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ABSTRACT 

Controlled Markov chains (CMC's) are mathematical models for the control of se

quential decision stochastic systems. Starting in the early 1950's with the work of R. 

Bellman, many basic contributions to CMC's have been made, and numerous appli

cations to engineering, operation research, and economics, among other areas, have 

been developed. 

The optimal control problem for CMC's with a countable state space, and with a 

general action space, is studied for (exponential) total and discounted risk-sensitive 

cost criteria. General (dynamic programming) results for the finite and the infinite 

horizon cases are obtained. A set of general conditions is presented to obtain stmc-

tural properties of the optimal value function and policies. In particular, monotonicity 

properties of value functions and optimal policies are established. The approach fol

lowed is to show the (sub)modularity of certain fimctions (related to the optimality 

equations). Four applications studies are used to illustrate the general results obtained 

is this dissertation: equipment replacement, optimal resource allocation, scheduling 

of uncertain jobs, and inventory control. 
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Chapter 1 

INTRODUCTION 

1.1 Motivation 

It is often necessary to study sequential decision processes for stochastic systems, i.e., 

systems with the following characteristics. The system is dynamic: it evolves in time 

and its state is observed at each of a sequence of points in time; the decision making is 

sequential: a decision is made (an action is applied) each time the state of the system 

is observed; and the behavior of the system is stochastic: the observed state and the 

apphed action at a decision epoch do not completely determine the state at the next 

decision epoch, but only the probability distribution of that state. Controlled Markov 

chains (CMC's), the type of stochastic models studied in this dissertation, capture 

the essential characteristics of sequential decision stochastic systems. 

In CMC's, a cost is incurred at each decision epoch, which depends on the current 

state and the chosen action. To evaluate the overall performance of the system, the 

Decision Maker (DM) selects a functional of the aggregated costs per stage (a cost 

criterion). A policy or strategy is a rule or prescription that gives the actions to 

be applied at each decision epoch imder any eventuality, i.e., for each possible state. 

The optimal control problem is then formulated as the problem of finding a pohcy 

that minimizes the selected cost criterion. Most of the literature on the subject 

consider risk neutral cost criteria, that is, criteria that do not take into account the 

DM's attitude toweird risk with respect to the randomness of the system, e.g., the 

variance of the cost process. However, in many areas of application, the DM may 

wish to incorporate that attitude to the cost criterion when choosing a policy. Various 

approaches to the formulation of risk sensitive criteria for CMC's have been proposed 

in the literature. Herein, we consider the formulation of the risk-sensitive criteria 
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based on von Neumann- Morgenstem expected utility theory. For that approach, 

it is assumed that the DM's risk preferences are represented by a utility fimction 

U. : R —> R. We focus in particular on the class of exponential utihty functions, 

which, as we will see, have appealing decision-theoretic properties. 

In this dissertation, a study of CMC's with exponential total cost (ETC) and 

exponential discounted cost (EDC) as risk-sensitive performance criteria is presented. 

Our study is closely related to that of Cavazos-Cadena and Fem^dez-Gaucherand 

[13, 14, 15, 16, 17], who have recently made important contributions to CMC's with 

an exponential average cost criterion and its relation with the EDC criterion: see 

also [2, 3, 4, 10, 11, 22, 26] for other recent results. We consider the model with a 

countable state space, a Borel action space and bounded costs per stage. General 

(dynamic programming) optimaUty results, such as optimaJity equations and value 

iteration schemes, are obtained. 

It is well known that "exphcit" solutions arising from the optimaJity equations are 

obtained only in a few cases, even in risk-neutral models. This fact has motivated the 

study of "structural" properties of the value function and the optimal policies: it is 

clearly useful, for analysis and computations, to know when a "structured" optimal 

policy exists, because then the search for an optimal policy can thus be restricted 

to the much smaller subclass of such "structured" policies. While there is a vast 

literature dealing with structured models in the risk-neutral case (see [1, 30, 40, 41, 

42, 43, 44, 46] and references therein), only a few (and recent) contributions have 

been made on that subject in the risk-sensitive context; see [2, 9, 22, 26]. 

In this dissertation, we study CMC's structured models, and general conditions 

inducing structural properties of the exponential optimal value function are presented. 

In particular, monotonicity properties of the value function and optimal policies are 

established. We extend an approach frequently used in the risk-neutral context, to 

obtain monotone optimal policies to the risk-sensitive context. The key point in this 

approach is to show the (sub) modularity of some fimctions related to the optimaUty 
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equation. In order to follow this approach, basic resxilts are developed concerning the 

product of (sub)niodular functions. 

The advantageous use of the specific structure of different classes of problems 

leads to specific structural results, e.g., the existence of threshold optimal poUcies. In 

this dissertation, we develop structural properties of problems in the following areas: 

equipment replacement, optimal resource allocation, and inventory control. 

The inventory control problem, unHke the other two mentioned appUcations, is 

modeled as a CMC with cost per stage fimction depending not only on the present 

state-action pair, but eilso on a "random disturbance" (i.e., the conditional distri

bution of the one-stage cost given the present state-action pair is non-degenerate). 

When dealing with risk-neutral criteria, the mentioned dependence can be eliminated 

by replacing the random costs per stage by their expected values. However, for 

risk-sensitive exponential criteria, the described procedure for solving within-period 

randomness does not yield an equivalent control problem. Furthermore, unlike models 

studied more frequently (see e.g., Bertsekas [6]), ours considers random disturbances 

whose distribution is given by a stochastic kernel that depends explicitly on the prior 

disturbance. To further illustrate this model we include an appUcation in the area of 

jobs scheduling. 

1.2 Summary of Results 

The organization is as follows: in Chapter 2, the formal definition of the stochastic 

sequential decision problems studied in this dissertation is introduced. The basic 

framework for CMC's and the classification of admissible policies are respectively 

presented in the first and second sections. That material is contained in many books 

and journals on the subject. Particularly important for my study of those topics were 

the book by Bertsekas [6], Hem^dez-Lasserre [29], Puterman [40], Ross [41] and 

the survey by Arapostathis et al [1]. fri Section 2.3, a summary of the basic notions 
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of expected utility theory used in the subsequent analysis is included. Finally, in 

Sections 2.4 and 2.5, the risk -sensitive versions of the standard criteria, and the 

corresponding optimal control problems, are defined. 

The ETC and the EDC were first studied in, e.g., [18, 20, 31, 32, 33] for the 

finite state space model. Results in [18, 20, 31, 33], characterizing the (exponential) 

optimal value function and policies are extended in Chapter 3, to infinite state space 

models. Moreover, optimization with respect to the set of randomized, history de

pendent policies is considered here, whereas only Markovian deterministic policies 

were considered ia [18, 20, 31, 32, 33]; see also [7] for related results. In Section 3.1, 

we present the exponential version of the policy evaluation algorithm (over a finite 

horizon), which plays a key role in the rest of the chapter. Then, in the same section, 

we show that, adequately translated to a (exponential) multiplicative scheme, the (fi

nite horizon) dsoiamic programming algorithm for the (additive) standard discounted 

and total cost criteria also holds for exponential criteria. In Section 3.2 (3.3), it is 

shown that the EDC (ETC) is given by a solution of an exponential discounted (total) 

cost optimality equation, and that deterministic Markovian optimal policies can be 

obtained from that equation. Finally, it is also shown that the value iteration scheme 

holds for the EDC (ETC). 

Chapter 4 is devoted to CMC's structiired models. In Section 4.1, we provide a 

set of stifficient conditions on the cost and the probabilistic structure of a CMC under 

which the optimal EDC (or ETC) function is shown to be monotone (as a function of 

the initial state). In Section 4.2, it is shown that, under certain assumptions, the deci

sion function of the optimal policy at the ^-th stage is monotone (as a function of the 

state), for t = 0,1, In Section 4.3, we show that the modularity on the set of ad

missible state-actions pairs of certain functions (related to the exponential optimality 

equation) guarantees the existence of monotone optimal policies. Moreover, besides 

considering modularity with respect to the set of admissible state-actions pairs, as 

in. the risk-neutral case, modularity with respect to A x (7/?* : i = 0,1,...} is also 
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coiisidered, leading to structural properties of the optimal policies with respect to t, 

where A is the set of actions, 7 is the risk-sensitivity coefficient, and /? is the discount 

factor. . Finally, some results about modularity of the product of two functions are 

established in Section 4.3. 

In Chapter 5, we apply results previously obtained in the dissertation to infinite 

horizon equipment replacement problems with EDC criterion. In Section 5.1, the for

mulation of the problem as a CMC is presented. In Sections 5.2 and 5.3, respectively, 

it is shown that imder standard conditions, the optimal policy is of the threshold-

type and ultimately stationary. Moreover, under mild additional conditions, it is also 

proved in Section 5.3 that ultimately, it is optimal to follow the risk-neutral station

ary optimal policy. Finally, in Section 5.4, we prove the monotonic character of each 

optimal decision rule with respect to t, the time in which the action is applied. 

Chapter 6 includes an application of finite horizon CMC's with ETC criterion 

to an optimal resource allocation problem. In Section 6.1, the formulation of the 

problem as a CMC is given. In Section 6.2, we prove structural properties of the 

optimal value function. In the same section, we show the existence of an optimal 

policy such that the optimEil decision rules are increasing functions of both the state 

X and the time t. In Section 6.3, we analyze the allocation problem under additional 

convexity conditions on the transition law, obtaining fiuither structural properties for 

the optimal policy. Moreover, this structured optimal policy is compared with that 

corresponding to the risk-neutral allocation problem (which is obtained in Appendix 

A). In addition, we apply the results developed to the particular case of a problem with 

linear terminal cost function, and compare the conclusions with those corresponding 

to the risk-neutral problem, as well. 

In Section 7.1, we present the basic framework for CMC's with cost per stage 

function depending eq)licity on a random disturbance. In Section 7.2, a DP algorithm 

is developed. It is shown that the risk-sensitive optimal value function at each stage 

depends on the prior disturbance. Moreover, we prove that the risk-sensitive optimal 
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policies yielded by this algorithm are not Markovian, because the optimal decision 

function at each stage depends on the prior disturbance in general. In Section 7.3, 

we collect some optimality results for the infinite horizon optimal control problem 

associated to our general model. 

In Chapter 8, a CMC model for scheduling uncertain jobs is presented. To fa

cilitate comparisons with the results we derive there, in Section 8.2 we include the 

analysis of the stochastic optimal control problem corresponding to the risk-null per

formance criterion given by an expected total weighted completion time (see [6, 38]). 

Then, in Section 8.3 we introduce risk- sensitivity by considering the minimization of 

the expected exponential utility of the total weighted completion time. We use a par

ticular example to show how, similarly to the risk-neutral case, the optimal policies 

obtained from the DP algorithm are Markovian (i.e., the decision functions at each 

stage do not depend on the prior disturbance as in the general case). It is interesting 

to note, as we shall show, that for the risk-sensitive criterion a simple interchange 

argiunent is not applicable, and thus the only general computational and analytical 

tool for this situation is the DP algorithm. By means of a simple example, in Section 

8.4 we illustrate how the optimal schedule depends on the risk sensitivity coefficient 

T-

Finally, in Chapter 9, a formulation of an inventory control problem as a CMC is 

given. To that end, we consider a simplified model in which the random disturbance 

space is coxmtable, and the transition law is independent of the prior distiirbance. 

In Section 9.1 it is shown that, similarly to the risk-neutral case, the optimal value 

function depends only on the present state. This is due to the fact that the transition 

law is independent on the prior pertiurbation. In Section 9.2 (9.3), it is shown that 

the finite (infinite) horizon inventory control has a base-stock optimal poUcy. 
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Chapter 2 

PRELIMINARIES 

In Section 2.1, CMC'models are presented in the form needed for subsequent de

velopment. First, the basic structiure is defined, and then we mention its intuitive 

interpretation. In Section 2.2, the set of admissible policies are defined and classi

fied. Some basic notions of the expected utility approach to decision making under 

uncertainty are briefly summarized in Section 2.3. We conclude this chapter with the 

formulation, in Sections 2.4 and 2.5, of the risk-sensitive criteria that we are going to 

analyze later in this dissertation and the optimal control problem respectively. 

Terminology and notation. Given a Borel space V (i.e., a Borel subset of a 

complete separable metric space), its Borel c-algebra is denoted by B(V). When a 

measurable function (set) is written, it is understood as Borel measurable function 

(set). If V and Z are Borel spaces, a stochastic kernel on V given Z is a function 

Q(-  I  • )  s uch  t ha t  Q( -  |  2)  i s  a  p robab iUty  meas i i r e  on  V fo r  e ach  z  €  Z ,  and  Q{B \  • )  

i s  a  measu rab l e  func t i on  on  Z  fo r  e ach  B 6  B{Y) .  

2.1 The Model 

Let us consider a CMC specified by the four-tuple (X, A, P, C), where: 

• X = {1,2,...} is the coimtable state space; 

• A, the action (or control) set, is a Borel space. To each x € X we associate a non

empty measurable subset A{x) of A. A{x) represents the set of admissible actions 

when the system is in state x. The set K := {(x, a) : x € X, a € A(x)}, is called the 

set of admissible state-action pairs. In addition, 

• P{' I -), the transition law, is a stochastic kernel on X given K. 
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We will also denote Pix'(a) := P{x' | a;,a). Finally, 

• C : K —* R, the one-stage cost function, is a measurable function. 

The CMC (X, A, P, C) represents a stochastic djmamical system observed at 

times t = 0,1,2, — The evolution of the system is as follows. Let Xt denote the 

state at time i 6 N, and At the action chosen at that time. If the system is in state 

Xt = ar 6 X, and the control Ai = a ^ A{x) is chosen then (i) a cost C(x, a) is 

incurred, and (ii) the system moves to a new state Xt+i according to the probability 

distribution P(- | x,a). Once the transition into the new state has occurred, a new 

action is chosen, and the process is repeated. For some generalizations of this model 

see [1, 29, 40]; for more details see also [7]. 

The total period of time over which the system is to be observed is called the 

control horizon, and it is denoted by T. It can be finite, T = {0,1,.. .n - 1}, or it 

c£in be infinite, T = N. 

The admissible history spaces are defined by 

Ho .= X, Ht .= K' X X , t> 1, 

and the canonical sample space is defined as 

n  =  (Xx  A)°° .  

A generic element u; 6 is of the form u = (xq, oq, xi, ci,...), where E X and 

Ot € A, for i > 0. An element of Ht is a vector of the form 

ht = (^^Oi ®o> • • • 1J 1» ^t) J 

where (x^, ak )  € K denotes the state and action of the system at decision epoch k ,  

fc = 0,1,... — 1, and Xt 6 X denotes the state at time t. The history ht 6 Ht 

follows the recursion ho = Xq, ht = {ht-i,at-i,xt)~ Note that K°° C (X x A)°°. 

The state, action, and history processes, denoted respectively by {Xt}tert 

and {Ht}t^ are defined on the measurable space (f2, 5(n)) by the 
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projections 

X t i u j )  =  X t ,  A t { u j )  =  a t ,  H t { u j )  =  ( x o , - - -  , a t - u ^ t ) ,  

where S(Q) is the corresponding product (r-algebra. This means that when the ob

served path of states and actions is cu, the random variable Xt denotes the state at 

time t, At the chosen action at time t, and Ht the history up to time t. 

2.2 Policies 

A central feature of a CMC is the DM's possibility of influencing the evolution of the 

system by choosing actions. The way this influence is exerted is determined at the 

beginning of the process. This is done not by specifying at that point the actions to be 

taken at each futiue stage; but by determining a policy or sequence of decision rules. 

Those decision rules prescribe the actions to be taken at each stage. They range in 

generahty from deterministic Markovian to randomized history dependent, depending 

on how do they incorporate past information and how do they select actions. 

An admissible randomized control policy is a sequence TT = {qt)TET of stochastic 

kernels on A given Hj satisfying the constraint 

q t {A{x t )  \  h t )  — I ,  h t  =  {h t - i , a t - i ,X t )  € . l J . t ,  t ^T ,  

qt{a I ht) denotes the probability of choosing action a  at stage t +1 given that h t  is 

the history up to time t. The set of all admissible policies is denoted by II. 

An admissible deterministic control policy is a sequence TT = of measiurable 

functions (or decision functions) 

such that 

f t {h t )  A{x t ) ,  /if = 6 Ht, tGT. 
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f t {h t )  is the action chosen at stage t +1 given that h t  is the history up to time t .  

We will denote the class of deterministic policies by Ho. Notice that a deterministic 

policy {ft)T&T can be seen as a randomized poUcy {qt)teT- It Utiht) | ht) = 1. 

The policies (randomized or deterministic) defined above are said to be history 

dependent because the chosen action at each stage may depend on stage and action 

at previous stages. The following two classes of policies given below are of special 

interest. 

A randomized Markov policy is a sequence TT = {qt)t&T of stochastic kernels on 

A given X such that 

q t  iA{x t )  I x t )  =1, XtSX ,  t eT .  

A deterministic Markov policy is a sequence TT = { f t ) t&T  OF decision functions 

/ t :X—.A 

such that ft{xt) € A(xj), Xt  6  X ,  t eT .  

For Markov policies, the chosen action at each stage t depends only on the current 

state Xt, and not on the whole history ht~ We will denote the set of Markov policies by 

Ilivf and by Hmd the set of deterministic Markov policies. Clearly Hmd C 11̂ ; C11; 

see [I]. 

Furthermore, a policy TT = (/Q, /I,. . . )  6  H MD is called a stationary deterministic 

policy if there exists a decision rule / such that ft = f, for all L In this case we use 

the notation f°° := and in some cases just /. The set of these policies 

is denoted by 1150 • 

Throughout this dissertation, we will assimie that the CMC (X, A, P, C) satisfies 

the following condition. 

Assumption 2.1. There exists K" € M, such that 0 < C(x ,  a )  <  K  <  oo ,  for all 

pairs (x,a) E K. 
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Let TT = (go, 9i,. • -) be an arbitrary control policy, and x an initial state. Then 

using a theorem of C. lonescu Tulcea (see e.g., [7,37]) there exists a unique probabiHty 

measure PJ on (fi, B (Q)) such that PJ(K x K x ...) = 1, and, moreover, for all 

y eX, B € B(A), and ht G Ht, 

P;(Xo = x) = 1; 

P:{A teB \Ht  =  h t )=q t {B \h t ) ;  

and 

Px  i ^ t+ i=y \  H t^ {h t -ua t -uX t ) ,A t  =a )  =PxM-  (2.1) 

This probability measure is such that its restriction to a finite horizon, P^ 1H„ , satisfies 

PJ({x} X Bo X {xi} X X ... X {Xn-i} X Bn-l X {x„}) = 

/ ?o(^Oo I 2r)pin(ao) • • • I  ?n—l(^®Ti—1 I ^n—l)Px„_ iXn(^—1)> 
J B O J B n -L 

for X,Xi,. . . ,Xn 6 X, and 5o, Bi,..., Bn-i €  B{A). 

We will often abuse notation by denoting 1H„ by when no risk of confusion 

exists. Also, the expectation operator with respect to P^ (or |H„) will be denoted 

hyE l ,  

2.3 Von Neumann-Morgenstern Utility Theory 

In this section we briefly svmunarize some basic notions of the expected utility ap

proach to decision making under imcertainty. For an extended discussion about ex

pected utility theory and its applications, we refer to [21, 27, 34, 39]. 

Let us consider the situation wherein a DM has to choose among several policies 

or alternatives tt € II, each of which randomly generates an outcome u; E CI according 
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to a known probability distribution P^. A basic assmnption is that decisions (choices) 

are made according to a DM's well defined preference pattern for a set V of probability 

measures on Q, such that V D {P^ : TT G 11}. That preferences pattern is described 

by an order relation in 7'. We say that satisfies the expected utility hypothesis 

when there exists a measurable function U : f2 —* E such that 

P ^ Q  E ^ [ U \ < E ' ^ [ U \ .  

The function U is said to be the utility function of the order relation (or of the 

corresponding DM.) The fundamental result of Utility Theory, von Neumann and 

Morgenstem (vNM) Theorem, establishes the necessary and suflScient conditions, the 

so called 'rationality' axioms, imder which an order relation ^ in 7^ satisfies the 

expected utility axioms. The reasonability of the 'rationality' axioms gives intuitive 

support to utility based preference patterns which are furthermore very convenient for 

their mathematical tractability. Nevertheless, it should be mentioned that those ax

ioms are subject to serious criticism concerning their validity and meaning in practical 

situations (see [27, 34]). 

For the case in which is finite, the 'rationality' axioms consist of the fundamental 

premises of transitivity and completeness of and some "continuity" conditions of 

with respect to the mixture of probability measures on Q, defined by: 

{aPi + (1 - a)P2) ({a;}) = Q:Pi({a;}) + (1 - a)P2({w}), 

for a; 6 n, and Pi, P2 6 V. For an elementary proof of vNM Theorem (in the finite 

case), see e.g., [5, 34]. When is infinite, some technical measiure theoretic conditions 

must be added to the 'rationality' axioms for the vNM Theorem to hold (see e.g. 

[19]). These additional conditions will guarantee, for example, the measurability of 

the utility function W. 

Now, following Pratt [39], we summarize some important concepts and results 

concerning the particular case of utility based order relations on the space Vb of 
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probability measures on B with bounded support, where B is the Borel <r-algebra in 

!R .  He re ,  P  i s  o f  bounded  suppo r t  i f  P{B)  =  1 ,  fo r  some  bounded  s e t  B ^B .  

As it is customary in the literature we will rephrase all the discussion above as 

given in terms of random variables, via the correspondence X —> Px, where Px is, 

as usual, the probabihty induced by a random variable X on the image space. Hence, 

X =4 Y, Just means ^ E^[U], or equivalently, E[l({X)] ^ E^{Y)]. We will 

refer to real random variables as lotteries, and to the number E^{X)\ as the utility 

of the lottery X. Note that if X is a degenerate lottery, that is, P{[X = x]) = 1 for 

some  a r  €  R ,  t hen  t he  expec t ed  u t i l i t y  o f  X i s  l ( { x ) .  

Remark 1. Although not explicitly indicated, all the lotteries can [8, 12] and will be 

considered to be defined in the same probability space {€l,A,P), and the expectation 

operator taken with respect to that P. 

In the sequel, whenever we mention a DM and a function W, we are asstuning that 

the later is the utiUty fimction of the former. 

A DM is called risk neutral if 

for every lottery X: a risk neutral DM is one who is always indifferent between taking 

the risks associated to a lottery X, and receiving for certain the expected value of 

this lottery. 

A DM is ceilled (strictly) risk averse if 

for every non-degenerate lottery X: a risk averse DM always prefers the expected 

value of an uncertain lottery to the lottery itself. On the other hand, a DM is called 

(strictly) risk seeking if 

£;(w(A-)|=«(£;[A-]). 

E{ f / {X ) \<U{E[X \ )  (2.2) 

Ep{X)]>U(E[X] )  (2.3) 
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for every non-degenerate lottery X. 

The following proposition [39] shows that conditions (2.2) and (2.3) have strong 

implications on the shape of U: 

Proposition 1. A DM is strictly risk averse (seeking) if and only if her utility func

tion is strictly concave (convex). 

Since we will be dealing with utilities of positive amounts representing costs, we 

may and will assume in the sequel that the DM's preferences are described by a 

strictly decreasing utility function. In particular, the definitions and results in the 

rest of this section are for that kind of utilities. Of course, similar definitions and 

results can be given for strictly increasing utilities. Note that, under the assumption 

that U is strictly decreasing , if W is a twice differentiable function then Proposition 1 

impUes that the DM is risk averse, or risk seeking according to whether U" is negative 

or positive respectively. 

The certainty equivalent of a lottery X is defined as the number C(^) such that 

u(cm) = 

That is, the DM is indifferent between the lottery X and the amount ((X) for certain. 

The risk premium of a lottery X is defined as the number ^(X) such that 

U{^{X)  +  E[X \ )  =  E[U{X)] .  (2.4) 

That is, ^(X) is the (rational) amoimt the DM would be willing to pay in addition 

to the expected value of the lottery in order to avoid that lottery. Note that 

C(A") > £?[X] Vnon-degenerateX ^(X) > 0 Vnon-degenerate X 

the DM is risk averse, 

CiX)  <  E[X]  V non-degenerate X $(X)<0 V non-degenerate X 

the DM is risk seeking. 
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For strictly decreasing and twice drfferentiable utility functions, Pratt [39] defined a 

notion of local measure of risk sensitivity in the following way. By taking the Taylor 

expansion of U around E[X] in both sides of (2.4) we obtain 

U{^{X)+E[X])  =U{E[X])  +  '^{X)U'{E[X])+o{^{X)) ,  (2.5) 

and 

Ep{X)]  = B{U(E[X\) -¥{X-E[X\ '^{B[X\)  

+\{X -  E[X]fW (£[X1)  + . . . }  

= W(E[X]) + l4W»(E[A'j)+o{4), (2.6) 

where denotes the variance of X.  We are assuming in (2.6) that El(X — E[A'|)*^] 

is O((T'^) for fc > 2. By equating (2.5) and (2.6), and neglecting terms of higher order 

in both equations we obtain 

* (XK (£;[X1) = if f  V  (E[X]) .  (2.7) 

From (2.7) we see that if the lottery X has small variance then its risk premium is 

proportional, up to first order, to the variance of X, and the proportionality factor is 

^U'CElxj)' ^ sense, the function (introduced by Pratt) called the risk sensitivity 

coefficient, 

'measures' the degree of risk aversion in the neighborhood of x. Notice that if r{x)  >  0 

(r(ar) < 0) then the DM is risk averse (risk seeking), and if r(x) = 0, the DM is risk 

neutral. 

Constant Risk Sensitivity Coefficient. In this dissertation, we will be concerned 

only with the case of constant risk sensitivity coefficient. It is not hard to see that 

the utility functions with constant risk sensitivity coefficient are characterized by the 
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so called "A—property" [31]: if X is increased by a constant A G E, then the certain 

equivalent is increased by the same constant, that is, C(^+A) = A-f-C(A^). Moreover, 

from the definition of r(x) we have that, up to a positive aflSne transformation. 

r(x) = 7 6 R, Vx if and only if 

U{x)  =  < 

For 7 7^ 0, we will denote 

—X for 7 = 0 (risk neutral) 
—e''- for 7 > 0 (risk averse) 

for 7 < 0 (risk seeking) 

— {sgn'y)e'^^, (2.8) 

This function, being the negative of a utility fimction, is often called a (dis) utility 

function. 

For brevity, we will refer to risk sensitivity corresponding to the (dis)utility func

tion (2.8) as J-exponential risk sensitivity, or simply as exponential risk sensitivity. 

2.4 Risk Sensitive Criteria 

Risk neutral cost criteria suffer from several shortcomings; see [23, 25, 45] and ref

erences therein. A notable limitation of the standard criteria is that they do not 

consider the sensitivity to risk of the DM who employs them. This fact has moti

vated the definition and development of risk sensitive criteria, see [24, 28, 31, 33]. 

In this dissertation, we are concerned (mainly) with the risk sensitive versions of the 

total and discounted cost standard criteria obtained by using the utility theoretic 

approach studied in the previous section: exponential total cost and exponential dis

counted cost criteria. These will be defined in this section and analyzed with more 

detail in Chapter 3. 
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Exponential Total Cost Criterion. Under the standard total cost criterion, the 

DM's ranking of policies 

TT < tt' (tt' is prefered to tt) iff £^[—C] < E^[—C\, 

is induced by the order relation =4c in space of probabilities measures on the 

sample space) given by 

P ^ c Q  iff < E^hC], 

where C = A)> PiQ We can think of that ranking of policies as 

based also on the order relation in VB (the set of Borel probability measures of 

bomided support on R) determined by U{x) = —x as utility fmiction, since obviously 

for  P,Q eVn 

E^[-C]  < E^[-C]  E^<'[U] <  (2.9) 

From that point of view, according to the discussion of the previous section, we can see 

the total cost (or the DM who employs it) as a risk-neutral criterion. Consequently, 

a natural way of incorporating 7-risk sensitivity to the preference relation <c is by 

considering the utility function -11^ instead of the utility function in (2.9). In that 

way, the policy ranking for 7-exponential risk sensitivity will be given by 

TTi^TTj ^ E^^[-U,{C)\ ^ E'^^i-U.iC)], (2.10) 

for X E X. In order to have a minimisation problem as in the standard case, in the 

following definition we will consider the expected disutility instead of the expected 

utility that we have in (2.10). 

The '^-exponential total cost inciured by a policy TT 6II, and an initial state x is 

defined by 
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7) := EZ = BZ [(S9n7)e^ • (2.11) 

When the horizon is finite (infinite), i.e., T = {0,1,...n — 1}, n 6 N, (T = N), we 

denote  the  above  more  expl ic i t ly  as  J^{x , 'y )  {J^{x , j ) ) ,  

Exponential Discounted Cost Criterion. Similarly as in the previous case, the 

DM's ranking of policies under the discounted cost criterion is based on the order 

relation in VQ given by 

P ^ v Q  ^  E ^ [ - V ]  <  E ^ [ - V ]  ^  E ^ ' ' [ U ]  <  

where V  =  J 2 t e r A t ) ,  and W(x) = —x.  Thus the same argmnents lead us 

to the following definition of the exponential risk sensitive version of the standard 

discounted cost. 

The exponential discounted cost incurred by the policy TT 6 11, and the initial 

state X is defined by 

= [(s9n7)e'2;..r«'C(x„J.)]. (2,12) 

When the horizon is finite (infinite), i.e., T* = {0,1,... ,n — I}, n e N, (T = N), we 

denote the above as JJ^„(i,7) (JJ(a:,7))-

2.5 The Optimal Stochastic Control Problem 

The optimal stochastic control problem is that of selecting an admissible policy, such 

that a given performance criterion is minimized, over all admissible policies. For 

example, if a policy TT* is such that 

•^*(3^,7) < «^(2^»7)> Vx € n, Vx € X, 
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then It* is said to be (ETC)-utility optimal. The optimal value function is given by 

•= (2.13) 
irell 

Similar definitions are made for the EDC criterion, and will denote the 

optimal value function. 

Remark 2. Note that even when the infima in (2.13) are attained, an optimal policy 

may not exist because for each x 6 X, a different TT may attain the infimum. 
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Chapter 3 

EXPONENTIAL TOTAL AND DISCOUNTED COST 
CRITERIA 

In this chapter we consider CMC's with ETC and EDC criteria. First, in Section 3.1 

we prove the existence of a recursive scheme for the evaluation of the ETC and the 

EDC corresponding to a policy TT, in a finite number of stages. Then, in the same 

section we derive the exponential version of the dynamic programming algorithm 

(DPA). In Section 3.2 (3.3) we derive a discoimted (total) optimality equation that 

plays the same role as in the risk null model, that is, the optimal exponential cost and 

a utility optimeil policy can be obtain from that equation. Finally, we prove that the 

optimal EDC (ETC) over a finite horizon converges to the optimal (EDC) ETC over 

an infinite horizon, when the number of stages goes to oo. All the results discussed 

in Sections 3.2-3.3 were obtained in, e.g., [18, 20, 31, 33] for a finite state space, and 

restricting the optimization to the set of deterministic Markovian policies (IIMD). 

Here, we show that those results are valid for an infinite countable state space and 

we consider optimization over the set of all admissible policies (II). 

3.1 Basic Results 

Let U^{-) be the exponential disutility fimction with constant risk-sensitivity coef

ficient 7^0, that is, lCf{x) = {sgn'y)e^^; see Section 2.3. Then, for hs € H„ 
s = 0,1,...n — 1, the EDC to go from time s to time n due to a policy TT E 11 is 

defined as 

where T)" := 0 < /3 < 1, and for € ft,, := 

sgwy. For this finite horizon case, taking /? = 1 in the previous definitions jdelds 
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the corresponding ETC quzmfcities. The corresponding optimal EDC (or ETC, with 

/3 = 1) to go is denoted by 

In this chapter we provide proofs imder the following condition. 

Assumption 3.1. The action space is finite. 

Additional conditions are required when the action set is a Borel space; see Remark 

6. 

The following two results for the finite horizon decision problem constitute the 

essence of the dynamic programming technique. 

Lemma 1. (Finite Horizon Policy Evaluation Algorithm) 

For arbitrary tt = {qo^qi, ...,gn-i} 6 II), and hs = (/is_i,as_i,x) 6 H,, the functions 

a6A(z) y 

for s = 0,1,... ,n — 2,n - 1. 

Proof. It follows from the definition of the operators that 

( £ 0'C{X„A,) 
\«=S+l > 

a€A{x) y 

tt6i4(s) y 

• 

The following result, which provides an algorithm for finding both the optimal value 

fimction and an optimal policy, shows also that the optimal utility u*^^{hs,'y) does 

not depend on the whole history hs but only on the state at time s. 
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Theorem 1. (Dynamic Programming Algorithm) Let s = 0,1, • • ,n be the 

functions defined on X by 

W/3,n(Xn,7) = {sgn-y), (3.2) 

up,sixsn) = (3-3) 
aej4(ij) 

For s = 0,1,2,... n — 1, let fa :X. —*• A be a decision rule defined by 

g7/3'c(x,/.(x)) ^p^{f^{x))up^s+i{y,y) = nun Vp^(a)w^,,+i(2/,7)}. 
' • a^Afx) y y 

Then the Markov deterministic policy TT* = (/o,/i,/2> • • • / n - i )  is EDC-utility opti

mal, and 

T) ~ T)) — (^^OJ ^0) L)^S)R S = 0, 1, * • • ) 71. 

Proof. Let TT = (goi-- - An-v)  be an arbitrary policy and hg = (/IS_i, A S_i, X )  an 

arbitrary history up to time s. To prove the theorem, we will prove that for s = 

0,l,...n — 1, 

T) ^ ^^/3,s(2r, 7), (3.4) 

with equality if TT = TT*, i.e., 

7) = •"/J,s(ar, 7). (3.5) 

The proof of (3.4) and (3.5) is by backward induction. The inductive step holds for 

t = n since 

= sgn'y = W;9,„(x„,7). 
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Now, assume that (3.4) and (3.5) hold for s + 1,...n. Then 

=Kmi>.)\ (3.6) 

= Y, (3.7) 
aeA(i) y 

> ?,(a|ft,)e-"'"'=("152p„(<.)«g^+,(!/,7) (3.8) 
ae/l( i)  y 

- a^) ^Pxy{a)u^,s+\{yn)} (3-9) 
y 

= '"/3,a(a^,7). (3.10) 

where (3.7) follows from Lemma 3.1, and (3.8) from the induction hypothesis. This 

proves (3.4). Now, if TT = TT* then equality holds throughout the previous calculations 

and (3.5) follows. • 

Remark 3. a) The above theorem shows that the optimal value functions 

satisfy the recursion 7) = sgwy, and for s = n — 1,...,1,0, 

nj,,(i,7)= (3.11) 
a^A[x)  y 

b) When 0=1, (3.11) becomes 

X^Pxi,(a)u:+i(y,7)}. (3.12) 
y 

where u;{x, 7) := ul^^(ar, 7). 

3.2 Exponenti£d Discounted Optimality Equation 

In this section, it is shown that the value of the infinite horizon optimal EDC sat

isfies the discoimted optimality equation, that this equation characterizes Markov 

deterministic (EDC)-utility optimal policies, and also the convergence of the DPA. 

Recall that, in Section 2.4, we defined the infinite horizon optimeil EDC as 

= jnf {J^(a:,7)}, 



32 

where 

= K [(s9n7)e^ES./i'C(X.,A)j (3 13) 

Theorem 2. (Exponential Discounted Optimality Equations) Fork  = 0, 1 , . . . ,  

the optimal exponential discounted costs, satisfy the exponential discounted 

optimality equations (EDOE's) 

Jpix,^P'') = |g7/3«=C(x,a) 7/3*^+1)I. (3.14) 

Remark 4. Contrary to Bellman's equations in the risk-null case, see [1, 6, 29, 40, 

41], 3.14 w non-stationary. 

Proof, (of Theorem 2.) Consider an arbitrary policy TT = (go)9i,92! • • •) € 11. For 

each  (x ,a)  6  K def ine  a  pol icy  }  by <?f"(a '  1 ht)  =  qt+i{of  |  x,a ,  h t ) ,  

i = 0,1 — Then 

JJ(X.7/3') = 

/ Y^gfc(XuAt)  
,t=l 

aeA{x) y 

> ^ (loia\x)e'^^''^^'''''^'^p^{a)Jp{y,yl3'"^^) 
ae>t(i)  y  

Since x was arbitrary, it follows that 

Jp{x,j(3'') > |e7^'=C(x,a) ^p^(a)j;j(y,7^*^+^)| 



33 

To obtain the reverse inequality, consider an arbitrary e > 0 and any initial state x. 

First, let fk : X —> A be a decision rule defined by 

I y J y  

and one such /jt(-) Kdsts by Assumption 3.1. Next, for each ^ € X choose a policy 

iTy = (q^,?xi• • •) such that 

Finally, define the policy = (go,gi,.. •) by taking qo given by fk, and 

qt(a 1 x,ao,a;i,...,2£_i,aj_i,Xf) =gfii(a | Xi,... ,xt-i,at-i,xt), 

for t ^ 1. Then 

= ^P^(Mx))4 ' (y ,y0 ' '* ' }  
y 

~ a^) ^PTy{a)Jf{y, 7;S'+') 

Since e was arbitrary and C(-, •) is bounded, we obtain 

Mx,'r/3'') < |eT^'c(x,a) ^p^(a)J^(y,7/3*=+i)|, 

£ind the proof of the theorem is complete. • 

Theorem 3. For fc = 0,1,2,..., let fk :X. —> A be a decision rule defined by 

g7^fcc(x,/fc(x)) My,  |eT'^'^C(r,a) ^p^(a) . 

(3.15) 
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Then the •policy TT* = (/o, /i, /2, - - •) is (EDC)-utility optimal. That is, 

= J/3(x,7), for all x. (3.16) 

Remark 5. Note that, like the analogous result in the risk-null case, see [1, 6, 29, 40, 

4-1], the optimal policy provided by the above theorem is Markovian and deterministic 

but unlike the risk-null case in general the optimal policy is non-stationary. 

Proof, (of Theorem 3.) Denote by TRJT = { fk ,  fk+i ,  •  •  • ) ,  so that TTQ = TT'. TO show 

(3.16) we need only to prove that JJ'(x, 7) ^ Jp{x,j). First, we are going to prove 

by induction on n, that for each fc = 0,1,2,..., and for all x € X, 

We have that J^_^i(a:,7/3*^) = {sgn'y)e''^''^^^'^''^^^K On the other hand, we have 

from the EDOE and (3.15) that 

Prom (3.13), note that J^^x ,  7/3*^"'"^) ^ sgn'y, for each k, and for all x. Therefore, we 

obtain from (3.2) that 

•'Sifc  ̂ 1 = 1,2, (3.17) 

Recall that, in Section 2.4, we defined 

:= £;[(s9n7)e'Sr.-.'»'C(.v„J,)]. 

mm 
a^A{x) 

y 

(3.18) 
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Thus, from (3.18) we obtain that (3.17) holds for n = 1 for each k. Suppose now 

that, for each k, 

•^n-i (2^' 7/3*") ^ 7/5*"), for all x. 

Then 

= '£P^ {A(X)) J'/JLDV^YP"*') 
y  

^ g7/3^c(x,/fc(i)) (/ifc(x)) j0{y,J0''^^) 
y  

= Mx,y0''] 

Now, by the Monotone Convergence Theorem we have that 

Therefore, by letting n —»• oo in (3.17), we obtain 

(3.19) 

Vx 6 X, Vfc ^ 0. In paxticular, (3.16) is obtained from (3.19) by taking fc = 0. • 

Consider the n-stage problem obtained from the infinite horizon EDC by tnmca-

tion. The optimal EDC for this problem is given by the last step of the algorithm 

(3.2)-(3.3). Note that 

Jp,n-s{^, 7) = 7/3""), S = 0, 1,... 71. 

Then, an algorithm (forward in time) equivalent to (3.2)-(3.3) is given in the following 

lemLma; see [6] for an analogous result in the risk-null case. 
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Lemma 2. The functions Jj3^3{x,'y), s = 0,1, • • • ,n, satisfy the recursion 

=sgn'y, 

. . (3.20) 

The next proposition shows that the DP algorithm in (3.20) may be used to 

success ive ly  approximate  Jp{x , 'y ) .  

Theorem 4. (Value Iteration): For n = 0,1,2,..., we have that 

71(2^17) ^ «^/J,n+l(^) 7) ^ •^/3(^)7)) Vx G X. 

Fhirthermore, 

lim J/j,„(a:,7) = (3.21) 
n—»oo 

Proof. Take an arbitrary tt € 11. Then, since is increasing and, by Assimiption 

2.1, 0 ^ C(x,a), we have that 

' ^ ,n^ l (^r7)  = i^[^(2?.-M)l ^E^lUriVn)]  

= <^,n(2^>7) ^ •^0,N(x,7), 

where Since TT was arbitrary, it follows that 

Jl3,n+lix,'y) ^ Jp^n{x,'y)' 

Similarly, we can show that 

for all n. Therefore, to obtain (3.21) it only remains to show that for arbitrary e > 0, 

there exists n such that 

M^n) ^ J0,n{^n) + e- (3.22) 
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We have that 

-tKO" , , iKfl" 

= Jp,ni^n) [i + isgn'Y)Vr,] 

= JB,ni^n) + t;„|J^_„(x,7)|, 

where K is the bound in Assumption 2.1, and ^ 0, 0. If 7 < 0, then 

|J|^^„(x,7)| ^ 1, and if 7 > 0, then |JJ,j(x,7)| ^ e^. Therefore 

pr/ Jln{^n)+Vn if 7 < 0 
0  X ,  J  i f 7 > 0 .  

Thus, in both cases we can find n large enough so that 

J^(x,7) - e ^ ^ 

Since TT was arbitrary, we obtain (3.22). • 

3.3 Exponential Total Optimality Equation 

In this Section, we prove for the ETC the validity of results similar to Theorems 2-4 

in Section 3.2. 

Recall that, in Section 2.4, we defined the infinite horizon optimal ETC as 

J(x,7) = inf {J^(x,7)}, 
irell 

where 

J^(x,7) :=-£^ [(35717)6^^"". 

Theorem 5. (Exponential Total Optimality Equation) The optimal ETC, J{x,'y), 

satisfies the exponential total optimality equation (ETOE) 

a^) ^Px3,(a) J(y,7)| - (3.23) 
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Proof. The proof of Theorem 5 is very similar to the proof of Theorem 2, and thus 

is omitted here. • 

Theorem 6. Let fbe a decision rule defined by 

g7C(x . / ( i ) )  ̂ p^ ( / (x ) )  J{y ,7)  =  ̂ mn^ |e7C(x ,a)  ̂ p^{a)J{y ,7)  

Then the stationary policy TT* =  ( / , / , . . . )  i s  (ETC)-ut i l i ty  opt imal ,  that  i s ,  

J^{x, 7) = J(x, 7), Vx 6 X. 

Proof. The optimaUty of n* will follow from the inequaUty 

J(x,7) ^ JV,7), VxeX. (3.24) 

First, we prove by induction on n that 

J(x, 7) ^ Jl(x, 7), Vx 6 X, Vn. (3.25) 

It follows from the ETOE that 

J{x , i )  = (3.26) 
y 

If 7 > 0 then Jiy ,^ )  ^ 1, for all y ,  and hence from (3.26) it follows that J{x , j )  ^  

QiC(x,f{^x)) ^ and thus 

J{x ,7) ^  {sgnj )  = j { (x, 7). (3.27) 

On the other hand, if 7 < 0 then J{y ,^ )  ^ —1, for all y ,  and hence J(x,7) ^ 

_e7C(x,/(i)) Therefore, again it follows from (3.26) that 

J{x , i )  >  ( 5 9 1 7 ) ( 3 - 2 8 )  

Thus, by (3.27) and (3.28) we obtain that (3.25) holds for n = 1. Now, we assmne 

that for n > I, J^{x, 7) < /(x,7), for all x 6 X. Then 
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V 

^ c^<=fe/('))5;;p„(/(x))J(!,,7) 
y  

= J(x,7), 

hence proving (3.25). Next, since, as n —^ oo, 

M,(C„) T M,{C), 

then it follows from the Monotone Convergence Theorem that 

El [W,(C„)| t El U,(C)], 

i.e., 

lim J/(x,7) = J^{x , j ) .  
n—>00 

Finally, (3.24) is obtained by letting n —>• 00 in (3.25). • 

Similarly as in (3.20), an algorithm equivalent to (3.2)-(3.3), with /3 = 1, is given 

by 

= sgwy, 

Js+i{x ,^ )  =  5]^Pxv(a)^5(2/,7)|. 

(3.29) 

s — 0 ,1 ,2 , . . . .  

The last result we will prove in this section is the ETC analogue of Theorem 4 in 

Section 3.2. The following three lemmas will be used in the proof of it. 

Lemma 3. For n = 0,1,..., 

(x,7) ^ J(a:,7), Vx € X. 
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Proof. We will prove only the first inequality, and the second one can be proved 

similarly. The proof will be done by induction on n. The induction step for n = 0 in 

the first inequality follows from the following trivial inequality 

Jo{x , 'y )  =  sgn 'y  < min{(35717)6^^^"''°^} = 
a 

Now, let's assume that Jn(x,7) ^ J„+i(x,7). Then, for x E X, 

Jn+i(x,7) = 

nun ^P:^(a)J„+i(y,7) 

~ Jn+i i .Xf 'y ) .  

Lemma 4. lim„_oo Jn{x ,y)  =: Joo{x ,y)  sa t i s f ies  the  ETOE.  

Proof. We have that 

Jooi^n) = lim Jn{x,'y) 

• 

where the second and last equality follow respectively from (3.29) and Monotone 

Convergence Theorem. • 

In the following lemma, it is shown that J{x ,  7) is the smallest bounded solution, 

not smaller than (sgny), of the ETOE. 

Lemma 5. Let v : X —* R fie a bounded function such that v ^ (sgn"/) and 

v{x)  =  ̂ mn ^Px3,(a)t^(y) J - (3.30) 
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Then, for fixed 7, 

J(x,7) ^ v {x ) ,  for a l l  X .  (3.31) 

Proof. Let g be a function defined by 

First, we will prove that for each rr G X, 

^^(ar,7) ^ forn = 1,2,3,-... (3.32) 

It follows from (3.30) and the hypothesis v  ^ { sgw^f )  that 

v (x )  =  e<^^^'^^ ' '^^Y^p^{g {x ) ) v { y )  

y  

= Jf(a:,7). 

Thus, (3.32) holds for n = 1. Next, we assiune that /^(x, 7) ^ v (x }  for all x. Then 

y  

y  

=  v {x ) .  

Finally, we obtain (3.31), by letting n —»• 00 in (3.32). • 

Theorem 7. (Value Iteration) /(x,7) = lim Jn{x,y), 
n—*oo 

Proof. From Lemma 3 it follows that 

lim/„(x,7) ^ for all x .  
n—>00 

The reverse inequality follows from Lemmas 4 and 5 since lim„_^ J„(x,7) ^ { s g v r f ) ,  

and the proof is complete. • 
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Remark 6. The results obtained in this chapter continue to hold for more general 

CMC models mth A{x) not necessarily finite (see Section 2.1), under the following 

assumption: 

Assumption 3.1. 

1)  A(x)  i s  compact  for  each x  G X; 

2) C(x, •) is continuous for each x E X; and 

3)  I f  V :X  —> R is  bounded then  the  funct ion  

for each a: S X. 

The proofs are straightforward modifications of the previous ones. Under Assumption 

3.1 there exists a decision function f : X —> A (see [1, 29j) such that 

a)v(y)  i s  cont inuous^  
y 

mm 
aQA{x) y y 

for V : X —> R bounded. 
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Chapter 4 

MODULARITY AND STRUCTURED POLICIES 

In the sequel, the state and the action spaces are considered as subsets of the real 

numbers with the usual order: (X, ^), (A, It is well known that "explicit" 

solutions arising from the optimality equations are obtained only in a few cases, even 

in risk-neutral models [1, 6, 9, 22, 26, 30, 40, 47]. This fact has motivated the study 

of structvural properties of the value function and the optimal policies, both from the 

viewpoint of analysis and computations. By a "structural propertj^' it is understood 

here in  any  specia l  dependence  or  parametr iza t ion  of ,  for  example ,  7)  and f t (x )  

on t, the initial state i, or 7. In this chapter, general conditions to obtain structural 

properties of the optimal exponential value fvmction and policies are presented. In 

Section 4.1, we provide sufficient conditions on the basic components of a CMC for 

the optimal value function to be monotone, as a function of the initial state. In 

Section 4.2, the existence of monotone policies for CMC's with risk-sensitive criteria 

is established. Finally, in Section 4.3, it is shown that the modularity of certain 

functions (related to the exponential optimality equation) guarantees the existence 

of monotone policies. 

4.1 Structural Properties of the Value Function. 

Since the essential components of a CMC are the set K of admissible state-action 

pairs, the stochastic kernel P{' \ •) and the one stage cost C(-, •), properties of these 

components will induce properties of the value function. 

First, a technical lemma is presented, which will be needed to prove other results 

in the sequel; see [40] for a proof. 
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Lemma 6. Let {%}, and {2^-} be real-valued non-negatives sequences satisfying 

00 00 
Zj > ̂ 2 4' 

_/=fc i=fc 

m'i/i equality holding for k = 0. Suppose that vj+i > Vj for j = 0,1, Then 

00 00 

j=o i=o 

for all sequences {uj} for which both series converge. 

Throughout this chapter, we will assume that the CMC (X, A, P, C) satisfies 

Assimiption 3.1. 

The following lemma establishes structural results for the optimal value function 

of a CMC with risk-sensitive performance criterion; see [30, 40] for analogous results 

in the risk-neutral case. 

Lemma 7. Suppose that: 

i )  C{x ,a)  i s  increas ing  (decreas ing)  in  x ,  for  each a;  

increasing in x for all z and a 6 A; and 

Hi) X I—• A{x) is  decreas ing ,  i . e . ,  x '  >x  =» v4(x ' )  C  A{x) .  

Then, the optimal EDC, J^{x,'y0^), is increasing (decreasing) in x, for each t, and 

the optimal exponential total cost, J(x, 7), is increasing (decreasing) in x. 

Proof. We only prove the lemma for the exponential discounted case, and the ex

ponential total case is similar. Also, we only prove the lemma for C(-,a) increasing, 

the C(-, a) decreasing case following similarly. By Theorem 4, we only need to prove 

that for each t, 7/5') is increasing in x, for all n. We will do it by induction 

on n. First, since J^,o(ar,7/3') = sgnj, the result holds for n = 0. Now assume that 
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J0^n{x , ' y0^)  is increasing in x ,  Vt ,  and let x' > x .  Then, using (3.20), 

^ Y,p^lci)J^Ay.H3'*'), Vo e >l(l) 
y 

< ^p^,(a)V(!,.7/3'+'), Va e ^(i) 
y 

< V(i,, 7/3'+'), Va 6 /l(i'), 
y 

where the 1®' inequality follows from Condition (i), the second inequahty follows from 

Lemma 6 by using the induction hypothesis and Condition (ii), and the last inequality 

follows from Condition (iii). Thus 

J0,n+i{x,y0^) ^ min 
a€.4(i') 

y  

and the proof is complete. • 

4.2 Monotone Policies. 

In this section, the existence of optimal policies with special structure, e.g., threshold 

policies, is established. A threshold policy is a Markov deterministic policy TT = 

(/o) /i) - • •) such that, for £ = 0,1,..., the decision rule ft is given by, e.g., 

where xj, x*,... are the control limits or thresholds. More general structiured policies 

are the monotone policies. A monotone policy is a Markov deterministic policy TT = 

(/oj /i) • • •) such that the decision rules /t, t = 0,1,..., are monotone functions of the 

state X. It is clearly benefitieJ to know when such an optimal policy exists, because the 

search for an optimal policy within the class of the Markov deterministic policies can 

be then restricted to the much smaller subclass of monotone policies [30, 40]. Due to 

the fact that the optimal policy TT = (/o, /i,...) is in general non-stationary, a natural 

question that arises here is: how does the optimal action /t(x) varies with respect to 
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t, for each fixed x? The objective in this section is to find sufficient conditions that 

guarantee monotonicity with respect to x and/or with respect to t for the optimal 

decision rules. Thus, in the sequel, we refer to a monotone poUcy as a Markov 

deterministic policy tt = (/q, /i,...) such that the decision rules /t, i = 0,1,..., are 

monotone fimctions of the state x, and/or the stage t. For ease of presentation and 

clarity, we treat the finite and the infinite horizon models separately. We will consider 

a risk sensitivity coefficient 7 > 0 throughout the rest of the dissertation. 

4.2.1 Infinite Horizon CMC with EDC Criterion 

For 7 > 0 fixed, let T := {7/3' : t = 0,1,2,...}, and := {u : X x T —» 

R, V boimded}. Similarly as in the risk-neutral case [6, 7, 29, 40], define the DP 

operator T : M —» M by 

r(u)(x,7/3') = nun 
a€A(i) y 

Now, set jV := {u : K X r —> R, u boimded}, and define the linear operator 

L : M —*• M, by 

L(t;)(x,a,7/3') = ^p:^(a)t;(y,7/3'+^). (4.2) 
y 

Remark 7. Note that 

a) Jp E M, for all ir € 11: 

1 JJ(x,7/3')|^e^^, Vx6X, t = 0,l,...; 

b)  L( / /3) (x ,a ,7 /3 ' )  i s  the  funct ion  mthin  brackets  in  the  EDOE's  (3 .14) .  

In the following two theorems, sufficient conditions are presented for an infinite 

horizon CMC with EDC criterion to have an optimal policy (/o,/i,...) such that 

the decision rules ft{x), t = 0,1,..., are monotone functions in x, and monotone 

functions in t, respectively. 
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Theorems. Set A*{x) = {a G A{x) : L{Jp){x ,a , ' yP^)  = r(J/j)(ar,7/3')}, and 

ft{x) :=inf Aj(x). Suppose that: 

i )  X I—y A{x)  i s  a  decreas ing  funct ion ,  i . e . ,  x  ̂  x '  impl ies  A{x ' )  C A{x);  

ii) for each x 6 X, the set A{x) is such that a 6 A{x) and a' > a imply a' 6 A(x); 

and 

Hi) Ifx ^ x', L{j0){x', - ,7 /3') — L{Jj3){x ,  i s  decreas ing  on  A{x ' ) ,  for  each f ixed  

Then (/o, fi,...) is an optimal policy such that ft{x) is increasing in x for each t. 

Proof. First, it follows from Assumption 3.1 that the function L{j0){x,-,^0^) is 

continuous, and hence A*(x) is closed. In fact, from Assumption 3.1(1), we obtain that 

is  compact  and therefore  f t{x)  6 Al{x) .  Thus,  the  opt imal i ty  of  ( / o , / i , . . . )  

fo l lows  f rom Theorem 3 .  To  see  tha t  f t { - )  i s  inc reas ing ,  we  suppose  tha t  f t {x ' )  <  f t{x)  

fo r  some x '  >  x .  Then ,  i t  fo l lows  f rom i ) ,  i i )  and  i i i )  r espec t ive ly  tha t  / t (x ' )  €  A{x) ,  

ft{x) 6 A(x') and 

L{j0) (x ' ,  f t {x ' ) , ^0 ' )  -  LMix ,  f t {x%70' )  

>  L{j0){x 'J t{x) , ' y l3^)  -  L(Jij)(x,/t(ar),7/3'). 

Consequently, we obtain 

0 ^ L(J^)(x',/,(X'),7/3') - L{J(s){x',ft{x),^P') 

^ H'^0){^Jt{x')n0^) - HJffKxJtix),^^^) > 0, 

where the outer inequality follows from optimality of f t {x)  and f t {x ' ) ,  and the inner in

equality follows from the previous equation. But ft{x') G A(x) andL(/^)(x,/t(x'),7/5') = 

L{Jp){x, /t(x),7/3') contradict the definition of ft since it was supposed that /t(x') < 

/t(x) (strictly). Thus, /t(x') ^ ft{x) Vx' ^ x. • 

Theorem 9. Set A^{x) = {a 6 A{x) : L{Ji3){x,a,y0^) = r(J'/j)(x,7/3')}, and 

ft{x) inf A^(x). Suppose that 7/3" ^ 7;5' implies 

L[Jp){x ,  7/3") — L{Jp){x ,7/3') is decreasing on A{x), for each fixed x. (4.3) 
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Then is an optimal policy such that ft{x) is increasing in t, for each fixed 

X .  

Proof. Similarly to the above theorem, the optimaUty of (/o,/i,...) follows from 

Theorem 3. Now, we assume that ft{x) > fu{x) for some t ^u. Thea, by (4.3) we 

obtain 

L{Js){x,  /.(i), 7/3") - L{Je)(x,  /.(i), 7/3') 

^ £(/s)(a:,/„(x),7/3") - L{Js)(x,U(x) ,yf f ' ) ,  

and hence 

0 ^ LiJ0){xJtix)nP^) - LiJ0){x,fMnn 

^ L(u/'/3)(ar,/t(x),7/3') -L(J^)(x,/u(a;),7/3') ^ 0. 

But fu{x)  < ft{x)  and L(J^)(x,/u(x),7/3^) = L(J;3)(x,/t(x),7/3') contradict the defi

ni t ion of  f t .  Thus,  f t{x)  ^  ff t{x)  Wt ^u.  •  

4.2.2 Finite Horizon CMC with ETC Criterion. 

Consider a n-stages CMC as in Section 3.1. For t = 1,2,.. .n, let 

H,{x,  a ,  7)  := l ) '  
y 

and 

5t(x,a,7) := ilog[ift(x,a,7)] 
T 

In the following two theorems similar results to the ones obtained in Theorems 8 and 

9 are presented. Those results are stated in terms of certain equivalent instead of 

utilities and will be used in Chapter 6 to prove optimality of monotone poUcies, for 

a finite horizon optimal allocation model. 

Theorem 10. For t = 1,2,... n, set 

A^{x) = |o 6 A(x) : £t(x,a,7) = mm {ft(x, a',7)}} ; 
a'eA(x) I 
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and /t-i(x) := inf A*(x). Assume that 

i )  XI—y A{x) is  a decreasing function; 

ii) for each x 6 X, the set A{x) is such that a G A(x) and a' > a imply a' 6 A{x); 

and 

Hi)  I f  x  ^  x' ,  St{x ' ,  - ,7)  — 8t{x,  - ,7)  is  decreasing on A{x') ,  for each f ixed t .  

Then ( /o ,  / i , . . .  fn- i )  is  an optimal policy such that  ft{x)  is  increasing in x  for each 

t. 

Proof. First, note that if a G A*{x) then a satisfies that 

Ht{x,a,^)= min Ht{x,a ' , j ) .  
a ' E A { x )  

Thus, the optimality of ( /o ,  / i , . . .  /„_i )  will follow from Theorem 1, if we show that 

ft{x) 6 Aj (x). Indeed, it follows from Assumption 3.1 that the function Ht{x, -.7) is 

continuous, and therefore logiirt(a:,-,7) is continuous. Hence Al{x) is closed. Now, 

from Assumption 3.1(1), we obtain that Aj (x) is compact and therefore ft{x) € Aj (x). 

The rest of the proof is similar to the proof of Theorem 8. • 

Theorem 11. For t = 1, 2 , .  . .n ,  set  

Aj(x) = {a 6 A(x) : 5j(x,a,7) = min {St{x,a ' , - f )}} ,  
a'€A(x) 

and /t_i(x) := inf Af(x). Assume that 

St+i{x, •,7) — St{x,', 7) is decreasing on A(x), for each fixed x. 

Then (/o» /i, • • • fn- i )  is  an optimal policy such that  ft{x)  is  increasing in t  for each 

X. 

Proof. The proof is similar to the proof of Theorem 9. • 



50 

4.3 Modular Functions. 

The results in Theorems 8-11 were obtained under the strong assumptions of mono-

tonicity of the DP operators, e.g., (iii) in Theorem 8 and (4.3). In this section, we give 

corresponding modularity conditions that imply the above mentioned assmnptions. 

Let (5, ^43) be a lattice, i.e., a partially order set such that if s, r 6 5 then s Vr G 5 

and s AT E S, and let G : 5 —>• R. We say that 

a) G{-) is subadditive (or submodular) on 5 if 

G{s V r) + G{s A r) ^ G{s) + G(r)  

for every s ,r  E S;  

b) G(-) is strictly subadditive on 5 if 

G{s V r) + G{s A r) < G{s) + G{r)  

for every non-comparable s ,r  e  S; and 

c) G(-) is superadditive (or supermodular) on S if —G(-) is subadditive on S. 

Unless otherwise stated, we will consider the product order on that is, is 

defined by {y,  z)  4 (1/12') ^ 2/ ^ 2/ ^ ^ 2'. 

Submodularity on K of the function within brackets in the (risk-neutral) dis-

coimted cost optimality equation, i.e., 

J^{x)=n^{C{x,a)+(3Y^P:^{a)j0{y)}, (4.5) 
V  

is frequently used to obtain monotone optimal policies for the corresponding stochastic 

control problem; see, e.g., [40]. In this section, it is shown that the subadditivity on 

K of certain functions, related to the exponential optimality equation, implies the 

existence of optimal policies whose decision rules are monotone functions in the state 

X. Moreover, besides submodularity with respect to K as in the risk-neutral case, 

submodularity with respect to A x F (A x {0,1,... n}) is also considered, leading 
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to structvuTEil properties of the optimal policies with respect to 7 ( t )  (recall that 

r:={7^';4 = 0,l.-})-

The next two theorems state results for the infinite horizon discounted case, while 

in Theorems 14-15 the finite horizon total cost is treated. 

Theorem 12. Assume that 

i )  X I—A{x) is  a decreasing function; 

ii) for each x E X, the set A{x) is such that a £ A{x) and a' > a imply a' 6 A(a:)). 

Then (K, =^) is a lattice. Moreover, assume that 

Hi)  L(J'/3)(-,-,7/3') is subadditive on (K, ^). 

Then there exists an optimal policy (/o,/i, • •.) such that ft{x) is increasing in x for 

each t. 

Proof. We will show that result by applying Theorem 8. That is, we will show that 

if X < i' then 

is decreasing on A{xf) .  Let a, a'  6 A{x') ,  a  < a' .  Then 

(x, al) V (x', a) = (x',a') 6 K, and (x, a') A (x', a) = (x.a) € K, 

where (x,a) 6 K follows from (i) since a 6 A(x') C A(x).  Hence, under (i)-(ii), 

(K,^) is a lattice. Moreover, by the subadditivity of we obtain 

L{j0){x\a ' ,yf f ' )  + Hj0)lx,a,y0')  ̂  

a,  7/3') + UJg)(x,  a ' ,  7/3'), 

and hence 

L{Ji3){x ' ,a ' , j0^)  -  LiJp){x,a\ 'yP'-)  ̂  

LiJfi)(x',a,yl3^) - L{J^){x,a,^0^), 

i.e., (Hi)  in Theorem 8 holds, and the proof is complete. • 
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Theorem 13. Consider the partial order =4inv on defined by (y, z) {y', 2') i f  

y ^y' and z ^ z!. Then: (i) for each ar E X, {A{x) x F, =4inv) is a. lattice. Assume 

that, for each x 6 X, the function L(J^)(x, •, •) is subadditive on (A(a:) x F, 

Then: (ii) there exists an optimal policy (/o, /i, • •.) such that ft{x) is increasing in t 

for each x. 

Proof. We will apply Theorem 9, that is, we will prove that 7/?^ ^ 7/3' implies 

L{JI3)(X, -,^13^) — L{j0){x, •,'yP^) is decreasing on A(x),  for each fixed x.  (4.6) 

Let 7/3" ^ 7/3', and a ^ a'. Then 

(a,  7/3") V (a' ,7/3')  = (a',7/3"),  and (a,  7/3") A (a' ,  7/3')  = (0,7^').  

Hence, (A(x) x F, :^jnt;) is clearly a lattice. Thus, by the subadditivity we have that 

L(J^)(x,a',7i9") +L(J)3)(x,a,7/3') ^ L(J/3)(x,a',7/3') + L(J3)(x,a,7/3"), 

from which (4.6) is obtained. • 

Theorem 14. Assume that 

i) X I—> A{x) is decreasing; 

ii) for each x 6 X, the set A{x) is such that a 6 A(x) and a' > a imply a' 6 A(x)); 

and 

Hi)  £t( ' ,  -,7) is subadditive on (K, =^). 

Then there exists an optimal policy ( /o ,  / i , . . .  fn-i) such that ft{x) is increasing in x 

for each t. 

Proof. The proof of this result is similar to that of the above theorem, but in this 

case we apply Theorem 10. • 

Theorem 15. Assume that for each x € X, the function S{.){x, -,7) is subadditive on 

the lattice (A(x) x {1,... n}, <). Then there exists an optimal policy (/o, /i,.. • /n-i) 

such that ft{x) is increasing in t for each x. 



53 

Proof. We will apply Theorem 11. That is, we need to prove that for i = 0,1,..., n— 

1 

St+i{x, •, 7) — 5t(x, 7) is decreasing on A{x). (4.7) 

Let a, a' E A(x), a ^ a'. Then, {A{x) x (1,.. .n}, =4) is clearly a lattice: 

{a, t  +1) V = {a',t + 1), and (a,t + 1) A {a',t) = {a,t). 

Thus, by the subadditivity we have that 

St+iix,a ' ,^)  +Stix ,a, 'y)  ^  €t+iix,a, ' f )  -hSt{x,a ' , j )  

from which (4.7) follows. • 

In the risk-neutral model, one is interested in estabHshing verifiable conditions 

under which the fimction within brackets in (4.5) is submodular. This task is simpU-

fied by the fact that submodularity is preserved under addition, because it is easier to 

find conditions for each of the functions C{x, a) and ^yPxyio^J/siv) to be submodular 

separately. 

Therefore, motivated by Theorems 12 and 13 and work in the risk-neutrcil lit-

eratiu-e, in the sequel we pursue the following: obtain conditions which guarantee 

submodularity on X x A and/or on A x F of the function 

L(J^)(a;,a,7/3') = g{x,a,jl3^)h{x,a,j0^), (4.8) 

where 

5(x,a,7/3') /i(a;,a,7^') := (4-9) 
y 

However, an additional challenge is faced here in that now additional conditions 

must be established for the product of two submodulfu: functions to be a submodular 

fimction. In Subsection 4.3.1, seemingly novel results about modularity of the product 
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of two functions are established, and then conditions to ensiue that the submodularity 

of L{JI3) follows from that of g and h are given. 

A second and novel approach used in this dissertation to decompose the problem 

as in the risk-neutral case is motivated by Theorems 14 and 15; the challenge here is 

to find conditions that guarantee submodularity on X x A and/or on A x {1,... n} 

of the function 

££(x,a,7)  = C(x,a)  + -log[ht(x,a, j )] ,  
7 

where 

ht(x,a, j )  =  ̂ Pxy(a)Ui(y,^) .  
y 

In that case, similarly to the risk-neutral case, the submodularity of the two func

tions log[/it(x,a,7)| and C{x,a) would be needed separately. In Chapter 6, for a 

particular resource allocation problem, we will show that those two fimctions are 

subadditive (and therefore so is the fimction £t{x,a,y)). It is important to mention 

that submodularity of the fimction £t{x, a, 7) {Ht{x, a, 7)) does not necessarily imply 

submodularity of the fimction Ht{x,a,'y) (£t(x,a,7)). 

4.3.1 Product of Submodular Functions. 

Theorem 16. Let (5,^s) be a lattice, and let g,h : S —>• R be non-negative and 

subadditive functions on S. If g{') is increasing (decreasing) and h{-) is decreasing 

(increasing) then the product  g{ ' )h{ ')  is  subaddit ive on {S,  =^s)-
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Proof. 
g{s V r)h{s V r) — g{s)h{s)  

^  [ff(s)  + g{r)  -  g{s A r)] h{s V r) - g{s)h{s)  

= 9{''')h(s V r) 4- [g{s) - g{s A r)] /i(s V r) - 5(s)/i(5) 

< 9ir)h{s V r) + [^(s) - g{s A r)] h{s)  -  g{s)h{s)  

— 5 V r) — g{s A r)/i(s) 

^ ^(r) [h,{s) + h{r) — /i(5 A r)] — g{s A r)h{s)  

^ ̂ (r)/i(r) 4- ̂ (s A r) [/i(s) — /i(s A r)] — g{s A r)h{s)  

^ 5(r)/i(r) — ^(s A r)/i(s A r). 

• 

In the following two theorems, the monotonicity property of the functions g{-)  

and h{-) is substituted for some alternative conditions that also lead to results as 

in Theorem 16. Moreover, these two theorems will be used in Chapter 5, to show 

submodulari ty (with respect  to  A x F and X x A respectively)  of  the product  g{')h{-)  

in the optimality equations arising in a machine replacement problem. 

Theorem 17. Let (S,^s) 6e a lattice, and let g,h : S —> R be non-negative, and 

subadditive functions on 5. Assume that g(s) = g(s A r) and h{s) ^ h{s A r) for 

every non-comparable s ,r  E S  such that  g(s)  ^  g(r) .  Then the product  g{-)h{-)  is  

subadditive on S. 

Proof. Take arbitrary non-comparable s ,r  e  S such that g{s)  ^  g{r) .  We deduce at 

once from the hypotheses that g{r) > g{s V r) and g{r) > g{s A r). Thus, 

g{s V r)h{s V r) — g{s)h{s)  

^  ̂ (r) [h{s)  + h{r)  — h{s A r)] — g{s A r)h(s)  

— + g{s A r) [h{s)  — h{s A r)] — g{s A r)h(s)  

^  g{r)h{r)  -  g{s A r)h{s A r), 

i.e., g{')h{') is subadditive. • 
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Theorem 18. Let (5, =^5) be a lattice, and let g,h : S —• R be non-negative, and 

subadditive functions on 5. Assume that for every non-comparable s,r G S such that 

g{s) ^ ̂ (r), the following two conditions hold: a) g{s) = g{s A r) and b) h{s V r) = 

h{r). Then the product g{-)h{-) is subadditive on S. 

Proof. Prom the hypotheses we have that g(sVr) ^ g{r)  and h{sAr)  ̂  /i(s), which 

yields 

g{s V r)h{s V r) + g{s A r)h{s A r) ^ g{s)h{s)  + g{r)h{r) .  

• 

Next, we provide conditions on the costs and transition probabilities under which 

the functions 5(-,*,7/3') and h{-,','y(3^) in (4.9) satisfy the modularity property. For 

ease of presentation, A{x) = A, for all x € X, will be assmned. 

Assumption 4.1 C(x,a) is separable, i.e., C(x,a)  = u{x) +r(a) for some functions 

u : X —* K and r : A —>• R. 

Assumption 4.2 C{x,a)  is increasing in (x,a). 

Assumption 4.3 increasing in a;, for all 2 G X and a 6 A. 

Assumption 4.4 subadditive in X x A, for all 2 6 X. 

Note that if the cost function satisfies Assumption 4.1 then the discoimted opti-

mality equation is given as follows: 

minCe'"""-) y;p^(a)Js(y,7/3'")}. 
a y 

Thus, the function L(/^)(x,a,7/3') in (4.8), is in this case given by 

y 

In the rest of this dissertation we denote g{x,a,'yl3^) := 
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Lemma 8. Under Assumption 4-1, 5(-,*,7/3') is subadditive and superadditive on 

Xx A. 

Proof. The result follows since ^(-,0,7/3') is constant. • 

Lemma 9. Under Assumption 4.2. 4-3, and 4-4, •, 7/3') is subadditive in X x A. 

Proof. By Lemma 7, Assumptions 4.2 and 4.3 imply that J^(x,7/3') is increasing in 

X. Now, by Assumption 4.4, we have that if x' > i and a' > a then 

00 00 
^ Pij/('^)] ^ ^ ^[Pi'v(^) "f" Pxyi^ )] 
y=z y=z 

and by applying Lemma 6, 

00 00 
5][Px'y(a')  +Pxyia)]j0iy, jP')  ^  y{a) +Pxyia')] j0{yn0^) 
y=z y-z 

is obtained, i.e., /i(-, -,7/3') is subadditive in X x A. • 
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Chapter 5 

APPLICATION 1: AN EQUIPMENT REPLACEMENT 
MODEL 

In this chapter, an infinite horizon CMC model of an equipment replacement problem 

is studied. In Section 5.1, the formulation of the model is presented. In Sections 5.2 

and 5.3, respectively, it is shown that under standard conditions, the optimal policy 

is of the threshold-tjrpe and ultimately stationary. Moreover, under mild additional 

conditions, it is also shown in Section 5.3 that ultimately it is optimal to follow the 

risk-neutral stationary optimal policy. Finally, in Section 5.4, it is proved that the 

optimal decision functions /t(x), i = 0,1,..., are decreasing functions in t for each x; 

see, e.g., [6, 40, 41] for an analysis of this problem with risk-neutral discoimted cost, 

and [26] for a finite horizon, finite states/actions model with a risk-sensitive criterion 

and under partial state observations. 

5.1 Formulation of the Equipment Replacement Problem £is 
a CMC 

The state of an equipment unit used in a, e.g., manufacturing process deteriorates 

over the time. The state x 6 X = {0,1,2,...} represents the level of deterioration. 

At each decision epoch, the decision maker can choose one of two actions from the 

action space A = {1,2}. Action 1 corresponds to keep the unit (do not replace it) 

while action 2 corresponds to replace the unit If the decision is to replace, then a 

cost R> 0 is immediately incurred and the state at the beginning of the next time 

period is 0, the "as new" state. If the present state is x and the action is to keep, 

then the state at the beginning of the next time will be y with probability pxy. In 

addition, an operating cost 0 ^ c{x) ^ K is incurred when the present state of the 
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unit is X .  Thus, the cost function per stage is given by 

C(x, l)=c(x), C(x, 2) = c(x) + iZ. 

The following is a natiural assiunption to make. 

Assumption 5.1. c{x)  is increasing in x.  

Since the component tends to turn worse gradually with use, it is natural to model 

the probabilistic structure such that the conditional probability of the component 

being at a state greater or equal than k at the end of the period, given that it was a 

state X at the beginning of the period is increasing in x, i.e.. 

First, it will be shown that the optimal value fimction for the model above is increasing 

on the state, and then the existence of a threshold optimal policy will be established. 

Lemma 10. The optimal value function 7^(x,7) is increasing in x. 

Proof. . We will apply Lemma 7 to prove that J"^(x,7) is increasing in x. It follows 

from Assumption 5.1 and (5.1) respectively that Conditions 1 and 2 hold in this 

model, and Condition 3 is obviously verified since A(x) = A, Vx. Therefore the 

result follows. • 

Proposition 2. There exists an increasing optimal policy = (/o, /*,. - •) for the 

equipment replacement problem with risk-sensitive discounted cost criterion, that is, 

there exists a sequence • • -} swc/i that f^ is given by 

00 

IS increasing in x (5.1) 

5.2 Threshold Optimal Policies 

1 (no-replace) ifx < r* 

2 (replace) ifx ^ x^ 
(5.2) 
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Proof. First, Theorem 18 will be applied to show that the function 

is subadditive on X x A. From the conditions of the model, we have that the cost 

fimction is separable: 

C{x,a)  = c{x)  +r{a),  

where 

r(l) = 0 and r(2) = R. (5.3) 

Thus, by Lemma 8, g(- ,  -,7/3') is subadditive on X x A. Now, it follows from As-

simiption 5.1, (5.3) and (5.1) respectively that C{x,a) is increasing in x for each 
OO 

a 6 A, increasing in a for each a: 6 X and ^^Pxyio-) is increasing in x for each 
y=Z 

2 € X and a 6 A. Thus, this model satisfies Assumptions 4.2 and 4.3. To verify that 

Assumption 4.4 holds in this model, we note that if x' > x then 
OO 

^ ][Pz'y(2) ~Pij^(2)] =0, 
1/=2 

and by (5.1) 
00 

y^[Pl>y(l) — Pzif(l)] ^ 0. 
y=z 

OO 

Therefore, ^Pxi/(a) is subadditive on X x A. Thus, by Lemma 9 we obtain that h 
y=z 

is subadditive on X x A. Finally, 

g{x,  a ,  7/5') = ̂ (x', a, 7/3'), Vx, x'  6 X, 

and 

/i(x, 2,7/3') = J^(0,7/3'+^) = h{x\ 2,7/3'), Vx, x' e X 

imply respectively the conditions (a) and (b) of Theorem 18. Therefore g • h is 

subadditive on X x A. The result follows from Theorem 12. • 
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For the rest of this chapter, when written, it is to be understood as 

the sequence of thresholds or, respectively, the optimal policy obtained in Proposition 

2. 

5.3 Ultimately Stationary Optimal Policies 

It is well known that for the risk-neutral replacement problem, there exists a threshold 

stationary /3-optimal policy; see [6, 40, 41]. The case of interest is that for which R 

is small enough so that the threshold x* of that optimal policy is finite. Moreover, 

intuitively, it is to be expected that when | 7 | is small the risk-sensitive model should 

be close to the risk-neutral model. Thus, it is reasonable to expect that the following 

assumption holds for most situations of interest. 

Assumption 5.2 .  {i:}a„ does not diverge to 00. 

Jaquette [32, 33] showed that optimal policies are ultimately stationary for every 

CMC with exponential utility criterion and finite state space. Here, it shall be proved 

in Proposition 3 that, under Assumption 5.2, the optimal policy TT* is ultimately 

stationary for the equipment replacement model with infinite state space. 

Lemma 11. For aTbitrary 6 11, and a: € X, there exists 7(x,7ri,7r2) > 0, such 

that one (and only one) of the following statements is true 

Proof. For every x E II and x € X, the function JJ(x, •) : (0,00) —R is given by 

= 0 ,  on {0, 'y{x,1^1,^2))  

>0 on (0,7(x,7ri ,7r2))  

J^ '{x,-)  -  <0 on {0, j{x, ir i , ir2)) ,  

J^(x,7)=£^[e^^ 

(5.4) 
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It follows from (5.4) that JJ(x, •) is analytic in (0,oo). Therefore, the function 

-  Jf{xr)  

cannot have an infinite number of zeros in any finite interval without being identically 

zero, and thus the existence of a number 7(1, iri,TTa) as above follows. • 

Lemma 12. Set tti = (/ ,  . . . )  and Tt2 = {g, A*, /a, • • •) j 'u^here f{x) = 2 and 

g{x) = 1 Vx. Let x be an accumulation point of the sequence Then for x = 

0, . . . x  there exists a number^ > 0 such that on (0,7)  one (and only one) of the 

following statements is true: 

7/J)  -  e'^ ' l  Y,P^Je(y< iS)  = 0 
y 

7/3) - ^ 10) > 0 (5,5) 
y 

7/3) 7/3) <0 
y 

Proof. It follows from the definition of the operator that 

Jj'(x,7) = e^=(")e^%(0,7/3), and 

Jf{x,^)  = ^PxyMvn^) '  
y 

Then, by Lemma 11, for each 0 ^ x ^ x, there exists 7(x) > 0 such that one and 

only one of the above statements (5.5) is true. Thus, the result follows by taking 

7 = min{7(0),7(l),...7(x)} . • 

Now, we are ready to show that the policy TT* is ultimately stationary. 

Proposition 3. Under Assumptions 5.1 and 5.2, the policy TT* =  ( /OI / IT- - - )  (see 

(5.2) is ultimately stationary, that is, there exists N such that x\ = x^, "ik ^ N. 
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Proof. Let ar be an accumxilation point of the sequence and for fc = 0,1,..., 

let 

= and tUik(x) = 
y 

Take N (large enough) so that < 7 and x*̂  = x. Then since x)^ is the 

threshold corresponding to /AT) we deduce that 

hff — njN{x*[^ — 1) > 0 and /lyv - ^ 0. 

Thus, by Lemma 11 we obtain that Vk'^ N (i.e. 7/?*^ < ^0^) ,  

hk - — 1) > 0 and hk - vjk{xlf) < 0. 

Therefore x^ = xy = x, \/k N. • 

Thus, we have proved that the policy TT* has the form 

^'  = (/o./r.--./ ;r-i ,r ,r ,r . . .) ,  (5.6) 

where /* is defined by f*{x)  = 1 if x < x, and f*{x)  = 2 i f  x  ^  x.  It is natiu-al to 

expect the policy (/*") to be optimal for the risk-neutral replacement problem, given 

that for large t the (effective) risk-factor 7/3' will be close to zero, i.e., close to the 

risk-null case. The following lemma will be used to show, in Proposition 4, that this 

is the case. 

Lemma 13. Let S^(x,y) := ]^\ogE'^[e'^\ be the certain equivalent of the random 

cost 'D. Then 

lim£'^(x,7)=£^[25]. 

Proof. Let ^(7) = E^[e'^'^], Thus 

1 'u f(*y\  
lim S^{x,  7) = lim — log ̂ (7) = lim . . 
7-0 ^ " 7-0 7 ® ^7-.014(7) 

= u\0)=E^[V] 

• 
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Proposition 4. Let w = (/*, be the tail of the policy TT* given in (5.6). Then 

under Assumptions 5.1 and 5.2, the stationary poliqj TT is optimal for the risk-neutral 

replacement problem. 

Proof. It follows from (5.6) that for k = N,N + I , . . . ,  the policy TT is optimal 

for the 7/3*^-risk sensitive problem. Thus, for any stationary deterministic policy 

J|(x, -yP") ^ jP'), VX, Vfc ^ N. (5 J) 

Since is increasing, it follows from (5.7) that 

5^(x,7/3*=) ^ Vx, Vfc ^ N. 

Thus, by taking limit when k oo one obtains from the previous lemma that 

iZyv] ^ ezwi 

and therefore 7f is risk-neutral optimal. • 

5.4 Convergence of the Control Limits 

In Section 4.2, the question was posed about how each decision rule /{(x), i = 0,1,..., 

of the optimal poUcy varies with respect to t. In particular, in the machine replace

ment problem, it will be shown in Proposition 5 that under reasonable conditions 

those decision rules are monotone functions of t. More specifically, under certain 

conditions the fonction 

'j') ~ "•} ')^(^) ' >') 

is superadditive on A x F, for fixed x. 

The following general result gives a way of constructing a superadditive function 

by taking the composition of two other functions with certain properties. 
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Lemma 14. Let  {S,  =^5) be a  lat t ice,  G : S  —* !R an increasing (decreasing) and 

superadditive function on S, and H : R —* M an increasing and convex function. 

Then the composition of H and G is an increasing (decreasing) and superadditive 

function on S. 

Proof. The proof of this resvilt follows immediately from the following identity: 

H{Gis))  + HiG{r))  -  F(G(s V r)) - H{G{s A r)) = 

[H{Gis))  -  HiG{s V r) + G{s A r) - G(r))| 

+ [H{G{s V r)  + G{s A r) — G(r)) — H{G{s V r))] 

-H{G{sAr))+H{G{r))  

• 

Lemma 15. The function ^(x, a, 7/?') = is increasing and superadditive on 

A x  r .  

Proof. The result follows applying Lemma 14 with 

H[z) = e'  and G{a,^P^) = ̂ 0''r{a). 

• 

Now, the following assumption will be made in the rest of this chapter. 

Asswnption 5.3 Uu'^t then 

Ji3(x,7/?') -J'^(X,7/3") ^ /;3(X + 1,7;3') -j;3(x +1,7/3"). 

Lemma 16. Under Assumptions 5.1, 5.2 and 5.3, h{x,a,'y/3^) is superadditive on 

(A X r, for each x. 
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Proof. First, from the conditions of the model it is easy to see that 
OO OO 

^ ^Piy(2), for all X, 2 G X. 
y=z 

Thus, by Lemma 6 and Assumption 5.3 we have that then 
OO 00 

- J/3(y,7/3")I ^ 
y=Q y=Q 

and hence h{x,  1,7/3') — h{x,  1,7/3^) ^ h{x,  2,7/?') — h(x,  2, jP^) ,  i.e., h is superaddi-

The following lemma proves that the optimal EDC decrease to 1 when the sen

sitivity coefficient decreases to 0. This result will be needed in the proof of Lemma 

18. 

Lemma 17. lim Jp{x,'yl3^) = 1. 
£—»oo 

Proof. By Dominated Convergence Theorem, JJ(a:,7) J. 1 as 7 j 0, VTT. The claim 

follows from the inequality 1 ^ J0{x,j) ^ Ja(x,7). • 

Lemma 18. Let S := { A  x T, =4inv) be the partial ordered set with (a, 7/?') =^inv 

(a', 7/3^) if a ^ a' andt ^ u. Then, under Assumptions 5.1, 5.2 and 5.3, the function 

g{x, •, •)h{x, >) is subadditive on S. 

Proof. The result is proved by applying Theorem 17. Lemmas 15 and 16 imply 

respectively that g and h are subadditive fimctions on S. Now, take s,r € S, non-

comparable, i.e., s = (1,7;5'") and r = (2,7/3') with t ^u. Then since g{x, 1,7/3") ^ 

^(1,2,7/3') and s A r = (1,7/3'), we need only to prove that 

tive on the lattice (A x F, =^). • 

g{x,  1,7/3') = g{x,  1,7/3") and (5.8) 

h{x, l ,  7/3") ^ h{x,  1,7;^'). (5.9) 

Then, (5.8) follows from the equality g(x, 1,7^3') = 1, Vt, and (5.9) follows from 

Lemma 17. Thus, the proof is complete. • 
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Proposition 5. Under Assumptions 5.1, 5.2 and 5.3, the decision rules f*{x), t = 

0,1,... AT — 1, and f*{x) are increasing functions in t, for each x G X. Consequently, 

the sequence of thresholds {xg, x*,...} converges decreasingly to x. 

Proof. By Lemma 18 we have that is subadditive on (A x F, 

Thus, by applying Theorem 13 we obtain that i i t  then /t(x) ^ /u(x), for each 

X, and consequently XQ ^ x* ^ — The convergence of {x]J} to x follows from 

Proposition 3. • 
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Chapter 6 

APPLICATION 2: OPTIMAL RESOURCE ALLOCATION 

In this chapter we study a finite horizon CMC modeling an optimal allocation prob

lem. In Section 6.1, the description of the problem is given. In Section 6.2, we 

apply results previously obtained in this work to prove structural properties of the 

optimal value function corresponding to the exponential total cost. It is also shown 

that  there exists  an optimal  policy ( /o,  / i ,  • . . /N-I)  such that  the decision rules f t{x) ,  

t = 0,... AT — 1, are increasing fimctions in x and increasing in t. Moreover, im-

der additional conditions, we prove in Section 6.3 that the allocation problem can be 

reduced to a problem with two actions and that the optimal pohcy is of the threshold-

type. Finally, in the same section, we apply those results to a particular example of 

a linear final cost; see [41] for an analysis of this problem with risk-neutral total cost. 

The optimal allocation problem can be described as follows. 

6.1 Formulation of the Allocation Problem as a CMC 

Suppose we have N stages to construct I successful components sequentially. At each 

stage we allocate a certain amount of money for the construction of a component. 

If a is the amount allocated, then the component constructed will be a success with 

probability P(a), where P is a continuous nondecreasing function such that P(0) = 0. 

After each component is constructed, we are informed whether or not it is successful. 

If  a t  the end of  N stages,  we are x components  short ,  then a  final  penalty cost  C{x) 

is incurred, where C{x) is increasing. The problem is to determine how much money 

to allocate at each stage to minimize the total expected utility. A CMC (X, A, P, C) 

which models the described allocation problem can be defined by taking the state 

space X = {0,1,.../}, the action space A = [0,M], where M is a positive real 
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number, the cost function C(x,a) = a, and the transition probabilities 

fP(a) if y = X — 1 
1 - P(a) if!/ =. I (6.1) 

0 otherwise. 

The state Xt is the niunber of successful components stiU needed at time t and 

the action At is the amount of money allocated at time t. 

For notational convenience in this section, Jt{x,'y) will denote the minimal cost 

at state x with t stages to go, x € X and t = 0,1,..., iV. (Note that in Section 3.3, 

Jt{x, 7) denoted the minimal cost at state x with N — t stages to go.) 

6.2 Structural Properties of the Optimal Value Function and 
Policies. 

First, we will show that the optimal value function Jtix,^) is increasing in the state 

X and decreasing in the number of stages to go t. 

Lemma 19. The optimal value function Jt{x, 7) is increasing in x and decreasing in 

t. 

Proof. We will apply Lemma 7 to prove that Jtixjj) is increasing in x. First, we 

see that this model satisfies Conditions I and 3 of the mentioned lemma since C(ar, a) 

is constant in x, the terminal cost C(x) is increasing and A{x) = A, Vx. Finally, it 

follows from (6.1) that 

According to (3.2) and (3.3), JQ{X,^) = and for i = 1,... iV, 

= inf{e^''[P(a)Jt(x - 1) + (1 - P{a))Jt{x)]}  
a 

= iof{e-" ' lJ ,(x)  -  P{a)iJt{x)  -  J,{x -  1)]} 
a 

= inf{e^"[j£(x - 1) + (1 - P(a))(Jt(x)  -  Jt{x -  I)]}. 
a 

(6.2) 

(6.3) 

(6.4) 

f 

v 0 

1 if fc ^ X — I 
if fc = X 

if fc > X,  

(6.5) 
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and hence, Condition 2 of Lemma 7 is valid for this model. Therefore, Jt{x, 'y)  is 

increasing in x. Now, since a = 0 is an admissible action, it follows from (6.2) that 

Jt(a;,7) ^ e^°[P(0)j£_i(x- 1,7) + (1 - P(0))Jt_i(x,7)], 

and hence, 

Thus, Jt(2r,7) is decreasing in t for each x. • 

The next goal is to show that the allocation problem has optimal policies that are 

increasing in x and decreasing in t. To this end, we will prove that 

log{e^'^[Pia)Mx - 1) + (1 - Pia))Jt{x)])  

is subadditive on X x A and superadditive on A x {1,2,... N}, so that the mentioned 

monotonicity properties will follow from Theorems 14 and 15. 

Set 

Gt(a:,a,7) :=e^"/it(ar,a,7) ,  (6.6) 

where ht{x,a, j )  — P{a)Jt(x — 1) + (1 — P{a))Jt{x) .  First, it will be shown that each 

of the structural properties of logGt(x,a,7) we need is equivalent to a structural 

property of log Ji (rr,  7) .  

Proposition 6. a) logGt(a:,a,7)  is subadditive on X x A iff log Jt(a;,7) is convex 

in X. b) logGt(x, a, 7) is superadditive on A x {1,... N} iff log Jt{x, 7) is subadditive 

on A X {0,1,...iV}. 
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Proof, a) Let a'  > a and denote by Dt{x) := Jt{x + 1,7) — Jt{x,  7).  Then 

logJj(a;,7) is convex in x 

log Jt{x +1) - log Jt{x)  ^ log Jt{x)  -  log Jt ix  - 1) 

Jt{x + l)Jt{x - 1) ^ Jt i^)  

Jt{x)Dt{x)  ^  Jt{x + l)Dt{x -  1) 

(P(a') - P(a))Mx)Dtix)  ^  (P(a') - P{a))Jt ix  + 1) A(x - 1) 

-P{a)Jt{x)Dt{x)  — P{a')Jt{x + l)Dt{x — 1) ^ 

— P{a')Jt{x)Dt{x)  -  P{a)Jt{x + l)Dt{x -  1) 

[Jt{x + 1) - P{a)Dt{x)][Jt{x)  -  P{o!)Dt{x -  1)] ^ 

[Jt{x + 1) - P{a!)Dt{x)][Jt{x)  -  P{a)Dt{x -  1)] 
.  .  ht ix+l,a)  ^  ht{x + l ,a ')  

ht{x,a)  ht{x,a ')  
log/it (x, a, 7) is subadditive on X x A 

<=» logGt(x, a, 7) is subadditive on X x A. 

Note the last step follows from the equality 

log Gt(x,  a,  7) = 7a + log ht(x,  a ,  7).  
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b) Let a' > a. Then 

log Jt{x, 7) is subadditive on X x {1, . . .  N} 

logJt+i{x - 1) - log Jt+i(x) ^ log JtCx - 1) - log Jt(x) 

Jt+i(x - 1)Jt(x) ^ Jt+i{x)Jt{x - 1) 

Jt{x)Dt+i{x - 1) ^ Jt+iix)Dt{x - I) 

(P(a') - P{a))Jt{x)Dt+i{x - 1) < (P(a') - P{a))Jt+i{x)Dt{x -  1) 

-P{a)Jt{x)Dt+i{x - 1) - P{a')Jt+i{x)Dt{x - 1) ^ 

- Pia')Jt ix)Dt+i{x - 1) - P{a)Jt+i{x)Dt{x - 1) 

[Jt+i(x) - P{a)Dt+i{x -  l)][Ji(x) - P{a')Dt{x -  1)] ^ 

- P(a') A+i(ar - l)][Ji(x) - P{a)Dt{x -  1)] 

. • ^t+l(Xi Q) ^ ^£+1(2^) ) 
ht{x,a)  ^  htix ,a ')  

<!=> log ht{x,a,is superadditive on X x A 

•<=>• logGt(x, a, 7) is superadditive on X x A. 

• 

Now, we show that log j£(x) is indeed convex in x for each t, and subadditive 

on X x {0,1,... N}, For the rest of this chapter, it will be assumed the following 

condition, which is reasonable for most situations of interest. 

Assumption 6.1. The terminal cost C{x) is convex. 

Proposition 7. Under Assumption 6.1, the following three statements hold: 

a) log Jt(x,7) is convex in x for each t. 

b) log Jt(x,7) is convex in t for each x. 

c) log Ji(x,7)  is subadditive on (X x {0,1,.. .iV}, =?:). 

Proof. First, note that (a), (b) and (c) are equivalent to 
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Ax^i • 

B. 'x , t  •  

a,,: 

Jt{x + 2, 'y)  ^ Jtjx + ln) 
Jt(x+1,7)^ Jt(x,7) 

, and 

Jt+i{x,^)  Jt+i(x + l,7) 

(6.7) 

(6.8) 

(6.9) 
M^n) Jtix + in) 

respectively. We will show that those inequalities hold for t = 0,1,... iV — 2 and 

X = 0,1,...I — 2. The proof will be by induction on k = t + x. We have that Co,o 

is true since Jt is decreasing in t (Lemma 19). Bo,O is an obvious equality, and AQ.O 

follows from the hypothesis about C{x). Thus the inequalities are true for A; = 0. We 

assiune that they are true whenever t + x < k and let k = t + x. Let's prove Cx,t- It 

follows from (6.3) that for some a, say a, 

Jt+iix,- f)  = e^°[Jt(x, 7) -P(a)(Jf(x, 7) -Jj(z- l))j, 

and hence 

Jt+i jx ,  7 )  

Jt (x , 7 )  
1 - P(a) 

Jt(x,7) - Jt(x- 1,7) 
(6.10) 

On the other hand, it follows from that 

Jt{x, 7) - Jt{x - 1,7) Jt{x + 1,7)- 7) 

Therefore, from (6.10) we obtain 

Jt(x,7) 

Jt{x +1,7) 

Jt{x +1) 
j£+i(x + l,7) 
Jt{x + l,^) 

and Cx,t follows. In a similar way, to prove Bx^t we have that it follows from (6.3) 

that for some a, say a\ 

Jt+2ix,j) = e^'''[Jt+i(x,7) - P(a')(Jt+i(x,7) - Jt+i{x - 1))], 
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and hence 

'^+2(3^,7) 
Jt+\{x, 7) 

1 _ ~ -1> 7) 
•/t+iW 

On the other hand, it follows from Cx-\,t that 

'/t+i(x,7) - Jt+i(z- 1,7) < Jt(3:,7) - Jt(x- 1,7) 
Jt+i(x,7) ^ Ji{xr{) 

Therefore, from (6.11) we obtain 

Jt+zjx, 7) ^ ^a' 1 _ p(a')^' ~ ~ 

Jt{x) 
^ Jt+i(x,7) 

and Bx^t follows. 

Finally, to prove Ax,t, note that is just 

j£+i(z + l,7)^ Jt(a: + 1,7) 

(6.11) 

Jt(x+1,7) Jt-i{x + l,j)' 

or equivalently, 

Jt+i(x+ l,7)Jt_i(x + l,7) ̂  Jf(x+ 1 ,7). 

Thus to complete the proof of (6.7) we have to show that 

Jt(x + 2,7)Jt(x,7) ^ 7t+i(x + l,7)Ji_i(x+l,7). (6.12) 

It follows from (6.4) that for some a, say a, 

Jt{x + 2,7) = [Jt-i{x + 1,7) + (1 - P(a))( Jt_i(x + 2,7) - Jt-i{x + 1,7))], 

and hence 

Jt(a^-f2,7) 
Jt-i(a: + l,7) 

1  +  (1  -  p(a) )J - (^  +  2 .7 ) -J , - (^+l ,7 )  

J(._i(x + 1,7) 
(6.13) 

On the other hand, it follows from Ax,t-i and C'r.t-i that 

Jt-i(a^-l-2,7) ^ Jt(x-t-l,7) 

/t_i(x + l,7) Jt{xn) 
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and hence 

Jt-i(x-l-2,7) - Jt_i(x-f-l,7) ^ J t j x  +  ln )  -

-F-1,7) ^ /T(A:,7) 

Thus, from (6.13) we obtain 

+ (1 - •P(a))(-^"(^ +1) - •/•(^))] 

and (6.12) follows. Thus, the proof is complete. 

^ >^{+1(3^ +1) 

• 

Corollary 1. Under Assumption 6.1, Jt{x) is convex in x for each t. 

Proof. Since Jt{x) = exp(log/{(x)), the claim follows from Proposition 7 (a). • 

We know that for the risk-neutral allocation problem there exists an optimal poHcy 

TT =  (/O) •.. /AT-I) such that ft{x) is increasing in x for each t, and increasing in t for 

each x; see [41]. In the following proposition we show a result analogous for the 

risk-sensitive case. 

Proposition 8. Under Assumption 6.1, there exists an optimal policy TT = (/Q,  . . .  

IN-I)  Z®''  al location problem with exponential  total  cost  cri terion such that f*{x) 

is increasing in x, for each t, and increasing in t, for each x. 

Proof. It follows from Propositions 6 and 7 that logGt(a:, a, 7) is subadditive on X x 

A and superadditive on Ax {0,... N—l}. Now, for i = 0,1,... N, define Ht{x, a, 7) = 

GN-t{x, a, 7). Then logHt{x, a, 7) is subadditive on X x A and subadditive on A x 

{0,...AT — 1}. FinaEy, set At{x) = {a e A : logff£(a:,a,7) = mina'logi?t(i,a',7) 

and define /'_i(x) — mini4^. The result follows Theorems 14 and 15. • 
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6.3 Allocation Problem with P(a) Convex. 

In this section, we analyze the allocation control problem with ETC criterion for the 

case in which the probability function P(a) is convex. It is shown that, under the 

mentioned convexity condition, the optimal policy obtained in Proposition 8 has fur

ther structural properties. Moreover, those structiured optimal poHcies are compared, 

with those corresponding to the risk-neutral allocation problem (which are obtained 

in Appendix A). Finally, we apply the obtained results to the particular case of a 

linear terminal cost fimction, and again the conclusions are compared with those 

corresponding to the risk-neutral problem. 

Throughout this section, tt* = (/o,-..,/*_i) will denote the monotone optimal 

policy obtained in Proposition 8. 

Proposition 9. Assume that P{a) is convex and twice differentiable. Then, under 

Assumption 6.1, the optimal allocation problem can be reduced to a problem with 

the action set {0, M}. Moreover, the optimal policy TT* = (/Q, /*,.. ./jv_I) of the 

threshold-type, that is, there exist states such that 

that is, that there are no minimeil points in (0, M). Indeed, it follows from (6.6) that 

(6.14) 

t = 0,1,... iV" — L Moreover, the sequence of thresholds is decreasing. 

Proof. First, we will show that for € (0,M), 

Gt(2:,a,7) = e^''[Jt(a:,7) - Jt{x - 1,7)1(1 - -P(a)) + e^^Jtix - 1,7), 

which yields by differentiating both sides two times with respect to a: 
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QQ 
'(ar,a,7) = -e"'[Jt(x, j)  -  Jt{x -  l,7)][7P(a) + P'(a)] + 'ye"'Jt{x,^) ,  (6.15) 

da 

and 

q2Q 
-^(x,a,7) = -[Jt(x,7) - Jt{x - l,7)][72p(a) +27P'(a) + P"(a)] +7V"Jt(2;,7). 

Hence, 

^(x,a.7) = 0 ^ 

and 

a, 7) < 0 <=> , , < ^P"(a) + -P{a) + P(a). (6.17) 
d̂ a ' ' 7f(a:,7) - Jt(x-1,7) 72 7 

da Now, if Cx € (0,M) is such that ^ix,ax,j) = 0, then after adding ^P"{ax) + 

ip'(ai) to the right side of 6.16 we obtain 

XP"M + -PM + PM> 
7̂  7 Jt(r, 7)-Jt(ar-1,7)' 

because P"{a) and P'(a) are positive. Thus, ^^(x,ax,7) < 0 follows from (6.17). 

Since there £ire no minimal points in (0, M), then we must have f*{x) 6 {0,M} 

Vt, Vx. Moreover, if we define 

Xj := min{x : /'(x) = M}, 

t  = 0,1,... AT — 1, then (6.14) follows from the fact that f t{x)  is increasing in x. 

Finally, the sequence {xj} is decreasing since f*{x) is increasing in L • 

6.3.1 Allocation Problem with Linear Terminal Cost 

Now, to gain fiirther insight of the consequences of Proposition 9, we apply this 

proposition to compute the optimal policy in a particular example with linear final 

cost. 
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Example 1. Take C{x) = 2x, A = [0,1], and P(a) convex. We start by computing 

/iv-i(^)- To Proposition 9, we need only to compare the values of the 

function GQ{X, a, 7) at the extreme actions a = 0 and a = 1. We have that 

GQ{X, a,7) = e^®[P(a) Jo(a: - 1,7) + (1 - P(a)) Jo(x,7)], x > 1 

=  e ^ " [ P ( a ) e ^ ( 2 x - 2 )  +  ( 1  -  P { a ) ) e - ' ^ ]  x > l .  

Thus, 

G!o(x,0,7)=e'^" (6.18) 

and 

G„(i, 1,7) = e^(P(l)e-T + (1 - P{l))e^. (6.19) 

On the other hand, assuming that P(l) ^ I, we obtain that 

1 < P(l)e-^ + (1 - P(l))e' -!=>£•'< P(l) + e^^(l - P(l)) 

(1-^(1)) 

=27 _ 

1 
-e^ + 

F(l)  

l-P(l) 1-P(1)J 
> 0  

-6^' + 

(e-

7>log  

l-P(l) l-P(l) 

p(i) 

> 0  

- 1 > 0 

l-P(l)-

Thus, it follows from (6.18), (6.19) and (6.20) that 

a) if I < •?(!) < 1 and 0 < 7 < log(y^^) then 

(6.20) 

Go{x,  1 ,7) < G O(X,0,7); 

b) if I < •P(l) < 1 and 7 > log(Y^^) then 

Go(ar,0,7) <Go(ar,l,7); 
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c) if P(l) < I and 7 > 0 then 

GO(X,0,7) < Go(x,  1,7); 

d) if P{1) — 1 and 7 > 0 then 

GO(x,1,7) < GO(X,0,7). 

Therefore the optimal decision rule and the optimal value function Ji for 

the cases (a) and (d) are given by 

= (6.21) 
II if X ^ 1, 

and 

{1 if 21 0 

and for (b) and (c) by 

/^-iW=0> Vx 

and 

Ji(a;,7) =62^^^, a;>0. (6.23) 

Now, to compute the optimal decision rules /*, t  =  0 , . . . ,N  — 2 ,  we will first prove 

each  one  of  the  fo l lowing  s t a tements  by  induc t ion  on  t :  

I) if I < •P(l) < 1 0 < 7 < log(Y^^) then, for t = 1,... iV - 1, 

7,(1,7) =e^[P(l) + (1 - P(I))Jt-i(l,7)l; 

n) if I < P(l) < 1 and 7 > Iog(Y^^) then, for i = 1,... iV — 1, 

7) = Jo (x, 7). ar € X; 
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III) if P(l) < J and 7 > 0 then for t = 1,... iV — 1 

Mxn) = xeX] 

IV) if P(l) = I and 7 > 0 then for i = 1,... iV — I 

J,(l,7) = eW) + (1 - m)^.-i(l,7)]. 

First, let's prove (I). The validity of assertion (I) for t = 1 follows from (6.22). 

Next, by (6.2), 

Ji+i(I,7) =min{Gi(I,0,7), Gt(l,l,7)}, 

where 

Gt(x,a,7) =e ''°[P(a)Jt(x-I,7) + (l-P(a))Jt(a:,7)], x > I. (6.24) 

Thus, 

= ituii{J,(l,7),e''(P(l) + (1 - P(l))/i(l,7)l} 

= min{e^[P{l) + (l-P(l))J,.i(l,7)]. 

e^P(l) + (l-P(l))J,(l,7)l} (6.25) 

= elP(l)+(l-P(l))J,(l,7)], (6.26) 

where (6.25) and (6.26) follow from the induction hypothesis and Lemma 19 respec

tively. Thus the proof of (I) is complete. 

Now, let's prove (II). First, (6.23) implies that (II) holds for t = 1. Next, similarly 

as above, 

Jt+i{I, j)  = min{Gt(/,0,7), Gt{1,1,7)} 

= min{J,(/,7),enP(l)/t(/- 1,7) +(1 -P(1))W,7)]} (6-27) 

= min{/o(A7),e^[P(l)^o(-^- 1,7) + (1 - P(I))Jo(/,7)]} (6.28) 

= min{/o(/). MI)[e-^Pil) + e^(l - P(l))], 

= Ml) (6.29) 
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where (6.27), (6.28) and (6.29) follow from (6.24), the mduction hypothesis and (6.20) 

respectively. Thus (/) = 0 and since is increasing in x, we obtain 

that = 0, for all x. Therefore 

7) = min{Gt(x, 0,7), Gt{x,  1,7)} 

= Gtix,  0,7) 

= Jt(x,7) 

= Jo(rE,7), VXGX, 

and the proof of (II) is complete. 

The proof of (III) is similar to the proof of (II) but in this case (6,29) follows from 

(6.20) since P(l) < | => log < 0. The proof of (IV) is similar to the proof of 

(I). 

Finally, it follows from (I), (II), (III) and (IV) that /*(x), t = 0,1,..., iV—2, iV—1, 

are given by 

/.•W = (° ! (6.30) 
II if X ^ 1 

if ^ < P(l) < 1 and 0 < 7 < log j, or if P(l) = 1 and 7 > 0; and 

/r(x)=0, Vx 

if I < P(l) < 1 and 7 > log , or if P(l) < | and 7 > 0. 

Remark 8. Note that 

a) i f  \< P(l) < 1 and 7 > log(Ŷ ĵ) then the preferences of the j-decision maker 

differ from those of the risk-neutral decision maker: the 'y-decision maker prefers the 

action a = 0, whereas the risk-neutral decision maker prefers the action a = 1; see 

Appendix A; 

b) if P(l) = J then the '^-decision maker prefers the action a = 0, whereas the 

risk-neutral decision maker is indifferent between the actions a = 0 and a = 1; see 

Appendix A, 
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Chapter 7 

CMC's WITH NON-DEGENERATE COSTS 

In this chapter, we consider CMC's with cost per stage function depending on a 

disturbance. Unlike the model studied more frequently (see e.g., Bertsekas [6]), ours 

considers random distiurbances whose distribution is given by a stochastic kernel that 

depends explicitly on the prior disturbance. We show that, due to this fact and 

to the introduction of risk-sensitivity, the risk-sensitive optimal value functions at 

each stage depend on the prior disturbance. Moreover, the risk-sensitive optimal 

poHcies yielded by the corresponding dynamic programming (DP) algorithm are not 

Markovian, because the optimal decision function at each stage depends on the prior 

disturbance in general. In Section 7.1, the model is described and the general notation 

is given. In Section 7.2, a DP algorithm within oiur framework is proved in full detail. 

Finally, in Section 7.3, we collect some optimality residts for the infinite horizon 

optimal control problem associated to our general model. 

7.1 The Model. 

Let us consider a CMC specified by the tuple (X, A,D, Qo, Q, F, C), where: 

• X, the state space, is a coimtable set. 

• A, the action (or control) set, is a countable set. To each x € X we associate a finite 

non-empty subset i4(x) of A. A{x) represents the set of admissible actions when the 

system is in state x. The set K := {(x, a) : x € X, a € A(x)}, is called the set of 

admissible state-action pairs. 

• D, the disturbance space , is a Borel subset of R; 

• Qo, the initial transition law, is a stochastic kernel on D given K; 
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•  Q, the transition law, is a stochastic kernel on D given D x K; Q{B \ u,  x ,  a) is the 

probability that the system undergoes a disturbance from the set B, given that the 

last disturbance was i/, the present state is x and the chosen action is a. In addition, 

•  F, the treinsition function, is a measurable map from K x D into X; F(x,  a,  u) is the 

state at time 4 +1 if at time t, a state x and an action a occiured, and a disturbance 

1/ 6 D was selected. Finally, 

• C : K X D —*• R, the one-stage cost function, is a measiurable function. We will 

assume that C is non-negative and bounded: 0 ^ C{x,a,u) ^ AT < oo for every 

( x ,  a )  e K ,  u  e B .  

Note that the CMC we are considering is not completely stationary since the kernel 

giving the transition probability from the first stage to the second one is different from 

that governing the next transitions. 

The CMC (X, A,D,QO,Q,^)C) represents a stochastic djoiamical system ob

served  a t  t imes  t  =  0 , 1 ,  The  evo lu t ion  o f  the  sys tem i s  a s  fo l lows .  Le t  Xt ,  A t ,  

and Dt denote the state, the action chosen and the disturbance at time i 6 N, respec

tively. If the system is in state Xj = x 6 X, and the control At = a 6 A{x) is chosen 

then a  disturbance Dt occurs according to the transit ion probabil i ty Q{-1 Dt-i ,x,a) 

(or Qo( '  1 a: ,  a)  if  i  = 0).  If  the occurred perturbation is  u then (i)  a  cost  C{x,a,u) 

is incurred, and (ii) the system moves to a new state Xt+i = F{x,a,u). Once the 

transition into the new state has occiured, a new action is chosen, and the process is 

repeated; see [1, 29, 40]. 

The admissible history spaces are defined by 

Ho := X, Hi := (K X D)' X X , t> 1, 

and the canonical sample space is defined as 

0 = (X X A X D)~. 
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The state, action, disturbance, and history processes, denoted respectively by 

{A}t6T and {ffJteT are defined on the measurable space 

(fl, B (fl)) by the projections 

Xt{iuj)=xt,  At{Lj)=at,  Ht{u}) = {xQ,aQ,i/o,xi , . . .  ,ut- i ,xt) ,  

where B{Q.) is the corresponding product sigma-algebra. This means that when the 

observed path of states, actions and disturbances is u, the random variable Xt denotes 

the state at time t, At the chosen action at time t, Dt the disturbance occurred at 

time t and Ht the history up to time t. For TT 6 11 and ha € Ha, and denote 

the appropriate operators; see [29, 37]. 

7.2 Dynamic Programming. 

For hs € Hs, s = 0,1,... , n — 1, the EDC (ETC) to go from time s to time n due to 

a policy TT G 11 is defined as 

where Vs := 0 < /3 < 1 (/3 = 1), and for /in 6 Hn, 

7) sgwy. The stochastic optimization problem is to find a policy TT* such 

that 

"^0(^.7) = VxeX. 

We refer to such a policy as a 7-optimal policy. 

The following result, which provides an algorithm for finding an optimal poUcy, 

also shows that for an arbitrary history hg = (aro,aoi''Oi• • the optimal 

utility-to-go 

i^{u^_,(/i5,7)} 

does not depend on the whole history hs but only on the disturbance i/g-i and the 

state » 
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Theorem 19. (Dynamic Programming Algorithm) For s = n,...l ^5 = 0^, and 

hs = (iCo, ao, uq,..., Us-i, Xj) 6 H,, let ^ be the function defined on D x X (K) by 

= (sgu'y),  (7.1) 

'^0,si^s-uXsn) = imn \  Q{di/s\Us-i ,Xs,  as) 
aseA(,x,) IJj^ 

(7.2) 

U0i{i/Q,xi,y) = min I/* Q{di/i \ UQ,xi,ai)Up2(1^1,X2n)\ 
aieA(ii) J 

•"^,0(2^0,7) = min (/" QoCfii'o I aro,ao)eT'^('='''"°''^^i(i/o,xi,7)l (7.3) 
ao6>l(io) lJj3 J 

where Xj+i = F(i3,as, i/j). Let fo : X —>• A be a decision rule defined by 

j Qo(d^„ i xo,/o(xo))e^'='"'-'''<*"'''"tij,,(fo,f(xo./o{io).»'o).7) 

= ( / QQ{di/s\xo,a)e"'^^'"'''''"°'>Up ^{i/Q,xuy)\, 
o6A(io) J 

and for s = 1,2,... n — 1, let fa :D x X —*• A be a decision rule defined by 

/  QidUal Us-i ,XaJs{Ua-i ,Xs))  
JD 

f I.). 1^,), 7) 

o,€A(I.) J 

where Xj+i = F(x,, /^(xj),i/^). Then the deterministic policy ir* = (/o, /i,..., /n-i) 

IS ^-optimal, and for s = 0,1,... n — 1, 

'^p , s i^s- i ,Xsn)  = 7)}» V /i, = (xo,ao,Uq, . . .Us- i ,Xs)  €  H,. 

The functions , are called the optimal value functions since they give the optimal 

uti l i ty-to-go for each history hg.  
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Proof. Let tt = {qq, . . .  ,9n-i) be an arbitrary policy and hg = (/is_i,as_i,f5_i,r) 

an arbitrary history up to time s. To prove the theorem, we will prove that for 

s = 0,1,.. .n — 1, 

(7'-4) 

with equality if TT = TT*, i.e., 

(7-5) 

The proof of (7.4) and (7.5) is by backward induction. The inductive step holds for 

t = n since 

^AuC^.T) = sgnj = u;^_„(i/„_i,ar„,7). 

Now, assume that (7.4) and (7.5) hold for s + 1,.. . n. Then 

u'sJii.n) = E'MM C-S) 

= Y, f Q{du\u,^uX,a)e-'^'=^''''''>ul^,(h„a,i.,F(x,a,,^).l) (T.7) 
a^A{x)  

> Yi f Q{du\u.,ux,a)e-'l^'=^"'''iu;^^,{„.F{x,a,u).y) (7.8) 
ae4(i) 

>  m i n i /  Q ( ( i i / I  ^ . i ( i / , F ( x , a , i / ) , 7 ) |  ( 7 . 9 )  
aeA{x)  )  

= 'U^_,(I/,_1,X,7), (7.10) 

where (7.7) follows from the definition of the operators (7.8) from the induction 

hypothesis, and (7.10) from (7.2). This proves (7.4). Now, if TT = TT* then equality 

holds throughout the previous calculations and (7.5) follows. • 

Remark 9. Note that, unlike the analogous result in the risk-null case, the optimal 

policies provided by the above theorem are deterministic but in general non-Markovian. 

Remark 10. When 0 = 1, (7.2) becomes 

<(!/,_!,x„7) = min j f Q{dvg \ i/,_i,Xs,a)e^^^=^*'°'''')u;^i(i/s,a:,+i,7) I (7.11) 
ae>l(x) J 

where tx*(i/,_i, 7) := ,(i/,_i, x,, 7). 
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7.3 Infinite Horizon Optimality Results. 

In this section we collect some general results about the infinite horizon control prob

lem associated to the CMC (X, A, D, Q, F, C), which will be necessary to study the 

inventory problem for an infinite horizon in Chapter 8. To formulate this inventory 

control problem as a CMC, it is sufficient to consider, and so we do for the rest of 

this chapter, a simplified model in which the disturbance space D is countable, and 

the transition law Q is a stochastic kernel on D given K, i.e., Q is independent of 

the prior disturbance . The proofs of the mentioned results can be obtained by minor 

modifications of similar results in Chapter 3. 

Denote V := j4t,A)- The infinite horizon EDC due to a pohcy TT 

is defined as 

:= (7.12) 

= 

0 < /3 < 1. The stochastic optimal control problem is to find a policy TT* within the 

class n such that (7.12) is minimized, that is, such that 

J^'(x,y) = =: (7.13) 

We refer to the 7-optimal policy TT* as a EDC-optimal policy, and J/3(X,Y) is the 

optimal EDC. The following two theorems establish, respectively, that the value of 

the optimal EDC satisfies a functional equation, and that this equation characterizes 

Markov deterministic EDC-optimal policies. 

Theorem 20. ( Discounted Optimality Equation) For t = 0,1,..., the optimal 

value function satisfies the equation 

Jp{x,7/3^) = nm {V Q{i/ \ x, a, u), 7/3'+^)} 
a€A(x) 
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Theorem 21. Let tt = (/o, /i,... ,) be the policy such that ft{x) is defined by 

y 

= min Q(i/1 
aeA{i) ^-7' a 

Then TT is (EDC)-optimal for the infinite horizon problem. 

Denoting 

we obtain the following algorithm equivalent to (7.1)-(7.2): 

^/?,3+i(a:,7) = mm { | x,a)e^^('='''''*"J;3,,(F(x,a,i/),7/3)}. 
a€A(x) t/ 

We can interpret 7) as the minimal EDC that can be obtained starting at state 

X, with risk-sensitivity coefficient 7, and proceeding for s stages. 

The next theorem establish that the DP algorithm may be used to successively 

approximate J^(x,7). 

Theorem 22. (Value iteration): 

lim J'/3,n(a:,7) = J/3(x,7). n—+00 
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Chapter 8 

APPLICATION 3: SCHEDULING JOBS. 

In this chapter, a CMC model of a jobs scheduling problem is studied. To facilitate 

comparisons with the results we derive in this chapter, we include the analysis of 

the stochastic optimal control problem corresponding to the risk-null performance 

criterion given by an expected total weighted completion time (see [6] and [38]). 

Then, we introduce risk- sensitivity by considering the minimization of the expected 

exponential utility of the total weighted completion time. We use a particular example 

to show how, similarly to the risk-neutral case, the optimal policies obtained from 

the DP algorithm developed in the previous chapter are Markovian (i.e., the decision 

fimctions at each stage do not depend on the prior disturbance as in the general case). 

It is interesting to note, as we shall show, that for the risk-sensitive criterion a simple 

interchange argument is not applicable, and thus the only general computational and 

analjrtical tool for this situation is the mentioned DP algorithm. Finally, by means 

of a simple example, we illustrate how the optimal schedule depends on the risk 

sensitivity coefficient 7. 

8.1 Formulation of the Scheduling Jobs Problem as a CMC. 

The key elements of a job scheduling problem are as follows; see [6, 38]. 

N: number of jobs to process. 

Ti.- processing time of job i. We assimae that the processing times are independent 

random variables with known distribution. 

Wi: weight (usually interpreted as a holding cost) of job i. 
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Zit random completion time of job i. The distribution of the completion times depend 

on the chosen schedule. 

The problem is faced as follows. We have N jobs with independent processing 

times that are to be processed non preemptively (that is, determined before any 

processing begins) on a single machine. For simpUcity we assimie there are no arrivals, 

breakdowns, setup or switch over costs, or precedences. If job j is completed at time 

t, the cost incurred is Wjt, where Wj ^ 0. The problem is to find a job schedule such 

that the expected total weighted completion time E WjZj is minimized, where 

the expectation is understood to be taken with respect to the joint distribution of the 

{Ti}.  

A formulation of the previous problem within the context of CMC's is as follows. 

Define xq := (j> (the empty set), Xt :={the collection of jobs completed up to time i}. 

The (finite) state space X is defined as the collection of subsets of {1,2, ...,iV}, i.e., 

X = 2^^'^ and A := {1,2,..., N} denotes the action space. The set of admissible 

state-action pairs is given by K = {(x, a) : ar € X, a € x'^}. The model is event driven, 

i.e., time is incremented when a job is completed. Let at denote the action taken at 

time t, i.e., the t — th scheduled job, and compute 

DQ=Tao, Dt = Dt-i+Tat, t = 1,2,... ,iV —1. (8.1) 

Let the one stage cost function be given as 

C(xt, Ot, Dt) = Wa,Dt =Wa,{^Ti+ Ta,) , (8.2) 
x€xt 

and the transition fimction F is given as 

F{x,  a, t /)  = X U {a}. 

The random disturbance Dt given by (8.1) takes values i/t € and has a distribution 

P{DoeB)=PT^^{B),  
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P{Dt £  B I i/t-i,at) —  Pi,t_^+Tat{B), t — 1,... ,N — 1, 

where J5 is a Borel subset of K"*", and Px denotes the distribution of the random 

variable X. The history spaces are given by Ho = {(0)}, and for t = 1,2,...iV, 

Ht = (K X X X. The initial stochastic kernel QQ{- | •) on given A is 

defined by 

Q o { - \ a )  : = F n . ( - ) ,  

and the stochastic kernel Q { -  | •) on given R"*" x A is defined by 

Q { - 1  u , a )  : = P u + T a i - ) -

An admissible Markovian deterministic policy t t  =  {/o, / i , . . . , /n- i}  €  UMD sat

isfies ft{x) 6 To the deterministic policy TT = {/o,—,/n-I} corresponds the 

sequential order of the jobs 

(/o (0) , /l ({/o (0)}), h ({/o (^) . /l ({/o (<A)})}), .••). 

Thus, a policy TT € UMD IS associated with an open-loop schedule {CO,... , ciAf- I } -

8.2 Risk Neutral Case. 

Let TT = (ao,ai,... ,a^_i) 6 UMD, and 0 the initial state. The total cost inciured 

by TT is given by 

-=^(0,00) + ... + C({ao,(8.3) 

where 

C(X£, Ot) = WAT ( ETi + ETat). 
i€xt 

(8.4) 
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Remark 11. Note that given the linear dependence of risk neutral criteria on the 

one stage costs, all that one needs in this case is the mean processing times given by 

(8.4)' However, as we shall see later, for risk-sensitive criteria the dependence of the 

one stage cost on the ''disturbance" Ta^ will need to be made explicit, and hence the 

mean processing times will not suffice in that situation. Thus, the explicit use of (8.2) 

will be needed. 

The optimal cost, ul{(j}) := inf {iio(0)}, satisfies the last step of the standard 
irelljv/D 

Dynamic Programming recm-sion: 

u^(x) = 0, 

u*, (x)  = min < 
061= Wr, E Ein] 

A:6xU{a> 

Of course, in this case the optimal schedule could also be obtained by total enu

meration. As an illustration of this algorithm, we obtain next, the optimal schedule, 

and the optimal cost for a simple problem with 3 jobs. 

Example 1. We suppose that there are 3 jobs to be processed in sequential 

order. Let /i,/2,/3 be the distributions of Ti,T2,Tz respectively, where f^fz are 

concentrated in 1, and /2 is given by 

0 with probabiUty ^ 
/a = < 1 with probability | 

10 with probabihty ^ 

The weights and expected processing times are given by 

jobs 1 2 3 
6 10 8 

E{Tj) 1 1 1 
WJ 
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We have that U3({1,2,3}) = 0, 

^({1,2}) = w^E[T,^To^T^]= 2A, 

^({1,3}) = W2E[T,+T2+T^\= ZQ, 

ti2({2,3}) = [Ti + 72 + T3] = 18. 

Substituting these values in u\ we obtain 

<({1}) = min{t,;2£:[ri + r2l+t,J({1.2}), 44, 

u:({2}) = inin{m,f;[r,+r2|+u;({l,2}), i»3B[r2+T3|+ti;({2,3})}= 34, 

u:({3}) = mm{m,B(T,+r3l+ti;({l,3}), u.2£[r2 + r3]+u;({2,3})} = 38. 

Finally, we calculate the optimal cost: 

u'M = min{u;ii;(Ti)+ut({l}), zt;2£;(T2) + uI({2}), ti;3£?(T3)+ut({3})} 

= min (6+ 44,10 + 34,8 + 38} = 44, 

and the optimal schedule is S = (2 31). 

Interchange Argument. In problems for which there exists an optimal open 

loop policy, an interchange argument may be used to obtain (necessary) optimality 

conditions [6, 38]. Let tt' = j)ir4-2)• • • optimal sched

ule, and consider the schedule TT' = (ZQ, ... i,^R^.2, • • -ijv-I) obtained from TT* 

by interchanging the jobs i and j. We have that 

<'(<^) = ci + C({io,-.-,C_i},i)+C({zo,..-,z;_i,i},j)+C2, 

= ci + C({io,... ,Ci},j)+C({zo,... ,i;_i,j},i)+02, 

where 

ci = C{<l>, z'o) + C({io}, ij) +... + C({2o,... i'-2}> C-i) 1 
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and 

C2 CI('{^2Q, . . . I) J}, V+2) "I" . - - "I" C('(ZG, . . . ̂^—2}') ^IV—L)* 

Since TT* is supposed to be optimal, we obtain 

WiE{tr + Ti) + 1l)^E{tr •\-Ti+ T^) ^ 

W^Eitr 4- 7j) + WiE^t-r + ̂  + Ti), 

where Canceling equal terms in the last inequality we obtain 

W\ W\ 
(8.5) 

E(Ti) ^ E{T{)-

Proposition 10. The rule that processes the jobs in decreasing order of is 

optimal. 

Proof. Suppose that the schedule T T* = (io, Z I , . . .  ,ir-i,i)j)W2)---^iv-i) I S  optimal 

and the jobs i and j do not satisfy the nile, that is, Then by taking 

TT'  =  {io, i i , . . .  , i r -I,j,i , i r +2, •. WE obtain from (8.5) that 

This contradicts the optimality of TT*. • 

This result allows us to give a simple algorithm to find the optimal schedule: 

Scheduling Algorithm (Risk-null case.) 

Step 1: Compute E{Ti) for all i, and write 

Wi Ri = 
E{T,y 

Step 2: Sort {Ri} in decreasing order; break ties in any arbitrary way. Denote by 
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the sorted array, i.e., 

^ %+r 

Step 3: Obtain the optimal schedule 

TT* = {21,^2, • • 

As an illustration of the simpUcity of this algorithm, we obtain the optimal schedule 

in Example 1. We have that 

Ri = 6, i?2 — 10) -^3 ~ 8. 

Therefore, the optimal schedule is S = (231), since 

R2 > > Ri-

Remark 12. In the optimal schedule we have that job 2, the first job scheduled, is 

the one with processing time having largest variance. Note that the variability of job 

2 impacts greatly the variability of the total cost. For example if T2 takes the value 

10,  then the total  cost  wil l  be 10(10) + 8(10 + 1) + 6(10 + I  + 1) = 260, while i fT2 

takes the value 0, then the total cost vnll be 20. Thus a risk averse Decision Maker 

(DM) may prefer to schedule later the job 2; that is, the schedule S — (231) may not 

to be his/her optimal schedule. 

8.3 Risk Sensitive Case. 

Suppose now that the Decision Maker (DM) has constant risk sensitivity coefficient 

7 ̂  0; see [35, 39, 47|. The case 7 > 0 (7 < 0) corresponds to a risk-averse (risk-

seeking) DM, and if 7 = 0 we recover the standard risk-neutral situation. Thus 

the exponential total cost due to a policy tt = {aQ,ai,... ,aAr-i) € Hmd would be 
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computed as 

<(0,7) =£' W,(5^C(i„a„A)) 

(8.6) 

and thus one sees that (8.4) is not enough to compute (8.6), but instead (8.2) is 

needed. 

For TT = (ao,... ,ajv-i) 6 IIJV/D, and ht 6 Ht, the utility-to-go functions uj are 

given by = sgwy, and for ^ < AT by 

where DQ = Tag, Di = A-i +Ta„ I =  I,...N —  I. According to Theorem 19, the 

optimal utility-to-go functions satisfy the rectu:sion ti)^(i/;v_i,x,7) = 

sgwy, for t = ^ — 1,..., 1, 

where Qo(- I a) = PtA ')-

Next, we apply the DP algorithm to Example 1. This particular example will 

illustrate how, for the jobs scheduling problem, the optimal decision function at each 

stage obtained from the DP algorithm does not depend on the prior disturbeince (as 

it does in the general case). 

Example 1 (revisited.) For simplicity we take 7 = 1 (risk averse case.) Then we 

have that 

tij(i/t_i,x,7) =min 
U^+ {JR+ U {a}, 7)] I, 

where Q { -  \  U t - i , a )  = Pu,.i+Tai'), and 

^ ̂  I I {«}. 7)] I 

"3(1̂ 2, {1,2,3}, 7) = 1. 
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Thus, 

JR+ 

uliui, {1,3}, 7) = / Qidiy2 I i'l, 2)6"^'^ = E[e''^^]-, (8.7) 
JR+ 

U|(I/i,{1,2},7) = [ Q(di/2i 1/1,3)6"'''^= = e®'^e®-
JR+ 

Substituting these values in u* we obtain 

"[("Oifl},!) =min|jf^Q(ii'i I i'o.2)e'""u;(fi,{l,2},7), 

/ Qldi-i |t/o,3)e'"''S(''i.{1.3},7)| 
JR+ )  

= min £^QmT3-^£J^Q(.W2+W3)T2j g(W2+W3)uo j^^g"'2T2j£J^g(w2+U)3)T3j| 

= min {£;[e"'=»^=»|E[e("'2+i"3)T2j^ E[e"'2^=^]£:[e{"'2+^3)T3j | 

= ei8'^min{e8£;[e^8^^], 

= e"'^e"E[e^°'^'l; 

Similarly, 

"i(i^o,{2K7) =min( f Q{di/i | UQ,l)e^'''ul{ui,{l,2},y) , 
[.JR+ 

[ Q(di/x|i/o,3)e®'''^(i/i,{2,3},7)| 
Jr+ J 

= f Q{dui I i/o,3)e®'^W2(''i.{2,3},7) = 
Jr+ 

ei4^oe20 

and 

«I(''o,{3},7) =ioml^j^ Q{di/i \ 1/0,1)6^*^1/2(1/1, {1,3},7) , 

Q{dvi I I/O, 2)ê °''̂ ul{i/i, {2,3}, 7) | 

= f Q(rft/i|i/o,l)e«'^tz^(i/x,{l,3},7)=e"''«'e"E[ei°T»]. 
JR+ 
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Finally, let's calculate 

uj(<^,7) = min ( / Qoiduo [ {1}), f Qoidi^o \ 2)e^°'^nt(i/o, {2}), 

f  Qo(r f i 'o |3)e8 '^^xt ( j^o ,{3})  
JR+ 

= f Q(du„ I {3})} = 
7R+ 

(8.9) 

Thus, from (8.7), (8.8) and (8.9), we obtain 

"5(0,7) Q{dv2\ui ,2)  
711+ ./ K+ ./IK 
£J[g(U'l+U'2+1f3 )T3 ] ̂ [tUl+tU2)'ri |^[U'272] (8.10) 

Thus, it follows from (8.10) that the optimal schedule is S = (312), which, as we 

expected (see Remark 12), is different to the optimal schedule S = (231) obtained 

in the risk neutral case, and one that schedules the most uncertain job for last. Now, 

since the optimal schedule is an open-loop policy and motivated by the risk neutral 

case, we can pose the following question. 

Question: Applying an interchange argument, can we derive some simple necessary 

and sufficient conditions for optimality? 

We proceed to investigate this question. Suppose that the schedule tt* = (fo,... , 

ir-i,i,j,2r+2, • - • AN-I) is Optimal. Let Mi = ^«fc' for Z = 0,1,.. .r — 1, and let 

Sr+i = ^ for i = 2,3,... iV - r — 1. We have that 

where K2 = and 

— ̂^g7(A/o+u'|-Huj+5r+2)T<o| .. i+"'t+i"j+5r+2)ri^_ij_ 
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Let tt' = (i'oi-- - be the schedule which interchanges the 

jobs i and j. Then 

Since the policy tt* is supposed to be optimal, we have that, if 7 > 0 then 

£;[g7("'i+«i'j+5r+2)rij^^g-)(u;j+Sr+2)Tjj ^ £;^g7("'t+u;j+Sr+2)Tjj^^g7(u;i+5r+2)Tij^ (8.11) 

and if 7 < 0 then the reverse inequaUty holds. Hence, we arrive at the following 

answer. 

Answer: As opposite to the risk-neutral case, we notice that by applying an 

interchange argument, we do not derive any simple general condition for optimality. 

Observe that (8.11) involves the jobs scheduled from the job i onward. Thus, in this 

case, the DP edgorithm is the only way we have to compute the optimal schedule. 

Certainty, a possibility is to explore particular distributions for {Tj}, e.g., see [36], 

and perhaps (8.11) may then yield simpler optimality conditions. 

8.4 Optimal Schedule Dependence on 7 

In this section, we will illustrate, via a simple example with 2 jobs, how the optimal 

schedule depends on 7. We will show that there exists 7* > 0 such that S = (1 2) 

wiU be optimal for a DM with risk sensitivity coeflB.cient less or equal than 7', while 

S = (2 1) will be optimal for a DM with risk coefficient great or equal than 7*. 

Example 2. Suppose that we want to process 2 jobs whose weights and processing 

times are given by 

jobs 1 2 
Wj 7 6 

Ti takes values 2 and 4 with probability | each one, and T2 is concentrate at 3. Note 

that E{Ti) = EiTz) = 3. Thtis since 

Wi W2 
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it follows from Proposition 1 that 

S = (12) is optimal if the DM is risk-neutral. (S-12) 

We consider now a risk-sensitive DM. Note that in any example with 2 jobs, the 

inequalities (8.11) turn out to be very simple to manipulate. We have that 

^267 1 p527 
£;^g7(u'i+u,2)rij£.^g7ii^T2j ^ z 

and 

p287 
^ g397 Z . 

Thus, 

= (e267 + e527) gl87 _ ^397 (gl47 ^ ̂ 287) 

= e'"'^3(7). 

where 5(7) = + 1. Thus, we obtain that 

£;[e7(wi+"'2mj£;^g7i"2T2j > ^[e^(«i+^2)r2]^jgU,:Tt] jf > Q. (8 

and 

£;[e7(t"i+«;2m|^^g7i^2T2| < £;[g7(wi+u;2)T2j^[gmTi| j£ ^ g. (8.14) 

Lemma 20. Let 5r(7) := e^®'' — +1. Then, the following statements hold: 

i) 5(7) has only two real zeros: 

1 3 
7i=0, anrf7* 6 (-In-, 1); 

5(7) <0 z/0 < 7 < 7*; 

in) g{'y) >0 ifj<0, orj > Y-
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Proof. We have that 

^'(7) = 26626^^ - 23623^^ - 9e®^ 

= e^hin), (8-15) 

where 

h{-i) = 26e^^^ - 23e^'^'^ - 9. 

It is easy to see that /i'(7) = 0 if and only if 7 = 5 In Therefore /i(7) has at most 

two real zeros and hence, from (8.15), g' has at most two real zeros. Moreover, g' has 

a zero in (0,1) since ^'(0) = 26 — 23 — 9 < 0, and ^'(1) > 0. Let 7 > 0 be the smallest 

zero (if there exist two) of g'. Then since ^'(0) = —6, we have that ^'(7) < 0, for all 

7 € (0,7), and therefore g is decreasing in (0,7). Since ^(0) = 0 we have that 

Now, ^(1) = e®(e^^ — — 1) >0. Therefore there exists 7* 6 (7,1) such that 

5(7*) = 0, and 

5(7) <0, for all 7 € (0,7). (8.16) 

5(7) <0, for all 7 € (7, Y) (8.17) 

Thus (8.16) and (8.17) imply ii). 

Now, let 7 < 0, and b = —7. Then 

g\l)=^g'{-b) = (26e-^^''- 23e-^^''- 9) 

Then g is decreasing in (—00,0), and since ^(0) = 0, we have that 

5(7) > 0. for all 7 6 (—00,0) .  (8.18) 

Finally, 

5(7) >0, if7>l. (8.19) 
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Thus, (8.18) and (8.19) imply iii). 

Moreover, 

= (8.20) 

Therefore 7 = |ln|, and g has only two real zeros: 71 = 0, and 7* > jln|. Thus, 

the proof is complete. • 

Proposition 11. There exists | In | < 7* < 1 such that: 

S = (1 2) is optimal if 

S  =  ( 2  1 )  i s  o p t i m a l  i f ^ ' ^ Y -

Proof. The proof follows from (8.12), (8.13), (8.14), and Lemma 20. • 
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Chapter 9 

APPLICATION 4: INVENTORY CONTROL 

In this chapter, a formulation of an inventory control problem as a CMC is given. 

To that end, we consider a simplified model in which the disturbance space D is 

countable, and the transition law Q is a stochastic kernel on D given K, i.e., Q is 

independent of the prior disturbance. In Section 9.2 (9.3), it is shown that the finite 

(infinite) horizon inventory control has a base-stock optimal policy. See, e.g., [6, 40] 

for an analysis of the inventory control problem with risk-neutral discoimted cost. 

9.1 Formulation of an Inventory Control Problem as a CMC 

. At the begirming of each period, the manager of a warehouse determines current 

inventory of a product. He decides whether or not to order additional stock and 

therefore what will be the inventory level for that period. In doing so, he is faced 

with a tradeoff between the costs associated with keeping inventory and the penalties 

associated with being unable to satisfy customer demand. Let us denote 

Xt: stock available at the beginning of the i-th period. 

At: nxmaber of units ordered at time t. 

Dt: demand at time t. 

We assume that the demand has a known probability distribution p„ = P[Dt  = u],  

1/ = 0,1,... L € N, i = 0,1,..., and that excess demand is back logged and filled 

as soon as additional inventory becomes available. Thus the inventory at time t -f 1 

is related to the state, the action, and the demand at time t, through the transition 
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function 

F(x, a, I/) = X + a — I/. (9.1) 

The state and action spaces are given by 

X = {... ,-1,0,1,... and A = {0,1,2,...}, 

where M is the capacity of the warehouse. For a; € X, the set of admissible actions 

is the finite set 

Note that 2 < 0 corresponds to back logged demand. The transition law Q is 

given by 

and it is independent on (x,a). The cost incurred at each period t  consists of two 

components: 

(1) the purchasing cost, c • {at), where c is the cost per imit ordered; and 

(2) the inventory-related cost, H{xt ,  a t ,Ut)  =  h - (x t  + at  -  Ut) '^  -hp -  (u t  -Xt  -  at) '* ' ,  

where h and p are the holding and penalty costs per unit respectively. 

In finite-horizon problems, each remaining unit at the last period time has a 

salvage value of c. The discounted cost up to time N is denoted by 

A{x)  = {0,1,... M - x}. (9.2) 

(3(1/ 11, a) = (9.3) 

VK := 53 /3'[c • (oj) + H{x, ,  a , ,  f,)] - • ijr 
t=0 

AT-l 

= + ̂ t )  + at ,  Ut)  - jdc-(x t+at-  i / t )]  
t=o 

{x t )  + ̂  • (x t+i)  
t=0 

N-l 

= S  + Ot)  +  H{xt ,  a t ,  Ut)  -0C'{x t+at-  Ut)]  -C-XQ.  
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Denote C(x, a, u)  := c • (x + a) + H{x,  a, i/) — /3c • (x + a — u) .  Then 

N-l 

= /3'-C{XT, AT, DT) -  CXQ. 
i=0 

Let VN := 0^C{Xt, At, Dt). For a deterministic policy TT, let 

"^,0(2^.7) := E^iUyiVN)] .  

Note that the policy that optimizes 

also optimizes 

inf{£;m(Pjv)l}. 
T T  

In this section, we consider the optimal control problem with discomited cost VN-

According to Theorem 19, the DP algorithm for this model is as follow: 

W/3,Ar(x, 7) = sgwy;  and for t = AT — 1,... ,0, 

7) = I ̂  (x-f a -1/, 7) I, 

where C(x,a ,u)  = c - (x+ a)  + h • (x  + a — u) '^  +  p-{ i /  — x  -  a)"^ — 0C'  {x  + a — u) .  

Remark 13. Note that, while the optimal value function for the scheduling jobs 

problem studied in Chapter 8, Up^ai^s-i,X3,j), depends on the disturbance-state pair 

(fs_i,Xs), the optimal value function for the inventory problem, u^^(xa,7), depends 

only on the present state x^. This is due to the fact that the transition law, Q, is 

independent on the prior perturbation. 

9.2 Base-Stock Optimal Policies. 

this section, it is shown that the inventory control model has a base-stock optimal 

policy. A base-stock policy is a decreasing policy TT = (/o,/i,.. ) such that, for 
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f = 0,1,..., the decision rule ft is given by 

where Xqi i • • • base-stock levels. 

The following theorem, which will be used to show that the inventory problem has 

a base-stock optimal policy, gives suflScient conditions under which the finite horizon 

CMC, has a decreasing optimal policy. For (a;, a) 6 K, let 

u 

Theorem 23. For t = 0,1,... n — 1, let 

A*{x)  = {a 6 A{x)  :  Ht{x ,a , j )  = min Htix ,a ',^)y, 
a'SA{x) 

and ft{x) :=maxA*(x), Suppose that 

i )  X 1—> A{x)  i s  a  decreasing funct ion,  i .e . ,  x  ̂  x '  impl ies  A(x') C i4(x); 

ii) for each x 6 X, the set A{x) is such that a 6 A{x) and a' < a imply a' 6 A{x); 

and 

Hi) For t = 0,l,...n—l, ifx^x', Ht{x', •, 7) — Ht{x,  7) is increasing on A{x'). 

Then (/o,/i,. - -/n-i) w an optimal, policy such that ft{x) is decreasing in x for each 

t. 

Proof. The optimality of (/O,/I, . . - / T I -I)  follows from Theorem 19. Now, assiune 

that /t(x') > ft{x) for some a/ ^ a:. Then, it follows respectively from i), ii) and iii) 

that /£(x') € A(x), ft{x) e A(x') and 

Ht{x\ ft{x'),y) - Ht{x, ft{x'),'y) ^ i?t(x',/t(x),7) - flt(x,/t(x),7). 

Consequently, we obtain 
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0 ^ Ht{x\ f t{x ' ) , j )  -  ffj(x',/t(x),7) 

^ HtixJt ix ' ) , -^)  -  HtixJt ix)^)  

^0. 

But f t ix")  6 A{x) ,  and Ht{x,  f t (x ' ) , ' y )  =  Ht{x , f t{x) , 'y )  contradict the definition of 

• 

Define C : X x D —> R by 

C{y,  u)  = c '  y  + h • {y  -  +p • {u  -  y) '^  -  pc •  {y  -  u) .  

Then, we obtain that C{x,  a ,  v)  = C{x + a,  u) ,  for all (x, a)  € K. Bouakiz and Sobel 

[9] showed that if p > c(l — /3) then, for each 7' > 0, and i 6 (0,1...the function 

K.y:X-.R defined by 

Vi,y(!/) := 
u 

is convex in y, where J/3,£(x, 7) denotes the optimal EDC that can be obtained starting 

at state x, with risk-sensitivity coefficient 7, and proceeding for t stages, i.e., 

7) = 7/?^'')- (9-7) 

This convexity property and the following lemma will be used in the proof of 

Proposition 12. 

Lemma 21. Let Y and Z be subsets o/R. Let G be a real-valued increasing Junction 

onY X Z, and H a real valued, convex function on the real line. Assume that 

G{y,  z )  +  G{y ' ,  z ' )  =  G{y\  z )  + G{y,  z ' ) , Vy' >y,  z '  >  z .  

Then the composition of the functions H and G, H{G), satisfies 

H{G{y\z) )  + HiG{y,z ' ) )  <  H{G{y ' ,  z ' ) )  +  H{G{y,  z ) ) ,  Vy '  >y ,z '> z .  
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Proof. Let •/ > y, and z' > z. The proof of this result follows from the following 

identity: 

z))  +  H{Giy,  z ' ) )  -  H{G{y ' ,  z ' ) )  -  H{G{y,  z ) )  =  

[H{G{y ' , z ) ) -H{G{y ' , z ' )+G{y,z) -G{y,z ' ) ) \  

+ [H{G{y\  z ' )  +  G{y. .  z )  -  G{y. ,  z ' ) )  -  H{G{y' ,  z ' ) )]  

-HiG{y,z) ) -hH{G{y,z ' ) )  

• 

Proposition 12. If p > c{l — 0), then there exists a decreasing optimal policy 

TT = {fo, fi,.../N-I) for the inventory control with an exponential discounted cost 

cr i ter ion.  Furthermore,  for  t  = 0,1 , . . ,  N — I ,  

/.W = {/,{0)-I)^ VxsX, 

where /t(0) is the base-stock level for the period t. 

Proof. For {x ,a)  6 K, let Ht be the function defined in (9.5), i.e., 

Ht{x,a , - f )  = + a - i/,7). 

Let f t {x)  max>l^(x), where 

Al{x) = (a e A{x) : Ht{x,a,'y) = min {Ht{x ,a ' , ' y )}} .  
a'6A(i) 

First, it follows from Theorem 19 that (/o,/i,.--/iv-i) is optimal. Next, we will 

apply Theorem 23 to prove that, for i = 0,1,... iV — 1, ft{x) is decreasing in x. Note 

that the set K for the inventory control problem satisfies the conditions (i) and (ii) 

of the mentioned theorem. On the other hand, it follows from (9.5), (9.6), and (9.7) 

that 

Ht{x,  a ,7)  =  t+i(x  +  a -  d,7)  
d 

= + (9-8) 
d 

= + 0-)' 
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Thus, since is convex, and <t>{x,a) +0(a;',a') = 0(a:',a) + 0(a;,a'), where 

0(x, a) = X + a, then by Lemma 21 we obtain that 

i f t (x ,a ,7 /3 ' )  +^t(x ' ,a ' ,7 /3 ' )  ^  Ht{x ' ,a ,y(3^)  - i -  Ht ix ,a \ 'YP^) .  

Hence, if x' ^ x, then 

is increasing on A(x'), i.e., Ht satisfies Condition (iii) of Theorem 23, and therefore, 

for i = 0,1,... iV—1, /t(x) is decreasing. Now, it follows from (9.8) and the definition 

of ft that 

Ht{x + lJ t{x)  - 1,7) = Ht{xJt{x) , j )  

^  Ht{x ,  a ,  7), Va ^ M — x  (9.9) 

= i?t(x+l,a - 1,7), "iâ M — x. 

Therefore, f t {x  + 1) = f t {x)  — 1. Hence, 

t M - / -1 if I ̂  /•(<)). (0 101 
0 if  I  >/<(«)• * '  

The optimal policy obtained is a base-stock policy and /t(0) is the base-stock level 

for the period t, • 

9.3 Infinite Horizon Inventory Control Model. 

In this section, we will show that the infinite horizon inventory problem has an ul

timately stationary base-stock optimal policy. The following theorem, which will be 

used to show that the infinite horizon inventory problem has a base-stock optimal pol

icy, gives sufficient conditions under which the infinite horizon CMC, has a decreasing 

optimal policy. For (x, a) € K, let 

Gt{x,a)  I (9.11) 
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Theorem 24. For i = 0,1,... n — 1, let 

Al{x) = {a 6 A{x) : Gt(x,a) = min Gt(x ,a ' )};  
a'EA (x)  

and ft{x) := maxi4^(x). Suppose that 

i) X I—* A(x) is a decreasing function, i.e., x ^x' implies A{x') C A{x);  

a) for each x 6 X, the set A{x) is such that a € A{x) and a' < a imply a' 6 A{x)-

and 

Hi)  For  t  =  0 ,1 , . . . ,  ifx^x', Gt{x', •) — Gt{x, •) is increasing on A{x'). 

Then (/o, /i, - • •) is an optimal policy such that ft{x) is decreasing in x for each t. 

Proof. The optimality of (/o, f i , . . . )  follows from Theorem 21. The rest of the proof 

is similar to that of Theorem 23. • 

Let 

00 

V:='£,0 '[c-{at )+H{x„a„d,)]  
t=0 

00 OO 00 

= +o-t) + H:{xt, at, dt)-Pc-{xt-hat-dt)j -^ i3'c'(xt) (xt+i) 
t=0 t=0 t=0 

00 

= ^/3'[c • (x t  + at)  + I I (x t ,a t ,d t )  -  /3c• (x t  + - dt)] - C - X Q .  
£=0 

Thus 

00 

V = J3''C{xt,at,dt) - CXQ. 
£=0 

For a deterministic policy tt = (/o, /i,...), let 

and 

J^(x,7) =mf{^(a:,7)} (9.12) 
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Note that the policy which optimizes (9.12) also optimizes the problem with dis-

coimted cost V. 

The discoimted optimality equations for this model are given by 

= min (x + a -
aeA(x) ^ 

Proposition 13. I f  p  > c[ \  — 0)  then there  ex is ts  a  base-s tock  and ul t imately  s ta

tionary optimal policy for the infinite horizon inventory control with exponential dis

counted cost criterion. 

Proof. It follows from Theorem 22 that 

lim V„,yly) = - d,-r'0)] =: Vy{y). 
fl—*00 

d 

Thus, since the limit of convex fimctions is convex, we obtain that V^'(y) is convex 

in y for each 7' > 0. On the other hand, we have that 

Gt{x,  a) = + a - i/, 
U 

= Vy0t{x- \ -a) .  

Hence, by Lemma 21 we obtain that 

Gt{x,a)  + Gt{x ' ,  a ' )  ^  Gt(x',a) + Gt{x,a'), x' ^ x, a' ^ a, 

or equivalently, 

if x' ^ X, then G{(x', •) - Gt{x,  •) is increasing. 

Thus, analogously to the proof of Proposition 12, the radstence of a base-stock 

optimal policy follows from Theorem 23. Moreover, since the state space is in fact 

f in i te ,  i .e . ,  X = {—L, . . . ,  —1,0, . . .  M},  there  exis ts  N such that  / t  =  /  for  t  ̂  N; 

see [32, 33]. Therefore there is an infinite horizon optimal policy which is base-stock 

and ultimately stationary. • 
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Appendix A 

RISK-NEUTRAL OPTIMAL RESOURCE ALLOCATION 

For tlie purpose of comparing the results obtained in Section 6.3 about stnictiured op

timal policies for an optimal allocation problem (with ETC criterion), in this appendix 

we study the corresponding risk-neutral allocation problem. Section 1 siunmarizes 

some results about mono tonicity properties of the optimal value function and policies. 

For the proofs of those results we refer the reader to Ross [41]. In Sections 2 and 3 

we derive further structmral properties of the optimal poUcies under the assumption 

that the probability function P(a) is convex. 

A.l Monotone Optimal Policies 

For t = 0,1,..., iV — 1, denote 

Ft{x ,a)  :=a +P{a)Jt{x-1)+ {1 —P{a))J t{x) ,  x > I, (A.l) 

where Jt{x)  is the risk-neutral optimal total cost when t  stages remain to go and the 

state at time N — t is x. Note that Ft{x,a) is the function within brackets in the 

(risk-neutral) dynamic programming algorithm 

M x )  =  0 (A.2) 

Jt+i{x) = {C(x,a)-f-^pxj,(a)^£(y)}. (A.3) 
y 

Let 

At{x)  {a  :  Ft{x ,a)  =  inf{F£(x ,a ' )}}  
a' 
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and 

/t(x) := iiiinA(2:). 

For a proof of the following two results we refer to [41]. 

Lemma 22. The optimal value function Jt{x) is increasing in x and decreasing in t. 

Proposition 14. Assume that C(x) is convex. Then — {fo,..., fisr-i) is an opti

mal pol icy  for  the  r isk-neutral  a l locat ion problem such that  for  i  =  0, . . .  AT — 1 ,  f t {x)  

is increasing in x; and for fixed x, ft{x) is increasing in t. 

A.2 Risk-neutral Allocation Problem with P(a) Convex 

Throughout this appendix, the policy i t  =  {fo , . . . , fM-i )  will denote the monotone 

optimal policy obtained m Proposition 14. In the following proposition we will show 

that when the probability function P{a) is convex, the allocation model is reduced to 

a problem with two actions: the extreme points of the interval [0, M]. Consequently, 

there exists an optimal threshold policy. 

Proposition 15. Assume that C{x) is convex and P{a) is convex and twice differ-

entiable. Then the allocation optimal control problem (mth total cost criterion) can 

be reduced to a problem with two actions: the extreme points of the interval [0, M]. 

Moreover, the optimal policy it = {fo, fi,... fN-i) is of the threshold-type, that is, 

there esdst states XQ, X^J ..., such that 

t = 0, l, . . . iV — 1. Moreover, the sequence of thresholds is decreasing. 
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Proof. It follows from (A.l) that 

Ft{x ,a)  =a + [Jt ix)  -  Jt{x  -  1)](1 -  P{a))  H- Jt{x  - 1), 

and hence 

dF> 
•^(x,a) = 1 - - 7,(1 - 1)] 

and 

q2 P 
= -P"(a)(J,(i) - J,(x - 1)]. 

Thus, since P"{a) > 0 and Jt{x) is increasing in x (by Lemma 22) we obtain that 

^^{x,a) < 0, and therefore Ft{x,a) is concave in a. Consequently, 

Mx) = {0,M},  

and hence, f t {x)  6 {0, M}. Moreover, if we define 

xt  := min{x : f t {x)  =  M},  

then (A.4) follows from the fact that f t {x)  is increasing in x.  Finally, the sequence 

{xt}  is  decreas ing s ince  f t {x)  i s  increas ing in  t .  •  

A.2.1 Risk-neutral Allocation Problem with Linear Terminal Cost 

Now, we will apply Proposition 15 to compute the optimal policy for the Example 1 

considered in Section 7. 

Example 1 (revisited) First we compute fi^_i{x). To do that, by Proposition 15, 

we need only to compare the values of the fimction Fo(x, a) at the extreme actions 

a = 0 and a = 1. It follows from (A.l) that 

Fo(x,a) = a + P{a)jQ{x — 1) -f (1 — P{a))jQ{x), x > 1 

= a + P(a)(2x-2)+ (1 —P(a))2x, x>L 
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Thus, 

Fo(x,0) =2x,  x> 1, and 

Fo( x , l )  = 2 x - h ( l - 2 P ( l ) ) ,  x > l .  

Thus, we obtain 

a) if P(l) > i then 

Fo{x, 1) < Fo(x,0), X > 1 

b) if P(l) < I then 

Fo(x,0) < Fo(x, 1), X > I, and 

c) if P(l) = i then 

Fo(x, 1) = Fo(x, 0 ) ,  X > 1. 

Therefore the optimal decision rule and the optimal value function Ji for the 

case (a) are given by 

_ r 0 if X < 1 

|l if X ^ 1, 
= , (A.5) 

and 

(X)={! 

for (b) by 

fN-l{x)  = 0, Vx, 

and 

Ji(x) = 2x, X > 0; (A.7) 
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and for (c) we obtain that both actions a = 0 and a = 1 are optimal. 

Now, to compute the optimal decision rules /i, t = 0,..., iV—2, we will first prove 

each one of the following statements by induction on t: 

I) E P(l) > ^ then for i = 1,... iV — 1, 

II) If P(l) > 5 then for i = 1,... AT - 1, 

Jt{x)  =  Jo{x) ,  X 6 X. 

First, let's prove (I). The validity of assertion (I) for i = 1 follows from (A.6). Next, 

by the dsmamic programming algorithm 

j£+i(l) =min{Ft(l,0), Ft(l,l)}. 

Thus, 

J,+i(l) = min{J,(l), 1 + (1 - P(l)) Jt(l)} 

= min{l + (1 - P(l)) J,_i(l), 1 + (1 - P { l ) ) J t { l ) }  (A.8) 

= 1 + (1 - P(l)) J,(l), (A.9) 

where (A.8) and (A.9) follow from the induction hypothesis and Lemma 22 respec

tively. Thus the proof of (I) is complete. 

Now, let's prove (II). First, (A.7) implies that (II) holds for t = 1. Next, similarly 

as above 

/,+!(/) =min{F£(/,0),F,(/,l)} 

= n^WI) ,  1 + P{l)J t{I  - 1) + (1 - P{l))J t{I )}  (A.10) 

= min{2/, 1 + P(l)2(/ - 1) + (1 - P(l))2/} (A.ll) 

= min{2/,2J + (l-2P(l))} 

= 2/ (A.12) 
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where (A.10), (A.ll) and (A.12) follow from (A.l), the induction hypothesis and 

the hypothesis P(l) < ^ respectively. Thus /jv_£_i(/) = 0 and since is 

increasing in x we obtain that = 0, for all x. Therefore 

Jt+i{x)  =min{Ft(a:,0), Ft(x,l)} 

= Ft(x,0) 

= Jt ix)  

= Jo{x) ,  Vx e X, 

and the proof of (II) is complete. 

Finally, it follows from (I), (II) and (c) that /t(x), f = 0,1,...,iV — 1, are given 

by 

1^ 1 if X ^ 1 

ifP(i)>| ;  

f t {x)  =  0, Vx 

if P(l) < and if P(l) = h then there are / + I threshold optimal policies: 

f f i ^ )  = 
0 i ix  < y 

1 ifx > y, 

y = 0,1,... / .  
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