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ABSTRACT 

Many interesting problems in cellular biophysics involve the dynamics of filamentary 

elastic objects with bend and twist degrees of freedom, moving in a viscous environment. 

.Motivated by the mysterious macrofiber formation in B. subtilis and the rotational dy

namics of bacterial flagella, we have sought to establish a general theoretical structure 

to deal with elastic filament dynamics, analyze these equations for model systems, and 

to determine the important physical parameters that set the dynamical scales for these 

systems. 

We first studied the novel problem of a rotationally forced elastic filament in a viscous 

fluid [1] to examine the competition between twist injection, twist diffusion, and writhing 

motions. Two dynamical regimes separated by a Hopf bifurcation were discovered: (i) 

diffusion-dominated axial rotation, or twirling, and (ii) steady-state crankshafting motion, 

or whirling. 

-N'ext. we extended elasticity theory of filaments to encompass systems, such as bacte

rial flagella. that display competition between two helical structures of opposite chirality 

[2]. general, fully intrinsic formulation of the dynamics of bend and twist degrees of 

freedom was developed using the natural frame of space curves, spanning from the inviscid 

limit to the viscously-overdamped regime applicable to cellular biology. 

To be able to measure the elastic properties of cell-sized objects, such as bacterial 

fibers [3], we utilized an optical trapping system to study the relaxation of a single fiber 

of B. subtilis which was bent and then released. By analyzing the relaxation time, the 

bending modulus of the bacterial cell wall was measured to be 1.6 ±0.6 x 10"^^ erg-cm. 

This number is important in understanding the scales of forces and torques that are 

present in macrofiber formation and motion, lending insight into the mechanism behind 

these phenomena. 
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Chapter 1 

Introduction 

Over three and a half billion seconds ago, Kirchhoff presented the fundamental equa

tions for elastic rods, the basis for most subsequent theory on the statics and dynamics of 

elastic filaments [4]. For at least as many years, terrestrial life forms have been engineer

ing and generating all manner of elastic rods, one of the key structural elements of single 

and multicellular life. It is hkely, therefore, that biology has much to teach us about 

the rich phenomena and inherent possibilities contained within the basic framework of 

elasticity theory. 

Filamentary objects cire ubiquitous in the world of cellulcir biology. From DNA to 

microtubules, actin to bacterial macrofibers, filamentous structures perform a wide variety 

of tasks and are present at aU length scales. In biology, deformations of these filaments 

usually lead to interesting phenomena, such as morphological changes in DNA during 

transcription or replication [5, 6, 7] or chirality flipping in bacterial flagella [8, 9, 10, 11]. 

Most of these deformations involve bending in which the length scale of the deformation 

is much larger than the radius of the filament. Under these circumstances, it is reasonable 

to treat these filaments as elastic objects. Since the biological filaments that we will be 

concerned with are all found in fluids, namely water, the elastic dynamics of the filaments 

must be coupled to the hydrodynamics of the fluid. This gives rise to a field of study 

called eAastohydrodynamics [12]. 

1.1 Elastohydrodynamics 

To understand the dynamics of elastic objects in a viscous environment it is first neces

sary to understand how to couple elcisticity with fluid dynamics. The basic equation of 

hydrodynamics is the Navier-Stokes (N-S) equation. 

p (StU -f (u • V)u) = —VP + r/V^u (1.1) 
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with p the mass density of the fluid, u the velocity, P the pressure, and i) the viscosity 

of the fluid. This equation balances the eicceleration of the fluid with the forces that are 

present and, through the viscosity term, also accounts for the stress that the fluid exerts 

on itself when fluid layers slide past one another. By scaling out the dimensions of this 

equation by choosing u = u/u, x = x/L, i = tL/v, and P = PL/ryv, this equation can 

be shown to depend on one parameter, the Reynolds number. Re = VL/T], as 

iie(9£u + (u-V)u) =-VP +V^u (1.2) 

where the tildes have been dropped for simplicity. The Reynolds number is a ratio between 

tlie inertial and viscous forces in the fluid. When /2e 1, inertial effects dominate. 

When Re <§; 1, viscous forces prevail. Since the Reynolds number is length dependent, 

hydrodynamics is very different for small and large sized objects. For microscopic objects, 

the viscosity of the fluid in which they live is so dominant that inertial effects can be 

ignored. A swimming bacterium like E. coli in water has a length scale of 10~''cm, swims 

with a velocity of 10~^cm/s, and water's viscosity is 10"^ Poise. This gives a Reynolds 

number of 10"^, a realm where inertia is completely absent. 

To better understand the effects of the viscous term in the N-S equation. Stokes [13] 

posed two ideal problems to study these effects. These problems assumed a semi-infinite 

fluid bounded by a wall (Sec Fig. 1.1). In Stokes first problem, SI, the wall is moved 

impulsively at time < = 0. For Stokes second problem, SII. the wall is oscillated at a 

frequency, u. For both of these problems the velocity profile for the fluid is calculated. 

The velocity is assumed to be of the form u = u(x,t)y. Under this assumption, the 

nonlinear advective piece of the N-S equation is zero and the equation simplifies to 

UT{ x ,  t )  —  V UXJ: { x ,  t )  (1.3) 

where u  =  r j f p  i s  the kinematic viscosity. The pressure term has been neglected due 

to the fact that a constant pressure is a solution to the equations cind it ran be show^n 

that variations in the pressure will diffuse away at the speed of sound, which for an 

incompressible fluid is infinitely fast. This equation is the diffusion equation where one 

time derivative is balanced by two spatial derivatives. In both of Stokes problems, the 

boundary conditions are assumed to be a no-slip condition at the wall and that the velocity 

at infinity is zero. The fundamental feature of SI is that there is not a characteristic length 
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Figure 1.1: Diagrammatic representation of Stokes' problem I (SI) where a semi-infinite 
fluid is bounded by a wall that is moved impulsively, and Stokes' problem II (SII) where 
the wall is oscillated. 

scale that is defined by the parameters of the problem. Therefore, the velocity at any 

point X and time t depends on the ratio xj{ytY^^• In SII, a characteristic length scale 

can be created as This determines the length over which oscillations 

in the velocity profile will decay. 

An elastic filament can be parameterized by the distance along its central axis, s, the 

arc length. If the position of the centerline is given by r(s), the energy cost for deforming 

the filament from its unstressed state can be written as: 

r L  
S = j K^ds (1.4) 

Jo 

where = Vgs • ^ss is the curvature of the filament, and .4 is the material dependent 

bending modulus. The elastic force per length, f, that acts on the filaunent is found from 

this energy functional by f = —dS/dr. Taking this functional derivative leads to a force 

per length, 

f  = ( ( r „  •  r s s ) r i ) ^  ( 1 . 5 )  

This elastic force can be coupled to the low Reynolds number hydrodyncimics of the 

surrounding fluid by assuming that the filament is long and thin. Through this method 



14 

K H D T :  EHD II: 

y " y " 
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Figure 1.2: Diagrammatic representation of EHDI where an elastic filament in a viscous 
fluid is allowed to relax from a stressed state and EHDII where one end of the filament 
is oscillated [12], 

of matched asymptotics, called slender-body hydrodynamics [14]. the force is found to be 

proportional to the fluid drag by 

where = 47rT7/(ln(L/2a) -f- c) is the drag coefficient for motion perpendicular to the 

long axis of the filament, C|| = Cx/2 is the drag coefficient for motions along the tangent 

vector, t = Ts is the tangent vector, L is the length of the filament, a is the radius, and 

c is a constant nf order unity that depends on the shape of the body. 

If we are interested in smcill deformations of an initially straight elastic filament, the 

leading order dynamic equation that couples elasticity to viscous fluid dynamics is 

This equation looks and acts a lot like the diffusion equation. It is the balance of one 

time derivative and Jour spatial derivatives and is known as a Hyperdiffusion equation, 

with A/(^± = L> the hyperdiffusion constant. 

By analogy to Stokes' Problems I and II, two similar problems can be defined for 

elastohydrodynamics (EHD) [12]. In EHD I, an initially straight filciment is held at one 

C||tt • Vt + C±(I - tt) - Ft = f. (1-6) 

CxFt ss - A r ^ s  •  (1-7) 
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end. bent from the other end, cind then allowed to relax to its unstressed state. The 

relaxation in this problem is exponential with a relajcation time of r = juk^. where 

k is a wave number that depends on the boundary conditions. If one end is climiped 

(r(0) = r5(0) = 0) and the other end is free {tssiJ^) = = 0), k ss 1.87. In EHD 

II. one end of a filament is oscillated while the other end is free to move. As in SI, there 

is a preferred length scale for this problem given by i{ui) = Oscillations in 

the filament die out exponentially on this length scale much as they did in the strictly 

fluid dynamical problem. The power of 1/4 comes from the four spatial derivatives (as 

opposed to two in SII) and has been verified in experiment [12]. 

1.2 Two Model Biological Elastic Filaments 

Biology has found many uses for elastic filaments. The most well known of these is 

DN.\. However, due to its size, the dynamic behavior of DNA and some other biological 

filaments, such as actin, is dominated by thermal fluctuations. At a larger length scale, 

where thermal fluctuations can be ignored, filamentary objects are still abundant. The 

bacterial flagellum. a helical filament that is rotated to provide propulsion, and bacterial 

macrofibers are two systems whose dynamics can be understood through application 

of elasticity and low Reynolds number hydrodynamics. The Reynolds number for a 

rotating bacterial flagella is between 10""' —10"^ and for the motions observed in B.subtilis 

macrofibers the range is lO""* — 10"^. Understanding the dynamics of these systems can 

shed light on important issues in biology, such as bacterial propulsion and the structure of 

cell wall peptidoglycan in gram positive bacteria, as well as being model systems to test 

and expand our knowledge of the physics of the coupling between elasticity and viscous 

hydrodynamics. 

1.2.1 B. subtilis Macrofibers 

Bacillus subtilis is a common gram positive bacterium. Individual cells are cylindrical 

in shape with a length of ~ 4fim and a diameter of ~ 0.7/xm. Under certain mutations, 

cells become autolysin-deficient. Autolysin is responsible for cleaving the cell wall upon 

replication and allowing the parent and daughter cells to separate. In cells with these 

mutations, cells replicate but fail to separate. Since the cells adways grow length-wise 

along the cylinder axis, growth of these mutant strains results in a long chain of inter-
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Strain 
Average Doubling 

Time (min) 
Average Buckling 

Length (/im) 
FJ7 right-handed 77.4 166.0 
FJ7 left-handed 87.7 244.1 
RHX left-handed 143.3 1,480.7 
RHX right-handed 97.7 936.3 

Table 1.1: Different Strains of B. subtilis. Data taken from [17]. 

connected cells, a bacterial fiber (See Fig. 1.3) [15]. Mendelson observed that growth 

occurs at all points along the fiber's length. This growth is exponential in time with a 

doubling time that varies from 63 to 193 minutes depending on the strain of mutant [16. 

17]. It is observed that these fibers grow to a certain length (90 - 2,800 fim) and then 

they buckle and wrap around themselves like an overtwisted phone cord (See Fig. 1.3). 

a shape known as a plectoneme. As this folded fiber continues to grow, it reaches a new 

length at which it will once again buckle and wrap itself into a supercoiled plectoneme. 

or macrofiber. The handedness of this secondary plectoneme is the same as the orig

inal handedness of the first structure. For any fiber of the same strain, grown in the 

same culture, all helical elements will be of the same handedness, and each folding cycle 

maintains the initial helix hand [16]. As well, it has been shown that the number of 

wrappings per length and the rate of turning of fibers as a function of their elongation 

is a constant for all stages of macrofiber growth. This process continues up until a point 

where the macrofiber is too stiff to fold anymore, after tens of folding cycles. At this 

point, the macrofiber assumes a ball-like structure. Though the plectonemic structure is 

the most common, under some growth conditions with certain strains of fibers, a helical, 

or solenoidal. shape is undertaken [18]. 

The handedness of these plectonemic structures depend on a great many factors, such 

as the strain that is used, the temperature of the surrounding fluid, pH, and the presence 

of salts in the growth medium. 

Temperature: The first factor that affects the macrofiber torsion is the temperature 

[19]. In FJ7 strains, increasing the temperature was shown to transform right-handed 

fibers into left-handed fibers. This variation in torsion is roughly linear in the tempera

ture. 

Lysozyme and Autolysin: Addition of lysozyme or crude autolysin to the growth media 
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Figure 1.3: Stages in the growth and development of a bacterial macrofiber. 
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causes live helical macrofibers to undergo specific "relaxation" motions [19]. Lysozyme 

is an enzyme that breaks the glycan cheuns, or backbone, in peptidoglycan (the major 

component in bacterial cell walls). After these chains are broken, the cell effectively has 

no cell wall and at this point is called a protoplast. When lysozyme is added to the 

growth medium, the peptidoglycan chains begin to be cleaved, causing motions where 

the fibers always initially turn in a right-handed fashion. This is independent of the 

initial handedness of the fibers. Therefore, left-handed fibers tend to unwind and right-

handed fibers tend to tighten up. Usually left-handed structures dissolve before becoming 

completely unwound, but there are occasionally fibers that go fi-om a left-handed state 

into a right-handed state. In addition to just measuring the direction of turning of 

the fibers, the rate of turning and time for total breaJcdown of the structure have also 

been measured in the presence of lysozyme. It is observed that the rate of turning and 

breakdown time are both more rapid the more left-handed a fiber initially is. Relaxation 

motions appear not to be dependent on the medium in which the fiber is grown. But. 

if the fibers were exposed to either inctivated lysozyme or to polylysine, no relaxation 

motions were observed. This is evidence that supports that the relaxation motions are 

caused by cleavage of the peptidoglycan by lysozyme. 

Right and left-handed macrofibers were also introduced into media containing crude 

autolysin at different pH. Two different series were examined, one with pH of 5.6 where 

the glucosaminidase, cleaving of the glycan chain, activity is favored and one at pH of 8.0 

where the amidase activity is favored. Lysozyme relaxation motions were only induced in 

the pH of 5.6. At pH 5.6, no breakdown Wcis observed. At pH 8.0, macrofiber breakdown 

waa observed where the large structure brokedown liberating lengths of cellular filaments 

that retained helical shape. Macrofibers of either hand incubated at either of these pH 

values, without autolysins or crude extract, did not display any of this behavior. This is 

evidence that the helical shape is maintained by the glycan backbone not by the short 

peptide cross-links of the petidoglycan. 

Magnesium and Ammonium: Bacterial cells cannot grow in the absence of magnesium 

or a nitrogen source such as ammonium. Magnesium plays a very important role in 

bacterial growth and stability of the shape of the cell. It is required for the integrity of 

the ribosome and membrane structure and also aids in petidoglycan synthesis. As well, it 

also acts as cofactor in many biochemical reactions. Magnesium ions have been shown to 
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bind to peptidoglycan and teichoic acid, as well as influencing the susceptibility of cells 

to degradation by lysozyme. 

Magnesium sulfate was added to different growth media with different strjiins of B. 

Subtilis [20]. In almost every case, addition of magnesium sulfate to the growth medium 

resulted in fibers twisting in a more right-handed way, and the amount of right-handedness 

increased with increased magnesiimi concentration. It was seen that in some fiber strains 

a twist inversion could be produced where the fibers would go from left to right-handed 

by adding magnesium sulfate. In other strains this inversion could not be produced. 

Addition of ammonium sulfate to the growth medium caiises the fibers to be more 

left-handed than they are when grown in the normal medium. The extent to which this 

has been seen is very qualitative but in all strains observed, ammoniimi sulfate caused 

the fibers to be more left-handed than normal. Of all the neutral salts that have been 

added to the mediimi, ammonium sulfate is the only one that has caused a left-handed 

shift in the fibers. By examination of a variety of salts, it has been determined that the 

cation is the part of the salt that affects twist development of the fibers. 

D-cycloserine and D-alanine: In examining C6D fibers that normally grow left-handed 

[21], it has been seen that increasing the concentration of D-alanine in the growth medium 

causes fibers to grow more right-handed up until 15mM concentration is reached. After 

this point, with increased D-alanine concentrations, fibers grow more left-handed. D-

alanie has also been shown to just produce more right-handedness in other strains of B. 

Subtilis. The second transition, where increased amounts of D-alanine produce more left-

handedness, that was found in C6D has only been observed in two other strains, RHX 

lis and 2C8. 

Concentrations of D-cycloserine were examined on C6D fibers at different tempera

tures. It was seen that right-handed fibers were converted into left-handed structures by 

the addition of D-cycloserine. Left-handed C6D fibers were produced at 48 degrees Celsius 

and then D-cycloserine was added and no change in the twist state was observed. When 

left-handed fibers that were not as left-handed as those produced at 48 degrees Celsius 

were introduced to D-cycloserine, right-handed structiures were produced. When FJ7 and 

.A.734 fibers were introduced to D-cycloserine, right-handed forms were converted to left-

handed, whereas, left-handed structures were unaffected by the presence of D-cycloserine. 

When magnesium ions were added to the FJ7 medium so that the FJ7 fibers would be 
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at the same degree of twist as the A734 fibers, it was observed that the degree to which 

the FJ7 fibers twist changed due to D-cycloserine concentration was equivalent to that 

of the A734 fibers. It was also observed in other mutants that higher D-cycloserine con

centrations cause more left-handedness of the fiber. When two left-handed mutants, PS5 

and PS6^tB, were introduced to D-cycloserine concentrations, their twist was unaffected 

by D-cycloserine. However, when right-handed mutants were exposed to D-cycloserine. 

their twist was affected to the left-hand side. 

Combinations of different factors: It has been observed that many factors governing 

torsion of the bacterial fiber are additive [21]. This means that a change in the torsion 

towards the left-hand side can be produced by a factor such as D-cycloserine but this shift 

can then be reversed by addition of a factor that produces more right-handedness in that 

strain of fiber. Experiments were done with strains C6D and FJ7. With the C6D strains, 

different combinations of temperature, D-alanine, and D-cycloserine were used. It was 

noticed that temperature and D-cycloserine were left-hand factors, and that D-alanine 

wa^5 a right-hand factor. With the FJ7 strain, magnesium sulfate and ammonium sulfate 

were used as well as temperature, D-cycloserine and D-alanine. There was good evidence 

for this additive nature of the factors seen in both cases. 

Through the addition of certain chemicals, such as lysozyme and autolysin. that only 

affect the cell wall chemistry, Mendelson has shown that the peptidoglycan structure 

in the cell wall is responsible for the supercoiling phenomena. The results reviewed 

here describe some very complex and interesting dynamical behaviors that are observed 

in these systems and appeax to be mostly dependent on the elasticity of the cell wall 

material. However, the actual mechanism behind these motions is not well understood. 

Many models have been proposed that appeal to a growth induced twisting stress in 

the cell wall to account for the chiral conformations that are observed. However, since 

in some circumstances [19, 18] stable single filament helical structures are observed, a 

more complete elastic picture, involving preferred curvature and twist, may be required 

to describe these systems. Another possible mechanism driving the initial buckling could 

also be due to tension induced by drag on the growing ends of the fiber^ However, as of 

yet, no good working model hcis been able to correctly account for the dynamic behavior 

that is observed. It is hoped that through the study of the dynamics of this system a 

'See .\ppcndix F 
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greater insight into the structure of the cell wall can be attained. Also, this can lead 

to a better understanding of the forces and mechanisms behind bacterial shape and the 

relationship between growth and shape. 

1.2.2 Bacterial Flagella 

The bacterial flagellum is a helical filament that is rotated by a motor that is encased 

within the cell wall and powered by proton influx cicross the inner membrane providing 

a propulsive force to the cell. Some bacteria only possess one flagelliun; while others, 

such as E. coli, have memy flagella that eire isotropically distributed over the cell body. 

The flagellum is made up primarily of 11 protofllaments of a single protein, flagellin. A 

typical flagellum from such bacteria as E. coli or Salmonella has a diameter of 23 nm 

and a length of up to 15 /im. Normally, the pitch of the helix is around 2.3 and 

the radius of the helix is about 0.2 fitn (corresponding to a curvature of 1.2 ^m~^ and a 

torsion of 2.1 Bacterial cells swim at speeds of 20-30 fiva/s along straight lines. In 

multiflagellated bacteria, the flagella bimdle together as the bacterium swims. Every few 

seconds, the cell randomizes its direction by reversing the direction the flagellar motors 

turn. This reversal lasts for about a tenth of a second and causes the flagellar bundle 

to fly apart. When the motors return to their original direction, the bundle reforms and 

the cell goes off in a new direction. This process of swimming for a period of time and 

then randomizing orientation is called "run and tumble". This allows for the bacterial 

cell to move about in the manner of a random walk and allows the cell to sample its 

environment. 

Under static conditions, bacterial flagella are normally seen to exist in one state of 

chirality; they possess a given pitch and radius of curvature that is roughly constant 

along the length of the filament. Different species of bacteria produce flagella that have 

different chirality. However, only a few different morphologies have been observed in 

nature. Calladine proposed a microscopic model [22, 23] based on the packing of flagellin 

in the flagellar filament that predicts 12 conformational states for flagella. So far, only 

7 of these have been observed in nature (the so-called normal, curly, curly I, curly II. 

coiled, semi-coiled, and straight states). It has been observed [24, 25] that when suitable 

ratios of flagellin firom diflierent species are copolymerized, that flagella consisting of 

two connected helices with different chirality are formed. These dual-chirality flagella 



22 

Conformation Pitch (^m) Radius { f M v a . )  Curvature (/im ') Torsion { f i m .  
normal (L) 2.29 0.23 1.23 1.99 
curly (R) 1.14 0.15 2.71 3.28 
cm-ly I (R) 0.93 0.16 3.33 3.08 
curly II (R) 1.00 0.075 2.42 5.15 
coiled (L) 0.69 0.76 1.29 0.19 
semi-coiled (R) 1.24 0.26 2.44 1.85 
straight oo 0 0 0 

Table 1.2; Different Chiralities of Bacterial Flagella [11, 27]. (R) staads for right-handed 
and (L) left-handed. 

are statically stable structures. Asakiira [26] noticed that, by changing the pH or ionic 

strength of the solution , a normally coiled flagella could be caused to transform to a 

different helicity. 

Dynamical transformations between states of opposite chirality have also been ob

served. MacNab and Ornston [8] took dark-field images of swimming Salmonella and 

discovered that under right-handed torsion, when the flagellar motor was operating in 

reverse, that the normally left-handed flagellar filament would flip to the right-handed 

"curly" state. This transition was observed to begin at the point where the flagellum 

attaches to the cell body and would then propagate distally, away from the end of the 

filament connected to the body. The transition region was observed to be small; the flag

ellar conformation was as if two helices of different pitch and radius were connected end 

to end. When the motor reversed again, the flagella also flipped back to the normal state. 

This type of behavior was also seen in B. subtilis and E. coli flagella. More recently. Berg 

[9] found that the flagella on bacteria that were swimming close to a glass siu^ace would 

make a transition from either a right- or left-handed conformation to the straight state. 

This transition also occurred starting at the proximal end of the flagella and propagated 

distally. When the flagella moved far enough away from the glass surface, it was seen 

that a rapid (< 100 ms) transition back to the original helical conformation propagated 

from the distal end of the filament proximally. 

Hotani was able to induce similar transitions by flowing fluid past stationary flagella 

[II]. He removed flagella from Salmonella and found that one end would usually stick to 

a glass coverslip leaving the other end free. When fluid was flowed past these filaments, 

it was observed that its free portion would transform cyclically to a state of the opposite 
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handedness (curly or semi-coiled). Hotani noted three phases of this transition: initiation, 

growth, and travel. In the initiation cind growth stages, a small portion of the flagella 

at the afixed end would transform to an opposite handed chirality and the rest of the 

flagellar filament would begin rotating. The region of opposite chirality would grow due 

to this rotation and the normal helicity region depleted. When the right-handed region 

had grown to a certain size, the point at the afixed end would flip back to the normal 

state. The right-handed region would then start rotating in the opposite direction and 

propagate down to the end of the filament and out, this being the travel stage. This 

process of initiation, growth, and travel would repeat. 

Though a great deal of work has been done studying the static conformations of elas

tic filaments, little has been done to correctly model and analyze their three dimensional 

viscous dynamics. To understand the dynamical behavior of biological filaments, such as 

bacterial flagella and bacterial macrofibers, this type of analysis is required. This work 

seeks to establish a general theoretical structure to deal with elastic filament dynamics, 

analyze these equations for model systems, and to determine the important physical pa

rameters that set the dynamical scales for these systems. In the second chapter, we study 

the novel problem of a rotationally forced elastic filajnent in a viscous fluid to examine 

the competition between twist injection, twist diffusion, and writhing motions. Two dy

namical regimes separated by a Hopf bifurcation were discovered: (i) diffusion-dominated 

ajcial rotation, or twirling, and (ii) steady-state crankshafting motion, or whirling. This 

work was previously published in [1] and was done in collaboration with Thomas R. Pow

ers and Raymond E. Goldstein. The third chapter extends elasticity theory of filaments 

to encompass systems, such as bacterial flagella, that display competition between two 

helical structures of opposite chirality. A general, fully intrinsic formulation of the dy

namics of bend and twist degrees of freedom was developed using the natural firame of 

space curves, spanning from the inviscid limit to the viscously-overdamped regime ap

plicable to cellular biology. This fourth chapter was previously published in [2] and was 

work done in collaboration with Raymond E. Goldstein, Alain Goriely, and Greg Huber. 

Finally,  chapter four deals with the complex motions that  are observed in growing B. 

subtilis macrofibers that are near a surface. The dynamics of these fibers can be used 

to estimate the forces and torques that are generated in the growing cell wall. For this 

system, growth seems to act as an elastic engine that drives the motions of these fibers 
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in a chiral manner. To be able to measure the elastic properties of cell-sized objects and 

to characterize the properties of this elastic engine, an optical trapping system is used to 

study the relaxation of a single fiber of B. subtilis which was bent and then released. By 

analyzing the relaxation time, the bending modulus of the bacterial cell wall was mea

sured to be 1.6 ±0.6 X 10"^^ erg-cm. This chapter is a modified version of a paper that 

was previously published as [3]. The experiments on bacterial self-propulsion were done 

by Neil H. Mendelson and Joelle E. Saurlls, and the physical analysis of these motions were 

done by Raymond E. Goldstein and myself. The laser tweezer experiments were done in 

collaboration with Joelle E. Sarlls and Raymond E. Goldstein. 
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Chapter 2 

Twirling and Whirling: Viscous Dynamics of Rotating 
Filaments^ 

Motivated by diverse phenomena in cellular biophysics, including bacterial flagellar 

motion and DNA trcinscription and replication, this chapter studies the overdamped 

nonlinear dynamics of a rotationally forced filament with twist and bend elasticity. Com

petition between twist injection, twist diffusion, and writhing instabilities is described 

by a novel pair of coupled PDEs for twist and bend evolution. Analytical and numeri

cal methods elucidate the twist/bend coupUng and reveal two dynamical regimes sepa

rated by a Hopf bifurcation: (i) diffusion-dominated axial rotation, or twirling, and (ii) 

steady-state crankshafting motion, or whirling. The consequences of these phenomena 

for self-propulsion are investigated, and experimental tests proposed. 

2.1 Statement of the Problem 

Dynamics and stability of rotationaJly forced elastic filaments arise in several important 

biological settings involving bend and twist elasticity at low Reynolds number. In the 

context of DNA replication, when two daughter strands are produced from a duplex, it 

was noted [28] long ago that energy dissipation for rotations about the filament axis is so 

much smaller than that for transverse motions that axial "speedometer-cable" motions 

are favored, and are energetically and topologically feasible. During DNA transcription, 

in which a polymerase protein moves down the double-stranded filament, progressive un

winding of the helix can lead to an accumulation of local twist that may induce "writhing" 

instabilities of the filament [5, 6]. Energetic and dynamical aspects of these processes are 

of great current interest [7, 29]. 

At the cellular level, bacteria are propelled through fluids by helical flagella turned 

by rotary motors in the cell wall [10]. Recent studies [30, 31] have revealed the details 

modified version of the work that was previously published as [1]. 
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of two competing crystal structures assiuned by fiagellin, the protein building block of 

flagella, corresponding to helices of opposite chirality. Both local and distributed torques 

can change the conformation of flagella; during swimming these motors episodically re

verse direction [32], and the resultant torques can induce transformations between these 

states [8], while uniform flow past a pinned flagellum may induce such chirality inversions 

To elucidate fundamental processes common to these systems, we consider here the 

model problem shown in Fig. 2.1: a slender elastic filament in a fluid of viscosity tj, rotated 

at one end at frequency cjq with the other free. We study competition between three 

processes; twist injection at the rotated end, twist diffusion, and writhing. Anzilytical 

and numerical methods reveal two dynamical regimes of motion: twirling, in which the 

straight but twisted rod rotates about its centerUne, and whirling, in which the centerline 

of the rod writhes emd crankshafts around the rotation axis in a steady state. 

This work is a natural outgrowth of recent studies of forced elastica in the plane [12, 

33, 34]. and dynamic twist-bend coupling [35. 36, 37, 38]. The balance considered betw^een 

elastic and viscous stresses complements that between elasticity and inertia in the inviscid 

limit (as in whirling shafts [39, 40]), where twist waves propagate [39, 41. 42. 43]. 

.A.n elastic filament is characterized by its radius a, contour length L. bending modulus 

.4. and twist modulus C. The total elastic energy cost S for curvature k and twist 

density f> is an integral over arclength s parameterizing the position r(s, t) of the filament 

centerline [39], 

where the Lagrange multiplier A enforces local inextensibility, (rt)s • Fi = 0. Thus arise 

two dimensionless ratios: T = CjA, and the aspect ratio a/L. At zero Reynolds num

ber, elastic forces per length f = —6S/5r^ balance the viscous drag from slender-body 

hydrodynamics [14]: 

where t = is the unit tangent, and the transverse and longitudinal drag coefficients 

are Cj. — 2C|[ — 47rT7/[ln(L/2a) + c], with c a constant of order unity [14], Likewise, the 

axial elastic torque per unit length m = Cfi, [38, 39] balances the local rotational drag: 

"See .Appendix B 

[11], 

(2.1) 

Cl|tt • rt -I- Cx(I - tt) • Ti = f. (2.2) 
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y 

Figiire 2.1: An elastic filament, rotated about z at the left end, surrounded by a fluid of 
viscosity T]. 

m = QoJ. where u>(s.t) is the local rotational velocity about t and Cr — [14]. We 

also define e* = Cr/(Cx-^^)i so e ~ { a / L ) ,  apart from logarithmic corrections. 

The dynamics axe closed by a geometric constraint, 

Qt=uJs + (-fir, + Ts X Tss) • [rtjs , (2.3) 

which shows how twist changes due to differential rates of angular rotation, stretching 

(e.^., extension of a straight, twisted rod decreases fl), and out-of-plane bending motions 

(wTithing) [35, 37, 36, 38]. The constraint (2.3) is a conservation law for twist density 

Q. with twist current —ui, and with the stretching and writhing terms acting as sinks 

or sources. The velocities u and tt enter (2.3) through their space derivatives, since 

rigid motions cannot change 12. With the local torque balance Cr'*' = CQg and assuming 

inextensibility we obtain 
C 1 

= -r^ss + ;r-rs x r„ • . (2.4) 
'.r 

The second term of (2.4) is nonzero^ when the filament is both out of elastic equilibrium 

(f 7^ 0) and either nonplanar (with torsion r / 0) or twisted (fi 0), and then acts as a 

sink or source of twist. 

For boundary conditions, we assume the forced end (r(0) = 0) of the rod is clamped 

(r5(0) = z) and the free end experiences no force or torque (rss(L) = TSSS{L) = 0; ̂ (L) = 

0). Local torque balance sets nj(0) = C.T'JJQIC. 

2.2 Dimensional Analysis 

Before solving these PDE's numerically, we use dimensional analysis to understand the 

main features of the motion. We focus on small-amplitude bend and twist deformations 

^See Appendi.x B 
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of a straight filament (thus ignoring C|i)- Of the seven parameters (>l, C, Z,,a, CrrCx.'^o)^ 

four remain after introducing P and e and noting that a only appears through Cr, so 

suitable rescalings of length, time, and Q leave only one control parameter. This can be 

chosen proportional to the rotation frequency UQ. 

For low turning rates UJQ , the filament remains straight, with twist diffusion and 

injection balancing. The twist density at the clamped end follows from a balance of 

viscous and elastic twisting torques, ~ CFL, or 

n(0) ^ . (2.5) 

Instability occurs when the twist torque CJl is comparable to the filament buckling torque 

A/L [39]. At this point, the balance of viscous and twist torques (2.5) implies 

where the second and third result follow from the relations A = {IT/4)A'^E between the 

bending modulus and the Young's modulus E [39] cind A = KSTLP, with LP the persis

tence length. Interestingly, Uc is independent of the twist modulus C, and since the twist 

densi ty scales with the drag,  UJC varies inversely with (^R-

The result (2.6) is central, for naive dimensional analysis predicts UC ~ E/TJ. With 

E ~ 10'dynes/cm~ and rj ~ 0.01 Poise as for rubber in water, uJc would be enormous if not 

for the prefactor {afL)^. Since a/L is reasonably 10"^, we find uic ~ 10^ s~'. similar to 

flagella rotation rates [10] and achievable in the laboratory. The rightmost form in (2.6) 

shows readily the frequency scales for systems of varying length and stiffness. Consider the 

elasticaDNA {Lp ~ 5x10^® cm, a ~ 10"' cm), microtubules {Lp ~ 0.5 cm, a ~ 10~® cm), 

a n d  b a c t e r i a l  f i l a m e n t s  { L p  ~  2 5  c m ,  a  ~  3  x  1 0 " ^  c m )  [ 4 4 ] .  T h e  f r e q u e n c i e s  k B T / ^ j - L p  

are then 8 x 10® s~^, 0.8 s^S and 1.3 x 10~® s~\ respectively. Thus, for the instability to 

appear at, say, 10^ s~' requires a minimum ratio LjLp of 90, 0.03, and lO"''. A strand 

of DNA with L/Lp ~ 10^ is clearly not straight in isolation^ so this instability would be 

hard to realize in DNA, but the stiffer examples of microtubules and bacterial filaments 

are indeed candidates. 

Linearizing (2.2) and (2.4) about a straight filament along z, with r ss zs + we 

see that twist diffuses with diffusion constant C/Cr, while the backbone obeys a "hyper-

diffusion" equation Cx^xt = —+ CZ x (nrxs5)a. For crankshafting motions, we 
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Material Lp (cm) kaTKrhp (s-1) (.LILp) 
DNA 5 X 10-" 8 X 10*^ 90 
mirotubules 0.5 0.8 0.03 
bacterial filaments 25 1.3 X 10"^ io-« 

Table 2.1: Critical Twirling Lengths for Different Biological Filaments Assuming a Twirl-
to-Whirl Frequency of 10^ s~'. 

set Fxt = X Tx- Thus we find two characteristic lengths [12], 

^x(x) = wax)'-" and = . (2.7) 

These are analogous to the penetration depth in the familiar theory of oscillations in a 

v i s c o u s  f l u i d  [ 1 3 ] .  T h e  p r i m z i r y  i n s t a b i l i t y  i s  g i v e n  b y  £ r ( w )  ~  L .  

The crankshafting frequency x for whirling can be estimated by assuming that the 

transverse drag, CxX|rj.|, is roughly equal to the elastic force per length, >lirx4s| ~ 

Thus X ~ ~ (C ss A for typical materials [39]), and 

~ ^ri^c) ~ L at the transition. The whirling rod does not undergo simple 

rigid body rotation; the speedometer-cable rotational motion is faster than the back

bone crankshafting motion by a factor of {Lja)'^. This steady-state shape is possible 

because diffusion can homogenize the twist as fast as backbone motion relieves it. We 

describe this process quantitatively by integrating (2.3) along the rod for inextensible. 

steady-state = 0) crankshafting. The difference Aw in rotational velocities about the 

local tangents at s = L and 5 = 0 is 

-Au; = x[l-z-t(£)]. (2.8) 

Equivalently, Ao; is the injected twist current minus the twist current leaving the free 

end. Thus, writhing acts as a twist sink in steady-state crankshafting motion when the 

rod's free end is not aligned with the z-axis. 

When the twist diffusion time, Cr^i(x)/C'. 's longer than the bending time x"'-

buckling can relieve twist faster than it is replenished by diffusion, and steady-state 

crankshafting would likely be unstable. One possible new behavior would consist of 

repeated sequences of transient whirling followed by quiescence as twist builds up anew. 

The scaling argument above yields x ~ Ejr], a factor of higher than the rate at onset 

of the first instability, and thus unreachable for typical materials. 
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The bend relaxation tinEie suggests the rescaling, 

i = (a/Ci.L-») . (2.9) 

A natural pair of further rescalings of (2.4) i s  s  =  s / L ,  and C l  = Q L .  If we parameterize 

the filament centerline (Fig. 2.1) as r{s,t) = {X{s,t),Y{s,t),s — S{s,t)), introduce the 

complex transverse displacement ^ = {X + iY)/L, and expand the dynamics up to third 

order in ^ (immediately dropping the tildes), we obtain 

= -^4.-(A^s), + tr[n(^„(i-5.)+5s.6)!, 

^5 ^ ( ^ ^ . + ^ 4 5 ^ ) + A ,  

+ 2^^ (^Ss^is ~ ^os^ss) 

+r ((no„ 65 + (n6.)„ O], (2.10) 

where the inextensibility constraint (1 — C||/C±)(rss • f) + (r^ • fj) — ^(r^s • f) + (r^ • ) =0 

is expanded to set A as 

(A - \ (^e(^4.0 + tTnXm(^350) • 

This constraint also fixes Sg — As anticipated, apart from material properties 

r and e. the coupled twist/bend dynamics are governed by a single control parameter 

u)Q. which appears only in the (rescaled) boundary condition, f2s(0) = e'tuo/r = a. The 

PDEs (2.10) are like those of excitable media [45], with a separation of time scales derived 

from the aspect ratio e. For the usual case e ^ 1, twist is the fast variable and bends are 

slow. 

2.3 Linearized Dynamics 

The twist profile in the straight filament (^ = 0) satisfies Qt = ^ss- After transients 

die out, the steady-state profile is linear in s [7], Q. = (Cr^o/C) {s — L) . Using this in 

the linearized filament evolution and taking ^(s, <) = ^(5) exp(2X<)T a rigidly rotating, 

neutrally stable shape, we obtain'' 

•"See -Appendix C 

= i^is + ra[(s - l)6s]s • (2.11) 
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(a) 

Figure 2.2: (a) Stroboscopic montage of the "whirling" filament, viewed firom along the 
z-axis, as it rotates clockwise; (b) side view at two times. 

Numerical solution [46] of (2.11) yields a critical value ac — 8.9/r (confirming di

mensional analysis of Eq. (2.9)), below which the rod is straight and executes only axial 

rotation ("twirling"), and above which the rod buckles and rotates ("whirls") at a fre

quency which for a ~ ac is x ~ 2.32ra. This motion is the dynamical equivalent of the 

static writhing instability of a twisted elastica [39]. Inserting all numerical factors, the 

critical frequency and rotation rate (at onset) are 

These solutions for ujc and x for the first linearly stable mode. There also exist 

other modes that become linearly excited at higher values of the turning frequency. Inter

estingly, when these modes were found numerically, it was seen that the growth rates and 

turning frequencies for the different modes interact. It was observed that all the modes' 

growth rates initially increase quadratically in the turning frequency. This can be shown 

analytically by treating the twist coupling as a perturbation^. The first mode growth 

rate begins negative and increases. At the critcal value of the turning frequency, it passes 

througli zero and continues climbing. The second mode growth rate begins more negative, 

but grows faster. At a value of the turning frequency of about l.ScJc, the second mode 

growth rate surpasses the first mode, however, shortly before this point, the first mode 

^See .Appendix C 

(2.12) 
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Figure 2.3: (a) Growth rates for the first three modes of the linear equation. Mode 
becomes unstable when the growth rate is positive, (b) Whirling frequencies for the first 
three modes. 

dips down and goes negative again. This dipping behavior is observed every time a new 

mode becomes linearly stable, creating an oscillating behavior in the first mode growth 

rate. It is also seen that the x values for different modes seem to attract one another. At 

the point when the growth rate of one mode approaches that of another, the lower mode 

X will increase shcirply and the higher mode will decrease. After the two modes growth 

rates have passed one another, the lower mode x decreases rapidly and the higher one 

increases anew. It is believed that this behavior is related to energy level attraction and 

repulsion in quantum mechanical systems such as is seen in molecular energy spectra. 

This view has not yet been exploited, though. 

2.4 Weakly Nonlinear Theory 

Numerical solution of (2.10) with a pseudospectral method [38, 47] shows that there is 

indeed a steady state beyond the bifurcation. As a — Oc increases, the shape becomes 

more helical. The free end of the whirling filament experiences more drag than points 

closer to the driven end and thus lags behind (Fig. 2.2). Since Cl depends quadratically 

on the backbone shape (see Eq. 2.3), near ujc, where ^ is small, the twist density remains 

nearly linear in s. Numerical studies show that the free end traces out a circle with 
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Figure 2.4: (a) Amplitude R (with a square root fit) and (b) crankshafting frequency of 
filament tip motion as a function of frequency ofiset from primary instability, (c) and 
(d): filament shapes for (u; - Uc)l'^c = 0.27 and 3.52, with T = 1. 

radius i? ~ (a; — a supercritical Hopf bifurcation [45]. This can be understood 

from (2.8) and dimensional arguments for the displacement: [1 — z • t(L)] ~ { R / L ) - .  

so ^(0) - uj{L) ~ x(R/L)'~. The twist that can be relieved by diffusion is limited, so 

u;{L) = ujc- From the linear dynamics, x ~ ̂ c-: leading to i? ~ (ti;o — 

2.5 Swimming 

Chirality of the whirling filament breaks time-reversal invariance of the motion, thereby 

allowing [48, 49] a net propulsive force Fp along z to be generated. The elastic propulsive 

force density is a total derivative, so the total force is expressible in terms of the filament 

properties at its ends. For the clamped/free boundary conditions used here. Fp = —r3j(0)-

z — A(0) = r55(0) • rss(O) — A(0). As shown in Fig. 2.5, Fp rises linearly from zero near 

the bifurcation, as it is quadratic in the transverse displacement, which in turn has the 

supercritical form shown in Fig. 2.4(a). While we know of no organism that utilizes this 

prccise mechanism for self-propulsion, there is evidence for self-propulsion associated with 

twist-induced whirling in growing bacterial macrofibers constrained at one end in certain 
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Figiire 2.5: Propulsive force generated by steady-state whirling motions, as a function of 
driving frequency. 

laboratory experiments [3]. Experiments are underway to explore further this possible 

connection. 

The possibility of observing instabilities driven by twist accumulation along an elastica 

hinges upon a balance of material properties, fluid viscosity, and adequate forcing. Flow-

and rotation-induced bacterial flagellar conformational transitions [32, 8, 11] provide 

proof-of-principle that this balance can be achieved in vivo. Like flagella, fibers of B. 

subtilis cells have adequate material properties (e.g. Young's modulus [44]) and aspect 

ratio to display instabilities Uke those described here. More complex phenomena are 

associated with instabilities of helical flagella, as described elsewhere [50]. 
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Chapter 3 

Bistable Helices^ 

This chapter extends elasticity theory of filaments to encompass systems, such as 

bacterial fiagella. that display competition between two helical structures of opposite 

chirality. A general, fully intrinsic formulation of the dynamics of bend and twist degrees 

of freedom is developed using the natural frame of space curves, spanning from the inviscid 

limit to the viscously-overdamped regime applicable to cellular biology. Aspects of front 

propagation found in fiagella are discussed. 

3.1 Bacterial Flagellar Flipping 

Over three and a half billion seconds ago, Kirchhoff presented the fundamental equations 

for elastic rods, the basis for most subsequent theory on the statics and dynamics of elas

tic filaments [4]. For at least as many years, terrestrial life forms have been engineering 

and generating all manner of elastic rods, one of the key structural elements of single 

and multicellular life. It is likely, therefore, that biology has much to teach us about 

the rich phenomena and inherent possibilities contained within the basic framework of 

elaisticity theory. Here we report one such lesson, namely, the peculiar case of flip-flops of 

chirality in helical, elastic filaments. The most well-known example of these transitions 

occurs %vhen the motors that turn helical bacterial fiagella reverse direction, causing a 

coherent bundle of nestled fiagella to unbundle and the cell body to tumble [8]. Likewise, 

when such fiagella are placed in an external fiuid fiow, it is observed that regions within 

the filament periodically fiip to the opposite chirality, and that those fiipped domains 

propagate steadily downstream [11]. In quiescent fluids, fiagella may display two coex

isting chiralities (see Fig. 3.1a). Bacterial fibers [15], chains of bacterial cells formed by 

repeated cell division without separation, may also display coexistence of two helix hands 

(Fig. 3.1b) [18]. Another example, an order of magnitude smaller, involves two distinct 

' .A. modified version of the work that w-as previously published as [2] 
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conformations of DNA. Recent experiments [51, 52] indicate stretches of left-handed 2r-

DNA forming spontaneously from right-handed B-DNA due to the stresses generated by 

twisting during the process of transcription [53, 54, 55, 29]. 

We present here a simple theory of helical bistability [50, 56], treating it as competi

tion between two states, each locally stable, but of opposite handedness [57]. This differs 

fundamentally from the phenomenon of perversion^ seen in vines [58], in which external 

constraints produce chirality. The bistability of molecular units in bacterial flagella, first 

advanced by AsaJcura [24] and later concretely realized as a model by Calladine [22, 23]. 

can be viewed as underlying the continuum approach presented below. Assuming such 

an underpinning, we extend the energetic formulation of linear elasticity theory by intro

ducing a Landau-Ginzburg functional in the twist strains [59, 60] and, building on earlier 

work [62, 61, 35, 36, 37, 38, 63] develop a fully intrinsic formulation of the kinematics and 

dynamics applicable to arbitrary twist-energy functionals. Finally, we describe elemen

tary front solutions linking bistable helical states and discuss their biological significance. 

The material frame of a filament is an orthonormal triad {ei, §2,63}, where we choose 

63 along the tangent, ei pointing toward an imaginary line on the rod surface, and 

^2 = 63 X 6]. The strain vector fl(s) = (fii, $12- characterizes the shape of the filament 

through the kinematic relation dgCi = ft x Cj, and the curvature K satisfies ^1%. 

with 0.2 the twist density. We expect the elastic energy ^^[n] to be a Landau expansion. 

£ = Yl AijVLirtj Bijk0.iQ.jVlk-\ , where symmetry considerations dictate the allowed 

elastic constants Aij, etc. [59, 60, 64]. In /znearelasticity theory for an isotropic cylindrical 

rod, the straight, untwisted rod minimizes the elastic energy £ = (1/2) /ds 4- Cfi^), 

where we adopt the shorthand Cl = CI3. A helix is the ground state if the minima of both 

tlie curvature and twist energy costs are shifted from zero to intrinsic curvatures Cl°, fl?, 

and intrinsic twist 0°. Perhaps the simplest model for a bistable helix has an energy with 

a preferred curvatiure and two stable twist states. 

where Afi, = V { C l )  is a double-well potential and the twist-gradient coefficient 7 

controls the width of fronts connecting the two states. A most intriguing feature of such 

fronts is that they correspond to helices concatenated at an angle, zis in the examples of 

(3.1) 

Fig. 3.1. 
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Figure 3.1: Bistable helices. (a) Flagella of Salmonella, with coexisting left- and right
handed helices (arrows), courtes of H. Hot ani. (b) Solenoidal form of B. sub til is fiber , 
with coexisting helices , courtesy of M. Tilby. 

How do we link such an energy functional to the filament dynamics? The arclength 

kinematics of the material frame have a complementary temporal kinematics, 

(3.2) 

with w the rotation rate. It is convenient to trade the material for a "natural" frame E 

[38], and use related complex strain and rotation rates, 

E (e1 + ie2)ei
19 (3.3) 

w ~ ( 12 n ) i19 e3,s · E = -z 1 + 2 e (3.4) 

I1 ~ ( . ) i19 e3,t · E = -'/,Wl + W2 e (3.5) 

where iJ(s, t) = J8 ds'O. As they describe the filament shape and velocity, w and I1 are 

related to position and momentum variables in a "Hamiltonian" dynamics (below). (Note 

that a helix of curvature K and torsion T, having then radius R = K/(K2 + T2 ) and pitch 

p = 2nT/(K2 +T2
), corresponds toW= Kexp(iTs).) The kinematics of the natural frame 

can now be written as: 

(3.6) 

where we again simplify the notation: w = w3. The quantities that describe completely 

the configuration of an elastic filament are now wand n, representing the backbone shape 

and the twist. Using the commutator, 8t8s = 88 8t - [e3 · rt,s]88 , with r the vector that 

describes the filament centerline, the kinematic equations become2 

(3.7) 
2 See Appendix G 
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= n, - ̂63 • rt,, + i<f Jds' 3(^-n) . (3.8) 

The successive terms in (3.7) and (3.8) describe how differential rotation rates cause strain 

accumulation, the coupling with stretching, and a coupling between twisting and writhing 

motions. Since ^>(^*11) = (r^ x tss) •r£,si the Q equation is equivalent to that found in [1, 

35]. These purely geometrical relations apply to any moving filament, regardless of the 

forces that are present. 

We close the equations by calculating the force and moment per length acting on 

the filament. From the principle of virtual work these are fimctioncil derivatives of the 

energy (3.1); the force per length is f = —5£/5r with veiriations in the rotation about the 

tangent vector, 5x = ^2 <^61, set to zero, while the moment per length about the tangent 

is m = —6£/8x with 5T = 0. They are 

»(*•*") 

f = (5J($)-A,)e3 + 3?(e-.Fx) , (3.9) 

with 

J^l. = -A [a„ (^^ - l-o) + i (|^|2 - llrOp) 

/ 5S \ 
+1^5 , (3.10) 

where 

1'° = (-in? + ^ - (3.11) 

and a factor of has been absorbed into the Lagrange multiplier A. The second term 

in the moment equation describes how deformations that are out of the plane of the 

preferred curvature cause rotation about the tangent. 

A dynamical statement is required to close the system. In a normal Newtonian de

scription, forces and moments balance accelerations, ptu = f and m = lujt with p a mass 

per length, and I a cross-sectional moment of inertia. The dynamical equations (3.9) 

are then the Kirchhoff equations for thin rods with nonlinear constitutive relationships 

[41, 66, 65]. In the presence of a transverse drag coeflBcient Q, aui additional force (^rc 

appears, while the rotational drag coefficient introduces m = Iwt + CrW. This moment 

equation closes the twist dynamics; the backbone dynamics are found by taking a spatial 
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derivative and dotting the force equation with e, 

P  d t - 2  J d s '  + 263 • rt,5 n + cn = f, • e , 

the equivalent of the momentum equation in a Hamiltonian system. The low Reynolds 

number regime is attained when the mass density and moment of inertia are zero, forces 

and moments are balanced by velocities and angular velocities, = f and m = so 

(fl = fs e. Substituting these back into the Q and equations, and using linear elasticity 

theory to define the forces and moments, yields the viscous results found previously [38j. 

Remarkably, both stationary solutions and moving fronts between bistable states exist 

for all bistable potentials [50, 56]. Stationary fronts exist when the potential difference 

between the twist energy minima (see Fig. 3.2) vanishes; they connect asymptoti

cally the two stable helical states with opposite torsion and without external mechanical 

constraints. From (3.10) we see that the transverse force on the filament vanishes when 

^ and 58/50, =0 , namely, when the curvatures have their intrinsic values and 

is one of its stable states. Then is real and the twisting moment in (3.9) vanishes. 

The twist profile satisfies the Euler-Lagrange equation 

With the Landau model V  =  — { r j 2 ) Q ?  + (ti/4)n'*, the solution for an infinite filament is 

r>(s) = fi"" tanh(s/2^), where = ±(r/u)^''^ and the front width is ^ = 7/(2r)^''^. In 

the natural frame, the shape is 

where by suitable choice of §2 we can set = 0. In real space, as 5 —> ±cx2, this solution 

describes helices with curvature 17° torsion To see the real-space relationship 

between the helices, we go to the limit ^ > 0 and solve the matching problem between 

one right-handed and one left-handed helix. Let the tangents to the right and left helices 

make angles d± with the two (eisymptotic) helical axes Continuity of the tangents at 

tiie junction of the two axes requires that the axes be rotated about the jimction by a 

"block" angle a = it — {9+ — 0_) (Figs. 3.2 and 3.3) 

-  F'(n) = 0 .  (3.12) 

= fJ^^xp (2t^f2"'" logcosh(s/2^)) , (3.13) 

a = tan — tan ^{t-/k-) , (3.14) 
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v(n) 

(a: 

s 

(c) 

Figure 3.2: Description of bistable helices, (a) The double-well potential in the twist 
variable, (b) a helix corresponding to (c) the elementary front solution of the twist. 

where K± and r_ are the curvature and torsion of the two hehces. This simple law. first due 

to Hotani [25], was intuited through observations of the conformations of reconstituted 

bacterial flagella. It follows from the geometrical construction in Fig.3.3. (Note that 

is negative for left-handed helices.) When ^ 0, it can be shown^ that the block angle 

deviates from (3.14) through a correction of order (k^)^. Hotani's measurements [25] 

allow us to estimate [56] an upper bound of 80nm for 

Consider now solutions propagating between the two minima of an asymmetric 

^See .\ppendix H 

P-

Figure 3.3: Geometry for the relation 6+ + a — 9- = n. Rectangles are unit cells of the 
concatenated helices, with radii R±, pitches pi, and tangents t±. 

27CR+ 

27CR_ 
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potential [67]. There are two regimes of interest; inertial and viscous. If, in the former, 

we deal with potentials V with Q"*" = —fl~, then a front solution exists propagating 

along helices of torsion (with no external mechanical stress) traveling at a speed 

c = \/|AV^|a/2/, where AV is the potential difference (Fig. 3.2) and a the cross-sectional 

area. 

In the viscous regime, twist-front motion stems from the overdamped moment-balance 

relations (3.7) and (3.9), 

where the ellipses stand for out-of-plane bending moment variations. Eq. 3.15 is Cahn-

Hilliard-like and most reminiscent of Model F from the dynamics of critical superfluids 

[68, 69]. We apply this to the problem of a twist front moving along a straight rod and 

propagating between two minima $7^ of a twist potential K(0) made slightly asymmetric 

by setting V^(n) = V^°'(n) •+• where is symmetric, W = 

analytic perturbation, and e controls the degree of asymmetry. The front speed is found 

by computing the first-order solvability condition (in e) for the existence of a bistable 

helix in the moving frame a = s — ct [70]: 

where 0'°' is the tanh profile. Hence, the front speed is c = eF En od<i"n(i^"^)" -.where 

To estimate front velocities involving helical shapes (below), note that the essential 

physics of this result is a balance between the power generated from the transition to the 

less energetic twist state, Ptw = (AV)c, and the power lost due to rotational drag, Prj = 

/ Qrui^ds = Cr(AQ)^^c^, where oj = (An)c is the axial rotation rate and Afi = fi"*" — 

While inertial and viscous front propagation naturally lead to rotatio.i of the unstable 

helix, there are two types of motion that allow this: crankshafting, in which one helix 

rigidly pivots about the axis of the other, and speedometer-cable motion where each helix 

rotates about its own axis (Fig. 3.4) [8]. Here we outline simple scaling arguments 

for these dynamics: a more detailed discussion is presented elsewhere [50]. In a viscous 

fluid, we might expect the mode requiring the least power dissipation to be favored. The 

dissipation P is simply the integrated product of the force per length and the velocity. 

(3.15) 

fiWc/o- = 0 (3.16) 

r = l/(2^Cr(ln(2) - 1)). 

giving c ~ (AK)/Cr(An)2^. 
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Figure 3.4: Front propagation along a helix. Two possible modes are (A) crankshafting 
and (B) speedometer-cabling. 

For crankshafting, Per ~ ( I s i n - { o c ) / Z ,  while for speedometer-cable motion Psp — 

Q^Rruj-L, where L is the total arclength of the moving segment. Crankshafting dominates 

unless (H/Lsin(Q))^ 1, in which case speedometer-cable motion tjikes over. This 

argument is similar in spirit to that posed by Levinthal and Crane [28] in the context 

of DNA transcription. Macnab and Ornston [8] have made dark-field photographs of 

left-to-right-handed transitions in Salmonella, and found evidence for both crankshafting 

and speedometer-cable motion when R and L were comparable. 

Hotani [11] observed that Salmonella flagella, fixed at one end in a flow, developed 

moving fronts of opposite chirality above a certain flow velocity. The fluid flow straight

ened the flagella. and the fronts propagated by axial rotation, not crankshafting. The 

torque estimated' to cause the chirality inversion differs from that to induce the reverse 

transformation. If we equate the torque difference AT ~ 5 x 10~'" dyne-cm with AV/An. 

where AfJ ~ 4 x 10"' cm"', we find AV ~ 10"' ergs/cm. Balancing the power generated 

in converting to the energetically-favored state with that lost due to viscous rotation, 

we find c ~ AV/(^±R^{AQ)^L ~ 10""* cm/s, in good agreement with the observations. 

Further, the energy barrier for nucleatioa of the less-favored chirality state is on the order 

of AVb^, where AVh is the barrier height deduced from those torque estimates. With the 

previous estimate of ^ we obtain a barrier of 10"^^ erg, suflBciently greater than thermal 

energy to prohibit thermally-assisted nucleation. 

Here we have presented perhaps the simplest continuum theory of bistable helices, il

lustrating the front solutions corresponding to a set of common scenarios, and indicating 

•"Hotani's data can also be used to set the parameters in the twist potential. See .Appendix I. 
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their relevance for experiments, notably for flagellar systems. Our continuum approach 

connects the phenomenon of bistability at the scale of nanometers [22, 23, 10, 30], with the 

bistability observed at tens of microns [11, 26]; it points out, as well, the need for exper

iments on the rates of chirality transformations under defined conditions of torques and 

flows, and it provides the possibility for a new level of quantitative description bridging 

the microscopic and macroscopic observations. 
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Chapter 4 

Experiments on B. subtilis Fibers ^ 

Supercoiling motions that accompany the growth of bacterial macrofibers (multicel

lular filamentous structures formed in B. subtilis by cell division without separation) are 

responsible for rolling, pivoting, and walking of fibers on a surface. Fibers possess a ful

crum about which they pivot and step in a chiral manner: forces and torques associated 

witli cell growth, when blocked by friction, result in self-propulsion. The elastic engine 

that drives macrofiber motions generates torques estimated as micro-dyne-cm and fem-

towatts of power; optical trapping studies yield a first direct measurement of the Young's 

modulus of the bacterial cell wall, the engine's "working fluid," of ca. 5.0 MPa. 

4.1 Basics 

This chapter focuses on the discovery that supercoiling motions of growing multicellular 

bacterial structures result in chiral self-propulsion when they are in contact with a solid 

surface. These structures, termed macrofibers. arise by repetitive supercoiling of an elon

gating chain of linked cells (a filament) or filament bundle that twists as it grows [15. 

72]. Individual rodlike cells. 4/im x 0.7^m, grow only in length, so the cell filaments, 

produced in a mutant of B. subtilis by failure of cell separation after each growth and 

division cycle, are of uniform diameter. They self-assemble into macrofibers millimeters 

in length and tenths of millimeters in diameter [73, 16]: the mature structure consists 

of a single long filament folded repeatedly upon itself and twisted into a fiber shaft that 

is capped at both ends with loops. Macrofiber helix hand and degree of twist are gov

erned by genetic and environmental factors such as temperature and the concentration 

of certain ions in the growth fluid [20]. 

The results reported here show that the twisting £ind writhing dynamics underlying 

supercoiling can constitute the workings of an elastic engine that powers chiral self propul

sion. Unlike other self-propulsion systems that operate at low Reynolds numbers and are 

' .\ modified version of the work that was previously published as [3]. 
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based upon periodic movement of objects with fixed imderlying shape or shape sequences 

[74], such as helical flagella turned by rotary motors or flexible flagella driven by local 

or distributed bending moments [48, 49, 33, 34], macrofiber motions require increase in 

length. Several qualitative models have been advanced to explain the origin of twisting 

and supercoiling associated with growth [73, 16, 75, 76, 18, 36, 77]. The assembly of 

peptidoglycan, the strength-bearing cell wall polymer, is believed essential [75, 78, 76, 

79]; but no definitive link between microscopic properties, such as the geometry of glycan 

orientation in the wall or its viscoelasticity, and the filament twisting with ceil elongation 

has yet been established. A molecular model thus cannot yet be offered for the workings 

of this macrofiber elastic engine. By characterizing its output we hope to learn more 

about the ways in which it powers fiber self-assembly and other kinds of work, and also 

shed light on the polymer physics of bacterial cell walls and its link to cell growth. 

Supercoiling of bacterial filaments may occur with open strands, thus in the absence 

of the topological constraint of fixed linking number that plays so crucial a role in the 

conformation [80, 81, 82] and dynamics of DNA and other twisted filaments [35, 36, 41]. 

Bacterial filaments are so stiff that the thermaJ fluctuations important in the statistical 

mechanics of DNA [83, 84] also play no role. With fiber lengths typically on the order 

of 0.05 cm and velocities of 2 x 10"^ cm/s, the Reynolds number is at most C(10~~), so 

tliese phenomena occur without inertia - purely through a balance between elastic, bod}', 

and viscous forces. 

4.2 Chiral Self-Propulsion on a Solid Surface 

The macrofibers used in these studies cannot swim or swarm, and no visible fiagella struc

tures can be found on their cell walls. They are however capable of slow movement over 

solid surfaces. Fibers make contact with the floor of a growth chamber because they are 

slightly more dense than the growth medium in which they move. To study fiber motions 

on a surface a dual-view microscope system was constructed that permits simultaneous 

visualization of fiber contact with the surface and location within the chamber (Fig. 4.1). 

The growth chamber was illuminated both fi-om below and the side with two light pipes 

from a single fiber optic light source (Dolan-Jenner, Inc.). Videos were made using two 

CCD cameras (Cohu); one fitted to an Olympus SZ-TY zoom stereo microscope above 

the growth chamber, the other to a Bausch & Lomb monocular compound microscope 
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Figure 4.1: Images of macrofibers from top and side within a glass growth chamber. Scale 
bar is 0.5 mm. 

tube aimed horizontally. The side-view images obtained from the latter always appear as 

mirror images due to reflection by the glass surface upon which the bacterial structures 

rest. Images were transferred to a Phase Eight screen splitter (Vicon Industries, Inc.) 

and the synchronized output sent to a GYYR time-lapse recorder (Odetics, Inc.). Motion 

dynamics were measured by comparison of individual frames directly using overlays on a 

video monitor screen, or following transfer to a PC using Image Pro Plus software (Media 

Cybernetics). 

Motions of both right , and left-handed structures were examined [85] using Bacillus 

sub til is strains F J7 and RHX [21]. Right-handed F J7 fibers were produced by overnight 

growth in 10 ml of TB [86] containing 5 x 10-2 M MgS04 at 20° C. A single intact fiber 

was transferred into medium of the same composition in the glass growth chamber and 

the top was covered with two glass slides. For petri dish cultures, viewed only from above, 

a single fiber was disrupted by toothpick transfer into medium of the same composition. 

Both glass chamber and petri dish cultures were grown on a microscope stage at 24° 

C. Left-handed RHX fibers were produced similarly using TB containing 5 x 10-2 M 

(NH4)2S04. 

Macrofibers underwent three kinds of motions as they grew on a solid surface: rolling, 

pivoting, and walking. Fig. 4.2 shows that rolling is caused by twisting of a fiber about 

its shaft as it elongates. If the shaft and its terminal loop lie flat on the surface, twisting 

and friction result in propulsion. The terminal loop rises onto its edge then returns to 

the floor upside down at a slightly displaced position. The net result is rolling in a 
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Figure 4.2: Rolling sequence. Dual-view images showing motion of a macrofiber. Panels 
are at times (b) 28 s., (c) 80s., and (d) 128 seconds after (a). Scale bar is 0.5 mm. 

direction determined by the handedness of helix twisting. In Fig. 4.2 , the lower half of 

each panel (the side view) shows the terminal loop of a right-hand fiber viewed end-on as 

it rolled to the left through 270° while the loop twisted in a counterclockwise direction. 

The corresponding top view images (upper half of each panel) reveal that during this 

sequence the fiber shaft pivoted clockwise. Other, low-magnification films show that the 

entire fiber shaft pivots in a helix-hand-specific direction (RH fibers clockwise, LH fibers 

counterclockwise). Rolling and pivoting are therefore inherent properties of macrofiber 

hand, not products of convection currents or other external forces. 

Pivoting motions reveal that fibers possess a fulcrum midway along their length that 

effectively divides them into two mechanical halves [85]. During growth each half rotates 
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in a direction opposite to the other. Figure 4.3a shows rates of CW and CCW pivoting in 

RH and LH structures, respectively. Figure 4.3b shows the corresponding rates of fiber 

length increase during pivoting. Repetitive periodic supercoiling, required for macrofiber 

morphogenesis, is responsible for the length reduction shown in Fig. 4.3b (the right-

hand structure). After each supercoiling the newly formed structure must increase its 

length again before it undergoes another supercoiling and length reduction [75, 76]. A 

symmetry argument can be advanced to explain the direction of fiber pivoting (Fig. 4.3c). 

There are two fundamental vectors in the problem, the surface normad n about which 

pivoting occurs at the fulcrum marked by a dashed line in Fig. 3c, and the helicity 

vector h defining the twisting direction of the fiber. The pivoting vector p should be 

composed of these: the unique choice is p = n x h, which lies in the plane pointing in 

the direction that the frictional force of the surface acts to oppose the twisting motion. 

The vectors p so constructed for the two fiber ends are in opposite directions, leading to 

rotational motion. A composite of images t£dcen from above (Fig. 4.3d) illustrates the 

overall pivoting motion. Both rolling and walking motions of half-fibers drive pivoting. 

The steps taken during walking (rectilinear motion) occur when part of a fiber rises off 

the surface then returns to it elsewhere [85]. 

To determine the magnitude of viscous forces involved in fiber motion we model it 

as a straight, rigid rod rotating at angular speed a; about a pivot at one end. The force 

density acting on the fiber moving with local velocity v is where s is the 

distance along the fiber from the pivot, — 47rT7/ln(L/a) is the drag coefficient for 

motion perpendicular  to the fiber  axis  [87],  r /  the f luid viscosi ty,  L the fiber  length and A 

its radius. The torque per unit length yields a total torque tx = Data on 

two separate walking motions yield uj = 0.103 rad- s~' with L = 0.73 mm, and uj = 0.029 

rad- s~' with L = 1.65 mm. The corresponding torques are 1.7 x 10~® erg and 5.4 x 10"^ 

erg. respectively. Both are significantly larger than gravitational torques acting on the 

structures studied, estimated by the same reasoning to be Tg ~ na^6pgL^/2 ~ 6 x 10~~ 

erg, where 6p is the density difference between the fiber of radius a ~ 0.002 cm and the 

surrounding fluid [88]. 

Continuing in this manner, we estimate the power generation by these motions to be 

P = TXU>. With the values for L, a;, etc. used above we find P ~ 2 x 10"' ' Watts. Scaling 

by the filament volume the power density is approximately 20 nW/cm^. For comparison. 
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300 

Figure 4.3: Pivoting and fiber growth. (a) uniform rotational motion of left (squares) 
and right-handed (circles) fibers, and (b) their length evolution, showing several folding 
events for the RH case. (c) symmetry argument for angular direction of pivoting, with n 
the surface normal, h the helicity vectors (lying in the plane, along the plectoneme axis), 
and p the resultant pivoting forces, also in the plane. (d) composite image from above 
showing pivoting around n. 

the power generated by a 1 micron spherical bacterium swimming at 10 microns/sec is 

about 500 nW /cm3
. 

4.3 Measurement of the Bending Modulus for B. subtilis 

Macrofiber self-assembly and the unique motions described here are made possible by the 

elastic nature of B. subtilis cells, that is the material properties of peptidoglycan. This 

is the "working fluid" of the elastic engine, undergoing repeated elongation and buckling 

( supercoiling). Even its most basic material properties have not been determined in any 

direct manner, although studies of large man-made aggregate structures called bacterial 

thread give estimates of the Young's modulus [89], which ultimately sets the scale for 

the propulsive forces. We have determined the bending modulus of single cell filaments 

from their relaxation [12] after deformation by an optical trap, constructed [90] from a 
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400 mW NdYV04 diode leiser (1.064 f i m )  (SantaFe Lasers), telescopic beam expansion, 

niotorized steering lenses under computer control (LabView, National Instruments), and 

a Nikon Diaphot 300 inverted microscope with an oil-immersion plan-apo 100 x (N.A. 

1.4) objective. To increase trapping strength over that achievable with bare filaments, 

2 fim diameter latex beads (Ernest F. FuUam) were attached to the filament tip after 

incubation for 10 minutes in a 0.01 M solution of polylysine (Sigma) and several cycles 

of rinsing. Attachment was jichieved by moving a trapped bead into contact with the 

filament, which was then bent by steering the trap; when the elastic restoring force of the 

filament exceeded the trapping force the bead-filament assembly escaped the trap and 

relcLxed. Movies of the bead motion were analyzed using locally-written centroid-trarJcing 

software based on a standard algorithm [91]. 

Laser Tweezer Setup 

ccd VCR ccd VCR 

u 

objective 

9 1/2 

Figure 4.4: Schematic of the setup of the optical trapping system. Note: diagram is not 
drawn to scale. 

The relaxation of the filament tip position h { t )  is of the form /iq exp(—cr<), where 

a = Ak^where A is the single-filament bending modulus and k is the first allowed 
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Figure 4.5: Exponential relaxation of a bead attached to a fiber tip, following displace
ment by an optical trap. Inset shows a 2 f.-LID bead attached to a filament. 

wavenumber associated with clamped-free boundary conditions for an elastic filament 

[12]2. Fig. 4.5 shows a typical relaxation curve and its fit to this functional form. From 

tens of runs on filaments of lengths from 10 -50 f.-LID, we find A ~ (1.6 ± 0.6) x 10-12 

erg-em. Assigning a persistence length by the relation A = kBT Lp we find Lp rv 40 em, 

almost two orders of magnitude larger than that of microtubules [92]. Using A to estimate 

the Young's modulus under the simplifying assumption that the stiffness is determined 

by the thin cell wall (with A~ 1ra3tE, with t ~ 25nm) we obtain E rv 0.005 GPa, quite 

similar to that of rubber and remarkably close to that found earlier [89]. 

This single-filament bending modulus can be compared to that inferred from the 

torque estimates above on macrofibers. If we assume that the torque comes from twist 

built up in the fiber, then Ttwist rv Cmn where Cm is the twist elastic modulus of the 

macrofiber and n the twist density at the fulcrum. To execute the given motion, the twist 

must be greater than that needed to cause buckling. Elasticity theory [93] yields the result 

that buckling occurs when ( Cm/ Am)f2L ~ 10. Setting the twist torque equal to the torque 

necessary to oppose viscous drag and gravity yields Cm rv T L/10 rv 10-7 erg-em, fully 

five orders of magnitude larger than the single filament bending modulus. Assuming, 

as with most materials, that the bend and twist moduli are comparable, and further 

invoking the expected scaling of moduli with (radius) 4 shows rough consistency between 

the filament and fiber data. Clearly, quantitative force measurements on macrofibers 

are needed, perhaps achievable using mechanical micromanipulation techniques such as 

2 The attached bead does change the boundary conditions some. For a better description of this effect 
see Appendix K 
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deflection of needles of known compliance. 

The macrofiber elastic engine transduces forces derived from cell growth into motions 

that accomplish three tasks: assembly of the multicellular fiber form, translational move

ment over a surface, and the pulling together of objects attached to a fiber's ends. The 

physics upon which the macrofiber engine operates should be applicable to other biolog

ical systems at scales ranging from molecular to multicellular dependent upon the elastic 

properties of the twisting filament and the environment within which it operates. Further 

measurements of forces cmd dynamics are clearly called for in the effort to formulate a 

more complete picture of this elastic engine. 
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Chapter 5 

Conclusions 

Through the study of a novel problem involving the forced rotational dynamics of 

an claiitic filament in a viscous environment, a new understanding of the geometrical 

coupling between twisting and writhing motions was observed. This problem utilized a 

three dimensional dynamical picture of elastohydrodynamics and showed a bifurcation 

between pure axial rotation and steady state crankshafting motions brought about by 

the interplay of (i) twist injection, (ii) twist diffusion, and (ill) writhing motions. For 

the first time, the twist/bend coupling was shown to act as a sink or source for twist. 

This new understanding can hopefully shed light on some of the interesting dynamical 

problems that are encountered in the motions of growing bacterial macrofibers as well as 

in the chirality inversions that are seen in bacterial flagella. 

To begin to quantify the forces that axe generated in growing B. subtilis bacterial 

macrofibers. we studied the dynamics that occur when a fiber is brought close to a sur

face. A number of unique chiral motions are observed: rolling, where a macrofiber rotates 

about its own axis, and pivoting, where the fiber pivots and steps about a fulcrum situ

ated roughly halfway along the length of the fiber. Both of these motions were observed 

to depend on the internal chirality of the macrofiber. Through calculations based on the 

drag experienced by the pivoting fiber, estimates of the power generated by the elastic 

engine driven by growth were possible. To complete the picture of an elastic engine within 

the cell wall, material parameters that relate to the stiffness and elasticity of the cell are 

necessary. By using a laiser trapping system, we were able to measure the bending mod

ulus of a single filament of B. subtilis. Assuming that the elasticity predominantly comes 

from the cell wall material, we could then estimate the Young's modulus for the cell wall. 

This was found to be around 5.0 MPa, comparable to that of rubber. These quantitative 

measurements on bacterial fibers can begin to shed light on the important material pa

rameters for this system and will hopefully lead to a way to discriminate between different 

proposed models governing the mechanism behind macrofiber formation. 
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Bacterial fiagella are seen to exist in a number of different chiral states. However, 

no theoretical models have been proposed that take into account the stability of these 

secondary structures. We proposed the simplest model that can account for some of the 

dynamic phenomena that are observed in bacterial flagellar bistability of the twist energy 

functional. We then showed how this twist functional can be incorporated into a totally 

intrinsic elastohydrodynamic model with which quantitative dimensional arguments can 

be made that roughly agree with what is seen in experiments. Also, a general formalism 

was establisiied that can be used to derive intrinsic equations of motion for any filament 

given the energy and a dynamical statement. 

Though our work has lead to a better understanding of the viscous dynamics of bio

logical elastic filaments and has also been the first to deal with problems involving twist 

in the elcistohydrodynamic context, a great deal of work, both theoretical and experi

mental. still remains to be done. To be able to determine the true mechanism behind 

the formation of bacterial macrofibers the twist modulus must still be measured. Opti

cal trapping methods will most likely not be able to make this measurement. However, 

magnetic tweezers, which utilize beads with a fixed dipole moment, are now available and 

could be the perfect apparatus for measuring this value. It is also important to test the 

dynamical behavior of B. subtilis as it may not be purely elcistohydrodynamic. Memory 

effects as new cell wall material is incorporated could lead to some of the phenomena 

that are seen in experiments, expecially the "relaxation" motions that are observed when 

lysozyme or autolysin are added to the growth medium. One method to test the dynamic 

behavior would be to see if the relaxation time sccdes with the length as is predicted by 

elastohydrodynamics. Some experiments have already been done to test this and show 

rough agreement with what is predicted, but further experiments are still needed. To test 

if there are memory or plasticity effects in the cell wall, an experiment where a fiber is 

bent and held in place for a given amount of time and then released would show if the fiber 

remains in its new conformation or relaxes back to its original state. Measurements of 

how viscosity effects the buckling length aire also necessary to determine whether twisting 

stresses or growth induced tension is the predominant buckling factor. 

The greatest test of the bistability model for bacterial flagella could be measurements 

with imposed static forces and torques. These situations need to be explored both exper

imentally and as well our model needs to be used to produce theoretical predictions for 
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what might be seen in an experiment. Torque experiments, especially, should provide a 

view as to the energy landscape for the twist potential for bacterial flagella. As well, it is 

shown^ that differences in the force/extension curves should deviate for a bistable helix. 

A good theoretical model for plectoneme formation in B. subtilis is still lacking. Cou

pling growth to the elastohydrodynamics involving twist could at least provide a better 

way to test models for growth induced twisting stresses. With knowledge of the bending 

and twisting moduli, quantitative comparisons of different models will be able to guide 

research into a microscopic model for cell wall material inclusion, providing a better pic

ture of bacterial growth and an imderstanding of the physics that leads to the interesting 

dynamics and patterns that Jire seen in these fibers. 

'See .A.ppendix J 
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Appendix A 

Variations in Q and the basis vectors 

The shape and twist of an elastic filament can be completely described by the material 

frame, an orthonormal triad {ei,e2,e3}, with 63 the tangent, ei a unit vector pointing 

from the filament axis to a fictitious painted line on the filament stirface, and eo = 63 xei-

The rotation rate of these vectors is described by = Qiei + ̂ 2^2 + ̂ 3^3 with 

dsCi = fl X e,-. (A.I) 

With this relation, it is possible to calculate how variations in the position vector, 5r, 

and in the rotation angle about the tangent vector, = ©2 • ciffect fl and the basis 

vectors. From the above relation, it can be shown that 

Qj = e, • dsBk (A.2) 

for all cyclic permutations of the indices. Variations in 63 are found from 

(Je3 = STS 

= - (63 • (<5r) J + {Sr)s (A.3) 

where it has been used that 883 = dsS—{e3-{ST)s). Since the basis vectors are unit vectors, 

the tangential components of the variations in Ci and 62 are set by ((Je,) -63 = —e, • (^63). 

The other free component is set by our definition of Sx- Therefore, the variations are 

^ei = (^x)e2 + (ei • ((5r)J 63 (A.4) 

6e2 = -(^x)ei + (62 • (<Jr)Je3 (A.5) 

Using [A.2,A.3,A.4,A.5], it can be shown that variations in CI are given by 

Sfli = (<^x)f^2 — 2ni(e3 • (Jr)s) — 62 • (Jr)ss (A.6) 

59.2 = -(<^x)f^i - 2^2(63 • (^r)s)+61 • (Jr)„ (A.7) 

= (<5x)s + (g - ̂^363) • (A.8) 

with g = f^iei + ^262 = Tj X Tss-
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Appendix B 

Derivation of the extrinsic force and writhing terms 

An elastic filament whose energy is 

5 = + , (B.1) 

with K = - r^s) 2 the curvature, Q = Q3 the twist density, A is the Lagrange multiplier 

that enforces local inextensibihty. has a force per length given by f = —S£/Sr. Using the 

results from Appendix A, and Jds = (63 • (5r)s)ds, the variation in the energy can be 

written as: 

S£ = [ ds(Ar5s • + C'n((Jx)5+g • (^r)s) - A(e3 • {<Jr)J (B.2) 
J o  

where g = fiiei -t ^2^2 = (rj x Tss) and a factor of + 3.4k^) has been absorbed 

into A. ^ 

To compute the force per length, the variational derivative of the energy is taken with 

respect to Sr. with Sx = 0. This is easily accomplished with the above result for the 

variation in the energy, 

f = -dss (^r^^) -f ds {CO. (fj X r,^) - Ar^) 

= + C[n(r^ X r^)]^ - A^r^ - Afss (B.3) 

The writhetracking piece in the Q. equation^ is Ts xrss (fx)5, where fj. = f-(f 

Calculating the derivative of fx gives: 

= ds [-Ar4i + C[fi(ri X r„)]^ - Ar,, + >l(r4i • r5)rs] 

= -Ar5a + C [fijiCr, X + 2^s{rs x ra^) + ̂ ds (r, x r3^)] 

^ S ^ S S  Ara, + A(r55 • rjr, + Air^, '  ̂ s s ) ^ s  •''l-(r45 • ^ s ) ^ s s  

(B.4) 

'.\ny term of the form /(s)e3 - (^r),, where /(s) is an arbitrary function, can be absorbed into the 
Lagrange multiplier. 

"See .Appendix G 



58 

Thus, 

(r^ X • fs = -ATSS • {rs x r„) + C[n„|(r5 x + njCra, • r^i) 

-S7((RS, • R45 - (fss - R„)2)] - ARS^ • (R, x Tj^) (B.5) 

Utilizing the Frenet-Serret equations 

TSI = KN (B.6) 

n, = —nvs •+• rb (B.7) 

bj = -rn. (B.8) 

where n = V S S/K and b = x n, to rewrite the writhetracking piece in terms of the 

curvature and the torsion, r, leads to 

(R5 X TSS) • FS = —YL[3«(«;SR)5 + - K^T)] + C[K(NK:)AS - + AK^T. (B.9) 

This equation is zero unless f ̂  0 and the filament is either twisted (fl 5^ 0) or bent out 

o f  t h e  p l a n e  { r  ^  0 ) .  
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Appendix C 

Linear Analysis of the Twirl-to-Whirl Instability 

For the linear stability analysis we will assume that, Plugging 

this into the linear equation turns the PDE into an ODE given by: 

(cr + I'x)? = -^45 + ITQ[(S - l)^5s]s (C.l) 

where a is the rescaled rotational turning velocity. 

This is a non-trivial equation. However, some insight into the solution can be gained 

by looking at the small a limit. In the case when q = 0, this reduces to: 

(a + z-x)^ = -^4, (C.2) 

The solution to this is just: 

s(^) = sin(fc„5) + bji cos{kns) + Cn s'mhikns) -i- cosh(/:„s)) (C.3) 
n 

where a. b. c, d and k are constants set by the boundary conditions. 

If we use the boundary conditions that relate to having the filament clamped at s = 

0, and free at s = L, this corresponds to; ^(0) = ^i(O) = 0 and = ^3j(^) = 0. It 

can then be calculated that: 

= 51 fan(cos(fc„s) -cosh(A:„s) -(- (sin(A:ng) - sinh(fc„s))) 
cos(fcnL)-I-COSh(fcTiI') J 

(C.4) 

where the kn's satisfy the equation: 

cos{knL )cosh{knL)  =  —\  (C.5) 

This implies that the growth rate for the first mode is given by a = (1.875/L)"'. 

If we now assume that a is small, we can treat the term iTa((s — I)^jj)s as a pertur

bation and find the order a correction to the growth rate. If we think of this quantum 

mechanically, we can rewrite the equation as: 

(H + V)^ = {C.6) 



60 

wiiere H =  —dj ,  V  =  iads ( , sd^) ,  and A = CR + z'x- Since we are in the realm of small Q. 

V is a perturbation and we can expand A in powers of a as: 

A = A(°)+aA(')+C>(a2) {C.7) 

Since H is hermitian, A^"^ will be real. This means that = 0. 

Rewriting ^ as a sum over the different modes as: 

^ ^ (C.8) 
n 

yields 

= (C.9) 
n 

If we choose to find the first order correction to the first mode, we can write ^ as an 

expansion in q as: 

^ = ^1 + a ^<i>n + 0{a^) (C.IO) 
n^ l  

And therefore, the first order correction can be found to be equal to: 

A(^) =< 0i|V<?ii > / < 0i|</.i > (C.ll) 

Using the form for ^ found above with L = 1, and ki = 1.875, this integral was found 

to be equal to z2.3239. Therefore, = 2.32a and = 0. This implies that the 

growth rates, cr'"'. to a first approximation, vary quadratically in the turning frequency. 
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Appendix D 

Numerical Methods for Twirling and Whirling 

To analyze the dynamical behavior of an initially straight rod, immersed in a viscous 

fluid, that is turned at one end with a rotational frequency of w, we need to solve a set 

of coupled PDE's that govern the position and twist of the filament. Those PDE's are 

Cxrt = f + j (f • r,)r5 (D.l) 

C 1 
~ "I" •; ^ 1^55 • ?S ? (D-2) 

Cr CJ-

with the force per length,^ 

f = + C[n(r5 X r5^)]^ - (ArJ^ . (D.3) 

These equations can be nondimensionalized by choosing the following rescalings: 

f = r/L , n = , 

s  =  s /L  ,  i  =  ,  

f = tL^/A , A = KL^/A . 

The dimensionless equations are now; 

rt = f + (f-r,)r, {D.4) 

r 
— ~2^ss "f" 1*5 ^ ^ss ' Cs •. (D.o) 

f = -r^s + r [n(ri X r„)]^ - {Ars)s • (D.6) 

where V =  C/A .  =  Cx^^/Cr, and the tildes have been dropped for simplicity. We 

are; interested in studying systems where the filament caji not stretch. This restriction 

implies that rt,s • = 0. Prom this it can be shown that (1 — C||/Cx)('"ss • f) + (r^ • f) = 

5(rs5 • f) + (r^ • f) =0, which closes the system of equations by providing a condition on 

A. 
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If we are interested in the dynamics of the filament shortly after the filament buckles, 

we  can  expand  t he  pos i t i on  abou t  t he  s t r a igh t  s t a t e  by  de f in ing  r ( s ,  t )  =  [A ' ( s ,  t ) ,  Y ( s ,  t ) ,  s— 

6{s,t)\, where the deviations X, Y, and 5 are presumed to be small. The unitarity of 

the tangent vector fixes S, ~ ^{X] + Y^), implying that J is a second order quantity. To 

obtain the weakly nonlinear expansion of these PDE's, we need to know 

r. xr„ = (D.7) 

=  [ - -  n .  ( 1  -  < ^ 5 ) ,  X , ,  ( 1  -  )  +  XsSss , Xs Yss - YsX,,] 

(D.8) 

^ -nX,,] (D.9) 

with the last line expanded to second order. By defining ^ = (X + lY ) .  the dynamical 

equations can be written out to second order as 

6 2 (^4s^s + + Aj 

+r ((nc)«^.. + (^^ss)ssCss)]. (D.io) 

and the inextensibility constraint sets A as 

(a - = \ + irnimi^ssCss)) • 

To solve these equations numerically, we chose to use a pseudospectral method [61]. 

This method utilizes the stability of a Fourier analysis by time stepping the linear part 

of the PDE's spectrally. The nonlinear terms are calculated from the previous timestep, 

transformed and used to timestep the full equation in a spectral way. This amounts to 

having the linear terms at the proper time and the nonlinear terms one time step behind. 

This method allows quicker calculation time as the time step can be made larger than is 

normally possible with a pure finite difference method. 

The linear part of the ^ equation is fourth order in spatial derivatives. This implies 

that the proper equations to use are biharmonic functions. A complete set of equations 

can be generated by combining cos, sin, cosh, and sinh terms. For the problem of a 

filament rotated at one end, we assume that the boundary conditions are such that 
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the rotated end is clamped (^(0) = ^5(0) = 0), cmd the other end is free (no torques 

{^ssiQ = 0), no forces (^3s(L) = 0)). Under these conditions the complete set of equations 

is found as C.4. These functions are used to transform the nonlinear pieces spectrally. 

The linear part of the Q equation is second order in spatial derivatives. This means 

that regular Fourier functions my be used to transform the equations. The boundary 

conditions on Q. are found from the fact that the one end is rotated. Torque baJance 

at that end gives that = Cns(O). At the free end, Q{L) = 0. This enables us to 

solve the equation in the absence of the nonlinear terms which couple twist and bend 

motions. The solution is that fl varies linearly with the arclength, 

= {(:rUJo/C){s - L) (D.ll) 

If we define -f A, instead of solving for we solve for A. This removes the 

difficulty of having to enforce the boundary condition on flj at the rotated end. The 

boundary conditions become A(0) = A(L) = 0, and sine functions are used to do the 

Fourier analysis of A. 
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Appendix E 

^ to Real Space Conversion 

In this appendix, I describe the procedure that is used to transform the complex, 

intrinsic representation for a speice curve into the real space representation. 

A curve is described by the real space vector, r, which is parameterized by the distance 

along the curve, s. the arclength. The tangent vector is r,. If the tangent vector of the 

curve is known, the curve can be reconstructed by assuming an Mbitrary starting position, 

and integrating. 

The curve can also be described by an intrinsic representation (See Eq. 3.4). The 

function *1* governs how the tangent. 63, and the two complex vectors normal to 03, e and 

e*. evolve in space. 

To reconstruct the curve using this representation, these equation need to be integrated 

to find the tangent vector, and then the tangent vector is integrated to give back the 

curve. I will assume that the function is known. Since this representation is totally 

intrinsic, all information relating to the absolute position of the filament is lacking. Re

construction of the curve will only provide a relative positioning of the curve. However, 

the actual shape will be consistent. To continue, the initial directions of the triad are set 

as (e0.e-«.e0). where we require that these form an orthonormal triad. These equations 

are then integrated as 

dsBs = 5R(^e*) , 

dsC = —^es . 

(E.l) 

(E.2) 

(E.6) 

(E.5) 

{E.4) 

(E.3) 
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e}  =  e } -  r  <b}ez  d s '  (E.7) 
Jo 

where the subscripts R and I stand for the real and imaginary parts, respectively. 
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Appendix F 

Growth Induced Buckling 

A straight growing filament will feel a spatially dependent tension filong its length 

due to drag as the filament extends. Since B. subtilis fibers grow exponentially in time, 

the velocity at the end of the fiber will get exponentially faster. At some point, the 

drag due to this velocity will create a tension great enough to buckle the filament. Using 

dimensionad analysis, the drag per length will be equal to ^||U ~ where C|| is the 

drag coefficient for motions parallel to the long axis of the fiber, v is the velocity at the 

end of the fiber, cr is the growth rate, and L is the length of the fiber. Therefore, an 

estimate for the magnitude of the tension in the fiber is ~ ^||cr£.". Setting this equal to 

the force required to buckle the filament, A/L^ gives the bending modulus, A. for which 

a fiber of length, L and growth rate cr will buckle. 

For FJ7 right-handed structures, with a growth rate of 1.5 x 10~''s and a buckling length 

of 1.7 X IQ-^cm, this gives a bending modulus of 1.3 x 10~^^erg-cm, a factor of 10 off 

from what was found experimentally, but close enough to warrant a better analysis. 

The equation of motion is 

and to linear order f = — j4r45—5s(Ars), where A is a Lagrange multiplier that enforces the 

growth condition. Since the fiber is growing exponentially along its long axis, rt = crsTs. 

where s = is the arclength. Combining this equation with the dynamical equation 

sets the derivative of the Lagrange multiplier as 

A = Cii<7L-* (F.l) 

C||tt-rt-l-Cx(I-tt)-rt =f, (F.2) 

A5 = -Ciio-s (F.3) 

where it is assumed that s = 0 is the middle of the filament. Since the ends of the 

filament are considered to be firee, there Ccin be no force at the ends. This implies that 
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the boundary conditions are that A at the ends is zero, ajid therefore, A = — s^ ) .  

The lineax dynamical equation for displacements perpendiculcir to the growing fiber axis 

can now be written as: 

Cxart = -Ax4S - ̂C\\0' (F.4) 

with X the displacement perpendicular to the original fiber axis. By rescaling the arclength 

by the length, s = s/L, and the time as i = AtfL^ gives 

X£ = -X4i - a ^ss (F.5) 

where Q = j lA  is the one control parameter. This equation can be solved numer

ically to find the value of a where a perturbation goes unstable. This was found to be 

a s: 93.0. This gives that the buckling length for B. subtilis is 

f l 86A \*  

with A ~ 10~^^erg cm, C|| ~ 10~^erg-cm~^, and a ~ 10""*, this gives Lb = 0.1cm. Though 

this number is a factor of 10 high for FJ7 fibers it is comparable to the buckhng length 

for RHX. Therefore, it may not be the main driving force of buckling, but probably plays 

a significant role. 
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Appendix G 

Derivation of the Dynamic Equations for ^ and Q 

The material frame basis vectors can vary in both space and time. The equations 

governing this motion is 

dgti = fl X Ci (G.l) 

SfCi = u X ei (G.2) 

where fl is the previously defined spatial rotation rate of the the basis vectors (See eg. 

Appendix A), and uj is describes the rotation of the basis in time, and, therefore, acts 

like and angular velocity. If we switch to our complex notation, e = (ei + fe2)e'^, these 

two equations can be written as 

dsCj  =  R(^e*) . dse=—^e3  

diGz = , dtf. = ~U.ez + i{-Ot — u)) . (G.3) 

where uj = ui^ has been used to simplify the notation. 

The commutator, [dt.dg] — dtdg — dgdt = -(03 • Tt,s)ds), can be used to show that 

[duds\e = (G.4) 

= (63 • rt,5)1'e3 . (G.5) 

Looking at the e components fi'om this commutator, 

-'Pn* = -n^* + 2ids{,'dt - u;) (G.6) 

Tlierefore. 

- uj) = f ̂ {n^')ds' (G.7) 

and 

dt€ =-lle^ + ie j (G.8) 
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Using the definitions for ^ and H, 

<lf = r„-e (G.9) 

n = e2 • (G.IO) 

it is possible to write the kinematic equations that describe the motion of the filament 

backbone and twist, respectively. By taking the time derivative of (3.4), we get the 

kinematic equation governing the backbone conformation. 

= dt{r3s • e) (G.ll) 

= 3t(r„)-e + TM(G.12) 

= 55(63,4) • e - (§3 • r£,j)r„-e+ r„ • (lies + 3(n^*)<is') (G.13) 

= - ̂^63 • rt.s + I 5(n^'*)(is' (G.14) 

The first term describes how differential rotation rates produce strain, the second term 

is a coupling between bend and stretching and the third term couples twisting motions 

with bending. 

The kinematic equation for is found in the same way. 

Qt = dt{B2-dsGi) (G.15) 

= e2,t-^sei - f2e3 • rt,i+62 • 55(ei,t) (G.16) 

= (cJiCa — 0/361) • ($7362 — ^263) — ne3 • Ft,J + 62 • ds{ ( j J zB2  — >^2^3) 

(G.17) 

= —UJ1Q2 ~ ^^3 • ~ ^262 • (^261 — ^162) (G.18) 

= — (©3 • rf,s)f^ — O;IQ2 + 0^201 (G.19) 

=  u ; , - ^ 6 3 +  3 ( ' I ' * n )  ( G .20) 

where in the last line U = LJZ has been used to simplify the notation. The last term in 

this equation is the coupling between twist and bend. It describes how writhing motions 

affect the twist in a filament and can act as either a sink or a source for twist. It can be 

shown that this writhetracking piece can be rewritten as Cr(^'*n) = (fi x ts^) • r^^j. 

To complete the dynamics, we must think in terms of a Hamiltonian-type dynamics. 

What we have just derived accounts for the first order position equations from a Hamil-

tonian system. What we need then is the first order momentum equations. To get these 
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we must define our dynamics. If we are to explain the overdamped world in which cells 

live, then we set forces per length proportional to momenta. In our language, the viscous 

force per length can be related to 11 by 

f = Crt (G.21) 

f, = Crt,. (G.22) 

fi = Crs,f - (63 • ri^s)rs (G.23) 

f5-e = Cn (G.24) 

Plugging in this final equation for 11 into the kinematic equation for gives back the 

result found in [38]. 

If we want to do inertial dynamics for the filament, then we would use that pru = f 

where p is the mass per length of the filament. Following the same procedure that we 

just used (but for simplicity using that space and time deri\'atives commute) 

Cs — P^tt,s (G.25) 

= prs,tt (G.26) 

= /3 5,(3?(n*e)) (G.27) 

= p (K(n;e) - inpes + i{-dt - u;)SR(n-e)) (G.28) 

f j - e  =  p  { l i t  +  t  -  u j ) )  (G.29) 

= p(nt+m j '  (o.so)  

Once f has been specified, this equation and the kinematic equation for <5 finish the 

dynamic equations. To complete the dynamics, similar expressions must be derived for 

the twist dynamics. In the viscous case, these are = m where m is the torque about 

the tangent vector per unit length and is the rotational drag coefficient. In the inertial 

case, m = 2Iu:t with / being the moment of inertia about the tangent vector. 
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Appendix H 

Correction to the Block Angle 

When dealing with filaments whose unstressed state is strEiight, it is natural to use 

the position of the backbone of the filament to describe the conformation (and stresses) 

in the fiber. One of the most used paxameterizations in this description is the Frenet-

Serret (F-S) firame, where an orthonormal triad is created using the vectors t = Tj, n, 

and b = t X n. t is the tangent vector and the other vectors are defined through the 

equations: 

is = KA (H.l) 

ris = —Kt + rb {H.2) 

bj = -rn (H.3) 

where K is the curvature and r is the torsion. However, when the filaments unstressed 

state is helical, it would seem that the helix axis is just as useful for describing the 

conformation of the filament as the backbone. In the DNA literature, this is actually the 

preferred way to describe the shape of the DNA polymer. In DNA, there is a separation of 

scales that makes this description the most useful. Since the radius of curvature and the 

pitch are orders of magnitude smaJler than the length, most interesting bending stresses 

occur on scales much larger than the preferred curvature. However, with bacterial fiagella, 

the pitch and radius of curvature are both only an order of magnitude smaller than the 

length of the filament. This means that there is not the strong separation of length scales 

that was so useful for DNA. Yet, it still seems that a natural description of the fiagella 

can be made by describing the position of the helical axis. This description will also 

prove to be useful for describing the Block angle that is seen in bacterial fiagella, as well 

as corrections to this angle from finite width fronts. 

To begin to describe the position of a naturally bent filament, it is important to notice 

that any portion of a bent filament can be described as a piece of a helix with radius 
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of curvature, R = «/(k^ + t^), and pitch, P = 2t^tI{k^ + r^). Using this F-S type 

description, we can define the axis of this helical segment by the imit vector: 

z = -k (H.4) 

where t = is the tangent vector and b is the F-S binormal vector. A orthonormal triad 

can be made by noting that the F-S normal vector, n, is perpendicular to z. Therefore, 

the triad is completed by defining x = n x z. The next thing that is needed is to describe 

the spatial evolution of these vectors. 

2 2^-i- "*• 

— ^-2 J ,2^-; 

(Kt - rb) (H.8) 

= -t-T^) 2 (rjt-I-K,-b) — 4-T^) 2 (rt-I-K;b)(/c«:5-I-TTs) (H.6) 

= +  T^)~ ' ^ {K^Ts t  +  T^Kgh  — KTKs t  — KTTsh )  (H.7) 
KTs — KgT 

{k^ + T^) 2 
K,Tg » 

= («2 + ^2) * 

In a similar fashion it can be shown that: 

(H.9) 

- c h\i C 'T ___ , O . i 
^ ~ 2 . z + («: + ) •- n (H.IO) 

-h  T - )  

f i s  =  - ( K ^ - l - r ^ ) 2 X  ( H . l l )  

So. we have arrived at a new F-S description that describes the position of the helix axis 

rather than the backbone of the filament. In this new description, we can define a new 

curvature that describes how the helix axis is bent by IC = KT^ — KST/{K^ -f- r^) and a new 

torsion T = {k^ + r^)2. Our new equations can be rewritten in F-S form as: 

is = ICx (H.12) 

Xs = -ACz + Tn (H.13) 

fis = -Tx (H.14) 

It is clear that ^ = 0 when K and r are constant. This implies that z only rotates when 

Ks 7^ 0 or Tj 7^ 0. In other words, the helix axis remains straight unless the curvature or 

torsion are changing. 
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To describe the block angle that is seen in flagella when two helices of differing torsion 

are joined, we define Zq to be the direction of the helix axis at one end of the flagella. 

The angle between this axis and the helix axis at any other point along the flagella is 

then given by cos (a (s)) = ZQ • z(s). Taking a spatial derivative yields an equation that 

describes how this angle varies along the filament. 

— Q T A S I N A  =  Z Q  •  I S  (H.15) 

= FCXQ • X {H.16) 

= fCs inacosS  (H.17) 

where 9 is the angle through which x rotates into n. This gives 

as  =  —ICcosO .  (H.18) 

If we assume that the junction width between the two helices is zero, then x will not 

rotate into n at all as we pass firom one helix to the next. In this case, Qj, = —fC. Writing 

this out explicitly; 

'L 
a 

r  — UsT  , 
= - / Ivds (H.I9) Jo («:2 -I- r2) ^ ' 

In our simplest picture of bistable helices, the curvature remains constant and the torsion 

changes. Therefore, 

'L 
a 

f KT 
=  ' i  

K dr 
= - / ( 2^ 2^ (H-21) 

J T { 0 )  

= tan" 1 {T+/K)  -  tan" 1 (T . /K)  {H.22) 

giving the block angle for a front of zero width, with = r(0) and T_ = T(L). However, 

if we would like to calculate the correction to this, then we need to expand (H.18), in 

terms of 6. The first correction to the block angle comes from 

or 

ao + 
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Since 6 is the angle that x rotates into n, when there is a zero front width, this can be 

found from —9s sin 6 = Xq • x = T sin 0, and, therefore, 

e ~ - r Tds' (H.25) 
Jo 

~  -  r  + T^)2  d s '  (H.26) 
Jo 

~ {K^ + T^)2S (H.27) 

Plugging this into (H.24) gives 

Q — QO ^ I 
Jo 

SKTs ds (H.28) 

where it has, once again, been used that Kg = 0. We can solve this equation by noting 

that a bistable twist potential gives a front with a torsional shape that is given by r = 

T+ tanh(5/2^) where ^ is a parameter that fixes the front width. With this form for r, 

Ts = (r+/2^)/cosh^(s/2^). Since this function is sharply peciked at zero, we can take our 

integration limits out to ±oo and set r+ = r(—oo) and r_ = T(OO). This leads to the 

equation 

KT+ f°° s- ds 

" -W Loo cosh-^(./20 
~ 2Kr^^2r(3)^(2) (H.30) 

~ {2Tr-/3)KT^^- (H.31) 

A numerical integration of the basis vectors with the given torsion was done and shows 

good agreement with this equation at small values of ^ (See Fig. H.l). 

These calculations, so far, have all been done within in the F-S frame. Though using 

the F-S frame has become fairly standard, it is more natural to use the material frame to 

describe the shape of a filament. To extend these calculations over to the material frame, 

we redefine the basis vectors as 

z = n/|n| (H.32) 

n  =  ( 0 2 6 1 - n i e 2 ) / ( n f ( H . 3 3 )  

X = (fiiCi-f 0262) - 63)/|n|(f2f + (H.34) 
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Figure H.l: (a) Numerical and Analytic results for the deviation in the block angle due 
to a finite width front, (b) shows the deviation that occurs at large Figure courtesy of 
A. Goriely. 
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Appendix I 

Bistable Parameters - From Hotani's data 

If we assume a bistable potential, we can derive the parameters that go into the twist 

euergy functional from Hotani's data [11], Hotani observed that the pitch cmd radius 

of the normal state of flagella was 2.3^m and 0.23^m, respectively. He also observed 

that the semi-coiled state had a pitch and radius of 1.24^m and 0.26/xm, respectively. 

This corresponds to a twist density of 1.96/xm~^ for the normal state and I.84/im~^ for 

the semi-coiled. It was also observed that it required a torque of roughly lxlO~^^erg to 

induce the transition from normal to semi-coiled. Assuming a twist energy functional of: 

^  =  /  G " ' ^  i " > )  
the first three parameters a. b. and c can be approximated as: 

= -

b = -c(n.^-i-n_) (1.3) 

a = n+n_c (1.4) 

where is the twist density for the normal state, is the twist density for the 

semi-coiled state, and Ft is the energy barrier for the normal state. Approximating the 

energy barrier as 14 = where r is the torque required to cause the transition, we 

can solve for these parameters, with VJ, w lO"' erg/cm, gives c = 7.4 x 10"^^ erg-cm^. 

b -- —8.8 X 10"^^erg-cm-, and a = —2.7 x 10~'®erg-cm. 

From this information and the upper bound that we set on the front width, we can 

estimate the last parameter, 7 = (2a) = 1.9 x 10~^^erg2-cmt. with ^ ~ 80nm. 

Hotani's data actually gives four values to fit. f2+, f2_. Vb- and AF the potential 

difference between the state and the state. The above mentioned parameters 

underestimate the observed AV by about an order of magnitude. Therefore, a more 

realistic twist potential may involve a linear piece as well. 
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Appendix J 

Stretching a Bistable Helix 

To begin to maJce predictions for how a bistable helix is different than a normal one. 

the simplest problem that can be addressed is that of stretching a spring that has a 

bistable potential in the twist. We start with the moment and force equations for a 

bistable helix, 

M = A[(ni-n?)ei + (fi2-n^)e2]+ (^)e3 

M, = -63 X F 

(J.l) 

(J.2) 

If we want to examine the extension that occurs when a bistable helix is under a 

tension. F. directed along its axis, we can use the result that the axis of the helix is given 

by z = n/|n|. This gives that: 

M, = ^261 — f^lG2 
ini 

where F = Fz. Combining this with Eq. 2, gives three coupled ODE's: 

= (^)f 

(^) +^[f^2n?-fii«2] = 0 

Switching to the complex notation, V = -f- in": 

A ^Tps + - V*")] = F ^ ) - F  
Vd'/'P + ni)!/ 

(J.3) 

(J-4) 

(J.5) 

(J.6) 

(J.7) 

{J-8) 
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If we deform the spring in such a way as to create a new helix with different pitch 

and radius, then tps = 0, and: 

To find how much the spring is stretched, we need a geometrical relation between t/;, 

Q3. and the distance that the spring is stretched. This we can derive from the assumption 

that we have a helix. This implies that ^3 is constant, or {SS/SQ3)^ = 0. Also, if we 

define tiie total contour length of the helix as Lt, the actual length along the axis as L. 
and the unstretched axial length as LQ. then we can use the fact that for one turn the 

contour length is ^ = 27r/ (IV'P -i- ^^3)^ and the axial distance is = 2TTCtz/ (iV'l^ + ^^3)-

This implies that the number of turns, N, which remains constant as long as there are no 

induced chirality inversions, is given hy N = Lijl and L = Nlx_. This also implies that: 

ATlziip — •0°) = rj} (J.9) 

nH (27rAr/L,)2 - |V;|2 (J.IO) 

and therefore; 

L (J.ll) 
2t:N 

(J.12) 

where k = And therefore: 

(J.I3) 

^3 
2ITNL  

Li 
(J.14) 

This gives that: 

(J.15) 

or: 

f 2nNAL\  

I Lf J (J.17) 

(J.16) 
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Normal Spring 

For a normal spring, ((55/503) = CiQz — This gives that: 

r2Tz  NAL 

or: 

(Lt-Ll-Y r(L-£.)  
\ L \ - V )  ~  L  ( •  '  

where T = C/A and F = FL\ /A.  This equation is the same as what has previously been 

derived [39]. 

Bistable Spring 

If we assume a bistable twist potential, V{Q) = a/2n^ + 6/30^ + (where the 3 

has been dropped for convenience), this changes the extension equation as: 

f2 i :NAL\  (  (L ' i  -  Ll \ ' ^ \  ,  PL,  
(J.20) 

or: 

1 
f L ^ - L l \ ^  ,  . f 2 i T N L \  . / 2 7 r i V L \ 2  F i t  , ,  ,  

+ 12 ^2 ) 4^2jv2i: 

where x  = x/A,  and F = FL^jA.  
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Appendix K 

Fiber Dynamics with an Attached Bead 

The drag per length on a fiber goes as fd = Cx^ where Cx = 47rT7/(ln(Z./2a) -f- j) is the 

drag coefficient of a filament of radius a as calculated by slender body hydrodynamics. 

The drag on a bead moving at velocity u is Fj = C,BV where = 6ITT)R with R the 

radius of the bead. Therefore, the ratio of the drag of the fiber to that of the bead is 

approximately: 

[NL/2a)+i] (K.1) 

For a bead of radius l/xm and a fiber of length 30/im, this gives that Fj / f ^L  a: 0.16, which 

implies that the drag on the bead is not negligible compared with that on the fiber. This 

means that we should take the force of the bead into account when doing calculations. 

This can be done straightforwardly. The boundary conditions at the clamped end remain 

the same. y(0) = yx(0) = 0. The bead end remains torqueless. VxxiL) = 0. but there 

is now a force at the end. which impHes Ays^iL) = Fd- These boundary conditions are 

written out under the assumption that there is a small amplitude displacement. The 

equation of motion for this displacement is: 

Cxyt = -Ay^x  (K.2) 

From this we can rewrite the force boundary condition as: yzx{L) = 

Using biharmonic functions for y and the firee end boundary conditions gives: 

y{x )  = a(cos(fcx) — cosh(fcz)) + b{sin{kx) — sinh(A:x)) (K.3) 

and the last two boundary conditions can be written as: 

a(cos(A:L) -i- cosh(fcL)) + 6(sin(A:L) + sinh(fcL)) = 0 (K.4) 

(a + bekL)  (sin(/:Z-) — sinh(A:L)) = (6 — aekL)  cos {kL)  4- (6 + aekL)  cosh(A:£,) (K.5) 
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Figure K.l: Vaxiation in k iL ,  where k \  is the wavenumber of the first mode, with e. 

These equations lead to a solvability condition on k of: 

1 + cos (kL )  cosh{kL)  =  €kL{cosh{kL)  sin(fcL) — cos(fcL) sinh(A:X,)) (K.6) 

Therefore, the new problem of calculating the bending modulus. .4, from the relax

ation time, boils down to solving the above equation for k, since we can separate the 

dynamic equation by parts, y{x,t)/yo = f{x)T{t), where f{x) are the above biharmonic 

functions normalized to an end amplitude of 1, which gives: 

T{ t )  ,-{.4A:VCx)t (K.7) 

In other words, it is expected that a fiber, in a viscous fluid, that is bent slightly will 

relax back to its unstressed state with a characteristic decay time given by: 

Cx T = 

Ak\ ' (K.8) 

where ki is the first (smallest) wave number found from the solution of the transcendental 

equation (K.6). 
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