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ABSTRACT

The primary purpose of thils paper is to prove some convergence
properties for spline functions in various function spaces. However,
in the more general setting of a normed linear space with strictly
convex norm, it is first shown that the operator which assigns to
each element in the space its best approximant from a given subspace
is continuous. Next in the function space Lp’ p > 1, some con-
.vergencc theorems for best approximation by spline functions are shown
to follow from known results. The main conclusions, which are con-
vergence properties for the type I polynomial spline are then obtained.
In addition, similar convergence properties for spline functions which
resemble the type I polypomial spline are cited., Finally, equations
for obtaining the best least square approximant by a spline function
are developed, and it 1s noted that these equations may also be used

to find the type I polynomial spline.



CHAPTER 1

INTRODUCTION

A polynomial spline function of degree .m is a function
whose (m - 1)th derivative is a step function. The name spline
function is derived from a mechanical spline which is a device used
by draftsmen to draw a smooth curve between specified points. 1In
1946, Schoenberg first introduced the concept of a mathematical spline
function, but the study of these functions lay éomewhat dormant until
1957, when Holladay proved the minimum curvature property for cubic
splines [1]. Using this'property as a guide Ahlberg, Nilson and Walsh
introduced in 1964, a function space aspect to the theory of spline
functions which has led to a considerable amount of interest in this
subject in recent years. Those mentioned above have been interested
in spline functions which interpolate to a given set of points. On
the other hand, Rice and Schumaker have characterized best approxima-
tion by spline functions in uniform norm, while Marsden and Schoenberg
have introduced spline functions which generalize the Bernstein poly-
nomials, thus displaving nice graphical behaviour.

Spline functions have found wide application in both theory
and practice., Indeed, the polynomial spline usually provides a smo-

other interpolation to a given set of data, and a smoother and closer
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approximation to a given function than a polynomlal. Moreover, spline
functions can be used in numerical integration and differentiation,
and have been applied in space technology.

From a theoretical point of view various kinds of spline func-
tions have been defined, and have been shown to satisfy a variety of
properties many of which are stated in subsequent chapters. In par-
ticular, if the spline function is confined to a closed interval on
which a sequence of meshes is given, then convergence theorems which
depend upon the convergence of a corresponding sequence of mesh norms
have been proved [1]. In this paper some convergence properties for
polynomial spline functions called type I spline functions as well as
for other spline functions which are closely associated with the type I
spline are proved. These convergence properties rely on the conver-
gence of a sequence of functions on a fixed mesh defined on a closed
interval rather than the convergence of a sequence of mesh norms,
Chaptérs 4 and 5 are devoted to these topics.

The motivation for this study was an interest in determining
whether the best approximant operator is continuous in a normed linear
space. To be more precise let X be a normed linear space, and let
V be a subspace of X. A best approximant from the subspace V to

an element y in X 1s an element x% in V which satisfies

[ly - x*[| = inf|]y - x[].
xeV



It happens that the operator which maps any element y din X to its
best approximant x* in V is a continuous operator in the topology
induced'by the norm provided that X has a strictly convex norm. The
~proof of this statement is the subject of Chapter 2.

In Chapter 3 a basis for the subspace of polynomial spline
functions in a given function space is exhibited, and is used together
with known results to obtain convergence pfoperties for the best spline
approximant in Lp—norm, p > 1. The final chapter is devoted to de-
veloping equations which yield the best spline approximant in Lz—norm,
and ultimately the type T polynomial spline.

In this paper a mesh A on the closed interval [a,b] is de-
fined to be a division of [a,b] into a finite number of subintervals
x

by the points x ceey X satisfying

0’ 7 N

The mesh norm is defined by

||A|| = max |X; - X

.
0<i<N i-1

Furthermore, several different notations are used for the norm of a
given linear space, and tﬁe various kinds of spline functions are de-
noted according to their type, degrce, or dependence on a particular
function or mesh. 1In both instances it should be clear from the con-

text how the notation is to be interpreted.



CHAPTER" 2

CONTINUITY OF THE BEST APPROXIMANT OPERATOR

.

Throughout this chapter it is assumed that X is a normed
linear space with strictly convex norm, and that V is a subspace
of X spanned by the linearly independent elements Xys Koy eees

X - Then for each element v in X there exists a unique element

x* in V which is the best approximant to y in the sense that

Iy = x#[| = inf[|y - x|].
xeV

Let F be the operator vhich assigns to each element in X
its best approximant in V, that is, F(y) = x* for each v in X.
In this chapter it will be shown that this operator is continuous in
the topology induced by the norm.

before attempting a proof it should be pointed out that a
number of results have been obtained in this direction. It is easy
to prove that if the unique best approximant to any element in a
metric space is taken from a compact subset of the space, then the
best approxzimant operator is continuous [4]. Furthermore, it has
been sﬁown that the best approximant.operator is continuous in Cla,b]
with uniform norm provided that the subspace from which the best ap-
proximant is taken satisfies a Haar condition [4]. But this proof
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5
depends on the equioscillation property of the best uniform approximant
and does not extend, for example, to Lp space. However, Smith proved
[14] that the best approximant operator is continuous in Lp[a,b], and
the proof given here, with slight modifications, extends his proof to
the more general setting.

In order to obtain the proof several lemmas will be neceded.

Lemma 2.1. If lim ||y -y || =0, and if x (k=1, 2 ...)
—_—— K k
koo
and x* are the best approximants for yk(k =1,2 ...) and y. re-

spectively, then

lim ||y, - x& l = {|y ~ x*%}].
1t Iy, = xgl] = [y - =

Proof., Since xﬁ is the best approximant to Yy and x* 1is

the best approximant to y

vy = =11 s Hyy = =1
and
Hy - =[] < |1y - x]].
These two inequalities yield
Hye = =gl < [y - v 1+ 1y = =[], (2.1)



"and

Hy = =[] < Iy = 9 [+ 1y - =gl
or, rewriting this last inequality
Iy = =*|| = [ly = v Il s |y - =gl (2.2)

Now inequalities (2.1) and (2.2) can be combined to give

My == =y = v I g Hyy = =g < [y = v E+ Ty = =*]].

Taking the limit of both sides of this last inequality yields

Hy = x#[] ¢ 1im ||y, = x¢[] < |y - =[],
k>0

. b
or

1im llyk - Xﬁll = lly - x| ].

koo

Lemma 2.2. Given the same hypothesis as in the previous lemma

Lm ||y - =[] = ||y - =*[].

ke



Proof. As in the above proof

[y =] < 1y = st g = s d]+ Ly, = =gl
In the limit this becomes

Iy = 0] g 1im 1y = ]| g 2in ]y = vy ||+ 1im |1y, - =],

k> k->eo k-re

Now an application of the hypothesis and Lemma 2.1 results in the

inequality

[y = =] g 1m ||y - x| g ||y - =[],
k>

Finally, then
Lin ||y - =[] = ||y - x*]].
k—-)co

At 'this point it becomes necessary to define the subspace

where y is a fixed element in the derived set of X, that is, such

that 1im [y - ykll = 0 for some secquence {yk} in X. Clearly U
k-»o0 :
is closed in X since it is a finite dimensioral subspace of a normed



linear space. Furthermore, the subset W of U will be defined by

We {y - xi”;} k=1, 2, ...)

where the xﬁ are the best approximants to the Yy

Lemma 2.3. W is a bounded subset of U.

Proof. From Lemma 2.2
Un [[y - x¢|| = [|y - =*[].
k-0

Hence for any positive number e there exists a positive integer ko

such that

[y = =] - e lly - =l g [y - =[] +¢

for all k > k. Thus {l|y - xﬁl]} is bounded by

ot
«

max U]y = xtl]y ooy Hy =t 11, 1y = x| + o)
0

The proof of the final lemma needed before proceeding to the main

theorem can be found in [5].

Lemma 2.4. Let W be a bounded subset of a finite dimensional

normed linear space U. If {zk} is an arbitrary sequence of elements



in W, then there exists a subsequence {zk } that converges to an

3

element 2z in U.

Theorem 2.1. Let X be a normed linear space with strictly

convex norm, and let {y,} be a sequence in X such that
k

lim ”y—'ka = 0.

>0
If xi(k =1, 2 ,..) and =x* are the best approximants to Vi and

y, respectively, from the subspace V, then

lim ||x* - xﬁll = 0.
ko>

In other words, the best approximant operator 1s continuous.
Proof. Assume that the best approximant operator is not con-

tinuous, that is

im ||x* - xill # 0.

k-0

This implies that

Lin || - %) - (v - x0)]] # 0.

koo

Hence there exists a positive number €0 and a subsequence {y - xﬁ }



of {y - xﬁ} _such that
¢y - xizj) = O -] > e

Now {y - xi } 1is a sequence in the bounded subset W of U

J
as defined above. Thus Lemma 2.4 implies that {y - x* } has a con-

k
b
vergent subsequence {y - xﬁ } in U. So {y - xﬁ } 1s a Cauchy
3

m m
sequence in U which implies that for each positive number e there

exists a positive integer m, such that

”(Y"Xﬁj)-(y-xi:. )| < €

m Jl‘l

for all m, n > My But this reduces to

g = x|l <

Jm n

for each ¢ and all m, n > m Therefore, {xﬁ } 1is a Cauchy

3
m
sequence in U since V is a subset of U. Thus {xi }
k|

m
to some element z in U since any finite dimensional normed linear

0

converges

space 1s complete, and. U is closed in X. Furthermore, each xﬁ

3

m
is in V, and V is closed in U implies that =z 1is in V.

Now, suppressing the subscripts,

im llxﬁ -z|l| =0

k-

10
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implies that

lm ||y - ) - v - 2]] = 0.
koo
The norm, II-I], is a continuous functional, thus
Lim ||y - x¢[] = [ly - 2]]. (2.3)
k>
On the other hand, Lemma 2.2 gives
Ln ||y - x| = ||y - =¢]]. . (2.4)
k-»c
Taken together (2.3) and (2.4) yield
[y =zl = 1|y - =*[]. (2.5)

But z # x* since
G - %) - &0 - x| = []xg - x[| > ¢
in the limit becomes

lim X3¢~ x*% = z - x% > €.,
tn [l - ]| =[]z - xt]] > o



12
Thus (2.5) is a contradiction to the uniqueness of the best approximant.
Henée the initial assumption was false, and the best approximant opera-
tor is continuous,

It is worthy of note that in the above proof the strict con-
vexity of the norm was used only to insure that the best approximant
was unique. Therefore, this requirement could be replaced by the less
stringent condition thaﬁ the best approximant from a given subspace be
unique. For example, this type argument could be used as an alternate
proof of the continuity of the best approximant operatof in Cla,b]
with uniform norm when the subspace in question satisfies a Haar

condition.



CHAPTER 3

THE BEST SPLINE APPROXIMANT IN Lp SPACE

There scems to be a lack of informgtion concerning approxima-
tion by spline functions in Lp space, p > 1. Perhaps this is due
to the ease with which information can be obtained in 'Lp space from
known results in a more general framework. lowever, it will become
evident in the subsequent chapters that the study of various types
of spline functions can be reduced to a study of spline approximation
in L space. Therefore, it seems worthwhile to write down some of

2

these theorems, and show how they follow from the known results.

Definition 3.1. Let A:a = Xg € Xy S e < Xy = b be a
mesh on the interval [a,b]. A polynomial spline of degree m with
respect to the mesh A is defined to he a function on [a,b] which
is in the class Cm—l[a,b], and which reduces té a polvnomial of
degree m in each subinterval (xi—l’ xi): i=1, ..., N,

In order to consider the approximation of a given function
in Lp by a polynomial spline of desree m it is necessary to show
that ény spline function can be written as a linear combination of a

set of linearly independent functions in Lp.

13
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Definition 3.2. The truncated power function is defined by

»
He
h
b
nv
o

The following theorem gives a representation of a polynomial
spline of degree m as a sum of a polynomial of degree m and a
linear combination of truncated power functions. The proof given

here can be found in [6].

Theorem 3.1. Every polynomial spline function of degree m

on the mesh A:a = Xg € Xp < eve <Xy S b has a unique representa-
tion in the form
N-1 n
Sm(x) = Pm(x) + igl bi(x - xi)+ (3.1)

where Pm(x) is a polynomial of degree m,

Proof. For i=20,1, ..., N-1, let Pmi(x) be the
polvynomial that gives Sm(x) in the intexrval (xi, xi+1)' Then
according to Definition 3.1 Pmi(x) - Pm,i—l(x) is a polvnomial
of degree m having an m-fold zero at x = X That is, for some

bi this polynomial reduces to
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Pag () = By g0 = b (x - x )", (3.2)
But
PG =P () (B G) - P G)) H ..+ (B () - P o1 (R0)-

Thus

Taking Pm(k) = Pmo(x) this is equivalent to (3.1) since for x in

Geyo X440

k+2, ..., N~-1.

) the truncated power function (x - xi)z =0 for i=1k+1,

All that remains is to show that this representation is unique.

x) for x < %) But for x < Xy (3.1)

Pmo(x). Furthermore,

. . -
By definition, Sm(x) lmo(

= P q
reduces to Sm(x) lm(x). Hence Pm(x)

m-fold differentiation of (3.2) vields
(m) - P (m) = 1
Pmi x) Im’i_l(x) = bim..

Letting x = x this may be written as

i’

b, = %i-[srf"“) (x, + 0) - ngm) (x, - 0)]
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where Sn(‘m)(xi + 0) and Sn(lm)(xi - 0) are the right and left hand
mth~derivatives of Sm(x) at Xge Hence the representation is unique.

Thus, the set of all polynomial spline functions 1s precisely

~ the subspace of the linear space Lp which is spanned by the linearly

independent set of functions

m m m
{1, %, «.., x, (x - xl)+, veey (x - xN—l)+}' (3.3)
The following theorem is a consequence of the fact that Lp,

p > 1 is a normed linear space with strictly convex norm.

Theorem 3.2. Let f in Lp’ p>1l, and a mesh A be
given on [a,b]. Then there exists a unique best polvnomial spline

approximant to the function f in Lp—norm.

If S8 and S*% are used to denote an arbitrary polynomial
spline and the best-approximant to f by a spline function in Lp—norm

respectively, then
e = sell s 11F = 8]

The next theorem follows from Theorem 2.1 provided that the
best spline approximant in Lp—norm is consideréd as an operator
mépping any function £ in Lp into the subspace of polynomial

splines.,
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Theorem 3.3._ The best Lp spline approximant operator is a
continuous operator.
There is a classical result in the literature [10] known as
Polya's algorithm, which connects best Lp—approximants, p>1,
with best approximants in the uniform norm. This latter approximant

is often referred to as the best Tchebycheff approximant.

Theorem 3.4. Let {¢i:i =1, ..., n} be a linearly independ-

ent set of elements in the space C[a,b], and let Ap = (ai, ey az)

be the set of coefficients of the best Lp—approximant, p>1l, from
the éubspace spanned by the ¢i(i=l, +ee, ) to a given function f
in C[a,b]. Then the sequence of points {Ap:p =1, 2, ...} in En
contains a convergent subsequence. Further, the limit A% of any

convergent subsequence of {Ap} is the set of coefficients of a best

Tchebycheff approximant to f on [a,b].

Corollary 3.1, With the hypothesis of Theorem 3.4, if there

is a unique best Tchebycheff approximant to £ on [a,b] with coef-

ficient set A% = (af, e, ag), then

b3

lin A = A .
p—)—m
Obviously, the above theorem holds for approximation of a
given continuous function by a polynomial spline. Unfortunately,

the best spline approximant in uniform norm 1s not necessarily unique
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since the set of functions (3.3) do not satisfy a Haar condition {12].
However, Rice [11l] and Schumaker [12] have characterized the best
spline approximant in uniform norm. Indeed, a combination of Theorem
4 of [11], and Corollary 3.1 above yields the analog of this Corollary

for polynomial splines.

Theorem 3.5. Let f din C[a,b] and a mesh A:a = x, 6 < X

< LN ] <xN

represent the best Lp-approximant to f and a best Tchebycheff ap-

= b bhe given. Further, let S(Ap,A,x) and S(A%,A,x)

proximant to £, respectively, by a polynomial spline of degree m.

If f(x) -~ S(A*,A,x) alternates m+ r + 1 times (r < N-1) on

[xi, xi+r+1]’ but does not alternate m+ q + 1 times on any sub-
interval [x, xi+q+l] of [xi, xi+r+l]’ then

lim A = A%,

pro P

In the next theorem the convergence of the best Lp spline
approximant as the degree of the polynomial spline tends to infinity

will be dinvestigated,

Theorem 3.5. Let f in C[a,b] and a mesh A:a = x, < x

NECERIL S b be given. Furthermore, let Sg(x) denote the best

Lp-approximant to f by a polynomial spline of degree m, Then

lim ||f - s*||_ = 0.
m+o mep
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Proof. Since f is in C[a,b] it is known that

-— % o=
lim ||f Pmllp 0 (3.4)
>
where P% represents the best Lp-approximant to f by a polynomial
of degree m [4]. Now the subspace generated by the set {xJ:j = 0,
1, ..., m} 1is a subspace of the space spanned by the set (3.3).

Hence,

e = sgll < e - Pal]
for all m. This along with (3.4) implies

1im ||£ - s*||_ = o.
> mep

In order to prove that the sequence {P;(x):m =1, 2 ...}
of best Lp polynomial approximants to a function f converges to
the function £ din Lp-norm as m tends to infinity 1t is suf-
ficient to know that there exists a sequence of polynomials which
converges to f as the degree of the polynomials increases. This
is guaranteed by the Welerstrass Approximation Theorem. Recently
Marsden [8] has proved a similar approximation theorem for polynomial
spline functions. Without getting sidetracked by details it suffices

to remark that the sequence of splines used in Marsden's proof are the
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variation diminishing.splines introduced bv Marsden and Schoenberg [9].
It is not necessary at present to know what this sequence of splines
look like, but merely to know that such a sequence exists. Indeed

Marsden's Theorem implies the following theorem as a special case.

Theorem 3.6. If f is in Cla,b] and if {AN} is a sequence

of meshes such that

Lim |[ay[] =0

N-»co

then there exists a sequence of splines {EA
' N

} of fixed but arbitrary

degree m such that

1im |[f - EA ]lw = 0.
Nreo N

As an immediate corollary of this result the next theorem

follows.

Theorem 3.7. If f dis in C[a,b] and {AN} is a sequence

meshes such that

lim |[a ][ =0

N>

then the sequence of best Lp spline approximants {SX } of degree
N
m converges in Lp*norm to the function f as N tends to infinity.
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" That is,

1im s% - f = (0,
1 |Isg - el

Proof. Since SX is the best Lp spline approximant to

N
f on the mesh AN

g - s5 1) s [f - 5,11 (3.5)

AN p = AN p
where EA is the spline whose existence was guaranteed‘in Theorem
N
3.6. Now (3.5) implies
e -s3 1< e -5, (Lo - a2

N P N

Therefore,

1im ||f - % || = 0.
Neo AP



CHAPTER 4

CONVERGENCE PROPERTIES OF SPLINE FUNCTIONS

Numerous convergence properties have been proved for different
types of spline functions. lowever there seems to have been no ex-—
ploration of the convergence properties of a sequence of spline func-
tions which are defined in terms of a convergent sequence of functions
in a given normed linear space. It will become clear how the sequence
of spline functions is determined as the chapter progresses. The fol-~
lowing definitions and results from the theory of spline functions will
be essential to the development., In stating these definitions, and
henceforth in this paper A will denote a mesh A:a = Xg < X < oees

< Xy = b on the interval [a,b].

Definition 4.1. Let £ be an arbitrary function defined on

[a,b]). The polynomial spline of degree m which interpolates to the
function f on the mesh A is called a spline of interpolation to f
on A and is denoted by Sm(f,x). That is,

Sm(f’xi) = f(xi), (i=0,1, ..., N).

Definition 4.2, Let f be a function defined on [a,b] such

that £ () and £ @®b) exist for o = 0,1, ..., n -1, and let

22
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SZn-l(f’x) be a polynomial spline of interpolation to f on the mesh

A of degree 2n-1. Then SZn—l(f’x> is called a type I spline of

interpolation provided

T%e preceding definition is piven only for polynomial splines
of odd degree because the polynomial spline of interpolation of even
degree may fail to exist. On the other hand, the type I polynomial
- spline of odd degree exists and is unique for a rather broad class of

functions.

Definition 4.3. The class of all functions defined on [a,b]

which possess an absolutely continuous (n - 1)th derivative and
th . . . s . 1
whose n derivative is in Lz[a,b] will be denoted by K (a,b).
It is for this class of functions that the existence and
uniqueness theorem will be needed in this presentation. Although
the existence and uniqueness theorems and their respective proofs
are given separately in [1], here the two will be combined into a

single statement for the sake of brevity.

Theorem 4.1. Let f be in Kn(a,b) and let A be a mesh

on the interval [a,b]. Then there exists a unique type I polynomial

spline of interpolation to f on the mesh A of degree 2n-1.
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Several properties of the type I polynomial spline function
whose utility will soon becowe apparent will now be listed. For proofs

the reader is again referred to [1].

First Intepral Relation. If £ dis in K'(a,b) and S, . (f,x)

is the type I spline of interpolation to f on A, then

Jb[f(n)(x)]zdx = J (s (2,001 %ax + Jb[f(n)(x) - s (£,%01%ax.
a a

Minimum Norm Property. Let a mesh A on [a,b] and a function
f having n - 1 derivatives at both x =a and x =Db be given,
Then, of all functions g in Kn(a,b) which interpolate to f on A,
and such that g(a)(xi) = f(a)(xi) (i=0,N) (=1, ..., n - 1), the
type I spline of interpolation to f on A of desree 2n-1 is the

unique admissible function which minimizes

b
J [f',(n) (X)]2d><-

a

Best Approximation Property. Let a mesh A on [a,b] and f

in Kn(a,b) be given. Let (x) be any polynomial spline on A

SZn—l
of degree 2n-1, and let Szn_l(f,x) be the tvpe I spline of inter-

polation to £ on A of degree 2n-1. Then

b b
J (£ 6 - 5™ 1% J 1t - s e01%ax, @D

a a
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and equality holds if, and only if
SZn—l(f’x) = Szn_l(x) + pn_l(x)

where pn_l(x) is a polynomial of degree n - 1,

A psuedo inner product can be defined on the linear space

Kn(a,b) by
P (m), () 1/2
(£,8) = {j £ (x)g T (x)dx} T, (4.2)
a
The associated psuedo norm is, of course, defined by
2 b (ns 2
el =J [£° (x)]%ax. (4.3)
a

Now if an cquivalence relation is defined on Kn(a,b) by; £
is equivalent to g if, and only if, f and g differ by a polynomial
of degree less‘than or equal to n - 1, then (4.2) and (4.3) lose their
psuedo—-character on the resulting equivalence classes of functions.
Thus if functions differing by a polynomial of degree less than or
equal to n - 1 are jdentified then Kn(a,b) becomes an inner product
space. Furthermore, it can be shown that this Inner product space is a
Hilbert space [1].

Given a fized mesh A on [a,b] an operator V¥ which will be

called the type I spline operator can be defined on the linear space
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Kn(a,b) by assigning to ecach function in this space its unique tvpe I |
polynomial spline of interpolation of degree 2n-1. Méreover, if the
identification mentioned above is made, then this operator can bé con-
sidered as an operator on the Hilbert space Kn(a,b). In order to
interpret the operator in this manner it must be shown that the opera-

tor is well-defined [13].

Lemma 4.1

If £ and g are any two functions which are
in the same equivalence class in the Hilbert snace Kn(a,b), and if
Y is the type I spline operator, then V¥(f) and V¥Y(g) are in the

same equivalence class.

Proof. Since f and g are in the same equivalence class,

wvhere Pn-l is a polvnomial of decree less than or edqual to n - 1,

It can be shown that the type I polynomial spline is linear [1]: hence

Son-1F. = 8 = Sy 1 (F) — 85 1 (R)-
But

-1 (E =8 = Sy ) =Py



where the last equality resulted from the uniqueness of the type I

polynomial spline. Thus
Y(E) - ¥(g) =8, (f-g)=P ..

That is, Y(f) and ¥(g) are in the same equivalence class.

Theorem 4.2. The type I spline operator is a continuous

operator on the Hilbert space Kn(a,b).

Proof. The best approximation property (4.1) implies that

given a function £ din the linear space Kn(a,b) the equivalence

class containing the type I polynomial spline of interpolation to f

on a mesh A is the best spline approximant to the equivalence class

containing the function f. The proof now follows from Theorem 2.1
since an inner product space is a normed linear space with strictly
convex norm.

However, it is interesting to note that in this case the
continuity of the operator can be arrived at using the minimum norm
property. Let f be in Kn(a,b), 'and let {fk} be a sequence in

Kn(a,b) such that 1lim llfk - fl[n = 0. Now the type I polynomial
k-»o0
spline is linear on Kn(a,b). [1] which implies that

(f -f£f) =S8 £) f

Son-1 KW = Spne1 (B) = S, (P

27



Obviously, f - fk is a function which satisfies the hypothesis of

the minimum norm property for each k. Thus

IIW(f) B W(fk)lln |ISZn-l(f) - SZn*l(fk)lln

llszn_l(f - fk)|'n s llf - fk‘ln'

Hence,

lim ||¥(f) - v(EI ], = 0,
k>
which implies that type I spline operator is a continuous operator
on the lilbert space Kn(a,b).
The questioa that now'arises is whether these convergence
properties carry over to the space Cn[a,b]— with uniform norm. A

partial answer is given in the following theorem.

Theorem 4.3. Let a function f and a sequence of functions

{fk} be given in Cn[a,b] such that

lim f(a)(x) = f(a)(x) (o =0, 1, ..., n)

k- k

uniformly for all x in [a,b]. Then

(o) N () REPP B _
%iz SZn—l(fk’x) = Szn_l(f,x) (e =0,1, .c., n ~1)

28
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uniformly for all x in [a,b] where the SZn—l(fk’x)(k =1, 2, ...)
and 82n~l(f’x) are the type I polynomial splines of interpolation to

the fk(k =1, 2, ...) and f, respectively, on a given mesh A.

Proof. Let ||£]]|_ = max |£(x)|. Then
ag<x<b

b b
{f E™ o - £Me01%ax 12 ¢ max £ - fén)(x)l{J ax 172
e

agx<b a
= [1£® - ™o - M2 | C4.4)
Thus,
1im 160 - £ -
ke

implies that

1/2

b
1im {J (g™ ) - fén)(x)]zdx 1172 _ g,

koo a

Now since the spline functions in discussion are the type I

polynomial splines

s D e, - s (e

Son-1 K *)

[ (552 () = 83 (ep L au + sV (6,0) - sSETD (e La)
a
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X
- (n) (n) (n-1) (n-1)
= Ja[Szn_l(f,u) - SZn—l(fk’u)]du + f (a) - fk (a).

Hence, for any x in [a,b]

|ssr D (e, - 55D (5, 9|

X
N falséﬁzl(f,u) s (e wldu + [V @) - £ 0D gy

b
< J 158 (g0 = s (e wlan + 10 @) - 20D @)L @)
a

n

By Schwarz's inequality applied to the function Sénzl(f - fk,x) and

the constant function 1(x) = 1,

b
(n) (n)
J lSZn—l(f’u) - Szn_l(fk,u)ldu

<!

nA

b
(n) ,. (n) 2 1/2 1/2
{Ia[szn_l(fsu) - Szn_l(fkﬂD] du } (b - a) . (4'6)

The inequalities (4.5) and (4.6) combine to give for x in ([a,b]
(n-1) - ¢n-1)
[Son 7" (£3%) = S,0777 (£,,%) |

/ /2

b
< {ja[s§321<f,u> ST CARD LN S I

+ 1Dy - fén—l)(a)l
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fta

. |
{f g™y - fé“)(u)]2 du 120 - ayl/2
a

(n~1)

4

(n-1)
|£ N

(a) - £ (@], . (4.7)
where the last inequality resulted from an application of the minimum

norm property, and the linearity of the type I spline operator.' Tak-

ing the supremum over the interval [a,b] and using (4.4) vields

st D ey - sODeey ),

2n-1 2n-1
< U1E® - e® ) -y 4 £V gy - @D gy, .8
Therefore,
zim IBSSUGE s(“‘1>(f I, (4.9)

Again since the splines are of type I

s (e, - 5D (e 0

(n-1) (n 1) (n-2) (n 2)
L[S2n 1 (Eyu) - 1 (E,u)]du + f (a) ~ (a).

Hence, for any x in [a,b]
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(n-2) s{n2)
[Son 17 (£,%) = S50 37 (£, ]

nA

J 158D (5,0 - 58D e wlae + 197D @) - 507D @y

A

||S§2:i)(f) - Séz:i)(fk)ll (b - a) + lf(n 2)( y - (n 2)( ).

After taking the supremum over [a,b] of both sides of this inequality,

the estimate (4.8) can be used to acquire
“gnnu) (nmu)” <”ﬁm 3”u®-aﬁ

# 1£0 D ay — (n Dy - a) + £y - f(n 2], .10
which implies that

vim 18772 6y - s D e ], =
k.

Proceeding by induction, suppose at the jth step

(0<gjgn-=-1)

lls(n J)(f) (n-j)(fk)ll°°

(n) (n) j
2n-1 S2n-1 e - £, o - a)

1A

j . |
+ ) 10V @y - g0y - a3, (4.11)
i=1 .
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so that

lim ||s(n J)(f) (“ J)(f SN (4.12)

k-reo

Then, as above

(n 3-1) . (n-3j-1)
Son-1  (Eax) = Sy 3 7T (Es%)

J (0D (e - sED e wlau + £ @IV @) - gD g
and for x in [a,b]

|53 D (g0 - s3I e )

<

s ey - s Die || o - 2y + [£0T Dy - B3 ),

A

Now taking the maximum over [a,b] of both sides of this inequality,

and applying (4.11) gives

Hsgrod™ e - s8Il < d1e™ - )] o - 27

+ % |£ (1) g ) - £ D@ - a3 - a
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+ lf(n j- l)( y - (n -j- l)(a)l l'f(n) _ fén)llm(b - a)j+l

+ Z lf(n i) (a) - (n i) (a)l(b _ a)j+l-i.

j=1

This inequality and the hypothesis imply that

vim ||s73 ™ ) - s ey
koo
Hence the induction argument is complete, and (4.11) and (4.12) hold
for all o such that 0 2 o < n - 1.
Although the type I polynomial spline is of primary interest
in>this paper, it is worthwhile to note that the above theorems hold

for periodic polynomial splines.

Definition 4.4. Let f be a periodic function of period

(b - a), and let a mesh A be given on [a,b]. Then a periodic
polynomial spline of interpolation to f on A of degree 2n-1 is

a polynomial spline of interpolation to { on A such that
s$ (6,20 = 5{V(E,b=) (@ =1, .o., n - 1),

The periodic polynomial spline of interpolation to a function
f on a given mesh A satisfies conditions that are sufficient to
obtain the aforementioned theorems provided that f is in the sub-

class Kg(a,b) of Kn(a,b) consisting of those functions which,
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together with their first (n - l)th derivatives, have continuous
periodic extensions to (-w,®) of period (b - a). That is if f
is in K;(a,b) then the periodic polynomial spline of interpolation
to f not only exists and is unique, but also satisfies a minimum
norm property, and a best approximation property. Moreover, if any
two functions which differ by a constant are identified tHen K;(a,b)
is an inner product space.

Now if a periodic spline operator is defined on Kp(a,b) by
corresponding with each function in KP(a,b) its unique periodic
polynomial spline of interpolation, on a given mesh A, then a proof

similar to that of Theorem 4.2 suffices to yield the following theorem.

Theorem 4.4. The periodic spline operator is a continuous
operator on the inner product space K;(a,b).

Furthermore, a theorem analogous to Theorem 4.3 can be proved

for periodic spline functions.

Theorem 4.5. Let a function f along with a sequence of

functions {fk} be given in C;[a,b] such that
a
1lim llfé ) f“‘)]]m =0 (=0,1, ..., n).
k-reo

Then,

(a) (a)
14 S (F) = S (L)) =0 (xe=0,1, «o., n = 1),
km]]P P kllw o n



For the sake of completeness the foregoing theorems will be
stated for a wider class of polynomial splines which include the
type I and periodic polynomial splines defined above. To accomplish

this task the following definitions are essential.

Definition 4.5. Let a mesh A:a = xO < xl < se0 < Xy = b

2n-t

be given, and let SZn—l(X> be a function in K (a,b) with the

Séi?i(x) vanishes identically in each open mesh in-

property that
terval (xi—l’xi) of A. Then Szn_l(x) is called a polynomial
spline of degree 2n~1 with deficiency t where t is restricted
by 0<t<mn.

In this terminology, the polynomial spline of degree 2n-1
in Definition 4.1 has deficiency one, while an ordinary polynomial
of degree 2n-1 has deficiency zero. The polynomial spline of de-
ficiency one is sometimes called a simple spline.

Definitions analogous to those given for the type I and

periodic simple splines can be made for the type I and periodic

polynomial splines with deficiency ¢t.

Definition 4,6, Let f be in the class Kn_t(a,b)

(Kn—t(a,b)), and let a mesh A:a = X, < X, €< .eo < X_.=b on [a,b]
P 0 1 N

be given, Then the type I (periodic) polynomial spline of interpola-

tion to £ on A of degree 2n-1 with deficiency t 1s defined by

the equations

36



Ségzl(f,xi) = f(a)(xi) (L1 =0, 1, ., N) (0 =0, 1, vov, t = 1)
Sz(z-)-l(f’xi) = f(a)(xi) (1=0,N) (@d=¢t, ooo, n - 1).

Note that the continuity conditions are relaxed, but that
this is compensated for by requiring interpolation not only to the
function £, but also to its first t - 1 derivatives at the in-

terior mesh points. This does not affect the nature of the proofs

already given for simple splines since existence, uniqueness, a mini-

mum norm property and a best approximation property hold for this
class of deficient spline functions. Indeed, if the proper identi~
fication of functions is made, and if a type I (periodic) deficient
spline operator is defined in an obvious way then the following

theorems obtain.

Theorem 4.6. The type I (periodic) deficient spline opera-
tor is a continuous operator on the inner product space Kn(a,b)

n
(I\P(a ,b)) .
Theorem 4.7. Let f and {fk} be functions in Cn[a,b]

(C;{a,b]) such that

1im |]£¢9 - fé“)||m =0 (u=20,1, ..., n).

k>0

If SZn—l(f’x) and SZn—l(fk’x) represent the type I (periodic)

37
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polynomial spline of interpolation of degree 2n-1 with deficiency

t (t < n), then

1im Hsézzl(f) - S§§31<fk>llw =0 (e=0,1, vou, n~-1).
Lk-»oo

Now let

_ R . o1
L = an(x) D + an_l(x) D

+ ... + ao(x),

where each aj(x) (j =0, 1, «e., n) dis in Cn[a,b], and an(x)
does not vanish on [a,b], be a general linear differential opera-
tor. Furthermore, let

n-1

L= (<D« DMa (o) + (DY - 0V a0+ L+ ag o)

be the adjoint of L.

Definition 4.7. A generalized spline of deficiency

t (0

fta

t < n) with respect to a given mesh A:a = %4 < 3 < 4o

< x,,=b is a function SA(x) which is in Kzn_t(a,b), and satis-

A

fies the differential equation
o =

on each open mesh interval of A. SA(x) is said to have order 2n.
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A further discussion of generalized splines can be found in [i].
It will be assumed here that the operator L satisfies conditions which
insure the existence, uniqueness, minimum norm, and best approximation
properties of the generalized spline of interpolation. It should be
clear that the special case L = D" was the one dealt with up to this
point. \

The definitions of the type I and perlodic generalized splines
of interpolation of order 2n with deficiency t (t < n) can be pat-
terned after the corresponding definitions for polynomial splines.

Also definitions of the appropriate equivalence relation on Kn(a,b)
or K;(a,b) and of the respective generalized spline operators can
be made in an evident manner. Furthermore, the proof of Theorem 4.2
can be used as a model to prove that each of the generalized spline
operators so defined is a continuous operator on their respective
inner product spaces.

To get the proof of the analop of Theorem 4.3 for generalized
splines an argument similar to the one used there would be adequate.
However, a slightly different treatment which avoids the minimum norm
property, and instead relies upon the continuity of the best approxi-

mant operator is given.

Theorem 4.8. Let the function f together with the sequence

of functions {fp} be given in Cn[a,b] (C;[a,b]) such that

lim [|£@) - fk(“)llm-—- 0(a=20,1, ..., n).
ko
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If SA(f,x) represents the type I (periodic) generalized spline of

interpolation to f of order 2n with deficiency t (t < n), then

lim IISéa)(f) - Sga)(fk)llm =0 (a=20,1, ..., n).

Proof. The proof will be given for the type I spline. By the

best approximation property, the type I generalized spline of inter-
polation to f of order 2n with deficiency t (t < n) satisfies
b b
J £ o - 5,M (25,0170 : | R (4.13)
a a
where in the right hand side SA(X) denotes any generalized spline
of order 2n with deficiency t. Now the set of generalized splines
of order 2n with deficiency t form a subspace of the linear space
Kn(a,b). Moreover, the set of nth derivatives of these spline func-
tions is a subspace, 2, of K'(a,b). Therefore, by (4.13) lsgn)(f)

£(n)

is the best approximant to in L,-norm from the subspace .

2

A similar statement holds for each of the functions fén)

and
Sgn)(fk) (k=1, 2, ...)., Hence, by the continuity of the best

approximant operator, Theorem 2.1, and inequality (4.4)

Lin s ey - s ap ], = o. (4.14)

koo
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But the subspace © dis finite dimensional, which implies that
any two norms on this subspace are equivalent. Thus, there exists a

real number £ such that
s ey - s el < alis™ @ - s e,
Clearly then (4.14) implies
lim llq(“>(f) (“)(f R
k-reo

Now as in the proof of Theorem 4.3
sOD () - 5D e
- I:[Sgn)(f,u) = s Mg wide + £ @) - g0
which finally gives
G0 gy s&D e )|

< Hs™e - s epll e - M2+ 60 V@) - £ D).

This yields
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lim llsgn"l)(f) - sgn“l)(fk)llm = 0.
k>0

The proof can now be completed by using an inductive argument
similar to that of Theorem 4.3.
Finally, a theorem similar to Theorem 4.3 can be proven for a

polynomial spline which is about to be defined.

Definition 4.8. A polynomial spline of interpolation to a

function f on a mesh A of degree 2n-1 with deficiency ¢t (t < n)

is called a type t spline provided that
s (e, = £ ) @m0, 1, oo, £-1) (1=0,1, o, W)
(o) - e .
St (f,xi) =0 (o=n,n+1, ..., 2n t 1) (4 =0, N).

Once again existence and uniqueness properties, a minimum
norm property, and a best approximation property are valid for this
family of spline functions. More to the point of the present dis-
cussion, however, is the fact that the type t spline satisfies
what might be called a "minimum norm property of order t'. Some
of the details of the prodf.will be included although they differ
only slightly from those given in [1] for the minimum norm property

for the type I spline.
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Lemma 4.2, Let f in Kn(a,b) and a mesh A on [a,b] be
given. Also let St(f,x) be the type t polynomial spline of inter-

polation to f on the mesh A of degree 2n-1. Then

b b
{J 1s$8 (g,x012ax1Y/2 < {J 15 (8 () 12ax3 /2,

a a
Proof. Using the proof of the fundamental identity given in

[1], an integration by pafts t times ultimately yields

b b
J (£ 6 - 5 (e, 1%ax = J (£ (1 %ax

a a

N t X
-2 7§ VeV 6o - s (6,038 VD (5, |
j‘:l v=]1 xj"'l

b
t 2
- j [sé )g,%)1° dx.
a
An exanination of the definition shows that

£ ) - s =0 =0, 1, cooy W) (=0, eu, £ 1),

or equivalently

f(t““)(xi) - Sét-v)(f,xi) S0 (L =0, 1, coey N) (W =1, eau, t).



Hence,

b b
f £ o - 88 ¢£,30 1% = J 149 (o)
a

a

which is the '"first integral relation of ord

a a

or

b b
{f (s (6,01 %ax M7 ¢ ] 16

a a

which is the "minimum norm property of order

Cn(a,b) such that

lim llf(a) - flga)ll°° =0 (a = 0, 1
ko

Furthermore, let St(f,x) and St(fk’x)(k =
type t polynomial splines of interpolation

2, ...), respectively on a given mesh A.

uin |5 (6) - s el =0 (@ =

k-roo

b
2dx - f [Sét)(f,x)]zdx
a

er t'"., This implies

b b
J [f(t)(x)]zdx - j [Sét)(f,X)]zdx > 0,

t)(x)]zdx }1/2

t"

1, 2, ...) be given in

s eeey 3 £ S M),

1, 2, ...) be the

to £ and f, (k =1,

k
Then

0, 1, ..., t - 1).

b4



Proof. The proof follows exactly as in Theorem 4.3 with n

replaced by t.

It is natural to wonder whether the requirement that the

(o) (o)
K f

o=0,1, ..., n is a reasonable one. The answer is in the affirma-

sequence of functions {f, ‘} converge uniformly to for
tive since for any function in Cn[a,b] the Bernstein polynomials
behave in precisely thils manner. Unfortunately, the rate of con-
vergence of these polynomials is quite slow which makes them poor
candidates for any practical applicztion. In the next chapter a

method which does not necessitate the high order of convergence is

devised.
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CHAPTER 5

A CONVERGERT SEQUENCE OF SPLINE FUNCTIONS

The convergence properties given in Chapter 4 depend upon a
high oxder of convergence of a sequence of functions in uniform norm.
In this chapter a sequence of spline functions is developed which
avoids the requirement for a high order of convergence. This is ac-
complished by considering the nth derivative of the type I spline
of interpolation to a given function f on a mesh A of degree 2n-1
as the best approximant to the nth derivative of f in Lz—norm.

The best approximation property for the type I polynomial spline (4.1)

allows this interpretation.

Theorem 5.1. Let a function "f in c"[a,b] and a mesh

Aia = %o € Ky S ees <X = b, be given. Further let a sequence

of functions {gk} be given in C[a,b] such that

lim Ilf(n) - gkll°° = 0.

k>0

Then,

1im IIS§§§31<f> - ¢l =0,

ko
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where Sﬁ denotes the best approximant to Bl in Lz-norm from the

n-1 (x

subspace £ with basis {1, X, ccey X 5 oo, n—l}

- Xye1)4

Proof. 1In Chapter 3 it was pointed out that the best spline

approximant in L_-norm, or the best least square spline approximant,

2
exists and is unique. Now by the best approximation property for type I

polynomial splines of interpolation (4.1),

(n) () . (n), (n)
1k PNSLC I PR L P | PP
where SZn-l(X) represents any polynomial spline of degree 2n-1. It
is apparent, upon a re-examination of Theorem 3.1, that the subspace
of Kn(a,b) composed of the nth derivatives of all polynomial splines

of degree 2n-1 is precisely the subspace @ defined above. UHence,

(n)

2n_l(f,x) is the best least square approximant to f(n)(x)'

S%(x) = S
= g(x) from the subspace Q.
Now g(x) = f(u)(x) is in C[a,b]}, and the hypothesis in-

sures that

lim Ilg = gkll°° = 0,

X->c0
But uniform convergence on a finite interval implies mean-square

convergence, that is,

lim ”g - gkllz = 0.

koo
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Letting S§ be the best least square approximant to ¢
& °F PP Kk
(k =1, 2, ...), and recalling that the best approximant operator

is continuous in L?—norm vields

lim ||s* - si|], = 0.
koo ¢

Moreover, the finite dimensionality of the subspace Q dimplies that
the L2—norm is equivalent to the uniform norm on this subspace [2].

Hence, there exists a real number £ such that

[Is% - sl = lls* - sgll,-
This implies that
lim |]s% - sg[] =0
k-»eo
or,
(n) 5
lim |[|S (f) - s = 0, (5.1)
Kkoseo I 2n-1 kllw

A sequence of polynomiuzl splines of degree 2n-1 whose con-

vergence to SZn—l(f’x) will depend upon the convergence of the

f(n)

sequence {gy} to can now be developed.
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Theorem 5.2. Let f be in Cn[a,b], and let a mesh A be
given on [a,b]. Also let a sequence of functions {gk} be given in

Cla,b] such that

1lim llf(“) - gl = 0.

koo .
Then there exists a sequence {ok} of polynomial splines of degree
2n-1 such that
(f) - ¢

lim |8 = 0.
~»00

1 il e

2n-1

Proof. The proof will be given for the interval [0,1] for
the sake of simplicity. The results can then be easily transferred

to the interval [a,b] by means of the linear transformation

X - a
b ~-a’

T(x) =

The proof proceeds by observing that

(n-1) *

Son-1" (£>%) = j

X
Sﬁ(u)du - f(n_l)(o) = J [Ségzl(f,u) - Si(u)]du,

0 0

and that for any x in [0,1]

1
|spn s (%) = oy @] g IOIS§221(f,u) - S (w) du,
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where

pS

Oy 1 @) = Josﬁ(u)du + £ 1) (g,

Now (5.1) can be combined with this last inequality to acquire

1im ||s{° D (e -

Lsoo k,l”m

To complete the proof by induction let

X ,.\ (X f(n -1) 0 -
Ok’j(x) = Jo &) JOSN(u)du + i —73—334 ) xJ (3 =1, ..., n),

and suppose that

1im l[s(n ’)(f) [| = o. (5.2)
Josen k,j' e
Then for j < n
J s s ) - 6 L (w)]du
o 2n-1 K, j
(nJ l)(f ) (nJl)(f 0) x ()1
Son-1 X 0°k,j u)du
_ o(n-i-1) (n-j-1) Gy [F.
= SZn—l (f,x) - £ (0) - Jo Josﬁ(u)du



0 i=j (-1
_ o (m-3-1) G Jx LD 0y ga1-s
Son-1 (F5%) Jo Sk (wdu izl GHi=1)!
(n-j-1)
Son-1 E93¥) = 0y gy ()

This gives, for x in [0,1]

(n"j -1) X (n—j) ] -
lSZn-—l (f,x) - ok,j+1(x)| s J0|52n~1 (fyu) - Ok,j(u)ldu

..
0

1
< I ]s(n J)(f u) - o, ;(u)]du g lls(rl j)(f)
- 0 j - ’J

Taking the supremum of both sides over [d,l], and using the assump-

tion (5.2) yields

lim ]IS(n ]—1)(f) -0

.,
o k,j+1

Hence, by induction

lim IIS(n-ikf) -0, .. =0 G=1, ..., n).
k>0 k,J' e

In particular, for j =n

]
o

lim ||52n_1(f) - okll°°

ko
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with

In order to utilize this convergence theorem, an estimate on
the rate of convergence is needed. Such an estimate is furnished by

the following lemma and theorem.

Lemma 5.1. Let f be given in Cn[a,b], and h be given
in C[a,b]}. Furthermore, let a mesh A be defined on [a,b], and

let (f,x) be the type I polynomial spline of interpolation to

Son-1
f on A, Then,

Ilségzl(f> - s*[], g g™ - h| b - a)l/? (5.3)

where S%* denotes the best least-square approximant to h from the

subspace Q defined in Theorem 5.1.

Proof. Let H be an n-fold antiderivative of h, that is,

let H satisfy the condition
H(n)(x) = h(x).

Then H is in Cn[a,b], and the type I polynomial spline of interpo-

lation to H on the mesh A of degree 2n-1 exists and is unique.
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Now by the best approximation property (4.1) applied to H(x)
® @) 30 12 _ [P« 5! 1/2
{J ™ G - s @m0 %ax ) ;{f 1™ - s Go1%ax 12, (5.0
a a

where represents any polynomial spline on A of degree

Sn-1()
2n-l1. Furthermore, the subspace of nth derivatives of polynomial

splines of degree 2n-1 1is.the subspace Q defined above.

Moreover,

¥} b
{f ™ 6o - s anx1%ax 12 ff e - s @0 1%ax 3?2
a a
so that (5.4) implies
b b
{f (G0 - s anx1%ax 12 {J [hGo -5, (o1 %ax )2
a a

vhere Sn~1(x) represents any polynomial spline of degree n-1 from
the subspace . But the best least square approximant to h(x) from

the subspace o is unique, which implies

52)1(“ x) = S%(x).

Therefore,

"Séﬁil<f> - s%|], = Ilsézzl(f) (“) L,
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= s (e - m], - (5.5)

where the last equality follows from the linearity of the type I poly-
nomial spline of interpolation. The minimum norm property can now

be used to obtain'

IlS;fﬁZl(f -mll, g Hf(n) - H(n)H2 = Ilf(n) - h||2. (5.6)

Combining (5.5) and (5.6) gives

s ey - s#|], < [1£™ - nl],.

" The proof is finished by observing that
129~ wl ]y < 1™ - n]l,0 - 22,

Theorem 5.3. Let f in Cn[O,l] and a sequence {gk} in

C[0,1] be given such that

1im ||f(“) - g ll, = o,

ke

Then, for a=0,1, oo, n -1 and k =1, 2, ...

1188 6y - o1, < 116™ - g ]1...
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Proof. The lemma asserts that for each k,

s oy = sgll, < 1™ =gl (5.7)

As in the proof of Theorem 5.2, for any x in [0,1]

1

|S§2:i)(f,x) - Uk,l(X)l < J0|S§Ezl(f,u) - Sﬁ(u)ldu. (5.8)

But an application of the Schwarz inequality gives

/2

l -
I ™ (£,u) ~ sg(w)]du g {J|S§211(f,u) - s |%au 1t (5.9)

|s
0 2n-1

Now (5.7), (5.8), and (5.9) together imply that for x in [0,1]

Is(n-l)

D@ - o 6] 2 115 - gl

which further implies

(n~1)

1189017 = oy 41l

A

Noting that

o= 0 G=0,1,...,n-1),

k:“"j
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the proof can be completed by induction as in Theorem 5.2. The end

result is that for « =0, 1, ..., n -1 and k=1, 2, ...

' Ilségzl(f) - ";Em)llo° < e - gy | | e (5.10)

These theorems can be combined with convergence properties of

the type I polynomial spline, the proofs of which are given in [1],

w

to obtain yet another convergence theorem. First a theorem and corol-

lary from [1] will be given.

Theorem 5.4. Let a function f in Kn(a,b) and a sequence

of meshes {AN}. (N=1, 2 ...) be given such that 1lim IIANll = 0,

N-reo
- that is, such that the sequence of mesh norms converges to zero. Then,

un |6 - s =0 @=0,1,...,n-1 (.11
N

N->o0

where SA (f) dis the type I polynomial spline of interpolation to f
N

on the mesh AN of degree 2n-1.

Corollary 5.1. Under the conditions given in Theorem 5.4,

Hf(a) _ SA(a)(f)Hm < (0 =0, 1, oo, n ~1) (5.12)
N

where
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na = (n)l/Z(n - 1) co. (a4 1) - (I]AN"/Z)(ZH'—ZQ—I)/Z

b
. 2{[ [f(n)(x)}zdx /2,

a
Theorem 5.5. Let £ be in c"[0,1] and let a sequence of’

functions {gk} be given in C[0,1] such that

Lim | £ - gl ], = O (5.13)

k-¥co

Furthermore, let a sequence {AN} of meshes be given on [0,1] such

that
Lim [[ag]] = o. (5.14)
N-»c0
Then,
lim |]£(® - cé“il]m= 0 (e=0,1, ec.pn=1)
ke i
N~
where o 1 (k =1, 2, ...) 1is the polynomial spline of degree

N,k

2n-1 on the nesh AN (M =1, 2, ...) which was introduced in

Theorem 5.2.

Proof. 1t is apparent that for each «, (¢ =0, 1, ...,

n"l)’
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(e} _ (a) (a) (a) (o) (o)
159 - ol 5 115 = s @ 1, + 15 - o1,

A use of the estimates (5.10) and (5.12) produces the inequality

12 = o1, < ng + 11D = gl

Taking the limit as both N and k tend to infinity proves the

theorem.



CHAPTER 6

APPROXIMATING POLYNOMIAL SPLINES

In this final chapter the‘continuity of the best approximant
operator is uéed as an aid iﬁ finding the best least square spline
approximant. The equations developed can then be used to obtain the
type I polynomial spline. Examples which illustrate these techniques
are included. For the sake of simplicity it is assumed throughout
this chapter that [a,b] = [0,1].

By Theorem 3.1 any polynomial spline of degree m can be

written
? 2 Nil m
S (x) = a x  + b.(x -~ x,),,
m =0 2 1=1 i i+
or
g N-1
S _(x) = a ¢, (x) + ) b.v,(x)
m =0 278 =1 ii

where ¢2 and wi are defined by

A

¢2(X) = X (L =0,1, ..., m)

59
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P, (x) = (x - xi)f (=1, ..., N - 1).

Therefore, if g 1is a continuous function on [0,1], then the best

approximant to g in L2—norm from the subspace with basis

{(bo’ ¢l’ LA Qm’ wl, eesy l\bN__l}

can be obtained by solving the normal equations

m N-1
L a (eg,00) + ig

2_—_—_0 —lbi(wi’(bq) =(g,¢q) (q = 0, 1’ vees m) (6.1)

N-1

m
zzoaz(q‘z"pj) + ié bi(‘bi’\bj) = (g,\bj) (j = 1’ s 0y N - l)

1
wvhere the inner product is given by

1
(f,g) = J f(x)g(x)dx.

0
Now if the right hand members of the normal equations can
be readily obtained, then‘a solution of these equations will produce
the coefficients of the best least square spline approximant to g
of degree m. In general, however, the inner products on the right
hand side of (6.1) must be avproximated by numerical integration.
The intent of the method to be developed here is to circumvent the

necessity for numerical integration by making use of the continuity
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of ‘the best approximant operator in L2—norm. Putting these matters
aside for the moment, the inner products on the left hand side of
(6.1) will first be evaluated.

It is easy to see that

N .
(¢2’¢q) = Tl for 0 <4, q3m (6.2)
In order to obtain (¢q,¢i) it is convenient to prove the

following lemmas.

r
q+m+l-r Xy

q a-r
q (1-x,)"
Lemma 6.1.  (¢,>94) = (1 - %)™ rzo o)

1 1
: = Qoo ooy YPa . q _ m
Proof. (¢q,wi) = fox (x hi)+dx Jx x (% xi) dx.
i

Make the substitution y = x - x; to obtain

l_xi am

0

1-xi g q\ gq~r r., m
=J ) (F)y =iy ey

q x5 q+m-r_r
L (3) j yoooxdy

()05

i
qtmt+l-r

it
~
f—t
|
el
e
~
:
I 10
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19
Lemma 6.2. (§.,¥;) = (1 - x )™ rzoA(r)h(O)(g)xz

where h is a function which interpolates to at the points

qtmtl-r
- (r) o th .. .
r/q{(r =0, 1, ..., q), and A' "h(0) 1is the «r divided difference

of h on this set of points.

Proof. The Bernstein polynomial for h of degree q can

be written as

B, (h,x) = rzo(gymr/q)(l ~x) TTT

But it is known [5] that this reduces to

B (h,x) = ) s )
a r=0 A r
Hence at x = xi
(s
T \r x5 i_ %A(r)}1(0)<q)\:r
qtmt+l-r r/ i’
r=0 r=0

Now a multiplication of both sides of this equation by (1 -~ xi)m+1_

yields the lemma.

v xGx-1)(x=2)...(x~-1) /r -v _
Lemma 6.3. P(x) = vzo ov) (Y)(—l) = r!

Proof. If x = 0, then
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PO) = (-1)(-2) ... (-0)(g)-DF = 11 (1T = r!
If x=1,
P(1) =1+ (L -2)(2~=3) « vuu = (1~ r)(;)(—l)r"l

]

1-1)¢-2) + wen » L= = D] )™

I
~~
i
~
Lo
[an
~~
ey
~
=
[
~
o}
~
-
| mliia
~—
]
2}

If x=v, O

A
<
A
=

viv=-1) « ... = [v=(-=-1)] ¢ [v~-(v+ 1]

P(v)

N 2 V) [C Pl

VU = 1) ae 1e (1) ¢ ... e [=(x - v>](:)(-1)r‘“

i

(-1)r”“<¥1>r““vz(r) =br!

v

So P(x) 1is a polynomial of degree r which is equal to r! at the

r + 1 points O, 1, .;., r. llence,

P(x) = r!
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(x) - rt(gtm-r)!
Lemma 6.4. A h(0) —TE¥EII7T~'

Proof.  In [5] it is shown that

@ 5 -
A% n0) = ¥ DT v(:)h(v/r).

v=0

Hence

"

(r) 3 r-v/ T 1
A h(0) vZO(ul) (v) qtmtl-v

i

E (_1)r'V(r\ (q+m+l) (g+m) ... (g+mi-1-x)

veo v/ (q+m+1) (qtm) « . « Cqtmt1o1) (qHmt1-v)

_ (gtm-x)! E (~1)r—v(r) (gmtl) (a+m) . . . (a+mtl-r)
(qFmri) ! veo v (q+mt+l-v)

= (gtm-p)!

T (qtmFL) !

where the final equality results from Lemma 6.3 with x =g + m + 1.

Now a combination of Lemmas 6.2 and 6.4 can be used to o>tain

mtl § r!(q+m-r)! (a)_r

(¢q’wi) = Q- xi) (qiaIIYT_ )%
r=0
_ n+l q
1 xi) % _EJL__ o .3
q+mtl atmy “i '
r=0 r )



If x,
i

On the other hand if

(wi’l‘bj) = f

X,
J

(‘pi)‘ﬁbi) =

1

0

(x -

m
(x - xi)+(x - xi)+dx =

f

x4 < X then,

3

m
xi)+dx

3

Now integrations by parts yields

W04

where the

Repeating

(‘1’}19‘!’3) =

+

Sal

m+l

m
Q=)

-1

m_ (m-1)

() (mF2)

a-

a-

x )m+1 _
3 e
h|

g m
) T @y ¢ )

1
f (x - x.)m_z(x - x.)m+2dx
x . 3

J

(x—xi)

2mt+1

m-1

a stralghtforward evaluation gives

2m+1

el
m m
Jx (x - xi) x - xj) dx.

(1 ~ xj

)

1
-EI J (x - x.)m_l(x - x.)m+ldx
x * J

m+1.

65

(6.4)

last equality resulted from another integration by parts.

this process

m
(l—xi)

kL

vee + (-1)M

- x.)

m times gives

1l

) |
2T @y G

m'

(m+l)(m+2)..:(2m)(2m+l) 1 -x

m-1

j)

a -

2mt+l

X.)

J

m+2
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R M _aym _(metl) (m). .. (okl-1) _ m-r.. _ r
! -1 kD) (b2 iy 7 %) (- x)

m (1) Im!

Ml - n-r
w2 Y i T

r

) . (6.5)

1 - xi) 1 - x

3
This completes the evaluation of all the inner products on
the left hand side of (6.1).- Now in the proof of Theorem 5.1 it was
indicated that the continuity of the best least square spline ap-
proximant operator in Lz—norm implies the conﬁinuity of this opera-

tor in the space C[0,1] with uniform norm. That is, if g and

3 (k =1, 2, ...) are functions in C[0,1} such that
lim [|g - g ||, =0
koo

then

Lin []s* - sgf],= o
vhere S§% and Si (k =1, 2 ...) are the best least square spline
approximants to g and g, (k=1,2...), respectively. Thus if
a sequence of functions {gk} which converge uniformly to g in
[0,1] can be found then Sﬁ provides an approximation for S%.

A sequence of polynomials which converge uniformly to g in

-[0,1] is quite useful in this respect since (6.2) and (6.3) could

be used to obtain the inner products on the right hand side of (6.1)



for such a sequence. Moreover; it is well known that if g is con-
tinuous on [0,1] then there exists a sequence of polynomials which
converge uniformly to g .on [0,1]. The Bernstein polynomials pro-
vide such a sequence, but their raté of convergence is very slow.
However, there exist sequences of polynomials which converge quite
répidly in'uniform norm to a given function g provided that g is
differentiable of a sufficiently high order. See [3] and [7] for a
discussion of such polynomials.

The variation diminishing spline functions introduced in [9]
provide yet another sequence of functions whose uniform convergence
to a given continuous function is rather rapid. Furthermore, due
to the nature of these spline functions, the inner products on the
right side of (6.1) could be readily calculated. A detailed treat-
ment of these spline functions is not germane to this paper, but the

interested reader may see [8]) and [9] for further information.

Example 6.1. Let g(x) = e ™ and let a mesh A be defined
on [0,1] by A:0 < 1/3 < 2/3 < 1. Then the best least square ap-
proximant to g on [0,1] by a spline function of degree one can

be obtained from the normal equations

1

2
Ia (4.8 + iz

2o bi(wis‘t’q) = (gaq’q) (q = 0, 1)

1
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La,(,,0)+ Jb.(w.,v) = (g,0,) (=1, 2).
gm0 L AT sy 2 J -

Using the equations (6.2), (6.3), (6.4) and (6.5) this reduces to

ag + 0.500000 a; + 0.222222 b1 + 0.055556 b2 = 0.632120
0.500000 a, + 0.333333 a; + 0.172840 b1 + 0.049383 b2 = 0.264240
0.222222 aQ + 0.172840 ay + 0.098765 bl + 0.030864 b2 = 0.163399
0.055556 a, + 0.049383 ay + 0.030864 bl + 0.012346 b2 = 0.022909.

Solving this system for a a b and b2 yields

0’ r 1

Si(g,x) = 0.991627 - 0.946197x + 0.244377(x - %)+ + 0.167135(x —-%)

Now approximéte e X by the Tchebycheff series truncated at

k = 5, that is,

!
®
ne

Il &~

e, T, () = 15(x)

v=0

where Tv(x) is the Tchebycheff polynomial of degree wv. Then
TS(X) = 1.000045 - 1.000022x + O.499l99x2

— 0.166488%° + 0.43794x" - 0.008687x°

+°
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and

|le = |, < 0.000045.

The left hand side 6f the above system remains the same while the

right hand side is given by

(tg5¢;)

(rs,wz)

A solution of the resultant normal equations gives

= 0.632123

= 0.264564

= 0.103400

= 0.021853.

Si(rs,x) = 0.994088 -~ 0.920482x + 0.526893(x

2
- 0.338606(x - §)+.

69

Unfortunately a precise estimate of the error in approximating Si(g,x)

by Si(TS,x) in uniform norm is not available.

plies that

HS]‘E(g) - Sicrs)llz h Hg - T5H°,'

However, Lemma 5.1 im-
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But the Lz—norm and the uniform norm are equivalent on the finite

dimensional subspace of spline functions. Hence there exist a real

number B such that
[1s5(e) - s3ro)], < 8lisge) - s§(r)]],.
This implies that
|Is5¢e) - s, < Blle - Tslloo < B(0.000045)
where B = 1/B. But in this particular case
lISi(g) - Sf(rs)llm = .05206
which suggest that the above estimate is not very accurate.

Example 6.2. Let f(x) = e® and let A be as in Example

6.1. Then g(x) = f'"(x) = e X

. Now in Exanmnple 6.1 the best least-
square spline approximant to g of degree 1 was found. But as was

pointed out in Chapter 5 the type I spline of interpolation to f

of degree three, SB(f,x), satisfies the best approximation property.

e = sy, ¢ e - 311,
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where '83(x) represents any cubic spline on the mesh A. Hence

S;(f,x) = Sf(x) and

X %
Sa(f,x) = £(0) + £'(0)x + J j Sf(x)dx.
0-‘0

Thus

S4(£,%) = 1 - x + 0.495814%> — 0.141033x°

+ 0.040730(x - %—)3 +.0.027856(x - —23-;3

énd from Theorem 5.2
2 3
os(x) = 1 - x + 0.497044x%x" - 0,153414x
1.3 2.3
+ 0.087816(x - §)+ - 0.056434(x - §)+.
Theorem 5,3 gives the estimate

||53(f) - "5”«, < g - TSHm 0.000045.

A

X

Furthermore, the values of f(x) = e , SB(E,x) and os(x) can

be compared at the mesh points O, %3 %- and 1.



£(0) = 1 $,(£,0) = 1 0, (0) = 1
£(Xy = 0.716532  S.(F,3) = 0.716534 o (%) = 0.716212
3 =0 3(f»3 . 53 .
2 2 2
£G) = 0.513416  5,(£,2) = 0.513015 o ) = 0.512037
£(1) = 0.367880  S,(f,1) = 0.367881 o (1) = 0.367560.

Thus it can be seen that os(x) provides a good approximation to
Ss(f,x). Furthermore the values of os(x) at the mesh points of A
are approximately equal to the values of e = at these points in
this example, but it cannot be assumed that this will always be the
case.

In conclusion it should be pointed out that some difficulties
may arise in using the techniques described in the last two chapters.
It may well Be that the coefficient matrix of the normal equations is
ill-conditioned. This is to be expected since the upper left-hand
corner of the coefficient matrix is the Hilbert matrix (Yij) vhere
Yij = ;;%;I, and it is known that this matrix is ill-conditioned
[10]. Furthermore as was indicated in the above example the spline
function ok(x) of Theorem 5.2 will provide a good approximation to
the type I spline of interpolation to a given functiom £ on [O0,1],
but ok(x) will no longer interpolate to f on the given mesh.

Hence, this method may prove useful when approximation rather than

interpolation is the primary concern.
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