline. The standard devia­

tion estimate, the root-mean-square value, e£mS, of 

the spline and the ratio of the two quantities are reported 

in Table 8 for each data set. Discussion of e^ms is in 

Section 7.2. The ratio of the two quantities has value as 

a non-dimensional measure of the quality of fit of a spline 

to its data. It may be seen from Table 8 that the fit is 

relatively best for the 1%% radial strain data set and 

poorest for the %% one. 

The elements of vector W were always set at unity 

in this investigation, since no data point was emphasized 

more than another. However, this vector is the means by 

which certain points may be emphasized. The spline will 

adhere more closely to those points to which larger values 

of W. correspond. 

After splines for the various X values had been 

3 
fitted to all four data sets, it appeared that X = 10 was 

best for all. It was then necessary to recompute a spline 

at that ^ value for each data set and to produce a punched-

card record of the spline coefficients. It was convenient 



Table 8. Standard Deviation Estimates and Root-Mean-Square Values of Strain and 
Stress for Four Radial Strain Waveforms 

Nominal Radial Strain Amplitude (%) h 1 1% 2 

Estimate of Radial Strain Standard Deviation 
s(er) (10-5) 1. 847 1. 975 2.605 3. 518 

Root-Mean-Square Radial Strain Amplitude 

e£ms ( % )  • 3444 • 6868 1.047 1. 378 

Fit Parameter s(er)/e£ms (10"3) 5. 360 2. 880 2.490 2. 550 

Estimate of Axial Stress Standard Deviation 
s(a) (psi) 82. 000 80. 000 60.000 43. 000 

Root-Mean-Square Axial Stress Amplitude 
_rms ,,rt4 a (10 psi) 5. 965 8. 130 9.085 9. 604 

Fit Parameter s{o)/arms (10~3) 1. 370 0. 984 0.660 0. 448 
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to have the four coefficients of a single cubic arc punched 

on a single card. 

In a similar manner, splines were fitted to the 

Table 8. The fit for the stresses is relatively best for 

the 2% radial strain data set and poorest for the one. 

7.2 Mean and Root-Mean-Square Values of Splines 

Since the true zero of strain was not certain, the 

mean value of each spline was determined and subtracted from 

each zero-order coefficient. This made the effective mean 

value of the spline zero. The formula used was Eqn. (6.2). 

Since the first K = N-l time steps were of equal length h, 

the expression was simplified to: 

The root-mean-square value of the shifted spline 

was determined from Eqn. (6.3). With the simplifications 

given above, this became: 

C 
axial stresses, using ^ = 10 . These results are given in 

N - C0 
(7.1) 

Then each ag.. was replaced by ag-j-er 



173 

erms 

\J * I I aiiaki i+k\ / ̂  3 aiNakN i+k\" 
hLSi kfo iSoh i + Mkfo ifo rarar hf J 

~ tO 

(7.2) 

These data are reported in Table 8 and were computed so that 

non-dimensional measures of fit could be made. 

7.3 Location of Zero Time 

When a spline was shifted by its mean value, it was 

necessary to re-determine the time, t*_, relative to tQ, of 

zero strain. Since such a t£ occurred in the first arc of 

each spline, it was necessary to determine the roots of 

3 i 
0=2 a... (t-TFJ1. (7.3) 

i=0 1J- u 

Only one real root lay between tg and t^, so this was taken 

as t*. The IBM subprogram P0LRT, discussed in Section 6.3, 

was used. It is not listed here because a generic root-

finding program is available in most operating systems. To 

use such a program it is necessary to supply only the set 

of coefficients }g and t^ie order of the polynomial, 

three. The program should be used in the double precision 

mode. It will return three roots, two of which may be 

complex. In this application, tj^ as chosen above was 
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always positive. Then each time-vector element t^ was 

replaced by t^-t*. 

7.4 Optimization 

The first optimization method employed was that of 

Rosenbrock. The method does work, in the sense that each 

iteration is an improvement over the preceding one. When 

applied to the work of this investigation, however, its 

approach to a minimum seemed quite slow. When several 

hundred dollars in computer time had been spent using this 

method, considerable effort was devoted to finding a more 

efficient technique. A software-package program of Powell's 

method, named SSQMIN, was found in the CDC computer library. 

On application, the method failed by producing linearly 

dependent search vectors. The few reports in the literature 

on the use of Zangwill's method indicated that it should be 

a viable method. Application of the method showed that it 

was clearly the best of the three methods for this type of 

investigation. Consequently, the details on the applica­

tion of the first two methods are not given here as they 

are not sufficiently pertinent. 

The optimization program consisted of a main pro­

gram, 0PTIMIZ, and four subroutines. The purpose of 0PTIMIZ 

was to read in the experimental data, to call the subroutine 

ZANG for optimization, to report results, and to make 

termination decisions. The subroutine ZANG contained the 


