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ABSTRACT 

The primary purpose of this paper is to prove some convergence 

properties for spline functions in various function spaces. However, 

in the more general setting of a normed linear space with strictly 

convex norm, it is first shown that the operator which assigns to 

each element in the space its best approximant from a given subspace 

is continuous. Next in the function space L^, p > 1, some con­

vergence theorems for best approximation by spline functions are shown 

to follow from known results. The main conclusions, which are con­

vergence properties for the type I polynomial spline are then obtained. 

In addition, similar convergence properties for spline functions which 

resemble the type I polynomial spline are cited. Finally, equations 

for obtaining the best least square approximant by a spline function 

are developed, and it is noted that these equations may also be used 

to find the type I polynomial spline. 

v 



CHAPTER 1 

INTRODUCTION 

A polynomial spline function of degree m is a function 

whose (m - l)^1 derivative is a step function. The name spline 

function is derived from a mechanical spline which is a device used 

by draftsmen to draw a smooth curve between specified points. In 

1946, Schoenberg first introduced the concept of a mathematical.spline 

function, but the study of these functions lay somewhat dormant until 

1957, when Holladay proved the minimum curvature property for cubic 

splines [1]. Using this property as a guide Ahlberg, Nilson and Walsh 

introduced in 1964, a function space aspect to the theory of spline 

functions which has led to a considerable amount of interest in this 

subject in recent years. Those mentioned above have been interested 

in spline functions which interpolate to a given set of points. On 

the other hand, Rice and Schurnaker have characterized best approxima­

tion by spline functions in uniform norm, while Marsden and Schoenberg 

have introduced spline functions which generalise the Bernstein poly­

nomials, thus displaying nice graphical behaviour. 

Spline functions have found wide application in both theory 

and practice. Indeed, the polynomial spline usually provides a smo­

other interpolation to a given set of data, and a smoother and' closer 
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approximation to a given function than a polynomial. Moreover, spline 

functions can be used in numerical integration and differentiation, 

and have been applied in space technology. 

From a theoretical point of view various kinds of spline func­

tions have been defined, and have been shown to satisfy a variety of 

properties many of which are stated in subsequent chapters. In par­

ticular, if the spline function is confined to a closed interval on 

which a sequence of meshes is given, then convergence theorems which 

depend upon the convergence of a corresponding sequence of mesh norms 

have been proved [1], In this paper some convergence properties for 

polynomial spline functions called type I spline functions as well as 

for other spline functions which are closely associated with the type I 

spline are proved. These convergence properties rely on the conver­

gence of a sequence of functions on a fixed mesh defined on a closed 

interval rather than the convergence of a sequence of mesh norms. 

Chapters 4 and 5 are devoted to these topics. 

The motivation for this study was an interest in determining 

whether the best approximant operator is continuous in a normed linear 

space. To be more precise let X be a normed linear space, and let 

V be a subspace of X. A best approximant from the subspace V to 

an element y in X is an element x* in V which satisfies 

| |y - x*|| = inf||y - x||. 
xeV 



It happens that the operator which maps any element y in X to its 

best approximant x* in V is a continuous operator in the topology 

induced by the norm provided that X has a strictly convex norm. The 

proof of this statement is the subject of Chapter 2. 

In Chapter 3 a basis for the subspace of polynomial spline 

functions in a given function space is exhibited, and is used together 

with knovm results to obtain convergence properties for the best spline 

approximant in L^-norm, p > 1. The final chapter is devoted to de­

veloping equations which yield the best spline approximant in L^-norm, 

and ultimately the type I polynomial spline. 

In this paper a mesh A on the closed interval [a,b] is de­

fined to be a division of [a,b] into a finite number of subintervals 

by the points XQ, x^, . .., x^ satisfying 

a = XQ < x1 < ... < xv - b, 

The mesh norm is defined by 

|A|| = max Ix. - x .[. 
0<i<N 

Furthermore, several different notations are used for the norm of a 

given linear space, and the various kinds of spline functions are de­

noted according to their type, degree, or dependence on a particular 

function or mesh. In both instances it should be clear from the con­

text how the notation is to be interpreted. 



CHAPTER 2 

CONTINUITY OF THE BEST APPROXIMANT OPERATOR 

Throughout this chapter it is assumed that X is a normed 

linear space with strictly convex norm, and that V is a subspace 

of X spanned by the linearly independent elements x^, x^, •••, 

x . Then for each element v in X there exists a unique element 
n 

X" in V which is the best approximant to v in the sense that 

||y - x*|| = inf||y - x||. 
xeV 

Let F be the operator which assigns to each element in X 

its best approximant in V, that is, F(y) = x* for each v in X. 

In this chapter it will be shovm that this operator is continuous in 

the topology induced by the norm. 

Before attempting a proof it should be pointed out that a 

number of results have been obtained in this direction. It is easy 

to prove that if the unique best approximant to any element in a 

metric space is taken from a compact subset of the space, then the 

best approximant operator is continuous [A]. Furthermore, it has 

been shown that the best approximant operator is continuous in C[a,b] 

with uniform norm provided that the subspace from which the best ap­

proximant is taken satisfies a Haar condition [A]. But this proof 

A 
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depends on the equlosclllation property of the best uniform approximant 

and does not extend, for example, to space. However, Smith proved 

[14] that the best approximant operator is continuous in L [a,b], and 
P 

the proof given here, with slight modifications, extends his proof to 

the more general setting. 

In order to obtain the proof several lemmas will be needed. 

Lemma 2.1. If lim ||y - y. || =0, and if x, (k = 1, 2 ...) 
k-*» k 

and x* are the best approximants for y^C^ = 2 ...) and y. re­

spectively, then 

lim ||yk - x*|| = ||y - x*| | . 
k-Vco 

Proof. Since x* is the best approximant to y^ and x* is 

the best approximant to y 

These two inequalities yield 

l|yk - x£ll < I|y - ykll + lly - **11, (2.1) 



and 

||y - x*|| < ||y - yk|| + ||yfc - x*| 

or, rewriting this last inequality 

| |y - X*| I - I |y - yj I < | |yk - x*| |. (2.2) 

Now inequalities (2.1) and (2.2) can be combined to give 

I  |y  -  x* l ' l  -  I  |y  -  y k l  I  s  I  |y k  -  x £ l  I  5  I  |y  -  y k l  I  +  My -  * * l  I •  

Taking the limit of both sides of this last inequality yields 

||y - x*|| < lim ||yk - x*|| < ||y - x*|| 

or 

iim ||y - x*|| = ||y - x*||. 
k-x» 

Lemma 2.2. Given the same hypothesis as in the previous lemma 

lim ||y - x*|| - ||y - x*||-
k-Ko 
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Proof. As in the above proof 

| y  -  x * l  I  s  I  |y  -  x £ l  I  ^  I  | y -  y k !  I  +  I  | y k  -  x £ l  I *  

In the limit this becomes 

||y - x*|| < lim ||y - x*|| < lim ||y - yfc|| + lim ||yR - x*||. 
k->°° k->°° k-x*1 

Now an application of the hypothesis and Lemma 2.1 results in the 

inequality 

|y - x*|| < lim ||y - x*|| < ||y - x*| 
k-*» 

Finally, then 

lim | |y - x*| | = | |y - x* | | -
k->» 

At this point it becomes necessary to define the subspace 

n 
U = {by + I ax} 

i=l 

where y is a fixed element in the derived set of X, that is, such 

that lim ||y - y,| | " 0 for some sequence {y. } in X. Clearly U 
k-*» 

is closed in X since it is a finite dimensional subspace of a normed 
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linear space. Furthermore, the subset W of U will be defined by 

W « {y - x*} (k = 1, 2, . . .) 

where the x* are the best approximants to the y^. 

Lemma 2.3. W is a bounded subset of U. 

Proof. From Lemma 2.2 

lim | |y - x*| | = | |y - x*| 
k-Ko 

Hence for any positive number e there exists a positive integer k^ 

such that 

|y - x*| | - e < I |y - x*| | < | |y - x*| | + e 

for all k > kg. Thus {j|y — x£||) is bounded by 

max {||y - x*||, ..., ||y - x* ||, ||y - x*|| + e} . 
0 

The proof of the final lemma needed before proceeding to the main 

theorem can be found in [5]. 

Lemma 2.4. Let 

normed linear space U. 

W be a bounded subset of a finite dimensional 

If is an arbitrary sequence of elements 



in W, then there exists a subsequence {z, } that converges to an 
j 

element z in U. 

Theorem 2.1. Let X be a normed linear space with strictly 

convex norm, and let {y^} be a sequence in X such that 

I | y  -  y k l I  =  o .  
k-H» 

If x£(k = 2 ...) and x* are the best approximants to y^ and 

y, respectively, from the subspace V, then 

lim ||x* - x*|| = 0. 
k-*» 

In other words, the best approximant operator is continuous. 

Proof. Assume that the best approximant operator is not con­

tinuous, that is 

lim ||x* - x*|| 4 0. 
k->® 

This implies that 

lim ||(y - x«) - (y - x*)|| i 0. 
k-*» 

Hence there exists a positive number and a subsequence {y - x* } 
j 
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of {y - x£} such that 

| | (y - *£ ) - (y - x*0|| > eQ. 

Now {y - x* } is a sequence in the bounded subset W of U 
j 

as defined above. Thus Lemma 2.4 implies that {y - x* } has a con-

1 
vergent subsequence {y - x* } in U. So {y - x* } is a Cauchy 

1 1 Jm 
sequence in U which implies that for each positive number e there 

exists a positive integer m^ such that 

(y  -  > -  (y  -  > | |  <  e 

for all m, n > m^. But this reduces to 

I l x £  ~  I  I  <  e  
-'m -'n 

for each e and all m, n > mn. Therefore, {x£ } is a Cauchy 

J 
sequence in U since V is a subset of U. Thus {x* } converges 

j Jm 
to some element z in U since any finite dimensional normed linear 

space is complete, and U is closed in X. Furthermore, each x* 
3 m 

is in V, and V is closed in U implies that z is in V. 

Now, suppressing the subscripts, 

lim ||x* - z\| = 0 
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implies that 

lim | | (y - x*) - (y - z) | | = 0. 
k-n=o 

The norm, • , is a continuous functional, thus 

lim ||y - x*|| = ||y - z||. (2.3) 
k-><» 

On the other hand, Lemma 2.2 gives 

lim ||y - x*| | = ||y - x*||. (2.4) 
k->» 

Taken together (2.3) and (2.4) yield 

||y - z|| = ||y - x*||. (2.5) 

But z ̂  x* since 

I I ( y  -  x * )  -  ( y  -  x* ) | |  =  | | x *  -  x | |  >  e 0  

in the limit becomes 

lim ||x* - x*|| = ||z - x*|| > eQ. 
fc-HD 
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Thus (2.5) is a contradiction to the uniqueness of the best approximant. 

Hence the initial assumption was false, and the best approximant opera­

tor is continuous. 

It is worthy of note that in the above proof the strict con­

vexity of the norm was used only to insure that the best approximant 

was unique. Therefore, this requirement could be replaced by the less 

stringent condition that the best approximant from a given subspace be 

unique. For example, this type argument could be used as an alternate 

proof of the continuity of the best approximant operator in C[a,b] 

with uniform norm when the subspace in question satisfies a Haar 

condition. 



CHAPTER 3 

THE BEST SPLINE APPROXIMANT IN L SPACE 
P 

There seems to be a lack of Information concerning approxima­

tion by spline functions in space, p > 1. Perhaps this is due 

to the ease with which information can be obtained in L space from 
P 

known results in a more general framework. However, it will become 

evident in the subsequent chapters that the study of various types 

of spline functions can be reduced to a study of spline approximation 

in space. Therefore, it seems worthwhile to write down some of 

these theorems, and show how they follow from the known results. 

Definition 3.1. Let A:a = x^ < x^ < .. . < XN = b be a 

mesh on the interval [a,b]. A polynomial spline of degree m with 

respect to the mesh A is defined to be a function on [a,b] which 

TH~1 
is in the class C [a,b], and which reduces to a polynomial of 

degree m in each subinterval ^x^_]> x^): i = 1» •••, N. 

In order to consider the approximation of a given function 

in Lp by a polynomial spline of degree m it is necessary to show 

that any spline function can be written as a linear combination of a 

set of linearly independent functions in L^. 

13 



Definition 3.2. The truncated power function is defined by 

m / 
X+ =< 

m 

if x < 0 

if x > 0. 

The following theorem gives a representation of a polynomial 

spline of degree m as a sum of a polynomial of degree m and a 

linear combination of truncated power functions. The proof given 

here can be found in [6]. 

Theorem 3.1. Every polynomial spline function of degree m 

on the mesh A:a = Xq < x^ < ... < x^ = b has a unique representa­

tion in the form 

Sm(x) = Pm(x) + I VX " Xi}+ (3,1) 
i=l 

where ^00 a polynomial of degree m. 

Proof. For i = 0, 1, .... N - 1, let P .(x) be the » » > mi 

polynomial that gives S (x) in the interval (x^, )• Then 

according to Definition 3.1 P .(x) - P . ,(x) is a polynomial 
mi m,i-l 1 

of degree m having an m-fold zero at x = x^. That is, for some 

b^ this polynomial reduces to 
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T»±M - Vi-i00 • Vx' xi)m' "-2> 

But 

Pn,k(x) • P„0W + <Pml(x> " PmO(x» + ••• + <Pmk<x> - Pn>k-lW-

Thus 

P»k(x) - P„0(x) - Vx - V" 

Taking = this is equivalent to (3.1) since for x in 

(x^, the truncated power function (x - = 0 for i = lc + 1, 

k + 2, . . . , N - 1. 

All that remains is to show that this representation is unique. 

By definition, S (x) = P „(x) for x < x,. But for x < x, (3.1) J m mO 1 1 

reduces to S (x) = P (x). Hence P (x) 5 P -.(x). Furthermore, 
mm m mU 

m-fold differentiation of (3.2) yields 

pS° (x) - P<m? (x) = b m! . 
mi m,i-l x 

Letting x = x^, this may be written as 

b, » —its(m)(x. + 0) - S(m)(x, - 0)] 
i m! m l m i J 
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where S^(x. + 0) arid S^Cx. - 0) are the right and left hand 
m x mi 

m^-derivatives of ^m00 at x^. Hence the representation is unique. 

Thus, the set of all polynomial spline functions is precisely 

the subspace of the linear space which is spanned by the linearly 

independent set of functions 

{1, x xm, (x - Xl)» (x - 3cn_1)™> . (3.3) 

The following theorem is a consequence of the fact that L^, 

p > 1 is a normed linear space with strictly convex norm. 

Theorem 3.2. Let f in L , p > 1, and a mesh A be 
P 

given on [a,b]. Then there exists a unique best polynomial spline 

approximant to the function f in L -norm. 

If S and S* are used to denote an arbitrary polynomial 

spline and the best'approximant to f by a spline function in L^-norm 

respectively, then 

I I *  -  s * l l p  5  -  s M p -

The next theorem follows from Theorem 2.1 provided that the 

best spline approximant in L -norm is considered as an operator 

mapping any function f in into the subspace of polynomial 

splines. 



Theorem 3.3. The best spline approximant operator is a 

continuous operator. 

There is a classical result in the literature [10] known as 

Polya's algorithm, which connects best L^-approximants, p > 1, 

with best approximants in the uniform norm. This latter approximant 

is often referred to as the best Tchebycheff approximant. 

Theorem 3.4. Let {<f>^:i = 1, . . ., n} be a linearly independ-

P P 
ent set of elements in the space C[a,b], and let M (a^, ..., a^) 

be the set of coefficients of the best Lp-approximant, p > 1, from 

the subspace spanned by the <j>^(i=l, .. ., n) to a given function f 

in C[a,b]. Then the sequence of points {A^:p = 1, 2, ...} in 

contains a convergent subsequence. Further, the limit A* of any 

convergent subsequence of *s t*ie set °f coefficients of a best 

Tchebycheff approximant to f on [a,b]. 

Corollary 3.1. With the hypothesis of Theorem 3.4, if there 

is a unique best Tchebycheff approximant to f on [a,b] with coef­

ficient set A* = (a*, ..., a*), then 
1 n 

lim A -  A*.  
p p-Ko 

Obviously, the above theorem holds for approximation of a 

given continuous function by a polynomial spline. Unfortunately, 

the best spline approximant in uniform norm is not necessarily unique 
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since the set of functions (3.3) do not satisfy a Ilaar condition [12]. 

However, Rice [11] and Schumaker [12] have characterized the best 

spline approximant in uniform norm. Indeed, a combination of Theorem 

4 of [11], and Corollary 3.1 above yields the analog of this Corollary 

for polynomial splines. 

Theorem 3.5. Let f in C[a,b] and a mesh A:a = x^ < x^ 

< ... < x^ = b be given. Further, let S(A^,A,x) and S(A*,A,x) 

represent the best L^-approximant to f and a best Tchebycheff ap­

proximant to f, respectively, by a polynomial spline of degree m. 

If f(x) - S(A*,A,x) alternates m + r + 1 times (r < N - 1) on 

[x., x., but does not alternate m + q + 1 times on anv sub-1 i' i+r+1 ' H 

interval [x, *i+q+1] of [xj[, *i+r+1]» then 

lim A = A*, 
p p-v<o 

In the next theorem the convergence of the best L spline 

approximant as the degree of the polynomial spline tends to infinity 

will be investigated. 

Theorem 3.5. Let f in C[a,b] and a mesh A:a = x^ < x^ 

< ... < x„ - b be given. Furthermore, let S*(x) denote the best 
N m 

Lp - approximant to f by a polynomial spline of degree m. Then 

lim I If - S*II =0. 11 m11p m-v» • 
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Proof. Since f is in C[a,b] it is known that 

lim Mf " PmMp = 0 <3-4> 
m-H° 

where P* represents the best - approximant to f by a polynomial 

of degree m [4], Nov? the subspace generated by the set {x^:j = 0, 

1, ..., m} is a subspace of the space spanned by the set (3.3). 

Hence, 

J|f - S*|| < ||f - P*|| 11 m1'p = '1 m1'p 

for all m. This along with (3.4) implies 

lim I If - S*|I =0. 
11 m1'p m->°° ' 

In order to prove that the sequence {P*(x):m = 1, 2 ...} 

of best L polynomial approximnnts to a function f converges to 

the function f in L -norm as m tends to infinity it is suf-
P 

ficient to know that there exists a sequence of polynomials which 

converges to f as the degree of the polynomials increases. This 

is guaranteed by the Weierstrass Approximation Theorem. Recently 

Marsden [8] has proved a similar approximation theorem for polynomial 

spline functions. Without getting sidetracked by details it suffices 

to remark that the sequence of splines used in Marsden's proof are the 
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variation diminishing splines introduced by Marsden and Schoenberg [9]. 

It is not necessary at present to know what this sequence of splines 

look like, but merely to know that such a sequence exists. Indeed 

Marsden's Theorem implies the following theorem as a special case. 

Theorem 3.6. If f is in C[a,b] and if is a sequence 

of meshes such that 

lim ||A || = 0 
N->» 

then there exists a sequence of splines {S^ } of fixed but arbitrary 

degree m such that 

lim 11f - SA IL = °" 
N->°° N 

As an immediate corollary of this result the next theorem 

follows. 

Theorem 3.7. If f is in C[a,b] and is a sequence 

meshes such that 

I  l A
N M  =  0  

N-*» 

then the sequence of best spline approximants {S* } of degree 

m converges in L^-norm to the function f as N tends to infinity. 



That is, 

lim ||S* - f|| = 0. 
N-*» N F 

Proof. Since S* is the best spline approximant to 

f on the mesh A„ 
N 

I ' - V - s  l | f " s 4 '  p  a  

where is the spline whose existence was guaranteed in Theorem 

3.6. Now (3.5) implies 

llf - lip S lit - S ll„0> - <01/2. 
N 1 N 

Therefore, 

lim ||f - S* |L - 0. 
N-xo "N p 



CHAPTER 4 

CONVERGENCE PROPERTIES OF SPLINE FUNCTIONS 

Numerous convergence properties have been proved for different 

types of spline functions. However there seems to have been no ex­

ploration of the convergence properties of a sequence of spline func­

tions which are defined in terms of a convergent sequence of functions 

in a given normed linear space. It will become clear how the sequence 

of spline functions is determined as the chapter progresses. The fol­

lowing definitions and results from the theory of spline functions will 

be essential to the development. In stating these definitions, and 

henceforth in this paper A will denote a mesh A:a = XQ < x^ < ... 

< x^ = b on the interval [a,b]. 

Definition 4.1. Let f be an arbitrary function defined on 

[a,b], The polynomial spline of degree m which interpolates to the 

function f on the mesh A is called a spline of interpolation to f 

on A and is denoted by Sm(f,x). That is, 

Sm(f,xi) = f(x±), (i = 0, 1, .... N). 

Definition 4.2. Let f be a function defined on [a,b] such 

that f^(a) and f^a\b) exist for a = 0, 1, ..., n - 1, and let 

22 
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S2n_^(f,x) be a polynomial spline of interpolation to f on the mesh 

A of degree 2n-l. Then S2n-l^'X^ *S ca^^e<^ a t*yPe ^ spline of 

interpolation provided 

S2n-l(f'Xi} = f(a)<xi> (i = 0, N) (a = 1, ..., n - 1) . 

The preceding definition is given only for polynomial splines 

of odd degree because the polynomial spline of interpolation of even 

degree may fail to exist. On the other hand, the type I polynomial 

spline of odd degree exists and is unique for a rather broad class of 

functions. 

Definition A.3. The class of all functions defined on [a,b] 

which possess an absolutely continuous (n - 1)^ derivative and 

whose n derivative is in L^fajb] will be denoted by K (a,b). 

It is for this class of functions that the existence and 

uniqueness theorem will be needed in this presentation. Although 

the existence and uniqueness theorems and their respective proofs 

are given separately in [1], here the two will be combined into a 

single statement for the sake of brevity. 

Theorem 4.1. Let f be in Kn(a,b) and let A be a mesh 

on the interval [a,b]. Then there exists a unique type I polynomial 

spline of interpolation to f on the mesh A of degree 2n-l. 
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Several properties of the type I polynomial spline function 

whose utility will soon become apparent will now be listed. For proofs 

the reader is again referred to [1]. 

I^irst IntegraJL Relation. If f is in Kn(a,b) and S^n ^(f,x) 

is the type 1 spline of interpolation to f on A, then 

t b  
[f(n)(x)]2dx = 

b b 
[S^iCf ,x) ]2dx + f [f(n)(x) - sjj^Cf ,x) ]2dx. 
a ' a 

Minimum Norm Property. Let a mesh A on [a,b] and a function 

f having n - 1 derivatives at both x = a and x = b be given. 

Then, of all functions g in Kn(a,b) which interpolate to f on A, 

and such that g^a\x^) = f^a^(x^) (i - 0, N) (a = 1, . . . , n - 1), the 

type I spline of interpolation to f on A of degree 2n-l is the 

uniciue admissible function which minimizes 

b 
r (n), ,,2. [g '(x)J dx. 

Best Approximation Property. Let a mesh A on [a,b] and f 

in Kn(a,b) be given. Let S2 -^(x) be any polynomial spline on A 

of degree 2n-l, and let S£n ^(f,x) be the type I spline of inter­

polation to f on A of degree 2n-l. Then 

1) t) 
f [f (n)(x) - (x)]2dx > f [f(t0(x) - S^Cf.x)]^, (4.1) 
'a 'a 
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and equality holds if, and only if 

S2n-l(f,x) = S2n-1^ + pn-l(x) 

where pn ^(x) is a polynomial of degree n - 1. 

A psuedo inner product can be defined on the linear s'pace 

Kn(a,b) by 

(f,g) = {[ f(n)(x)g(n)(x)dx}1/2. (A.2) 
> a 

The associated psuedo norm is, of course, defined by 

I|f||* = fb[f(n)(x)]2dx. (4.3) 
^ a 

Now if an equivalence relation is defined on Kn(a,b) by; f 

is equivalent to g if, and only if, f and g differ by a polynomial 

of degree less than or equal to n - 1, then (4.2) and (4.3) lose their 

psuedo-character on the resulting equivalence classes of functions. 

Thus if functions differing by a polynomial of degree less than or 

equal to n - 1 are identified then Kn(a,b) becomes an inner product 

space. Furthermore, it can be shown that this inner product space is a 

Hilbert space [1]. 

Given a fixed mesh A on [a,b] an operator ¥ which will be 

called the type I spline operator can be defined on the linear space 



Kn(a,b) by assigning to each function in this space its unique type I 

polynomial spline of interpolation of degree 2n-l. I-'oreover, if the 

identification mentioned above is made, then this operator can be con­

sidered as an operator on the Hilbert space Kn(a,b). In order to 

interpret the operator in this manner it must be shown that the opera­

tor is well-defined [13]. 

Lemma 4.1. If f and g are any two functions which are 

in the same equivalence class in the Hilbert space Kn(a,b), and if 

7 is the type I spline operator, then V(T) and ^Cg) are in the 

same equivalence class. 

Proof. Since f and g are in the same equivalence class, 

f - g = P . 
' n-1 

where P ^ is a polynomial of degree less than or equal to n-1. 

It can be shown that the type I polynomial spline is linear [1]: hence 

S2n-l(f ~ ̂  " S2n-l(f) " S2n-l(s) 

But 

S2n-l(f " Pr) ~ S2n-l(?n-l) = ?n-l 



where the last equality resulted from the uniqueness of the type I 

polynomial spline. Thus 

*<£) - f(g) - - S) - Pn_r 

That is, ¥(f) and ^(g) are in the same equivalence class. 

Theorem 4.2. The type I spline operator is a continuous 

operator on the Hilbert space Kn(a,b). 

Pnsof. The best approximation property (4.1) implies that 

Riven a function f in the linear space Kn(a,b) the equivalence 

class containing the type I polynomial spline of interpolation to f 

on a mesh A is the best spline approximant to the equivalence class 

containing the function f. The proof now follows from Theorem 2.1 

since an inner product space is a normed linear space with strictly 

convex norm. 

However, it is interesting to note that in this case the 

continuity of the operator can be arrived at using the minimum norm 

property. Let f be in Kn(a,b), and let ke a sequence in 

K°(a,b) such that lim | | f, - f| | =0. Nov? the type I polynomial 
kK n ,-KO 

spline is linear on K (a,b). [1] which implies that 



Obviously, f - is a function which satisfies the hypothesis of 

the minimum norm property for each k. Thus 

lh'<£) - f(fk)lln- I ls2n-i<f> - WVMn 

llence, 

lim ||nf) - y(fk)||n «= o, . 
k-*» 

which implies that type I spline operator is a continuous operator 

on the Hilbert space Kn(a,b). 

The question that now arises is whether these convergence 

properties carry over to the space Cn[a,b] with uniform norm. A 

partial answer is given in the following theorem. 

Theorem 4.3. Let a function f and a sequence of functions 

{fj_} be given in Cn[a,b] such that 

lin ffa\x) = f(x) (a = 0, 1, .. . , n) 
k-*» 

uniformly for all x in [a,b]. Then 

lim S^a^x) = (f,x) (a = 0, 1 n - 1) 
k-*» 
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uniformly for all x in [a,b] where the S2n ^(f^.xJCk = 1, 2, ...) 

and S2n-l^'X^ are t^ie t^pe * P°lynomial splines of interpolation to 

the =1, 2, ...) and f, respectively, on a piven mesh A. 

Proof. Let II^Ma, = max |f(x)|. Then 
a<x<b 

{fb[f(n)(x) - f5n)(x)]2dx }1/2 < max |f(n)(x) - f <n) (x) | { fdx }1/2 
Ja a<x<b J  a  

= | |f(n) _ f(n)| |^(b _ a)1/2. (4./,) 

Thus, 

lim ||£(n) - f<n)|L - 0 
k-Ho 

implies that 

lim {[ [f(n)(x) - f^n)(x)]2dx }1/2 = 0. 
k->« J a 

Now since the spline functions in discussion are the type I 

polynomial splines 

g(n~l)/£ \ _ s(n~l) ,f \ 
2n-l 1 ' } 2n-l Uk' ' 

' a 



[S^Cf.u) - S^1(fk,u)]du + f(n 1} (a) - f^n-1^ (a) 

Hence, for any x in [a,b] 

lS2n-l)<f,x) -
, (n-1) 

= f lS2n-l(f'u) " S2n-l(fk'u)'du + ~ fu" 1) I 
* ^ 

lS2n-l(f,u) ~ S2n-l(fk,u)'du + (a) I * (4,5) 

/ \ 

By Schwarz's inequality applied to the function ®2n-l^ ~ ^k'X^ and 

the constant function l(x) = 1, 

f lS2n-l(f-u> - S^> «k,u)|du 
J  n  

< (I ts2n-l(f'u) ~ S2n-l(fk,u)]2du )1/2(-h ~ a)1'2' 

a 
(4.6) 

The inequalities (4.5) and (4.6) combine to give for x in [a,b] 

ls^n (f x) - S^n (f x) I 
1 2n-l u,x; 2n-l Uk'} 1 

(n-1) 

< { 

* n 

- s c (n) ,, v 12. ,1/2., .1/2 
- >u) - S2n_i(f^>u)J du } (b - a) 

+ |f(n_1)(a) - f,(n_1)(a)| 



< {[ [f(n)(u) - f^n)(u)]2 du }1/2(b - a)1/2 

^ a 
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+ |f(n"1)(a) - f^n_1)(a)|, (4.7) 

where the last inequality resulted from an application of the minimum 

norm property, and the linearity of the type I spline operator. Tak­

ing the supremum over the interval [a,b] and using (4.4) yields 

< | | f(n) - f£n)|L(b - a) + |f(n-1)(a) - f^n_1) (a) |. (4.8) 

Therefore, 

HS2nl"(f> " S2nl"(Vll»- °" <4"9) 
k-K& 

Again since the splines are of type I 

s£;«(f,x) - s£:« cfk,x) 

= [ IS2n-l)(f'u) " S2n-l)(fk'u)]du + f<n_2)(a> ~ f£n~2)(a). 
^ a 

Hence, for any x in [a,b] 
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ls^n~^(f x) - S^n_Z'(f x) I 1 2n-l K ' } 2n-l: k,x; 1 
(n-2) 

S<-»(f,u) - S«:^(£k,u)|du + |f«^<a) -
i (n-1) (n-2) (n-2) 

< MS^)(f) - S2^;(fk)|L(b - a) + |fkIW;(a) - (a) | 
(n-1) A n ~ 2 )  : (n-2) 

After taking the supremum over [a,b] of both sides .of this inequality, 

the estimate (4.8) can be used to acquire 

l S 2n^ ) < f )  ~ S 2"lf  ML S H £ < n )  " tk n ) IL<» "  *> :  

+ |f(n ^(a) - f<n 1)(a)|(b - a) + |f(n"2)(a) - f<n 2) (a) | , (4.10) 

which implies that 

lim ||S^:f(f) - S^>(fk)|L - o. 
k->« 

th 
Proceeding by induction, suppose at the j step 

(0 < j < n - 1) 

H S 2nlj ) ( f )  " J H f < n )  " < n > l l .< b  " 

+ J |£("-1)(a) - f^n_1)(a)|(b -
i=l 

(4.11) 
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so that 

llm | I s£;J> (£) - S^lj' (fk) I I. - 0. (4.12) 

Then, as above 

x-} - S (f x\ 
2n-l tt,X) 2n-l (fk'x) 

= f [s2n-l)(f'u) " S2(n-i)(fk'u)]du + f <a> - (a) , 
^ a 

and for x in [a,b] 

lS2nir1)(£'x> " 

s f lS2<n-l)(f'u) " S2n-i)(fk'u,ldu + I£ (n~3~1) (a) -
^ a 

= llS2nli)(f) ~ ~ 
3) + lfH"1)(a) - fkn_j_1)(a)|. 

Nov/ taking the maximum over [a,b] of both sides of this inequality, 

and applying (A.11) gives 

ner'co -  s in i i - i > < f
k > 11„ i  <iif(n) - fkn)i i„<b - a'j 

+ 1 |f(n"1)(a) - £<""1)(a)|(b - a)3_i}(b - a) 



+ iffc-J-^oo - = ||f<n) - f<n)IL(b - a)3+1 

i+1 
+ I |f(n_i)(a) - f(il_i)(a)|(b - a)j+1-i. 
i-1 

This inequality and the hypothesis imply that 

H S 2nlf 1 ) < £ )  " °-
k->°° 

t  

Hence the induction argument is complete, and (4.11) and (4.12) hold 

for all a such that 0 < a < n - 1. 

Although the type I polynomial spline is of primary interest 

in this paper, it is worthwhile to note that the above theorems hold 

for periodic polynomial splines. 

Definition 4.4. Let f be a periodic function of period 

(b - a), and let a mesh A be given on [a,b]. Then a periodic 

polynomial spline of interpolation to f on A of degree 2n-l is 

a polynomial spline of interpolation to f on A such that 

S^a)(f,a+) - Sp0)(f,b-) (a = 1, ..., n - 1). 

The periodic polynomial spline of interpolation to a function 

f on a given mesh A satisfies conditions that are sufficient to 

obtain the aforementioned theorems provided that f is in the sub­

class K"(a,b) of Kn(a,b) consisting of those functions which, 



th 
together with their first (n - 1) derivatives, have continuous 

periodic extensions to C-00,00) of period (b - a). That is if f 

is in Kp(a,b) then the periodic polynomial spline of interpolation 

to f not only exists and is unique, but also satisfies a minimum 

norm property, and a best approximation property. Moreover, if any 

two functions which differ by a constant are identified then K^(a,b) 

is an inner product space. 

Now if a periodic spline operator is defined on Kp(a,b) by 

corresponding with each function in Kp(a,b) its unique periodic 

polynomial spline of interpolation, on a given mesh A, then a proof 

similar to that of Theorem 4.2 suffices to yield the following theorem. 

Theorem 4.4. The periodic spline operator is a continuous 

operator on the inner product space Kp(a,b). 

Furthermore, a theorem analogous to Theorem 4.3 can be proved 

for periodic spline functions. 

Theorem 4.5. Let a function f along with a sequence of 

functions be given in Cp[a,b] such that 

lim | | f£a) - f(a)| |to = 0 (a = 0, 1, ..., n). 
k-x» 

Then, 

lim ||S<a)(f) - S^a)(fk)|\m = 0 (a = 0, 1, ..., n - 1). 
k->«> 



36 

For the sake of completeness the foregoing theorems will be 

stated for a wider class of polynomial splines which include the 

type I and periodic polynomial splines defined above. To accomplish 

this task the following definitions are essential. 

Definition 4.5. Let a mesh A:a = x„ < x. < ... < x„ = b 
0 1 N 

be given, and let S£n -^(x) be a function in K^n t(a,b) with the 
/ n  \  

property that ^(x) vanishes identically in each open mesh in­

terval (x^_^,x^) of A. Then S£ ^(x) is called a polynomial 

spline of degree 2n-l with deficiency t x^here t is restricted 

by 0 < t < n. 

In this terminology, the polynomial spline of degree 2n-l 

in Definition 4.1 has deficiency one, while an ordinary polynomial 

of degree 2n-l has deficiency zero. The polynomial spline of de­

ficiency one is sometimes called a simple spline. 

Definitions analogous to those given for the type I and 

periodic simple splines can be made for the type I and periodic 

polynomial splines with deficiency t. 

Definition 4.6. Let f be in the class Kn 11 (a,b) 

(Kp ^ajb)), and let a mesh A:a = XQ < x^ < ... < x^ = b on [a,b] 

be given. Then the type I (periodic) polynomial spline of interpola­

tion to f on A of degree 2n-l with deficiency t is defined by 

the equations 



S2n-l(f,Xi) = f(0)(xi> (i = 0, 1, N) (a = 0, 1, t - 1) 

S2n-l(f'xi) = f(a)(V (i = °» N) (a = ts •••» n " 1)* 

Note that the continuity conditions are relaxed, but that 

this is compensated for by requiring interpolation not only to the 

function f, but also to its first t - 1 derivatives ct the in­

terior mesh points. This does not affect the nature of the proofs 

already given for simple splines since existence, uniqueness, a mini 

mum norm property and a best approximation property hold for this 

class of deficient spline functions. Indeed, if the proper identi­

fication of functions is made, and if a type I (periodic) deficient 

spline operator is defined in an obvious way then the following 

theorems obtain. 

Theorem 4.6. The type I (periodic) deficient spline opera­

tor is a continuous operator on the inner product space Kn(a,b) 

(Kp(a,b)). 

Theorem 4.7. Let f and be functions in Cn[a,b] 

(Cp[a,b]) such that 

lim | | f(Ct) - f£°| |„ = 0 (a = 0, 1, ..., n). 
k-x» 

If S2n ^(f,x) and ®2n-l^k'X^ represent the type I (periodic) 



polynomial spline of interpolation of degree 2n-l with deficiency 

t (t < n), then 

lim i lS2n-1(f) ~ S2n-l(fk}IL = 0 1. ... , n - 1). 
k-K<> 

Now let 

L = an(x) • Dn + an_1(x) • Dn 1 + ... + aQ(x), 

where each a^ (x) (j = 0, 1, ..., n) is in Cn[a,b], and a
n(x) 

does not vanish on [a,b], be a general linear differential opera­

tor. Furthermore, let 

L* = (-I)" • Dn{a (x)} + (-l)n 1 • I)n 1{a , (x) } + ... + an(x) n n—l u 

be the adjoint of L. 

Definition 4.7. A generalized spline of deficiency 

t (0 < t < n) with respect to a given mesh A:a = x^ < x^ < ... 

2 n _  ̂  < x,T = b is a function S.(x) which is in K (a,b), and satis-
i>l A 

fies the differential equation 

L* L(Sa) = 0 

on each open mesh interval of A„ ^(x) said to have order 2n. 
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A further discussion of generalized splines can be found in [1], 

It will be assumed here that the operator L satisfies conditions which 

insure the existence, uniqueness, minimum norm, and best approximation 

properties of the generalized spline of interpolation. It should be 

clear that the special case L = Dn was the one dealt with up to this 

point. 

The definitions of the type I and periodic generalized splines 

of interpolation of order 2n with deficiency t (t < n) can be pat­

terned after the corresponding definitions for polynomial splines. 

Also definitions of the appropriate equivalence relation on Kn(a,b) 

or Kp(a,b) and of the respective generalized spline operators can 

be made in an evident manner. Furthermore, the proof of Theorem 4.2 

can be used as a model to prove that each of the generalized spline 

operators so defined is a continuous operator on their respective 

inner product spaces. 

To get the proof of the analog of Theorem 4.3 for generalized 

splines an argument similar to the one used there would be adequate. 

However, a slightly different treatment which avoids the minimum norm 

property, and instead relies upon the continuity of the best approxi-

mant operator is given. 

Theorem 4.3. Let the function f together with the sequence 

of functions {f.} be given in Cn[a,b] (c"[a,b]) such that 
«C r 

lim | | f(ct) - f (a)|\m « 0 (a = 0, 1, ..., n). 
k->-m 



If S^(f,x) represents the type I (periodic) generalized spline of 

interpolation to f of order 2n with deficiency t (t < n), then 

lim ||S<a)(f) - S^yl |ro = 0 (a = 0, 1 n). 
k-><» 

Proof. The proof will be given for the type I spline. By the 

best approximation property, the type I generalized spline of inter­

polation to f of order 2n with deficiency t (t < n) satisfies 

f [f(n)(x) - S<n)(f,x)]2dx < | [f(n)(x) - S^n)(x)]2dx, (4.13) 
•'a J a 

v;here in the right hand side S^(x) denotes any generalized spline 

of order 2n with deficiency t. Nov.' the set of generalized splines 

of order 2n with deficiency t form a subspace of the linear space 

Kn(a,b). Moreover, the set of n^1 derivatives of these spline func­

tions is a subspace, ft, of Kn(a,b). Therefore, by (4.13) S^n^(f) 

is the best approximant to in L^-norm from the subspace ft. 

A similar statement holds for each of the functions f^n^ and 
k 

S^n^(f^) (k = 1, 2, ...). Hence, by the continuity of the best 

approximant operator, Theorem 2.1, and inequality (4.4) 

lim ||S<n)(f) - S^n)(fk)[|2 = 0. 
k->« 

(4.14) 



41 

But the subspaco is finite dimensional, which implies that 

any two norms on this subspace are equivalent. Thus, there exists a 

real number (3 such that 

| | s < n ) ( f )  -  s< n ) ( f k ) | | r a  < e | | s< n ) ( f )  -  s< n ) <f k ) | | 2 .  

Clearly then (4.14) implies 

Now as in the proof of Theorem 4.3 

S<n_1)(f,x) - SA(n-1)(fk,x) 

= [ tS^n)(f,u) - S^n)(fk,u)]du + f(n_1)(a) _ f(n-]>(a), 
^ a 

which finally gives 

||s(n-l)(£) _sCn-1)(v|L 

< | | s< n ) ( f>  - S<n)(fk)||,> - a)1/2 + |f̂ n_1)(a) - (a)|. 

This yields 



lim | | S^n 1}(f) - S^~1)(fk)\\m = 0. 

The proof can now be completed by using an inductive argument 

similar to that of Theorem 4.3. 

Finally, a theorem similar to Theorem 4.3 can be proven for a 

polynomial spline which is about to be defined. 

Definition 4.8. A polynomial spline of interpolation to a 

function f on a mesh A of degree 2n-l with deficiency t (t < n) 

is called a type t spline provided that 

St°')(f'Xi) = f(CX)(xi) •••> t ~ (i = 0, 1, ..., N) 

S^a^(f,x^) = 0 (a n n, n + 1, ..., 2n - t - 1) (i = 0, N). 

Once again existence and uniqueness properties, a minimum 

norm property, and a best approximation property are valid for this 

family of spline functions. More to the point of the present dis­

cussion, ho\7ever, is the fact that the type t spline satisfies 

what might be called a "minimum norm property of order t". Some 

of the details of the proof will be included although they differ 

only slightly from those given in [1] for the minimum norm property 

for the type I spline. 



Lemma 4.2. Let f in Kn(a,b) and a mesh A on [a,b] be 

given. Also let St(f,x) be the type t polynomial spline of inter­

polation to f on the mesh A of degree 2n-l. Then 

[jb[St(t)(f,x)]2dx}1/2 < {J' [f (t)(x)]2dx}1/2. 

Proof. Using the proof of the fundamental identity given in 

[1], an integration by parts t times ultimately yields 

f [f(t)(x) - S^t)(f,x)]2dx = f [f (t)(x)]2dx 
a •'a 

N t r *  \ 
2 I I 
j=l v=l 

S^"v)(f,x)}S^t+v 1)(f,x) 
3-1  

-c 
tS^t)(f,x)]2 dx. 

An examination of the definition shows that 

f(a)(xi) - S*a)(f,x±) =0 (i - 0, 1, N) (a =.0, t - 1) 

or equivalently 

f(t"V)(x±) - S^t"v)(f,xi) =0 (i - 0, 1, N) (v » 1, .... t). 



Hence, 

[ [f(t)(x) - S^Cf.x)]^* = [f(t)(x)]2dx - [ (f,x)] 2dx 
•'a  ̂a •'a 

which is the "first integral relation of order t". This implies 

b b 
f [f(t)(x)]2dx - [ [S^Cf.x^dx > 0, 
*  a  ' a  

or 

{J  ( f  , x )  ]  2 dx  } 1 / 2  < {J  [ f ( t ) (x ) ] 2 dx  } 1 / 2  

a ' a 

which is the "minimum norm property of order t". 

Theorem 4.9. Let f and {f } (k = 1, 2, ...) be Riven in 
K 

Cn(a,b) such that 

lim ||f^a^ - || =0 (a = 0, 1, ..., t; t < n) . 
k->» °° 

Furthermore, let S (f,x) and S (f ,x) (k = 1, 2, ...) be the 
t t k 

type t polynomial splines of interpolation to f and f^ (k = 1, 

2, ...), respectively on a given mesh A. Then 

lim | | s< a ) ( f )  - S^ a ) ( f  ) |  \m = 0 (cx = 0, 1, ..., t - 1). 
k-K° 



Proof. The proof follows exactly as in Theorem 4.3 with n 

replaced by t. 

It is natural to wonder whether the requirement that the 

sequence of functions converge uniformly to f0r 

a = 0, 1, ..., n is a reasonable one. The answer is in the affirma­

tive since for any function in Cn[a,b] the Bernstein polynomials 

behave in precisely this manner. Unfortunately, the rate of con­

vergence of these polynomials is quite slow which makes them poor 

candidates for any practical application. In the next chapter a 

method which does not necessitate the high order of convergence is 

devised. 



CHAPTER 5 

A CONVERGENT SEQUENCE OF SPLINE FUNCTIONS 

The convergence properties given in Chapter 4 depend upon a 

high order of convergence of a sequence of functions in uniform norm. 

In this chapter a sequence of spline functions is developed which 

avoids the requirement for a high order of convergence. This is ac­

complished by considering the n^ derivative of the type I spline 

of interpolation to a given function f on a mesh A of degree 2n-l 

til 
as the best approximant to the n derivative of f in I^-norm. 

The best approximation property for the type I polynomial spline (4.1) 

allows this interpretation. 

Theorem 5.1. Let a function 'f in Cn[a,b] and a mesh 

A:a = XQ < x^ < ... < = b, be given. Further let a sequence 

of functions (8^ be given in C[a,b] such that 

lim | | f(n) - gj \m = 0. 
k->» 

Then, 

Hm lls^Cf) - S*| 
k-x» 

= 0, 

46 
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where S* denotes the best approximant to in L^-norm from the 

n-1 subspace £2 with basis {1, x, . .., x , (x - x^ ^)+ }. 

Proof. In Chapter 3 it was pointed out that the best spline 

approximant in L^-norm, or the best least square spline approximant, 

exists and is unique. Nov? by the best approximation property for type I 

polynomial splines of interpolation (4.1), 

l|ffa> - scroll, 

where S2n ^(x) represents any polynomial spline of degree 2n-l. It 

is apparent, upon a re-examination of Theorem 3.1, that the subspace 

of Kn(a,b) composed of the n^1 derivatives of all polynomial splines 

of degree 2n-l is precisely the subspace 9. defined above. Hence, 

S*(x) = ^2n-l^,x^ ^ t'ie kest least square approximant to f^n^(x) 

= g(x) from the subspace f2. 

Nov; g(x) = f(n)(x) is in C[a,b], and the hypothesis in­

sures that 

lim | |g - gj\m = 0. 
k-»w 

But uniform convergence on a finite interval implies mean-square 

convergence, that is, 

lim II g - gkll2 = °-



Letting S* be the best least square approximant to g^ 

(k = 1, 2, ...), and recalling that the best approximant operator 

is continuous in L^-norm yields 

lim ||S* - S*|| « 0. 
k-H» 

Moreover, the finite dimensionality of the subspace ft implies that 

the l^-norm is equivalent to the uniform norm on this subspace [2], 

Hence, there exists a real number 3 such that 

l|S* " SgIL < 31 | S* - S*||2. 

This implies that 

lim ||S* - S*!^ = 0 
k->M 

or, 

lim HS2n-l(f) " Skl I- = °- C5'1) 
k-*° 

A sequence of polynomial splines of degree 2n-l whose con­

vergence to ^(f,x) will depend upon the convergence of the 

sequence {gj,} to f^ can now be developed. 



Theorem 5.2. Let f be in Cn[a,b], and let a mesh A be 

given on [a,b]. Also let a sequence of functions be given in 

C[a,b] such that 

lim ||f(n) - gk|\m = 0. 
k-*» 

Then there exists a sequence polynomial splines of degree 

2n-l such that 

,lim l'S2n-l(f) " akNro = °-
k-Ho 

Proof. The proof will be given for the interval [0,1] for 

the sake of simplicity. The results can then be easily transferred 

to the interval [a,b] by means of the linear transformation 

T(x) = x - a 
b - a' 

The proof proceeds by observing that 

fX rX 
S2n-l)(f'x) ~ Sk(u)du " f(n_1)(°) = [S2n-l(f'u) " Sk^u^du» 

* n J n 

and that for any x in [0,1] 

lS2n:"(£'x) " 2 JIS2nil<f'u> " 
,(n) 

S*(u)[du, 



where 
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CTk,l(x) " J0Sk(u)du + 

Now (5.1) can be combined with this last inequality to acquire 

lim | | (f) - a. - | | = 0. 
. 1 1 2n-l k,lM~ k-*» ' 

To complete the proof by induction let 

°M(L° -J: c j f(n-i). . 
S*(u)du + I , . xJ-1 (j = 1, n), 

i=l VJ 0 

and suppose that 

£ ii'Si i 'w - Vji!.- 0- (5.2) 

Then for j < n 

r x  

0 
[S2n-i)(f,u) " 0k,j(u)ldu 

ŝ :j-"(£,=<) - t<n-j-i><0> -
< i + i )  

X 

S»(u)du 



- sCn-j-1>(f x) - T fXSMu)du - f 
S2n-1 U>x; J0 j0bktu;du ^ (.i+l-i)! X 

j+1 f(n i)(Q) 

S2nT1>(t,,!) " "k.j+l00-

This gives, for x in [0,1] 

5 ^ - ok,3ii--
(n-j) 

Taking the supremum of both sides over [0,1], and using the assump­

tion (5.2) yields 

lim 
k-*» 

n-£:r»c« a, . J = 0. 
k,j+l' '» 

Hence, by induction 

lim " °k ilL = 0 « = "•> 
k->~ ""'J 

n) 

In particular, for j = n 

ii« Ms^.jCf) - okIL - 0 
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with 

r x  ,  .  e x  n r(n-i)/nv 

°k(x) = ak,n(x) = J0 * *' J0sk(u)du + l^iJT-

In order to utilize this convergence theorem, an estimate on 

the rate of convergence is needed. Such an estimate is furnished by 

the following lemma and theorem. 

Lemma 5.1. Let f be given in Cn[a,b], and h be given 

in C[a,b]. Furthermore, let a mesh A be defined on [a,b], and 

let S£n ^(f,x) be the type I polynomial spline of interpolation to 

f on A. Then, 

"S2n-l(f) " S*ll2 = l,f(n) ' h|L(b ~ a)1/2 (5*3) 

where S* denotes the best least-square approximant to h from the 

subspace ft defined in Theorem 5.1. 

Proof. Let H be an n-fold antiderivative of h, that is, 

let II satisfy the condition 

H(n)(x) = h(x) 

Then II is in Cn[a,b], and the type I polynomial spline of interpo­

lation to 11 on the mesh A of degree 2n-l exists and is unique. 
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Now by the best approximation property (4.1) applied to H(x) 

_ o(n) ->1/2 {[ [H(n)(x) - <U,x)]2dx }1/2 <{ 
^ a 

[II (x) - S2n_i^x^ dx J >(5.4) 
a 

where S^n ^(x) represents any polynomial spline on A of degree 

2n-l. Furthermore, the subspace of n1*'1 derivatives of polynomial 

splines of degree 2n-l is.the subspace ft defined above. 

Moreover, 

{[D[ll(r°(x) - (ll,x)]2dx }1/2 = {(b[h(x) - }1/2 
* a J a 

so that (5.4) implies 

(fb[h(x) - (H,x)]2dx }1/2 < {fb[h(x) - Sn_1(x)]2dx }1/2 

•'a ' a 

where ^(x) represents any polynomial spline of degree n-1 from 

the subspace ft. But the best least square approxiinant to h(x) from 

the subspace ft is unique, which implies 

S2n-)-l(II'x) = S*<x)-

Therefore, 

l ' S 2 n l l < "  -  S s a | 1 2  -  l l S2n-l<f' 
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« l l S2n-1(f " I I ) M 2  
( 5 < 5 )  

where the last equality follows from the linearity of the type I poly­

nomial spline of interpolation. The minimum norm property can now 

be used to obtain 

MS2n-l(f " H)|l2 = Nf(n) - H(n)||2 = ||f(n) - h||2. (5.6) 

Combining (5.5) and (5.6) Rives 

!S2n-l(f) " S*M2 5 Hf<n) " hll2-

The proof is finished by observing that 

||f(n> - h||2 < - h|L(b - a)1'2. 

Theorem 5.3. Let f in Cn[0,l] and a sequence *n 

C[0,1] be given such that 

lim | |f(n) - g,.| | = 0. 
1 iv w 

Then, for a = 0, 1, ..., n - 1 and k = 1, 2, .. 

HS2n-l(f> Hf<n> "«klL-



Proof. The lemma asserts that for each k, 
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S2n-l(f> - S£ll2 i HfW " % 
(n) 

(5.7) 

As In the proof of Theorem 5.2, for any x in [0,1] 

-  ° k > 1 0 0 |  <  I  J s ^ O V . )  -  s*(u) | d u .  ( 5 . 8 )  

' ' 0 

, (n) 

But an application of the Schwarz inequality gives 

f1IS2n-l(f*u) ~ Sk( u ) l d u  = { f!S2n-l(f'u) ~ Sk(u)'2du ̂ ' (5*9) * n * 

Nov; (5.7), (5.8), and (5.9) together imply that for x in [0,1] 

- <>k,i<*>i i iifW - s 
(n) 

k1 laj1 

which further implies 

l l^Cf)  - ° k ) 1IL< in 
r(n) 

-  « k l  I .  

Noting that 

o£j)(x) = 0k n_j(x) (j = 0, 1, ..., n - 1), 
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the proof can be completed by induction as in Theorem 5.2. The end 

result is that for a = 0, 1, n - 1 and k = 1, 2, ... 

Ils2n-i(f> - "k"'!!- s M£(n) - sJL- (5-10> 

These theorems can be combined with convergence properties of 

the type I polynomial spline, the proofs of which are given in [1], 

to obtain yet another convergence theorem. First a theorem and corol­

lary from [1] will be given. 

Theorem 5.A. Let a function f in Kn(a,b) and a sequence 

of meshes (N = 1, 2 ...) be given such that lim ||A^|| = 0, 
N->«> 

• that is, such that the sequence of mesh norms converges to zero. Then, 

lim ||f(ct) - SA(a)(f)|| =0 (a = 0, 1, ..., n - 1) (5.11) 
N-ko AN 

where S (f) is the type I polynomial spline of interpolation to f 
N 

on the mesh of degree 2n-l. 

Corollary 5.1. Under the conditions given in Theorem 5.4, 

| | f (C° - SA(c°(f)| I < n (a = 0, 1, ..., n - 1) (5.12) 
N ' ° 

where 
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nQ = (n)1/2(n - 1) ... (a + 1) • (||An||/2) 
(2n-2a-l)/2 

2{ [f(n)(x)]2dx }1/2. 

Theorem 5.5. Let f be in C [0,1] and let a sequence of 

functions {g^} be given in C[0,1] such that 

lim ||f^ - g || =0. 
k-x° 'k1 

(5.13) 

Furthermore, let a sequence fmeshes be given on [0,1] such 

that 

lim ||A || = 0. (5.14) 
N-xo 

Then, 

lim | | f(ct) - 0 (a = 0, 1, .... n - 1) 
k-*o ' 
N-x=° 

where ^ (k = 1, 2, ...) is the polynomial spline of degree 

2n-l on the nesh (N = 1, 2, ...) which was introduced in 

Theorem 5.2. 

Proof. It is apparent that for each a, (a = 0, 1, ..., 

n - 1), 



l!f(C° -^kllcoS ||f(a) - S^(f)|L+ | | s<«>(f)  -  a<°.  
kJ '»• 

A use of the estimates (5.10) and (5.12) produces the inequality 

•(«) _ I x „ I I c (n) 
i f W - < ; ; i L s " 0

+ i i £ W - % i  

Taking the limit as both N and k tend to infinity proves the 

theorem. 



CHAPTER 6 

APPROXIMATING POLYNOMIAL SPLINES 

In this final chapter the continuity of the best approxitnant 

operator is used as an aid in finding the best least square spline 

approximant. The equations developed can then be used to obtain the 

type I polynomial spline. Examples which illustrate these techniques 

are included. For the sake of simplicity it is assumed throughout 

this chapter that [a,b] = [0,1]. 

By Theorem 3.1 any polynomial spline of degree m can be 

written 

or 

in N-l 

where <{i and ^ are defined by 

<|>£(x) = x u = 0, 1 • • • ) m) 
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^(x) = (x - x^™ (i = 1, N - 1). 

Therefore, if g is a continuous function on [0,1], then the best 

approxiinant to g in I^-norm from the subspace with basis 

^0' ̂1' """ % ^N-l^ 

can be obtained by solving the normal equations 

m N-l 
1 ap ^J + I b . (\j)., <J> ) = (g,<f> ) (q = 0, 1 m) (6.1) 
£=0 * q i=l 1 q q 

m N-l 
I a/(!,p + I b. (i{). = (g,<K) (.1 = 1, ..., N - 1) 
£=0 * * 3 i=l 1 1 3 3 

where the inner product is given by 

(f,R) = f(x)g(x)dx. 
0 

Now if the right hand members of the normal equations can 

be readily obtained, then a solution of these equations will produce 

the coefficients of the best least square spline approximant to g 

of degree m. In general, however, the inner products on the right 

hand side of (6.1) must be approximated by numerical integration• 

The intent of the method to be developed here is to circumvent the 

necessity for numerical integration by making use of the continuity 
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of the best approximant operator in L^-norm. Putting these matters 

aside for the moment, the inner products on the left hand side of 

(6.1) will first be evaluated. 

It is easy to see that 

(W = idj+r for 0 = q =ra* (6,2) 

In order to obtain convenient to prove the 

following lemmas. 

s  
Lemma 6.1. = (1 ~ x^) ][ ., _•, ̂  —xt. 

,m+l y  \r/ i r  

r^Q q+m+l-r Xi' 

f 1  f 1  

Proof . (6,^) = xq(x - x.^dx = xq (x - xi)mdx 
^ 0 •'x. 

Make the substitution y = x - x. to obtain J l 

rl-x. 
dy 

» q-r r, m, 
)y x±]y dy 

'VV " |0 1(y + Xi>q),° 

rl—A. q 

J0 r=CT ' 

q „ v  rl-x. , 

-  i„(°)  lo  V  

... q H(l-x.)q-rxy ... Nm+1 r \r/ x i 
= (1 " *!> JQ " q+m+l-r ' 



Lemma 6.2. (4>q,<f'i) = (1 - I A(r)h(0)(q)x* 
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m+1 ̂  ̂  (r), 

r=0 

where h is a function which interpolates to at the points 

r/q(r = 0, 1, ..., q), and A^h(0) is the r1"*1 divided difference 

of h on this set of points. 

Proof. The Bernstein polynomial for h of degree q can 

be written as 

B (h,x) = I  (^)n(r/q) (1 - x) q rxr. 
q r=0 

But it is known [5] that this reduces to 

Bq(h,x) = I A h(0)^ 

Hence at x = x^ 

q fqVl-x.)q~rxr q , , v 

I = l/r)M rK-
r=0 q+m+1** r=0 

m+1 
Now a multiplication of both sides of this equation by (1 - x^) 

yields the lemma. 

J* 
T ^ o r./ \ v x(x-l) (x-2)... (x-r) /r\, , Nr-v Lemma 6.3. P(x) = ) -- -L-~—— i --( (-1) = r! 

v^Q (x-v) W 

Proof. If x = 0, then 
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P(0) = (-1)(-2) ... (-r)(g)(-l)r = (-l)rr! (-l)r = r! 

If x = 1, 

P(l) = 1 • (1 - 2) (1 - 3) • ... • (1 - r)(^)(-Dr~1 

- 1 (-1) (-2) ..... [-(r - 1) ]( i)(-l)r-1 

= (~l)r 1 ; (-l)r_1(r - 1)'(J) = r! 

If x = v, 0 < v < r 

r-v 

P(v) = v(v - 1) • ... * [v - (v - 1)] • [v - (v + 1)] 

• ... . (v - r)(;)(-Dr-u 

- v(v - 1) ... 1 • (-1) ..... [-(r - v) ](')(-» 

- (-i)r-\-Dr-v(;;)«n 

So P(x) is a polynomial of degree r which is equal to r! at the 

r + 1 points 0, 1, ..., r. Hence, 

P(x) = r! 
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Lemma_6^4. A(r)h(0) = ̂ Sjyr"-

Proof. In [5] it is shown that 

A(r)h(0) = I (-l)r~v(*)h(v/r). 
v=0 

Hence 

4(r)h(0) - j? 
v=0 q+m+i-v 

y , , v r-v/r\ (q+m+1)(q+m)...(q+m+l-r) 
v^Q \v/(q+m+1)(q+m)...(q+m+l-r)(q+m+l-v) 

(q+m-r) ! y r-v/r\ (q+m+1) (n+m). . . (q+m+l-r) 
(q+m+1)! \v/ (q+m+l-v) 

= (q+rc-r)! , 
(q+m+1)! 

where the final equality results from Lemma 6.3 with x = q + m + 1. 

Nov; a combination of Lemmas 6.2 and 6.4 can be used to obtain 

/j , \ /•, xin+1 $ r!(q+m-r)! /ci\ r 
C^,^) - (1 - Kj) I  ( t)x± 

r=0 

m+1 
(1-x ) q (") 

—Î TT— I / rr <6-3> q+m+1 r^Q /q+m\ i 



If x. = x. a straightforward evaluation gives 
i J 

1 (x-x ) 
Ix - Xji)> - Ki)> jipj . (6. 

On the other hand if x. < x. then, 
i  i  

Of. ,<f» ) = [ (x - x ) 
•  J  J  n  

e l  
dx = 

x. 
3  

(x - x^)m(x - x^)mdx. 

Now integrations by parts yields 

. m 
(1-x.) 

/ l l \ / 1 \ J- Til 
wi-ty" (1 - xj' - sr [ (x - X.)

m 1Cx - X.) 
* V J 

mfl 
dx 

(1-x.)' 
l ,. . m+1 
~ a - =9 

x. 
J 

m 
m+1 

Q _ y _ y N1""*"! 
(m+1) (m+2) U V U xj; 

_J?_. iirJ-2 f1 rx - x )m~2(x - x )in+2dx 
(m+1) (m+2) J u 'V ^ V ax 

x. 
J 

where the last equality resulted from another integration by parts. 

Repeating this process m times gives 

(1-x.) 
/i r \ i /i Nm+1 m 
i j m+1 ( V ~ (ni+1) (m+2) 

. x1"-1/! \m+2 (1 - x±) (1 - Xj) 

+ ... + (-1) 
m m! 
(m+1) (m+2) . . . (2m) (2m+l) (1 ~ xj^ 

2m+l 



(1 m 
r v / (m+1) (m)... (m+l-r) Nm-r„ Nr 

* ~ mti— J0(~1) (1 ~ V (1 " V 

a* m 11 ~ X - /  1 1 1  ,  M l ,  ,  
J V / i\m (m+1)!m! . \m-r/i tr c\ 
m+1 r=0 (m+l+r)!(m-r)! (1 ~ Xi) ( ( ^ 

This completes the evaluation of all the inner products on 

the left hand side of (6.1).- Now in the proof of Theorem 5.1 it was 

indicated that the continuity of the best least square spline ap-

proximant operator in L^-norm implies the continuity of this opera­

tor in the space C[0,1] with uniform norm. That is, if g and 

(k =1, 2, ...) are functions in C[0,1] such that 

lim ||g - gk|\m = 0 
k-x« 

then 

lim lis* - S*11=0 
, 11 k1 'oo k->« 

where S* and S* (k = 1, 2 ...) are the best least square spline 

approximants to g and gj (k = 1, 2 ...), respectively. Thus if 

a sequence of functions which converge uniformly to g in 

[0,1] can be found then S* provides an approximation for S*. 

A sequence of polynomials which converge uniformly to g in 

[0,1] is quite useful in this respect since (6.2) and (6.3) could 

be used to obtain the inner products on the right hand side of (6.1) 



for such a sequence. Moreover, it is well known that if g is con­

tinuous on [0,1] then there exists a sequence of polynomials which 

converge uniformly to g on [0,1]. The Bernstein polynomials pro­

vide such a sequence, but their rate of convergence is very slow. 

However, there exist sequences of polynomials which converge quite 

rapidly in uniform norm to a given function g provided that g is 

differentiable of a sufficiently high order. See [3] and [7] for a 

discussion of such polynomials. 

The variation diminishing spline functions introduced in [9] 

provide yet another sequence of functions whose uniform convergence 

to a given continuous function is rather rapid. Furthermore, due 

to the nature of these spline functions, the inner products on the 

right side of (6.1) could be readily calculated. A detailed treat­

ment of these spline functions is not germane to this paper, but the 

interested reader may see [8] and [9] for further information. 

"X Example 6.1. Let g(x) = e and let a mesh A be defined 

on [0,1] by A:0 < 1/3 < 2/3 < 1. Then the best least square ap-

proximant to g on [0,1] by a spline function of degree one can 

be obtained from the normal equations 

1 2 
I a ($,.•_) + I b. (i|>. ,<P ) = (P.O (q = 0, 1) 

1=0 q i=l 1 1 q q 



1 2 
1 a« C^ p,^) + I b . (i/> ,<J> )  = (g,iK) (j =1, 2). 

1 = 0  ^  3  i _ i  3  

Using the equations (6.2), (6.3), (6.4) and (6.5) this reduces to 

aQ + 0.500000 a1 + 0.222222 bx + 0.055556 b£ = 0.632120 

0.500000 aQ + 0.333333 + 0.172840 b + 0.049383 b2 = 0.264240 

0.222222 aQ + 0.172840 + 0.098765 b]L + 0.030864 b2 = 0.103399 

0.055556 aQ + 0.049383 a^^ + 0.030864 bj^ + 0.012346 b2 » 0.022909. 

Solving this system for a^, a^, b^ and b2 yields 

S*(g,x) = 0.991627 - 0.946197x + 0.244377(x - ~)+ + 0.167135(x - |)+. 

Nov; approximate e by the Tchebycheff series truncated at 

k = 5, that is, 

e X = [ c T (x) = x,(x) 
v=0 V V 5 

where T^(x) is the Tchebycheff polynomial of degree v. Then 

T5(X) = 1.000045 - 1.000022x + 0.499199x2 

- 0.166488x3 + 0.43794x4 - 0.008687x5 
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and 

lU ~ t 5IL ± 0-000045. 

The left hand side of the above system remains the same while the 

right hand side is given by 

(t5,4>0) = 0.632123 

= 0.264564 

(t5,^1) = 0.103400 

(t5,^2) = 0.021853. 

A solution of the resultant normal equations gives 

S*(TC,X) = 0.994088 - 0.920482x + 0.526893(x - ̂ ). 
Id j T* 

- 0.338606(x - -|)+. 

Unfortunately a precise estimate of the error in approximating S*(g,x) 

by SJ(t^,x) in uniform norm is not available. However, Lemma 5.1 im­

plies that 

||s*(s) - SJ(15)||2 < lie - T 5 | | „ .  



But the I^-norm and the uniform norm are equivalent on the finite 

dimensional subspace of spline functions. Hence there exist a real 

number 3 such that 

| | s*( g )  -  sj(T5)||RO < E| | s*( 8 )  -  S*(T5)||2. 

This implies that 

| | s*(g)  - SJ(T5) | | C D  <  B | | R  - < B(0.000045) 

where B = 1/3. But in this particular case 

| | s*(g)  -  S£(T 5 ) | | r o  = -05206 

which suggest that the above estimate is not very accurate. 

~*x Example 6.2. Let f(x) = e and let A be as in Example 

6.1. Then g(x) = f"(x) = e . Now in Example 6.1 the best least-

square spline approximant to g of degree 1 was found. But as was 

pointed out in Chapter 5 the type I spline of interpolation to f 

of degree three, S^(f,x), satisfies the best approximation property. 

I l f "  -  s ^ ( f ) | | 2  <  | | £ "  -  s ^ | | 2  
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where S^(x) represents any cubic spline on the mesh A. Hence 

S^(f,x) = S*(x) and " " 

S.(f,x) = f(0) + f1 (0)x + fX [* S3& (x)dx. 
' 0  J o  

Thus 

S3(f,x) = 1 - x + 0.495814x2 - 0.141033x3 

+ 0.040730(x - ̂-)3 + 0.027856(x - |)3 
J J + 

and from Theorem 5.2 

c5(x) » 1 - x + 0.497044X2 - 0.153414x3 

+ 0.087816(x - |)3 - 0.056434(x - |)3. 

Theorem 5.3 gives the estimate 

HS3(f> - *^51 Ico < Mf" ~ T5IL < 0.000045. 

Furthermore, the values of f(x) = e~X, S3(f,x) and a^(x) can 

1 2 
be compared at the mesh points 0, j and 1. 



f ( 0 )  s 3 ( f , 0 )  =  1  o5(0) = 1 

f(j) = 0.716532 s
3(f,-|) = 0.716534 o5(|) = 0.716212 

f(|) = 0.513416 s
3(f»f) = 0.513415 cr5(|) = 0.512037 

f(l) = 0.367880 S3(f,l) = 0.367881 o5(l) = 0.367560. 

Thus It can be seen that a,-(x) provides a good approximation to 

S^Cf^x). Furthermore the values of a^(x) at the mesh points of A 

are approximately equal to the values of e at these points in 

this example, but it cannot be assumed that this will always be the 

case. 

In conclusion it should be pointed out that some difficulties 

may arise in using the techniques described in the last two chapters. 

It may x^ell be that the coefficient matrix of the normal equations is 

ill-conditioned. This is to be expected since the upper left-hand 

corner of the coefficient matrix is the Hilbert matrix where 

y.J «= TTTTTj and it is known that this matrix is ill-conditioned 
J-j l-t-j+i 

[10]. Furthermore as was indicated in the above example the spline 

function Theorem 5.2 will provide a good approximation to 

the type I spline of interpolation to a given function f on [0,1], 

but will no longer interpolate to f on the given mesh. 

Hence, this method may prove useful when approximation rather than 

interpolation is the primary concern. 
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