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ABSTRACT 

Gas flow behavior from a spherical source is explored by using linear and nonlinear 

models, not only in terms of pressure but also in terms of flux. The approach considers 

dimensionless parameters scaling both radius and time. Specific observations are made for 

large, moderate, and small time conditions. 

At large time, the nonlinear model becomes a linear ordinary differential equation 

with pressure solution independent of the material. However, for moderate and small scaled 

times this is not the case. The nonlinear model must be solved by using either linear 

approximations, semi-analytical, or numerical procedures. 

This model is nonlinear in the primary variable (pressure). However, appropriate 

mathematical manipulations allow one to change the nonlinearity into a single coefficient, 

depending on pressure. Focusing on the effects of this coefficient, the nonlinear solution can 

be confined between two linear solutions obtained by using atmospheric and boundary 

pressures. Appendix A is an exploration of the errors arising between the nonlinear solution 

and these two solutions. 

In Appendix B, a nonlinear model is used to find solutions for large, moderate, and 

small times. For large time, the case corresponds to the steady state case, and coincides with 

the solution presented in Appendix A. For moderate and small times the quasi-analytical 
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approximation and the asymptotic solutions of linear and quadratic normalizations of 

pressure are presented. 

In Appendix C, simulations of gas flow in linear and nonlinear situations are made. 

The problem is to determine the change of air pressure in a tank when it is connected to a 

spherical cavity embedded in a porous medium. These changes in pressure occur when the 

air moves through the porous media, either for gas extraction or air injection. Both linear 

and nonlinear analyses require calculations of the pressure and the mass in the tank when 

the initial and boundary conditions change with time. For each case, gas extraction or air 

injection, the differences between the linear and the nonlinear models are examined to 

determine the suitability of the linear model. 
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CHAPTERI 

INTRODUCTION 

The study of gas flow in porous media is important in the real world due to increasing 

pollution. Specifically, the application of innovative technologies based on gases is 

promising when contaminants are located in the soil above the water table. Particularly 

relevant are air injection to provide oxygen in bio-remediation and vapor extraction 

processes for collecting volatile contaminants. Analyses of these processes are enhanced by 

the construction and solution of mathematical models to understand gas flow behavior in 

porous media, as well as the implementation of experiments. 

Anisotropy and heterogeneity of materials as well as physical properties of gases are 

obstacles in the construction of models. However, appropriate idealizations allow one to 

surmount these difficulties. Numerical techniques can also be used to solve more 

complicated models. A general model for a conservative gas was originally proposed in 

petroleum engineering by Muskat [1946], using the continuity principle for mass balance, 

and Darcy's Law as a constitutive relationship between pressiu-e and flux: 

(1) 

where fx is viscosity [ML 'T"']; k is gas permeability [L^ ]; (j) is air-filled porosity [-]; p is 
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pressure [ML''T^]; p is gas density [ML"^; and t is time [T]. Additionally, the Ideal Gas Law 

provides a relation between gas density and pressure. As a result, a nonlinear model in terms 

of pressure is obtained. This model has to satisfy appropriate initial and boundary conditions. 

The solution requires simplifications, transformations, numerical methods, or their 

combination. From the physical point of view, the problem consists of determining the 

pressure at any location and time. Becaiise of the nonlinearity in terms of pressure, an 

explicit analytical solution has not yet been found; however, different altematives have been 

proposed. 

Historically, the first attempts to solve the model mentioned above were made in one-

dimensional domains, considering gas flow analogous to liquid flow [Aronofski, 1954]. With 

time, the studies included nonlinearities in the pressure variable, not only analytically 

[Kidder, 1955; Al-Hussainy et ai, I966\ but also numerically [Bruce et ai, 1953]. The 

studies progressed into two-dimensional domains for typical geometries such as wells in 

cylindrical coordinates with linearized approximations, but with the flow maintained in 

parallel planes [Shan et ai, 1992: Falta, 1995], 

This study consists of finding the pressure distribution in a three-dimensional 

geometry with a spherical soiirce. Darcy and Ideal Gas Laws are assumptions consistent 

with laminar flow and linearly related gas pressure-density, respectively. Furthermore, 

chemical properties, gas viscosity, permeability, and air-filled porosity are assumed 
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constants. Isothennal conditions are assumed. 

The construction of the model is obtained from appropriate scaling of the original 

representation [Muskat, 1946\. The result is an equivalent model corresponding to the 

nonlinear diffusion equation, on which this study is based. 

ORGANIZATION AND DISSERTATION FORMAT 

This dissertation is composed of three manuscripts prepared for publication in 

scientific journals. This research presents a study of gas flow using appropriate 

transformations, parameterizations, as well as analytical approximations and niimerical 

solutions. 

The parameterizations are based on similar studies of heat transfer and water flow. 

The nonlinearity located in the independent variable (pressure) is isolated in a single 

coefficient. In addition, the analytical expressions are adapted from analogous water 

infiltration problems. The numerical solutions are based on a fully implicit finite difference 

scheme with Picard iterations, as well as the integrodifferential method proposed by Philip. 

This study was suggested by my dissertation director. Dr. A. W. Warrick, as part 

of his interest in gas flow research. 1 developed some of the expressions found in this 

document; however, many of them came from his notes, ideas, and our fhiitful discussions. 
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CHAPTER II 

PRESENT STUDY 

The present study is regarding to gas flow from a spherical cavity. First, a quadratic 

transformation of pressures leads to a nonlinear diffiision equation, which is solved with 

analytical approximations as well as numerically. Second, a linear normalization produces 

a nonlinear differential equation in which the integrodifferential equation for small time can 

be applied. Third, a simulation of gas flow is presented with variable boundary pressure at 

the border of the spherical cavity. Results from these three different components follow. 

SUMMARY 

Steady state is reached as a function of the scaled time [t. = k Po t/(^(j)a^), in which 

k is gas pemieability; po is atmospheric pressure; t is real time; |a is viscosity; (|) is porosity; 

and a the size of the cavity]. Scaled time is dependent on the properties of the material and 

the real time (t). For a constant source pressure, steady state will be reached more quickly 

for coarse materials (sand) than fine (clay and silt). 

When scaled time (t.) is greater than 1000, the absolute differences between the 

nonlinear solution and steady-state are not significant (< 2%). When t. is less than 1000, 

the transient solutions need to be considered. The transient study was made using a 

comparison of nonlinear solutions with variable "diffusion coefficient" M(U/r.) = p/pg [see 
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Equation (7), Appendix A] and analytical alternatives using bounding approximations with 

M(U/r.) = MQ. The domain explored is not only for moderate scaled time t., but also for 

different radii r. (ratio of r over size of the cavity a) and boundary pressure (p,) on the border 

of the spherical cavity. Beyond 20 radii from the source, the normalized pressure decreases 

more than 95%. 

The analytical results for large and moderate scaled times, are reasonably accurate 

using the coefficient MQ = 1, but are less reliable for early times. The gas flux density is 

numerically calculated from the nonlinear case, using different boundary pressure ratios 

(pi/po) on the border of the spherical cavity, scaled time (t.), and different gas permeabilities 

(k). The fluxes also demonstrated very little discrepancies with the gas flux density obtained 

using a constant (MJ and the linear approximation ( < 1% ). 

The pressure distribution and flux for small and moderate times were successfully 

obtained by using the semi-analytical method proposed by J. R. Philip [1955, 1957, 1969], 

Because the series solution eventually diverges, a characteristic time (t.^) is calculated as a 

fiinction of boundary pressure (pi). The evolution of the process is presented and compared 

with linear normalization, quadratic normalization, and finite difference solution. The Philip 

solution coincides almost exactly with the nonlinear solution of the finite difference method, 

except at the pressure front where the finite difference might have numerical diffusion. 

The linear normalization has the same steady state solution as the quadratic 
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normalization presented in Appendix A. The independent variable is defined in terms of the 

normalized pressure [(p - Po)/(Pi - fb)], which is dimensionless. The transient linearized 

solution normalization near the boundary of the spherical cavity gives reasonable predictions 

near the border of the cavity. The model obtained with a linear normalization of pressure is 

a nonlinear partial differential equation (with Dirichlet type boundary conditions). The 

diffusion-like coefficient D. takes positive values [see Appendix B, Figure 2] for all 

boundary pressures (p,). 

The time required to approach atmospheric pressure in any simulation is strongly 

dependent on the gas permeability of the material, i.e., coarse materials with a larger k take 

less time than fine materials [see Appendix C, Figure 2]. For a particular material selected, 

the time required to reach the background pressure is theoretically infinite; hov/ever, the 

shape of the curves is similar but shifted, depending on the gas permeabihty (k) [see 

Appendix C, Figure 2]. Furthermore, in terms of flux, the discrepancies in calculations from 

linear and nonlinear solutions are larger in coarse materials than in fine materials. 
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ABSTRACT 

The purpose of this paper is to compare linear and nonlinear models for gas flow 

from a spherical source. Differences are explored in terms of normalized pressure. Problems 

arise because of nonlinearities in the primary variable (pressure), however, appropriate 

mathematical manipulations allow one to change the nonlinearity into a single parameter 

analogous to a diffiision coefficient. Focusing on the effects of this parameter, a comparison 

is made between two bounding linear approximations. These are compared with the 

numerical solution of the nonlinear model using the finite difference method. The results 

show a promising linearized approximation using atmospheric pressure to calculate the 

diffusive coefficient. Dimensionless flux was compared and calculated from the linear 

approximation and the nonlinear solution. Additionally, a numerical calculation is illustrated 

for two materials with contrasting gas permeabilities. 

Keywords: Nonlinear diffusion, parabolic equation, finite difference method, gas flow. 
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INTRODUCTION 

The nature of gas flow in porous media is nonlinear. Early on, the general model 

was derived as a parabolic nonlinear partial differential equation [Muskat, 1946\. Since that 

time, specific cases of this general model have been solved. Increasingly complex situations 

have evolved, not only firom linear to nonlinear, but also firom one to multi-dimensional 

problems. One-dimensional nonlinear models have been solved using a pseudo-pressure 

concept, and perturbation methods, as well as numerical solutions [Kidder, 1955; Al-

Hussainy et ai, 1966; Bruce et al., 1953]. Two-dimensional linear models such as radial 

flow around wells, for steady and transient states, have been explored with analytical 

methods [Shan et ai, 1992; Fait a, 1995], 

The solution of a point or spherical source in an isotropic situation is the simplest 

case because only one spatial dimension is required. However, several more complex 

examples are equivalent for the linearized example. For instance, other shapes of cavities, 

the flow field becomes equivalent to a point source as distance fi-om the cavity increases. For 

linear flow, the effect of impermeable or atmospheric boundaries of multiple sources can be 

taken into account using an image system [e.g., Shan et ai, 1992; Falta, 1995]. Also, 

anisotropy described by a constant vertical to horizontal ratio can be reduced to the isotropic 

case [e.g., Philip, 1987; Shan et al, 1992; Falta, 1995]. 

A comparison of analytical approximations with the nonlinear model of gas flow 
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from a spherical source is now presented. The study is based on assumptions of 

homogeneity and isotropy of porous media, as well as constant viscosity and gas-filled 

porosity under isothermic and nonreactive conditions. Bounding solutions are explored 

using known solutions of the linearized diffusion equation from heat conduction. To make 

this comparison, pressures of linear approximations and nonlinear solutions are normalized. 

In addition, fluxes of linear and nonlinear models are compared. 

MATHEMATICAL FORMULATION 

Using mass conservation, Darcy's Law, and the Ideal Gas Law, the pressure 

distribution with a spherical source of radius a is represented by a nonlinear parabolic 

equation {Muskat, 1946]: 

in which ^ is viscosity [ML"'T"']; k is permeability [L^ ]; (j) is gas-filled porosity [-]; p is 

pressure [ML 'T"^]; and t is time [T]. The initial and boundary conditions (see Figure 1) 

are 

r > a (1) 

p(r, 0) = p o ,  r>a>0, t = 0. 

p(a, t) = p„ r = a, t>0. (2) 

p(~, t) = po, r - t > 0 
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Figure 1. Geometry of the gas flow domain with spherical source. 

with Po the background or atmospheric pressiire and p, the pressure on the boundary of the 

cavity. When p, is greater than Po, gas flow is out of the cavity and into the system, such as 

with injection. When p, is less than po, gas extraction occurs, such as with a vacuum system. 

To generalize the model, the variables are rearranged by first defining the following 

dimensionless parameters: 
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F = 
„2 _ „ 2 
P Po 

Po 

(4) 

U = F r. (5) 

and 

t = ^ Po t 

^ (J) 
(6) 

M(U/r.) = 
(P,^ - Po^) U _P_ 

Po' 

(7) 

Equation (3) defines a dimensioniess radius r.; equation (4) quadratically normalizes 

the pressure p using F which is always between 0 and 1; equation (5) defines a new 

dependent variable useful in the simplification of the radial component in equation (1); 
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equation (6) scales the real time t; and finally equation (7) corresponds to the "gas 

diffiissivity". Figure 2 is a plot of p,/po versus U/r. for various values of M. 

Equation (1) can be written as a nonlinear diffusion equation in terms of U 

= M(U/r.) ^ r. > 1 (8) 
dr ^ 

with initial and Dirichlet boundary conditions (see Figiu^e 1) 

U = 0, r. >1, t. =0, (9a) 

U = l ,  r . =  I ,  t . > 0 ,  ( 9 b )  

U = 0, r. -* <», t. > 0. (9c) 

Equation (8) with initial and Dirichlet boundary conditions (9) corresponds to a model with 

the following three characteristics: 

(a) U(r., t.) equals one at the boundary of the cavity and zero as r. ̂  Thus, in accordance 

with the physical structure of the problem, the solution with time will correspond to a 

gradual propagation of the normalized pressure into the medium (this is true for both Pi > Po 

andp, <po). 

(b) The transient model becomes steady state when t. becomes large, and the gas flux around 

the cavity takes a constant value. 

(c) The gas difJusivity M(U/r.) = p/po decreases monotonically as U/r. = (p^-Po^)/(Pi^ - Po^) 
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increases when Pi > Po, but M(U/r.) monotonically increases as U/r. increases when Pi < Po 

(see Figure 2). 

2.5 — 

2.0 J Pi/Po = 2.5'' 

1.5 — 

M 

1.0 

0.5 

0.0 0.2 0.4 0.6 0.8 1.0 

U/r.=(p- -Po)/(P|--Po') 

Figure 2. Plot of M for various values of p/po. 
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ANALYTICAL METHODS AND SOLUTIONS 

Steady State Case 

A steady state situation occurs when t. becomes large, and the nonlinear partial 

differential equation (8) in terais of F becomes the homogeneous ordinary differential 

equation: 

^  -  t F  =  0 ,  ( 1 0 )  
dr 

with F(l) = 1, and F(<») = 0 as Dirichlet boundary conditions. The solution is F = 1 / r. which 

decreases monotonically as r. increases (see Figure 3). In terms of p^, this is 

p' - p.' * (U) 

Thus, p^ is independent of the material properties surrounding the cavity. 

Linearized Transient Case 

In order to obtain a time-dependent solution of the governing nonlinear partial 

differential equation, we seek a solution of equation (8) satisfying the initial and boundary 

conditions (9). For instance, a choice of M(U/r.) = MQ as a constant reduces equation (8) 

into a simple diffusion equation. The solution is given by [Carslaw and Jaeger, 7959]: 
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U(r., t.) = erfc 
r .  -  1  

2 (M„ t.)' 0.5 
(12) 

For a given problem, M(U/r.) = p/po takes values from 1 for p = po to p/po for p = p,. 

Therefore, limiting values for MQ are 1 and pj/po- Later, the nonlinear solution is shown to 

be bracketed between solutions for Mo = 1 and Mo= P|/po (see Figure 4). 

In terms of p^ the solution is 

_ i. _ _ z , 
P - Po + 

Po 
erfc 

1 

2 (M, t.) o.s 
(13) 

The properties of the solid and gas materials embedded in the scaled time parameter t.. 

Finite Difference Scheme for the Nonlinear Solution 

A finite difference scheme is developed in which equation (8) is discretized directly, 

replacing derivatives by differences which yields a nonlinear system of equations. This 

system of equations must not only fulfill conditions of stability and consistency, but also 

satisfy appropriate initial and boundary conditions \Smith, /9SJ]. The discrete form of the 

nonlinear problem (Equation 8) with initial and boundary conditions (9) consists of finding 

the dependent variable Uj'' for spatial location "i" and scaled time step "k " with: 
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Ui' = U(r... t.,) (14) 

There are various ways to implement a solution of equation (4); however, a fully 

implicit finite difference scheme (backward Euler scheme) was chosen because it is 

consistent and unconditionally stable with accuracy 0(Ar.^, At.). The nonlinear finite 

difference form of equation (8) becomes 

-a.U. + (1+2a.)U.''*' - a.U. = U.'^ (15) 
1  i - l  i '  I  I  i * l  I  V . ' - ' /  

where a; corresponds to the Fourier grid number: 

At 
a .  =  M.  

' Ar. 
(16) 

with Mj = M(Ui / r.j). Equation (15) with appropriate initial and boundary conditions (9) 

represents a system of nonlinear equations. However, the matrix of coefficients is tridiagonal 

and strictly diagonally dominant for any scaled time step k. Even more, the system of 

equations is unconditionally stable because it has eigenvalues varying from 1 to 1 + 4aj 

[Smith, 1985]. For the examples which follow, the system was solved using Picard iteration 

[Fletcher, 1988]. 
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FLUXES 

Once the pressure field is obtained, the gas flux density i [ML^T*'] crossing the 

boundary of the cavity [see Equation (1)] follows: 

fi<P or 

The steady state solution i = i„ is obtained from equations (11) and (17): 

^ " r. (p.' - p.') (18) 

2 n a 

Where Yo relates gas density p to gas pressure p (p = YoP). Equation (18) describes the real 

flux at steady state, depending not only on the properties of the porous medium, but also on 

the gas characteristics. For the transient linear solution it is convenient to write 

When t. becomes large, the dimensionless gas flux is simply I, and the steady state 

approached. Otherwise, the dimensionless flux is affected by the MQ value and the scaled 

time t.. The difference due to the choice of mQ vanishes when t. becomes large as will be 

demonstrated. The upper bound is found when = I. 
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In contrast, the calculation of the nonlinear gas flux from the cavity can also be 

carried out using a numerical approximation of the solution Uj''. As the dimensionless 

nonlinear gas flux is confined between known limits, estimates for any scaled time t. and 

boundary pressure p, can be made. 

RESULTS 

The results are presented sequentially from the simplest case to the more complex. 

The steady state case is included in Figure 3. This figure depicts the quadratic normalized 

pressure function F = U/r. = (p^ - Po^)/(pi^ - po^) along the radial axis r., which is simply 1/r. 

for t. = «. The solution is plotted as a function of r, - 1. 

Transient solutions for linear and nonlinear cases are shown in Figures 3 for p, > po 

and Figure 4 for p, < p,. Quantitatively, after 20 radii the variable U/r decays more than 

95%, and the influence of the pressure p, is small. In order to illustrate the results of the 

linear theory, two different scaled times t. are utilized with boundary pressure p,=202.6 kPa 

(i.e., 2 atm). These are with MQ = 1 and = p /po. When the reduced time t .is greater than 

1000, the differences with respect to the steady state are less than 2%. The nonlinear 

numerical solutions were obtained with a tolerance of 10"® in the normalized pressure 

parameter U for each time step. The results required less than six iterations using a Picard 

iteration, when the cells Ar. are of equal size. 
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Figure 3. Location of the nonlinear solutions compared with the bounded approximations 
at two different scaled times t. = 1 and t = 10, with r =101.3 kPa (1 atm) and 
p, = 2 pq. As a reference the steady state case (t. = <») is plotted. 
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Figure 4. Location of the nonlinear solutions compared with the bounded approximations 
at two different scaled times t. = I and t. = 10 with p^ = 101.3 kPa (1 atm) and 
p, = 0.5 Po- As a reference, the steady state case (t. = <») is plotted. 
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Figures 3 and 4 compare the analytical approximations using Mq to nonlinear 

solutions in both cases: gas injection (p, > po) and gas extraction (p, < po). Therefore, from 

these calculations, analytical approximations with Mq = 1 are appropriate to predict the 

variation of pressure. More comparisons will be presented shortly in tabulated form. An 

extensive exploration for different scaled times t. and ratio r, was completed and plotted in 

Figure 5a for po as atmospheric pressure and p, = 2 Po- The maximum discrepancy between 

the nonlinear and the linear approximation with M<, = 1 is less than 1%, except for very small 

times t, or radii r. (see Figure 5b). 

The dimensionless gas flux decreases when the pressure ratio on the boundary of the 

cavity p/po = 1 increases, but decreases when the scaled time t .increases (Figure 6a). Figure 

6b shows the percent discrepancies occurring in the area explored, except for very small t. 

and p|/po diverging from 1. Values of p/g for the linear and the nonlinear analysis are 

compared in Table 1. These values are presented for the scaled parameters r., and t., for both 

below and above the atmospheric pressure. 

The tendencies encountered have physical coherence; for instance, it is observed that 

the pressure ratio p/po at any particular point increases when the pressure at the boundary of 

the cavity p, increases as well as the scaled time t. On the contrary, the pressure ratio p/po 

sharply increases as the ratio r. decreases. Moreover, any pressure p, applied in the boundary 

of the cavity dissipates almost completely when the scaled time t. is greater than 1000 or the 

ratio r. is bigger than 50. 
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Figure 5. (a) Evolution of the nonlinear solution p/po as a function of dimensionless 
parameters r., and t.; (b) Differences of nonlinear and linear solution with 
Mo = 1 are presented as a percentage (%). Both cases were calculated with 
Po = 101.3 kPa (1 atm) and Pi = 2 po. 
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Figure 6. (a) Dimensionless gas flux density (i.) at different inlet pressure ratio p,/po 
and scaled times t.; (b) Differences of dimensionless gas flux from nonlinear 
and linear solution with M,, = 1 are presented as a percentage (%). 
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Table 1. Pressure distribution with different inlet pressure pi/po, scaled time t. and scaled 
radius r.. Background or atmospheric pressure Po is 101.3 kPa = 1 atm. 

pl/po I r. linear p/po nonlinear p/po pi/po U r. linear p/Po nonlinear p/ Pa 

0.5 2 2 0.8767 0.8797 2 2 2 1.3877 1.4029 

5 0.9666 0.9966 5 1.0136 1.0162 

10 1.0000 1.0000 10 1.0000 1.0000 

50 1.0000 1.0000 50 1.0000 1.0000 

5 2 0.8474 0.8492 5 2 1.4587 1.4675 

5 0.9844 0.9850 5 1.0600 1.0657 

10 0.9998 0.9998 10 1.0007 1.0008 

50 1.0000 1.0000 50 1.0000 1.0000 

20 2 0.8198 0.8205 20 2 1.5204 1.5237 

5 0.9597 0.9602 5 1.1473 1.1520 

10 0.9942 0.9943 10 1.0229 1.0245 

50 1.0000 1.0000 50 1.0000 1.0000 

100 2 0.8038 0.8040 100 2 1.5542 1.5551 

5 0.9399 0.9401 5 1.2109 1.2126 

10 0.9801 0.9803 10 1.0758 1.0772 

50 1.0000 1.0000 50 1.0000 1.0000 
<» 2 0.7906 0.7906 OB 2 1.5811 1.5811 

5 0.9219 0.9219 5 1.2649 1.2649 

10 0.9618 0.9618 10 1.1402 1.1402 

50 0.9924 0.9924 50 1.0296 1.0296 

1.5 2 2 1.1771 1.1808 3 2 2 1.8623 1.9197 

5 1.0057 1.0063 5 1.0358 1.0504 

10 1.0000 1.0000 10 1.0000 1.0000 

50 1.0000 1.0000 50 1.0000 1.0000 

5 2 1.2124 1.2146 5 2 2.0018 2.0344 

5 1.0254 1.0265 5 1.1530 1.1837 

10 1.0003 1.0003 10 1.0018 1.0026 

50 1.0000 1.0000 50 1.0000 1.0000 

20 2 1.2436 1.2444 20 2 2.1207 2.1332 

5 1.0638 1.0648 5 1.3577 1.3799 

10 1.0096 1.0099 10 1.0601 1.0696 

50 1.0000 1.0000 50 1.0000 1.0000 

100 2 1.2609 1.2611 100 2 2.1851 2.1887 

5 1.0929 1.0932 5 1.4979 1.5056 

10 1.0323 1.0325 10 1.1915 1.1994 

50 1.0000 1.0000 50 1.0000 1.0000 
OS 2 1.2747 1.2747 flO 2 2.2361 2.2361 

5 1.1180 1.1180 5 1.6124 1.6124 

10 1.0606 1.0606 10 1.3416 1.3416 

50 1.0124 1.0124 50 1.0770 1.0770 



The limiting pressure ratios p/po for the steady state case are also presented, and are 

the same for both linear and nonlinear situations. 

The data presented in Table 2 compare the linear with the nonlinear gas flux ratio i/i> 

at different pressure ratios and scaled times t.. The values start high and decrease towards 1 

when the scaled time t. becomes large. In general, the differences between linear and 

nonlinear flux ratios are small. 

Table 2. Gas flux ratio crossing the boundary of the cavity at different inlet pressure p, and 
scaled time t.. 

P l / P o  t. linear i/i. nonlinear i/i_ 

0.5 5 1.2523 1.2623 

10 1.1784 1.1842 

50 1.0798 1.0813 

100 1.0564 1.0572 
ao l.OOOO 1.0000 

1.5 5 1.2523 1.2425 

10 1.1784 1.1726 

50 1.0798 1.0782 

100 1.0564 1.0555 
CO 1.0000 1.0000 

2 5 1.2523 1.2330 

10 1.1784 1.1667 

50 1.0798 1.0764 

100 1.0564 1.0545 
- 1.0000 1.0000 

3 5 1.2523 1.2167 

10 1.1784 1.1562 

50 1.0798 1.0729 

100 1.0564 1.0524 
- 1.0000 1.0000 
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NUMERICAL EXAMPLE 

Tables 1 and 2 contain condensed information useful for predicting gas pressure 

and flux density. The first step for finding the gas pressure is to calculate dimensionless 

parameters r. and t.. These parameters can then be used in Table 1 to obtain the pressure 

ratio by interpolation. For the gas flux ratio, the parameter t. and the inlet pressure ratios 

p,/po are located as input data in Table 2 for finding the ratio i/i_. Because i _ is directly 

calculated fi-om equation (18), i follows. 

As an example, suppose we wish to find the pressure ratio and the gas flux density 

ratio at radial distance 0.5 m fi-om the boundary of a cavity at a time of 10 minutes for a 

boundary pressure Pi = 2 po. The boundary cavity pressxire is p, = 2 atm, and cavity radius 

a = 0.1 m is used. The parameters r., t., and p,/po are found and used to obtain the pressure 

ratio p/po = 1.21 for the clay and p/pg = 1.26 for the sand (Table 3). The pressure at the radial 

distance and time required is p = 1.21 po for the clay and p = 1.26 Po for the sand. The flux 

densities follow firom Table 2 and are i/i„ = 1.05 for the clay and i/i. = 1 for the sand. By 

using equation (18), the steady state gas flux density is i. = 9.74(10)'^ kg m"^s'' for the clay 

and i. = 9.74(10)"' kg s' for the sand. Therefore, the gas flux density crossing the 

boundary of the cavity is i = 10.34(10)"^ kg m"V for the clay and i = 9.74(10)'' kg m"V for 

the sand. 
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Table 3. Data and results related with the numerical example selected. 

What is the pressure at distance 0.5 m and time 10 minutes ? 

Input Data Cavity radius (a) O.I m 

Background pressure (po) 1 atm 

Boundary pressure (p,) 2 atm 

Gas viscosity (^i) 1.82(10y' kg m^'s"' 

Coefficient (Yo ) 1.161(10)-5m-2s2 

Porosity ((j)) 0.3 

Material sand clay 

Gas permeability (k) 10-® m^ 10-'^ m^ 

Parameters Ratio (r.) 5 5 

Reduced time (t.) 111.3(10)^ 111.3 

Results Pressure ratio (p/pQ) 1.26 1.21 

Flux density ratio (i/i J 1 (Steady State) 1.05 

Flux density (i.) 9.74(10)"* kgmV 9.74(10)-^ kg m'^s ' 

SUMMARY 

The process of gas flow is depicted in homogeneous, isotropic, and transient 

conditions involving linear and nonlinear models as well as their solutions. The study is 

carried out by comparing nonlinear with linearized analytical solutions. 

Solutions at scaled time t. = k po t / ( ^ (J> a^) greater than 1000 are close to the 

steady state, with insignificant absolute differences ( < 2%). When t. is less than 1000, the 
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differences are more important, and transient solutions need be considered. 

The transient study was performed using a comparison between the nonlinear 

solution with variable M(U/r.) = p/p, [see Equation (7)] and analytical alternatives using 

bounding approximations with M(U/r.) = M^. The region explored is not only for moderate 

scaled time (t.), but also different radii (r.) and boundary pressures (p,) on the border of the 

spherical cavity. The results for large and moderate time are well approximated by M,, = 1, 

but remain in doubt for early reduced times (t.). The gas flux density nmnerically calculated 

was close to that for MQ = 1 with a difference less than 1%. 

The real time is inversely proportional to gas permeability (k) [see equation (6)]. As 

demonstrated by the numerical example, fine materials (clay and silt) require a nonlinear 

analysis than coarse materials (sand). A numerical example illustrates reasonable predictions 

for standard situations occurring in the range explored and described by Tables 1 and 2. In 

applying the linearized results some caution should be taken for very small values of gas 

permeability (k), small real time (t), or points near to the boundary of the spherical cavity. 



radius of the cavity (m) 

quadratic normalization of pressure 

permeability (m^) 

gas diffusion function 

gas diffusion bound 

pressure, atmospheric pressure, boundary pressure (Pa) 

gas flux density, gas flux density at steady state (kg m'^ s"') 

radius (m) 

normalized radius 

time (s) 

scaled time 

dimensionless variable obtained from F and r. 

discrete U in the position ratio "i" and reduced time step "k" 

Fourier number 

coefficient relation between density and pressure (m'^ s^) 

absolute viscosity (kg m"' s"') 

gas density (kg m'^) 

porosity 
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ABSTRACT 

A gas flow model is developed and solved to predict the transient pressure from a 

spherical source. The model was obtained by using normalized linear pressure as well as 

other dimensionless parameters. The nonlinear partial differential equation is solved 

utilizing J. R. Philip's perturbation procedure and compared with the nonlinear finite 

difference solution. Philip's procedure consists of a series of increasing powers of the square 

root of time. From a practical point of view, this series is restricted to small times. The upper 

limit for application is calculated using a characteristic time analogous to that used for water 

infiltration. Results for small times are especially valuable because they are the most difficult 

to obtain by niunerical procedures. Pressure distribution and dimensionless gas fluxes are 

compared to those obtained by numerical solutions. 

Keywords: Nonlinear gas flow, Boltzmann transformation, sorptivity. 



45 

INTRODUCTION 

Gas flow in porous media is an important problem due to increasing environmental 

concerns, particularly in remediation which involves injection or extraction of gases. Since 

Muskat [1946\ proposed a general model for gas flow through porous media, many attempts 

have been made to solve it. Diverse models have been derived and solved to predict the 

behavior at large time [Al-Hussainy et ai, 1966; Shan et al., 1992; Falta, 1995}. However, 

the purpose of this paper is to study the behavior of pressure at small times and to compare 

the nonlinear solution with the semi-analytical solution. 

In this paper the problem considered is for gas flow from a spherical source. 

Homogeneity and isotropy of the porous media are assimied. The solution of a point or 

spherical source in an isotropic situation is the simplest case because only one spatial 

dimension is required. This solution can also be extended to solve more complex examples. 

For instance, for other cavity shapes, the flow field becomes equivalent to a point source as 

distance from the cavity increases. The complexity added by impermeable or atmospheric 

boundaries of multiple sources can be taken into account using appropriate images [e.g., 

Shan et ai, 1992; Falta, 1995]. Also, anisotropy described by a constant vertical to 

horizontal ratio can be reduced to the isotropic case \e.g., Philip, 1987; Shan et al, 1992; 

Falta, 1995]. 

The main objective of this paper is to develop a model for small time, in order to 
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apply Philip's procedure {1969\ and to predict the pressures and fluxes soon after initiation 

of pressiire at the boundary. This is precisely the time domain which is the most difficult 

to solve numerically and the least accurate for linear approximations. 

BACKGROUND 

By assuming continuity, Darcy's Law, and the Ideal Gas Law, the appropriate 

differential equation [Muskat, 1946] is 

at 
_L _a 

dr 

/ _ \ 
^.2 k p ^ 

r > a (1) 

in which r is radius [L]; (J) is gas-filled porosity [-]; k is air permeability [L^]; ^ is viscosity 

[ML''T']; p is pressure [ML "^'^; and t is time [T]. In order to make the problem well-posed, 

initial and boundary conditions are defined (see Figure I); 

p = Po, r > a, t = 0, 

p = p„ r = a, t > 0, (2) 

p = Po, r - oo, t > 0 

with po the background or atmospheric pressure and p, the pressure on the boundary of the 
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cavity. When p, is greater than Po, gas flow is out of the cavity and into the porous medium, 

such as for injection. When p, is less than R) , gas extraction occurs, such as in a vacuum 

system. 

Po 

I 
Figxire 1. Geometry of the gas flow domain with spherical source. 



To generalize the model, dimensionless parameters are introduced: 
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r .  =  -
a 

(3) 

G = 
P - Po 

Pi - Po 
(4) 

t = ^ Po t 
(5) 

and 

D.(G) = 1 + 
Pi - Po 

G = ^ 

Po 

(6) 

Equation (3) normalizes r with the size of the cavity a; equation (4) linearly normalizes the 

pressure p to give G which is always between 0 and 1; equation (5) scales the real time t; and 

finally equation (6) corresponds to a "dimensionless gas difflisivity" function [also notice 

that D.(G) = p/po ]. Figure 2 shows the dependence of p,/p, as a function of G for various 

values of D.. D.(G) and p,/po take positive values, not only for pressure p, > po, but also for 
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pressure p, < pg along the axis G. This is important for the solution of equation (7). 

In terms of G = G(r., t.), equation (1) is transformed into a nonlinear diffusion 

equation in spherical coordinates: 

ao 

dt» 
_L 
r 2 Bt, 

r/ D.(G) 
or. 

. r. > 1 (7) 

with initial and boundary conditions: 

G = 0, r. > I, t. = 0, 

G= 1, r. = 1, t. > 0, (8) 

G = 0, r. - t. > 0. 

Thus, G(r,, t.) equals one at the boundary of the cavity and is zero for t = 0 and r. - «. 
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Figure 2. Plot of D. = I + (p,/po - 1)G for various values of p/po-

Steady State Case 

A steady state occurs when t. becomes large, and the nonlinear partial differential 

equation (7) becomes the homogeneous ordinary differential equation: 
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dr 
r.^ D.(G) ^ 

dr 
= 0 ,  r .  >  1  (9) 

•/ 

with G(l) = 1, and G(«) = 0 as Dirichlet boundary conditions. Thus, the dimensionless G 

solution is obtained as a function of the boundary conditions and the dimensionless radius 

(r.): 

G = - Po 

Pi - Po 

Po Pi Po 1 

t (P, - Po)' Pi - Po^j 

o.s 

, r. > 1 (10) 

At first glance, this solution for steady state is awkward and unsightly; however, in 

terms of pressure, the solution is exactly the same as equation (11) of Appendix A. 

« 2 _ _ 2 
,2 _ 2 , PI PO 

^0 . r. > 1 (11) 

Linearized Approximation 

For appropriate choice of D(G) = as a constant, equation (7) reduces to a diffusion 

equation in spherical coordinates: 
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ao _ Dp a 

dt* r ^ ^r.  5r. 
(12) 

• /  

with the same initial and boundary conditions [Equation (8)]. Equation (12) can be solved 

analytically, using the transformation U = G r. and utilizing the heat transfer solution 

[Cars/aw and Jaeger, 1959]. The result is given in terms of linearized normalization of 

pressure, i.e., 

P = Po^-
2 r. 

erfc-
r . - l  

(4D„t.) 0.5 
(13) 

Quasi-analytical Solution 

By using Philip's procedure [J969] ,  the radius of a moving pressure front r. (G, t.) 

is found as a perturbation using a recursive application of the Boltzmann transformation in 

equation (7), and applying boundary conditions (8). The result is an infinite set of fimctions 

$.i(G), depending only on the dimensionless nomialized linear pressure G. Thus, we can 

obtain the solution 

r. (G, U) -1 = <5.,(G) t."^ + $.2(G) t. + $.3(G) t.^^ + (14) 

in which ^>.i(G), $.2(G), '^•3(G), etc., need to be determined. The first three functions are 



solutions of solving the following ordinary integrodifferential equations: 
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dG = -2 
J o  

D.(G) 
(15) 

dG = D.(G) 
Jo  A' 2 

^ -I 
- 2 D.(G) 

Jo 
dG, (16) 

/;*•. - -7 

D.(G)(^'.2'-^>'.,$'.3) 

<I)' 3 
2 D.(G) dG 

J o  
(17) 

subject to the conditions ^>.i(l) = 0, i = 1, 2, and 3. Because of the form of the assumed 

solution, the three conditions in (8) are valid for p = p,. 

For one-dimensional (cartesian) flow, equation (14) reduces to ^.i(G) The 

solution follows from equation (15) and is valid for both small and large times. For the 

second term of the series, it is useful to note that the integral of D.(G) in equation (16) can 

readily be solved from equation (6) as 

r°D.(G) 
Jo 

dG = G + 
2 Po 

(18) 
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However, equation (18) is still embedded in the integrodifferential equation (16) that has to 

be numerically solved, as well in equation (17). The numerical algorithm needs to deal with 

a simultaneous evaluation of an equation with derivatives and integrals depending on G. The 

solution of this problem is tedious, but Philip [1955] found an appropriate general approach 

for one-dimensional water infiltration. Later, Kirkham and Powers [/P72] gave an expanded 

explanation. 

Following Philip's strategy [1955], the integrodifferential equations (16), and (17) 

can be implemented in the form: 

where and b, are known coefficients. The corresponding expressions of these coefficients 

are 

- b;, i = 2, 3 (19a) 
dG 

D.(G) 
a, = (19b) 
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b 
2 

(I9c) 

a. 
2D .(G) 

(19d) 

and 

ir°D.(G)$'.,dG (19e) 

This allows one to deal with expressions of the same structure for which a numerical 

algorithm can be applied recursively. 

At some large scaled time (t.), the solution given by equation (14) will diverge. A 

characteristic scaled time is presented in the following section in order to judge the 

maximum time for which the perturbation solution is useful. 

RECOVERING REAL VARIABLES 

Series Components and their Equivalences 

This recovery of the real variables is straightforward if we expand equation (14) with 

explicit radius (r), the size of cavity (a), and real time (t), i.e.. 



r = a + $,(p) + $2(P) + ̂ 3(P) + • 
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(20) 

The real variables are written using a supplementary function which has the same units as 

diffusivity: 

D p 
- . w -

OS -T^ = w°^ (22) 
^.i 

A w 

a 
(23) 

A w 1.5 

(24) 
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w = ^ (25) 

The cumulative absorption is 

I = l ^ / " r > d p  ( 2 6 )  
3 Jpo 

where I has units of mass. Replacing equation (20) as integrand into (26) the leading 

expression is 

t t3/2 
A/2 '  t  ̂ t I = S t"'' + A - + B — +... (27) 

Si #« 2 

with 

S  = f  dp  (28)  
•^Po 

A = r . $,] dp 
• 'Po 

(29) 



B = 
-f 

•'po 
+ 2 dp 

Consequently, the real gas flux density i = dl/dt is 

i = 0.5 S + A + 1.5 B — +. 
1/2 

and the real characteristic time is 

tc = 4Tta^Yo^' , 

\ 2  

A dimensionless cumulative function infiltration I. follows 

I. = \r r.' dG 
3 Jo 

Replacing equation (14) as the integrand in equation (33), I. becomes; 

I. = + A.t. + B.t. 3/2 
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S. = r dG 
J o  

(35) 

A. = r [-».:= - dG (36) 

B. = = / ' 

Jo 

$ 3 
+ 2 ^>.,$.2 + dG (37) 

Consequently, the dimensionless flux rate (i. = dl^dt.) is derived from equation (33) directly 

i. = 0.5 S + A + 1.5 B t 1/2 (38) 

Once S. is known, an empirical criterion to define the characteristic reduced time 

(t.c) follows [Philip, 1969] 

(39) 
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Specifically, this characteristic time indicates a time for which the three-dimensional effects 

dominate over the one-dimensional Cartesian case. An empirical checking of this parameter 

has shown utility in a range of 0.11.^. 

Finally, it is possible to calculate the real variables S, A, and B using their 

dimensionless counterparts: 

= 4Ka^ Yo(Pi - Po) (40) 
S 

A = 47ia2 w Yo(P, - Po) 
A. 

(41) 

^ = 47raV5 Yo(Pi - Po) 
B . (42) 
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Steady State Case 

Using the Philip [1969] result in an analogous water infiltration problem, when t. 

becomes large, not only the pressure stabilizes but also the gas flux goes to a constant 

value. In dimensionless form the gas flux density around the cavity is 

i. = f D. dG = t. - » (45) 
Jo 2po 

and using equation (44), the real gas flow i is 27:awYo(Pi^ - Po^)/po-

RESULTS 

Equations (15), (16), and (17) were evaluated using Philip's scheme [7955. 1957, 

1969], The series solution is analogous to the water infiltration problem. The solution was 

-p = 47Ca^Yo(P, - Po) (43) 

initially confirmed by reproducing the examples presented by Philip {1957, 1969]. 

j- = 47^awYo(p, - Pq) (44) 

Convergence was reached with less than three iterations for a tolerance of 10"^ in the 
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normalized variable G, except for equation (15), which required more iterations. The 

characteristic time (t.^) was found to obtain an upper limit of Philip's procedure with respect 

to the scaled time (t.). 

In order to present the results, the linearized approximation near the boundary of the 

cavity [Equation (13)], the quadratic normalized solution (Appendix A), and the 

integrodifferential method (series solution) are compared with two scaled times (t. = t.c/100 

and t.c/10) and three different boundary pressures (p/po = 0.5, 1.5, and 2.5). 

Figure 3 portrays the functions and $.3 obtained from the solution of 

equations (15), (16), and (17) for three different boundary pressures (p/po = 0.5, 1.5, and 

2.5) as a function of G. For Philip's algorithm, the domain G was equally divided into 100 

parts. Figure 3 depicts a monotonic function as a solution of the nonlinear one-

dimensional diffusion problem. The functions ^>.i and ^13 are larger in magnitude for 

greater boundary pressure ratios p/po. However, the magnitude of <I>.2 decreases when 

boundary pressure p,/po increases. Table 1 shows numerically the values of the fimctions of 

Figure 3 in a form that allows interpolation for problems with other boundary conditions. 



63 

^5 ^ 

0.0 0.2 Q.4 O.S O.S 1.0 

G»(p-p,)/(p,-p.) 

Figure 3. Functions <^.,(G), $.2(6), $.3(0) for three boundary pressures (p ,/p 0 = 0.5,1.5, 
and 2.5). 
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Table 1. Values of the functions (G) at three different boundary pressure ratios 
(p,/po = 0.5, 1.5, and 2.5). 

G ^•2 ^'3 

0.5 1.5 2.5 0.5 1.5 2.5 0.5 1.5 2.5 

0 3.5215 3.8953 4.2307 -1.9319 -2.1055 -2.3516 0.0032 -0.1087 -0.1694 

0.2 1.5287 2.0477 2.4569 -1.2522 -1.7187 -2.1940 0.2906 0.4000 0.5639 

0.4 0.9318 1.4084 1.7669 -0.9332 -1.5007 -2.0511 0.3531 0.5996 0.9015 

0.6 0.5380 0.9111 1.1820 -0.6333 -1.1951 -1.7330 0.3463 0.7361 1.2013 

0.8 0.2394 0.4557 0.6084 -0.3264 -0.7350 -1.1285 0.2465 0.6829 1.2224 

1.0 0 0 0 0 0 0 0 0 0 

Table 2. Comparison of r.-l with three different approaches and an inlet pressure p,/p = 2. 
The characteristic reduced time is t.^ = 1.95. F.D. and L.N. refer to finite difference 
method and linearized normalization of pressure, respectively. 

G r.-l (t.yiOO) r.-l (t.e/10) 

Philip F.D. L.N. Philip F.D. L.N. 

0 0.273 0.382 00 0.791 0.985 00 

0.2 0.148 0.150 0.136 0.408 0.428 0.394 

0.4 0.103 0.102 0.091 0.274 0.285 0.260 

0.6 0.067 0.066 0.058 0.171 0.180 0.162 

0.8 0.033 0.033 0.029 0.083 0.082 0.074 

1.0 0 0 0 0 0 0 
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Figure 4.Comparison of the reduced pressure for boundary pressure ratio p,/po = 2.0 
with three different approaches: Philip's method, finite difference, and linear 
normalization as approximations near the boundary of the spherical cavity. 
The characteristic reduced time is t.^ = 1.95, and Dq = 1. 

As soon as the boundary pressure p, is imposed at the spherical cavity, there is a 

pressure increase within the porous medium. Figure 4 presents the evolution of the pressure 

when the scaled time t, is increasing. The numerical experiments are made with t. = 1.^/100 

and t.c/10, in which t.^ is the characteristic time evaluated by equation (26). From Table 2, 

it can be observed that the linear normalized solution matches well with the nonlinear 

solution fi-om Philip's procedure. 
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Figure 5a depicts the dimensionless gas flux rate i., and Figure 5b shows the 

corresponding cumulative gas flow I., both for early times. The nonlinearity is located near 

the inlet pressiire around the border of the cavity, i.e., when the reduced time t. goes to zero. 

Because the interval of application of Philip's procedure is limited, the concept of gas 

sorptivity S. as well as the characteristic reduced time are explored with different 

boundary pressure ratios p,/po applied on the border of the cavity (see Figiire 6). The 

characteristic time decreases when the boundary pressure relation p,/po increases. 

Fioite difTerence 

Finite difTerence 

Steuijr sutc 

Figure 5. (a) Dimensionless gas flux rate, and (b) cumulative gas flux with boundary 
pressure ratio p,/po at the border of the chamber (p,/po = 2.0). The characteristic time 
(t.j) is 1.95 
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Table 3. Coefficients for flux calculations as a function of three different boundary pressure 
ratios (pi/po= 0.5, 1.5, and 2.5). 

Pl/Po S. A. B. t.c 

0.5 0.4591 2.1325 -3.5077 4.7435 

1.5 0.6419 4.1729 -6.8150 2.4273 

2.0 0.7151 5.4840 -8.2623 1.9557 

2.5 0.7812 6.9918 -9.4314 1.6385 

Table 4. Fluxes occurring around the border of the cavity as a function of the reduced 
time t. with p,/po = 2.0. 

Scaled time Philip solution Finite difference 

t. i. I. i. I. 

0.01 7.8200 0.1181 6.6420 0.1228 

0.04 4.7930 0.2963 3.8200 0.2657 

0.07 3.5563 0.4200 3.1325 0.3685 

0.11 2.4515 0.5390 2.7011 0.4842 

00 1.5000 00 1.5000 00 

Besides the gas sorptivity S., the coefficients A. and B. [see equations (21) and 

(22)] obtained by the integration of the fimctions ^.2(G), and ^>.3(0) are plotted in Figure 

6. The gas sorptivity S. grows nearly linearly when the pressure ratio p,/po increases. The 

coefficient A. increases with p/po, but B. goes down when the boundary pressure ratio 

p,/po increases. 
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0 5 is 2.0 

P/Po 

Figure 6. Coefficients S., A., and B. depending on the boundary pressure p,/p), as 
well as characteristic time (t.). 

NUMERICAL EXAMPLE 

Suppose we wish to know the pressure at r = 0.15 m and time t = 26 s in a gas flow 

system as well as the flow around the border the cavity. The data of the system is given in 

Table 5 as Input Data. First, dimensionless parameters r., t. are calculated by using 

equations (3) and (5). The value of reduced time (t.) in sand corresponds to steady state 

conditions. However, the scaled time in clay allows us to apply the series solution studied 

here. The pressure and gas flow in sand is calculated by applying equations (11) of this 

Appendix B, and (18) of Appendix A, respectively. 
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Appendix B, and (18) of Appendix A, respectively. 

By interpolation from Table 2. G is obtained as 0.135, and utilizing Table I. 

dimensionles functions ^>.i (G), ^.jCG) are obtained as 2.8, -2, and 0.25, 

respectively. Replacing those values in equation (20), the original radius is successfully 

recovered. 

r = O.I (1 + (2.8)(0.048)°-^ - (2)(0.048)+(0.25)(0.048)'-5) = 0.152 m 

From known G and equation (4) the pressure ratio (p/po) is obtained as 1.27. From Table 3 

and p,/po = 2.0, the values of the dimensionless parameters S., A., and B. can be obtained 

and applied in the calculation of the gas flux density. 

Table 5. Values to illustrate the numerical application in a flux gas process at early times, 
when it is applied to botmdary presstire ratio p|/po = 2. 

What is the pressure at position 0.15 m and time 26 s? 

Input Data Cavity radius (a) 0.1 m 

1.82(10)-5kgm-'s-' 

1.16l(10)-5m-2s2 

0.3 

Input Data 

Gas viscosity (^) 

0.1 m 

1.82(10)-5kgm-'s-' 

1.16l(10)-5m-2s2 

0.3 

Input Data 

Coefficient (Yq) 

0.1 m 

1.82(10)-5kgm-'s-' 

1.16l(10)-5m-2s2 

0.3 

Input Data 

Porosity ((J)) 

0.1 m 

1.82(10)-5kgm-'s-' 

1.16l(10)-5m-2s2 

0.3 

Input Data 

Material Sand Clay 

Input Data 

Gas permeability (k) lO-^'m^ lO-'^m^ 

Parameters Ratio (r.) 1.5 1.5 Parameters 

Reduced time (t.) 4.8(10)' 0.048 
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SUMMARY 

The model obtained is a nonlinear partial differential equation (with Dirichlet type 

boundary conditions). The dimensionless independent variable G has been defined as a 

linear relationship in terms of the pressure [G = (p - po)/(Pi - Po)]- The coefficient D. always 

takes positive values (see Figure 2) for any boundary pressure ratio p,/po greater than zero. 

The linear normalization has the same steady state solution as the quadratic 

normalization presented in Rojano et al. [Appendix A\. Furthermore, a solution for the linear 

normalization is given by (13). 

The pressure distribution and fluxes were successfully obtained by using the semi-

analytical method proposed by Philip [I957\. Because the series solution eventually 

diverges, an empirical characteristic time t.^ is calculated using the boundary pressure p, of 

two atmospheres. Example results are presented in Figure 4 and compared with the linearized 

normalization and finite difference solution. The steady state solution is shown as a 

reference. 

Philip's solution coincides almost exactly with the solution of the finite difference 

method, except at the pressure fi-ont, for which the finite difference may have numerical 

diffusion. However, the analytical solution also present a good match, and coincides exactly 

with the quadratic normalization presented in Appendix A, which is also a good 

approximation even at small times. 

Finally, an illustrative example of sand and clay is presented. The reduced time for 
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sand corresponds to steady state conditions; however, the reduced time for clay is small. The 

calculations for sand are done with the steady state conditions [Appendix A, Appendix B], 

but the calculations for clay are made with equations of transient solutions [Appendix B]. 

Therefore, the utility of Philip's method utility for gas flow in fine materials at early times 

is confirmed. 

NOTATION 

a radius of the cavity (m) 

A, B gas perturbation coefficients 

A., B. dimensionless gas perturbation coefficients 

D gas difflisivity (m^ s"') 

D.(G) dimensionless gas diflusivity function 

G dimensionless form of the pressure 

k permeability (m^) 

i gas flux rate (m s ') 

i. dimensionless gas flux rate 

I gas storage (kg) 

I. dimensionless gas storage 

p, Po, Pi pressure, background pressure and boundary pressure (Pa) 

r, ro, r, radii (m) 
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r. dimensionless normalized radius r/a 

S sorptivity (m s'*'-') 

S. dimensionless sorptivity 

t time (s) 

t. dimensionless reduced time 

characteristic reduced time 

w auxiliary variable (m^s ') 

Yo relation pressure-density 

absolute viscosity (kg m"' s'') 

P density (kg m'^) 

<t> porosity 

^.(G) Philip's function 
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ABSTRACT 

The purpose of this paper is to compare linear with nonlinear models of simulations 

of gas flow in porous media. The problem is to determine air pressure in a tank connected 

to a subsurface spherical cavity as equilibrium is established. Changes in pressure occur 

when the air moves through the porous media and they can be used to find gas permeability. 

Both injection and extraction result in pressure and mass changes with time. Typical 

conditions are simulated with the gas system starting from different boundary pressures. 

Keywords; Gas flow simulation, nonlinear gas flow. 
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INTRODUCTION 

The study of gas flow is important due to increasing problems of ground pollution. 

The extraction or injection of air into porous media requires knowledge of the physical 

characteristics of gas flow measured as pressure and mass flux. Gas extraction has been 

mentioned as an innovative and promising technique for site cleanup. 

In addition to gas removal, the injection of air is valuable to vent the porous media 

in order to enhance aerobic biodegradation. Extraction is carried out by inducing the 

movement of air with a vacuum source. This process is done with a compressor or vacuum 

source attached to the system [U.S., 1994], Another application of gas flow is to evaluate gas 

permeability based on response of pressures or flow rate. 

Gas injection and extraction are physically simple. A tank starting from higher 

pressure (positive pressure) will go to lower pressure until it reaches equilibrium at 

atmospheric conditions. In contrast, when the pressure steirts from some degree of vacuum 

(negative pressure), the tank will gain mass until attaining balance with the atmospheric 

pressure. 

BACKGROUND 

The situation with variable pressure at the cavity is more complex than the situations 

analyzed in Appendix A and B. The simulation starts from a defined pressure p, at the border 

of the cavity in the system. The gas flow from or into the porous medium determine the value 

of the pressure in the system. This circumstance gives us a problem with variable pressure 
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in the border of the cavity. Expanding the simplified solution of the problem in Appendix 

A, we can write 

dt r " 

with the following initial and Dirichlet boundary conditions 

F = 0, r. > 1, t. = 0, (2a) 

F = $(t.), r.= l, t.>0, (2b) 

F = 0, r. - t. > 0. (2c) 

dF 

r.^ar. 
> I ( 1 )  

The solution at (r., t.) can be expressed as a convolution integral [Carslaw and Jaeger, 

1959] 

F = -i- r- $ 
Tcr J 

r -I 

/ - \ 

4 M z 
0 / 

exp(-z )dz 
(3) 

2(M., t.)'" 

For the special case $ = 1, the solution is given in Appendix A [Equation (12)]: 

F = —erfc 
r. 

f r -1 

2(M„ t )°-5 
\ V o .y y 

(4) 



with dimensionless gas flux density (i.) at the cavity 

78 

t .  =  —L . ,  = 1  +  
dr. (5) 

Numerically, the nonlinear problem with M variable is solved by adapting the finite 

difference solution of Appendix A. However, it is also possible to write an approximation 

for the conditions here, using step functions ^>(t.) in the evaluation of the convolution 

[Equation (3)] and even more, the application of the equation (5). The discrete solution is 

made using n step functions (t.) starting from t^ = 0 and (|)., = 0, i.e.. 

= ^0 t.i) 

$2 = - %) F(r., t., - t.,) 

(6) 

^^n-1 ^n-2^ ~ 

where t.(n.„ < t.n, and in terms of the normalized pressure F is 

n-l 

Fn = t.o-i) " 
j=0 

(7) 

Dimensionless gas flux density at the cavity 



i.. = ^0 1 + -

i.2 = (^1 - ^o) I+- 1  

Wt.2 - I.i)] 0.5 
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(8) 

i.„ = ^n-l) 1+-

- t.n-l)] 0.5 

and dimensionless cumulative mass flow is 

n-l 

j = I 

(b - O ^j-l ^j-2 

- t.j.,)] 0.5 
(9) 

Changing to real values of gas flow density is obtained the mass lost or gained in the system 

at step n as 

•n = ^ ^ Yg (Pin' - Po') 

li(j) 
(10) 

where k is gas permeability [L"]; Yo's the coefficient relating density and pressure [L'^T^]; 

Pi is the initial boundary pressure [ML''T^]; (f) is the porosity [-]; po is the atmospheric 

pressure [ML"'T^]; p is gas viscosity [ML''T']; and a is the cavity size [L]. Furthermore, 

the cumulative mass flow (CMF [M]) of gas until the step n is 
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I. 
2 ^ Yq (Pin' - Po') a' J 

( I I )  n Po •n 

TYPICAL EXPERIMENT 

The physical flow system is shown as Figure 1 and includes a tank; a source cavity 

located within the porous medium; a pipe or tube utilized to communicate between the tank 

and the source cavity; a valve used to control the flux; and either a compressor or a pump 

vacuum used to manipulate the pressure, depending whether (extraction or injection) occurs. 

This simulation is an expansion from results obtained in Appendices A and B. The 

analytical and numerical developments of this section are made following the notation and 

assumptions mentioned above. The strategy consists of understanding the gas simulation as 

an extension of the problems already discussed. 

Pressure 
transducer 

Atmosphere 

Vaccum piunp. 
^mpressor 

Valve Valv) 

Source cav 

Porous medium 

Figure 1. Diagram of an installation of a gas extraction-injection experiment in the field. 
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RESULTS 

The equations above can be simplified for any particular simulation problem when 

porosity (f), background pressure Po, cavity size a and density-pressure factor Yq are 

constants. Nevertheless, the boundary pressure p, always changes when there is mass transfer 

through the porous medium. This implies time dependence with variable boundary 

conditions. 

Therefore, the simulation needs to be made taking into account the discrete equations 

for each time step of the gas simulation at unless the boundary pressure (p,) can be 

maintained constant for large time. 

Table l.The values of coefficients involved in a prototype gas flux simulation problem. 

What is the pressure and mass flux in the system with respect to time? 

Cavity radius (a) 0.02 m 

Volume of system 0.01 m^ 

Background pressure (po) 1.013( 10)^ kg m"' s^ (1 atm) 

Boundary pressure (pi/po) 0.5, 1.5, or 2.5 

Gas viscosity (p) 1.82(10)-''kg m-'s"^ 

Coefficient (Yo ) 1.161(10)-^ m-^s^ 

Porosity ((J)) 0.3 

Material Coarse Medium Fine 

Gas permeability (k) 10"* m^ lO-'^m^ 10"'^ m^ 
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Input File 

t + At 

Calculate 
Pi»H Mj,! 

! Output FQe 

[ End] 

No 

Yes 

Figure 2. Diagram of gas flux simulation. 

In both cases, gas extraction or injection from a spherical cavity, if the initial boundary 

pressure (p,) is known, then the initial mass enclosed in the system can be calculated. 

Moreover, the discrete equations depend only on a few variables. Thus, it is possible to write 

asmall program (GASSIM) with the information contained in Table 1 as an input file. Figure 

1 shows the sequence of steps used in the simulation. 
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NUMERICAL APPLICATION 

Figure 3 illustrates the capabilities of the gas flow simulation using our GASSIM 

program and the information from Table 1 as input data. The gas simulation has been made 

with an air system of 0.01 (including a tank, a pipe, and a cavity volume). The simulation 

runs with both extraction and injection cases. The gas extraction process always has the 

pressure ratio p,/po between 0 and I, while the gas injection process always has the pressure 

relation p,/po greater than 1. 

Analytical approximation 

Numerical Solution 
2.5 —1 

Injection case 
p,/po=2.5 

Injection case 
p,/po= 1.5 

fc=10-' 

2.0 — 

1.5 — 

p/po 

1.0 — 

~| I nniii""i ijMijij . iiiiiiij 'i liTiiin i 'r'niiiiij r i uniip i 11iiiiij 
1E-6 1E-5 1E-4 lE-3 lE-2 lE-1 lE^O lEfl 1E-*-2 

Time (sec) 

Figure 3. Numerical experiment with three boundary pressure ratios (p/po = 0.5, 1.5, and 
2.5) and three different gas permeabilities [k = 10'^, 10"'°, and 10"'^ m^]. 
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The simulation experiments show monotonic behavior when real time increases. 

Atmospheric pressure is the limiting pressure whether the starting pressure is positive or 

negative. Theoretically, the time required to reach atmospheric pressure is infinite, but 

numerically, a difference of 0.02 with respect to the background pressure (po) is utilized. The 

time (t) required to reach this difference increases when the gas permeability (k) decreases 

[gas flow encounters less resistance in coarse materials than gas flow in fine materials, 

because of the size and structure of the openings (see Figure 3)]. 

0.02 -1 

Analytical approximation 

Numerical solution 

CMF(kg) 

0.00 -

0.01 - Injection case 

Extraction case 

-0.01 iiii[ i,iiiiii| iiiiiiii| iiiiiiii| Miiiiii| I iiniii| 
1E-6 lE-5 1E-4 1E-3 1E-2 1E-1 1E+0 IE+1 1E+2 

Time (s) 

Figure 4. Cumulative gas flow from a spherical cavity of radius 0.02 m, an air volume 
system of 0.01 m\ and three gas permeabilities [k = 10'®, 10 '°, and 10"'^ m*]. 
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Also, from Figure 3, it is noted that, for a selected material, the time to reach the background 

pressure is maintained constant for any starting boundary pressure ratio p/po- Discrepancies 

are greater in small times corresponding to coarse materials. Quantitative information is 

given in Table 2. Figure 4 shows the cumulative mass of gas in both injection and extraction 

cases. There are discrepancies between the linear and nonlinear cases at small times for 

high permeability (k), but strong agreement with small gas permeability (k) (such as for fine 

materials). Positive values signify the mass lost in the injection case and negative values 

signify the mass gained in the extraction case. 

Table 2. Time (s) required to reach the pressure ratio p/po gained or dissipated in the air 
system, starting from p,/po at time t = 0. 

t = 0 

P/Po p/Po 

Time (s) Time (s) Time (s) t = 0 

P/Po p/Po 
(Coarse, k = lO^m*) (Medium, k = 10""' m') (Fine, k = 10'" m') 

t = 0 

P/Po p/Po 

Linear Nonlinear Linear Nonlinear Linear Nonlinear 

0.5 0.625 2.70(10)-' 2.40(10)-' 2.60(10)-' 2.40(10)-' 2.66 2.40 0.5 

0.750 6.30(10)-' 5.70(10)-' 6.20(10)-' 5.70(10)-' 6.27 5.70 

0.5 

0.875 11.10 (10)-* 10.50(10)-' 11.50(10)-' 11.10(10)-' 11.70 11.10 

1.5 1.375 1.70(10)-' 1.50(10)-' 1.60(10)-' 1.50(10)-' 1.65 1.50 1.5 

1.250 4.30(10)-' 3.90(10)-^ 4.20(10)-' 3.80(10)-' 4.28 3.80 

1.5 

1.125 8.60(10)-^ 8.40(10)-' 8.60(10)-' 8.30 (10)-' 8.60 8.30 

2.5 2.125 1.10(10)-' 1.00 (lO)-* 1.20(10)-' 1.10(10)-' 1.12 1.02 2.5 

1.750 3.20(10)-^ 2.90(10)-' 3.20 (10)-' 2.90 (10)-' 3.22 2.92 

2.5 

1.375 7.10(10)-' 6.90(10)-' 7.20 (10)-' 6.90 (10)-' 7.15 6.90 
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SUMMARY 

This simulation of gas flow is made for both gas extraction and injection in porous 

media for variable boundary pressure The starting pressure ratios are p,/po = 0.5, 1.5, and 

2.5). The analytical and numerical solutions were expanded from Appendix A. However, in 

this paper, problems of pressure variations for each time step are solved. For instance, when 

the pressure at the spherical cavity starts with p,, the mass enclosed in the system is known. 

In an increment of time, the system loses or gains material through the boundaries of the 

cavity, and the pressure will change in correspond with the material found in the system. 

The simulation experiments with different pressure ratios and permeabilities reveal 

that the time required to reach atmospheric pressure in any simulation is strongly dependent 

on the gas permeability of the material, i.e., coarse material takes less time than fine material 

(see Figure 2). However, the discrepancies in calculations of pressure ratios and mass 

between linear and nonlinear solutions are greater in coarse material than in fine material. 

For a particular material selected, the time required to reach the background pressure 

(po) is theoretically infinite; however, the shape of the curves are similar but shifted, 

depending on the gas permeabilities (k). 

NOTATION 

a radius of the cavity (m) 

i, i. density mass flux 
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1,1. cumulative mass flux 

k permeability (m*) 

Mo constant for diffusion function 

p> Po» PI pressure, background pressure, boundary pressure (Pa) 

r radius (m) 

r. normalized radius 

t time (s) 

t. scaled time 

Yo coefficient relation between density and pressure (m^ s'^) 

absolute viscosity (kg m"' s"') 

P gas density (kg m"^) 

4) porosity 
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