
Modeling hotspot dynamics in microwave heating

Item Type text; Dissertation-Reproduction (electronic)

Authors Mercado Sanchez, Gema Alejandrina

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:22:05

Link to Item http://hdl.handle.net/10150/289032

http://hdl.handle.net/10150/289032


INFORMATION TO USERS 

This manuscript has been reproduced from the microfilm master. UMI films the 

text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any type of 

computer printer. 

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print, colored or poor quality illustrations and 

photographs, print bleedthrough, substandard margins, and improper alignment 

can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a complete manuscript and 

there are missing pages, these will be noted. Also, if unauthorized copyright 

material had to be removed, a note will indicate the deletion. 

Oversize materials (e.g., maps, drawings, charts) are reproduced by sectioning 

the original, beginning at the upper left-hand comer and continuing from left to 

right in equal sections with small overiaps. Each original is also photographed in 

one exposure and is included in reduced form at the back of the book. 

Photographs included in the original manuscript have been reproduced 

xerographicaliy in this copy. Higher quality 6" x 9" black and white photographic 

prints are available for any photographs or illustrations appearing in this copy for 

an additional charge. Contact UMI directly to order. 

Bell & Howell Information and Learning 
300 North Zeeb Road. Ann Arbor, Ml 48106-1346 USA 

800-521-0600 





MODELING HOTSPOT DYNAMICS IN 

MICROWAVE HEATING 

by 

Gema Alejandrina Mercado Sanchez 

A Dissertation Submitted to the Faculty of the 

GRADUATE INTERDISCIPLINARY PROGRAM 
IN APPLIED MATHEMATICS 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 9 9 



DMI Nxunber: 9946854 

UMI Microronn 9946854 
Copyright 1999, by UMI Company. All rights reserved. 

This microform edition is protected against unauthorized 
copying under Title 17, United States Code. 

UMI 
300 North Zeeb Road 
Ann Arbor, MI 48103 



THE UNIVERSITY OF ARIZONA ® 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have 

read the dissertation prepared by Gema Alejandrina Mercado Sanchez 

entitled Modeling Hotspots D3mamics in Microwave Heating 

and recommend that it be accepted as fulfilling the dissertation 

Doctor of Philosophy requirement for the Degree of 

Date Xue Xin 

Date Moysey Brio 

Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon 
the candidate's submission of the final copy of the dissertation to the 
Graduate College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Dissertation DJxector Xue Xin Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the Library*. 

Brief quotations from this dissertation are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this manuscript in whole or in part 
may be granted by the head of the major department or the Dean of the Graduate 
College when in his or her judgment the proposed use of the material is in the interests 
of scholarship. In all other instances, however, permission must be obtained from the 
author. 

SIGNED: 



4 

ACKNOWLEDGMENTS 

I thank my advisor, Dr. Jack Xin, for all this enthusiasm and patient help. He has 
a powerful mathematical mind and is a happy, good-hearted man. This dissertation 
would not have been possible without his effort, wisdom, and dedication. Next, I 
would like to thank Dr. Benjamin P. Luce for being my co-advisor and my friend. 
Ben is the kind of mathematician that I would like to be someday. He has a powerful 
intuition and a generous attitude. I am particularly grateful fo Ben for his extensive 
comments on my manuscript. Thanks to Dr. James Mac Hyman for many important 
discussions about my research and writing. Mac has passionately contributed to the 
development in science in many ways without forgetting about the humanistic and 
personal aspects. 

I would like to thank Dr. Moysey Brio for being a member of my oral and defense 
committees, and Dr. Gregorj' Kriegsmann, my outside reader, for providing much 
valuable input which has improved this dissertation. 

Thanks to my friends for sharing their lives with me. They are responsible for 
much of the enjoyment I have gotten out of the past years and for make Tucson a 
home for me. They are: Abel F. Hernandez (for his love and support ... and for 
feeding me so many times in the last weeks), Angel Pineda (for his warm, affectionate 
way of relating to people), Bob Condon and Anu Rao (for many shots of tequila and 
good conversations that kept me sane through my last years as a student), Jacqueline 
S. Marcus (for introducing me to the great joy of speaking English), Olga Simek (for 
believing in friendship ... no matter what), Orna Amir (for being a warm and happy 
presence), Martha C. Lozano (for being such a good roommate for the last two years). 
I am particularly grateful to Regan E. Murray for the many great conversations 
about mathematics and life in general. Her friendship and continuous help made it 
possible for me to survive the last months of writing my dissertation. Her ideas about 
mathematics, women and environmental issues will guide and inspire me forever. 

Thank to the three angel guardians of this department for your generous help 
every day: Lois Gorki, Kathleen Leick, and Bob Condon. 

Thanks to the Women's Issues Discussion Group (WIDG) for making this a better 
place for women. Thanks for all the fun, friendly, and intellectual support. 

Thanks to my financial supporters: 
* Academic and Professional Programs for the Americas (LASPAU), USA. Fulbright/Garci'a-
Robles Scholarship, 1994-1997. 
*• Consejo Nacional de Ciencia y Tecnologia (CONACYT), Mexico. Couacyt Scholarship. 
1977-1999. 
* Universidad Autonoma de Zacatecas (UAZ), Mexico. Scholarship. 1994-1999. 
*• Los Alamos National Laboratory (LANL), USA. For hosting me during a time in which 
part of my reseaxch was done. Siimmer-96, Spring-99. 



0 

DEDICATION 

I dedicate this dissertation to 

• My parents: Luis Enrique (in memoriam) and Alejandra, for set
ting an excellent example of working hard and enjoying life, and 
for providing me always with your love and support in all my ed
ucational endeavors. 

• My brothers and sisters: Luis Enrique, Hector Manuel, Jorge, 
Maria Susana, Eugenio Ernesto and Carmen Patricia, for being 
hard workers, honest and fun people, and most of all, for being my 
friends! 

• My other siblings: Ruben, Raquel and Celerino, for existing and 
being part of my life. 

• All my nephews and nieces, for their happy presence in my life. 

Viva la familia! 

• To my life-long friend, Glafira, for her many letters, weekly phone 
calls and summer-visits. Her continuous friendship has been cru
cial to my success. 

I LOVE YOU ALL VERY MUCH. 



6 

TABLE OF CONTENTS 

LIST OF FIGURES 8 

ABSTRACT 10 

CHAPTER 1. INTRODUCTION 11 
LL Electric Volumetric Heating 11 
1.2. Hotspot Problem 13 
1.3. Review of Previous Works in Hotspot Modeling 14 
1.4. Results of This Dissertation 19 
1.5. Outline of This Dissertation 20 

CHAPTER 2. MODELING ELECTRIC VOLUMETRIC HEATING 23 
2.1. Electromagnetic Field Equations 23 
2.2. Temperature Field Equation 28 
2.3. A Mathematical Model for Hotspots 30 
2.4. Reduction Due to Parameters 31 
2.5. One-Dimensional Model for Hotspots 31 

CHAPTER 3. FREE BOUNDARY PROBLEM 38 
3.1. Bistable Nonlinear Heat Equation 39 
3.2. Traveling Wave Solutions 40 

3.2.1. Linearization 42 
3.3. Asymptotic Approximation 43 

3.3.1. Boundary Layer Analysis 44 
3.3.2. Outer Expansion 44 
3.3.3. Front Layer Expansion 46 

3.4. Free Boundary Problem 47 
3.4.1. Discussion of the Free Boundary Problem 48 

CHAPTER 4. STEADY-STATE SOLUTIONS 53 
4.1. Time Harmonic Approximation 54 

4.1.1. An Asymptotic Approximation 56 
4.1.2. An Exact Solution 58 

4.2. Numerical Results 59 

CHAPTER 5. TRANSIENT SOLUTIONS 64 
5.1. The Quasi-Steady Approximation 64 
5.2. Numerical Results 70 



TABLE OF CONTENTS—Continued 

5.3. Formation of Hotspots 76 

CHAPTER 6. NUMERICAL ANALYSIS 79 
6.1. Numerical Simulations of the Model System 79 
6.2. Numerical Schemes 79 

6.2.1. Numerical Results 81 
6.3. High Thermal Diffusivity 83 

CHAPTER 7. EXISTENCE OF STEADY-STATE SOLUTIONS 85 
7.1. Introduction 85 
7.2. Statement of the Main Result 87 
7.3. Properties of the Linear Operator C 87 
7.4. Properties of the Nonlinear Operator M. 90 
7.5. Iteration Scheme and Its Convergence 91 

CHAPTER 8. CONCLUSIONS 96 
8.1. Summary 96 
8.2. Future Work 99 

REFERENCES 100 



8 

LIST OF FIGURES 

FIGURE 1.1. Geometrical configuration of a coaxilly-loaded cylindrical cavity. 19 

FIGURE 2.1. Nonlinear bistable term (/) of the diffusion equation Ti = uTx^-h 
Pf 34 

FIGURE 2.2. Illustration of plane-wave components 36 

FIGURE 3.1. Nonlinear term f { T , / j , )  for different values of ^ 39 
FIGURE 3.2. Region of validity of the free boundary problem. 49 
FIGURE 3.3. Steady-state solutions of the temperature field; low electrical 

conductivity and low thermal diffusivity 50 
FIGURE 3.4. Steady-state solutions of the temperature field; low electrical 

conductixdty and high thermal diffusivity. 51 

FIGURE 4.1. The real and imaginary values of steady-state solution of the 
magnitude of the electric field for example I I I  55 

FIGURE 4.2. Steady-state solution of the magnitude of the electric field: weak-
temperature dependence and low absolute electric conductivity 60 

FIGURE 4.3. Steady-state solution of the magnitude of the electric field: weak-
temperature dependence and high absolute electric conductivity. .... 62 

FIGURE 4.4. Steady-state solution of the magnitude of the electric field; strong-
temperature dependence and high absolute electric conductivity. .... 62 

FIGURE 5.1. The real and imaginary values of the magnitude of the electric 
field at the transient regime 65 

FIGURE 5.2. Relaxation of the electric and temperature fields to steady-state; 
weak-temperature dependence and small absolute electric conductivity. . 70 

FIGURE 5.3. Relaxation of the electric and temperature fields to steady-state; 
weak-temperature dependence and large absolute electric conductivity. . 72 

FIGURE 5.4. Rela^xation of the electric and temperature fields to steady-state: 
strong-temperature dependence and large absolute electric conductivity. 74 

FIGURE 5.5. The prediction of the position of the fronts fails when condition 
7 -C rr^-r is not satisfied 75 p cTQ+a]_ 

FIGURE 5.6. Numerical approximation for the time-dependent profile of the 
electric field 76 

FIGURE 5.7. Schematic representation of the formation of a hotspot 77 
FIGURE 5.8. Time scale for the formation of a hotspot at a: = 0 78 

FIGURE 6.1. Representation of a hotspot at steady-state 82 
FIGURE 6.2. Numerical approximation for the time-dependent profile of the 

temperature field for high values of thermal diffusivity 84 



LIST OF FIGURES—Continued 

FIGURE 8.1. Steady-state solution of the magnitude of the electric field: large 
electric conductivity and medium thermal difFusivitv 



10 

ABSTRACT 

The formation, and propagation of hotspots in a cylindrical medium that is undergoing 

microwave heating is studied in detail. A mathematical model developed by Garci'a-

Reimbert. C., Minzoni, A. A. and Smyth, N. in Hotspot formation and propagation 

in Microwave Heating, IMA. Journal of Applied Mathematics (1996), 37, p. 165-179 

is used. The model consists of Maxwell's wave equation coupled to a temperature 

diffusion equation containing a bistable nonlinear term. 

When the thermal diflfusivity is sufficiently small the leading order temperature 

solution of a singular perturbation analysis is used to reduce the system to a free 

boundary problem. This approximation accurately predicts the steady-state solutions 

for the temperature and electric fields in closed form. These solutions are valid for 

arbitrary values of the electric conductivity, and thus extend the previous (small 

conductivity) results of Garci'a-Reimbert et.al. 

A time-dependent approximate profile for the electric field is used to obtain an 

ordinary differential equation for its relaxation to the steady-state. This equation 

appears to accurately describes the time scale of the electric field's evolution even 

in the absence of a temperature front (with zero coupling to the temperature), and 

can be of wider interest than the model for microwave heating studied here. With 

sufficiently small thermal diffusivity and strong coupling, the differential equation 

also accurately describes the time evolution of the temperature front's location. .A. 

closed form expression for the time scale of the formation of the hotspot is derived 

for the first time in the literature of hotspot modeling. 

Finally, a rigorous proof of the existence of steady-state solutions of the free bound

ary problem is given by a contraction mapping argument. 
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Chapter 1 

INTRODUCTION 

1.1 Electric Volumetric Heating 

When light interacts with matter at the proper electric and thermal parameters, it 

generates motion at the molecular and/or atomic level. The movement of massive 

particles produces heat by friction. In this way, electromagnetic radiation, one form 

of energy, is converted into heat, another form of energy. This principle has greatly 

contributed to the development of modern industry. According to Meredith [28]. 

heating has been the most common process used in the manufacturing industry in 

the last 50 years. Yet it remains one of the most difficult industrial processes to 

control. 

Electrical volumetric heating, (EVH), on the other hand, is a relatively new process 

which presents many advantages over conventional methods. These include radiation, 

convection and conduction, which are all slow and imprecise. Traditionally, a ma

terial is heated by convection on its surface, this heat is transfered to the interior 

by conduction. In EVH the bulk of the material is evenly warmed. According to 

Meredith [28], it produces processing times that are often less than 1% of those re

quired by traditional techniques. In addition, this new alternative is precise, safe, and 

environmentally-clean [9]. As a result, EVH has undergone a dramatic development 

in the later 20th century. This process is now widely used in industry, medicine and 

commerce. 

A standard classification of the forms of EVH are: 

• Conduction and Induction 

• Ohmic 



12 

• Radio Frequency (RF) 

• Microwave 

Conduction and Induction involves passing or generating a heavy current through 

a material of low resistivity, such as metals. The electrical frequencies used in con

duction range from direct current to 60 Hz. For induction the frequencies range from 

50 Hz to30 kHz. Conduction and Induction heating processes are used widely in the 

metal-forming industries for welding, annealing, hardening and brazing. 

In Ohmic heating an alternating current passes through a material, often a liquid 

or pumpable slurry that contains ionic solutions. A power supply frequency of .50-60 

Hz is most often used. 

Radio-Frequency heating (RF) is used to heat objects with high resistivity. To 

avoid high voltages, which would be necessary to generate the current required to 

achieve practical power dissipation densities, higher power supply frequencies are 

used. RF is typically applied to plastics, wood products, textiles, food and ceramics 

using input frequencies from 1 to 100 MHz. 

In microwave heating, dipolar polarization is the predominant mechanism used 

to convert electromagnetic radiation into heat. When an electric field is applied to 

materials with high resistivity, the dipole moments of the molecules align themselves. 

High-intensity radiation can also induce dipole moments. Since the microwave field 

is alternating in time, the dipoles must adjust to the field reversals. The dipoles are 

in a constant state of oscillation, and the frictional forces generate heat. A secondary 

source of heat is the conduction of ionic charge. Even small currents can generate 

significant amounts of heat. In summary, microwave heating includes two primary 

heating mechanisms and is performed at either a frequency close to 900 MHz or at 

2450 MHz. 

Microwave heating has a variety of uses in the food industry: thawing, continu

ous baking, vacuum drying, pasteurization, etc. [6]. It is also employed in health-
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related professions: blood flow measurements, microwave imaging, detecting and 

treatment of cancer tumors, etc., [18]. Microwave heating is being used in environ

mental cleanup efforts to treat infectious medical waste, contaminated soils, nuclear 

waste, and sewage/waste water [1]. 

At this time, the almost unlimited potential of electromagnetic heating depends 

on better theoretical development in the understanding, modeling, and controlling 

of the many phenomena present in such processes. The highly complicated nonlin

ear nature of the light-matter interaction has produced an electroheat industry- that 

mostly utilizes experimentation and speculation. The very fact that microwave en

ergy can generate heat was discovered accidentally during testing of magnetrons at 

the Microwave & Power Tube Division of Raytheon in 1950 [36]. Roy Rustum com

ments, "Materials science advances mainly by the largely serendipitous discoveries of 

new materials and new processes" [36]. 

Empirical studies of complex problems in microwave heating have proven to be a 

limited and expensive way to develop the field. For example, a mineralogical company 

in Mexico uses microwave heating to separate different components. They intention

ally had allowed to explode ovens to investigate methods to prevent the formation of 

localized regions of extremely high temperature (which usually damage the material 

under treatment) [12]. In general, the temperatures involved are usually so high as 

to prohibit experimental determination of the conditions of the formation or control 

over the regions of unwanted high temperatures. To improve and diversify the uses 

of microwave heating, more sophisticated modeling is required. 

1.2 Hotspot Problem 

One of the most common problems present in the electroheat industrj^ is thermal 

runaway, which is an instability that causes an uncontrollable and sudden increase in 

temperature in response to small increases in electric power. When such a thermal 
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instability is spatially localized, it is called a hotspot. The formation of a hotspot is 

due to a nonlinear dependence on temperature of the electromagnetic and thermal 

properties of the material [29]. The presence of a hotspot can be beneficial, e.g.. 

the joining or smelting of ceramics or the production of specialized metal allo\'s. 

However, hotspots are undesirable if uniform heating is required, for instance when 

homogenization of density is required. Consequently, it is of great practical interest 

to model and control the formation and penetration of hotspots. 

Models of EVH usually consist of Maxwell's wave equation and a heat equation. 

The first describes the electromagnetic radiation and the second the resulting heat

ing. Both the wave and heat equations are strongly nonlinear and coupled. This 

combination makes EVH difficult to understand and control. 

1.3 Review of Previous Works in Hotspot Modeling 

There are two main approaches to the modeling of hotspots. The first focuses on the 

thermal aspects and is modeled only by a heat equation with a nonlinear source term 

which depends on a constant magnitude of the electric field. Let T be temperature 

and G be a function that represents the heat generated by the absorption of electro

magnetic radiation. A reaction-diffusion equation is used to represent the behavior 

of temperature: 

Tt = VT + G. (1 .1)  

Much of the early work on hotspots in microwave heating involves developing an 

approximation for the nonlinear term G. 

A second effort at modeling hotspots includes Maxwell's wave equation in addition 

to the nonlinear heat equation, (1.1), 

Ett — ^ "I" "f" ^— Oj (1 .2)  
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where E represents the electric field. The functions 77, A, and a depend strongly on 

temperature. This system involves the nonlinear coupling of the electromagnetic and 

temperature fields is a more complex yet realistic model of electric heating process. 

The works of G. A. Kriegsmann, M. E. Brodwin and D. G. Watters (1990. [26]). 

C.J. Coleman (1990. [5]), and J. M. Hill and N. F. Smyth. (1990. [17]). and V. L. 

Tian (1991. [33]) are recognized as the seminal efforts in this field. 

The first work [26] formulates a time-harmonic, steady-state problem for the mod-

elation of the microwave heating of a semi-infinite ceramic halfspace. The steady-state 

solutions are present in the form of a couple of ODEs describing both the temperature 

distribution and the exponential decay electric field. A multiscale analysis allow the 

authors to find leading order solutions for the cases of constant conductivity and neg

ligible radiative losses and the most general case of arbitrary electrical conductivity. 

Their results show that the temperature increases, on a length scale that is large com

pared to a wavelength, from its surface value to a finite value at infinity. Kriegsmann. 

et. al. also conclude that the value of temperature at infinity depends monotonically 

on the incident power level and that the electric field decays on the same scale as 

the temperature changes but oscillates rapidly on the spatial scale determined by a 

wavelength. This represents one of the first works where a multivalued function of 

the incident power for temperature is analyzed in relation with the stability effects of 

electrical conductivity on thermal runaway phenomenon. This work preceded others 

on the topic and was distilled from David Watters' doctoral thesis (1989, [39]). 

The other three studies [5, 17, 33] assume that the intensity of the electric field is 

constant. These works limit to the study of a heat conduction problem described by 

equation (1.1) under different assumptions for the nonlinear term G and the geometry 

employed. In the following paragraphs, we explain the main points of each study. 

Tian presents an overview of practical aspects for ultra-rapid of sintering ^ ceram

ics in single mode applicators such as the thermal runaway phenomenon. He solves 

^Sintering homogenizes porous material through microwave heating without melting it. 
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the heat equation (1.1) using an explicit finite difference method and assuming that 

G = Keta.ii6\E\- {K is a constant, etan^ is the dielectric loss factor). Based on 

experimental observations and numerical simulations, he details a list of practical 

suggestions to improve the sintering of ceramics. In particular, Tian concludes that 

to prevent thermal runaway, changes in the thermal conductivity of ceramics and 

finer control of the power input should be added to the sintering process. 

In contrast, Coleman [5] investigates analytical solutions of equation (1.1) and 

focuses on finding conditions to obtain temperature blow-up in finite time using forms 

of the nonlinear term such as .4e"^, AT" , and (Arrhenius Law). Coleman 

uses linear perturbation analysis to show that a small thermal perturbation could blow 

up to form a hotspot. By numerically solving equation (1.1) using a finite difference 

scheme, he corroborates the analytical conclusions and describes the limitations of the 

model and method. He points out the need to construct a more complex mathematical 

model by coupling the dynamics of the electromagnetic field to the source of heating. 

A slightly more involved model is developed by J. M. Hill and N. F. Smyth [17]. 

They study the hotspot phenomenon using the classical heat conduction equation 

(1.1) with G = 76^. They consider planar, cylindrical, spherical, and rectangular 

geometries for the objects to be heated, and they obtain closed form steady-state 

solutions for the two first cases. Such solutions predict the formation of hotspots 

and further stability analysis confirms thermal runaway beyond a threshold value of 

temperature. They also use full finite difference numerical solutions to corroborate 

their analytical findings and predict thermal behavior in regimes where closed form 

expressions are not obtainable. 

Hill and Pincombe A. H. [16] model microwave heating of a infinite slab using a de

coupled heat equation. Their model incorporates more realistic thermal information, 

i.e., a heat source which decays exponentially with distance and increases directly 

proportional to temperature, G = ae~^^T^ and G = . They examine tem

perature profiles for special cases of the models and transient thermal distributions. 
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Their work is one of the first in which the electric and magnetic field equations are 

presented and solved (assuming all parameters to be constant). Although they un

couple the equations, the authors do solve the electromagnetic field and obtain the 

traditional exponentially decaying solutions. 

In response to increasing demands from industrial research, there has been a 

sustained effort to incorporate more realistic physical situations into equations (1.2) 

and (1.1). In contrast with the earlier works, more recent efforts study hotspots in 

microwave heating by using nonlinearly coupled system similar to (1.1) and (1.2). 

These efforts take advantage of the different space and time scalings in this model 

and the small physical parameters associated with the nonlinear coupling. .A.s a 

result, the models are more accessible to theoretical analysis and the use of standard 

perturbation techniques. 

Smyth [34] analyzes microwave heating of materials with small thermal diffusivity. 

He presents a systematic derivation of a coupled system of equations that governs this 

process. The system is solved for a linear conducting medium using an asymptotic 

approximation for small thermal diffusivity and geometric optics for the wave equa

tion describing the electric field. This work does not address the particular issue of 

hotspots. However, using same derivation and model, Pincombe and Smyth [32] find 

criteria for when hotspots can form. They use multiple scale perturbation techniques 

to find solutions for special cases of the dependence of the material properties on tem

perature. In particular, they obtain solutions of the temperature and electric fields 

when the system is decoupled by assuming constant values of the electric conductivity 

and wave speed. They also present numerical results which agree with their analytical 

conclusions. 

In the last decade, A.G. Kriegsman has made a remarkable contribution to this 

field studying some of the complex dynamics hidden in microwave heating. He has 

focused in understanding the governing physics and incorporating more realistic situ

ations to the model. This approach has generated important analytical developments 
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for specific experimental values of parameters and geometric designs. 

Specifically, Kriegsman studies the heating of a thin, ceramic cylinder in a single-

mode applicator in the regime of the small Biot number limit [25]. This approximation 

reduces the original three-dimensional heat equation to a one-dimensional problem 

and accounts for the loss of heat through the surface. In many of his works, he finds a 

heat equation in which the nonlinear term represents a bistable relationship between 

the power and temperature [22, 20, 31]. 

Kriegsman has developed a systematic mathematical modeling theor\- which in

cludes S-matrix theory and a small Biot number asymptotic analysis. His theory has 

inspired many related studies on microwave heating (for example, [4, 3, 2, 15. 14. 22. 

25, 31]. His derivations, particularly for the thermal aspects, have become a standard 

procedure. 

In 1997, Kriegsman studied the formation and propagation of hotspots in ceramic 

fibres heated by microwave energy. His model incorporated most of the features of 

an actual experiment. This model is a one-dimensional reaction-diffusion equation 

which contains a functional as the nonlinear term and time-harmonic solutions of the 

electric field. His solutions give a plausible explanation of the hotspot phenomena. 

The results agree qualitatively with experiments, and predict observed trends. Most 

recently he has expanded his results to include more rigorous studies of problems 

related to microwave heating [2, 15]. 

Particularly important for the purposes of this dissertation is the work of Garci'a-

Reimbert, Minzoni, and Smyth [14]. Building on the previous works of Kriegsman 

and others, in 1996 they studied the formation and propagation of hotspots in a 

single-mode, coaxially-loaded, cylindrical cavity. See FIGURE (1.1). In their study. 

Garci'a-Reimbert et al. assume that a plane wave of high frequency radiation impinges 

upon the left boundary of a dielectric beginning at time i = 0. The left boundary 

is positioned at the origin. The left end of the cylinder is assumed to be perfectly 

thermally insulated, so that energy can only be lost due to diffusion from the cylin-
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dielecvc 
lacident field 

FIGURE 1.1. Geometrical configuration of a coaxiUy-loaded, cylindriccd cavity. A cylindri
cal dielectric heated inside a semi-infinite cylindrical waveguide. An incident electric field 
impinges upon the left boundary of the rod. 

drical boundary of the rod. They also assume that the cylinder is infinite and the 

detuning effects and the interactions between the dielectric and the waveguide are 

ignored. The study does includes the interaction between the temperature front and 

a non-uniform electric field. They also consider a general, cubic, bistable, nonlinear 

term in the heat equation. This term qualitatively captures the relation between the 

intensity of the electric field intensity and temperature, and the loss of heat through 

boundaries. The cubic bistable form of the nonlinear term also appears when study

ing steady-state solutions to related problems [23, 24, 21, 20], Regarding the electric 

field, Garci'a-Reimbert et al. use a WKB approximation to obtain asymptotic results 

in the limit of small thermal conductivity. They study the thermal behavior in the 

limit of small thermal diffusivity. 

1.4 Results of This Dissertation 

The mathematical model utilized in this work is identical to the one derived by Garci'a-

Reimbert et al. [14]. The present work confirms and extends the results presented in 
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[14]. 

Our analysis includes a free-boundary-problem approach which retains the asymp

totic nonlinear characteristics present in the wave equation unlike [14] and we are 

able to obtain results whose validity extends to a wide class of materials since the 

magnitude of the electrical conductivity is not restricted to small values. 

To accurately predict the steady-state location of the temperature front and the 

profile of the electric field, a standard singular asymptotic analysis of the temperature 

equation reduces the system when the ratio of temperature diffusivity to temperature 

reaction rate is sufficiently small. The approximation for the field and the subsequent 

prediction for the temperature front work well for both large and small conductivities. 

Steady-state solutions are used to obtain an ODE for the time evolution of the 

electric field as it relaxes to the steady-state. This ODE appears to accurately describe 

the time scale of the E field's front evolution even in the absence of a temperature 

front. When thermal diffusivity is sufficiently small and the coupling between tem

perature and electric field obeys the regime described by free boundary problem, the 

solution of this ODE also describes the time evolution of the temperature front. 

We also study the formation of a temperature front at the left boundary- of the 

cylinder. Under the assumption of small diff"usivity, the dynamics of the temperature 

field at x = 0 is studied in detail. We provide for the first time a rigorous footing 

to some of the formal results obtained in the first chapters. In particular, using the 

contraction mapping principle, we prove the existence of steady-state solutions of the 

coupled electric/temperature field model as the free boundary problem. 

1.5 Outline of This Dissertation 

The rest of the dissertation is organized as follows. In chapter 2, we discuss a detailed 

derivation of the model starting with a three-dimensional Maxwell's wave equation 

and a nonlinear heat equation. We follow the reduction found in [14] for the wave 
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equation and a standard reduction given by Kriegsman in [25]. 

In chapter 3, we present a singular perturbation analysis for the heat equation in 

the limit of small thermal diffusivity. We present a phase plane analysis for a bistable 

nonlinear heat equation showing the range of dynamical behavior that temperature 

develops when is coupled to the electric field through the nonlinear term. The lead

ing order solutions yields a simplified equation which reduces the system to a free 

boundary problem (FBP). In the subsequent chapters, we will study the solutions of 

this asymptotic approximation and explain its validity and limitations. 

In chapter 4, we consider the form of the temperature profile given by the outer 

solutions of a standard matching asymptotic procedure used in the previous chap

ter. Although the thermal structure possesses a variable speed, its profile resembles 

a traveling front (once it has completely formed). Consequently, our formal analy

sis successfully borrows mathematical methods from traveling wave approximation 

theory to understand the temperature front's interaction with the electric field and 

its location in steady-state. In addition, we approximate the temperature front as a 

step function. Having chosen this profile for the temperature, the FBP is amenable 

to analysis. We obtain a closed form expression for the steady-state solution of the 

electric field and a condition which implicitly determines the location of the front. We 

present three distinct regimes to illustrate the agreement between our analytical and 

numerical results of the full system, and to show how our work generalizes previous 

results for the same model. We also explain the limitations of our approximations. 

In chapter 5, we use an approximate time-dependent profile for E to obtain 

an ODE for the time evolution of the electric field as it relaxes to a steady-state. 

This ODE contains coefficients which depend on the independent variables, x and t. 

through the temperature and intensity of the electric field. To solve the ODE, we 

use the steady-state profiles derived in the previous chapter. We use quasi-stationary 

coefficients to reduce the original ODE to one with constant coefficients, and there

fore a closed form solution. This solution appears to accurately describe the time 



22 

scale of E field's wave evolution even in the presence of a weak dependence with the 

temperature field. We will show that in a regime of low thermal difFusivity and proper 

coupling, the solution of the simplified ODE also describes the time evolution of the 

temperature front's solution. 

A section of chapter 5 is devoted to the formation of a hotspot at the left boundary 

of the cylinder. This insulated boundary undergoes a large absorption of energy 

which results in a rapid steepening of the temperature distribution in the region of 

the insertion of energy (at x = 0). As the sample heats up, the temperature reaches 

a stable value at x = 0 and the temperature front starts moving inside the cylinder. 

Because E{0,t) = 1, a leading order approximation of the heat equation at r = 0 

leads us to a heat equation that is completely solvable and describes the fast time 

scale for the normalized temperature to raise its value from zero to the unity. 

In chapter 6, we present a rigorous proof of the existence of a unique steady-state 

solution to the free boundary problem using a contraction mapping argument. The 

magnitude of the electric field is represented by an oscillator-like equation in which 

the coefficients depend on temperature. In a conveniently weighted space, we define 

a closed, nonlinear operator which satisfies the contraction mapping theorem. 

In chapter 7, we explain the numerical methods used to simulate the full original 

system and how they compare with our analytical results.q For example, we discus 

the reduction of the temperature profile in the free boundary problem to a simple 

step function, which allows us to obtain closed form solutions for the steady-state 

solutions. 

In chapter 8, we present a short summary of our results and discuss the significance 

of our findings. We close with presenting some directions for further research. 

The results in the thesis represent joint work with Dr. Jack Xin ^ and Dr. Ben

jamin P. Luce 

"Thesis Advisor, University of Arizona, xin@niath.arizona.edu. 
^Benjamin P. Luce, Los Alemaos National Laboratory, Theoretical Division, luceb@t7.lanl.gov. 

mailto:xin@niath.arizona.edu
mailto:luceb@t7.lanl.gov
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Chapter 2 

MODELING ELECTRIC VOLUMETRIC HEATING 

In this chapter, we discuss the thermal and electromagnetic mathematical representa

tions describing electric volumetric heating. In the sections (2.1) and (2.2), we derive 

the electromagnetic wave equations from the Maxwell's equations, and a temperature 

flux equation from Fourier's Law for transfer of heat. The equations exhibit a strong 

coupling through nonlinear terms and coefficients which interweave the thermal and 

electromagnetic phenomena present in electric heating. 

2.1 Electromagnetic Field Equations 

Maxwell developed a unified treatment of electric and magnetic fields in the 1860's. 

His equations for electric and magnetic intensity fields E and H and the electric and 

magnetic induction fields D and B are the differential forms of Faraday's, Ampere's 

and Gauss' laws. In MKS units, they can be written as: 

V x E = - B t ,  (2 .1 )  

V X H = J + Dt, (2.2) 

V-D = q, (2.3) 

V • 5 = 0, (2.4) 

where q  and J  are the electric charge and the electric current density. Also E ,  B .  H ,  D .  

and J are complex functions defined in a domain U such that U C C^(R^) x C(R). 

In this way, Maxwell's equations connect the six basic electromagnetic quantities . To 

allow a unique determination of the field vectors from a given distribution of currents 

and charges, these equations must be supplemented by relations that describe the 

behavior of materials under the influence of the field. On a macroscopic scale, the 
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efifects of the electromagnetic radiation on a non-conductive medium (9 = 0) are 

described by the constitutive relations, 

D = eE, (2.5) 

B = iiH, (2.6) 

J = aE, (2.7) 

where e,  a ,  and n are the electric permittivity, electric conductivity, and magnetic 

permeability, respectively. These characterize the electrical properties of a material. 

In general, they are functions of the applied field strength, the position within the 

medium, the direction of the applied field and the frequency of the radiation. 

In a medium with two regions, 1 and 2, the behavior across the boundaries is 

governed by the following boundary conditions: 

n X {E2 — El)  = 0, (2.8) 

hx{H2-  Hi )  =  0 ,  (2 .9 )  

h - {D2-Di )= Q,  ( 2 .10 )  

h - {B2 - B i ) =0 ,  ( 2 .11 )  

where h is normal unit vector to the boundary. These equations are derived using 

the integral form of the Maxwell's equations, and are valid for material without free 

charges. In general, equations (2.8)-(2.11) describe how the normal components of 

D and B and the tangential components of E and H are continuous at interfaces 

that separate distinct media. Particularly, equation (2.8) states that the tangential 

components of the electric field are continuous between two media with no impressed 

magnetic current densities along the interface. In addition, the tangential components 

of the magnetic field across an interface between two media, (which are not perfect 

conductors) are continuous, as given in (2.9). Equation (2.10) states that the normal 

components of the electric flux density across an interface between two media, both 
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of which are imperfect electric conductors are continuous. The fact that the normal 

components of the magnetic flux density are continuous across an interface between 

two media is expressed by (2.11). 

Maxwell's theory of electric and magnetic fields, and his understanding that they 

propagate as waves, have proved to be one of the great milestones in scientific thought, 

and have contributed to a unified comprehension of many phenomena. For instance. 

Maxwell showed that the system (2.1)-(2.4) can be reduced to wave equations de

scribing the propagation of the electric and magnetic fields. 

To derive the electric wave equation, one takes the curl of (2.1) and using (2.6), 

one obtains 

Then using Maxwell's equations (2.2)-(2.4) and the constitutive relations, (2.5) and 

(2.7), the right hand side of equation (2.12) expands as follows: 

V X V X ^ = —V X BT = —V X (2.12) 

(VM) x H t  + ̂ (V X H t )  + ( V f x t )  x H  +  X H )  

V/i X —— X E — + /i(V X H)t + X H + /i£(V x H) 

--^V(V xE)+fM(aE+ + fxt (aE + (eE)t'^ 

fi{crEt + <JtE + ̂ Ett + 2etEt + ̂ tt^) + fJ-t (^crE + eEt + 
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Some rearrangements leads to 

V X + (YUCT + 2/IET + YIIJE) £•{ + (/ZCTT + ̂ ET£ + 

X (V X £) + V/Z£ X F + F MV-) X H 
(J- V M/ 

= fieEtt + (A'O" + 2^ef + fj,te) Et + {fJ-at + iieu + MtO" + E 

.Yr X (V X £) + Vnt + mV- X H 

= + {[J'Cr +  2fj ,e t  +  fj . te)  E t  + {f ia t  +  fieu +  ii tcr  +  E 

^ E ) + ^ l ( X H .  
[J- \ J 

On the other hand, the left hand side of equation (2.12) is identically 

(2.13) 

V X V X ^ = V(V • E) -  V^E (2.14) 

where the factor V • ^ of the first term in the RHS can be otherwise represented by 

substituting (2.5) into (2.3) 

V • D = V • {eE)  = Ve • £; + eV • E = 0. (2.15) 

Equation (2.15) gives, 

V • E  = -E 
€ 

(2.16) 

which when substituted into (2.14) yields 

V X V X E = -V{E • —)  -  V-.E. (2.17) 

Equating equations (2.17) and (2.13)) and making some rearrangements, we obtain 

c2v(E • —)  + = Ett  + { -  + — + —)Et  + 
e e  e  f i  

e / j ,  e f j .  e  '  ^ le  

- ( V — X H \ -  I - V I I )  X  (V X E), (2.18) 
e \  J II  
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where c represents the light velocity at free space and 

This equation (2.18) can be re-written also as 

e e fjL e 

+c^V{E •  —)  +  - ( ^  X V^ )  -
e e 11 

(p-
(V X  E )  X  V f i .  (2-19) 

A tedious manipulation, similar to the one used to derive (2.19) yields a general wave 

equat ion  for  the  magnet ic  in tens i ty  f ie ld  H 

= -{-  + -  + 2^)Ht  + 
e e 

+ {c^afxt + -

- c^W{H • —) + Va X ^ + (Ve X E)t .  (2.20) 
IJ-

Equations (2.19) and (2.20) together with the boundary conditions (2.8)-(2.11), 

and an initial condition (for instance, the fields are switched on at i = 0) constitute 

the initial-boundary problem describing the propagation of electromagnetic waves 

into matter. 

Nevertheless, this problem cannot be solved in general because the nonlinearities 

present through the coupling between electromagnetic and temperature fields and 

the nonlinear response of the thermal and electrical parameters to temperature. The 

strong nonlinear character of the system precludes any analytical solution. 

Fortunately, one can make several assumptions to obtain a more tractable problem. 

For instance, if the field is time-harmonic, and the material is homogeneous and 

isotropic, the wave equations (2.19) and (2.20) reduce dramatically, as it is shown 

in section (2.3). Other simplifications follow by focusing on the details of a given 

problem. For instance, a symmetric geometry reduces the dimensions of the equations, 

a given material may restrict the values of the electrical parameters and their relative 

rates of changes. In addition, the intensity of the electromagnetic radiation restricts 
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the possible responses of matter. Several of such simplifications will be explained and 

implemented in the following sections. 

2.2 Temperature Field Equation 

The heat equation, or diffusion equation, describes the evolution in time of tem

perature T e U (Z C^(R^) X C(R). The rate of change of the temperature field 

T = T{x, y, z, t), within a region U equals the negative of the net flux F through dU 

according to 

f TdV = - [ F- n d S  (2.21) 
"t Ju Jau 

where p and Cp are, respectively, the density and specific heat of U. Volume and 

surface are denoted by V and 5, and h represents the outward normal of 5. 

Applying the divergence theorem to the right hand side of equation (2.21), we 

conclude that 

pCpTt = -div • F. (2.22) 

If there exists a source of heat G inside the region U, a balance equation for the 

conservation of energ}'' modifies equation 2.22 to 

pCpTt = —div • F + G. (2.23) 

On the other hand, Fourier's law describes the conduction of heat from one point to 

another by 

F = — A: grad (T), (2.24) 

where k is the thermal conductivity that represents the quantity of heat transmitted, 

due to unit temperature gradient, in unit time, in a direction normal to a surface of 

unit area. 
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On the other hand, the function G in equation (2.23) is defined as the average 

energy transported by the electromagnetic wave and depends on the temperature of 

the material. Moreover, the rate by which energy is transported by an electromagnetic 

wave across a surface element of differential area dA is measured by the Poynting 

vector S which is defined as 

S = E X H. (2.25) 

Equation (2.25) has a widely accepted representation when E and H are perpen

dicular to one another and are in turn perpendicular to the direction of propagation. 

The energy always flows in the direction of propagation of the wave and is given by a 

function which is proportional to the square root of the electric field [19]. Moreover, 

from the conservation of energy and the thermodynamic assumption of local thermal 

equilibrium of the material (i.e., it has a temperature value at each point), we write 

G = \E\^a{T)/2 as explained in [26]. 

Moreover, we substitute (2.24) into (2.21) and find that the transfer of heat is 

described by the following nonlinear heat equation 

pC^T, = div(A: grad(r)) + |^|V(r)/2. (2.26) 

On the other hand, when convective and radiation cooling is considered, a balance 

equation on the boundaries is given by: 

fcgrad (T) + h{T - T^) + se{T^ - T^) = 0, (2.27) 

where h is the convective heat constant, s is the radiation heat constant, e is the 

emissivity of the surface and Ta is the ambient temperature of the surrounding medium 

which is always considered to be a constant. However if an insulated boundary is 

considered, there is no transfer of heat and it is represented by 

kgra.d{T)\au = 0. (2.28) 
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In the rest of this dissertation, we consider equation (2.26) along with the boundar}-

conditions (2.27)-(2.28) and the initial condition 

r(i,y,2:,0) = (2.29) 

to describe the absorption and transfer of temperature inside a region U. The solu

tions of problem (2.26)-(2.29) are well understood when G = 0. This case is trivial: 

the initial conditions decay to zero as t grows. However, for G # 0 a number of dy

namical behaviors may occur. An interesting case is when G couples equation (2.26) 

to equation (2.19). In this case, temperature at a given point is determined by molecu

lar diffusion and a source of heat from electromagnetic radiation, i.e. G = G{T. I^l^). 

When matter absorbs energy and converts it into heat, the temperature increase 

changes the electrical and thermal parameters of the material which ultimately de

termine the way energy is absorbed. A mutual feedback evolves into a complex, 

intriguing, and hopefully controllable physical problem. 

2.3 A Mathematical Model for Hotspots 

The system formed by (2.1)-(2.11) and (2.26)-(2.29) is fraught with nonlinearities 

which strongly control the dynamics of the temperature and electromagnetic fields 

making the system difficult to solve. Consequently, in the following sections (2.4) and 

(2.5) we implement simplifications to reduce the original problem to a more tractable 

one, while retaining the predominant mechanisms. 

Although the original system is a general description of the mechanisms found 

when an electromagnetic field heats matter, the focus of this dissertation is the study 

of hotspots. This allows some simplifications that make the problem more tractable. 

There are two main sources of simplification of the three-dimensional, nonlinear, 

coupled problem. The first depends upon the parameters and are mostly based on ex

perimental observations. The second relies on the geometrical configuration adopted 
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for the material, the waveguide and the form of the electromagnetic waves. The latter 

allows a one-dimensional model for localized high-temperature regions. 

2.4 Reduction Due to Parcimeters 

We begin by considering that the coefficients p, Cp, e, and are constant. Although 

they all depend strongly on temperature, their variation is considered small when 

compared with the changes of the electrical conductivity a. This assumption is real

istic since the changes in this parameter are one or two orders of magnitude greater 

than the changes in the rest of the thermal and electric parameters [29]. 

Moreover, the time scale for electromagnetic propagation occurs at approximately 

three orders of magnitude less than the time scale for diffusion . Therefore, the 

decaying term in equation (2.19), {(TE)t = crEt +(TtE, is dominated by crEt since by 

the same time scale, CTJ is negligible. Thus, the second term can be neglected. 

In addition, we assume that there is not preferred direction of the heat conduc

tion. Then the material is said to be homogeneous which implies that the thermal 

diffusivity, in equation (2.26), is represented by fc, and is considered to be a constant. 

The assumptions discussed above dramatically simplify the electric and magnetic 

wave equations (2.19), (2.20). They are now rewritten as: 

Ett - c^V'E + '^Et = 0, (2.30) 

Htt-c^V'H + (2.31) 

pCpTt = A: VT -H \E\^a{T) /2 .  (2.32) 

2.5 One-Dimensional Model for Hotspots 

In this section, we discuss a reduction found in [14] for the propagation of microwave 

radiation through a waveguide containing a dielectric. Both have a circular cylindrical 
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shape with an axis denoted by the coordinate x, and the cross section described by 

the polar coordinates r and d. See FIGURE (1.1). 

Regarding the temperature equation, Kriegsman, in [20] and [25] reduces the 

dimension of the general equation (2.32). Assuming a circular cylindrical geometry 

and a fixed value of the amplitude of the electric field , he develops an asymptotic 

theory in the limit of the so-called "small Biot number". This parameter represents 

the ratio of the losses of heat by convection compared to radiation. 

Despite the different geometrical configuration of the waveguide and its position 

with respect the incident field, the following reduction follows the one presented in 

[25]. 

Equation (2.32) is first written in cylindrical coordinates 

cPT' 
^Ts + 

dx^ 
+ \EfaiT)/2 (2.33) 

+ |^|V(T)/2, (2.34) 
I d dT, 1 fd^T\\ 

Tt = k 

-- ^ 
'  '  r  d r ^  d r  '  '  r ' ^  \  d d ' ^  J  J  '  d x " ^  

where S = {(r, 0) : 0 < r < a, 0 < 0 < 27r}. 

Regarding the boundary conditions of this equation (2.34), we want to point out 

that at the surface {{r,9,x,t) : r = a, x,t > 0,0 < d < 27r}, there is loss of heat 

through the surface of the cylinder. On the other hand, condition (2.28) applies to 

{{r,6,x,t) : 0 < r < a,x = 0,0 < t,0 < 9 < 27r} and describes the insulation of the 

boundary a; = 0. 

Integrating equation (2.34) across the cross section S, we obtain 

pCp^ f Trdrd9= f VsTrdrd9 + -̂  f Trdrd9 + f \Efc7{T)/2rdrd9. (2.35) 
dt Js Js dx Js Js 

Under the assumption of uniform heating at x = 0, the circular symmetry of the 

cylinder, the homogeneity of the material, and the form of cooling described by (2.27) 

then the temperature distribution will be axially symmetric. Consequently, the term 

^ is identically zero. In addition, the boundary conditions for the surface of 
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a circular cylindrical material is described by equation (2.27), which in this case is 

written as 

|r=a = -{h{T - T.) + se{T' - , (2.36) 

which allows us to re-write equation (2.35) as 

J Trdr = 2Tra^\r=a + 27r-^ J Trdr + J \E\MT)/2rdrde. (2.37) 

By considering T independent of d, we obtained the coefficient 27r in front of the three 

first terms of this equation with integration only on r. Under these conditions, the 

approach of Kriegsman and Varatharajah's in [25] is applicable. They introduced the 

nondimensional Biot parameter B = ha/k and showed that for B a/d, where d is a 

characteristic length of the rod, to leading order, the temperature becomes a function 

of X and t alone: that is, T = r(x. i)[l + 0{B)]. Then, equation (2.37) integrates to 

apCpTt = akT^^ - 2ha{T - TJ - 2sea{T^ - T^) + ̂  f f \E\'^criT)/2rdrdd. 
STT JQ JQ 

(2.38) 

Setting the nondimensional temperature T = and dividing it by haTa, the last 

equation reads 

- 2 [t + a(f + 1)-' - l] + X { f ) P ,  (2.39) 

where X{T)P ~ 2TrhaTa So fo^represents the electrical intensity 

across the cross section of the cylindrical rod. The factor 7(r) stands for the rate at 

which the material takes up energy from the electric radiation. Finally, introducing 

the dimensionless variables i = and i = |, equation (2.39) becomes 

- 2 ^ f  +  a { f  +  1)" - l] + A(f )P, (2.40) 

with d as a characteristic length for the cylindrical rod and a = ^. On dropping 

the tildes and applying same transformations on the initial and boundary conditions 
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FIGURE 2.1. Nonlinear bistable term (/ =) of the diffusion equation Tt = + pf with 
/ = (1 + — 2 [T + A{T + l)"* — l] amd values ci = 325, C2 = 13.3, and A = 0.09. 

(2.28) and (2.27), we obtain a dimensionless initial-boundary heat equation 

Tt  = r]T,x  -2[T + a{T+ I)'' - l] + A(T)P, (2.41) 

r , ( 0 , t )=0 ,  f>0 ,  ( 2 .42 )  

T (x ,0 )=0 ,  t> 0 ,  (2 .43 )  

As Kriegsmann pointed out in [25], the nonlinear initial boundary value prob

lem (2.42)-(2.43) constitutes the mathematical statement of small Biot number the

ory for the heating of a cylindrical rod. It is important to realize that the source 

term A(T)P — 2 [T + a(T -f-1)"* — 1] represents a cubic nonlinearity when assuming 

'y{T)P as an Arrhenius function equal to 1 -1- The bistable behavior of the 

nonlinear term is illustrated in FIGURE (2.1). The values of the magnitude of E 

determine the domain at which the coupling nonlinear term in the diffusion equation 

(2.42) takes this form. 

Taking the small Biot number limit and obtaining a bistable reaction term, as 

in (2.42), is now standard practice. For instance, consider the mathematical model 
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derived by Garcia-Reimbert in [14]. They recast equation (2.42) by replacing the non

linear part of the heat equations for a canonical cubic equation. Such generalization 

has proven to work very well also for problems in other fields with a similar quali

tative bistable nonlinear behavior [13]. In Garci'a-Reimbert work, equation (2.42) is 

transformed to 

Tt  = + X{T -  TaT + 7l^i)(ra - r), (2.44) 

and the boundary conditions (2.42) and the initial value (2.29) are kept the same. 

Regarding the electromagnetic fields equations, Garcfa-Reimbert adopt the most 

elementary simplifications for the electromagnetic waves: the transverse electric and 

magnetic modes, TE and TM. They are polarized plane waves where the field struc

ture is simplified by assuming that the values of these fields at each point in space 

have no components in the direction of propagation. In other words, the magnetic 

and electric field vectors lie in a plane transverse to the direction of propagation. See 

Fig. (2.2). To obtain the contribution of the magnetic and the electric field in the di

rection of propagation, a linearized version of equations (2.19) and (2.20) can be used 

and a standard separation of variables procedure is employed. As Garci'a-Reimbert 

in [14], also assume that reflected waves and the mixed modes are ignored and the 

incident one is written as 

Einc = E {x, t)En{r, e ) .  (2.45) 

where En is one of the transversal modes lying in the plane {r,d). This mode is 

associated to the eigenvalue problem VEn = —X^En- Moreover, as it is explained in 

[14], the transverse dependence of the incident wave coincides, at x = 0, with one of 

the transversal linear modes, i.e. E{x,t) = Eqc^'^K 

We should mention also that since most of the materials subjected to microwaves 

are typically non-magnetic, the contribution of the magnetic field can be mostly 

neglected and equation (2.19) conveys most of the physical effects in the heating of 
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direcdon of 
propagation 

FIGURE 2.2. Illustration of plane-wave components. The magnetic and electric field 
vectors lie in a plane transverse to the direction of propagation. 

materials, [27]. Moreover, the term (VC) x ^ in equation is considered small because 

of the isotropy argument used earlier. 

Note that the use of the linear solutions for the TE and TM is consistent with 

the thermal homogeneity of the material in the transversal direction. Substituting 

the separate form (2.45) into the three-dimensional equation (2.30), using boundary 

conditions (2.8)-(2.11) and projecting onto the corresponding mode, Garci'a-Reimbert 

obtain the following scalar equation for the electric field 

Ett{x, t) — (?Exx{.x, t) + X\E{x, t) + ̂ ^^Et{x, t) = 0 ,  X > 0, t > 0, (2.46) 

with initial and boundary conditions given by: E{0,t) = {t > 0), and 

E{x,0) = Et{x,0) =0 ,  (x  >  0 ) .  Eq and q correspond to the magnitude and fre

quency of the incident wave at x = 0 and w is a scaled frequency for the frequency 

of propagation of the mode En 
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As in Garcia-Reimbert, the initial-boundary problem (2.44) and (2.46) are nondi-

mensionalized by using the change of variables i = wt,x = ^,E = •§^,T = ^,7 -
p^3 » 

^,cfo = cro,<fi = cTi,!/ = and A = ^. On dropping the tildes the new 

equations for the electric field and temperature form the following one-dimensional 

system to describe hotspot formation: 

E t t - + \ ^ E +  a { T ) E t = Q .  (2.47) 

Tt = uT,, + pf[T^E\), (2.48) 

for X > 0, t > 0. The corresponding initial and boundary conditions are: 

m t )=e"S  

E{x, 0) = Et{x,Q) = 0, 

and 

rx(0, t)=Q, 

r(a:,0) =0. 

Moreover, the coupling between equations (2.47) and (2.48) is defined by: 

f{T,\E\) = {T^-T + -i\E\){l-T). 

a = ao + giT. 

Remark 2.5.1. Notice that two widely separated time scales are present in these 

equations, the electromagnetic radiation travels at a vastly larger speed than heat dif

fuses. This is translated into the condition of v 1 to equation (2-48). 

Remark 2.5.2. Finally we should point out that due to the real coefficients on the 

cubic nonlinearity, there will either be three or one real roots which case occurs at a 

given point in space is determined by the values of X\E\. A more detailed analysis 

of this equation will reveal a bistable dynamical behavior which eventually leads the 

existence of traveling wave solutions for the temperature. 
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Chapter 3 

FREE BOUNDARY PROBLEM 

The main goal of this chapter is to find a practical approximation to equation (2.48) 

which partially solves the model (2.47)-(2.48). Using techniques derived from trav

eling wave approximation theory, we find a solution for temperature, T, in the limit 

of small diffusivity. This asymptotic solution is the leading order solution of a free 

boundary problem, (FBP) in which the moving boundary corresponds to a tempera

ture front whose dynamics depend on the magnitude of the electric field. The loca

tion of the "free boundary" is defined as the instantaneous penetration depth of the 

hotspot into the medium. 

This chapter is organized as follows. In the next Section 3.1, we discuss the 

algebraic behavior of the nonlinear source term of the heat equation. In Section 

3.2. we employ a traveling wave approximation for the heat equation to study the 

solutions in the phase plane. This analysis enables us to identify the conditions which 

guarantee the existence of a propagating temperature front. 

The phase plane analysis suggests the use of a singular perturbation approximation 

for the heat equation in the limit of small thermal diffusivity. This is done in Section 

3.3. In this regime, the solutions of equation (2.48) mimic some of the essential 

geometrical and dynamical attributes of a traveling wave solution at the last stages 

of its evolution. This approximation results in a free boundary problem, (FBP). The 

validity and limitations of which are explained in the last part of this chapter. Section 

3.4. Unveiling its solutions is the main focus of the rest of this dissertation. 
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0.8 

T 

FIGURE 3.1. Nonlinear term for different vaiues of fj.. f has only one real root 
(Tr) when 1/4 < ^ < 1. The value /i = 1/4 (one single and one double real roots) is a 
bifurcation point where / changes to have three real roots (T/ = 1,T5 and Tr) for values of 
IX < 1/4. 

3.1 Bistable Nonlinear Heat Equation 

Although the temperature, given by solutions to the equations (2.48) (Tj = + 

pf{T, |£'|)), depends on the magnitude of the electric field, it can be analyzed as 

the values of |£'| are between 0 and 1. The adoption of this range of values of the 

normalized |£'| is briefly explained next. 

Consider the equation for the electric field, (2.47), where cr is a positive function 

depending only on time, t. We can extend the domain of the function E to include 

the whole real line in space by setting £• = 0 in the negative semiplane. Using 

Fourier analysis, Evans shows in [8] that a representation solution of a equation like 

this decays like 0(6"°^/^). Then, the max \E(x,t)\ = 1 = |£'(0,t)|, for all x,t > 0. 

Numerical observations of the full system in previous works [14] and in the present 

dissertation confirm this behavior. 

For simplicity and without loss of generality, we consider 7 = 1, then let ^^ = \E\ 
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such, that varies from zero to one. We thus analyze the following equation, 

Tt = + pf{T, fj.), (3.1) 

where u, p and n are positive parameters and 0 < < 1. The use of the parameter ii 

independent of x will provide much of the basis to understand equation (2.48). 

The nonlinear source term is / = (T^ — T + — T)  whose algebraic behavior 

depends on the values of fx. In particular, / can be written as 

f  =  {T~Ti ){T-Ts ){Tr -T ) ,  (3 .2 )  

where the roots are given by 

Tr = 1, (3.3) 

= v'l-4f). (3.4) 

T.  = i( l  +  y i -4 p ) .  (3 .5 )  

From equations (3.3)-(3.5), it is clear that the function / has only one real root {Tr) 

when 1/4 < ^ < 1, whereas it has all three real roots Tr,Ti and for values of 

H < 1/4. Thus, the value /i = 1/4 is a bifurcation point where changes the number 

of roots of /. When yu exceeds 1/4, only the largest root (equal to one) exists. Tliis 

situation is illustrated in FIGURE (3.1). When / has three real roots, it is possible to 

find traveling wave solutions to the heat equation. It will be shown later that (when 

Tr exists), Ti and Tr are stable fixed points while Tg is unstable fixed point of an ODE 

defining the profile of the temperature field. 

3.2 Traveling Wave Solutions 

In this section, we study a traveling wave solution of equation (3.1) where the nonlin

ear term, /, does not depend on x explicitly. Equations like this are well understood 

and rigorously solved in [10]. We present the main points from [10] which determiae 

the existence of solutions traveling with certain speed and shape. 
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A traveling wave solution is a solution of the form 

T{x,t) =U{T])  = U{ x - v t ) ,  (3.6) 

where U is the wave profile, v is the wave speed, and such that 

T Ti as X —)• 0, T Tr as x oo. (3.7) 

Plugging (3.6) into (3.1), one finds U must satisfy the ODE 

uU" + vU' + pfiU, n) = 0, 
d_ 

drj 
(3.8) 

subject to the boundary conditions 

lim U, = Ti, \imUr,^+oo =Tr. (3.9) 

The traveling wave we seek is thus a "heteroclinic" solution of the equation (3.8) 

which connects the stable point T = T/, at —oo, to the stable T = at +oc. We 

look at the phase plane of the ODE (3.8) and (3.9) by first setting, 

with equilibrium states determined by the conditions, = 0 and = 0. 

Therefore, for a given fi, these states are located on the axis U at the points determined 

by the roots of the function /. As it was explained in the last section (3.1), when 

1/4 < fi < 1, the only real root of f is U* = Ti, whereas for 0 < ^ < 1/4, / has three 

real roots, U* = Tr, Ts, Ti as defined by equations (3.3)-(3.5). 

On the phase plane, we look at the critical points and linearize the function 

/ around those points to obtain qualitative information of the local dynamics of 

solutions. We follow the standard procedure of Taylor expanding f{U* + 5U* , IJ. )  

around a fixed point U*. The results are presented in the following section, 3.2.1. 

W = U\ (3.10) 

so that (3.8) and (3.9) become the autonomous first order system. 

(3.11) 
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3.2.1 Linearization 

At the critical points U*, the corresponding linearized system to (3.11) reads 

(3.12) 
W' = -lVV-e.Uf'{U•,^L), 

which can be written as Z' = AZ^, for Z = {U, W), is its transpose, and 

The eigenvalues of the corresponding linearization are 

These eigenvalues are determined by the discriminant (^)^ — 4/'(t/*,yu) and by 

the values of fx. When fx < 1/4, (Tr,0) and (Ti,0) are saddle points, because the 

derivatives of / at these points are negative, as illustrated by FIGURE 3.1. However, 

the nature of the critical point (T^, 0) is determined by the relative values of (^)- and 

4^/'(ty'*,/i), considering that f'{U',/j.) is strictly positive. 

Further, for fixed values of v and p, the eigenvectors corresponding to (3.14) 

depend upon the parameter |^|. A more refined analysis, as in [8], shows that the 

essential ingredients for the existence of a homoclinic orbit connecting the two stable 

critical points are the bistable nature of f and a sufficiently large magnitude of \^\. 

Consequently, in order to guarantee the existence of traveling solutions for equa

tions like (3.1), we need to have a sufficiently large |^|. This can be achieved by 

allowing i/ to be as small as needed. Fortunately, the actual values of u for most of 

materials subject to microwave industry are found to be very small [1]. In addition, 

we have shown that for ^ < 1/4, / presents the required bistable behavior. 

Therefore, the bistable property of / and the smallness of u legitimize the use 

of singular asymptotic methods for the equation (2.48) in the limit of small thermal 

diflFusivity. These are employed explained in the following section. 
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3.3 Asymptotic Approximation 

When the ratio pju is small, numerical observations of solutions of equation (2.26) 

show a sharp frontal structure which propagates inside the cylinder with a variable 

speed. Although these fronts are not necessarily traveling waves by the precise defi

nition, most of their dynamics can be formally studied following procedures used to 

study traveling waves. 

In the case when / does not depends on x, the dynamical theory is pretty well un

derstood and the existence of globally stable traveling wave solutions has been proved. 

Moreover, when / depends on x, Fife and Hsiao [11] also add some rigorous theory to 

the well developed heuristics. For example, they prove the existence of solutions of 

structures which travel at variable speed, which includes the initial formation stage 

of the front, like the case studied here. 

In the present study we deal with a system of equations where / depends on the 

fields T{x,t) and \E{x,t)\. Similar systems have been formally studied in different 

applications; see for example the discussions in [10], and references therein. 

When -ylE] > 1/4, f(T, |£'|) has only one root and the evolution of the temperature 

field is dictated mainly by Tt = p/(T, |E1) (except near to the sharp frontal structure). 

In this regime, the temperature is a monotonically increasing function of time which 

asymptotically approaches the value one. When the value of T is small, / approaches 

one and T evolves quickly; on the contrary, when T is close to one, / approximates 

zero and T relaxes gradually in the final stages. This behavior partially explains the 

rapid formation of the temperature front. Moreover, it helps explain the slow motion 

of the front once it has already formed. 

However, when 'y\E\ < 1/4, the dynamics of the temperature field becomes more 

interesting and complicated. For this situation, we use a reduction that we refer to 

as a free boundary problem. This is a procedure that has been found to be useful 

in similar problems, see for example [38]. We begin by solving the equation for 



temperature using a singular perturbation expansion in the limit of small ujp. 

3.3.1 Boundary Layer Analysis 

When 1/ -C 1, the diffusion term in (2.48) is negligible for most of the domain, except 

near to the moving boundary. However, in a small vicinity of width i/, the contribu

tion of the second derivative on equation (2.48) plays an important role defining the 

profile of temperature, and the diffusion cannot be neglected. The contribution of 

the second derivative on equation (2.48) plays an important role defining the profile 

of temperature. Moreover, the "free boundary" formed by a temperature front moves 

at variable speed. These conditions suggest the study of equation (2.48) by using 

singular perturbation methods at the limit of low thermal diffusivity. 

In particular, we construct an approximate solution for the heat equation by using 

the method of matched asymptotic expansions. The outer solutioas will be found by 

a regular expansion, and the inner solutions by front layer expansion. 

In addition, we assume that p = O(^). This consideration emphasizes the fact 

that the temperature profile diffuses quite slowly but the effects of the nonlinear term 

/ take place much faster. 

3.3.2 Outer Expansion 

Henceforth, let Xs{t) denote the location of the temperature front which is a function 

of time as it describes the position of a moving interface. Away from the front, the 

solution of (2.48) may be approximated by truncations of the formal power series: 

T{x,t) = To{x,t) + i/Ti(x,t) + i/^T2ix,t), x^xs{t) (3.15) 
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Inserting (3.15) into (2.48) and equating the coefficients of power u, we find 

/(To, |£;|) = 0, (3.16) 

0 ( 1 ) :  To i  =  r i / ' ( r o , | £ l ) ,  (3 .17 )  

0{ u )  : Tu  =  To,. + ̂  + 72/'(TO, |£:|), (3.18) 

which we solve to find, respectively 

To{x, t) = < 
Tr, 
Ts. (3.19) 

~ ~ rrrni • (3.20) f'{To) • 

'y Ti t -Tqii - (TQ ) , - - , 

- — /'(.To) • (.3 — 1) 

It is important to note that Tq has three solutions, corresponding to the three real 

roots of /, in the case when ^\E\ < 1/4. Otherwise, Tq has only one root. Ti. When 

the complete domain is considered, the three values of Tq are present. Moreover, 

the values of the following leading order solutions, ... are guaranteed because 

/'(To) 7^ 0 for each of the three roots. Furthermore, these roots are functions defined 

by equations (3.3)-(3.5) found above. It is clear from such definitions that for each x 

and t, Tr < Ts < T[ — I, being both Tr and TJ stable while Tj is an unstable solution 

of (3.16). 

Although analytical solutions can be obtained at the next order, it is not necessary 

for the purposes of this dissertation to review these. For this reason, we only make 

use of the leading order solution Tq in the construction of the free boundary problem 

in the last section of this chapter. 



46 

3.3.3 Front Layer Expansion 

Near the front, the solution is represented by an inner expansion of the form 

t) + i) + t) , (3.22) 

where ^ is the stretched variable given by 

e = (3.23) 

Matching powers of u we have 

0{u ) :  + / ( / o ,  l ^ ' l )  — 0 ,  ( 3 -24 )  

0(1) : + A/'(-^Q: 1-E'l) =/Q£, (3.25) 

O M :  / 2 «  +  i J i f  +  / 2 / ' ( / o ,  | g | )  =  h ,  -  .  ( 3 . 2 6 )  

For each t, |£'| is approximately constant over the domain width. Notice that 

(3.24) is exactly the traveling wave profile equation (3.8). It is known that this 

equation has a unique globally stable traveling wave solution U{x — vt) satisfying 

U{±oc) = Tr^i for a unique value of v, (the solution U is unique, modulo shifts in the 

independent variable). Let us denote 

Xs=v{^ , t ) ,  ( 3 . 27 )  

= (3.28) 

For lEj fixed in time and sufficiently smooth in space, we may use an analytical 

expression for the solutions of (3.24) {Huxley's formula), derived in [30]. In this case, 

the explicit solutions of (3.27) and (3.28) can be written as 

/„ = , (3.29) 
1 + 
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and 

x.{t) = ^[2T„r-To,] = 

=  5 \ / Y ( l - 3 \ / l - 47 | £ : ( i , ( t ) ) | ) .  (3 .30 )  

Note that ^ ±00 implies Iq —>• while for ^ = 0, equation (3.29) leads to 

/o(0,t) = . This algebraic average represents the value of the temperature at 

the region where the outer solutions merge at the "free boundary". 

For a heat equation in higher dimensions. Fife showed in [10] that the order 

0(1) solutions of the inner expansion of equation (3.25) correct the approximation 

by adding effects of the geometry to the temperature front. For our purposes, a 

first order approximation captures the predominant description of the location of the 

front and the principal effects for its coupling to the electric field. This is extensively 

discussed in the next chapter. 

3.4 Free Boundary Problem 

We have gathered all the ingredients which make up the free boundary problem (FBP) 

formed by retaining Maxwell's wave equation (2.47) and substituting for the original 

diffusion equation (2.48) the leading order solutions (3.19) and (3.30). 

This simplification consists of finding solutions {E",T'^) —>• {E°,T°) and a free 

boundary, located at a: = Xs{t), which separates the space domain into two 

disjoint regions [0,Xs(t)] and [2:s(t),oo)- Also let us denote X[o,i,(t)] and X[xs{t),oc) 

as the characteristic functions of the described sets (functions which are identically 

one on the interval indicated and zero otherwise). 

The outer solution of temperature (3.19) is assumed to describe the distribution of 

temperature in the limit of small thermal diffusivity, i/. The subdomains of definition 

of this solution are determined by the value of [E"! through equation (3.33). The 

value of temperature for [0,a:5(i)] is the value of the stable root of /: Trd^i"!). For 
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the remaining outer domain, T is defined as the constant function equal one which 

corresponds to the other stable root of /: T/. 

The front position Xs{t) is now given by solving the ODE (3.30) which depends 

instantaneously on \E\ evaluated at x = Xs(t). 

Therefore, to leading order, the FBP is stated, for all x > 0, as follows 

with the boundary condition = e"''. 

In this way, the original system of two coupled, nonlinear partial differential equa

tions (2.47)-(2.48) has been reduced to a system formed by a nonlinear wave equation 

for E, an algebraic expression for T, and an ODE for the location of the temperature 

front Xs-

3.4.1 Discussion of the Free Boundary Problem 

In this section, we present a more intuitive discussion of several aspects of the free 

boundary problem. There are three main aspects concerning the new system. 

First of all, system (3.31)-(3.30) is valid under the assumption that the tem

perature front has already formed and travels at a certain speed, ignoring its ini

tial stages. This approach is similar to the fast interface asymptotic reduction of 

FitzHugh-Naguno systems in [10]. See [38] for a rigorous justification. 

In particular, the speed is takes its values between its maximum and its 

minimum 0. The first corresponds to the threshold value |£J(xj)l = ^ which occurs 

at the onset of validity of the FBP. Moreover, for each time, the values of Xs are 

confined to the pre-image {x G X | ̂  < |£'(x)| < ^}. See FIGURE (3.2). 

When is = 0, the temperature front has come to rest and the exact position of 

Ett ~ Exx + ̂ E -f- (j{T)Et — 0, 

T{X, t) =Ti- X[0,x,l + Tr{\E\) • X[x,.oo)-

(3.31) 

(3.32) 

(3.33) 
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FIGURE 3.2. Region of validity of the free boundary problem. The shadowed region shows 
the domain of validity for the free boundary problem. The vertical line indicates the position 
at which the speed of the temperature front would have the value ^ ^pu 12. the maximum 
value of velocity that the FBP describes. 

the front is determined implicitly by |£'(X5)| = ^ where denotes the location of 

the front at rest. More detailed study of steady-state solutions is presented in the 

chapter 4. 

The FBP describes the last stage of the transient regime. In other words, the 

FBP describes the "slowing-down" process, as the fields relax to the steady-state. 

This happens on a very slow time scale but contains most of the interesting dynamics 

between the electric and temperature field (that is when the reaction term approxi

mately counterbalances the diffusion term). 

The second important issue is how the FBP relates temperature and electric fields 

to each other. The profile of temperature to the right of the "free boundary" is now 

seen to depend on \E\ through the root Tr in equation (3.32). The speed of the front, 

and therefore its position, has been slaved to the dynamics of \E\. Moreover, for each 

time, the temperature front is confined to the region {x E X \ ^ < [-^^(x)! < 
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0 6  
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b) 

FIGURE 3.3. Steady-state solutions of the temperature field; low electrical conductivity 
and low thermal diSusivity. = 2,7 = 1, CTQ = 0.5, ai -- 0.1, u = 0.01, and p = ̂  = 100 for 
both a) and b)). a) Numerical solution of the model system (2.47) and (2.48). b) Solution 
of (3.32). 

The way that temperature in turn affects the behavior of the electric field is mostly 

determined by the relative values of CTQ and ai. The value of ai is the coefficient that 

tunes the effect of temperature in the conducting coefficient in equation (3.31). When 

its value is small, E is largely independent of T. In addition, CTQ also determines a 

rate of decay with x for the electric field but it is independent of temperature. .\s 

a result, we refer to CJQ as the absolute electric conducti\'ity and CTI as the relative 

electric conductivity. 

In summary, the relative values of both AO and CTI control the decay of the electric 

field and the corresponding influence of temperature in this process, respectively. For 

example, a regime in which o"i/cro is small may be referred to as one of weak coupling 

with temperature and strong absolute decay. In other words, the electric field decays 

at a rate mostly determined by the value CTQ, independent of the temperature field. 

On the other hand, when ay/ao is large, E will decay largely due to the influence of 
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FIGURE 3.4. Steady-state solutions of the temperature field; low electrical conductivity 
and high thermal diffusivity. The values of the parameters and solutions a) and 6) are same 
as in FIGURE (3.3), except that the value of the thermal diffusivity for this example is 
u = 0.6. 

temperature. In this case, temperature and electric fields are both strongly coupled 

to one another. 

A more complete discussion of the way the fields affect each other under the FBP 

simplification is presented in chapter 5. 

To conclude, a third point concerns the way that the FBP describes the temper

ature profile. Equation (3.32) is a discontinuous function which accurately describes 

temperature when the diffusion is small. Once a sharp temperature front has formed, 

the FBP well describes its speed and profile. In FIGURES (3.3) and (3.4), the right 

hand side, the temperature acquires the value of the stable root, Tr while T is ap

proximately one everywhere to the left. 

On the other hand when u is larger, the real profile of temperature smoothes out 

in contrast to the asymptotic solution (3.32) as shown by FIGURE (3.4). We remark, 

however, that the location of the temperature front at rest is still quite accurately 
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described equation by equating (3.33) equal to zero. This probably is due to an 

averaging effect -the lowering of temperature to the left of Xs is balanced to some 

extent by the raising of T to the right of Xg. In this case, the FBP is well suited 

to capturing the location of the temperature front but neglects the more delicate 

problem of the profile. 
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Chapter 4 

STEADY-STATE SOLUTIONS 

Numerical simulations suggest that the solution of equations (2.47)-(2.48) asymp

totically tend to a steady-state in which the electric field intensity and temperature 

profiles are temporally constant and the electric field phase oscillates harmonically 

with radian frequency q. This is reasonable because physically, for large enough time, 

a balance between the energy that is being absorbed by the sample and the heat 

losses due to radiation and convection is expected. 

In the limit of low thermal diffusivity, we have shown how the FBP determines 

the dependence of the temperature on electric field in the previous chapter. Although 

equations (3.31)-(3.33) of the FBP retain the nonlinear coupled characteristic of the 

original system, it is a simpler problem than the original system (2.47)-(2.48). Partic

ularly feasible is the study of the steady-state which involves imposing the condition 

Xj = 0 on equation (3.33). This condition determines the spatial location of the tem

perature front in terms of the intensity asymptotic profile of the electric field. This 

leads to the condition 

|£(A-.)| = I (4.1) 

In the following section we will find an expression describing how the electric 

relaxes to the steady-state. The time harmonic approximation for the electric field 

allows us to recast the FBP and obtain analytical solutions when an additional sim

plification for the function T'r(E(x)) is assumed. The steady-state solutions for the 

intensity of the electric field and the above condition determine an estimate of the 

penetration depth of the hotspot at f —>• oo. Comparisons of our analytical results 

with numerical simulations of the original system are presented throughout this chap

ter. 
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4.1 Time Harmonic Approximation 

In this section, we seek an anahlical approximation of the steady-state to provide us 

the electric field. For sufficiently large time, the intensity profile of the electric field 

becomes constant. We make the following harmonic ansatz. 

Here .4 is complex-valued function (the true value of the electric field being obtained 

by taking the real part of this). Plugging this approximation into equation (3.31). 

and setting x{t) = 0 in equation (3.33), we obtain the steady-state equations for the 

free boundary problem: 

where uj-{T) = — iqa{T) and a{T) is the linear function ao+aiT. The resulting 

system is still very difficult to solve due to the nonlinear coupling between .4 and T 

through the functions and Tr = Tr{\A\). 

However, numerical simulations further suggest that approximating T in equation 

(3.32) by setting Tr = 0 does not significantly affect the intensity profile of E over a 

surprisingly wide range of parameters, including regimes where CTQ and ai are signifi

cantly greater than 1. In other words, T becomes a piecewise constant approximation 

for T with a single discontinuity at x = Xs- The comparison of the numerical steady-

state solutions of the full system (2.47)-(2.48) and those of (4.2)-(4.4) (with Tr — 0) 

can be made from FIGURE (4.1). 

Similar excellent agreement is observed even when the temperature and electric 

fields are still evolving in time as we will further discuss in the following chapter. 

This fortunate agreement is a consequence of the fact that Tr is not large and 

condition (4.4) shows that the influence of the tail of the temperature occurs for 

E{x, t) = A(x)e'"'^'. 

Axx + uj~{T)A — 0, 

T{x: Xs) = Ti • X[O,A'3] +  ̂ r(|-4|) • X[A' s,OC):  

(4.2) 

(4.3) 

(4.4) i>i(x)i = 
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FIGURE 4.1. The real and imaginary values of steady-state solution of the magnitude of 
t h e  e l e c t r i c  f i e l d  f o r  e x a m p l e  I I I { q  =  2 , 7  =  l , c r o  =  2 , ( T i  =  2 , 1 /  =  0 . 0 1  a n d  p  =  l / v  
100): weak-temperatiure dependence and low absolute electric conductivity. The triangles 
represent the steady-state solution of the FBP given by function (4.3), the circles are the 
values of the steady-state numerical solution of the model system (2.47) and (2.48). 

values of |.4| < ^ ~ 0.222. Therefore, most of the spatial definition of the electric 

field has occurred with the correct value of temperature Ti = 1. 

In the next sections, we obtain solutions of (4.2)-(4.4) with = 0 by using two 

distinct mathematical approaches. Our first approach gives asymptotic solutions for 

when o"! is a small parameter. This leads to simple expressions for the intensity of 

the electric field and allows one to obtain explicit expression for the location of the 

temperature front depending on the parameters of the system. Our second approach 

gives an exact solution for the intensity of the electric field at the steady state. Its 

more complicated form precludes the possibility of obtaining of an explicit solution for 

the location of the temperature front. However, the exact solution for the magnitude 

of the electric field is valid for a wider range of values of parameters, magnitude of 

the parameters involved which enhances the usefulness of these results. 
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4.1.1 An Asymptotic Approximation. 

In this section we solve the system (4.2)- (4.4) with Tr = 0 using a regular expan

sion with CTi taken as a small parameter. This represents a weak dependence of the 

electric field on temperature. Note that there are not restrictions for the value of 

the coefficient CTQ allowing strong decay of the electric field in x. This approximation 

generalizes the results of [14] which are based on low conductivity (cri,cro 1). 

Expanding in powers of CTI for .4: 

A(X) = AO(A:) + CRIAI(X) + AI^A2{X) + ..., (4.5) 

we obtain an infinite set of equations which sequentially determine .4o, Ai, .49: 

These equations determine the leading-order expressions for the amplitude of the 

electric field in the steady-state. They are: 

0(1) : -4oxx(:r) u^Ao = 0. .4o(0) = 1. lim -4o(x) = 0. (4.6) 
X—••OO 

0{o'i) : .4ii2.(3:) -{-uj'^Ai = iq'T'(|.4o|,-X^s)^4o, ^4^(0) = 0, lim .4i(x) = 0. (4./) 
x-^-oc 

0{ai') : A2xx{X) +U!^A2 = Z<7T'(|.4I|, Xs)Ai, .42(0) = 0, lim .42(x) = 0. (4.8) 

where = (q- — A") — iqao-

We integrate equation (4.6) and apply boundary conditions to obtain a unique 

solution 

where 

.4o = (4.9) 

uj — a — lb, (4.10) 

A = F, (4.11) 

6 = (4.12) 
|a;2 
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Therefore, we obtain a ver\' simple leading order estimation for the magnitude of 

the electric field at the steady state. This solution does not contain any influence due 

to temperature, and its validity is restricted to very small values of both CTQ and cri. 

as numerical results confirm. 

Solution of the following order conveys more realistic information of the propaga

tion of the electric field including the effects of temperature on the wave equation. 

Equation (4.7) has a non-homogeneous term which is discontinuous at x = X^. due 

to the Heaviside temperature solution (4.3) with Tr = 0. We solve it at each side of 

the discontinuity and match the two parts up to the first derivative. In this way we 

have obtained a C'^(i?"'')-solution with a solvability condition ^ 0. which is 

always satisfied. This solution of (4.7) is as follows: 

" ^ - ̂ Xs] x > A,. 

Therefore the asymptotic solution of (4.2) is: 

.4(x; As) = .4o(x; As) + (7i.4.i(X; As) + 0(o"f) ~ 

[l + - ̂ As] x > A^. ^ ' 

This equation can be easily used to compare with the results of [14]. For example, 

at X = A's and for a^.ai «C 1, equation (4.14) becomes 

A{X.} = [1 - ^ 0(^2) ,4 jg, 

In particular when CTQ ~ CTI are both small we have that (4.15) can be reduced to 

, _ <70'1 
|.4(As)| ̂  ^ (4.16) 

We also find that 6 ~ to the leading order in Ci where 3- = ^'"3 . Note that 

in this regime a = q,8 ~ 0(1). Looking only at the coefficient in the exponent of 

|-4(A's)| we have b + ~ ^^2^- Thus (4.16) is approximately 

|A(As)|~e-'^'^\ (4.17) 
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This equation is identical to the result obtained by Garcia at [14] in the limit of small 

o-Q and crl. Our result is then entirely consistent with their W/CB-approximation. 

Moreover, equation (4.17) together with condition (4.4) determine the penetration 

depth of the temperature profile: 

23 2 
~ -j-— In —. (4.18) 

(7q + (Tx 97 

As noted in [14], this approximation works well when CTQ and CTI are small but it 

breaks down when its magnitude is away from such regimes. In such cases, an exact 

solution, given in the next section, provides a better approximation. 

4.1.2 An Exact Solution 

The exact solution of the boundary value problem (4.2) (with Tr = 0) with boundaries 

conditions, (4.2a) and (4.2b) is obtained by solving the ordinary differential equation 

at both sides of the temperature front. Then we use matching conditions, up to the 

first derivative, to find the unique solution 

4.^. Y ) = /^^22sin(u;/a:) + e—x < ^ 
'  ^  \ [ A ' 2 2 s i n ( u ; / X 3 ) e ^ ' ^ ^ ^ ' ^ 2 :  >  

where 

K = K{Xs:.'^}.u) = , , (4.20) 
{ u j f  —  u )  +  { u f  

and ui. b, and a are given by equations (4.10), (4.11), and (4.12). Also we have, 

U) = - A^) - ZG(AO + CRI), (4.21) 

u j f  =  a f  - i b f ,  (4.22) 

q { a Q + a i )  ^ 
a, = , (4.23) 

I W? - (?2 - A2) 
h = \—— i  { - I M )  
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Here, the presence of the subscript / denotes values of expressions when x < Xs-

In this region T = T; = 1, and therefore, cr(T) = ctq +(Ji. On the other hand, without 

a subscript f, r > X^.T =% — 0. and cr(T) = Cq-

The position of the front at the steady state, Xs-, is uniquely determined by the 

Implicit Function Theorem on (4.19) under condition (4.4) for any magnitude of the 

parameters CTQ and ai. 

The contrasting results of this section and the previous section are illustrated by 

comparing FIGURES (4.2) and (4.4). These FIGURE show the intensity profile of 

E in the steady state obtained by numerical computation of the full system, exact 

solution from equation by (4.19), and asymptotic approximation given by (4.17) for 

small and large CTQ, respectively. For small CTQ and CTI, FIGURE (4.2) shows excellent 

agreement between the three solutions. On the other hand, FIGURE (4.4) shows how 

(4.17) breaks down under different regime, although the exact solution (4.19) remain 

almost identical comparing to the numerical approximation. 

4.2 Numerical Results 

To illustrate our results in an accessible manner, we will consider three particular 

sets of parameter choices, called Examples /, II, and III, corresponding to three 

qualitatively distinct regimes. For simplicity, we fixed the values of the parameters 

7 = 1, g = 2. We also use small values for both vjp and u which guarantees the 

validity of the fby approximation. In particular, we fixed the value of i/ = 0.01 and 

p = llu. There are still several distinct regimes governed by the relative sizes of the 

dimensionless parameters cjq and ai. 

The ratio vjp plays an important role with respect to the qualitative profile of the 

hotspot. By taking v and this ratio small, we have insured that the temperature profile 

is strongly slaved to electric field profile and will always exhibit a sharp, localized 

front. 



60 

Numancalo 

Ga/ctasx 0 . 9  

as Asymp A 

as 
lAI 

a3 

0.2 

X 

FIGURE 4.2. Steady-state solutioa of the magnitude of the electric field for example 
I{q = 2,7 = l,cro = 0.5, cTi = = 0.01 and p = 1/y = 100). The solid line corresponds 
to the numerical results of the model system (2.47) and (2.48); the curve (o) corresponds 
to the solution given by equation (4.19). The triangles axe the values given by (4.14) and 
the crosses the values given by equation 3.20 in [14]. 

The ratio is also of qualitative importance and mainly determines the •pen

etration depth of the hotspot. When this quantity is small, the electric field is largely 

decoupled from the temperature, and its steady-state amplitude profile approximates 

a simple exponential. When large, the profile is strongly influenced by the temper

ature profile, and in the transient stage it displays a sharp transition point at the 

location of the temperature front. 

The examples that follow allow immediate comparison of the electric field profile 

as given by the solutions (4.19), (4.14) with the one found by Garcia-Reimbert et al. 

in [14]. In all the following figures, the circles indicates the values of the numerical 

solution for the full system while the solid line represent the values given by the 

closed form solution (4.19). The crosses show the approximation found in [14] and 

the dotted line represents the solution given by formula (4.14). 
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Example I: CTQ = -5, ai = .1. This example falls within the regime of validity of the 

results of Garcia-Reimbert et al., i.e. small conductivity and vjp small. In this case 

the results of the present work and those of Garci'a-Reimbert et al. closely coincide. 

Because of the small value of ai, this regime is one of weak-temperature dependence. 

The absolute electric conductivity CTQ is also small and the electric field penetrates 

deeply. See FIGURE (4.2) for comparison of the results. 

In this case, all the three different anah^ical solutions (4.19), (4.14), and the 

one found in [14] coincide with the numerical simulation. Therefore, they accurately 

describe the steady-state solutions of the magnitude of the electric field. 

Example II: CTQ = 2, CTI = 0.2. This example falls outside the regime of validity 

of the results of Garci'a-Reimbert et al. because CQ is large. However, the solutions 

(4.19) and (4.14, still well predict the correct distribution for the electric field at the 

steady-state. This is expected since solution (4.14) is an asymptotic solution which 

is valid for small values of o-i, as the present case. FIGURE (4.3). 

In other words, note that |-4| decays with a simple exponential profile and odes 

so primarily because of the electric properties of the material rather than its reaction 

to temperature. 

Example III: CTQ = 2, CTI = 2. This example illustrates that how the results of 

Garci'a-Reimbert et al. and equation (4.14) fail to capture the behavior of the electric 

field at the steady-state. However, our solution (4.19) is still consistent and accurately 

predicts the electric field distribution. See FIGURE (4.4). 

In this case, both CTQ and ai are large. Physically, it means that the value of 

temperature largely affects the way that the material absorbs energy- and thus affects 

the profile of the electric field. 

The crosses and the triangles representing solutions from [14] and (4.14) fail to 

follow the numerical simulations (circles). However, equation (4.19) still correctly 

describes the steady-state distribution of the electric field (solid line). 

To conclude this chapter, we remark that the analytical results found work well 
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FIGURE 4.3. Steady-state solution of the magnitude of the electric field for example I I .  
Values of parameters and lines are same as in FIGURE (4.2), except (TQ = 2. and a\ = 0.2. 
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FIGURE 4.4. Steady-state solution of the magnitude of the electric field for example I I I .  
Values of parameters and lines are same as in FIGURE (4.2), except CTQ = 2, and cri = 2. 
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in describing electric field profiles for values of i/ as great as 0.6 with p  =  l / i / .  On the 

other hand, even though the location of the temperature front is still well predicted 

by equation (3.32), the prediction of its profile largely disagrees for u 0. However, 

in cases of medium values of u, the equation (3.28) (which coincide by the solution 

found in [14]) accurately represents the final distribution for temperature. Therefore, 

for small values of ^ ( 0.01), the free boundary problem fairly describes steady-state 

solutions of the temperature as well as well as electric field. 
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Chapter 5 

TRANSIENT SOLUTIONS 

In this chapter, we study the time evolution of the temperature and electric field 

fronts as they relax to their respective steady-states. We use a quasi steady-state 

approximation for the electric field similar to the time harmonic steady-state solutions 

studied in the previous chapter. In the last section we also analyze the time scale 

formation of hotspots when diffusion is small, to determine when the time of initial 

hotspot formation can be neglected. 

5.1 The Quasi-Steady Approximation 

In this section we study the relaxation of the electric field to the steady-state when the 

temperature is slaved to the electric field, which occurs in the regime ujp <C 1. and 

also in the regime in which the electric field is largely decoupled from the temperature 

equation (ai CTQ). 

Numerical simulations suggest that the electric field relaxes to its steady-state 

profile by the gradual movement of a fairly steep front which gradually fills out the 

steady-steady profile as this front moves from x = 0 to x = oo. Figures (5.1) and (4.1) 

show this progression for a typical example. Both the real and imaginary parts of the 

amplitude of E are shown in order to fully convince the reader that the steady-state 

profile is being achieved behind the front. 

In chapter 3 the relaxation of the temperature field to a steady-state profile in 

the presence of a fixed electric field was studied. Recall that this process was shown 

to occur in two stages. First, the temperature front was found to advance on a fast 

time scale of order I/p, which occurs while the temperature front is located at points 

such that the reaction term has only a single root at T = 1. As explained in chapter 
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FIGURE 5.1. The real and imaginary values of the magnitude of the electric field at the 
transient regime for example III. The circles represent the values of the niunerical solution 
of the model system (2.47) (2.48) and the dash-dotted fine is the solution of the FBP with 
Tr = 0 in equation (4.3). The solid line is the steady-state solution at which the electric 
field is relaxing. This is same example as the one illustrated in FIGURE (4.1), except that 
this corresponds at a time f ~ 1.2 (steady state is attained at t ~ 25 in FIGURE (4.1)) 

3, this occurs when the position xj of the temperature front satisfies the inequality 

|£'(xj^)| > 1/4 (in this chapter we will define the position xj of the temperature front 

t o  b e  t h e  p o i n t  a t  w h i c h  T  =  ̂ r ( 0 ,  i ) - t h i s  i s  c o n s i s t e n t  w i t h  t h e  a n a l y s i s  o f  t h e  F B P ) .  

When the temperature front has advanced to a point such that this inequality is not 

satisfied, then the reaction term becomes bistable, and the temperature front relaxes 

m o r e  g r a d u a l l y  t o  t h e  s t e a d y - s t a t e .  A s  t h e  s t e a d y - s t a t e  i s  a p p r o a c h e d ,  x ' ^  — >  X j ,  

where Xj satisfies = 2/(97) .  

We now point out that if 7 = I, which is the value used throughout this thesis, 

then the interval I in x such that 

I < I^WI < J. (5.1) 

is quite small compared to 1. It follows from this, with the additional assumption 
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that the initial formation of hotspot is rapid (this assumption is considered in the last 

section of this chapter) that if the time scale of 1/p is faster than that at which the 

electric field relaxes, then the temperature front will closely follow the electric field 

front, i.e., the temperature front will be "slaved" to the electric field as it relaxes. 

except for a small lag on the order of the interval I. 

Based on this argument and the numerical observations of the electric field behav

ior, we will make a quasi-steady-state ansatz for the electric field, which we expect to 

be useful when the temperature front is strongly slaved in the fashion just described. 

Whether this latter condition is met is something that we will check after the fact 

(we will see in fact that this condition is well met if l//o l/(o'o + en)-

We first define the position of the electric field front to be the instantaneous point 

at which |£'(a;f)| = We remark that this definition does not always define rf 

uniquely for all times because the electric field can develop small ripples, but that 

this definition is adequate for our purposes. Based on the argument above, we assume 

that the temperature front is "slaved" to the electric field, i.e. ~ a:f, and we make 

the following ansatz for the electric field, 

Here, the functions A{x; c^) are the one-parameter family of steady-state electric field 

profiles that are obtained in the presence of fixed temperature fronts at the locations 

X — 5. Thus, the ansatz (5.1) incorporates the temperature fields parametrically. 

By equation (4.2), the family A(x; ̂ ) solve the equation Axx — UJ{T)A = 0, with 

a specified temperature front located at x = Based on the success of the step 

function approximation for T employed in the previous chapter, we impose that these 

temperature fronts have the form 

3 :  <  x f { t ) ,  

X  >  x f { t ) .  

1, X < S, 

0 ,  X  > S .  
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For X  >  x f ( t ) ,  we have assumed that E  vanishes identically, so the Maxwell 

equation in this region is solved trixdally. It then remains to enforce the solution on 

the interval [O.xf]. Inserting (5.1) into (3.31) leads to the equation 

A " x f -  + A'(j:f - -Zigxf + a{T)xf) = - (A^ -  -  i q a { T ) ) A ) ,  (.5.2) 

where we have denoted ' = (note that this is not a spatial derivative). Dividing 

by A' (assume it is not zero, which is justified below) and taking real and imaginary 

parts, we have: 

( i )  +  c r i T ) x f  +  R e C ^ ) x f ^  =  R e  

-2qxf + Im{~)xf^ = Im 

The right hand sides of these equations vanish identically, because A solves the equa

tion in the numerators, which is simply the equation for the steady-state profile 

(equation (4.2)). The second equation is solved by if = 0, the steady-state solution, 

but otherwise seems to yield little useful information. We henceforth neglect this 

equation. 

With the vanishing of the right hand side, the first equation reduces to 

if (i) + a(T)if + = 0. (5.3) 

We will demonstrate that equation (5.3) is quite useful for describing the relaxation 

of the electric field. Because this equation describes the enforcement of the Maxwell 

equation in the interval [0, xf] where T is approximately equal to one by assumption, 

we will consistently approximate the value of a in equation (5.3) by 

a(T = 1) = ctq -f- cTi = E. (5.4) 

Note that the coefficient ^ of the nonlinear term depends a priori on x. To 

properly enforce the Maxwell equation, this x dependence must drop out (it does, as 

we show below). 

Axx - (A^ - - iqcr{T))A' 
A' 

"Axx - (A^ - - iqcj{T))A 
A' 
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To approximate we will take advantage of expressions (4.14) and (4.19), which 

are the expressions for the steady-state obtained with the simplifying approximation 

of a discrete temperature profile, as in (5.4). We will now use these expressions, 

however, with the parameter Xg made variable and set equal to S = xf. We shall 

find that expressions (4.14) gives a constant value for ^ in the limit of small (Xi, 

allowing equation (5.3) to be solved exactly. Equation (4.19) will lead to an ODE for 

xf which works well in ail regimes but which must be solved numerically. 

In the limit of small CTI, we employ expression (4.14) to approximate the coefBcient 

^ in the following way. Differentiating (4.14) with respect to A'^., we obtain 

m (5-5) 

(3.6) 
ax. 2 

and hence 

A" 
R e { — )  ~  R e { — i 2 u )  =  R e { — i 2 { a  —  i b ) )  = —26. (5.7) 

Thus, the x dependence has dropped out, as foreshadowed above. With this ex

pression for Re{^), equation (5.3) becomes a second order (nonlinear) ODE with 

constant coefficients, With the vanishing of the right-hand side, the first equation 

reduces to 

if{i) + - 2bxp = 0. (5.8) 

This must be solved subject to the boundary conditions 

if(i = 0)=0, Umif(t) = x f ,  ( 5 . 9 )  
t—KXl 

where Xj is the asymptotic position of the temperature front as calculated from 

either condition (4.4) or (4.18) (the former being used if CTI is not small). The (unique) 

solution is given by 

if (i) = ;! log [l - (1 - e-®-''-'"+ Xj, (5.10) 



69 

where B = —2b. Equation (5.10) describes an increasing monotonic function with 

respect to time with the asymptotic value x = Xj as t oo. As the examples below 

will show, this function quite accurately describes the front propagation obtained by 

numerical integration of the full system (2.47)-(2.48) when o"i is small. 

To analyze the more general case, that is, when CTI is not small, we first point out 

that for equation (4.19) we have 

4" K" 

where K  = K { X s ] u j f , u } )  is defined in 4.20. Thus, the x  dependence drops out in the 

more general case as well, although the value is not a constant with respect to xf in 

this case, precluding a closed form solution of equation (5.3). 

Computing the following derivatives, 

dK 0 g-2ia;/A% 
— = -2^^(^/ - + ̂ ))2 ' 

d'̂ K _  ̂• x2/, ,2 2>. -2.-̂ fA-, (('̂ Z - + (a;/ + u;)) -
^ ((u;,-a;)e-2-M-^ + (a;,+^))3 " 

we finally obtain 

Re{'^) Re I'liu) 1 —7 x ( V l" (5-11) 
.4'^ \ _ ( u j f  -  +  { u j f + u j ) j  j  

It can be shown that this expression reduces to equation (5.7) in the limit ci —>• 

0. Equation (5.3) can be integrated numerically with this expression to obtain a 

prediction of the relaxation of E. We remark that we have found it worthwhile to 

simply substitute the asymptotic value of this expression for B in closed form solution 

(5.10). This apparently works well due to the oscillatory behavior in equation (5.11) 

which averages out the effect of the xf dependence. 

Remark 5.1.1. Equation (5.10) implies that the electric field relaxes to the steady-

state on a time scale 

1 1 

S Cq Ci 
(5.12) 
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FIGURE 5.2. Comparison of the numerical and analytical results for the relaxation of 
the electric and temperature fields to steady-state for example /(C7O = .5, CXI = .1); weak-
temperatiure dependence and small absolute electric conductivity. The solid curve corre
spond to the time evolution of the electric field front (xf"); the dotted curve to the temper
ature front (xj^); the dash-dotted ciurve represents the values given by equation (5.10). 

Assuming that this is correct (the following examples will confirm that it is), then from 

the discussion at the beginning of this chapter, it is clear that the quasi-steady-state 

approximation for the electric field should be valid when 

- <C ^ , (5.13) 
P (Jq -\- CTi 

i.e. the temperature front can relax to a quasi-steady-state faster than the electric can. 

5.2 Numerical Results 

As in the previous chapter, we now illustrate the results obtained above by consid

e r i n g  t h r e e  p a r t i c u l a r  s e t s  o f  p a r a m e t e r  c h o i c e s ,  c a l l e d  E x a m p l e s  I ,  I I ,  a n d  I I I .  

corresponding to three qualitatively distinct regimes. These examples have identical 

parameters to the examples /, II, and III of chapter (steady-state), where we studied 

only the steady-state properties of these examples. As before, in all three examples 
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we take g = 2,  7  = 1, z/ = 0.01 and p  =  1 / u  —  100. The distinct behavior of each is 

thus governed by the relative sizes of the dimensionless parameters CTQ and ai. The 

values of these parameters for the three cases are as follows: 

Example I: CTQ = .5, CTI = .1. 

Example II: CTQ = 2,ai = .2. 

Example III: CTQ = 2,ai = 2. 

Note that condition (5.13) is well met for aU three examples. Thus we predict 

that in all three cases the temperature front will be strongly slaved to the electric 

field front, and that, hopefully, solutions of equation (5.3) will accurately predict the 

propagation of the fronts. 

Figures 5.2, 5.3 and 5.4 illustrate the process of relaxation to the steady-state 

of the field fronts for examples I, II, and III, respectively. The figures show the 

numerically obtained front propagation curves (solid curves-electric field front, dotted 

curves-temperature front), which are computed from full simulations of the original 

system (2.47)-(2.48). The front positions were obtained at each time step using the 

same criteria, T{xJ,t) = |r(0,^) and |£'(2:f(t))| = ^, as employed in the analysis 

of the previous section. The resulting curves are to be compared in each case to the 

corresponding prediction given by equation (5.10) for xf and xj, given by the dot-

dash curve (recall that xf and xj are assumed to be equal (slaved) in the foregoing 

analysis). For examples I and II, the value —26 was used for B in equation (5.10). 

which was permissible since ai was small for these cases. For example III, three 

different values for the coefficient Re{^) were employed. For the first two values, the 

values —26 and the asymptotic value of expression (5.11) were used, and the curves 

were generated from equation (5.10) with B set equal to these values. In the third 

case, equation (5.3) was solved numerically with Re{^) given by equation (5.11). 

Figures 5.2, 5.3 and 5.4 verify the analytical predictions quite well, as we now 

explain. We first address the question of whether the temperature front was indeed 

slaved to the electric field front, as required by the analysis. To this end we observe 
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FIGURE 5.3. Compaxison of the numerical and analytical results for the relaxation of the 
electric and temperature fields to steady-state for example II- weak-temperature depen
dence and large absolute electric conductivity. The values of parameters ajid lines are same 
as in FIGURE (5.2), except the values CTQ = 2, CTI = 0.2. 

that in all three figures the numerically obtained curves for the temperature front 

position (the dotted curves) are seen to coincide closely with that of the numerically 

obtained electric field front position (the solid curves) during the initial (and remark

ably linear) increase in the front positions. In all three cases, the temperature front 

is seen to slightly lag the electric field front, as expected. This lag is most visible 

in Figure 5.2, which is also expected to show the greatest lag because in this case 

the electric field is evolving most quickly, while the rate of the temperature front 

propagation is roughly the same in all three examples. 

We next observe that as the electric field approaches the steady-state, the position 

of the electric field typically exhibits some oscillations. These oscillations are probably 

due to the fact that the Maxwell equation is second order in time, and hence is capable 

of exhibiting "inertial" oscillations, like those of a harmonic oscillator. During this 

stage, the temperature front is seen not to follow the electric field front very precisely. 
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This discrepancy, which does not in any way represent a failure in our predictions, 

is to be expected during this stage, because in this stage the final relaxation of the 

temperature front to steady-state is very slow, as was explained at the beginning of 

the last section. Figure 5.4 (example III) in particular clearly exhibits the lagging 

of the temperature front as it attempts to follow the oscillations of the electric field 

front during this stage. This is highly visible in this example because the primary 

electric field oscillations (not the small wiggles that are visible in the figure) turns out 

to be slow enough to allow the temperature front to achieve an oscillation which lags 

approximately 180 degrees behind that of the electric field. In Figures 5.2 and 5.3 

the electric field oscillations are simply too fast for the temperature front to follow 

coherently. 

Most importantly, we observe in Figures 5.2, 5.3 and 5.4 that the prediction for the 

fronts given by equation (5.10) (that is, the d£ish-dot curves) closely approximate those 

obtained numerically from the simulation of the full system. While the agreement is 

not absolutely perfect, the agreement is seen to be good when it is taken into account 

that the relaxation time scales and hotspot penetration depths in these examples are 

quite different. This difference is readily seen by comparing both the vertical and 

horizontal axes of the plots in Figures 5.2, 5.3 and 5.4. Clearly, equation (5.10) is 

doing a good job of capturing the time scale with which the electric field relaxes. 

For completeness, we can also show how equation (5.3) fails to accurately predict 

the evolution of the fronts when p is small, that is, when condition (5.13) is violated. 

Figure 5.5 shows a plot similar to those above except now with p = I (the values of 

q, u. and 7 as above), and with CTQ = .5, ai = .1 (as in example I). The prediction 

obtained by solving equation (5.3) is now seen to differ markedly from that obtained 

numerically. We therefore find in hind sight that the assumptions used to derive 

equation 5.3, and the condition (5.13) that emerged consequently for its validity 

appear to be correct. 
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FIGURE 5.4. Comparison of the nmnerical and analytical results for the relaxation of 
the electric and temperature fields to steady-state for example III; strong-temperature 
dependence and large absolute electric conductivity. The values of parameters and lines are 
same as in FIGURE (5.2), except the values CTQ = 2, CTI = 2. 

Remark 5.2.1. We remark that for cases I and II above, where it was permissible 

to use B = —'2b in equation (5.10), that we may take the limit ai —> 0,. and obtain 

a prediction for the evolution of electric field front with no coupling to temperature 

at all. Example II above actually shows that this works quite well, because Ci was 

quite negligible compared to CTQ in this example. We therefore apparently have obtained 

some information about the relaxation to steady-state of the Maxwell wave equation 

with constant conductivity, and thus the nonlinear ODE 5.3 and its solution (5.10) 

may be of some wider interest than the main topic of the present study (hotspots). 

Interestingly, it is not clear how this information could have been logically obtained 

without the limiting procedure used here. 

Finally, we explain how the ODE (5.10) along with expression (4.19) for the 

steady-state electric field might be used to construct an approximation for the time-

dependent profile of the electric field. We begin by partitioning the interval [0,1] 
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FIGURE 5.5. The prediction of the position of the fronts fails when condition ^ 
is not satisfied. The values of parameters are as the ones used in Example I I I ,  except 

(the range of possible electric field magnitudes) identifying each value of the partition 

as a value of the magnitude of the electric field \E'^\, with index i. For each value 

we find the asymptotic position A'] for this magnitude of the electric field in the 

steady-state by numerically solving the equation |A(A'"])| — \E'^\ = 0 where |.4(A''])| 

is approximated by equation (4.19). Having done this, we then solve equation (5.10) 

for each i this time with the boundary' conditions x{t = 0) = 0, x{t —>• oo) = A"̂ . 

obtaining a solution x = Xi{t, AT*). For each time t, we then plot {xiit, XI), [E''!) and 

obtain a curve representing the electric field profile at time t. The sequence of such 

curves is shown in Figure (5.6). This technique seems to provide a roughly faithful 

approximation for the electric field evolution. 

p = 1(1 <70+^1 = 0.25) 
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FIGURE 5.6. Numerical approximation for the time-dependent profile of the electric field. 
The sequence of curves is obtained using equation (5.10) at each time to obtain the corre
sponding profile. 

5.3 Formation of Hotspots 

In this section we study the formation of a hotspot at the boundary x = 0^. The 

process of initial hotspot formation is depicted in Figure 5.7, which shows the initial 

growth of the temperature profile near the boundary. In particular, we seek to describe 

the increase in temperature at x = 0. If this increase is too slow, the picture developed 

in previous sections of this chapter for the time evolution of the electric field could 

conceivably fail. Therefore it is important to determine the time scale of the initial 

formation process. 

In the regime where z//p <C 1, it might be expected that thermal diffusion has a 

negligible effect away from the temperature front. In particular, we can apply this 

idea to try to understand the initial formation of a hotspot at the left boundary x = 0 

where Ti(0, £) = 0 and |£'(0, i)| = 1 for all t. Dropping the diffusion term in the heat 

^The author thanks Dr. Mac Hyman of Los Alamos National Laboratory for some useful sugges
tions on this section 
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FIGURE 5.7. Schematic representation of the formation of a hotspot. 

equation (2.48) we obtain the nonlinear ODE 

T t = p { T ^ - T  +  - t ) { l -T ) .  (5.14) 

This needs to be solved subject to the boundary condition T(t = 0) =0. 

Before stating the solution of this equation we make the following definition. 

Definition 5.3.1, Let be defined as the time required for the temperature T{0.t) 

to  increase  f rom Q t o  1  — e  and  =  7^(0 ,  t ^ )  =  \  — e .  

.A.S e tends to zero, T{0 ,  t ^ )  must tend to 1 as the fixed point analysis of section (3.2.1) 

shows. With the help of the definition above, the solution of equation (forming) that 

describes this process can be expressed in the following fashion, 

1 
t" ----

1 , + 
log 

2/77 7(r^ - 1)2 ; 2p-fy/j - 1/4 

1 T' - 1/2 
arctan I —, I — arctan I — 

y / l - l / 4 j  V-2v /7 -1 /4  

This formula can be inverted numerically for as a function of t 

(5.15) 



78 

Numencal Solution: o 

Analytical Soluooa- A 

T(0.t) 

0.01 0.02 0.03 0.04 0.07 0.06 0.09 005 006 

t 

FIGURE 5.8. Time scale for the formation of a hotspot at a: = 0. The curve formed with 
triangles represents obtained by numerical simulation of the model system (2.47)-
(2.48). The circles represent the values of r^(0, i) given by numerically inverting solution 
(5.15) with e = 0.02. 

Figure 5.8show how well the evolution of the temperature at x = 0 obtained from 

the approximation (5.15) agrees with that obtained from full numerical simulations. 

For Figure (5.8) we use the following values: CTQ = 0.5, ai = 0.1, u = 0.01 and p = 100. 

The approximation is seen to indeed work well when diffusion is small, and less well 

v/hen diffusion is large. 

It can seen from the structure of expression (5.15) that the time scale for formation 

is of the order l/{2frf). Hence, for large p and small diffusion (and 7 = 1) as we have 

used throughout this thesis), the formation time should be negligible. Because the 

results obtained in previous sections depended on operating in the same regime, it 

follows therefore that the time required for initial formation is negligible and does 

not invalidate the results obtained earlier. 
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Chapter 6 

NUMERICAL ANALYSIS 

6.1 Numerical Simulations of the Model System 

We use extensively numerical simulations to illustrate the validity of the formal an

alytical solutions found in previous chapters. In particular, the comparisons are be

tween the numerical solutions of the full system (1.2)-(2.26) and the different asymp

totic solutions find in chapters 3, 4 and 5. Moreover, in this chapter we explain 

the numerical observations that allow us to obtain feasible simplifications to the free 

boundary •problem leading to closed form solutions. 

The numerical scheme for the coupled damped wave equation and the forced heat 

equation is detailed herein. All codes and figures are written and obtained using 

Matlab 5.0.1. 

6.2 Numerical Schemes 

The system is numerically coupled by updating each solution of the functions based on 

the current value of the other variable at each half of each time step. The equation 

for the electric field (2.47) is solved numerically using a central difference scheme, 

which results in the following recurrence relation 

=  TTHi { s r '  +  A  + £ ; i - , ) }  

(6.1)  

where 

AtC"-

£70 -I-
1 ( J j  
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and At and Ax are the time and space mesh sizes, and A = The subindex m 

denotes the mth spatial iteration while the superindex n is used to denote the nth 

t ime  s t ep .  Tha t  i s ,  = E{mAx ,  nA t ) .  Then ,  At  = — and  Ax  =  x^- i - i  —Xn ,  

for 1 < n, m < N, M. The values M and N indicate the final time and space mesh 

points, respectively. Thus, the spatial and time partitions of their corresponding 

domains contain M and N mesh points. 

The discretized initial and boundarv' conditions for the electric field are 

. y )  

Eq = 0, (6.3) 

= 0. (6.4) 

For the first step we use a Taylor expansion 

= E{At , x )  =  E{Q,x )  +  AtE t {Q,x )  + ^E t t i ^ . x )  + (6.5) 

The first and the second terms vanish because of the initial conditions (6.3) and 

(6.4). We neglect the remaining terms in agreement with the order of accuracy of 

the scheme. Therefore, in the first time step the value of the electric field is zero 

everywhere except at the left boundary x = 0. The numerical scheme thus defined 

has an accuracy of second-order, with error of order 0((zi£)^, (Zix)^). This scheme 

is found to be stable as long as A < 1. 

For the heat equation a predictor Adams-Bashforth scheme is used for the equation 

Tt = F{T, f) = uTxx + f{T, jE"!). This is an explicit multiple step scheme which has 

been proven to work efficiently for the diffusion equation. For the diffusion term, 

we use a central difference scheme. The value of F is updated at each time. The 

recurrence formulas are 

I T ' +  ^  [ S K  -  f r ' ]  .  ( 6 . 6 )  

^ K+1 - 22^ + ̂ -.1 + f/K. I^-D- (6-7) 
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The discretized initial and boundary conditions for ail m are 

(6.8) 

(6-9) 

We use as an imaginary' point at the left of x = 0 . This imaginary point is 

later absorbed by the using the boundary' condition TxiO.t) = 0. This will become 

clear as we explain below how we initialize the two-steps Adams-Bashforth scheme. 

For the first time step we use a central difference scheme which is an explicit single 

step scheme whose recurrence formula is as follows 

This scheme is stable for /z < 1 and its accuracy is also of 0((^x)-. (_Ai)-). 

For both discretizations we use a linear interpolation at the right spatial boundary. 

The equations are then 

6.2.1 Numerical Results 

Our numerical results give profiles of the temperature and magnitude of the electric 

field for every time. In order to illustrate graphically our numerical results, we have 

fixed the following parameters as g = 2,7 = 1, A = 1, i/ = 0.01, and p = l/u while 

varv'ing values of (TQ, and The benefits of such selection are threefold. First and 

most important, it allows one to obtain a better understanding of the dependence 

of the penetration depth on the electrical conductivity a which is the only thermal 

- 2T° 4- J, 

where fi = . Using (6.9) at m = 0, the above equation becomes 

= TS  +  u i ^ iT^ -2TS  +  T '_ , )  +  Atp f ; : ,  

Z7TI o Z7TI rpn (6.10) 
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FIGURE 6.1. Representation of a hotspot at steady-state. 

parameter taken to be temperature dependent. Second, such regime of parameters 

are also used in [14]. This similarity allows us to obtain more straightforward compar

isons between their and ours results. x\nd third, under such a choice of parameters, 

the stability conditions are easily satisfied for accurate, stable and simple numerical 

schemes. 

Our numerical simulations show the formation of a hotspot which penetrates into 

the medium. At earlier stages of formation the temperature distribution (which is 

initially zero) shows a rapid steepening at the left boundary x = 0, location at which, 

temperature reaches a maximum value, T = 1 when t oc. As this occurs, the 

profile is conserved and starts moving to the right with a slow, increasing velocity. 

The temperature front eventually slows down and stops reaching its steady-state. 

FIGURE (5.7) illustrates this situation. 

When the temperature front reaches steady-state, it is said that a hotspot has been 

formed as illustrated in FIGURE (6.1). At the left of the front we have the maiximum 
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temperature (hotspot) whose value is determined by the stable critical point Ti = I. 

At the right of the front we have a function that monotonically decreases to zero and 

whose behavior corresponds to the second stable solution Tr-

The numerical simulations for the electric field also are used to compare analytical 

results from this dissertation and others works found in the literature. The compar

isons are as of the steady-state and are presented in FIGURES (4.2-4.4). They show 

an excellent agreement of the analytical results presented in this dissertation under a 

wide range of values of CTQ and ai. The results are also excellent when comparing with 

formulas obtained in [14] when CTQ and ai are both small. However Garci'a's results 

break down as easing the values for these parameters, as it can seen in FIGURE 4.4. 

6.3 High Thermal Diffusivity 

We use three distinct sets of parameters including low thermal diffusivity and medium 

thermal diffusivity in regimes of weak- and strong-temperature dependence (small and 

large ai). These regimes are actually typical of the ones used in microwave heating 

processes. Indeed, away from regimes of small thermal diffusivity it is no longer 

even meaningful to speak of a localized temperature front, so that the description or 

occurrence of hotspot becomes rather meaningless. For example, our numerical simu

lation allows us to obtain solutions for extreme cases of large thermal diffusivity that 

may be more significant when studying more general problems in electric volumetric 

heating. For instance, when u p, {v/p ~ 1) the relative high viscosity prevents 

the formation of hotspots. Moreover, a steady-state solution is still observed. The 

main differences found in these solutions are evident from the earlier stage of the 

formation of a temperature distribution which rises in the form of a quasi-straight 

linear solution. At the beginning, this distribution grows as a straight line with a 

constant slope. When the stable solution at T{Q,t) approximates the value of one, 

the slope of the linear temperature distribution starts decreasing and the penetration 
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FIGURE 6.2. Numerical approximation for the time-dependent profile of the temperature 
field for high values of thermal diffusivity. The sequence of curves is obtained numerically 
when solving the model system (2.47) and (2.48) with same values of parameters as in 
example I, except i> - 0.6 and P = ^ = 1-6. 

of the temperature distribution increases rapidly for small values of temperature. We 

can see that at x = 0 the value of the temperature remains almost fixed {T = 1) 

and the profile spans in the part of the domain where x > 0. The quasi-straight line 

distribution increases as the slope decreases and the temperature field increases for 

large values of x. A steady-state solution is also expected, however, for higher values 

of u, the process is slow as observed when the temperature at a: = 0 is never seen to 

be reached in finite times. See FIGURE (6.2). 
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Chapter 7 

EXISTENCE OF STEADY-STATE SOLUTIONS 

7.1 Introduction 

The purpose of this chapter is to a give rigorous mathematical proof of the existence 

of steady-state solutions to the free boundary problem (3.31)-(3.33) in the of small 

relative electric conductivity (<TI) limit. This parameter controls the dependence of 

the electric field on temperature, as seen in equation (4.2). When ai is small, the 

dependence of the electric field on temperature is weak. 

The formal solution of the steady-state problem of this case was found in chapter 

4, when Tr = 0. Nevertheless, in this chapter, we prove existence for the more general 

case, Tr 7^ 0. We address the issue of existence of asymptotic solutions to equations 

(4.2)-(4.4), using the contraction mapping theorem. 

For the benefit of the reader, we re-write (4.2)-(4.4): 

Axx 4- uj^A = iqai (7} • + ̂ r(m) • ^[i^.oo]) A. (7.1) 

with the boundary conditions, -4.(0) = 1, and .4(oo) = 0 and with Ti = l.Tr = 

1(1— \/l — 47|-4|) . The nonlinearity of this problem lies in the RHS of (7.1). To prove 

existence of .4, we write solutions {A,Xs) as solutions of the perturbation problem 

(A-t-d'.A, Xj-t-^), where (A, Xs) are solutions of a linear problem, and 6A, S are considered 

small perturbations of the linear problem of known solutions. 

Then, plugging 

A — A -{- (5 ,4 

— Xg  - f -  S  

(7.3) 

(7.4) 
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into (7.1)-(7.2), we obtain the following linear problem for A 

Axx  " f "  up '  A  — 0, (7.5) 

and a nonlinear problem for the function SA-

^Axx + <^'"<^.4 — ^9^1 + Tr{A + ̂ 4)/\[zj-|-(f,oo)] (-"l + ̂ .4) • ("-6) 
9 

with boundary condition A(0) = 1, and -4(oo) = 0 for the linear problem (7.5) 

and (5^.4(0) = ^.4(00) = 0, for the nonlinear problem (7.6)-(7.7). To guarantee real 

temperature values, the following constraint is also imposed to the nonlinear problem. 

7-4(x + (5a) < 1/4 for all a: > Xg Moreover, there is a unique solution for the boundary 

value problem (7.5) given by the C°°-function 

where ui = a — ib, a and b are given by expressions (4.11) and (4.12) in chapter 4. 

On the other hand, equation (7.6) can be thought as a C5a = 

where £ is the linear elliptic operator of constant coefficients d^x + and M. is the 

nonlinear operator, 

We establish various a-priori estimates for C and M. by theory of second order 

ODE's in and definition (7.9), respectively. Later, we prove the existence of a 

unique C~^ by showing that C has a trivial nullspace. The estimates are then used to 

set up the iteration scheme and The 

iteration scheme is shown to converge in a suitable weighted space by the contraction 

mapping principle. This would prove the existence of {5a-, 5), therefore the existence of 

(A.Xs): provide that (-4,Xs) is known. Finally, the solutions obtained are regularized 

by the use of the integral operator o jM. The present results follow the idea and 

methods found in [37]. 

.4(a;) = (7.8) 

(7.9) 
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7.2 Statement of the Main Result 

Our existence result is the following 

Theorem 7.1. Consider problem (7.1)-(7.2) and (7.6)-(7.7). Let 

W = (w G +oo)) I sup|ty(j:)e'''^| < oo and b' < 6}. 
r>0 

Then 3crio = ciodlci!!)? such that if AI is less than CTIQ, there exist a unique Lipschitz 

function G W and a real number 5 E R"*"; which solve the problem (7.6)-(7.7). so 

that (A, given by A = A + 5a, and Xg = Xs + S, solves the problem (7.1)-(7.2) 

along with its boundary conditions. 

The Banach space, >V has a weighted norm defined by 

= sup|?/;(a;)e^'^| (~-10) 
r>0 

where any function w €. W satisfies, for any a: > 0, |iy(2:)| < ||w||e"^'^ 

The proof of the theorem (7.1) consists of 5 steps: 

1. Prove the existence of an inverse operator C~^  by analyzing CB = 0. 

2. Prove that the operators and M. are bounded and map W into W . 

3. Set up the iteration scheme based on 1 and 2. 

4. Show convergence by the contraction mapping principle. 

5. Prove regularization of the function 6a by using properties of o 

7.3 Properties of the Linear Operator C 

We use the auxiliary equation CB = / to prove existence of a unique, bounded, 

inverse operator 
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Lemma 7.3.1. The operator C has a bounded inverse on the weighted space W. 

To study the invertibiHty of C, we look for solutions of CB = 0 where C = 

dxx + with aj = a — ib. a, b > 0 and B(0) = B(oo) = 0. The solution is given 

by B(x) = cie"^^ + C2e~'^^. Applying the boundary conditions, we conclude that 

the coefficient of the exponentially growing, ci should vanish to satisf\^ conditions at 

infinity, whereas C2 = —Ci is imposed by the boundary condition at the left boundar\\ 

X = 0. Therefore, ker (C) = {0}. This proofs that C~^ exists and is unique. 

The boundness of JC~'- is determined by solving the linear operator equation 

Using variation of parameters we can write a unique solution of this problem as: 

The two first terms correspond to the solution of the associated homogeneous problem 

CB = 0. The denominator W is the Wronskian value given by —liuj, (|a;| 7^ 0). 

Applying the boundary conditions B(0) = 0, we obtain ci = —02- Then we can write 

B{x) as 

Applying the boundary condition B(oo) = 0, we find a value of the constant Ci, 

C B = f: 

Bxx + = iqaif{x), 

B{0) = B{oo) = 0. 

B(x )  -  C ie"^^  4- cae — e ,ia;i t u j x  

,IU)X tUJX  

which is put back into last integral equation to obtain 

1 r fOO rx noo 

(7.U) 
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In the next section, we use the integral solution (7.11) to find estimates for B{x)  

in the space W with the norm (7.10) when f{x) belongs to W. 

Since f { x )  G  W, we have |/(x)| < ||/||e~'''^, then the weighted norm for B  can be 

computed by using the triangle inequality and formal integration of (7.11) as follows 

|B(x)| < [ 
J X 

- f Jo 

°° I 

2iu 
oc I ^ — iui(^-rx) \ \ f \ \ e  

2iuj 
g-6(^-x)g-6'^ g-6(i-Og-6'f 

I" +—r,—E— lo ' 

0 

JMI 
2\uj \  L -(6 + 6') 

M 
2 la; I 

I 

X |gM?-x)||^j|g-6'e 

2iuj 
d^ 

rtb'x 

6 + 6' 
+ 

e-b'x _ g-6x 

f -b 

b'  - b  
^ — B X  

-(6 + 6') 

6 + 6' 

ll/ll „-6'. 
^ u; 

2b'(l - e-^''-''''^) 
62 - 6'2 < M\ \ f \ \ e  -b' X 

where M = . The last inequality follows from the fact that 6 — 6' > 0. Then 

we have the inequality 

|S(x)e^'^| < M\ \ f \ \  <  oo (7.12) 

which proofs that B 6 W. Moreover, inequality (7.12) is valid by all x > 0. In 

particular, 

l i ^ l l  =  sup |S(x)e ' ' ' ^ |  <  M| | / | |  <  oc  
x>0 

Therefore, we have 

||£-7|| < M||/i| < cx) (7.13) 

which bv definition can be read as 

||£-'|| < M < oo. (7.14) 

The lemma (7.3.1) has been proved. • 
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Corollary 7.3.1. Let f{x) a uniformly hounded function with a finite number of 

discontinuities , then B{x) is a Lipschitz function. 

Sketch of the proof: Assuming for simplicity that 

R, . f / i ,  X <  a, 
/W =  S ,  ^  ( ' - l a )  

[/a, x > a, 

where a is a finite number defining the location of only one discontinuity. Let K be the 

uniform bound of f: |/(x)| < ii' < oo for all x > 0. Each one of the integrals in (7.11) 

is decomposed into several integrals where the limits of integration are determined 

by a partition around a. The conclusion can be obtained by a direct and tedious 

estimation of each of the integrals. • 

7.4 Properties of the Nonlinear Operator M. 

Lemma 7.4.1. The nonlinear operator A4 is bounded and maps W into W. 

Consider B E W, then 

\\MB\\ = sup I |= 
i>0 

= sup I iqai [r,X[o,i.l +Tr{B)x[x„oc)] Be'''"' | = 
i>0 

= SUp^CTi 
i>0 

47|B| B I e'''^ = 

< qcTi < 

< ?<RI[||B||+47||B||||B||]<A3. (7.16) 

This inequality ends the proof of the lemma. • 

Corollary 7.4.1. The operator C~^M. is a nonlinear, bounded, integral operator that 

maps W into W-

The corollary follows from putting C~^A4 = C~^ o M. and applying Lemmas 

(7.3.1), and (7.4.1). • 
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7.5 Iteration Scheme and Its Convergence 

Let us consider Equation (7.6), that is 

L5A = S, (Ti) 

along with the localization condition, (7.2) 

iA(a:s + 5) + 6 A { X S  + C^)! — —. 

Their related iteration schemes are: 

Sl+' = C-'M{S'X,S^,a,), 

=X{S- ,5T \c r , ) ,  

(7.17) 

(7.18) 

where X is a real value operator defined by solving from the equation relation 

+ <S")I = ^, 
97 

(7.19) 

and £ is a integral operator defined by the composition of (7.9) and (7.11). 

Let us define the initial values of the iteration as: 

= 0, 

5° = 0. 

We plug these values into (7.17) to obtain , 5°, cri) = C~^M.{A,Xs,crl)• 

^h.a.t is, is given by using the integral operator as in (7.11) 

<^A(^) = — { f  ^ 
2MV.  

X[o ,1^] « (1 \/l 47|A|)x[ia,oc) Ad^ 

00) 

roo 

I 
X[o,x,] + -(1 - \/l - 47|.4|)x[i„ 

X[o.x.] + ^(1 - ̂ 1 -47|A|)X[x.. 00) 

Ad^ 

M}. 
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The integrals can be solved by decomposing the integrals according to the charac

te r i s t i c  func t ion  in  t he  in t eg rands  and  de f in ing  a  re l a t ive  pos i t i on  be tween  x  and  Xg .  

The value is then use to estimate by analyzing 

|-4(i,+i')+i\(i)| = ^. (7.20) 
y7 

Let us point out that (5\ are considered small perturbations of the unperturbed 

problem |A(XS)| = Moreover, ^4, x, 7 and a unique monotonic decreasing function 

|A(x)| = are known. Since ^|A(a:)| = 6|^(a:)| ^ 0, The Implicit Function 

Theorem guarantees the existence of a unique solution for (7.20). Moreover, is 

Lipschitz continuous in 

In general, it is assumed that and are known. We want to guarantee the 

existence of the next iterative values and by using (7.11) with .4 + 

and as argument. The integral operator acts as it was explained in the first 

iteration. Once is obtained from the last step, we put it back (together with 

into (7.18) to obtain The existence of follows in the same fashion from 

the Implicit Function Theorem, and is Lipschitz in with a Lipschitz 

constant independent of n. Notice that the difference between the iterations = 

^n+i(^n,^n+i) ^n+1 _ _ The iterations are updated as the following 

schematic fiow shows 

...(5",^) (5",5"^') (5"+\^^+')... (7.21) 

For now on, we use the notation 

^ (7.22) 

where S  = is a vector operator defined in the space W x R"*" with the 

norm 

(7.23) 
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By using inequalities (7.14) and (7.16) in Lemma (7.3.1), the following estimates 

can be easily found 

for some positive constants K, M independent of n. Suppose ||^"||, < i? € (0.1). 

R being fixed, then (7.24) and (7.25) give: 

Choose cTi < cTio = ^ max (^, •^). As a result, the mapping S : (d".(5") -> 

(5""^^ from B{0 ,R)  to itself, where B{0 ,R)  denotes a ball of radius R with 

center at zero in our iteration space W x R"'". Moreover. (7.27) says that {<)"} is a 

bounded sequence uniformly in n. 

Now we are to prove that <S is a contraction mapping in the ball S(0, R) .  Consider 

i|5rMl<'^i9M(i|(^||+47|i^^||||^"J|), (7.24) 

(7.25) 

< a iqK{R  +  4 jR ' ^ ) .  

(7.26) 

(7.27) 

jn+2 _ jn+i ^ 

where 

X[o,x?i + ^(l — \/l — 47IA + ^^l)x[ij,ooi 

X[0,I?1 + ^(1 - \/l — 47IA + ̂ 4|)x[x?,oo] (-4 + 

0 

|^X[o,x?] + 9 (1 ~ y^l — 47|A + 5"|)x[i?,oc] (^ + ("-28) 
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with = Xs + To integrate we assume that < x and 5""'"'^ > 5". Other 

cases such as x" < x < x""*"^ < x < x", or x",!""*"^ > x lead to similar 

calculations and conclusions. 

Then the integrals in can be decomposed according to a 

partition determined by the characteristic functions in the integrands. In a similar 

way as it was explained for the first iteration, the integrals are estimated to obtain 

1\UJ\ 

+ Lo 
f^OO 

2cos(6x) / 
X 

|<Sr'-53l}. (7.29) 

Taking the weighted norm on both sides, we obtain 

LL^N+2 _ ̂ N+I|| ^ A,K,\\6T' - 5^11 + - S% (7.30) 

for positive constants Ki and K2 independent of n. On the other hand, we treat 

jn+2 _ ^n-ri J jg Lipschitz. We can estimate: 

| ^n+2_^n+l |  ^  

+  +^" i -  ( " -31)  

The first term |5"'^"(x5 — ^^"'•^(xs + is bounded by using (7.30) and the 

second term 5^'*'^(xs + c^""*"^) — ^^"'"^(xs + ^")| is estimated by using the fact that d.4 

is a Lipschitz function with Lipschitz constant on the order 0(ai). Note that O(cri) 

came from the nonlinearity of the right hand side of the equation (7.9). 
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Combining these estimates, we end up with 

|^-n-f2 _ ^ (7.32) 

with positive constants and K 5  independent of n .  Definition (7.23), and inequal

ities (7.30) and (7.32), lead to 

11(5^+2 _^n+l ̂ ^-n+2_^-n+l) II ^ ^^ (^^ || jn+1 _ || ^ ̂ _ j^n+l _ Q 

< t7:max(ii:6,i^7)||(^^+' 11(7.33) 

So if we further require that ax < crio < 1/ max(iv6, ^V), then «S is a contraction 

mapping, and it has a unique fixed point inside B{0,R) of W. Therefore, (d".c)") 

converges to (c)'.4,()'), the unique solution to the problem (7.1)-(7.2). This ends the 

proof of Theorem 7.1. • 



96 

Chapter 8 

CONCLUSIONS 

8.1 Summary 

In this chapter, the main results of this dissertation are summarized, and some sug

gestions for further work are given. 

This dissertation includes most of the formal mathematical answers to questions 

regarding the formation and propagation of hotspots during electric volumetric heat

ing in materials of low thermal diflFusivity. The model that we study is the following 

one-dimensional system. 

Ett ~ Exx + ^E -1- o'(T)Et — 0, 

Tt  =  uTxx  +  p f iT , \E \ ) ,  

for x > 0, i > 0. The corresponding initial and boundary conditions are: 

E{Q, t )  =  

E{x ,0 )  =  Et{x ,0 )  =  0, 

(8.1) 

(8.2) 

and 

Tx(0 ,  t )  = 0, and 

T{x,0) =0. 

(8.3) 

(8.4) 

We have found asymptotic solutions to the system in the limit of small thermal 

diffusivity, {iz/p <C 1). The asymptotic behavior is well-predicted by solutions to the 
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FIGURE 8.1. Steady-state solution of the magnitude of the electric field; large electric 
cond uc t i v i t y  and  med ium the rma l  d i f f u s i v i t y .  The  va l ue s  o f  pa r ame te r s  a r e  9  =  2 . 7  =  

l,cro =<71 = 3,1/ = 0.6 and p = l/f). The solid line corresponds to the numerical results 
of the model system (2.47) and (2.48); the curve formed by small circles represents the 
solution given by equation (4.19) while the triangles are the values given by (4.14) and the 
crosses the values given by equation 3.20 in [14]. 

free boundary problem: 

Ett — Exx + -f- o'(T)Et = 0, 

T{x ,  t )  =T f  xn i  + Tr{\E\) • xn.: 

i s { t )  = (1 - - •i'l\E(x.m) • 

The f bp  predicts the steady-state electric field very well up to values of 0 < £/ < 0.6. 

p = Iju and (Jo = crl = 3 as FIGURE 8.1 illustrates. The approximation using 

equation (4.19) is still very accurate for large values of crojcrl and u. 

The f bp  approximation of the steady-state temperature field with the discontinu

ous function (3.32) works well only for small values of v, of the order of magnitude 

of 10_i. For larger u, we found that the inner solution (3.28) better describes "the 
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smooth" final temperature distribution. See FIGURES 3.3 and 3.4 in chapter 3. 

Using the f bp  approximation of the magnitude of the electric field and condition 

(4.4), we determine the location of the hotspot. Equation (4.18) is valid when ^ < 1 

and cro,(Ji 1. For other values, only an implicit expression for the location of the 

hotspot is available and can be computed numerically using equation (4.14). for small 

values of <TI or (4.19) for larger values. 

Concerning the time-dependent problem, we have found a closed expression for the 

time it takes to form a hotspot: it is equation (5.15) and is valid when we disregard 

diffusion at the boundary a: = 0. The time formation is of the order 0(l/p) (O(i'). 

when p = l/u). See FIGURE (5.8). 

Furthermore, the f bp  approximation of E is used to obtain an ODE (5.10)for 

the time evolution of the electric field as it relaxes to the steady-state. This ODE 

accurately describes the E field's wave evolution. Moreover, under sufficiently small 

thermal diffusivity and strong coupling, the solution of this ODE well describes the 

time evolution of the temperature front's location. The ODE allows us to reconstruct 

numerically the relaxation of the electric field to the steady state, as it is shown in 

FIGURE (5.6). However, because the solution of this ODE is smooth, it fails to 

describe the transient, steep perturbation in \E\ that is observed numerically. 

For more practical applications, we want to emphasize that the ratio ^ < 1 de

termines mainly the magnitude of the penetration of the hotspots, (large penetration 

for small values of the ratio). Meanwhile ^ determines its profile: sharp for small 

values, smooth for medium values of the ratio. 

In the same spirit, we want to point out that the key parameters for tuning the 

penetration and time scale of the hotspots are a and b: the real and imaginary parts 

of uj and ujf. These parameters determine the harmonic behavior of the electric field 

in equations (4.14) and (4.19). 

Furthermore, in chapter 7 we showed the existence of the steady-state solutions 

of the electric field by using a contraction mapping argument. This proof and the use 
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of the Implicit Value Theorem guarantees the existence of a unique location of the 

temperature front. 

8.2 Future Work 

Future directions for research include the study of hotspots in higher dimensions. This 

may represent more realistic experimental situations in which geometrical aspects of 

the hotspot can be better examined. A similar asymptotic expansion in the limit of 

small thermal diffusivity can be followed by using previous results of the diffusion 

equation with similar bistable nonlinear term, see for example [10]. 

Another interesting problem is to assume a different geometrical design of the 

waveguide. Using the same free boundary problem approach, we think it is possible to 

recover the same results as ([25]), where the location of the hotspot lies in the center 

of the cylinder rather that at the boundary a: = 0. 

Introducing a periodic electric conductivity function, it might possible to study 

formation of multi-hotspots and their interactions in an inhomogeneous medium. In 

general, conditions for the formation of multi-hostpots is a challenging and useful 

topic of investigation. 

We would like to continue addressing issues about existence and stability of the 

formal solutions that have already been found. For instance, when the steady solu

tions of the diffusion equation (2.48) is studied by setting Ti = 0, a set of monotonic. 

periodic, and constant solutions appears as steady-state solutions. Nevertheless, the 

numerical simulations have shown the presence of only the monotonic solution. To 

understand a selection principle that determines the existence of a unique mono

tonic solution, issues such as stability should be studied with more rigor and detail. 

Furthermore, we think that a more extensive effort should be undertaken to put a 

rigorous footing on the asymptotic study of the system. 
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