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ABSTRACT 

Analysis of the probability density functions (PDFs) of the velocity increment Svg 

aad of their deformation is used to reveal the statistical structure of the intermittent 

energy cascade dynamics of turbulence. By analyzing a series of turbulent data sets 

including that of an experiment of fully developed low temperature helium turbulent 

gas flow (Belin, Tabeling, & Willaime, Physica D 93, 52,1996), of a three-dimensional 

isotropic Navier-Stokes simulation with a resolution of 256^ (Cao, Chen, & She, Phys. 

Rev. Lett. 76, 3711, 1996) and of a GOY shell model simulation (Leveque & She, 

Phys. Rev. E 55, 1997) of a very big sample size (up to 5 billions), the validity 

of the Hierarchical Structure model (She & Leveque, Phys. Rev. Lett. 72, 366, 

1994) for the inertial-range is firmly demonstrated. Furthermore, it is shown that 

parameters in the Hierarchical Structure model can be reliably measured and used 

to characterize the cascade process. The physical interpretations of the parameters 

then allow to describe differential changes in different turbulent systems so as to 

address non-universal features of turbulent systems. It is proposed that the above 

study provides a framework for the study of non-homogeneous turbulence. 

A convergence study of moments and scaling exponents is also carried out with 

detailed analysis of effects of finite statistical sample size. A quantity P^tn is in

troduced to characterize the resolution of a PDF, and hence the sample size. The 

fact that any reported scaling exponent depends on the PDF resolution suggests that 

the validation (or rejection) of a model of turbulence needs to carry out a resolution 

dependence analysis on its scaling prediction. 
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Chapter 1 

INTRODUCTION 

Turbulence is one of the greatest challenges in classical physics in the 20"' century. 

Over the past century, a huge amount of experimental, numerical and theoretical in

vestigation has been devoted to this study. Yet, one heis not reached a comprehension 

of its complexity. Traditional studies have been focused on the dynamics of fluids at 

small viscosity. However, the impact of any progress in the study will go beyond the 

area of fluid mechanics. Its application can reach cosmic and natural environments, 

engineering and everyday life in general. 

1.1 Fully Developed Turbulence 

Turbulence is generally described as a dynamical state of a system exhibiting chaotic 

fluctuations over a wide range of spatial and temporal scales. Of particular theoretical 

interest is fully developed turbulence at a statistically stationary state. At such state, 

turbulent fluctuation are sustained at all scales, with different mechanisms at differ

ent scales. For an ordinary three dimensional turbulent flow, large-scale fluctuations 

(£ ~ £o) are generally maintained by an extemed forcing, or a flow instability, while 

small-scale fluctuations (£ £o) are sustained by a so-called cascade dynamics which 

results from the nonlinear interactions between larger eddies. At small viscosity, the 

nonlinear cascade dynamics dominate over a wide range of spatial and temporal scales 

which are larger than a characteristic dissipation sc2de rj. For ^ < ij, fluctuations are 

then damped out by viscous dissipation, and the flow becomes smooth. When the 

characteristic forcing and dissipation scales axe clearly separated, i.e., £o ^ tj, turbu

lence then reaches a state of fully developed dynamics. Fully developed turbulence is 

the central topic of this study. 
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1.2 Scalings in Turbulence 

There is no doubt that the scaling behavior is one of the most intriguing aspects of 

fully developed turbulence. It refers to the observations that la high Reynolds number 

flows, aJl moments of fluctuations at scale £ have a power-law dependence on t where 

£o ^ ^ *71 and is the energy-injection scale, and rj is the dissipation scale. 

Two fluctuating quantities are of particular interest. One is the energy dissipation 

averaged over a ball of size £: 

the other is the velocity differences across a distance £: 

6u({t) = u(r + £) — u(r), 

where it is any component of the velocity vector. (We presently do not distinguish lon

gitudinal and transverse velocity differences, which have been a major topic recently.) 

The scaling behaviors of et and Sue are expressed as: 

< >~ T", < >~ 

where Vp and (p are (monotonic and concave) nonlinear functions of p, and 

< v'' >= J v^P{v)dv 

is called the pth order moment of the random variable u, whose probability density 

fimction (PDF) is P{v). 

The scaling exponents characterize how fast the moments of fluctuating quantities 

at length scale t decrease as £ 0, or increase as Rx —* oo. If the exponents are 

known, then it is possible to predict the moments of the velocity fluctuations at any 

(smaller) scale based on the large scale (coarse-grained) data, or the moments of 

the dissipation fluctuations at any (larger) Reynolds number based on the moderate 

Reynolds number data. 
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1.2.1 Kolmogorov 1941 

While many pioaeers have contributed to the development of the theory of turbulence, 

the 1941 work of Kolmogorov [74] (K41) has made a particular impact. Kolmogorov 

conjectured that the scaling exponents are universal, independent of the statistics of 

large-scale fluctuations, the mechanism of the viscous damping and the flow environ

ment, when the Reynolds number is sufficiently large. Kolmogorov's main assumption 

is that all statistical averaged quantities at the scale I depend only on the mean dissi

pation rate e and I. That is, < cj >~ ? independent of L This assumption has been 

widely applied to many turbulent systems and generate a number of predictions, the 

most famous of which is the —5/3 law of the kinetic energy spectrum. Therefore 

Tp = 0, Cp — p/3' 

For p = 2, we get the famous Two-Third Law: 

< >~ 

which is supported by numerous experimental and numerical results. However, later 

experimental and numerical studies show that K41 does not accurately describe (,2 

and the departure from K41 is very remarkable for higher order moments {p > 3). 

This has been referred to as intermittency effects or anomalous scaling problem. The 

study of intermittency has been one of the central topics of turbulence studies during 

the past three decades. 

1.2.2 Models of Anomalous Scalings 

During the past thirty years, many theoretical approaches have been suggested to 

address the problem of the <inomalous scalings in turbulence. Many scaling models 

start with a very specific ansatz for probability density function of the coarse-grained 

energy dissipation at the inertial-range scales. The most famous one is the log-Normal 
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model by Kolmogorov [75]. However, the log-NormaJ model violates several exact 

inequalities [55] [91] at high orders p, ajid therefore, can not be considered as a good 

prescription of the inertial-range statistics. On the other hand, for moderate p, the 

log-Normal model is a good approximation; we have studied this problem below. 

A more widely accepted approach is built upon the notion of multifractality of 

turbulence by Mandelbrot [85], Parisi and FVisch [95], Meneveau and Sreenivasan [87]. 

Statistically, it describes the inertial-range cascade £is a random multiplicative (RM) 

process; the probability distribution of the corresponding random multiplicative coef

ficient W fully determines the inertial-range scaling exponents (p which may exhibits 

a priori any concave nonlinear dependence on the order p [95]. The problem in this 

approach is that the physical, or fluid mechanical meaning of the RM process is always 

unclear. Consequently, the parameters in the ansatz P(W) can not be determined; 

they remain purely adjustable. 

There is also an approach which attempted to build turbulent field from some char

acteristic flow fields; this is the work by Tennekes [130], Lundgren [82], Chorin [44] [45], 

Gilbert [59], Pullin and SafFman [99], Saffman and Pullin [105], etc. Fluid structures 

which are local solution of the Navier-Stokes equations axe used to compute statisti

cal correlations. It appears, however, that such local solutions cannot encompass the 

whole complexity of the turbulence statistics; only low-order correlation functions can 

be managed. It is likely that long-range correlations of a whole set of local solutions 

play a dominant role in determining behavior of high order correlations and hence 

the global state of turbulence. 

A successful theory of turbulence, even at the phenomenological level, should have 

a certain power of prediction. For instance, one needs to predict the properties of 

high Reynolds number turbulence from the properties of moderate Reynolds number 

field. Furthermore, a physical theory should provide a definition of parameters which 

describe non-imiversal features of a turbulent medium and which can be measurable. 
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1.2.3 Hierarchical Structure Model of Turbulence 

Recently, a model for inertial-range statistics of high Reynolds number turbulence 

has been proposed to meet the challenge described above, that is the Hierajchical 

Structure (HS) model by She and Leveque [118], and is also called the She-Leveque 

(SL) model. The Hierarchical Structure model characterizes the c£iscade by two com

plementary processes: First, the so-called most intermittent structures stand for the 

most singular events which have also the strongest spatial concentration (with small

est fractal dimension). Second, there e.xists a mechanism to create other less singular 

fluctuations in an invariajit way characterizable by one parjmieter (/9). The invari-

ance principle is later discovered in terms of a group transformation property [122]. 

It has also been discovered that the model corresponds to a cascade by a log-Poisson 

process [50] [119], and hence also called the log-Poisson model. 

The success of the Hierarchical Structure model in describing the anomalous scal

ing exponents has been reported widely in hundreds of work, see e.g. [12] [14] [32] [101]. 

One of the central topics of this thesis is to further test the validity of the Hierarchical 

Structure description and to study its impact in describing the physical properties of 

turbulent environment. More results will be reported below in Chapter 2. 

1.2.4 Extended Self-Similarity 

One of the important developments in the study of turbulence is a work of Benzi et 

al. [9] about the Extended Self-Similarity (ESS) property of turbulence. It is discov

ered by Benzi et al. that the velocity structure function of any order p (reasonably 

accurate given the suflicient sample size) depends on the structure function of order 

q (usually chosen to be 3) in a much better power law, 

< >~< 6vl . 
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Specifically, when the structure functions show the bending as the scale approaches 

the viscous cutoff, the relative power law behavior holds remarkably well near the 

Kolmogorov dissipation cutoff. A number of studies after the initial discovery [18] 

indicate that the ESS property works less efficiently in some physical environments. 

While providing important information to a better understanding of the physical 

origin, these studies (published or unpublished) all support the existence of the ESS 

phenomenon. Since the third order structure function is expected to be linearly 

proportional to the length scale in the inertia! range, the relative scaling exponent of 

the p"* order structure function with respect to the third order is taken to be a new 

method of measuring Cp which shows improved reliability. 

In mathematical term, the ESS property indicates that as the viscous range is 

approached, the velocity structure functions of different orders show the same char

acteristic deviations from a power law behavior in such a way that their relative 

functional dependence is preserved. More physically speaking, there is one character

istic quantity which controls the deviation of the whole set of the velocity structure 

function from the inertial range scaling behavior. The word "extended" indicates 

possibly the existence of other self-similarity property of turbulence which persists 

even when this quantity shows its non-power law dependence on the length scale. 

An even more interesting development is some later work by the same group 

which has reported the experimental evidence of a Generalized ESS property (GESS) 

satisfied by flows with a variety of physical conditions where the ESS property is not 

satisfied [16] [17] [19]. Instead of studying the velocity structxire fimctions which are 

moments, they propose to study the normalized structure functions with respect to 

a certain order which are generally referred to as the hyper-flatness factors. In the 

same way, they suggest to evaluate the relative functional dependence of those hyper-

flatness factors. The result is that they are remarkably in power-law with each other, 

through the whole rjinge of length scale and for a ntunber of different situations such 

as in flows with or without a shear, in flow near a boundary, in flow with relatively 
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small Reynolds number, where the ESS property is know to not work. 

The impact of the ESS property is two-fold. First, it leads to a better way to 

estimate the scaling exponent. The measured scaling exponents do not have the 

same meaning, strictly speaking, as the original ones proposed by Kolmogorov, at 

the so-called inertiaJ range. But Benzi tt al. [11] [14] have shown that when the 

Reynolds number is large enough to show a section of the inertial range, the exponents 

estimated by ESS or GESS at smaller Reynolds number are very close, if not identical, 

to the true inertia! range exponents. Therefore, the ESS or GESS provides us a more 

accurate way for measuring the inertial range exponents. Our present study also uses 

the ESS property to determine the scaling exponents. Second, it points out a more 

fundamental scaling property of turbulence than the so-called inertial-range scaling 

of Kolmogorov (1941). This will become clear only if we provide some real physical 

understanding of the phenomenon. 

1.3 My Contribution 

In this work, we shall demonstrate that the model enable a direct derivation of phys

ical parameters from experimental observations or numerical simulations, and to ad

dress such questions as what are unique (or non-universal) properties of a specific 

turbulent environment and what may be the predictable properties of the flow. Ef

fects of finite statistical sample size are discussed in detail. 

Through theoretical analysis of a random multiplicative log-Poisson process, we 

show that the parameters defining the log-Poisson process can be measured in both 

the exact process and the perturbed one. Similar analyses have been conducted to the 

log-Normal process for compajison £uid contrast. In practice, we demonstrate that the 

model enables a direct measurement of the physical parameters from experimental, 

numerical and shell model data of turbulence, and allows to characterize non-imiversal 

features of a turbulent environment. 
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A convergence study of moments and scaling exponents is also carried out with de

tailed analysis of effects of finite statistical sample size. A quantity Pmin is introduced 

to characterize the resolution of a PDF, and hence the sample size. 

In Chapter 2, the idea of the Hierarchical Structure model and further reseaxch 

on testing and various extension of the model will be presented. In Chapter 3, the 

theoretical ajialysis on the exact and perturbed log-Poisson and log-Normal process is 

shown. The application of the result in the experimental data, numerical simulation 

and shell model is reported in Chapters 4, 5 and 6, respectively. Conclusion is made 

in Chapter 7, 
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Chapter 2 

HIERARCHICAL STRUCTURE MODEL OF TURBULENCE 

The Hierarchical Structure (HS) model [118] has attracted much interest in the past 

few years. The model was introduced by She and Leveque, so it is also known as the 

She-Leveque (SL) model. Based on an assumption of a symmetry, the model predicts 

the scaling exponents in terms of the properties of the most intermittent structures. 

Further theoretical studies have shown that the symmetry can be exactly realized by 

a RM process of a log-Poisson type [50] [119], and thus it is also called the log-Poisson 

model. 

During the last five years, a great deal of research has been conducted to test 

this model. The original paper by She and Leveque [118] has been cited hundreds of 

times. In this chapter. We provide a brief description of the model and some further 

theoretical development, and then make a summary about some authors' comments 

concerning the validity of the model. 

2.1 The Model 

We study the scaling behavior of two fluctuating quantities: the energy dissipation 

averaged over a ball of size £, e<, and the velocity differences across a distance i, 6vt. 

The scaling behavior of tt and 8vi is expressed as 

< >~ < ej >~ t". 

Under the Kolmogorov refined similarity h3T)othesis [75], Cp and Tp are related, for 

positive p, by 

Cp = p/3 + Tp/z-
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The main physical picture of the Hierarchical Structure model is that turbulence 

is composed of a hierarchy of structures of variable sizes and variable strength (fluc

tuating amplitudes). The later displays various degree of coherence. It was originally 

proposed by She and Leveque [118] to study a hierarchy defined through the ratio of 

the successive moments; 

experimentally and numerically observed filamentary structures; their scaling expo

nent is derived based on physical considerations. Secondly, structures of less singular 

where ^9 is a constant independent of p. Under Eq. (2.1), the scaling property for 

isotropic turbulence is uniquely determined by the scaling AQO of the most singular 

structures, ~ . 

Therefore, this theory relates the scaling laws of turbulence to the characteristics of 

the most intermittent structure. Assuming that they are 1-D filamentary structures, 

and that they are in a boundary between two laxge eddies (of size £o) with a thickness 

of the order of the Kolmogorov length scale ?/ which jdelds AQO = —2/3, She and 

Leveque [118] predict the whole set of the scaling exponents (p for the pth order 

velocity structure function: 

Each structure 4''' is a specific level set and has a specific scaling behavior. It is 

assumed that there exists a most singular structure, < oo, which correspond to 

nature, < oo), are assumed to follow a symmetry law normalized with respect 
(oo) to the most singular structures \ that is, 

Jp+i) ^ Jp)''Joo)(i-^) 
(2.1) 

(2.2) 

The formula (2.2) contains no adjustable parameter. 
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The general formula for (p is 

CP = 7P + <^o(l - 0'), (2.3) 

where 7 measures how singular the most intermittent structure is, and hence is a 

measure about the turbulent environment in study; /3 measures the degree of inter-

mittency of a turbulent flow; and Co is the co-dimension of the set of spatial points 

for which this exponent is realized. The interpretation of these parameters will be 

discussed further below. 

The original work of She and Leveque [118] gives a phenomenological description 

using physical terms. Its most significant step seems to point out the importance of 

the most intermittent structure. This is in sharp contrast with the Kolmogorov 1941 

model which only uses the concept of a mean energy flux (or dissipation). None of 

the other models mentioned eaxlier (log-Normal, etc.) has suggested this possibility. 

As we will demonstrate throughout our work, this concept is quite accurately valid, 

especially at a finite sample space (or finite statistical ensemble). 

2.2 Further Theoretical Development 

2.2.1 Log-Poisson Cascade 

It is generally assumed that the cascade of tiirbulence can be modeled by a random 

multiplicative process, i.e., the small-scale fluctuations are related to the large-scale 

fluctuations in a random multiplicative way. Let Svtg, the velocity increment across a 

distance io, represent velocity fluctuations at length scale to. Then, the fluctuations 

at the length scale £ (£ < £0) can be related to that at scale £0 by 

Svt = WtatSvto, (2.4) 

where is a rtindom multiplier which is assumed to be statistically independent 

of Svfg. 
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It is shown by Dubrulle [50] and independently by She and Waymire [119] that 

(2.1) can be derived by assuming that the multiplicative factor in (2.4) satisfies 

Wfc, = (2.5) 
<•0 

where n is an independent Poisson random variable with a mean A: 

n = 0,1,2,... 
n 

It can be deduced from (2.5) that 

(<"?>= 
n 

Then, (2.1) follows. 

It is pointed out by She and Waymire [119] that the log-Poisson process is self-

consistent eind the reason for its success lies in its log-infinite divisibility property. 

Another advajitage is that it does not have any difficulty which other log-infinitely 

divisible processes such as log-stable model [73] and log-Normal model [75] have, 

namely, the scaling exponents Cp decrease for large p. Further study of the log-Poisson 

process will be conducted in my research. 

An important consequence of interpreting the HS model by a Log-Poisson process 

is that one caa predict small-scale PDFs from a large-scale PDF. Let yt = log|^t;/|, 

we get: 

yi = log Wfo/ + y^o • (2-6) 

Since log W/Q/ is independent of the PDF of yi can be obtained by a convolution: 

Q{yi =  ̂ ) = ^  L P { l o g  =  t i ) Q { y i ^  =  X  -  t i ) .  (2.7) 
ti 

Here, ZP(log>V<o/) is the known discrete Log-Poisson distribution. We will study 

this prediction in detail later. 
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2.2.2 Invariance Principle 

She and Leveque [121] have proposed another derivation of the hierarchical symmetry 

based on an invariance principle using similar reasoning as in the theory of special 

relativity. Instead of addressing the transformation of the PDFs from the large scale 

to small scale as in the log-Poisson case, they propose to address the transformation 

of moments. Let tt denote the coarse-grained energy dissipation where £ continuously 

changes from IQ to TJ. At each scale £, the fluctuation of ee has a maximum amplitude, 

called 

By making the following fundamental cissumptions that (HI) there is no charac

teristic length scale other than the integral scale £o and (H2) there is no characteristic 
foo) 

fluctuation amplitude other than ', they build a new coordinate system 

A:(.) = log £;(•); T = logt (2.8) 

Here E{-) refers to the expectation value of a random variable. In this system, the 

amplitude-scale becomes "space-time". 

Next, they conjecture that (H3) the field Uj (for any p) defines a so-called inertial 

frame of reference with an intrinsic speed Vp. In other words, Vp is independent of 

whether the observer is at rest or in a moving frame of reference. 

A specific proposal of the meaning of the moving frame of reference is given by 

She and Leveque [121]. In the moving frame of speed Vp (defined by the scaling field 

n^), the space coordinate of cinother scaling field II' is proposed to be measured in 

the following way: 

jfW = iog(£(ii?n?)/£:(n;)). (2.9) 

As p increases, more weight is put on the high amplitude fluctuations. With this 

restriction, it can be shown that the "space" eind "time" coordinates will satisfy a 
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transformation law when the observer moves from one frame of reference to another: 

X' WT', r = ^1 - T, (2.10) 

where W is the speed of the moving frame. From (2.10), we can derive a composition 

law for the relative speeds: 

(2.11) 
'OO 

When \4o = oo, the composition reduces to a Galileaji group, ajad the corresponding 

scaling laws obey K41. 

However, (H2) suggests the equivalence of all inertial frames of reference, since 

they simply correspond to the emphcisis on different amplitudes and there is no pref-

ered amplitude. This justifies the second part of (H3) which cam be more explicitly 

stated as Vq''^ = for aay p and p'. Substituting Vg''^ = Vq°^ into (2.11) leads to 

the solution for Vpi 

7p = K«(l-iS''), (2.12) 

where l^o = Co plays the role of the "speed of light" as in the theory of special 

relativity. Eq. (2.12) is identical to Eq. (2.3) in its nonlinear part. 

It is interesting to see that the HierarchicaJ symmetry (2.1) follows from such an 

elegant argimaent of the invariance of "speed" ^ which expresses the fact 

that all &ames of references are equivalent. 

The theory based on the invariance principle has highlighted the importance of a 

semi-group. The above study has further demonstrated that the difference between 

the Kolmogorov 1941 model and the She-Leveque model is the presence of V^, i.e., 

the most intermittent structiure which modifies the Galilean group (K41) into a non-

Galilean group. 
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2.2.3 More Theoretical Studies 

Giles [58] has developed a new renonnalization group analysis on the Hopf functional 

equation of the Navier-Stokes equation. By means of the functional integral repre

sentation of P{6ve), Giles shows that (2.2) can be derived from the NS equations. 

He, Dubrulle and Graner [66] have studied both the HS model [118] and the 

thermo-dynamical model of intermittency in fully developed turbulence due to Cas-

teiing [37] from the point of view of scale invariance, and found no striking differences 

in their properties. Both account equally well for the scaling exponents, both explain 

the property of general scaling observed in turbulence and both give similar results 

when using a linear approximation. The only difference between them lies in the con

vergence of log-Poisson's structure functions and divergence of the thermo-dynamicaJ 

one. 

The velocity structure functions of fully developed turbulence are studied by 

Pocheau [96] using only homogeneity, isotropy, scale invariance and single scale de

pendence of variables. The translational invariance of scaling exponents generalizes 

the "hidden symmetry" (2.1) postulated by She and Leveque for the moments of 

energy dissipation, and applies here to moments of velocity fluctuations. 

Chen and Cao [40] apply She and Leveque model [118] under the assumption that 

limp_oo Tp/p = —1 with Tp being the scaling exponent for the local averaged dissipation 

function suggested by Novikov [92]. The resulting model agrees well with existing 

theoretical and experimented results for p < 10. The most interesting prediction of 

this model is the saturation of the exponents of the velocity increment as p —* oo. 

The study of the dynamics in the passive scalar system h«is been one of the most 

active research areas in the field of fluid turbulence for the last decade. Cao and 

Chen [35] develop a phenomenological theory based on a bivariate log-Poisson model. 

The analytical formula for the scaling exponents is obtained. The scaling exponents 

from the theory, when compared with those from experimental measurements, show 
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good agreement. 

Politano and Pouquet [97] extend the HS model to the magnetohydrodynamic 

(MHD) case in the framework of Iroshnikov-Kraichnan theory for MHD turbulence. 

They obtain the scaling exponents for MHD turbulence to be: 

which is of the same structure as the SL model. The most intermittent structures 

turn out to be sheet-like, as observed in numerical simulations in three dimensions 

at moderate Reynolds numbers. They claim that this extension of the SL model is 

workable. 

2.3 Validity of the SL Model: Experimental Evidence 

2.3.1 Validation of the Hierarchy 

Ruiz-Chavarria et al. [101] have made measurements in laboratory flows and have 

calculated quantities to test specifically assumption (2.1), the assumption about the 

symmetry of the hierarchy. They claim that "... the hierarchy of the energy dissipa

tion moment, recently proposed by She & Leveque for fully developed turbulence is in 

agreement with the experimental data They also provide experimental evidence 

that the hierarchy for the energy dissipation moments (2.1) can be generalized to 

the velocity structure functions [102]. The scaling extends down to the Kolmogorov 

length. 

2.3.2 Measurement in Different Flow Environment 

Early quantitative results of the scaling exponents Cp obtained by Anselmet et aL in 

wind txmnel turbulence [1] is consistent with SL model. 

Benzi et al. [12] measure the scaling exponents Cp ii^ ^ wake turbulence based on 

the ESS property of turbulence. Their scaling exponents are therefore more eiccurate 
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than earlier measurements. It is found that the results are consistent with (2.2) with 

remarkable accuracy. 

Prom the experiments on a variety of laboratory turbulence flows, such as grid 

turbulence, Herweijer and van de Water [67] study the shape of the structure function 

at scales where it is influenced by viscosity. They find that the prediction of She and 

Leveque for (p fits remarkable well with their data. 

Gaudin et al. [57] show experimental evidence that the scaling laws of the structure 

functions exist in the various parts of the flow domain, with values depending on the 

location of the probes. The Cp exponents are obtained from hot-wire measurements 

in turbulent wake flows in different experimental facilities. In the far wake region 

the scaling exponents approach an asymptotic value that appears to be slightly more 

intermittent than the K41 prediction, it is close to the She and Leveque model. 

Experimental analyses of transverse structure functions scaling properties, per

formed in grid and jet turbulence, is reported to validate the HS model by Camussi 

and Benzi [31]. The analysis supports the idea that the predicted value of /? is not 

dependent on which structure function is analyzed. Specifically, it is shown that the 

value = 2/3 is reached for both the longitudinal and the transverse velocity compo

nents in apparent contrast with some experimental observation of larger intermittency 

associated to the transverse velocity structure functions. 

Belin, Tabeling and Willaime [5] have reported the measurement of longitudinal 

structure function exponents in low temperature helium gas turbulence. The experi

ments are done for a wide range of microscale Reynolds numbers (from 150 to 5040), 

using large velocity records. The extrapolated values of the structure fimction expo

nents leads to the result that Cp decrease with p for large p which they find hard to 

expliiin. Conducting further studies with their data, we find that the SL model fits 

well with their data (see below). 
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2.3.3 Measurement in Different Turbulent System 

Using measurements from solar wind turbulence and from turbulence in ordinary fluid 

flows, Carbone, Veltri and Brono [36] conclude that there is a strong probability that 

the low-frequency MHD turbulence in the solar wind turbulence is physically different 

from turbulence in ordinary fluid flows. The physical difference seems to be due to 

the topological properties of the most intermittent structures, which appear to be 

filaments in fluid flows eind planar sheets in MHD flows. They claim that their results 

are in agreement with a different version of the She-Leveque model for intermittency 

in fluid flows, which is the only model that takes into account the physical difference. 

Ruiz-Chavarria et al. [103] experimentally study the scaling laws of the temper

ature structure functions. Following the ideas of She and Leveque [118], a hierarchy 

for the temperature structure functions is built. The intermittency correction based 

on these ideas agrees within error bars with the experimental measurements and 

correctly predicts the co-dimension of the most intermittent structures of a passive 

scalar. 

Queiros-Conde [100] shows experimentally on diffusion-limited aggregates (DLA) 

the existence of a multi-scaling behavior very close to intermittency for turbulent 

flows. The relative scaling exponents have been meeisured using a property of ex

tended self-similarity. Moreover, the She-Leveque theory gives a good description of 

the multi-scaling behavior. All these results suggest that the intermittency statistics 

are more general and affect systems other than turbulence. 

2.3.4 Results of the Comparison 

A summ£iry of the comparison is reported by She [121] in Table 2.1. 



31 

Order p SL Model Cp 
1 - 0.37 - - 0.362 ± 0.003 0.364 
2 0.71 0.70 0.70 ±0.01 0.70 0.695 ± 0.003 0.696 
4 1.33 1.28 1.28 ± 0.03 1.26 1.279 ±0.004 1.279 
5 1.65 1.54 1.50 ± 0.05 1.50 1.536 ±0.01 1.538 
6 1.8 1.78 1.75 ±0.1 1.71 1.772 ± 0.015 1.778 
7 2.12 2.00 2.0 ±0.2 1.90 1.989 ± 0.021 2.001 
8 2.22 2.23 2.2 ± 0.3 2.08 2.188 ±0.027 2.211 
9 - 2.52 - 2.19 - 2.407 

10 - 2.59 - 2.30 - 2.593 

TABLE 2.1. Scaling exponents Cp of the pth order velocity structure functions mea
sured (1) in a wind tunnel turbulence [1], (2) in a wake turbulence [12], (3) in a jet 
turbulence (transverse velocity structure function) [90], (4) in a low temperature he
lium experiment [5], and (5) in an isotropic Navier-Stokes turbulence simulation [32]. 
The SL model reads Cp = p/9 + 2(1 — (2/3)''/®). 

2.4 Validity of the SL Model: Numerical Simulation 

2.4.1 Navier-Stokes 3D Simulation 

High resolution direct numerical simulations of the 3D isotropic Navier-Stokes (NS) 

turbulence conducted by Cao, Chen and She [32] strongly support the prediction of 

the She-Leveque model. It is remarkable that the relative scaJings are independent 

of the dissipation mechanism and in very good agreement with the SL model. 

Cao, Chen and Sreenivasan use high-resolution direct numerical simulation data 

from three-dimensional Navier-Stokes turbulence in a periodic box to study the scal

ing behavior of low-order velocity structure functions, the positive and negative pow

ers [34]. Similar to high-order statistics, the low-order relative scaling exponents 

exhibit unambiguous departures from the Kolmogorov 1941 theory and agree well 

with existing multi-scaling models. The transition from K41 to the SL (or other) 

multi-scale results is smooth, which seems to support the multi-fractaJ picture in 

which the correction to anomalous scaling comes from all simplitudes with different 
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fractal dimensions. 

The direct numerical simulations of an un-forced flow is conducted by Boratav and 

Pelz [27] to investigate the deviations from the K41 laws of inertial range of turbulence. 

The resolution is 300^ points, and the Taylor scale Reynolds number is in the order 

of 100. The scaling exponents of the pth order longitudinal structure function (for 

p between 2 and 16) are computed using different methods with particular focus on 

a recent method by Benzi and collaborators [9] [14]. The HS model predictions give 

very good agreement for the longitudinal exponents. The lateral scaling exponents 

disagree with both the She-Leveque model and the experimental results suggesting 

that the dominant contribution to intermittency caja only be detected from the lateral 

structure function measurement. 

A quantity of interest, ^ (degree of intermittency between scale hierarchy), which 

appears in the HS model, is computed from turbulent simulations by Boratav [26] 

with Taylor-Reynolds number in the order of 100. It is found that the lateral and 

longitudinal ^ values are unequal. For most of the moment hierarchy order p, lateral 

deviated m^ore (i.e., smaller) from K-41 than the longitudinal one. is also found 

to be p dependent. On the other hand, in a recent letter, Camussi and Benzi [31] 

suggest that there is at least one parameter which could be equal aad unique in both 

longitudinal and lateral directions. Having such a imique parameter could imply that 

the turbulent cascade process (described by the unique parameter) is universal. This 

parameter is labeled as /9 in SL model. It simply measures the degree of efficiency 

(or degree of intermittency) of energy transfer from scale to scale. 

Studies on different ^ values in different directions as well as the order dependence 

of 0 are also made by Grosmaim et al. [65] in their nimierical NS turbulence simvda-

tions with Taylor-Reynolds numbers up to Rx = 110. Within the SL model this means 

that longitudinal and transversal fluctuations obey different types of hierarchies of 

the moments. 

Toschi e t  a i  [131] have performed a series of direct numerical simulations in a 
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turbulent channel flow adiieving a high statistical accuracy. The spatial resolution of 

the simulation is 256 x 128 x 128 grid points. The Reynolds number is Re w 3000. 

Scaling exponents of longitudinal stream-wise structure functions, axe measured. 

They find that, neax the center of the channel, the value of (p is consistent with homo

geneous or isotropic values, which is well described by the She-Leveque model. Near 

the boundaries intermittency is higher approaching the values observed for passive 

scalars. 

The anomalous scaling phenomena of three-dimensional passive scalar turbulence 

are studied by Chen and Cao [42] using high resolution direct numerical simulation. 

The inertial range scaling exponents of the passive scalar increment and the scalar 

dissipation are obtained. In general, all scaling exponents from DNS coincide well 

with the phenomenological theory [35] (bivariate log-Poisson model) and the real-life 

experiment. 

2.4.2 Navier-Stokes 2D Simulation 

The scaling properties of numerical two-dimensional turbulence is studied by Babiane, 

DubruUe and Frick [3]. They consider two-dimensional (2D) incompressible turbulent 

flow in a statistically steady state in which energy and entropy inputs, localized 

around a forcing mode, are compensated by a linear firictional force at large scales 

and viscous dissipation at small scales. The scaling properties of the energy and 

entropy established cascades are studied via the velocity structure functions. Three 

distinct scaling regimes are observed. At large scales, corresponding to the inverse 

cascade of energy, the scaling exponents are well defined and similctr to those observed 

in 3D isotropic turbulence, with large deviations from the Kolmogorov 1941 scaling 

(strong intermittency). At intermediate scales, where coherent structures dominate, 

no scaling is present. At small scales, corresponding to the direct entropy cciscade, 

a second scaling regime is obtained, with almost non-anomalous scaling exponents 
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(weak intemuttency). The intermittency obtained in the two scaling regimes is found 

to be consistent with the hierjirchical intermittency model of turbulence of She and 

Leveque [118], developed in the context of 3D turbulence. The model is characterized 

by two main parameters, 7 and describing respectively, the smallest dissipative 

scales and the degree of intermittency of the energy transfers. These parameters are 

measured in the two regimes. In the inverse cascade, = 0.7 and 7 = 0.47, close to 

the values observed in 3D turbulence {0 = j = 2/3). In the direct entropy cascade, 

is close to 1, and 7 close to 0, which explains the weak intermittency observed. 

2.4.3 Shell-Models 

A detailed examination of the cascade statistics and scaling exponents is carried 

out for a dynamical-system model of fully developed turbulence called the GOY 

shell model by Leveque and She [79]. This model is a dynamical system with a 

chain interaction linking fluctuations at various scales. At the statistically stationary 

state, the system displays a cascade of energy to larger wavenumber shells, which 

are characterized by some anomalous scaling behaviors similar to what is observed in 

real turbulence. The large sample size of the statistical fluctuation data has enable 

a detailed study of the convergence of the moments and the exponents. The scaling 

exponents (p so measured are compared to the predictions of the HS model as well as 

other cascade models(log-Normal, log-Stable, p-model, etc.). The conclusion is that 

the HS model predicts the best functional dependence of p of the scaling exponents 

in the GOY shell model. 

In the presence of a hyper-viscous damping it is found that the inertia! 

range scalings Cp depend on the hyper-viscosity index a, but the relative scaling 

Cp/Cp' are universal. A theoretical explanation is developed based on the She-Leveque 

model for numerical study of the GOY shell model by Leveque and She [78]. 

Jiang and Liu [69] study the scaling behavior of velocity and temperature in a 
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GOY shell model for thermal convective turbulence. In their model, the nonlineaj 

coupling modes between shells are designed to conserve the total exchanging energy 

in the limit of zero viscosity, forcing, and buoyancy. Under such assumptions, the 

relative scaling exponents of structure functions with order p are almost parameter 

independent and consistent with the She and Leveque model. 

A class of shell models for turbulent energy transfer by varying the inter-shell 

separation, A, is investigated by Benzi, Biferale and Trovatore [20]. Although in the 

continuum limit (A -+ 1) the model becomes non-intermittent, they find universal 

aspects of the velocity statistics which can be interpreted in the framework of log-

Poisson distributions, as proposed by She and Waymire [119]. 
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Chapter 3 

EXACT AND PERTURBED SCALING PROCESSES: 
THEORETICAL RESULTS 

3.1 Exact Log-Poisson Cascade 

The Hierajchical Structure (HS) model is originally proposed in terms of a relation 

between successive ratio of moments. Although it is an elegant recursive relation 

which determines the moments to ail orders, a deeper understanding of the model 

stems from the reaiization that it is exact if the cascade follows a random multiplica

tive process of the log-Poisson type [119]. Let the integral-scale eddies be represented 

by the coarse-grained energy dissipation (a random variable), then the small-scale 

eddies at any length scale t can be related to that at scale £o by 

E< = W/O/QOI (3-1) 

where is a random multiplier which is assumed to be statistically independent 

of tto-

She and Waymire [119] assume that W/o/ = where n has a Poisson dis

tribution with a mean A = j^ln(^): 

\n 

P(n)  =  e ~'^—r. n = 0,1,2,... (3.2) 
n! 

It can be deduced from (3.1) that 

Tl 

A consequence following the theory of the log-Poisson cascade is that one can 

construct a set of probability density functions (PDFs) at smaller scales from a large 

scale PDF if the parameters (7, /3, A) characterizing the cascade are known. From 
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(3.1) we have 

In = In + In e^o • (3.4) 

Consequently, 

P{lnet) = P(lnW,o,)0P(lne,J, (3.5) 

where 0 denotes a convolution. These parameters aJso fully determine the scaling 

exponents Tp for the energy dissipation as defined by (ej) ~ r*''. It is easy to verify 

that the scaling exponents are given by 

TP = -7P + ~ 

Here, we have set the condition ri = 0 required to guarantee that the mean energy 

flux is constant. Therefore, the random multiplicative log-Poisson process (7, jS, A) 

has made a special link between the form of PDFs /'(Inc/) and the form of scaling 

exponents Tp. 

The same procedure can be applied to construct a set of PDFs for the velocity 

difference at different scales: 

Sve I (3.7) 
Co 

We can also derive the scaling exponents Cp for the pth order velocity structure func

tion: 

( S v D - f ' ,  c, = yp+1:^(1-^/3). (3.8) 

If one sets 7 = 2/3,7' = 1/9 ^ = 2/3, the original She-Leveque formula [118] is 

obtained: 

'•, = -|p + 2(l-(|n & = ip + 2tl-(|)'''l. (3.9) 
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Below, we focus on the PDFs of the velocity difference and the related scaling 

exponents (p. In general, the formula for Cp reads 

CP = 7P + C'O(1-/3''), (3.10) 

where Co = The remaining two parameters 7 and determine both the PDFs 

and the scaling exponents. 

Next we explore a few relations which will allow us to directly measure the two 

parameters. 

3.1.1 Determination of ^ 

Method 1 

Let us denote by 5p(€) the velocity structure function, Sp{ l )  = {l^r^lP), and intro

duce the function 

m = , (3.11) 

which is a function of both p and £, the following relation is assumed in the She-

Leveque model [118]: 

/UiW = (3.12) 

where < 1 is a constant and Ap is independent of £, and 

characterizes the so-called most intermittent structure. Similarly, we have 

= A+iiVn(fl''f~(«)'"'' (3.14) 

Taking the ratio of Eqs. (3.12) and (3.14), we eliminate the term and get 

F,«(<) Ah-I (F^mV ,,,,, 
Ap V FM ) • ' ' 
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In practice, when one computes Fp+2(^)/^p+i(^) and •^p+i(^)/^p(^) fro™ the experi

mental data, it is possible to verify if the lineax relation holds in the log-log plot. If 

positive, it is a direct validation of the assumption (3.12). Furthermore, the slope in 

the log-log plot of Eq. (3.15) gives rise to the value of ^ for a fixed p. 

We can further eliminate term to get a plot work for all I and all p. Since 

Eq. (3.15) is true in scale £oj i.e., 

•^p+2(^o) _ Ap+i /Fp+i{£o)\'^ /"J ifi^ 
F,+a(€o) Ap 1, Fp(£o) J ' ^ 

take the ratio of Eqs. (3.15) and (3.16), we end up with 

F^i) .F„,ie,)y 
fp+.W'fp+.(«o) FM ' f,(<o) ) ' ^ ' 

The log-log plot of Eq. (3.17) for all £ and p should form a line passing through the 

origin (0,0), and the slope of this line corresponds to the value of 

Method 2 

Set p = 1 in Eq. (3.12), we have 

F2(£) = (3-18) 

Using the ratio of Eqs. (3.12) and (3.18), we can eliminate the term 

get 

- ie (my (319) 
w )  A ,  U i w y '  '  '  

The slope in the log-log plot of Eq. (3.19) yields the value of /3 for fixed p. It is 

interesting to note that in our numerical mecisurement, Ap/Ai is nearly constant for 

p > 5. So Eq. (3.19) is an alternative way of measuring ^ for a certain range of £ and 

p. 
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3.1.2 Determination of 7 

Method 1 

The most intermittent structure for velocity difiference, can be defined in 

the same way as for the energy dissipation in the paper of She and Leveque [118]; 

that is 

= lim = lim (3.20) 
p—oo (cv^) P—00 

where Ap = (p+i — (p. The most delicate issue is whether this quantity is measurable, 

because it involves the calculation of the moments of order infinity. However, for 

any finite data sample such as a time series of finite length and with the assumption 

that the ensemble average is equal to the time average, it is a well-defined quantity 

for all p. If one constructs the PDF (or histogram) from the finite time series, the 

resulting PDF has a tail that extends only up to a certain maximum amplitude. With 

these considerations in mind, we pursue as follows. Calculate the moments from the 

time average (or from the ensemble average with a PDF of finite tail) and examine 

the scaling property such as Ap at the finite sample size. Then, let the sample size 

increase and examine the trend of variation of the scaling property, to determine the 

asymptotic behavior of Aoo. This methodology is similar to the statistical mechanics 

ccdculation of the thermodynamic quantities (e.g. the partition function) with a 

discrete lattice. 

The scaling of Svf°°\ 7, can be found using Eq. (3.20) when p is Icirge. If Ap 

converges to a fixed vaJue j as p increases, then 7 is the scaling for 

Method 2 

An alternative way to determine 7 numerically should be useful in a situation 

where and (p are measiirable. We take advantage of the fact that the quantity 7 

is only meaningftd in the framework of the Hierarchical Structure model. Therefore, 
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if 0 is determined from the consideration described above, we will assume that the 

general formula for the scaling exponents by the HS model [118] holds: 

C ,  =  j p  +  C { l - 0 %  

where C = (1 — 37)/(l — l3^) due to the constancy of the mean energy flux (c) ~ 

(|6t;<P)/£ ~ ajid hence Ca = !• It then follows that 

Let x(p;y®) = then 

(lv-x{p\^) = l{p-'^x{p\^))' (3.21) 

If we plot — x(p; fi) vs. p — 3x(p; /3) and observe a linear relation, then 7 exists and 

is the slope. 

3.1.3 Numerical Tests on an Exact Log-Poisson Cascade 

In this section, we generate a set of PDFs using an exact log-Poisson mapping with 

pajameters ^ and 7, and then compute moments Sp{i) and the ratio Fp{t). With the 

methods described above, we expect to obtain the parameter 0 ajid 7 back. This test 

is primarily set up for the study in the next section about a perturbed log-Poisson 

process. We have conducted the test in the following way. 

PDF Creation 

We numerically create an initial large-scale PDF /'(u/o) with a truncated Gaussian 

distribution, and then generate a set of PDFs vt over i = — for n = 1,2,...,9 using 

the Log-Poisson mapping from vt^: ve = yVtot^vio. = a/3" = where 7,^5 

are constants, and n is a Poisson random variable with mean 

A = -CIn(«/<o) = -Ti5^1itW<o). (3.22) 
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FIGURE 3.1. (a)A set of PDF generated by the log-Poisson mapping from the large 
scale PDF. (b)The fitting of the scaling exponents in She-Leveque model. The dots are 
the mecisured scaling exponents; the solid line is the formula = |p-f-2(l — (2/3)''/^). 

We make our parameters the same as in the original She-Leveque model (see [118]) 

for testing, i.e., 7 = 1/9 and ^ = (2/3)^^^. For the convenience of later discussion, 

we also introduce the PDF of yi = logl^Ufl: Q(y/) = e'"P(e''<). The set of PDFs is 

plotted in Fig. 3.1(a). 

Scaling Exponents 

The moments Sp{ l )  are calailated from the set of PDFs Q{y t ) i  

SM = {\Svt\n = r ̂'Q{ye)dyo (3.23) 
J—00 

f,=(l/9)p+2(l-(2/3)'/') 
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FIGURE 3.2. (a) Method 1: /? = 0.8735 measured by a least square fit of the log-log 
plot of Eq. (3.17) for p = 1 to 20 and for all 1. The slope of the dash line is 1, and 
the slope of the solid line is (2/3)^^^ « 0.8735. (b) Method 2: ̂  = 0.8765 measured 
by a least square fit of the log-log plot of Eq. (3.19) for p = 5 to 20 and for all 1. 

A good power law behavior across all scales is observed. Using a least square fit to 

find the slopes for each moment, we obtain nimierically the scaling exponents. It is 

found that the scaling exponents we measure are consistent with formula (3.9) (see 

Fig. 3.1 (b)). 

Note that the scaling exponents do not depend on the form of the large-scale 

PDFs, they only depend on the form of the mapping. This is confirmed numerically 

with several sets of initial Icirge-scale PDFs. Consistent results are obtained with high 



44 

7= 0.1110 

1 

7- 0.1111 
0.5 

0 

10 0 5 
(b) p-3x(p:P) 

FIGURE 3.3. (a) Ap measured according to Eq. (3.20) converges to 7 « 0.1118 w | 
as p becomes big enough, (b) Measurement of 7 w | according to Eq, (3.21). The 
slope is obtained by a least square fit. 

accuracy. 

Direct Measurement of ^ and 7 

The application of the two methods for the measurement of ^ based on Eqs. (3.17) 

and (3.19) is illustrated in Fig. 3.2 (see figure captions). Very good lineair relations 

are observed. A least square fit gives ^ « 0.8735 which almost matches the exact 

value ^ = (2/3)^''^ « 0.8735 in the first case (see Fig. 3.2(a)) and ^ fa 0.8765 which 

is of only 0.3% error in the second (see Fig. 3.2(b)). Both methods are considered to 
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be good in measuring /9 numerically in the exact log-Poisson mapping. 

The measurement of 7 according to the formulas (3.20) and (3.21) are shown in 

Fig. 3.3. Both methods give the same value of 7, i.e., 7 « O.ll « 1/9. Note that the 

exact log-Poisson mapping used here is the original She-Leveque model with 7 = 1/9 

and /3 = (2/3)^^^. The numerical measurement indeed gains the original parameters 

back with high accuracy. 

3.2 Perturbed Log-Poisson Cascade 

The results presented above are obvious in the sense that if the family of PDFs is gen

erated by an exact log-Poisson cascade, the properties of the moments ought to obey 

the log-Poisson law. These results, however, provide a basis for studying more relevant 

questions, that is, what is the effect of under-sampling (or the effect of truncation on 

the PDFs) and how stable are the methods of measurement of the parameters if the 

underlying ceiscade is truly log-Poisson? If the method are stable, one can expect to 

apply the present study to any experimental or numerical PDFs, to find out if there 

exist a underlying log-Poisson cascade and to mejisure the parameters characterizing 

the log-Poisson cascade. If the results turn out to be distorted by the under-sampling 

effect, one can also compare the form of the distortion to that obtained when analyz

ing the experimental data, to discover if the distortion is similar. This is the basic 

methodology we employ in the subsequent analysis, and we finally arrive at the con

clusion that the log-Poisson ceiscade, hence the Hierarchical Structure description, is 

a valid and accurate description for fully developed turbulence in experimental fluid 

mechanical context as well as in numerical simulations. 

The basic problem facing the description of a multi-scale phenomena is the char

acterization of the statistical distribution of coarse-grained variables as a fimction 

of the length scale I, or how is P{Svt) deformed. The log-Poisson mapping gives a 

specific model to describe such deformation. In practice, the moments (or the em
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pirical PDFs) axe obtained from a finite set of sample data. If the sample size is 

not large enough, an additional deformation is introduced. In order to model such 

under-sampling effects, we introduce and study some kind of perturbed log-Poisson 

process. Specifically, we introduce an artificial truncation of the PDF at certain am

plitude. The goal is to recover the parameters which define the original underlying 

mapping that generates the family of PDFs. In the next Chapter, these results will 

be applied to analyze experimental measurements, and serve as a standard to validate 

the existence of a log-Poisson process in real fully developed turbulent flows. 

3.2.1 Natural Truncation 

When a truncation is introduced to model the under-sampling effects of a multi-scale 

phenomenon, the most delicate issue is to determine how the truncation should vary 

with the length scale. When the increment statistics of variable separation distance 

are calculated from an experimental velocity signal of finite length, there exists no 

general theory describing how the PDF tail is truncated due to the finite sample 

size. There are many ways to truncate the large amplitude tail of the family of 

PDFs: We can randomly truncate the tails for all different scales; we can set up a 

certain percentage and take off the same amount of large amplitude events through 

all scales; we can set a common trxmcation level C such that log(P(|5i;<l)) = 0 when 

log(P(|5u<|)) < C for each scales; and we can also have scale dependent truncation. 

Inspecting the form of the PDFs data collected from the experiment, we find that 

the probability drops very fast beyond a certain amplitude where the PDF is effec

tively tnmcated (see Fig. 3.4(a)). The value of this truncation amplitude depends on 

the sample size, and thus should not be considered as an invariant physical observ

able, unless proven otherwise. Further inspection shows that for PDFs at different 

length scales, the probability level at the truncation amplitude is roughly constant, 

reflecting a finite resolution of the statistical ensemble by a fixed niunber of samples. 
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FIGURE 3.4. (a) PDFs from the experimental data with cutoff level Pmin- (b) The 
exact and perturbed PDFs under the same log-Poisson mapping. Solid lines represent 
the exact log-Poisson PDFs, dotted lines represent the truncated PDFs. 

We will refer to this tnmcation as the natural truncation. The natural tnmcation 

occurs in all experimental data, and constitutes a major source of distortion to the 

true law of cascade underlying Cp- The same behavior of a fast fall-off in the data 

from numerical simulations is observed, which wiU be presented in Chapters 5 and 6. 

It is important to discover observables which are robust against the effects of the 

natural truncation. 

Let us continue with a detailed description of what the natural truncation is. Note 

that any empirically determined PDF has a cutoff amplitude ymax — logl^u/lmor 
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FIGURE 3.5. Mecisurement of 0 using method 1 (a) and method 2 (b) in the exact 
(dots) and natural truncated (circles) log-Poisson PDFs. The slopes are obtained by 
a least square fit. All lines are of slope 0.874. 

due to finite sample size, i.e., Q{y t )  = 0 for ye > ymax- For large p, the moments 

depend on Q{ye) with ye fa ymax, and the scaling exponents will also reflect the £-

dependence of the cutoff ymax- Based on the observation that all empirical PDFs have 

approximately the sajne resolution which seems to be a generic feature of the statistics 

collected for the velocity increments for a one-dimensional velocity signal, we define 

Pmin = Qiymax) and use it as a parameter to study the sample size dependence of the 

statistics. That is, when we raise Pmin, we effectively explore the PDFs (for all i) of 

a smaller sample size. Hereafter, we refer Pmin to as the resolution of the PDF. The 
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In both cases, dots represent values measured from exact log-Poisson mapping. 

natural truncation is such that Fmin is constant, independent of the length scale. 

In Fig 3.4(b), we show a family of PDFs (solid lines) generated by an exact log-

Poisson mapping (with j3 = (2/3)^^^ and 7 = 1/9) starting with an initial PDF tciken 

from an experimental measurement. The fjunily of truncated PDFs are represented 

by dashed lines with a F„in = 10~®. 
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3.2.2 Measuring and 7 in Perturbed PDFs 

Measuring 

We discuss in the previous section two methods of measuring numerically in 

the exact log-Poisson mapping (see Fig. 3.2). We apply the same measurement to 

the perturbed PDFs with a natural truncation, if the truncation level Pmin is not too 

high, here Pmin = 10'®, method 1 based on Eq. (3.17) works fine for small range of p 

and t. See Fig. 3.5(a). When the truncation level Pmin gets higher, method 1 is not 

reliable. We will discuss this later. 

On the other hajad, method 2 bjised on Eq. (3.19) seems to work better with 

perturbed PDFs, as shown in Fig. 3.5(b) for p ranging from 5 to 20 and for aji 

inertial range of one decade. A good power law is observed and a least square fit 

gives l3 = 0.8748, a result very close to the exact ^ value. This result leads us to 

conclude that the method 2 is a very reliable method for measuring /3. One point 

worth mentioning is that the value of ^ obtained from a least square fit over the range 

5 < p < Pmax in method 2 is stable, roughly independent of Pmox- In Table 3.1, we 

show the values of the fitted for 9 different ipmax from 12 to 20; they are quite close 

to each other. And we coincidentally end up with the averaged /3, 0 = 0.8748, the 

same as the value measured for 5 < p < 20. 

Pmax 12 13 14 15 16 17 18 19 20 
0.8739 0.8745 0.8748 0.8750 0.8751 0.8751 0.8750 0.8749 0.8748 

TABLE 3.1. 0 measured for different Pmax 

Measuring 7 

Two methods measuring 7 in the exact log-Poisson study have been tested here for 

the natural tnmcated PDFs. Ap measured according to Eq. (3.20) does not converge 

to the true 7 « | as p becomes large (see circles in Fig. 3.6(a)). The method according 

to Eq. (3.21) gives a good approximation to the true 7 for p up to 12 (see circles in 
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Fig. 3.6(b)). For large p, some under-sampling effects start to dominate, giving rise 

to a different asymptotic behavior. 

3.2.3 Sample Resolution Pmin Dependence 

We check the consistency of the /3 and 7 measurement in the perturbed PDFs with 

natiural tnmcation by using different Pmin- In P measurement, method 1 based on 

Eq. (3.17) seems to have a problem when the tnmcation level Pmim is high. Even for 
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Pmin = 10~®, no clear power law behavior is observed in the log-log plot of Eq. (3.17) 

for any reasonable range of p and £. This seems to suggest that the quantity measured 

here is very sensitive to the truncation; in other words, the lajge amplitude events 

directly contribute to the power law behavior of the measurement. On the other 

hand, method 2 based on Eq. (3.19) seems to be more stable. Even Pmin gets larger 

by 1 decade (from 10"® to 10"®), we see a clear power law for all p (5 < p < 20) and 

half decade of £, a least square fit of these points gives a slope of 0.870, only a 0.4% 

error to the true value. See Fig. 3.7(a). The fitting of 7 in Pmin = 10~® of the first 

10 p value gives a slope of 0.115, a very good approximation to the true value 1/9. 

See Fig. 3.7(b). 

3.3 Theoretical Study in Log-Normal Cascade 

The log-Normal model is the most well-known example of the random multiplicative 

process for the modeling of intermittent cascade, first suggested by Kolmogorov [75] 

and Obukhov [93]. Although there are very compelling reason why the log-Normal 

model can not be a good description of the turbulence cascade [55], the log-Normal 

model continue to receive some positive support as a good approximation of the 

moments at moderate order. We conduct here a study of this model in view of 

making a contrast to the log-Poisson model. 

3.3.1 Exact Log-Normal Cascade 

If we assume W in Eq. (3.1) has a log-Normal distribution, we can write W = (£/£o)®, 

where x is a random vjiriable obeying the Gaussian distribution law with mean 

< X >= m 

and variance 

< (x — m)^ >= a^. 
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W has constraints 

W>0,  <W>=1,  <W«><oo ,V9>0 .  

With the constraint W = 1, we can show that 2m = In Since 

< W > = < dr >= / 
Co J to \/2ir 

V27r^ J 
1 

I \ <0 ' 2^2 

then 

So 

2ir<T^ J 

= • = • y/2ira^e jJr 
y/2^ 
ff'dn ^)^-2m(ln %) 

= e ^ = 1, 

<7= ' ( ln | )2 -2m( ln^)=0 .  

2m = (T^ In Y' (3.24) 

We next show that the log-Normal model gives the following values for the ex

ponents of moments of the dissipation eind for the exponents of structure function, 

respectively: 

Since 

'•, = |(p-p'), Cr = 5 + ^{3p-p=). (3.25) 

< W ' >  =  

= -1-
2Z(T^ J 



54 

then 

In < vv^ >= ^ p(ln -^)m. 

From In < VV >= rp(hi(£/^)), we have 

Applying Eq. (3.24) to the above relation, we can easily obtain 

Tp =  m(p-p2) .  

From the relation provided by Kolmogorov's refined similarity hypothesis [75], we 

obtain the following expression for the exponents of the velocity structure functions: 

P 
Cp = 2 + Tp/3-

Instead of using parameter m, we have used // = 2m and gained the relation (3.25). 

Hence, in the log-Normal model, the second moment of the dissipation scales is 

£~'^ and the second order structure function has a correction ^/9 to the K41 vaiue 

2/3. 

In general, we write (p = ap+ bp^ where o and 6 are constants independent of p. 

3.3.2 Determination of ft in the Exact Log-Normal Model 

The only parameter in the log-Normal model is /i. If we can measure the scaling 

exponents (p, can be determined using formula (3.25). A simple calculation gives 

The slope of the plot Cp ~ f vs. is fji. 
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3.3.3 Determination of ^ in the Exact Log-Normal Model 

Recall the definition of the random multiplicative cascade factor W in which small-

scale fluctuations (at £) are related to the large-scale one (at £o) 

Sve = Weo^Svig, 

we have 

Then 

< S v ! >  -  < w >  < K >  "  

For Log-Normal model, since (p = ap + bp^, then ^p+i — = a + 6 + 2bp. So 

(3.27) 
•rp(«o) 

and 

_^P±l(£)__ (a+6+26(p+l))ln^ /q 90^ 

From (3.27) and (3.28), we get 

^P+l(^) ! •^C^) (a+6+26(p+l)—(a+6+26p))La^ 2b\xi-^ in nQ\ 
Fp+,{eoy Fp{io) - ̂ 

which is independent of p. So the ^ value we get from the log-log plot of Eq. (3.17) 

should be 1. I.e., 

^P+2(£) ,Fp+2i£o) _ -^p-n(^) .Fj,+i{£o) r-? 
Fp+i(£)^Fp+i(£o) F,ie) ' Fpiio) ' ^ ^ ^ 

3.3.4 Numerical Tests on the Exact Log-Normal Cascade 

PDF Creation 
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FIGURE 3.8. (a) A set of PDF generated by the exact log-Normal mapping, (b) 
The fitting of the scaJing exponents in the exact log-Normal model. The dots are the 
measured scaling exponents; the solid line is the formula Cp = | + — P^) with 
H = 0.2. 

The test is done in a manner similar to the log-Poisson model. First, the initial 

laige-scaJe PDF is created from a Gaussian distribution. Then a set of PDFs at 

different smail scales is generated by the log-Normal mapping 5vt = where 

W = {ifioY has a log-Normal distribution, x is a Gaussian random variable with 

mean 

m = — 
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and variance 

_2 ̂  

3(hi(£/£o)' 

fi is the control parameter which takes the value 0.2 in our example. The PDF of 

yt = log Q{yt) = e'"P(e"), is plotted in Fig. 3.8(a). 

Scaling Exponents 

Calculating the moments from the set of PDFs, we find good power law behavior 

across all scales. Using a lecist squsure fit to find the slopes for each of the moments, 
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measurement of the scaling exponents, (b) Measurement of n according to Eq. (3.26), 
least square fit for 1 < p < 10 gives fi = 0.2. (c) Measurement of ^ according to 
Eq. (3.30). 

we obtain numerically the scaling exponents. It is found that the scaling exponents 

we measure are consistent with Eq. (3.25), see Fig. 3.8(b). 

Direct Measurement of ft and ^ 

Using Eqs. (3.26) and (3.17), we may construct appropriate plots to directly mea

sure fi and ^ numerically. The results are shown in Fig. 3.9(a) and Fig. 3.9(b). The 

numerical measurement agrees very well with the theoretical resiilts. 
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3.3.5 Perturbed Log-Normal Process 

As we explain above, the natural truncation is an important perturbation to an exact 

cascade dynamics. This is also true for the log-Normal process. Here, we study the 

effects of such perturbation to the log-Normal process, in order to identify qualitative 

and quantitative changes due to the natural truncation. 

Using the experimental large-scale PDF, we generate a set of small scale PDFs 

using the log-Normal mapping with fi = 0.2. Then a natural truncation with P^tn = 

10~® is applied to the set of PDFs. A clear power law behavior is seen for the relative 

scaling plot for a decade of £ in the inertia! range. The scaling exponents Cp measured 

from the truncated PDFs deviate from true ones for p > 10, see Fig. 3.10(a). Since 

the scaling exponents measured from the first 10 points are accurate, we use them 

in Eq. (3.26) and get n = 0.2 which is the exact parameter value for the exact log-

Normal mapping, see Fig. 3.10(b). On the other hand, the 0 measurement for the 

perturbed log-Normal process is so scattered that it is hard to measure, see circles in 

Fig. 3.10(c). A qualitative change takes place when the natural truncation sets in for 

log-Normal process. 

We conclude that the true log-Normal cascade process is incompatible with the 

natural truncation effects, although at moderate p < 10 the parameter n can be 

reliably determined. 
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Chapter 4 

APPLICATION TO THE EXPERIMENTAL TURBULENCE 
MEASUREMENTS 

4.1 Introduction 

Experimental measurement in fully developed turbulent flows provides the most im

portant inspiration in understanding the properties of turbulence. During the past 

few decades, many outstanding experimental physicists have joined the effort in in

vestigating the statistical and dynamical properties of turbulence. Many carefully 

controlled experiments have been conducted, such as high Reyleigh number ther

mal convection experiment, high Reynolds number Taylor-Couette flow experiment, 

high Reynolds number boundary layer experiment, high Reynolds number helium 

gas (normal fluid) turbulence, high Reynolds number high pressure super-pipe flow, 

etc. These experiments have yielded a great amount of qualitative and quantitative 

information about turbulence structures, scalings, and statistical correlations. More 

recently, an effort in carrying out a very high Reynolds number liquid helium super-

fluid turbulence has been started at the University of Oregon, indicating a further 

increase of interests of the physics community for the study of turbulence. 

In this chapter, we will focus our study on a particular sample of experimental 

measurement in a low-temperature helivmi g<is normal fluid turbulence environment 

conducted by a group of physicists led by Dr. Patrick Tabeling at the Ecole Normale 

Superetir d'Ulm in Paris [5]. By vairying the temperature and other physical setup, 

they have explored the properties of turbulence over a wide range of Reynolds num

bers. Moreover, turbulence is driven and stably maintained sufficiently long to allow 

a recording of turbulent fluctuations over a long period of time. In this project, they 

have accumulated a precious set of data for the study of turbulence. 
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The model and the methods of measuring intermittency pajameters described in 

the previous chapter need to be tested and applied to real turbulence data. This study 

has at least two significant aspects. First, the basic idea in the Hierarchical Structures 

model needs to find further direct support from a real turbulent fluctuation environ

ment. Although some authors [101] [102] have reported supporting evidence for the 

existence of the hierarchy in wake turbulence, more sophisticated testing is needed for 

other real turbulent samples. Tabeling's experiment is the one which by their earlier 

study seemed to indicate that the She-Leveque model does not apply. So, we choose 

to analyze this sample of experiment, in an attempt to clarify if the Hierarchical 

Structure model does not apply, and if so, what is different from a wake turbulence. 

Dr. Tabeling has kindly provided us with one set of PDFs at high Reynolds numbers, 

to whom we are very grateful. 

Second, if the Hierarchical Structure model does apply, it is important to investi

gate the relevant physical parameters characterizing the intermittency of turbulence. 

We have developed methods in the previous chapters; it is now important to see if 

such theoretical ideas give us any insight about a particular turbulent environment. 

Moreover, there may be new relevant predictions to be made during this study. As 

we will see below, with the aid of the Hierarchical Structure model, the probability 

of rare events at small scales can be predicted with high accuracy, based on large-

scale coeirse-grained descriptions. We think that this is a significant step, specially 

for characterizing inhomogeneous turbulence, a subject of our future interest. 

4.2 Experimental Set-Up 

Probability density functions of longitudinal velocity increments are measured by 

Dr. Tabeling's group in the Ecole Normale Superieur in Paris. This low-temperature 

helium geis flow driven by a motor in a closed container. This normal fluid fully 

developed turbulent flow should not be confused with the super-fluid turbulence at 
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very low temperature in liquid helium. Very long time series of the velocity signal are 

recorded, and the PDFs of the velocity increment (in time) are obtained for separation 

distances £ varying over almost 3 decades. This constitutes a precious data set for 

the study of fully developed turbulence in a closed container. The setup of their 

experiment can be found in their paper [5]. We present here a brief description of 

their experimental setup. 

The flow is confined in a cylinder, which is limited axially by two counter-rotating 

disks, driven by DC motors. There are two setups: in the larger one (cell 2), the 

working volume is 10 cm in radius, 13.1 cm high, and in the smaller one (cell 1), it 

is 3.3 cm in radius and 5.5 cm in height. Each cell is enclosed in a cylindrical vessel, 

in thermal contact with a liquid helium bath. The temperature of the experiment is 

regulated at a constant value, comprised between 4.2 to 8 K. The vessel is filled with 

helium gas, at a controlled pressure, ranging from 0 up to 6 atm. 

U{cm/s) fi{cm/s) Re Rx 
1.5 X 10"^ 195 74 2.2 X 10® 2000 

t^/u Tiifim) MkHz) f f i k H z )  
0.38 424 4.8 125 40 

TABLE 4.1. Experimental conditions 

In both cases, the local velocity is measured by "hot" -wire anemometers, made 

from a 7fim thick cajbon fiber, stretched across a rigid frame; a gold evaporation 

covers the fiber everywhere except on a spot at the center, which thus defines the 

active length of the probes. The velocity is measured at several points in the two 

setups. The records are of various sizes, from a few ten millions to several hundred 

of millions. Various parameters characterizing the state of the record we employ 

are displayed in Table 4.1: we indicate the values of Rx, the kinematic viscosity i/, 

the mean velocity U, the root-mean square value of the velocity fluctuation u, the 

Reynolds number Re, the Taylor microscale A, the Kolmogorov scale T}, the sample 
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frequency /,, the filter frequency //. 

4.3 PDF Smoothing and PDF Cutoff 
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FIGURE 4.1. Log linear plot of the two representative PDFs of the longitudinal 
increments of velocity at scale 1500 and scale 20 of Paris data before (a) and after 
(b) the smoothing procedure based on a least squaxe fitting over an interval ±5 at 
the noisy teiils. 

In Fig. 4.1(a), we show two typical PDFs (H20 and H1500) of velocity increments 

obtained by Tabeling's group at two different distances {£ = 20 and i = 1500 in an 

arbitrary unit). Note that both PDFs exhibit a noisy tail, with rare large fluctuating 

events extended very far. Interestingly, such large excursion events are not present 
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in the 3-D Navier-Stokes simulation data presented in the next chapter. We observe 

that the scaling behavior of moderately large order moments {p < 12) are significantly 

affected by the presence of those rare sparks. So we decide to study the effects of 

eliminating these sparks by an appropriate smoothing procedure. 
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FIGURE 4.2. Compajiscn of the (a) absolute and (b) relative moments before and 
after the smoothing procedure: circles are the moments evaluated for the experimental 
raw data; staxs jure the moments evaluated after the smoothing procedure. From 
bottom to top, the corresponding p are 5, 10, and 15. 

A smoothing procedure is defined as follows. For each PDF, a least square fit 

over an interval ±5 centered at the point is applied to find the value 

for P(^(u,)) near the noisy tail. This procedure preserves the general shapes of the 
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PDFs and reduces fluctuations of PDFs near the tail and eliminates the sparks. In 

Fig. 4.1(b), we show the two PDFs after the smoothing procedure is applied. 
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FIGURE 4.3. Comparison of the relative scaling exponents before and after the 
smoothing procedure: circles are the relative scaling exponents by a least square 
fit over the experimental raw data; stars are the relative scaling exponents by a least 
square fit over the data after the smoothing procedure. 

An interesting observation is that when one compute the moments using the 

smoothed PDFs and represent either the moments < > versus I or the mo

ments < > versus < > (the so-called relative moment relation) in the 

log-log coordinate, a much better power-law relation is observed for moderately large 

p > 12 (see Fig. 4.2). If one assumes that in fully developed turbulent regime, all 
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moments up to moderately high order p ~ 20 should display a power law dependence 

on £ or on < >, then one conclude that the smoothed PDFs (without noisy and 

random sparks) are more physical than the original PDFs before smoothing, which 

obviously display strong departure from scaling regime, see Fig. 4.2(b). 

We can further examine the effects of smoothing on the scaling exponents. When 

one makes a least square fit at each p over the inertial range (power-law) scales, scaling 

exponents are obtained. The result of the relative exponents obtained with both non-

smoothed ajid smoothed PDFs is shown in Fig. 4.3. It is clear that the exponents with 

non-smoothed PDFs display an unphysical behavior (i.e. decreases as p increases), 

whereas  the  exponents  obta ined  wi th  smoothed  PDFs disp lay  very  reasonable  p-

dependence. The behavior ^ < 0 will result in some theoretical difficulty such 

as unbounded velocity in the limit of infinite Reynolds number, as explained by 

Frisch [55], and so is usually ruled out. It is quite clear that the irregular behavior of 

the exponents at large p with non-smoothed PDFs stems from the noisy tail events. 

From an experimental point of view, those noisy sparks are statistically insignificant, 

where experimental sampling reaches the limit of its resolution. 

Hereafter, we choose to pursue our study with the smoothed PDFs instead of the 

raw experimental PDFs. We believe that the present smoothing procedure is very 

natural in processing the experimental data. It respects the experimental measure

ment, and only eliminate those rare, statistically insignificant sparks. However, the 

effect of the smoothing on the measurement of the scaling exponents is rather sig

nificant; it makes the measurement of moderately high-order scaling exponents more 

reliable. 

It is remarkable that after a simple interpolation (smoothing) procedure, the PDFs 

at all scales are regulated in a consistent way. One significant feature is that all 

smoothed PDFs exhibit a remarkable tail with a well-defined cutoff. This cutoff 

is a result of finite sample size, hut it is also unavoidable in any physical system 

of realistic extension. A question of greater interest now is whether this cutoff is 
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physically significajit. The above observation on the regulation of both the scaling 

behavior and the scaling expoaents at the presence of the cutoff shows that the cutoff 

play a positive and reasonable role. We will argue based on further evidence presented 

later that the cutoff is even the essential physics of turbulence, the cascade dynamics 

due to the most intermittent structure. 

4.4 Determining Intermittency Parameters 

4.4.1 Measuring Scaling Exponents 

Let us recall briefly the procedure for measuring the scaling exponents: From the 

experimental data, we can calctilate the velocity structure function of order p: 

Sp(£) =< \ v {x  +  e)  -  u(ar)|'' >=< > . 

where < ... > stands for ensemble average and v  is the velocity component parallel 

to i. At a high Reynolds number, the structure function exponent Cp is defined by 

the relation: 

which is expected to hold in the inertial domain. 

The absolute scalings exponents are measured by plotting log5p(£) versus log£ 

and finding the slop of the line for each p when linear relation is observed. For the 

experimental data, the plot is shown in Fig. 4.4(a). We only see a very small range of 

scales where the power law behavior exists, even when p is small. This means that the 

existence of (absolute) scaling laws for the structure function is generally not clear 

experimentally. It has been recently proposed [9] to generalize the notion of scaling 

law by  replac ing  the  geometr ica l  sca le  i  by the  s t ruc ture  funct ion  of  order  three  S3{ i )  

which, according to the Kolmogorov relation [74], is proportional to i in the inertial 

range. There is experimental evidence that remarkable power laws link the third 

order structure function to the other ones, both in the inertial range, and in a wide 
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domain of Reynolds numbers. It is unclear that the same scaling law also applies 

to the scales of intermediate dissipative range [5]. This approach, which postulates 

the existence of a new type of self-similarity, is named "Extended Self-Similaxity". It 

generates much interest, because it reveals scaling laws even in situations where no 

clear inertial range is present. 
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FIGURE 4.4. (a) Absolute scaling for the experimental data, (b) Relative scaling for 
the experimental data. A much better power law behavior is seen. 

Relative scaling exponents are measured with the log-log plot of Sp{i) vs. S3{£), 

aJid we have 
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fitting the lines as shown in Pig. 4.4(b) and finding the slopes of the lines. More 

detail of the measurement of the velocity structure exponents is described by Tabling 

etc. [5]. Our Cp will denote the relative scaling exponents hereafter. 

4.4.2 Measuring Intermittency Parameters and 7 

The numerical measurement of ^ and 7 has been discussed in chapter 3 if underlying 

mapping is assumed to be log-Poisson. Considering the fact that the form of the 

experimental data is similar to applying natural tnmcation to an exact mapping, 

descriptions (3.15) and (3.21) provide a direct way to measure and then 7 from the 

statistics Fp{£). Therefore, from a log-log plot of Fp+i{£)/F2{i) vs. Fp{£)fFi{£), one 

may examine the linearity and if the result is positive, the value of 0 can be obtained. 

When we plot Cp — xiP'i 0) vs. p— 3x(p; /?), the slope is 7. 

We have calculated Fp{£)  =  Sp+i {£ ) /Sp{£ )  for a set of the inertial-range scale 

£ (1500 > £ > 200) and for a set of the moment-order p (15 > p > 5). The 

results are shown in Fig. 4.5(a). Very good linear relation is obtained, implying the 

assumption (2.1) in the HS model is verified and /3 can be meeisured with a high 

degree of confidence. A least square fit gives P « 0.874 « (2/3)^/^, very much the 

same result as obtained in turbulence behind a cylinder. Broader ranges of p yield 

the same It is then concluded that turbulence in a closed container has the same 

degree of intermittency as in an open environment. 

With the measured 0 and the measured scaling exponents ^p, we test the validity 

of (3.21). The result shown in Fig. 4.5(b) indicates an approximate linear relation 

with some oscillations up to a moderate p < 15. A least square fit over this range 

yields 7 « 0.045. With p > 15, some imder-sampling effects discussed below starts 

to dominate, giving rise to a different asymptotic behavior. This result suggests 

that the moments in the range p < 15 can define a certain characteristic structure. 

It is interesting that the measured singularity index 0.045 is smaller than 1/9, the 
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value measured for the flow behind the cylinder [14] and for DNS of the Navier-
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FIGURE 4.5. Measurement of ^ (a) and 7 (b) according to Eq. (3.15) and Eq. (3.21). 
The slopes are obtained by a least square fit. 

Stokes turbulence [32]. Here, we obtain a clear sign that the physical environment is 

different in a closed container from that of an open flow. What is interesting about 

the present study becomes obvious: a direct measurement of physical parameters 

from the experimental data helps to identify specific features of a turbulent field. 

If the underlying mapping is log-Normal, we can measure the parameter /i through 

experimental PDFs using the method we discussed earlier in the natural truncated 

log-Normal mapping. The restdt is shown in Fig. 4.6. We see a good line range for 

1 < P < A. least square fit gives us /t = 0.235 which seems to be a reasonable 



71 

value for /x. 

4.4.3 Interpreting Intermittency Parameters ^ and 7 

In the framework of the Hieraxchicai Structure model, the parameters ^ and 7 have 

an interesting interpretation (see [122]). When /3 —> 0, the scaling is dominated 

by the most intermittent structures; in other words, those most singular structures 

are very stable against turbulence noises. A notable example is Burgers turbulence 

where shocks stand as the most (and the only) intermittent structures. Shocks are 
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-15 -10 •5 0 
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FIGURE 4.6. Measurement of fi according Eq. (3.26). The slope 0.235 is obtained by 
a least squaxe fit at the remge 1 < p < 10. 

discontinuities in velocity, so 7 = 0. We then have Cp = 1 for p > 1 and ^ = 0. This 
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is one extreme situation of high intermittency. Another extreme case is when /9 —» 1. 

It is easy to show by the I'Hospital rule that (p —* p/3, i.e., turbulence cascade tends 

to follow the Kolmogorov 1941 law and the turbulent medium is not intermittent in 

the sense that normal scalings are observed. While the Burgers turbulence is the 

order-dominated limit, the Kolmogorov turbulence is the disorder-dominated limit. 

Therefore, ^ measures the degree of intermittency of a specific turbulent flow. 

This measurement nicely builds a bridge between the two extreme situations (Burgers 

vs. Kolmogorov), which has been a long-steinding issue of controversy [104]. In 

the original proposal of She and Leveque [118], it is argued that 0 = {2(2)^1^ for 

isotropic turbulence. This has been confirmed by experimental measurements in 

turbulence behind a cylinder [12] and by direct numerical simulation of the Navier-

Stokes turbulence [32]. In other words, the real turbulence is neither order-dominated 

nor disorder-dominated. 

The parameter 7 measures how singular the most intermittent structure is. In 

the multi-fractal language [55], 7 = Amin is the smallest singularity index. Smaller 

is 7, more singular is the most intermittent structure. For a bounded turbulent 

velocity field to be physically meaningful at an infinite Reynolds number, one requires 

7 > 0 [55]. 

The physical measurability of 7 is a delicate issue which deserves further comment. 

It is easy to verify that Foo{i) ^ in other words, 7 is a property of the high-order 

moments as p —• 00 (see (3.13)). However, for large p, one is exploring the property 

of the tail of the PDFs. The reliability of the value 7 measured above is an important 

question to be addressed in the next section. 

4.4.4 Testing PDF Resolution Pmin 

The result in Fig. 4.5 points out the necessity of a systematic study of the effects of 

under-sampling. As explained in the previous chapter, we introduce a quantity to 
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FIGURE 4.7. (a) ^ measured in an experimental signal for different Pmin- Circles and 
the line through them are all raised by 0.03 to show a clear comparison. The lines are 
of slope (2/3)^/^. (b) 7 measured in an experimental signal for dilFerent Pmin, circles 
are from Pmin = 10~®, dots are from Pmin = 10~®. The lines are of slope 0.045. 

represent the resolution of a PDF, defined as Pmin = Q{ymax)i the value of the lowest 

probability density over all amplitudes. We use Pmin as a parameter to study the 

sample size dependence of the statistics. That is, when we raise Pmini we effectively 

explore PDFs (for all of a smaller sample size. 

In Fig. 4.7(a), we show the 0 measurement for two different Pmin, 10~® and 10~®. 

It can be seen that the meeisured the slope of fitted lines, is remarkably constant 

indicating the robustness of the measiirement which is independent of the PDF res
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olution. This result is significant, because it points out that even if the cutoff may 

change due to the change of the PDF resolution, the basic hierarchical symmetry 

remains invariant. We see from Fig. 4.7(b) that the value of 7 extracted from the 

range of small p values is also stable against the change in Pmin-

Experiment P-..= 10' 6 

Experiment Pau»=iO"' 

Experiment 

•••• Log-Poisson Pniai=10"* 

— Exact Log-Poisson 4 

2 

0 
0 20 30 

P 

FIGURE 4.8. Experimentally measured Cp for different PDF resolutions Pnin com
pared with the prediction of the Hierarchical Structure (log-Poisson) model. 

We further examine the effects of Pmin on the measured scaling exponents (p. We 

use two laxger Pm«n, 10~® and 10"'', to examine the variation of the results. In Fig. 4.8, 

we plot three sets of scaling exponents Cp with increcising resolutions: open circles for 

Pmin = 10"'', open squares for Pmin = 10~®, and dots for Pmin — 10~®. It can be 

seen that as the resolution increases, Cp over a larger domain of p agrees better with 
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the theoretical prediction of the HS model with measiired /3 = 0.874 and 7 = 0.045. 

At very large p, deviation with the theoretical curve is observed; we believe that the 

under-sampling effect begins to occur. In order to further verify this last statement, 

we introduce an artificiaJ cutoff to the theoretically predicted PDFs (see below) with 

a Pmin which matches the experimental one, and use the truncated PDFs to compute 

moments Sp{i) and Cp- This is shown as the dashed line in Fig. 4.8. Remarkable 

agreement with the under-sampled experimental results is obtained. The HS model 

is fully consistent. 

4.4.5 Measuring the Log-Normal Parameter fi 

If the underlying mapping is log-Normal, we can measure the parameter fi for experi

mental PDFs using the method discussed eaxlier in the natural truncated log-Normal 

mapping. According to Eq. (3.26), the slope of the plot Cp ~ 3 vs. is /i. The 

result is shown in Fig. 4.6(c). A least square fit over a good linear range 1 < p < 10 

gives us = 0.235. 

4.5 Further Predictions 

4.5.1 Predicting the Probability of Extreme Events 

An important advantage of this formulation is the ability to predict the small-scale 

PDFs based on a large-scale PDF. Using Eq. (3.7) and the definition of yi, we get: 

J/ /= LOGW/O<+ J/ /0-  (4-1)  

Since log Y^tai is independent of yt^, the PDF of yi can be expressed as a convolution: 

Q{yi = s) = ^ i2(log = U)Q{yi^ = I - U). (4.2) 
ti 

Here, i2(log W^g^) is the probability function of log Wtot assumed to be discrete (other

wise the convolution is an integral). It has been shown that the HS model is equivalent 
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to let log Wiot = where n is a Poisson random variable with a mean proportional 

to i/£o [119]. We compute Q{y2o) from ^(j/isoo). In Fig. 4.9, we show the cumulative 
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FIGURE 4.9. Compaiison of the theoretical prediction of the small-scale CDF of 
velocity difference fluctuation with the experimental curves. 

distribution function (CDF) which is the total probability of events up to a given 

amplitude (with the unit being the mean of |5u<|). Clearly, at small scale {£ = 20), 

high eimplitudes have much higher probability than at large scale (£o = 1500), imply

ing strong intermittency. The theoretical prediction of the HS model with measured 

/3 and 7 (dotted line) agrees very well with the experimental measurement for large 

fluctuation events with a cumulative probability greater than 10"^. As a reference, we 

also plot the prediction by the log-Normal model [75] with ft = 0.235, shown by the 
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dcished line. Obviously, the log-NormaJ prediction is not as good as the log-Poisson 

one. 

4.5.2 CDF Comparison 

A more direct comparison of the prediction by log-Poisson and log-Normal model for 

the experimental data can be seen when we compare the error of the two in the CDF 
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FIGURE 4.10. Comparison of the error on the theoretical prediction of the smaJl-scaie 
CDF of velocity difference fluctuation with the experimental curves. 

prediction plot. We define the relative error of CDF in log-Model by 

//1 m j f  J  f\ ^ ^ ^ • ^ t o g - ' M o d c t  /. 
rel{log - Model) = CDF ^ 



78 

and plot the absolute value of the relative error for both log-Poisson and log-Normal 

model in Fig. 4.10. It is shown that the log-Poisson model has less than a 30% error 

for logio CDFexp > —7.5, whereas log-Normal has an error of 50% for logio CDFexp « 

-5.5. 

The above result demonstrates that the Hierarchical Structure model [118] is bet

ter supported by the experimental data than the log-Normal model. 
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Chapter 5 

NAVIER-STOKES TURBULENCE SIMULATION 

5.1 Introduction 

It is now widely recognized that numerical simulation serves as am important way 

to study turbulence. With adequate numerical methods, the solutions of the fluid 

equations are displayed on a three-dimensional domain, which axe then subject to 

further detailed characterizations. Direct numerical simulation provides a comple

mentary means for the quantitative description of turbulence at high Reynolds num

bers [38] [41]. The measurement of the inertial-range scaling exponents in the Navier-

Stokes isotropic turbulence achieves a high degree of accuracy and produces values 

consistent with the experimental results [32]. 

Direct numerical simulation (DNS) has its particular advantages in the study of 

turbulence. First, it has direct access to the full turbulent velocity fields and to 

any physical quantities such as vorticity, rate of strain, helicity, kinetic energy, etc., 

making it possible a detailed chciracterization of correlations among these physically 

relevant observables, and hence providing necessary information for a physical mod

eling of turbulence. Second, state-of-the-art computational resources can now afford 

simulations of the Navier-Stokes turbulence over a moderately large range of Reynolds 

nvmibers. Thus, well-controlled numerical "experiments" on the dependence of the 

turbulence solutions on Reynolds numbers are possible [117]. Furthermore, with ac

cess to all dynamical information, the computation is uniquely suited to provide a 

basis for the dynamical modeling of nonlinear interactions and for testing any dy

namical theory. Finally, numerical simulation of various nonlinear partial differential 

equations is a very efficient way to study conmion features and differences of different 

physical phenomena. 



80 

Direct niunericai simulation of the Navier-Stokes equation, 

dv 
— +  v - V v  =  - V p  +  i / A v ,  ( 5 . 1 )  
at 

V - v  =  0 ,  ( 5 . 2 )  

is an effective tool that complements experimental axid theoretical investigations of 

turbulence. Accurate numerical integration of the Navier-Stokes equations must re

solve aJl scales down to the Kolmogorov dissipation scale, so that the rajige of resolved 

scales must be at least Lji^ = 0{R*). Thus three-dimensional DNS requires com-

puter memory that scales as R* and computer work (including time integration) that 

scales as These requirements severely limit the Reynolds numbers of flows that 

can be accurately simulated. This disadvantage is, however, offset because DNS gives 

a far more detailed information on flow fields than does current experimental tech

nology, and because DNS allows detailed control of boundary conditions and forcing 

parameter. Note that dissipation range quantities may be measured in DNS more 

easily than in laboratory experiments, so that DNS can be most suitable for the 

investigation of intermittency effects, since these latter are strongest at dissipation 

range scales [39]. 

DNS study consists of the generation of turbulent fields and post analysis. The 

former can be obtained by a computation of the Navier-Stokes equation imder a 

periodic boundciry conditions with the well-known pseudo-spectral method. The big 

challenge lies in designing proper methods for analyzing the physical structure in a 

meaningful way, which is the main focus of my research. 

5.2 Numerical Simulation and Results 

5.2.1 An Isotropic Turbulent Field 

An isotropic turbulent field is generated by S. Chen's group at Los Alamos and IBM. 

It involves integrating the three dimensional incompressible Navier-Stokes equations 



81 

(5.1) under a 2it periodic boundary condition, A pseudo-spectral code has been de

veloped using a second-order Adams-Bashforth time-integration scheme [38]. Simu

lation is carried out with a resolution of 256^, on a Connection Machine (CMS) at 

Los Alamos National Laboratory. A forcing is applied to the first wavenumber shell 

0.5 < A; < 1.5 so that at each time step the total energy of that shell is maintained 

as constant. This is done in order to obtain as long a range of near-inertial behavior 

as possible. The Taylor microscaJe is defined by A = {IhvvUand microscale 

Reynolds number is defined by Rx = vqX/u. Here vq is the root-mean-square value of 

a single vector component of velocity. The £uiaiysis is performed for forced statisti

cally steady states at R\ around 100. A spatial average over the whole physical space 

is used to gain the ensemble average. The data used to perform further analysis are 

integrated long enough so that a statistical steady state is obtained. 

The statistics of turbulent fields in the physical space is commonly characterized by 

the velocity structure functions Sp{i) =< >'>- where the velocity increment 

is defined as Sve = v{x + i) — v{x), and < • > denotes as ensemble average. The 

separation C is taken along the x direction. The velocity structure functions are 

moments of  6vt evaluated from the probabil i ty densi ty functions (PDFs),  P{6v i ) .  

5.2.2 Smoothing the Tail of PDFs 

The same smoothing procedure as in Chapter 4 is applied to the PDFs of the numerical 

simulation consistently through all scales. For each PDF Q{ye) of ye = logio(|5u«|), a 

least square fit over an interval ±0.025 centered at the point (yiiQiVi)) is applied to 

find the value for Q{yi) at the noisy tail. The result of the smoothing procedure is 

shown for some inertial range PDFs in Fig. 5.1(a) for is, is and ig, where £„ = 1/(2"). 

This smoothing procedure preserves the general shape of the PDFs and naturally 

extends the tails of the PDFs. 

It is interesting to note that the effects of smoothing here axe much less dramatic 
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than that for the experimental data. The reason is the absence of the extended noisy 

tail of very large fluctuations (much beyond the reasonable truncation amplitude) in 

the numerical data. Consequently, the scaling behavior in the numerical data before 

smoothing appears more regular than that in the experimental data. 
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FIGURE 5.1. (a) Smoothing the Numerical PDFs. Solid lines are the original PDFs; 
Dashed lines are the smoothed PDFs. (b) Moments comparison before and after 
the smoothing procedure. Stars are from the origineil PDFs; Circles are from the 
smoothed PDFs. 

The moments Sp{£) is calculated by: 

5P(£)= R LO^'Q{YT)DYI. (5.3) 
•/—OO 

The comparison of the relative moment plots in the log-log coordinates before and 
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after the smoothing procedure is shown in Fig. 5.1(b). For each moment order p, 

we normalize the moments in every scale with respect to the ones in the lajgest 

scales. Both plots show good power law behavior and the normalized moments before 

and after smoothing almost coincide with each other, indicating that the smoothing 

procedure does not affect the moments measurement and the scaling evaluation. 

5.2.3 Measuring Log-Poisson Parameters P and 7 
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FIGURE 5.2. (a) $ measured from the smoothed numerical PDFs for 1/3 < £ < 1/9 
and 5 < p < 15. Solid line is of slope 0.852, which is the slope of a least square fit 
of the points, (b) Using p = 1 to 15, we get 7 = 0.09. (c) Using p = 1 to 9, we get 
FI = 0.24. 
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Using the method discussed previously, we axe able to measure We calculate 

= Sp+i{l)/Sp(i) for a set of the inertial-range scale i (0.37 < i < 0.069) 

and for a set of the moment-order p (5 < p < 15). Assuming that the underlying 

mapping is log-Poisson, description (3.15) provides a way to directly measure from 

the statistics Fp{£). Therefore, from a log-log plot of FM^)IW) vs. Fp(£)/Fi(£), 

one may examine the linearity and if the result is positive, the value of can be 

obtained. The result is shown in Fig. 5.2(a). Very good linear relation is obtained, 

implying the assumption in the HS model (2.1) is verified and ^ can be measured 

with a high degree of confidence. A least square fit gives w 0.852, which is a little 

smaller than the original She-Leveque parameter = 0.874 [118]. 

With the measured and the measured scaling exponents Cp, we test the validity 

of Eq. (3.21). When we plot Cp — x{p\^) vs. p — 3x(p;/?), the slope is 7. The result 

shown in Fig. 5.2(b) indicates an approximate linear relation up to a moderate p < 15. 

A least square fit over this range yields 7 « 0.09. At higher p > 15, some under-

sampling effects begin to dominate and give rise to a different asymptotic behavior. 

We do not apply any truncation to the numerical data, in order to take full advantage 

of the numericcil data resolution. 

5.2.4 Measuring the Log-Normal Parameter fi 

If the underlying mapping is log-Normal, we can measure the parameter fi for numer

ical PDFs using the method discussed earlier. According to Eq. (3.26), the slope of 

the plot Cp ~ 3 vs. is fi. The result is shown in Fig. 5.2(c). We see a good line 

range for 1 < p < 9. A least square fit gives us /i = 0.24 which is close to the value 

measured for numerical data. 
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5.2.5 Scaling Exponents 

We apply the same methods of finding the scaling exponents in Chapter 4 to the 

Numerical Navier-Stokes simulation data. To better calculate the scaling exponents, 

we utilize the extended self-similarity (ESS) hypothesis advocated by Benzi et al. [9], 

i.e., plotting Sp{l) against 53(£), and identifying the relative scaling exponents, Cp-

4 

log-Poisson 
(^=0.852, 7=0.09) 

3 

2 

1 log-Normal 
(#*=0.24) 

0 30 10 20 

P 

FIGURE 5.3. Scaling exponents Cp compared with the log-Poisson and the log-normal 
models. Solid line is = 7p -|- ^5^(1 — where ^ = 0.852, 7 = 0.09. Dashed line 

Cp = 1+ «(3p —p')j where n = 0.24. Dots are measured exponents from smoothed 
numerical PDFs. 

From our previous experiences and current study, we believe that the ESS works well 

for velocity structure functions in homogeneous tiirbiilence, meaning that the relative 
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scaling shows a wider region than the direct scaling region. 

In Fig. 5.3, we compare the nimierical measured scaling exponents, Cp? and the 

ones by log-Poisson and log-Normal models using parameters measured above. The 

solid line is from the log-Poisson model, (p = 7p -f- ~ where 0 = 0.852, 

7 = 0.09. The dashed line is from the log-Normal model, Cp = | + ^(3p — P^), where 

H = 0.24. Dots axe measured exponents from smoothed numerical PDFs. It can be 

0 

•2 

Numerical CDF -4 

Log-Poisson (/3o0.8S2, 7>0.09) 

Log-NormBl (m=0-24) 

-6 •-
.0.5 0 1 

FIGURE 5.4. Comparison of the theoretical predicted small-scale CDFs of the velocity 
difference fluctuation with the numerical data. 

seen that the log-Poisson model provides a good match for the nimierical data for 

p < 15, with a small deviation due to under-sampling effect for p > 15. Whereas the 

log-Normal model has a large deviation for p > 10. 
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Note that although the aumerical PDFs generally have lower resolution than the 

experimental PDFs, the agreement of the scaling exponents with the log-Poisson 

model is better. We notice that the smoothed numerical PDFs do not present the 

same natural truncation (with constant Pmin) as in the experimental PDFs. Rather, 

the numerical PDFs present a more adequate truncation (perhaps due to a more 

1 

0.8 

— Log-Polsson 

0.6 — Log-Normal 

0.4 

0 

-8 •6 •2 0 

FIGURE 5.5. Comparison of the error of the theoretical predicted CDFs. 

thorough sampling of small-scaJe fluctuations with three-dimensional field) in such a 

way to reflect more closely the imderlying cascade mechanism. Our conjecture here 

needs further elaboration and tests against more numerical simtdation data. 
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5.2.6 CDF Comparison 

Using the measured parameters, we can generate the small scale PDFs from the large 

scale PDF using the log-Poisson and the log-Normal mapping. We compute Q{yi^) 

and Q{yit) from Qivta)- In Fig. 5.4, we show the cumulative distribution function 

(CDF) which is the total probability of events up to a given amplitude (with the unit 

being the mean of |^v;|). Cleaxly, at small scales is and high amplitudes have 

much higher probability than at a large scaJe (£3), implying strong intermittency. 

The theoretical prediction of the HS model with measured /9 and 7 (dotted line) 

agrees very well with the experimental measurement for large fluctuation events with 

a cumulative probability greater than 10"®. As a reference, we have also plotted the 

prediction by the log-Normal [75] model with (jl = 0.24. 

We plot the absolute value of the relative error defined in (4.3) in small scale 

is for both the log-Poisson and the log-Normal model in Fig. 5.5. It is shown that 

the log-Poisson model has less than 15% error for logioCDFnum > —6 and less 

than 5% for logioCOFnum > —3, whereeis log-Normal has a very large error for 

itim ^ 5. 

We conclude that the log-Poisson model more accurately predicts the small scale 

PDFs for the numerical data than the log-Normal model. There is a strong evi

dence that the log-Poisson process is a better candidate for the underlying cascade 

mechanism. 
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Chapter 6 

SHELL MODEL TURBULENCE 

6.1 Introduction 

Shell models were introduced in the 1970's as an attempt to mimic the Navier-Stokes 

equations via dynajnical systems with limited degrees of freedom. They axe heuris-

tically constructed by truncating the Navier-Stokes equations in the Fourier space 

and retaining only one real or complex mode u„ as a representative of all modes in 

the shell of wavenumber k between kn = fco2" and kn+i. The coupling between the 

shells is chosen as to preserve the main symmetries and properties of the Navier-

Stokes equations. Standard shell models have a relatively small number of degrees of 

freedom, so that they can be analyzed as a finite dimensional dynamical system. 

The simplest shell model, introduced by Desnynsky and Novikov [47], is governed 

by the following infinite set of coupled noalineax ordinary differential equations, la

beled by an index n = 0,1,2,... (called the shell index): 

d 
(^ + I^kl)un = a{kr,ul_y - Ar„+iu„w„+i) + ff{knUn-iUn - kn-iul^i) + /„. (6.1) 

Here, the dynamical variables u„(f) are real numbers; u„_i, which appears in the 

equation for n = 0, is taken equal to zero; the forcing term is prescribed, time-

independent and restricted usually to a single shell, fn = /^n,no» where 6n,no is a 

Kronecker delta. The wavenumbers k^ are given by kn = A;o2", where ATQ > 0 is a 

reference wavenumber. The ratio of a factor 2 between the wavenumbers of successive 

shells is an arbitrary choice, easily modified. The parameter i/ > 0 is a viscosity and 

the control parameters a and ^ are real numbers, one of which may vanish. 

It is immediately seen that this model (ajid all other shell models to be discussed) 

has a number of properties in common with the Navier-Stokes equations: 
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• the nonlinear term is quadratic and has dimension [velocity]^/[length]; 

• it conserves the energy E = (1/2) 

• it is invariant under time translations and imder a discrete form of scaling 

transformations. 

• the shell model has exact static (time-independent) K41 solutions; at those 

scales where force and viscosity are negligible, it is readily seen that the non

linear term vanishes when u„ = for arbitrary C. 

6.2 The GOY Shell Model 

The GOY shell-model is a finite-dimensionaJ dynamical system, first introduced by 

Gledzer [61] based on earlier attempts to characterize quantitatively cascade dynam

ics. Later, an important extension was made by Ohkitani and Yamada [133] who 

have introduced phase dynamics with complex variables. The dynamics are governed 

by the following set of ordinary differential equations: 

(^ + vk^)Un = fn + (OnUn+X^n+2 + ^n"n+l''n-l (6-2) 

Here, {un}n=o,i,...,iV-i is a set of complex variables which model the Fourier space 

excitations in shells of wavenumber k between kn = ATQA" and kn+i, fn is a driving 

force usually acting on some low-wavenimiber shells, e.g., /„ = f2^n,2 + fz^n,z- i' is a 

kinematic viscosity, and * stands for complex conjugation. A remarkable feature of 

the model is that the quadratic nonlinear coupling among shells is restricted for each 

shell to its two nearest neighbors. 

The coeflBcients of the non-linear terms of (6.2) follow from the requirement that 

the total kinetic energy E and the phase volxmie of this system have to be conserved 

in the inviscid case without forcing: 

Qji = ikji — ZATQA , 6,1 = li Qi — ^(1 c)^—2* 
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a + 6 + c = 0 

with boundary terms ayv-2 = ON-i = bo = b^-i = CQ = ci = 0. Provided that we 

renormalize the time variable, we can take a = 1. We then get 6 = —e and c = c — 1, 

where both A (the subsequent scale ratio) and c are free parameters. 

The local energy balance in the n-th shell En = |£/n|^/2 can formally be written 

as: 

dEr,/dt - Fn-i -Fn + /?e(u;/„) - vklEn, (6.3) 

where = (A;„/4)/m(w„_iu„u„+i +4unWn+iUn+2) is the energy flux across the wave 

number shell kn. For k kd, where kd is the dissipation wave number determined by 

I/, the direct effects of the viscous term axe negligible, and we obtain < F„_i >«< 

Fn >. In the sequel, we taJce this as the criterion for defining the inertia! range. 

In this paper, we study the case A = 2 and e = 1/2 which lies on the energy-helicity 

conservation curve. With this particular setting, this model dynamical system is then 

fully consistent with 3D Navier-Stokes conservation properties. 

The GOY shell model has received much attention in the last few years. Existing 

results report that sifter a transitory regime, the system displays very rich chaotic 

dyncimics, which define a specific attractor and reach an quasi-equilibrium statistical 

state. Provided the viscosity is smedl enough, the system exhibits an inertial range 

of shells, ko kn ^ kd, where an intermittent energy cascade operates at constant 

mean rate. The moments of the velocity amplitude |u„| and the absolute energy flux 

\Fn\ follow power-laws in the inertia! range: ttp{n) =< [unlP >~ kn^'' and J^p{n) =< 

l^nl" kn^', with Cp = Tp/3 + p/3 similar to the Kolmogorov's refined simileirity 

h}rpothesis. It is found that (p increasingly deviates from Kolmogorov's scaling p/3 

as p increcises. This deviation is cleajly associated with the anomalous scalings of the 

absolute energy flux moments, and can be recasted in terms of multi-fractal statisticiil 

properties of the system. The Extended Self Similarity hypothesis applies for the shell 

model and enables an accurate numerical estimation of the relative scaling exponents 
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Cp/Ca* The numerical estimations of the relative scaling exponents Cp/Ca then 

foimd to be in striking agreement with those of real life turbulence. 

These promising numerical results clearly demonstrate that the GOY shell model 

captures some essential scaling properties of the energy cascade in real life turbu

lence. It is therefore our purpose to study in greater detail the underlying dynamical 

mechanism responsible for the scaling properties of the GOY model. 

Recently, Leveque and She [79] have caxried out a detailed study of the cascade 

statistics and scaling exponents for the GOY shell model. With a sufficient sample size 

(5 X10®), they demonstrate that there exists a finite cutoff for the velocity fluctuations 

at the inertial-range wavenumbers whose properties determine the scaling exponents 

of the high-order moments. This cutoff represents the most intermittent structures in 

the cascade dynamics and shows a power-law dependence on the wavenumber. The 

existence of the most intermittent structures provides a solid basis for the hierarchical-

structure model of the inertiai-range scalings. With an accurate determination of 

the scaling exponents Cpi they study the functional dependence on p and conduct a 

detailed comparison with various scaling models of turbulence proposed in the past 

three decades: the log-Normal model [75], the random model [6], p-model [87], and 

the log-Stable model [73]. The consideration of the first and second derivatives of 

the scaling exponents with respect to p provides the evidence that the hierarchical-

structure model [118] predicts the best functional form for ^p. 

The promising results of Leveque and She [79] offer another opportunity to test 

the validity of direct measuring the physical parameters of the HS model associated 

with a cascade. We will conduct the same analysis of the GOY shell model as in the 

previous experimentid and numerical studies. 
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6.3 Numerical Simulation and Results 

6.3.1 Numerical Integrations 

The paxameters in the numerical integration of the GOY shell model are chosen as 

follows: the reference wavenumber ka = 2~^. The driving force is a ^t-correlated 

white noise acting on shells 2 and 3 with amplitude |/„| = 0.005y/2 and correlation 

time St = 2.5 x 10""'. The model is truncated to a finite number of shells, with n 

running from 1 to iV = 22 and u„ = 0 for n > N. The system has been integrated 

forward in time using a second-order slave-frog Adams-Bashforth scheme [53], i.e., 

u„(i + S t )  = X (|9„(i) - -g^t - St)), (6.4) 

where gn{i) stands for the right hand side of (6.2). Such slaved schemes take advantage 

of the very fast damping of high wave-number modes. At the initial time ^o, the same 

scheme is used with SfnC^o—= 9n{io)i which is only first order accurate, an irrelevant 

point in the context of the present study. For the standard parameters above, we have 

set dt = 2.5 X lO""*. The initial condition is random and arbitrary. The system first 

runs for approximately 1000 — 5000 forcing shell turnover times in order to ensure 

that an asymptotic stationary regime is truly reached. All quantities discussed below 

are obtained in this stationary state. 

We use the quantity Iln = (un-i«nWn+i)^^^ instead of in our study as discussed 

in Leveque and She's paper [79] to eliminate the oscillations of the moments < lunlP > 

due to the discrete nature of the model. The study of the scaling properties of the 

moments < [Ilnl'' > shows that the effect of a major oscillation of period three is 

reduced and the same scaling laws as < Itinl*" > are observed. Also relative scalings, 

< innf >~< jllal® are used for measuring the scaling exponents. 

The histograms of = log lEInl have been constructed from statistical samples 

collected at each time step along the time evolution of n„(<). PDFs accimaulated by 

Leveque [79] have a large sample size of 5 x 10®. In Fig. 6.1(a), we plot the PDFs 
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of logjo lllnl for a few inertia! range shells n = 5 to n = 9. This set of PDFs is very 

reliable for our testing. 

6.3.2 PDF Smoothing 

-4 .3 -2 -1 
(a) y. 

0 

-2 

•4 

-6 

•2 •A -3 •1 

(b) y. 

FIGURE 6.1. Apply the smoothing procedure to the GOY shell model PDFs. (a) 
Original PDFs; (b) Smoothed PDFs. 

Applying the smoothing procedure as in the previous chapters, we can take care of the 

noisy tails of the PDFs. For each PDF Q(yn) of y„ = logio(|T„l), a least square fit over 

an interval ±0.04 centered at the point Q(yi)) is applied to find the value for Q(yf) 

at the noisy tail. The result of the smoothing procedure is shown for some inerticd 
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range PDFs (for n = 5 to 9) in Fig. 6.1(b). This smoothing procedure preserves the 

general shapes of the PDFs and naturally extends the tails of the PDFs. 

6.3.3 Measuring Log-Poisson Parameters ^ and 7 

/J=0.84 

0.005 0.01 
loB{F,»,(l)/F,(l))-log(Fp.,(lo)/F,(l,)) 

0.015 0.02 0.025 

1.5 

0 5 10 
(b) p-3x(p:̂ ) 

-0.5 
Q. 
I 

O .1 
/t-0.2 

-1.5 
-10 -8 -6 •4 •2 0 

(c) (3p-p*)/ia 

FIGURE 6.2. (a) mecisured from the smoothed shell model PDFs. Solid line 
represents slope 0.84, which is the slope of least square fitting of the points. Here 
n = 6 to 10, p = 2 to 14. (b) Using p = 1 to 12, we find 7 = 0.148 in our numerical 
data, (c) Using p = 1 to 9, we find n = 0.2 in the shell model data. 

We test the methods discussed previously on measuring the log-Poisson parameter ^ 

in the GOY shell model. Unlike the experimental and nimierical cases, both method 

1 based on Eq. (3.17) and method 2 based on Eq. (3.19) work quite well here. We 
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choose to use method 1 in our ^ measurement. This method works well when the 

under-sampling is not too severe, which is easily satisfied in the shell model data 

because of its large sample size 5 x 10®. We calculate Fp{l) = and plot 
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log-Poisson 
(^=0.84, 7=0.148) 
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(^=0.2) 
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FIGURE 6.3. Scaling exponents Cp compared with the log-Poisson and log-normal 
models. Solid line is CP = 7P + ~ ̂ )-> where /3 = 0.84, 7 = 0.148. Dashed line 

Cp = I + — P^)i where /x = 0.2. Dots are measured exponents from smoothed 
shell model PDFs. 

log(Fp+2W/Fp+iW)-log(Fp+2(£o)/Fp+i(4))vs. log(fp+i(£)/Fp(^))-log(Fp+i(£o)/i=;(^o)) 

for a set of the almost one decade inertial-range scale £ = 1/Ar„ with 6 < n < 10 and 

for a set of the moment-order p (2 < p < 14). The result is shown in Fig. 6.2(a). 

A least square fit gives ^ w 0.84, very close to ^ = 0.58^^^ « 0.834, the result from 

Leveque eind She's paper for the same set of data [79]. 
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With the mecisured ^ and the measured scaling exponents (p, we test the validity 

of 7 measurement (3.21). When we plot (p — x(p; /?) vs. p — 3x(p; ^), the slope is 7 if 

0 

-2 

-4 

Shell model CDF 

Log-Poisson (^=0.B4, •)'=O.140) 

Log—Normal (^=*0.2) -6 

0 3 4 
in(in|/in|j 

FIGURE 6.4. Comparison of the theoretical predicted sm«Jl-scale CDFs of the velocity 
difference fluctuation with the shell model data. 

a line is formed. The result shown in Fig. 6.2(b) indicates a very good linear relation 

for a large range of p (up to 20). A least square fit over this range yields 7 Rs 0.148. In 

contrast with the experimental cind numerical data, log-Poisson model fits well even 

at large p, indicating that the under-sampling effects in this set of Shell model data 

is really small. Here, note that the 7 behavior is entirely a large p behavior. 
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6.3.4 Measuring Log-Normal Parameter ^ 

Assuming the underlying mapping is log-Normal, we can measure the log-Normal 

parameter for the shell model PDFs using the method we discuss eajlier. According 

to Eq. (3.26), the slope of the plot Cp ~ f vs. is fi. The result is shown in 
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FIGURE 6.5. Comparison of the theoretical predicted small-scale PDF of the velocity 
difference fluctuation in both log-Poisson and log-Normal models. 

Fig. 6.2(c). We see a good line range for 1 < p < 9. A least square fit gives fi = 0.2, 

the same value suggested in the original log-Normal model [75]. 
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6.3.5 Scaling Exponents 

In Fig. 6.3, we compare shell model Cp with the log-Poisson and the log-Normal models 

using the parameters measured above. Solid line is the log-Poisson model whose 

Cp = 7P + irlall ~ with jS = 0.84, 7 = 0.148. Dashed line is the log-Normal 

model whose Cp = § + «(3p - with ^ = 0.2. Dots axe the scaling exponents fitted 

in a small inertial range (less than one decade) in shell model PDFs. It can be seen 

that the log-Poisson model provides a very good description for p < 22, whereas the 

log-Normal has a large deviation for p > 10. 

6.3.6 CDF Comparison 

Using the measured parameters, we can generate small scale PDFs from the large 

scale PDF using the log-Poisson or the log-Normal mapping. We compute ^(yg) 

and Qivu) from the convolution with Q{y6)- In Fig. 6.4, we show the cumulative 

distribution function (CDF) which is the total probability of events up to a given 

amplitude (with the unit being the mean of jll/l). Clearly, at smaJl scales n = 9 and 

n = 12, high amplitudes have much higher probability than at a large scale (n = 6), 

implying strong intermittency. From the CDF comparison, the prediction by the log-

Poisson model seems to be much better than the log-Normal one, especially at the 

large amplitude fluctuation. 

In Fig. 6.5, we show a comparison of the generated small scale PDFs Qiyg) and 

QiVu) by the large scale one ^(ye) using log-Poisson and log-Normal mapping. It 

is interesting to see that the log-Poisson model makes a very good prediction on the 

probability of the large eumplitude events which dominate the large order moments, 

but a poorer prediction of the medium and small amplitude events of y. On the other 

hand, the deviation of the log-Normal model prediction to the true one is everywhere, 

in all small, medium and large amplitude. The log-Poisson model definitely is superior 

to the log-Normal model for high fluctuating events. 
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Chapter 7 

CONCLUSIONS 

One of the important goals of the theory of turbulence is to uncover laws that 

govern the statistical organization of fluctuations spreading in both scales and in 

magnitudes [55]. It is hoped that a successful theory may predict properties of 

small-scale fluctuations from large-scales fluctuation, or predict properties of large-

amplitude fluctuations from small-amplitudes fluctuation. Furthermore, a physical 

theory should provide a definition of parameters which describe non-universal fea

tures of a turbulent medium and which can be measurable. 

The proposal of the Hierarchical Structure model for inertial-range statistics of 

fully developed turbulence offers new light in meeting these challenges. The Hier

archical Structure model characterizes the cascade by two complementary processes: 

First, the so-called most intermittent structures are responsible for the strongest spa

tial concentration (with smallest fractal dimension). Second, there exists a mechanism 

to generate less intermittent fluctuations in such a way that is characterizable by one 

parameter (^). An invariance principle is later discovered in terms of a group trans

formation property [122]. It has also been discovered that the model corresponds 

to a cascade by a log-Poisson process [50] [119], and hence also called "log-Poisson" 

model. The success of the Hierarchical Structure model in describing the anoma

lous scaling exponents have widely been reported in the literature, see for example 

[101] [102] [14] [32] [100] for just a few. 

In this work, we have further demonstrated the validity of the Hierarchical Struc

ture model [118] to a large extend. Through a detailed theoretical study, we are able 

to measure the parameters /3 and 7 of an exact and a perturbed log-Poisson model 

and fjL of the log-Normal model in the exact and truncated cases, we are able to 
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obtain meaningful measurement of the physical parameters in the presence of the 

under-sampling effect. 

The theoretical results are applied to the experimental, numerical and shell model 

data of turbulence. The experimental data are obtained by Tabeiing group in Paris [5] 

who has performed an extensive study on a low-temperature helium gas turbulence. 

The numerical simulations axe carried out with resolution of 256^ on a CMS at Los 

Alamos National Laboratory to generate the turbulent field by integrating the three 

dimensional incompressible Navier-Stokes equations under a 27r periodic boundary 

condition [32]. The shell model data are constructed from the statistical samples 

collected at each time step along the time evolution for a sufficient sample size 

(5 X 10®) [79]. We have demonstrated that the model enables a direct measure

ment of physical parameters from the experimental, numerical and shell model data 

of turbulence, and allows to characterize non-universal features of a turbulent envi

ronment. Finding the parameter that differentiates physical properties of turbulence 

in different environments is a significant step towaxds chaxacterizing inhomogeneous 

turbulence. 

Using the measvured parameters, we can predict the small scales PDFs based on 

the large scale one by the known log-Poisson mapping. These predictions are better 

than the ones of the log-Normal mapping. We conclude that the log-Poisson random 

multiplicative cMcade is a very good approximation of the correlations between large 

and small scale fluctuations. 

Note that the experimental data involves constructing velocity increments from 

a one-dimensional signal, the numerical data involves constructing increments from 

a three-dimensional field, and the shell model data are time series of a family of 

variables. It seems that the experimental data exhibits the most remarkable natural 

tnmcation effects, whereas the shell model data may be the least biased due to equal 

representation of the large-scale and small-scale dynamics. It may be that method 

1 for measuring /? is better in the shell model case, and method 2 is better in the 
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experimental data cjise. It seems to be correlated with the degree of agreement of 

Cp with the log-Poisson model at large p. Method 2 taJces advantage of the global 

log-Poisson structure in p of the PDF (from small to large p), whereas method 1 is 

more local in p but it is very sensitive to any deviation from the log-Poisson structure 

(specially at large p). 

The finite sample size effect is a very important effect to analyze, specially when 

one of the central concepts in the Hierarchical Structures model, the most intermittent 

event, is related to rare events at the tail of a PDF. A common sense tells that the 

tail of PDFs is very sensitive to the sample size and a natural question to be raised 

concerns the physical significance of the tail. Through a systematic exploration of the 

PDF resolution dependence, we show that the hierarchical symmetry is robust and 

stable against the change of the sample size. A special sample size effect called the 

natural truncation is studied in detail, indicating that the value of the intermittency 

parameter 0 is invariant. On the other hand, the value of the parameter 7 is more 

sensitive to the sample size effects; but when the sample size is large enough, the 

value can be reliably determined which is meaningful for a range of p. Therefore, 

we conclude that turbulent fluctuations over a range of scales and over a range of 

intensities (amplitudes) are suitable to a description by a well-defined hierarchical 

structures with one kind of characteristic, the most intermittent structures. This is a 

valid description for an experimental turbulence sample data, for a 3-D Navier-Stokes 

simulation of isotropic turbulence field, and for a description of the cascade dynamics 

in the GOY shell model. 

The present resvdt is relevant to all studies of multi-fractal spectrum based on a 

finite sample of experimental or numerical signal. Further studies in this area may 

be necessary to fully understand the under-sampling effects to the scaling exponents 

measurement. 

Turbulence consists of self-generated complexity from large to small scales during 

its cascade process. To unfold this complexity and to find an appropriated descrip
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tion of the mixed coherent and random structures, it is important to focus on relevant 

physical observables. The scaling behavior and in particular how the scaling varies 

with the order of the moments seem to be an essential instrument for the characteri

zation of the complexity. The discovery of certain universal behavior, which does not 

invoke detailed mechanisms specific to the dynamics, will lead to the hope for some 

simple and elegant theoretical description. For turbulence, we believe that there are 

some general principles due to simply the non equilibrium and the strong nonlinear-

ity. Because of the non equilibrium, the energy cascade from large to small scales. 

Because of the strong nonlinearity, the inertial range is formed. Is it possible that the 

strong nonlinear interaction also leads to a strong phase mixing which is the origin of 

the symmetry (2.1)? At present, the Hierarchical Structure Model is consistent with 

all existing observations. It offers a very plausible leading approximation of a general 

class of nonlinear scaling exponents. 

The success of the model, when it is applied to analyze a variety of situations such 

as low temperature helium gas turbulence, numerical simulation of the 3D Navier-

Stokes equations, and the GOY shell model in the current study, has enhanced our 

confidence about the model. On the other hand, the model has not yet provided a 

constructive framework to guide the development of an analytical theory. It is hope 

that the increased understanding will help us towards this final goal. 
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Appendix A 

MEASURING INTERMITTENCY PARAMETERS OF 
ENERGY CASCADE IN TURBULENCE 

Li Liu^ & Zhen-Su She^'^ 

^ Department of Mathematics, University of Arizona, Tucson, AZ 85721, USA 

2 Department of Mathematics, UCLA, Los Angeles, CA 90095, USA 

3 State Key Laboratory for Turbulence Research, Peking University, Beijing 100871, 

P. R. China 

(Submitted to Physical Review Letter^ Februajy 1999) 

Analysis of probability density functions (PDFs) of the velocity increment obtained in 

aji experiment of fully developed turbulent flow has shown that physical parameters 

characterizing the intermittency of the energy cascade can be obtained directly from 

the experimental data. The validity of the Hierarchical Structure model (She h 

Leveque, Phys. Rev. Lett. 72, 366, 1994) is demonstrated, and its significance in 

characterizing intermittent cascade process is discussed. Effects of finite statistical 

sample size axe studied in detail. 

PACS: 47.27.Gs, 47.27.Jv 

One of the important goals of the theory of turbulence is to uncover laws that 

govern the statistical organization of fluctuations spreading in scales and in magni

tudes [55]. It is hoped that a successful theory may predict properties of small-scale 

fluctuations from large-scales', or predict properties of large-amplitude fluctuations 

from small-amplitudes'. Furthermore, a physical theory should provide a definition of 
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parameters which describe non-universal features of a turbulent medium and which 

can be measurable. 

Recently, a model for inertial-range statistics of high Reynolds number turbulence 

has been proposed to meet the challenge described above, that is the Hierarchical 

Structure model [118]. The Hierarchical Structure model characterizes the cascade 

by two complementary processes: First, the so-called most intermittent structures are 

responsible for the strongest spatial concentration (with smallest fractal dimension). 

Second, there exists a mechanism to generate less intermittent fluctuations in such a 

way characterizable by one parameter {^). An invariance principle is later discovered 

in terms of a group transformation property [122]. It has also been discovered that 

the model corresponds to a cascade by a log-Poisson process [50] [119], and hence also 

called "log-Poisson" model. The success of the Hierarchical Structure model in de

scribing the anomalous scaling exponents have widely been reported in the literature, 

see for example [101] [102] [14] [32] [100] for just a few. 

In this work, we shall demonstrate that the model enables a direct measuring of 

physical parameters from experimental data, and allows to characterize non-universal 

features of a turbulent environment. Furthermore, the model predicts the probability 

of high fluctuation events based on observed large-scale (coarse-grained) property. 

The experimental data used of for the illustration were obtained by Tabeling group 

in Paris [5] who has performed an extensive study on a low-temperature liquid helium 

turbulence with Rx « 2000. We show that the intermittent structures in that envi

ronment are more singtdar than in a wake turbulence behind a cylinder [14]. On the 

other hand, both systems are qualified to be equally intermittent. We believe that 

finding paraxneters that differentiates physical properties of turbulence in different 

environments is a significant step, especially towards characterizing inhomogeneous 

turbulence. Finally, the finite sample size effect is analyzed in detail by introducing 

a "hypothetical" sample size; this method may be of wide interest. 

The EEierarchical Structure (HS) model is based on an assumption that the small-
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scale fluctuations are related to the large-scale's in a random multiplicative way. Let 

Svi, the velocity increment across a distance £, represent velocity fluctuations at length 

scale £. Then, the fluctuations at the length scale bl {h < \) can be related to that 

at scale £ by 

Svu = WbSvt, (A.l) 

where Wfc is a random multiplier which is assumed to be statistically independent 

of Svt. This so-called random multiplicative assimiption is first introduced by Maji-

delbrot [85], constructively explored by many others (see e.g. Sreenivasan [126]), 

and has been recently recaptured by a theoretical study of turbulent solutions of the 

Navier-Stokes equation in terms of so-called "fusion rule" [83]. 

Denote by Sp{i) the velocity structure function, Sp{i) = (|5v/l''), and introduce 

the function Fp{£) = Sp+i{£)/Sp{i). which is a function of both p and i. Then, the 

following relationship holds according to the Hierarchiceil Structure model of She and 

Leveque [118] 

(A.2) 

where ^ < 1 is a constant and Ap is independent of £, and 

Fooii) = lim (|5t;,ri)/(|^v^l'') (A.3) 
p-^oo 

which characterizes the most intermittent structures. It is interesting that one can 

eliminate the term FooC^)^"" by considering the ratio: 

£k±iw=it (my  ,A 4) 

Both sides of (A.4) can be directly calculated from experimental data when the empir-

ictd probability density functions (PDFs) (or histograms) are known. From a log-log 

plot of Fp+i{i)IF2{i) vs. Fp{i)IFi(i), one may examine the linearity and if the result 

is positive, the value of can be obtained. 
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Next, consider the general formula of scaling exponents given by the HS model [118] 

Cp = 7P + C'(l-iS''). (A.5) 

Because of the constant mean energy flux we have Ca = 

hence C = (1 — 37)/(l — 0^). Then simple algebraic manipulation gives 

Cp - x(p; = 7(p - 3x(p; ̂ )), (A.6) 

where x{P\0) = (1 " When we plot Cp - xiP',^) vs. p - 3x(p;/3), the 

slope is 7. 

The physical interpretation of the parameters /? and 7 (see [122] is a crucial aspect 

of the HS model. When —» 0, the scaling is dominated by the most intermittent 

structures. A notable example is Burgers turbulence where shocks stands as the 

most (and the only) intermittent structures [124] [115]. Shocks are discontinuities 

in velocity, so 7 = 0. We then have Cp = 1 for p > 1 and 0 = 0. This is one 

extreme situation of high intermittency. The other extreme is when /3 —> 1. It is 

easy to show by I'Hospital nile that Cp p/3, i.e., turbulence cascade tends to follow 

Kolmogorov 1941 law and turbulent medium is not intermittent in the sense that 

normal scalings are observed. While the Burgers turbulence is the order-dominated 

limit, the Kolmogorov txirbulence is the disorder-dominated limit. 

Therefore, measures the degree of intermittency of a turbulent flow. This mea

sure builds a nice bridge between the two extreme situations: the Burgers regime 

and the Kolmogorov regime, a long-standing controversy [104]. She & Leveque [118] 

suggested that = (2/3)^^® for isotropic turbulence, which has later received wide 

support from experimental measurements in turbulence behind a cylinder [14] and 

from direct numerical simulation of the Navier-Stokes turbulence [32]. In other words, 

the real turbulence is neither order-dominated nor disorder-dominated. 

The parameter 7 measures how singular is the most intermittent structure, and 

hence is a measure about the turbident environment in study. The physical measur-

ability of 7 is a delicate issue which deserves a few more comments. It is easy to 
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verify that Fooii) in other words, 7 is a property of the high-order moments 

p -+ 00 (see (A.3)). However, for large p, one is exploring the property of the tail of 

the PDFs. How much this meMured property is reliable is an important question to 

be addressed. We will discuss this issue later when presenting the results. 

HISOO 

H1500 

FIGURE A.l. (a) Two representative probability density functions (PDF) of velocity 
increments at scale 1500 and scale 20 obtained in a liquid helium turbulence by the 
Tabeling group in Paris, (b) The smoothed PDF based on a least square fitting over 
an interval ±5 at the tail. 

The description (A.4) and (A.6) above provides a way to directly measure ^ 

and then 7 from the statistics Fp{£). Studies carried out by Ruiz-Chavarria et 

al. [101] [102] have already explored these properties to some extent. Here, we further 

study the use of the theory in helping measuring intermittency parameters. We have 
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analyzed a set of experimental data obtained by the Tabeling group in the Ecole 

NormaJe Superieur in Paris. This is a low-temperature liquid (normal) helium flow 

driven by a motor in a closed container. Very long time series of the velocity signal 

0.5 

6? 0.4 

o 
- 0.3 

0.3 0.4 0.5 0.6 
(a) log(P,^,/F,) 

0.8 

•3'=0.045 

0.2 

5 0 10 15 
(b) p-3x(p:̂ ) 

FIGURE A.2. Measurement of (a) and 7 (b) according to Eq. (5) and Eq. (9). The 
slopes are obtained by a least square fit. 

are recorded, and the PDFs of the velocity increment (in time) are obtained for sep

aration distances i varying over idmost 3 decades. Two typical experimental PDFs 

at two scales of a ratio 1500/20, are shown in Fig. A.l(a). In Fig. A.l(b), we show 

the same PDFs with a smoothing procediire applied to the tail. It is an observation 

that the moments computed using the smoothed PDFs shows much better power-law 

behavior in £ at relatively high order p > 12 (for details, see Liu & She [81]). Note 
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that our working assumption is that the cut-ofF at the tail is physically significant; 

therefore the smoothing does not introduce extra artificial elements. In contrary, the 

smoothing makes the scaling behavior more consistent through all moment orders (up 

to p ~ 15); in that sense, we conclude that a smoothed tail is more physical than 

an unsmoothed noisy tail. We will work with the smoothed PDFs hereafter. For 

the convenience of the discussion later, we also introduce the PDF of yt = log|5uf|: 

Q{yt) = e«P(e«')-

The moments Sp{l) are calculated from the empirical PDFs Q{ye), 

5p(£) = = r e^^Q{yi)dyt. (A.7) 
J—OO 

We have calculated Fp(£) = Sp^\{l) jSp{l) for a set of the inertial-range scale £ (1500 > 

i > 200) and for a set of the moment-order p (15 > p > 5). The results are shown 

in Fig. A.2(a). Very good linear relation is obtained, implying the assumption in the 

HS model (A.2) is verified and can be measured to a high degree of confidence. 

A least square fit gives ^ « 0.874 « (2/3)^^^, very much the same as obtained in 

the turbulence behind a cylinder. It is then concluded that turbulence in a closed 

container has the same degree of intermittency as in an open environment. 

Fig. A.2(b) tests the detectability of the most singular structures using (A.6) with 

the measured ^ and the measured scaling exponents ^p. The result indicates a good 

linear relation up to a moderate p < 15. A least square fit over this range yields 

7 fa 0.045. At higher p > 15, some under-sampling effects discussed below starts 

to dominate, giving rise to a different asjonptotic behavior. Therefore, the moments 

p < 15 define a certain characteristic structure. It is interesting that the measured 

singularity index 0.045 is smaller th<m 1/9 obtained for flow behind a cylinder [14] 

and for DNS of the Navier-Stokes turbidence [32]. The precise physical mechanism is 

to be discussed elsewhere. Here, we report the fact that the physical environment is 

different in a closed container than for an open flow. The significance of the present 

study lies in the fact that we are able to derive physical parameters from experimental 
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data and to identify specific features of a turbulent field. 

0 Experiment 6 

Experiment P„,i,= 10"' 

• Experiment Poui»=10"* 

—• Log-Poisson Pniai"10~* 
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or' 

2 

0 
0 30 
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FIGURE A.3. Experimentally measured Cp for different PDF resolutions Pmin com
pared with the prediction of the Hierarchical Structure (log-Poisson) model. 

The result in Fig. A.2 points out the necessity of a systematic study of the effects 

of the under-sampling. Note that any empirically determined PDF (also called his

togram) has a natural cutoff amplitude ymax due to finite sample size, i.e., Q{yt) = 0 

for yi > Vmax- For large p, the moments depend on Q{yt) with yt « ymax, and the 

scaling exponents will also reflect the ^-dependence of the cutoff ymac- Since ymax 

may depend on the sample size, it is important to conduct a systematic study of the 

sample size dependence. 

The method we use here is to introduce a quantity to represent the resolution 
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of a PDF, which is defined as Pmin = Q{ymax)i the lowest probability density value 

over ail amplitudes. This choice is made by an observation that all empirical PDFs 

(1500 > i > 20) obtained by the Tabeling group in Paris have approximately the 

same resolution. This seems to be a generic feature of the statistics collected for the 

velocity increments from a one-dimensional velocity signal. Based on this feature, we 

can use Pmin a, parameter to study the sample size dependence of the statistics. 

That is, when we raise Pmim we effectively explore the PDFs (for all £) of a smaller 

sample size. 

The original PDFs of the Tabeling group have a Pmin ^ 10~®. We have measured 

the scaling exponents Cp using those PDFs and with two larger Pmin — 10~® and 

lO""*, to examine the variation of the results. In Fig. A.3, we plot the three sets of 

scaling exponents with increasing resolutions (&om open circles, open squares to 

filled circles). It can be seen that as the resolution increases, over a larger domain 

of p get in agreement with the theoretical prediction of the HS model with measured 

/3 and 7. At very large p, deviation with the theoretical curve is observed; we believe 

that the under-sampling effects start to occur. 

In order to further verify this last statement, we have constructed a set of theoret

ical PDFs with ^ and 7 determined above <ind with similar under-sampling property 

(e.g., with a Pmin = lO"''). In Fig. A.3, we compare it (dotted line) with under-

sampled experimental residts. The agreement is remarkable, and the HS model is 

fully consistent. 

An important feature of the HS model is its ability to predict the smaJl-scale PDFs 

based on a large-scale PDF. Using Eq.. (A.l) and the definition of yt, we get: 

Since log Wb is independent of j//, the PDF of yn can be expressed as a convolution: 

yti = logWfc -f-y/. (A.8) 

Qiyu = ar) = ̂  R(log W6 = ti)Q{yt = x - i,). (A.9) 
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Here, i2(log W6) is the probability function of log VV6 assumed to be discrete (otherwise 

the convolution is an integral). It has been shown that the HS model is equivalent to 

0 

-2 

HI 500 H20 -4 

-6 

Experiment 

Log-Poisson {/S=0.874. 7=0.045) 

Log-Normal (M=0.23S) 

-8 

-1 -0.5 0 0.5 1 1.5 
logio(|<Jv|/l<5v|J 

FIGURE A.4. Comparison of the theoretical prediction of the smail-scaie CDF of 
velocity difference fluctuation with the experimental curves. 

let logW6 = 7/3"'' where nj is a Poisson random v<iriable with a mean proportional 

to b [119]. We have computed P{y2o) from P(j/i5oo)- In Fig. A.4, we show the 

cimiulative distribution function (CDF) which is the total probability of events up to 

a given amplitude (with (15u/l) as the uxiit). Clearly, at small scale (6/ = 20), high 

amplitudes have much higher probability than at large scale {i = 1500), implying 

strong intermittency. The theoretical prediction of the HS model with measured 0 

and 7 (dotted line) is in very good agreement with the experimental measurement for 
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large fluctuation events with cumulative probability greater than 10"^. As a reference, 

we have also plotted the prediction by the log-Normal [75] model with (i = 0.235 {fi 

is also directly measured from the experimental data, see Liu & She [80]). The 

Hierarchical Structure model [118] is in better agreement. 

The method presented in this paper can be applied to analyze the property of other 

turbulent fluctuating quantities such as the lateral velocity increments or the coarse

grained enstrophy [41] and will be particularly interesting to analyze the property of 

inhomogeneous turbulence. 
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