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ABSTRACT 

The work reported in this dissertation represents an investigation into some 

aspects of resonant and nonresonant light-matter interaction as experienced by-

femtosecond optical pulses. We looic at the role of plasma generation via multi-

photon ionization in the ajrest of the 2-D collapse of femtosecond pulses governed 

by the nonlinear Schrodinger equation. First we studied the exciting new area of 

anomalous long-distance propagation of femtosecond optical pulses in the atmo

sphere. Our simulations do not support the existence of a stable pulse propagating 

through the air, but rather a dynamical picture involving several collapse events 

emerges. This investigation led us to consider the question of the role of pressure 

on the pulse propagation in gases. The pressure dependence of the collapse in Ar

gon is discussed next, and we make the connection between the results obtained 

in crystals on one hand, and low-density gases on the other. An interesting be

havior is observed for pressures at which the Kerr nonlinearity and plasma-induced 

defocusing are of the same order. 

Next, we investigate second harmonic generation of femtosecond pulses at the 

boimdaxy of a nonlinear medium using the full vector Maxwell equations ajid simple 

phenomenological constitutive relations. We observe the initial pulse to split in 

time into two ultrashort pulses in the case of phase-mismatch.. This phenomenon 

should be readily measured experimentally. The effect of low-frequency material 

dispersion and a possibility of "one-himap" pulsed solution is discussed. 

Finally, in the last chapter we investigate the resonant coupling of light to a 

semiconductor which is sensitive to the field polarization, using a many-body model 
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for electronic structure. Pump-probe type experiments with copropagating, cross-

polarized beams are considered, and we demonstrate theoretically the existence 

of an oscillating signal at twice the optical frequency in the probe transmission 

measurements. Our results show that the change of the interaction among the 

carriers leads to a phase shift of the oscillation pattern. We also know that such 

interaction depends on the intensity of light: The Coulomb screening is changed. 

Thus the phase shift contains information about the microscopic interaction among 

the carriers. 
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CHAPTER 1 

Introduction 

Imagine the silence if people would speak only about what they really 
know. 

KAREL CAPEK, CZECH WRITER 

Eye-sight provides us, humans, with a very powerful interface with the world 

outside of our minds. This interface by far transcends the pragmatic role of per

ceiving the enemies, prey or other kinds of food: It allows us in combination with 

the powers of our mind to enjoy the beauty of the things around us, as well as the 

horror of what we are able to do as well. It is one of the basic tools by which we 

exaxoine the world we live in, the world which we strive to understand and, in my 

opinion unfortimately, try to conquer. In view of this importance of eye-sight, it 

is no surprise that optics has been in the center of mankind's attention for many 

centuries. In the course of time, interest shifted from the mere analysis of the phe

nomena people observed to the quest of understcinding the principles of vision. New 

tools which, helped us to better see the old things were constructed and opened the 

door to new rooms full of excitement, new questions, new understanding, including 

the understanding of the vision process itself. 

The work presented in this dissertation is intended to expose the reader to some 

of the beauty of optics, not on the level of perception, but at the level of an un

derstanding of the interaction of "optical waves" with matter. The wave character 

of light struck people at the beginning of today's science, i.e. after the impact 

of Galileo Galilei on a scientific analysis, and puzzled many great minds of that 
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time. Even Sir Isaac Newton tried to circumvent the wave phenomena associated 

with light by proposing a more intuitive "mechanical" picture of little "colored 

balls". Eventually, however, Hans Christian Huygens and his wave principle suc

ceeded, and the theory of interference and diffraction started to bloom. This wave 

theory of light reached its peak in the amazing achievement of a Scottish scholar, 

James Clerk Maxwell, who unified all the known electric and magnetic laws, also 

predicting the missing link needed in order to satisfy the equation of continuity: 

displacement current. That light is an electromagnetic wave, well described by his 

theory, was mainly shown by the experiments of Heinrich Hertz and the theoret

ical work of Oliver Heaviside and Hendrik Antoon Lorentz. The sources of these 

electromagnetic waves, or electromagnetic field, were found to be moving charged 

particles constituting a medium. These particles, in turn, are governed by the well 

established Newtonian dynamics, including the Lorentz force acting upon charged 

particles. Great effort was put into the development of a description of the response 

of a medium to electromagnetic fields: This resulted in the addition of material or 

constitutive relations to the system of macroscopic Maxwell equations. It was Hen

drik Antoon Lorentz who conceived of electric and magnetic fields as being separate 

entities, independent of dielectric and magnetic displacement fields. He separated 

the ether from the matter. The former fields, according to him, "live" in free space, 

and are generated by atomistic electric charges. These charges, bound to the atom

istic constituents of matter, are then moved axound by the electromagnetic fields. 

Their response then modifies the electric and magnetic fields and gives rise to the 

dielectric and magnetic displacement fields. One iEuminating example of the rela

tion between the micro- and macroscopic Maxwell equations is the linear harmonic 

oscillator model of a medium, which bears Lorentz's ncime. This model provides 
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us with a clear description of the transition from a microscopic visualization of the 

electromagnetic field-matter interaction to a macroscopic description of electric and 

magnetic phenomena in terms of polarization, magnetization, electric and magnetic 

fields, dielectric and magnetic displacement fields, and allows us to grasp some of 

the features of this interaction analytically. Here we have in mind phenomena such 

as Brillouin and Sommerfeld precursors or more common features such as linear 

dispersion and absorption. 

It was also light which led the scientist into the realm of the "atomic" and cast 

shadows on classical physics towards the end of the last century, when classically 

unexplainable behavior of the interaction between electromagnetic radiation and 

matter was observed. Though seemingly to his dismay, Einstein, among others, laid 

the foimdation to a new way of thinking by giving the impulse to consider "quan

tum" , i.e. discontinuous processes. Such processes became the bread and butter for 

thousands of physicists, engineers, mathematiciajis, and chemists, and they pene

trate almost ail axeas of humaji mental activities of the 20"' century. Everyone is 

affected by the resvilts of this revolution. The electromagnetic field was quantized, 

too. Sometimes we are forced to think about electromagnetic waves as particles 

with given momentum and energy, not only by our understanding, but also by our 

inability to clearly comprehend and explain what it is we are exactly observing 

and talking about. So we named it; we invented many new words, new Icinguage if 

you will, which is often used and taught without the essence behind it: Photons, 

phonons, plasmons, polarons and polaritons, ... Maybe electrons, protons, holes. 

Gluons. Rotons. Solitons. Boojums and quarks. We shall use many of these words 

in this thesis, too, without any detailed explanations. .Ail of them basically de

note some elementary excitation, some higher energy state of an appropriate field 
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as compared to the ground state, similar to how excited atoms and molecules are 

different from the "ground state" of aji atom or molecule. Strangely enough, as a 

result of duality of position and its conjugate momentum, the attempt to math

ematically capture these various excitations leads to a highly nonlocal character 

for these objects, which we would like to think about as particles. We shall talk 

about photons, elementary excitations of the electromagnetic field, being absorbed 

by negatively charged electrons, thus creating a plasma of electrons. The positively 

charged ions left behind can create positive plasma, or, if organized in a crystal 

or other solid form, can be described in terms of so called "holes". Holes can be 

thought of as "positive electrons" which describe the vacancy in the solid after an 

electron was taken out of the bond. They can move and interact with electrons emd 

a new "bound particle", the so-called "exciton", can be formed, which is analogous 

in many ways to hydrogen atom. The attraction between electron and hole can also 

lead to recombination such that new photons or phonons, the collective vibrations 

of a solid, can be created. In such processes the propagation speed and direction 

of the electromagnetic radiation are generally altered linearly and nonlinearly. The 

direction of the electromagnetic field vector can be changed as well. This leads us to 

a realm of polarization effects whereby the interaction of light with matter depends 

on the direction of the electric field relative to a material structiire. Linear and 

nonlinear birefringence, optical activity and other phenomena well known from the 

last century and described by Maxwell's theory can be microscopically explained 

and quantified using the notions of quantum theory. Although we shall use the 

language of quantum theory, our description of light wiU be classical, i.e. within 

the Maxwell equations. Nevertheless, that does not mean that solving the Maxwell 

equations is trivial or easy. It actually presents a rather involved computational 
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challenge, especially in higher dimensions. Moreover, as we implied earlier, the con

stitutive relations describing the response of the medium can be rather involved, 

nonlineaj, and dependent on microscopic details. 

The work presented in this thesis requires a source of very intense light - a 

laser. Only then, on the one hand, axe we able to efficiently optically induce the 

nonlinear behavior of matter, leading to effects such as the generation of harmon

ics, ionization, and Raman processes. New challenges lie ahead as the shortest 

laser pulses are only a few optical cycles long but stiU powerful enough to induce 

nonlinear effects. The bandwidth of such pulses is enormous and the description 

of their interaction with nonlinear media reaches a new level of complexity: One 

can no longer use the usual approximations to the Maxwell equations, such as the 

slowly varying envelope approximation, or choose the regime, e.g. phase-matching 

vs. phase-mismatching. Instead one must solve the full system of the Maxwell 

equations. On the other hand, once the laser was invented researchers and users 

had to worry about light-induced damage in materials, mainly due to the effect 

widely known as "self-focusing" of an optical beam. When theoretically described 

and studied in. three dimensions (two transverse space dimensions and one dimen

sion along which the beam propagates) this "seLf-lensing" leads to a dramatic effect: 

The so-called collapse of the beam in which the field reaches infinite intensity. Such 

a collapse, which can occur in space and time in the case of pulses, is obviously 

not physical. Experimentally one instead observes the breakdown of the dielectric 

material, in other words the intensity of the light is so high that it separates the 

atoms of the material into their parts - electrons and ions. What happens to the 

propagation of a pulse in the presence of this process? Is this the mechanism that 
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can stop or at least slow down the rate of the collapse? Can stable pulses, so-

called bullets, propagate over long distances? Those are the questions driving this 

very lively research area at present. Of interest is not only the mathematical side 

of this problem the potentional applications envisioned include lightning control, 

wide spectral range LIDAR applications,and new spectroscopic methods. 

A semiconductor laser is a promising source of very intense light because of its 

compactness and high efficiency. However, there is still a lot of room for improve

ment. Achieving higher brightness has been a long-term goal of semiconductor 

laser research. The commercial success of the semiconductor laser industry and its 

demands for higher output light powers and better beam quality calls for an even 

better understanding of semiconductors and improved designs. Thus, there is a 

need not only for good models of the senaiconductor laser itself, but also for reli

able diagnostic methods to extract parameters characterizing the semiconductor. 

There are basically three topics we are concerned with in this thesis, each of 

them representing an effort to extend our ioiowledge of the structure of the Maxwell 

equations ftom the mathematical point of view and the understanding of the physics 

they try to describe: 

(1) We consider the nonlinear, nonresonant interaction of femtosecond pvdses with 

matter entirely from the classical point of view by using the Maxwell equations for 

the description of the electromagnetic field and constitutive relations to capture the 

properties of the macroscopic response of the mediimi. We focus on the situation 

where a femtosecond pulse enters a quadratic nonlinear birefringent meditim whose 

permittivity does ajid does not depend on frequency. We are able to obtain some 

ajialytical results for the case of a dispersionless birefringent medium, and those 

will shed more light on the process of second-haxmonic generation. To describe 
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the linear dispersion of the medium we use a simple single harmonic osciUator 

which serves to mimic the interaction of the electromagnetic field with the lattice 

(collective) vibrations. 

(2) The second problem deals with short pulse propagation in gaseous media. Here, 

we balance the approximations made in "optical" and "matter" parts of the model 

by incorporating the transverse spatial dependence of the fields in the propagation 

and treating the nonlinear medium more or less phenomenologically. To do this 

efiBr.iently, we use the slowly varying envelope approximation, even for very short 

pulses, down to tens of the optical cycles long. For such short pulses one should 

consider the implementation of higher-order correction terms (beyond the simple 

slowly varying envelope approximation). To do this consistently in general proved 

not to be a simple matter. 

(3) Finally, we have a brief look at resonant processes in the semiconductor -

light interaction. Here, we treat matter quantum mechanically within the so called 

MaxweU-Bloch-Semiconductor equations describing the band-edge transition, and 

light propagation in the slowly varying envelope approximation. We also ignore 

the dispersion due to the the influence of energetically higher lying transitions (for 

their effect see Appendix D). This model will be used to numerically study the 

non-degenerate four-wave mixing for the copropagating, cross-polarized pump and 

probe pulses. 
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CHAPTER 2 

Theoretical Background 

The first processes, therefore, in the effectual studies of the sciences, 
must be ones of simplification and reduction of the results of previous 
investigations to a form in which the mind can grasp them. 

JAMES CLERK MAXWELL, ON FARADAY'S LINES OF FORCE 

In. this chapter we lay out the basis of the theory of resonant cincl nonresonant 

interaction of the electromagnetic field with matter as it will be used in the follow

ing chapters. The electromagnetic field is described by the set of equations first 

obtained by J. C. Maxwell ui the last century. We simplify them at optical fre

quencies by utilizing the slowly varying envelope approximation, thus obtaining a 

first-order partial differential equation for a linearly polarized forward propagating 

field. Matter, which enters this equation in the form of the macroscopic polariza

tion, is modelled either as a set of simple oscillators, haxmonic and anhaxmonic, or 

quantima. mechanically as a set of coupled two-level systems in the case of semicon

ductor. The classical description of the nonlinear medium response can be justified 

on the basis of Kubo's formalism which lays down the quantimi mechanical fotm-

dation for many nomresonant phenomena such as harmonic generation, Kerr and 

Raman effects. However, when, a resonant interaction is concerned, one has to rely 

on a quantum-mechanical description, and we shall use it in the description of light 

interacting resonantly with semiconductors. 
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2.1 Macroscopic Maxwell Equations 

The propagation of light in a medium is described using four vector fields: The 

electric field E, the electric displacement D, the magnetic field and the magnetic 

induction B. These fields satisfy the macroscopic Maxwell equations^ : 

V - D = p f ,  V - B  =  0  (2.1) 

V . £  =  - f ,  =  ( 2 . 2 )  

Here p/ is the density of free charges, and jj is the free current density. 

The distortions caused by the incident electric field on the atomic structure of 

the medium create local dipole moments. This gives rise to a polarization field, 

which acts as a source term in the Maxwell equations. In fact it is the dependence 

of the polarization P on time history, spatial inhomogeneities, medium density 

fluctuations, and field intensity that leads to nontrivial behavior in the propagation 

of light. The Maxwell equations (2.1) and (2.2) are independent of the specific 

properties of the mediimi, and by themselves do not completely determine the time 

evolution of the fields. They must be augmented with equations describing the 

properties of the medium, so-called constitutive relations 

B  = /xo(#-l-M)=/i.l# (2.3) 

D = eoE + P = e.lE (2.4) 

that relate the magnetic induction B  to the magnetic field H  ajid magnetization M .  

and the electric displacement D to the electric field E and polarization P using the 

dielectric permittivity tensor E, and the magnetic permeability tensor (CQ and 

use MKS units throughout this dissertation Eind we denote by the verticjJ. line, |, any 
tensorial product other than the vectorial one 
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Ho denote the dielectric permittivity and the magnetic permeability, respectively, 

of the vacuum). 

The general structure of Maxwell's equations (Eqs. (2.1) through (2.4)) is valid at 

all points where the derivatives of the fields exist. Optics problems typically involve 

discontinuous changes (on classical scales) of the material constants across the 

interface between different media and, consequently, the fields show discontinuities 

across such interfaces and the Maxwell equations are not applicable at the interface. 

The "interface" conditions which the fields have to satisfy can be derived in the 

limit of a thin but continuous transition layer in which the Maxwell equations are 

assumed to be valid [1]. Assuming that there are no surface free charges or currents, 

we find that the tangential components of E and H and the normal components of 

D and B are continuous (see, e.g. [1]). 

As a general remark, we would furthermore like to note that the Maxwell equa

tions are stated as an initial boundary value problem (IBVP). Usuedly one pre

scribes nonzero initial conditions everywhere in space assuming that such field is 

compatible with the Maxwell equations. Such initial condition is typically known in 

the case when the field propagates in a linear infinitely extended medium. In gen

eral, solutions to the Maxwell equations supplemented by the constitutive relations 

of the medium with multivalued dispersion relation (e.g. the Lorentz haxmonic 

oscillator model of a dispersive meditmi) or when one deals with nonlinear mate

rials are hard to obtain. In such cases the prescription of initial conditions in the 

medium is rather ad hoc. Therefore one should rather specify the source of the field 

as a function of time (starting from zero initial condition). 

Spatial dispersion, i.e. when waves propagate in different directions at different 

velocities, is another complication one can encounter, which leads to additional 
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boundaxy conditions (ABC's) and difficulties. The ABC's depend on the properties 

of the surface and can be detennined only on the basis of a microscopic model (in 

the context of light interacting with semiconductors, see Ref. [2]). 

In optics we are generally concerned with media with no free currents and charges 

(/9/ = 0, J/ = 0). We also consider only nonmagnetic media for which /x, = (XqI,, 

where denotes the identity tensor. 

Taking the curl of Eq. (2.2) and with the help of Eq. (2.1) through Eqs. (2.4) 

we obtain: 

1 d^E d^P 
Vx(Vx£) = (2.5) 

= V(V-£)-V^e (2.6) 

which describes field propagation both in the linear and nonlinear regimes. It can 

be shown [3] that for fields small compared with the atomic binding electric field 

between the core ions and the outer electrons (which is on the order of .3 x 10 

Vm"'^, corresponding to irradiances on the order of 10^"^ Wcm~^) the polarization 

can be expzinded in. a power series in the electric field: 

P = P^^) + P^^) + •.. , (2.7) 

PL Phl 

where is the n-th. order susceptibility tensor (of 

rank n +1). This holds true in. the off-resonant case, but close to resonances a fully 

quanttmi mechanical treatment is necessaxy [4],[5]. For most materials and under 

most conditions truncation of the above expansion at third order is justifiable. 

Moreover, if the material has a center of symmetry (as is the case for isotropic 

media) all even order terms will be zero. Often the tensors can be reduced to 

a single independent parameter, the so-called effective susceptibility [4], [5], for a 
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given geometry of interaction. We can now rewrite Eqs. (2.5) and (2.6) as 

- V(V • S) — — _ 1 d'^PiYL 

where we used eo/iio<^ = 1. 

Before we can state the equation for pulse propagation in dielectric materials 

we need some information about the linear and nonlinear material response to aji 

electromagnetic field. Such a response is macroscopicaily expressed in the form of 

constitutive relations which are the topic of the next section. 

2.2 Constitutive Relations 

What axe the constitutive relations for? Through them we describe the elec

tromagnetic response of the medium to the field^ . They are obtained from a 

microscopic description of the mediima and subsequent statistical and quantimi 

mechanical averaging. The resiilt is typically very complicated but under certain 

assumptions [6] they have the usual form of Eqs. (2.3) and (2.4), including spatial 

dispersion (this should be regarded as the effect of the propagation properties of 

the field P rather than a non-local response). 

2.2.1 Simple Hsirmonic Oscillator Model for Linear Response 

In this thesis we deal with nonmagnetic media whose linear response to the elec

tromagnetic field can be approximated very well by the response of a collection of 

identical and charged simple harmonic oscillators (SHO). The restdting constitutive 

relations are dynamic, which leads to a temporal dispersion. We asstm[ie that the 

-There are other equations describing the properties of the medium, such as the equations 
of motion for elastic waves in solids and other possible excitations existing in the medium, the 
hydrodynamic equations for fluids, etc. 
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collection of SHO are uniformly distributed in the medium (and avoid the effects 

of the surfaces), and are characterized by a charge Q, mass M, natural vibrational 

frequency ojt, and damping 7^ . In response to the applied field E, the SHO 

are displaced from their equilibrium position by the vector u. Since these SHO's 

are charged and they are displaced by u, they produce a macroscopic polarization 

P = NQu^ where N is the density of the SHO's. The resulting equation of motion 

for P is 

JZ p jp 
M —  -  M j —  +  iV/u;^ P  =  { N Q )  Q E  .  (2.9) 

The electric displacement vector D of the medium is then given in the frequency 

domain by D = €qE + P = CQ (1 + X ) ^ = Solving (2.9) yields the dielectric 

function in the frequency domain; 

NQ^ 
e(u;) — eo 1 + (2.10) 

€qM{}JJ^ — —1017) 

We can generalize Eq. (2.10) to a collection of SHO's with different resonance 

frequencies oJTi and obtain 

NiQ^ 
e { u )  =  e o  i + E  (2.11) 

^  Co Af(u;|',- — u;2 — i u j j )  

where Ni is the number of oscillators per unit volume with frequencies OJJ-,-. Equa

tion (2.11) has been used to explain the anomalous dispersion in the refractive 

indices of gases in the vicinity of absorption lines and is known as Sellmeier's equa

tion [8|. It includes, in a phenomenological way, the effect of the electromagnetic 

field on all the constituents of gases or liqmds, or, in the case of crystalline solids, 

the phonons, valence and conduction electrons. In the latter case the valence elec

trons are rather tightly bound to the core of an atom, leading to the condition 

^We ignore radiative losses. For their effect see, for instance, Refe. [7, 6]. 



for an optical frequency w. Such terms in Eq. (2.11) are nearly frequency 

independent at optical and smaller frequencies, giving a constant contribution Cco 

to e and 

e(u;) = Co 
e, - €r 

(2.12) 
(w/wTr)^ - i('^7/'^Tr)J 

where we denoted e, = e(0) and the summation is over the optical and smaller 

resonances (hence index r). 

A second limit of Eq. (2.12) which is appropriate for the description of the electric 

and optical properties of free carriers in simple metals, or a plasma in general. In 

this case consider only one resonance ujt in Eq. (2.12) and let ujt —>• 0- Thus we 

arrive at the so-cailed Drude model [9]: 

e(u;) = Co 
eom'(u>2 -i-

— 6o C •CO 1 -
uit 

(u;2 + /a;7c) 
(2.13) 

where iVc, e, and m" are, respectively, the density, the charge and effective mass of 

the free carriers, 7^ = r represents their scattering time'*, and Up = y Nce^I 

is the plasma frequency of the free carriers screened by the dielectric constant 

2.2.2 Anharmonic Oscillator Model for Nonlinear Response 

So far we have discussed only the constitutive relations that are linear in the field 

E. This linearity is an approximation valid only for small fields. More generally, 

the response of the mediimi also depends on the field itself, restdting in nonlinear 

constitutive relations. Consider an electromagnetic field varying sinusoidally at 

optical frequencies (~ 10^^ — lO^^Hz). The motion of a charged particle in a 

dielectric medium in response to this optical electric field is then also oscUlatory. 

"^For tlie issues relevant to the veirious scattering processes see Refs. [10, 11]-
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The fact that the potential in which such a particle oscillates is not quadratic in 

the displacement u, however, leads to nonlinear response® . 

We can model such a behavior by means of an ajiharmonic oscillator model, 

which is just a perturbation extension of the harmonic oscillator considered in the 

previous subsection: 

M =  { N Q ) Q E .  (2.14) 
dt 

The additional anharmonic restoring force M •h^i^^PPP + where 

. are constant tensors, shows how an anharmonic response gives rise to 

a.n induced polarization which can be considered either approximately linear or 

nonlinear, depending on the magnitude of the applied field [3]. 

When the anharmonic terms are included, there is no longer an exact solution 

for the equation of motion (2.14). However, provided the anharmonic terms are 

small compared to the harmonic one, we can solve (2.14) perturbatively and obtain 

the polarization P in the form® : 

P = + X?\Sbe + ...]. (2.15) 

Here denotes the linear susceptibility tensor and denotes the nonlinear 

(n-th order) sxisceptibUity tensor mentioned previously- Based on this anharmonic 

oscillator model, Bloembergen showed in Ref. [31 that the magnitude of the ratio 

of the successive orders of the polarization, in the nonresonant case is 

of the order of \E\/Eati where Eat is the atomic binding electric field. 

®Iii this subsectioa we follow the discussioa of a nonlmear response in Ref. [4]. 
®Here we completely ignore the effect of the magnetic field B on the response of the medium 

[12]. It is well Imown that this coupling leads to the phenomenon of optical activity (see, for 
example, Refe. [13] and [14]). 
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More precisely, we shall look at these constitutive relations in the time-domain 

(using response tensors) and alternatively using susceptibilities in the frequency 

domain. Then we get, quite generally, 

P { t )  = + ... + +... , (2.16) 

where is independent of the field (representing, for example, the static po

larization in crystals), is lineax in the local field , P^'^\t) is quadratic, and 

so on. This can be written as 

P(")(f) =  eo r  d n . . .  r  n,..., r„)l^(n)... £(r„) , (2.17) 
J  — OO J  —OO 

where n,..., r„) is a (n 4- l)-th rank tensor which is a function of the n + 1 

times t, ri,..., r„. Using the time-invariance principle we can write 

n, •. •, Tn) = - n,..., i - r„) and 

p(">(^) =  eo/ d n . . .  f £/r„i2i"'(ri,...,r„)|^(i-n)...£(^-r„) . (2.18) 
J  —OO J  —OO 

Fourier transforming the electric field we obtain the formiilation of constitutive 

relations in terms of frequency-dependent susceptibilities: 

P^"^(^) = eo f dui. . . f  c L / n , Y i " ^ ( - u ; o . ; a ; i , . . . , u ; n ) |  
J —OO J —OO 

EM...E{ur.)e-''^'', (2.19) 

where® 

Xi"^(-u;<,;u;i,...,u;„) = T dn... T c/rn4"^(n,..., r„) . (2.20) 

'By a loc£il field we understand here both possible interpretations: Tte spatial loceility con
nected to our neglecting of the propagation of the material polarization P (i.e. ignoring spatial 
dispersion), and the local field at a space point which is the sum of the external and internal fields 
(which leads for atoms and nonpolar molecules to the well-known Lorentz-Lorenz formula) The 
latter leads to a modification mainly of the magnitude of the susceptibilities in condensed matter. 

®Some authors [15, 5] consider as a Fourier transform of We use this 
notation in Appendix E. 
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ajici 

Wcr = Wl + ̂ 2 + . . . + (JJfi • (2.21) 

In the special case of a quasi-monochromatic electric field, i.e. a field which has 

a characteristic center frequency w' and can be written as 

= ? E [£"•(')«'"'' + e'"''] , (2.22) 
" LJ'>0 

we can decompose the rz-th order polarization as follows 

+ P^Sit) e'""'] , (2.23) 
- w">0 

where = P^}'{t) and the envelope fxmctions P^){t) axe assumed to be 

slowly varying on the time scale of (u;")"*^. 

For a particular process that gives rise to an n-th order polarization at a fre

quency uja- the envelope function in the adiabatic limit® — n,.... if — 

Tn) ^ •. • ,u;„)(f(i - n) ... 5{t - r„)) is given by 

Pil\^) = ^oK{-u;a;u}i, . . . ... E^„{t) , (2.24) 

where K(—u;^; wi,..., u;„) is a numerical factor accounting for possible degeneracies 

in such a process. 

An. important example of the application of the susceptibility formalism is the 

description of the intensity-dependent index of refraction. We shall assume an 

isotropic medivun (some results for media with cubic symmetry can be found in 

Appendix E) for which the first nonlinear contribution to the polarization occurs 

®The validity of the adiabatic limit is basicedly expressed, by the inequality \A — jTjTp 1, 
where A. is the resonance frequency of the mediiun, F its width, eind 7p is chEiracteristic pulse 
length. 
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in third order^° . More specifically, for a polarization at the center frequency ui 

equal to the center frequency of the electromagnetic field, we can write: 

P„(i) Pi'l(i) + F®(1) 

= eo E w { t )  , 

(2.25) 

where has the form [5] 

-u},uj)5ik5ji + 

5jk , k, I e {a:, y, z}. (2.26) 

If the electric field is linearly polarized we can obtain (see Appendix E for more 

details) the following expression for the polarization in an isotropic medium 

~ £o 

= eo[e(u;,Ut,fO)-l]-Bu,(t,n, (2-27) 

where we included the dependence of the field (and consequently the polariza

tion) on the spatial coordinate, and defined the nonlinear dielectric constant as 

£(u), where Iuy(t,f^ is the irradiance of the electromagnetic field. In this 

way, we can see that the index of refraction is intensity dependent. This effect is 

generally referred to as the optical Kerr effect. 

^°The presence of inversion symmetry in materials with such symmetries excludes quadratic 
contribution to P. 
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A simple generalization of the previous result enables us to consider the delayed 

effect of the third order nonlinearity (relaxing the adiabatic constraint), the so-

called Raman type nonlinearity^ which was studied extensively in fibers [16, 17, IS]. 

In the simplest case we can write the delayed response in the following form: 

(2.28) 

2.3 Pulse Propagation in Gases 

In this section we consider the linearly polarized electromagnetic field whose 

behavior can be described by the slowly varying envelope approximation (SVEA) 

to the Maxwell equations''^ (see Appendix A). We include the linear and cubic (in

stantaneous and delayed) nonlineax response of an isotropic medium as described at 

the end of the Subsection 2.2.2, and the effect of a plasma on the field propagation. 

We use the following equation for the field propagation in the cubic material in the 

presence of a plasma with density p : 

d S  I d s  i  ^ 2 p  

+ ifco(l - /)n2|£|'£ + ifco/n! [/̂  - t')|£(t')l'] £, 

- (2.29) 

where we wrote the scaled electric field \JeQcnbl2 as £ (so \S^ = /„o7 the irradi-

ance), V|. is the 2-dimensional transverse Laplacian, nj = (3/8)(xi^Lx/"6)(2/eon6c) = 

(3/4)(xi^/eocn^), / is the fraction of the cw nonlinear optical response that has 

its origin in the delayed, component characterized by the response function i2(t), 

'^'^BasicEdly the limit wq » 1/fp where tp characterizes the time shape of the field (rise time, 
pulse length) and wo is the central (carrier) frequency. 

'^"However, we still let V - F ~ 0; for more discussion see Appendix B 
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and k o  = WQ/C. The parameters fc, l / V g ,  k ' \  NJ, 06, o", and are evaluated at 

the center frequency WQ, and denote the wavevector, inverse of the group velocity 

dkldu\^, group velocity dispersion (GVD) nonlinear and linear in

dices of refraction, the cross-section for electron-neutral inverse Brerasstrahlung, 

and nonlinear coefficient for /if-photon absorption, respectively. Finally, r is the 

relaxation time for electron collision. 

The left-hand side of the Eq. (2.29) represents the propagation operator acting 

on the field 6. The first four terms on the right-hand side describe diffraction 

(spatial spreading), dispersion (temporal spreading), and the effect of the cubic 

nonlinearity (instantaneous^^ and delayed), respectively. The GVD coefficient, k", 

controls the magnitude cind sign of the temporal dispersion with k" > 0 corre

sponding to normal dispersion ajid k" < 0 to anomalous dispersion. The nonlinear 

coefficient n2 is such that the nonlinear change in refractive index for a continuous 

wave (cw) field is n2\S^. In the case of n2 > 0 the field tends to self-focus, whereas 

for 712 < 0 the field self-defocuses. The criticcd power for self-focusing collapse for 

cw fields is then Pa- = {2Tc^)/{u}^ni,n2)- At the same time, a significant phase 

modulation occurs, leading to a spectral broadening and possibly white light gen

eration [19]. The effects of plasma are present in the fifth term on the right hand 

side which describes plasma absorption and defocusing within the Drude model 

(see the end of the Subsection 2.2.1), and in the sixth term on the right hand side 

which describes the losses of the electromagnetic field due to midtiphoton ioniza

tion. The cross-section for electron-neutral inverse BremsstraMung is denoted cr, 

T is the electron collision relaxation time, and is the nonlineax coefficient for 

^^There are very fast electronic processes (~ freiction of a femtosecond) in. a medium whicli lead 
to a very fast component of a mediimi response to a field. We treat the response of such processes 
as instantcineous, i.e. the response function is a Dirac delta function. 
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/v-photon absorption. The order of the multiphoton ionization (MPI) is obtained 

from K = {{Uifhuo)], which is the minimum number of photons of energy h,u;o 

needed to overcome the ionization energy Ui for liberating an electron. In general 

we allow for different orders of MPI to be present, each with a different value of 

K, but for the numerical simulations presented here we specialize to one order. We 

refer the reader to the Section 2.4 for more details concerning the plasma effects. 

The remainder of Section 2.3 is devoted to a discussion of the behavior of the 

solutions to the Eq. (2.29) in different limits. 

2.3.1 Nonlinear Schrodinger Equation 

Ignoring GVD, the delayed cubic response, and plasma effects in the Eq. (2.29) 

we obtain the nonlinear Schrodinger equation (NLS) 

^+~-^'7].£ = ikon,\S\'g. (2.30) 
oz Vg at 2k 

The nonlinear Schrodinger equation has attracted considerable attention in the past 

decades. Its success in optics originates from the explanation of pulse propagation 

in fibers [20] including Kerr and delayed nonlinear response effects [16, 21, 17]. 

When the effect of dispersion (namely group velocity dispersion) is included in the 

NLS, it can provide us in 1-dimensional problems (no diffraction) with stable pulse 

solutions - envelope solitons^"* [22, 23, 24, 25, 26]. 

The behavior of electromagnetic field described by NLS in higher dimensions and 

for different orders of the nonlinearity can, however, be qualitatively very different 

and sometimes unphysical. Analytical results supported by simulations show that 

'^''Soliton was identified as a robust nonlinear wavepacket wliich is em universal feature of weakly 
nonlinear behavior in euiy physical system (e.g., water waves in narrow deep channels, optical 
pulses in fibers, nerve axons in biology, etc.). By robustness we mesin simply that it resists 
perturbations which would normally destroy a linear wavepacket. 
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the NLS equation has well-behaved solutions if the product s • d (where s + 1 is the 

order of nonlinearity and d is the dimensionality of the transverse Laplacian) is less 

than 4 [27]. For s • cf = 4 the solution of the NLS collapses in a finite time either in 

space (beams) or in space and time (collapsing pulses). This property is referred to 

as critical collapse. It was also shown that a small perturbation, for example normal 

GVD, can prevent the critical collapse^® . For values of s-d greater then 4 we obtain 

the so-called supercritical collapse in which only a portion of a field collapses, and 

this collapsing field carries (asymptotically) zero energy. In this thesis we focus 

on the physical case of beams propagating in a bulk medium and whose nonlinear 

response can be described by the Kerr optical effect, which corresponds to the case 

where s -i- 1 = 3 and c/ = 2, i.e., the critical-collapse situation. In the following, we 

discuss two possible mechanisms for halting the collapse, namely GVD and plasma 

effects, both of which are present in our full propagation equation (2.29). 

2.3.2 NLS with Group Velocity Dispersion 

The inclusion of ajiomalous dispersion [k" < 0) in the NLS effectively leads to an 

increase of the dimension from two to three, thus causing a supercritical collapse, 

since s - {d + I) =6. On the other hand, even a small amount of normal GVD 

{k" < 0) can prevent the collapse [28, 29, 30, 31, 32]. We shall now argue (along 

the lines in Ref. [33]) that the arrest of the collapse of a pulse by normal GVD is a 

consequence of the extreme gradients induced in the time direction along the optical 

pulse as its higher power central region collapses. Let us consider the limit of very 

^®The physical mcinifestation of this abstract singularity is what is known as critical self-focusing 
in nonlinear optics. This mechanism of apparently uncontrolled intensity bursts is a major limiting 
factor in generating high intensity laser light. The end result of critical self-fbcusing has been 
irreversible material damage, which can be identified with slow thermeil processes or much faster 
electrostriction mechanisms which simultEineously generate sound waves. 
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small GVD. Then we can treat individual time slices of the pulse independently. 

Those slices with power above some critical value will collapse, eventuaJly adopting 

a self-similar shape. Slices with bigger power will collapse faster, a phenomenon 

that leads to the so-called moving-focus model [34,35, 36]. Therefore, the intensities 

of neighboring time slices (with the cross-sectional power above the critical value) 

tend to infinity at different positions along the propagation, thus creating laxge 

time derivatives of the field. Consequently the GVD term in the Eq. (2.29) can 

become significant. In the case of normal GVD, this process results in pulling the 

pulse apart, and in a strong modulation of the phcise, which can be associated 

with a dynamic spatially dependent four-wave-mixing process involving an energy 

exchange between temporal and transverse spatiai degrees of freedom. This has 

been experimentally observed as conical emission [37, 38, 39, 29, 40]. The result 

of a numerical simulation of such a process is shown in Fig. 2.1 where we plot the 

absolute value of the electric field amplitude in the space-time plane after the pulse 

splitting occxirs together with a spectrally resolved far-field image. In Fig. 2.2 we 

show the corresponding on-axis field amplitude and phase. 

2.3.3 NLS with Plasma Effects 

There is another process that can limit the field intensity. The material can 

breaJv down and rapidly change its properties, e.g. the electrons are stripped out of 

the atoms and a two-component plasma is created. This behavior is not captured 

by the basic NLS equation (2.30), which is usually formulated for almost dielec-

trie structures with a local expansion of the wave vector k{uj). An extended NLS 

equation has to be formulated which will describe the effect of an intense field on 
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the plcLsma generation and the effect of an existing plasma on the field propaga

tion. Note that the plasma generation actually provides us with a loss mechanism 

capable of preventing the collapse. A substantial portion of this thesis is devoted 

to an investigation of the effect of a weak plasma and its generation on ultrashort 

pulse propagation in gases. In order to describe the evolution of plasma, we also 

need an equation for the time evolution of the plasma density p. To formulate such 

an equation including all the known properties of matter can be quite a formidable 

task. Therefore, we restricted ourselves to the simplest model of plasma genera

tion involving avalanche ionization and multiphoton ionization (in the perturbative 

form). A brief description of our model is the goal of the next section. 

2.4 Plasma Generation in Gases 

-As discussed in the Subsection 2.3.1, in the process of self-focusing the local 

intensity can increase without botmd. Obviously this is unphysical, and based on 

the experiments, we expect either the dispersion effect to be siifficiently strong to 

halt this coUapse or the material to breakdown through optical absorption of the 

laser radiation. Such dielectric breakdown or laser-induced breakdown is the partial 

or complete ionization of solid, liqtdd or gas through absorption of laser energy. The 

ionization results in a "gas" of charged particles, a plasma, which absorbs optical 

radiation much more strongly than ordinary matter. As consequence, the plasma 

can be rapidly heated to very high temperatures, which results in plasma expansion, 

with an audible acoustic signature, and visible plasma emission (experimentally 

observed as a spark [41]). Some plasmas produced by partial ionization may not 

be dense enough to strongly interact with a laser beam, but they can still affect it. 
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We look at the effects of such weak plasmas on pulse propagation in air and Argon 

in Chapters 3 and 4. 

There are two principal mechanisms that can lead to significant plasma gener

ation: Direct ionization of the medium by the light via multiphoton process, or 

cascade ionization, also called avalajiche ionization. The latter process requires 

some "seed" free electrons to be present at the illuminated region which can ab

sorb light through the collision with atoms, ions or molecules. Such a process of 

collision-mediated absorption is known as inverse bremsstrahlung absorption. The 

electrons accumulate energy which can eventually be high enough to ionize other 

electron(s) in a collision, a process of "cascade" (avalanche) ionization. 

For nanosecond and sub-nanosecond pulses there are basically three breakdown 

regimes [42]. The first is a long-pulse regime dominated by a cascade ionization 

where multiphoton ionization plays a small role except (perhaps) for providing 

seed electrons. The second regime involves "medium" length pulses for which both 

types of ionization are important: Cascade ionization could require a high initial 

carrier density which can be provided by multiphoton ionization. The last regime 

is the ultrashort pulse regime, where only mvdtiphonon ionization is fast enough 

to be capable of generating high enough carrier densities. Examples of the field 

propagation in the long and short pulse regime are shown for 10 ps pulse in Fig. 2.3 

and for 100 fs pulse in Fig. 2.4. In the case of 10 ps pulse the avalanche ionization 

is too strong to allow the field to propagate in a preferred direction. Only moderate 

plasma densities are generated by a 100 fs pulse which leads to a re-focusing of the 

field after the initial collapse. 
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2.4.1 Time Evolution of the Plasma Density 

We can characterize the variation of electron density as a function of time in the 

generalized form [43] 

The first term on the right hand side represents cascade ionization, where the 

cascade ionization rate, w, is the probability per unit time that the free electron 

will have an ionizing collision with a bound electron. The second term describes 

free electron losses due to recombination, trapping, and diffusion out of the beam, 

and is characterized by the electron loss rate, a. The last term represents the 

generation of electrons by multiphoton processes. It is usually assumed [44] that 

we can write this last term in the form 

where pb{t) is the density of bound electrons (with binding energy Ui) at a time 

t, Wmp is the multiphoton ionization process rate, Na is the atomic (or molecular) 

density and n is the number of electrons per molecule with binding energy Ui. 

We mentioned before that we are interested in the effects of a weak plasma on 

pulse propagation, therefore we shall neglect the last term in Eq. (2.32), i.e. we 

assume uNa ^ p(i), which leads to a rate equation for a weak electron plcisma: 

Naturally, when we generate an electron plcisma in an originally neutral medium, 

we also generate a plasma of positive charges (ions, holes). In gases, however, 

the ions are much heavier than the electrons and consequently less susceptible to 

external forces (in our case electromagnetic field). 

(2.31) 

(2.32) 

dp 
— = (u; - a) /£? + Wm^pb . (2-33) 
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To complete our model of the plasma evolution we need the explicit form of the 

cascade ionization rate, and the multiphoton ionization process rate, Wmp. More 

detailed treatment of the avalanche and multiphoton ionization is the subject of 

the following subsections. 

2.4.2 Cascade Ionization Rate 

The cascade ionization rate can be obtained from a classical model of free (but 

in the presence of collisions!) electron-electric field interaction (for a quantum 

approach, involving the quantum Fokker-Planck equation see [45]). A free electron 

of mass m and charge e interacts with an alternating field of frequency u>o and 

strength and can absorb the energj'' from the field only during the collisions 

with atoms and molectdes (inverse bremsstrahlvmg absorption; a third body is 

required in order to satisfy conservation of energy ajid momentum). The electron 

gains energy £ at a rate given by [45, 46] 

where c/jc = Na Vg crtr = is the effective collision frequency (r is the effective 

mean free time between the collisions, also called the momentum transfer time), 

the electron velocity, and atr the electron transport cross-section. Equation (2.-34) 

Assuming that any electron whose kinetic energy reaches the ionization energy, 

[/{, will shortly produce a new free electron, and neglecting the energy losses from 

elastic collisions with atoms (see, e.g. [46]), we can write the cascade ionization 

rate as 

£1̂  ~ o 2 .2 , dt 2mujl -1- ' 
(2.34) 

is the average rate of gain for one of an ensemble of electrons. 

1 
w = --— 

2mUi L + UqT^ 
(2.35) 
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or, if we rescaie the electric field in such a way that its square gives the irradiance 

(see the text after the Eq. 2.29) 

Denoting {ke^/€Qmujl){u}oT/{I +u^Qr^) by cr, the cross-section for electron-neutral 

inverse bremsstraiiiung, we obtain the form of cascade ionization rate equation as 

published by Feit and Fleck [47, 48]: 

where we added a radiative recombination term, with the coefficient of radiative 

electron recombination a. 

2.4.3 Multiphoton Ionization Rate 

The interaction of atoms with intense laser fields (i.e. involving multiphoton 

processes) have traditionally been divided into two regimes, multiphoton and tun

neling (in the nonrelativistic limit). In the former, laser ionization can be described 

by perturbation theory, whereas in the latter ionization can be described as an .A.G-

timneling process. The relevant quantity is the Keldysh adiabatic 7 parameter 

defined as [49] 

where U, is the ionization potential of the atom or ion and $ is the ponderomotive 

potential ("quiver energy") of the laser. The ponderomotive potential is simply the 

average kinetic energy of an electron (mass m and charge e) oscillating in a laser 

field with peak amplitude E^q at frequency luq and is given by 

Com Ui cnbj 1+ UIQT^ 
(2.36) 

dp _ I a- 2 2 

dt ' 
(2.37) 

(2.38) 

$ = ~ (9.33 X lO-'-') L,{Wfcra^) in eV . (2.39) 
4  m  / .  Attiuq 
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The multiphoton regime corresponds to 7 1, whereas 7 1 corresponds to the 

tunneling regime (for a review, see e.g. [50]). 

We can also understand these separate regimes using classical physics: In clas

sical terms is the maximum amplitude of the force exerted on the elec

tron by the field, which lets us estimate the effective width of a potential bar

rier to ionization as I = UilcEug. In this classical picture the electron veloc

ity is Ue = therefore we can define, together with Keldysh, a tunnel

ing frequency Ut = Ve/2l = eEuofV^'mUi = a;o/7 or an effective tunneling time 

Tt = 2iT/ut. Then the condition 7 1 simply means that the electron has a plenty 

of time to tunnel through the potential barrier during a cycle of the field, and in 

the other limit, 7^1, the electron does not have time to escape from the atomic 

core during one period of the field oscillation^® . 

There is actually no good model for multiphoton ionization of gases by ultrashort 

pulses in general. Typically the models are derived in a perturbative regime or for 

long enough pulses, and under rather simplifying assumptions about the structure 

of atoms or molecules. It seems, however, that the different models used for this 

process are robust enough (in connection with self-focusing) to yield qualitatively 

similar resxilts [51] as long as the order of the multiphoton ionization is large. Based 

on this suggestion, we restricted ourselves to the description of the multiphoton 

ionization in the form given by the perturbative methods as discussed further. 

One of the first attempts to describe the interaction of atoms with intense laser 

fields was the theory by Bebb and Gold [52], which treated the electromagnetic field 

Another form of the Keldysh 7 peirameter is based oa the Bohr model of an atom, namely, 
7 = {uo/uat) f {Eua/Eat) t where Wat is the orbital frequency of the electron and Eat is the atomic 
binding electric field. 
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as a perturbation and used { d p / d t ) M P i  ~ (where K  is the number of simultane

ously absorbed "photons".They considered the transition from an initial bound 

state to a majiifold of free electron states (continuum). However, Keldysh [49] re

alized that the electron after being detached from its atom is not free: It moves in 

the strong oscillating laser field, which can be (nonperturbatively) described by a 

Vblkov state [53]. The difference in final states leads to a change of the coefficient 

in front of the irradiance dependence, , thus modifying the ionization rate. 

The beauty of Keldysh's approach is that his expression for the ionization of an 

electron in an intense laser field has as limits multiphoton ionization (7 1) and 

tunneling ionization (7 1), thus unifying these two processes. Since he also used 

approximations, e.g. his method is an expansion in the binding atomic potential, in 

deriving his formula, there was a space left for some modifications. Reiss [54] and 

Faisal [55] performed the calculation in the radiation gauge instead of the electric-

field gauge which allowed them to avoid the low field-frequency approximation*^® 

employed by Keldysh^®. All of these calculations assumed an 5—orbital initial state, 

which leads to a quantitative difference between measured and calculated values of 

ionization rates (species dependent), and the effect of the Coulomb potential of the 

ion on the electron is neglected^" . 

Sz5ke [56] used a mixltiple-time-scale method which allowed him to incorporate 

an additional constant potential whose depth is equal to the ionization potential 

"^^Here we would like to point out that multiphoton absorptioa/ionization is a genuinely non
linear effect which cein be, if appropriate, described by the methods we talked about in Subsec
tion 2.2.2. 

•^^This introduces a new parameter into the theory, [54]. 
^®The difference of the two approaches is due to the fact that Keldysh theory lacks the gauge 

invariance property [50]. 
^"Note that one needs very strong fields for this, I > and for such fields in optical 

region we typically have 7 ;$ 1). 
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in the calculation of the final state. His theory agrees exceptionally well for lower 

intensities and higher laser frequencies, but fails quantitatively at higher intensities 

and smaller frequencies, a failure to be expected as a consequence of an artificial ad 

hoc potential which cannot correctly model the Coulomb potential when the range 

of the classical quiver motion of the electrons is on the order of or larger than the 

atomic radius [57]. Also, due to the use of a multiple time scale method his result 

is limited to long pulses. 

Despite of the limitations of the Keldysh theory and its generalizations, it is a 

theory that provides us with many insights and explains experimental observation 

of phenomena, such as above-threshold ionization qualitatively very well. We must 

notice, however, that this theory deals with transitions between an initial electronic 

boimd state and a manifold of final states only, thus neglecting any possibility of 

resonant enhancement of this process of ionization induced by some additional 

energy levels located in the energy gap between the initial and final states. Such 

intermediate states can become important mainly in the case of very short pulses, 

such as those we want to study here. The theoretical description of resonantly 

enhanced ionization is rather involved [58] and we shall not pursue it here. 

Finally asstuning that the ionization can be described within the multiphoton 

regime and is purely sequential (see, e.g. [44]), and in the case of one bound electron 

with ionization potential Ui per atom availability (n = 1) we obtain the plasma 

evolution equation [47, 48, 42]: 
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where in addition to Eq. (2.37) we introduced the multiphoton ionization term^' 

with playing the role of the nonlinear coefficient for ft'-photon absorption. 

In other words, 13^^^I{NAKhuia) is the K—th order multiphoton ionization cross-

section, Na being the Loschmid number. Note, that this theory assumes the mul

tiphoton ionization to be instantaneous, which is probably a good approximation 

for the bigger K which we shall employ later^^ . We shall use this model for plasma 

generation by a rather intense, ultrashort pulse. On the time scaie of such pulses, 

the multiphoton ionization dominates the cascade ionization, which will not have 

significant effect until very high plasma densities are reached. Furthermore, the 

Keldysh 7 parameter reaches values 7 ~ 1 — 2 (from below) in our simulations 

(see Chapters 3 and 4) thus suggesting that the perturbative form of multiphoton 

ionization might not be appropriate^^ . 

This concludes our discussion on basics of a (single-photon^'^) nonresonant light-

matter interaction. The subject of the rest of this chapter will be the description of 

a resonant light-matter interaction, namely the interaction of an. electromagnetic 

field with a semiconductor quantum well. 

"^We neglect the multiphoton ionization of order higher than K in our simulations. Because 
the order of the multiphoton ionization is assumed to be high, the generation of plasma is a steep 
function of intensity and the threshold for higher order terms might not be reachable: The onset 
of plasma generation inhibits the increase in the field intensity, thereby maidng it less likely that 
the higher order terms are operational. The multiphoton ionization term plays a role of highly 
nonlinear dissipative term in the field evolution equation. 

-"Actually we are not aware of any suggestion concerning the appropriate response fimction for 
high-multiphoton processes. 

-^The measurements of Perry et al. [44] show that for picosecond pulses and 7 ~ 1 — 4 the 
perturbative form still holds, possibly with some effective cross-section. For a review of other 
models see Ref. [59]. 

-"^Multiphoton ionization can be regarded as resonant transition, however, it involves multiple 
photons. 
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2.5 Semiconductor Bloch Equations in Quasi-2D 

The quantum-mechanical description of matter provides us with the most suc

cessful way to explain many of the observed phenomena and also justifies numerous 

phenomenological models like those discussed in the previous sections. Moreover, 

if one wants to describe resonant interactions, a microscopic quantum theory has 

to be invoked. This is the case of the description of the resonant interaction of an 

electromagnetic field, E, with a thin semiconductor quantum well. The theoretical 

basis for studying this interaction is the theory of optical excitation describing the 

response of an ensemble of coupled two-level systems with different transition fre

quencies (parametrized by quantimi numbers like the electronic wavevectors, and 

Bloch band indices) to the electromagnetic field. Within the screened Hartree-Fock 

approximation, the resulting equations are called the semiconductor Bloch equa

tions; they consist of the equations of motion for the time-dependent optical po-

larization functions Vsjik) as well as the electron and hole distribution-coherence 

functions fja'ik) and /yy'(^), respectively. The vector k = (kx,ky) is the two-

dimensionai in-plane wave vector, the electron queintum numbers s, s' denote the 

spin-degenerate conduction bands with s = ±1/2, and the hole quantum numbers 

j,f denote the two degenerate heavy-hole (j = ±3/2) and light-hole (j = ±1/2) 

bands. The equations of motion (generalized multiband semiconductor Bloch equa

tions [60]) are {h = I)^® 

at 

^3'j{k)[S33'Sjj' — Sjj>f3s>{k) — ^55'//i'(fc)l + 

-®We ignore the electric£il pumping of the carriers in this thesis. 



47 

Yii^-.A-h'P.A-k) - n.A-k)P-,(-k)} + 
3 

Ei^ii-mMk) - /jj-mMm+•' 

scatt 

(2.41) 

,(2.42) 
scatt 

and 

.d 

5Z{Sj"a'/aj"(fc) — S9s"/j"s'(fc)} + i 
. df^Ak) 

dt 
(2.43) 

5ca(t 

Here, the electron energies axe parabolic, £s(k) = h^k^flmc + E'^, where E'^ is the 

effective band gap in the quantum well and nic the mass of the (quasi-)electron (we 

reserve the symbol for the electron mass in vacuum). The Luttinger Hamilto-

nian for the valence bands^® in the basis {/} = (3/2, —1/2,1/2, —3/2) with basis 

functions defined as in Ref. [61] reads 

C O  0  \  

c Hifi 0 0 

0 0 Hi/i c' 

V 0 0 c Hkh j 

where t h e  h eavy-hole (hh) Hamiltonian is given by Hhh = (^^/2me)(7i +72)(^r + 

A:^), the light-hole {Ih) Hamiltonian is Hik = f2me){'yi — 72)(fcr + +Ahh-ih. 

and the hh—lh coupling is c = l2rn^)\/Z[^2{kl~kl)—2i'^zkxky], The Luttinger 

parameters are 71., 72, 73, The hh — Ih splitting is denoted by Ahk^ik-

H = (2.44) 

-®We assume that the structure of the quantum well is such that we can study only the first 
subbands of the light and heavy holes. 
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The dipole matrix elements fiaj contain the information of optical selection rules 

(see Fig. 2.5). Using circular unit vectors e± = ± iy)/\/2, one can write the 

dipole matrix elements [62] as /Ji/2,3/2 = \/3m-i/2,i/2 = —and ^-1/2,-3/2 = 

\/^/?i/2,-i/2 = —where is the magnitude of the microscopic Cartesian dipole 

element. The dipole element is in general fc-dependent even in the two-band model 

of a semiconductor [63]. 

The energy renormalizations are given by Soa'(fc) = + ̂  (with 

a = s or j) and the renormalized dipole energy is = jlsj • E + 

The interaction potential V{^ is taken to be the screened Covdomb potential 

in two dimensions, and we shall devote the next subsection to its brief description. 

2.5.1 Screened Coulomb Potentieil in Two Dimensions 

If we denote by the two-dimensional Fourier transform of the Coulomb poten

tial V°{f) between carriers in two dimensions at a distance f, V°(f) = e^/(47reoe6|f ]) 

(£6 being the background dielectric constant) we can write the statically screened 

Coulomb potential in two dimensions as 

= (2.45) 

where is the quantum weE area, and e(9,u;) the dielectric function describing 

the screening of the Coulomb interaction among carriers. Bardyszewski and Yevick 

suggested in the Ref. [64] that the form of the is not crucial in practice 

as the gain and other experimentally observable quantities are little affected by 

the precise form of the dielectric function, as long as the proper sum rules are 

fulfilled. Accordingly, we shall use a multi-subband generalization of the single-

plasmon approximation (random-phase self-consistent-field approximation) [65, 66] 
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to approximate the function 

1 , . w = 1 + ' (2.46) 
u;2_a;; <t 

2 2 1+ '  
«(«) 

,2 N 2 

I T l r  
=  5 r r l E ^  «  ( 2 - « )  

2eo£6 V p 

«(?) = ^l^r{q) = ^(g) SI^r/rr(|fc| = 0) . (2.49) 

In the Eqs. (2.46)-(2.49) we denoted as 9, the summation index r runs over the 

band indices, Ntotai is the number of occupied bands^'^ , Ur = Tli^frr is the total 

carrier density in the r-th band, eind C is a fitting parameter that we chose in our 

studies to be unity^® . In the generalization of the singie-plasmon approximation to 

majiy bands we employed the static limit^^ (w = 0) axoimd g « 0, and we also ap

proximated the band dispersion as parabolic, chaxacterized by effective masses rtir-

F{q) is a form factor accoimting for the spread of the quasi-particle wave functions 

tpa{z) (o = L, 2,3,... indicates a subband index) in the direction perpendicular to 

the plane of the quantum well (z direction). The form factor is generally defined 

as 

F,Uq) = j j, (2.50) 

and can be approximated (in the strongly confined limit [69, 70, 71]) by 

1 

L + 
^ (2-51) 

2+^06 

-"We chose the 10% of the total caxrier density criterion to decide if the band is occupied or 
not. 

•®The singie-plasmon approximation leads to a redshift of the excitonic peaics as the density of 
carriers increases, which is not e-xperimentzilly observed [67]. To minimize this effect we choose 
C - 1 [68]-

-®This approximation is also called time-dependent static limit due to the time dependence of 
K through the time-dependent /rr(lM = 0)'s. 
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where is the quantum well width, and Sab is the Kronecker delta (see also [60] 

for another expression for the form factor). Since the envelope functions do not 

depend on the band indices in the strongly confined limit, eind we are interested 

only in the one-subband approximation (a = 6 = 1) the form factor Faaaai^ is 

independent of the subband index c, and we denote it as F{^. 

We note that the description of the resonant interaction of electromagnetic field 

with a thin quantum well given by the semiconductor Bloch equations (2.41)-(2.44) 

contains linear excitonic effects, nonlinear excitonic Pauli blocking effects, plasma 

screening, exciton-exciton interaction as described by coherent self-energy terms 

and nonlinear dipole-energy ("Rabi frequency") renormalization terms, and inter-

valence band coherences described by the off-diagonal terms of the valence band 

distribution-coherence fimction. 

We collected the terms describing the system beyond the Hartree-Fock approx

imation into the scattering terms •-lacati' leading e.g. to carrier relaxation 

and optical depheising [63]. The scattering terms should be, strictly speaiking, eval

uated by solving a proper Boltzmaim equation [72]. The simplest approximation 

to such scattering term is the "phenomenological" approach of the relaxation time 

approximation (RTA), to which we turn our attention next. 

2.5.2 Relaxation Time Approximation 

Concerning the scattering terms for the carrier distribution functions, we shall 

use in our nimierical calculations for the carrier-carrier (c-c) scattering the approx

imation: 

dt 
scatt 
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where 7^^ is the c-c scattering rate for carrier distributions towards the corre

sponding denotes Fermi functions with chemical potentials sf (I 

denotes the band quantum number) and plasma temperature Tpt. Since the form 

of the scattering as written in Eq. (2.52) is valid only in the basis in which the 

Hamiltonian is diagonal, we put a tilde over the densities in such basis, i.e. /«, to 

distinguish them from quantities which appear in the Maxwell-Bloch semiconductor 

equations (2.41)-(2.43). In general the c-c scattering leads also to a spin-flip relax

ation, i.e. the carriers can "move" from one band to another via a spin orientation 

change. However, theoretical calculations [73] and experiments [74] suggest that the 

spin flip relaxation time is at lezist on the order of a picosecond. We are interested 

in shorter time scales so we ignored it in Eq. (2.52)^° . We also assume that the 

carriers do not change their spin number during the c-c scattering. In Eq. (2.52) 

we have several parameters, sf's and Tpt^^ , which can be obtained by requiring 

that the total kinetic energy of the quasi-particles (electrons and holes) and their 

density in each band is not changed by the c-c scattering given by Eq. (2.52). i.e. 

iVfc iVfc 
T.'£eAk)f^(e^,T^,k) = , (2.54) 

k k '•=1 

= 2/rr(fc),  r = l, . . . , iV6 (2.55) 
k k 

^"There Eire sources of the spin-flip process [62, 73] other than the carrier-carrier scattering: The 
carrier-phonon, carrier-impurities, ...scattering can result in a spin-flip. Such spin-flip process 
can be described within the RTA. by 

dt 
= -Y/ [^i(fc)-7-w(i^)] . (2-53) 

where is the spin-flip recombination rates. The experiments [74] suggest that this overall 
spin-flip process is slow relative to the c-c scattering. 

We assume that £ill the carriers, independently of in what band they are, can exchange energy 
so that we can keep the "temperature" of the plasma as approximately the same for all the carriers. 
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Within this approximation, the plasma temperature, Tpi, and the chemical po

tentials, 's, have to be computed dynamically because carrier-carrier scattering 

leaves the total kinetic energy of the carrier system (electrons or holes)^^ unchanged 

(in this case the r index runs through the conduction and valence bands; Ni, denotes 

the number of bands under consideration). 

The interaction with the light field, in general, heats the plasma, since absorp

tion tends to be into high momentum states, creating hot carriers, and emission 

removes low momentum carriers [75]. The collision terms, however, should also 

include terms that describe the cooling of the plasma, since the carriers collide 

not only with each other, but also with phonons. The optical phonons (mainly 

longitudinal optical phonons (LO-phonons)) can take energy from the carriers and 

couple it to the lattice on a sub-picosecond time scale [75]. This process is typi

cally only moderately slower than carrier-carrier scattering and we shall model it 

by the equations of the form of Eq. (2.52) with the Fermi functions 

at lattice temperature replacing the and the carrier-LO-phonon 

{c-ph) scattering rate, taking place of 7^^. In such c-ph scattering the total 

density of the carriers in each band is assumed to be conserved, whereas their en

ergy is changed (it is transferred to the lattice vibrations). Therefore we use only 

the Eq. (2.55) to determine the parameters ef for all /'s {Tl is held constant). In 

the description of carrier-LO-phonon scattering through RTA, we also ignore the 

quantum character of the energy transfer which happens in integer multiples of the 

LO-phonon energy quantum. 

^^Eqs. (2.54) ajid (2.55) have to be geaetalized in the case of more complicated scattering 
processes, e.g. scattering processes which lead to a change of the band quantum number. 
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A further source of the scattering can be nonradiative recombination which heis 

the form (in RTA): 

dfuCk) 

dt 
= • (2-56) 

acatt 

Here 7/"" is the nonradiative recombination rate which is a result of various scatter

ing processes such as c-c, c-p/i, carrier-impurities scattering, etc., and is typically 

much smaller then the 7" or We can usually neglect it on the femtosecond 

scale of the pulses propagating through such media, but it has to be taken into 

account (together with other relatively slow scattering processes) if the dynamics 

on a longer scale is of interest, e.g. the simulation of semiconductor lasers. 

In the relaxation-rate approximation, the "scattering" contribution to the po

larization function takes the simple form 

dVu>{k) 

dt 
= -iwVwik) ,  (2.57) 

acatt 

where the total dephasing rate 7/;/ is one half times the sum over all individual 

scattering rates (i.e. simmied over all bands and all processes, such as c-c and. if 

taken into accoimt, c-ph scattering, etc.) which relate to the transitions between 

the bands I and I' {I ^ I'), and the tilde again relates the quantities to the basis in 

which the Luttinger Hamiltoniaji is diagonal. 

The relaxation time approximation is useful if one wants to understand the gen

eral features of the semiconductor Bloch equations analytically or cannot afford 

more sophisticated methods numerically. However, in general, all the scattering 

rates are fc-dependent and depend on the carrier distribution functions /«. This can 

be seen indirectly when one compares the experimentally determined low density 

absorption spectra which show typically strong excitonic peaks with exponentially 
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decaying tails (Urbach tails), with the ones determined numerically using the RTA 

for the scattering rates which exhibit Lorentzian tails. Such Lorentzian tails are 

also the reason for an artificial^ , below bandgap absorption in inverted semicon

ductors (semiconductors with gain). It was discussed in [75] that the RTA with 

constant scattering rates is a demonstration of a so-called Markovian (or "without 

memory") scattering process. Once the particles "can remember the past" the ar

tificial absorption disappears. In this case the temporal change of the polarizations 

Vw{t) due to scattering is given by the time convolution of Va>{t) and rather 

their product. A more correct, but computationally intensive, approach to the scat

tering would be solving the quantum Boltzmann equation, and one should always 

try to verify the results obtained within the RTA with fuU calculations involving 

the quantum Boltzmann equation. In general, the effective scattering rates can be 

not only fc-dependent, temperature dependent, density dependent, band-structure 

dependent, and non-Markovian, but also can couple polarizations with different k-

arguments ("off-diagonal scattering terms") [76, 77] which can already be obtained 

by rigorously linearizing the Boltzmann equation [78]. Finally, we would like to 

mention that despite of the general complexity of the description of carrier scatter

ing in semiconductors, there are regimes in which the RTA is approximately valid 

as shown in the Ref. [79] in the case of steady-state operation of semiconductor 

lasers (high excitation densities). 

2.5.3 Connection with Two-Level Atom Model 

Equations (2.4I)-(2.43) are too complicated to handle analytically- It will be 

very useful, for the fiiture reference, to simplify them. We first assume that the 

^That is, not experimentally observed 
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heavy- ajid light-hole splitting, Ahk-ih is large emd positive, and that the pulses are 

spectrally narrow enough and tuned in such a way that they interact significantly 

only with the heavy-hole bands. We put the hh—lh coupling in the Luttinger Hamil-

tonian (2.44) to zero (c = 0), so H becomes diagonal and the dispersion of the hole 

bands parabolic^ . The interaction scheme in such a case reduces to the one shown 

in Fig. 2.6. Denoting 7^1/2,3/2 and 'P_i/2,-3/2 as V+ and V-, respectively, decompos

ing E = £+e^+S-e-+£.e., ignoring any complications arising from the many-body 

effects other then the scattering, and assuming/i/2,i/2(^) — h/2,z/2(k) = and 

similarly /-i/2,-i/2(^) — /-3/2,-3/2(^) = we can write the semiconductor 

Maxwell-Bloch equations in the form: 

d " - - " r "I 9T^aik) 
= £,K{k)V,ik) - fi.ik)£, [1 - 2Uk)] + in 

d  . r T .  r  1 - ^  . n  9 U k )  

, (2.58) 
acatt 

(a = -h, —) , 

(2.59) 
acatt 

with. Sekik) = [(/i^/2me)(7i +72) + {ti^/2Tnc)]k^ + E'^, the electron-heavy-hole pair 

energy, fi+{k) = • e+, and /x_(fc) = /T i/2,-3/2(^)' 

The similarity with the equations for the density matrix of a two-level atom 

can be immediately noticed. Eqs. (2.58) and (2.59) have a form reminiscent to the 

equations of a two-level system, but are paxametrized by k. Moreover, they differ 

from the equations for a two-level system in tiie form of the scattering terms^" 

We shall use Eqs. (2.58) and (2.59) in Chapter 6 in a perturbation 

caiailation (the so-called ^'^'-approximation). 

zero c allows for "crossings" for energy dispersions of the different hole bands [80]. 
^®Since energy is |fc[-dependent, this would lead to an inhomogeneous broadening of the trein-

sition if no scattering was present in Eqs. (2.58) and (2.59). The consequence of the presence of 
the scattering terms is, in general, a coupling of two-level systems with different fe-parameters. 
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Figure 2.1: Pulse splitting as the NLS equation is numerically solved in the presence 

of normal GVD. The contour plot lying over the 3D pulse is a spectrally resolved 

far-field image of the split pulse. The modulation appearing in the spectnmi can 

be associated to a dynamic four-wave-mixing process. 
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Figure 2.2: Ptdse splitting as the NLS equation is nxunerically solved in the presence 

of normal GVD. The on-axis field amplitude at some propagation distance zi (after 

the critical distajice Za- at which a first collapse should occur). 
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Figure 2.3: Generation of a strong dilfuse plasma for a 10 picosecond 

going critical coUapse. Avalanche ionization is too strong to allow for 

sustained nonlinear waveguide. 

pulse under-

creation of a 
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Figure 2.4: The multiphoton ionization mechanism becomes more important for 

short pulses as a primary source of generated plasma. Here a 100 femtosecond 

duration pulse imdergoing a critical collapse exhibits a secondary collapse and two 

plasma spikes are observed. 
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Figure 2.5: Selection rules for the optical transitions involving electrons, heavy 

and light holes at the F-point in the Brillouin zone. The numbers near the arrows 

representing the dipoles (left- and right-hajided, and along the 2 axis) indicate 

the relative transition strengths. The numbers near the levels correspond to the 

projection (j) of the total angidar momentum {J) on the quantization axis (r). 

Figure 2.6: Selection rules of a semiconductor at the F-point in the Brillotiin zone. 

The same as Fig. 2.5 but we consider only two conduction bands and two heavy 

hole bands. 
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CHAPTER 3 

Dynamic Spatial Replenishment of Femtosecond 
Pulses Propagating in Air 

A thought does not belong to the one who spoke it first, but to that 
one who expressed it better. 

KARL KRAUS, AUSTRIAN WRITER 

It is well known in optics that the medium nonlinearities can lead to an existence 

of stable propagating pulses. A tjrpical example of such a solution is the case of 

optical solitons in fibers. In this case we are not disturbed by any problems with 

dif&action, ajid the pulse, the soliton, is stabilized by the action of group velocity 

dispersion and nonlinear (Kerr) phase modulation. The question immediately arises 

whether or not there are stable solutions in higher dimensions. Can we produce 

pulses that would propagate over laxge distances without significaxitly changing 

their shape and losing a lot of their energy, let us say through the atmosphere? 

Possible applications axe easy to imagine. 

The simple description of pulse propagation in Kerr media by the NLS equation 

has no such solution. A collapse phenomenon occurs as was mentioned in Chapter 2, 

and eventually the approximations behind the simple theory break down. Do we 

need to go to the full Maxwell equations or can we Just extend the model by, 

let us say, plasma generation which models the material breakdown, and higher-

order correction terms which capture the diffraction, dispersion, and the space-time 

coupling more precisely? 
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It was shown that plasma generation can stop collapse in water [42]. But it 

seems that experiments are still ahead of understanding. Recent experiments at 

the Center for Ultrafast Optical Science of the University of Michigan demonstrated 

the possibility of long-distance propagation of very intense 100 femtosecond pulses 

in air [81]. The pulses propagated about 20 m, and this was attributed to a balance 

between the plasma-induced defocusing and Kerr-induced self-focusing. But self-

focusing as well as the ionization process associated with femtosecond pulses are 

very violent events, and it is hard to imagine how this fine balance can be achieved. 

Moreover, a certain fraction of the pulse energy is lost to plasma generation, plasma 

absorption and observed conical emission. 

Another model appeared shortly after the first experiments and was based on 

the moving-focus idea for different temporal slices of the input pulse [82]: The 

different temporal slices of the input pulse have different cross-sectional power and, 

consequently, self-focus at different distances. It turns out that the relevant length 

scale in this model is the Rayleigh range for Gaussian beams. This model cannot 

explain, however, the anomalous propagation of the pulses beyond the linear focus 

in the case of a linearly focused input beam. In such a situation the slices should be 

focused in between the closest (to the source) nonlinear focus ajid the linear one. 

To better vmderstand the mechanism of this surprising long-distance pulse prop

agation, we extended the simple NLS equation by group velocity dispersion, plasma 

effects (absorption ajid index of refraction change), and the dynamic equation for 

the plasma (see Chapter 2), and we study within this simple model what is actually 

at the core of this phenomenon. Is it reedly self-waveguiding? 
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3.1 Introduction 

The observation of long-distance apparently self-guided pulses in air [81, 83, 

84, 85, 82, 86] has attracted much recent interest, and applications of these pulses 

in communications and lightning-channeling have been envisaged [84]. The basic 

phenomenon characterized by long filaments and propagation over tens of meters is 

not in dispute, but the physical mechanism underlying it has still to be uncovered 

in detail. Early discussions centered on the idea that nonlinear self-focusing (SF) in 

air would be countered by the defocusing effect of the electron plasma generated by 

multiphoton absorption (MPA) eind result in a stable self-guided beam. Numerical 

simulations showing stabilization of the peak field intensity^ were presented in 

Refs. [81] and [87], zind Brodeur et al. [82, 86] used the moving-focus model (see 

Ref- [36]) to explain the features of their experiments. 

In this chapter we present numerical simulations of nonlineax pulse propagation 

in air to elucidate the physical mechanisms involved. Our study includes the effects 

of SF, MPA, group velocity dispersion (GVD), and absorption and defocusing owing 

to the generated electron density [47, 42]. Although our simulations have not been 

validated against current experiments, it weis clear that they do not yield restdts 

resembliag the self-guiding picture. Instead a dynamic picture emerges in which 

pulses form, are absorbed, and are subsequently replenished by new pulses, thereby 

creating the illusion of one pulse that is self-guided. 

this chapter we use the word intensity to denote what is called irradiance in radiometry. 
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3.2 Model Equations 

If we assume that propagation is along the z-axis ajid that the field remains 

cylindrically symmetric, the equation for the electric field envelope S{r^z,t) in a 

reference frame moving at the group velocity^ through a gas in the presence of 

free-electron density p is (see Eq. (2.29) in Chapter 2,3) 

where the terms on the right-hand side describe transverse beam diffiraction, GVD, 

nonlinear SF, absorption and defocusing owing to the electron density /9, and MPI 

processes involving K photons. 

The propagation Eq. (3.1) is an extended NLS equation which accounts for the 

combined effects of linear GVD, SF, and nonlinear absorption aad defocusing due 

to the electron plasma. In deriving this equation several approximations have been 

made: In addition to the usual slowly varying envelope approximations in space and 

time we retain only second-order GVD as characterized by k'\ we treat the nonlinear 

absorption (/?^^'') as local in time, and we ass\mie no resonant enhancement, and 

the optical properties of the generated electron plasma (term proportional to cr) 

are derived imder the quasi-statical assumption. The restriction to second-order 

GVD is not an essential approximation and may be relaxed, but we retain this 

description since recent work has shown that second-order normal dispersion may 

already halt self-focusing coUapse [29, 88, 28, 30, 31, 32, 89, 90, 91, 92]. We may 

"The transformatioa to a moving frjune is merely a mathematical trzinsformation facilitating 
the calculations- There is no implications about actucil attainability of this frame (e.g., in vaccum). 
The loss of the Lorentz invariance is due to the approximations which lead from the Maxwell 
equations to Eq. (2.29), which has Galilean invariance. 

d z  ^ - TW - -

(1 - /)n2|£|'£ + ikofni U" dt'R(t - t')\S{t')\ 
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treat the optical response of the plasma quasi-staticaliy if the pulse duration ^p is 

greater than the electron-atom collision time r, so that the plasma always remains 

close to equilibrium (we also neglect any energy dependence of the scattering rates). 

To describe the generation of electrons by the process of MP! in air we employ 

the results of Ref. [44] on noble gases. These authors considered both the lowest-

order perturbation theory of MPI and the tunneling ionization theory, and they 

compaxed the results with experiments on the yield of multiply charged ions. The 

perturbation theory expression for MPI coincides with the general Keldysh theory 

[49] in the limit of 7 » 1, where 7^ = Ui/2^, with $ = e^S'^fArrieUjQ the quiver 

energy. En the opposite regime, 7-^1, the tunneling theory applies. For the 

present study with peak intensities Ip < 10^"^ W/cm^, we find 7 ~ I, so that neither 

extreme applies. However, the authors of Ref. [44] found that the functional form 

of the perturbation theory result may apply well even in this regime as long as 

an effective value for the MPI coefficient is employed. As we discussed in 

Section 2.4, it seems that the exact form of ionization process does not change 

significantly the qualitative effect on the pulse propagation. Therefore we use the 

pertiirbative formula for the multiphoton ionization to describe the generation of 

electrons and calculate the ionization rates using the Keldysh formula in the 7 1 

limit. Then the rate of generation of the electron density due to MPI is given by 

[44] (for our notation see the Eq. (2.40) on the page 44 and the corresponding text) 

In using this simplified model we assume that only singly charged ions axe produced, 

which is consistent with the restriction to intensities Ip < 10^"* W/an^, and that 

the electron density remains much less than the atomic density p Na- We are 

(3.2) 



65 

also ignoring sonie of the finer details of MPI including above-threshold ionization 

[93], and frequency dependence of the MPI cross-section. 

To complete our model for the electron plasma we also allow for cascade ioniza

tion and radiative recombination, which yields the final equation (2.40) 

^  ^  t c , 2  ,  2 /o OA 
dt ~ nl a/' ' Khuo ^ 

The first term on the right-hand side of Eq. (3.3) describes growth of the electron 

plasma by cascade (avalanche) ionization, the second term is the contribution of 

MPF , which acts both as a source for the cascade process and as a contributor to 

plasma growth, and the third term describes the radiative electron recombination. 

For the sub-picosecond pulses considered here cascade ionization is not expected 

to play a major role, but we include it for completeness. In addition, if there is 

a free-electron density in the air prior to the pulse it will also be amplified by 

cascade ionization. Thus we also include a background initial density /)& as an 

initial condition. First we are interested in solutions of Eqs. (3.1) and (3.3) for an 

input coUimated Gaussian beam 

t 
£(r,0,i)  = W—2®^ 2 "Til'  

V TTtug V ^0 ip/ 

where P,-„ is the peaJc input power, wq the spot size, tp characterizes the pulse length 

(full-width-half-maximum of intensity is then = v2ln2rp, and rp = 2fp 

is the full temporal width at the I/e^ of the pulse intensity distribution). The 

Rayleigh. range of the input beam is given by ZQ = TrtUonft/Ao. 

^We neglect the multiphotoa ionization of order higher than K in our simulations. 
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3.3 Numerical Values 

For the numerical simulations presented here we chose an operating wavelength 

Ao = 775 nm, WQ = 0.7 mm, for which the Rayleigh range is ZQ = 2 m, and 

tp = 85 fs. The material parameters employed in our simulations for air at standard 

temperature and pressure are as follows: « 1,0, nz = 5.57 x 10"^^ m^/W [94, 95], 

giving a critical power of Per = 1-7 GW. We used the ionization energy £"3 = 11 eV 

representative of the constituents of the air. This yields K = 7 (or the order of the 

MPA, and = 6.5 x 10"^°'' for the MPA coefficient from the Keldysh 

theory [49]. Also, r = 3.5 x 10"^^ s (typical value from [47]), a = 3.0 x 10~^^m^/s 

[96], a = 5.1 X 10~^'^m^ was ceilculated using a = {ke^r/uom^o)/{1 + [47]. 

The GVD for air was taken as k" = 2.0 fs^ cm"*^ and we shall comment on using 

other values. 

Nibbering et al. [94, 95] showed that air exhibits a delayed nonlinear response 

due to rotational Raman scattering with / = 1/2 (/ is the fraction of the cw nonlin

ear optical response that has its origin in the delayed component characterized by 

the response function). Their reseaxch shows that the response function R{t) ini

tially undergoes a damped harmonic motion, followed by spontaneous resurgences 

for times longer than 2 ps as is plotted in Fig. 3.1. For the subpicosecond pulses con

sidered here the resurgences are not relevant, so we can model the response function 

by use of a damped oscillator model (see Fig. 3.2) R{t) = step{t)Q.'^e~^^^^ sin(Aif )/A 

, where A = (fi^ — r^/4)^/^, and we have used Q = 20.6 THz and F = 26 THz 

to mtmtr the exact response function given in Refs. [94, 95]. We remark that this 

model overestimates the rotational contribution since we neglect the resurgences in 

the normalization of the response function. 
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3.4 Numerical Results 

Equations (3.1) and (3.3) with the initial conditions (3.4) and pb ~ 10® cm~^ 

(rather pure gas) were solved using the split-step method of the Strang type in 

which the propagation is broken into small consecutive linear and nonlinear steps 

[97|. In the linear steps we advance the transverse Laplacian using finite differences 

(Crank-Nicholson scheme with transparent boundary conditions [98]) and also cal

culate the linear dispersion part (spectrally) of the field equation. The plasma 

equation is solved (using the Crank-Nicholson scheme) during the nonlinear field 

step (using the Runge-Kutta scheme), which includes the Kerr and Raman parts 

of the nonlinearity. The typical grid sizes were 2.5WQ in the radial direction and 

OTfwffM in the time domain, and the step was chosen to ensure that the phase 

difference between two adjacent points was small compared to TT. The numerical 

results were checked by doubling the space and time resolutions which led to no 

significant changes in the behavior of the results presented here. 

3.4.1 "Filaments" 

Figure 3.3 shows the global maximum of the on-axis intensity over time as a 

function of propagation distance ^ for peak input powers of 4.0Pcr? 6.0Pcr 6.5Pcr 

and T.OFcr (the dashed lines are the resxilts when the Raman delayed response in 

identically zero). In each case the maximimi intensity initially grows explosively 

owing to SF, but is then limited by MP A and absorption and defocusing due to the 

electron density [81, 87]. After the intensity is limited, it remains fairly constant to 

a distance of ~ 2 m, or roughly a Rayleigh range, with, some possible resurgences at 

bigger distances. This observation is in agreement with the moving focus prediction 
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by Brodeur et al. [82] that light filaments should end at a Rayleigh range of the 

input beam. 

Fig. 3.3 reveals a notch in the curves at which dlldz is discontinuous. To 

analyze this notch, we show the oix-axis pulse profiles in Fig. 3.4(a) for 5 = 0 m 

(dotted curve), z = 0,70 m (dashed curve), and 2 = 1.3 m (solid curve), for the 

case Pin = Q.bPcr and no Reunan delayed response (/2 = 0) , and we see that 

the temporal compression effect due to SF (Ref. [99]) caused the pulse to contract, 

resulting in a single peaked pulse. At this stage the peak intensity growth is limited 

but the temporal pulse compressioa proceeds until it is stopped by the normal 

GVD [28, 29, 30, 31, 88, 32, 89]. In general, if the normal GVD is too small this 

compression proceeds until the numerical scheme breaks down and (or) the envelope 

approximations underlying the model break down. We plan to investigate other 

linear and (or) nonlinear terms that may become important in this regime, e.g., 

shock and nonpaxaxial terms, in the future. For the value of GVD employed here 

the pulse compression is axrested before the model and the numerics are violated. 

For a propagation distance of z = 1.3 m (solid curve) one can see that the pulse 

profile shows two peaks sepaiated temporally by T « 200 fs. The leading peak, 

occurring at earlier times, is directly associated with the single peak at 2 = 0.70 m, 

and the trailing peak develops out of the background. On further propagation the 

leading peak decays while the trailing one remains, imtil it too decays at roughly 

a Rayleigh range. The notch in. the intensity curve is therefore explained as that 

propagation distance at which the increasing trailing peak takes over from the 

decreasing leading peak as the global maximum. We also note that a similar notch 

''All the other cases show similar behavior. 
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was experimentally and numerically observed in the filament energy measurements 

ofRefs. [82,86]. 

3.4.2 "Splitting" eind Spectral Features 

The double-pulse profile shown in Fig. 3.4(a) is reminiscent of the pulse-splitting 

phenomenon for nonlinear pulse propagation with normal GVD [28, 29, 30, 31, 88, 

32, 89]. Here, normal GVD plays a role in that it arrests the temporal compression, 

but the leading pulse develops first, followed by the trailing pulse, whereas in the 

pulse-splitting case the two pulses develop simultaneously. In einalogy to pulse 

splitting, the signature of the double pulse in Fig. 3.4(a) will be a modulated 

spectrum [29, 31, 88, 89], with period AA as AQ/CT, or for T = 200 fs, and AA = 

10 nm. Figure 3.4(b) shows the spectnim of the double pulse in Fig. 3.4(a) and 

one can see the development of a spectral modulation with a 10 am period. 

3.4.3 Replenishment 

To expose the physics of the development of the trailing-edge pulse, we note 

that the leading-edge pulse at ^ = 0.70 m. shown in Fig. 3.4(a) has its maximum 

displaced by —50 fs from the input piilse. This displacement occurs because as 

the input pulse focuses and the intensity increases, an electron density is generated 

by MPA ajid cascade ionization, which produces a defocusing effect that is more 

pronoimced for the trailing portion of the pulse. This resxdt is confirmed by the 

fact that the trailing edge of the pulse (dashed curve) is reduced with respect to 

the input (dotted curve). To elucidate further, we show in Fig. 3.5(a) the spatial 

profiles for propagation distances z = 0, 0.70, 1.3 m and for time slice t = 70 fs, 

which is that time slice at which the trailing pulse forms (see Fig. 3.4(a)). The 
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input beam profile is Gaussian (dotted curve), but for z — 0.70 m the central 

intensity is suppressed with respect to the input, the beam power having been 

displaced into a spatial ring by the defocusing effect. However, for s = 1.3 m 

the beam profile has relocalized on axis: with a broad spatial ring of diminished 

amplitude remaining. This spatial defocusing of the trailing portion of the pulse 

into a ring and subsequent relocalization into a strong peak by SF is the physical 

mechanism by which the trailing edge pulse forms. Refocusing of the trailing edge 

of the pulse was also noted by Kosareva et al. [82, 86] (they do not include GVD), 

using a similar model including tunneling ionization. There are also indications 

from experiments that the energy outside the self-guided channel is important for 

the prolonged propagation of pulses in air [85]. The process of pulse decay and 

replenishment can occur more thaa once: The solid ciurve in Fig. 3.3(a) shows the 

growth of a second trailing edge pulse beyond the Rayleigh range ;o = 2 m, and 

this again is due to the relocalization of power that is initially displaced into a 

spatial ring by the defocusing effect of the plasma. 

The generation of a spatial ring also appears if the fluence J(r, 2), that is the time 

integrated intensity for each radius, is plotted as a function of propagation distance 

as in Fig. 3.o(b). Here delocaiized rings associated with the trailing edge appear 

even after time integration, aad this provides a potential experimental verification 

of the effect. These delocaiized rings may have some connection with the conical 

emission observed experimentally by Nibbering et ai. [85], but this is not clear at 

present as no detailed comparisons between our theory and experiment have been 

performed yet. To conclude our discussion of replenishment we show in Fig. 3.6 a 

series of space-time plots of the amplitude of the field and the plasma at different 

points along the propagation for the case of P,-,i = IFcr-
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3.4.4 Focusing Geometry 

Lange et al. [100] recently presented numerical and experimental evidence in 

favor of the self-waveguiding model in which they studied long distance propagation 

in a focusing geometry. According to the moving focus model, the "channel" would 

be confined within the region between the non-linear (power dependent) and linear 

foci. The pulse in their experiment, however, propagated beyond the linear focus, 

a fact they advanced as evidence against the moving focus picture. 

In this subsection we present numerical simulations of long distance propagation 

in air using a focusing geometry to elaborate upon the issue of which model provides 

a reliable physical picture. We also estimate the plasma density required to balance 

the self-focusing and assess the associated field energy loss. Here we zixe interested in 

s o l u t i o n s  o f  t h e s e  e q u a t i o n s  f o r  a  l i n e a r l y  f o c u s e d  i n p u t  G a u s s i a n  b e a m  £ { r , 0 ,  t )  =  

(2P,„/7rzwo)^''^exp and we considered a lens of focal 

length /i = 1 m in the following numerical simulations. 

Figure 3.7(a) shows the global maximum over time of the on-axis intensity as 

a fimction of propagation distance s for peaJc input powers of bPa- (solid curve), 

and 6Per (dashed curve). The dotted curve shows the linear evolution of on initial 

Gaussian beam, the linear focus occtunring at a distance ZL = /l/[1+(/l/^o)^] — 0.8 

m. The maximum intensity initially grows explosively due to SF, but is then limited 

by MP I as well as absorption and defocusing due to the generated electron density, 

the corresponding global maximum over time of the on-axis electron density as a 

function of r being shown in Fig. 3.7(b). We note that after the collapse is limited 

aroimd Ziv£,, as indicated in. Fig. 3.7(a), each intensity ciurve exhibits a plateau up 

to around the linear focus beyond which, it starts to decrease: This is in keeping 
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with the predictions of the moving-focus model and applies to the leading edge 

of the collapsing pulse [82, 101]. However, in each case we see that the intensity 

resurges past the lineaj focus, as does the electron density in Fig. 3.7(b), and the 

intensity remains above 10^^ W/cm^ for distances well beyond the linear focus: This 

resurgence in the intensity is due to the refocusing of the plasma defocused trailing 

edge of the pulse [82,101], and the subsequent dynamic spatial replenishment of the 

pulse [102], This picture is verified in Fig. 3.8(a) where we show the spatial structure 

of the trailing edge pulse for a peak input power of 5Pcr, and for a time delay of 20 

fs with respect to the pulse center, at the input (z = 0 m), during the plateau where 

the pulse is defocused into rings by plasma defocusing [z = 0.61 m), and during the 

resurgence where the trailing edge pulse has refocused spatially {z = 0.98 m). In 

Fig. 3.8(b) we show the corresponding profiles of the pulse fluence (time integrated 

intensity): Following an initial transient during which the fluence profile becomes 

spatially compressed, the fluence evolves towards a distribution which shows the 

defocused spatial rings to a lesser degree due to temporal averaging. In particular, 

the fluence always shows a central peak, whereas Fig. 3.8(a) clearly shows that 

the pulse intensity evolution is highly dynamic and spatially delocalized. The 

persistence of the peak intensity well beyond the linear focus in our simulations is 

in qualitative agreement with the experiments of Lange et al. [100]. Furthermore, 

an estimate of the energy associated with a filament of this peak intensity can be 

made if we take the typical filament width approximately 0.1 mm and the pulse 

duration 20 fs [102]. Then we obtain, using Fig. 3.7, about ~ 5% of the initial 

energy in the filament in agreement with the experimental observations. 
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3.4.5 Self-Waveguiding or Not? 

From the results in Figs. 3.7 ajid 3.8 we leaxn that long-distance propagation can 

persist beyond the linear focus without having to invoke a self-waveguiding model 

to explain it. In particular, the long-distance propagation seen in our simulations 

shows no signs of stabilized propagation but is rather a result of dynamic spatial 

replenishment [82, 101, 102]. 

We Cein investigate the self-waveguiding model further by calculating the energy 

absorption associated with sustained propagation of a trapped light filament. To 

this end we use the following condition for self-waveguiding employed in Ref. [81] 

Here n2^ is the nonlinear change of the index of refraction, / being the intensity, 

Ub denotes the index of refraction of air, UJQ characterizes the spatial radius of the 

permittivity of air, m* the (reduced) mass of the plasma constituents, and p the 

density of plasma. According to the self-waveguiding model, the balance between 

the Kerr seLf-focusing, linear diffiraction and plasma induced defocusing would then 

result in a quasi-stable pulse. Using Eq. (3.5) we now estimate the plasma density 

required to balance the Kerr focusing using our parameters: If we take a typical 

value of the beam radius of a channel as utq — O.I mm, and I ss 2.65 x 10^^ W/cm* 

for the maximum intensity in the channel, we get p ~ 5 x 10^® cm~^. This value 

is consistent with the peak densities found in our simulations, see Fig. 3.7(b), and 

experimental estimates (in Ref. [83], A = 248 nm was used). The corresponding 

(see also Ref. [103]): 

(3.5) 

pulse in the filament, Wp = is the plasma frequency, with ej = CQTII the 
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plasma absorption follows from the Drude model as a ~ (2A:o/woT)(a;p/2w^), yield

ing a value of a 0.3 m~^ The loss of energy A,E per unit length in this process 

Ccin then be approximated as TTcPpKhutQ, resulting in 0.4 mJ per meter pulse 

energy loss, or about 20% of the initial pulse energy over one meter for the parame

ters employed here and eissuming a plasma channel of radius d a wof \/K K 40 ^m, 

in keeping with the multiphoton source of the generated electrons. Such losses, even 

if we did not include any diffraction losses as experimentally observed in the form 

of conical emission, although tolerable over few meters scale of the experiments 

of Lange et al. [100], are clearly significant over the hundreds of meters scale of 

current laboratory experiments. Even though our estimates axe first-order, we can 

conclude that such an absorption over 100 m excludes the self-channeling model as 

the underlying mechanism. 

3.4.6 Csin an Aperture Decide? 

Based on the differences between the seif-waveguiding model and the dynamic 

spatial replenishment model one can suggest an experiment which can distinguish 

between the two involving aji aperture placed in the path of the filament: According 

to the self-waveguiding model the filament is formed and it is sustained by spatially 

delocalized energy, so that an aperture placed along its path which isolates the 

filament from its background causes the filament to diverge rapidly [85}. In this 

case we expect the peak intensity of the filament to decrease monotonically past the 

aperture. In contrast, for the dynamic spatial replenishment model the evolution 

of the peak intensity beyond the aperture is more involved depending on whether 

or not the aperture has removed the spatially delocalized rings. If the aperture 

has removed the rings then the peak intensity decreases monotonicaJly past the 
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aperture as in the self-waveguiding model, otherwise the rings can refocus again 

and create a filaxnent-like structure past the aperture. 

We show this behavior in Figs. 3.8(a) and (b) for a variety of aperture sizes 

and positions (to avoid numerical artifacts associated with hard apertures "super-

gaussian" apertures were employed in these simulations). First, in Fig. 3.8(a), the 

apertures of radius 300 and 340jum were placed at a distance of 0.6 m from the 

source, between the linear and nonlinear foci, [n our simulations the leading edge 

of the pulse contracts spatially to a radius of order 200-300 (im. The dashed line in 

Fig. 3.8(a) is for a 300 /um aperture and we see that the long distance propagation is 

cut short (compare the solid line with no aperture present). This is understood by 

realizing that the aperture passes the leading edge pulse but removes the spatially 

defocused trailing edge which in the absence of the aperture would self-focus to 

replenish the pulse. In keeping with this interpretation the long distance propaga

tion extends further as the apertxuie is opened and the on-cixis intensity can increase 

beyond the aperture before ultimately decaying (dashed-dotted curve). Similarly, 

if we fix the aperture size and vary its position the scale of the long distance prop

agation varies. This is shown in Fig. 3.8(b) where the position of the aperture 

of 340pim was varied. The key point here is tliat if the apertiire is placed before 

the spatial replenishment occurs at 2 «= I m then the long distance propagation is 

disrupted more significantly than if it is placed beyond s = 1 m. 

Even though, it seems that theoretically the presence of an aperture intervening 

with the "channeling" pulse could bring more understanding on the whole process, 

we must note that it is hard experimentally to achieve stable filament creation. 

The reason is that even small (statistical) imperfections in the beam profile and 
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atmospheric random disturbances together with the violent character of the col

lapse lead to a "wandering" of the filament from shot to shot making practically 

impossible to place an aperture around it. 

3.5 Conclusion 

In summary, we have presented numerical simulations to expose the physics 

underlying long-distance propagation in air. We have shown that although the 

maximum intensity stabilizes over roughly a Rayleigh rajige, in agreement with 

the moving-focus model of Brodeur et al. [82, 86], the evolution of the pulse 

is dynamic, involving the development of a leading-edge pulse that subsequently 

decays and is replaced by a new pulse. In addition, our simulations indicate that 

the inclusion of rotational Raman scattering [94, 95] has no significant effect on 

the propagation distance other than simple rescaling of the input power. This can 

be understood readily if we recognize that the critical power, Pa--, becomes larger 

as effective TI2 decreases. There is aJso a potential link between the spatial ring 

formation predicted here and the conical emission observed in recent experiments 

[85]. Kosareva et al. [86] showed that conical emission is generated by plasma 

spatial and temporal gradients. This issue is still open, however, as their conical 

emission angles were too smeJl compared to experiments and they did not include 

any GVD effects in their simiilations. 

Using nimierical simvdations we have shown that the experiment of Lange et 

al. [100] can be explained without invoking the self-waveguiding model, but on 

the other hand the experiment does show that an interpretation based on strict 

application of the moving-focus model is also untenable. The spatial dynamic 
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replenishment model provides a consistent interpretation of the experiment in which 

the filament propagates past the linear focus via refocusing of the defocused trailing 

portion of the pulse [82, 86, 102]. Furthermore, our simulations demonstrate that 

the fiuence profiles of the propagating pulse can be misleading in that they do not 

reveal the underlying complex dynamics of long distance propagation in air. 

Interest in the cirea of long distance propagation is growing fast and the group of 

scientists in Jena, Germany announced recently 12 km vertical atmospheric prop

agation of 200 fs pulses (this distance corresponds to roughly of three Rayleigh 

lengths as determined from the initial conditions) in the form of multiple filaments 

[Pin ot lOOOPcr) [104]. Such a long propagation distances are of interest to power 

companies (lightning control [83, 105]) or for LIDAR applications in the spectral 

range from ultraviolet to the infrared. The latter provides a method which could 

enable all atmospherically important compounds, like CO, OH, PAif's, PAN, wa

ter etc., to be easily and simultaneously detected. From a theoretical point of view 

pressure appeaxs as an additional parameter which can influence pulse propagation 

and the presence of atmospheric disturbances and beam imperfections can induce 

the observed filamentation. The filaments can interact, exchanging energy, which 

leads to a so-called optical turbulence [106, 51]. We shall indulge ourselves in the 

study of pulse propagation through a gaseous media, namely Argon, at different 

pressures in the next chapter. 



78 

 ̂ 0.02 

if 0.00 

1 -0.02 9 
g- -0.04 
(P 

-0.06 

=• 1.0 

5 0.5 

Retarded Time (ps) 

Figure 3.1: (a) Response function of the rotational Raman nonlinearity for M2 (full 

line) and O2 (dash-dotted line), (b) Response fimction of the rotational Raman 

nonlinearity for air created by the combination of the N2 and O2 contributions as 

discussed by Nibbering et ai. 
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Figure 3.2: Our model response function of the delayed Raman nonlinearity for air 

which coincides more or less with the response function of the rotational Raman 

nonlinearity for air in the first half picosecond (see Fig. 3.1). 
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Figvire 3.4: On-aods nonnalized field amplitude [5(0,i, z)| as a function of time 

at 2 = 0 m (dotted curve), z = 0.70 m (dashed curve), and z = 1.3 m (solid 

curve), and (b) the corresponding spectral intensities versus wavelength, obtained 

by taking the modulus squared of the fourier transfonned on-axis fields. Both plots 

are for a peak input power 6.5Pcr. 
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Figure 3.5: (a) Transverse normalized electric field amplitude profiles for the time 

slice f = 70 fs at which the trailing pulse forms for s = 0 m (dotted curve), 

= 0.70 m (dashed curve), and s = 1.3 m (solid curve), and (b) the transverse 

profile of the normalized fluence J(r, z)f J{0, z), that is the time integrated intensity, 

for the same z values as pajrt (a). Both plots are for a peaJc input power 6.5Pcr-
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Figure 3.6: 3D snapshots of the space-time evolution of the absolute value of the 

electric field amplitude of the pulse and plasma for the case of a peaic input power 

7Pcr. 
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Figiire 3.7: (a) Globed maximtim over time of the on-ajcis intensity, and (b) global 

maximum over time of tiie on-axis density as functions of propagation distance c 

for peak input powers of 5Pa- (solid curve), and QPa- (dashed curve). The dotted 

Une in (a) shows linear focusing (/c = 1 m) of a Gaussian beam and the arrows 

approximately depict the linear focus distance ZL and nonlinear collapse distance 
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Figiire 3.8: (a) Field profiles of the tredling edge ptdse for a peak input power of 

5Pcri and for a time delay of 20 fs with respect to the pulse center, at the input 

(^ = 0 cm), during the plateau where the pulse is defocused into rings by plasma 

defocusing {z = 61 cm), and during the resurgence where the trailing edge pulse 

has refocused spatially {z = 98 cm), and (b) shows the corresponding profiles of 

the pulse fluence (time integrated intensity). 
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Figure 3.9: Global majcimxim over time of the oa-ajcis intensity as a function of 

propagation distance z for peak input powers 5Pcr- (a) The case of 300 (radius) 

aperture (dashed curve), and 340 fim (radius) apertxire at r = 0.6 m (dash-dotted 

curve), (b) The case of 340 fim (radius) aperture placed at 2 = 0.6 m (dash-dotted 

curve), r = 0.95 m (dashed curve), and s = 1.2 m (long-dashed ctrrve). The solid 

lines show the case with no apertiure present ajid the dotted lines depict the linear 

focusing prediction. 
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CHAPTER 4 

Femtosecond Pulse Propagation in Argon - A 
Pressure-Dependence Study 

Which one is the biggest of human values? Wait, wait, and again 
wait. That is the biggest value of all, the art of all arts, the secret of 
all secrets. 

JAROMIR JOHN, CZECH WRITER 

At the end of the previous chapter we suggested that pressure can influence the 

qualitative behavior of the pulse propagation. If one studies the relevant literature, 

one can indeed find an indirect proof of this suggestion. On the one hajid there is 

a substantial body of work concentrated on self-focusing of opticzd beams in solids, 

the main impetus being to avoid the induced damage of optical components. Here 

the NLS equation is the model of choice eqtupped with many appendices to fix 

certain shortcomings, such as the aonpaxaxiality correction for nearly collapsed 

beams [107, 108], second [29, 88, 28, 30, 31, 32, 90, 91, 92] and higher order disper

sion [109, 110], or saturation of the nonlinearity [111], often added ad hoc without 

systematic derivation. The description of a collapse leading to supercontinuum 

generation and optical breakdown in solid state (effectively high pressure regime) 

still remains a significant challenge to computationcd physics. 

On the other hand there are plenty of resesurch papers discussing pulse propa

gation in low-pressure gases [112, 113, 114, 115, 116, 117, 118]. Here collapse does 

not occur; rather strong defocusLng ajud associated blue shift of the spectrum is 

observed in both the experiments and in simulation. 
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To our knowledge these results were treated separately so far. We show that 

the different limits of pulse propagation behavior can be described by one model in 

which the coefficients are pressure dependent, thus giving an unified picture. And 

if we can connect these two limits, one suffering from singularities and the other 

basically prohibiting further propagation once the plasma is generated, another 

question pops up, namely what can happen in the middle, when the plasma is 

weak but sufficient to counteract the self-focusing? 

4.1 Introduction 

There has been considerable interest in nonlinear pulse propagation in the trans

parency region of atomic and molecular gases over the past decade. Experiments 

have been performed for a number of gases ajid a large range of pressures showing 

different characteristic effects. In the low-pressure or collisionless regime (p <C 1 

atm), multiphoton ionization (MPI) [119,120,44] and plasma-induced blue-shifting 

of femtosecond pulses have been studied [113, 114, 115, 116, 117], along with 

plasma-induced spatial defocusing [112, 118] and a light pipe for laser pulses [121]. 

In contrast, for higher pressures (p > 1 atm), in the coUisional regime, nonlinear op

tical self-focusiag (SF) becomes important when the peak input power exceeds the 

critical power for self-focusing [122,123, 111] leading to supercontinuum generation 

and optical breakdown [124, 125, 126, 40]. 

In this chapter we present a numerical study of femtosecond pulse propagation 

in Argon (Ar) using the pressure as a control parameter, our goal being to identify" 

and elucidate the different regimes of nonlinear pulse propagation. We have chosen 

Ar as a representative example of pulse propagation in the noble gases and also 



88 

because detailed parameters axe available for the linear and nonlinear optical prop

erties. Our motivation for undertaJcing this study was to investigate the relative 

roles of SF, MPI, plasma-induced effects, and group velocity dispersion (GVD) for 

femtosecond pulse propagation in the transparency region of gases. In particular, 

for peak input powers exceeding the critical power for SF the paraxial wave theory 

of SF predicts beam collapse to a singularity in a finite distance [122, 123, 111], 

but this clearly cannot happen physically. This raises the issue of what physical 

mechanisms intervene to arrest, or regularize, the SF collapse. For example, as the 

collapse proceeds, the concomitant high intensities cein lead to MPI and optical 

breakdown, thereby reducing the power below the critical power and arresting the 

collapse. In this process spatial defocusing due to the generated electron plasma 

can also halt the collapse. In other work Strickland and Corkum suggested [29, 88] 

and others [28, 30, 31, 32, 89, 90, 91, 92] have shown that normal GVD can ar

rest self-focusing collapse by causing the incident pulse to split into two pulses of 

reduced peak power. Our goal in this chapter is to establish which collapse reg

ularizing mechanisms axe operative in which, pressure regimes and to identify the 

characteristic propagation phenomena in each regime. Since we are primarily con

cerned with beam collapse and the critical power scales as the inverse pressure, we 

shall concentrate on pressures p > 1 atm. 

The remainder of this chapter is organized as follows. In Sec. 4.2 we describe our 

theoretical model for pulse propagation in Ar, along with the material parameters 

and their vaxiation with, pressure. Section 4.3 describes our computer simulations 

in the various pressxire regimes and elucidates the chaxacteristic phenomena "m 

each. Short discussion of the results is given also in Sec. 4.3 and our siimmary and 

conclusions concerning this and the previous chapters are given in Section 4.4. 
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4.2 TheoreticcJ Model 

The theoretical model for pulse propagation in Ar at different pressures is based 

on the extended nonlinear Schrodinger equation (NLS) for the electric field envelope 

coupled to an equation for the electron density generated via MPI as was described 

in the previous chapter. Now, however, the magnitude of the coefficients in front 

of different terms will be pressure dependent. 

4.2.1 Model Equations 

Assuming propagation along the z axis, the equation for the slowly varying 

electric field envelope £(r, z, t) in a reference frame moving at the group velocity is 

The only change with respect to Eq. (3.1) is the lack of the leist term on the 

right-hand side, which describes the effect of delayed third-order nonlinearity. This 

delayed nonlinearity is not present in monoatomic gases such as Ar since the cubic 

nonlinearity is given predominantly by the very fast electronic response. 

The evolution of the electron density is described by the Drude model... equation 

and we used an effective value for the MPI coefficient as obtained from the 

experiment in Ref. [44]. 

-h 

(4.1) 

(2.40): 

(4.2) 
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4.2.2 Focusing geometry and material parameters 

Figure 4.1 shows the focusing geometry considered here. We axe interested in the 

situation where aji initial collimated Gaussian beam enters the Ar sample following 

a lens of focal length /£,. The electric field at z = 0 m is given by 

where Pin is the peak input power [ P { t )  =  f  2 7 r r d r  |5(r, s = 0, = P,„ exp(—1^)], 

Wo is the spot size, and rp = 2tp is the full temporal width at the 1/e^ points 

of the pulse intensity distribution. In what follows we shall quote the values of 

the full-width at half-maximum of intensity, which is rpwHM = V'2 In '2rp since it 

is the more generally accessible experimental quantity. Under conditions of lin

ear focusing, the input Gaussian beam comes to a focus at a longitudinal posi

tion ZL = //(I Phi), where zq = itwlnbl^o is the Rayleigh range (diffrac

tion length) of the input beam. The size of the laser beam wj sX the focus is 

[wflwof' = [Plzl)/[1 + P/zl) = ZflzQ, with Zf the Rayleigh range of the focused 

For the numerical simulations to be presented here, we consider the visible 

wavelength of AQ = 586 nm, for which the parameters appropriate to Ar at a 

meier's formtda in [127], rii = 4.9 x 10 cm^/W calculated using the approach 

of [128] for the Ar data in [129, 130], K = 8, = 3.5 x lO'^^a^ tn^^w-" (the 

actually calculated using the data in [44]) , Ui = 15.76 eV, and r = TQ/P 

where TQ = 1.9 x 10"*^^ s [131]. The cross-section for electron-neutral inverse 

Bremsstrahlung may be calculated using a = (A;e^/a;omeo){r/[l -|- (u;or)^]}, giv

ing cr ~ (5.46 X 10-2^n5m2/pO[l + (woro)^]/[l + (woro/p)^]. Figure 4.2 shows the 

(4.3) 

beam. 

pressure p measured in atmospheres are rib = 1-0 + 2.7 x 10 from the Sell-
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variation of the various material parameters with pressure. The coefBcient of ra

diative electron recombination a is cissumed to be pressure independent and we 

adopted the value of 7 x 10"*^^ m~^/s for it [132, 96]. 

The GVD for Ar was obtained using the Sellmeier's formula (away from reso

nances) for the refractive index n[u;o) given by [127] from which k{uJo} = u;on{ujo)/c 

was formed and the GVD calculated. At the wavelength of 586 nm this yields 

normal GVD with a value k" = 0.26p fs^/cm. The critical power for SF collapse 

in the absence of plasma generation is calculated using Per = Xl/'lTrnbTii, which 

yields the pressure dependent critical power Pcr{p) — 1-12 GW/{ni, ̂  for the above 

parameters. 

We have performed extensive numerical simulations of propagation in Ar for a 

wide range of pressures and input field conditions. For the numerical simulations 

presented here, the parameters of the input field were chosen as TFWHM = 200 fs, 

/jr = 2.5 cm, and Wq = 200 [j,m, giving a Rayleigh range of = 21 cm. We have 

chosen a focused input field for two reasons. First, for a coUimated input beam the 

peak intensity decreases with distance unless SF takes place, thereby linking MPI 

with SF, imless the input intensity exceeds the threshold for MPI. By introducing 

linear focusing we also allow for the case where MPI can occur without associated 

SF aad this allows us to study the transitions from SF dominated propagation to 

plasma and MPI dominated propagation. Second, by introducing linear focusing 

the propagation distances required to see the characteristic pulse propagation effects 

are more realistic in terms of computation time. 
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4.2.3 Pressure-Dependent Regimes 

As a precursor to the numerical simulations to be presented in the next section 

we first discuss the relative magnitudes of the effects appearing in the extended 

NLS (4.1) as the pressure is varied. Referring to Fig. 4.2 we see that (a) the 

GVD (fc"), (b) SF (na), and (c) MPI all increase linearly with pressure, as 

expected physically since the density is increasing at fixed temperature and these 

effects therefore dominate at high pressures. 

This is the high-pressure regime for p > 1000 atm. In contrast, at low pressures 

the critical power for SF diverges and SF ceases to be importajit, and similarly 

for the GVD, but plasma-induced self-phase modulation and defocusing that is 

controlled by the product CTWQT in Fig. 4.2(d) becomes large and dominates [124]. 

We remark that the parameter a in Fig. 4.2(e), which controls plasma absorption, 

actually decreases at low pressure, but the self-phase modulation survives since 

it also involves the electron collision rate r in Fig. 4.2(f) which increases with 

decreasing pressure (density). This is the low-pressure collisionless regime p < I 

atm. For intermediate pressures all the effects are present and SF, MPI, and optical 

breakdown all participate in the djmamics. 

Figure 4.3 shows the characteristic regimes of behavior for Ar gas based on the 

computational results that are described in the next section. In the high-pressiire 

regime we observe strong seLf-focusing that is arrested by normal GVD and/or MPI 

[133], whereas the low-pressture regime is dominated by plasma blue-shifting and 

defocusing with little influence from SF: For this reason we do not dwell much on 

this regime. There is also an interesting transition regime for intermediate pressures 

1 < p < 10 atm where the SF and plasma effects become comparable and produce 
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interesting propagation effects. We now turn to the detailed numerical simulations 

and present representative examples of the characteristic pulse propagation effects 

in each pressure regime. 

4.3 Numerical Simulations 

Equations (4.1) and (4.2) with the initial conditions (4.3) and pb « 10® cm"^ 

were solved using the seime numerical scheme as used in the previous Chapter 3 ... the 

split-step method of the Strang type in which the propagation is broken into small 

consecutive linear and nonlinear steps [97] including Hadley's transpaxent boundary 

conditions. 

4.3.1 High-Pressure Regime 

In the high-pressure regime SF, GVD, and MPI are the operative physical mech

anisms, though we retain all effects in our numerical simulations. The critical power 

for SF in the high-pressure regime p ~ 1000 atm is Po- ~ 1 MW, with correspond

ing peak intensity Ip ~ 10® W/cm^ for a spot size of WQ = 200 ^m. The peak input 

intensity is therefore well below the ionization thresholds [th. ~ 10^^ — 10^"* W/cm" 

to generate electron densities of the order pth « 10"^^—10^® cm~^, which are capable 

of absorbing the field and arresting SF collapse. Therefore, for peak powers exceed

ing the critical power the coUapse can proceed a considerable distance before the 

effects of MPI become important, in which czise the envelope approximations un

derlying our model may be violated. However, it was shown in Refs. [28, 30, 31, 32] 

that normal GVD can arrest collapse through a pulse-splitting process before the 

envelope approximations are violated. In this process self-modulation produces a 
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positive frequency chirp across the piiise and normal GVD then pulls apart the two 

oppositely frequency-shifted halves of the pulse, thereby reducing the peak power 

and arresting the collapse. 

An example of the pulse-splitting phenomenon for Ar at p = 1000 atm is shown 

in Fig. 4.4 for = 0.94jPcr, just below the critical power but close enough to cause 

considerable nonlinear focusing especially in combination with the linear focusing: 

For higher input powers above the critical value, pulse splitting is still observed 

in our numerics though the collapse is no longer arrested by normal GVD as in 

the example shown, that is, our numerical scheme breaks down. For the pressure 

p = 1000 atm used above the normal GVD of Ar is comparable to condensed 

matter systems, e.g. water and fused silica, and multiple pulse splitting without 

associated MP I has been reported for experiments in fused silica [89]. 

Figure 4.4(a) shows the maximum on-axis intensity over time as a function of 

propagation distance and the initial SF collapse, which is arrested at z ^ 2.51 

cm, after which the intensity decreases monotonically. The on-axis pulse profile 

at r = 2.59 cm, just past the linear focus, is shown in Fig. 4.4(b) and shows the 

pulse-splitting effect. The corresponding superbroadened spectrum is shown in 

Fig. 4.4(c), and we see that it remains highly symmetric: This is direct evidence 

that the asymmetric spectral effects of plasma-induced blue-shifting cire not present 

in the high-pressure regime. In Fig. 4.5 we show the full spatio-temporal profile of 

the pulse at s = 2.59 cm and considerable pulse reshaping is evident. 

Figures 4.4 and 4.5 are representative of our findings in the high-pressure regime: 

SF collapse arrested by normal GVD with little influence from MPI or plasma 

effects. However, as the presstire is reduced below p = 1000 atm the normal GVD 

is reduced in size and is no longer as effective at arresting the collapse. For example, 
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for p = 100 atm we found that neither normal GVD or MPI could axrest the SF 

collapse in our model before the envelope approximations were violated in space and 

time. This cleaxly calls for higher-order corrections to the envelope approximations 

[107, 109, 108], which is beyond the scope of the present thesis or, more generally, 

for transitioning from the envelope description to a numerical solution beised on 

the full Maxwell equations in the vicinity of the collapse. What we would like to 

draw attention to is the fact that there exists a pressure range for propagation in 

Ar for which the envelope description becomes invalid under propagation and this 

provides an experimental testing ground for propagation theories beyond the usual 

slowly vaxying approximations in space and time. 

4.3.2 Low-Pressure Regime 

In the low-pressure regime plasma-induced defocusing dominates over the effects 

of SF and GVD. Indeed, such a situation occurs for our parameters and geometry 

in Ar already at a pressure of p = 1 atm: For an input power equal to the critical 

power Per ~ 1-12 GW the peak input intensity is of the order of the ionization 

intensity, thus precluding any strong SF effects. In Fig. 4.6(a) the on-axis electric 

field maximvim (over time) is plotted as a fimction of the propagation distance z. 

We can see that the initial collapse is soon stopped by the defocusing caused by the 

generated plasma. The corresponding on-axis density profile versus z is shown in 

Fig. 4.6(b) and shows the strong plasma generation as the self-focusing is arrested. 

The on-axis field as a function of time at a distance of 2.3 cm (after the nonlinear 

focus but still before the linear focus prediction) is shown in Fig. 4.7(a). After the 

collapse is stopped by the plasma generated by the front part of the pulse, the 

trailing edge of the pulse interacts with the generated plasma and is defocused, 
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causing a time shift of the on-axis pulse to earlier times (in the moving reference 

frame). We can get a better picture of the pulse shape after the onset of the 

plasma effect from Fig. 4.8, which shows the space-time pulse profile at z = 2.3 

cm: Here we clearly see that the trailing edge of the pulse is defocused into rings. 

There are also marked temporal asymmetries associated with the plasma generation 

process as shown in Fig. 4.8. These asymmetries are also present in the pulse 

spectrum, which shows a plasma-induced blue-shift; see Fig. 4.7(b) [11.3, 134, 135]. 

We did not investigate the regime of lower Ar pressures p < 1 atm in much detail 

because for our parameters in this region the plasma generation is so strong that the 

observed effect of nonlinear self-focusing is still smaller and our model becomes an 

approximation to the models describing multiple ionization by intense laser fields 

at lower pressures via tunneling ionization [115, 116, 117, 118]. 

4.3.3 Trcinsition Region: Supercontinuum Generatioa 

There is a region of pressures where both Kerr nonlinearity and plasma effects 

are of the same magnitude restdting in competition between SF and plasma defo-

cusing. Figures 4.9-4.11 show a series of space-time (r,t) plots for the pulse profile 

(upper plot) and corresponding electron density (lower plot) for different propaga

tion distances z, for p = 10 atm and Pin = 1.975Pcr, with Per ~ 0.1 GW. These 

figures show that after the initial focusing (linear and nonlinear) the growth of the 

field amplitude (therefore the intensity) is arrested, with a concomitant increase in 

the electron density. Thus, in this case the SF collapse is arrested by MPI. However, 

as seen in Figs. 4.10-4.11, as the pulse propagates it develops temporal structure. 

In particular a double-peaked structure. This second pulse develops on the trailing 

edge of the pulse as the leading pulse decays due to MP I absorption. Physically, 
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as the initial pulse self-focuses, the leading edge generates plasma, which serves to 

defocus the trailing edge into spatial rings; see Fig. 4.10. However, with increas

ing propagation distance and as the leading edge pulse decays, the spatial rings 

reform under the action of self-focusing and produce the trailing edge pulse (see 

Fig. 4.11). We previously observed this process for femtosecond pulse propagation 

in air [102] where we term it dynamic spatial replenishment to distinguish it from 

the progressive pulse splitting process due to GVD [28, 30, 31, 32, 89, 90, 91, 92]. 

For Ar at 10 atm we also observe that there is a range of input powers for which 

we observe a sustained maximum (over time) of the on-axis intensity over longer 

propagation distajices (on the order of centimeters). An example of this prolonged 

propagation is shown in Fig. 4.12(a) and shows that after the SF collapse is arrested 

by MPI it maintains itself at a distance of around 10 cm. Closer excimination reveals 

that it is the second subpulse that produces the prolonged propagation after the 

leading edge pulse has decayed. 

Recently, in Ref. [100] it was suggested that such prolonged propagation in 

a focusing geometry can be due to self-trapping stabilized by plasma-defocusing. 

Figuxe 4.12(b) shows the corresponding electron density in our computations and 

we see that beyond 2 = 3 cm plasma generation leading to absorption of the field 

is not significant. This suggests a mechanism other than plasma defocusing is 

responsible for the stabilization. 

We attribute this prolonged propagation to self-chaimeling produced by the 

combined effects of SF and (weak) GVD, which can lead to the existence of the 

long-range pulse propagation beyond the linear focus. It is well known that self-

trapping is unstable in two dimensions [111], but GVD can produce some stabiliza

tion through pulse splitting as mentioned previously. During this process a conical 
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emission is observed numerically which could explain the experimental observations 

[32]. Having said this, we remark that this stabilization is somewhat fragile and is 

already lost for a peak input power P,n ^ l.QBPcr? for which the second pulse con

tinues to self-focus rather than stabilize. Also, as the pulse propagates it undergoes 

temporal compression due to SF [136, 99] and eventually splits. This can lead to 

pulse lengths on the order of 10 fs, where one has to be careful about interpreting 

the results of our model, which assumes a slowly varying envelope approximation. 

At this stage one should consider adding other correction terms consistently to the 

model (shock terms, etc.) or transition to a full Maxwell equation description. 

4.3.4 Blue-side Superbroadening of the Pulse Spectrum 

If we constrain ourselves to the region of parameters for which we believe our 

slowly varying envelope and paraxial approximation are valid, we can actually com

pare our results with the experimental characteristics. In this chapter we choose as 

a characteristic the blue-side superbroadening of the spectrum, that is, the spectral 

width of the transmitted pulse on the blue side normalized to the pulse center fre

quency, and compare it to the measured counterpart in gaseous CO2 a.t a. pressure 

of 35 atm [126]. 

In Fig. 4.13 we plot the nimierically calctdated width of the spectral region 

between, the central frequency of the pvdse and the frequency (on the blue side) 

at which the spectral intensity reaches 10~® of its value at maximum for different 

Ar pressures as a function, of input pulse power Pin- Notice that the input power 

of the pulse is normalized to the respective critical power Pa-, which is pressture 

dependent (nj, and mainly 712 are pressure dependent). For low pressiires we see 
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that the blue-side broadening increases with increasing input power, due to plasma-

induced blue-shifting, but does not show any particular features as the input power 

approaches the critical power, indicating the SF is not relevant in the low-pressure 

regime [116, 117]. In contrast, for higher pressures p > 100 atra the blue-side 

broadening increases dramatically as the critical power is approached, indicative of 

both strong SF and associated superbroadening [125]. 

Our numerical results for the blue-side broadening may be compared with the 

experimental results in Fig. 5 of Francois et al. [126] using CO2 at 35 atm. We find 

qualitative agreement in that there is a dramatic increase in the broadening of the 

blue-side of the spectrum as the critical power is approached for pressures p ^ 20 

atm (supercontinuum threshold). After reaching the threshold for breakdown the 

broadening slows down but does not reach a constant value (see Fig. 4.13). 

4.4 Conclusion 

We presented in this chapter a theoretical framework which provides us with a 

unified picture of the different experimentcdly observed phenomena associated with 

a pulse propagation in dielectric media. We had in mind two cases: One, when the 

Kerr nonlineaxity is dominant, leading to supercontinuum generation and optical 

breakdown; and two, the case when plasma generation is so strong that plasma 

induced defocusing prevents nonlinear self-focusing and leads to a blue-shift of the 

pulse spectrum. We used pressure as a link between these limiting cases, as it 

allows us to vary the relative strengths of the Kerr nonlinearity and plasma effects, 

and indeed, we observe the corresponding effects ia both limits. However, we found 

the most interesting features of femtosecond pulse propagation in the intermediate 
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region of pressures, where both the Kerr nonlinearity and plasma effect play a sig

nificant role. Thus the dependence of the qualitative features of femtosecond puise 

propagation in Argon on pressure gives us a perspective on the results obtained 

in the previous chapter on femtosecond pulse atmospheric propagation, putting in 

into the context with the previous work on pulse propagation in solids and low 

pressure gases. 

We showed, that the interplay between the Kerr nonlinearity and plasma effect 

leads to a dynamical picture in which the temporal slices of the pulse with big 

enough cross-sectional power undergo a strong self-focusing until the maximum 

intensity (on-axis) reaches magnitude which is enough for multiphoton ionization to 

take place^ . The plasma generated in this process halts collapse, i.e. the intensity 

does not tend to infinity, and intervenes with the trailing portion of the pulse which 

is first defocused and, if it has enough, power, can be re-seif-focused again. Such 

scenario can repeat several times. Furthermore, the effect of the group velocity 

dispersion can accamiulate over relatively longer propagation distances which also 

helps preventing the collapse. 

As an example of a characteristic which changes as a function of pressure we 

chose the blue-side spectrcil broadening of the pulses. We showed qualitative agree

ment of the blue side spectral broadening of the pulses as a function of the input 

power for different pressures with the experimental results. 

'^The initial electron density czin jJso serve as a seed of the avalaache ionization in the trailing 
portion of the pulse. 
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Figure 4.1: Propagation geometry considered in the text. The pulse is incident 

onto a variable pressure gas cell through a thin lens of focal length fc-
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Figure 4.2: Pressure dependence of the matericd paxameters for Ar: (a) k" govern

ing GVD, (b) the SF coefficient n2, (c) the MPI coefficient (d) (TWOT, which 

governs plcisma-induced self-phase modulation, (e) the cross-section which, gov

erns plasma absorption, and (f) the electron collision time r. 
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Figxire 4.3: Interesting pressure regimes identified for propagation in Ar, along with, 

the operative physical mechanisms and the characteristic propagation phenomena. 
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Figure 4.4: (a) Maximum oa-axis field amplitude over time showing the initial SF 

collapse and its arrest for p = 1000 atm and P = 0.94Pcr; (b) on-axis intensity as a 

fiinction of time at the propagation distance z = 2.59 cm, and (c) the corresponding 

superbroadened normalized spectral intensity]. The dcish-dotted line in (a) shows 

the z position at which the field characteristics of (b) and (c) are shown. [The 

dashed line in (a) denotes the behavior of the maximxmi on-axis field amplitude 

over time for linear Gaussian beams.] 
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Figure 4.5: Space-time 

p = 1000 atm, and P.n 

(r, t) pulse profile at the propagation distance r 

= 0.94Pcr-

= 2.59 cm. 
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Figure 4.6: (a) Meiximum over time of the on-axis electric field amplitude and (b) 

on-axis density of generated plzisma for p = 1 atm and Pin = Per- The dash-dotted 

line in (a) shows the z position at which the the field characteristics in Fig. 4.7 are 

shown. [The dashed line in (a) denotes the behavior of the maodmum on-axis field 

amplitude over time for linear propagation.] 
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Figure 4.7: (a) On-axis intensity as a function of time at ttie propagation distance 

z = 2.3 cm and (b) the corresponding normalized spectral intensity for p = 1 atm 

and Pin = Per- [The dashed line in (b) denotes the initial (s = 0 cm) normalized 

spectral intensity.] 

Figure 4.8: Space-time (r, t) pulse profile at the propagation distance 2 = 2.3 cm, 

p = 1 atm, and = Fa-
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Figure 4.9: Space-time (r,f) pulse profile at the propagation distance z = 2.0 cm, 

p = 10 atm, and P,n = 1.975Pcr- The inset shows the maximum over time of the 

electric field amplitude. 
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Figure 4.10: Space-time (r,f) pulse profile at the propagation distance z = 2.3 cm, 

p = 10 atm and = 1.975Pcr- The inset shows the maximum over time of the 

electric field amplitude. 
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Figure 4.11: Full (r,f)—space electric field amplitude plot and the corresponding 

density of the generated plasma at the propagation distance z = 2.7 cm at 10 atm. 

The input power is P = 1.975Pcr- The inset shows the maximum over time of the 

electric field aanplitude. 
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Figure 4.12: (a) Maximum over time of the on-axis electric field amplitude and (b) 

on-axis density of generated plasma at 10 atm. P = 1.975Pcr- [The dashed line 

in (a) denotes the behavior of the maximum on-axis field amplitude over time for 

linear propagation.] 
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Figure 4.13: Blue-side superbroadening/plasma broadening of the pulse spectrum 

as a function of the input power. The procedure of extracting this information from 

the numericcil data is described in the text. 
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CHAPTER 5 

Femtosecond Pulses at the Boundary of a 
Nonlinear Dielectric 

All the intellectual improvement happens in the moments of free time. 

SAMUEL JOHNSON, ENGLISH SCIENTIST 

We saw in Chapters 3 and 4 that besides the great advantages and simplicity of 

the propagation equation in the slowly varying amplitude approximation, we have 

to struggle with singularities which axe unphysical predictions of the approximate 

theory. This leads to the question of whether we should employ the full set of 

Maxwell equations in trying to understand the interaction with a aonlinear media, 

at least for very short pulses with a duration of a few optical cycles. How do we 

describe such media? A quantum mechaaiical model would be the model of choice. 

However, this is practically impossible because of the computational demands which 

are high even in the case of the Maxwell equations alone. But still, can we leam 

something new about propagating pulses? We believe so. 

To address some of the above issues we shall present in this chapter some of the 

results we have gotten when numerically studying the nonlinear interaction of a 

femtosecond pulse incident on a quadratic medium using the macroscopic Maxwell 

equations. 
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5.1 Introduction 

The study of second-harmonic generation (SHG) in the context of Maxwell equa

tions gives rise to some comments on SHG and rectification of light, which were first 

demonstrated by Peter A. Franken and his coworkers [137, 138]. The topic of SHG 

by short pulses continues to receive much attention, especially in phase-matched 

and quasi-phasematched conditions [139, 140, 141, 142, 143], because of significant 

applications. 

Most papers use the slowly varying envelope approximation to discuss the growth 

of the second harmonic amplitude, starting from zero at the boundary of the nonlin

ear crystal (2 = 0). This approach would be strictly valid if the dielectric constant 

would slowly increase over many optical wavelengths, eliminating reflection. It is 

well known that rigorous solutions of the Maxwell equations at a sharp boundauy 

with a discontinuity in the linear and nonlinear susceptibilities require the presence 

of both reflected and transmitted fields. 

Rigorous solutions for second haxmonic fields valid in steady-state conditions 

(very long pulses) were given by Bloembergen and Pershan [144] shortly after 

Franken's initial experiment. It was shown that the total second-harmonic Eeld 

consists of a reflected wave In the linear medivun (usually air or vacuum) and two 

transmitted waves in the nonlinear medium which respectively represent the solu

tions of the homogeneous and the inhomogeneous wave equations. The latter is 

driven by the nonlinear polarization and has a wave vector 2ki equal to twice the 

wave vector of the fimdamental wave in the nonlinear medium. 

The homogeneous solution has a wave vector [^21 = 2um(2a;)/c, where n(2ui) 

is the index of refraction at the second-harmonic frequency. For normal incidence 
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the interference between the homogeneous aaid inhomogeneous solution leads to the 

occxirrence of Maker-Terhune fringes in the second harmonic intensity as a function 

of the distance z traveled in the nonlinear medium [145]. For large angles of inci

dence the beams corresponding to the homogeneous and inhomogeneous solutions 

are separated in space for non-phase-matched conditions [146]. 

5.2 Model 

We describe the interaction of the pulse with a crystal using two coupled wave 

equations^, for x- and t/-polarization directions, with a specific form of the nonlinear 

polarization which is proportional to a product of the electric fields, in the x-

polarization direction, and to Ey in the y-polaxization direction. Such an interaction 

scheme can be achieved, for example, with KDP crystal in th.e geometry shown in 

Fig. 5.1, or in a LiNhOz crystal and with light propagating along the optical axis. 

The linear properties of the medium are either grouped together in the "velocities" 

tv and Vy which can differ, leading to a phase mismatched condition; or are modelled 

by a simple harmonic oscillator. In our treatment we keep the polarizations of the 

fields to be the eigenpolarizations of the linear permittivity, thus obtaining a simpler 

description of the linear interaction. In the case of constant velocities and Vy we 

can write the wave equations as 

dz^ vl dt^ dt^ ^ 

d^Ey Id'^Ey _ .. 
dz'^ vl ""-I ' 

'^Here we still consider nonmagnetic media. This assumption may become invalid at lower 
frequencies where typically strong magnetic nonlinearities cam be present. 
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with, the second order susceptibility magnetic permeability juo7 and dielec

tric permittivity CQ- AS is well known, the slowly varying envelope approximation 

applied to these equations leads to equations which describe second harmonic gen

eration (SHG) [147]. 

5.3 Dispersionless Birefringent Medium 

Recently exact solutions have been obtained for a femtosecond pulse incident 

from vacuum onto a nonlineax dielectric with a phase-mismatch between funda

mental and second haxmonic caused by birefringence [148]. For sufB.cient phase 

mismatch the second harmonic intensity always remains very small compared to 

the fundamental intensity. The amplitude of the fundamental will thereafter be 

considered to be a fixed parameter. 

5.3.1 AneJytic Result 

For the saJse of concreteness consider the experimental situation shown in Fig. 5.1. 

The fundamental pulse is polcirized along the [1,1,0] crystaUographic axis labeled 

as the f-direction of a KDP crystal, and induces a aonlinear polarization along the 

[0,0,1] or y-direction, i.e. parallel to the optic axis, 

(5.3) 

The ptilses propagate along the crystaUographic [1,1,0] or f-direction. Assume 

initially that there is no color dispersion. This is clearly not realistic, but the 

consequences of dispersion will be discussed later. In this case the induced non

linear pulse satisfies the wave equation (we assume one spatial dimension r , i.e. 

plane waves, or alternatively we ignore diffiraction, (^rl "C where kr ajid are 



transverse and longitudinal wave vectors, respectively, and treat each transverse 

dimension separately) 

S'E, 1 d^Ey 

dz' oj af ^ dP 

with 

= ^QX^'^^Alf{t-zlv^) (5.5) 

and Vy = c/n||(2u;) = c/n||(0). Note that all quantities axe real. The fundamental 

pulse in the mediiim hcis an amplitude and a shape f{t — ^/ur) with = 

c/nj.(a.'). The nonlinear source term has a shape p{t — s/ur) vvhich propagates at 

the fimdamental velocity Vx. A special solution of the inhomogeneous Eq. (5.4) is 

t) = (5.6) 
"1 - «!( 

The homogeneous equation, when the right hand side in Eq. (5.4) is put equal to 

zero, has a general solution 

(5.7) 

with arbitrary amplitude A^. The reflected pulse obeys the wave equation for linear 

incident medium and has the general solution 

= A^g^{t + zlvo) , uo=c/no, (5.8) 

with no the index of refraction of the incident medium. The continuity of the 

tangential components Ey and at the boundaxy can be satisfied for r = 0 at ail 

times [144] if we take 

= g^ii) = fHi) for all t, 
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Y(2) 42 
, (5.9) 

(n i l+  nx ) (n i i+no)  

Al = n j .+n | | ^  
^ nx - e|| no + n\\ 

These solutions of Eqs. (5-5-5.10) agree with numerical calculations of the full 

Maxwell equations [148]. 

Next we turn to the numerical solutions of the full Maxwell equations for short 

plane wave incident pulses and the geometry of Fig. 5.1. The situation while the 

fundamental pulse crosses the boundary is shown in Fig. 5.2. The situation after 

propagation over a distance suflB.cient to separate the homogeneous and inhomoge-

neous solution is shown in Fig. 5.3. Note that the reflected and the two transmitted 

pulses all have "unipolar" character [148]: This is caused by the fact that the rec

tified or low-frequency components are described by the same nonlinear coefficient 

as the second harmonic components in the absence of dispersion. 

5.3.2 Maker-Terhune Fringes - A New Point of View 

The pidses become completely separated upon propagation as shown in Fig. 5.3. 

This separation of the two pulses in the time domain should be readily detectable, 

but to our knowledge no such experiment has yet been executed. Before the tempo

ral separation the pulses interfere and Maker-Terhune type oscillations are obtained 

in the computer solution shown in Fig. 5.4, which shows a series of time snapshots 

of the transmitted second harmonic and rectified fields. These oscillations in ampli

tude gradually disappear as the pulses separate, and the amplitude of the separated 

pulses is about a half of the maximimi amplitude of the Maicer-Terhune fringes. 
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The coherence length is defined by the distance at which the first maximum in 

the Maker-Terhune fringe pattern occurs, or Icok = -^0/417^11 — nx|. For an incident 

pulse at Q.S^im on KDP in the geometry shown in Fig. 5.1 one finds [149] n\\{2u) ~ 

1.492 ajid nx(u;) ci: 1.515, yielding Icoh — 8.7/im. The separation length at which 

the homogeneous and inhomogeneous pulse solutions are no longer overlapping is 

defined by 

2 
Isef — rr rip — Icoh 

I I TT 

where tp is the pulse duration, v is the pulse velocity, and At; = v^ — Vy. Note that 

the separation length is always larger than the coherence length because typically 

ujtp :2> 1. For a pulse duration tp = IO/5, lasp — 130;um. 

5.4 Color Dispersion 

VVe next turn to the issues related to color dispersion for short pxilse second 

harmonic generation. Crystals lacking a center of inversion symmetry generally 

have significant dispersive features due to optically active infrared modes causing 

the dielectric constajit at low frequencies to be significantly larger than the square of 

the index of refraction at optical frequencies. For BCDP and. AQ = 0.8/zm, ei|(0) 17 

[150p , whUe nf|(2w) ~ 2.226. 

5.4.1 Phonons 

The best known materials which have negligible infrared dispersion include di-

ajnond, silicon and germanium (aonpolar solids, having inversion symmetry), but 

"Notice that the low-frequency dispersioa of BCD P is rather complicated and, strictly speaking, 
Ccimiot be modelled by a simple harmonic oscillator- Moreover, the value of £[[ (0) is hard to obtain, 
experimeatally. See also Ref. [151]. 
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GaAs is known to have a strong absorption bajid neax 340fj,m wavelength [152], 

Most birefringent ionic crystals, which are transparent in the visible, also have 

strong infrajed resonances with significant oscillator strength. We shall model 

these infrared resonances by a simple linear harmonic oscillator with parameters 

close to those of KDP; the resulting linear response in the extraordinary direction 

is shown in Fig. 5.5. As a consequence the low-frequency or rectified components 

of the homogeneous pulse solution in the material will separate from the second 

harmonic Fourier components, as displayed by the computer solution shown in 

Fig. 5.6. The free low-frequency envelope pulse decays rapidly as the Fourier com

ponents around the inverse pulse duration, are likely to coincide with infrared 

absorption features for tp between 10 and 100 femtoseconds. Fxirthermore the low-

frequency components in the driven pulse wiU give rise to Cerenkov type radiation 

a s  t h i s  p o l a r i z a t i o n  i s  d r i v e n  w i t h  a  v e l o c i t y  V j .  =  c / n x ( u ; )  w i t h  n \ ( u j )  <  e i i ( O ) .  

This latter type of behavior was investigated in both theoretical and experimental 

detail by Auston [153]. The infrared absorption causes the low-frequency compo

nents in the homogeneous pulse solutions to disappear also. The magnitude of the 

low-frequency components in the driven, or inhomogeneous solution will also be 

reduced considerably, when the absorption depth is comparable to or shorter than 

the coherence length. The imaginaxy component of the index of refraction is then 

laxger than the difference in the real parts, which occurs in the expression for the 

inhomogeneous solution given by Eq. (5.6). The detailed characteristics of infrared 

dispersion will lead to complex distortions in the propagation of the low-frequency 

components in the pulses which will be completely separated from the SH compo

nents. An example of this behavior is shown in Fig. 5.6, which shows the free and 
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driven transmitted pulse is separated in a second harmonic pulse and a rectified 

pulse. 

In addition, one may expect the nonlinear susceptibility for the difference fre

quency generation and rectification to differ from that for second harmonic gener

ation, —<*') —2u);u),u)). Thus the use of a single real constant 

in Eq. (5.3) is no longer justified. The presence of dispersion around the frequen

cies uj and 2u respectively leads to further corrections, but these will probably not 

produce significant changes in the pulse behavior. A linear variation of nj,(uj) and 

n\\{'2u) with LJ may be taken into account by group velocity being slightly different 

firom the phase velocity. This will cause a small change in the distance required for 

separation of the homogeneous and inhomogeneous pulsed solution. Second deriva

tives of NJ.(A;) and TI||(2W) will cause interned group velocity dispersion leading to 

distortion of pulse shapes. The distances over which such effects would become 

significant are generally much longer [139, 141, 142, 143] than the coherence length 

and pulse separation length in our example. 

5.4.2 Experimental Feasibility 

Turning now to the issue of experimental verification of the features described 

above, let us consider a 20 nanoJoules incident pulse of IO/5 duration, coUimated 

to an area of Imm^. The incident power flux density is 2 x lO^W/cm'^. With 

^(2) ~ S.4 X one finds from Eqs. (5.6) and (5.10) that the forced and free 

second harmonic transmitted pulse have an energy of about tenth of the millionth 

(1.5 X 1Q~") of the incident energy. This would correspond to roughly six thousands 

SH quanta per pulse which should be readily detectable. 
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The time separation between the forced and free pulses could be observed by 

recombining these transmitted pulses at 2u with a pulse at w, split off from the 

incident pulse, in a thin phase-matched nonlinear platelet to yield an upconverted 

pulse at 3w. This signal could be detected by straightforward frequency and spatial 

filtering as a function of time delay in the path of the reference pulse at UJ. Back 

reflections at the exit surface of the KDP sample could be avoided by antireflective 

coating on a slightly tilted back surface. The reflected SH pulse energy would be 

about three orders smaller by comparing Eqs. (5.9) and (5.10). The signal should 

still be detectable with long train of incident femtosecond pulses. One could also 

use longer incident pulses with tp = 100/s and energy of 200 nanoJoule per pulse. 

The detection of the infrared components, around the frequency S in the rec

tified pulse would be much more diflBcult. In the absence of infrared dispersion the 

total electromagnetic energy content stored in low-frequency components is com

parable to that of the second harmonic components in the forced pulse as shown in 

Fig. 5.2. As discussed above, the low-frequency components of the homogeneous 

solution wiU have decayed before reaching the exit surface ajid these components 

in the inhomogeneous pulse will edso be severely reduced. The trajismitted and re

flected infrared powers, even for femtosecond pulse repetition rates, would probably 

be unobservable even with, liquid-helium cooled infrared detectors. 

5.4.3 Can Unipolar Rectified Pulses Be Generated? 

It foUows from the previous discussion that the generation and detection of the 

low-frequency signal in the ionic crystal crystals is very problematic. But what 

happens if we would have a material with rather small infrared dispersion? We 

consider here the case of a material with all the resonant frequencies higher than 
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the optical one, and we can approximately model such material again using a simple 

harmonic oscillator. Now, however, we shall typically obtain^ ~ 

ln(u;) — n{2u})\. The result of 10 fs pulse with the carrier frequency below the 

resonance frequency of the oscillator after some propagation is shown in Fig. 5.7. 

We can notice that the rectified part of the free transmitted pulse propagates faster 

then the SHG part of this pulse and separates from them in the form of a nice ~one 

hump" solution. In the driven pulse traveling in synchronism with the fundamental 

pulse, the far infraxed and SH Fourier components remain superimposed. 

At present it is not known to the author if materials with required properties 

are available but it looks like the correlation between having a nonzero and 

having eflB.cient coupling to the phonons or other low-frequency resonances is rather 

strong. 

5.5 Conclusion. 

We hope that we showed in this chapter the importcince of studying optical field 

propagation in nonlinear materials. In general, the slowly vzirying approximation 

can be used if we have many distinct frequencies present in our problem"*. However, 

it is not satisfactory if the spectral width, of the optical field becomes such that the 

^Note that we do not need to invoke birefringence as long as there is smtable x'-' ^ 0 and we 
are not interested in phase-matching the fimdamentzil and SHG signals. 

''For instance, in the example discussed here we have the second harmonic frequency and 
rectified field (with zero central frequency), £md we can solve the propagation equation separately 
for each component: In this case we could rewrite the propagation equation as a couple of wave 
equations for the different frequency components (0 and 2w) utilizing the slowly varying envelope 
approximation for the field oscillating at 2w, namely 

( (5.12) 

(5.13) 
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discrete frequencies cease to be well defined. In such a case one needs to employ 

the full set of Maxwell equations. 

In conclusion, the study of femtosecond pulses incident on a nonlinear piezo

electric crystal in a non-phase-matched direction leads to an enhanced understand

ing of the phenomena of SHG and rectification of light, which Franken first studied 

almost forty years ago with ruby laser pulses of about one millisecond duration. 

Moreover, we predict a new phenomenon of temporal splitting of a nonlinear pulse 

and we show that such splitting should be observable. A material research needs 

further investigation as there is a possibility of utilizing the second order nonlinear-

ity for a generation of low-frequency (in the THz range) possibly unipolar pulses. 

Finally, to make connections with the matters discussed in Chapters 3 and 4, the 

Maxwell equations could be very valuable in studies of the collapse phenomenon 

as displayed in an ultrashort pulse propagation in dielectrics. Presently, there 

has been great interest in interfacing a propagation equation in the the slowly 

varying envelope approximation which is capable of describing the early stages of 

the collapse, with the Maxwell equations. 

where we wrote Ex ~ (L/2)[(^(f — exp(ifcjr^ — Ey ~ £^Rec(-. 0 + 
(l/2)[^(r, t) exp(jArj,z - 2w<) -h c.c.], Ry includes the low-frequency responses, AA- = — ky, * 
denotes the time convolution, zind we chose ky = 2w/uy. 
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pump 

[1,1,0] 

Figure 5.1: The incident pulse on the KDP is polaxized as an ordinary ray ([1,1,0] 

crystallographic direction). It creates a nonlinear polarization along the optic axis 

([0,0,1] crystallographic direction). 
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Figure 5.2: The fundamental pulse is passing through the boundary (bottom) and 

creates the second harmonic and rectified pulses in transmission and reflection 

(top). For illustrative purposes we used a wavelength of 1.065;zm, n|| = Uy = 1.5, 

and nj^ = Tlx = 2.5. 

zCum) 

Figure 5.3: The fundamental pulses in reflection and transmission (bottom) and 

the second harmonic and rectified pulses (top), when the inhomogeneous and ho

mogeneous solution in the medium have separated. 
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Figure 5.4: A series of time snapsliots of the transmitted SH and rectified fields. 

Observe Maicer-Terhune oscillations caused by interference of the homogeneous and 

inhomogeneous pulsed solution of the nonlinear wave equations, and small ampli

tude laxge wavelength tciil which is the remnant of the rectified pulse in Fig. 5.3. 
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Figure 5.5: Low-frequency color dispersion in ionic crystals. This dielectric constant 

mimics the linear response in. the KDP's extraordinary polarization direction. 
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Figure 5.6: The free and driven transmitted pulse is separated in a SH pulse ajid a 

rectified pulse (see the text for discussion). The driven pulse travels in synchronism 

with the fundamental pulse (dotted line). Note: This figure is the enlargement of 

the last time snapshot m the Fig. 5.4, where we used the parameters as discussed 

in the text (simple harmonic oscillator model to mimic KDP's linear response at 

infrared frequencies, n||(2a;) ~ 1.492, nj_(u;) ~ 1.515, e||(0) 17, and — 

2.7 X 10-^). 
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Figure 5.7: The free trcmsmitted pulse is separated in a SH pulse ajid a rectified 

pulse. In the driven pulse traveling in synchronism with the fundajnentcil pulse, 

the far infrared cind SH Fourier components remain superimposed. 
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CHAPTER 6 

Coherent Coupling in Collinear, Copropagating, 
Cross-Polarized Pump-Probe Experiments in 

Semiconductors 

It i$ simpler to be wise for others than for yourself. 

FRANCOIS DE LA ROCHEFOUCAULD, FRENCH WRITER 

The semiconductor industry continues to dominate our lives. Radio, television, 

and computers are just the most obvious examples. The production of semicon

ductor laser diodes really took off with the commercial success of compact disc 

players, but there is much potential stiU to be used. High electrical-optical energy 

conversion efl&ciency, compactness, and possible integration on a chip are major 

advantages of these devices. However, there are many challenges to be addressed. 

The operation of typical broad area devices is plagued with instabilities and pos

sesses multi-mode dynamics which prevent us from reaching the desired high optical 

output powers. 

Small divergence in a single-longitudinal mode laser is another widely required 

virtue. At lower output powers very good chajracteristics were obtained with DBR 

(distributed Bragg reflector) and DFB (distributed feedback) lasers and lately with 

the vertical-cavity surface-emitting lasers. The latter type of a semiconductor laser 

is successfiiUy commercially used for high-speed medium-distance data links, and 

has great potential applications to optical storage, print heads, and bar-code scan

ners [154]. 
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And there is a great challenge awaiting us: The theoretical description of a semi

conductor laser. A semiconductor laser is a very complicated system involving many 

interacting particles or quasi-particles and their description requires many-body 

theory. Furthermore, the interaction of the electromagnetic field with a quasi-2D 

semiconductor structiure depends on the orientation of the fteld polarization di

rections with respect to the growth ajcis which leads to a different strengths for 

the conventional TE and TM modes of an edge emitting laser. Polarization de

pendent studies can be very valuable for futiure applications involving simultaneous 

TEhTM lasing action, or possible optical (i.e. very fast) modulation of the output. 

.\s the demajid for stable semiconductor lasers ajid for high speed semiconduc

tor devices is increasing, we have to deal with processes which take place on a 

very short (femtosecond) time scale. Pump-probe experiments employing optical 

pulses of less them himdred femtoseconds duration are common source of informa

tion about such processes. Generally, optical studies involving femtosecond pulses 

have developed into one of the most important analyzing tools in studies of the mi

croscopic dynamics of semiconductors and other materials, and in this chapter we 

shall discuss such experimental techniques and their sensitivity to the polarization 

direction of optical pulses. 

6.1 Intro duct ion 

Pump-probe measurements are a wide-spread experimental technique used to 

extract information about fast dynamics (on the picosecond, and subpicosecond 

time scale) of the relaxation processes in different materials (see, for instance, 

the studies by the Ippen. group at MIT on semiconductors [155, 156, 157, 158]). 
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The material response function can be obtained from the variations of the probe 

signal as a function of the delay time, unless the pulses overlap in time. In that 

case the output probe signal is also strongly affected by mutual coherence effects 

between pump and probe fields in the medium. The coherent coupling between 

pump and probe pulses crossing at an angle in the sample is well known and widely 

utilized [159]. Basically, the interference of the overlapping pulses leads to spatial 

modulation (grating) of the optical properties of the sample, and a part of the 

pump field can be scattered off this grating into the direction of the probe and is 

detected as a part of the probe signal. 

In the Ccise of copropagating cross-polarized pulses, no spatial modulation of 

the optical properties of the material is induced. However, it was shown in [160] 

that we can expect coherent coupling between the pulses in optically thin isotropic 

mediimi. 

Rather thein a scattering process, this coherent interaction caji be described as a 

cooperative bleaching of the sample (while pump and probe are mutually coherent). 

The gocd of this chapter is to study how such a coherent interaction of mutually 

perpendicular pulses can be experimentally detected. Also, we shall speculate on 

the possible use of such technique to extract information about the dynamics of 

carriers in semiconductor. 

The structure of this chapter is cis follows: First, we show analytically in a sim

plified model of a semiconductor quantum well and using a perturbative technique, 

that such coherent interaction displays itself, under a certain assumption about the 

input pimip and probe pulses, in the transmission signal in the probe polarization 

direction versus the probe delay dependence as an oscillation with twice the optical 

frequency. Then, in Section 6.3, we numerically integrate the semiconductor Bloch 
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equations (i.e. in a description to all perturbation orders) to verify that the oscil

lations are still present in the probe transmission signal. This is done ignoring the 

Coulomb interaction first, so one can see the overall signal for delays comparable to 

the pulse length. Then we include the Coulomb effects to see that the oscillations 

are not smeared out by them even in the presence of many-body effects such as 

bandgap renormalizatioa and renormalization of the Rabi frequency (dipole-energy 

renormalization). Finally, we conclude this chapter with the discussion of possi

ble utilization and expansion of this diagnostic technique for non-copropagating 

pump-probe experiments. 

6.2 Theoretical Basis 

In this section we use a simple theory to show that the effect of coherent 

coupling of two overlapping coUinearly copropagating pulses in quasi-2D semicon

ductor media can be nontrivial even in the case when they are cross-polarized. We 

shall consider, for the sake of argument, a four-baxid model (with parabolic bajids) 

for the bajid structiure of a semiconductor near the F-point in the Brillouin zone: 

Two bands representing spin up and spin down conduction bands, and two heavy-

hole bands (again essentially for spin up and spin down). The coupling of these 

bands to the electric field is shown in Fig. 2.6. 

In our analytical treatment we also omit any direct effects due to Coulomb 

interaction (namely bandgap renormalization and renormalization of the Rabi fre

quency): they will be incorporated into our equations (at least in the framework of 

Hartree-Fock approximation) in the numerical simulations, but lead to the loss of 
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the transparency of the axgument we want to pursue in this section. We treat car

rier and polarization relaxation terms in the relaxation time approximation (RT.A.), 

which arise as a result of Coulomb interaction on a much finer level of the descrip

tion of the carriers in the lattice [63, 72]. We shall comment on this choice later in 

this chapter. The exact form of the scattering terms and their choice is not crucial 

for the effect we want to study here. 

6.2.1 Equations 

We shall write the full electric field E{z,t) neglecting the transverse effects 

in the form E{z^ t) = j ̂ £(2, +c.c.j. The propagation equation for the 

electric field envelope £{z', t') in the slowly varying envelope approximation (SVEA) 

through a thin sample in a moving reference frame (2' = r, t' = t — zriblc, nj being 

the backgroimd group index of refraction) can be written as^ : 

|£ = = (<! = +.-,--). (6.1) 

KYA 

Here uq is the optical frequency, k = u^a/crib is the wavenumber, V is the volume 

of the sample, and we decomposed the envelope of the macroscopic (resonant) 

polarization Pr into a fc-resolved product of the dipole matrix fia{,K) and microscopic 

polarization Vaik) for each transition, where +, — and s refer to n^f/it-handed^ 

—{x 4- iy)l\/2 = eV, left-handed (x — iy)fy/2 = e_, and z direction of a field, 

respectively. 

neglect GVD due to the background refractive index in our calculations. This dispersion 
has the same sign as the GVD due to the resonant transitions in our model, but we have estimated 
it using data published in [161] and elsewhere to be significantly smaller. See Appendix D. The 
boundary effects are also not considered here at aU, i.e. we do not treat the boundary conditions 
according to the quzintimi mechanical description, which leads to an onset of polarization as we 
go from the boimdsiry to the material. 

"This notation differs slightly from that used in [5]. 
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Since the pulses propagate perpendicularly to the quantum well plane^ , i.e. in 

the z-direction, we can see from Fig. 2.6 (and Fig. 2.5, too) that the right-handed 

and /e/t-handed electric fields couple to different transitions in our model, whereas 

there is no z component to interact with such a semiconductor (notice our defi

nition of the coordinate system in which z axis is perpendicular to the quantum 

well and x,j/ axes lie in plane of the quantum well). The microscopic polarizations 

Vaik) and band populations fa{k) follow in the "single-electron" approximation 

ajid in the rotating wave approximation (RWA) the set of Maxwell-Bloch semicon

ductor equations (2.58), (2.59), where for simplicity we also neglect the incoherent 

scattering terms. 

6.2.2 Approximation 

Next, we suppose that the electric field is small of order 5 and write the micro

scopic polarizations and population numbers in the form of asymptotic series (for 

the sake of the simplicity of the argument we assume no initial carrier distributions 

which, results in /i°'(0 = /a°n~oo) = 0^ ~ — 0)-

Mk) = + (6.2) 

By equating the terms with, the same power of 5 we obtain the equations for different 

terms in (6.2). Namely, we get in the first three orders of 8: 

= if , (6.3) 
J—CO 

f?\t) = -if dt'\l^.S.{t')rPi»{l^)+c.c. 
J—CO 

^As we mentioned in Section 2.5, we consider in our model only the first subbands of the 
conduction, heavy-hole, and light-hole bands. 
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=  r  r ' ,  ( 6 . 4 )  

J—OO 7—oo 

/

t rt"* rt' 
dt'" / dt' / X 

•oo J—OO •/ —CO 

(6.5) 

The set of equations (6.3)-(6.5) represents the basis of our approach to the descrip

tion of the coherent coupling between the pump and probe pulses. In the following 

the time integrations will not be essential and we shedl ignore them. Notice that the 

even terms of the microscopic polarizations and odd terms of the populations 

vanish. 

6.2.3 Probe Beam Energy Loss 

The pimip and probe pulses are copropagating in z direction (see Fig. 6.1) and 

have cross-polaxized electromagnetic fields with electric field of the pump polariza

tion in the f-direction and that of the probe in the y-direction. Because our pulses 

are supposed to be derived from the same source (by a beam splitter, for example, 

as shown on the Fig. 6.2.) and we assume good control of the delay r between 

them, we can write the field as 

E{t,z) = Epu(t,^) + £pr(<,-?) , 

E^{t, z) = xEpuiiJot — kz) cos(a;of — kz) 
^-i{uot-kz] 

= X £^pu(wo^ - kz) -f- C.C. , 

Epr{t, z) = yEprii^ot — k{z -h AL)) cos{u}ot — k{z -f- AL)) 
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-i[wo(t~T)-kz] 

= y Epr[uo{t - r) - kz] + c.c., (6.6) 

where r = kAL/uio (= AL^ac/c in vacuum) is the delay time between the pulses 

and ALyac = ribAL is their spatial separation in vacuum. Transforming to the 

moving frame {z' = z, t' = t — zuh/c) we obtain for the total field: 

g-lu/ot' ^ 
= ^^[X£'P.(0 + Y^PR(I'-R)E"^''^]+C.C. 

g-«wot' 
= —-— [x£j;{t') + y£y{t' - r)] + c.c. 

-•wot' ^ 

= —— + Sprit' - r)] + c.c. (6.T) 

(notice that the factor is implicitly present in the functions £y{t' — r) and 

£pr{t' — r)). The key observation in the Eq. (6.7) is the presence of the phase —cuor 

which depends on the delay between the pump and probe pulses. This is the direct 

consequence of the way the "probe" pulse was derived from the "pump" pulse. 

For the form of field given by Eq. (6.7), and using the propagation equation (6.1) 

we can derive the equation for the change in probe field intensity (we renamed z' 

as 2, and t '  as t):  

. (6.8) 

Then, for a thin sample, we obtain for the chajige in the probe energy AUpr after 

the interaction the expression: 

AUpr ~ [J dtp(t) • ̂ (i) 

(6.9) 

A [f+(n£;(«')£+('")+£-(Oc(i')£-(i'i]«;(')+ 
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B [s^.(t"')£+{t')£;{t") + £;(i) (6.10) 

£,(n£;(t"i£,{n - £An^(t')£At")] £;(<)+ 

£,(t"')£,{t')£;(t") + e.(("')£,(t')«:(i")) £;('). (611) 

where we denoted by ^ emd B integral operators whose exact form is not impor

tant for our analysis. The expression (6.11) contains, among other terms, a term 

proportional to 

Sx{n€;{t')s.{t'')e'y{t), (6.12) 

and after a brief inspection of the Eqs. (6.12) and (6.7) we can see that such term 

gives rise to the 2ujq oscillation in the probe transmission signal as we vary the 

delay r between the pulses: 

£;p„(f"')^pu(f")^;r(<')^p*r(<)e'''-°"- (6-13) 

In principle, we should be able to observe this coherent phenomenon in the mea

surement of the probe transmission (e.g. by means of Differential Transmission 

Spectroscopy, [162], provided that the amplitude of the term describing coherent 

coupling is large enough, or using a phase measurements similar to those of Sarger 

et al. [163]). 

As we mentioned in Chapter 2, the perturbation theory for the density ma

trix (and our "P's and /'s are nothing but the reduced density matrix elements) 

is suitable if the pulse spectra axe fax enough from resonance. To describe the 

resonant interaction of light with a semiconductor, and to include bandstructtire 
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and many-body effects (e.g. excitonic effects) we need to use the semiconductor 

Bloch equations . Solving them analytically is virtually impossible to do, and we 

shall resort in the remainder of this chapter to numerical solutions of the set of 

semiconductor Bloch equations as introduced in Chapter 2, Section 2.5, coupled to 

the electromagnetic field described by a wave equation. 

6.3 Computer Simulations 

We employ in the numerical simulations the case of a six-band model of a semi

conductor QW, namely spin up and spin down conduction, heavy-hole and light-

hole valence bands as shown in Fig. 2.5. This is a simple model incorporating the 

phenomenon of electric field polarization, and describes the coupling of the elec

tromagnetic field to the electron-hole transition in thin QW structures in the con

sidered geometry (see Fig. 6.1) including the Coulomb interaction. The Coulomb 

interaction is treated in the Hartree-Fock and RTA (for details see Section 2.5). 

Carrier-LO phonon (plasma cooling) interaction is also dealt with in the relax

ation time approximation (for more details, see [75]). The dynamics of microscopic 

optical polarizations, coherences, and distributions is given within these approxi

mations by Eqs. (2.41) through (2.43) with the scattering terms expressed in RTA 

(see Section 2.5.2) as 

- dV.,ik) 
(6.14) 

dt 
scatt 

. afii'ik) 
•V if [/ii(S) - fc)] -

dt 
acatt 

(6.15) 
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= 7." [/..(fc) - . T,.. ?)] -
scatt scatt 

iS,^ -tr'" [/..(^) - /'•(cf. TL. fc)] -

z(l Sss')'ysa'fsa'i^) • (6.16) 

All the bands are assumed to have parabolic and isotropic dispersion in 2-D ^;-space 

as we ignore the warping of the energy baiids in A:-space (we set the Luttinger pa

rameters 72 and 73 equal). The parabolicity of all the bands is certainly a coarse 

approximation as the coupling of different hole bands is very strong near the "cross

ings" in the energy vs. k plots. These crossings represent degenerate states, but 

this degeneracy is lifted, leading to a so-called "avoided crossings" phenomena. We 

ignore this effect, which corresponds to putting c = 0 in the Luttinger Hamiltonian 

(2.44), thus obtaining a diagonal matrix with elements equal to the hole energies 

(we dropped the tilde used in the Section 2.5 to refer to the basis in which the 

Hamiltonian is diagonal). 

It is known that the dipole matrix elements for different transitions calctdated 

within a more detailed model including the nondiagonal elements in the Luttinger 

Hamiltonian reveal a strong ^-dependence [80]. This strong A:-dependent behavior 

of the ^sj's occvirs predominantly for fc's axoimd the avoided crossings, due to a 

very strong mixing of light- and heavy-hole wavefunctions. However, we can mimic 

this ^-dependence of the dipole elements even in ovir "diagonal" approximation 

where we have the crossings, and keep the dipole elements associated with the 

parabolic bands constant (given by their value at |fe( = 0). For example, instead 

of considering the two (spin-degenerate) paxabolic light- and heavy-hole bands, we 

can define our new bands, the top and bottom bands. In the case when Ahk-ih > 0 

the '^op" band staxts as heavy-hole like band and at the band crossing turns into a 
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light-hole like bajid (different effective mass), and the opposite order applies to the 

"bottom" band. So the dipole element corresponding to these "top" and "bottom" 

bands then changes according to their light- or heavy-hole band origin, and this 

dependence is similar to that calculated in models which contain avoided crossings 

[80]. Furthermore the dipole elements also diminish with increasing [fc] [63]. This 

prevents a divergence in the calculation of the linear index of refraction change [60]. 

For convenience we introduce a cutoff value of the electronic wavenumber, and 

set all the /LZJ/S to zero for \k\ > k^ which mimics the |fc(-dependence of the dipole 

elements and removes the divergencies from the calculations. 

Finally, we remark that we do not consider any effects arising as a result of a 

spin-flip scattering [62, 73], nonradiative recombination, or pumping currents in 

the numerical simulations. 

6.3.1 Semiconductor Parameters 

In our simulations we studied the case of a semiconductor GaAs QW with only 

thermal population of the carriers initially (at = 300 °K). In this limit we 

consider only transitions between the low-A; states for which the parabolic band 

approximation is still acceptable. The magnitude of the dipole element (/Ie-/»A.| 

was taken as q x (0.52 nm) [63, 80] with g as a unit of electric charge, and the 

backgroimd index of refraction was nj ~ 3.56. 

For the band gap we chose a value of Eg = 1424 meV, the electron effective 

mass was 0.067me, the heavy hole effective mass ruhh. = (7i +72)~'^"^e ~ 0.112Tne, 

where is the electron mass in vacuvm:! and 71 = 6.85, 72 = 2.1 the Luttinger 

parameters for GaAs, and for light holes we used an effective mass mih. = (71 ~ 
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0.211me'* . The heavy-hole band maximum was 40 meV higher than the 

maximum of the light-hole band {Ahh-ih = 40 raeV). We used 60 fs and 400 fs for 

the carrier-carrier scattering time and carrier-LO phonon scattering time (carriers 

being electrons and heavy holes), respectively, ajxd 170 fs for the light hole-LO 

phonon scattering time in the case of high caxrier densities [164]. This leads to 

the dephasing time 7^7^ of ~ 40 fs. In the case of no (other than thermal) initial 

and low excited carrier densities the carrier-carrier scattering times and carrier-LO 

phonon scattering times do not aflfect the calciilations significantly, and we set the 

dephasing time to 200 fs. We would like to comment on our choice of relaxation time 

constants: As we mentioned in Section 2.5.2 the relaxation time approximation is 

sometimes, but not always, a good description of the various scattering events in 

a semiconductor. It is a simple one, but we have to compromise, especially in the 

low-carrier-density limit: The dephasing time in good semiconductor samples is 

much longer than the 200 fs we used at low densities. The reasoa for our using the 

200 fs is the fact that we are generating substantial highly non-equilibrium carrier 

populations via the optical excitation. Once the carriers are excited, the dephasing 

time is on the order of 100 fs. Our choice is beisicedly governed by a rough average 

of the above limits® . 

In the following subsections 6.3.2 and 6.3.3 we shall show the results of numerical 

simulations of the resonant interaction of two pulses with a semiconductor modelled 

by six energy bands in. the geometry of Fig. 6.1. However, for our input paxameters, 

namely large heavy-hole - light-hole splitting and spectrally narrow ptilses timed 

'^Note that the heavy-hole band has smaller effective ia-plane mass than the light-hole bcind. 
^The experimental absorption data at room temperature [63] show that the width of the 

excitonic Line is on the order of the binding energy. This binding energy is equcil to ~ 4.2 eV in 
bulk GaAs [67] which leads to a dephasing time of the order of 100 fe. 
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at the conduction - heavy-hole band transitions, we could have worked with a four 

level system (Fig. 2.6) and we would have obtained the same results. 

6.3.2 No Coulomb Interaction 

First, we studied the effect of the noninteracting carriers in a semiconductor 

on the probe transmission signal. VVe simulate the situation shown in Fig. 6.1 

with two pulses, pump and probe, incident on a QW edong the growth axis. The 

central frequency of the two 200 fs pulses was detuned by +10 meV from the 

bandgap energy as is shown in Fig. 6.3. The period of these optical oscillations 

is ~ 2.88 fs. The peak amplitude of the pump pulse (chosen so that the intensity 

/ ~ 15.7 MW/cm^) was three times stronger than the peak amplitude of the probe, 

whose delay, r, was changed. 

The resulting probe transmission due to the coherent effects of the two cross-

polarized pulses propagating through the semiconductor is shown in Figure 6.4. In 

the inset of Fig. 6.4 we can clearly identify a signal oscillating with the frequency of 

2u;o, while both pulses are present in the semiconductor, which verifies numerically 

the results of our analytical analysis. 

6.3.3 With Coulomb Interaction 

It stiU remains to be answered whether or not such an oscillating signal will 

be present when the Coulomb interaction of the carriers is talcen into account. 

To address this issue we integrated the Eqs. (6.14)-(6.16) with nonzero interaction 

potential V(^. The detuning of the pulse carrier frequency from the bandgap 
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energy is in this case —10 meV, whicii coincides more and less with the heavy-

hole excitonic peaic, see Fig. 6.5® , and the period corresponding to this energy 

is ~ 2.92 fs. The answer to the above question is affirmative as we can see in 

Fig. 6.6. As the computations in the present c<ise are much more time consuming, 

we calculated and plotted only a restricted number of points around zero probe 

delay r. Three cases are shown in Fig. 6.6: The main result of this subsection is the 

full line with squares denoting the signal calculated with the Coulomb interaction 

of the carriers switched on. We calculated the probe transmission signal also in the 

case of the interaction potential being switched off. In this situation the light is 

detuned below the bandgap, towards the transparency region (detuning of —10 meV 

below Eg', notice that the excitonic feature is missing in this case). Since the pulses 

are still timed close enough to the continuum of resonance transitions, we can still 

observe the '2ujq oscillations in the probe transmission^ . The last curve in Fig. 6.6 

shows the resxilt of the preceding subsection, i.e. when the interaction among the 

caxriers is left out and pulse carrier frequency is in the absorption region (detvmed 

by +10 meV above Eg). 

6.4 Discussion and Conclusion 

We showed in this chapter the existence of a coherent effect in collinear. co-

propagating, cross-polarized ptunp-probe type experiments. We saw that keeping 

the phase delay between the pulses stable is crucial for the possible experimental 

observation of this effect. In fact, that this is possible was shown already more than 

®We show only the heavy-hole exciton absorption feature; the light-hole exciton is not visible 
on the scale of the picture since it is irrelevant to the resxiit for the peirameters used here, namely 
200 fs pulses. 

"In Figure 6.6 we rescaled all the results to arbitrary units. Actually the results with pulse 
carrier ftequency below the bzindgap has much smaller amplitude. 
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a decade ago by Heinz and coworkers [160], who measured such TLJQ oscillations in 

optically thin jet of cresyl violet dye dissolved in ethylene glycol with 7 ps pulses 

tuned to the absorption band. 

In the case of semiconductors, or more precisely quasi-2D semiconductor struc

tures, our computations suggest that this phenomenon is basically present in the 

probe transmission signal vs. the delay dependence independently of whether or 

not we include the Coulomb interaction among carriers into our model, and at a 

resonance or its vicinity. As we did not use any restriction on the relative irradi-

ances of the pump and probe pulses we can also consider the situation in which 

the "probe" pulse is an exact but delayed copy of the "pump". Then all the terms 

in AUpr in the expression (6.11) wiU have similar size, and the magnitude of the 

oscillations should be of the same order as the signal averaged over the fringes. One 

can see this tendency in Fig. 6.4. 

The presented results raise several new interesting questions. We studied a 

rather thin sample so we could ignore propagation effects. The interaction of pump 

and probe pulses propagating along the quantima well plane, as is common in optical 

semiconductor amplifiers, one in T£J mode and the other in TM mode, can be more 

obscxire not only due to the more complicated interaction scheme (see Fig. 2.5), but 

also due to the fact that the TE and TM modes propagate at different velocities. 

And there is still the question of useftiiness and feasibility of such experiments. 

Oiir results in Fig. 6.6 show that the change of the interaction among the carriers 

(i.e. including the Coulomb interaction) leads to a phase shift of the '2uo pat

tern. We also know that such interaction depends on the intensity of light: The 

Covdomb screening is changed. It follows that the phase shift contains information 

about the microscopic interaction among the carriers, and one shoidd be able to 
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probe it in experiments by changing the intensity of the pulses while keeping their 

caxrier frequency constant, or sweeping the carrier frequencies of the pulse for given 

intensities. 

In conclusion, we have seen that theoreticaily coherent coupling effects are 

present also in the colllnear, copropagating, cross-polarized pump-probe experi

ments with semiconductors despite the absence of any induced spatial gratings in 

this geometry. Intuitively, we may view the coherent interaction not as a scattering 

process but rather as a cooperative bleaching of the sample while the pump and 

probe are mutually coherent. 

Finally we discuss briefly the case of pump and probe pulses crossing at an an

gle. As a simple example we can use a analysis (similar to that presented in 

the Section 6.2.2) for the 4-level system with the dipole selection rules as shown 

in Fig. 2.5). We can show that the induced nonlinear polarization has a different 

oscillatory behavior (as a function of the delay r) in the direction of the probe 

(optical) polarization in different directions of the foiur-wave-mixing signal as indi

cated by the labels 2a;, u;, 1, and —u; in Fig. 6.7 (e.g. the label w corresponds to 

a factor exp(za;oT) in note that in this figure the polarization direction of the 

probe field is along the x eois). If we measured the probe transmission signal (in 

the ^2 propagation direction), we should find no oscillations as the function of the 

delay. This is so because the probe field carries a factor exp({a;oT) ajid therefore 

V±^Sy in the probe's direction, k2, has no wor dependence (compare (6.6) or (6.7). 

and (6.8)). In. the other propagation directions we should meastire, for instance, a 

quantity proportional to [Ph • xp, and our analysis suggests that there should be 

no oscillatory features® present. 

®Our approach, ignores, however, any contributioa from twophoton and similar processes. 
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Figure 6.1: Geometry of the pixmp-probe experimeat. 
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Figure 6.2: Basic arrangement of the experiment corresponding to our calculations. 

Pi and P2 are polarizers, BSl and BS2 denotes beam splitters, r is the delay and 

the electric field polarizations of the pulses are depicted by arrows and circles. 
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Figure 6.3: Lineax absorption spectrum of a GaAs quantum well in the case where 

no Coulomb interaction between the carriers (except that involved in the scat

tering part of the Maxwell Bloch equations), with no pumping at temperature 

r£, = 300 ®K. The upward arrow indicates the spectral position of the pump center 

frequency used in calculations without Coulomb interaction. 
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Figure 6.4: Probe transmission signal as function of delay time. The two pulses 

are at the sajne center frequency (the period of the optical oscillation is ~ 2.88 fs) 

and with relative irradiance magnitudes 9 :1 ("pxmip:probe"). The inset shows the 

same numerical data enlarged. Notice the 2wo oscUlations of the probe transmission 

signal as a function of the delay between the two pulses. 
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Figure 6.5: Lineax absorption spectnun in the presence of the Couiotob interac

tion between the caxriers in the vicinity of the heavy-hole exciton resonance, at 

TL = 300 °K. The upward arrow indicates the spectral position of the pump center 

frequency used in ccdculations with Coulomb interaction. 
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Figure 6.6: Same as Fig. 6.4 but for the case with Coulomb interaction (full line 

with squares) and optical oscillation period of ~ 2.92 fs. The signal obtained when 

we switch the Coulomb interaction off is shown as dashed curve with triangles. For 

comparison we also show the probe transmission signal for the case illustrated in 

Figs. 6.3 and 6.4 (dash-dotted curve with bullets). 
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Figure 6.7: Schematic of a foiir-wave-mixiiig experiment involving a semiconductor 

described using four bands with the selection rules as shown in Fig. 2.6. 
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CHAPTER 7 

Summary &: Outlook 

You know you have achieved perfection in design, not when you have 
nothing more to add, but when you have nothing more to take away. 

ANTOINE DE SAINT EXUPERY, FRENCH WRITER 

In this thesis we studied the interaction of intense femtosecond pulses with 

matter. We considered pulse propagation in a nonresonajQt media where we focused 

on the interplay between self-focusing, plasma induced defocusing and losses in 

gases first, and then dealt with second harmonic generation in crystalline materials. 

The complexity of resonant interaction was exhibited by solving the semiconductor 

Bloch equations. We should like to finish our discussion of these topics by a brief 

recapitulation of our results and pointing out possible future directions of research: 

(1) The collapse feature of the solution of the nonlinear Schrodinger equation is well 

known to mathematicians and exhibits itself in the real world on many occasions 

including optical applications where it typically leads to material destruction. Since 

our interest is in optics, and since such divergences are displayed when aji intense 

laser beam propagates through a dielectric medium (causing irreversible damage) 

we should like to understand the processes which can halt the collapse. It has been 

observed [88] that ultrashort pulses are more resistant to collapse than pulses of 

longer duration. One reason for this is the significant role of even a weak material 

dispersion on the ultrashort pxilse propagation [88]. Such a weak dispersion effect, 

namely group velocity dispersion, can actually stop the collapse via the sequential 

pulse splitting [33, 89, 92]. Other reasons for such resistance can be that very 



152 

intense ultrashort pulses do not carry too much energy, thus limiting the irreversible 

damage. 

Another process which is observed to halt the collapse in many instances is 

plasma generation and pulse propagation in this plasma. We attempted, using 

numerical simulations, to understand the effect of plasma on the ultrashort pulse 

propagation using a simple extension of the NLS equation. As fax as the model of 

the ionization is concerned, we do not feel at present that we have too much choice, 

as none of the models is able to fully capture multlphoton ionization by ultrashort 

pulses. Here we rely on the results of Dyachenko et al. in Ref. [51] suggesting a 

certain robustness of the different many-photon loss terms in the NLS equation (for 

high enough order of multiphoton process). 

Depending on how much plasma is generated, the pulse can undergo a collapse 

which can be stopped by the material dispersion or possibly other mechanisms (like 

nonparaxial effects); or can propagate in an apparently compact state over signifi

cant distances of the order of the Rayleigh range (for the input pulse parameters); 

or can be completely absorbed and scattered by the generated plasma. The first 

case corresponds to high pressure gases or solid state dielectrics. Pulse propaga

tion in the atmosphere is basically the second case, the case of mediimi pressures, 

and the Icist case describes pulse propagation in low pressxrre gases. Note that the 

definition of high, medium and low pressures depends on the relative strengths of 

the cubic nonlineaxity and the plasma generation. 

Our main contribution to the understanding of ultrashort pulse propagation in 

dielectrics, in addition to bringing the different regimes into one pictture, is the 

visualization of the anomalous long distance apparent pulse propagation, revealing 

rich dlynamics, in stark contrast to the simple self-waveguiding model. This can 
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hardly be the last word.. As we saw, the dynamics of the collapse even in the 

presence of plasma led to a shortening of the pulse duration. We needed to use 

a higher GVD coefficient, fc", than that given by the Sellmeier formula to keep 

the assumptions of the slowly varying envelope approximation valid. This calls for 

the use of higher order corrections to our equations to include space-time coupling 

terms (e.g. [108]). A consistent inclusion of such terms is a great ongoing challenge 

due to the dynamic chajiges of the pulse parameters. Furthermore, we can move 

away from the cylindrical symmetry constraint and study more complex noisy input 

beams, as experimentalist do [81, 85, 82]. For example, linear propagation of "top-

hat" pulses leads to the appearance of spatial rings (Fresnel fringes), and such 

rings can be unstable on propagation giving birth to many filaments. Such a multi-

filamental structure of the long distance propagation of initially ultrashort pulses 

is experimentally observed. [85, 104]. Interestingly enough, in a certain range of 

the input powers the filaments tend to merge to one, a process predicted (in one 

dimension) in the so-called optical turbulence [106]. 

(2) In the case of ultrashort pulses propagating in. inhomogeneous linear and non

linear media, it might be necessary to invoke the Maxwell equations. To address 

the importance of studies involving the Maxwell equations we looked, at some as

pects of a femtosecond pulse coupling into a medium with a quadratic nonlinear 

response in one dimension (i.e. we considered, plane waves, or, alternatively, ignored 

dif&action). Provided, that the magnetic properties of the medium are negligible, 

we predict a temporal pulse splitting which is analogous to the spaticd separation 

of homogeneous and. inhomogeneous solutions to the wave equation as observed 

by Bloembergen et al. in Ref. [146]. In the coiurse of this splitting we observe 

Maker-Terhune firinges whose amplitude is red.uced in the course of propagation. 
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This reduction is a consequence of the different velocities of the homogeneous and 

inhomogeneous pulsed solutions to the wave equation which leads to their smaller 

temporal overlap. 

Also the low frequency field resulting from the rectified signal is present in our 

solution. However it is strongly affected by the interaction with phonons. In three 

dimensions the low-frequency dispersion leads to Cerenkov type radiation observed 

by Auston and his colleagues [153]. Phonons seem to be unavoidable, a consequence 

of the lack of inversion symmetry which is necessary for non-vanishing of the second 

harmonic coefl&cient in crystals. 

Moreover, beyond the educational value, this work gives a reason to search for 

suitable materials and processes for generation of low frequency unipolar pulses 

accompanying the second harmonic generation. The main goal is to reduce the 

effect of low-frequency material dispersion on the field propagation. Electric-fieid-

induced second harmonic generation (EFISH) in atomic gases [130, 165], possibly 

using the electro-magneticaJly induced transparency (EIT) [166,167,168] might be 

candidates for achieving this goal. 

(3) We addressed the issue of a resonant interaction of femtosecond pvdses with 

matter in our study of coherent coupling in pvunp-probe experiments in semicon

ductors. We looked at the non-degenerate geometry of such experiments in which 

copropagating, cross-polaxized pump and probe pulses are incident perpendicularly 

on a quanttim well semiconductor structure. For such, a structure the polarization 

aspect of the fields plays a significant role because different polarizations couple to 

different transitions in the semiconductor. 

We found and explained the origin of an oscillatory pattern in the dependence 

of the probe transmission signal on the delay between ptunp and probe. We also 
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showed that there is a phase shift of this oscillations pattern associated with the 

change of carrier-carrier interaction. Since we know that this interaction can be 

modified by an intense electromagnetic field via the change of Coulomb screening, 

we can conclude that the information about the microscopic interaction among the 

carriers should be present in the dependence of the phase shift on the intensity of 

the field. This application still needs more detailed investigation. 
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Appendix A 

Slowly Varying Envelope Approximation 

We shall start from the wave equation (2.8) and assume that V • ^ = 0 (for a 

discussion of the case when this condition is not satisfied, see Appendix B): 

V^E-
1  d ^ E  

- fio-
d^Pl ^ d^pNL 

+ Mo c2 df^ ' df^ '  

Assuming that the electric field can be written in the following way^ , 

E{t,f] = , 

(A.l) 

(A.2) 

where is now the envelope varying slowly in space and time, we obtain in 

the frequency domain, fi, for the linear polarization the expression 

P£,(f2,f) = eoXN{^)E{9.,f} 

= Co 
°° 1 

In the time domain the above expression corresponds to 

( n - w . r  E{a,f) .  (A.3) 

= 2 
{n (jrip 

n=I U/r dt^' 
u/rt) _j_ 

c.c. 

1^ 
= 7^VL{t,f)e UPrZ-i^rt) + C.C. . (A-4) 

The term in laxge squaxe brackets defines the slowly varying envelope of the linear 

polarization, We shall similarly assume that we can write the nonlinear 

^Le., we assume that the field propagates along the z-axis. 
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polarization in the form 

1^ 
PNLM = (A.5) 

and inserting the expressions for PL, and into Eq. (A.l) we obtain the wave 

equation for the slowly varying amplitude E^,/. 

.2 
L_^2 p i_ 

dz 20r ^ 2l3r 
Eu/r + 

C2 
de. a£„ 

dt 

I a (A I 1 
2/3r ^ c2 J vgf(wr) 

i  1 2 2 AUr. du d^€. 

2 2pr 1 T
 2 AUr. 

dfl  u/r C2 dn^ Wr- 3(2 

if 

iflod^VNL tJ-Q^r dVNL , 
+ PNL 

20r 5f2 Pr dt 2Pr 
- — ©  +  

2(3r 

I 

Wr 

d^E^ 
(A.6) 

dz^ u|,(Wr) df^ 

where is the laplacian in the transverse plzine, d^ldx^ + d^fdy^^ and the r-

component of the wavevector, satisfies = n^e,(n)/c^. The V represents all 

the terms which contain higher than second degree derivatives of the permitivity 

tensor (with respect to fi) and E^r (with respect to time t), namely 

w. 
d^e. 

^ dn^ 
+ 2u;rn 

£Z"-^e, 
+ n(n — 1) 

d^-^e. 

at" 
,(A.7) 

and in the Slowly varying envelope approximation (SVEA) it is typically neglected. 

Also in SVEA one puts ,df = u}je,{ur)/(^ thus eliminating the term proportional to 
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the electric field and the time derivatives of V I^L are assumed to be small as 

compared to the term proportional to "PATL- Here, however, we must be careful as 

far as consistency is concerned. This can be seen shortly if we assume that the field 

Eur and the nonlinear polarization P;v£, change on the same time scale. Then if we 

want to keep the term involving second time derivatives of the field (group velocity 

dispersion term), we might need the first derivative of the nonlinear polarization. 

In the moving frame — z, rj = t — zfvg-,  d/dz = d[dQ — d/lvgdrj),  d/dt — d/drj) 

the last term on the RHS looks like 

and is often omitted in the SVEA as well. 

Finally, we obtain the equation which governs the evolution of the electric field 

in the form of a pulse with certain characteristic frequency, u>r, in the SVEA^ : 

t  I,  d^Eur '  ^2 ? _ 

i I3r ^ 11 dVi^L , ,  
= r —r^iVL / ^ o. T (A.9) 

2eoe.(a;r) ceo ^£.(0;^) 

where primes denote differentiation with respect to frequency, the subscript r indi

cates that quantity is to be evaluated at fl = Wr (e.g., (3^ = X/vg,{uJr), and for non-

absorbing isotropic medium we have Ye(u;r) = n{uir) = rir- Many authors justify 

the neglect of second order derivatives as compaxed to their first order counterpaxts 

by stating that the vaxiations of E{Q., f) can be considered small over distances of 

the order of a wavelength. However Crisp [169] showed that its real significance is 

-We shall zdso use the letter k to denote the z-component of the wavevector evaluated at the 
givea frequency (here Wr), jSr- Similar change of notation will be used for the frequency derivatives 
of 0. 
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that it is equivalent to neglecting the component of the field, generated by PHL{^) 

that propagates in the —i direction (see also [43]). 

Notice that in our treatment of SVEA we were not concerned with the spatial 

(transverse) profiles of the field. However, we know that linear and nonlinear effects 

cein lead to strong spatio-temporal couplings especially for ultrashort, very tightly 

focused pulses. In these situations one has to be more careful in identifying the 

correct temporal zind spatial scales, which is typically a rather complicated task 

and no one, according to the author's knowledge, has accomplished the task of 

consistent description of ultrashort, very tightly focused pulses entirely. We shall 

deed with problems of spatio-temporal scales in Appendix C a little bit more. 
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Appendix B 

V. ̂  = 0? 

Generally we set the term V • £ to zero. That means that the electromagnetic 

field is transversal (in Fourier space it reads k • E(k) =0, i.e. the vectors k and 

E are perpendicular). In bulk this is strictly true only in isotropic media or in 

media with cubic symmetry. In waveguides or fibers it is equivalent to neglecting 

the component of the electric field along the direction of propagation (i.e. the 

component for which k • E{k) ^ 0 in the Fourier domain), which is valid in the so-

called "weakly guiding" limit. In this limit the longitudinal component of the field 

is much smzdler than the components perpendicular to the propagation direction, 

being proportional to the index difference. Quantitatively, this is expressed as: 

^  ^  ( B . l )  
2n2 

rii — no (B.2) 
no 

< 1 (B.3) 

where ni is the cladding refractive index and no is the core (fiber) or film (waveg

uide) refractive index, and ~ ng. In a waveguide with, a one-dimensional index 

distribution we can also set V - = 0 by choosing E to be polarized paxaUel to the 

index step. 

Let us discuss this condition in the bulk (three spatial dimensions) nonlinear 

medium more carefully. We shall work in frequency space (as opposed to the time 

domain) and ask the question: 

V • E =? in (f,u;)-space . (B-4) 
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Allowing for some nonzero free chaxge density p/ we have the Gauss law (see 

(2 .1)  on  page  22)  for  the  the  e lec t r ic  d isp lacement  D: 

V - D  =  p f .  ( B . o )  

The electric displacement vector is defined as 

D = €QE + P = CQE + Pi, 4" PNL •  (B.6) 

and we choose as an example a material with cubic nonlinearity described by 

PL = , and P,vi = •  E )E  .  (B.7) 

Combining Eqs. (B.5),(B.6), and (B.7) we can obtain 

+ EOX^^^E •  E  

where we used 

V • PiVL ~ V • [(£ • E)E\  =  E • V(E •E)  +  {E-E)V-E ,  (B.9) 

and assumed ££, = eo(l + r-independent^ . We can immediately see 

from Eq. (B.8), that the field E need not be transversal even in the Ccise of no free 

electric charge density (/?/ = 0) as long as there is a nonlineaxity present and the 

field is not uniform in space. 

The expression V-E as given by Eq. (B.S) then enters the wave equation (2.6) via 

the term V(V • E), This term is typically ignored in the slowly varying envelope 

approximation as long as Ap/two, where Ar is the central wavelength and WQ is 

a characteristic width (waist) of the beam, is small [170]. It this case we can 

'That includes implicitly no layered media structure or field incident on a sample. In the latter 
case it is known that we can generate longitudinal fields which interact with the so called volume 
or surface "plasmons". 
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obtain an evolution equation for one polarization (say x, where the field propagates 

predominantly along the z axis) in the first order of of the field, namely the 

nonlinear Schrodinger equation (2.30), if we use the Kerr nonlinearity. However, 

for such nonlinearity the beajm collapses, i.e. its beam waist grows smaller, and the 

assumption K/'w 1 is eventually broken. An attempt to incorporate the effect of 

V • E was made by Chi and Guo in Ref. [171] who showed that the additional terms, 

which are of the order (Ar/u;o)^, lead to a symmetry breaking (the z component of 

the field heis quaiitatively different spatial distribution than the x component) and 

the arrest of the collapse of the beam (no time dependence). 

In order to describe the self-focusing of pulses we need to keep the time deriva

tives. Here we encounter similar problem with changing scales as a pulse becomes 

shorter as it collapse. We look at some approximations in the next appendix. 
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Appendix C 

Higher Order Corrections to NLS 

In this appendix we discuss the derivation of correction terms to the Nonlinear 

Schrodinger equation (NLS) as presented in Refs. [108, 109]. We start with the 

approach of Fibich and Papanicolaou from Ref. [108] by taking Eq. (A.9) together 

with the term (.A..8), and cissuming linearly polarized light and the nonlinear re

sponse of the same form as in Eq. (2.27). Then the propagation equation (in the 

moving frame) has a form: 

— ——i3ri3"— + —Vis = i —n2\e\^e - ̂ A (\e\^£) -ac dri^ 2il3r^ i ^ rt2|ci c ^ c; 

1  ( C . l )  
2if3r l3rVg d(^drj '  

where we wrote the scaled electric field £Lr)/^ocnr/2 as £ (so |£p = the 

irradiance), Ur = andna = (3/8)(xl^/"r)(2/eo72rc) = (3/4)(,\(^/eocn^). 

If we renormaJize the variables as 

=  f = - ^ ,  i = ^ ,  i , = W o l 3 j — e ,  ( C . 2 )  
lUO 4zo Tp V  "r 

where zq = PrWy2 is the Rayleigh range associated to a beam waist wq, and Tp is 

the pulse duration, we can write Eq. (C.l) as (we drop the tilde) 

.dljj „2 , I , i2 r r f + Vyi/r + \ip\7p + <^1-^ - <^3-^ + <^2 

In Eq. (C.3) we defined 

c dt dzdt 
= 0-(C.3) 
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The dimensionless parameter^ <^1 ~ (wavelength/radial pulse width)^, 62 ~ (pe

riod of one oscillation/pulse duration), and ^3 is a dimensionless measure of group 

velocity dispersion^ . 

The existence of three different "small" parameters related to space and time 

dimensions in Eq. (C.3) signals possible rich spatio-temporal behavior of the solu

tions, and aJso means that the analysis of such solution caji be rather involved and 

different correction terms can be dominant in different pulse propagation regimes, 

e.g., as the pulse duration changes during the self-focusing. 

.\nother rather interesting approach to derivation of the correction terms was 

published by Brabec and Krausz in Ref. [109]^ . Instead of expanding e(Q) in 

Taylor series as we did in Appendix A, they expanded /3{Q) (^= in 

Taylor series around u;^: 

Q,(0) 1 / 
Sm = 0'" + i-^ + (fi - a-,)" . (C.7) 

saw in Appendix B that there are other correction terms of the order (ft ~ (Ap/u;o)- whose 
origin is the term V(V -E) in the wave equation, which was omitted here. 

"Note that 

The first component of the fo term is sometimes called the shock term. The second component 
can be cepleiced with 

and its linear part {^—iSn^^dii/dt) was interpreted by Rothenberg in Ref. [LOT] as the effect of 
the variation of the group velocity of a tilted ray projected onto the ; axis. 

^Again, they did not consider the terms stemming from the V - ^ ̂  0, but they consistently 
did not include any of the terms at the (Ar/ti?o)" order. However, based the analysis in Ref. [108], 
this can be done only if tfi <C <^2 and ($3. 
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where we allowed to be complex in general, and denoted'* 5R | ̂ | 

Introducing this decomposition into a Fourier transformed Eq. (A.l) (with re

spect to the time) and Fourier transforming the resulting equation back to the time 

domain yields 

^ S + + Z Y + 2/?^— + S 

= + (C.8) 

The dispersion operator D is given by 

and in the moving reference frame has the same form with the partial derivatives 

with respect to t replaced by those with respect to 77 (we denote it then as D^). 

The Eq. (C.8) can be rewritten in the reference frame moving with velocity 

Uj = in the following way: 

(• "is) (i * I -'»•)' - is)'«• 
3r J u;rdT] V^C 2 

1 f a: 2^ 

with u an arbitrary real paxameter. Brabec and Krausz considered the case when 

1/ = I and neglected, all the terms on the right-hand side of Eq. (C.IO). They will 

indeed be small when compared to the terms on the left side if 

d 

dC^ 
<^i3r\e\ (C.ll) 

''We shciil also use the identification 0r = (see Eq. (A.2)), Jind 01"-' /3r"' (where there 
are n primes over the jSr)- Similarly for a's. 
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and 

•^£ or 
OTj 

(C.r2) 

If Eqs. (C.ll) and (C.i2) are satisfied, Eq. (C.IO) simplifies to {u — 1) 

.U}rn2 
+i 

c 

where [1 + {ifu;r)d/dT)]~^ can be evaluated in the frequency domain. This generic 

nonlinear envelope equation (NEE), first-oTder in the propagation coordinate pro

vides a powerful means of describing light pulse propagation in dispersive nonlinear 

media. In the specific case of one-dimensional propagation (i.e., with the diffrac

tion term discarded) with 0 and £>„ as —{(3"/2)d^ldr]^ Eq. (C.13) reduces to 

nonlinear Schrodinger equation. Taking the definition of the envelope. Eq. (A.2). 

into account, the condition |/3r — •C 0ri i-e. when the difference between the 

group and phase velocities is smaE compared to the former, can be re-expressed as 

\d<l)/d(^\ -C t3r, where the phase 0 is equal to —u^rT] + {.Sr — ^r0'rK — —'^rt + drZ. 

This leads to the notion of the so-called slowly evolving wave approximation to the 

Maxwell equations, which seems to describe the propagation of one-dimensional 

very short pulses (rp ~ 27r/u;r) very well if \Pr — ^ 0r [109]. 

As a final remark we would. Uke to draw ein attention to the parameter u which 

can be used to cancel exactly the first term on the right-hand side of Eq. (C.IO). 

In such case, however, the time derivative operator acting on the nonlinearity \S^£ 

is more complex ajid its possible numerical implementation has to be studied in 

greater detail. 
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Appendix D 

Dispersion and Absorption of GaAs 

The semiconductor Bloch equations (2.41)-(2.43) distinguish artificially between 

the band-edge transition (at the F-point in the Brillouin zone) and energetically 

high-lying transitions (see [161]). In the following we shall assess the the influence 

of higher lying transitions on the group velocity dispersion. 

We shall use the semiconductor parameters as in Chapter 6, apply them to the 

case of an unpumped three-dimensional semiconductor, and calculate the absorp

tion spectrum and the change of the refractive index due to the direct transitions 

around the F-point in the Brillouin zone. Subtracting this resonant contribution 

from the experimental data as measured by several groups [161, 172, 173, 174. 175, 

176, 177] we can roughly determine the background dispersion and, consequently, 

the GVD due to the background refractive index, and verify our claim about it 

being small compared to the total GVD^ . 

In Fig. D.l we plot, along with some experimental data taken from the liter

ature, the calculated change of the index of refraction due to the resonant inter

action (added to a backgroimd nonresonant refractive index), and the absorption 

spectrum. In the range of photon energies 0.3 - 1.4 eV various published data can 

be fitted by [161] 

3J8 
n£B 7.10-h 

1 - G-18(/iu;)2 

1/2 

(Hm in eV) , (D-1) 

total GVD we have la mind the real part of du-
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and this is shown as the dashed line in Fig. D.l(a). The deviation of the calculated 

total index of refraction from the fit (D.l) does not exceed half of a percent at low 

energies (below the bandgap, where the Sellxneier type formula (D.l) is expected 

to be valid). 

The background contribution to the refractive index was estimated (in the form 

of the Sellmeier formula) as 

1.36 
Ub = 9.52 + 

1/2 

{hu) in eV) , (D-2) 
1 - 0.217(/iu;)2 

which yields a maximum group velocity dispersion of the background contribution 

in the region between 1.2 - 1.45 eV of ~ 6 x lO"^"* s^/m. The total and background 

GVD is plotted in this region of energies (1.2 - 1.45 eV) in Fig. D.2. We can con

clude that the second order dispersion effect on a propagation of a pulse spectrally 

tuned close to the beindgap energy (in a bulk semiconductor) wiU be predominantly 

governed by the GVD associated with the resonant transition. 
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Figure D.l: Index of refraction and absorption in bulk GaAs. Tbe backgroimd con

tribution to the Ladex of refraction is shown eis a dotted line with the corresponding 

label. Our calculated change in the index of refraction (resonant contribution) was 

added to the background contribution (dotted line) yielding the total index of re

fraction (full Hne). The dashed line shows the fit given by Eq. (D.l). The different 

symbols are samples of experimental and calculated data as compiled from refer

ences mentioned Ln the text. 
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Figure D.2: (a) Group velocity dispersion: Total GVD (dotted line) and back

ground GVD (full line coinciding with, the energy axis), (b) Enlargement of the 

curves shown in the paxt (a). 
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Appendix E 

;^(3) Anisotropic Nonlinearity in the Vicinity of a 
Two-photon Resonance 

In this appendix we shall study the effect of the third-order polaxization on the 

propagation of the quasi-monochromatic electromagnetic field in an anisotropic 

medium. 

E.l Genered Formalism 

Generally, we can write the third-order polarization (in component form) 

as [4] (we adopt MKS unit system): 

= T"" dh dh T" dU t2, h) X 
Cq J—<30 J~<x J—ca 

Ej{t -  h) Ek{t -  h) Ei{t -  h) ,  ( E . l )  

where denote the components of the third-order nonlinear response 

tensor, ajid we employ the Einstein summation convention on repeated indices 

€{1,2,3}.). 

In the frequency domain we can write [5] 

^0 jkl pqr 

where xlyL(—<^0-; Wp,u/„u;r) are the components of the third-order nonlinear suscep-
/o\ 

tibility tensor «ind ufg- =ujp +u}q -t-u/r- We can also note that 
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and constitute the Fourier pair: 

1 1 /'+**' /•+°° . 

. (E.3) 

E.2 Cubic Crystals (432, m3m, and 43m) 

For the crystal groups 432, m3m, 43m there are four independent components 

of the third-order nonlinear susceptibility [5, 4]. In the principal crystaUographic 

axes, they are Xau, xlak • The third-order nonlineax susceptibility 

tensor can be then written Ln the form: 

Xi2i2(-<^V;Wp,u;,,u;r) SikSji -|-

Xl.22l( ^il ^jk "1" 

SijkL 

= Xuii -  XU22 -  xi2i2 -  Xmi) . (E-4) 

where Sra denotes Kronecker delta and Sijkc equals to zero, unless i  j  =. k — I. 

Moreover, we have the fireedom to permute pairs of labels (y,u;p), (fc.u;,), (/.u,v) 

(from intrinsic permutation symmetry). 

In the time domain, similarly as Ln (E-4), we can express third-order nonlinear 

response tensor, as 

^21^3) = Rii22{^U^2yi3)  ̂ t j  ̂ kl + ^212(^1? ^27 ^3) ^tAr + 

^25 ^3) ^iL Sjk + t2,  is) ̂ i jkl 
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— Riiii — ^1122 ~ M212 ~ M221) • (E-5) 

Again, we have the fireedom to permute pairs of labels {j ,  ^2)1 h)-

Utilizing (E.4) or (E.5), we can express third-order polarization in the frequency 

domain 

p/ \ l^ar) = (^p)£'fc{'^q) ( ^ r )  
^0 pqr 

= IIXu22(-Wcr;Wp,u;„u;r)X]^.-('^p)^fc('^J^fc('^r) + 
P9r fc 

5Z'Vl2't2(~'^»'''*'pi'^7i'*'r) 53 + 
Pir j 

2ZxS2l(-Wcr;u;p,W„U;r) 53 + 
Pir j 

'^Ax^^\-UJ^:UJp,u:j,UJr)Ei{uJp)Ei{uJq)Ei{u;r) , (E.6) 
pqr 

or. in the time domain 

1 r+<xi /•+<» y+oo 
= / dti dt2 / c/t3 X 

6Q j—00 J—co J—ca 

[ Mi22(^1' ̂ 27 iz)Ei{t — t i)Ekit — t2)Ek{t — ^3) + 

^2j iz)Ej{t — ti)Ei{t — t2)Ej{t — ta) + 

h)Ej{ t  — — t2)Ei{ t  — t z )  +  

AR^^\ti,t2,t3) Ei{t — iL)£'i(f — t2)Ei{t — ia) 1 • (E.7) 

E.3 Vicinity of the Two-photon Transition (Raman reso

nance) 

In the vicinity of the two-photon transition we maJce the assumption that the 

intermediate levels through which the two-photon transition proceeds are removed 

from the spectrum of the pulse [178]. But we want to remain in the region of 
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two-photon (resonant) transitions where the following formula is valid [4]: 

Here A" is a constant, Q is the two-photon transition frequency between initial and 

final quantvim states, F is the transition linewidth aad Ojk is the first-order transi

tion hyperpolarizability between j and k states. Angle brackets denote an average 

(over orientation, Doppler profile, etc.). It was shown in [178, 4] that the first-order 

transition hyperpolarizability are (to a good approximation) independent of their 

frequency arguments under the assumption that all the frequencies are far removed 

from any one-photon transition frequency Q. Therefore, in 

(E.8) is independent of Wp, and we get from (E.3): 

R\fkiih.t2,h) = 7^Sg,(^l,^2)^(^3); (E.9) 

^[iifc/(^l»^2) = J J  ̂  <^q ^ P !+• ,  2) _ 

(E.IO) 

E.4 Monochromatic fields 

If we restrict ourselves to the case Up =ujq = —uir w (therefore Ua- = u), and 

consider monochromatic field (the same decomposition is valid for polaxization) 

E{t) = ^ [E{uj) E-'"' C.C.], (E.ll) 

we get from (E.6) for the third-order polarization in the frequency domain and in 

principal-axis coordinates: 
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[Eicj)-E'{u;)\Eiiuj) + 

3 -^) [^('^) • ^i^)] + 

3 Ax''^\-u};uj,u),-uj) \Ei{u)\^ Ei{uj). (E.12) 

Now, let's define quantities A(u;), B{UJ) ,  C{UJ)  by 

A{u)  = 3 [xu22(-'^; -w) + Xi?i2(-'^; w,u;, -w)] 

= 6xa22(-'«^; -^) ' 

/Q\ 
B{u))  =  6xl22i{ - ' ^ ;^ ' ' ^»-^)  » 

C(u;) = 3Ax^^^(—u;;u;,w, —w), (E.13) 

where we used intrinsic permutation symmetry ^ , and rewrite (E.12) in the fol

lowing form: 

= A{u)[E{uj ) -E '{u j )]Ei{u j )  +  

[£(a;) •  E{0J)]  E;[UJ)  +  C{UJ)  \Ei{u; ) \^  Ei{u j )  (E.14) 

fo 

=  E  {  [ [ ^ ( " )  •  ̂ ( " ) ]  +  CM Sii + 

^ [£.(")£•(") + En>^)Ej{ui)\ } £i(a.) (E.15) 

Here we defined "effective linear susceptibility tensor" 

(E.16) 

xd'^J) = '.4(u;) - [£(0,) • fi-C^)) + CM |e,V)l' Sij + 

(E.17) 
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E.5 Eigenvectors 

So far, the final formula was given in coordinates determined by principal axes. 

In order to find the eigenvectors of the equation {E,14), we shall rewrite it in more 

general form; 

= A{U;)  [E{U})  •  iB"(u;)] E{^)  + [E{U)  •  £(w)] £"(u;) + 

CH \EiHf , (E.I8) 
i=l,2,3 

where Ci, 62, 63 are the unit vectors in the principal axes. 

The eigenvalue equation is [179] 

\E  =  0 ,  (E.19) 

where k is the unit vector in the direction of wavevector perpendicular to the 

wavefronts (in fact, it will be perpendicular to the displacement field D — e,|£), 

0{K) is the projection operator X — KK, k is the eigenvalue (wavenumber), c is the 

speed of light, cq is the vacuum permittivity, e, is the permittivity tensor which is 

now field dependent(!). 

At this point we introduce new Cartesian coordinate systems, xyz. It has its 

z axis aligned along the k vector and its x-eLxis lying Ln the (12)-plane (in the 

principal-axis system). 

In the xyz coordinate system we can derive from (E.19) the following equations: 

(E.20) 

= -£||(W), (E,21) 
eo 
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which then for our P as expressed in (E.18) gives 

= A{u) [£(w) .  B-(w)] 4(a;) +  ̂  [£(u.) .  e(u,)] £|i{a;) + 

C(u) (E.22) 
i=l,2,3 

ipf (w) = .4(0,') [E{oj) • E"(u;)] E^{u) +  ̂  [E{UJ) • Eiu)] Eliu) + 

C{u) \Ei{u)\^ Ei{u^)0{k)ei (E.2:3) 
t=l,2,3 

= A(u,) [£(w) • £-(w)] £i(a.) + [E(a.) • £(u.)] EX(u) + 

CM |£I(U)|'£;IH(EI-AY), (E.24) 
«=1,2,3 

where a'-^, i  — 1,2,3, a = x,y,z,  are the components of a transformation matrix 

A! (see, e.g., [5]; here we denote by A the transformation matrix where the third 

Euler angle, is zero .. .due to our choice of x-axis in the (12)-plane): 

/ — SU10 COS0 

A'= 

0 \ 

(E.25) — cos 9 COS0 —cos$ sixi0 sin 5 

V sin 9 cos 0 sin 0 sin (p cos 9 

9 and are two of the three Euler angles. The third one, xj; wiU. be taken into account 

in the general expression for electric field E polarization (for monochromatic fields. 

and we asstmie constant real magnitude £'o('^))» 

1 
E{t) = - [E{u;)e-''^' + C.C.] , 

E{u}) = £'o(u/) [caJ cos sin ̂  e"^| . 

(E.26) 

(E.27) 

Here $ denotes the phase differeuce between x' and y' components of the electric 

field E and its special values define linear, drcxilar, and elliptic polarization. The 

x'y'z' coordinate system is one in which E is perpendicular to the z' axis, and is 

generally different from xyz coordinate system [E is not parallel to Z? in general). 
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Another relationships we can derive from (E.19) are the following: 

0{b) • [£>(«) • E] = 0 , 

£ • (« X D) = 0 , 

(E.28) 

(E.29) 

where the qualities with hat denote unit vectors in the appropriate direction, and 

In order to avoid any complications with the walkofF of the waves and possible 

nonlinear interactions between those waves, we shall assume, that E \\ D (see the 

comment after (E.27)). Then we can identify xyz and x'y'z' coordinate systems. 

E.5.1 Linearly Polarized Light 

In the case of linearly polajized light ($ = 0) it is easier to take the third Euler 

angle into accoimt in the transformation matrix, which then heis it general form ( ip 

measured from x-axis): 

/ — cos ̂  sin (p — cos 9 cos (f> sin ^ cos ih cos cp — cos 9 sin (p sin rp sin rb sin 9 ^ 

sin ib sia (p — cos 9 cos cos i/f — sin ̂  cos c£> — cos 0 sin 0 cos ̂  cosi/i sin0 

^ sin^ cos0 sin9 sin4> cos9 J 

Then the E{uj) field is real and has the form 

0 { D ) = X - D D \  

From (E.29) in the xyz coordinate system 

Ey _  Dy 

E r ~  D r '  

and we have also 

E{uj) = Fo(u;)er, (E.30) 
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and we get from (E.22) and (E.24) by projection onto x, y, and z directions the 

three following equations: 

IZt=l,2,3('^»v) ^iy — 0 ) 

E.=..2,3fc)V- =0, (E.:J1) 

-1) - (•^+f) • s)] • 

The third equation in (E.31) can be satisfied by the proper choice of k wavenumber 

(eigenvalues) for any polaxization. From. (E.31) and (E.30) we can write the first 

and second equations as 

(sini/> sin<p —cos^ coscp cos •^^) (cos-0 sin 0 +cos ̂  cos<p sini^)^+ 

(sinti' cos<p + cos0 sin0 cosz/')(cosV* cos0 —cos0 sin<? sinil^)^— 

sin^ 9 sin^ i) cos '^ = 0, (E.32) 

sind cos0(cos sin<p + cos^ cos(p smip)^— 

sin0 sin0(cos^ cos0 —cos5 sin<f> sint/?)^— 

cos0(sLnt/> sin0)^ =0. (E.33) 

The equation (E.32) can be satisfied for the following configiurations [ISOl: 

k E 

[100] [010] [Oil] (0011 [Oil! [OIO] [Oil] [OOl] [Oil] 

(110| [1I0| [111] (0011 [1111 [1101 [III] [OOII [lIII 

[1111 Any polarization orientation 

Table 1: Linear polarization orientations that propagate without variations in 

state or orientation for various propagation directions (as given in [180]). 
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One can show that the solutions for /c||[100] and [110] are the solutions of 

(E.33) as well. The solutions found in [180] for the case when «(| [111] ('"arbitrary 

polarization") is inconsistent with the condition (E.33). This condition leads to the 

restriction on the polarization angle 

sini/'(4cos^'0 — 1) = 0. 

This then leads to allowed values of the angle tp 

T/» = 0(7r) ,  7r/3(—27r/3) ,  27r/3(—TT/S)  ,  

corresponding to the £ polarization in directions [lIO], [101], [Oil], respectively. 

E.5.2 Circularly Polarized Light 

For circularly polarized light $ = ±7r/2 for right or left handed polarization. 

It' = 7r/4. we have in principal-axis system: 

= (E.34) 

and E • E = 0, E • E' = EQ. By a similax approach as in the previous section, we 

arrive at equations: 

(E.35) 

E.-=1.2,3 laJv ± (flir ± <z = 0 • 

The first equation gives rise to 

(sin^ (j) + cos^ 4) cos^ 0)(sin^ <p — cos^ <p cos^ 9 + i sin20 cos 9)+ 

(cos^ + sin^ <i> cos^0)(cos^ <i> — sin^ ( f )  cos^ 6  —  i sin'2<t> cos 0 )  —  sin'' 9 = 0 .  (E.36) 
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which, can be easily solved when <P •= IT/A. Then 

sin^ 0 i(l+ cos^0) — sin^0 = 0, 

and the solutions to this equation are the directions equivalent to [100] (sin^ 0 = 0. 

0 not relevant in this case; it covers other solutions for symmetrical arrangements 

such as 0 = 0, 7r/2, 0=0, tt, etc.) and [111] (tan^ 0 = 2, 0 = 7r/4). This is the 

same result as in [ISO]. 

It can also be verified that these solutions satisfy the second equation of (E.35). 

E.6 Quasi-monochromatic fields 

i>row we shall derive the expression for the third-order polarization induced by 

a quasi-monochromatic field, in the medium with cubic symmetry (crystcdlographic 

groups 432, m3m, and 43m) close to the two-photon transition, away from any 

one-photon transitions. Following the procediure from [178], we shall study quasi-

monochromatic fields of the form: 

(E.37) 

Similaxly, we express the third-order polarization as 

(E.38) 

E.6.1 Third-order Polarization 

Plugging (E.37) ajid (E.38) into (E.l) yields 

ipf (u;, 0 = 1 T" T"" dU r" dhRf-llih, h. h) x 
Cq o J—oo J~OO J—OO 

—«w(£I+£2—ta) 

Ej{u},t — ti) — t2) — ts) . (E.39) 
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This quasi-monochromatic approximation assumes that the field envelopes E,(u;. i) 

vary slowly on the time scaie of an optical period w'S and we made our choice of 

ordering of the frequencies ujp = w, = —ujr = uj [uj-p = u; and ujq = u> combine to 

produce a polarizability at frequency 2a;, and a field at frequency uJr = —ui is sub

sequently scattered to produce the nonlinear third-order polarization at frequency 

UJcr — (*;). 

We can further simplify (E.39) by taking into account the expression (E.9): 

£Q 4 J—CO J—oo ^ 

t - t i )  E k { ( ^ ,  t - t ^ )  E ' { u j .  t ) .  (E.40) 

Away from the two-photon resonance we do not need the complete history of 

the field wiiich is captured in the integrals of (E.40). In general, this will be true 

when the detiming from two-photon resonance is much larger then the linewidth. 

I 2a; — Q I » r. Moreover, we can use the perturbative approach in the case 

when the field envelopes vary slowly on the characteristic time scale of the 

net response function in square brackets in (E.40). The net response function for 

the two-photon trajisition has characteristic frequencies 2ui ± Q. The plus sign 

yields highly nonresonant contribution so the appropriate characteristic time scale 

is IR = 12a; — If we take the pulse duration Tj, as the characteristic time scale 

of the electric field envelopes, we can use perturbative approach, provided that the 

following is satisfied: 

\ 2 u j - n \ r p  >  F v p  »  1 .  ( E - 4 1 )  
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The second inequality is a consequence of the requirement that the pulse bandwidth 

should be less than the two-photon linewidth F, in other to avoid two-photon 

coherent effect. 

Assuming that the conditions (E.41) are satisfied, we may Taylor expand the 

fields around time t as 

dEi{u}, t) 
Ei{u, t-Q ~ Eiiuj, t) - ta 

dt 
a  =  l , 2  ,  (E.42) 

where we neglect the higher-order terms In the Taylor expansion (0(t^)). 

Neglecting the higher order terms of the form 0{tatb), a,b = 1,2 , using the 

symmetry properties of crystals (see (E.5) and (E.7)) we can write, finally, in the 

principal-eLxis coordinates, the third-order polaxization as: 

= A(u;) \E{u, t )  •  E'iu.t)] Ei[u,t) + 
Co 

^ [ E [ u , t ) -  E [ u , t ) \ E : { u : , t )  + 

C{u:)\Ei{u, t ) f  Ei{ujA) + 

1 dA{u}) 

2 du dt 
Ei{uJi t) -i-

dEi{u;,ty 
+ 

I dB{u>) \ + 
4 du) \ dt 

. dCiu) 

du 

2 dEiju, t) 

dt 
(E.43) 

where A(a;), B(u;), C{uj} are defined by (E.13) (in the principal-axis coordinates). 
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E.7 Propagation Equation 

In this section we shall write down propagation equations for the electric field en

velope using the slowly-varying-envelope approximation applied to the wave equa

tion with the third-order nonlinear polarization (E.43) for the solutions found in 

Section E.5. 

We shall write 

where kg = noufc, tiq being the background refractive index, and Vg is the group 

velocity in the medium at the mean frequency w. The transverse dif&action and 

group velocity dispersion were neglected here. 

In all cases found out in Section E.5 the wave equation (E.44) can be written in 

the following form: 

and the wave equation is 

(E.44) 

(E.45) 

where 7 ajid cr are given for particulcir cases in the following list: 

For linearly polarized light 

1. K 11 [100], and £ 11 [010] or [001] 

7 (E.46) 

a 
2noc du 

(E.47) 



'•g SB auTBS axjjL 

[no] JO [TOT] JO [OIT] II 3 '[TIT] II "9 

(is-a) ' [(Ti2 + "(c)^ + "c;i')5+'S^]T^ 
e 

\o g J e " 

oOuz 
(os-a) • [('12+"(1)^++'S^] -TT = 

\D g !  
fI2 = t 

(era) ' ('f,^ + +'Ul^ + 'S^O g ^ 

/•i + i + v"! 

0 9 / ^ 

[TIT] II 3 P^ '[OTT] 1! •£ 

'•g SB STUBS aqj, 

[on] II3 p^ '[OTT] 1! 'f 

'••[SB 3UIBS SqjL 

[TOO] II 3 P^^ '[OTT] 11 ^ •£ 

A (^Qoouf 

= X) 

(8K3) ' ('S^ +TcS^ + ^S^ + 'U)^) 
A 

en̂  

\D a J ^ ^0 a J ^ 

[Tio] JO [no] II 3 P^^ '[OOT] II ^ -6 

Q8I 
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For circularly polarized light 

1. « II [100] 

u d f C\ 
2nocdu V '^2) 

^ ̂ (xffu + xffi. + x!?i,-xiS.) . (E.53) 

cr = 

4noc du; 

l. K [111] 

UJ 7 = 
2noC 

u; 

(-4) 

2noC 

UJ d r. C 
(T = 

[ x S i + + &)  -  x S i ] ,  (  E - 5 4 )  

2noc 3 ) 

[xuu + 2(XU22 + Xma) " X1221] • (E-o5) 

E.8 Conclusiou 

At the ead we caji suggests that one can look at the third equation of (E.31) and 

solve it (in the case of linearly polarized eigenmodes) for the allowed eigenvalues of 

k. Similar approach can be applied in the case of circular polarizations. 
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