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ABSTRACT

Controlled Markov chains (CMC’s) are mathematical models for the control of se-
quential decision stochastic systems. Starting in the early 1950’s with the work of R.
Bellman, many basic contributions to CMC’s have been made, and numerous appli-
cations to engineering, operation research, and economics, among other areas, have
been developed.

The optimal control problem for CMC’s with a countable state space, and with a
general action space, is studied for (exponential) total and discounted risk-sensitive
cost criteria. General (dynamic programming) results for the finite and the infinite
horizon cases are obtained. A set of general conditions is presented to obtain struc-
tural properties of the optimal value function and policies. In particular, monotonicity
properties of value functions and optimal policies are established. The approach fol-
lowed is to show the (sub)modularity of certain functions (related to the optimality
equations). Four applications studies are used to illustrate the general results obtained
is this dissertation: equipment replacement, optimal resource allocation, scheduling

of uncertain jobs, and inventory control.



Chapter 1

INTRODUCTION

1.1 Motivation

It is often necessary to study sequential decision processes for stochastic systems, i.e.,
systems with the following characteristics. The system is dynamic: it evolves in time
and its state is observed at each of a sequence of points in time; the decision making is
sequential: a decision is made (an action is applied) each time the state of the system
is observed; and the behavior of the system is stochastic: the observed state and the
applied action at a decision epoch do not completely determine the state at the next
decision epoch, but only the probability distribution of that state. Controlled Markov
chains (CMC'’s), the type of stochastic models studied in this dissertation, capture
the essential characteristics of sequential decision stochastic systems.

In CMC'’s, a cost is incurred at each decision epoch, which depends on the current
state and the chosen action. To evaluate the overall performance of the system, the
Decision Maker (DM) selects a functional of the aggregated costs per stage (a cost
criterion). A policy or strategy is a rule or prescription that gives the actions to
be applied at each decision epoch under any eventuality, i.e., for each possible state.
The optimal control problem is then formulated as the problem of finding a policy
that minimizes the selected cost criterion. Most of the literature on the subject
consider risk neutral cost criteria, that is, criteria that do not take into account the
DM'’s attitude toward risk with respect to the randomness of the system, e.g., the
variance of the cost process. However, in many areas of application, the DM may
wish to incorporate that attitude to the cost criterion when choosing a policy. Various
approaches to the formulation of risk sensitive criteria for CMC’s have been proposed

in the literature. Herein, we consider the formulation of the risk-sensitive criteria
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based on von Neumann- Morgenstern expected utility theory. For that approach,
it is assumed that the DM’s risk preferences are represented by a utility function
U : R — R. We focus in particular on the class of exponential utility functions,
which, as we will see, have appealing decision-theoretic properties.

In this dissertation, a study of CMC’s with ezponential total cost (ETC) and
ezponential discounted cost (EDC) as risk-sensitive performance criteria is presented.
Our study is closely related to that of Cavazos-Cadena and Ferndndez-Gaucherand
[13, 14, 15, 16, 17], who have recently made important contributions to CMC’s with
an ezponential average cost criterion and its relation with the EDC criterion; see
also [2, 3, 4, 10, 11, 22, 26] for other recent results. We consider the model with a
countable state space, a Borel action space and bounded costs per stage. General
(dynamic programming) optimality results, such as optimality equations and value
iteration schemes, are obtained.

It is well known that “explicit” solutions arising from the optimality equations are
obtained only in a few cases, even in risk-neutral models. This fact has motivated the
study of “structural” properties of the value function and the optimal policies: it is
clearly useful, for analysis and computations, to know when a “structured” optimal
policy exists, because then the search for an optimal policy can thus be restricted
to the much smaller subclass of such “structured” policies. While there is a vast
literature dealing with structured models in the risk-neutral case (see [1, 30, 40, 41,
42, 43, 44, 46] and references therein), only a few (and recent) contributions have
been made on that subject in the risk-sensitive context; see (2, 9, 22, 26].

In this dissertation, we study CMC'’s structured models, and general conditions
inducing structural properties of the exponential optimal value function are presented.
In particular, monotonicity properties of the value function and optimal policies are
established. We extend an approach frequently used in the risk-neutral context, to
obtain monotone optimal policies to the risk-sensitive context. The key point in this

approach is to show the (sub)modularity of some functions related to the optimality
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equation. In order to follow this approach, basic results are developed concerning the
product of (sub)modular functions.

The advantageous use of the specific structure of different classes of problems
leads to specific structural results, e.g., the existence of threshold optimal policies. In
this dissertation, we develop structural properties of problems in the following areas:
equipment replacement, optimal resource allocation, and inventory control.

The inventory control problem, unlike the other two mentioned applications, is
modeled as a CMC with cost per stage function depending not only on the present
state-action pair, but also on a “random disturbance” (i.e., the conditional distri-
bution of the one-stage cost given the present state-action pair is non-degenerate).
When dealing with risk-neutral criteria, the mentioned dependence can be eliminated
by replacing the random costs per stage by their expected values. However, for
risk-sensitive exponential criteria, the described procedure for solving within-period
randomness does not yield an equivalent control problem. Furthermore, unlike models
studied more frequently (see e.g., Bertsekas [6]), ours considers random disturbances
whose distribution is given by a stochastic kernel that depends explicitly on the prior
disturbance. To further illustrate this model we include an application in the area of

jobs scheduling,.

1.2 Summary of Results

The organization is as follows: in Chapter 2, the formal definition of the stochastic
sequential decision problems studied in this dissertation is introduced. The basic
framework for CMC’s and the classification of admissible policies are respectively
presented in the first and second sections. That material is contained in many books
and journals on the subject. Particularly important for my study of those topics were
the book by Bertsekas [6], Herndndez-Lasserre [29], Puterman [40], Ross [41] and
the survey by Arapostathis et al [1]. In Section 2.3, a summary of the basic notions
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of expected utility theory used in the subsequent analysis is included. Finally, in
Sections 2.4 and 2.5, the risk -sensitive versions of the standard criteria, and the
corresponding optimal control problems, are defined.

The ETC and the EDC were first studied in, e.g., [18, 20, 31, 32, 33] for the
finite state space model. Results in [18, 20, 31, 33|, characterizing the (exponential)
optimal value function and policies are extended in Chapter 3, to infinite state space
models. Moreover, optimization with respect to the set of randomized, history de-
pendent policies is considered here, whereas only Markovian deterministic policies
were considered in [18, 20, 31, 32, 33]; see also 7] for related results. In Section 3.1,
we present the exponential version of the policy evaluation algorithm (over a finite
horizon), which plays a key role in the rest of the chapter. Then, in the same section,
we show that, adequately translated to a (exponential) multiplicative scheme, the (fi-
nite horizon) dynamic programming algorithm for the (additive) standard discounted
and total cost criteria also holds for exponential criteria. In Section 3.2 (3.3), it is
shown that the EDC (ETC) is given by a solution of an ezponential discounted (total)
cost optimality equation, and that deterministic Markovian optimal policies can be
obtained from that equation. Finally, it is also shown that the value iteration scheme
holds for the EDC (ETC).

Chapter 4 is devoted to CMC's structured models. In Section 4.1, we provide a
set of sufficient conditions on the cost and the probabilistic structure of a CMC under
which the optimal EDC (or ETC) function is shown to be monotone (as a function of
the initial state). In Section 4.2, it is shown that, under certain assumptions, the deci-
sion function of the optimal policy at the ¢-th stage is monotone (as a function of the
state), for t =0, 1,.... In Section 4.3, we show that the modularity on the set of ad-
missible state-actions pairs of certain functions (related to the exponential optimality
equation) guarantees the existence of monotone optimal policies. Moreover, besides
considering modularity with respect to the set of admissible state-actions pairs, as

in the risk-neutral case, modularity with respect to A x {y4* :¢t =0,1,...} is also



13

considered, leading to structural properties of the optimal policies with respect to t,
where A is the set of actions, 7 is the risk-sensitivity coefficient, and 3 is the discount
factor. . Finally, some results about modularity of the product of two functions are
established in Section 4.3.

In Chapter 5, we apply results previously obtained in the dissertation to infinite
horizon equipment replacement problems with EDC criterion. In Section 5.1, the for-
mulation of the problem as a CMC is presented. In Sections 5.2 and 5.3, respectively,
it is shown that under standard conditions, the optimal policy is of the threshold-
type and ultimately stationary. Moreover, under mild additional conditions, it is also
proved in Section 5.3 that ultimately, it is optimal to follow the risk-neutral station-
ary optimal policy. Finally, in Section 5.4, we prove the monotonic character of each
optimal decision rule with respect to ¢, the time in which the action is applied.

Chapter 6 includes an application of finite horizon CMC’s with ETC criterion
to an optimal resource allocation problem. In Section 6.1, the formulation of the
problem as a CMC is given. In Section 6.2, we prove structural properties of the
optimal value function. In the same section, we show the existence of an optimal
policy such that the optimal decision rules are increasing functions of both the state
z and the time ¢. In Section 6.3, we analyze the allocation problem under additional
convexity conditions on the transition law, obtaining further structural properties for
the optimal policy. Moreover, this structured optimal policy. is compared with that
corresponding to the risk-neutral allocation problem (which is obtained in Appendix
A). In addition, we apply the results developed to the particular case of a problem with
linear terminal cost function, and compare the conclusions with those corresponding
to the risk-neutral problem, as well.

In Section 7.1, we present the basic framework for CMC’s with cost per stage
function depending explicity on a random disturbance. In Section 7.2, a DP algorithm
is developed. It is shown that the risk-sensitive optimal value function at each stage

depends on the prior disturbance. Moreover, we prove that the risk-sensitive optimal
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policies yielded by this algorithm are not Markovian, because the optimal decision
function at each stage depends on the prior disturbance in general. In Section 7.3,
we collect some optimality results for the infinite horizon optimal control problem
associated to our general model.

In Chapter 8, a CMC model for scheduling uncertain jobs is presented. To fa-
cilitate comparisons with the results we derive there, in Section 8.2 we include the
analysis of the stochastic optimal control problem corresponding to the risk-null per-
formance criterion given by an expected total weighted completion time (see [6, 38]).
Then, in Section 8.3 we introduce risk- sensitivity by considering the minimization of
the ezpected exponential utility of the total weighted completion time. We use a par-
ticular example to show how, similarly to the risk-neutral case, the optimal policies
obtained from the DP algorithm are Markovian (i.e., the decision functions at each
stage do not depend on the prior disturbance as in the general case). It is interesting
to note, as we shall show, that for the risk-sensitive criterion a simple interchange
argument is not applicable, and thus the only general computational and analytical
tool for this situation is the DP algorithm. By means of a simple example, in Section
8.4 we illustrate how the optimal schedule depends on the risk sensitivity coefficient
¥.

Finally, in Chapter 9, a formulation of an inventory control problem as a CMC is
given. To that end, we consider a simplified model in which the random disturbance
space is countable, and the transition law is independent of the prior disturbance.
In Section 9.1 it is shown that, similarly to the risk-neutral case, the optimal value
function depends only on the present state. This is due to the fact that the transition
law is independent on the prior perturbation. In Section 9.2 (9.3), it is shown that

the finite (infinite) horizon inventory control has a base-stock optimal policy.
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Chapter 2

PRELIMINARIES

In Section 2.1, CMC’'models are presented in the form needed for subsequent de-
velopment. First, the basic structure is defined, and then we mention its intuitive
interpretation. In Section 2.2, the set of admissible policies are defined and classi-
fied. Some basic notions of the expected utility approach to decision making under
uncertainty are briefly summarized in Section 2.3. We conclude this chapter with the
formulation, in Sections 2.4 and 2.5, of the risk-sensitive criteria that we are going to
analyze later in this dissertation and the optimal control problem respectively.

Terminology and notation. Given a Borel space Y (i.e., a Borel subset of a
complete separable metric space), its Borel o-algebra is denoted by B(Y). When a
measurable function (set) is written, it is understood as Borel measurable function
(set). If Y and Z are Borel spaces, a stochastic kernel on Y given Z is a function
Q(- | -) such that Q(- | z) is a probability measure on Y for each z € Z, and Q(B | -)
is a measurable function on Z for each B € B(Y).

2.1 The Model

Let us consider a CMC specified by the four-tuple (X, A, P, C), where:
e X ={1,2,...} is the countable state space;

e A, the action (or control) set, is a Borel space. To each z € X we associate a non-
empty measurable subset A(z) of A. A(z) represents the set of admissible actions
when the system is in state z. The set K:= {(z,a):z€X, a € A(z)}, is called the
set of admissible state-action pairs. In addition,

e P(-|-), the transition law, is a stochastic kernel on X given K.
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We will also denote p.s(a) := P(z’ | z,a). Finally,
e C: K — R, the one-stage cost function, is a measurable function.

The CMC (X, A, P, C) represents a stochastic dynamical system observed at
times ¢t = 0,1,2,.... The evolution of the system is as follows. Let X, denote the
state at time t € N, and A, the action chosen at that time. If the system is in state
X: = z € X, and the control A, = a € A(z) is chosen then (i) a cost C(z,a) is
incurred, and (ii) the system moves to a new state X,,; according to the probability
distribution P(- | z,a). Once the transition into the new state has occurred, a new
action is chosen, and the process is repeated. For some generalizations of this model
see [1, 29, 40]; for more details see also [7].

The total period of time over which the system is to be observed is called the
control horizon, and it is denoted by T. It can be finite, T = {0,1,...n — 1}, or it
can be infinite, T = N.

The admissible history spaces are defined by

H =X H=KxX ,t>1,
and the canonical sample space is defined as
Q= (XxA)>™.

A generic element w € Q is of the form w = (g, aq, 21, a1, . ..), where z; € X and

a: € A, fort > 0. An element of H, is a vector of the form
hy = (l'oaam e e Tpm1,0e1, zt),

where (zx,ax) € K denotes the state and action of the system at decision epoch k,
k=0,1,...,t -1, and z, € X denotes the state at time ¢. The history h, € H,
follows the recursion hg = zq, hy = (hi-1,@:-1,z:). Note that K= C (X x A)*®.
The state, action, and history processes, denoted respectively by {X.}:er,
{Athter, and {H;her are defined on the measurable space (R, B(Q2)) by the
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projections
X (w) = z, A (w) = ay, Hy (w) = (zo,...,4-1,T¢),

where B(S2) is the corresponding product o-algebra. This means that when the ob-
served path of states and actions is w, the random variable X, denotes the state at

time ¢, A, the chosen action at time ¢, and H, the history up to time ¢t.

2.2 Policies

A central feature of a CMC is the DM’s possibility of influencing the evolution of the
system by choosing actions. The way this influence is exerted is determined at the
beginning of the process. This is done not by specifying at that point the actions to be
taken at each future stage; but by determining a policy or sequence of decision rules.
Those decision rules prescribe the actions to be taken at each stage. They range in
generality from deterministic Markovian to randomized history dependent, depending
on how do they incorporate past information and how do they select actions.

An admissible randomized control policy is a sequence # = (g,).er of stochastic

kernels on A given H, satisfying the constraint
Qt(A(l'g) I h't) = 17 h’t = (ht—lyat—lyzt) € Htr te T7

g:(a | h:) denotes the probability of choosing action a at stage t + 1 given that A, is
the history up to time ¢. The set of all admissible policies is denoted by II.
An admissible deterministic control policy is a sequence 7 = (f;),er of measurable

functions (or decision functions)
fi:H — A
such that

fi(he) € A(ze), he=(he-y 001, 7)) €H,, teT.
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ft(he) is the action chosen at stage ¢ + 1 given that h, is the history up to time ¢.
We will denote the class of deterministic policies by IIp. Notice that a deterministic
policy (f)ier can be seen as a randomized policy (gt)ier: g (fe(he) | he) = 1.

The policies (randomized or deterministic) defined above are said to be history
dependent because the chosen action at each stage may depend on stage and action
at previous stages. The following two classes of policies given below are of special
interest.

A randomized Markov policy is a sequence # = (g;)er of stochastic kernels on

A given X such that
g (A(ze) | ze) =1, z,€X, teT.
A deterministic Markov policy is a sequence © = (f;)ier of decision functions
fi: X— A

such that fy(z;) € A(z,), z:€X, teT.

For Markov policies, the chosen action at each stage t depends only on the current
state z;, and not on the whole history h,. We will denote the set of Markov policies by
IT,r and by II,,p the set of deterministic Markov policies. Clearly ITy;p C Iy, C IT;
see [1].

Furthermore, a policy 7 = (f, f1,...) € IIyp is called a stationary deterministic
policy if there exists a decision rule f such that f, = f, for all ¢t. In this case we use
the notation f* := (f, f, f,...), and in some cases just f. The set of these policies
is denoted by Ilgp.

Throughout this dissertation, we will assume that the CMC (X, A, P, C) satisfies

the following condition.

Assumption 2.1. There exists K € R, such that 0 < C(z,a) < K < oo, for all
pairs (z,a) € K.
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Let m = (g0, q1,..-) be an arbitrary control policy, and z an initial state. Then
using a theorem of C. Ionescu Tulcea (see e.g., [7, 37]) there exists a unique probability
measure P on (Q, B(R)) such that PF(K x K x ...) = 1, and, moreover, for all
y€ X, BeB(A), and h, € H,,

Pl Xo=1z)=1;

P:(At €B l Ht:ht) =‘Iz(B l hz)?
and
Pl (Xiv1 =y | Hy = (ht-1,a:-1, Z:), A = a) = pg,y(a). (2.1)

This probability measure is such that its restriction to a finite horizon, PF |y, , satisfies

P7({z} x Bo x {z1} x By X ... X {ZTn-1} X Bn-1 % {Za}) =

/ qo(dag [ -’E)Pml(ao) / Gn—1(dan_1 | l’n—1)Pzn-1z,.(an—1),
Bo Bn-l

for z,zy,...,z, € X, and By, By,..., Ba.—1 € B(A).

We will often abuse notation by denoting P |, by PF when no risk of confusion
exists. Also, the expectation operator with respect to PT (or P |g,) will be denoted
by ET.

2.3 Von Neumann-Morgenstern Utility Theory

In this section we briefly summarize some basic notions of the expected utility ap-
proach to decision making under uncertainty. For an extended discussion about ex-
pected utility theory and its applications, we refer to (21, 27, 34, 39].

Let us consider the situation wherein a DM has to choose among several policies

or alternatives 7 € IT, each of which randomly generates an outcome w € §2 according



20

to a known probability distribution P”. A basic assumption is that decisions (choices)
are made according to a DM’s well defined preference pattern for a set P of probability
measures on {2 such that P > {P" : 7 € IT}. That preferences pattern is described
by an order relation < in P. We say that < satisfies the expected utility hypothesis

when there exists a measurable function &/ :  — R such that
P<Q +«= E°lU] < E°U).

The function U is said to be the utility function of the order relation < (or of the
corresponding DM.) The fundamental result of Utility Theory, von Neumann and
Morgenstern (vNM) Theorem, establishes the necessary and sufficient conditions, the
so called ‘rationality’ axioms, under which an order relation < in P satisfies the
expected utility azioms. The reasonability of the ‘rationality’ axioms gives intuitive
support to utility based preference patterns which are furthermore very convenient for
their mathematical tractability. Nevertheless, it should be mentioned that those ax-
ioms are subject to serious criticism concerning their validity and meaning in practical
situations (see [27, 34]).

For the case in which Q is finite, the ‘rationality’ axioms consist of the fundamental
premises of transitivity and completeness of < and some “continuity” conditions of

< with respect to the mizture of probability measures on (2, defined by:
(P + (1 - a)Py) ({w}) =aPi({w}) + (1 - a) R({w}),

forw € Q, and Py, P, € P. For an elementary proof of vNM Theorem (in the finite
case), see e.g., [5, 34]. When Q is infinite, some technical measure theoretic conditions
must be added to the ‘rationality’ axioms for the vNM Theorem to hold (see e.g.
[19]). These additional conditions will guarantee, for example, the measurability of
the utility function Y.

Now, following Pratt [39], we summarize some important concepts and results

concerning the particular case of utility based order relations on the space Pg of
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probability measures on B with bounded support, where B is the Borel o—algebra in
R. Here, P is of bounded support if P(B) = 1, for some bounded set B € B.

As it is customary in the literature we will rephrase all the discussion above as
given in terms of random variables, via the correspondence X — Py, where Py is,
as usual, the probability induced by a random variable X on the image space. Hence,
X %Y, just means EX[U] < E¥[U], or equivalently, EU(X)] < EU(Y)]. We will
refer to real random variables as lotteries, and to the number E[U(X)] as the utility
of the lottery X. Note that if X is a degenerate lottery, that is, P([X = z]) =1 for
some z € R, then the expected utility of X is U(z).

Remark 1. Although not explicitly indicated, all the lotteries can [8, 12] and will be
considered to be defined in the same probability space (2, A, P), and the expectation

operator taken with respect to that P.

In the sequel, whenever we mention a DM and a function U/, we are assuming that
the later is the utility function of the former.

A DM is called risk neutral if
EU(X)] =U (E[X]),

for every lottery X: a risk neutral DM is one who is always indifferent between taking
the risks associated to a lottery X, and receiving for certain the expected value of
this lottery.

A DM is called (strictly) risk averse if

E(X)] <U(E[X]) (2.2)

for every non-degenerate lottery. X: a risk averse DM always prefers the expected
value of an uncertain lottery to the lottery itself. On the other hand, a DM is called
(strictly) risk seeking if

EU(X)] > U (E[X]) (2.3)
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for every non-degenerate lottery X.
The following proposition {39] shows that conditions (2.2) and (2.3) have strong

implications on the shape of U:

Proposition 1. A DM is strictly risk averse (seeking) if and only if her utility func-

tion is strictly concave (convez).

Since we will be dealing with utilities of positive amounts representing costs, we
may and will assume in the sequel that the DM’s preferences are described by a
strictly decreasing utility function. In particular, the definitions and results in the
rest of this section are for that kind of utilities. Of course, similar definitions and
results can be given for strictly increasing utilities. Note that, under the assumption
that U is strictly decreasing , if U is a twice differentiable function then Proposition 1
implies that the DM is risk averse, or risk seeking according to whether 2" is negative
or positive respectively.

The certainty equivalent of a lottery X is defined as the number {(X) such that
U(C(X)) = EU(X)].

That is, the DM is indifferent between the lottery X and the amount {(X) for certain.
The risk premium of a lottery X is defined as the number ¥(X) such that

UY(X) + E[X]) = EU(X)]. (2.4)

That is, ¥(X) is the (rational) amount the DM would be willing to pay in addition
to the expected value of the lottery in order to avoid that lottery. Note that

¢(X) > E[X] Vnon-degenerateX <= W¥(X)>0 Vnon-degenerate X

<= the DM is risk averse,

¢(X) < E[X] Vnon-degenerate X <= W¥(X)<0 Vnon-degenerate X
<=> the DM is risk seeking.
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For strictly decreasing and twice differentiable utility functions, Pratt [39] defined a
notion of local measure of risk sensitivity in the following way. By taking the Taylor

expansion of ¢/ around E[X] in both sides of (2.4) we obtain
U(E(X) + EX]) =U (E[X]) + ¥(X)U (E[X]) + o(¥(X)), (2.5)
and
EU(X) = E{U(BIX)+ (X - EIX)W (ELX])
+%(X - EX)*U" (E[X]) +...}
= U(E[X)) + 203U (E[X]) +o(o}), (26)

where 0% denotes the variance of X. We are assuming in (2.6) that E{(X — E[X])¥]
is o(c%) for k > 2. By equating (2.5) and (2.6), and neglecting terms of higher order

in both equations we obtain
1 "
V(XU (E[X]) = 5 U" (E[X]). (2.7)

From (2.7) we see that if the lottery X has small variance then its risk premium is

proportional, up to first order, to the variance of X, and the proportionality factor is

%Zl,'—((g%)l In that sense, the function (introduced by Pratt) called the risk sensitivity
coefficient,
_ ul’ ( z)
(&) = g

‘measures’ the degree of risk aversion in the neighborhood of . Notice that if r(z) > 0
(r(z) < 0) then the DM is risk averse (risk seeking), and if r(z) = 0, the DM is risk

neutral.

Constant Risk Sensitivity Coefficient. In this dissertation, we will be concerned
only with the case of constant risk sensitivity coefficient. It is not hard to see that

the utility functions with constant risk sensitivity coefficient are characterized by the
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so called “A—property” [31]: if X is increased by a constant A € R, then the certain
equivalent is increased by the same constant, that is, {((X+A) = A+({(X). Moreover,

from the definition of r(z) we have that, up to a positive affine transformation,

r(z) =v € R, Vz if and only if

—z  for 5y = 0 (risk neutral)
U(z) = —e™ for v > 0 (risk averse)
e’  for v < O (risk seeking)

For 4 # 0, we will denote
U, (z) = (sgny)e™. (2.8)

This function, being the negative of a utility function, is often called a (dis)utility
function.
For brevity, we will refer to risk sensitivity corresponding to the (dis)utility func-

tion (2.8) as y-ezponential risk sensitivity, or simply as ezponential risk sensitivity.

2.4 Risk Sensitive Criteria

Risk neutral cost criteria suffer from several shortcomings; see [23, 25, 45] and ref-
erences therein. A notable limitation of the standard criteria is that they do not
consider the sensitivity to risk of the DM who employs them. This fact has moti-
vated the definition and development of risk sensitive criteria, see [24, 28, 31, 33|.
In this dissertation, we are concerned (mainly) with the risk sensitive versions of the
total and discounted cost standard criteria obtained by using the utility theoretic
approach studied in the previous section: ezponential total cost and exponential dis-
counted cost criteria. These will be defined in this section and analyzed with more
detail in Chapter 3.



25

Exponential Total Cost Criterion. Under the standard total cost criterion, the
DM'’s ranking of policies

m<n (n isprefered to =) iff ET[-C] < EF[-C],

is induced by the order relation ¢ in Pq (the space of probabilities measures on the

sample space) given by
PxcQ iff EF[-C]<E°[-C],

where C = ), .- C(X;, A:), P,Q € Pa. We can think of that ranking of policies as
based also on the order relation = in Pg (the set of Borel probability measures of
bounded support on R) determined by U(z) = —z as utility function, since obviously
for P,Q € Pq

EP[-C) < E9[-C] <= Efe[U] < E%[U], (2.9)

From that point of view, according to the discussion of the previous section, we can see
the total cost (or the DM who employs it) as a risk-neutral criterion. Consequently,
a natural way of incorporating ~-risk sensitivity to the preference relation <¢ is by
considering the utility function —£, instead of the utility function in (2.9). In that
way, the policy ranking for y-exponential risk sensitivity will be given by

msm <= EP[-U/(C)] < EP[-U/(C), (2.10)

for £ € X. In order to have a minimization problem as in the standard case, in the
following definition we will consider the ezpected disutility instead of the expected
utility that we have in (2.10).

The «y-ezponential total cost incurred by a policy 7 € II, and an initial state z is
defined by
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J7(z,v) = EL [U,(C)] = ET [(sgny)e” Seer C(X"A‘)]. (2.11)

When the horizon is finite (infinite), i.e., T = {0,1,...n -1}, n € N, (T = N), we
denote the above more explicitly as J*(z,v) (J™(z,7)).

Exponential Discounted Cost Criterion. Similarly as in the previous case, the
DM'’s ranking of policies under the discounted cost criterion is based on the order

relation <p in Pq given by
PxpQ <= EFP[-D|<E°[-D] < E?[u] < E°®U],

where D = ), f°C(X,, A:), and U(z) = —z. Thus the same arguments lead us
to the following definition of the exponential risk sensitive version of the standard
discounted cost.

The vy-ezponential discounted cost incurred by the policy # € II, and the initial
state z is defined by

Tiz(@,7) = % Uy(D)] = EZ [(sgnoy)e” Trer 0] (2.12)

When the horizon is finite (infinite), i.e., T = {0,1,...,n -1}, n € N, (T =N), we
denote the above as Jj  (z,7) (J5(z,7))-

2.5 The Optimal Stochastic Control Problem

The optimal stochastic control problem is that of selecting an admissible policy, such
that a given performance criterion is minimized, over all admissible policies. For

example, if a policy 7* is such that

JE (z,7) < Ji(z,y), Vrell, VzeX,
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then #* is said to be (ETC)-utility optimal. The optimal value function is given by

Jr(z,7) = inf {Jr(z,7)}- (2.13)

Similar definitions are made for the EDC criterion, and Jgr(z,4) will denote the

optimal value function.

Remark 2. Note that even when the infima in (2.13) are attained, an optimal policy

may not erist because for each z € X, a different m may attain the infimum.



Chapter 3

EXPONENTIAL TOTAL AND DISCOUNTED COST
CRITERIA

In this chapter we consider CMC’s with ETC and EDC criteria. First, in Section 3.1
we prove the existence of a recursive scheme for the evaluation of the ETC and the
EDC corresponding to a policy w, in a finite number of stages. Then, in the same
section we derive the exponential version of the dynamic programming algorithm
(DPA). In Section 3.2 (3.3) we derive a discounted (total) optimality equation that
plays the same role as in the risk null model, that is, the optimal exponential cost and
a utility optimal policy can be obtain from that equation. Finally, we prove that the
optimal EDC (ETC) over a finite horizon converges to the optimal (EDC) ETC over
an infinite horizon, when the number of stages goes to co. All the results discussed
in Sections 3.2-3.3 were obtained in, e.g., [18, 20, 31, 33] for a finite state space, and
restricting the optimization to the set of deterministic Markovian policies (ITyp).
Here, we show that those results are valid for an infinite countable state space and

we consider optimization over the set of all admissible policies (II).

3.1 Basic Results

Let U,(-) be the exponential disutility function with constant risk-sensitivity coef-
ficient v # 0, that is, U,(z) = (sgny)e™; see Section 2.3. Then, for h, € H,,
s =0,1,...n — 1, the EDC to go from time s to time n due to a policy = € Il is
defined as

ug,s(hs’ ’Y) = E;:, [Z’LI(’D’)] y
where D* = Z"‘I BmC(Xm, Am), 0 < B < 1, and for h, € Hp, uj,(hn,7) =

m=s

sgnvy. For this finite horizon case, taking # = 1 in the previous definitions yields
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the corresponding ETC quantities. The corresponding optimal EDC (or ETC, with
B =1) to go is denoted by

w(he,7) 1= inf{uf, (ke )}
In this chapter we provide proofs under the following condition.
Assumption 3.1. The action space is finite.

Additional conditions are required when the action set is a Borel space; see Remark

The following two results for the finite horizon decision problem constitute the

essence of the dynamic programming technique.
Lemma 1. (Finite Horizon Policy Evaluation Algorithm)

For arbitrary m = {qo0,q1, .., qn-1} € II), and hy = (hs-1,as-1,z) € Hy, the functions
ug s (hs,7) satisfy

Uo(he?) = Y @@ he)e™ DD " po(a)uf . ((hera,y), ), (3.1)
a€A(z) y

fors=0,1,...,n—2,n-1.

Proof. It follows from the definition of the operators E7, that

ug o(hs, ) = ER, [Uy(D")]
n—1
Z gs(a | hs ZP (@)e™ CEAE, o) I:u‘r ( Z ﬁ‘C(Xt,A:))}
a€A(z) t=s+1
=) alalh )e""’c(“’zpzy(a g s41((hs:2,),7)

a€A(z)

a

The following result, which provides an algorithm for finding both the optimal value
function and an optimal policy, shows also that the optimal utility uj (h,,7) does
not depend on the whole history hs but only on the state at time s.
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Theorem 1. (Dynamic Programming Algorithm) Let ug,; s =0,1,--- ,n be the
functions defined on X by

ugn(Zn,r) = (sgnv), (32)
ups(za7) = min {7 p, (aJueni(y,7)}- (3.3)

For s=0,1,2,...n -1, let f;: X — A be a decision rule defined by

3 (z. 11 = mi *Cla,
S ”)Xy:pzy(fs(x))ua.,+1(y,v)-aggg){e”" ““’Zy:zozy(a)ua,s+1(yv7>}-

Then the Markov deterministic policy ©* = (fo, f1, fa. ... fa—1) is EDC-utility opti-
mal, and

ua,s(hsy'}') =uﬂ,s(£s:'7)7 v hs = (xOva(hzly”'as—hxs)y s =07 1"" y .

Proof. Let 7 = (qo,... ,qn—1) be an arbitrary policy and hy = (hs—1,8s-1,2) an
arbitrary history up to time s. To prove the theorem, we will prove that for s =
0,1,...n-1,

ug,s(h’-‘h 7) ? uﬁ,s(z, 7)7 (34)
with equality if 7 = 7*, i.e.,
ug,.s(hsr 7) = uﬂ,s(zy 7)— (35)

The proof of (3.4) and (3.5) is by backward induction. The inductive step holds for

t = n since

Ug o (hn, ) = sgny = ugn(Zn, 7)-



31

Now, assume that (3.4) and (3.5) hold for s+ 1,...n. Then

ug s (hs, ) = B}, [Uy(Ds)] (3.6)

Z gs(a | hs)e™ C‘“’szy(a ug o1((hs, a, ), 7) (3.7)
acA(z)

> Y ala]h)e® °<“>Epry(a Uge+1(3:7) (3.8)
a€A(z)

> min {e"0 ;pzy a)ug,sr1(y,7)} (3.9)

= ug,4(,7), (3.10)

where (3.7) follows from Lemma 3.1, and (3.8) from the induction hypothesis. This
proves (3.4). Now, if # = 7* then equality holds throughout the previous calculations
and (3.5) follows. O

Remark 3. a) The above theorem shows that the optimal value functions uj ,(x,7)

satisfy the recursion uj ,(z,7) = sgnv, and fors =n-1,...,1,0,
hale1) = min {70 D py @47} )

y

b) When 3 =1, (5.11) becomes

u}(z,7) = min {76 szy(a un(®7)} (3.12)

GGA(J:)

where u3(z,7v) = uj ,(z,7)-

3.2 Exponential Discounted Optimality Equation

In this section, it is shown that the value of the infinite horizon optimal EDC sat-

isfies the discounted optimality equation, that this equation characterizes Markov

deterministic (EDC)-utility optimal policies, and also the convergence of the DPA.
Recall that, in Section 2.4, we defined the infinite horizon optimal EDC as

Js(z,7) = g {5 (@},
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where
J5(z,7) = Ef [(sgn'r)e“’m“ "’C‘X"""] : (3.13)

Theorem 2. (Exponential Discounted Optimality Equations) For £k = 0,1,...,
the optimal exponential discounted costs, Js(z,v0*), satisfy the exponential discounted
optimality equations (EDOE’s)

Js(z,76%) = min {e“"a CES " pey(a) J5(, 7ﬂ’°“)} (3.14)

acA(z) ”

Remark 4. Contrary to Bellman’s equations in the risk-null case, see [1, 6, 29, 40,

41], 8.14 is non-stationary.

Proof. (of Theorem 2.) Consider an arbitrary policy 7 = (go,q1,¢o,---) € II. For
each (z,a) € K define a policy 7** = {q§%,¢i%,... } by ¢f*(a’ | h¢) = qu1(d’ | z,a, he),
t=0,1.... Then

J5(2,78%) = EX [Uype(D)]

— E’;" [e7ﬁ*C(z,Ao)u7ﬁk (ZﬁtC(XtyAt)):l

t=1

= Y qlez)e™ C‘“’zpzy(a I3 (y,985)

acA(z)

> Y aqofale)e™ = szy(a )Js(y, 185)

a€A(z)

> min {e”"c""“’ Y " pay(a) s (y, 7ﬂ"+‘)} -

a€A(z) "

Since 7 was arbitrary, it follows that

Jo(z,76) > min {e*ﬂ“"(fv“’pr(a)Ja(y, wk“)}.
Yy

a€A(z)
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To obtain the reverse inequality, consider an arbitrary e > 0 and any initial state z.
First, let fi. : X — A be a decision rule defined by

min {e"‘“""‘“’ > pey(a) ol w’**‘)} = "IN N pey(fel@) Joly, 185),
y

acA(z) 7

and one such fi(-) exists by Assumption 3.1. Next, for each y € X choose a policy

7y = (48,43, ...) such that

Jg* (3,785 < Ja(y, v8*") +e.
Finally, define the policy # = (4, q1, - .. ) by taking g given by fi, and
q(a| z,a0,21,. .., Tem1y G, Te) = G2y (@] Ty, . oo Temy, @y, Ty),
fort > 1. Then
Ja(z,18%) < J§(z,v6%)

= P CEREN N p (fielx)) 5 (y, ¥BEH)
Yy

< 1P Clefulz)) szy(fk(z))[Jﬁ(y, vB5) + ¢
y

— min {e,yﬁkc(::.d) szy(a).]p(y, 7,3k+1)}

T aeA(z) -

+ ee18*Clza).

Since € was arbitrary and C(-,-) is bounded, we obtain

Jg(.’v, '}'ﬂk) < min {e“!ﬁkc(z,a) szy(a)Jﬁ(y, 75k+1)} :

a€A(z) ~

and the proof of the theorem is complete. a

Theorem 3. Fork=0,1,2,..., let fi : X — A be a decision rule defined by

e C(=4) 3 b, (fil(z)) Ja(y, v6**) = min {e”’“"“'“’ 3" pey(@)Ja(y, 7ﬂ'°“)} .
y

acA(z) ”
(3.15)
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Then the policy m* = (fo, f1, fa,--.) is (EDC)-utility optimal. That is,

J5 (z,7) = Js(z,7), forall z. (3.16)

Remark 5. Note that, like the analogous result in the risk-null case, see [1, 6, 29, 40.
41], the optimal policy provided by the above theorem is Markovian and deterministic

but unlike the risk-null case in general the optimal policy is non-stationary.

Proof. (of Theorem 3.) Denote by mr = (fr, fis1,---), S0 that my = 7*. To show
(3.16) we need only to prove that J§ (z,7) < Jp(z,v). First, we are going to prove
by induction on n, that for each £ =0,1,2,..., and for all z € X,

J;;l(x77ﬂk) < Jﬁ($77ﬁk)7 n= 1721'” - (3.17)
Recall that, in Section 2.4, we defined
T a(z,7) 1= EX[(sgny)e” Tee *CXuA],

We have that JZ%(z,78%) = (sgny)e*C@/). On the other hand, we have
from the EDOE and (3.15) that

Ja(z,78%) = min {e*"“c"'“’zpzy(a)Ja(y, wk“)}

acA(z) ”

= (=) 3 oy (£u(e) Jaly 18*H).
y

From (3.13), note that Jg(z, y8%*') > sgn~, for each k, and for all z. Therefore, we
obtain from (3.2) that

Ja(z, 75"‘) > (sgny) e18*C (I,fk(:l-'))
= Jgh(z: 789 (3.18)
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Thus, from (3.18) we obtain that (3.17) holds for n = 1 for each k. Suppose now
that, for each &,

ﬁ,’;;-l(xv’)’ﬁk) < Js(z,v6%), forall z.

Then

ﬁ;;(xa ’Yﬁk)

= B7*|(sgny)e™" T #1000

= e'rﬁkc(z,fk(z)) szy (fe(z)) J;;tll(y, 7ﬁ'°+1)
v

< e‘?ﬂkC(z,fk(:t)) pry (fk(z)) Ja(y, 7,Bk+1)
y

= Jo(z,76")

Now, by the Monotone Convergence Theorem we have that

Jom(z,705) — Jg*(z,76").
Therefore, by letting n — oo in (3.17), we obtain

T3t (z,v8%) < Jalz, v6"), (3.19)
Vz € X, Vk > 0. In particular, (3.16) is obtained from (3.19) by taking k=0. O

Consider the n-stage problem obtained from the infinite horizon EDC by trunca-
tion. The optimal EDC for this problem is given by the last step of the algorithm
(3.2)-(3.3). Note that

Jan-s(z,7) = ugs(z,v87°), s=0,1,...n.

Then, an algorithm (forward in time) equivalent to (3.2)-(3.3) is given in the following

lemma,; see [6] for an analogous result in the risk-null case.
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Lemma 2. The functions Jg(z,v), s=0,1,--- ,n, satisfy the recursion

Jgo(z,7) = sgnv,
(3.20)
Jp.a+1(z,7) = min {e""“’“’ szy(awﬁ.s(y,vﬂ)} :

acA(z) ”

The next proposition shows that the DP algorithm in (3.20) may be used to

successively approximate Jg(z, 7).

Theorem 4. (Value lteration): Forn=0,1,2,..., we have that
Jon(2,7) € Jpni(z,7) € Ja(z7), VzeX

Furthermore,

nn—%c Jﬂ,n(xv 7) = Jﬁ(l’, 7) (321)

Proof. Take an arbitrary m € II. Then, since U,(-) is increasing and, by Assumption
2.1, 0 € C(z, a), we have that

Jg,n+1 (z,7) = EF [Uy(Dns1)] 2 ET [uy(Dn)]
= J3a(2,7) 2 Jga(z:7),
where D, = ;- 3*C(X,, A;). Since 7 was arbitrary, it follows that

Jon+1(2,7) 2 Jpnlz,7)-
Similarly, we can show that
Jo(z,7) 2 Jan(z,7),

for all n. Therefore, to obtain (3.21) it only remains to show that for arbitrary e > 0,
there exists n such that

Ja(z,7) € Jpalz,7) + € (3.22)
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We have that

= Jga(z,7) [L + (sgny)vn)

']g,n(zv')l) + Unng,n(.'L’,"y)l,
where K is the bound in Assumption 2.1, and v, > 0, v, — 0. If ¥ < 0, then
| J5n(z,7)| < 1, and if v > 0, then |[JF (z,7)] < e™5 . Therefore

[

Sz y) +vn iy <0

Jg(z,y) < =
5 ’Y)\{ 7 (2,7) + vae™F ify > 0.

Thus, in both cases we can find n large enough so that
Jg(zv7) —€< Jg,n(x77) < Jg(‘”ﬂ)

Since m was arbitrary, we obtain (3.22). a

3.3 Exponential Total Optimality Equation

In this Section, we prove for the ETC the validity of results similar to Theorems 2-4
in Section 3.2.

Recall that, in Section 2.4, we defined the infinite horizon optimal ETC as
J(z,7) = inf {J"(z, M},
where
JT(:I% 7) = E;_»r [(Sg'n‘y)e"zgo C(Xz,Az)] .

Theorem 5. (Exponential Total Optimality Equation) The optimal ETC, J(z,7),
satisfies the exponential total optimality equation (ETOE)

a€A(z)

J(z,7) = min {e7°"'“’ Y pey(@) (v, 7)} : (323)
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Proof. The proof of Theorem 5 is very similar to the proof of Theorem 2, and thus

is omitted here. |

Theorem 6. Let f be a decision rule defined by

o) Zy: P=y(f(2))J(y,7) = min { g7t z,: Pry(a)J(y, “/)} :
Then the stationary policy ©* = (f, f,...) is (ETC)-utility optimal, that is,
J(z,v) = J(z,7), VzeX.
Proof. The optimality of 7* will follow from the inequality
J(z,v) = J(z,7), VzeX. (3.24)
First, we prove by induction on n that
J(z,7) = Ji(z,7),Vz € X, Vn. (3.25)
It follows from the ETOE that

J(z,7) = "IN Y "y (=) T, 7). (3.26)
y

If v > 0 then J(y,v) 2 1, for all y, and hence from (3.26) it follows that J(z,v) 2

eC(=f(2) and thus
J(z,7) > (sgny) eCES@ = jl(z 4). (3.27)

On the other hand, if ¥ < 0 then J(y,v) > —1, for all y, and hence J(z,7) 2>
—e7C®f(=)_ Therefore, again it follows from (3.26) that

J(z,7) > (sgny) €D = Jf(z, 7). (3.28)

Thus, by (3.27) and (3.28) we obtain that (3.25) holds for n = 1. Now, we assume
that for n > 1, J(z,v) < J(z,7), for all z € X. Then
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oz = e"‘-‘(z'ﬂ’”Zp (f(=)) Ty, 7)

< 'yC(rf(z))Zp (f J(y’
= J(z,7),

hence proving (3.25). Next, since, as n — oo,

Uy(Cr) T U (C),

then it follows from the Monotone Convergence Theorem that

El U, (C)] T EL (O],
ie.,
Jm J(z,7) = 7 (@,7).

Finally, (3.24) is obtained by letting n — oo in (3.25). a

Similarly as in (3.20), an algorithm equivalent to (3.2)-(3.3), with 3 =1, is given
by
Jo(z,y) = sgnv,

’ ’ (3.29)
: vC(z,a)
Toa(e,7) = agg){e Y pay(a)Ja(y, )}

y
s=0,1,2,...

The last result we will prove in this section is the ETC analogue of Theorem 4 in
Section 3.2. The following three lemmas will be used in the proof of it.

Lemma 3. Forn=0,1,...,

Jn(2,7) € Jna(zy) € J(z,7), VzeX
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Proof. We will prove only the first inequality, and the second one can be proved
similarly. The proof will be done by induction on n. The induction step for n =0 in
the first inequality follows from the following trivial inequality

Jo(z,7) = sgny < min{(sgny)e”**} = Ji(z,7).

Now, let’s assume that J,(z,7) < Jp+1(z,7). Then, for z € X

Jos1(z,7) = m&in{e’c(”"’zpzy(a)Jn(yﬂ)}

< min {e‘fc(z'“) Z Pry(@)Jns1(y, 7)}

y
= Jas2(z,7).

Lemma 4. lim, . Ja(z,7) =t Jo(z,7) satisfies the ETOE.
Proof. We have that

Joo(2,7) = lim Jo(z,7)

= lim min {e‘YC(x.a) szy(a).ln_l(y, ’7)}

n—oo a€A(z) ”

— min {evC(z,a)Zp,y(a)Jw(y,v)},
y

a€A(z)

where the second and last equality follow respectively from (3.29) and Monotone

Convergence Theorem. a

In the following lemma, it is shown that J(z,~) is the smallest bounded solution,
not smaller than (sgnv), of the ETOE.

Lemma 5. Letv: X — R be a bounded function such that v > (sgnvy) and

v(z) = min {670(2'“)szy(a)v(y)}. (3.30)

a€A(z)
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Then, for fized =,

J(z,v) € v(z), forallzx. (3.31)

Proof. Let g be a function defined by

"2, (g(z))u(y) = min {e’c‘“’ szy(a)v(y)} '

y
First, we will prove that for each z € X,

Ji(z,v) < v(z), forn=1,2,3,.... (3.32)
It follows from (3.30) and the hypothesis v > (sgn<y) that

o(z) = eI Y p (4(z)) o(y)

> (sgny)erCEe(=)
= Ji(z,%).
Thus, (3.32) holds for n = 1. Next, we assume that JI(z,v) < v(z) for all z. Then

J(z,7) = e”°‘”<”>zp ) JS(y,7)

< erCta) Zp,y (9(z)) v(y)
= v(z). ’
Finally, we obtain (3.31), by letting n — oo in (3.32). a
Theorem 7. (Value Iteration) J(z,7) = nli_r’f}° Ju(z,7).
Proof. From Lemma 3 it follows that
nli_l.lolo Jo(z,7) € J(z,7), forall z.

The reverse inequality follows from Lemmas 4 and 5 since lim, .o Jo(z,7) = (sgny),

and the proof is complete. a
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Remark 6. The results obtained in this chapter continue to hold for more general
CMC models with A(x) not necessarily finite (see Section 2.1), under the following
assumption:

Assumption 3.1.

1) A(z) is compact for each z € X;

2) C(z, ) is continuous for each z € X; and

3) If v: X — R s bounded then the function

ar— Z pmy(a)v(y) is continuous,
- )

for each z € X.

The proofs are straightforward modifications of the previous ones. Under Assumption

3.1 there ezists a decision function f: X — A (see [1, 29]) such that

a€A(z)

min { e7c(=e) szy(a)v(y)} = ™D Y " p (f(2))v(y),
y y

for v: X — R bounded.
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Chapter 4

MODULARITY AND STRUCTURED POLICIES

In the sequel, the state and the action spaces are considered as subsets of the real
numbers with the usual order: (X, <), (A,<). It is well known that “explicit”
solutions arising from the optimality equations are obtained only in a few cases, even
in risk-neutral models [1, 6, 9, 22, 26, 30, 40, 47]. This fact has motivated the study
of structural properties of the value function and the optimal policies, both from the
viewpoint of analysis and computations. By a “structural property” it is understood
herein any special dependence or parametrization of, for example, Jg,(z,v) and f;(z)
on t, the initial state z, or 4. In this chapter, general conditions to obtain structural
properties of the optimal exponential value function and policies are presented. In
Section 4.1, we provide sufficient conditions on the basic components of a CMC for
the optimal value function to be monotone, as a function of the initial state. In
Section 4.2, the existence of monotone policies for CMC’s with risk-sensitive criteria
is established. Finally, in Section 4.3, it is shown that the modularity of certain
functions (related to the exponential optimality equation) guarantees the existence

of monotone policies.

4.1 Structural Properties of the Value Function.

Since the essential components of a CMC are the set K of admissible state-action
pairs, the stochastic kernel P(- | -) and the one stage cost C(-,-), properties of these
components will induce properties of the value function.

First, a technical lemma is presented, which will be needed to prove other results
in the sequel; see [40] for a proof.
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Lemma 6. Let {2;}, and {2}} be real-valued non-negatives sequences satisfying

i z; > i z;, for allk,

j=k =k

with equality holding for k = 0. Suppose that vjy, > v; for j =0,1,.... Then

oQ oQ

!
E :v,-zj > E :”jzj’
=0 =0

for all sequences {v;} for which both series converge.

Throughout this chapter, we will assume that the CMC (X, A, P, C) satisfies
Assumption 3.1.

The following lemma establishes structural results for the optimal value function
of a CMC with risk-sensitive performance criterion; see {30, 40] for analogous results

in the risk-neutral case.

Lemma 7. Suppose that:

i) C(z, a) is increasing (decreasing) in z, for each a;

i) Y oo . Pry(a) is increasing in z for all 2 € X anda € A; and

i) £ — A(z) is decreasing, i.e., 2’ > z => A(z') C A(z).

Then, the optimal EDC, Jg(z,v("), is increasing (decreasing) in z, for each t, and

the optimal ezponential total cost, J(z,7), is increasing (decreasing) in z.

Proof. We only prove the lemma for the exponential discounted case, and the ex-
ponential total case is similar. Also, we only prove the lemma for C(-, a) increasing,
the C(-, a) decreasing case following similarly. By Theorem 4, we only need to prove
that for each ¢, Jg,(z,v8") is increasing in z, for all n. We will do it by induction
on n. First, since Jgg(z,78*) = sgnv, the result holds for n = 0. Now assume that
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Jan(z,vB") is increasing in z, V¢, and let 2’ > z. Then, using (3.20),

Janr(@,78") < €¥C=N N "p (@) Jgaly, 78'T),  Va € Az)
Yy

<P CEDN " puy(a)Jpa(y, 18),  Va€ Aa)
Yy

<P CEAN "p(a)sa(y, 18Y), V€ A(D),
Yy

where the 1* inequality follows from Condition (i), the second inequality follows from
Lemma 6 by using the induction hypothesis and Condition (ii), and the last inequality
follows from Condition (iii). Thus

. tC ! 1
Jﬂ'n.*.l(m, 7ﬂt) s agl“(g'){e‘Yﬁ (z a) ;pzly(a)‘]ﬁrn(y7 7‘Bt+ )}

= Jﬁ,n+l(zlv 'yﬂt)’

and the proof is complete. O

4.2 Monotone Policies.

In this section, the existence of optimal policies with special structure, e.g., threshold
policies, is established. A threshold policy is a Markov deterministic policy # =
(fo, f1,...) such that, for £ = 0,1, ..., the decision rule f; is given by, e.g.,

ft(x) — { ay ifz < ZL': (4.1)

ap ifz 2 z},
where z3, 2, ... are the control limits or thresholds. More general structured policies
are the monotone policies. A monotone policy is a Markov deterministic policy 7 =
(fo, f1,-..) such that the decision rules f;, t =0,1,..., are monotone functions of the
state z. It is clearly benefitial to know when such an optimal policy exists, because the
search for an optimal policy within the class of the Markov deterministic policies can
be then restricted to the much smaller subclass of monotone policies [30, 40]. Due to
the fact that the optimal policy © = (fo, fi,...) is in general non-stationary, a natural

question that arises here is: how does the optimal action f;(z) varies with respect to
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t, for each fixed z? The objective in this section is to find sufficient conditions that
guarantee monotonicity with respect to z and/or with respect to t for the optimal
decision rules. Thus, in the sequel, we refer to a monotone policy as a Markov
deterministic policy 7 = (fo, f1,...) such that the decision rules f;,, t =0,1,..., are
monotone functions of the state z, and/or the stage t. For ease of presentation and
clarity, we treat the finite and the infinite horizon models separately. We will consider

a risk sensitivity coefficient 4 > 0 throughout the rest of the dissertation.

4.2.1 Infinite Horizon CMC with EDC Criterion

For v > 0 fixed, let I := {y8* : t =0,1,2,...}, and M = {v : X x[ —
R, v bounded}. Similarly as in the risk-neutral case [6, 7, 29, 40], define the DP
operator T : M — M by

T()(z,78") = min {79} "pey (a)uly, 76}
y

Now, set N := {u : K x [ — R, u bounded}, and define the linear operator
L:M— N, by

L(v)(z,0,78") = ¥ °E) Y " poy(a)u(y, 76°). (42)

y

Remark 7. Note that
a) J§ € M, for all w € II:
| J5(z,78") |< ™%, VzeX, t=0,1,...;
b) L(J)(z,a,v0") is the function within brackets in the EDOE’s (3.14).

In the following two theorems, sufficient conditions are presented for an infinite
horizon CMC with EDC criterion to have an optimal policy (fo, fi,-...) such that
the decision rules f;(z), t = 0,1,..., are monotone functions in z, and monotone

functions in ¢, respectively.
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Theorem 8. Set A;(z) = {a € A(z) : L(Js)(z,a,78") = T(Jp)(z,v0")}, and
fi(z) := inf A}(z). Suppose that:

i) z — A(x) is a decreasing function, i.e., z < =’ implies A(z') C A(z);

i) for each z € X, the set A(z) is such that a € A(z) and @' > a imply o’ € A(z);
and

i) Ifz < &', L(Jg)(z, -, v6°) — L(Jp)(z,-,vB") is decreasing on A(z’), for each fized

¢
se

Then (fo, f1,...) is an optimal policy such that f,(z) is increasing in z for each t.

Proof. First, it follows from Assumption 3.1 that the function L(Jg)(z,-,v8") is
continuous, and hence A (z) is closed. In fact, from Assumption 3.1(1), we obtain that
A} (z) is compact and therefore f,(z) € A;(z). Thus, the optimality of (fo, fi,.-.)
follows from Theorem 3. To see that f,(-) is increasing, we suppose that fi(z') < fi(z)
for some z’ > z. Then, it follows from i), i) and iii) respectively that f;(z') € A(z),
fi(z) € A(z') and
L(Ja)(@', fe(2'),78") = L(Jp)(, felz'),76")
> L(Jp)(, fo(z),18") = L(Jp)(z, fu(z), ¥B").
Consequently, we obtain
0> L(Jp)(2', fi('),78°) = L(Jp)(Z', fi(=),7B")
2 L(Jp)(z, fe(2'),78°) — L(Jp)(z, fi(),¥6) > 0,
where the outer inequality follows from optimality of f;(z) and f;(z’), and the inner in-
equality follows from the previous equation. But f;(z’) € A(z) and L(J3)(z, fi(z'),76") =
L(J)(z, fi(z),vB") contradict the definition of f, since it was supposed that fi(z') <
fe(z) (strictly). Thus, fi(z') > fi(z) V2’ > z. O

Theorem 9. Set Aj(z) = {a € A(z) : L(Jp)(z,a,v8") = T(Js)(z,78°)}, and
fi(z) = inf A}(z). Suppose that v8* < vB* implies

L(Jg)(z,,v8"*) — L(Jp)(z,-,¥B") is decreasing on A(z), for each fized z. (4.3)
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Then (fo, f1,--.) is an optimal policy such that f,(z) is increasing in t, for each fized

z.

Proof. Similarly to the above theorem, the optimality of (fo, f1,...) follows from
Theorem 3. Now, we assume that fi(z) > f,(z) for some ¢t < u. Then, by (4.3) we
obtain
L{Js)(z, fi(z),7B*) — L(Jp)(z, fu(z), 16
< L(Jp)(z, fu(2),76%) = L(Jp) (2, fulz), 78,
and hence
0 < L(Js)(z, fi(x),76*) — L(Jp)(z, fu(z), 16%)
< L(Jp)(z, fi(2),78°) — L(Jp)(z, fu(z),¥6°) < 0.

But f,(z) < fi(z) and L(J3)(z, fu(z),78%) = L(J5)(z, fi(z),yB*) contradict the defi-
nition of f;. Thus, fi(z) < fu(z) VEt L u. a

4.2.2 Finite Horizon CMC with ETC Criterion.

Consider a n-stages CMC as in Section 3.1. Fort =1,2,...n, let

Hy(z,a,7) := €% Y " p(a)ui (y,7), (4.4)
y
and
1
8!(3:1 G., 'Y) = ; lOg[Ht(.'B, a, ’Y)]

In the following two theorems similar results to the ones obtained in Theorems 8 and
9 are presented. Those results are stated in terms of certain equivalent instead of
utilities and will be used in Chapter 6 to prove optimality of monotone policies, for

a finite horizon optimal allocation model.

Theorem 10. Fort=1,2,...n, set

£ = {a € 4(0):E.07) = i (6l a0}
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and f;_i(z) := inf A} (z). Assume that

i) z — A(z) is a decreasing function;

i) for each z € X, the set A(xz) is such that a € A(z) and @’ > a imply a’ € A(z);
and

wi) Ifz < o', &2, -,v) — &z, -,v) is decreasing on A(z'), for each fized t.

Then (fo, f1,--- fa-1) 1S an optimal policy such that f,(z) is increasing in z for each

t.

Proof. First, note that if a € A}(z) then a satisfies that

Ht(zx a, 7) = a'ré].;l;l('}c) Hg(l’, a',a 7)’

Thus, the optimality of (fy, fi,-.. fa=1) Will follow from Theorem 1, if we show that
fi(z) € Aj(z). Indeed, it follows from Assumption 3.1 that the function H,(z,-,7) is
continuous, and therefore log H;(z, -,) is continuous. Hence A}(z) is closed. Now,
from Assumption 3.1(1), we obtain that A}(z) is compact and therefore fi(z) € A;(z).

The rest of the proof is similar to the proof of Theorem 8. a

Theorem 11. Fort=1,2,...n, set

A) = {a€ A@): &z, 07) = min (£, 7)}},
and fi_i(z) := inf A7 (z). Assume that
Er1(z,-,Y) — E(z,-,Y) is decreasing on A(z), for each fized z.

Then (fo, f1,--- fa-1) is an optimal policy such that f,(z) is increasing in t for each

Z.

Proof. The proof is similar to the proof of Theorem 9. |
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4.3 Modular Functions.

The results in Theorems 8-11 were obtained under the strong assumptions of mono-
tonicity of the DP operators, e.g., (iii) in Theorem 8 and (4.3). In this section, we give
corresponding modularity conditions that imply the above mentioned assumptions.
Let (S, %s) be a lattice, i.e., a partially order set such that if s,7 € Sthen svr € S
and sAT € S, and let G: S — R. We say that
a) G(-) is subadditive (or submodular) on S if

G(svr)+G(sAr) < G(s) +G(r)

for every s,r € S;
b) G(-) is strictly subadditive on S if

G(sVr)+G(sAr) < G(s) + G(r)

for every non-comparable s,r € S; and
c) G(-) is superadditive (or supermodular) on S if —G(-) is subadditive on S.
Unless otherwise stated, we will consider the product order < on R?, that is, < is

defined by (y,2) < (v, )ify< ¥ and z < 2.

Submodularity on K of the function within brackets in the (risk-neutral) dis-

counted cost optimality equation, i.e.,
Jp(z) = min{C(z,a) + 3 Y " pey(a)Ja(y)}, (4.5)
y

is frequently used to obtain monotone optimal policies for the corresponding stochastic
control problem,; see, e.g., [40]. In this section, it is shown that the subadditivity on
K of certain functions, related to the exponential optimality equation, implies the
existence of optimal policies whose decision rules are monotone functions in the state
z. Moreover, besides submodularity with respect to K as in the risk-neutral case,

submodularity with respect to A x I' (A x {0,1,...n}) is also considered, leading
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to structural properties of the optimal policies with respect to vy (¢) (recall that
F:={y6:t=0,1,-}).

The next two theorems state results for the infinite horizon discounted case, while
in Theorems 14-15 the finite horizon total cost is treated.

Theorem 12. Assume that

i) £ — A(z) is a decreasing function;

i) for each x € X, the set A(z) is such that a € A(z) and o’ > a imply o’ € A(z)).
Then (K, %) is a lattice. Moreover, assume that

i) L(Jg)(-, -, vB") is subadditive on (K, ).

Then there ezists an optimal policy (fo, f1,...) such that f,(z) is increasing in z for

each t.

Proof. We will show that result by applying Theorem 8. That is, we will show that

if z < 2’ then
L(Jﬂ)(m,x %y 7ﬂt) - L(Jﬂ)(l.‘, %y 'Yﬁt)
is decreasing on A(z’). Let a, o’ € A(z), a < a’. Then
(z,a') Vv (2',a) = (¢/,a') €K, and (z,d')A(z',a) = (z,a) €K,

where (z,a) € K follows from (i) since a € A(z') C A(z). Hence, under (i)-(ii),
(K, %) is a lattice. Moreover, by the subadditivity of L(Js)(-,-,v3"), we obtain

L(Jﬁ) (z,7 a’7 7:[3‘) + L(']ﬁ)(z: a, 7:3c) <

L(Jp)(',a,78") + L(Jp)(z, @', v8"),

and hence

L(Jp)(z',a',vB°) — L(Jp) (=, @', ¥8°) <

L(Jﬁ)(mlx a, 'Yﬁt) - L(Jﬁ)(xa a, 'Yﬂt)s

i.e., (%) in Theorem 8 holds, and the proof is complete. O
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Theorem 13. Consider the partial order <in, on R? defined by (y, z) <inv (', 2) if
y<y and z > 2. Then: (i) for each z € X, (A(z) X I, Siny) 15 a lattice. Assume
that, for each z € X, the function L(Jg)(z,-,-) is subadditive on (A(z) x T, Riny)-
Then: (it) there ezists an optimal policy (fo, f1,-..) such that f,(z) is increasing in t

for each z.

Proof. We will apply Theorem 9, that is, we will prove that v3* < yG* implies
L(Jg)(z,-,v8"*) — L(Jg)(z,-,78") is decreasing on A(z), for each fixed z.  (4.6)

Let v6* < v4t, and a < a’. Then

(a,78*) V (d,v8") = (d',v8*), and (a,v8"*) A (d',¥8") = (a,7B").

Hence, (A(z) x T, %iny) is clearly a lattice. Thus, by the subadditivity we have that

L(Jp)(z,a',78%) + L(J5)(z,a,7v8°) < L(Jp)(z,a,¥8) + L(Jp)(z,a,¥8"),
from which (4.6) is obtained. a

Theorem 14. Assume that

i)  — A(z) is decreasing;

i) for each = € X, the set A(z) is such that a € A(z) and @’ > a imply o' € A(z));
and

i) &(-,+,7) is subadditive on (K, %).

Then there exists an optimal policy (fo, f1,- .. fa—1) Such that f;(z) is increasing in z

for each t.

Proof. The proof of this result is similar to that of the above theorem, but in this

case we apply Theorem 10. a

Theorem 15. Assume that for each = € X, the function £(z, -, ) is subadditive on
the lattice (A(z) x {1,...n},<). Then there ezists an optimal policy (fo, f1,- .- fn-1)

such that f,(z) is increasing in t for each z.
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Proof. We will apply Theorem 11. That is, we need to prove that fort =0,1,...,n—
1

Ei(z,-,y) — Elz,-,7v) is decreasing on A(z). (4.7)
Let a,a’ € A(z), a < d'. Then, (A(z) x {1,...n}, x) is clearly a lattice:

(a,t+1) Vv (d,t) =(a',t +1), and (a,t + 1) A (d',t) = (a,1).
Thus, by the subadditivity we have that
iz, d',7) + &z, 0,7) < €z, 0,7) + E(z, 0, 7)

from which (4.7) follows. 0O

In the risk-neutral model, one is interested in establishing verifiable conditions
under which the function within brackets in (4.5) is submodular. This task is simpli-
fied by the fact that submodularity is preserved under addition, because it is easier to
find conditions for each of the functions C(z,a) and 3, pry(a)Js(y) to be submodular
separately.

Therefore, motivated by Theorems 12 and 13 and work in the risk-neutral lit-
erature, in the sequel we pursue the following: obtain conditions which guarantee

submodularity on X x A and/or on A x I of the function
L(Jﬁ)(zv a, 7ﬂt) = g(x7a17.3t)h'($1 a, 7.6t)7 (4'8)
where

9(z,a,7B) = €PCED, h(z,0,98) = 3 pey(a)aly,18Y).  (49)
y

However, an additional challenge is faced here in that now additional conditions
must be established for the product of two submodular functions to be a submodular
function. In Subsection 4.3.1, seemingly novel results about modularity of the product
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of two functions are established, and then conditions to ensure that the submodularity
of L(Jjs) follows from that of g and h are given.

A second and novel approach used in this dissertation to decompose the problem
as in the risk-neutral case is motivated by Theorems 14 and 15; the challenge here is
to find conditions that guarantee submodularity on X x A and/or on A x {1,...n}
of the function

1
gt(xy a, 7) = C(l‘, a’) + ; lOg[hg(x, a, 7)]1
where

he(z,a,7) = Y Poy(a)uf (9,7)-

In that case, similarly to the risk-neutral case, the submodularity of the two func-
tions log(h,(z,a,7)] and C(z,a) would be needed separately. In Chapter 6, for a
particular resource allocation problem, we will show that those two functions are
subadditive (and therefore so is the function &(z,a,v)). It is important to mention
that submodularity of the function &,(z, a,7) (H:(z,a,v)) does not necessarily imply
submodularity of the function H(z,a,v) (£:(z,a,~)).

4.3.1 Product of Submodular Functions.

Theorem 16. Let (S, <s) be a lattice, and let g,h : S — R be non-negative and
subadditive functions on S. If g(-) is increasing (decreasing) and h(-) is decreasing

(increasing) then the product g(-)h(-) is subadditive on (S, Xs).
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Proof.
g(sVr)h(sVvr)—g(s)h(s)

)
< [g(s) +g(r) —g(s AT)] A(s V T) — g(s)h(s)
=g(r)h(s V) +[g(s) — g(s AT)[ (s V T) — g(s)h(s)
< g(r)h(s V) +[g(s) — g(s AT)] h(s) — g(s)h(s)
= g(r)h(sVr) —g(s Ar)h(s)
< 9(r) [A(s) + h(r) — h(s AT)] — g(s AT)h(s)
< 9(r)h(r) + g(s Ar) [A(s) — h(s AT)] — g(s AT)h(s)
< g(r)h(r) — g(s AT)h(sAT).

a

In the following two theorems, the monotonicity property of the functions g(-)
and h(-) is substituted for some alternative conditions that also lead to results as
in Theorem 16. Moreover, these two theorems will be used in Chapter 5, to show
submodularity (with respect to A x I and X x A respectively) of the product g(-)h(-)

in the optimality equations arising in a machine replacement problem.

Theorem 17. Let (S, <s) be a lattice, and let g,h : S — R be non-negative, and
subadditive functions on S. Assume that g(s) = g(s Ar) and h(s) < h(sAT) for
every non-comparable s,r € S such that g(s) < g(r). Then the product g(-)h(-) is

subadditive on S.

Proof. Take arbitrary non-comparable s, r € S such that g(s) < g(r). We deduce at
once from the hypotheses that g(r) > g(s v r) and g(r) > g(s A r). Thus,
g(s Vv r)h(sV r) — g(s)h(s)
< 9(r) [A(s) + h(r) — h(s AT)] — g(s AT)h(s)
= g(r)h(r) + g(s A7) [h(s) — h(s A T)] — g(s AT)h(s)
< g(r)h(r) —g(s AT)h(s AT),
i.e., g(-)h(") is subadditive. a



56

Theorem 18. Let (5, <s) be a lattice, and let g,h : S — R be non-negative, and
subadditive functions on S. Assume that for every non-comparable s, € S such that
g(s) < g(r), the following two conditions hold: a) g(s) = g(sAr) and b) h(sVr) =
h(r). Then the product g(-)h(-) is subadditive on S.

Proof. From the hypotheses we have that g(sVr) < g(r) and h(sAr) < h(s), which
yields

g(sVr)h(svr)+g(s Ar)h(s AT) < g(s)h(s) + g(r)h(r).
a

Next, we provide conditions on the costs and transition probabilities under which
the functions g(-,-,v4*) and A(-,-,y4*) in (4.9) satisfy the modularity property. For
ease of presentation, A(z) = A, for all z € X, will be assumed.

Assumption 4.1 C(z, a) is separable, i.e., C(z,a) = u(z) + r(a) for some functions
u:X— Randr: A —R.

Assumption 4.2 C(z,a) is increasing in (z,a).

Assumption 4.3 }3° p.,(a) is increasing in z, for all z€ X and a € A.
Assumption 4.4 )7 p,(a) is subadditive in X x A, for all z € X.

Note that if the cost function satisfies Assumption 4.1 then the discounted opti-

mality equation is given as follows:

Jo(z,78") = €@ min{e™"@ Y " oy (a) Jo(y, 181}
y

Thus, the function L(Js)(z,a,vG*) in (4.8), is in this case given by

L(Js)(z,0,78%) = €7@ Y " pey(a) Jo(y, 16™").
y

In the rest of this dissertation we denote §(z, a,v8?) := e7#'7(@),
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Lemma 8. Under Assumption 4.1, §(-,-,v0") is subadditive and superadditive on
XxA.
Proof. The result follows since g(-, a,v3") is constant. a

Lemma 9. Under Assumption 4.2, 4.3, and 4.4, h(-,-,v0") is subadditive in X X A.

Proof. By Lemma 7, Assumptions 4.2 and 4.3 imply that Js(z, ") is increasing in

z. Now, by Assumption 4.4, we have that if 2’ > z and o’ > a then

Z[P:’y(a/) + Pry(a)] < Z[Pz'y(a) + Pay(a’)]

y=z =2

and by applying Lemma 6,

Y [pery (@) + pay ()] J6(y, 78Y) < Y [pery (@) + Py (@)] T (w, 78")
y=z y=z

is obtained, i.e., h(:,-,¥03%) is subadditive in X x A. O
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Chapter 5

APPLICATION 1: AN EQUIPMENT REPLACEMENT
MODEL

In this chapter, an infinite horizon CMC model of an equipment replacement problem
is studied. In Section 5.1, the formulation of the model is presented. In Sections 5.2
and 5.3, respectively, it is shown that under standard conditions, the optimal policy
is of the threshold-type and ultimately stationary. Moreover, under mild additional
conditions, it is also shown in Section 5.3 that ultimately it is optimal to follow the
risk-neutral stationary optimal policy. Finally, in Section 5.4, it is proved that the
optimal decision functions f;(z),t=0,1,..., are decreasing functions in ¢ for each z;
see, e.g., [6, 40, 41] for an analysis of this problem with risk-neutral discounted cost,
and (26] for a finite horizon, finite states/actions model with a risk-sensitive criterion

and under partial state observations.

5.1 Formulation of the Equipment Replacement Problem as
a CMC

The state of an equipment unit used in a, e.g., manufacturing process deteriorates
over the time. The state z € X = {0,1,2,...} represents the level of deterioration.
At each decision epoch, the decision maker can choose one of two actions from the
action space A = {1,2}. Action 1 corresponds to keep the unit (do not replace it)
while action 2 corresponds to replace the unit. If the decision is to replace, then a
cost R > (0 is immediately incurred and the state at the beginning of the next time
period is 0, the “as new” state. If the present state is £ and the action is to keep,
then the state at the beginning of the next time will be y with probability p,,. In
addition, an operating cost 0 < ¢(z) < K is incurred when the present state of the
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unit is z. Thus, the cost function per stage is given by

C(z,1) = ¢(z), C(z,2) =c(z) + R.
The following is a natural assumption to make.
Assumption 5.1. ¢(z) is increasing in z.

Since the component tends to turn worse gradually with use, it is natural to model
the probabilistic structure such that the conditional probability of the component
being at a state greater or equal than k at the end of the period, given that it was a

state z at the beginning of the period is increasing in z, i.e.,

o0

szy(l) is increasing in z (5.1)

y==2

5.2 Threshold Optimal Policies

First, it will be shown that the optimal value function for the model above is increasing

on the state, and then the existence of a threshold optimal policy will be established.
Lemma 10. The optimal value function Ja(z,7v) is increasing in z.

Proof. . We will apply Lemma 7 to prove that Jg(z,~) is increasing in z. It follows
from Assumption 5.1 and (5.1) respectively that Conditions 1 and 2 hold in this
model, and Condition 3 is obviously verified since A(z) = A, Vz. Therefore the
result follows. a

Proposition 2. There ezists an increasing optimal policy ©* = (f3, f1,...) for the
equipment replacement problem with risk-sensitive discounted cost criterion, that is,

there exists a sequence {z§,z},...} such that f is given by

/. _ )1 (no-replace) ifz < z}
fi(=)= {2 (replace) ifz 2 z} (5:2)
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Proof. First, Theorem 18 will be applied to show that the function
L(Jﬁ)('1 s 7.3t) = g('7 "y 7ﬂt)h('1 *y 7:6t)

is subadditive on X x A. From the conditions of the model, we have that the cost

function is separable:
C(z,a) = c(z) + r(a),
where
r(1)=0 and r(2)=R. (5.3)

Thus, by Lemma 8, g(-,-,v6°) is subadditive on X x A. Now, it follows from As-

sumption 5.1, (5.3) and (5.1) respectively that C(z,a) is increasing in z for each
(=~}

a € A, increasing in a for each z € X and Zpry(a.) is increasing in z for each

y=z2
z € X and a € A. Thus, this model] satisfies Assumptions 4.2 and 4.3. To verify that

Assumption 4.4 holds in this model, we note that if 2’ > z then

Z[Pz'y(2) - pzy(2)] =0,

y=z

and by (5.1)

Z[Pz’y(l - pm(1)] 2

Therefore, ipzy (a) is subadditive on X x A. Thus, by Lemma 9 we obtain that A
is subadditive on X x A. Finally,
9(z,a,78") = g(z',0,76"), Vz,2’'€X,
and
h(z,2,76°) = Jp(0,76°") = h(z',2,76°), Vz,7’ € X

imply respectively the conditions (a) and (b) of Theorem 18. Therefore g - h is
subadditive on X x A. The result follows from Theorem 12. a
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For the rest of this chapter, when {z}}32, or #* is written, it is to be understood as
the sequence of thresholds or, respectively, the optimal policy obtained in Proposition
2.

5.3 Ultimately Stationary Optimal Policies

It is well known that for the risk-neutral replacement problem, there exists a threshold
stationary §-optimal policy; see [6, 40, 41]. The case of interest is that for which R
is small enough so that the threshold z* of that optimal policy is finite. Moreover,
intuitively, it is to be expected that when | v | is small the risk-sensitive model should
be close to the risk-neutral model. Thus, it is reasonable to expect that the following

assumption holds for most situations of interest.
Assumption 5.2. {z}}2, does not diverge to oco.

Jaquette [32, 33] showed that optimal policies are ultimately stationary for every
CMC with exponential utility criterion and finite state space. Here, it shall be proved
in Proposition 3 that, under Assumption 5.2, the optimal policy 7* is ultimately

stationary for the equipment replacement model with infinite state space.

Lemma 11. For arbitrary m,m € I, and = € X, there ezists v(z,m,m) > 0, such
that one (and only one) of the following statements is true

ng(l‘, ) - ng(l', ) =0, on (O,’Y(Z,TFI,TQ))

ng(xv ) —ng(l‘, ') >0 on (0,’)’(1’,11’1,11’2))

ng (27 ') - JZ;2(I7 ') <0 on (07 ’Y(Z’, 71’1,71’2)) 4

Proof. For every 7 € Il and z € X, the function Jj(z,-) : (0,00) — R is given by
J3(z,7) = Ef[e"")]

n=0
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It follows from (5.4) that J3(z,-) is analytic in (0, o). Therefore, the function
JZ;I(.’U, ) - ng(l‘, )

cannot have an infinite number of zeros in any finite interval without being identically

zero, and thus the existence of a number v(z, m;, ;) as above follows. d

Lemma 12. Set m, = (f, f1,fs,...) and my = (g, f{, f5,...), where f(z) =2 and
g(z) = 1Vz. Let T be an accumulation point of the sequence {z};}. Then for z =
0,...Z there exists a number 5 > Q0 such that on (0,7) one (and only one) of the
following statements is true:

e™®e™? J5(0,70) — €7 prng(y, 78) =0
v

g1e(z) 7R J5(0,v8) - (@) Z PryJs(y,78) > 0 (5.5)

y

e J5(0,78) — €)Y " pry Ja(y,78) < 0
v
Proof. It follows from the definition of the operator £7 that

T3t (z,7) = €®e7RJ5(0,70), and

T34z, 7) = €Y " poyJa(y,10)-

y

Then, by Lemma 11, for each 0 < z < Z, there exists y(z) > 0 such that one and

only one of the above statements (5.5) is true. Thus, the result follows by taking
¥ = min{(0), ¥(1), ... 7(Z)} - .

Now, we are ready to show that the policy #* is ultimately stationary.

Proposition 3. Under Assumptions 5.1 and 5.2, the policy #* = (f3, fi....) (see
(5.2) is ultimately stationary, that is, there exists N such that z} =z}, Vk > N.
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Proof. Let Z be an accumulation point of the sequence {z};}, and for £ = 0,1, ...,

let
hi = € RJ5(0,965+), and  wi(z) = Y puyJa(y, 75).
v
Take N (large enough) so that y8¥ < 5 and =z} = Z. Then since z}, is the
threshold corresponding to fy, we deduce that
hy —wn(zly —1) >0 and  hy —wy(zy) <O.
Thus, by Lemma 11 we obtain that Yk > N (i.e. v8* < v8"),
he — wi(zy — 1) >0 and hg —wi(zy) <0.
Therefore z; =z}, = %, Vk > N. a
Thus, we have proved that the policy #n* has the form
7= (fao fiee Fren P F5 ), (5.6)

where f* is defined by f*(z) =1if z < Z, and f*(z) =2 if z > Z. [t is natural to
expect the policy (f**) to be optimal for the risk-neutral replacement problem, given
that for large ¢ the (effective) risk-factor v3* will be close to zero, i.e., close to the
risk-null case. The following lemma will be used to show, in Proposition 4, that this

is the case.

Lemma 13. Let £7(z,y) := ,lylogE';r [€™P] be the certain equivalent of the random
cost D. Then
lim £(z,7) = EX[D].
Proof. Let u(y) = E*[¢"P]. Thus
, 1 e w()
lim £(z,7) = lim ~ logu(y) = lim *-:
=v/(0) = EZ[D]
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Proposition 4. Let @ = (f*, f*,...) be the tail of the policy ™ given in (5.6). Then
under Assumptions 5.1 and 5.2, the stationary policy 7 is optimal for the risk-neutral

replacement problem.

Proof. It follows from (5.6) that for Kk = N,N + 1,..., the policy 7 is optimal

for the yB*-risk sensitive problem. Thus, for any stationary deterministic policy

T=(9:9---),
J3(z,v6%) < J3(z,76%), Vz, Vk > N. (5.7)
Since U !(-) is increasing, it follows from (5.7) that
E¥(z,v6F) < E™(x,vBF), Yz, Yk = N.
Thus, by taking limit when £ — oo one obtains from the previous lemma that
EZ[D] < E7(D],

and therefore 7 is risk-neutral optimal. a

5.4 Convergence of the Control Limits

In Section 4.2, the question was posed about how each decision rule f;(z),t =0,1,...,
of the optimal policy varies with respect to t. In particular, in the machine replace-
ment problem, it will be shown in Proposition 5 that under reasonable conditions
those decision rules are monotone functions of ¢. More specifically, under certain

conditions the function
L(Jﬁ)(xv "y ) = g(.’L‘, " )h(:l:, %y )

is superadditive on A x I, for fixed z.
The following general result gives a way of constructing a superadditive function
by, taking the composition of two other functions with certain properties.
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Lemma 14. Let (S,<s) be a lattice, G : S — R an increasing (decreasing) and
superadditive function on S, and H : R — R an increasing and conver function.
Then the composition of H and G is an increasing (decreasing) and superadditive

function on S.
Proof. The proof of this result follows immediately from the following identity:
H(G(s))+ H(G(r)) - H(G(sVr))—H(G(sAT)) =
[H(G(s)) — H(G(sVT) +G(s AT) — G())]

+ [H(G(sV 1)+ G(sAr) - G(r)) — H(G(s V T))]
- H(G(sAT))+ H(G(r))

a

Lemma 15. The function g(z,a,v0") = 9@ is increasing and superadditive on

AxT.
Proof. The result follows applying Lemma 14 with

H(z) =€ and G(a,78") = vf'r(a).

Now, the following assumption will be made in the rest of this chapter.

Assumption 5.3 If u > ¢ then

Ja(z,18°) — Jp(z,76%) < Jp(z +1,70") — Jp(z +1,76").

Lemma 16. Under Assumptions 5.1, 5.2 and 5.3, h(z,a,vB") is superadditive on
(A x T, %) for each z.
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Proof. First, from the conditions of the model it is easy to see that

Y pey(1) 2 ) pey(2), forallz,zeX.

y=z y=z

Thus, by Lemma 6 and Assumption 5.3 we have that if u >t then

Y ey (a8, 78%) = Ja(y,78)] 2 Y pey(2) sy, 18%) = Ja(y, 18*)),

y=0 y=0
and hence h(z, 1,v8") — h(z,1,78*) > h(z,2,v8") — h(z,2,76"), i.e., h is superaddi-
tive on the lattice (A x I, x). a

The following lemma proves that the optimal EDC decrease to 1 when the sen-
sitivity coefficient decreases to 0. This result will be needed in the proof of Lemma

18.
Lemma 17. ‘lixglo Ja(z,v8") = 1.

Proof. By Dominated Convergence Theorem, J3(z,v) | 1 as v | 0, Vr. The claim
follows from the inequality 1 < Js(z,7) < J5(z,7). a

Lemma 18. Let S := (A x I, %iny) be the partial ordered set with (a,78%) <inw
(d,48"*) ifa < & andt < u. Then, under Assumptions 5.1, 5.2 and 5.3, the function

9(z,-,-)h(z,-,-) is subadditive on S.

Proof. The result is proved by applying Theorem 17. Lemmas 15 and 16 imply
respectively that g and h are subadditive functions on S. Now, take s,r € S, non-
comparable, i.e., s = (1,74") and r = (2,v4*) with ¢ < u. Then since g(z,1,v6*) <
9(z,2,76%) and s A r = (1,78"), we need only to prove that

9(z,1,78") = g(z,1,76*) and (5.8)

h(z,1,76%) < h(z,1,76). (5.9)

Then, (5.8) follows from the equality g(z,1,v8") = 1, Vt, and (5.9) follows from
Lemma 17. Thus, the proof is complete. a
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Proposition 5. Under Assumptions 5.1, 5.2 and 5.3, the decision rules f;(z), t =
0,1,... N —1, and f*(z) are increasing functions in t, for each x € X. Consequently,

the sequence of thresholds {zj, z3,...} converges decreasingly to Z.

Proof. By Lemma 18 we have that L(Js)(z,-,-) is subadditive on (A x T, <iny).
Thus, by applying Theorem 13 we obtain that if £ < u then f,(z) < fu(z), for each
z, and consequently x5 > z7 > .... The convergence of {z};} to Z follows from

Proposition 3. a
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Chapter 6

APPLICATION 2: OPTIMAL RESOURCE ALLOCATION

In this chapter we study a finite horizon CMC modeling an optimal allocation prob-
lem. In Section 6.1, the description of the problem is given. In Section 6.2, we
apply results previously obtained in this work to prove structural properties of the
optimal value function corresponding to the exponential total cost. It is also shown
that there exists an optimal policy (fo, f1,- .. fx-1) such that the decision rules f,(z),
t =0,...N — 1, are increasing functions in z and increasing in ¢t. Moreover, un-
der additional conditions, we prove in Section 6.3 that the allocation problem can be
reduced to a problem with two actions and that the optimal policy is of the threshold-
type. Finally, in the same section, we apply those results to a particular example of
a linear final cost; see [41] for an analysis of this problem with risk-neutral total cost.

The optimal allocation problem can be described as follows.

6.1 Formulation of the Allocation Problem as a CMC

Suppose we have N stages to construct I successful components sequentially. At each
stage we allocate a certain amount of money for the construction of a component.
If a is the amount allocated, then the component constructed will be a success with
probability P(a), where P is a continuous nondecreasing function such that P(0) =0.
After each component is constructed, we are informed whether or not it is successful.
If at the end of NV stages, we are z components short, then a final penalty cost C(z)
is incurred, where C(z) is increasing. The problem is to determine how much money
to allocate at each stage to minimize the total expected utility. A CMC (X, A, P,C)
which models the described allocation problem can be defined by taking the state
space X = {0,1,...1I}, the action space A = [0, M], where M is a positive real
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number, the cost function C(z,a) = a, and the transition probabilities

P(a) fy=z-1
Py(a) =1—-Pa) ify=1z (6.1)
0 otherwise.

The state X, is the number of successful components still needed at time ¢ and
the action A, is the amount of money allocated at time ¢t.

For notational convenience in this section, J,(z,<y) will denote the minimal cost
at state r with t stages togo, z € X andt =0,1,..., N. (Note that in Section 3.3,
Ji(z,v) denoted the minimal cost at state z with N — ¢ stages to go.)

According to (3.2) and (3.3), Jo(z,7) =e"*® and for t = 1,... N,

Jes1(z,7) = inf{e™[P(a)J(z — 1) + (1 — P(a))Ji(2)]} (6.2)
= inf{e™[Jy(z) — P(a)(Ji(z) — Ji(z — 1)} (6.3)
= ilzf{e"“[Jc(:z: - 1) + (1 = P(a))(Ji(z) — Je(z - 1)]}. (6.4)

6.2 Structural Properties of the Optimal Value Function and
Policies.

First, we will show that the optimal value function J;(z,7) is increasing in the state

z and decreasing in the number of stages to go ¢.

Lemma 19. The optimal value function J,(z, ) is increasing in = and decreasing in

t.

Proof. We will apply Lemma 7 to prove that J,(z,v) is increasing in z. First, we
see that this model satisfies Conditions 1 and 3 of the mentioned lemma since C(z, a)
is constant in z, the terminal cost C(z) is increasing and A(z) = A, Vz. Finally, it

follows from (6.1) that

I 1 fk<z-1
Y pryla)={1-P(a) ifk=xz (6.5)
y=k 0 ifk > z,
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and hence, Condition 2 of Lemma 7 is valid for this model. Therefore, J;(z,7) is

increasing in z. Now, since @ = 0 is an admissible action, it follows from (6.2) that
Ji(z,7) < €"[P(0)Jeea(z = 1,7) + (1 = P(0))Je-1(z, 7)),
and hence,
Ji(z,7) € Jei(z,7)-

Thus, J;(z,~) is decreasing in ¢ for each z. a

The next goal is to show that the allocation problem has optimal policies that are

increasing in z and decreasing in ¢. To this end, we will prove that
log (e"[P(a)Ji(z — 1) + (1 — P(a))Ji(z)])

is subadditive on X x A and superadditive on A x {1,2,... N}, so that the mentioned
monotonicity properties will follow from Theorems 14 and 15.

Set
Gt(zy a, 7) = e-yaht(xv a, 7)7 (6'6)

where h,(z,a,v) = P(a)Ji(z — 1) + (1 — P(a))Ji(z). First, it will be shown that each
of the structural properties of log Gi(z,a,7y) we need is equivalent to a structural

property of log Ji(z, 7).

Propaosition 6. a) logGy(z,a,v) is subadditive on X x A ff log Ji(x,7) is convez
inz. b)log Gy(z, a,v) is superadditive on Ax{1,... N} iff log Jy(z,7) is subadditive
on A x{0,1,...N}.



Proof. a) Let o’ > a and denote by D,(z) := Ji(z +1,7) — Ji(z,7). Then
logJi(z,v) is convex in z
<= log Ji(z + 1) — log Ji(z) > log Ji(z) —log J.(z — 1)
= Ji(z+1)J(z - 1) > J(z)
< Ji(z)Dy(z) > Ji(z + 1)Dy(z — 1)
> (P(a) — P(a))Ji(z)Di(z) 2 (P(d') - P(a))Ji(z + 1) De(z — 1)
< —P(a)Ji(z)Dy(z) — P(')Ji(z + 1)Di(z — 1) >
— P(a')Ju(z) Dy(z) — P(a)Ji(z + 1) Dy(z — 1)
<> [J(z +1) — P(a)Dy(z)][Ji(z) — P(a')De(z — 1)] >

[z +1) - P(a)Di(@)|lJi(=) — P(e) Dy(a — 1)}
he(z+1,a) > h(z +1,a’)
he(z,a) = h(z,a’)
<= log hi(z,a,~) is subadditive on X x A

<= log Gy(z, a, v) is subadditive on X x A.

Note the last step follows from the equality

log Gi(z,a,v) =va + log hi(z,a,7).

71
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b) Let a’ > a. Then

logJi(z,7) is subadditive on X x {1,... N}
= log i1 (z — 1) — log Ji41(z) 2 log Ji(z — 1) — log Ji(z)
= Jiri(z = 1)Je(z) 2 Jera(z)Je(z ~ 1)
= J(@)Dusr(z — 1) € Joas(z) Dilz — 1)
<= (P(a') = P(a))Ji(z) Deri(z — 1) < (P(2') — P(a))Je41(z) De(z — 1)
= =P(a)Ji(z) Desr(z — 1) — P(a')Jexr(2z) De(z — 1) <

— P(@)J(2) Depr(z — 1) = P(a)Juy1(z) Dil( — 1)

<= [Jer1(z) = P(a) Drs1(z — 1)][e(z) — P(a') De(z - 1)] <

[Je+1(z) = P(a') Devi(z = 1)[Je(z) — P(a)De(z - 1)]
hei(z,a) _ heri(z, )
h(z,a) © hy(z,a)
<= loghi(z,a,7) is superadditive on X x A

<= log G(z, a,v) is superadditive on X x A.
a
Now, we show that log J;(z) is indeed convex in z for each ¢, and subadditive

on X x {0,1,...N}. For the rest of this chapter, it will be assumed the following

condition, which is reasonable for most situations of interest.

Assumption 6.1. The terminal cost C(z) is convex.

Proposition 7. Under Assumption 6.1, the following three statements hold:
a) log Ji(z,v) is convez in = for each t.
b) log Ji(z,7) is convez in t for each z.

c) log Ji(z,7) is subadditive on (X x {0,1,...N}, %).

Proof. First, note that (a), (b) and (c) are equivalent to
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Jg(l‘ + 2,’)’) S Jg(I + 1,'}’)

Ay > 6.7

ot Jt(z + 1,’}') Jg(l’, 7) ( )
Jev2(2,7) _ Jesi(z,7)

B,,: > , d 6.8

* Jer1(z,7) Ji(z,7) o o8

C.,: Jis1(z,7) S Jiri(z +1,7) (6.9)

Ji(z,y) T J(z+1,7)
respectively. We will show that those inequalities hold for ¢t = 0,1,... N — 2 and
z=0,1,...] — 2. The proof will be by induction on k£ =t + z. We have that Cyg
is true since J; is decreasing in ¢t (Lemma 19). By is an obvious equality, and Ag
follows from the hypothesis about C(z). Thus the inequalities are true for £ = 0. We
assume that they are true whenever t + z < k and let k£ =t + z. Let’s prove C;;. It

follows from (6.3) that for some a, say a,

Jerr(2,7) = €[ De(z,7) — P(@)(Je(z,7) = Ju(z - 1)],

and hence

Jeer(2,7) _ vz [ _ pray 2@ ) = iz~ 1,7)
T [1 A ] (6.10)

On the other hand, it follows from A,_,, that

Jlz,7) = Sz —1,7) _ Sz +1,7) = Ji(z,7)
Ji(z, ) = Ji(z +1,7) ]

Therefore, from (6.10) we obtain

Jer1(z,7) 1 — &Ja(x'*'l”Y)"Jt(z,'Y)
T 2 [1 PO e+ J

Jt+1(z+ 177)
— Q(z+1,9) ]

and Cz,; follows. In a similar way, to prove B, we have that it follows from (6.3)

that for some a, say o,

Jt+2(x7 7) = e7a,[‘]t+1(z1 7) - P(a,) (Jt-i-l(zr 7) - JH-I (Z - 1))]1
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and hence

J2(2,7) e — P(d' Je+1(7,7) = Jer1(z = 1,7)
Jer1(z, ) -° [1 Pla) Jer1(z) ] (611)

On the other hand, it follows from C;_; . that

Ji+1(2,7) = i1 (z — 1,7) < Jilz, ) — Ji(z — l,*/)_
Jt+1(z7 7) = Jt(xy 7)

Therefore, from (6.11) we obtain

Jer2(z,7) : [ nde(z,7) = iz —1,7)
———=2e" |1-Pa
Jer1(z, ) (@) Ji(z)
Jer1(z,7)
Jt($7 7) ,
and B;, follows.
Finally, to prove A;;, note that B,.;,_| is just

Jeri(z+1,7) o Jlz+1,7)
J(z+1,7) 7 J(z+1,9)

or equivalently,
Jerr(z + 1,7)Jecr(z + 1,7) 2 2z + 1,7).
Thus to complete the proof of (6.7) we have to show that
Ji(z +2,7)(2,7) 2 Jenr(z + 1,7)Je-1(z + 1, 7). (6.12)
It follows from (6.4) that for some a, say @,

Ji(z +2,7) = € [Joi(z + 1,7) + (1 = P@)(Jemir(z +2,7) ~ Jecr(z + 1L, ))],

and hence
J(z+2,7) _ a Jo1(z +2,7) = (T + 1,7)]
ST AT e .y X 6.13
Ty ¢ |1 a-Pa) Tzt 1.7) (6.13)

On the other hand, it follows from A,,_; and C;,.; that

Jt—l($+2a 7) S Jt(x +1, 7)
Jt—l(x + 11 7) g Jt(zr 7)
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and hence

Ji-1{z +2,7) = S (z + 1,7) S Ji(z +1,7) = Ji(z,7)
Jc-l(m + 11 7) g J;(JI,’Y) .

Thus, from (6.13) we obtain

Jt(z +2, '.y) e _
Ta@+ L)~ Tz) [Je(z.7) + (1 = P(@))(Ji(z + 1) — Ji(2))]

JH-]. (.’L’ + 1)
= Jt(.’..") Y

and (6.12) follows. Thus, the proof is complete. a
Corollary 1. Under Assumption 6.1, J;,(z) is convez in z for each t.

Proof. Since Ji(z) = exp(log Ji(z)), the claim follows from Proposition 7 (a). a

We know that for the risk-neutral allocation problem there exists an optimal policy
7 = (fo,... fn-1) such that f;(z) is increasing in z for each ¢, and increasing in ¢ for
each z; see [41]. In the following proposition we show a result analogous for the

risk-sensitive case.

Proposition 8. Under Assumption 6.1, there ezists an optimal policy m = (f3, ...
fr—1) for the allocation problem with exponential total cost criterion such that f;(z)

is increasing in z, for each t, and increasing in t, for each z.

Proof. It follows from Propositions 6 and 7 that log G,(z, a, v) is subadditive on X x
A and superadditiveon Ax{0,... N—1}. Now, fort =0,1,... N, define H,(z,a,7) =
Gn-t(z,a,7). Then log H,(z,a,~) is subadditive on X x A and subadditive on A x
{0,...N — 1}. Finally, set A}(z) = {a € A : log H,(z,a,v) = miny log Hy(z,d',7)
and define f; ;(z) = min A}. The result follows Theorems 14 and 15. O
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6.3 Allocation Problem with P(a) Convex.

In this section, we analyze the allocation control problem with ETC criterion for the
case in which the probability function P(a) is convex. It is shown that, under the
mentioned convexity condition, the optimal policy obtained in Proposition 8 has fur-
ther structural properties. Moreover, those structured optimal policies are compared
with those corresponding to the risk-neutral allocation problem (which are obtained
in Appendix A). Finally, we apply the obtained results to the particular case of a
linear terminal cost function, and again the conclusions are compared with those
corresponding to the risk-neutral problem.

Throughout this section, 7 = (f;,..., f;,) will denote the monotone optimal

policy obtained in Proposition 8.

Proposition 9. Assume that P(a) is conver and twice differentiable. Then, under
Assumption 6.1, the optimal allocation problem can be reduced to a problem with

the action set {0, M'}. Moreover, the optimal policy ™ = (f3, fi,... fx—1) 18 of the

threshold-type, that is, there exist states zj,z3,...,z}_, such that
. 0 ifz<a;
fi(z)= ) : (6.14)
M ifz 2 zj,

t=0,1,...N — 1. Moreover, the sequence of thresholds is decreasing.

Proof. First, we will show that for a; € (0, M),

0G, _ 0°G, )
-5—0'—-(.1:, az,y) =0= —a2—a-(:r:, a,,y) <0;

that is, that there are no minimal points in (0, M). Indeed, it follows from (6.6) that
Gt(zv ar7) = e‘ya[‘]t(x’ 7) - Jt(z - 1’7)1(1 - P(a)) + e7aJt(z - 177)1

which yields by differentiating both sides two times with respect to a:
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6Gt Ba (&:6:7) = —€"[J(z,7) = J(z = L,)|[vP(a) + P'(a)] + ve"Ji(z,7),  (6.15)

and

2
62G (z,0,7) = —[Ji(,7) — Ji(z — L,7)][¥?Pla) + 2vP'(a) + P"(a)] + v’ Ji(z, 7).

Hence,
6Gt Jt(zv 7) _ l
(:z: a,v7) =0+ e = =T P(a) + ’YP'(a.), (6.16)
and
ang Jt(x 7)

(z,a,7) < 0 =

Fa e =TT < F P(a) + 2 P(a)+P(a) (6.17)

Now, if a; € (0, M) is such that %—i‘(z,a,, v) = 0, then after adding ;5P” (az) +
~P'(a;) to the right side of 6.16 we obtain

i . g a JL(I17)
72P' (az) + 7P1(az) + P(a;) > Ji(z,y) = iz - 1,7)’

because P"(a) and P’(a) are positive. Thus, @—ﬁ(x, az,7) < 0 follows from (6.17).

Since there are no minimal points in (0, M), then we must have f;(z) € {0, M}

Vt, Vz. Moreover, if we define

= minfz : f;(z) = M},
t =0,1,...N — 1, then (6.14) follows from the fact that f;(z) is increasing in z.
Finally, the sequence {z}} is decreasing since f;(z) is increasing in t. a
6.3.1 Allocation Problem with Linear Terminal Cost

Now, to gain further insight of the consequences of Proposition 9, we apply this
proposition to compute the optimal policy in a particular example with linear final

cost.



78

Example 1. Take C(z) =2z, A =[0,1], and P(a) convex. We start by computing

frn—1(z). To do that, by Proposition 9, we need only to compare the values of the

function Go(z, a,v) at the extreme actions a =0 and a = 1. We have that
Go(z,a,7) = €™[P(a)Jo(z — 1,7) + (1 - P(a))Jo(z,7)], =21
= e"[P(a)e"** % + (1 - P(a))e®™] z>1.

Thus,
Go(z,0,7) = e*™
and
Go(z, 1,7) = e™[P(1)e™ + (1 — P(1))e"].
On the other hand, assuming that P(1) # 1, we obtain that

1< P(Le "+ (1-P(l)e" &= e' < P(l) +e2(1 - P(1))

1)
= 0= PO 67— e+ T 20
1 P(I)
=S T To P 2°
. P
‘=’<e 1—P(1)< 1) 0
<=>7210gijp%2—15.

Thus, it follows from (6.18), (6.19) and (6.20) that

a) if3<P(l)<land0<y< Iog(1 P(l)) then
Gﬂ(xv 117) < G0(110a7);
b) iff<P(l)<landy> log(rf}(}(%) then

GO(zr 07 'Y) S G0($, 1’ 7);

(6.18)

(6.19)

(6.20)
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c) ifP(1)<3andvy>0then
Go(l', 077) < G()(Z', 117);

d) if P(1) =1 and v > 0 then

GO(za 11 7) < GO(xy 07 7)’

Therefore the optimal decision rule fy_, and the optimal value function J; for

the cases (a) and (d) are given by

0 fz <1
* = 2
fy-i(x) {1 fz>1, (6.21)
and
1 ifz =0
Ji(z,7) = 6.22
1(2,7) EP(1)Jo(z — 1) + (1 = P(1))Jo(z,7)] ifz > L, (6.22)
and for (b) and (c) by
fna(x) =0, Vz
and
J(z,y) =¥, >0 (6.23)

Now, to compute the optimal decision rules f, t =0,...,N — 2, we will first prove

each one of the following statements by induction on ¢:

I) if}<P(1)<1and0<7y<log(;oy) then, fort=1,...N -1,
Ji(1,7) = €'[P(1) + (1 = P(1))Je-1(L,7)];

1) if%<P(1)<1and'y_>_Iog(1—f-§(1L)) then, fort=1,...N -1,

Jt(za 7) = Jo(l’, 7)1 TE X;
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II1) if Pl)<jandy>0thenfort=1,...N—1

Jt(xv’)') = JO(£17)7 S x;

V) if P(1)=landy>0thenfort=1,... N ~1

Je(1,7) = €'[P(1) + (1 = P(1))Je-1(1,7)]-
First, let’s prove (I). The validity of assertion (I) for t = 1 follows from (6.22).
Next, by (6.2),
Ji+1(1,7) = min{G.(1,0,7), G,(1,1,7)},
where
Gi(z,a,7) = e"[P(a)Ji(z — 1,7) + (1 - P(a))Je(z,7)], z 21 (6.24)
Thus,
Jes1(1,7) = min{Jy(1,7), €"[P(1) + (1 - P(1))J(1, )]}
= min{e"[P(1) + (1 ~ P(1))Je-1(1,7)],
e’[P(1) + (1 = P(1)) (L, 7)]} (6.25)
= e’[P(1) + (1 = P(1))Ji(1,7)], (6.26)
where (6.25) and (6.26) follow from the induction hypothesis and Lemma 19 respec-
tively. Thus the proof of (I) is complete.
Now, let’s prove (II). First, (6.23) implies that (II) holds for t = 1. Next, similarly
as above,
Je+1(1,7) = min{G:(1,0,7), G:(I,1,7)}
= min{Ji(1,7), e"[P(1)J(I — 1,7) + (1 = P(1))J(I,7)]} (6.27)
= min{Jo([,7),€"[P(1)h({ - 1,7) + (1 = P(1))h(l,7)]}  (6.28)
= min{Jo(), Jo(I)[e™" P(1) +€7(1 - P(1))],
= Jo(D) (6.29)
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where (6.27), (6.28) and (6.29) follow from (6.24), the induction hypothesis and (6.20)
respectively. Thus fy_, ;(I) = 0 and since f}_,_,(z) is increasing in z, we obtain

that fy_,_,(z) =0, for all z. Therefore
Jesr(z,7) = min{Gi(z,0,7), Gi(z,1,7)}
= Gy(z,0,7)
= Ji(z,7)
= Jo(z,v), VzeX,

and the proof of (II) is complete.

The proof of (III) is similar to the proof of (II) but in this case (6.29) follows from
(6.20) since P(1) < 3 => logl—f%%ﬁ < 0. The proof of (IV) is similar to the proof of
(I).

Finally, it follows from (I), (II), (IIT) and (IV) that f’(z),t =0,1,...,N-2, N—-1,

are given by

1 ifz>1

(@) ={o ifzr <1 (630

if%<P(1)<land0<7§log(i-f—,(,1(%),orifP(l)=1and7>0;and

fi(z)=0, Vz

if%<P(1)<1and7210g(1—_’if;1(%>,orifP(1)<%and7>0.

Remark 8. Note that

a) if % < P(1) <1 and v > log(z £ 3()1)) then the preferences of the v-decision maker

differ from those of the risk-neutral decision maker: the vy-decision maker prefers the
action a = 0, whereas the risk-neutral decision maker prefers the action a = 1; see
Appendiz A;

b) if P(1) = % then the vy-decision maker prefers the action a = 0, whereas the
risk-neutral decision maker is indifferent between the actions a = 0 and a = 1; see

Appendiz A.
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Chapter 7

CMC’s wiTH NON-DEGENERATE COSTS

In this chapter, we consider CMC’s with cost per stage function depending on a
disturbance. Unlike the model studied more frequently (see e.g., Bertsekas [6]), ours
considers random disturbances whose distribution is given by a stochastic kernel that
depends explicitly on the prior disturbance. We show that, due to this fact and
to the introduction of risk-sensitivity, the risk-sensitive optimal value functions at
each stage depend on the prior disturbance. Moreover, the risk-sensitive optimal
policies yielded by the corresponding dynamic programming (DP) algorithm are not
Markovian, because the optimal decision function at each stage depends on the prior
disturbance in general. In Section 7.1, the model is described and the general notation
is given. In Section 7.2, a DP algorithm within our framework is proved in full detail.
Finally, in Section 7.3, we collect some optimality results for the infinite horizon

optimal control problem associated to our general model.

7.1 The Model.

Let us consider a CMC specified by the tuple (X, A, D, @, Q, F, C), where:
e X, the state space, is a countable set.

e A, the action (or control) set, is a countable set. To each z € X we associate a finite
non-empty subset A(z) of A. A(z) represents the set of admissible actions when the
system is in state z. The set K := {(z,a) : z € X, a € A(z)}, is called the set of

admissible state-action pairs.
e D, the disturbance space , is a Borel subset of R;

e o, the initial transition law, is a stochastic kernel on D given K;
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e Q, the transition law, is a stochastic kernel on D given D x K; Q(B | v, z,a) is the
probability that the system undergoes a disturbance from the set B, given that the

last disturbance was v, the present state is z and the chosen action is a. In addition,

e F', the transition function, is a measurable map from K x D into X; F(z, a, V) is the
state at time ¢ + 1 if at time ¢, a state z and an action a occured, and a disturbance

v € D was selected. Finally,

e C: K xD — R, the one-stage cost function, is a measurable function. We will
assume that C is non-negative and bounded: 0 < C(z,a,v) < K < oo for every
(z,a) eK,veD.

Note that the CMC we are considering is not completely stationary since the kernel
giving the transition probability from the first stage to the second one is different from

that governing the next transitions.

The CMC (X, A,D, Qq, @, F,C) represents a stochastic dynamical system ob-
served at times t = 0,1,.... The evolution of the system is as follows. Let X;, A,
and D, denote the state, the action chosen and the disturbance at time ¢t € N, respec-
tively. If the system is in state X, = z € X, and the control A, =a € A(z) is chosen
then a disturbance D, occurs according to the transition probability Q(- | D;_1, z, a)
(or Qo(- | z,a) if t = 0). If the occurred perturbation is v then (i) a cost C(z, a, V)
is incurred, and (ii) the system moves to a new state X;,; = F(z,a,v). Once the
transition into the new state has occurred, a new action is chosen, and the process is
repeated; see [1, 29, 40].

The admissible history spaces are defined by

Hy=X, H =KxD!xX , t>1,
and the canonical sample space is defined as

Q=(XxAxD)>=
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The state, action, disturbance, and history processes, denoted respectively by
{X:}ier, {Ather, {Dihter and {H.}ier are defined on the measurable space
(Q, B(f)) by the projections

Xt(w) = T, At(w) = Q, Dt(w) = U, Ht (LU) = (207a01U0y217”' xUl—hxt)v
where B() is the corresponding product sigma-algebra. This means that when the
observed path of states, actions and disturbances is w, the random variable X, denotes
the state at time t, A, the chosen action at time ¢, D, the disturbance occurred at

time ¢ and H, the history up to time ¢t. For 7 € Il and h, € H,, P, and E}_ denote

the appropriate operators; see [29, 37].

7.2 Dynamic Programming.

For h; e Hy, s =0,1,... ,n —1, the EDC (ETC) to go from time s to time n due to
a policy 7 € II is defined as

ug.s (hsy7) := E}, U, (Ds)],

where D, := Y ™C(Xm, Am,Dm), 0 < 8 < 1 (8 = 1), and for h, € Hy,
uf o (hn,7) := sgny. The stochastic optimization problem is to find a policy 7* such
that

uFo(z,7) = mf{ufe(z )}, VrEX.

We refer to such a policy as a v-optimal policy.

The following result, which provides an algorithm for finding an optimal policy,
also shows that for an arbitrary history h, = (zg,aq, W, ... ¥s—1,Zs), the optimal
utility-to-go

iﬂf{ug,s (h31 'Y)}

does not depend on the whole history h, but only on the disturbance v,_; and the

state z,.
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Theorem 19. (Dynamic Programming Algorithm) For s=mn,...1 (s=0), and
hs = (2o, @0, Vo, - - - 1 Vs—1,Zs) € Hy, let ug , be the function defined on D x X (X) by

Ugn(Vn-1,Zn,Y) = (sgny), (7.1)

uB.s(Vs—-h 3317) = a.eA(z,) {/ Q st [Vs-lyxsaas)

e7ﬁ'C(Is.a:-”s)uB,8+1(U,, .’83+1, 7)} (7'2)

ug (v, 71,7) = alg}f&){/ Q(dVl|Vo,l‘hal)ewc(z"a""’)UE,Q(Vh1’2,‘Y)}
ugo(To,7) = aogi‘lgo) {/ Qo(dvg | To, ag)eCl=o00 )y 1(Vo,$1,’7)} (7.3)

where 244 = F(z5,a5,v5). Let fo : X — A be a decision rule defined by

/DQo(dVo | 2o, fo(o))e*CESoEIMys | (15, F(zo, fo(2a), vo),7)

aeA(Io)

and fors=1,2,...n—1, let f,: D x X — A be a decision rule defined by

/ QUdvs | oty T, fo(Vot, 32))
D

e’rﬂtc(znfa(”s—lvzs)r”u)uE 3+I(U3’ (xs,fs(ys_l’xs) Vs) fY)

= min {/ Q(st | Vs—l:msaas)e7ﬁ C(::,,a,,y.)u 3+1(V3123+177)}

Qs GA(I.)

where 2., = F(zq, fs(z,),vs). Then the deterministic policy * = (fo, fi,-- -, fa-1)
is y-optimal, and for s=0,1,...n—1,

u;s,s(’/s—ly Ls, 7) = "ig-lt;{ug,s(hs, '7)}1 V hs= (1:0: ao, Ly, - - - Vs—1, xs) € H,.

The functions ug , are called the optimal value functions since they give the optimal

utility-to-go for each history h,.
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Proof. Let 7 = (qo,... ,qn—1) be an arbitrary policy and hs = (hs—1,@s—1,Vs-1, )
an arbitrary history up to time s. To prove the theorem, we will prove that for
s=0,1,...n-1,

ug,s (h‘!n 7) ? 'U'Zi,s(us—ly z, 7)1 (7'4)
with equality if # = 7%, i.e.,

u‘g,‘s(h’m 7) = uE,s(U3—17x7 7)‘ (75)
The proof of (7.4) and (7.5) is by backward induction. The inductive step holds for
t = n since

Ugn(hn, ¥) = sgny = uj o (Va—1, Tn, 7).

Now, assume that (7.4) and (7.5) hold for s+ 1,...n. Then

ug o(hs, ) = Ef, [Uy(Ds)] (7.6)

Z gs(a | hs) / Q(dv | vs—1,z,a)e ~"G'C(”")u ss1(hs a,v, F(z,a,v),7) (7.7)
a€A(z)

Z gs(a | hs) / Qdv | ve_y, z, a)e?? ClEarly ug 1 (v, F(z,a,0),7) (7.8)
acA(z)

2 agg) {/]; Q(dl/ I Vs—1, T, a)e7ﬁ'0(z’a'y)u2i,a+l(yv F(z’as V)r 7)} (79)

= u;i,g(ys—la z, 7)7 (710)

where (7.7) follows from the definition of the operators E7,, (7.8) from the induction
hypothesis, and (7.10) from (7.2). This proves (7.4). Now, if # = 7* then equality
holds throughout the previous calculations and (7.5) follows. a

Remark 9. Note that, unlike the analogous result in the risk-null case, the optimal

policies provided by the above theorem are deterministic but in general non-Markovian.
Remark 10. When 8 =1, (7.2) becomes

u:(Vs—h T, Y) = 31&) {/ Q(dl/, l Vs-lyzs'ra')eqc(z"a Wedy? +1(st xs-i-la'}')} (7'11)

where w3 (Vs_1, Ts,7Y) = U] 4(Vso1,Zs,7Y)-
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7.3 Infinite Horizon Optimality Results.

In this section we collect some general results about the infinite horizon control prob-
lem associated to the CMC (X, A, D, @, F, C), which will be necessary to study the
inventory problem for an infinite horizon in Chapter 8. To formulate this inventory
control problem as a CMC, it is sufficient to consider, and so we do for the rest of
this chapter, a simplified model in which the disturbance space D is countable, and
the transition law @ is a stochastic kernel on D given K, i.e., Q is independent of
the prior disturbance . The proofs of the mentioned results can be obtained by minor
modifications of similar results in Chapter 3.

Denote D := Y ;o B'C(X., A;, D;). The infinite horizon EDC due to a policy =
is defined as

(@) = EE[(sgny)erTRos CXudn 0] (7.12)
= EI[u(D)],

0 < B < 1. The stochastic optimal control problem is to find a policy 7* within the
class IT such that (7.12) is minimized, that is, such that

5 (@) = nt{J3 (@ M)} = Ja(a,7)- (7.13)

We refer to the y-optimal policy #* as a EDC-optimal policy, and Js(z,v) is the
optimal EDC. The following two theorems establish, respectively, that the value of
the optimal EDC satisfies a functional equation, and that this equation characterizes
Markov deterministic EDC-optimal policies.

Theorem 20. ( Discounted Optimality Equation) For t = 0,1,..., the optimal

value function satisfies the equation

Y)Y = mi 18*C(z,a.v) t+1
To(e ) = min (3 QW |2, a)e Jo(F(z,0,v),76*)}
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Theorem 21. Let ® = (fo, f1,..- ,) be the policy such that f.(z) is defined by

Y Qv | z,0)eCERD Jy(F(z, fi(z),v), v6*)

v

= min Zdj QM | z,0)”CE) Jo(F(z, 0,0), 78™").

Then m is (EDC)-optimal for the infinite horizon problem.
Denoting
Jo.n-s(2,7) = ug,s(2,787°),

we obtain the following algorithm equivalent to (7.1)-(7.2):

Joo(z,7v) = sgnv,

a€A(z)

Jsss1(z,7) = min {) " Q(v|z,a)e™ ™ Iy (F(z,a,v),70)}.

We can interpret Jg s(z,) as the minimal EDC that can be obtained starting at state
z, with risk-sensitivity coefficient v, and proceeding for s stages.
The next theorem establish that the DP algorithm may be used to successively

approximate Jg(z, 7).

Theorem 22. (Value iteration):

n]-;l{g Jﬁ,n(zv 7) = Jﬁ(:L', 7)’
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Chapter 8

APPLICATION 3: SCHEDULING JOBS.

In this chapter, a CMC model of a jobs scheduling problem is studied. To facilitate
comparisons with the results we derive in this chapter, we include the analysis of
the stochastic optimal control problem corresponding to the risk-null performance
criterion given by an expected total weighted completion time (see [6] and [38]).
Then, we introduce risk- sensitivity by considering the minimization of the ezpected
ezponential utility of the total weighted completion time. We use a particular example
to show how, similarly to the risk-neutral case, the optimal policies obtained from
the DP algorithm developed in the previous chapter are Markovian (i.e., the decision
functions at each stage do not depend on the prior disturbance as in the general case).
It is interesting to note, as we shall show, that for the risk-sensitive criterion a simple
interchange argument is not applicable, and thus the only general computational and
analytical tool for this situation is the mentioned DP algorithm. Finally, by means
of a simple example, we illustrate how the optimal schedule depends on the risk

sensitivity coefficient 4.

8.1 Formulation of the Scheduling Jobs Problem as a CMC.

The key elements of a job scheduling problem are as follows; see [6, 38].

N: number of jobs to process.

T;: processing time of job i. We assume that the processing times are independent

random variables with known distribution.

w;: weight (usually interpreted as a holding cost) of job i.
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Z;: random completion time of job i. The distribution of the completion times depend

on the chosen schedule.

The problem is faced as follows. We have N jobs with independent processing
times that are to be processed non preemptively (that is, determined before any
processing begins) on a single machine. For simplicity we assume there are no arrivals,
breakdowns, setup or switch over costs, or precedences. If job j is completed at time
t, the cost incurred is w;t, where w; > 0. The problem is to find a job schedule such
that the expected total weighted completion time E [Z, w,-Zj] is minimized, where
the expectation is understood to be taken with respect to the joint distribution of the
{T:}.

A formulation of the previous problem within the context of CMC'’s is as follows.
Define z4 := ¢ (the empty set), z, :={the collection of jobs completed up to time t}.
The (finite) state space X is defined as the collection of subsets of {1,2,..., N}, ie.,
X = 2{12--N} ‘and A := {1,2, ..., N} denotes the action space. The set of admissible
state-action pairs is given by K = {(z, a) : z € X, a € z°}. The model is event driven,
i.e., time is incremented when a job is completed. Let a; denote the action taken at

time ¢, i.e., the ¢ — th scheduled job, and compute
Dy=T,, Di=Di1+T,, t=12,... N-1 (8.1)
Let the one stage cost function be given as

C(z:, 0t D) = wa, D = we, (Y T +To,), (8.2)

€T

and the transition function F' is given as
F(z,a,v) =z U {a}.
The random disturbance D, given by (8.1) takes values »; € R* and has a distribution

P(Do € B) = Pr,,(B),
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P(Dg S B I I/g_l,a.t) =Py‘_1+Tcg(B), t= 1,... ,N— 1,

where B is a Borel subset of R*, and Px denotes the distribution of the random
variable X. The history spaces are given by Hy = {(¢)}, and for ¢t = 1,2,... N,
H; = (K x R*)"! x X. The initial stochastic kernel Qo(- | -) on R* given A is
defined by

Qo(- | @) := Pr,(),
and the stochastic kernel Q(- | -) on R* given R* x A is defined by
Q( | va) = Pz, ().

An admissible Markovian deterministic policy © = {fo, f1,.--, fa-1} € IIpp sat-
isfies fy(z) € z°. To the deterministic policy # = {fo,..., fa=1} corresponds the

sequential order of the jobs

(fo (@), il{fo @D, f2({fo(¢), il{fa(®)D}),-)-

Thus, a policy 7 € Il p is associated with an open-loop schedule {ay, ... ,an-1}.

8.2 Risk Neutral Case.

Let # = (ag,ay,...,an-1) € Ilyrp, and ¢ the initial state. The total cost incurred

by = is given by
ug(qb) = é(¢, ag) +...+ é({ao, - ,aN-g},aN_l), (8.3)
where

Clz,,a;) = W, ( ZET; +ET,,). (8.4)

(=
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Remark 11. Note that given the linear dependence of risk neutral criteria on the
one stage costs, all that one needs in this case is the mean processing times given by
(8.4). However, as we shall see later, for risk-sensitive criteria the dependence of the
one stage cost on the “disturbance” T,, will need to be made explicit, and hence the
mean processing times will not suffice in that situation. Thus, the ezplicit use of (8.2)

will be needed.

The optimal cost, ug(¢) := inf {uj(¢)}, satisfies the last step of the standard
0 r€llyp 0

Dynamic Programming recursion:

uy(z) = 0,

y(z) = minQw, | Y B[N +u(zU{a})

aezs
kezu{a}

Of course, in this case the optimal schedule could also be obtained by total enu-
meration. As an illustration of this algorithm, we obtain next, the optimal schedule,
and the optimal cost for a simple problem with 3 jobs.

Example 1. We suppose that there are 3 jobs to be processed in sequential
order. Let fi, f5, f3 be the distributions of T},T5,T; respectively, where f,, f; are

concentrated in 1, and f; is given by

0 with probability &
fa={ 1 with probability %
10 with probability 55

The weights and expected processing times are given by

jobs 1 2 3
w; 6 10 8
ET;) 1 1 1
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We have that u3({1,2,3}) =0,

u3({1,2}) = wEN+L+T3]= 24,
u§({1,3}) = wF [T1 +T +'I§] = 30,
u3({2,3})

un F [Tl + T, + T3] = 18.

Substituting these values in u} we obtain
ui({1}) = min {ng [Ty + To] +u3({1,2}), wsE [T} + T3] +u;({1,3})} = 44,
ui({2}) = min{w BT} + o] +u3({1,2}), wsE [T> + Ts] + u3({2,3})} = 34,
ui({3}) = min{w,E (T} + T3] +u3({1,3}), woE [Tr + T] +u35({2,3})} = 38.

Finally, we calculate the optimal cost:

up(¢) = min{wiB(T) +ui({1}), waB(T) +ui({2}), wsB(Ts) +ui({3})}
= min {6+44,10 + 34,8 + 38} = 44,

and the optimal schedule is S = (231).

Interchange Argument. In problems for which there exists an optimal open
loop policy, an interchange argument may be used to obtain (necessary) optimality
conditions [6, 38]. Let 7* = (4§,1},... ,47_;,i,J,%09,... ,ik_;) be an optimal sched-
ule, and consider the schedule 7’ = (43, ... ,47_;,j,1,%5,9,...7)y_;) obtained from =*

by interchanging the jobs i and j. We have that

e+ C({i5, .. .71} 1) + C({35,- .. 71, i}) + ez,

et +C({ig, ... iro 1) + C{ig, - - vir_1, i} 1) +c2,

ug (9)
ug (¢)

where

er =C(¢,i) + C({igh,33) + ... + C({3g, - - - it }rir_y),
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and
ca=C({85,..-1,j} ir0) +... +C({55, ... ihv_ahriN-1)-

Since 7* is supposed to be optimal, we obtain
wiB(t + i) +wiE(t, + T+ T;) <
wiE(t, + T;) + wiE(t- + T; + T7),
where t, = 3 15 T:;. Canceling equal terms in the last inequality we obtain

Wj Wy

ET) S BT’ (85)

Proposition 10. The rule that processes the jobs in decreasing order of E'(gf*;j is

optimal.

Proof. Suppose that the schedule #* = (ig,41,... ,%r—1,1,J, %r+2,-- - in—1) iS Optimal
and the jobs i and j do not satisfy the rule, that is, zpis < Ft'(uTL,')' Then by taking

7 = (i9,%1,- -+ »br—1,Js I, 8r42, .. . Ly~ ) We obtain from (8.5) that

/

ug (4) = ug

(9).

This contradicts the optimality of 7*. O

This result allows us to give a simple algorithm to find the optimal schedule:

Scheduling Algorithm (Risk-null case.)

Step 1. Compute E(T;) for all i, and write

w;

E(T)

R; =
Step 2: Sort {R;} in decreasing order; break ties in any arbitrary way. Denote by

{Riile;y---R'i"v}
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the sorted array, i.e.,

Ri' 2 Ri;“ :

k

Step 3: Obtain the optimal schedule
7t = {i],45,... iy}
As an illustration of the simplicity of this algorithm, we obtain the optimal schedule
in Example 1. We have that
Ry =6, R, =10, R;=8.
Therefore, the optimal schedule is § = (231), since
Ry > R3 > R,.

Remark 12. In the optimal schedule we have that job 2, the first job scheduled, is
the one with processing time having largest variance. Note that the variability of job
2 impacts greatly the variability of the total cost. For exzample if T, takes the value
10, then the total cost will be 10(10) + 8(10 + 1) + 6(10 + 1 + 1) = 260, while if Tz
takes the value 0, then the total cost will be 20. Thus a risk averse Decision Maker
(DM) may prefer to schedule later the job 2; that is, the schedule S = (231) may not
to be his/her optimal schedule.

8.3 Risk Sensitive Case.

Suppose now that the Decision Maker (DM) has constant risk sensitivity coefficient
v # 0; see [35, 39, 47]. The case v > 0 (y < 0) corresponds to a risk-averse (risk-
seeking) DM, and if ¥ = 0 we recover the standard risk-neutral situation. Thus
the exponential total cost due to a policy m = (ag,a,... ,ay—;) € I)p would be
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computed as

N-1
u5(,7) = E° [u,( ) C(z,,at,D,))]

t=0

= E’r[(sg'n'y)ezﬁv:_ol C(l'z,az.D:)]’ (8.6)

and thus one sees that (8.4) is not enough to compute (8.6), but instead (8.2) is
needed.

For m = (aq,... ,an-1) € Iyp, and h, € H,, the utility-to-go functions u] are
given by uf;(hy) = sgnv, and for t < N by

0= (3 00)

where Dy =Ty,, Di =Dy +T,,l=1,...N — 1. According to Theorem 19, the
optimal utility-to-go functions uf(v;_1,z:,7) satisfy the recursion uy(vy-1,%,7) =
sgny, fort=N-1,...,1,

u;(ve-1,2,7) = min {/ Qdv | ve—1,a) [ u;,, (v,z U {a},7)] }

where Q(: | 4—1,a) = P,,_,+1,(-), and

43(¢,7) = min { |, Qolas | a)femui( a}, 7]}

where Qo(- | a) = Pr,(").

Next, we apply the DP algorithm to Example 1. This particular example will
illustrate how, for the jobs scheduling problem, the optimal decision function at each
stage obtained from the DP algorithm does not depend on the prior disturbance (as

it does in the general case).

Example 1 (revisited.) For simplicity we take ¥ = 1 (risk averse case.) Then we

have that

uz(», {1,2,3},7) = 1.
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Thus,

us(v1,{2,3}7) = R+Q(dvzlvl,l)e‘"l"2=e‘"l"1E[e‘"‘T*1=e“”‘e“;

/ Q(dv | 11, 2)e"?? = "1 E[e2T?] = ¢!™ E[e!'T2); (8.7)
R+

u3 (1, {1,3},7)

us(1n,{1,2},y) = . Qdvs | vy, 3)e™* = ewsuxE[emThl = 18

Substituting these values in u} we obtain
wton, (117) = min{ [ Qe | om, e 300, (1,2},
R+

Q(dv, | v, 3)e“* us (1, {1,3},7)}
R+
= min { elwatws)vo E[ewaTs ] E[e(wz-f-wa)Tz], elw2+us)vo E[eszz] E[e(wz+w3)T3]}
= elwetwa)o i { E[ew3T3] E[e(w2+W3)T2]’ E[eszzl E[e(w2+wa)T3]}
— elSuo min {EBE[EISTQ]’ elSE[eIOTgl}

= 181018 E[e10Ta)

Similarly,
uj(vo, {2},7) = min {/m+ Q(dv | vo, 1)e¥ w3 (v, {1,2},7) ,
o Q(dwn, | v, 3)€¥ us(1n, {2, 3},7)}
=/, Q(dvy | v, 3)e* ul (11, {2,3},7) = el*e?;
and
wi(on, (3h7) =min{ [ Qe | sm, e a0, 1,3%7)

Q(dvy | v, 2)e' ™ u3 (1, {2,3}, 7)}

R+ (8.8)

= / Q(dvy | v, 1)e¥ u3(11, {1,3},7) = e!®°e®E[e!T3].
R+
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Finally, let’s calculate
u6(¢,7)=min{ / Qoldvo | 1)l (vo, {1}), / Qoldve | 2)e™u(vo, (2}),
R+ R+
[ ol | e muion {3})}

N fm Q(dvo | 3)e™uj(vo, {3})} = e*°E[e!*™].

(8.9)
Thus, from (8.7), (8.8) and (8.9), we obtain
ug(d,7) =/ Qo(dvo | 3)e"’3”°/ Q(dn, Iuo,l)e“"”‘/ Q(dva | 1y,2)e"?
R+ R+ R+
= E[e(wl+w2+Wa)Ta] E[w1+wz)T1] E[*T), (8.10)

Thus, it follows from (8.10) that the optimal schedule is S = (312), which, as we
expected (see Remark 12), is different to the optimal schedule S = (231) obtained
in the risk neutral case, and one that schedules the most uncertain job for last. Now,
since the optimal schedule is an open-loop policy and motivated by the risk neutral
case, we can pose the following question.

Question: Applying an interchange argument, can we derive some simple necessary
and sufficient conditions for optimality?

We proceed to investigate this question. Suppose that the schedule 7* = (4o, ... ,
br—1,1,§,r42,- -, in—1) is optimal. Let M; = S7_; w;,, for { =0,1,...7 — 1, and let

Srit = kN;l'-l w;,,,, for 1 =2,3,... N —r —1. We have that
"3. (¢,7) = sgnyKL E [e”(‘"i+wj+3r+z)Tx] E[e'v(wj+s,+2)13] K,

where K, = E[e?5+Tirs2] .. E[e¥-1Tin-1], and

K, = E[e‘r(Mo+WH-'tuj+Sr+2)T§o] L E[e’r(Mr-1+Wx+wj+5r+2)T.',._l]'
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Let 7 = (ig,... ,%r—1,j,1,%r42...in~1) be the schedule which interchanges the

jobs i and j. Then
uf (8,7) = sgnyK, E[e"r+rtSralli] plgntutSrealli e,

Since the policy 7* is supposed to be optimal, we have that, if vy > 0 then

E[e7(wi+wj+sr+2)Ti] E[e'r(wj+5’r+z)7}] < E[e‘r(wx+wj+5'r+z)'13] E[e7(wx+5r+z)'ﬂ]’ (8.11)

and if ¥ < 0 then the reverse inequality holds. Hence, we arrive at the following
answer.

Answer: As opposite to the risk-neutral case, we notice that by applying an
interchange argument, we do not derive any simple general condition for optimality.
Observe that (8.11) involves the jobs scheduled from the job i onward. Thus, in this
case, the DP algorithm is the only way we have to compute the optimal schedule.
Certainty, a possibility is to explore particular distributions for {T;}, e.g., see [36],
and perhaps (8.11) may then yield simpler optimality conditions.

8.4 Optimal Schedule Dependence on v

In this section, we will illustrate, via a simple example with 2 jobs, how the optimal
schedule depends on v. We will show that there exists v* > 0 such that S = (1 2)
will be optimal for a DM with risk sensitivity coefficient less or equal than v*, while
S = (2 1) will be optimal for a DM with risk coefficient great or equal than v*.

Example 2. Suppose that we want to process 2 jobs whose weights and processing

times are given by

jobs 1 2
w; 7 6

T takes values 2 and 4 with probability % each one, and 75 is concentrate at 3. Note
that E(T;) = E(T;) = 3. Thus since

un > Wa
E(T) ~ E(T)’
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it follows from Proposition 1 that
S =(12) is optimal if the DM is risk-neutral. (8.12)

We consider now a risk-sensitive DM. Note that in any example with 2 jobs, the

inequalities (8.11) turn out to be very simple to manipulate. We have that

26 52
E[e'r(m-*-wz)TL]E[e'rszz] =€ i ';' ¢ 761&7;
and
28
E[e"witua)Ty] plenT] = gne e
2
Thus,

2 (E [e'Y(wH-wz)Tl]E[e'szTz] — E[e’r(wl-i-w'z)Tg]E[ewlTl])
= (626’7 + 652'7) els’Y — 639‘7 (814’1 + 6287)

44~y

=e"g(7),

where g(y) = %7 — €237 — €97 4 1. Thus, we obtain that
E[erwituwdTy) ple1weTy] 5 plerntwa B Bl Ti] if g(v) > 0; (8.13)
and
EgttwTy glgraTy| ¢ glgnteBgenT] if g(1) <0.  (8.14)

Lemma 20. Let g(v) ;= e*7 — €37 — e + 1. Then, the following statements hold:
i) g() has only two real zeros:
1.3
= *e(=ln>,1);
N 07 and7 6(3]112, )1
i) g(y) <0if0<y<7;
i) g(v) >0 if y <0, ory > ~*.
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Proof. We have that
g(7) = 266%7 — 237 — 9™
= e¥h(y), (8.15)
where
h(7y) = 26€'™ — 23e!47 — 9.

It is easy to see that h’(y) = 0 if and only if 4 = } In 18!. Therefore h(v) has at most
two real zeros and hence, from (8.15), ¢’ has at most two real zeros. Moreover, ¢’ has
a zero in (0,1) since ¢g’(0) =26 -23 -9 <0, and ¢’(1) > 0. Let ¥ > 0 be the smallest
zero (if there exist two) of ¢’. Then since ¢g’(0) = —6, we have that ¢’(y) < 0, for all
v € (0, %), and therefore g is decreasing in (0,4). Since g(0) = 0 we have that

g(y) <0, forall~ye(0,7). (8.16)

Now, g(1) = €%(e!” — e!* — 1) > 0. Therefore there exists v* € (,1) such that

9(7‘) =0, and
9(7) <0, forall ve (4,7") (8.17)

Thus (8.16) and (8.17) imply ii).
Now, let v < 0, and b = —v. Then

gl('Y) = gl(_b) = e—gb (268—176 _ 23e—l4b _ 9)
- 3 _ qpl7
7 (26 23e% — 9e ) <.

el

Then g is decreasing in (—o00,0), and since g(0) = 0, we have that
g(y) >0, for all ¥y € (—00,0). (8.18)
Finally,

g(v) >0, ify>1. (8-19)
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Thus, (8.18) and (8.19) imply iii).

Moreover,

9()=0&=~= %ln g (8.20)

Therefore 4 = %ln%, and g has only two real zeros: v; =0, and v* > %ln% Thus,
the proof is complete. |

Proposition 11. There ezists $In3 < 4* <1 such that:

S=(12) is optimal ify< 7",

»

S=(21) is optimal ify>~".

Proof. The proof follows from (8.12), (8.13), (8.14), and Lemma 20. o
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Chapter 9

APPLICATION 4: INVENTORY CONTROL

In this chapter, a formulation of an inventory control problem as a CMC is given.
To that end, we consider a simplified model in which the disturbance space D is
countable, and the transition law Q is a stochastic kernel on D given K, i.e., Q is
independent of the prior disturbance. In Section 9.2 (9.3), it is shown that the finite
(infinite) horizon inventory control has a base-stock optimal policy. See, e.g., (6, 40]

for an analysis of the inventory control problem with risk-neutral discounted cost.

9.1 Formulation of an Inventory Control Problem as a CMC

. At the beginning of each period, the manager of a warehouse determines current
inventory of a product. He decides whether or not to order additional stock and
therefore what will be the inventory level for that period. In doing so, he is faced
with a tradeoff between the costs associated with keeping inventory and the penalties

associated with being unable to satisfy customer demand. Let us denote
X, : stock available at the beginning of the ¢-th period.

A;: number of units ordered at time ¢.

D,: demand at time ¢.

We assume that the demand has a known probability distribution p, = P[D, = v},
v=0,1,...,L,L €N, t=0,1,..., and that excess demand is back logged and filled
as soon as additional inventory becomes available. Thus the inventory at time £ + 1

is related to the state, the action, and the demand at time t, through the transition
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function
F(z,a,v)=z+a —v. (9.1)
The state and action spaces are given by
X={.,-101,...,M}, and A={0,1,2,...},

where M is the capacity of the warehouse. For z € X, the set of admissible actions

is the finite set
A(z)={0,1,... M —z}. (9.2)

Note that z < 0 corresponds to back logged demand. The transition law Q is

given by
QW |z,a)=p, (9.3)

and it is independent on (z,a). The cost incurred at each period ¢ consists of two
components:
(1) the purchasing cost, ¢ - (a;), where c is the cost per unit ordered; and
(2) the inventory-related cost, H(z:,a;,1n) =h-(ze+a: — )  +p- (1 — 2 — ar)™,
where h and p are the holding and penalty costs per unit respectively.

In finite-horizon problems, each remaining unit at the last period time has a

salvage value of c. The discounted cost up to time N is denoted by

N-1
Dy = Zﬂ'[c (@) + H(z, a0, 0)] — Ve - zy

t=0
N-1
= Z ﬂt[c (zy + a¢) + H(ze, e, 1) — Be- (ze + ar — )]
= N-1 N-1
- Z Ble- (z) + Z B e (ze41)
t=0 t=0
N-1

=Zﬁt[c’(xt+at)+H(ztaa't7Vt) _ﬂc'(xt‘*‘at—yg)] —C-Iq.
t=0
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Denote C(z,a,v) :=c- (z +a) + H(z,a,v) — fc- (z +a — v). Then

N-1

ﬁN = z ﬂ‘C(:z:,,a,, dz) — CIg.

t=0

Let Dy := ZH')I BtC(X,, A, D;). For a deterministic policy , let

ugo(z,7) == E7[Uy(Dy)].
Note that the policy that optimizes
ir;f{uE,o(m, )}
also optimizes

inf{ BTy (D))}
In this section, we consider the optimal control problem with discounted cost Dy.
According to Theorem 19, the DP algorithm for this model is as follow:
ugn(z,7) =sgnvy;and fort =N —1,...,0,

b M tC y &y *
ug(z,7) = o {z”:Pue"ﬂ ous i +a -, ’7)} 7

where C(z,a,v) =c-(z+a)+h-(z+a-v)*+p-(v—z-0a)t = fc-(x+a—v).

Remark 13. Note that, while the optimal value function for the scheduling jobs
problem studied in Chapter 8, uj (Vs-1,%s,7), depends on the disturbance-state pair
(Vs—1,%s), the optimal value function for the inventory problem, uj ,(s,7), depends
only on the present state ;. This is due to the fact that the transition law, Q, is

independent on the prior perturbation.

9.2 Base-Stock Optimal Policies.

In this section, it is shown that the inventory control model has a base-stock optimal

policy. A base-stock policy is a decreasing policy # = (fo, fi,...) such that, for
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t=0,1,..., the decision rule f, is given by

_Jz—z ifz < xf
f‘(z)—{ 0 ifz >z, (9:4)

where z3,z],... are the base-stock levels.

The following theorem, which will be used to show that the inventory problem has
a base-stock optimal policy, gives sufficient conditions under which the finite horizon
CMC, has a decreasing optimal policy. For (z,a) € K, let

Hy(z,a,7) = Z Qv | z,a)e™ @My, | (F(z,a,v),7). (9.5)
Theorem 23. Fort=0,1,...n—1, let

A:(x) = {a‘ € A(IE) : Ht(z7a77) = ,Iél‘il('l) Hg(l’, a’17)};

and fi(z) := max A}(z). Suppose that
i) z — A(z) is a decreasing function, i.e., x < 2’ implies A(z') C A(z);

it) for each z € X, the set A(z) is such that a € A(z) and o’ < a imply o’ € A(z);
and

i) Fort =0,1,...n—1, ifz < 2/, H(z,-,v) — H(z,-,7) is increasing on A(z’).
Then (fo, f1,--- fa-1) is an optimal policy such that f,(z) is decreasing in r for each

t.

Proof. The optimality of (fo, f1,.-- fan-1) follows from Theorem 19. Now, assume
that fi(z') > fi.(z) for some z’ > z. Then, it follows respectively from i), ii) and iii)
that f,(z') € A(z), fi(z) € A(z') and

Ht(x,’ ft(zl)y’Y) - Ht(zy ft(z,)17) 2 Ht(z,v ft(z)17) - HL(.’L‘, ft(x)t 7)'

Consequently, we obtain
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0 2 t(z’7 ft(x’)1 7) - Ht(zlv ft(x)77)
> Hi(z, fi(z'),v) — Hi(z, fi(z),7)
20

-

But f,(z') € A(z), and Hy(z, fi(2'),v) = Hi(z, f.(z),7) contradict the definition of
fe- a

Define C: X x D — R by

Clyv)=c-y+h-(y—v)*+p-(v—y)* - Bc- (y—v).

Then, we obtain that C(z,a,v) = C(z + a,v), for all (z,a) € K. Bouakiz and Sobel
[9] showed that if p > ¢(1 — 3) then, for each v/ > 0, and ¢t € {0,1...}, the function
Vi,v : X — R defined by

Vir(®) =Y _ pue” @) J5,(y — v,v'B) (9.6)

v

is convex in y, where Jg:(z,7) denotes the optimal EDC that can be obtained starting

at state z, with risk-sensitivity coefficient v, and proceeding for ¢ stages, i.e.,
Joa(,7) = wp w—o(2, 787 ). (9.7)

This convexity property and the following lemma will be used in the proof of

Proposition 12.

Lemma 21. LetY and Z be subsets of R. Let G be a real-valued increasing function

onY x Z, and H a real valued, convez function on the real line. Assume that
G(y,2)+GY,7) =G,2) +G(y,?), V' >y, ¥ >z
Then the composition of the functions H and G, H(G), satisfies

H(G(Y,2) + H(G(y, 7)) S HG(Y, 7))+ H(G(y,2)), W 2y, ¥ 22
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Proof. Let i > y, and 2’ > z. The proof of this result follows from the following
identity:
H(GW',2))+ H(G(y, 7)) - HG(Y, 7)) - H(G(y,2)) =
[H(G(Y,2)) — H(G(Y'. 2) + G(y, 2) — G(y, 2))]
+[H(G(Y',?) +G(y.2) - G(y. ) - H(G(Y . 2))]
— H(G(y, 2)) + H(G(y, %)
m

Proposition 12. If p > c¢(1 — B), then there erists a decreasing optimal policy
T = (fo, f1,...fn-1) for the inventory control with an exzponential discounted cost

criterion. Furthermore, fort =0,1,...N -1,
fi(z) = (f(0) —z)*, VzeX,
where f,(0) is the base-stock level for the period t.
Proof. For (z,a) € K, let H, be the function defined in (9.5), i.e.,

Hz,a,7) = 3 pe®Eeus, (z+a—1,7).

v

Let fi(z) := max A}(z), where

Aj(z) = {a € A(z) : Hi(z,a,7) = a,rg;r(lz){Ht(z, a',7)}}.
First, it follows from Theorem 19 that (fo, fi,... fy—1) is optimal. Next, we will
apply Theorem 23 to prove that, fort =0,1,... N —1, f;(z) is decreasing in z. Note
that the set K for the inventory control problem satisfies the conditions (i) and (ii)
of the mentioned theorem. On the other hand, it follows from (9.5), (9.6), and (9.7)

that
Ht (Z‘, a, ’Y) = Zpde‘YﬂtC(z’a'd)uE,t-f-l(z + a-— d1 7)
d

= Zpde7ﬂté(z+a'd)Jg,N_g_1($ +a— d, ’Yﬂt‘*_l) (98)
d

= Vv-t-19p:(€ + ).
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Thus, since Viy_;_145:(-) is convex, and ¢(z, a) + ¢(z’,a’) = ¢(z’, a) + ¢(z,d’), where

#(z,a) = z + a, then by Lemma 21 we obtain that
Ht(l’, a, 7ﬂt) + Ht(zla a,17,6t) ? Ht(xlwav7ﬁt) + Ht(zv a,y 7:Bt)‘

Hence, if 2’ > z, then
Ht(x,r "y 7) - Hg(l’, "y 7)

is increasing on A(z'), i.e., H, satisfies Condition (iii) of Theorem 23, and therefore,
fort =0,1, .. N—1, fi(z) is decreasing. Now, it follows from (9.8) and the definition
of f; that
Hi(z + 1, fi(z) — 1,7) = H(z, fe(z),7)
< Hy(z,a,v), Vas< M-z (9.9)
=H(z+1l,a-1,9), YVas< M-z
Therefore, fi(z + 1) = f:(z) ~ 1. Hence,

— fg(O)'—IE if fl?sft(O),
fa) ={ FO 8 R m s 9.10)

The optimal policy obtained is a base-stock policy and f;(0) is the base-stock level
for the period ¢. O

9.3 Infinite Horizon Inventory Control Model.

In this section, we will show that the infinite horizon inventory problem has an ul-
timately stationary base-stock optimal policy. The following theorem, which will be
used to show that the infinite horizon inventory problem has a base-stock optimal pol-
icy, gives sufficient conditions under which the infinite horizon CMC, has a decreasing
optimal policy. For (z,a) € K, let

Gi(z,a) =) _ Qv | z,a)e™ = J4(F(z,a,v),76*). (9-11)



110

Theorem 24. Fort=0,1,...n—1, let

Ai(z) = {a € A(z) : Gi(z,a) = a'rgi?z) Gi(z,a")};

and f.(z) := max A (z). Suppose that
i) £ — A(z) is a decreasing function, i.e., z < 2’ implies A(z') C A(z);

i) for each z € X, the set A(z) is such that a € A(z) and o’ < a imply o’ € A(z);

and

#i) Fort =0,1,..., ifz < 2/, G(Z',-) — Gi(z,-) is increasing on A(z').

Then (fo, f1,--.) is an optimal policy such that f,(z) is decreasing in = for each t.

Proof. The optimality of (fo, fi,...) follows from Theorem 21. The rest of the proof

is similar to that of Theorem 23. O

Let

D:=Y BYc-(a) + H(z:, ar, )]

t=0
= Zﬂ‘[c-(xt+a,)+H(a:t,a¢,d¢) ~Be-(ze+a —dy)] -—Zﬁ‘o(zt) +Zﬁt+1c'($c+1)
t=0 t=0 t=0
= Zﬁ‘[c (2 + @) + H(ze, a0, dy) = Be - (z0 +a, — dp)] — ¢ - zo.
t=0
Thus

D= zﬁtC(l’g,at,dg) - CIyp.

t=0

For a deterministic policy 7= = (fo, f1,...), let
T3 (z,7) = EX[eY X0 8 C(XednDy))
and

Js(z,7) = inf{J5(z,7)} (9.12)
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Note that the policy which optimizes (9.12) also optimizes the problem with dis-
counted cost D.

The discounted optimality equations for this model are given by

Jg(z,v6") = aIenAi(Ial;){Z pue’rﬁ‘C(z,a,u)Jﬁ(z +a—p,y84Y)}.
v

Proposition 13. If p > ¢(1 — () then there ezists a base-stock and ultimately sta-
tionary optimal policy for the infinite horizon inventory control with ezponential dis-

counted cost criterion.
Proof. It follows from Theorem 22 that
n—oQ

lim Vi (y) = pae”@ sy ~ d, 7)) =: Vyr(y).
d

Thus, since the limit of convex functions is convex, we obtain that Vi (y) is convex

in y for each 4’ > 0. On the other hand, we have that
Gi(z,a) = Zpue"ﬁgc("“"’).lg(x +a—v,y6)
= Vope(z +a).
Hence, by Lemma 21 we obtain that
Gi(z,a) + Gi(7',a') = Gi(2',a) + Gi(z,d'), z' 2z, d 2a,
or equivalently,
if 2’ >z, then G,(z',-) — Gi(z, ) is increasing.

Thus, analogously to the proof of Proposition 12, the existence of a base-stock
optimal policy follows from Theorem 23. Moreover, since the state space is in fact
finite, i.e., X = {-L,...,~1,0,... M}, there exists N such that f;, = f for t > N;
see [32, 33]. Therefore there is an infinite horizon optimal policy which is base-stock
and ultimately stationary. a
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Appendix A
RISK-NEUTRAL OPTIMAL RESOURCE ALLOCATION

For the purpose of comparing the results obtained in Section 6.3 about structured op-
timal policies for an optimal allocation problem (with ETC criterion), in this appendix
we study the corresponding risk-neutral allocation problem. Section 1 summarizes
some results about monotonicity properties of the optimal value function and policies.
For the proofs of those results we refer the reader to Ross [41]. In Sections 2 and 3
we derive further structural properties of the optimal policies under the assumption

that the probability function P(a) is convex.

A.1 Monotone Optimal Policies
Fort=0,1,...,N — 1, denote
Fi(z,a) :=a+ P(a)Ji(z - 1) + (1 — P(a))i(z), z2>1, (A.1)

where J;(z) is the risk-neutral optimal total cost when ¢ stages remain to go and the
state at time N — ¢ is z. Note that Fy(z,a) is the function within brackets in the

(risk-neutral) dynamic programming algorithm

Jo(z) = 0 (A.2)
Jwi(e) = min {Cz,0) + 3 pn(a) )} (A-3)

Let

A(e) ={a: F(z,0) = inf{F(z,a)}}
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and
fi(z) := min A,(z).
For a proof of the following two results we refer to [41].

Lemma 22. The optimal value function Jy(z) is increasing in z and decreasing in t.

Proposition 14. Assume that C(z) is convez. Then 7@ = (fy,..., fy—1) is an opti-
mal policy for the risk-neutral allocation problem such that fort =0,...N -1, fi(z)

is increasing in x; and for fired z, f,(z) is increasing in t.

A.2 Risk-neutral Allocation Problem with P(a) Convex

Throughout this appendix, the policy # = (fp,..., fv—1) will denote the monotone
optimal policy obtained in Proposition 14. In the following proposition we will show
that when the probability function P(a) is convex, the allocation model is reduced to
a problem with two actions: the extreme points of the interval [0, M]. Consequently,
there exists an optimal threshold policy.

Proposition 15. Assume that C(z) is conver and P(a) is conver and twice differ-
entiable. Then the allocation optimal control problem (with total cost criterion) can
be reduced to a problem with two actions: the extreme points of the interval [0, M].
Moreover, the optimal policy # = (fo, fi,... fv—1) is of the threshold-type, that is,
there exist states ©o, Z1,...,ZN-1 Such that

= _ 0 ifl' < I
i) = { PN (A4

t=0,1,... N — 1. Moreover, the sequence of thresholds is decreasing.
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Proof. It follows from (A.1) that
Fi(z,a) =a+ [Ji(z) — Ji(z — 1)](1 — P(a)) + Ji(z — 1),

and hence

OF;

5 (@.0) =1~ P(a)[J(z) - Ji(z — 1)]

and
2
%(z, a) = —P"(a)[Ji(z) — Ji(z — 1)].

Thus, since P’(a) > 0 and J(z) is increasing in z (by Lemma 22) we obtain that

%%‘(a:, a) < 0, and therefore F,(z,a) is concave in a. Consequently,
A(z) = {0, M},
and hence, f(z) € {0, M'}. Moreover, if we define
Z, := min{z : f,(z) = M},
then (A.4) follows from the fact that f,(z) is increasing in z. Finally, the sequence

{z.} is decreasing since f,(z) is increasing in ¢. O

A.2.1 Risk-neutral Allocation Problem with Linear Terminal Cost

Now, we will apply Proposition 15 to compute the optimal policy for the Example 1

considered in Section 7.

Example 1 (revisited) First we compute fy_,(z). To do that, by Proposition 15,
we need only to compare the values of the function Fy(z,a) at the extreme actions
a =0 and a = 1. It follows from (A.1) that

Fy(z,a) =a+ P(a)Jo(z —1) + (1 — P(a))Jo(z), z>1
=a+ P(a)(2z —2) + (1~ P(a))2z, z>1.
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Thus,

Fo(z,0) =2z, z>1, and

Fo(z,1) =22+ (1-2P(1)), z>1.

Thus, we obtain
a) if P(1) > 3 then

Fg(l‘, 1) < Fo(ZL‘,O), z2>1

b) if P(1) <} then

FB(I,O) < FO(zi 1)’ z2 11 and

c) if P(1) =3 then
FO(z’ 1)=F0($70)7 z2 1.

Therefore the optimal decision rule fy_; and the optimal value function J; for the

case (a) are given by

- 0 ifz <1
_ = A5
fv-i(z) {1 ifz > 1, (A.5)
and
0 ifz=0
Ji(z) = A6
1(e) {2z+(1—2P(1)) ifz > 1; (A.6)
for (b) by
fN_I(:z:) =0, Vz,
and

Ji(z) =2z, >0 (A.7)



116

and for (c) we obtain that both actions a =0 and a =1 are optimal.
Now, to compute the optimal decision rules f;, t =0, ..., N —2, we will first prove

each one of the following statements by induction on ¢ :
I) If P(1) >t thenfort=1,...N —1,
Ji(1) =1+ (1= P(1))Je-1(1);

IT) If P(1) > thenfort=1,...N -1,

Ji(z) = Jo(z), zeX.

First, let’s prove (I). The validity of assertion (I) for t = 1 follows from (A.6). Next,
by the dynamic programming algorithm

Je+1(1) = min{F;(1,0), Fi(1,1)}.
Thus,

Jes1(1) = min{J,(1},1 + (1 = P(1)) (1)}
= min{l + (1 = P(1))J=1(1), 1 + (1 = P(1))Je(1)} (A.8)
=1+ (1 - P(1))J(1), (A.9)

where (A.8) and (A.9) follow from the induction hypothesis and Lemma 22 respec-

tively. Thus the proof of (I) is complete.
Now, let’s prove (II). First, (A.7) implies that (II) holds for ¢ = 1. Next, similarly

as above
Je+1(I) = min{F(1,0), Fi(I,1)}
= min{J/i(I), 1 + PQ)J(I — 1) + (1 — P(1)) (1)} (A.10)
= min{2],1+ P1)2(I —1) + (1 — P(1))2I} (A.11)
= min{2/,2I + (1 — 2P(1))}
=2 (A.12)
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where (A.10), (A.11) and (A.12) follow from (A.1l), the induction hypothesis and
the hypothesis P(1) < } respectively. Thus fy_,—1(I) = 0 and since fy_,_i(z) is

increasing in z we obtain that fy_,_,(z) =0, for all z. Therefore

Jerr(z) = min{F,(,0), Fi(z,1)}
= F(z,0)
= Ji(z)
= Jo(z), VzeX,

and the proof of (II) is complete.
Finally, it follows from (I), (II) and (c) that f,(z), ¢t =0,1,..., N — 1, are given

by
- 0 fz< 1
Mﬂ—{lﬁz>1
if P(1) > &;
filz)=0, vz

if P(1) < ; and if P(1) = £ then there are I + 1 threshold optimal policies:

0 ifz<y

f?(x)--{l e

y=0,1,...1
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