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ABSTRACT 

Chapter one of this dissertation provides an experimental test of a joint hypothesis 

implied by the constant relative risk averse model of first price sealed bid auction theory 

and standard risk preference theory. This test will be used to determine whether observed 

risk attitude is solely a characteristic of the individual (as conventional economic theory has 

it) or jointly a characteristic of the individual and the environment (as some cognitive 

psychologists maintmn). It also presents a simple adjustment to first price auction 

experiments which causes "throw away" bidding behavior to be dramatically decreased and 

makes empirical estimation more precise. 

Standard theoretical search models assume that agents behave as if they search 

optimally. The second chapter of this dissertation reports the experimental results of a test 

of whether agents maximize their payouts by optimally searching for the best of n 

candidates in what has been called the "Secretary Problem." The novelty of this design is 

that the optimal search rule is invariant to agents" risk attitudes. This is made possible by 

implementing a binary payout schedule in which stopping at the best candidate pays a 

positive amount and stopping at any other candidate pays nothing. On average, subjects 

chose the best candidate slightly less often than an optimal searcher, while the El-Gamal 

and Grether (1995) estimation procedure suggests that subjects were either using a sub-

optimal rule or just randomly guessing. 
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1. Risk Preference Theory and CRRAM 

1.1 Introduction 

Conventional economic theory has postulated that risk attitude is a characteristic of 

the individual that is independent of the surrounding environment or institution. To test this 

theory this chapter uses the constant relative risk averse model (CRRAM) generalized from 

concave (see Cox, et al. (1982)) to strictly log-concave preferences (see Cox. et ai. (1988)) 

to create a joint hypothesis between CRRAM, and risk preference theory. The staicture of 

this chapter is as follows. First, a summarized recap of CRRAM and its previous testing 

are provided. Second, the joint hypothesis is presented. Third, the experimental design and 

analysis techniques similar to Cox, et al. (1988) and Cox and OiLxaca (1996a), 

respectively, are discussed. Finally, the chapter ends with the empirical results and 

conclusions. 

1.2 Development of CRRAM 

In Cox, et al. (1988) the generalization of CRRAM to strictly log-concave 

preferences was developed and tested. A simple restatement of CRRAM from Cox. et al. 

(1988) is provided below. Interested readers may consult Cox, et al. (1982), Cox, et al. 

(1988), and Cox and Oaxaca (1996a) for a more thorough exposition. In Cox, et al. (1988) 

the theory of bidding is expanded from a one-parameter model into an M-parameter, log-

concave model. The value of an auctioned object (v, >0) is one parameter, and the other 

M -1 parameters represent other agent characteristics that affect bidding behavior, such as 

risk preferences. In the first price sealed bid auction (hereafter the F auction) each potential 

buyer (/ 6(1,2 A^}) submits, to a single seller, a sealed bid (/?, >0) on a single, non-

divisible item. The bids are then opened and the buyer with the highest bid wins the auction 
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and pays his respective bid. If there is more than one highest bid it is customary- to award 

the object randomly among the highest bidders. 

An interesting feature of the log-concave model is three special cases derived in 

Cox, et al. (1988). The first case, where M=l, (i.e. each bidder is represented by his 

respective v.) is repre.sented by the Holt (1980), Riley-Samiielson (1981) and Harris-Raviv 

(1981) identical bidders model of the F auction. In the second ca.se. if the bidders" utility 

functions are linear, and values are drawn from the uniform distribution over the [O. r] 

support, then the model simplifies to the Vickery (1961) ri.sk neutral bidders model of the F 

auction. The third case allows the number of parameters to equal two (M=2). where the 

first is bidder i's private value of the object, and the second is bidder i's risk preference 

parameter, denoted /;. .More precisely, /; = 1 - p,, where p, is the Arrovv-Pratt measure of 

constant relative risk aversion. By definition of this measure, values of r between zero and 

one correspond to a risk averse individual, a value of one corresponds to a risk neutral 

individual, and values greater than one correspond to a risk loving individual. (See Arrow 

(1971) chapter 3, and Pratt (1964) for a detailed discussion of measures of attitudes 

towards risk.) The assumptions made on this third case are as follows: 

(1) LJ(y,. /;) = ( . Each potential bidder has a constant relative risk averse utility function 

with argument _v, and parameter where _v, equals zero if bidder i does not submit the 

winning bid, and equals the difference between item value (rj and bid {h,) if bidder i 

does submit the winning bid. The parameter, is bidder i's risk preference parameter 

as previously defined. 

(2) A further assumption on the parameter /; is that /; e (0,r], where r > 1. 

(3) Each buyer's private value for the auctioned object is independently drawn from the 

uniform di.stribution on [v,v]. 
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Then for v, < v '  where' 

i ' ,  =i ' - l  - (v-v)  
'  -  ( N - l  +  r )  

( I . l )  

the model has the bid function solution 

yV-1 
= 1; + 

N - l  +  r  
(i',-K)' I', e [V, V," ]. 1 . 2 )  

Figure 1.1; Graph of the CRRAM Bid Function 

(,v - I) 

The lop bid function is an example of a CRRAM bid function for a bidder with risk parameter /; who is more 

risk averse than the least risk averse bidder with risk parameter r. Notice the striciK concave portion of 

the hid function above i; . The intuition here is that once this bidder receives a value above he will be 

bidding higher than other, less risk averse bidders will ever bid. and thus with less competition he will 

"shave-off more of his bid. The bottom bid function is the CRRA.Vl bid function for the least risk averse 

bidder in the auction. Notice that if r = F = 1. for all i. the CRRA.M bid functions simplifv to the Vickerv 
( 

bid function. 

This is the constant relative risk averse model of bidding behavior. The Cox. et al. 

(1988) paper provides many tests of CRRAM. which are summarized next. 
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1.3 Previous Testing of CRRAM 

Cox, et al. (1988) summarized their empirical investigation of CRRAM as follows: 

(1) Subjects bid as if they had heterogeneous risk attitudes (i.e. different subjects had 

different risk parameters), while hardly any bid as if they were risk neutral. CRRAM 

was the only parametric model consistent with this data, since the one parameter models 

did not allow for such heterogeneous bidding behavior. 

(2) In 28 of 47 experiments, the hypothesis of the n bidders coming from the same 

population (i.e. having a common bid function) is rejected, which is also consistent 

with CRRAM. but not the one-parameter models. 

(3) Individuals exhibited tight linear relationships to independently drawn individual 

values, with 80% of the linear regressions yielding an R" in excess of 0.96. which is 

again consistent with CRRAM. 

(4) As the number of bidders varied from 3 to 9, CRRAM tracked the resulting changes in 

individual bidding behavior, except for N=6. 

(5) When all subjects" cash profits were tripled relative to control experiments that did not 

triple the earnings of a winning bidder, there was no significant effect on the average 

intercept or average slope of the estimated linear bid functions of individual subjects. 

This is consistent with CRRAM and inconsistent with any model that e.xcludes log-

linear (constant relative risk averse) preferences for monetary payoff. 

(6) Upon repeated investigation. 80% of the subjects exhibited linear bidding behavior that 

was indistinguishable from that which was observed in their first bidding session. This 

supports the interpretation that the consistency of bidding behavior with CRRAM is not 

ephemeral or fragile. 

(7) CRRAM was not consistent with the incidence of significant positive and negative 

intercepts, nor the apparent predominance of negative intercepts. 
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(8) When there A'ere quadratic and square-root transformations of subjects" payoffs, the 

implications of CRRAM failed. 

1.4 Further Development and Testing 

The ability of CRRAM to withstand the previous empirical investigations of Cox. et 

al. (1988). and the fact that the one-parameter models of bidding behavior failed to 

withstjind these inquiries, has made CRRAM a viable candidate for further research. In this 

section I investigate a specific implication of the theory. The implication is that an 

individual's risk preference parameter remains constant as the number of bidders is varied. 

This hypothesis will be stated as follows: 

H„: As the number of buyers in an F auction varies (holding the bidder pool constant), 

buyer i's risk parameter, A;, is constant. In other words. /; is independent of N. (This will 

be referred to as the r-implication.) 

This is a joint hypothesis of two interrelated theories. First, an implication of the 

CRRAM bid function is that as the number of bidders changes, bidder i's risk parameter, 

r, should remain constant. This reflects the second of the two interrelated theories, the 

standard assumption of economic theory that risk attitude is a characteristic of the agent and 

not of the environment or institution. Thus, risk preference theory (the second) is driving 

CRRAM's r-implication (the first). If the risk parameter remains constant (statistically) then 

one can conclude that CRRAM has endured another empirical test of its implications, and 

that risk preferences are invariant with the number of bidders in an F auction institution. If 

instead the hypothesis fails, (i.e. is not independent of N) then one must reject the joint 

hypothesis of CRRAM and risk preference theory. In that case, no conclusion could be 

drawn as to whether CRRAM was failing or risk preference theory was failing, but it 

would invite further investigation into the long held postulate that risk preference is solely a 
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characteristic of the individual since this assumption is the driving factor of the r-

implicaiion. 

1.5 Experimental Design 

To test the r-implication of CRRAM. I used a series of F auctions m the followmg 

manner. Two eight member groups were selected from the student pcjpulation at the 

University of Arizona (hereafter group A and group B). ' Each group was set up 

follows: 

Group A (Subjects numbered 1-8) participated in a set of two N=4 auctions followed by 

one N=8 auction. 

Group B (Subjects numbered 9-16) participated in one .\'=8 auction tbllowed b% a set of 

two .\=4 auctions. 

The N=4 auctions were conducted such that each eight member group was di\ ided 

into two exclu.sive groups of four. The two ,\'=4 auctions took place >>imultaneou>>l> in 

order to a\ oid subject boredom. Eight and four were chosen for the \ ariation in for a 

variety of reasons. Large amounLs of data on F auctions with .N'=4 are a% ailable from Cox. 

et al. (1988) that show little difficulty using CRR,A.VI with this size market in tracking 

bidding behavior. Eight was chosen due to its divisibility into two exclusive groups of 

four, and because twelve was not a feasible group size (i.e. 3 exclusive groups of 4). To 

ensure that all the subjects showed up at the required times each subject received a >ianing 

capital of S10.(X).' 

The actual auctions were set up as in Cox. et al. (1988) e.xcept on two points. TTie 

first difference was that these experiments were run by hand. When the ^ubJects entered the 

lab. they were given instructions on the operation of an F auction, and a>>>>igned subject 

numbers and a stack of note cards for each auction. Each note card contained an auction 

period number, an identifying bidder's number, and an induced value. .At all times a 
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diagram of the aote card, market parameters, and the winning bid for each round were 

displayed on a white board for all bidders in a particular auction to see. Subjects were 

permitted to flip over only one card at a time, and subjects were arranged so that no one 

subject could view any other subjects' values. As mentioned earlier, the two N=4 auctions 

took place simultaneously, but in separate rooms, while for the N=8 auctions all 8 subjects 

were together in the same room. 

The second difference is motivated by the observation in previous F auction 

experiments of frequent occurrences of "throw away" bids." For example, in Cox, et al. 

(1988) bidders who receive extremely low draws for their induced values (e.g. 0.10) bid 

either their value, zero, or even bids above their value. One possible explanation for this is 

bidders realizing that they were not going to win the auction and. thus believing their bids 

in these low value rounds were going to have no effect on their final profits, "threw away" 

their bids by bidding in the aforementioned manner. To try to control for the possibility of 

these "throw away" bids, I shifted the uniform distribution of values away from zero. 1 no 

longer have the support be [0, v ] or [0.10, v] as in Cox, et al. (1988), but instead I have 

the support be [v;,y ], where v is a high enough value to possibly remove the "throw 

away" bid phenomenon. At the end of the experiment one can see if changing the support 

caused the subjects to refrain from "throwing away" their bids. In other words, did the 

subjects bid as if they viewed their randomly drawn values in absolute or relative terms. If 

a subject no longer "threw away" his bid when his value was close to v, one can conclude 

that he viewed his value in absolute terms, and if he continued to exhibit "throw away" 

bidding behavior, then one can conclude the subject viewed his value in relative terms. Of 

course there is a great possibility that the subjects, while participating in a sequence of 

auctions, could First view their bids in absolute, and then later in relative terms (or vice-
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versa), all due to an experience, or learning, effect. The actual value of v in these 

experiments was 10.00. 

The upper bound of the distribution of values in these experiments was calculated in 

accordance with Cox et al. (1982). Before determining the upper bound of the values, the 

number of auction rounds the subjects would participate in and the average profit per 

subject  in  each auct ion had to  be decided.  Small  sample propert ies  of  an est imate  of  r  

suggest a large number of observations on individual bidding behavior would be ideal. 

Talcing into consideration the length of time required to complete an experimental session, 

the cost of the day (payouts, lab time, etc.), and the need for a hirge number of 

observations, I came to the conclusion that each auction would consist of 30 rounds of 

bidding. To determine the average profit per subject, I adjusted the SI2.00 average profit 

per subject used in Cox, et al. (1982) for the change in the CPI between 1980 and 1995. 

giving the average profit per subject in this experiment equal to S22.00. .N'ext. one must 

consider how to hold constant the expected gain per bidder as N varies so that motivation is 

approximately the same for any given bidder independent of the size of the bidding group 

in which that bidder ptu-ticipates. According to Cox et al. (1982) the upper bound for 

expected profit per subject per round is — = ——=—. Calculation of this upper bound is 
N /V(^V+1) 

based on the risk neutral bidding model. Using the expected profit per subject per round as 

S0.73 (i.e. S22/30) the supports for the N=4 and N=8 auctions were U[S10. S25] and 

U[$10, S63], respectively. The increments of the resale values were S0.05 for each auction 

(i.e. there were 301 possible values in the N=4 auctions, and 1061 po.ssible values in the 

N=8 auctions). 

Finally, there were 16 subjects in total, and each subject participated in one N=4 

auction and one N=8 auction. Thus, each subject's upper bound on expected total profit 

was S54.00 (i.e. S22.00 per auction times 2 auctions plus S 10.00 starting capital). 
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Therefore, the upper-bound on total cost for these experiments was S864.00.' This 

experimental design remains consistent with F auction bidding theory, while also remaining 

in accordance with the experimental design in Cox, et al. (1988). 

1.6 Analyzing the Data (Spline Function Estimation) 

Each individual participated in two auctions of 30 rounds each. Therefore, there are 

60 observations for each individual such that each N=4 auction and each N=8 auction 

provide 30 observations. The following estimation technique and subsequent test will be 

used to determine whether or not individual i's risk piu-ameter. has remained 

statistically the same across different sized auctions. I will follow closely the method of 

investigation described in Cox and Oaxaca (1996a). 

Recall that the CRRAM bid function has a linear segment and a non-linear segment 

where the linear segment is described by equation (1.2). Recall, if 1 - r is the coefficient of 

constant relative risk aversion for the least risk averse bidder in the population from which 

bidder i's rivals are drawn, then the knot occurs at the value \\ noted in equation (1.1). 

The stochastic bid function for the i th  bidder in an N-person F auction can be represented 

by the spline function 

e 

and ^,( ) is concave. An alternative expression for the bid function is obtained by 

rearranging the terms in equation (1.3) to obtain 

(1.3) 

where (1.4) 

b„=Po.+PuV„ + D;,g,{v„)  +  ̂ „ (1.5) 
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where 

and 

B = 
Hi) ,  

A,= 

N-[ + r,  
( 1 . 6 )  

(1.7) 
N - l  +  z ;  

Next, represent the function ) by its .second-order Taylor series approximation^ 

) = )8:,(i;, - v',') + (v„ - V,')"• (1 -8) 

Substitution of equation (1.8) into equation (1.5) yields 

t > „  =  + + ) ' + ^ i „ .  ( 1 . 9 )  

where + p^^>0 and /S,, < 0. If I assume r  = I then by equation (1.1) the theoretical 

relationship between the risk aversion parameter and the threshold value v; is given by 

r  = N 
v — v  

V — I' 
-1-1 (  1 . 1 0 )  

Upon substituting equation (I.IO) for /; in equations (1.6) and (1.7). I obtain the 

following parameter restrictions; 

/V(v;-i:) 

and A,= (,V-l)(v-v;) 

( 1 . 1 1 )  

(1.12) 

A^(r;-r) 

The restricted bid function (restricted in the sense that risk loving bidding behavior is ruled 

out) is obtained by substituting equations (1.11) and (1.12) into equation (1.9). to obtain 

_ v:[iV(v',' - V') + V'-w] (A^-I)(v-v) 
v ,r + Pi.Djv, ,  -  v;}  + -  x-; ) •  + M„.(  \  A3 : 

Niv ' -v)  !^{v^-v)  

If one approximates the distribution of the bid function disturbance terms by the mean zero 

normal distribution, then the log likelihood function corresponding to the restricted two-
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part bid function specified in equation (1.13), for = 4, 7" = 30. i; = 10. and v = 25 i.s 

given by 

lnZ. = -15ln(2;rcr^,)—^ 
V 2 j  

^4v; -85'^ 
v," -10 

9 ^ . . . .1 
^~ »•„-Pz,Dj y., - i- ) - r. - V )- I 

l'-, I ( 1.14) 
2cj: 

and for N' = 8, T = 30, v = 10, and v = 63 

lnZ, = -15ln(2;r(T,;)— 

b _| 1^1 I ''' 
4A I- -10 V8 

371 
!•; -10 j - Pz, DJ -1-;)-(3,, D;,{V, -1-; >-

(1.15) 
20-: 

The likelihood's are estimated over the possible values of v," contained between the 

maximum risk neutral equilibrium bid and the maximum value. In other words, 

 ̂ yV - P 
v + 

N 
{v -v)< v' < V .  Using equation (1.10), the estimator of /; is given by 

r = N 
V. — V 

I' -1' 
+ 1 ( 1 . 1 6 )  

where v' is the value of v," that maximizes the above likelihood function, for a given value 

of N. To obtain the estimated standard errors for the parameter estimates, r and I 

employ the computationally simple method introduced in Bemdt et al. (1974) and u.sed in 

Cox and Oaxaca (1996a) that relies on first derivatives of the likelihood function. The 

estimated standard error for r is obtained from the estimated standard error of r bv noting I I , w 

the linear relationship between these estimators given by equation (1.16). 

1.7 The r-implication t-TEST 

To test the r-implication for each individual one can perform a t-test using the 

estimated values for from each of the two likelihood functions. If one obtains an /; from 

the N=4 and N=8 likelihood functions that are both less than one, then he can perform a t-
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test for comparirig the means of two samples assuming unequal variances. If one obtains an 

/• from one of the likelihood functions that is equal to one and the other is less than one. 

then he can perform a t-test for comparing the mean of a sample {the r that is less than one) 

to one. If both /; are equal to one then the hypothesis fails to be rejected. 

1.8 Empirical Results 

Reports and findings in this section are from two separate groups of eight subjects. 

Table 1.1 presents CT„,, the estimated values of v' and and their LLssociated standard 

errors for each subject, and the respective r-implication t-test. 

The first major finding of this chapter is in regards to the shifting of the uniform 

distribution of induced resale values. Out of the 960 bids submitted, only two appear to be 

"throw away" bids. Both occurred in GROUP A for the N=8 auction. One was from 

bidder 3 in round 36, and the other was from bidder 4 in round 46. In round 47 an 

extremely small bid (relative to the previous winning bids) won, and from then on bidder 4 

never "threw away" a bid."^ The effect of shifting the distribution was much greater than 

originally anticipated.'" It is apparent, especially from the reported values of cr^,. that this 

shift in the distribution has remarkable effects on bidders receiving low \'akies. At no time 

were bidders ever told that they could or could not bid below S 10.00 (recall that the lower 

bound on the distribution of values in these auctions was SI0.00 not SO.00 nor SO. 10, as 

in earlier experiments). This shift seems to have cured much of the "throw away" bid 

phenomenon noted in previous F auction experiments. Future F auction experimenters may 

wish to shift the distribution even more to see if the effects are strengthened. 

Turning our attention to the r-implication t-test, for 5 out of the 16 subjects the r-

implication fails to be rejected at the 19c level, while for the other 11 it is rejected. It is 

premature to make a definitive statement about the possible conclusions one can draw from 



this result since only 1/3 of the subjects failed to violate the r-implication hypothesis. To 

carry the analysis one step further, a simple non-parametric Fisher Sign Test was 

performed. This allows one to test the null hypothesis that jointly the risk preference 

parameter for each subject remains constant. Under this null one should expect a 50 percent 

chance of a subject's risk preference parameter increasing going from the .\=8 auction to 

the N=4 auction. Simple calculation from Table 1.1 shows that 43.75^ of the subjects' 

individual risk preference parameters increased going from the N=8 auction to the .N'=4 

auction. Thus, at any reasonable level of significance one cannot reject the hypothesis that 

jointly the risk preference parameters for subjects remain constant. 

1.9 Conclusions 

This chapter has provided a preliminary test of the hypothesis that risk attitude is 

solely a characteristic of the individual and not of the institution or environment. The results 

of this chapter are inconclusive (at least in the setting of an F auction) toward the claims of 

this theory when looking only at the parametric analysis. The non-parametric Fisher Sign 

Test does support the claims of this theory. The discrepancy may be due to the nomiality 

assumptions embedded in the parametric analysis. The experiments reported in this chapter 

used a different distribution of resale values than earlier laboratory F auctions. This 

adjustment to the support of the induced values has significantly reduced the "throw away" 

bid phenomenon observed in previous F auctions. Experimenters conducting future 

laboratory F auctions may wish to consider increasing the support of the distribution of 

values further to see if such changes strengthen the results observed here. 
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1.10 Endnotes 

' V,' is the private value for which a CRRAM bidder with risk attitude parameter, r,. would 
bid an amount equal to the highest possible bid by the least risk averse bidder (risk 
parameter = r) in the population of bidders (Cox and Oaxuca (1996) p. 5 equations (14) 
and (15)). 

" In this experiment I am going to hold the bidder pool constant. This will have no effect on 
the implication of the CRRAM bid function in respect to r, being independent of N. but will 
keep r constant within each group throughout the experiment. I have also kept the 
randomly .selected resale values the same for both groups to further reduce noise in 
comparing the A-B, B-A treatments. 

' The experimentation began with groups of 12 on a NovaNET system. Loss of dominance 
in the N=12 auctions caused me to revise the experiment to groups of 8. In the first N=12 
auction three independent bidders began losing hundreds of dollars by bidding well over 
value. This was due to the fact that there was no starting capital and only one winner in 
each round. Subjects became extremely bored early on (trouble began around round 8). 
Furthermore, the instructions that were hard-wired into the NovaNET program were geared 
toward a multiple bid, multiple object auction, which caused major confusion among the 
subjects. These instructions also took approximately one hour for one subject to complete, 
most likely accelerating the boredom of the other subjects. 

•* There was no show-up payment in these experiments; the stanup capital acted as a show-
up payment, but was more used as a deterrent for bidding above value. 

' The market parameters displayed were, number of bidders in the auction (4 or 8), the 
lowest possible resale value ($10.00), the highest possible resale value (S25.00 or 
S63.00), the resale value interval (S0.05), how many possible resale values there were 
(301 or 1061), number of bids per round (I), number of objects auctioned per round ( 1). 
and .starting capital (S 10.00). 

^ A subject who submits a "throw away" bid is defined as a subject who receives a value 
(usually near the bottom of the distribution of values) and submits a bid above value, a bid 
equal to value, or a bid of zero. 

' Actual profit for the two groups was S216.83 for Group A, and S275.28 for Group B. or 
a total of S492.11. This shows that, in aggregate, the subjects in the.se experiments bid as if 
they were risk averse. 

Higher order approximations are ruled out due to the fact that many subjects did not have 
sufficient observations in the non-linear portion of the bid function to even estimate a 
second order approximation. 

Most notably in round 25 of his N=4 auction (i.e. his 55th round of bidding) he bid 9.75 
with a value of 10.20. 

This is most noted in subject 7. Subject 15. who had the same values as 7. only bid 
below 10 once (round 45). but still did not "throw away" his low values. 
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2. A Test of Optimal Search Theory 

2.1 Introduction 

Over the past decade there has been a volume of literature dedicated to wage search 

theory. These papers have tested whether or not individuals searching for a wage can do so 

in an optimal manner. For example, in Cox and Oaxaca (1989) they derive and test a finite-

horizon job-search model and find that the theoretical predictions and obserxations of their 

experiments are, for the most part, consistent. Other papers have investigated how-

subject's search patterns change when certain factors are introduced into the environment 

while also trying to identify unobservable characteristics of the subjects. These factors and 

unobservable characteristics include unemployment insurance, existence of a minimum 

wage, different states of information about the underlying distribution of wages, the 

existence of an unobservable reservation wage, and individual risk characteristics (see 

Braunstein and Shotter (1982), Cox and Oaxaca (1992), Cox and Oaxaca (1996b) as 

examples). 

This chapter implements an experiment designed to test an individual's ability to 

deduce an optimal search rule. This chapter removes itself from the literature in wage 

.search theory into a generalized optimal stopping problem setting. Optimiil stopping 

problems are usually stated in terms of colorful practical problems. Caley (1875) posed a 

stopping problem as a gambling problem and provided the optimal solution using the 

technique presently known as backward induction or dynamic programming 

(Govindarajulu (1981)). Other recognizable forms of this type of optimal stopping problem 

include the "Beauty Contest," the "Dowry Problem," and the "Secretarv' Problem." This 

chapter states the optimal search problem in the spirit of the Secretarv' Problem. This 

Secretary Problem will allow for the testing of the assumption of rational individual search 

behavior which is inherent in all standard search models. 



2.2 The Secretary Problem 

This section develops an empirical test of individual optimal search theory. If one is 

to assume that individuals act as if they search optimally, then this assumption should hold 

in a controlled environment. The reason a controlled environment is preferred to test this 

theory is that other exogenous factors may influence an individual calculating an optimal 

search rule (as is tnie in a wage searching environment). Observations of subjects in the 

Secretary Problem will determine if individuals are able to deduce an optimal search 

strategy while having their environment controlled for other exogenous factors that may 

enter into their decision or message space. For example, this experiment will introduce a 

binary payout schedule that eliminates an individual's risk attitude from entering the game, 

regardless of the form of the utility function. In this experiment maximizing the probability 

of choosing the best secretary is equivalent to maximizing expected utility. 

The Secretary Problem is a sequential decision problem in which an executive 

manager must choose the best candidate for secretary from N discrete applicants (the 

manager knows N). The manager can interview each secretary (at a cost of zero) one at a 

time and has the choice to either accept or reject that secretary. If the miinager chooses to 

reject the secretary, the manager cannot recall the secretary at a later time. When the 

manager accepts a secretary (or is forced to choose the last secretarv'). the game ends with 

the announcement of that secretary's rank. The manager is informed about each secretary's 

rank relative to those already seen, but not about the ones to follow. Each time a secretarv' 

enters the manager's office, the only information a manager has is one of two possible 

results: 

1) This is the best one you have seen so far. 

2) This is NOT the best one you have seen so far. 
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The question of interest is whether or not an individual (who takes the role of the 

manager) can deduce the optimal dynamic search rule to maximize his probability ot" 

choosing the best secretary. I will subsequently refer to this concept as the optimal search 

hypothesis. For example, suppose N=4. Let the best secretary be denoted 1. the second 

best 2, the third best 3, and the worst one 4. The following table represents the 24 (4!) 

possible arrangements of these four secretaries outside a manager's door (See 

Govindarajulu (1981)). 

Figure 2.1; Possible Arransements of Four Secretaries 
4321 3421 • 3241 • 3214 

• 4231 2431 2341 2314 
* 4123 1423 1243 1234 
• 4312 3412 * 3142 * 3124 
* 4132 1432 1342 1324 
• 4213 **• 2413 * 2143 2134 

The indicates wins by passing the first secretary, the indicates wins by passing the first two secretaries. 

In this N=4 example, there iire 6 ways to get the best secretary by immediately 

stopping the game with the first candidate, 11 by automatically passing the first candidate 

and choosing the one that the manager is informed is the best starting with the second 

candidate, 10 by automatically passing the first two, and 6 by automaticiilly passing the 

first three. Let "r' denote the optimal starting point, then the optimal strategy in the N=4 

.secretary game is r=2, with a probability of getting the best secretary being 11/24. The 

following theorem is used to calculate the optimal r for any size N: 

THEOREM (See Govindarajulu (1981) for a complete derivation);' 

The probability of picking the true maximum of a sequence of N elements when a subject 

passes the first r-l secretaries and choose the kist candidate, who is better than all the 

preceding ones, is given by; 
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n(r.N) = 
r - l  

N .k=r k-I 
( 2 . 1 )  

Next, define a formula for the optimal starting point, r' = r(N), which maximizes 

equation (2.1). Skipping the derivation of the inequality the result is: 

N--
1j 

H 
3e-l 

2 2(2N + 3e-l) 
<r < 3 

( 2 . 2 )  

Equation (2.2) pins down r' to an inter\'al of length L(N) = 

satisfies 1 < L(N) < 2, VN > 0. Finally, 

limn(r'.N) = - = 0.368, or r . 
e e 

l + -
(1.79) 

(N + 1.79) 
which 

(2.3) 

This shows that for any N, the probability of choosing the best secretary is greater than 

36.8% when using the optimal search strategy defined above. 

With equations (2.1) and (2.2) one can solve for the probability of choosing the 

best secretary given any N. A tabulation of probabilities for 

N e l l ,  2  5 0 ,  1 0 0 ,  1 0 0 0 ,  o o )  u s i n g  e q u a t i o n  ( 2 . 1 )  a n d  a n  e x a c t  v a l u e  f o r  r  ( N )  f r o m  

equation (2.2), along with graphs for N= 10,000 and N=11 is in Appendix A. The exact 

value for r" is straight forward to calculate since the secretaries are discrete. In the range of 

values that r can take, only one or two integers can fall between r's upper and lower 

bounds. If two integers fall in the range of possible r's for a particular N. calculate which 

one of those integers maximizes equation (2.1) and that one is r". In this experiment 

N=11, and thus r' =5. I will use the Secretary Problem, as defined above, to test the 

optimal search hypothesis in the following manner: 
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1) A computer will randomly order the numbers 1-11 (representing the rank of each 

secretary; 1 will represent the best secretary, 2 the second best, and so on. with 11 

representing the worst). The secretaries will then arrive in that random order, one at a time, 

at a subject's computer terminal. The computer will only reveal the secretar\''s inter\'ievv 

order number (See Appendix B for the screen design). 

2) A subject will not be able to see the rank of the secretary he is facing. The only 

information a subject possesses is whether or not the secretary he is facing is the best one 

(lowest numbered) he has seen so fiu*. 

3) This process will continue until a subject chooses to stop, or he has reached the last 

secretary, in which case he is forced to choose this secretary. 

4) After a subject has chosen to stop (or is forced to stop at the last secretary) he is paid 

according to the following pay schedule; 

a) If the subject stops at the secretary ranked I. then payout = SI 0.00 

b) If the subject stops at any other secretary then payout = SO.OO 

The subject is fully informed of his payout schedule before the game begins. This 

guarantees that the only strategy that maximizes the expected utility of monetary payoff is 

choosing the best secretary, and that a subject's individual risk attitude is irrelevant to the 

decision process. 

5) Steps 1-4 will be executed thirty-nine times for each individual subject, to allow for a 

large data sample, and to provide opportunities for learning. 

If subjects act in accordance with the optimal search rule, then one should observe that they 

choose the secretary ranked 1 approximately 39.8% of the time. 

2.3 Possible Observations 

In an N=11 .secretary game a subject can adopt one of an infinite number of seiu-ch 

rules. The following sections consider a subset of rules which are not only viable and 
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intuitive, but also characterize the "reasonable" set of rules necessary to accomplish the 

research goals. The consideration of rules is limited to the eleven stopping rules a subject 

could have chosen if they are limited to adopting some stopping rule throughout an entire 

round. Let c e {1,2...11} denote each of those rules. Each time a subject plays the secretary 

game there are 3 possible observations for each of the eleven stopping rules a subject ciin 

adopt. These observations and their implications are as follows. 

Observation 1 The subject stops before seeing the cth secretary. 

Implication 1 —> The subject is not choosing in accordance with this r=c search mle lo 

select a secretary, whether or not the secretary they chose was the secretary ranked 1. 

Observation 2 —> The subject picks a secretary after the (c-l)th one went by. but fails to 

stop at the first secretary, after or including the cth secretary, told to be the best one he has 

seen so far. 

Implication 2 —> The subject is not choosing in accordance with this r=c search aile to 

select his secretary, whether or not the secretary he chose was the one ranked 1. 

Observation 3 —> The subject picks a secretary after the (c-l)th secretary went by. and 

stops at the First secretary', after or including the cth secretary, told to be the best one he has 

seen so far. 

Implication 3 —> The subject is choosing in accordance with this r=c search rule, whether 

or not the secretary they actually chose was the one ranked 1. 

The only possible observation in which a subject can be using the r=c search rule is 

with observation 3. When analyzing the data, the task is to determine what values of c are 

consistent with each subject's decision in each of the thirty-nine rounds (i.e. is subject i's 

decision in round T consistent with stopping rule r=c). Then, following the method of 

empirical estimation presented in El-Gamal and Grether (1995), one can determine whether 

a particular stopping rule is consistent with the data or if random choosing is at hand. In the 
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remaining sections I present the results from applying the data analysis method in El-Gamal 

and Grether (1995). 

2.4 Empirical Results: Discussion 

Subjects were University of Arizona undergraduates. When the nine subjects 

arrived, I took them into a classroom and explained the experimental procedures to the 

entire group. I used a deck of 11 cards to demonstrate the Secretary Problem. Ai no time 

were probabilities discussed. After demonstrations and questions, I led the nine subjects 

into the computer iab where each subject sat in front of a computer terminal displaying a 

summary of the instructions. At the subjects' convenience they could press the <ENTER> 

key to start the experiment. At the completion of the experiment I paid the subjects their 

earnings in cash. Results of the experiment are given in Table 2.1. The ordering of the 

secretaries was "random" in the sense that a computer generated the ordering for each 

round, but each subject received a "shifted" version of this same ordering.' Table 2.1 

presents the actual secretary number (not the rank) that each subject stopped at in each of 

the thirty-nine rounds. To the right of the subject data, I present the columns labeled 

"Optimal Searcher." These columns represent the secretary number an optimal searcher 

would have stopped at if using the optimal search strategy for each of the five possible 

orderings of the secretaries. Table 2.1 also reports the total wins, average wins, and the 

standard deviation for the nine subjects. 

As mentioned earlier, the estimation method of El-Gamal and Grether (1995) was 

used to analyze the results of the experiment. Below is an outline of the process specific to 

the Secretary Problem (See El-Gamal and Grether (1995) for a complete exposition of this 

estimation procedure). 

Let (1-e) denote the probability that subject i follows rule r=c and £ denote the 

probability subject i chooses randomly over the ones that are told to be the best that the 
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subject has seen so far.' When a subject chooses randomly, however, they still have some 

probability, of choosing in accordance with rule r=c. Recognizing the sequential nature 

of the problem, and that any subject will only stop at a "best so far secretary," the empirical 

estimation assumes that when a randomly choosing subject is presented with a "best so far 

secretary" he will continue to follow the rule r=c by chance with probability 0.5, and stop 

(or deviate from the rule) with probability 0.5. This makes the value of M=2. Under this 

assumption, subject i's choices agree with the rule r=c with probability (1-^^^f) and 

deviate from it with probability 

For a subject, s. given a sequence of observations x,. x'.,,, where 

x'^ =(Nr, pj. Nj is the secretary number the subject chose, and p, is the relative rank of 

the secretary chosen, define the variable 

f l ,  i f  ( P j .  =  f i r s t  o n e  t o l d  t o  b e  t h e  b e s t  o n e  s e e n  s o  f a r  a f t e r  c ,  a n d  N .  >  c )  

'' [O, Otherwise 

Thus, x^. J. equals 1 if subject s's decision on trial T agrees with rule r=c, and zero 

otherwise. 

Define the sufficient statistic X'. = ^x^;.. Table 2.2 presents the value of this 
r=l 

sufficient statistic for each subject and possible rule. The likelihood of each subject's 

actions (x,, x',,..., x',y) can be computed as 

/'•'•(x;. x; = (2.4) 

Recognizing that each subject in the experiment can be following any one of the 11 

rules (i.e. c' = 1 c" = 11), one can estimate (c'. c',.... c", e) by 
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9 

(c', C" c", e) = argmax , ; m ..Ff max /'"'(x;. x; x;,). 
^ fhellJ..  . I l l  -

(2.5) 

To accomplish this I performed the following steps: 

• For each (c', c",..., c", e) 

- For each individual s: 

* Calculate '^^(x,, x', x',^). for he{ l,2,...ll} 

* Choose h e {l,2,...l 1} which yields the highest /'" ' (x,. x', x'.,,). 

Call the maximcil value /(c', c'...., c". £). 

- Multiply the obtained likelihoods y^(c'. c" c". e) over the 9 subjects and 

denote the outcome F(c', c' c". e). 

• Choose (c', c',..., c", i) to maximize F(c', c" c". £). 

The test of goodness of fit is a likelihood ratio test between the unconstrained 

likelihood shown in Table 2.3, and a constrained likelihood where 1 estimate a single rule 

for all subjects. The estimation of this baseline likelihood is simple; count the number of 

times each r=c rule was used and assign all subjects to the rule that was used most 

frequently, and classify all other choices as errors. Denoting q' as the number of times the 

most frequent aile was chosen, and q as the number of times all the other rules were 

chosen, the baseline likelihood is then"* 

and the test statistic 2[ln(Unconstrained Likelihood) - ln( /)] is asymptotically distributed as 

a X' with degrees of freedom equal to the number of rules plus one. The epsilon value 

calculated for the restricted case is 0.781. 

(2.6) 
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2.5 Empirical Results 

Table 2.3 presents the results of the estimation. The subjects were categorized a.s 

follows. Subject 4 was, without a doubt, following stopping rule r=2. This is evident by 

the fact that all 39 choices this subject made were in accordance with this stopping rule. The 

other eight subjects were categorized as follows. Subject 6 was most likely following mle 

r=3. Subjects 1. 3, 7. and 9 were most likely following rule r=4. Subject 5 was most likely 

following rule r=5. Subjects 2, and 8 were most likely following two possible stopping 

rules, subject 2 was most likely following rules r=4 and 5, while subject 8 was most likely 

following rules r=5 and r=6. The value of epsilon (i.e. the probability that the subjects as a 

group were guessing) is 0.587 and the results are statistically significant. No subject 

performed equal to or better than an optimal searcher would have, given their secretary 

orde rings. 

Even though the estimation process concludes that some subjects were following 

the optimal stopping rule of r=5, the fact that no subject performed equal to or belter than 

an optimal searcher, and that the value of epsilon is greater than 0.5 assures us that these 

results were mostly due to luck. 

2.6 Conclusion 

From the observations of this simple experiment one can begin to re-evaluate 

theoretical models of search, and determine whether or not they iire correct in assuming 

individuals choose in accord with an optimal search rule. This experiment has focused 

specifically on the optimal search hypothesis, and directly tests its implications. The results 

of this experiment suggest the subjects were not searching in accord with the optimal search 

rule of r=5, and were, for the most part, stopping randomly at a "best so far" secretary. 
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2.7 Endnotes 

' The general solution to the Secretary Problem requires using the techniques of backward 
induction or dynamic programming. For a detailed proof of the Secretary Problem solution 
(or optimal stopping problems in general) see Govindarajulu (1981. pages 580-589). 

" Since all subjects were participating simultaneously, the "shifting" was necessary so thai 
communication of choices was impossible. 

' £ can be defined this way as long as an assumption of minimum-rationality (i.e. a subject 
will never stop at a candidate unless it is told to be the best one that subject has seen so far) 
holds. In this experiment no subject violated this minimum-rationality condition. 

In this experiment, rule r=4 was the rule most frequently employed by the subjects. 
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Appendix B: Tables for Chapter 2 

Table 2.1: Number of Secretaries a Subject Saw Before Stopping at Number Indicated 
— Highlighted if subject stopped at the best secretary 

Round 
I 

( E )  
2 

( E )  

Subject Number 
(Group Letter) 

3 4 5 6 7 
( A )  ( B )  f B ;  ( A )  ( C )  

8 
( D )  

9 
( A )  

1 3 2  11 2  11 3 4 8  11 5  11 5 3 3 
2  11 11 8  5  11 i  9  11 8  8  5  9  3 11 
3  4  4  8  2  3  3  1 1  11 3 5 8  1  1  6  11 
4 11 11 9  3  D 1 6  6  9  5 5 6  6  3 
D 3  2  2  2  9  1 4  11 3  5 5 11 3 8  
6 3  6 11 2  D 6  D 3 6  6  5 3 5 3 
7 4 9  6  6  11 1 3 1 1 6  6  6  3 1 i 3 
8 2  7  3 6  6  1 11 D 11 5  6  11 5 3 
9 6  6  7  5  11 2 4  8  D 5 3 11 8  6  

10 6  6  4  2 D 11 3 1  1  4  11 5 3 1  1  6  
11 3 3 11 4  11 I 8  1 1  D D 11 8  1  1  3 
12 D D 8  D D 3  D 11 8  8  5 3 3 3 
13 4  11 1 1  3  8  1  1  4 11 1 1  1 1  8  5 1 1 1 1 
14 6  3 1 1  1 1  1 1  1 1  D 4 1 1  1 1  1  1  3 3 3 
15 8  8  3 2 1 1  3 6  9 5  5  1  1  6  9 8  
16 1 1  1 1  11 3 11 3  6  11 3  11 3 6  5 1  1  
17 3 3 2 3  11 1 3 1  1  4 3 1 1 3 1 1  1  1  
18 11 3 9 2 4 9 3 4  9 9 3 3 11 3 
19 11 11 3 9 9 3 11 5 5  3 9 11 5 1 1 
20 4 3 1  1  3 3 1 1  D 6  1 1  1  1  3 3 6  3 
21 9 1 0  2 1 1  1 1  4  8  11 11 11 1  1  8  1 1 9 
22 3 3 11 2  3 5 1 1  6 5 3 1 1 1 1  6 3 
23 1 1  1  1  3 2  3 6  3 11 6  6  5 I  1  1 1 1  1  
24 4  4  11 2 6  4  5  6  4  11 6  3 6  11 
25 D 5 4 4  11 4 11 7 4 6 11 11 7 5 
26 6  3 11 4 6 11 4 3 11 11 6 3 7  6  
27 4  11 3  2  11 3  9 3 3 6  11 9 3 11 
28 6 4 2 3  6  2 3  1  1  7 7 6  5  1  1  6 
29 11 11 3  2 7 4 1 1  9 4 7  7 1  I  9 11 
30 3  3  5 2 3  1 0  3  11 5 3 7  11 1 1 6  
3 1  7 7 1  1  5 3 4 5 9  1  1  1  1  3 5 9  7 

3 2  4 4 3  4 4 9 6  11 9 9 1  1  6  11 7  
3 3  D D 4  2 3  11 4  7  11 11 9 11 3 3 
34 1 1  1  1  9  11 9  4 11 9  9  11 6 1 1 1  1  

"Optimal Searcher" 
for each group letter 

B C D 
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Table 2.1: Continued 

35 9 9 11 2 9  11 11 11 11 11 9  11 11 9 
36 11 4  4 2  11 5 6  11 4 D 11 6  11 11 
37 9  9  2 4 D 11 7 1  1  11 11 3 7 1  1  9  
38 11 11 4  2 11 4  4 7 11 11 11 7  7 11 
39 5 3 11 2 4  3  3 8  3  11 11 3 5 

Total 16 17 17 12 11 14 18 13 17 17 17 19 16 18 
Wins: 

The average number of wins over the 9 subjects was 15 with a standard deviation of 2.55. 
The average number of wins for an optimal searcher would be 17.4 with a standard 
deviation of 1.14. 
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Table 2.2: Values of the Sufficient Statistic X' for each Subject and value of c. 

Sub. 1 Sub. 2 Sub. 3 Sub. 4 Sub. 5 Sub. 6 Sub. 7 Sub. 8 Sub. 9 

1 0 0 0 0 0 7 0 0 0 

2 14 14 15 39 7 17 15 7 15 

3 23 19 19 20 19 20 27 15 23 

4 28 24 21 15 23 19 34 23 27 

5 24 24 18 10 27 17 28 28 26 

6 20 19 16 5 23 14 16 28 22 

7 15 16 18 3 20 12 12 26 19 

8 13 14 17 3 19 12 11 24 18 

9 13 13 16 3 18 12 9 22 16 

10 10 11 13 2 15 9 7 19 12 

11 10 10 13 2 15 8 7 19 12 

Every entry in this matrix represents the number of total times subject i's choices in each 
of the thirty-nine rounds were consistent with the stopping rule of r=c. 
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Table 2.3: Results of Case 1 and Case 2 

No. of e Rules (subject #'s) * Likelihood Value 
Rules 

Rules (subject #'s) * 

11 0.587 r=l (None) 

r=2 (4) 
r=3 (6) 
r=4 (I, 2, 3. 7.9) 
r=5 (2, 5, 8) 
r=6(8) 
r=7 (None) 
r=8 (None) 
r=9 (None) 
r=lO (None) 
r=l 1 (None) 

5.539x10"'" 44.702 

* When a subject is noted for more than one rule it implies that there was equal maximum 
likelihood that the subject was following those rules. Take for example subject 2 who is 
listed for rules r=4 and r=5. This subject is choosing in accord with each of those rules 
with equal maximum likelihood. 

** For this table there were 351 total tasks, of which 214 were r=4 and 137 were not r=4. 
The maximal likelihood under the null is achieved if subjects use the rule r=4 with 

eiTors. The estimated restricted likelihood is 1.0876 x 10"'"" with an epsilon of 0.781. 
The 0.01 significance level value of a X" with 12 degrees of freedom (corresponding to 
11 rules) is 26.22. 
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