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ABSTRACT 

The discrete wavelet transform (DWT) is developed as a general statistical tool for the study 

of large scale structures (LSS) in astrophysics. The unique properties of the DWT allows this 

analysis to be done in both configuration space and frequency (or scale) space simultaneously. 

These properties include orthogonality, completeness, and locality in both configuration space 

and frequency space and allow for the detection of previously unseen structures in distributions of 

interest in cosmology, such as the QSO Lymana forests. The DWT is used in all aspects of struc-

njre identification including cluster analysis, spectrum and two-point correlation studies, scale-

scale correlation analysis and to measure deviations from Gaussian behavior. The techniques 

developed are demonstrated on "academic" signals, on simulated models of the Lya forests, and 

on observational data of the Lya forests. 

Four main conclusions are reached as a result of this analysis. First, it is clearly shown that 

this technique can detect clustering in the Ly-a clouds where traditional techniques such as the 

two-point correlation function have failed. The position and strength of these clusters in both real 

and simulated data is determined and it is shown that clusters exist on scales as large as at least 

20 /i~' Mpc at significance levels of 2-4 a. Furthermore, it is found that the strength distribution 

of the clusters can be used to distinguish between real data and simulated samples even where 

other traditional methods have failed to detect differences. 

Second, a method for measuring the power spectrum of a density field using the DWT is 

developed. All common features determined by the usual Fourier power spectrum can be cal

culated by the DWT. These features, such as the index of a power law or typical scales, can be 

detected even when the samples are geometrically complex, the samples are incomplete, or the 

mean density on larger scales is not known (the infrared uncertainty). Using this method the 

spectra of Ly-a forests in both simulated and real samples is calculated. The power law index of 

the observational data is found to be different from that of random data, although the spectrum 

itself is flat. 

Third, a method for measuring hierarchical clustering is introduced. Because hierarchical 

evolution is characterized by a set of rules of how larger dark matter halos are formed by the 
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merging of smaller halos, scale-scale correlations of the density field should be one of the most 

sensitive quantities in the determing the merging history. We show that these correlations can 

be completely determined by the correlations between discrete wavelet coefficients on adjacent 

scales and at nearly the same spatial position, Scale-scale correlations on two samples 

of the QSO Ly-a forests absorption spectra are computed. Both samples show almost the same 

behavior in their scale-scale correlation: Cj^j+1 is significantly larger than 1, and larger than that 

of random samples. Therefore, models which predict a "history-independent" evolution are ruled 

out. The halos hosting the Ly-a clouds must have gone through a "history-dependent" merging 

process during their formation. 

Lastly, higher order statistics are developed to detect deviations from Gaussian behavior. 

These higher order statistics are necessary to fully characterized the Ly-a forests because the 

usual 2nd order statistics, such as the two-point correlation function or power spectrum, give 

inconclusive results. It is shown how this technique takes advantage of the locality of the DWT 

to circumvent the central limit theorem. A non-Gaussian spectrum is defined and this spectrum 

reveals not only the magnitude, but the scales of non-Gaussianity. When applied to simulated and 

observational samples of the Ly-a clouds, it is found that different popular models of structure 

formation have different spectra while two, independent observational data sets, have the same 

spectra. Moreover, the non-Gaussian spectra of real data sets are significantly different from the 

spectra of various possible random samples. 
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CHAPTER 1 

AN OVERVIEW OF LARGE SCALE STRUCTURE 

1.1 Introduction 

The essence of large scale structure (LSS) study in big bang cosmology is to determine how 

an initially flat or smooth 3-dimensional surface described by the Robertson-Walker metric has 

evolved into the current wrinkled one. The importance of a detailed knowledge of LSS lies in 

the fact that it sets constraints on the formation and evolution of galaxies and larger structures. 

Additionally, the parameters of cosmological models, such as the mass density of the universe, the 

nature and amount of dark matter, etc., can be fixed by LSS. In terms of density and velocity fields, 

the goal is to determine how an initially homogeneous and Hubble expanding mass distribution 

evolved into its present inhomogeneous state. Of these fields, those populated by objects at high 

red shifts are especially important because it should be possible to trace the early evolution of 

structure in the universe with these objects. 

It is currently held that LSS was seeded by fluctuations early in the history of the universe. 

These fluctuations developed into structure via the gravitational interaction between baryonic and 

dark matter [1]. While this picture does a good job in generally describing the history of the uni

verse, there is still much room for exactly what mechanisms and initial distributions have led to 

the present state of the universe. In fact, the global expansion of the universe along with radiation 

pressure counteract gravity to the point that in the case of a radiation dominated expanding uni

verse, no density fluctuation can grow significantly. Even in a universe dominated by cosmic dust, 

the expanding universe strongly reduces the growth of fluctuations into LSS. Because of this, the 

study of LSS using objects at high red-shifts has become increasingly important and necessary 

in astrophysics. This is even more true because competing models of structure formation fail to 

show much difference at low red-shifts despite the very different physics these various models 

use. For instance the low density cold dark matter model (LCDM) and the cold plus hot dark 

matter model (CHDM) both give good agreement with the temperature fluctuations of the cosmic 

background radiation and with clustering of galaxies at low red-shifts. On the other hand, objects 
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at high red-shifts allow not only for testing differing models by the predicted number of objects, 

but also by the evolution of these objects. This is evident even at moderate red-shifts where for 

example, the abundance of clusters decreases very rapidly with red-shifts between 2 = 0 and 

2 = 0.5 in the CHDM model, but evolves very little in the LCDM model. 

However, high red-shift objects like QSO's Lyman-o forests have played a relatively unim

portant role in the development of our understanding of structure formation in the universe be

cause no effective method has been found to smdy these objects. High red-shift objects are rare 

and clustering is weak, making the identification of structures in real and simulated samples dif

ficult. Furthermore, the structures in these distributions are often are often on the order of the 

uncertainty in the mean density of these objects. This "infrared uncertainty" makes it difficult if 

not impossible to detect structures using traditional techniques like die two point correlation func

tion. Very much like the physics of dynamical critical phenomena, turbulence, and multi-particle 

production in high energy collisions, the problems encountered in LSS are typical of structure 

formation due to stochastic interactions and non- linear coupling [2, 3]. 

In this thesis it will be demonstrated how a discrete wavelet transform (DWT) space-scale 

decomposition (SSD) can be used to successfully describe all pertinent statistical features of dis

tributions like the QSO Lya clouds. A space-scale decomposition means analyzing a distribution 

simultaneously in configuration space and in scale space. While these types of studies are not 

new in cosmology or physics generally, for example the Wigner functions in quantum mechanics 

or the count in cell statistics of cosmology are SSD's, the DWT possesses unique properties that 

make it an ideal tool to study these distributions. These properties, which will be described in 

detail in the next chapter make the DWT a complete statistical tool that allows for cluster identi

fication and characterization by scale, reconstruction of the power spectrum even in samples that 

are geometrically complex or incomplete, and for computation of higher order statistics which 

describe non-Gaussian behavior. 

1.2 Need for a space-scale decomposition (SSD) 

The usual procedure to study the behavior of LSS is to Fourier expand the density field p { x )  

and analyze the power spectrum of the perturbations. These perturbations should be the initial 

flucmations in the background field that initiate LSS and LSS can effectively be characterized in 

scale space by the power spectrum of these perturbations. In fact, if the homogeneous random 
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field p { x )  is Gaussian, then all statistical features of the field can be completely determined by 

the amplitude of the Fourier coefficients. This means that the two point correlation function, or 

its Fourier counterpart, the power spectrum, are sufficient to describe the formation and evolution 

ofLSS. 

However, there is a serious flaw in this reasoning. The dynamics of LSS is non-linear. Even if 

the initial field p{x) is Gaussian, and completely describable by a Fourier expansion of the field, 

subsequent evolution of the field will be non-Gaussian as clustering due to gravitational instability 

occurs. In order to follow the Fourier prescription at this point, knowledge of the phases of the 

Fourier coefficients is essential. Unfortunately, in all but very rare cases, information about the 

phase of the Fourier coefficients is non-existent [4], Furthermore, even in cases where the phases 

are detectable, the pictures in physical space, p{x), and Fourier space, p{k), are separated. From 

the former we see only the scales of the structures, but not the positions of the identified clusters, 

and vice versa from the latter It is the concern that this separation of scale and space may lead 

to the missing of key physics that has led to the development of techniques in which information 

about both the scale and position is retained. 

The need for a SSD is even more crucial when studying high red-shift objects like the QSO 

Lyman-a (Ly-a) clouds. In order to use the traditional two point correlation function to detect 

structure a good estimate of the mean density is required [5]. However, it is impossible to ac

curately determine the mean density from observational data because there is no information on 

the distribution on scales outside the sample size. This problem is even more severe for high 

red-shift objects because the mean number density of these distributions is red-shift dependent. 

Furthermore, the structures in these data sets can be large enough to be comparable with an esti

mated uncertainty in the mean density. All structures on this scale and larger cannot be detected 

by the two point correlation function. It has been clearly shown that information on clustering, 

especially on large scales, is lost when using a two point correlation analysis [6]. 

The need for an SSD has been well recognized in cosmology. This has led to the develop

ment of methods like smoothing by a window function, percolation techniques, friend-to-friend 

algorithms and count in cells (CIC) statistics. However all these methods have the problem that 

the basis functions given by these methods is incomplete. Unlike, for instance, the Fourier repre

sentation, these methods lose information contained in the density field. 

Like the methods just mentioned, the DWT is also an SSD. The DWT basis have limited 

spatial support which means that the DWT allows for an orthogonal and complete projection on 
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modes localized in both physical and scale space. These features also make possible a multiscale 

resolution. But like the Fourier transform, the DWT basis is complete, orthogonal, invertible and 

admissible. This makes possible a complete representation of LSS without loss of information. 

Moreover, the orthogonal basis of the DWT are constructed by translating and dilating one scale 

function and are, by construction, self similar [7, 8, 9]. The translation-dilation procedure allows 

the wavelet transform to give very good spatial resolution on small scales, and very good scale 

resolution on large scales. Put concisely, the DWT is able to resolve an arbitrary density field 

simultaneously in terms of its position variable and its conjugate counterpart in Fourier space up 

to the limit of the uncertainty principle. 

These properties uniquely situate the DWT among the various SSD methods. On the one 

hand, information on both position and scale are retained, while on the other the complete, or

thogonal basis of the DWT ensure no loss of information. It will be shown that some statistical 

and dynamical feamres of LSS can easily, and in fact only be described by the DWT representa

tion. 

1.3 The Observational Data Set 

Ly-a absorption line forests in QSO spectra come from intervening absorbers, or clouds, with 

neutral hydrogen column densities ranging from 10^^ to 10^^ cm~^ at high redshifts. The size of 

the clouds at these high redshifts is as large as 100 - 200 h~^ Kpc {h is the Hubble constant in 

units of 100 km s~' Mpc~') and their velocity dispersion is as low as ~ 100 km s~' [10, 11, 12]. 

Because of this, it is probable that the Ly-a clouds are neither virialized nor completely gravity 

confined, but given by pre-collapsed areas in the density field. 

In principle, the spatial distribution of the absorption lines in the forests should be ideal 

candidates to serve as the high redshift objects with which to probe LSS. The lines are much 

more numerous than the QSO's themselves, tend to be relatively uniform and cover a large range 

in redshift space. Yet these data sets have failed to reveal any structure when subjected to a two 

point correlation analysis despite the fact that a host of other statistical tests have shown structure 

in these distributions. Systematic searches for structure in the distribution of Ly-a clouds began 

in the early 1980's and the first study concluded that no structures could be identified using the 

two point correlation function [13]. Almost all subsequent studies using correlation analysis also 

detected no significant correlation on scales in velocity space of ~ 300 - 30,000 km s~'. Some 
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correlation in the lines has been measured but only on scales of 50 -290 km s~' [14, 15]. In 

fact, the absence of power in the two point correlation function has been claimed as a striking 

characteristic of these objects [16]. 

On the other hand, a series of works based on other methods has detected structure in the 

forests. Nearest neighbor Ly-a line intervals have been found to be significantly different from a 

Poisson distribution [17, 6]. Voids have also been identified in these sets [18] and Kolmogorov-

Smimoff tests have shown that these objects deviate from a uniform distribution at a significance 

level of up to 'ia [19]. Contrary to the results obtained via the two point correlation function, 

these studies indicate that there is in fact large scale structures in the Ly-a forests. 

While these contradicting conclusions result in confusion as to whether there is structure in 

the Ly-a forests, they also point to the need for an SSD analysis and provide the ideal candidate 

data set with which to perform the analysis. In fact, there are even more concerns with these 

particular data sets. The forest have a complex geometry associated with them. Different forests 

cover different spatial ranges and no one of the forests is distributed over the entire range. In 

addition samples differ greatly from forest to forest in terms of the number of lines the samples 

contain. Forming an ensemble with such a data set requires, at the very least, a complicated 

weighting scheme. However, trying to treat each set individually is not feasible due to the irregu

larity of the data set. As will be shown, the DWT provides a way to regularize these complicated 

data sets which allows the data to be treated uniformly. 

Furthermore, a basic question is raised by the contrasting results, namely, why do the power 

spectrum and two point correlation function fail to detect structure. This question which will be 

explored in detail later is of fundamental importance and its answer, namely that these 2nd order 

statistical techniques are ineffective in detecting structures in these data sets, opens a new avenue 

to study LSS. This new window, specifically, higher order correlations which the DWT makes 

computationally easy, not only allow for the detection of structure, but also make it possible to 

distinguish between competing models of structure formation. 

Thus, far from being a negative, these difficult data sets provide the right vehicle to fully 

exploit the unique properties of the DWT. In so doing, a new and powerful tool is developed for 

use in LSS. 
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1.3.1 The Simulated Data Set 

The Ly-a clouds are also good candidates to test models of structure formation. The power 

spectrum of the density perturbations given by various models can be used to seed the growth of 

the forests. These results can then be confronted with observational results. 

The first study to take this approach was done by Bond, Szalay & Silk [20] in which they 

proposed that the clouds are low mass objects formed from the tail in the power spectrum of the 

density perturbations given by the CDM model. Later Bi,Bdmer & Chu [21, 22] simulated the 

Ly-a absorption spectrum by assuming that baryons had a linear log-normal distribution. This 

work showed good agreement with the several observed features such as the distribution of line 

equivalent widths and the two point correlation function. Bi, Ge, & Fang [23] improved on this 

work by normalizing the power spectrum to the temperature fluctuations in the cosmic microwave 

background radiation [24, 25] and by using a linear threshold to identify regions of collapsed 

objects. The density fields were generated as Gaussian perturbations with a linear power spectrum 

given by the standard cold dark matter model (SCDM), the cold plus hot dark matter model 

(CHDM), and the low density flat cold dark matter model (LCDM). Within a reasonable set of 

parameters, they showed that the LCDM model agreed with observational measurements such as 

the distribution of equivalent widths, redshift dependence of the width distributions, clustering 

and the Gunn-Peterson effect. 

However, while the LCDM model best fit with observational data, other models could not 

be ruled out. These models are clearly different from each other and simulations based on these 

models should give different results. When this information is combined with the lack of power in 

the two point correlation function for real data, it becomes evident that more stringent statistical 

tests are necessary. In particular, higher order tests are necessary since first order tests, like 

the number density, and second order tests, like the two point correlation function, have failed 

to discriminate among the different models. The need for computationally efficient methods of 

calculating higher order statistics is another reason for turning to the DWT As will be shown, with 

the DWT it is possible to define a spectrum of the higher order moments. These spectra allow 

for the discrimination between models which were indistinguishable using lower order statistics. 

The DWT opens a new window with which to quantify LSS. 
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CHAPTER 2 

THE DISCRETE WAVELET TRANSFORM 

2.1 Introduction 

The wavelet transform is a recent technique that was developed independently in a wide range 

of fields. For instance in pure mathematics, forerunners of this technique were used in harmonic 

a n a l y s i s ;  i n  p h y s i c s ,  w a v e l e t - l i k e  t e c h n i q u e s  w e r e  u s e d  t o  c o n s t r u c t  c o h e r e n t  s t a t e s  f o r  t h e  { a x  +  

b)— group in quantum mechanics; and in engineering, quadrature mirror filters were developed 

with exact reconstruction properties by use of wavelet like techniques (see [9], and references 

therein). In fact much of the wavelet vocabulary comes from engineering signal analysis. In the 

last decade, a synthesis has occurred between these various approaches as it has been discovered 

that these techniques are based on the same principles. 

Wavelet transforms are mathematical techniques diat analyze data or functions or even oper

ators in frequency space and configuration space, simultaneously. Speaking in the language of 

signal analysis, the wavelet transform is able to determine the frequency content locally in time. 

In this context, they are very much like a musical staff in that the position of the note on the 

staff gives the pitch (frequency) and the shapK of the note gives the duration for that note. The 

wavelet transform is able to do this because its basis functions (also called the analyzing wavelet) 

are localized in space. The scale or frequency content is obtained by dilating or contracting the 

wavelet basis before convolving with the signal. Because the analyzing wavelet is localized, 

the behavior of the signal outside the immediate region of the analyzing wavelet plays no role. 

This localization property, when used in conjunction with the fair sample hypothesis, allow the 

wavelet coefficients to form a valid statistical ensemble from which clustering information can 

be obtained. 

Although the continuous wavelet transform (CWT) has been used in several LSS studies [26, 

27, 28, 29], the technique is still relatively unknown in the community. This is even more true for 

the discrete wavelet transform (DWT). As will be shown, there are fundamental differences be

tween the CWT and DWT, and it is the unique properties of the compactly supported, orthogonal 
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DWT basis that will be used to advantage here. For the moment, however, it is important to try 

to provide some physical insight into the wavelet transform in general. This will be done, in part, 

by comparing it to the Fourier transform which is much better icnown and already has a physical 

intuition established about it. The hope is that this will give the reader a. feel for what the wavelet 

coefficients physically represent. 

2.2 Comparison to Fourier Transform 

The most commonly used basis functions in physics are the trigonometric functions. The main 

r e a s o n s  f o r  t h e i r  p o p u l a r i t y  i s  t h a t  t h e  t h e y  a l l o w  t h e  d e c o m p o s i t i o n  o f  a n y  f u n c t i o n  f { x )  €  

L-(0,27r) into a linear combination of Fourier vectors defined by their Fourier coefficients, 

/(k) = e-"^/(x)dx. (2.1) 

However, since the trigonometric functions oscillate to infinity, the information content of 

f(x) is completely delocalized and spread to all the coefficients f(k). It is possible to localize in 

space (or time) the spectral information by first windowing the signal f{x) before convolving it 

with the trigonometric functions. That is, we define f{k,x) as 

f { k , x )  =  J  d s f { s ) g { s  -  x ) e ~ ' ' ' \  (2.2) 

This is the windowed Fourier transform, which is a standard technique for space-scale local

ization. Perhaps more common is the case where x and k take on regularly spaced values; 

X = nxo, k = mko where n, m are integers and xq, Atq > 0 are fixed. Equation (2.2) becomes 

f m . n { k . x )  =  J  d s f { s ) g { s  ~ n x o ) e ~ ' " ' ' ' ° ^ .  (2.3) 

For fixed n, eq (2.3) gives the Fourier coefficients o f  f  o  g  and if g  is compactly supported, a 

wise choice of ko is enough to fiilly characterize and reconstruct / o 5 by eq (2.3). Changing n 

shifts the window by xo sized steps and thus allows for the recovery of all of /. The procedure is 

illustrated in figure 1. 

If g  and g  are localized, then eq (2.3) gives the value of /, near location x  and near scale k .  

In this way, the windowed Fourier transform reveals scale and space information. 

The wavelet transform also gives space-scale information, but does so with some crucial 

differences. The analogous formulae to eqs. (2.2) and (2.3) for the wavelet transform are 

f { a , b )  =  f d x f { x ) i { } { - —- )  (2.4) 
J  a  
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f(x) g(x) 

f(x) g(x-xo) 

Figure 2.1: The windowed Fourier transform. The function f(x) is multiplied by the window 

function g(x) and the Fourier coefficients are computed for the product f(x) g(x). This is repeated 

for translated versions of g(x). 

and 

f j j ( a ,  b )  =  Cg  J  dxf (x ) ip {a~" ' t  -  nbo) .  (2.5) 

In eq. (2.5) m.n  are integers and cq > l,6o > 0 and both fixed. Note that like eqs. (2.2) 

and  (2 .3 ) ,  t he  wave le t  de f in i t i ons  i nvo lve  an  inne r  p roduc t  be tween  the  func t ion  /  and  a  fami l y  

of functions indexed by two labels ipa,bis) = ( In the windowed Fourier case, the 

labels are gk,i{s) = e^''^g(s-x).) The ^a,b are called wavelets and the function ^ can be thought 

of as a generating wavelet. The generating wavelets, have not yet been specified, and for the 

moment we state only that these functions must meet certain conditions which will be discussed 

in §2.3. A common example that meets all the conditions is the second derivative of the Gaussian, 

ip{x) = (I - x^)exp(—x^/2). This wavelet, often referred to as the Mexican hat wavelet (see 

figure 2.2), is well localized in both space and scale. 

The wavelet analyzes a function in the following way. As the scaling parameter, a  changes. 
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the t/;a 0 = |a|~^''^i/)(s/a) cover different frequency ranges with large values of |a| corresponding 

to large scales and small values |a| to small scales. Changing the translation parameter 6 moves 

the localization center so that each i pa ,b 's localized around s  =  b .  This procedure seems very 

much like the windowed Fourier example. However, unlike the Fourier case where the shape of 

the envelope function g  remains the same, and the functions gk^x are filled with higher frequency 

oscillations, the ipa b have a width adapted to their frequency. See figure 2.2 
B.) 

A.) 

g(x) 
/ 

- Re g k.x 

1 

\if with a < 1 A 
a . b  i \  

V with a > 1 
a.b 

Figure 2.2: The windowed Fourier transform (a) and the wavelet transform (b). The ^ = 

e~^^^g{xo — x) can be viewed as translated copies of g filled in with higher frequencies, while 

ipab are all copies of the same function translated and dilated 

Another way to see the difference between the ordinary Fourier transform, the windowed 

Fourier transform and wavelet transform is in the conjugate or phase space [4]. The uncertainty 

principle restricts the modes of these transforms to elements of size Sx-Sk > 2n. For the ordinary 

Fourier transform, the dimensions are 0, Jx ->• cx3 as illustrated in figure 2.3. Windowed 

Fourier transforms have elements of size that vary depending on the window function used, but 

all have the feature that the phase space element remains constant in size regardless of scale. In 
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figure 2.3, the Gabor transform is shown which has elements Sk  =  Sx  =  constant. The wavelet 

transform also has elements that are finite with the property that Sk6 x ~ 27r. However, the 

components of the phase space, k, x, adapt to the scale being analyzed. 

A. 

Figure 2.3: Phase space elements for a) The wavelet transform; b) the Fourier transform; c) The 

Gabor transform (windowed Fourier Transform) 

Figure 2.3 illustrates how the wavelet transform can be thought of as a generalized case of the 

Fourier transform. Fourier techniques are still the method of choice when dealing with harmonic 

signals or when there is no need for local information and have the further advantage that the 

Fourier coefficients have a well known physical interpretation. However, in dealing with LSS, 

it will be seen that the locality of the wavelet is a great advantage and reveals physical features 

which would not have been possible with Fourier techniques. 
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2.3 General Definition of the Wavelet Transform 

As was noted in §2.2, we have not yet defined the generating function, ijj. The definition is 

surprisingly simple and in fact, the only condition that tp must meet in order to be a wavelet is the 

admissibility condition 

(27r)" / |,/,(k)|2_<oo (2.6) 
Vftn |k|" 

where 

(2.7) 
(27r)" jRn 

n  being the number of spatial dimensions. While eq(2.6) is die only condition necessary for a 

function to be a wavelet, to be of much use in physics xl) should be localized both in physical space 

and Fourier space. Note also that if i/)(x) is integrable, the admissibility condition implies a zero 

mean or that ip will have some oscillations. Figure 2.4 shows a typical example of a function that 

satisfies the admissibility condition and is thus a wavelet. 

Once a function is admissible as a wavelet, a family of wavelets is generated by translating, 

dilating, and rotating the father function: 

(/'jifl(x) = (2.8) 

where j > 0 is the scale parameter corresponding to the width of the wavelet and I is the trans

lation parameter corresponding to the position of the wavelet. Both j and 1 are dimensionless 

quantities. The rotation matrix is the rotation matrix in the SO(n) group and depends on the 

n(n - l)/2 Euler angles. In this work we will not be dealing with rotations so that eq(2.8) reduces 

to 

] (2.9) 
3  

The normalization is such that all wavelets have the same energy and therefore the wavelet 

coefficients correspond to energy densities. This normalization will also be useful when Parse-

val's identity for the wavelet transformed is proved. 

The wavelet transform of a distribution, /(x) is given by the inner product of the distribution 

with the wavelet function 

fj,i = = [ f{x)4>'icpx. (2.10) 
J R" 

As with the Fourier transform, it is possible to recover the signal by performing the inverse 

transform. 
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0.5 

9-

0.0 

-0.5 
10.0 -10.0 0.0 20.0 -20.0 

X 

Figure 2.4: The Mexican hat wavelet. This wavelet is one of a family of admissible wavelets 

constructed as the derivative of the Gaussian, that is, For the 

Mexican hat wavelet m = 2 

The continuous wavelet transform takes a n-dimensional function into an (n +1) -dimensional 

wavelet space. As a result, the wavelet basis is over-complete or redundant. This allows for the 

possibility of using a different reconstruction or synthesizing wavelet to recover the signal from 

the wavelet coefficients. 

2.4 Properties of the Wavelet Transform 

The wavelet has all of the desired properties of most integral transforms. In addition, the wavelet 

has other key traits that will be exploited throughout this thesis. These, which include local energy 

conservation, space-scale locality and local regularity, will be discussed in some detail. We begin 

with some of the more general properties. 

LINEARITY AND COVARIANCE. Since the wavelet is an inner product between the wavelet 

ip and the distribution /, the wavelet transform is a linear operation. If instead one is dealing with 
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a vector function then its wavelet transform is a vector whose components are the continuous 

wavelet transform of the different components. 

The continuous wavelet is translationally covariant. Designating the wavelet transform of a 

function by the operator notation, T[f], this means that 

T [ f ( l - l o ) ]  =  f { j J - l o ) .  (2.12) 

One of the consequences of this fact is that the frequency of a monochromatic signal can be read 

off from the phase of the wavelet coefficients [30]. The frequency is given by the number of zeros 

o f  t h e  p h a s e  a t  c o n s t a n t  j .  

The continuous wavelet is also covariant with respect to dilation. That is 

T [ f { j o l ) ] = j ; ' f i j o j J o l ) .  (2.13) 

Like translational covariance, dilation covariance also has physical consequences. In this 

case it means that the wavelet of a power law function is completely determined by its restriction 

to any j = constant line. Further, lines of constant phase indicate possible singularities in the 

fiinction. 

ENERGY CONSERVATION. In eq(2.9) we stated that the normalization is such that all 

wavelet coefficients have the same energy and can be thought of as an energy density. The 

wavelet also conserves energy in the sense that 

/

+00 r+oo  / •+0C _  M f j ]  
\ f { x ) \ ' dx=  / (2.14) 

•00 JQ J-oc J 

More importantly, the wavelet conserves energy l oca l l y  if one considers all coefficients inside 

the "influence cone." Basically, this cone consists of the spatial support of all the dilated wavelets. 

Equation (2.14) implies that there is no loss of information in transforming the signal into its 

wavelet coefficients. Once again, this applies locally as well as globally and is a feature that will 

b e  r e l i e d  o n  h e a v i l y .  I t  i s  a l s o  p o s s i b l e  t o  d i s t r i b u t e  t h e  t o t a l  e n e r g y  a m o n g  t h e  d i f f e r e n t  s c a l e s  j  

as 
r+oo  , w; 

Ej= (2.15) 
J-oc J 

SPACE-SCALE LOCALITY AND LOCAL REGULARITY The analyzing wavelet 0 is 

localized in both configuration space and in scale. Unlike the Fourier transform which loses the 

locality present in a distribution, this localization is preserved in wavelet coefficient space. So at 

the finest resolution j = J, if is well localized in the interval A/, then the wavelet coefficients 
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corresponding to position will all be contained in the influence cone / € [/o — i j  •  A/)/2, l o  + 

{j • Al)/2]. As stated above this cone is the spatial support for all dilated wavelets at the point 

The continuous wavelet is an extremely sensitive measure of the regularity of certain kinds of 

functions. For example, suppose that / is continuous and not necessarily differentiable at Ig but 

has the property that 

\ f { l  +  'o) - /(Ol = C\ lo \ ° '  witha < 1 and constant C > 0. (2.16) 

Then 

/j./o ~ for/0 (2.17) 

where is the phase of the wavelet coefficients. 

The interesting fact about this is that as eq (2.17) indicates, / is regular even if / is not. 

The information about any possible singularities present in the signal is characterized by their 

strength, C, and their scaling exponent a. This property is especially usefiil for characterizing 

fractals and multi-fractals [31, 32]. 

REPRODUCING KERNEL The last property of the continuous wavelet transform that will 

be discussed is important not because of the physical consequences of this property, but because 

it motivates to the development of the discrete wavelet transform. The continuous wavelets form 

an over-complete basis which correspond to the existence of a reproducing kernel associated 

with the wavelet xp and defined as 

/

+ 00 

(2.18) 
-OO 

More importantly the reciprocal holds true or 

r  +  cc  r+oo  dhd i l  
f j u i =  / K ^ { 3 x . J 2 . l x M ) f [ 3 2 M ) A ^ .  (2.19) 

JQ J -oc  J2  

Equations (2.18) and (2.19) indicate a correlation between different wavelet coefficients. This 

has a dire consequence for statistical work. As a result of the reproducing kernel, the continuous 

wavelet transform of a random signal will show some correlations that are obviously not in the 

signal. The redundancy of the wavelet basis allows for the reconstruction of a signal when some of 

the coefficients have become corrupted, but at the price that the wavelet coefficients are correlated. 

2.5 The Discrete Wavelet and Multi-Resolution Analysis 

The previous section discussed the properties that make the wavelet an attractive tool. However, 

the over-complete basis is a serious drawback for use of the wavelet in a statistical sense. During 
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the late I980's and early I990's a great deal of work was done trying to find a subset of the 

continuous wavelet basis set such that a complete, orthogonal set could be formed [33, 34, 35, 

36, 37]. In this way, the local properties of the continuous wavelet could be retained, while at 

same time eliminating the correlation between wavelet coefficients. 

This work led to the surprising result that such a set was possible but only if the family of 

wavelets was constructed by translating the function xp by discrete steps. We illustrate the idea be

hind the process by using the simplest example of a family of compactly supported, orthonormal 

basis originally developed by Daubechies[36]. 

We begin by first considering a 1-dimensional density field p[x )  over a range 0 < x < L. It 

is not difficult to extend the following to higher dimensions. Rather than using the distribution 

itself, we adopt the practice used in LSS by using instead the density contrast defined by 

where p  is the mean density in this field. 

Observational data and simulated samples can only provide density distributions with finite 

resolution, say Ax. Hence, without loss of information, 'D{x) can be expressed as a histogram 

with 2-' bins (Figure 2.5), where ./ is taken large enough so that L/2'^ < Ax i.e. 

The 2-^ bins in the histogram are labeled by an integer, Z, mnning from 0 < / < 2"^ - I. 

Bin I spans a range L 12~-^ to L (/ + 1) 2""'. The bin content is described by the value of the 

distribution at that point. That is at lo 

(2.20) 

J  <  mod(| In Ax|/ ln2) -i- 1. (2.21) 

where L Z 2"-^ < /„ < L (/ + 1) 2'-'. (2.22) 

We can invert this and using V j i, we can rewrite 'D{x )  in general as 

•2 - ' - I  
(2.23) 

where the functions 4)^]i{x) are given by 

„ ( 1 forL / 2-^ < X < L (Z + I) 2-' 
(2.24) 

0 otherwise. 
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The function <pji{x) is the so called top-hat window function at resolution scale L/2-^ and 

position L I 2""^ < 2: < L{1 + . In eq (2.23), V''{x) is the approximation to 'D{x) at 

r e so lu t ion  J .  

Expression (2.24) can be generalized to top-hat window functions on different scales. We 

first define a top-hat scaling function as 

„ f 1 for 0 < r? < I 
<t>"{ri) = { - (2.25) 

I 0 otherwise. 

One can now construct a set of top-hat window functions by a translation and dilation of the 

scaling function (2.25) as ' 

= 4>"{VxlL - 0, (2.26) 

where j ,  I  are integers, and j > 0, 0 < / < 2-' - 1. ( t>^ i {x )  is a normalized top-hat window 

function on scale L/2-' and at the position L12~^ < x < L{1 + 1)2"^. (i>^i{x) is called the scaling 

function. 

If we smooth the density contrast V { x )  by the scaling function (p^ i ix )  on scale j  = 7 — 1, 

we have an approximate expression for 'D{x) as 

V{x)^V'-Hx)= (2.27) 
/=o 

where the scaling function coefficients (SFCs) Vj^xi are given by 

+ (2.28) 

We can continue this procedure and find the smoothed distributions V^lx )  on scales j  =  J  — 

2. J - 3,... as 
2J - 1 _ I 

V J { x ) =  Y .  (2.29) 
/=o 

where the j-th SFCs can be found from (j + l)-th SFCs by 

= 2{T^j+i.2i + T^i+\aM)- (2.30) 

These results are nothing new. In fact this procedure is just window smoothing on a scale-by-

scale basis as shown in Figure 2.5. The Vj^i contain less information than Vj+^ i. In order not to 

'Actually. eq.(2.25) is not a dilation of eq.(2.24), but a compression. We use "dilation", because in the wavelet 

literature the factor 1/2"^ is called the scale dilation parameter, regardless of whether it is larger than 1. 



32 

1 

J = 3 

-TirLp--
J = 3 

J = 2 
J = 2 

J = I J = '  

Figure 2.5: A Haar wavelet multi-resolution decomposition. The original sample is shown by the 

top left figure. Its resolution is j = 4. The left column is the reconstructed distributions of the 

SFCs Vji on scales j = 3, 2, 1. The right column of histograms show the distribution of WFCs, 

Vj i  on  the  co r r e spond ing  sca l e  j .  

lose any information as a result of the smoothing, the difference, — T>^(x )  between the 

smoothed distributions on succeeding scales needs to be calculated. Figure 2.5 also plots these 

differences. To describe this difference, we define the difference function, or wavelet, as 

xP"{T] )  =  « 

1 forO<r7<l/2 

-1 forl/2<r7<l 

0 otherwise. 

(2.31) 

This is the Haar wavelet known since about 1900, and it is the reason for using the superscript H 

on (p[x) and 0{x). As with the scaling functions, one can construct a set of ip^jix) by dilating 
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and translating eq.(2.31) as 

xpf i i x )  =%p"{2^x /L- l )  

' 1 forL 12-^  <x<  Li l  +  1/2) 2 '^  

-1 forL(/+ 1/2)2--' < X < L(/+ 1) 2--' 

0 otherwise. 

is called the wavelet function [8], 

From eqs.(2.26) and (2.32), we have 

Eq.(2.23) can be rewritten as 

V- ' ix )  =  Ef=o '" '  J - I , i (pJ  

= P-^-'(x) + 

where eqs.(2.27) was used as well as 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

The Vj^k are called wavelet function coefficients (WFC). The second term in eq (2.34) is the 

difference between successively smoothed distributions to scale J - Denoting these as 

2 - ' " '  - 1  

v ' - \ x )=  Y .  (2.36) 
i=0 

eq.(2.34) becomes 

V-'ix) =V-'-\x)+V-'-\x). (2.37) 

Once again, 'D''~^{x) contains all information lost during the smoothing from J to J — 1. While 

not immediately obvious, these two functions, the scaling functions and the wavelet functions, 

together form a compactly supported orthogonal basis. 
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2.5.1 Multi-resolution analysis 

Equation (2.37) shows that a distribution at the J-th scale can be decomposed into a (J - 1)-

th smoothed distribution and a term given by {J - l)-th WPCs. We can repeat this procedure 

through all scales so that the original distribution V{x) can be decomposed scale by scale as 

(2.38) 

V-^{x )  =V- ' -^ {x )  +  ^{x )  

=  + P-^-2(x) + V- ' -^ ix )  

=  V°{x )  + P°(x) + ... + V- ' - '^ ix )  +  

where at each scale j ,  the approximation V^[x)  is given by 

•iJ-i 
V J { x )  = D°(x) + ©"(x) + ... + V^- \x )  = (2.39) 

1=0 

and the difference by 
• i J - i  

•DJ{x )  =  ^ (2.40) 
1=0 

Equation (2.38) is the wavelet multi-scale decomposition (also called a wavelet multi-resolution 

analysis) of Vix). It is important to note that unlike a window function decomposition, that is, a 

decomposition which uses only the P-'(x), the wavelet multi-scale decomposition does not lose 

in fo rma t ion  because  wh i l e  t he  P- ' (x )  g ive  the  app rox ima t ion  t o  t he  func t ion  a t  s ca l e  j ,  t he  V^ix )  

retain all information lost in the smoothing. In other words, one cannot reconstruct 'D(x) from 

the windowed components V^ix), (J = 0,1, ...J - 1), but it is possible to reconstruct the orig

inal distribution from the "difference" functions •D^(x), (J = 0,1,... J — 1), and V^ix). Here 

D°(x) = Vo,o(p"oix)^ and I?o,o is simply the mean density of the distribution T>{x) in the range 

[0, L]. Using (2.20), we have V'^{x) = 0. 

Moreover, the wavelet functions ^^i (x )  are orthogonal with respect to bo th  indexes j  and /, 

i.e. 

i p" l , [x ) i i )" i (x )dx  = (2.41) L 0  -  ' •  \V  

H where 6 j> j  is the Kronecker delta. For a given j ,  are also orthogonal to scaling functions 

(py  i{x) with / < j ,  i.e. 

I Jo  
( j ) y  i , { x ) ip j i {x )dx  =  0 .  if j '<  j .  (2.42) 
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The WFCs in eq.(2.40) can be found by 

(2.43) 

The last line of Eq.(2.38) is then 

V{x)  =  V- ' {x )  =  V°{x )  +  V^[x )  +  . . .  +  +  i ) - ' -^ [x )  

(2.44) 

The SFC provide a complete representation of V[x)  which we will call the Haar representation. 

2.5.2 Compactly supported orthogonal basis 

The Haar representation suffers from the drawback that the are not localized in Fourier 

space. As was mentioned in §2.1, an adequate space-scale decomposition should be localized 

in both physical and scale (Fourier) space. The top-hat window function (2.25) and the wavelet 

(2.31) cannot meet this condition, because they are discontinuous. In 1988, Daubechies [36] was 

able to construct families of wavelets and scaling functions which are orthogonal, have compact 

support and are continuous. 

In order to construct a compactly supported discrete wavelets basis the following two recur

sive equations must be solved [9, 8] 

It is easy to show that the Haar scaling (2.25) and wavelet functions (2.31) satisfy eq.(2.45) with 

coefficients uq = ai = bo = -b\ = 1 and all others 0. 

Directly integrating the first equation in (2.45) it follows that 

4>{v )  =  Hi  0 '1 (P(2T]  -  I)  

= T.I bi(f)(2ri 4-1) 
(2.45) 

^a, = 2. (2.46) 

Requiring orthonormality for ( p { x )  with respect to discrete integer translations, i.e. 

roc 
/  < t>{T]  -  m)( f ) (T ] )dT]  

J -OC 

(2.47) 

we have that 

Oi lC l l  2x71 — 2SQ^ jji (2.48) 
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As noted in §2.3 if ip{T]) is integrable it must have zero mean. This implies 

/

+00 

xp{Ti)dT] = 0, (2.49) 
-OO 

and that 

53 6, = 0 (2.50) 
I  

Further, as was shown in §2.5.1, the discrete wavelet is a multi-resolution analysis which requires 

that 

f  ^ { r i ) ( f ) {T i  -  l )dT i  =  0 .  (2.51) 
J  — OO 

Thus we have that 

6, = (-l)'ai_,. (2.52) 

After the Haar wavelet, the simplest solution of the recursive equations (2.45) with conditions 

(2.46), (2.48) is 

Oq = (1 + \ / 3 ) /4 ,  a i  = (3  +  y /3 } /4 ,  as = (3 - \ / 3 ) /4 ,  03 = (1 - \ / 3 ) /4 .  (2.53) 

This is called the Daubechies 4 wavelet (D4) and is plotted in Figure 2.6. In general, the more 

coefficients a; that are non-vanishing, the wider the compact support is, while the wavelet itself 

becomes smoother [9, 38] 

2.5.3 DWT decomposition 

With the basic formulae in place, we are now ready to decompose a function in terms of the DWT 

with compactly supported, orthogonal basis functions. First the DWT basis must be constructed 

by dilating and translating 0(x) and as 

/ 2^ \  
< t> [Vx lL- l )  (2.54) 

and 

^PiVx/L-l), (2.55) 

where and with integer j  and I  are the wavelet functions and scaling functions, respec

tively. Note that eqs.(2.54) and (2.55) include the normalization factor (2->. The set of 

and cf)Q ,n{x) with 0 < j < x and —oc < l,m < 00 form a complete, orthonormal basis in the 

space  o f  func t ions  w i th  pe r iod  l eng th  L.  
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i 
A 

Figure 2.6; The Daubechies 4 wavelet, determined by (2.53). The wavelet is plotted for 

presentation purposes only, so the units are arbitrary. 

To subject a finite sample in region L to a DWT expansion, we introduce an auxiliary density 

d i s t r i bu t ion  p{x )  which  i s  an  L  pe r iod i c  func t ion  de f ined  on  space  —oo<x<og .  Using  i p j^ i  

and the density distribution p{x) can be expanded as 

00 oo oo 

/=-oo 

(2.56) 

where the coefficients co^m and Cj i are calculated by the inner products 

(2.57) 

and 

(2.58) 

Recall that for all rp, ipj^i(x)dx = 0 [eq.(2.49)], so eq.(2.56) can be rewritten as 

OO OO OO 

(2.59) 

where p  is the mean density, and 

(2.60) 
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and •D(x) = {p {x )  -  p) /p  is again the density contrast eq.(2.20). 

By periodicity, p{x )  =  p{x  +  mL)  for integers m and eq.(2.57) can be rewritten as 

/

OO 

p{x  +  TnL )4>Q^rn{^)dx .  (2.61) 
-OO 

Using eq.(2.54), we have that 

/

OO 

p{x  +  mL)L~^^' ( f> {x l  L  — m)dx  
-OO 

/

CO 

IL)dx '  
•OO 

roo 
= / p {x ' ) ( i )Q^o(x ' )dx '  = co.o (2.62) 

J-OO 

where x' = x + mL.  The coefficients co,m are independent of m. Applying the property of 

"partition of unity" of the scaling fiinction [9] 

OO 

(pir] + m) = I, (2.63) 
m= — 00 

to eq.(2.62) yields 

/

OO 

p{x )L~^^'^4) {x /L)dx  
•00 

= /  p (x  +  TnL)L~^^^<p{x /L  +  m)dx  

rL OO 

= /  p {x )  (p {x /L  +  Tn)dx  
J o  

-OO 

rL  
=  [  p {x )dx .  (2.64) 

Jo  

The first term in the expansion (2.59) becomes 

30 OO 

X]  co ,m( l>o .m{3 : )  =  co ,oL~^^-  ^  <t) {x /L  +  TTi )  =  L~^  J  p {x )dx .  (2.65) 
m= — oo m=—oo 

which is just the mean density p. Using this with eq.(2.59), the DWT expansion of the density 

contrast is 

V { x )  =  = E E (2.66) 
^ j=0/=-oo 

where the wavelet function coefficients Vj^i are given by eq.(2.60). Equation (2.66) is of the same 

form as eq.(2.44), and is therefore a multi-resolution analysis with respect to the orthogonal basis 
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While the multi-resolution analysis eq.(2.38) still holds, eqs.(2.39) and (2.40) should be re

placed by 
2-'-l 

v ^ i x )  =  V \ x )  +  V \ x ) . . .  +  V ^ - \ x )  =  Y i  (2.67) 

and 
2J-1  

V^{x) = Y, (2.68) 
1=0 

Equation (2.66) gives the DWT expansion in terms of the generalized Daubechies wavelet 

basis and it is possible to decompose a function simultaneously in terms of space and scale with 

the WFC staying localized in both space and scale. 

2.5.4 Relationship between Fourier and DWT expansion 

In §2.1 we compared the Fourier transform to the wavelet transform in order to establish a foun

dation from which to introduce more formly the wavelet transform. In this section, an explicit 

relationship between the wavelet coefficients and the Fourier coefficients is established. In this 

way we show that at the very least, the wavelet transform is able to recover the same information 

as the Fourier transform 

The Fourier expansion of V { x )  is given by 

OO 

V ( x )  = Y ,  (2.69) 
n=:~oo  

with the coefficients computed by 

= 1 r (2.70) 
L Jo  

Since both the DWT and Fourier basis sets are complete, a function may be represented 

by either basis and there is thus a relationship between the WFC and the Fourier coefficients. 

Substituting expansion (2.69) into eq.(2.60), yields 

00 -00 oo 
= E = Y (2.71) 

J — OO a = -oc ri=-oo 

where i p j j i n )  is the Fourier transform of t p j  i ( x ) ,  i.e. 

/

OO 

rpj^l{x)e~^^'^^^^^dx. (2.72) 
-OO 
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Using eq.(2.55) in eq.(2.71) gives 

1/2 ^ I  v \  /-oo  
E (2.73) 

Using a change of variable t ]  =  2^x1  L  — /, eq.(2.73) can be re-written as 

-1 /2  

L (I) (2.74) 

or 
00  /  n  J  \  ~  ' / 2  

E  ( T )  ( 2 . 7 5 )  
, L ri = -oo \ 

where •0(n) is the Fourier transform of the wavelet ipir]) 

/

OO 

rp{T))e~'^^^'^dTi. (2.76) 
-OO 

Eq.(2.75) relates the WFC in terms of the Fourier coefficients. 

From expansions (2.68) and (2.70), one can also express the Fourier coefficient, Vn, in terms 

of WFC. To do this, first note that eq.(2.60) can be modified such that 

/

OO 

•oc  

( 2^  \  
=  J  t p { 2 J x / L - I  -  K ) d x  

=  J  V[x '  + 2-^KL)  f — J i p {2^x ' /L  - l ) dx '  (2.77) 

here we make a change of variable x '  =  x  — 2  ^  KL .  Therefore, when 2 -'K' is an integer, i.e. 

K = 2-'m. eq.(2.77) is 

/•« 

=  y  V i x ' +  m L )  i — j  i ) ( 2 - ' x ' / L  -  l ) d x ' =  V j ^ i  (2.78) 

which shows that the WFC, Vjj, are periodic in I with period 2-' . 

Substituting the wavelet expansion of'D(i), i.e. eq.(2.68) into eq.(2.70), we have 

" ~ L /o j=0 l= -oo  

g-.27rr.x/i^^ (2.79) 
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Using eq.(2.78), eq.(2.79) becomes 

CX3 2-' — 1 00 ]  rL  ^  ^  
'n = 7 / Z H H 

^ •'0 [j=0 i=0 m=-oo 

, oo 2-'-l oo i, /gj \ 1/2 

J=0 /=0 m=-oo ° V / 

, oo 2-'-l ^oo t 
= 7 E E T V'(2^x7L - /)e-'2--

^ j=0  1=0  J - co \LJ  

, oo iJ-l oo 

j=0 (=0 

00 2-'-l 

= 7 E E (2.80) 
j=o /=o 

Eq.(2.80) relates the Fourier coefficients to the WFC. 

All the major thereoms proved in Fourier analysis have wavelet analogs. Most important of 

these is the Parseval identity because this allows us to associate the power of a function with the 

wavelet coefficients. In standard Fourier analysis Parseval's identity is given by 

1 Z"®® n-
- / [f{x)\'dx = y + E("n + ̂ n) (2-81) 
TT 7_oo 2 

where the a-n and 6„ are the sine and cosine coefficients of the Fourier expansion. Eq.(2.8I) 

relates the power of the function to the Fourier expansion coefficients. 

To find a similar expression for the wavelet transform we begin by square integrating the 

expansion (2.66) as 

[ IVix^^dx = Y] V VjiVjW [ Tpj,i{x)xpj',i'{x)dx (2.82) 
° j,j'=0(,/' = -oo 

Since we are assuming that X'(x) is L periodic eq(2.82) can be rewritten as 

f '"  \V {x ) \ ' dx  
Jo  

I 

oo 2-' - 1 oo — 1 oo . 

= E E E E E 
j , j '=0  (=0 m=-oo t '=0  m' =—oo 

oo 2-'-12-''-l 

= E E E ^ 
j , j '=0  1=0  l '=0  
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^ OJ rL  Yl y. — ^P{2^x /L  - I  - 2^m)^{2^ 'x /L  - I '  -  2^'m' )dx  
m=—cc  m ——oo 

oo 2-'-12j'-l 

= H H H II 
j j '=0  1=0  l '=0  m"=(m—m'}=-oo  m'  =—oo  

^ / •4 ) {2^x lL  — I  — 2-^(m"' + m') ) t^ } (2^  x jL  — /' — 2-' m')dx  
L  Jo  

00 2-'-l2-''-l 

= 51 II H 
;,/=o ;=o ;'=o 

oo oo 2J rL  
y~^  — /  \ l } [2^{x jL  — m' )  — I  — 2^Tn") i l ) {2^  [ x /L  — m! )  — l ' ) dx  

m" = -oo m' = -oo " 

oo 2-' - 1 2-'' - 1 

= H H Z] ^ 
J,J'=0 Z=0 ('=0 

^  ̂ 2J r '^  Y^ y  H V x / L  -  I  -  2 ^ / 7 1 "  ) 7 / ; ( 2 J  x j L  -  l ' ) d x  
m" = -oo ^ 

00 2-' -1 2-' -1 oo -00 

= E H IT 
1 „ • « „ -J -oo jj'=0 Z=0 ('=0 

oo 2-' - 1 2-' - 1 oo 

= II 51 II H (2-83) 
j.j'=0 (=0 l '=0  m" =—oo 

Jjj' is the Kronecker J and so j '  should equal to j. This implies I '  < 2-', so that <J(+2jm",Z' requires 

m" = 0 and I = Equation (2.83) is then 

J  |D(x)|^drc = f; } (2.84) 

Equation (2.84) is the wavelet form of the Parseval identity. We will use this identity in future 

chapters to calculate the wavelet power spectrum 

2.6 Summary 

Like the Fourier transform, the DWT serves as representation of a distribution which reveals 

valuable physical information. The representation by the Fourier basis, i.e., the trigonometric 

functions, is delocalized (Ax = oo). On the other hand, the DWT resolves the distribution 

T>{x) simultaneously in terms of its standard variable (say space) and its conjugate counterpart in 

Fourier space (wavenumber or scale) up to the limit of the uncertainty principle. 
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This doesn't mean that the Fourier transform loses information about Vix) but rather that the 

information on the position is spread out. For instance, let us consider a distribution that contains 

a few clumps of scale d. The positions of the clumps are related to the phases of all the Fourier 

coefficients k < 27r/d. There is no way to find the positions of the clumps from a finite number 

of Fourier coefficients. The only solution would be to reconstruct T)[x) from all the Fourier 

coefficients. If some of the "clumps" are due to experimental errors, we will not be able to filter 

them out because they have affected all the Fourier coefficients. 

On the other hand, the DWT keeps the locality present in the distribution and allows for the 

local reconstruction of a distribution. It is then possible to reconstruct only a portion of it. There 

is a relationship between the local behavior of a distribution and the local behavior of its WFC. 

For instance, if a distribution Vix) is locally smooth, the corresponding WFC will remain small, 

and if ©(x) contains a clump, then in its vicinity the WTC amplitude will increase drastically. To 

reconstruct a portion of the distribution, it is only necessary to consider the WFC belonging to 

the corresponding sub-domain of the wavelet space {j, I). If the WFC are occasionally subject to 

errors, this will only affect the reconstructed distribution locally near the flawed positions. Fur

thermore, the Fourier transform is also particularly sensitive to phase errors due to the alternating 

character of the trigonometric series. This is not the case for the DWT. 

Early approaches to finding information on the locations in the Fourier transform schemes 

were given by the Wigner function in quantum mechanics and the Gabor transform. The differ

ence between the Gabor transform and the DWT can be seen in Figure 2.3. The orthogonal basis 

of the DWT are obtained by (space) translation and (scale) dilation of one wavelet. The DWT 

transform gives very good spatial resolution on small scales, and very good scale resolution on 

large scales. Gabor's windowed Fourier transform is based on a family of trigonometric functions 

exhibiting increasingly many oscillations in a window of constant size. In this case the spatial 

resolution on small scales and the range on large scales are limited by the size of the window. 

The relation between the discrete and the continuous Fourier transforms when 'D(x )  is viewed 

as a continuous distribution sampled on an interval A is Vin) = AVn where 'D(n) is the usual 

continuous Fourier transform and P„ is the discrete Fourier transform. However, no such rela

tionship exists between the discrete wavelet transform, such as the D4 wavelet, and the continu

ous wavelet transform (CWT). The D4 wavelet has no continuous analog. Each type of complete, 

orthogonal wavelet basis must be constructed from scratch. In general, CWTs form an over com

plete basis, i.e. they are highly redundant. As a consequence, CWT coefficients of a random 
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sample show a correlation that is not in the sample itself but is given by the over complete basis. 

Since the DWT is complete and orthogonal, this is not a problem in using the DWT. The point is 

that the difference between the DWT and the CWT is essential, and by construction, these two 

basis are very different. 

The DWT is not intended to replace the Fourier transform, which remains very appropriate in 

the study of all topics where there is no need for local information. However, as we will see, the 

DWT is a powerful new method for the statistical analysis of LSS. 
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CHAPTER 3 

CLUSTER ANALYSIS USING THE DISCRETE WAVELET 
TRANSFORM 

3.1 Introduction 

Chapter 2 detailed the essential mathematics behind the DWT and the properties that make it an 

appealing methodology for the study of LSS. The rest of this work will be devoted to exploiting 

the DWT to study both observational and simulated data. While the methods developed in §2 

are quite general, we restrict our study of LSS to data sets involving the QSO Ly-a absorption 

spectra for reasons described in §1. The first topic studied will be the use of the DWT to reveal 

both the location and strength of clustering 

As noted in § 1, it is generally believed that the Ly-a absorption line forest in QSO spectra 

comes from intervening absorbers, or clouds, with neutral hydrogen column densities ranging 

from about 10^^ to 10'^ cm~- at high redshifts. In principle the spatial distribution of the ab

sorption lines in the forests should yield information concerning the formation and evolution of 

cosmic clustering on much larger scales than do galaxies. The Ly-a clouds are much more numer

ous than QSOs, and since Ly-a forest samples suffer less from selection effects, one can expect 

that Ly-a forest systems are good tracers of matter distributions on larger scales. As a result, it is 

possible that they might better reveal aspects of cosmic strucmre formation at redshifts from z ~ 

1 - 4 than the QSOs themselves. 

However the question of whether clustering is occurring in Ly-a systems is still unsettled. As 

we noted in §1.3, almost no clustering in these data sets using traditional structure tests like the 

two-point correlation function has been detected [13, 14, 16], while a series of other statistical 

tests have detected structure [19. 17]. 

The difference in the conclusions reached by these methods is mainly due to the inefficiency 

of the two-point correlation function in detecting large scale structures. To see why this is so, 

note that in order to determine the two-point correlation function a good estimate of the mean 

density of the sample is needed. Any statistic based on the amplimde of the two-point correlation 
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function is therefore insensitive in detecting structures on size scale r if the uncertainty in the 

mean density of the sample is comparable to the mean density enhancement given by a structure 

over that scale. That is, the two-point correlation function is not infrared (long wavelength) 

stable. At the same time, it is impossible to accurately determine the mean density from observed 

samples because there is no information on the object's distribution on scales larger than the sizes 

of samples considered. The problem is more severe for the study of high redshift objects like QSO 

absorption systems because the mean number density of the lines is redshift-dependent. Methods 

based on nearest neighbor line interval or K-S statistics have been able to detect structure but 

they do not give information on die strength and positions of individual strucmres in the spatial 

distribution of the Ly-o absorbers as these measures are global. 

There have been several attempts to overcome this difficulty. For instance, a statistic based 

not on the amplitude, but on the change in the shape of the two-point correlation function was 

proposed [39, 40, 41]. This method succeeded in detecting typical scales in large-scale structure. 

Possible typical scales in the spatial distribution of Ly-a forest lines were also detected [42]. 

However, this method, like all others based on the two-point correlation function, can only detect 

the scale of clustering, and not the location of structure. Moreover, the choice of bin size or the 

smoothing length in the two-point correlation statistics leads to an uncertainty in detecting cor

relation scales. Furthermore, binning usually involves use of the top-hat function which contains 

components of all wavelengths in Fourier space. This is a concern if one tries to calculate the 

power spectrum by using the correlation function as will be seen in §4. 

In this chapter, we investigate the Ly-a forest using a space-scale decomposition (SSD) based 

on the discrete wavelet transform. This method has been found effective in systematically detect

ing structures on various scales in mrbulence and multi-particle physics [4, 43]. The aims of 

this chapter are two-fold. First, we develop the technique of identification and description of 

structures on various scales in 1-dimensional large scale structures (LSS) samples via the DWT. 

Second, using this technique, we analyze structures and their evolution in the spatial distribution 

of Ly-a forest lines. 

3.2 The wavelet space-scale decomposition 

Space-scale decomposition (SSD), or multiresolution analysis, is not new in large scale structure 

study. All techniques designed for resolving an arbitrary function simultaneously in terms of 
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its standard variable (say position) and its conjugate counterpart in Fourier space (in this case 

wavenumber) can be classified as a SSD. Examples of this technique include; a) identification of 

structure simply by inspection, b) percolation, c) friend-to-friend algorithms, d) smoothing by a 

window function, or filtering techniques; e) Fourier transform on finite domain, etc. 

As we noted in §2, the DWT has a series of properties that make it an attractive alternative to 

the above methods as an SSD technique. The important properties for this work are: 

1. Space-scale locality.— As stated above, the space-scale decomposed components should 

be localized in both physical and scale (Fourier) space. To accomplish this the basis for the 

decomposition should be functions which are concentrated on a finite domain and vanish outside 

a domain of compact support. The standard Fourier transform gives only information about the 

scale of structures, while methods such as smoothing by discontinuous functions, such as the 

top-hat function, are not localized in Fourier space. The DWT is designed such that it is localized 

both in physical and Fourier spaces. 

2. Completeness.— The basis of the DWT form a complete set. This allows the SSD to not 

only identify objects on one spatial scale, but structures on all scales, regardless the strength of 

the clustering. In general, this cannot be achieved by identification by "eye." 

3. Invertibility.— Tlie DWT is invertible which allows for the reconstruction of a distribution 

on different scales. Filtering techniques, which smooth distributions, do not give exact recon

struction formulae for synthesizing the sample from the smoothed distributions. 

4. Orthogonality.— The orthogonality of the DWT guarantees no mixing between different 

space-scale domains. Friends-of-friends, percolation and related methods are not orthogonal and 

mixing between different space-scale domains can occur. In fact, even continuous wavelet trans

forms form an overcomplete basis which are not, in general, orthogonal. As a consequence, the 

continuous wavelet transform of a random sample shows some correlations that are obviously 

not in the sample, but in the wavelet transform coefficients themselves. Therefore, continuous 

wavelet transforms used in all previous wavelet studies of large scale structures [26, 27, 28, 29] 

are not appropriate for an SSD. On the other hand, the discrete wavelet transform allows for 

an orthogonal projection on a minimal number of independent modes. In this case, all wavelet 

coefficients are independent. The difference between continuous and discrete wavelets here is es

sential, unlike the case for the Fourier transform, for which the difference between the continuous 

and discrete basis is technical. 

5. Optimization. The orthogonal basis of the DWT are obtained by (space) translation and 
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(scale) dilation of one wavelet function (8, 9] . These translation-dilation procedures allow for 

an optimal compromise in view of the uncertainty principle. Namely, the wavelet transform 

gives very good spatial resolution on small scales, and very good scale resolution on large scales. 

The Fourier transform on a finite domain is not optimized because it is based on trigonometric 

functions exhibiting increasingly many oscillations in a window of constant size. In this case 

the spatial resolution on small scales and the range on large scales are limited by the size of the 

window. 

Lastly, it should be mentioned that computations using the DWT are at least as efficient as 

using FFT algorithms. It is clear that an SSD based on the DWT offers advantages over existing 

methods. 

3.3 A Demonstration of structure identification by wavelet SSD 

We first demonstrate the effectiveness of this technique on simulation samples of the Ly-a forests 

covering a redshift range of 1.7 to 4.1 [22, 23] (hereafter BGF). The density fields in this simula

tion are generated as Gaussian permrbations with a linear power spectrum given by the standard 

cold dark matter model (SCDM), the cold plus hot dark matter model (CHDM), and the low-

density flat cold dark matter model (LCDM). Within a reasonable range of the UV background 

radiation at high redshift, the LCDM model is found to be in good agreement with observa

tional features including: 1) the number density of Ly-a lines and its dependencies on redshift 

and equivalent width; 2) the distribution of equivalent widths and their redshift dependence; 3) 

two-point correlation function; and 4) the Gunn-Peterson effect. 

Since the perturbation spectrum used for the simulation is not white noise, the distribution 

of Ly-Q absorption lines in BGF samples should contain large scale structures. However, a two 

point correlation function analysis of lines in redshift (or velocity) space detects no clustering 

from these samples. As is the case with observations, the simulated samples show no power in 

line-line correlations on scales of about 100 km s~' to 2000 km s~' (see Figure 11 of BGF). 

These results clearly show that the two-point correlation function sometimes is ineffective in 

detecting structures on large scales. 

The BGF sample best agreeing with observational data was subjected to an SSD analysis 

using the Daubechies 4 (D4) wavelet as the basis function. This was done by first forming a 

one dimensional distribution f{x) of Ly-a lines by writing each BGF sample into a histogram 
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Figure 3.1: Wavelet reconstruction of density fields, {a) the original (scale ./) line distribution of 

a BGF sample with W >0.16 A. (b),(c), and {d) the reconstructed fields for scale J — 1, J — 2 

and J - 3, respectively. 

with bins of Az = 0.0025, which is about the resolution with which the data was produced. 

One hundred uniformly random samples were generated for each simulation sample. Since the 

lines are redshift dependent the total number of lines and the number of lines within a given 

red-shift interval (say, Az = 0.4) for each of the random samples were chosen to match the 

parent distribution. The WFC fjk and SFC fjk were calculated for both the BGF sample and 

the random data using eqs (2.66),(2.67) and (2.68). These amplitudes can easily be obtained via 

linear transformations from data space into wavelet space by a wavelet transformation matrix 

[44]. 

Using the SFC, it is possible to reconstruct the density field f^{x) on any scale. Figure 3.1 

shows the result of reconstructing a BGF sample on scales j = J— l,J-2 and J — 3, where 

J is the finest (resolution) scale, and J-1, J - 2. J- 3 correspond to scales (in comoving 

space) of about 5, 10 and 20 h~' Mpc (where h is the Hubble constant in units of 100 km/s Mpc), 
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Figure 3.2: The difference between the SFC of a BGF sample and a random distribution.(a), (6), 

and (c) correspond to scales 7 - 1, J - 2, and J - 3, respectively. The gray band is the one a 

confidence interval for the random distribution based on 100 realizations. 

respectively. In the reconstructed field the density is sometimes negative (see Figure 3.1) because 

the D4 mother functions are sometimes negative. 

Since the SFC, describe the strength of the density field at position k  and on scale j ,  we 

can identify clusters by calculating the difference between the SFC of the simulated samples and 

the SFC of uniformly random distributions. Figure 3.2 shows a section of the difference of the 

SFC between a BGF sample and its corresponding random distribution. The I-a band of a SFC 

difference (between the BGF and its corresponding random distribution) of 0 is shown as the gray 

band. In Figure 3.2, the peaks in the differences in the SFC are easily detectable in a well defined 

location. The clusters of the Ly-a absorption lines are identified as these peaks. The scale of 

these clusters is given by j, the location of clusters is shown by the position of the peaks, and the 

strength or richness of the clusters can be measured by the height/cr. 

Figure 3.3 shows the total number n(>  r )  of clusters with strength larger than 2CT on scales 
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Figure 3.3: The number of cluster N { >  R )  identified from the BGF ensemble. R  is the richness 

of the clusters in units of a. (a), (6), and (c) are for scales J - I, J - 2. and J - 3, respectively. 

The error is calculated from the average of the BGF ensemble. 

J — 1, J - 2, and, J - 3. A total of 20 BGF simulation samples were used. The error bars in 

Figures 3.3 are given by the average of the ensemble. As shown in Figure 3.3, clusters in the line 

distribution have been systematically detected on scales J - 1, J - 2, and J-3 with significance 

levels of 2-4 a. The function A'^(> R) describes the strength (or richness) distribution of the 

identified clusters. 

3.4 Clusters of Ly-o; absorbers 

The previous section illustrated how the DWT could detect clustering in simulated data known to 

have structure even though the two-point correlation revealed no such structure. In this section 

we demonstrate the technique on observational data to try to answer two questions: 1) Does the 

real data contain clusters and if so, 2) is there is a difference in 7V(> R) for observational versus 
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model data. 

We should first point out that the word "clusters" used here does not imply that they are 

virialized and gravity-confined systems. SSD identified clusters are not defined by dynamical 

features like galactic clusters, but only by the density distributions. This can be an advantage in 

that SSD is effective in identifying "poor" clusters as well as "rich" clusters. 

Recent measurements have found that the size of the Ly-a clouds at high redshift is unex

pectedly as large as 100 - 200 h~^ Kpc, and the velocity dispersion is unexpectedly as low as ~ 

100 km s~^ [10, 11]. These results cannot be reconciled with pressure equilibrium and virial-

ization. For instance, if the Ly-o clouds with such large size are gravitationally well confined, 

Press-Schechter theory shows that their column density should be equal to or larger than 10 

cm"-. Clouds with large size and low column densities are not completely gravity-confined. 

Therefore, the Ly-a clouds are probably neither virialized nor completely gravity-confined, but 

given by pre-collapsed areas in the density field. 

These arguments make identification of dynamically pre-collapsed clusters (or dense areas) 

important in understanding structure formation at high redshifts. The wavelet SSD should be able 

to uniformly identify clusters of various strengths, i.e. at various evolutionary stages. 

3.4.1 Samples and identification 

We looked at two data sets of the Ly-a forests. The first was compiled by Lu, Wolfe and Tumshek 

(hereafter LWT) [45], The total sample contains ~ 950 lines from the spectra of 38 QSO's that 

exhibit neither broad absorption lines nor metal line systems. The second set is from Bechtold 

[46], which contains a total ~ 2800 lines from 78 QSO's spectra, in which 34 high redshift 

QSOs were observed at moderate resolution. To eliminate the proximity effect, ail lines with 

2 > Zem — 0.15 were deleted from our samples. As with other data sets, no power of two point 

correlation function was detected from these two compiled samples on large scales. 

The data were treated as discussed in the previous section. We assumed = 1/2 so the 

distance of an absorber at redshift 2: is given by d = 2{c/Ho)[l — (1 + The samples 

range from a comoving distance of about 2,300 h ~  ̂  Mpc to 3,300 h ~  ̂ Mpc. Each QSO's spectrum 

was analyzed individually, i.e. for each QSO, 100 uniformly random trials matching the number 

of lines in each redshift interval of the parent sample were generated. As in Figure 3.3, Figure 

3.4 shows a section of the SFC difference for the forest of QSO-0237. Again the gray band 

represents the la range for a SFC difference of 0. Figure 3.4 is typical for all QSO's analyzed. 
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Figure 3.4: The SFC differences for the QSO-0237 Ly-a forest. The equivalent line width is 

IV >0.16 A.(a), (6) and (c) are for scales J - I, J - 2, and J — 3, respectively. 

It is interesting to note that in this sample the j =  J  —  I  clusters shown around 2465-2480 h~' 

Mpc also appear as j = J - 2 and j = J - 3 clusters at the same place. That is, this structure 

appears at all three resolution scales, j = J-3, j = J- 2 and j = J - 1. On the other hand, 

t h e  s t r u c t u r e  a p p e a r i n g  a t  2 5 0 5 - 2 5 2 0  M p c  o n l y  a p p e a r s  o n  t h e  s c a l e s  j  =  J  -  I  a n d  j  =  J  ~  2  

at the level of 2 a, but not on larger scales. 

3.4.2 Number and strength of clusters 

Figures 3.5, 3.6, and 3.7 show N { >  R )  for both the LWT and Bechtold data. Figures 3.5 and 

3.6 show that for W > 0.32 A, the two independent data sets show statistically the same strength 

distribution of clusters. However, comparing these results with the BGF's clusters (Figure 3.3), 

the drop in N(> R) for the real data is obviously slower than for the simulated BGF data. That 

is, the abundance of rich clusters in real data is higher than in the simulated samples. Using this 
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Figure 3.5: N ( >  R )  for the LWT data where R  is the richness of clusters in units of cr.(a), (6), 

and (c) are for scales J - 1, J - 2 and J - 3, respectively. 

analysis, it is found that among all j = J — 1 clusters of > 2cr, the abundances o f  R  >  3 . 5 a  

clusters is 7% for BGF sample, 23% for LWT data, and 28% for Bechtold data. The difference 

of R > 4CT cluster abundance between real and simulated sample is more remarkable. Almost 

no /? > 4.5a clusters are detected in BGF samples, while they do exist in the real data. This 

indicates that in linear simulations rich clusters are likely underestimated. 

As is very well known, the spatial clustering of Ly-a absorbers can be smeared out by the 

peculiar motion of the absorbers. The influence of the peculiar velocity is difficult to estimate 

because the velocity distributions of die absorbers is not clearly understood. However, on the 

scales equal to or larger than about 5 h~' Mpc, the influence of peculiar motions should be 

n e g l i g i b l e .  T h e r e f o r e ,  t h e  i d e n t i f i e d  c l u s t e r s  o n  s c a l e s  j  =  J  -  I ,  j  =  J  —  2  a n d  j  =  J  —  3  

should be more reliable than the original lines as tracers of matter distribution on large scales. 

In order to test the stability of the number of the identified clusters with respect to the choice 
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Figure 3.6: The same as Fig.3.5 for the Bechtold data with W  >  0.32 A 

of wavelets, we repeated the SSD analysis by using the Mallat wavelet basis, which is more 

regular than the D4. Figure 3.8 shows the number of the identified (> 2a) clusters from the LWT 

data. Comparing Figure 3.6 and 3.8, one finds that the total number of the R > 2a clusters on 

j = J - I and j = J — 2 is almost identical for both wavelets. The total number of structures at 

J = J - 3 shows a slight difference, but is of no statistical significance. 

3.5 Redshift-dependence of clusters 

Using the samples of clusters identified from the wavelet SSD, all aspects of interest for large 

scale structure formation can be studied including: the number density, correlation function, the 

redshift-dependence (evolution), scale- and strength-dependence etc. That is, SSD opens new 

dimensions widi which to compare observations with models. Models can be discriminated on 

a scale by scale basis. As an example of this idea, clusters identified using the wavelet SSD are 

analyzed on a scale-scale basis for the redshift dependence of the number density. 



56 

3(M» 
2SO 

— 2CM» 

^ ISO 

lOO 
SO 

2.5 3 3.S <4 4.5 

D D««jHctj|<i data > O 16 ^ 
I - J . 2 

1 

I 
2.S 3 3.S *4 <4.5 

C-* OttcHcoIti W > O ^ 
1 

I 
2.5 3 3.5 «4 -4.5 

Figure 3.7: The same as Fig.3.5 for the Bechtold data with W  >  0.16 A 

3.5.1 Evolution of the number density 

It is generally believed that the number of Ly-a forest lines increases with redshift. The redshift-

dependence of the number density of lines with rest equivalent width W greater than a threshold 

Wth. can be described as 
d N  f d N \  ,  

where { d N / d z ) o  is the number density extrapolated to zero redshift, and 7 the index of evolu

tion. If the absorbers distribution is comoving in a flat universe, the number density should be 

(dN/dz) oc (l + 2)^/[fi(l + 2)^ + A]^/^, where A is the cosmological constant. The deviation 

of dN/dz from the comoving curve implies an evolution of the population of Ly-o clouds. In 

the case of A = 0, 7 > 0.5 implies that the number of Ly-a clouds increases with redshift, and 

7 < 0.5 decreases with redshift. The index 7 is found to depend on Wm' in general the larger 

Wth, the higher 7.  
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Figure 3.8: The same as Fig.3.5 but using the Mallat wavelet for the SSD. Note that n(>  r )  is 

similar to the D4 wavelet, although the shape of the histogram is slightly different. 

The simple power law, eq.(3.1), cannot cover the entire redshift range being examined. The 

parameters {dN/dz)o and 7 are found to be different at different redshift ranges. Although the 

dN/dz given by different groups shows a common evolutionary trend, there are differences in 

amplitude {dN/dz)o of about 30%. LWT showed that {dN/dz)o — 3 and 7 = 2.75 ± 0.29 

for lines with w > wih = 0.36A and in the redshift range 1.6 < z < 4. Bechtold found 

7 = 1.89 ± 0.28 for wth = 0.32A and 7 = 1.32 ± 0.24 for wth = 0.16A. This smaller 

value seems to be consistent with the low-redshift results from the Hubble Space Telescope [47]. 

The different results suggest that it would be better to directly compare dNjdz vs z, and not the 

parameters {dN/dz)o and 7.  
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J - 3. 

The evolution of the number density of clusters on scales j  =  J  -  I ,  j  =  J - 2  and j  =  J  —  Z  

was analyzed. The results are plotted in Figure 3.9; Figure 3.9a is the LWT data with Wth > 0.36 

A, and 3.9b is the Bechtoid data with Wih > 0.32 A. The plots dN/dz vs 2 are the same as 

LWT's and Bechtold's original results. Namely, both show that the number density of the Ly-a 

lines increases with redshift. However, the number densities of the j = J — 1, J — 2, J — 3 

clusters show an opposite evolution, i.e. they decrease with increasing redshifts. These results 

indicate that, along with the possible decline of Ly-a lines, the large scale structures traced by 

the Ly-a lines were growing during the era 2 < 2 < 4. This evolutionary scenario could not have 
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j  =  J - l  1 II j  =  J  - 3  

LWT W  >  36A -2.94 ± 0.42 
{-4.02,-1.86} 

-0.92 ± 0.39 
{-1.91,0.07} 

-0.53 ± 0.69 
{-2.31,1.25} 

JB >  I6A -2.51 ±0.36 
{-3.36,-1.66} 

-1.18 ±0.30 
{-1.88,-0.49} 

-0.20 ± 1.00 
{-2.56,2.17} 

JB > 32A -1.86 ±0.62 
{-3.12,-0.24} 

-2.72 ±0.63 
{-2.72,0.21} 

-0.94 ± 0.82 
{-2.84,0.95} 

Table 3.1: The evolution index of the cluster number density 

been revealed without a powerful SSD measurement. 

It is possible to use the power law eq.(3.1) to fit the evolution of the clusters as shown in 

F i g u r e  3 . 9 .  L i k e  t h e  e v o l u t i o n  i n d e x  7  f o r  f o r e s t  l i n e s ,  t h e  i n d e x ,  7 ,  f o r  c l u s t e r s  o n  s c a l e s  j  =  

7 — 1, J — 2, J - 3 is found from the average among all the QSOs. The results are listed in 

Table 3.1. The numbers in the brackets of Table 3.1 are the 95% confidence intervals of 7. While 

the values fluctuate wildly, especially for j = J — 3, the trend that the number densities of the 

clusters decrease with increasing redshift is quite evident. 

3.5.2 Testing models by scale-decomposition 

In §3.4.2 it was shown that the number of clusters above a certain a threshold was greater for 

the observational data than for the simulated data. The question naturally arises as to whether 

the evolutionary trend detected in the previous section also occurs for the BGF data. If not, then 

the evolution of clusters as a function of redshift could prove to be a useful discriminator to test 

models. The same analysis as in the previous section was performed on the best BGF samples. 

The results are shown in Figure 3.10, which shows in 3.10 A the BGF sample and in 3.10 B the 

Bechtold data. In both samples Wth > 0.16A. First note that for the BGF sample dN/dz vs z for 

the Ly-Q lines is in good agreement with observation. This is one reason we say that among BGF 

samples the one produced by the LCDM model is the best fitting. 

However, this sample shows significant differences from the real data. The evolution of the 

n u m b e r  d e n s i t i e s  o f j  =  J -  l .  J  -  2 ,  J - 3  c l u s t e r s  h a v e  t h e  s a m e  t r e n d  a s  r e a l  d a t a ;  d N / d z  
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Figure 3.10: d N / d z  vs (1 + z) for (a) BGF sample and (6) the Bechtold data. The top curves are 

the original Ly-a lines. The lower curves are the identified clusters on scales J - 1, J — 2, and 

./ - 3. The amplitudes of the BGF curves for the clusters are much lower than the corresponding 

amplitudes of the Bechtold data. 

is decreasing with redshift. Yet, the values of d N / d z  for the J - 1, 7-2, J — 3 clusters in the 

BGF data are less than the observational results by a factor of 5-10. Considering that both LWT 

and Bechtold have about the same number density, one cannot explain the difference between 

BGF and Bechtold as the uncertainty of current observations. This result once again suggests that 

the linear simulation underestimated the clustering on large scales. Simply stated, the number 

densities of the j = J - 1, J - 2, J - 3 clusters are effective tools in discriminating between 

models which have passed other statistical tests. 
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3.6 Summary 

The clustering and evolution of Ly-a absorption lines has been systematically detected by a 

wavelet based SSD. It has been shown that the clusters of Ly-a absorbers do exist on scales 

as large as at least 20 h~' Mpc at significance level of 2-4 a. We found that the evolution of the 

number densities of the clusters is opposite from the lines themselves, i.e. decreasing with red-

shift. This is probably the first time anyone has seen this phenomenon and can be explained if the 

clouds have a hierarchical structure. That is, clusters would form first and then clusters of clusters 

would form in a merging tree-like scenario. This will in fact be demonstrated in §6. It was also 

shown that some models, which cannot be distinguished from real observational features using 

traditional methods, can be effectively distinguished from real data using the number density of 

the clusters and the strength distribution of the clusters. 

The wavelet SSD is an efficient, fast and reliable way of detecting structure where other 

traditional methods have failed. It provides a vehicle for discovering physics at different scales, 

and opens a window to smdy the scale-dependence of various features of clustering. 

As an example, let's consider what it would mean if both the W > 0.16A and W  >  0.32A 

absorbers uniformly sampled the large scale structures. In this case, the densities of clusters iden

tified from W > 0.16A and W > 0.32A lines should be about the same. However, comparing 

Figure 3.9 B and 3.10 B, one finds that the number density of clusters consisting of > o.ieA 

is larger than those of ly > 0.32A by a factor of about 3. Therefore, at least one kind of absorber, 

either W > 0.16A otW > 0.32A, does not uniformly trace the cosmic density distribution. This 

implies that the formation of structure in the universe had probably undergone a biasing with 

respect to the absorbers with different rest frame equivalent widths. 

It should be noted that in determining inhomogeneity in a distribution, the shape of the 

function N{> R) is more important than the value of N{> R) at a given R. For instance, 

consider the special case where all lines are in one of the finest bin, i.e. there is only one 

peak in the distribution. Here the function N{> R) at each scale, j, should have the form 

N{> I) = N{> 2) — ... = I. From this we see that a sample with a small value of N{> R) at a 

g i v e n  R  d o e s  n o t  m e a n  t h a t  i t s  d i s t r i b u t i o n  i s  m o r e  u n i f o r m  t h a n  a  s a m p l e  w i t h  g r e a t e r  N { >  R )  

at that R. This example points out that the larger the ratio of N{> R - n)/N(> /?), the more 

significant the clustering in the distribution. We found in §3.4 that the ratio of N{> 3)/7V(> 2) 

and N{> 4)/N{> 2) of the LWT and JB data are much larger than the BGF sample. Therefore, 
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the clustering of real data is much stronger than in the linear approximation. 

Using other methods, several length scales have been found in the distribution of Ly-a forests, 

including: 1.) A void of 40 h~' Mpc [18]; 2.) 30-50 h~^ Mpc from K-S statistic[19]; 3.) 80, and 

even 120 h~' Mpc from typical scale analysis [42], However, it is not easy to deduce physical 

implications from these "multi-scales" because the scales are obtained by different methods. One 

cannot even conclude if the distribution of Ly-a forest lines has a typical scale or is scale free, 

because a scale-free distribution, like a fractal, can also be "multi-scaled" in the sense diat the 

larger the objects, the larger the correlation lengths. In this case, the correlation lengths do not 

come from the mass field, but from the size of the objects sampling the field, and/or the scales 

utilized by the particular method. The wavelet SSD uniformly decomposed samples into all 

scales. Therefore, one can objectively study if the distribution is truly multi-scaled. 

In this first example using the DWT to probe LSS, only the SFC were used. In the next 

few chapters, it will be the WFC which will be exploited and which will prove to be the most 

important aspect of the DWT in a statistical sense. 
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CHAPTER 4 

THE DISCRETE WAVELET POWER SPECTRUM 

4.1 Introduction 

In the previous chapter it was demonstrated how the DWT could detect structure in the form of 

clustering above a random distribution by the use of the SFC. The wavelet based SSD led to the 

definition of a new physical quantity, iV(> r), which could be used as a quantitative measure of 

structure formation and to discriminate between competing evolutionary models. In this chapter 

we, in a sense, take the traditional road to detect structure. That is, we demonstrate that the 

DWT can yield the same information as the conventional method of structure detection, namely 

the two-point correlation function or its Fourier transform pair, the power spectrum. However, 

the DWT will do so without a window function which can affect the results, and it will do so 

regardless the boundary conditions. 

The power spectrum has been computed in a myriad of ways. Most of these are based on 

the Fourier transform which must be windowed in order to compute the spectrum. In addition to 

choosing the proper window, one must choose a method for matching the boundary conditions 

of the problem or to try to regularize irregular data sets. For instance, a common problem in 

detecting the power spectrum is the finite size and complex geometry of samples. An example 

are the Ly-a forests of QSO's in which different QSO's generally cover different spatial ranges. 

When combining different QSO's to form an ensemble, this geometry needs to be treated by, at 

the very least, a complicated weighting scheme. 

These methods also essentially depend on a good measure of the mean number density. Any 

clever choice of a window function or regularization of the data will still have difficultly in de

tecting the spectrum on scales for which the density contrast is comparable to the uncertainty 

in the mean density. This is the so-called infrared (long-wavelength) uncertainty of the Fourier 

spectrum estimator The problem is more severe for the study of high redshift objects, for which 

the mean density is redshift-dependent. 

These difficulties are probably the reason that the spectrum of Ly-a forests has not been 
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systematically calculated, in spite of the fact that the Ly-a clouds are among the more uniform 

of high-redshift objects, and Ly-a forest lines are numerous enough to provide sufficient data for 

statistical analysis. 

The DWT provides a straight forward way around these problems. There is no window func

tion necessary to compute the spectrum via the DWT because the DWT decomposes a function 

on a scale by scale basis. Any arbitrariness in the choice of a window function is removed by the 

DWT. Moreover, it has been shown that the discrete wavelet transform is effective in detecting a 

local spectrum [48, 4]. Thus, for a forest sample in a spatial range (Li, 1-2), one can extend the 

sample to a larger range {Lmin^ Lmax) by adding zero to the data from ranges {Lmm, ^i) and 

(L2, Lmax)- Since wavelets are localized in configuration and Fourier spaces, the wavelet trans

form in the interval (Li, L2) will not be affected by the addition of data to the regions (Lmim -^-i) 

and (L2, Lmax)- Any statistic can be computed by simply dropping all wavelet transform results 

related to the positions in die regions (LmmJi) and {I2, Lmax)- Using this technique, geometri

cally complicated samples can be regularized, and could prove valuable in detecting the spectrum 

in other irregular samples. Finally, since the wavelet SSD is calculated from the difference of 

densities in neighboring regions, the mean density over the entire range is not needed. 

4.2 The DWT Power Spectrum 

Before detailing how to compute the power spectrum via the DWT, we briefly review the Fourier 

power spectrum. Recall that in LSS, it is convenient to use the density contrast defined by (this is 

also eq (2.20) which is reproduced here to aid in continuity) 

= (4.1) 
p  

where p  is the mean density in this field. The Fourier expansion of V  is 

00 
V [ x )  = Y .  (4.2) 

ri = —00 

with the coefficients computed by 

1 
X)„ = _ / (4.3) 

L  J o  

Parseval's theorem (eq (2.81) related the power for a distribution to the coefficients of the 

Fourier expansion. For the density contrast this yields 

^ 1'^ \V{x)\-'dx = f; |P„|2, (4.4) 
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which shows that the perturbations can be decomposed into domains, n, by the orthonormal 

Fourier basis functions. The power spectrum of perturbations on length scale L/n is then defined 

as 

P { n )  = \ V n \ \  (4.5) 

Analogously, in §2.5, Parseval's theorem for the DWT was shown to be 

1  /-£ 30 ,  2 J - 1  

-  /  \ V { x ) \ ^ d x  = E 7 E (4.6) 
^ "'0 j=0 ^ i=0 

where the wavelet function coefficients (WFC) Vji are given by 

/

OO 

' D { x ) i p j ^ l ( x ) d x  (4.7) 
•00 

and is the wavelet function. In this study, the Daubechies 4 (D4) wavelet function was used. 

The existence of Parseval's identity for the DWT strongly suggests the defining of a power 

spectrum in terms of the DWT. Comparing eqs.(4.6) and (4.4), one can relate the term ^ Yl f=o' 

to the power of perturbations on length scale L/2-', and the term \f)j i\'^/L to the power of the 

perturbation on scale L/2-' at position I L/2K Thus, the spectrum with respect to the wavelet 

basis is defined as 

= ("-s) 
(=0 

4.2.1 Physical interpretation of Wavelet Power Spectrum 

The Fourier power spectrum has a well established interpretation because the Fourier coefficients 

have well ioiown physical meanings. There is no reason a priori why the same should hold for 

the wavelet power spectrum. In this section we try to give a physical interpretation to the wavelet 

power spectrum by looking at the properties of the wavelet coefficients. 

In §2.5.4 it was shown that the wavelet coefficients of the density contrast could be expressed 

in terms of the Fourier coefficients as 

(4.9) 
n^  — oo  \  / 

and the Fourier coefficients could be expressed in terms of the wavelet coefficients as 

^ 00 2-' - 1 

= 7 E E (4-10) 
j=0 1=0 
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where ipjj{n) is 

/

oo 
ip(T))e~'^'^"^dT]. (4.11) 

-OO 

The wavelet functions, i p j i { x ) ,  are localized in Fourier space. For instance, the Fourier 

transform tpin) of the Battle-Lemarie wavelet, which is constructed with 4th order spline func

tions, is non-zero only in two symmetric narrow ranges centered, respectively, at n = -h 1 and 

-1 with widths An <C 1. For the Daubechies 4 (D4) wavelet ipin) also has two symmet

ric peaks with centers at n = ±np and width Arip. Therefore, the sum over n in eq.(4.9) 

should only be taken over the two ranges {up - 0.5Anp)2-' < n < (rip -I- 0.5Anp)2-' and 

-{rip -t- 0.5Anp)2-' < n < —{rip — 0.5Anp)2^. Equation (4.9) can then be approximately 

rewritten as 

= [ v )  "  

{r ip+0.5i\np)2- '  -{np—0.5Anp)2-> 

[T^(-np) y ,  +^{np)  y ,  

n=(np-0.5 Anp)2J n= — {np+0.5Anp)2-> 

r  \  1 / 2  ( f i p + O . o A n p j ' i J  

+ 0(np)2)_„e-2-"'/2^]. (4.12) 

n=(fip-0.5Anp)2-' 

Equation (4.12) shows that the WFC on scale j  are mainly determined by the Fourier compo

nents Sji with n centered at 

n = ±np2^ (4.13) 

where |np| are the positions of the peaks of t/)(n). 

Because both tpix) and ^{x) are real, we have ipl—Up) = ip'{np) and D_n = I)*. Equation 

(4.12) becomes then 

(np+0.5Anp)2-' 

12 
v  

- ^|2 E Re{0(np)2?„e'2-'/2^}|2 

ri=(np-0.5Anp)2J 

. (np+0.5Anp)2-' 

- ̂ I^("p)l^i2 Y P„cos(0(^-I-0n + 27rn//2-')|^ (4.14) 
n=(np -0.5Anp)2J 

where 6^, are the phases of i/'(np) and X)„, respectively. In the case of homogeneous Gaussian 

perturbations, the distribution of is random. Equation (4.14) reduces to 

J. (np+0.5Anp)2-' 

n=(np—0.5 Anp)2-' 
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Equation (4.15) shows that the WFC, are /-independent. Different I of can be 

treated as independent realizations. Strictly speaking, the /-independence is proved only in the 

case of a homogeneous Gaussian random field. However, it has been found that in the some 

non-Gaussian cases, such as homogeneous and isotropic turbulence, /-independence also approx

imately holds [49]. This point is important, because cosmic density fields undergoing gravita

tional instability generally are non-Gaussian. 

At this point, we can begin to assign a physical interpretation to the wavelet power spectrum, 

eq. (4.8). Equation (4.15) shows that the WFC are / independent. Thus the average over / in 

eq. (4.8) is essentially over an ensemble and Pj can be considered an estimate of the ensemble 

average of Since there is a direct relationship between the Vj i and Vn there is also a 

relationship between Pj and P{ n )  on the scale j .  Specifically 

(4-16) 

where P { n ) j  is the average of Fourier spectrum on the scale j  given by 

(np+0.3ilnp)2-' 

^ n=(np—0.5Anp)2J 

Note that the wavelet power spectrum defined in this way does not yield exactly the same 

information as the Fourier power spectrum. The Fourier power spectrum analyzes the distribution 

as a whole and picks out typical scales while the DWT analyzes the distribution locally on a scale 

by scale basis. 

Finally, the wavelet power spectrum can be defined in terms of the variance of WFC as 

1 ^ 
P r  =  7  (4-18) 

(=0 

where Vji is the average of Vj^i over /. Because the mean of WFCs, Vjj over / is zero, Pj should 

be equal to PJ""". 

4.2.2 Differences in the spectrum detection 

The Fourier and DWT power spectrum should in theory recover the same information. Indeed, 

if distributions were infinite in extent or had infinite resolution this would be absolutely true. 

However, it is well known that there is a difficulty in spectrum detection due to the finite size of 

the sample which leads to uncertainty in the mean density. The mean density p appears twice in 
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the expression V { x )  =  { p { x )  —  p ) / p .  The overall normalization p in V i x )  causes only a scaling 

error in detecting the spectrum. However, the effect of the subtraction term p in Vix) is far more 

serious. 

The classical spectrum estimator, i.e. the Fourier transform of the two-point correlation func

tion [5] depends essentially on the subtraction term p. A two-point correlation analysis cannot 

detect any correlations with amplitude comparable to the uncertainty of the mean density. If we 

determine the spectrum via the two-point correlation function, the uncertainty in p leads to uncer

tainties on all the scales on which the correlation amplitude is comparable to the uncertainty in 

the mean density. The problem of the uncertciinty in the mean density is more severe for the study 

of high redshift objects because the mean density of these objects generally is redshift-dependent. 

This is the so-called infrared (long-wavelength) uncertainty of the Fourier spectrum estimator. 

If, instead, the Fourier transform of p ( x )  — p is done directly, the only Fourier coefficient 

that is uncertain due to a lack of knowledge of p is the zero frequency value. In this way, all 

the uncertainty in p is seemingly only in one Fourier coefficient (the zero frequency coefficient). 

However, the zero frequency component is computed over all space (-ex: < i < oo). In order to 

construct an complete orthonormal basis the zero-frequency base must be included and all other 

(non-zero frequency) components in the Fourier transform must also be computed over the entire 

space (-00 < x < oc). Thus, all Fourier components are affected by the uncertainty of the 

density distribution outside the finite area of the data. Because of this, a Fourier analysis has a 

similar uncertainty in detecting the spectrum as the two-point correlation function. 

This problem, is in some sense, resolved with the Fourier transform on a finite domain (the 

Gabor transform, for instance). However, the window functions used by these techniques are not 

orthogonal and this leads to scale mixing. These effects will be discussed in the next section. 

Of course the uncertainty in the mean density is present under a DWT decomposition. How

ever, as shown in eq.(2.59), in a discrete wavelet SSD, the coefficient that is uncertain due to a 

lack of knowledge of p is the "zero frequency" scaling function coefficient. There are two fac

tors that mitigate the effect of this uncertainty: 1.) the scaling functions are designed such that 

they are orthogonal to each other on the same scale, i.e. orthogonal to translation, but are not 

orthogonal to SFC on different scales. To expand a function in a wavelet basis, the entire space 

( —oc < X < 3o ) is not needed. Instead only the previous scale SFC at that location and the 

WFC at the current scale are needed. 2.) the scaling functions on finite scale (or non-zero fre

quency) are, by construction, localized. The WFC are determined by the difference of the SFC in 
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a localized neighborhood, i.e. by measuring the differences between the local mean densities. As 

a consequence, the mean density on length scales larger than the sample's size is not necessary in 

calculating the WFC on scales equal to or less than the size of data. Thus, aside from an additive 

constant, the spectrum log P(n) derived from eq.(4.16) will not be affected by the uncertainty of 

mean density. 

The finite size and resolution of any sample forces the choosing of specific boundary con

ditions in calculating the Fourier power spectrum. Yet, the choice of boundary conditions can 

affect the spectrum detection. Again, wavelet functions are compacdy supported, and 

the WFC that are uncertain due to the boundary conditions are only the two coefficients at the 

boundary, and where Zi and I2 are the positions of the 1-D boundary. The uncertainty 

due to the choice of boundary conditions will be suppressed by the wavelet SSD. This point will 

be numerically demonstrated in §5. 

4.2.3 Scale mixing 

The problem caused by the uncertainty in the mean density can be overcome by a count in cell 

(CIC) analysis. The CIC detects the variance of density fluctuations in windows of cubical 

cells with side I or Gaussian spheres with radius Rg- The behavior of the perturbations on scales 

larger than the size of a sample may not play an important role, and therefore, it reduces the 

uncertainties caused by the finite size of the observational samples. It is generally believed that 

the variance in cell I is mainly dominated by the perturbation on scale ~ 21 or Rc- The variances 

are considered to be a measure of the power spectrum on scale I [50, 51, 52]. 

The problem with the CIC statistics is that its basis functions (windows) are not orthogonal. 

The variances obtained from the decomposition of cells with different scale I are not independent. 

While orthogonal basis are not necessary to reconstruct the power spectrum, scale mixing leads 

to uncertainty. This point can be made explicit by noting that the CIC corresponds to a window 

of the form 

0(77) = 
1 if 0 < 77 < 1 

0 otherwise 
(4.19) 

The corresponding basic function is 

I if 0 < r/ < 1/2 

ip(T]) = < -1 if 1/2 < r? < I 

0 otherwise 
V 

(4.20) 
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This is just the Haar wavelet (Daubechies 2, or D2). It is very well known that among Daubechies 

wavelets, only D2 is not localized in Fourier space, because its Fourier transform is given by 

2 
i^(n) = —[sin(7rn) — i cos(7rn)] sin^{7rn/2) (4.21) 

n n  

When n 1, i p { n )  ~ — i { i r / 2 ) n .  In the case of a power law spectrum, V n  = A n ' ' ,  eq.(4.9) 

gives 

• 1 / 2  

J V j ^ l  =  X ]  (  T )  +  t e r m s  n > 2-' 
n<2J 

= ^ terms n>2K (4.22) 
n<2J V / 

Equation (4.22) shows that the large scale (small n) perturbations will significantly contribute 

to, and even dominate the Vji if 7 < -I. In this case, the square average of the WFC, or the 

variance CT^(/) of cubical cell CIC will be contaminated by perturbations on scales larger than /, 

and therefore the Haar wavelet WFC, (or CIC) will not be a good measure of the spectrum. It is 

for this reason that only the higher order Daubechies wavelets are used in this thesis to calculate 

all statistics. 

4.3 Examples of Power Spectra Reconstructions 

In this section we demonstrate the effectiveness of the wavelet in measureing the power spec

trum by using this technique on power law distributions. We also check the effects of boundary 

conditions on the detection of the power spectrum. 

A power law spectrum is given by P { a n )  =  P { n ) ,  where a is a constant, and 7 the 

spectrum index. Equation (4.17) now gives P{n)j+i = 2''P(n)j, and eq (4.16) becomes 

PjOc2-'(^+" (4.23) 

or 

log2 Pj = (7 + I)i + const. (4.24) 

The wavelet power spectrum gives the spectrum index as 7 -f-1. The index of a power law can be 

directly found by 

7 = - 1. (4.25) 
d j  
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Figure 4.1: Power spectrum for a distribution given by a power law P { k )  = k ~ ^  a.) FFT power 

spectrum, and b.) wavelet SSD, where k = i-kti/l is the wavenumber in a length unit. The points 

of log2 P"""" (star) in lb have been shifted down to log2 PJ""" — 1 for clarity of presentation only. 

The slopes of the lines log2 Pj — j (diamond) or log-j Pj""" - j are —2 + 1 = — 1. 

Figure 4.1 shows a FFT and WFC reconstructed power law spectrum. The samples are gen

erated from P{k) = k~^, where k = l-nn/L is the wavenumber in a (length) unit. The sample is 

distributed over 2® =512 bins with bin In units and the total length of the sample is L. The FFT 

spectrum reconstruction is plotted in Figure 4.1 a. Figure 4.1 b is the spectra log2 Pj and log2 Pj""" 

plotted against j. The points of log2 Pj""" in Figure 4.1b have been shifted down to log2 Pj""" — 1 

for presentation purposes only. As expected. Figure lb shows 1.) Pj is equal to Pj"""; and 2.) the 

slopes of the lines log2 Pj — j or log2 Pj""" - j are —2 + 1 = -1. 

Comparing Figures 4.1b with 4.1a one can see that the wavelet spectrum P { k ) j  uniformly 

distributes in log k space. Each P{k)j measures the spectrum P{k] on a scale range of log A: 

log k + A log k and A log A: = log 2. On the other hand, the density of the FFT data in fc-space is 

determined by the number of modes, and therefore the distribution of the Fourier spectrum data 
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are uniform with respect to k ,  not log k .  The data points are dense at large log k ,  but rare at small 

l o g  k .  

4.3.1 Normalization factors 

In the previous section only the spectrum index of a power law was measured by the DWT. 

However, unless the distribution follows a simple power law, there is still an important feature 

missing from this analysis, namely, the overall normalization. We now normalize the DWT power 

spectrum to the standard Fourier power spectrum. 

First, from eqs.(4.16) and (4.13), two useful relations result 

logP(A:)_, = logPj - (log2)i + A  (4.26) 

and 

logfc = (log2)j - logL/27r + 5 (4.27) 

Eqs.(4.26) and (4.27) transfer the wavelet spectrum P, or Pj""" into the mean Fourier spectrum 

P { k ) j ,  a n d  v i c e  v e r s a .  T h e  f a c t o r  A  n o r m a l i z e s  t h e  a m p l i t u d e  o f  l o g  P j  w i t h  l o g  P { n ) j ,  

A  =  -  log{2Anp|i^(np)p) (4.28) 

The factor B  normalizes the scale j  with log k ,  

B = lognp. (4.29) 

The constants A  and B  depend on the wavelet function x p i r j )  being used in the SSD analysis. 

For instance, in the case of the D4 wavelet, A = 0.602, and B = 0.270. It should also be 

noted that there is no particular reason to normalize the DWT spectrum to the Fourier power 

spectrum. However, we do so here to confirm results obtained using the DWT spectrum with 

the well established Fourier methods and to relate the wavelet scale parameter, j, to the Fourier 

wavenumber k which has a better understood physical interpretation. 

We tested these normalizations using the following spectrum 

= TTW-

This a commonly used spectrum for the distribution of perturbations in cosmology. The spectrum 

has a peak at log A: ~ —1.37, or a typical scale at 1/k = 23.4 (length) units. Using (4.30), 
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Figure 4.2: Reconstruction of spectrum with a typical scale eq.(4.30). k  = l - K n j L  is the 

wavenumber in a length units. The dotted line is the theoretical curve and the diamond points 

are the wavelet determined spectrum. The samples in a, b and c are generated in a.) 1024, b.) 512 

and c.) 256 bins, and the bin size is 2-k length units. The peak of the spectrum is at log A: = -1.37. 

samples of length L were generated into 256, 512 and 1024 bins with bin size 27r units. The 

reconstruction of the spectrum (4.30) is shown in Figure 4.2. The peak and the amplitude of 

the power spectrum are perfectly detected by the wavelet SSD. Either Pj or P"""" can effectively 

provide information of the shape of the spectrum as well as its amplitude. 

4.3.2 Boundary conditions 

The WFC measure fluctuations from the l o c a l  mean density. This locality property allows the 

"Dj,; to be independent of data outside the influence cone (see §2). As a result the spectrum found 

using the WFC is less sensitive to boundary conditions than the traditional power spectrum. 

To test this point, (4.30) was used to generate samples over a finite area L in 512 bins. Two 

different boundary conditions were studied: A) periodic outside this range; B) zero outside this 
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Figure 4.3: Reconstruction of spectrum with a typical scale eq.(4.30). k  =  l - n n / L  is the 

wavenumber in a length units. Shown in the figure are the theoretical spectrum, the spectrum 

reconstructed using periodic boundary conditions (BC) and the spectrum reconstructed using 

zero padding. Note there is very little difference between the two schemes 

range. The local spectrum in the 512 bins was determined by the WFC. The resulting spectra are 

plotted in Figure 4.3 and show that the spectrum can be correctly reconstructed regardless of the 

boundary conditions selected. 

A similar test is shown in Figure 4.4, in which the density distribution over 512 bins is gener

ated from a power law spectrum P(fc) = k~'-, and then the last quarter bins set to zero. When the 

spectrum is determined using the FFT, the usual procedure is to convolve the Fourier coefficients 

with a window function. The reason for this is that there is leakage from other scales into the 

Fourier coefficients because the finite resolution of any sample means that the data is really being 

convolved with a square window function. We have already discussed the effects of a square win

dow (see the discussion on the Haar wavelet) and to get around these effects a window function 

that turns on and off more smoothly than a square function is chosen. The spectrum shown in 
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Figure 4.4: Power law reconstruction for P ( k )  =  k °  with a  =  —2. A.) The original distribution 

with last quarter bins set to zero, B) The WFC power spectrum in terms of j and Pj, C), D), E) 

the Fourier power spectrum with window size 4, 8, and 16 bins respectively 

Figure 4.4 was computed using a triangle-like window function. As shown the spectra calculated 

by the FFT depends on the window size even within a specific choice of window function. The 

spectra are reconstructed with window sizes, 4, 8 and 16 bins, and the power law index is found 

to be -1.73, -1.93 and -2.14, respectively. On the other hand, for a given wavelet, there is no "win

dow size" to select. In this case, "windows" on various scales are selected by the requirements of 

orthogonormality and completeness. The WFC detection gives the correct values of the spectrum 

index, -1.82 and -1.84, using the WFC and WFC variances, respectively. 

4.4 The Ly -a spectra 

Having demonstrated the technique for detecting the power spectrum using the WFC on theo

retical signals, we now turn our attention to simulated and observational data of the QSO Ly-a 
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absorption lines. 

4.4.1 The Simulated data 

The simulated data (BGF) [23] has been discussed in §1.3.1 and §3.3. Here we briefly repeat 

the basic idea behind the simulation and some of its properties. The general scheme behind the 

simulation is to 1) generate dark matter distributions by Gaussian perturbations with a linear 

power spectrum taken from the standard cold dark matter model (SCDM), the cold plus hot dark 

matter model (CHDM), and the low-density flat cold dark matter model (LCDM); 2) generate 

the baryonic matter distribution by assuming that baryonic matter traces the dark matter distri

bution on scales larger than the Jeans length of the baryonic gas, but is smooth over structures 

on scales less than the Jeans length; 3) remove collapsed regions from the density field because 

Ly-a clouds are probably not virialized; 4) simulate Ly-a absorption spectrum as the absorption 

of neutral hydrogen in the baryonic gas, and include the effects of the observational instrumen

tal point-spread-function, and along with Poisson and background noises; 5) determine the Ly-a 

absorption line and its width from the simulated spectrum by the usual Ly-o line identification. 

Clearly, the simulated Ly-a forests depend not only on the theoretical spectrum needed in 

step 1), but also on the selection effects referred to in steps 2) - 5). One can expect that the 

reconstructed spectrum will not completely match the theoretical spectra because the simulated 

spectra are distorted by these selection effects. 

The simulated samples cover a redshift range of 1.7 to 4.1. However, in order to account 

for the redshift-dependence of the spectrum, the samples are synthesized from 13 redshift bins, 

each with Az = 0.2 and centered a.t Zn = n x 0.2 -1-1.3 with n = 1 to 13. As a result it is 

not possible to use these samples to measure the power spectrum on scales larger than a redshift 

range of Az = 0.2. 

The data generated in this manner is 1-dimensional. The 3-D spectrum Psik) can be deter

mined from 1-D spectrum P(k) by [23] 

In deriving eq.(4.31), it is assumed that the random field is statistically isotropic. If the 1-D 

spectrum can be approximated as a power law P{k) oc and a > 0, the 3-D spectrum is 

given by 

P { k ) = 2 T : J ^  P z { q ) q d q ,  (4.31) 

\ o g P - i { k )  =  logP(A:) - 2 log/: + log(a/27r). (4.32) 
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Figure 4.5: The 3-D power spectrum for the SCDM model with equivalent line widths I V  >  

0.16A. The data and 1 a error bars are computed from 20 simulated samples, k in units of 

h Mpc~'. The gray band is the SCDM linear spectra. The center line in this band is the power 

spectrum at 2 = 2.8 and the lower and upper limits are the spectra at z = 4.1 and 1.7, respectively 

The wavenumber can be related to j  by using eq.(4.27), which yields 

fc = 1.86 • 27r^ hMpc~' (4.33) 
L i  

where L  is spatial range of the samples in units of h~' Mpc. From eqs.(4.32) and (4.33) one can 

c o m p u t e  3 - D  s p e c t r u m  P : i{ k )  f r o m  t h e  1 - D  r e c o n s t r u c t e d  s p e c t r u m  P { k ) j .  

The reconstructed 3-D spectrum of the SCDM is shown in Figure 4.5, and the CHDM in 

Figure 4.6. The data and 1 a error bar are found from the average over 20 samples in each model. 

The linear spectra of the SCDM and CHDM used for the simulation are plotted as a gray band 

in Figures 4.5 and 4.6, respectively. The center line of the gray bands is the power spectrum at 

z = 2.8, and the lower and upper edges are the spectra at 2 = 4.1 and 1.7, respectively. 

For the SCDM model (Figure 4.5) the spectrum generally agrees with the theoretical spectrum 
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Figure 4.6: The same as figure 4.5 but for the CHDM model. Once again the equivalent widths 

are ly > 0.16A and the gray band is the linear CHDM power spectra. 

with the difference that the power of the WFC spectrum shows a faster increase than the model's 

linear spectrum as the scale increases. This is partially because the larger scale structures form 

later, and small structures earlier. In §3 it was found that the number density of the larger scale 

clusters of Ly-a lines increases as the redshift decreases. The formation of small scale structures 

is mainly determined by the spectrum at larger redshifts (the lower part of gray band), while the 

larger scale structures are determined by lower redshift (or the upper part of the gray band.) 

Figures 4.5 and 4.6 show that the power of the CHDM model WFC spectrum is less than 

the corresponding SCDM model. This is expected since the power of the CHDM model linear 

spectrum is lower than the SCDM model. However, the power of the reconstructed CHDM model 

WFC spectrum is significantly larger than the theoretical spectrum. This is likely due to selection 

effects. Since clustering in CHDM model is weak at high redshifts. the clouds identified as Ly-a 

absorbers are rare events, i.e. only the relatively high peaks in the density field are selected. On 
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the other hand, the high peaks in the simulations of the SCDM model have been removed (step 

3), therefore the Ly-a clouds contain relatively few high peaks. 

The reconstruction at largest scale (log k  =  -  0.75) contains more uncertainty because we have 

used eq (4.32) to describe the entire 1-D spectrum. In actuality, the reconstructed l-D spectrum 

P{k)j can not be approximated simply as a power law. Unfortunately, because data is lacking on 

the larger scales, one cannot calculate Pzik) by the exact formula (4.31). 

4.4.2 Observational Ly-a forest data 

As in chapter 3, we look at two the data .sets of the Ly-a forests compiled by Bechtold (JB) and 

Lu, et al (LWT). Once again, to compensate for the proximity effect all lines with redshift Zgm > 

2 > 2em -0.15 Were deleted from our samples (Zgm is the QSO redshift). We assumed 70 = 1 /2, 

so the samples cover a comoving distance from about Dr„,„=2,300 /i~'Mpc to Dmax =3,300 

/i~'Mpc. 

In many respects, the two independent data sets have the same features, but there is a dif

ference in their number density evolutions. The evolution of number density in the Ly-a forest 

is generally described as dN/dz = {dN/dz)o{l + z)'', where {dN/dz)o is the number density 

extrapolated to zero redshift, and 7 the index of evolution. LWT showed that [dN/dz)^ ~ 3 

and 7 = 2.75 ± 0.29 for lines with W > Wth = 0.36A while JB found 7 = 1.89 ± 0.28 for 

Wa, = O.32A and 7 = 1.32 ± 0.24 for Wth = 0.16A. 

As mentioned in §4.1 and 4.2, data with complex geometry can be regularized by adding 

zero regions. Namely, for a forest sample in a range (Li, L2), zeros are added in the intervals 

{Lmin- Li) and (L2, Ljnax)- Since wavelets are local, the WFC in the range (Z,i, L2) will not be 

affected by the added zero regions as demonstrated in §4.3.2. 

The 1-D spectra for LWT(iy > 0.36A), JB(Vr > 0.32A) and JB(iy > 0.16A) in the entire 

redshift range 1.7 < r < 4.1 are plotted in Figure 4.7 The error bars are calculated from the 

ensemble of the QSO's absorption spectra. The errors at large scale are about the same as that on 

small scales. This means that the spectrum can uniformly be detected on scales as large as about 

100 h~' Mpc by the WFC. This cannot be achieved by two-point correlation function because 

correlation amplitudes are less than the uncertainty of mean density of Ly-a lines on scales larger 

than 5 h~' Mpc. The amplitude and shape of the power spectrum for all data sets is very similar. 

This strongly implies that these features are common properties of the spectra of the Ly-o forests. 

The data sets still contain large error, and therefore, the WFC detected spectrum are uncertain 
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Figure 4.7: The 1-D WFC power spectrum for LWT W  >  0.36 A, JB ly > 0.32 A, and JB 

W >0.16 A. For clarity, the spectra for JB W > 0.32A and JB > 0.16A have been shifted 

in the negative k direction 

by a factor of about 10. Nevertheless, some conclusions can already be drawn. 

All spectra in Figure 4.7 are rather flat with an amplitude P { k }  ~ 0.3 - 10 h~^ Mpc on 

the range of \ogk > -1, or scales less than about 50 h~' Mpc. This is consistent with the fact 

that no power of Ly-a line-line correlations functions has been detected from these two compiled 

samples. The flatness of these spectra can be described by the power law index a, which is found 

by fitting the observed spectra with power law P(fc) a Table 1 lists the index of various data 

sets. Again, the values of a for the independent real data sets are the same and quite small, i.e. 

all the spectra are almost flat. 

At first glance, it might appear that the power spectrum for these sets indicates that the Ly-a 

clouds are distributed much like white noise since white noise is characterized by a Gaussian and 

flat spectrum. However, distributions generated from a Gaussian flat spectrum are uniform, i.e. 

the mean number densities along any interval are constant on average. Conversely, if the density 
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Data W Q 

JB 

SCDM 

CHDM 

random 

LWT 

JB 

>0.36 A -0.26 ±0.42 
> 0.32 A -0.23 ± 0.41 
>0.16 A -0.23 ±0.37 
>0.16 A -0.93 ±0.15 
>0.16 A -1.06 ±0.08 

-0.55 ± 0.08 

Table 4.1: Value of a for various data sets 

is not uniform over the entire distance, but distance dependent, the spectra should have a non

zero slope. But this is just the case with this data. The mean number density of Ly-o lines in all 

the real data sets are not constant, but distance (or redshift)-dependent. If the lines are Gaussian 

random distributed they should have a non-zero slope. Thus for redshift-dependent distributions, 

the flatness in the spectrum is not an argument that the distribution is Gaussian random, but on 

the contrary, indicates that the distribution is probably non-Gaussian. 

This point can also be shown by non-uniformly random samples. As in §3, non-uniformly 

random samples were generated by requiring that the total number of lines and the number of 

lines within a given red-shift interval (Az = 0.4, ) matched the observed data. The spectrum 

of these random samples is not flat, but has a large index as listed in Table 4.1. The random 

data used here was generated using the evolution index 7 computed by JB for W > 0.16A. For 

JB (W> O.32A) or LWT (W> 0.36A), the 7s are even larger and the non-uniformly random 

samples fitted with 7 for JB (W> 0.32A) or LWT (W^0.36A) are significantly different from a 

flat spectrum. 

Table 4.1 also shows that the simulation data (SCDM and CHDM) are also significantly 

different from random samples, and different from real data as well. As expected, the shape of 

WFC reconstructed spectra should be useful to discriminate models. The values of a for the real 

data have large error bars, and one cannot completely rule out that the distributions are Gaussian 

random density fields. However, one can already see the systematic difference between the index 

given by real and random data. 

Since the difference between the real and random sample here is due mainly to the Gaussian 

or non-Gaussian behavior, the spectrum is not an effective tool to describe this difference. This 

points out that second order statistics, i.e. the power spectrum and two point correlation function. 
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Figure 4.8: The 3-D WFC power spectrum for LWT W > 0.36 A. Both Pj and FJ""' are dis

played and for clarity the points for the variance are plotted at log k -f- 0.05. The gray and dark 

bands are the linear spectra for the SCDM and CHDM models, respectively 

are not sufficient for the description of clustering. Higher order statistics are necessary, especially 

in the case when the two-point correlation shows no power. 

As before, the 3-D spectra can be constructed from the I-D spectra for the LWT and JB 

samples. The results are shown in Figures 4.8 and 4.9. Also plotted are the linear spectra for the 

SCDM and CHDM models. One cannot directly test the models by the reconstructed spectrum 

because the formation of HI clouds has undergone non-linear evolution and the identification of 

Ly-a absorption lines undergoes selection effects. However, considering that high redshift Ly-

a clouds are only weakly non-linear, it should be interesting to compare the WFC spectra with 

models. 

The JB and LWT spectra are of the same order of magnitude as the theoretical linear spectrum 

for the SCDM model on scales of < 40 h~' Mpc, but have a larger amplitude than the model on 

scales > 40 h~ ^ Mpc. Namely, the differences between the theoretical and WFC spectra increase 



83 

Figure 4.9: The same as figure 4.8 but for JB > 0.32 A 

as the scale increases. Like the systematic differences seen in Figures 4.5 and 4.6, these differ

ences may also be due to geometric biasing. It is our experience from cluster identification that 

the larger scale clusters of Ly-a clouds always locate where the amplitude of the SFC is highest 

on smaller scales. Therefore, the larger the scale, the larger the effect of geometric biasing. 

The reconstructed 3-D spectra do not show peaks or bending on the scale of about 100 h~^ 

Mpc. This is no surprise since for either the SCDM or CHDM models when the scale is larger 

than the bending scale 100 h~' Mpc, one can not use eq.(4.32) to reconstruct the 3-D spectrum 

f r o m  1 - D  s p e c t r a .  O n  t h e  b e n d i n g  s c a l e ,  e q . ( 4 . 3 2 )  n o  l o n g e r  h o l d s .  I n  t h i s  r a n g e ,  P s i k )  o c  k ° ,  

with Q > 0, and eq.(4.31) shows that 1-D spectrum P{k) is dominated by small scale terms in 

P:i(k) [53]. P{k) does not contain information of P^ik) on scales larger than the bending scale 

and it is impossible to reconstruct the bending of the 3-D spectrum from 1-D samples. 
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4.5 Summary 

Throughout most of this chapter the conventional definition of the spectrum was used, i.e., with 

respect to the Fourier basis. There is no particular reason to do this and one can define the spec

trum with respect to any complete and orthonormal basis. Theoretically, the spectrum based on 

different complete orthonormal basis is equivalent. In practice, however, they are not equivalent 

because observed samples of large scale distributions must be incomplete as they are constrained 

by, at the very least, the size of the horizon. Therefore, different basis might measure different 

aspects of the density fields. A judicious selection of the basis functions is necessary in order to 

get the optimal information from given samples. 

As shown in §2, the difference between basis sets of the Fourier and wavelet transforms 

can easily be seen in phase space {x,k). Basis differ on how they chop up the phase space 

into elements with volume AxAk ~ 2n . Fourier basis chop the phase space into elements 

( d o  <  X  <  O O ,  A k  =  0 ) .  F o u r i e r  c o m p o n e n t s  o n  a l l  s c a l e s  a r e  a f f e c t e d  b y  t h e  i n f i n i t y  o f  x .  

Wavelet basis chop the phase space into a series of elements with finite Ax and AA: and one can 

avoid the difficulty of the infinity of x. As a consequence, a discrete wavelet analysis is able to 

detect local spectrum [8]. In large scale structure studies, the spectrum of finite sized samples 

is mathematically the equivalent to the local spectrum of a time-frequency series and it can be 

computed by a discrete wavelet SSD. 

Further, die ergodic hypothesis [5] essentially assumes that the spatial correlations are de

creasing sufficiendy rapidly with increasing separations. The volumes separated with distances 

larger than the correlation length can be considered as statistically independent regions. Such 

volumes can then be treated as independent realizations. As shown in eq.(4.15), such indepen

dence might directly be described by the /-independence of the WFC. Thus, a wavelet SSD is 

sometimes more effective in picking up information from spatially incomplete samples. 

The wavelet SSD is an efficient and reliable tool for detecting the spectrum of density per

turbations. For samples of objects tracing the density distribution, the spectrum of density per

turbations can be perfectly reconstructed. In this method, the problem of finite size of samples 

can be properly handled, and the difficulty of the complex geometry of the samples can also be 

overcome since the wavelets basis are orthogonal and localized, regardless the geometry of the 

samples. 

Applying wavelet SSD spectrum analysis to samples of the Ly-a forests, the spectra of real 
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data and simulated samples have stabley been detected on scales of 2 - 100 h~^ Mpc. Some 

common features in their spectra have been revealed. They are: 1.) the 1-D spectrum of real data 

are almost flat; 2.) these spectra show a different shape (power index) from the distribution of 

random and simulated samples. This indicates that Ly-a lines do not distribute randomly. 
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CHAPTER 5 

THE DWT AND HIGHER ORDER STATISTICS 

5.1 Introduction 

In §3, clustering in the Ly-a clouds above what would be expected from a random distribution 

whose red-shift dependence matched observational data was detected using the SFC. In §4, the 

1-dimensional power spectrum for the distribution of Ly-a lines was found to be flat using the 

WFC. On the face of it, these two conclusions appear to be contradictory. After all, a flat power 

spectrum implies the distribution is white noise. Yet, the quantity N{> R) defined and used in §3 

clearly indicates that the distribution of Ly-o absorption lines deviates from at least a Gaussian 

random distribution. In this chapter, we seek to solve this paradox and in the process of so doing 

develop a methodology for quickly computing the higher order cumulants of a distribution. Since 

for a Gaussian distribution all cumulants > 2 are zero, the existence of higher order moments 

means that the distribution is non-Gaussian. We will see that this is indeed the case for the 

distribution of Ly-a lines and in the process, confirm the existence of structure in these objects. 

If the measure N { >  R )  is a legitimate measure of non-randomness, then the shape of the 

power spectrum cannot be taken to mean that the distribution of lines contains no structure. In 

addition, recall that various other studies of the QSO Ly-a absorption line distribution have de

tected deviations from random distributions ( see §1.3 and references therein). 

This conclusion is further strengthened by simulation studies. Recall that simulated density 

fields for pre-collapsed clouds are generated as perturbations with a linear or linear log-normal 

spectrum given by three popular models (LCDM, SCDM, CHDM). The baryonic matter distri

bution is then produced by assuming that baryonic matter traces the dark matter distribution on 

scales larger than the Jeans length of the baryonic gas, but is smooth over structures on scales 

less than the Jeans length. The simulated Ly-a absorption spectrum can be calculated as the ab

sorption of neutral hydrogen in the baryonic gas, and the effects of the observational instrumental 

point-spread-function, and Poisson and background noises can be included. 

As already mentioned, within a reasonable set of parameters, the simulated samples are found 
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to fit with observational measurements such as the number density of the Ly-a clouds, the dis

tribution of equivalent widths, the redshift-dependence of the width distributions and clustering. 

Regardless of the details of the simulation, these samples are not just white noise because the 

perturbation spectrum used for the simulation is not flat, and baryonic matter does not distribute 

randomly, but traces the structures of dark matter. However, as is the case with observations, 

the simulated samples show no power in their two-point correlations (see Figure. 11 in [23]), and 

their 1-dimensional spectra is rather flat on scales less than 100 h~^Mpc. These results clearly 

show that higher order measures are necessary in describing the statistical features of the 1-D 

distributions of Ly-a clouds. 

5.2 Higher order moments via the DWT 

A wavelet decomposition involves the use of the two complementary functions: the scaling func

tions which give the approximation to a distribution at any scale j, and the wavelet functions 

which measure the difference between the j-th and j + 1-th smoothed distributions. The wavelet 

f u n c t i o n s ,  V j , /  a r e  o r t h o g o n a l  w i t h  r e s p e c t  t o  b o t h  t h e  t r a n s l a t i o n a l  i n d e x ,  I ,  a n d  s c a l e  i n d e x  j .  

This is crucial in using the DWT for statistical analysis in large scale structures because in cosmol

ogy, no ensemble of cosmic density fields exists, and at most only one realization, the observed 

density distribution, is available. In order to have reasonable statistics, the cosmic density field is 

usually assumed to be ergodic: the average over an ensemble is equal to the spatial average taken 

over one realization. This is sometimes called the "fair sample hypothesis" in large scale structure 

study [5]. A homogeneous Gaussian field with a continuous power spectrum is certainly ergodic 

[54]. In some non-Gaussian cases, such as homogeneous and isotropic turbulence [49], ergodic-

ity also approximately holds. Roughly, the ergodic hypothesis is reasonable if spatial correlations 

are decreasing sufficiently rapidly with increasing separation. The volumes separated with dis

tances larger than the correlation length are approximately statistically independent. Thus, when 

the "fair sample hypothesis" holds, the WFC at different locations I are independent, that is, they 

can be treated as the measurements of statistically independent realizations. The values of on 

different I form an ensemble of WFC on scale j with 2^ realizations. Simply stated, for density 

fields satisfying the "fair sample hypothesis" the ensemble of the 2^ WFC is a fair estimate of the 

b e h a v i o r  o f  t h e  c o s m i c  d e n s i t y  f i e l d  o n  s c a l e  j .  

From here forward we assume that the "fair sample hypothesis" holds. As such, we can use 
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the ensemble of the 2-' WFC to calculate the WFC moments on scale J as 

K = ( 5 1 )  
/=o 

For n  =  2 ,  M j  gives a quantity analogous to the power spectrum with respect to the modes j  of 

the DWT, i.e. 

= = ^ (5.2) 
/=o 

M'̂  is actually ^ P j .  

For any distribution 15(x), the n-th moment is defined generally as 

M" =  I  f ^ [ V { x )  -  ' D { x ) ] " d x .  (5.3) 
L JQ 

Since the wavelet functions are orthonormal with respect to j and it is easy to show that 

M '  =  (5-4) 

J 

In other words, the overall 2nd moment, is the "integral" of the power spectrum with respect 

t o  j .  G e n e r a l l y ,  M "  c a n  b e  t h o u g h t  o f  a s  a n  i n t e g r a l  m e a s u r e  o f  t h e  n - t h  s p e c t r u m  M ^ .  

For n > 2 it is convenient to use the cumulant moments [55, 56] defined as 

C ]  =  M f  (5.5) 

=  M; -  3 M j M j  (5.6) 

=  M f  -  l O M j M f  (5.7) 

For a Gaussian distribution all these higher order cumulants are equal to zero. The third and 

fourth order cumulants are called the skewness and kurtosis, respectively. Since they are the first 

non-zero cumulants for a non-Gaussian distribution, we shall concentrate on these measures to 

detect deviations from Gaussian behavior. Specifically they are given by 

~ (5-8) 

Kj = (5.9) 

Analogous to C j  or P j  being called DWT power spectrum, we will call S j  and K j  the DWT 

skewness and kurtosis spectra. 
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5.3 The DWT and the central limit theorem 

Before proceeding to use eqs.(5.8) and (5.9) on the Ly-a line distribution, we take a very im

portant side bar and discuss the effect of the central limit theorem on the detection of non-

Gaussianity. As is well known, when its hypothesis holds, the central limit theorem "washes" out 

non-Gaussian signatures in distributions when ensembles are formed. This is the case with the 

Fourier basis. For instance, if the universe consists of a large number of dense clumps on various 

scales, and those clumps are independent, the one-point distributions of the real and imaginary 

components of each individual Fourier mode are Gaussian due to the central limit theorem, al

though the probability distribution functions (PDF) of the field itself are highly non-Gaussian 

[57]. The central limit theorem holds for processes that are a spatial average of a non-Gaussian 

distribution as long as the ratio of the sampling scale to the scale of the fluctuation increases [54]. 

If the clumps are not distributed independently, but are correlated, the central limit theorem still 

holds if the two-point correlation function of the clumps approaches zero sufficiently fast [58], 

Even for samples with strong non-linear evolution, the one point distribution function of Fourier 

modes has been found to be consistent with a Gaussian distribution [59], 

In this section, we discuss how the DWT measure is able to "circumvent" the central limit 

theorem, and how to take the advantage of the central limit theorem in order to suppress non-

Gaussianity caused by binning and sampling. Of course, the DWT does not violate the central 

limit theorem, but rather the basis of the DWT are such that the hypothesis necessary for the 

central limit theorem to work do not hold. 

5.3.1 One-point distribution of WFC 

In order to detect non-Gaussain signatures from an ensemble of distributions the analyzing basis 

functions must be such that the hypothesis of the central limit theorem do not hold. One such 

technique is the count in cell (CIC) method encountered in the previous chapter. Since the CIC 

is based on localized window functions, which in essence keep the ratio of sampling to the fluc

tuation scale from increasing, the hypothesis of the central limit theorem fail to hold and the CIC 

has succeeded in detecting non-Gaussian signatures [60, 61, 62, 63, 64, 65]. 

Similarly, the wavelet and scaling functions are localized. The one point distributions of the 

WFC and SFC do not meet the conditions necessary for the central limit theorem to hold. To 
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illustrate this, recall that the WFC are given as the inner product 

/

OO 

' D { x ) i p j i { x ) d x .  (5.10) 
-OO 

Now if the scale of a clump in the universe is d ,  eq.(5.10) shows that the WFC, V j  i ,  with j  =  

log2(L/d), is determined only by the density field in a range containing no more than one clump. 

That is, for scale j the WFC are not given by a superposition of a large number of the clumps, 

but determined by at most one of them. Hence, the one-point-distribution of WFC on scale j is a 

good estimation of the PDF of the clump density fields. 

This point can be shown more formally by looking directly at the orthonormal basis being 

used for the expansion of the density field. A key hypothesis of the central limit theorem is that 

the modulus of the basis be less than C/y/Z, where L is the size of the sample and C is a constant 

[57]. All Fourier-related orthonormal basis satisfy this condition because the Fourier orthonormal 

basis in 1-dimension are such that (1/\/L)| sin Arx] < C/V^and (1/'\/L)| cosA:x| < C/VL, and 

C is independent of coordinates in both physical space x and scale space k. On the other hand, 

the wavelet functions have 

~ f - j 0(1) (5.11) 

because the magnitude of the wavelet, t p i x ) ,  is of order 1. The hypothesis |'0j,/(a:)| < C f \ / L ,  

fails to hold for a constant C independent of scale variable j and therefore the central limit 

theorem does not apply to the WFC. 

5.3.2 Scale mixing 

The WFC. not the SFC, are used to define the spectra of non-Gaussianity. The reason for this 

is that the one-point distributions of SFC are contaminated by scale mixing. Even though the 

scaling functions, (f)j i(x), are localized in spatial space, they are not orthogonal with respect to 

the scale index j, that is, scale mixing can occur. The SFC, 4>j^i{x), are given by a sum over 

perturbations on all scales larger than LjlK Thus, the SFC one-point distribution will be given 

by the superposition of various scales, and thus, will miss information on the scale-dependence 

of non-Gaussianity. 

As was pointed out previously, the CIC analysis is essentially the same as the SFC. The one-

point distributions given by the CIC have similar problems as the SFC one-point distributions. 

Namely, they are scale mixed, and not suitable for studying the scale dependence (or spectrum) 
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of high order statistical measures. The CIC one-point distribution of window size d  is sometimes 

assumed to be dominated by the density fluctuations on scale ~ d. The (/-dependence of the CIC 

one-point distribution is treated as scale-dependence. However, this assumption is not generally 

true, because the Fourier transform of the CIC window is not localized in Fourier space. For 

instance, the Fourier transform of a cubic cell window (p^{x), i.e. the window function D2, is 

L  J o  n  

i.e. it reaches maximum at n = 0. There is no guarantee that the CIC with d  window is mainly 

given by perturbations on scales d. Large scale (small n) perturbations will significantly con

tribute to, and even dominate the CIC given by small d windows. 

On the other hand, as pointed out in §4, the Fourier transform of the wavelet is localized 

in two narrow ranges centered at n = ±Tip. On scale L/2^, the WFC are mainly given by 

perturbations with wave numbers in the range (rip - 0.5Anp)2-' < n < (up + 0.5Anp)2-' and 

— (rip + 0.5Anp)2-' < n < —{up — 0.5Anp)2-^, where Aup is the width of the non-zero ranges 

of Tpin). For this reason the spectrum of WFC moments can detect the scale behavior of non-

Gaussianity. 

5.3.3 Non-Gaussian clumps 

We are now ready to illustrate the two points mentioned above with concrete examples. We 

consider density fields consisting of randomly distributed clumps in a white noise background. 

Clump fields are often used in large scale structure study to show the difficulty of detecting non-

Gaussianity by the one-point probabilities of individual Fourier modes [66]. 

A clump or valley in a distribution of length L, with density perturbation Apc on length scale 

d occurring at position I can be described as 

^  (  ± A p c  i f  l L / 2 ' ^  K x k H  +  D L / I ' ^  
P {x) = < (5.13) 

I 0 otherwise 

where Jc = log2(L/d) (defined for more convenient use with eq. (5.8) and (5.9)), the positive 

sign is for a clump, the negative sign for a valley and x is the position anywhere along the length 

of the distribution. We assume that the density field p{x) consists of N randomly distributed 

clumps and valleys of scale d, so that the number density of the clumps is N/L on average. 

Figure 5.1a shows a typical distribution of clumps and valleys generated using eq.(5.13), 

randomly distributed in noise background. For this realization L = 512 bins, ^ = 16, d = 1 
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Figure 5.1: The skewness and kurtosis spectra for a clump distribution, which consist of sixteen 

d = \ bin clumps and valleys randomly distributed in a Gaussian noise background. The length 

of the distribution is L = 512 bins, and signal-to-noise ratio s/n is 5. The figure shows: a) A 

typical realization of the distribution; b) Sy, c) Kj \ and d) the kurtosis calculated from one point 

function of FFT. 

bin (which implies Jc = 9), and the amplitude or signal-to-noise ratio of the perturbation is 

s/n = 5. The spectra of Sj and Kj are plotted in Figures 5.1b and 5.1c. Since the distributions 

are non-Gaussian, a Gaussian variance will no longer be applicable to estimate the statistical 

errors. Instead, the error bars in Figure 5.1 are calculated from the 95% confidence level from 

the ensemble of the samples (for each parameter set at least 100 realizations are generated). The 

non-Gaussianity of these distributions is very well detected by kurtosis spectrum. The kurtosis 

calculated from the one point function of the Fourier modes is also plotted in Figure 5. Id. The 

figure clearly shows that the one-point distribution of Fourier modes is affected by the central 

limit theorem. 
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Figure 5.2: Spectra of skewness and kurtosis for clump distribution, consisting of 16 randomly 

distributed clumps and valleys with scale d = 4 bins, and over a length L = 512 bins, s/n is 5. 

Figure 5.2 shows the skewness and kurtosis spectra for a distribution consisting of 16 ran

domly distributed clumps and valleys with scale d = 4 bins (or Jc = 7), over a length L = 512 

bins, and s/n = 5. Kj is significantly different from zero at j = 6, which corresponds exactly 

to the scale of the clumps, i.e. 512/2®"^' = 4. (The -hi in the index is due to the way scaling is 

counted for the WFC's. Seeeq. (8) and Figure 1 in [67]) 
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Figure 5.3: Kurtosis spectra for samples consisting of 16, 32, and 48 clumps. The sizes of the 

clumps, d, are randomly distributed in range of 1 to 5 bins, s/n is 2, and the length of the sample 

is L = 512 bins. 

The effectiveness of detecting multiple scales in the clumps and valleys is shown in Figure 

5.3, which gives the kurtosis spectra of samples containing 16, 32, and 48 clumps and valleys 

with .s/n = 2. The scales of the clumps are randomly distributed in 1 to 5 bins. Once again 100 

realizations are generated. The kurtosis spectrum detects the non-Gaussian signal at j = 6 even 

when the number of clumps is as large as 48, and s/n is as small as 2. This demonstrates that the 

scale of the clumps can effectively be detected by the peak in the kurtosis spectrum. The overall 

(integral) kurtosis is also shown at j = 9 in Figure 5.3. The overall kurtosis contains a large 

uncertainty in detecting deviations from Gaussian behavior, and even misses the non-Gaussianity 
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of the distribution. 

5.3.4 Non-Gaussianity due to sampling and binning 

Ail data for large scale structure study involves some kind of sampling of the cosmic density 

field, and observed distributions V{x) are often binned into a histograms. Sampling and binning 

generally are non-Gaussian processes, and will lead to non-Gaussianities that are obviously not a 

property of the original density distribution. Even if the original field is Gaussian, sampled dis

tributions or binned data will be non-Gaussian on the scale of the binning or sampling resolution. 

For instance, in order to maximally pick up information from a real data set, the bin size used is 

taken as small as the resolution of the observation. However when the bin size of the histogram 

is less than the mean distance of neighbor objects, the value of the binned 'D{x) will typically be 

0 or 1. Thus, the sample is not Gaussian, but a d=l clump distribution given by eq.(5.13). 

The non-Gaussian behavior of the density fields being detected is inevitably contaminated by 

this effect. Without the ability to distinguish this kind of non-Gaussianity in the original distri

bution, it is easy to be mislead into believing "spurious" non-Gaussian signatures. Further, these 

spurious non-Gaussian clumps are difficult to separate from inherent non-Gaussianities of the 

density field by the integral measures of skewness and kurtosis because they contain all contribu

tions to the non-Gaussian properties. Furthermore, a sampling dependent skewness or kurtosis is 

not suitable for confronting observation with theory or for discriminating among models if they 

have different sampling or binning. 

This problem is avoided if we use the non-Gaussian spectrum because the spurious non-

Gaussianity has different spectrum features from the cosmic density field. These non-Gaussianities 

occur only at small scales because the correlation length of the noise is small. As the scale in

creases, the non-Gaussian spectrum rapidly approaches zero. The correlation scale of sampling 

is on the order of the mean distance of neighboring objects; for binning it is on the order of the 

bin size; and for projection it is on the order of the angular resolution. 

Figure 5.1c is a good example of the kurtosis spectrum rapidly approaching zero. Since the 

distribution (Figure 5.1 a) contains randomly distributed d = 1 bin clumps, this corresponds to a 

uniformly random distribution. The correlation length of this sampling is d = I bin, and there

fore, the kurtosis spectrum is decreasing when j < 8. This figure shows that the kurtosis at the 

finest resolution finds spurious non-Gaussianity but approaches the true nature of the distribution 

at lower resolutions. In other words, non-Gaussianity caused simply by binning will be signifi
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cantly suppressed in the spectrum of WFC cumuiants with increasing scale. This feature is very 

useful in distinguishing between a truly non-Gaussian field and non-Gaussian signatures which 

arise from the way data is handled. 

Figure 5.4: Kurtosis spectrum of 256 objects randomly distributed in 128 bins. 

Another example of this sampling effect is shown below. A distribution is generated using 

X, = xi 4- { x 2  — xi) • R A N  (5.14) 

where x, is the position of i-th object, and R A N  is random number in (0, 1). Eq.(5.14) is a 

common way to generate 1-dimensional uniformly random fields in large scale structure study. 

However, it is non-Gaussian if the number of the objects is not sufficiently large. The correlation 
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length of this sample is the bin size, and therefore, Kj will rapidly approach zero with decreasing 

j. Figure 5.4 plots the kurtosis spectrum of sample given by eq.(5.14), in which 256 objects are 

uniformly randomly distributed in 128 bins. This figure clearly demonstrates just how rapidly the 

kurtosis spectrum approaches zero and that at the finest resolution a non-Gaussianity exists that 

is directly due to the handling of the data. 

On the other hand, samples containing clusters with correlation lengths d  larger than one bin 

size will not rapidly approach zero in their non-Gaussian spectrum, but will show a typical scale 

occurring on scale d. This feature has been called the "delayed central limit" effect in detecting 

correlation scales in domain structures [68]. One can definitely conclude the existence of non-

Gaussian structures if the kurtosis spectrum is flat, or contains peaks as in Figures 5.2 and 5.3. 

5.4 Non-Gaussian detection in the Ly-a forests 

We are now ready to turn our attention to the distribution of Ly-a lines. As in the previous 

chapters, two data sets of the Ly-a forests are examined, the LWT set and JB set. The charac

teristics of these sets has already been discussed, but here again we note that a problem in using 

this data to do statistics is the complex geometry of QSO's Ly-a forests. Different forests cover 

different spatial ranges, and no one of the forests distributes on the entire range of {djnin^dmax)-

At the very least, a complicated weighting scheme is needed. The localized WFC provide an 

easy way around this data by letting us extend a distribution which lies in an interval {di,d2),to 

{dTfiin.djnax) by the addition of zeros. The WFC in the range (^1,^2) will not be affected by the 

addition of zeros to the ranges (dmtn,di) and (^2, d-max)- Any statistic can then be computed by 

ensemble of WFC, i/ij,/, by simply dropping all WFC with I in the added zero ranges. 

More precisely, the effect of zero padding on the WFC is described by the so-called "influence 

c o n e "  w h i c h  c o n s i s t s  o f  t h e  s p a t i a l  s u p p o r t  o f  a l l  d i l a t e d  w a v e l e t  f u n c t i o n s .  F o r  i n s t a n c e ,  i f  i p j i ( x )  

is localized in the space interval Ax for j = 0, the influence cone centered at xq is given by 

X € [xo - (Ax/2-'''"'),xq -I- (Ax/2J"'"')]. Namely, the WFC corresponding to the positions 

with distance larger than (Ax/2-'''"') from the boundary will not be affected by the selection of 

boundary conditions. 

Using this technique, all forest samples were extended to a range (Dmm, Dmax) which covers 

512 bins with each bin of comoving size ~ 2.5 h~' Mpc which is about the scale where the effect 

of line blending occurs. One can then treat this data set uniformly. 
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Figure 5.5: The Ly-a forest line distribution of sample Q0142 and a typical realization of its 

randomization. 

Another concern in non-Gaussian spectrum analysis is the production of proper random data 

which is necessary to distinguish the non-Gaussianity in the density field with that given by sam

pling and binning. The number density of the Ly-a lines in random samples should be on average 

the same as real data. The random data cannot simply be generated by using eq.(5.15), taking 

xi = djnin and 12 = dmax^ because the number density of Ly-a lines is redshift dependent. 

Instead, we first chop the entire red-shift space into segments with size Az. Then the random 

s a m p l e s  i n  a  g i v e n  r a n g e  A z  a r e  p r o d u c e d  b y  s h i f t i n g  e a c h  r e a l  l i n e  b y  a  r a n d o m  d i s t a n c e  6 d  

not exceeding the interval distance corresponding to Az. Any line shifted outside the interval 

is wrapped around to bring it back in the interval. We take Az = 0.4, which corresponds to 
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comoving space of 270 /i~^Mpc for the lowest z  of the LWT and JB samples, and 110 /i~^Mpc 

for the highest z of the samples. This means that, on the one hand, the interval is much less than 

the range {(Lmin^dmax)^ and one can effectively mimic the evolution of the number density; on 

the other hand, the randomization destroys all structures with correlation scales less than about 

270 or 110 h'^Mpc, and can then be used as random samples for scales less than 100 h~^Mpc. 

An example of a real sample (Q0142) and a typical realization of its randomization is plotted in 

Figure 5.5. The figure shows that the clustering of Ly-a clouds is weak, and one cannot simply 

distinguish the real sample and its random counterpart by inspection. 

3 . 5  ^  i ^  ^  !  
i I 

• JB 
_ • LWT 

_ RANDOM 

- 0 . 5  ^  ^  
5  6  7  8  9  

j 

Figure 5.6: Skewness spectrum for LWT (W > 0.36 A) and JB {W > 0.32 A) samples. 

To calculate the skewness and kurtosis spectra by eqs.(5.8) and (5.9), we need an ensemble 
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Figure 5.7: Kurtosis spectrum for LWT (W > 0.36 A) and JB (W > 0.32 A) samples. 

of the samples. Unlike simulated samples, where as much data as needed can be generated, the 

available real data are limited. Even though there are 43 samples (forests) for LWT and 78 for JB, 

they differ greatly from sample to sample, some samples cover a large redshift range, and contain 

numerous lines, some cover a smaller range, and contain few lines. In addition, a way must be 

found to compute the statistical error bars (in this case, the 95% confidence levels). We take 

care of both these problems in the following way. Each individual QSO Ly-a line distribution 

is first regularized as discussed above. Two ensembles are then formed, one containing the QSO 

Ly-Q line distributions for the LWT data and one containing the distributions for the JB data. 

These ensembles are analyzed using eqs.(5.8) and (5.9). Next, a randomly chosen QSO file is 
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removed from each ensemble and the resulting set is again analyzed using eqs. (5.8) and (5.9). 

This process is repeated until only about 5% of the original number of lines remain. The 95 % 

confidence intervals are estimated from these results. 
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Figure 5.8: Histogram of one-point distribution of WFC for JB (W> 0.32A). At each scale j ,  

the Gaussian distribution (dashed line) has the same variance and normalization as the WFC 

distribution. 

The skewness and kurtosis spectra of both the LWT (> 0.36 A) and JB (> 0.32 A) data 

are shown in  Figure  5 .6  and 5 .7 ,  respect ively .  The spect ra  for  the  randomized JB (W> 0.36 A) 
sample is also shown in both Figures. It is important to note that though the two data sets, LWT 

and JB, are independent, they give the same skewness and kurtosis spectra on scales j > 5 (or 

less than 80 h~'Mp)c). Clearly, the kurtosis spectrum of real data is significantly different from 
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that of random samples on all scales, and the skewness spectrum is also different on scales j =  

5, and 6. The spectra of real data have completely different behavior from the random data on 

larger scales. For the real data, both Sj and Kj increase as j goes from 6 to 5, while the spectra 

of random samples, as expected, approach zero. These results imply that density perturbations 

on larger scales have undergone non-linear (non-Gaussian) evolution earlier and stronger than 

smaller scales. 

Recall that the error bars in Figure 5.6 and 5.7 do not represent the 1 a Gaussian errors, 

but the 95% confidence level of the ensemble of the samples. This makes more convincing the 

argument that the detected non-Gaussianity is an intrinsic feature of the density field traced by 

Ly-a forests. Note also that the random data spectrum does not approach zero as rapid as the 

samples in Figures 5.1 and 5.4. This is because the mean number density of the random data in 

each range Az = 0.4 is fitted with the redshift evolution of the real data. 

We can also describe the non-Gaussianity by the one-point distributions of WFC. Figure 8 

plots the WFC one-point distributions for sample JB > 0.32 A. For each scale j, the correspond

ing Gaussian distribution is plotted such that it has the same normalization and variance as the 

one-point distribution. This figure clearly shows that all the distributions on scales j > 4 (or less 

than about 80 h~' Mpc) are significantly non-Gaussian. These distributions are also asymmetric, 

with fewer positive WFC. 

This asymmetry is at least partially due to the redshift-dependence of number of Ly-a clouds. 

The WFC Vj-ui is mainly determined by the difference of (positive) densities at {j,2l} and 

{j, 2/ -I-1} (PFl). Namely, for a clump in redshift space, the density change on the lower redshift 

or lower I side contributes negative WFC, while the higher redshift side gives positive WFC. If 

as shown in §3. the number of Ly-a clumps decreases with increasing redshift, the change in 

clustering amplitudes (WFC) on the higher redshift side (positive WFC) should be less than the 

lower side (negative WFC). That is, the number of positive WFC will be less than negative WFC. 

This is consistent with a small, but positive skewness. 

5.5 Model Testing by the non-Gaussian spectrum 

In §3 it was shown that cluster identification by a wavelet decomposition is a useful tool for 

discriminating among models of Ly-a line distributions. The non-Gaussian spectrum can play the 

same role, and give a method of quantitatively confronting the higher order statistics of models 
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with real data. 
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Figure 5.9; Kurtosis spectrum of BGF samples in the SCDM, LCDM, and CHDM models with 

W > 0.32A. 

Once again the model data to be analyzed is the data simulated by BGF. Recall that within a 

reasonable range of the UV background radiation at high redshift, and the threshold of the onset 

of gravitational collapse of baryonic matter, the LCDM model is found to be consistent with 

observational features. Especially important is the fact that the simulated data shows no power in 

its two-point correlation function, and its 1-dimensional spectra is rather flat on scales less than 

100 h~'Mpc. In general, the LCDM sample agrees with observations if the 1st (number density) 

and 2nd (variance, or power spectrum) order statistical features are considered. Although the 
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LCDM data best agrees with observation, the SCDM sample also agrees with the real data at 

these orders. 
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Figure 5.10: Kurtosis spectrum for LWT i W  > 0.36 A) and JB { W  > 0.32 A) samples. For 

comparison, the corresponding Kj of the SCDM and LCDM are also plotted. The width of lines 

is  >  0.32 A. 

To make the comparison between real data and simulated samples, the line width of the 

simulated samples is taken to be > 0.32A. Figure 5.9 gives the kurtosis spectra for samples 

of all three models, the LCDM, SCDM, and CHDM. Once again the kurtosis of these simulated 

samples is found to be larger than their randomized samples, and therefore, it is intrinsic feature 

of the Ly-a modeling. Notice that even though the BGF simulation is based on a linear spectrum. 
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and the perturbation field is Gaussian, the Ly-a distribution is non-Gaussian. This is because 

of how the lines are picked out in the simulation (See §4). The detected non-Gaussian behavior 

comes from the selection of peaks in the spectrum. 

The difference in the kurtosis amplitude among the three models is clearly evident. With 

95% confidence, the Kj amplitudes for all three models are different on all scales. This provides 

a extremely effective method to test models by observations. Figure 5.10 shows the results of this 

test. The kurtosis spectrum of the SCDM samples is consistent with both the data of LWT and 

JB. However, the LCDM kurtosis is systematically less than the real data. 

5.6 Summary 

The skewness and kurtosis spectra were detected for QSO's Ly-a line distributions. Two large 

compiled samples are found to be non-Gaussian on at least scales of less than 80 h~^Mpc with 

confidence level higher than 95%. Recall that Ly-a forest lines have no power in the two-point 

correlation function on scales larger than Av ~ ^OOkm/s. In terms of second and lower order 

statistics, the LCDM sample best fit the observed data, however, it is the SCDM sample which 

best matches observational data at higher orders. Our results show that in larger scale structure 

study second and lower order statistics are not enough to describe the clustering features of these 

samples. It is necessary to measure the density field by higher order statistics. 

If the cosmic density field is randomly homogeneous and Gaussian, the second order statis

tics, i.e. the power spectrum or its Fourier counterpart, the two point correlation function, com-

pletelv describe all the statistical features. However, an initially Gaussian field that evolves non-

linearly will become highly non-Gaussian. Deviations from the Gaussian state of the cosmic 

density distribution should be a direct statistical measure of the non-linear gravitational evolu

tion. Therefore, higher order statistics are crucial for model discrimination. We analyzed the 

kurtosis spectrum for several simulated samples of Ly-a. The results showed that higher order 

statistics can effectively reveal the discrepancy between models which are found to be best fitting, 

even indistinguishable from, real data by second and lower order statistics. 

The DWT scale-space-decomposition is a good tool for detecting higher order (non-Gaussian) 

behavior in cosmic density fields. The reason is simple. The WFC contain information on both 

scale (wavelength) and position (phase) of the structures being considered, and the phase is es

sential for describing non-Gaussianity. The locality of the wavelet farther functions in both con
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figuration and Fourier spaces also allows for a way around the central limit theorem, and for 

separating the non-Gaussianity of real data from sampling and binning. Last but not least, the 

numerical work of calculating higher order moment spectrum [eq.(5.8) and (5.9)] is not any more 

difficult than calculating the second order moments. Generally, the calculation of third and higher 

order correlations of large scale structure samples is very strenuous work. But the numerical work 

involved in calculating the DWT is about the same as the FFT, and can even be faster. The FFT 

requires ~ N Log N calculations, while the DWT, using a "pyramid" scheme, requires only order 

N calculations [44], 

Obviously, tlie non-Gaussian spectrum can be generalized to 2- and 3-dimensions. The kur-

tosis and skewness spectrum opens a new window for looking at the statistical features of large 

scale structures. It is an important and necessary addition to the existing methods of describing 

the clustering and correlations in the cosmic density field, and for discriminating among models 

of structure formation. 
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CHAPTER 6 

HIERARCHICAL STRUCTURE DETECTION VIA THE DWT 

6.1 Introduction 

Hierarchical structure formation is a process by which large scale structure forms by the aggre

gation of smaller objects. For instance in a hierarchical scheme, galaxies would first form into 

groups, the groups develop into clusters and eventually form rich clusters or super-clusters. The 

galaxy correlation function, which measures the number of galaxies separated by distance r, ap

pears to decrease roughly as the inverse square of r and one way to explain this distribution is via 

a hierarchical scheme. In addition, the recent discoveries of excess faint blue galactic counts [69, 

70] and a substantial population of star forming galaxies at redshift 2 ~ 3-3.5 [71] have be taken 

as evidence of hierarchical structure formation [72, 73, 74]. However, the predicted abundance 

of galaxies at higher redshifts depends on, at the very least, the models of the stellar population 

synthesis and the IMF. Therefore a more direct and independent detection of the hierarchical 

evolution is necessary to form a convincing argument for this scenario as well as to discriminate 

among different models of strucmre formation. 

Beyond that, it is of fundamental importance to determine if and how hierarchical clustering 

is involved in the large-scale structure formation of the universe because this type of structure 

formation would be strong evidence for the seeds of structure in the universe being topological in 

nature. While this topic is beyond the scope of this thesis, the methods developed in this chapter 

are a beginning to the development of appropriate tools to study this basic question. 

Models of hierarchical matter clustering are defined in terms of rules which determine how 

dark matter halos evolve from scale to scale. Measuring correlations of structures at different 

scales is a direct and sensitive way to test the hypothesis of hierarchical clustering. In this chap

ter we will detect this hierarchical structure by studying correlations between coefficients of a 

wavelet decomposition of the density field, p(x). Relevant measures will be proposed to quantify 

such scale-scale correlations and to discriminate between different scenarios. Scale-scale corre

lation measures have been shown to effectively reveal the hierarchical characteristics of energy 
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transfer in turbulence and multi-particle physics [48, 43], 

6.2 Scale-scale correlations 

In order to assess the discriminative power of scale-scale correlations, two exactly solvable mod

els of hierarchical clustering are discussed. The first is a Gaussian version of the block model [75] 

employing an additive merging rule, while the second is similar in spirit, but uses a multiplicative 

merging rule (adapted from [76]). Both models give identical first and second order statistics and 

are constructed in such a way so as to reproduce the experimental power spectrum. However, 

their different merging rules imply a quite different correlations beyond second order. 

6.2.1 The Gaussian block model 

A block of mass. Mo,  distributed uniformly over a length L is successively divided by a factor 

two, giving 2-' blocks at mass scale Mo/2-' with length scale L/2-' at the j-th iteration. Each 

block is labeled by the pair { j .  I ) ,  where j  = 0, J  denotes the scale (with some appropriate 

cut-off scale J )  and I  = 0 2^ — I gives the position of a block at scale j .  The mean mass 

density of all blocks is p = Mq/L .  See Figure 6.1. 

A realization of the density contrast field, eq (4.1) is generated as follows: For the largest 

block (0,0), the density contrast is Do,o = 0 -t- 'D, where V is drawn from a Gaussian distribution 

with variance S. For the two blocks (1,0) and (1,1) at scale j = 1, the two density contrasts are 

respectively enhanced and diminished by an additive factor Po,o which is again drawn randomly 

from a Gaussian, but with a different variance, EQ. Iterating down to scale J, we obtain the 

additive merging rule of the Gaussian block model: 

'^j + 1,2/ = 

T^j+iai+i = (6.1) 

where each is drawn independently from a Gaussian with variance Ej which may depend 

on the scale j but not on the position I. It is clear that in this scenario Pj/, which describes 

the difference between density contrasts on scales j -i- 1 and j at overlapping positions, does not 

depend on the density Vjj in the parent block and is in this sense "history" independent. 

The finest scale distribution Vj i yields a realization of the density distribution 

p { x )  =  p [ l  - ( -  P ( x ) ] ,  (6.2) 
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where 

D(x) = V j ^ i  when L//2"^ <  x  <  L ( l  +  l)/2"^. (6.3) 

This p ( x )  is then to be compared to the observed density distribution on spatial resolution 

~ L/2'^. In order to reproduce the power spectrum P{k) one has to choose for the variances 

and Ej 

., L r''o 
E- = — / P { k ) d k  (6.4) 

27r JQ 

Sj =  ^  P { k ) d k .  J  = 0  J - I  (6.5) 

where k j  =  / L .  

Since all Vjj are constructed from sums of independent Gaussian random variables, the 

resulting density matter field p{x) is a Gaussian random field which, by definition, produces no 

genuine correlations beyond second order 

6.2.2 The branching block model 

To apply block models to dark matter halos, it is necessary to identify holes with blocks satisfying 

the condition of collapse [77]. This procedure introduces a history dependence in the sense that 

now the density differences between adjacent scales do depend on the value of the parent block. 

Since we are not concerned with numerical details at the moment, we simply simulate this history 

dependence as follows; For block (0,0), the density contrast is assigned just as in the Gaussian 

block model. The mass M of block (0,0) is split into blocks (1,0) and (1,1) with unequal 

masses of M(l + qo)/2 and ^(1 - ao)/2 or, with equal probability, vice versa. Obviously, 

mass is conserved at each evolution step. The density contrasts are thus enhanced or diminished 

by multiplicative random weights 1 ± ao. e-g-

^1,0 = (1 + oo)(l + 'Po.o) 1 ^1,1 = (1 ~ cio)(l + ^o,o) ~ 1- (6.6) 

Here only the sign of a_, is a random variable, assigning the positive sign with probability 1/2 

to the left and right sub-blocks respectively; the value of aj is a scale-dependent constant in the 

range 0 < Ofj < 1. See figure 6.1. 

The general recurrence relation between the density contrast on adjacent scales j  and j - I - 1 is 

now 

( 1 + D j + i ,2/) = 
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Gaussian-block model Branching-model 

Figure 6.1: The Gaussian block and branching block models. For the Gaussian block model, 

the darker block indicates density enhancement {+'Dj,/) and the lighter block the density 

diminishment(—Pj,/). In the branching block model the original mass in unequally divided at 

each iteration. For this figure Qj = a. 

(1 + Dj+i,2/+i) = [ l  ̂  a j ) { l  +  Vj^ i ) ,  ( 6 . 7 )  

The multiplicative structure of this merging rule renders the resulting density field p(x) non-

Gaussian and leads to significant genuine correlations beyond second order. The difference be

tween density contrasts on scales j and j + 1, given by = ±aj(l -I- T)jj), is now obviously 

history dependent. 

Although the Gaussian- and branching-block models have very different evolution rules (6.1) 

and (6.7), their first and second order moments can be made equal if Oj is chosen recursively by 

2 2| 

( p 2 +  E 2 ) ( H - a g ) ( l +  a ? ) . . . ( l  

We thus arrive at two paradigmatic models with quite different merging scenarios with iden

tical means and covariances. Therefore, no measure based on first and second order statistics can 



I l l  

discriminate between these scenarios. Clearly, what is needed is a measure of the hierarchical 

evolution by scale-scale correlations involving moments of order higher than two. 

The essential information of the cluster formation is captured in the properties of the differ

ences Vji at two adjacent evolution steps. This is exactly the information obtained by a discrete 

wavelet transform decomposition. More generally, as previously shown, any function can be 

decomposed as 

'^(^) = 51 X! (^-9) 
j=0 1=0 

with respect to a complete and orthogonal wavelet basis ipjj{x) [9]. For the purpose of this anal

ysis. the particular choice of wavelet is of secondary importance and all will lead to comparable 

results [78]. 

The statistical properties of the wavelet coefficients of a random field ^{x) are most 

conveniently obtained once the generating function 

= ^exp ^ 

is known, where r/ represents the auxiliary variables and (...) denotes the ensemble average. 

For both block model versions discussed above one can directly translate the merging rules into 

recursion relations for their generating functions and at two adjacent scales. The 

explicit formulae may be found in more detailed expositions [43, 79] 

Thus, various correlation quantities can be calculated from by taking appropriate 

derivatives. For instance, the correlations between a wavelet coefficient of a block / at scale j  and 

it's left sub-block 21 at scale j -I- 1 are found by 

_ 1 
(6.11) 

r)=0 

Specifically, we use symmetric and normalized correlation measures with even orders p  =  q ,  

henceforth called scale-scale correlations; 

As expected, for the Gaussian block model we obtain Cj'^ = 1 for all p > 2, i.e. there are 

no scale-scale correlations of order greater than two. Higher order correlations for the branching 
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block model have been calculated in [79]; the p = 2 scale-scale correlations for a simplified 

version with scale-independent qj = a are 

2 , 2  ( l + 6 a 2  +  o ^ H  
- ( i + a 2 , 2 ,  •  ( 6 . 1 3 )  

Thus, the Cj'''' provide a sensitive quantification of correlations between structures living at adja

cent scales and discriminate clearly between a Gaussian and branching scenario. 

6.3 An example: Lya absorption forests 

We have previously stated that it is generally believed that the Lya forests of QSO absorption 

spectra are due to the absorption of pre-collapsed clouds in the density field of the universe. Hi

erarchical clustering requires that both collapsed halos and pre-collapsed clouds undergo similar 

merging evolutions. As such, the Lya forests should be good candidates for detecting hierarchical 

clustering. 

Once again the data sets compiled by Lu, Wolfe and Tumshek [45] hereafter LWT and Bech-

told [46] hereafter JB, were studied. These samples cover a redshift range of 1.7 to 4.1, and a co-

moving distance range from about Dmin= 2,300 /i~'Mpc to Dmax =3,300 /i~'Mpc. if qo = 1/2 

a n d  h =  H o / 1 0 0  k m  s ~ '  M p c ~ ' .  

Block trees from the largest block L  = D m a x  -  D j n m  with L j V ,  and j  =  0,..., 9 were 

generated. The smallest block-size L/2^ ~ 2 h~' Mpc is about the scale where the effect of 

line blending occurs. The DWT of these samples was done by the Daubechies four-coefficient 

wavelet (D4), which is better localized in Fourier space than the Haar wavelet. 

To reduce the influence of the z-dependence of the mean number density p of Lya lines, the 

entire red-shift space was chopped into segments with size A2 = 0.4. This corresponds to a 

c o m o v i n g  s p a c e  o f  2 7 0  h ~ ' M p c  f o r  t h e  l o w e s t  z  o f  t h e  L W T  a n d  J B  s a m p l e s ,  a n d  1 1 0  h ~ ' M p c  

for the highest z of the samples. 

To account for the remaining 2-dependence of p, 100 random samples for each data set were 

generated by shifting each observed line by a random distance 6D not exceeding the interval 

distance corresponding to Az. Any line shifted outside the interval was wrapped around to bring 

it back into the interval. This procedure gives a de-correlated (random) sample which still reflects 

the z-dependence of the observed sample. Both, the observed and random samples are suitable 

for statistical analysis on scales less than 100 h~^ Mpc. 
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Figure 6.2: Scale-scale correlations ' for Lya samples LWT (top) and JB (bottom) with line 

width larger than 0.32.4. The curves show the values for the Gaussian block model (dash-dotted) 

and the branching block model (full line) with a = 0.34. The shaded areas are the ±ct of 100 

random samples for the LWT and JB cases respectively. 

Fig. 6.2 shows the results for Cj'~ of the LWT and JB samples with line widths > 0.32 A. 

2 2 
Clearly, the scale-scale correlation ' of the real data is significantly larger than unity and well 

above the random samples on all scales j > 5 (i.e. less than about 80 h~' Mpc). More impor

tantly, the two independent data sets, LWT and JB, show similar behavior. Thus, the detected 

scale-scale correlations seem to be an intrinsic feature of the clustered density field traced by Lya 

9 0 
forests. The influence of the z-dependence of p is estimated by the values of ' for the random 

samples (shaded regions in Fig. 6.2); these are slightly above unity, but can certainly not explain 

the strong j-dependence of the LWT and JB samples. 

Fig. 6.2 also demonstrates that the branching block model reproduces the trend of the ob-

2 ^ served data, while the Gaussian block model (C^= 1) certainly lacks a mechanism that pro
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duces the observed hierarchical correlation structure even when the z-dependence of the mean 

number density of Lya clouds is taken into account. 

6.4 Summary 

The scale-scale correlations Cj'"'' and possible variants are viable statistical measures to discrimi

nate between different scenarios of merging dynamics of the large scale structures of the universe. 

They provide a direct clue of how larger hales and clouds are built up from their substructures at 

smaller scales. 

Just as the two-point correlation function 1 -f- ^(x) > 1 is an indicator of spatial clustering, 

scale-scale correlations > 1 indicate some sort of "history" dependence in hierarchical clus

tering schemes. The scale-scale correlations of the one-dimensional Lya forests show features 

expected by multiplicative hierarchical clustering. Similar features have been found in the case 

of hydrodynamical turbulence. One can conclude that the halos hosting Lya clouds must have 

undergone a "history" dependent evolution process in some way during their formation. 
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CHAPTER 7 

THE BEGINNING 

This work has attempted to show that the use of the DWT as a statistical tool for the study of 

large scale structure is a valuable tool. In fact it is more than valuable, it is necessary. 

For each topic that we have studied, we have first, discussed how the underlying foundations 

of most of currently used statistical tests have limitations which have physical consequences (eg., 

the infared uncertainty in the two point correlation function, scale mixing in the CIC statistic, 

boundary conditions and window function effects on the power spectrum, etc). Next the mathe

matical foundations of the DWT are developed and in the process it is shown how these properties 

allow the DWT to circumvent the limitations of other methods. This is usually demonstrated by 

using the DWT on "toy" models. These tests confirm diat the DWT is able to pick out the struc

ture in the distribution while other methods miss it. Finally, we study real and simulated data 

and new physics emerges (eg., clusters evolving in the opposite direction as the Ly-a lines and 

hierarchical structure formation). 

It is becoming more and more apparent that first and second order statistics have reached 

a limit. The process of doing higher order statistics, such as the n-point (n > 2) correlation 

function has proven to be strenuous work and only a few isolated examples exists. Many new 

types of analysis, such as entropy methods, maximum likelihood measures, the K-L transform, 

have been introduced to try to measure higher order effects. It is my belief that none can do the 

job as fast nor as well as the DWT. 

It is traditional to call the end of an effort like this a beginning. So traditional in fact that it 

sounds trite. But at the risk of sounding trite or cliche-ish, I really believe this is just a beginning. 

At the very least, these techniques can be applied to the myriad of different data sets available 

in cosmology. More importantly, whole new areas of research seem to be ideal candidates to 

study with the DWT. To mention just a few, extraction of fractals, scale-dependence of bias and, 

perhaps, most exciting, in depth analysis of hierarchical clustering. 

And so this effort ends with a look towards the future. A future that I believe will see an 

explosion in the use of the DWT. 
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DUCK. 
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