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ABSTRACT 

The goals of this research were the development of a dynamic 

mathematical model of a general fixed bed chemical reactor, the design 

and construction of a hybrid computation system to allow the numerical 

solution of the model, and the determination and implementation of compu­

tational techniques to describe transient, multidimensional diffusion 

phenomena in fixed bed reaction systems. The resultant hybrid model 

allowed the calculation of both temperature and chemical conversion re­

sponse as a function of two spatial coordinates and time for reaction 

systems in which both axial and radial diffusion phenomena are of impor­

tance. 

The developed model was based on the Fourier-Poisson equations. 

These non-linear partial differential equations with three independent 

variables have been considered to be analytically and numerically un-

solvable. Using the hybrid computer constructed during this research, 

numerical solutions to the Fourier-Poisson equations were achieved. 

These dynamic hybrid-computer solutions were generated at a rate which 

exceeded real-time simulation. The calculated steady-state and dynamic 

temperature and conversion profiles were found to be in good agreement 

with experimental reaction system data. 

A partially discretized form of the Fourier-Poisson equations 

was developed v/hich describes the transient effects of axial and radial 

heat and mass transfer due to diffusion, bulk transport and reaction in 
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fixed bed chemical reactors. The representation which was chosen for 

these reaction systems involved a model consisting of three regions: 

inlet and outlet diffusion sections and a reaction zone. This repre­

sentation provided boundary conditions for the descriptive equations 

which were applicable in the dynamic sense. 

The partially discretized differential equations were observed 

to exhibit conditional stability when implemented on the College of 

Mines Hybrid Computation System. Stable numerical solutions to these 

partial differential equations were generated for a wide range of equa­

tion parameters. Special techniques were required to remove observed 

limit-cycle instability and to effect solution convergence for the sim­

ulation of the thermal response of packed bed systems operating without 

chemical reaction. 

The dynamic reactor model using hybrid computation techniques 

was capable of reaction system simulation which greatly exceeded real­

time simulation. For moderate system perturbation, highest analog 

computation rate calculation of the temperature and conversion response 

during a nineteen minute reactor time increment was performed in less 

than three seconds of computation. 

Steady-state conversion profiles calculated using the hybrid 

reactor model for the oxidation of sulfur dioxide on platinum-alumina 

catalyst showed good agreement with experimental data. Calculated 

dynamic temperature profiles for this chemical reaction system also 

exhibited good agreement with experimental transient reaction data. 

The hybrid model was used to calculate steady-state temperature pro­

files for physical systems operating without chemical reaction 
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and transfering heat to a cooled tube wall. In general, good agreement 

was observed between calculated temperature profiles and exp&timental 

data for this class of simulation. Only fair agreement was observed 

between the calculated temperature profiles and the experimental data 

of one investigator. This agreement was assumed to be due to a non­

uniform wall temperature in the experimental apparatus. The assumption 

was made in the model implementation that the temperature of the fixed 

bed reactor wall was uniform throughout the reactor. While the hybrid 

model readily simulates fixed bed systems with non-uniform wall temper­

atures, no attempt was made to improve agreement by the inclusion of 

such non-uniformity. 



CHAPTER 1 

INTRODUCTION ' 

The fixed bed chemical reactor is one of the oldest configura­

tions for carrying out gas-solid or liquid-solid contacting or reaction 

on an industrial scale. A fixed bed reactor is a vessel, often tubular 

in design, which is filled with calalytically active material. The gas 

or liquid reactant stream flows through the vessel and is brought into 

intimate contact with the stationary catalyst( The size of the catalyst 

packing element is small with respect to the diameter of the vessel. 

An effective time of contact or residence time is provided between the 

flowing phase and the catalyst packing in which a chemical reaction may 

take place. The vessel is often heated or cooled to provide or remove 

the heat of reaction. 

Fluidized bed reactors and other gas-solid contacting devices 

have been extensively developed and are in widespread use, The fixed 

bed reactor is generally preferable to these other types and is used in 

industrial applications in which internal temperature extremes are not 

encountered. 

The mathematical description of the phenomena observed in the 

operation of fixed bed reactors has been of interest to chemical en­

gineers since the first use of this type of equipment in industry, 

To provide more accurate design methods and to expand the fundamental 

information concerning the kinetic and transport phenomena taking 



place, many investigators have attempted to derive, solve and verify 

mathematical descriptions predicting chemical reactor performance, 

A mathematical model or description of a fixed bed reactor 

should provide sufficient information to predict the entire state 

of the reaction system as a function of position within the reactor. 

Radial flow rate variation is observed within cylindrical packed 

vessels; the fluid residence time is dependent on the radial position 

within the bed. The flow variation and the presence of diffusional 

effects in both the radial and longitudinal directions cause radial 

concentration variation. External heat transfer processes and non­

uniform heat generation within the reactor generate radial temperature 

gradients. The pressure within the flow environment is temperature 

dependent for gaseous systems and changes as a function of longitudi­

nal position within the bed. Therefore, the state of the reaction sys­

tem, described by the pressure, temperature and chemical conversion 

is a complex function of radial and longitudinal position and the 

operating conditions. 

The state of the reaction system is also a function of time. 

Since actual process feed streams and environmental conditions can 

rarely be maintained at constant composition, pressure, temperature or 

flow rate, perturbations in reactor feed streams or environment are 

routinely experienced. Information concerning the dynamics, particu­

larly the thermal dynamics, of fixed bed reaction systems is necessary 

for the design of adequate control systems. Reduced conversion, thermal 

degradation of the catalyst, and, in the extreme, physical damage may 

result from large thermal transients. 
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It is desirable to have a tractable mathematical description of 

the reaction system from which system performance and control require­

ments may be predicted. The solution would be a function of the spatial 

coordinates and time and would depend upon arbitrary perturbations im­

posed, With the development of modern computational methods and de­

vices, the attainment of this goal has been made possible. 

Although computational models are available which provide the 

descriptive qualitites required, compromises in the rigor of the 

theoretical descriptions have generally been incorporated to allow 

economically feasible numerical solutions, A computational advancement, 

hybrid computation, only now being explored by chemical engineers, may 

be employed to provide solutions to equations which are more accurate, 

theoretically more rigorous and of more general applicability than 

prior models. 

This research program is an attempt to extend the applicability 

of dynamic mathematical relationships to describe fixed bed chemical 

reaction systems. 

Nature of the Research 

The general goal of this research is to explore the application 

of recent developments in computation to the extension of reactor repre­

sentation. 

The specific techniques to be examined involve hybrid computation, 

A hybrid computer is an interactive combination of both analog and 

digital computers. An analog computer is a device which is capable of 

producing continuous solutions to complex simultaneous differential 



equations. A digital computer is principally capable of performing high 

speed arithmetical computations. The use of a digital computer may be 

extended by numerical techniques to the solution of differential equa­

tions. In proper association, the computational power of a combined 

analog-digital or hybrid computer exceeds that of either computational 

device alone. 

The particular attribute of interest in a hybrid computer is its 

ability to extend feasible equation solution dimensionality. By solution 

dimensionality is meant the number of independent variables involved in 

the equation set. Reaction system performance has a natural minimum di­

mensionality of order three. That is, all reactor dependent variables 

are, at best, functions of three specified coordinates. Circular cross-

section provides the optimum dimensionality. For a cylindrical reactor, 

temperature and chemical conversion are functions of only radial and axial 

position and time. Used alone, analog or digital computers may con­

veniently treat reactor problems having a dimensionality of order two. 

To extend this usable solution dimensionality of either single computa­

tional technique requires excessive analog computer hardware or excessive 

digital computation time. A modest hybrid computer has a natural capa­

bility of analyzing complex equation sets which have dimensionality of 

the third order. 

This research represents work in three areas. The first area 

involves the development of a descriptive equation set or mathematical 

model representing a general fixed bed reaction system. This mathemati­

cal model is developed from basic reaction kinetics theory and transport 



phenomena theory to exploit the full equation solution dimensionality 

provided by hybrid computation. 

The second area involves the design, development and construc­

tion of a high-speed hybrid computation system. This hybrid system is 

directed toward usage in engineering research and specifically provides 

for convenient solution of equation sets with extended dimensionality. 

The constructed computer system also facilitates high-speed experimental 

data acquisition:and data reduction. A hybrid computer program library 

must be generated to facilitate this equation solution and data acquisir 

tion. As projects of this type are rare, the experience gathered in the 

development of this system provides important information for future 

computation system usage. 

The third area involves the implementation on the resultant 

hybrid system of several reactor models including the full reactor 

simulation. The observed numerical solution stability and required 
t 

convergence techniques are of critical importance. The results of 

exercising both steady-state and dynamic models should be compared with 

experimental fixed bed reactor data. Transport phenomena parameters are 

defined using optimization techniques in conjunction with the agreement 

between experimental data and the model solutions as the objective 

function. 

Specific Research Objectives 

A principal objective of this research was the construction of 

a high-speed analog-digital hybrid computation system and the development 

of a hybrid computer program library. This facility must be capable of 
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providing numerical solutions of partial differential equations and 

must be usable as a data acquisition facility. 

Steady-state and dynamic models of a fixed bed reaction system 

were to be developed and implemented on the hybrid computer system, A 

steady-state model for the specific reaction of sulfur dioxide oxidation 

in a platinum-alumina packed fixed bed reactor was implemented. The 

results of this model were compared with the experimental data of Hall 

and Smith, 1949, and Irvin, Olson and Smith, 1951. 

A dynamic model of the same reaction system was implemented on 

the hybrid computer. The results of this model were compared with the 

experimental data mentioned above and transient data collected from 

a fixed bed reactor operated in the Department of Chemical Engineering 

of The University of Arizona. 



CHAPTER 2 

MATHEMATICAL MODELS OF FIXED BED REACTORS 

The overall purpose of the general 'model' sought in this 

research is one of representation. The model should be the composite 

solution of fundamental transport phenomena equations which represent, 

through specified mechanisms, the chemical conversion and temperature 

throughout the reaction system as a function of time. The term 

'general model' implies that the equation solutions should not be 

limited to specific chemical reactions nor specific physical dimen­

sions or operationg conditions, 'Representation' implies correspond­

ence between physical phenomena and contributions in the mathematical 

structure of the model. Chemical engineering theory treating such des­

cription of physical phenomena, termed transport phenomena theory, 

allows such representative mathematical correspondence once the 

physical transport mechanisms are specified. 

Dynamic temperature and concentration profiles within a 

catalytic reactor are dependent upon the transport phenomena occurring 

outside or removed from the reaction site as well as reaction and trans­

port occurring within the actual catalyst particle. Steady-state pro­

files within the reactor are influenced by upstream diffusion of heat 

and mass from the reaction zone. Transient profiles within the reactor 

are influenced by downstream diffusion as xrell since transient tempera­

ture and concentration gradients may be established in the non-reacting 
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exit region of the reaction system. A general model should have 

the descriptive capacity to represent these important influences upon 

reactor performance. 

The transfer of heat and mass within a packed bed reaction 

system may be represented by several mechanisms. The first mechanism 

is that of bulk transport. Bulk transport is that contribution to the 

i 

overall transport of mass and enthalpy which is due to the physical 

motion of bulk fluid packets due to flow. Mass is moved through the 

reaction system due to convection or macroscopic fluid motion. Sensi­

ble heat as well as mass is carried through the reaction system by this 

mechanism. 

In addition to bulk transport phenomena, additional mechanisms 

exist for the transport of mass and heat in a flow system. Mass is 

subject to molecular and turbulent diffusion phenomena which cause 

migration of chemical species from a region of high concentration to 

a region of low concentration. Heat may be transferred by molecular 

and turbulent diffusion in the moving phase of the reaction system, 

conduction through both solid and fluid phases, and, to a lesser extent, 

radiation. The predominant additional mechanisms of heat transfer in 

fixed bed reaction systems are convection, molecular and turbulent dif­

fusion, and conduction. Both mechanisms of heat transfer appear as 

"effective" diffusion resultant from temperature gradients established 

in the system. In heterogeneous flow systems, the combined heat trans­

port by diffusion and conduction is reflected in the experimentally 

measured effective thermal diffusivity (Wilhelm, .1962). 
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The effective diffusion of both heat and mass in reaction sys­

tems is of primary importance. The diffusional effects are not limited 

to a single direction relative to flow, but rather are significant in a 

multidimensional sense. The radial diffusion of heat is perhaps the 

single most important transport phenomenon occurring within reaction 

systems. A general mathematical model must reflect these effective 

multidimensional diffusion phenomena. 

Chemical conversion and heat transfer are related phenomena in 

a reaction system. Chemical reaction rate is a function of point con­

centrations and temperature. The temperature in turn is influenced by 

the release or absorption of energy as a consequence of chemical reaction. 

The subsequent transport of this heat influences the temperature at the 

reaction site and therefore directly affects the rate of chemical con­

version and thus the concentration profiles within the reactor. A 

general model must therefore reflect the coupled nature of the mass 

balance and the heat balance. Otherwise it is not representative of the 

true physical nature of the reaction system. 

In modeling any real system, some compromise is made. In the 

present circumstance, an important consideration is the relationship of 

the model to what is regarded as a rigorous description of the transport 

mechanisms which actually exist. The closer the model adheres to a 

rigorous description of the system, the greater the correspondence between 

model parameters and primary transport effects. 

The models presented in this and subsequent chapters were de­

veloped with the above requirements in mind. The dynamic model developed 
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in this research is unique in that multidimensional transient transport 

phenomena are incorporated while retaining the rigor of the basic defining 

differential equations for the reaction system. This equation set was 

considered to be numerically unsolvable due to the extended dimensiona­

lity involved (Lapidus, 1960). 

Model Visualization of a Fixed Bed Reactor 

A fixed bed reactor may be visualized as a vessel packed with 

catalyst particles whose dimensions are small compared with the reactor 

itself. A gaseous or liquid fluid containing reactants, products and 

inerts is made to flow through the vessel and thereby contact the 

catalyst. 

A general cylindrical reactor will be schematically represented 

as having three sections. An inlet section in which no reaction takes 

place precedes the reaction zone. This inlet diffusion zone is followed—" 

by a reaction zone of length L and inside radius Rw< In the reaction 

zone catalytically active material is present on and in the packing. 

The final section consists of a non-reactive exit diffusion zone. Heat 

transfer to the wall may occur in both the reaction and diffusion zones. 

This statement limits the scope of the model to typical jacketed or inter-

cooled fixed bed reaction systems. 

Fixed bed reactors are often of cylindrical symmetry, sometimes 

configured as multiple tubular reactors. Cylindrical symmetry is chosen 

for models discussed in this study because of Its widespread applicability 

and optimal dimensionality. The spatial coordinate in the axial direction 

will be defined from the inlet of the diffusion section as z. Some models 



presented in this review of previous mathematical descriptions do not 

include diffusion sections. For these models, the axial origin will 

be defined as the inlet of the reaction section. Radial position, 

specified from the centerline of the reactor, is denoted as r. The 

catalyst particle diameter is denoted by dp# For non-spherical parti­

cles, this dimension is generally taken as the effective hydraulic 

diameter of the particle. The temperature and mass concentration of 

chemical species i are given by T and C^, respectively. The total 

mass flow rate per superficial area is defined as G, Superficial linear 

velocity is given as U, Inlet and outlet conditions are indicated by 

the subscripts 'in' and 'out,' respectively. 

The spatial representation of the general fixed bed reactor is 

shown schematically in Figure 2-1. 

In order to treat the heterogeneous reaction system with the 

continuous mathematical techniques provided by transport phenomena 

theory, the interior of the reactor must be viewed as a quasi-continuum. 

It must be assumed that it is possible to choose a differential volume 

sufficiently large to contain an appreciable number of catalyst pellets. 

This differential volume must also be small enough to assume the unifor­

mity of the bulk temperature and conversion within this volume. This 

allows the conversion of the discrete heterogeneous system to a quasi-

continuous system in which all properties may be viewed as continuous 

mathematical functions of position and time. In this view, no mathe­

matical discontinuities exist within the reaction section. 
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Lapidus (1960) and Wilhelm (1962) have stated that the quasi-

continuous assumption is justified for vessel diameter to particle 

diameter ratios greater than ten. 

Review of Previous Mathematical Descriptions of Fixed Bed Reactors 

Research in the field of fixed bed chemical reaction systems 

has been both prolific and diverse. Widespread mathematical and 

experimental investigation has been directed toward examining the na­

ture of the performance of chemical reactors. The principal goal of 

these efforts has been the attainment of more succinct knowledge about 

the related physical phenomena and the development of quicker, more 

accurate and more rigorous design techniques. The result has been the 

publication of a large number of mathematical descriptions for the mass 

transfer, heat transfer and kinetic behavior of fixed bed reaction 

systems. 

A characteristic evolutionary increase in the sophistication and 

complexity of these mathematical descriptions has occurred. Design 

procedures are continually being improved as the available reactor 

theory is expanded and mathematical and numerical techniques are im­

proved. Previous descriptions of reactor performance have been based 

on energy, momentum and mass balances predicting the overall thermal, 

flow and conversion characteristics of reaction systems. The models 

describing temperature, flow and conversion within a reactor have 

generally been derived from effective transport phenomena expressions. 

A necessary condition for the use of any mathematical descrip­

tion of reactor performance is that the kinetics of the specific reaction 
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are known and that a suitable mathematical representation of these 

kinetics is available. In the equations presented in this chapter, the 

specific reaction, rate is defined as Rj:, having dimensions: mass con­

verted per unit time per unit volume. 

The equations resulting from overall mass and enthalpy balances 

or effective transport phenomena relationships are differential equa­

tions. These equations are usually ordinary differential equations for 

steady-state, lumped -parameter models or partial differential equations 

for distributed-parameter and dynamic models. Previously derived 

equation systems, or models, will be reviewed in order of increasing 

complexity: from lumped-parameter to distributed-parameter models, from 

ordinary differential equations to partial differential equations. 

Several authors have presented reviews of past work in the 

field of "modeling" reactor characteristics. Beek (1962) presented 

analyses of the various types of chemical reactors in use in the chemical 

industry today. Lapidus (1960) organized and presented a review of the 

progress toward the a priori design of reactors, with emphasis upon the 

underlying theoretical basis of the equations. 

The simplest reaction system from an analysis standpoint is the 

plug or piston flow reactor. _A plug flow reactor is a vessel with one 

input stream and one output stream in which thorough lateral mixing and 

negligible longitudinal mixing is assumed to occur. The vessel or tube 

may be filled with catalyst o?: may be empty. In this case, the manner 

in which the reaction proceeds as a function of longitudinal position 

within the reactor is analogous to the extent of reaction with respect 

to time in the case of a batch reactor. 
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Aris (1957) presented a detailed derivation of the equations 

describing the response of plug flow reactors. The longitudinal position 

Z, is the only independent variable. For constant mass flow rate and 

uniform physical properties within the reactor, incremental mass and 

enthalpy balances yield equations (2.1) and (2.2). 

U d£L = Ri (CltC2, T, P) (2.1) 
dz 

G "Cp dT - A {I Rj_ } - U (T-T ) (2.2) 
dz oa w 

In these equations, Cp is the effective heat capacity of the fluid and 

packing. The heat of reaction is denoted by A . The total number of 

chemical species participating in the reaction is M. The overall heat 

transfer coefficient per unit length of reactor is UQa. The wall 

temperature is indicated by T̂ . 

When neither plug flow nor perfect mixing is in effect in a 

reaction system, as is the case in most real systems, lumped parameter 

models may still be used to describe the overall system dynamics. 

Cholette and Cloutier (1959) and Cholette, Blanchat-fe-and Cloutier (I960), 

developed a general model which approximates the mixing characteristics 

of an arbitrary vessel as a combination of perfectly mixed tanks and plug 

flow tanks. Hiiamelblau and Bischoff (1966) presented many models which 

allow the residence time distribution of any arbitrary vessel to be simu­

lated when only the exit concentration and temperature of the reaction 

system, are of interest. 

\, 
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The steady-state conversion or temperature profiles in a realis­

tic tubular reactor can, however, be approximated by means of a dif­

ferent lumped parameter equation with only one independent variable. 

In the plug flow case, the assumption is made that longitudinal mixing 

or diffusion does not occur. However, in realistic cases, finite 

longitudinal as well as radial dispersion does occur. This dispersion 

has been described by means of the superposition of a diffusional pro­

cess upon the predominant bulk flow effect. The diffusive flux, N̂ , 

may be defined in terms of an effective diffusion coefficient for chemi­

cal species i. This diffusion coefficient is denoted by D̂ . 

"d,i - -»1 S& (2>3) 

dz 

Himmelblau and Bischoff (1966) derived a component mass balance for tubu­

lar reactors for the steady state case. In their equation, all radial 

parameter variation has been averaged or "lumped." This second order, 

ordinary differential equation is termed the "longitudinal diffusion 

equation." 

Di - U dCi + ̂  = 0, i - 1, 2, , M (2.4) 
dz2 dz 

.The necessity for the use of multiple equations in terms of 

separate chemical species is removed by the introduction of a new varia­

ble, the fractional chemical conversion, f. The fractional chemical 

conversion, in association with the stoichiometric coefficients, â » 

of a chemical reaction, specifies the concentration of all-species 

through the use of a single variable. An arbitrary chemical reaction 

may be defined by equation (2.5). 
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6̂  + a2 A2 = a3 A3 + Â  (2.5) 

A general reaction may then be written as equation (2.6). 

K A, = 0 (2.6) 
i 

In equation (2.6), the stoichiometric coefficients are negative for a 

product species. For a constant volume system, the general equation 

can be written in terms of concentrations, Ĉ . 

f = Ci " C°i (2.7) 

ai coi 

In this equation, is the initial concentration for species i and the 

conversion, f, takes on values from zero to one. 

A dimensionless effective diffusion coefficient is also defined 

and used rather than the dimensional effective diffusivity. This effec­

tive diffusion parameter is the Peclet Number.. The Peclet Number is a 

grouping of a characteristic length, the superficial linear velocity, 

and the effective diffusivity. In fixed bed reactors, the characteristic 

length is generally taken to be the catalyst particle diameter, dp. The 

Peclet Number is defined in equation (2.8). 

d U 
Peclet Number e "Pe" = • ••  ̂ (2.8) 

êffective 

Wehner and Wilhelra (1956) derived and presented the diffusional 

equation in terms of the Peclet Number and conversion. 

JL-̂ if df R*(f) » 0 (2.9) 
Pe d£2 ~ d£ 
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In this equation R* is a dimensionless reaction rate exhibiting first 

order kinetics and £ is a dimensionless length variable defined in 

equation (2.10). 

R* = k f "J £ = z / d (2.10) 
P 

An analytical solution for this equation was presented using the 

following equations as boundary conditions. 

1 « f - JL d£ , £ » 0 
Pe d£ 

df = 0 , £ » Reactor exit (2.11) 
d£ 

Aris (1965) noted that for Pe approaching zero, the diffusional 

equation model approaches the perfectly mixed case; while for Pe ap­

proaching infinity, the model approaches the plug flow case. 

When more than one independent variable is included in the 

derivation, as in the case of distributed parameter models, partial 

differential equations are generated rather than ordinary differential 

equations. In these partial differential equations, axial and radial 

diffusion effects are described by the use of effective diffusion terms 

using the Peclet Number. 

One class of distributed parameter model of a fixed bed reactor 

treats temperature and concentration profiles in both the radial and 

longitudinal direction for the steady-state case. Cleland and Wilhelm 

(1956) examined the case in which the radial diffusion was assumed to be 

significant and in which the axial diffusion was neglected. The form of 
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the relationship which results from the component mass balance is given 

in equation (2,12). 

U*(£) = = - R*(f) = 0 (2.12) 

3£ Per 3 £2 C 

In this equation, C is a dimensionless radial coordinate given in 

equation (2.13). The dimensionless axial velocity, U*, is defined by 

equation (2.14). 

(2.13) 

(2.14) 

Cleland and Wilhelm utilized the assumption of a parabolic flow profile, 

the functional relationship which occurs in laminar flow in an empty 

cylindrical tube. They presented equation solutions to equation (2,12) 

resultant from the use of numerical techniques and digital computation 

and continuous analog computation. 

Froment (1962) presented a solution for a similar case with a 

reaction rate term showing functional dependence upon both the extent of 

reaction and temperature. A uniform velocity profile was assumed. A 

dimensionless temperature, T*, was introduced and represents the actual 

temperature divided by a reference temperature. 

+ bx R*(f,T*) • 0 

+ b2 R*(f,T*) = 0 

£ —E— (For these equations only) 
Kw 

u*£) = { i - (e)2 } 

_j_ r s2f +1 
perL̂  S 

1 j32T* + 1 
per|jjp"" if 

1 - M. 

H J 3? 
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The boundary conditions used in the analytical solution of these two 

coupled partial differential equations are given in equations (2,16). 

f - 0, 5 = 0 (o < C < 1> 

a! = °. • 5 « o, 5 - l 
3c 

t* = o ,  5 = 0 

9r* = o, 

3C £ = 0 

3T* = Pe {1 - T*(C-1,C)} , C - 1. (2.16) 

The analytical solution presented by Froment assumed first order 

kinetics and an Arrhenius temperature dependence of the reaction 

rate constants. 

Hall and Smith (1949) examined the case in which the packing 

temperature differs from the gas temperature at steady-state due to 

heat generated in the catalyst particles by reaction. Their equations 

w » 

were of the form later presented by Froment. However, an additional 

equation representing the catalyst temperature was added and coupled 

with the gas temperature by a film coefficient relationship. Due to 

the absence of high speed computation, Hall and Smith used a graphical 

technique to achieve an approximation to the equation set solution. 

Their work did represent, however, the first attempt to simulate 

coupled diffusion and reaction with a separate catalyst model. 

Irwin, Olson and Smith (1951) later extended the graphical 

technique, originally due to Grossman (1946) to include the effect of 

multidimensional thermal diffusion. Singer and Wilhelm (1950) asserted 
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that the temperature difference between catalyst and gas phases was of 

a much smaller magnitude than predicted by the Hall and Smith model. 

Bernard and Wilhelm (1950) examined the turbulent diffusion in 

fixed beds of packed solids in the absence of reaction. A model was 

presented which related longitudinal and radial concentration gradients 

at steady-state to the turbulent mass diffusivity and superficial velo­

city. 

Pe' 
r 

2lL + lit] + - M. = o (2.17) 
s n ]  pe; H £ 3$ Pe' 3£z 3? 

8L 

The axial and radial Peclat.Numbers defined in terms of the eddy tur­

bulent diffusivity are shown as Pê  and Pê  , respectively. 

Pe' = £SJL. Pel = iaJS. (2.18) 

?t,r Et,a 

The boundary conditions used by Bernard and Wilhelm are given in 

equations (2.19). 

£ <= + 00 , f = constant 

£ = ~ °° , f = 0 

£ = 1, 3f = 0 
5? (2.19) 

Recognizing a similarity of this equation set with the analogous case 

in heat transfer, Bernard and Wilhelm used the solution presented by 

Carslaw and Jaeger (1947) for the heat transfer model. 

Wilhelm, Johnson, Wyncoop and Collier (1948) generated a 

digital numerical solution for the Peclet Number model, equation (2.9), 

and made it available for public use. Carberry and Wendel (1963) 

presented a digital solution for the same equation for the adiabatic 


