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ABSTRACT 

I investigate the importance of determining the exact dimensionality of a non

linear system in time series prediction by comparing the effects of varying the 

embedding vector dimension of linear and nonlinear prediction algorithms. I use 

the logistic and Henon maps to demonstrate that when the embedding vector 

dimension of a prediction algorithm is less than the actual dimension of the under

lying time series, then the prediction algorithm is unable to accurately capture the 

dynamics of the time series. On the other hand, when the embedding vector dimen

sion is overestimated, then the prediction horizon collapses quickly, but systemati

cally. with the predicted values filling a manifold bounded by the true dimensional 

time series attractor. I conclude that the prediction horizon and reconstruction of 

attractors is extremely sensitive to the accuracy of the estimation of the embed

ding v^ector dimension. This will be illustrated for a time series associated with a 

physical system that Wcis part of the Santa Fe prediction competition [7]. I apply 

nonlinear chaos theory in modeling and forecasting variable-bit-rate (VBR) video 

sequences. Nonlinear chaos modeling offers an alternative approach to stochas

tic (typically linear) approaches, with the advantages of lower dimensionality and 

more determinism. However, the goodness of its predictions strongly depends on 

the accuracy with which the dimensionality of a chaotic model is estimated from 

empirical data. The contributions of this study are twofold. First, I present a 

novel approach for estimating the embedding vector dimension of any chaotic time 

series that satisfies the functional relationship of Farmer and Sidorowich [12]. The 

proposed approach is applied to VBR video data and is used to show the exis

tence of chaos in packetized video traffic. Second, I develop a chaos-theory-based 

model for VBR intra-coded video, which can be used to generate a rich set of syn

thetic traces that exhibit similar statistical structure to the original data. These 

traces are useful in performance evaluation and resource allocation in integrated 
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computer networks. Chaotic systems and their control appear in many diverse 

situations and present challenging problems for control engineers. In this study, 

chaotic behavior is initiated in a nonlinear beam-bedancing system by moving a 

mass back-and-forth in a particular move sequence. This mass movement could be 

considered a disturbance to the system. A predictive control strategy is created 

to counteract this chaotic disturbance and move the beam to a desired angular 

location. The control strategy does not depend on prior knowledge of the system 

dynamics. Instead, time series values from the system are used to predict future 

behavior of the necessary system variable(s). 
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Chapter 1 Introduction, Motivation, and 
Background 

The goal of this work is to model and control physical systems by only observing 

a time series associated with the different systems. This w^ork is ordered and 

presented in three major peirts. In the first part, I investigate dimensionality and 

linear and nonlinear models of time series. In addition, I present a new approach for 

estimating the embedding dimension of any time series. In the second part. I focus 

on two applications which deal with modeling and predicting chaotic behavior. 

In the first application, I focus on modeling intra-coded variable-bit-rate (VBR) 

video sequences utilizing the embedding dimension estimation method introduced 

in part one. In the second application, I focus on predicting a time series generated 

from a recording of laser intensities. In the third part. I explore controlling chaotic 

behavior in nonlinear mechanical systems and introduce a new method to trigger 

chaos in a simple mechanical system. 

Time series prediction is an applied mathematical concept that focuses on build

ing a model to describe the evolution of dynamical systems by effectively utilizing 

a sequence of numbers (data) generated by a physical system. One of the applica

tions of time series prediction is in economics where the objective is to predict the 

future value of a stock in the stock market [7]. In order to predict these values, a 

functional relationship between the past and future values of the stock is eissumed. 

In other words, how the past has evolved is an indication of how the future will 

evolve. The previous values of the stock are recorded as a sequence of numbers in 

time order representing the value of the stock on a given day. Another applica

tion of time series prediction is in music composition. Several composers recently 

attempted to complete symphonies using the concept of time series prediction to 

predict the missing parts of many unfinished musical pieces [7]. Specifically, the 
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sequence of numbers is generated by mapping tlie musical notes onto the set of 

real numbers. 

According to Crutchfieid [7], time series prediction can be classified into the 

areas of forecasting, modeling, ajid characterization. Forecasting focuses on the 

short time evolution of a given system such as weather prediction. Modeling is 

used to find a description that accurately captures features of the long term be

havior of a dynamic system such as the stock market. Characterization determines 

fundamental properties about a system such as degrees of freedom and amount of 

randomness in the system. Moreover, characterization focuses on the reconstruc

tion of an attractor in the phase plane. Overall, the objective of time series pre

diction is to build a model in which sufficient information in forecasting, modeling, 

and characterization is integrated. There is, however, a limit on the amount of 

information that can be extracted from a finite sequence of numbers [10, 71]. 

.Although the concept of nonlinear time series prediction is relatively new in 

mathematics, the need to predict the future began to evolve during the early 

e.vistence of humanity. Specifically, prediction of the annual rainfall has been 

a critical factor in food rationing. According to the Holy Koran [17]. Joseph, 

son of Jacob, became a close advisor of the Pharoah of Egypt after he predicted 

the outcome of fourteen farming seasons. Food was rationed according to his 

predictions to avoid starvation. In mathematics today, linear modeling and linear 

system theory are heavily relied on in prediction. However, linear models and linear 

theory do not provide answers to many nonlinear systems, such as the logistic map. 

Chaos and the study of the logistic map motivated the need for building non

linear models which resulted in the inception of nonlinear modeling in time series 

prediction. Nonlinear modeling for time series prediction is a fairly recent research 

method[7]. When a nonlinear model fits a nonlinear system, the prediction can be

come extremely accurate. For example, the problem of predicting the occurrences 
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of  sun  spo t s  was  so lved  by  bu i ld ing  a  non l inea r  mode l  [8 ] .  I n  f ac t ,  t h i s  mode l  can  

give precise predictions on future sun spot appearance times. 

Compared to time series prediction, statistics provides an alternative approach 

to predict the behavior of a dynamical system which relies on the idea of linear 

regression and data transformation. Statistics focuses on finding a relationship 

between two different quantities[25]. On the other hand, time series prediction 

explores the same quantity to describe the evolution of the system. In the example 

of forecasting the stock market, statistics assumes a relation between the value of 

the stock and the time at which that value occurred. In time series prediction, 

however, a functional relationship between the values of the stock is assumed. 

.\lthough both statistics and time series prediction provide equivalent results in 

forecasting, time series prediction out performs statistics in modeling and charac

terization [7]. In addition, time series prediction provides invaluable insight into 

the evolution of a system. 

Time series prediction is a rich area in mathematics in which future research is 

needed [7. S. 11, 18, 19]. There are several unexplored factors that affect building 

a model for a dynamic system which need further research. For example, under 

characterization, the effects of the estimated dimensionality of the system on build

ing a model are not well understood [18, 39]. In finding the right estimate of the 

dimensionality of the system, the amount of data describing the system plays a 

critical role. In other words, if the data is insufficient or inadequate to represent 

the system, then the estimate of the dimensionality will be inaccurate, causing the 

prediction horizon to be short and unreliable. The inclusion of probability theory 

and statistics into the early steps of building a model is another area of research 

that needs to be investigated. In addition, the control of systems to be modeled 

using time series prediction is a new topic of great interest in different fields, such 

as applied physics and economics[59, 11, 71]. 
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In the first pajt of this dissertation. Chapters 2-4, I introduce local linear 

modeling techniques[r2, 1. 19]. In addition, I investigate the importance of deter

mining the exact dimensionality of a nonlinear system in modeling and forecasting 

of chaotic systems by comparing the effects of varying the embedding dimension 

of linear and nonlinear prediction algorithms. I use the logistic and Henon maps 

to demonstrate that when the embedding dimension of a prediction algorithm is 

less than the actual dimension of the underlying time series, then the prediction 

algorithm becomes unable to accurately capture the dynamics of the time series. 

On the other hand, when the embedding dimension is overestimated, then the 

prediction horizon collapses quickly, albeit systematically, with the predicted val

ues filling a manifold bounded by the true dimensional time series attractor. I 

conclude that the prediction horizon and reconstruction of attractors in nonlinear 

systems are extremely sensitive to the accuracy of the estimation of the embedding 

dimension. 

In  t he  second  pa r t  o f  t h i s  d i s se r t a t i on .  Chap te r s  5 ,  6 .  and  7 .  I  e .xp lo re  t he  

chaotic behavior of intra-coded variable-bit-rate (VBR) video sequences [37] and 

predict a time series generated from a recording of laser data intensities. In Chap

ter 5, I first present a novel approach for estimating the embedding dimension of 

any chaotic time series that is generated according to the functional relationship 

of Farmer and Sidorowich [12]. The proposed approach is then applied to VBR 

video data and is used to show the existence of chaos in video streams. Accord

ingly. a chaos-theory-based nonlinear model is developed. The model is shown to 

be capable of generating synthetic video sequences that are statistically similar 

to the original (real) video sequences. Such synthetic sequences can be used in 

performance evaluation and resource allocation in broadband computer networks. 

In Chapter 7, I will explore predicting a laser data set that was part of the Santa 

Fe prediction competition [7]. The data set is a univariate time record of a single 



observed quantity, measured in a physics laboratory experiment [50, 51]. In fact, 

this data set is known to have low dimensional dynamics[52]. 

In the third part of this dissertation. Chapters 8 and 9, I present a novel ap

proach to trigger chaotic behavior in a nonlinear mechanical system. The proposed 

approach is applied to a beam balancing problem to show that chaotic orbits in 

the beam rotation can be successfully stimulated. In addition, I implement a con

trol algorithm to stabilize the chaotic state to a stable fixed point by utilizing a 

combination of feedback and predictive control techniques. By solving the inverse 

problem. I investigate the chaotic motion of a beam balancing problem to find that 

a certain motion or disturbance by one of the two masses on the beam provokes 

chaotic orbits. In addition, it is shown how a classical feedback control and a pre

dictive control algorithm can be used to control the beam to a stable fixed point 

when operating in the chaotic state. 

The final chapter of this dissertation, Chapter 10, will summarize the new con

tributions of this research and recommend topics and directions for future research. 
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Chapter 2 Nonlinear Modeling and Chaos: 
Background and Introduction 

2.1 Introduction 

The breakdown in using linear modeling techniques to model nonlinear dy

namical systems demonstrated the need to further investigate nonlinear modeling 

methods, especially when encountering uncertain system dynamics [1, 9, 12]. The 

iterations of maps of an interval into itself provide an example of nonlinear dy

namical systems. In this chapter, a nonlinear modeling technique introduced in 

[1. 2, 3] is reviewed to motivate local linear modeling. Local linear modeling is 

then applied to the logistic map to establish the need for nonlinear techniques, 

especially when modeling chaos. In addition. I summarize a measure proposed by 

[7] to evaluate the performance of the local linear model. This will be followed by 

a discussion on local linear modeling in Chapter 3, in which a description of a new 

prediction method is proposed. The proposed algorithm in Chapter 3 will be used 

in Chapter 6 to model video traffic and in Chapter 7 to predict laser data. 

2.2 Nonlinear Modeling 

In their paper [l], Skeppstedt et ai. proposed modeling dynamical systems 

using local linear models given the following form 

y(n )  =  0^ ( r (n ) ) t ^ (n )  +  e (n ) ,  (2 .1 )  

where 

y { n )  is a single valued output measurement at time n, 

<^(n) is the regression vector in at time n, 



18 

6 { - )  is a vector in that contains unknown parameters that describe the 

system dynamics, 

z { n )  is a known or measured operating point vector, 

£ is the range of z(n), 

e (n )  i s  an  unmeasu rab le  d i s tu rbance  mode led  a s  wh i t e  (gauss i an )  no i se ,  and  

Qik is a linear discriminant function characterizing the sub-areas 

where the structure of v'(n) is known. In fact, the structure of v?(") in the setup 

of time series prediction in the case of local linear models would assume the form 

[.V(" - - 2) ,y(n - d)Y. 

Given 

{V7(n ) ,y (n ) . r (n ) ,  n  =  l  .V} .  

the objective is to estimate the parameter vectors 

6 i ,  i  = 1, , m, where 0, 6 and the areas 

2 = 1, ,m in terms of the discriminant functions 

i , k - \  , m ,  

where m is the number of partial models, and 6i corresponds to the linear model. 

In solving this problem, a method using the operating point vector to build a linear 

model from the data is needed. In addition, a technique to identify the appropriate 

linear model to use at time n is required. 

Skeppstedt et al. [1] proposed a technique to model dynamical systems under 

the following assumptions. 
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1) The dynamics of the process change with some operating point vector •r(n). 

which is a measurable quantity. 

2) The process can be described by piecewise linear models. 

3) There exists a partitioning of the space of working conditions. 

m 

c  =  \ J c ,  
i = l  

4) -A. large data set is available. 

•5) Confine to the case in which the sub-areas can be characterized by —  v n  

linear discriminant functions gij such that 

9i j  ~  9 j i  

and a value z belongs to £, if and only if 

g ik{^ )  >0 .  k  ^  i , k  =  1  .m  

where m is the number of partitions. 

The stated tissumptions restrict the application of this technique to systems 

that possess an operating point vector. In addition, the system's dynamics in the 

local operating points is assumed to be captured by a linear fit. However, the 

second restriction can be relaxed by changing the structure of <,?(")-

To illustrate, for the sample data given in Table 2.1 and plotted in Figure 2.1. 

if m = 2 and d = I, then the model setup would assume the following form. 

01 = [ai,6i], and 02 = [02,^2], corresponding to 

C i ,  C2 ,  wh ich  a r e  sepa ra t ed  by  t he  l i nea r  d i s c r iminan t  func t ions  
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9 I 2  =  - ( " )  

=  - z { n ) .  (2.3) 

Furthermore, the structure of <^(n) is of the form ^{n) = [it'. 1]^. Therefore. 

y { n ]  = aju.'+ 6i for z  e  C i  (2.4) 

y ( n )  = a^w + b2 for z ^ C2 (2-5) 

.A.S seen in Figure 2.1 and Table 2.1, the data fall into two regions that can be 

separated by a linear discriminant function. 

7» '  ' L . . .  t 1 •• I  i  i  I  
1 1.2 1.4 t.8 l.a 2 2.2 ^4 2.6 21 

• 

Figure 2.1, Data in Table 2.1 plotted showing two local linear regions 
separated by a linear discriminant. The linear discriminant is indicated 
by z{n) and shown as a line in the figure separating the data. 

To further illustrate the application of multiple linear models to nonlinear sys

t ems ,  e spec i a l l y  when  app l i ed  t o  t ime  se r i e s  p r ed i c t i on ,  I  i nves t iga t e  mode l ing  t he  

logistic map. The logistic map is first modeled using multiple linear models using 

the tent map and the hex map. Then, least squares techniques are implemented 
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n w { n )  z { n )  
1 1.0 7.0 2 
2 1.1 7.1 3 
3 1.2 7.3 2 
4 1.3 7.2 5 
5 1.4 7.4 3 
6 1.4 7.5 11 
7 1.5 7.5 1 
8 1.6 7.7 1 
9 1.7 7.6 9 
10 1.8 7.8 4 
11 1.9 7.9 6 
12 2.0 8 5 
13 1.7 12 -3 
14 1.8 11.9 -6 
15 1.9 11.7 -11 
16 2.0 11.8 -7 
17 2.1 11.7 -4 
18 2.2 11.6 -2 
19 2.3 11.5 -4 
20 2.3 11.3 -2 
21 2.4 11.4 -1 
22 2.5 11.2 -6 
23 2.6 11.1 -4 
24 2.7 11.0 -2 

Table 2.1, Data Generated for Figure 2.1. 
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t o  f ind  l oca l  l i nea r  s egmen t s .  I n  f ac t ,  i n  t he  nex t  i l l u s t r a t i on  t he  ope ra t ing  po in t  

vector assumption is relaxed and will be further explored in Section 2.4 

2.2.1 The Logistic Map, the Tent Map, and the Hex Map 

The logistic map on the interval [0,1], one of the simplest nonlinear mappings 

as seen in Figure 2.2, is given by: 

Xn  =  4Ax„_ i ( l  - x„ - i )  (2 .6 )  

where A is an adjustable parameter that can assume any fixed value between 0.0 

and 1.0. 
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0.6 0.4 0.7 08 0.3 0.9 

Figure 2.2, The logistic map equation (2.6). 

For small A, the iterates converge onto a limit point provided that our initial 

point Xo is in the interval [0,1]. This behavior holds until A exceeds a value of 

0.75. Then, as seen in Figure 2.3, the single fixed point bifurcates into two fixed 

points. In other words, the sequence generated by the map will alternate between 

two values x,- = a and x,_i = b for which 
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a = 4A6(1 — b) 

b = 4Aa(l — a). 

(2.7) 

(2.S) 

As A increases up to 0.892..., the fixed points continue to double producing 

period 4. period S. period 16, period 2" sequences as seen in Figure 2.3. 

This bifurcation or period doubling holds until A is approximately 0.S92. Beyond 

lambda=.65 lambda=.78 
0.7^ 
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0.55 

0.5 
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lambda=.87 
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fO.6 
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Figure 2.3, Bifurcation of the logistic map. As A increases, the sequence 
bifurcates to period 2 (A = .78) and then period 4 (A = .87). Chaos is 
shown for A = .99. 

t h i s  va lue  o f  A ,  bo th  chao t i c  o rb i t s ,  a s  s een  i n  F igu re  2 .3 ,  and  odd-pe r iod  l imi t  
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cycles (period 3 sequences) emerge [14, 10]. 

logistic map and tent map for !amMa«O.07 
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Figure 2.4, The tent map equations (2.9 and 2.10) and the logistic map 
equation (2.6). The area subtended between the two maps is A/24. 
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Figure 2.5, The hex map equations (2.11-through- 2.14) and the logistic 
map equation (2.6). The area subtended between the two maps is A/96. 

The tent map (Figure 2.4) and the hex map (Figure 2.5) show similar dynamics 
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( period doubling, chaotic behavior, and odd-period limit cycles) as A is varied from 

zero to one. The tent map on the interval [0.1] is given by the equations 

Xji = 2Ax„_i for 0 < x„_i < 0.5 (2.9) 

x„ = 2A(1 - x„_i) for .5 < x„_i < 1. (2.10) 

.A.S seen in Figure 2.4, which depicts the tent map with the logistic map for 

A = .87, the tent map represents a first attempt at a multiple linear model, for the 

logistic map, consisting of two local linear models. This model could be improved 

by adding more local linear segments. In fact, the hex map on the interval [0.1]. 

as seen in Figure 2.5, is given by the equations: 

= 3AXn- l  for 0 < x„_i < 0.25 (2.11) 

^ n = A(0.5 + x„_i) for 0.25 < x„ _ i  < 0.5 (2.12) 

X f i  = A(1.5-x„_i) for 0.5 < x„_i < 0.75 (2.13) 

Xn = 3A(I — x„_i) for 0.75 < x„_i < 1. (2.14) 

The hex map consists of four linear segments. In fact, the hex map is considered 

in this example as a multiple linear model for the nonlinear logistic map cis seen 

in Figure 2.5. Compared to the tent map, the hex map provides a better fit to the 

logistic map. This can be shown by computing the area subtended between the 

two maps (tent and logistic) and (hex and logistic). The area subtended between 

the tent map and the logistic map for any given A is equal to A/24. Similarly, 

the area subtended between the hex map and the logistic map is equal to A/96, a 

factor of four smaller. Therefore, I conjecture that including more line segments, 

i.e., more local linear models, provides a better fit for the logistic map. In fact, 

in the limit as more local linear models are considered, the local linear model will 

converge to the logistic map since it is continuous. While the tent map and the hex 
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map exhibit similar dynamics as the logistic map, this visual example is intended 

only for illustration. Next, I focus on building local linear models from a given 

data, where this data is generated by the logistic map. 

2.2.2 Least Squares Fit for Multiple Linear Models 

When using the tent map and the hex map to model the dynamics of the 

logistic map. the linear segments were fixed to have the same peak and end points 

as the logistic map. In this section, two unknown linear segments without any 

restrictions are considered to model the logistic map. In fact, the operating point 

vector requirement is also relaxed in this example. Moreover, it is assumed that 

the system dimension is known. 

The two linear segments are given by the following equations: 

= aiz„_i + 6i for 0 < Xn- i  <  q  (2.15) 

x„ = a2X„-i + 62 for q < x„_i < 1. (2.16) 

The domain of these two segments is assumed to be the same «LS the domain of the 

logistic map which is [0, 1]. After generating data from the logistic map, a recursive 

least squares technique is implemented to approximate the coefficients oi, 61,02,62 

[13. 22. 21, 25]. In addition, the tent map is used as a first seed to the recursive 

algorithm and initialized to match the peak of the logistic map. Although q can 

be used as a parameter in the least squares fit approach, for simplification, q is 

cLSsumed to be fixed at q = 0.5. Consequently, the classification will be discussed 

later. Two sets of data were generated by the logistic map with A = 0.87 for 

a period four sequence, and A = 0.99 for a chaotic sequence. The legist squares 

recursive algorithm resulted in the model shown in Figure 2.6 for A = 0.87. As 

seen in Figure 2.6, the two linear model segments pass through the four points of 

the period four sequence. 
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o.a 
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0.1 0.7 0.9 

Figure 2.6, Two linear segments modeling the logistic map for A = 0.S7. 
The two linear segments pass through the four points of the period four 
sequence. 

Thus, given any point of the period four sequence as an input to the model, 

the estimated model consisting of two hnear segments will follow the sequence 

generated by the logistic map exactly. .Although, this model, as seen in Figure 2.6. 

works for period 4 solutions it fails in the transient phase shown in Figure 2.3 for 

0 < n < 50. In other words, if the initial value given to the model is other than the 

four values, which are the intersection of the two linear segments with the logistic 

curve, the series generated by the estimated model will diverge and not approach 

the period 4 sequence. 

In the chaotic state. Figure 2.7 shows the local linear model where the data is 

generated for A = 0.99. which is a chaotic orbit of the logistic map. In addition, the 

tent map is used as a first seed to the recursive algorithm and was also initialized 

to match the peak of the logistic map for the given value of A = 0.99. .'Vs seen 

in Figure 2.7. the two linear segments are not bounded by one, which will cause 

the orbits generated by this model to diverge to infinity. Consequently, this model 

will maintain a very short prediction horizon. On the other hand, when four local 
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Figure 2.7, Two linear segments modeling the logistic map for A = 0.99. 
The segments are not bounded by 1 which will case the solution to 
diverge outside the interval [0,1]. 

linear segments are used to model the logistic map, a considerable improvement is 

obtained. In fact, as seen in Figure 2.8, the four linear segments model is bounded 

by one. In this model, the hex map is used as a first seed to the recursive algorithm 

and wcis initialized to match the peak of the logistic map for the given value of 

A = 0.99. The four linear segments axe given by 

x„ = axx„_i + bi for 0 < x„_i < 71 (2.17) 

x„ = a2Xn-i+b2 for < x„_i < 92 (2.18) 

Xn = a3X„_i + 63 for 92 < x„_i < 93 (2.19) 

x„ = a4X„_i +64 for 93 < x„_i < 1. (2.20) 

.Although 91,92, and 93 could be used as parameters in the lecist squares fit 

approach, for simplification, they were fixed to the same value eis in the hex map 

in Equations 2.11-2.14. Consequently, finding the 9's in the classification part of 

the overall procedure was not addressed in this example. Theoretically, this model 
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Figure 2.8, Four linear segments modeling the logistic map for A = 0.99. 
The segments are bounded by one. 

could capture solutions up to period S orbits exactly. However, in the chaotic state 

the model would collapse and will only retain a short prediction horizon. In fact, 

the series generated by this model will diverge. 

The classification indicates the best linear model to use for a given set of condi

tions. This given set of conditions could be related to the Lyapunov exponent and 

the histogram of the given orbit. First, the Lyapunov e.xponent indicates chaos 

when it assumes positive values. The maximal Lyapunov exponent is found with 

probability one by [34] 

for all different sequences and with initial conditions xq and Xq such that 

ko - XQI = 

Several algorithms have been developed to estimate the Lyapunov exponent [20. 

35. 40]. In their 1985 article [.35], Wolf et al. introduced the first algorithm to 

(2 .21)  
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compute the Lyapunov exponent. Their method, which relies on measuring the 

distance of two evolving solutions with close initial conditions was found to be 

sensitive to the embedding dimension. Consequently, finding accurate estimates of 

the system dimension results in better detection of chaos in a given time series. 

In his article [34], Holger Kantz introduced a simple algorithm to compute 

the Lyapunov exponent. In fact, his algorithm is beised on the maximal effective 

exponent 

where is the local eigenvector associated with the maximal Lyapunov expo

nent. Kantz argued that his algorithm is explicitly independent of prior knowledge 

of the correct embedding dimension. In [40], a three step procedure to quantify the 

Lsapunov exponent from a one-dimensional finite difference map {xn+i = f{^n)) 

for .V points is introduced. 

The Lyapunov exponent is computed for two different values of A for data 

generated by the logistic map. In Figure 2.9 for A = 0.94, the Lyapunov exponent 

is positive possibly indicating chaotic sequences are now provided. In Figure 2.10 

for A = 0.79, the Lyapunov exponent is negative which typically corresponds to 

non-chaotic data. The histogram of the orbit, which is shown in Figure 2.11. is 

for A = 0.99 and 15000 points. Figure 2.12 shows the histogram for the same 

values, but different starting point xq in order to validate the general shape of the 

histogram. The histogram could serve cis an indicator to refine the domain of a 

local model or to establish confidence intervals for the prediction. 

(2.22) 

such that 

x(n) — Xe^{n) = elFu(n). 
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Figure 2.9, Lyapunov exponent for the logistic map for A = 0.94 showing 
positive Lyapunov exponent, chaotic. 
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Figure 2.10, Lyapunov exponent for the period 2 logistic map A = 0.79 
showing negative Lyapunov exponent, not chaotic. 
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Figure 2.11, Histogram for the logistic map with xq = 0.4. The histogram 
could serve as an indicator to refine the domain of a local model or to 
establish confidence intervals for the prediction. 
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Figure 2.12, Histogram for the logistic map with iq = 0.7 to validate the 
general shape of the histogram. 
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In this section, the following error measure is proposed. This measure will pro

vide a standard to compare the performance of different models. For example, the 

sequence generated by four linear segments is compared to the sequence generated 

by two linear segments. The normalized mean squared error NMSE{.\') for the 

sample N is given by 

N M S E { N )  =  ( . , 2 4 )  

where 

N'MSE is the normalized mean squared error, 

xt are the points of the logistic map (data). 

are the points generated by the tent or hex map (prediction). 

Hrk is the mean of the points x^. and 

k = 1 .V enumerates the points in the prediction horizon. 

.An important observation is that at NMSE = 1, the model simply predicts as 

good as using the mean of the data, which is a single value method to compute 

a simple prediction algorithm. If NMSE{N) is greater than one, then the model 

performance is worse than a prediction algorithm that uses only the mean. This 

measure is applied to the local linear model developed to emulate the logistic 

map. The four linear segments model used to predict a time series generated 

by the logistic map model produces the following NMSE{N) shown in Figure 

2.13. .A.S seen in Figure 2.13, this model retains a short prediction horizon. In 

fact, this model is accurate only for the first four prediction points. However, this 

prediction horizon is considered to be sufficient in certain physical applications, «is 

will be discussed and shown later in Chapter 9. 
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Figure 2.13, Error, NMSE(N), for the four linear segments model with 
sample number N=20. Note when NMSE{N) is greater than one, the 
model performance is worse than using the data mean as a predictor. 
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Using more than four linear segments will provide significant improvements 

to the model used in Section 2.2.2. With more local linear segments, a method 

to determine which segment to use at time n is required. This multi-segment 

method will give rise to the idea of utilizing an embedding vector. The embedding 

vector is a vector of dimension at least equal to the dimensionality of the system 

and containing entries corresponding to previous values of x(n). For example, an 

embedding vector with dimension d would be 

X = [x(n),x(n — l),x(n — 2), x{n  — + 1)]. 

Now to predict x{n  4- 1) we use 

x(n + 1) = BX(n) ,  

where B  =  [61.62, ,6^]. The importance of having the right dimensions of the 

embedding vector when modeling will be discussed in Chapter 4. 

One way to solve the clcissification problem using the embedding vector was 

introduced by Farmer and Sidorowich. In [12], Farmer and Sidorowich assert that 

a method based on deterministic chaos can predict the short-term future behavior 

of a chaotic time series, especially when using their proposed local approximations 

technique. In their work, a functional relationship between the state vectors and 

future values is assumed. 

x(<-hl) = F(A'(0) (2.25) 

Their technique divides the state space into local regions, thus finding local ap

proximate functions. The local regions were found by introducing a metric that 

will mecisure closeness between vectors. 

In short, the method to predict the next value of a time series begins with 

finding a local region in the domain close to the state vector in the domain. Then, 
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a local region in the range is found, which will be further discussed in Chapter 3. 

Next, a local approximate function for each region using the local range and its 

corresponding locai domain is constructed and used to predict the next point into 

the future. Finally, the predicted value is used to construct a current state vector. 

This new algorithm utilizes the haxd-to-obtain data in time series prediction, since 

the embedding vector could be of a dimension less than the one used in a local 

linear approximation method. 

2.5 Conclusion 

In this chapter, the logistic map was presented as an example to generate a 

chaotic time series, in which the future value depends only on the present value. 

This map was modeled by two linear segments and by four linear segments using 

lecLSt squares fit. However, using more than four linear segments will provide 

significant improvements to the model, as will be discussed in Chapter 3. This will 

give rise to the idea of the embedding vector. The embedding vector is a vector of 

dimension at least equal to the dimensionality of the system and containing entries 

corresponding to previous values of x(n). In Chapter 3, I discuss in more detail 

a local linear approximation based on Farmer and Sidorowich's approach [12]. In 

addition. I will introduce a modification to their approach that will be successfully 

used in Chapter 6 to model video traffic and in Chapter 7 to predict a Iciser data 

set. 
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Chapter 3 Prediction Algorithm: Local Linear 
Techniques with Dynamic Segments 

3.1 Introduction 

Chaos is an inherent property of some nonlinear systems. It is defined as the 

sensitivity of solutions to initial conditions: a property that is advantageous in gen

erating versatile synthetic sequences or solutions. In fact, chaotic systems contain 

an infinite number of unstable periodic orbits. Theoretically, if modeled linearly, an 

infinite dimensional model is required to cover the broadband (infinite) frequency 

spectrum present in chaotic sequences [71]. The following e.xample illustrates such 

behavior, which cannot be captured by a finite dimensional linear model. 

Consider the following nonlinear difference equation defined on the interval 

[0.1]: 

Xn = 4Ax„_i (1 - X„_i) . (3.1) 

where A is a known positive parameter in the interval [0.1]. As discussed in 

Chapter 2, this is one of the simplest nonlinear mappings that exhibits chaotic 

behavior[4l]. In the chaotic state (i.e., A > 0.892), the resulting time series contains 

an infinite number of unstable periodic orbits [5], which is considered an advantage 

in characterization, especially during the reconstruction of the attractor in the 

phase plane. This property would allow us to generate different solutions (e.g., 

synthetic video streams) by only perturbing the initial conditions. 

3.2 Local Linear Approximation: Fixed Segments 

The algorithm proposed in this chapter is b«ised on [12], in which J.D. Farmer 

and J.J. Sidorowich assert that a method based on deterministic chaos can predict 

the short-term future behavior of a chaotic time series, especially when using their 

proposed local approximations technique. The existing prediction methods such 
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as partial differential equations are complicated [12], requiring large amounts of 

data, in addition to, the h£ird-to-obtain initial conditions. Therefore, to build a 

model directly from the data of a single time series, the following method based 

on deterministic chaos and the Farmer and Sidorowich's method [12] is proposed. 

Their method begins with first embedding the time series into the state space, 

creating state vectors X{t) = [2^(0? ~ l)i ••••? ~ + 1)] of dimension d which 

is an accurate estimate of the true system dimension D. The estimate and the 

accurac}' of the true system dimension D will be discussed in Chapter 5. Then, a 

functional relationship between the state vectors and future values is jissumed. 

x(i  +  l )  =  F(X(0)  (3.2)  

In [12], Farmer and Sidorowich introduced a new technique that divides the state 

space into local regions, thus finding the local approximate functions. The local re

gions were then found by introducing a metric that will measure closeness between 

vectors. In their proposed algorithm, the local regions are found by searching for 

the closest q state vectors to the current state in the sense of the introduced metric. 

In short, the method to predict the next value of a time series begins with 

finding a local region in the domain close to the state vector in the domain using the 

parameter q. Then, a locai region in the range is found. Next, a local approximate 

function for each region using the local range and its corresponding local domain is 

constructed and then used to predict the next point in the future. One advantage 

of dividing the range into local regions is the ability to utilize the scarce data in 

time series prediction. In fact, the embedding vector dimension used could be 

reduced from the dimension used in a local linear approximation method. This 

dimension reduction results in a more dense data set to be used in estimating 

F { X { t ) ) .  
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3.3 Local Linear Techniques: Dynamic Segments 

In [12], Farmer and Sidorowich present a deterministic chaos-based approach 

that can be used to forecast the short-term behavior of a chaotic time series. This 

approach assumes that the attractor of a nonHnear system is bounded in the phase 

space, and thus can be sequentially explored. Farmer and Sidorowich's method 

uses a single empirical time series to infer the attractor of an underlying nonlinear 

chaotic model. The method is described as follows. 

To obtain F, Farmer and Sidorowich suggest dividing the state space into local 

regions, thus finding the local approximate functions. Each function is restricted 

to a local part in the domain. The local functions could be linear, quadratic, or 

neural-netvvork-based fitted functions. 

The accuracy of the prediction and the reconstruction of the state space attrac

tor. depending on the data, could be sensitive to the number of state vectors q. If 

q is small, then the local domain is too small to accurately describe the behavior of 

the function, i.e., the fitted hyperplane would not be stable. If q is large, then the 

local region domain is too laxge to get the benefit of localization. In addition to 

finding local regions in the domain, I propose the range of F{X(t)) be divided into 

local regions. Then, one of the local regions in the range and its corresponding 

domain are chosen to find a local approximate function. This local linear segment 

is used to predict the next value generating a new state. 

The accuracy of prediction and the reconstruction of the state space attractor 

are correlated with the parameter q. One way to estimate q would be to search 

for the optimal q that minimizes the short-term prediction error within a given 

window, or to introduce a criteria that would force F to be continuous. I propose 

to deterministically vary the parameter q in each prediction step. I speculate that 

this process would smooth edges in F and fill gaps in the local regions in the 

domain with scarce data as will be shown in Chapter 6. In short, the method to 
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predict the next value of the time series begins with finding a local region in the 

domain close to the current state vector using the variable parameter q. Then, a 

linear local approximate function for each region in the domain is constructed and 

used to predict the next future point. Consequently, the next state is known and 

the process is iterated. 

There are two ways to set the parameter q  in modeling with local linear seg

ments. One way is to consider q to be fixed through the prediction process as in 

[12], and the other is to vjiry q according to q(n) = q -r a(n)mod{b). For example, 

in modeling the cosine function, or ajiy periodic sequence, a fixed q, usually suffices 

for the success of the model. In fact, for any continuous F including the logistic 

map and the Henon map, a fixed q is sufficient for the success of the model. Dy

namically changing q. or a time variant q, is effective when the function F contains 

gaps and discontinuities. Further discussion about the choice of q is presented in 

Chapter 6. 

Finally. I propose bounding the system's attractor to prevent the reconstructed 

attractor from escaping predefined limits. In fact, bounding the attractor is per

formed by imposing upper cind lower bounds that are inherent in the physical 

system. If the next predicted value is outside the bounds of the physical process, 

then an adjustment is applied to keep the predicted value in bounds. In fact, 

control theory could be employed to achieve the desired adjustment [4]. 

3.4 Conclusion 

In this chapter, I introduced a new technique that divides the state space into 

dynamic local regions. Therefore, the dynamic local regions were then found by 

introducing a metric that will measure closeness between vectors. In this proposed 

algorithm, the local regions are found by searching for the closest q(n) state vec

tors to the current state in the sense of the introduced metric. This technique 
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is a significant modification from the technique introduced in [12]. In fact, this 

technique will allow time variant modeling. The accuracy of prediction and the 

reconstruction of the state space attractor are dependent on the embedding vector 

dimension. Chapter 4 will investigate the importcince of dimensionality in model

ing time series. 
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Chapter 4 Importance of Dimensionality in 
Linear and Nonlinear Modeling 

4.1 Introduction 

According to Weigend and Gershenfeld [7], modeling in time series prediction 

allows one to accurately describe and capture features of the long term evolution 

of a real life phenomenon. Three important disciplines for time series prediction 

include economic prediction, as applied to the stock market, weather prediction 

[7], and brain waves prediction [11]- In such time series prediction, the only infor

mation known is a given series of numbers. For example, in a simplified model of 

weather prediction, a series of numbers representing the daily temperature is used 

to build a model to predict future temperatures. This input variable, representing 

the number of past days used in the temperature prediction model, for e.xample. is 

termed the dimensionality of a system. Specifically, this dimensionality, also called 

the dimension of the embedding vector, is defined cis the number of past states in 

the time series needed to predict the next point in the future [63]. Because the 

sensitivity of solutions to initial conditions is considered to be one of the defin

ing properties of chaotic s\''stems [6], the dimensionality is crucial. In nonlinear 

prediction methods modeling chaotic systems, not enough focus has been given 

to determine the exact dimensionality of the system [9, 8]. The dimensionality of 

a system is defined herein as the size or the dimension of the embedding vector. 

For example, in weather prediction it could be the number of days into the pcist 

that are used to construct the embedding vector to predict the temperature (high 

or low) tomorrow. .Another defining property of chaos is the fact that a chaotic 

time series contains an infinite number of unstable periodic orbits. In other words, 

it has an infinite frequency spectrum theoretically requiring an infinite number 

of time delays (infinite dimension embedding vector) when modeled using linear 
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techniques. On the other haxid, nonlinear modeling provides a more efficient al

ternative, especially when considering low-dimensional deterministic chaos [9, 63]. 

However, nonlinear models are extremely sensitive to the size of the embedding 

vector. The embedding dimension, which is an unknown integer value, could be 

underestimated or overestimated. As will be shown in this chapter, when the di

mensionality is underestimated, the model fails to capture the underlying dynamics 

contained in the time series, which in turn leads to poor prediction. Conversely, 

overestimating the dimensionality causes the long term predictions to diverge ex

ponentially. The model will also be more complicated to construct with higher 

degrees of freedom, which is time costly. 

To illustrate the sensitivity of a prediction algorithm to the embedding dimen

sion. a two-dimensional model is used to predict the logistic equation (which is one 

dimensional) in the chaotic region. The sequence generated by this model with 

the overestimated embedding dimension has a shorter prediction horizon. More

over. the state space attractor of the predicted sequence lives on and inside the 

boundary of the true dimensional logistic map attractor. In fact, this is due to the 

chaotic nature of the logistic map. In general, when the dimensionality in modeling 

the logistic map is increased, a pattern in the structure of the state space evolves 

systematically. This pattern has the property that the predicted sequence's state 

space attractor lives on or inside the boundary of the logistic map's state space 

attractor. 

The dimensionality sensitivity and the type of the modeled system are highly 

correlated, especially in the case of the two-dimensional Henon map. The Henon 

map tolerates being modeled as a three-dimensional or one-dimensional map. How

ever, it hcLS a complete collapse once modeled as a four dimensional map. Therefore, 

using more past delays (overestimating the embedding dimension) to predict the 

future values in chaotic systems could provoke unwanted solutions in prediction, 
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which would lead to the inclusion of additional orbits in the reconstruction of the 

attractor. 

In this chapter, I determine the effects of varying the embedding vector dimen

sion in linear and nonlinear prediction algorithms for the following: the Henon 

map. the logistic map, and the cosine attractor. In Section 4.2, I present the 

effects of altering (overestimating or underestimating) the dimensionality in two 

nonlinear prediction algorithms. First, a locai linear model is used. A descrip

tion of the nonlinear prediction algorithm used in this study is summarized in 

Chapter 3. Modeling using this proposed technique provides no explicit equation 

form. Second, a system of nonlinear difference equations is used, where an explicit 

equation form is assumed to be known. Both local linear model and difference 

equations prediction algorithms are then applied to both the logistic map and the 

Henon map. In Section 4.3. I present the effects of altering the dimensionality in 

linear prediction algorithms using the monotone cosine function as the primary 

example. In addition, we discuss the role of the cosine attractor in understanding 

the effects of underestimating or overestimating the true system dimension in time 

series prediction. 

4.2 Overestimating and Underestimating the Embedding 
Dimension in Predicting Chaos 

In this section, the importance of determining the exact system dimension of 

a chaotic time series is investigated by varying the size of the embedding vector. 

First, we focus on the effects of overestimating the embedding dimension when 

modeling the logistic map using nonlinear prediction algorithms. Then, we focus 

on the effects of varying the embedding dimension in modeling the Henon map. 

In both cases, two nonlinear techniques are used: a local linear technique and 

a nonlinear difference equation. In addition, we show the correlation between 



the amount of data available describing a physical system and the accuracy of 

attractor reconstruction when varying the embedding dimension. We illustrate 

nonlinear prediction algorithms in two cases: by varying the embedding dimension 

in a nonlinear prediction algorithm, and by varying the dimension of the nonlinear 

difference equation. 

4.2.1 The Logistic Map 

In their article [12], Farmer and Sidorowich concluded that the logistic map 

can be successfully modeled using loceJ linear approximation techniques. My pro

posed method, which would not provide an explicit form or equation of the model, 

assumes knowledge of the embedding vector dimension. This modified method, 

and their method fail to model the logistic map, see Figure 4.1. when using a 

two dimensional embedding vector. In fact, as shown in Figure 4.2. local regions 

correspond to line segments in 3-D and local linear fitting corresponds to planes. 

Therefore, locaJ linear techniques break down since a plane is not defined by only 

one line. This is a special case for the logistic map in which local regions define 

lines in three dimensions. Hence, the presence of noise in the data would aid in 

approximating those planes. 

The following analytical approach, using explicit nonlinear difference equations 

to model the logistic map, examines a higher dimensional embedding vector in 

predicting a chaotic time series and attractor reconstruction. 

The logistic map is given by 

= 4Ax„_i(l - x„_i), (4.1) 

where A is a parameter determining the chaos. Hence, the embedding dimension for 

the logistic map is one. To illustrate the effects of overestimating the dimensionality 

when modeling the logistic map using a system of nonlinear equations, a nonlinear 
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Figure 4.1, Logistic Map IHustrated for A = 0.99. 

difference equation is derived hy rewriting (4.1) as 

X n - l  =  4AXn-2(l -  ̂̂ 71-2) (4.2) 

and then substituting equation (4.2) into (4.1) in the second Xn-i term to obtain 

X n  = 4Axn-i -  (4A) ^ X n - i X „ _ 2 (l  -  Xn-2). (4.3) 

On the other hand, substituting equation (4.2) into the first Xn-i term of (4.1) 

results in the following equation 

= (4Xy(Xn-2 -  Xn-lXn-2 "  ̂^^-2 +  ̂ n-l^n-2)- (4-4) 

Now we can use equation (4.3) as a model to reconstruct the logistic attractor (or 

the coefficients can be found using a least squares technique). As seen in Figure 

4.3, the reconstructed attractor is now filled inside the boundaries of the logistic 

map. This is due to introducing a new solution to the model by using the second 

order difference equation (4.3). The phase space, as seen in Figure 4.4, in 2-D 

offers a better visualization of the effect of using a higher dimensional embedding 
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Figure 4.2, Projection of the Logistic map to 3-D. 
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Figure 4.3, Prediction of the Logistic map using iterated 3-D equation. 



48 

0.9 

o.a 

07 

0.6 

fo.s 

0.4 

0.3 

0.2 

0 1 

"o 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 

Figure 4.4, Projection of Figure 4.3 to 2-D. 

vector in reconstructing the logistic map attractor. As shown in Figure 4.3 and 

4.4. the boundaries are filled into a taco-shell shaped attractor. This is due to 

the high sensitivity of the logistic map to the accuracy of the dimensionality used 

in the model. As we increcise the dimensionality of the equation predicting the 

logistic map. the attractor fills a manifold that is bounded by the one dimensional 

logistic map attractor. Overestimating the dimensionality of a chaotic system 

therefore generates an inaccurate state space reconstruction caused by introducing 

new solutions in the difference equation. On the other hand, equation 4.4 provides 

a stable model for the logistic map. In fact, the resulting attractor of equation 4.4 

is similar to the attractor shown in Figure 4.1. 

4.2.2 The Henon Map 

The Henon map is a prototypical 2-D iterated map with chaotic solutions 

proposed by .Michael Henon as a simplified model of the Poincare map for the 

Lorenz model 
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z„ = 1 + 6y„_i + ax^_i (4.5) 

j/„ = x„_i. (4.6) 

Since equation (4.6) can be rewritten as y„_i = x„_2 ,  the Henon map can be 

wr i t t en  fo r  a  = —1.4  and  6  =  0 .3  as  

x„ = 1 + 0.3X„_2 - 1.4x^_j. (4.7) 

ZS 

2 

f 

1 

0.S 

0 0 0^ 1 1^ 2 2^ 3 

Figure 4.5, Projection Henon map showing 870 data points. 

When using a dimension less than the true system dimension in modeling a 

time series generated by the Henon map, the local linear prediction algorithm, 

based on the assumption that Xt = F{Xt-i), fails to capture the dynamics of the 

system, leading to a poor reconstruction of the phase space. Underestimating the 

dimension could exclude important solutions that are critical in prediction. Nev

ertheless, when we use relatively less dense data in building a model to predict the 

Henon map as seen in Figure 4.5, the nonlinear prediction algorithm (local linear 
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Figure 4.6, Reconstructing the Henon map using dimension-1 embedded 
vector and 870 points. 

appro.ximation) could partially reconstruct the attractor a s  seen in Figure 4.6 using 

a dimension one embedding vector. .A.S more data is added to the model, the recon

struction becomes more difficult and less accurate. Eventually, the reconstruction 

collapses as seen in Figure 4.7 (note the scaling on the a.xis), reaching a point 

where a dimension-two embedding vector is needed to successfully reconstruct the 

attractor as shown in Figure 4.8. 

This shows the correlation between the amount of data available about a system 

and the estimated dimensionality for a given time series. In the case of the right 

dimensionality, however, the Henon map can be reconstructed with relatively less 

data using the prediction algorithm described in Chapter 3. When a higher dimen

sional embedding vector in the prediction algorithm is used to model the Henon 

map, more data is needed to produce a more accurate attractor reconstruction. 

The nonlinear algorithm, in this case, has an extremely short prediction horizon. 

The Henon map tolerates being modeled as a dimension-three map. Nevertheless, 

it would have a complete collapse once a dimension-four embedding vector is used. 
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Figure 4.7, Reconstructing the Henon map using dimension-1 embedded 
vector with 880 data points. Note the attractor scale is 10*®. 

To illustrate the effects of overestimating the dimensionality when modeling the 

Henon map using a system of nonlinear equations, a nonlinear difference equation 

is derived by rewriting (4.7) as 

x„_t = 1 + 0.3X„_3 - 1.4X^_2 (4.8) 

then substituting (4.8) into (4.7) 

x„ = 1 + 0..3xn-2 — l-4x„_i - 0.42X„_IX„_3 + 1.96X„_IX^_2. (4.9) 

The model in (4.9), which is also a dimension-three nonlinear difference equation, 

accurately recovers the Henon map attractor. However, there is a complete collapse 

in reconstruction when a dimension-four model is used. The four dimensional 

difference equation is obtained by rewriting equation (4.8) as 

x„_2 = 1 + 0.3X„_4 - 1.4X^_3, (4.10) 

then substituting it into equation (4.9). Figure 4.9 shows the Henon attractor in 

3-D. 



i(rv-i) 

Figure 4.8, Reconstructing the Henon map using dimension-two 
embedded vector. 

Figure 4.9, The Henon Map in 3-D 
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4.3 Varying The Embedding Dimension in Linear Systems 

In this section, we study the effects of altering the dimensionality of the embed

ding vector on the cosine attractor in terms of linear difference equations [28. 29]. 

Linear difference equation analysis offers a valuable insight into the effects of al

tering the dimensionality by changing the order of the difference equation. The 

monotone cosine function is generated bj' the general second-order linear difference 

equation. [?], of the form 

Xn+2 + 6xn+l + CXn = 0. (4-11) 

•According to the definition of dimensionality in this paper, this equation is two 

dimensional. Equation (4.11) has the characteristic equation 

+ br + c = 0 (4.12) 

with the general solution 

3^11 = Ci(^i)" + C2(r2)'', (4.13) 

where ri.r2 are the roots of the characteristic equation. For equation (4.11) to 

have a pure cosine solution of the form 

Xn = acos(u;n) (4.14) 

where a is a constant and uj is the frequency, the following conditions must be 

satisfied in equation (4.11); 

I) b = —2 cos a; 

II) c = 1. 

First, we consider underestimating the dimension of the system generating the co

sine function. In other words, we use a first-order difference equation to reconstruct 
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the cosine attractor. The solution to the first order (one dimensional) difference 

equation 

Xn = axn-i (4.15) 

will be of the form 

:r„ = ci(a)" (4.16) 

which converges to zero for (|a| < 1) and diverges for (|a| > 1). With |a| = 1. the 

prediction can be correct on a few samples every period. In fact, the prediction 

would be either a period one or period two solution. Underestimating the dimen

sion, therefore, fails to capture the dynamics of the system generating the cosine 

function. On the other hand, if the system dimension is overestimated using a 

third-order difference equation 

a:„+2 + + cx„-t-= 0 (4.17) 

then the prediction algorithm must be powerful enough to realize that </ = 0. 

Otherwise, the solution of the difference equation will be of the form 

= Ci(ri)" + C2(r2)" + C3(r3)". (4.18) 

Consequently, if rs < 1, then the prediction will be disrupted only at the early 

stages if ri and r2 are such that they predict the correct behavior for Xn- Thus, 

as n goes to infinity, the contribution of will go to zero. If (ra >1), then the 

prediction will diverge geometrically. This analysis of linear difference equations 

indicates that in linear system modeling, overestimating the dimensionality of the 

embedding vector is not eis critical as in nonlinear system time series prediction. 

4.4 Conclusion 

Finding a good estimate for the embedding vector dimension will improve the 

prediction horizon and the attractor reconstruction in nonlinear prediction tech
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niques. The dimensionality, which is defined to be an integer value, could be 

underestimated or overestimated. Underestimating the dimensionality excludes 

important solutions that are critical in prediction, which in turn leads to poor pre

diction. Conversely, overestimating the dimensionality in chaotic systems forces 

long term predictions to collapse exponentially. When the embedding vector di

mension is increased in modeling the logistic map, a pattern evolves in the state 

space. This pattern has the property that the predicted sequence always lives 

inside the boundary of the logistic map. Consequently, overestimating the dimen

sionality of a chaotic system could provoke unwanted solutions, which generates 

an inaccurate state space reconstruction. Conversely, linear prediction techniques 

are not as sensitive to overestimating the dimensionality of the embedding vector 

as the nonlinear techniques. Actually, the dimensionality sensitivity and the type 

of system are highly correlated. In the case of the Henon map which is two dimen

sional. the system tolerates being modeled as a three dimensional map. However, 

it would have a complete collapse once we model it as a four dimensional system. 

In the next chapter , I will introduce a technique to estimate the embedding dimen

sion of a dynamic system to avoid overestimating the system embedding dimension 

which will lead to a more accurate model. 
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Chapter 5 Estimating the Embedding Vector 
Dimension in Chaotic Systems 

5.1 Introduction 

Traditionally, time-series analysis has been based on linear system theory, which 

assumes some linear functioned relationship between the inputs and the outputs 

(possibly, with some randomized noise)[13, 32]. While enjoying an attractive sim

plicity, linear system theory has not been adequate in modeling certain complicated 

ph\'sical systems that involve apparent nonlinear, possibh' chaotic, interactions. 

.A.n e.xample of such systems is the logistic map which was discussed in Chapters 2 

and 4 [41]. .A.s a matter of fact, the study of the logistic map motivated the need for 

building nonlinear models in time series prediction. One of the early successes of 

nonlinear modeling is the solution to the sun spots problem [15. 33]. This success 

motivated further research into building nonlinear models, especially for weather 

forecasting, which led to the inception of chaos theory [7, 6. 41]. 

In simple terms, chaos can be defined as the sensitivity of the underlying model 

to initial conditions [9]. Chaos-based modeling provides an alternative to proba

bilistic modeling approaches with the advantage that it provides better insight into 

the (nonlinear) evolution of the dynamic system. Furthermore, since they enjoy 

the flexibility of nonlinear models, chaos-based models tend to be of low dimen

sion, which is an attractive feature in systems modeling. In this chapter, I propose 

a new method to estimate the embedding vector dimension of a dynamic system 

using only the set of observed data, i.e., the measured time series. Furthermore, I 

modify this new method to estimate the embedding vector dimension in the pres

ence of noise. I apply these approaches to video data in Chapter 6 and to a laser 

data set in Chapter 7. 

The dimension of a dynamical system is an indication of the number of degrees 
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of freedom of that system. In other words, it is the number of initial conditions that 

are required to specify a solution. Several measures of dimensionality have been 

shown to effectively estimate the true dimension of a dynamical system. Examples 

of such measures include the topological dimension, the fractal dimension, the 

information dimension, the correlation dimension, the phase space dimension, and 

the embedding dimension [8]. The topological dimension, considered one of the 

oldest notions of dimension, is an integer that is derived from the properties of sets 

[10, 63]. The fractal dimension. Dp, from which the information and correlation 

dimensions can be derived, is defined as 

D f  = lim (5.1) 
M-O logi 

where n { f i )  is the smallest number of ^V-dimensional balls of radius required to 

cover an attractor [63, 41, 7]. The information dimension requires a probability 

mecLsure in addition to a metric that is also required b}' the fractal and embed

ding dimensions. The correlation dimension. Dcr, can be derived from the fractal 

dimension equation. It is computed by first approximating n(/i) in (5.1) using the 

following equation [18] 

i.i=i 

where H{p. — |x, —Xjj) is the number of pairs i,j whose distance [x, Xj I < 

and H is the Heaviside function defined by 

" l < o ,  

and then substituting equation (5.2) into equation (5.1) 

DM = (5.4) 

Kugiumtzis et al. in [18] further assert that the correlation dimension could be 

used as an estimate of the embedding dimension to reconstruct the state space. 
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The embedding dimension could be thought of cis a special case of the phase space 

dimension in discrete systems. It is described by Farmer to be related to the 

number of degrees of freedom of a system [63]. Farmer defines an embedding as a 

smooth diffeomorphism map f : X V", where V is a smooth submanifold of the 

smooth manifold X. The embedding dimension M of an attractor is then defined 

to be the minimum dimension of a smooth manifold in which an attractor can be 

embedded. Therefore, the embedding dimension is a lower bound on the phaise 

space dimension. 

5.2 Estimating the Embedding Vector Dimension 

In this section, a novel approach for estimating the embedding vector dimension 

of any chaotic time series that satisfies a functional relationship is introduced. In 

fact, this method is compatible with the modeling technique introduced in Chapter 

3. 

My proposed method to estimating the embedding vector dimension consists of 

two steps. For short I will refer to the embedding vector dimension by embedding 

dimension. The first step focuses on finding the minimum number of consecutive 

delays, that will satisfj' a functional relationship in which each element in 

the domain of the function corresponds to only one element in the range of the 

function. In the second step, a search is performed to find D/ for all possible 

combinations of embedding vectors over a given window by dropping one delay 

at a time (other than the last delay) and testing the validity of the functional 

relationship to estimate a lower bound on the embedding dimension. Note that 

Di is the size of the embedding vector. Pdomain{d) is defined to be the number 

of repetitions in the domain (embedding vector) or the number of times that the 

attractor passes through the same state in dimension d. Similarly, Prangeid) is 

defined to be the number of repetitions in the range (the value corresponding to 
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an embedding vector in the function formulation). The second step deals with 

searching for the optimal delay coordinates within a prescribed window. The 

method based on the functional relationship assumption introduced by Farmer and 

Sidorowich in [12] provides a tool to estimate a lower bound on the embedding 

dimension of a linear or a nonlinear system with high accuracy considering the 

amount of available data. 

The procedure for implementing the first step of my method is as follows. Each 

data element in the time series is called a point. Therefore, each point can be in 

the domain and the range except for the end points of the time series. First, 

the points are set up as points in the domain and points in the range to test the 

relation between x{n) eind i(n — 1), thus the candidate embedding vector V= [x(n-

1)]. If this relationship is functional, i.e., x(n) = f{x{n — 1)) for some function 

/. i.e.. each point in the domain has only one corresponding point in the range, 

then the time series could be generated with a dimension-one embedding vector. 

Consequently, the system generating the time series is of dimension one. If the 

functional relationship is not satisfied, which means that more than one point in 

the range corresponds to one point in the domain, then the embedding dimension 

of the system is greater than one. In this case, the candidate embedding vector is 

set to V = [x(n —l),x(n —2)], corresponding to a point in the domain of a function 

of two variables. The relationship between the embedding vectors in the domain 

and the corresponding points in the range are tested. If the functional relationship 

assumption is satisfied, then the system generating the time series is of dimension 

two. Otherwise, the process is repeated with higher-order embedding vectors. 

Once the minimum consecutive delays are found, a search for all combinations 

within this window^ can be performed to estimate a lower bound on the embedding 

dimension by dropping one delay at a time. 

To illustrate the first step, consider the sequence 1,2,3,4,5,6,7. This sequence 
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has an embedding vector of dimension one, since x ( n )  and x ( n  — 1) are clearly 

related by a functional relationship; each point in the domain has only one point 

corresponding to it in the range, as seen in Table 5.1. Thus V = [x(n — 1)] and 

x{n) = F{{V)). Consider now the series 1,2,3,1,3.2.3,1. It is e«isy to see that the 

Domain Rajige 
1 2 
2 3 
3 4 
4 5 
5 6 
6 7 

Table 5.1. Time Series Represented as a Function of One Variable. 

relationship between x(n — 1) and x(n) is not functionaJ. For example, the value 

1 in the domain corresponds to two different values in the range (2 and 3). as 

seen in Table 5.2. Therefore, the functional relation assumption is not satisfied 

Domain Range 
1 2' 

2 3 
3 1 
1 3" 
3 2 
2 3 
3 1 

Table 5.2, Time Series That Ccinnot Be Represented cis a Function 
of One Variable. 

for a one dimensional embedding vector. On the other hand, as seen in Table 

5.3, a functional relationship between x(n) in the range and [x(n — 1), x(n — 2)] 

in the domain can be established. Consequently, V = [x(n — l).x(n — 2)] and 

x ( n )  =  F i V ) .  

To illustrate step two, consider the sequence 

1,2,3,4,5,6,3,4,1,2,3,4,1,6,7,8,9,10. 
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Following the procedure of finding consecutive delays, this sequence can be repre

sented as a dimension-five embedding vector: 

V  =  [ x { n  — 1), x(n — 2), x(n — 3), x(n — 4), x(n — 5)]. 

However, by searching for a lower bound, a functional relationship is satisfied for 

four delays using any of the following embedding vectors: 

Vi = [x(n — 2),x(n — 3), x(n — 4), x(n — 5)] (5.5) 

V2 = [x(n — l),x(n — 3).x(n — 4),x(n — 5)] (5-6) 

V3 = [x(n — l),x(n — 2),x(n — 4).x(n — 5)] (5.7) 

One more delay could also be dropped without violating the functional relationship 

yielding a choice between two embedding vectors 

V'l = [x(n — 2). x(n — 4). x(n — 5)]. 

or 

V2 = [x(n — 1), x(n — 4),x(n — 5)]. 

Therefore, the embedding dimension of the system that satisfies the functional 

relation for this sequence is three. 

Domain Range 
(1,2) 3 
(2,3) 1 
(3,1) 3 
(1,3) 2 
(3,2) 3 
(2,3) 1 

Table 5.3, Time Series Represented as a Function of Two Variables. 

In Step Two of the search for the best embedding dimension estimate of a 

dynamical system, the focus is on finding the optimal combination of time delays 
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within a prescribed window. Formally, after estimating a search for the optimal 

Di delays within a window Dm (a set of delays) is performed, where Di < D^. 

Dm = qDu. and Q > 1 is related to the size and information content of the 

experimental data. In the example of the two-dimensional system, the focus is on 

l o o k i n g  f o r  x { n  —  j ) , x { n  —  k )  t h a t  b e s t  d e s c r i b e  t h e  e m b e d d i n g  v e c t o r ,  w h e r e  j  

and k are taken to be less than Dm- These combinations could be systematically 

checked to produce an optimal fit. The number of all different combinations A'c to 

be tested for each Di is given by 

V _ 
' '  Dj.dDm -  D^y.y 

•Moreover, all different combinations within the prescribed window Dm of dimension 

Di < Du could also be examined for the optimal embedding dimension. However, 

testing of all combinations can be computationally expensive since the number of 

all different combinations Nac is 

Du-l /-) I 
V = V 

Finally, to reduce the number of tested combinations, the restriction on the 

functional relationship can be relaxed slightly. For this purpose, the dimension 

residual R{d) is defined as a me«isure of adequacy of the estimated embedding 

dimension 
or i\ Piomain i d ) - Prange 

= a^(5) ' 

where N l d )  is the number of data points in dimension d .  Therefore, when R ( d )  =  0, 

d  is  the est imated embedding dimension {d  =  £>«)•  

The above proposed method is most efficient when applied to time series of 

integer values. Moreover, it would work on linear, nonlinear, or chaotic systems. 

Furthermore, this method can be extended to estimate the dimensionality of more 

general noninteger time series after introducing a metric to measure closeness. 



63 

5.3 Estimating the Embedding Dimension in the Presence 
of Noise 

The underlj'ing assumption in my proposed method for estimating the embed

ding dimension (Section 2) is that the data contains no noise. Noise, however, is 

present in most, if not all, recorded data generated by physical systems due to ei

ther measurement noise or systems interference noise. The presence of noise must 

therefore be incorporated into the estimation of the embedding dimension. In this 

case, the model becomes of the form 

y i t )  =  G { V ( t ^ ) )  +  a t ) .  i o . 9 )  

where is a dimension-d embedding vector and Q ( t )  is a random variable. In 

this section, the proposed method is extended to allow for estimating the embed

ding dimension to systems that are affected by noise. First, relaxing the strict 

equality on only the range values is considered. Then, relaxing the strict equality 

on both the domain and the range is considered. 

5.3.1 Relaxing the Strict Equality on the Range Values 

In estimating the embedding dimension, the functional relation between the 

domain and range is tested based on strict equality of the embedding vectors in 

the domain and strict equality of the points in the range. If the strict equality 

in testing the points in the range is relaxed, the noise effect could be integrated 

into estimating the embedding dimension by allowing small variations to occur 

(randomly) each time the same state is revisited. The strict equality condition 

introduced in Section 5.2 is formulated as follows. Let Vi and V2 be two embedding 

vectors in the domain and pi and p2 be their corresponding points in the range. 

If V'l = V2 and Pi = P2, 
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then the functional relation is satisfied in the absence of noise (pure data). To 

account for the noise effect, this condition is modified to become: 

If Vi = Vi, and |px - P2I < e, 

then the functional relation is satisfied, where e  depends on the variance of the 

random variable C(0-

To illustrate, consider the sequence 1.20,1.90.3.40,1.20,1.90.3.39.1.20.1.50. 

.As seen in Table 5.4, this sequence cannot be represented as a function of one 

variable. In fact, for c = 0. the functional relation is violated in both embedding 

Domain Range 
1.20 1.90" 
1.90 3.40** 
3.40 1.20 
1.20 1.90 
1.90 3.39** 
3.39 1.20 
1.20 1.50* 

Table 5.4. Time Series That Ccm.not Be Represented cis a Function 
of One Variable. 

vectors V  =  [1.20] and V  =  [1.90]. On the other hand, if 6 = 0.01. the functional 

relation is only violated for V = [1.20]. Consequently, a dimension-two embedding 

vector is considered. As seen in Table 5.5, the functional relationship is violated 

for the embedding vector V = [1.20,1.90] if e < 0.01. Otherwise, the functional 

relation holds yielding a dimension-two embedding vector. Therefore, by taking 

e = 0.01, the above sequence can be represented as a functional relationship of two 

variables. 
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5.3.2 Relaxing the Strict Equalities on Both the Domain 
and the Range Values 

To relax the strict equality in both the domain and the range, the equality 

condition is modified to account for noise in the data by introducing a metric | |. | |i:. 

where h is a positive integer. Formally, let Vi and V2 be two embedding vectors in 

the domain, and pi and p2 be the corresponding points in the range. Then, 

if UK - V2IU < ei and |pi -P2I < £2-

then the functional relation is satisfied, where Cj and €2 are both dependent on the 

variance of the random variable where 

To illustrate, the data in Table 5.5 is considered. 

Domain Range 
(1.20,1.90) 3.40" 
(1.90,3.40) 1.20 
(3.40.1.20) 1.90 
(1.20,1.90) 3.39" 
(1.90.3.39) 2.1 
(3.39.2.1) 1.5 

Table 5.5, Time Series That Can Be Represented a s  a Function 
of Two Variables with e = 0.01. 

For k = 2, ei =0.1, and €2 = 0.1, 

11(1.90.3.40) - (1.90.3..39)||2 < ej. and |1.20 - 2.1| > €2-

Hence, the functional relationship is violated. Thus, the time series cannot be 

represented by a dimension-two embedded vector. 



66 

5.4 Conclusions 

In this chapter, a new method for estimating the embedding dimension of an 

attractor based on Farmer and Sidorowich's functional relationship assumption to 

predict chaotic systems was presented. This method to estimate the embedding 

dimension relies only on the observed data. Other advantages to this technique 

are the ease of implementation and the compatibility with the modeling approach. 

In Chapter 6, this new method will be applied successfully in estimating the em

bedding dimension for modeling uncertainty in a Variable-Bit-Rate Video Traffic 

system. In fact, this technique will be used as a tool to investigate the presence 

of chaotic properties in a given time series. In Chapter 7, this new method will 

also be applied to a laser data set to estimate the embedding dimension. In addi

tion. I compare the results of estimating the embedding dimension of the method 

introduced in this chapter to the results obtained by [50]. 
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Chapter 6 Application: Modeling Uncertainty 
in Variable-Bit-Rate Video Traffic 

6.1 Introduction 

Broadband networks such as the ATM-based Broadband ISDN are being de

signed to support various applications that generate traffic streams with diverse 

quality-of-service (QoS) requirements [71]. Accurate characterization of these 

streams is essential to dimensioning network resources while simultaneously satis

fying certain levels of QoS. Despite the extensive amount of literature on teletraffic 

modeling and analysis (cf. [37, 44, 47]), there is still no general agreement on what 

constitutes a good traffic model. More specifically, researchers have been striving 

to identify the salient characteristics of multimedia data that must be incorporated 

in a traffic model. An example of such a characteristic is the so-called self-similarity 

(or fractal) property, which has been observed in various types of network traffic, 

including Ethernet LAN [43, 46], WAN [48], and variable-bite-rate (VBR) video 

traffic [42, 45]. 

In this chapter, I investigate the presence of chaotic properties in VBR video 

streams. Compressed video, in general, is e.xpected to constitute a significant 

fraction of the traffic volume in future broadband networks. Compared to other 

types of media, compressed video streams exhibit the most sophisticated patterns, 

and are. therefore, the most difficult to characterize. A video encoder generates a 

sequence of compressed frames whose sizes (in bits) vary depending on the activity 

of the scene eis well as the compression technique. For constajit-quality video, the 

frame rate is fixed characterizing the variability of the bit rate amounts to modeling 

the frame size sequence. 

Traditionally, time-series analysis has been based on linear system theory [24, 

16]. which cissumes some linear functional relationship between the inputs and the 
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outputs (possibly, with some randomized noise). While enjoying an attractive sim

plicity, linear system theory hiis not been adequate in modeling certain complicated 

physical systems, that involve apparent nonlinear, possibly chaotic, interactions. 

.\n example of such systems is the logistic map which hais been discussed in an 

earlier chapter. One of the early successes of nonlinear modeling is the solution to 

the sun spots problem [15, 33]. This success motivated further research into build

ing nonlinear models, especially for weather forecasting, which led to the inception 

of chaos theory [14, 10, 6, 38, 36]. 

In simple terms, chaos can be defined as the sensitivity of the underlying model 

to initial conditions [9]. Chaos-based modeling provides an alternative to proba

bilistic modeling approaches with the advantage that it provides better insight into 

the (nonlinear) evolution of the dynamic system. Furthermore, since chaos-based 

models enjoy the flexibility of nonlinear models, they tend to be of low dimension

ality, which is an attractive feature in systems that involve online prediction, e.g.. 

call admission control in .-VTM networks. 

In this chapter, I implement the embedding dimension algorithm introduced 

in Chapter o to estimate the embedding dimension of a time series generated by 

variable-bit-rate video traffic. Consequently, I infer the underlying chaotic presence 

in the data of a nonlinear chaotic system. Then, the modified local linear approach 

introduced in Chapter 3 is used to construct the "attractor" of the underlying 

chaos-based model for VBR compressed video. 

6.2 Application to Video TraflBc 

In this section, I investigate the chaotic behavior of VBR video sequences. I 

start by estimating the embedding dimension of the VBR data. Then, I focus 

on reconstructing the attractor for the purpose of generating synthetic sequences. 

Finally, I compare my model to two probabilistic models. The data consists of a 
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public domain VBR video trace for the Star Wars movie. This trace was generated 

by M. Garrett [45], and has been used extensively in constructing video models. 

It consists of 171,000 data points, each representing the size of a compressed video 

frame. Video frames were intra-coded using DCT (discrete cosine transform) and 

run-length coding, but without motion compensation. The resulting compression 

is similar, to some extent, to a motion-JPEG compression approach, although it 

is not identical to it (see [45] for the compression details). 

6.2.1 Estimating the Dimension 
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Figure 6.1, Evidence of chaos in video traffic data. (Small perturbations 
in the initial conditions cause the solutions to diverge). 

In this section, I begin by analyzing the embedding dimension of the video 

data and inferring the existence of chaos within this data. Following my proposed 

method to estimating the embedding dimension in Chapter 5, Table 6.1 shows 
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that for d  < Q  the functional relation assumption is violated. For d  = 1 ,  R { d )  =  0. 

Thus, c/ = 7 is my starting estimate of the embedded dimension. This procedure 

is also applied when eliminating delays, but it wcis found that seven consecutive 

delays are still needed in order to satisfy the functional relationship. Thus, I 

conclude that the embedding dimension for this data set equals seven. 

Embedding Dimension d  Piomainid)  Prang{d)  Rid)  
1 166941 6311 .96 
2 132102 5020 .7-5644 
3 29430 1311 .17 
4 1762 84 .01 
5 89 6 .000494 
6 6 0 .0000357 
7 0 0 0.0 

Table 6.1. JPEG-Data Embedding Dimension Estimates. 

Now I e.xamine the states that were visited more than once in the evolution 

of the time series as seen in Figure 6.1. Assuming that the embedding dimension 

equals seven, the focus becomes on identical dimension-six embedding vectors to 

show that small perturbation in the dimension-seven embedding vectors cause the 

solutions to diverge, i.e., the underlying dynamics are sensitive to initial conditions. 

For d = 6. Table 6.2 shows the points in the phase space (dimension-six embedding 

vectors) that were visited twice in the data and the corresponding perturbations 

in their corresponding next point. Therefore, dimension-seven embedding vectors 

with small perturbations were found. 

.As seen in Figure 6.1, the solutions for each pair of the six found states listed 

in Table 6.2 diverge. Chaotic behavior is evident in the data as indicated by 

the six different initial condition trajectories in Figure 6.1. Therefore, I conclude 

that chaotic behavior is evident in the coded video stream. (See [40, 71] for more 

information on the null hypothesis.) 
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label Reference State Vectors Range Values Perturb. 
a 91434/104729 (464,460.456,459,462,457) 454/449 6 
b 86921/167276 (511,512,514,512,511,510) 510/517 7 
c 115190/115560 (540,536,535,535,538,535) 536/537 1 
d 79S03/115600 (555,552,552,556,553,552) 556/555 1 
e 28447/56449 (562,553,555,548,561,564) 563/558 5 
f 115983/164881 (639,638,638,636,637,633) 635/640 5 

Table 6.2, Video-Data with Dimension-Six Embedding State Vectors 
and their Perturbations for Figure 6.1. 

6.3 Reconstructing the Attractor 

In this section. I reconstruct the attractor for the coded video stream using my 

proposed method. In this reconstruction, I allow the parameter q. which repre

sents the number of closest state vectors, to vary deterministically. Furthermore. 

I compare this reconstruction to the reconstruction method that uses a fixed q. In 

constructing the variable q model, I focus on the part of the data, that was found 

to best capture the dynamics of the coded video stream, as shown in Figure 6.2-b. 

Figure 6.2-a shows the attractor of the coded video stream data when projected 

in two dimensions (dimension-one embedding vector). I apply the modified local 

linear technique with constant q to generate a synthetic video sequence as shown in 

Figure 6.2-d. The reconstruction of the attractor is shown in Figure 6.2-c. The re

construction technique was found to be extremely sensitive to the fixed parameter 

q which determines the size of the local domain. This sensitivity is attributed to 

the fact that the modelled mapping contains edges and regions of discontinuities. 

To provide an appropriate q  model, I focus on the part of the data shown in 

Figure 6.3-b. Synthetic sequences are generated by applying the modified local 

linear technique with variable q. In fact, by allowing the parameter q to vary 

p e r i o d i c a l l y ,  a c c o r d i n g  t o  ^  ^  +  m o d ( a ( n ) ,  b ) ,  f o r  q  =  5 0 ,  6  =  3 0  a n d  a { n )  =  n .  

where mod(.) is the modulus operator, the modified method was found to be more 

successful in reconstructing the phase space attractor than the case where q is fixed. 
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Figure 6.2, Using local linear technique to model video traffic, fixed q  
A.) Attractor real data (1000 points ) x(n — 1) vs. x{n). 
B.) Real data x(n) vs. n. 
C.) Attractor synthetic data z(n — 1) vs. z(n). 
D.) Synthetic data x(n) vs. n. 
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This was evident when the resulting data from the two models were compared in 

terms of (i) their Fourier spectrum, (ii) the number of escape times (the number 

of times the data went outside the attractor boundaries), and their potential for a 

locking into a fixed point. Figures 6.3-A and 6.3-B show the attractor embedded 

in 2-D and part of the coded data, that was found to best describe the underlying 

dynamics of the system and its attractor. from which my chaos-bcised nonlinear 

model wcis able to capture and model those dynamics. Figures 6.3-C and 6.3-

D show the reconstructed attractor and a synthetic sequence generated by my 

modified model. The synthetic sequence in Figure 6.3-D is shown for a longer 

horizon than the segment in Figure 6.3-B to verify that this synthetic sequence 

does not converge to a fixed point or diverge outside the attractor s boundaries as 

seen in Figure 6.3-C. In fact, the frequency spectrum of this synthetic data and 

the actual coded data were found to be almost identical. Further investigation of 

the chaotic behavior is shown in Figure 6.4. 

In Figure 6.4. a sample synthetic data is shown, which was generated using dif

ferent initial conditions. The presence of chaos, as was defined to be the sensitivity 

to initial conditions, is evident for small perturbations in the generated sequences. 

Figure references, initial condition embedding vectors, and perturbations are all 

presented in Table 6.3 for the sequences in Figure 6.4. 

6.3.1 Comparison with Probabilistic Modeling Approach 

Compared to my proposed nonline<ir model, probabilistic models were found to 

be unable to capture all of the underlying dynamics of this coded video stream. In 

this section. I compare the performance of two probabilistic models to my nonlinear 

model. First, I estimate the embedding dimension of the coded video stream data 

using the method described in Chapter 5, to account for noise. The process is 

repeated for different values of c as seen in Table 6.4. As expected, as e increases, 

the embedding dimension decreases. For e = 0, the results were shown in Table 
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Figure 6.3, Using local linear technique to model video traffic, dynamic 
l i n e a r  s e g m e n t s  q  
A.) Attractor real data (1000 points) x { n  — 1) v s .  x { n ) .  
B.) Real data x(n) vs. n. 
C.) Attractor synthetic data x { n  —  1) v s .  x(n). 
D.) Synthetic data showing no fixed point z(n) vs. n. 



(O 

< 500 

0 200 400 600 800 1000 

O 1000 

0 200 400 600 800 1000 

UJ 500 

1000 I 
0 200 400 600 800 1000 

C3 500! 

0 200 400 600 800 1000 
2000 

- 1000 

0 200 400 600 800 1000 

1000 

O 500 

1000 

Q 500 

0 200 400 600 800 1000 

0 200 400 600 800 1000 
2000 

u. 1000 

0 200 400 600 800 1000 
2000 

X 1000 

0 200 400 600 800 1000 

-> 1000 

0 200 400 600 800 1000 

Figure 6.4, Synthetic sequences showing evidence of chaos in modeling 
video traffic. (Small perturbations in the initial conditions cause the 
solutions to diverge.) 

Reference Figure Initial Condition Perturbation 
.A. (491,492.495,490,493,496,496,498,499,505.497.499) 0 
B (491,492,495.490,493,496.496,498,499,505.497.495) -4 
C (491,492,495,490,493.496,496,498.499.505.497.496) -3 
D (491,492,495,490.493,496.496,498,499,505.497,497) -2 
E (491,492,495,490,493,496,496,498,499,505,497,498) -1 
F (491,492,495,490,493,496,496,498,499.505,497,500) 1 
G (491,492,495,490,493,496.496,498,499,505,497,501) 2 
H (491,492,495,490,493,496,496,498,499,505,497,502) 3 
I (491,492,495,490,493,496,496,498,499,505,497.503) 4 
J (491,492,495,490,493,496,496,498,499,505,497,504) 5 

Table 6.3, Initial Conditions Embedded State Vectors with 
Perturbations Referencing Figure 6.4 
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6.1. The estimates in Table 6.4 can now be used to build a model in the form of 

Equation 5.9 and then compare this model to my proposed chaos-based nonlinear 

model. 

d R x { d )  R z { d )  Re(d) R9(d) Ri3(d) R2o(d) R2T(d) Rsoid) 
1 0.SS21 0.8348 0.7219 0.6327 0.5401 0.4298 0.3559 0.3317 
2 0.6983 0.6815 0.5983 0.5262 0.4448 0.3356 0.2612 0.2364 
3 0.1511 0.1448 0.1213 0.1016 0.0801 0.0551 0.0404 0.0361 
4 0.0088 0.0080 0.0062 0.0048 0.0035 0.0022 0.0016 0.0014 
5 0.0004 0.0004 0.0003 0.0002 0.0001 0.0001 0.0001 0.0000 
6 0.000-i- 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
7 0 0 0 0 0 0 0 0 

Table 6.4, Video data Embedding Dimension Estimates for 
Different Rq{d) Values. 

.A.S introduced in Section 5.3, the proposed probabilistic nonlinear model is of 

the form 

2/(0 = G(V-(i<i)) + C{0 

where V  ( t ^ )  is the dimension-rf embedding vector. The first probabilistic model 

assumes that G{V{tfi)) is linear and (^{i) is a normally distributed random variable, 

so that the model is autoregressive of order d. In the second model, I propose 

dividing the domain of G{V{td)) into k local regions Rc, each centered at C',, and 

then building local linear models gi{V{t — d)) for each local region. The resulting 

model has the form 

Gii{V{td)) = gi{Vif V(td) G Rc,- (6-1) 

where Gii{V{td)) is a local linear function, not necessarily continuous, which esti

mates G{V{td)). My chaos-based nonlinear model outperformed both the linear 

model and the local linear model in capturing the underlying dynamics of the coded 

video stream. The performance was eissessed using the Fourier series, escape times, 

and fixed point locking as mentioned previously. 
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6.4 Conclusions 

In this chapter, the new method for estimating the embedding dimension of an 

attractor introduced in Chapter 5, based on Farmer and Sidorowich's functional 

relationship assumption to predict chaotic systems [12], was successfully applied 

in video traffic modeling. Using this proposed method to estimate the embedding 

dimension. I investigated and inferred the existence of chaotic behavior in video 

data similar to JPEG-coded video streams. Finally, a chaos-theory-bcised nonlinear 

model to reconstruct the attractor of an encoded generated time series of video 

frames wa^ constructed to model a time series generated by variable-bit coded 

video sequences. This model successfully generated synthetic data utilizing the 

underlying chaotic dynamics of the coded video stream. 
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Chapter 7 Application: Predicting Laser 
Intensities 

7.1 Introduction 

In this chapter, I will investigate a time series associated with a physical system 

that was part of the Santa Fe prediction competition [7]. Data sets, such as in the 

field of economics, may only be a few hundred points long. In fact, a great deal of 

expertise has been developed in analyzing such short data sets [7]. The size of the 

data set I consider in this chapter is 1,000 points. As part of a time series prediction 

competition held in Santa Fe [7], this data set was chosen, to be long compared 

with the shortest time series that are seriously analyzed. However, it is considered 

to be short compared to data sets that some time series prediction techniques 

require. Moreover, this data set was known to have low-dimensional dynamics 

[50]. In this chapter. I will apply the algorithms developed in Chapters 3 and 5 to 

Far-Infared-Laser (FIR) intensity data in a chaotic state. First, a description of the 

data is provided. Second, the embedding dimension of this data will be estimated 

using the technique developed in Chapter 5. Third, the prediction results from a 

multiple linear model will be discussed. 

7.2 Data Description 

The data set as seen in Figure 7.1 represents a complicated behavior that can 

be observed in a clean, stationary, low-dimensional, non-trivial physical system. 

In addition, the underlying governing equation dynamics are well understood [52j. 

The data set is a univariate time record (time units were not specified in The 

Santa Fe Institute Time Series Prediction and Analysis Competition) of a single 

o b s e r v e d  q u a j i t i t y  ( i n t e n s i t y  p u l s a t i o n s  i n  a  s i n g l e - m o d e  f a r - i n f r e i r e d  N l a s e r ) ,  

measured in a physics laboratory experiment. The measurements were performed 
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Figure 7.1, Laser data 1,000 data point as presented in The Santa Fe 
Institute Time Series Prediction and Analysis Competition. 

on an Sl-5-micron I A N H 3  FIR laser, pumped optically by the P(13) line of an 

.VoO laser via the vibrational Q(8.7) NH3 transition. The basic laser setup can 

be found in [52]. The intensity data of the laser beam were recorded by a LeCroy 

oscilloscope without any further processing or filtering, see Figure 7.1. The experi

mental signal-to-noise ratio was approximately 300, which is slightly under the half 

bit uncertainty of the analog-to-digital conversion. To a certain degree of accuracy, 

the data reflect a cross-cut through periodic to chaotic intensity pulsations of the 

icLser[50. 51, 52]. The data was analyzed in [50] to show that the chaotic pulsations 

follow the theoretical Lorenz model of a two level system. The Lorenz model is 

given by 

du 
^  =  S { v - u ) .  

dv 
— = ru — V — uw. 
dt 

dw 
-r- = UV — bw, 
dt 

(7.1) 

(7.2) 

(7.3) 

where w  is the normalized inversion, v  is the atomic polarization, and u  is the 
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normalized amplitudes of the electric field (intensity). Three parameters steer the 

behavior of this equation. 5 is the cavity decay rate divided by the polarization de

cay rate, b is the population inversion decay rate divided by the polarization decay 

rate, r is the pumping rate, where r = 1 gives the lasing threshold [50]. In fact, 

values for the constants 5 = 2, r = 15,6 = 0.25 were provided in [50], which would 

lead to a solution comparable to the experimental data and would be consistent 

with the experimental parameters of the Lorenz-type chaos. The data representing 

the intensity of a laser beam, contributed by Udo Huebner, Physikalishe Technische 

Bundesanstalt, Braunschweig, Germany, and collected primarily by N. B. .Abra

ham and C. O. Weiss, were then analyzed by Huebner to show chaotic behavior. 

In addition, Huebner argues that better estimates of chaotic systems dimensions 

were found to be critical in reconstructing the system s attractor [50, 52]. 

.-•T- . •v.* . 
•.V . fc* * • 
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Figure 7.2, Laser data consisting of 1,000 data point projected in two 
dimensions showing Lorenz type chaos. 
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7.3 Estimating the Embedding Dimension 

In [50], two embedding dimensions were calculated D  =  i  and D  = 12.5. 

The proposed method in Chapter 5 to estimate the embedding dimension for a 

given time series was applied to this real life data set. The data set is shown 

in Figure 7.1 and was chosen from a Far-Infrared-Laser (FIR) in a chaotic state. 

In fact, a projection in two dimensions is shown in Figure 7.2. Step One of the 

proposed method to find the embedding dimension was applied and the results are 

summarized in Table 7.1. 

Embedding Dimension d  ^domain ( P r a n g i d )  R { d )  
1 809 16 0.79 
2 68 4 0.0641 
3 4 0 0.000402 
4 0 0 0 
5 0 0 0 

Table 7.1, Laser-Data Embedding Dimension Estimates. 
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Figure 7.3, Dimension Residual R { D )  Vs D .  



The dimension residutils, cis defined in Chapter 5, are shown in Figure 7.3. to 

conclude that Z) = 4 is a proper choice of the embedding dimension. In fact, 

this estimate of the embedding dimension matches the first embedding dimension 

estimate that was found by [50], 

7.4 Prediction Results 

Many forecasting techniques do not easily provide a measure of the prediction 

error, and there is no single best approach to determining this error. Vet for many 

uses of time series forecasting, knowing the uncertainty^ is as important ais knowing 

the prediction. The residuals for a 180 point prediction horizon are shown in Figure 

7.4 for five different initial conditions. Only the first 700 data point was used in 

building the predictor.. 

Figures 7.5.7.6, and 7.7 illustrate the correlation between the prediction horizon 

and the embedding dimension. In Figure 7.5. the prediction using a local linear 

technique was applied for embedding dimensions d = 2.d = 3,d = A.d = 5. 

and d ~ In fact, for d = 4 the prediction horizon, as seen in Figure 7.5, 

is optimal. In Figure 7.6, the prediction wcis applied for embedding dimensions 

d = 7,d = S.d = 9.d = 10, and d = 11. In Figure 7.7,the prediction was applied 

for embedding dimensions d = 12, = 13, = 14, <f = 15, and d = 16. These 

figures illustrate the collapse of the prediction horizon when overestimating the 

embedding dimension. 

The data set considered is very predictable on the shortest time scales (rela

tively simple oscillations). However, it hais global events that are harder to predict 

(the rapid decay of the oscillations). I assume that these global events can be 

detected using the proposed algorithm in Chapter 5 with dynamic q. 



83 

-100 

-100 

-100 

-200 
150 

0.005 

LU 0.5 

Figure 7.4, Laser data residuals, E(n), and Normalized Mean Squared 
Error, NMSE(n), for a 180 point prediction horizon and five different 
initial conditions,800,815,50,200,500. 
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Figure 7.5, Laser data residuals, E(n), and Normalized Mean Squared 
Error NMSE(n) for a 180 point prediction horizon and d=2 to d=6 
embedding dimensions. 
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Figure 7.6, Laser data residuals, E(n), and Normalized Mean Squared 
Error NMSE(n) for a 180 point prediction horizon and d=7 to d=ll 
embedding dimensions. 
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Figure 7.7, Laser data residuals, E(n), and Normalized Mean Squared 
Error NMSE(n) for a 180 point prediction horizon and d=12 to d=16 
embedding dimensions. 
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7.5 Conclusion 

In this chapter, the time series that was a part of the Santa Fe prediction 

competition was analyzed using the methods developed in Chapters 4 and 5. The 

embedding dimension of this data was estimated using the technique developed in 

Chapter 5. This estimated dimension was found to match the lower embedding 

dimension that was estimated in [50]. In fact, the prediction results for different 

embedding dimensions were shown to be correlated with the prediction horizon 

which supports the hypothesis developed in Chapter 4. 
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Chapter 8 Controlling Chaos 

8.1 Introduction 

Recently, there has been increasing interest in controlling systems which are 

chaotic [58, 4, 59]. In control theory, there are two main control methods: closed-

loop control (feedback control) and open loop control. If the system equations are 

known, either control technique can be applied. However, if the system equations 

are unknown or uncertain, feedback control techniques are generally applied to 

reduce the impact of the uncertainty on the system's behavior[31. 26]. 

In his 1989 ajticle "Adaptive Control of Chaotic Systems," Hubler [4] proposes 

the first control technique to stabilize a chaotic system to a predefined goal dynamic 

function. His control technique is based on changing the characteristics of the 

chaotic system and it could require relatively large control forces. In fact. Hubler's 

open loop control technique assumes the knowledge of accurate system equations. 

In his paper, Hubler introduces the goal dynamic function to be used as part of 

the control forces when changing the characteristics of the chaotic system. To 

test his new technique, he used the logistic map cis a numerical e.xample and a 

defined objective function to illustrate that his technique stabilized the logistic 

map under the assumption that accurate system equations are available. However, 

mathematical system equations are often unavailable with the only information 

arising from time series data. 

The work in [5] has motivated several recent studies aimed at investigating and 

developing algorithms to control and target chaotic systems due to the fact that 

Ott's new technique is not based on any system equations. In [5], Ott et al. argue 

that their new algorithm referred to as OGY (Ott, Grebogi, and York), which 

is based on small parameter perturbations, can stabilize chaotic systems to one 

of the infinite number of unstable periodic orbits which are embedded in the sys-



89 

tern's chaotic attractor. Controlling chaos using small parameter perturbations can 

lead to building multipurpose systems that are controllable and purposely chaotic, 

which is an essential property [5] of systems with higher life form. Ott et al. de

scribe their control algorithm in three major steps. First, unstable periodic orbits 

are found using surface of sections of the embedded data. Second, a desired orbit 

is picked to best fit the control objective. Finally, using the eigenvalues and eigen

vectors. which are experimentally accessible by the embedding technique, a control 

sequence representing the small perturbations is generated and then applied to the 

accessible system parameter to stabilize the chosen orbit. In fact, generating the 

control sequence is a time dependent process. Ott et aJ. successfully stabilized the 

Henon map to one of its unstable periodic orbits using their proposed algorithm. 

The control sequence was computed for each time step and then applied to the ad

justable parameter in the model equation. They also evaluated the performance of 

their control algorithm in the presence of noise and concluded that their algorithm 

is noise sensitive. 

In [53], Barreto and Grebogi propose that their control method, which is aimed 

at stabilizing a chaotic system based on multiparameter control, would be superior 

to a one parameter control technique, like OGY, in the presence of noise. The new 

method, which is bcised on OGY, would moreover have a shorter transient time to 

achieve control than the one parameter control method proposed in [5]. Barreto 

and Grebogi used their algorithm to control a physic«il system (the kicked double 

rotor) that has two accessible parameters. In fact, the accessible parameters are 

the strength of the kick ajid the angle at which the kick is applied. The linearized 

kicked double rotor mechanical system equation is: Xn+i = AX^ + BPn, assuming 

that the s\'stem's dynamics are governed by a (/—dimensional map 

where.4 =  ̂  i s  &  d  x  d  matrix, B  =  ̂  i s  a .  d x r  matrix, and Pn is a r x 1 control 
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parameter vector. They argue that by setting P„ = — I \ X n  in the linearized 

local region reduces the problem to a classical feedback gaun control problem in 

which the system has to be controllable. In fact, it is assumed that all states are 

observable. The system that they choose is observable, a propert}' possessed only 

by a certain class of systems. Although Barreto and Grebogi did not compare their 

method to the OGY method in the case of the Henon map, they were successful 

in showing (using the kicked double rotor) that if a system has more than one 

accessible parameter, the transient time could be shorter and the effect of noise 

could be reduced. They, moreover, introduced the concept of switching from one 

fi.xed point in the phase space to another for the Ccise of system multiuse. 

In chaotic systems, faster and more efficient switching is desirable in control 

and in achieving the multiuse of a given system. In [54] Barreto et ad. propose an 

efficient targeting technique that would improve the switching time in the control 

of chaos. Targeting is forcing a system with a chaotic orbit to follow a certain 

path to reach a desirable region in the phase space called a window of control. In 

fact, without using a targeting technique to force a system toward a prescribed 

window in the phcise plane, the system would wonder aimlessh* and eventually 

pcLss by the desired window. Consequently, the transient time is unknown and 

inefficient without targeting. Barreto et al. maintain that there are other methods 

for targeting. However, they did not compare their method to the other existing 

targeting methods. They claim nonetheless that their method showed dramatic 

improvements when applied to the kicked double rotor compared to the case when 

the system was left to wonder in the phase space. The switching transient time 

was shown to improve by as much as four times w^hen compared with not applying 

their targeting aJgorithm. Barreto et al. explain that their targeting technique 

is based on constructing a tree, branches, ajid subbranches to cover most of the 

at tractor in the phaise space and forcing the system to move along these branches 
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from one unstable fixed point to another, or from one controllable window to 

another. This targeting technique could be combined with control algorithms to 

produce robust control for chaotic systems, thus motivating further research into 

exploring windows of control. In [55], Barreto et ad. provide an analytical study 

to describe the structure of windows of control in chaotic systems. Windows in 

the phase space of chaotic systems are local regions of the attractor that can be 

stabilized. Their work was motivated by the importance of developing efficient 

targeting techniques to steer the chaotic attractor from one window of control to 

another window of control to achieve optimum control. 

One disadvantage of the OGY algorithm is the limitation on the control ob

jective to be onlj' one of the periodic orbits of the chaotic attractor, thus making 

OGY a local control technique. In response to the local OGY control method 

[5], Jorg Schweizer proposes in [66] a global chaos-control technique to stabilize 

chaotic systems to a periodic or non-periodic predefined solution. His new tech

nique. which can be applied to a large class of n-dimensional chaotic systems of 

the form x = /(x) where x G /?", generates smail control pulses u to force the 

system to follow a predefined sequence W. Therefore, the system equations would 

be X = /(x) -f- u. This technique requires access to some states of the system, in 

addition to, knowledge of all n states in the system, making the control process 

highly sensitive to the state measurements. Jorg Schweizer tested his new tech

nique on the Lorenz model and showed that the control is robust in the presence 

of parasitic effects. 

Control algorithms that are state-feedback algorithms usually require hard-to-

obtain exact measurements of the state space, especially in chaotic systems. In 

[56], Mettin et al. propose a non-feedback approach to control chaos. They argue 

that most of the existing techniques to control chaotic systems assume that these 

systems are observable. In their proposed technique, the control is manipulated 
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according to an objective function z ( n )  called a "goal dynamic.'' The control 

in their approach forces the output of the system z(n) to trace after the goal 

dynamic function •r(n). This process is called entrainment. Mettin et al. define 

the entrainment constraint by the following equation: lim„^oo 1^(") — -(")| = 0. 

The control forces that are needed to stabilize the system are generated using the 

entrainment condition. The process of generating the control forces, introduced 

by Plapp et a/, in [65], began as additive forces. However, they were successful 

in controlling only nonlinear systems in non-chaotic states. On the other hand. 

Mettin et ad. modified the method of using only additive forces to a method 

which uses non-additive control forces and successfully used the modified method 

to stabilize a chaotic system. 

Predictive control is another alternative method of control for systems with 

uncertain dynamics that would not require exact measurements of the state dy

namics. In [67], Park et al. describe a new algorithm to control chaotic systems 

by minimizing a predefined cost function J = E{Ylj[yj — Wj]^ -i- and 

using a system model of the form yk+i = IZr=i ^Vk-i+i + Cn+i + where Uk is 

the control sequence found by minimizing the predefined cost function. However, 

Park et al. relaxed the small control forces condition from their algorithm. Park 

et al.'s new algorithm was tested on the Henon map and was shown to be more 

robust than a model based controller in the sense that a denser initial value area 

can be used in their aigorithm. On the other hand, in [57] Abarabanel et al. intro

duce a predictive nonlinear control that uses relatively small control fores. They 

argue that small control forces require less energy to generate and maintain small 

deviations from the system's dynamics in the uncontrolled state. Abarabanel et 

al. claim that their technique, unlike the OGY method which possibly requires 

exponentially long waiting time before reaching the target set, does not require 

any targeting. In their technique, they assume that the control can predict at 
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least one step cihead to find the required external forces of control. In fact, the 

control technique is one step optimal control and not necessarily globally optimal. 

They define a cost function, J = — tup + where Zi is the predicted 

state with no control, w is the desired state with control, u is the control force 

applied, and 5 is a constant. In addition, the system dynamics are assumed to 

be of the form z„+i = F(2„,u„). In fact, to reconstruct F{z,u) they assume that 

F(r.u) = /(r) + g{z)u. .Abaxabanel et al. applied their technique to a nonlinear 

electrical circuit, with unstable periodic orbits, by taking advantage of the intrinsic 

instabilities of this nonlinear system. 

.•\pplications of developing techniques to control chaotic systems are most im

portant when applied to control systems using chaos. In [58]. Thomas L. Vincent 

reveals the use of chaos to control a system that is not necessarily chaotic in nature. 

This technique can be accomplished using open loop control to force the system 

to behave chaotically. Once the system enters a desired controllable window, the 

open loop control is turned off and a feedback control is applied. In the case 

of naturally chaotic systems, an algorithm similar to the OGY control algorithm 

could be applied. In [58], Vincent successfully demonstrates controlling a system 

using chaos on both a numerical model and a mechanical system. The mechanical 

system is forced to be chaotic, and the numerical example is the naturally chaotic 

Henon map. 

In the case of the control of systems with uncertain dynamics, predictive con

trol techniques would not limit the control to the chaotic system orbits, thereby 

expanding the limits on system multiuse. In addition, the exact measurements 

of the state dynamics are not required. Therefore, predictive control techniques 

would be a good alternative approach compared to OGY based control techniques, 

especially in the Ccise of small control forces. 

In Chapter 9, I consider a feedback predictive control technique that would 
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be suitable for chaotic systems. A simple mechanical system is considered for the 

control technique after a novel approach to trigger chaotic orbits is presented. 
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Chapter 9 Triggering Chaotic Behavior in 
Nonlinear Mechanical Systems and Its Control 

9.1 Introduction 

In this chapter, I consider the following setup to develop a feedback predictive 

control technique that could be applied to chaotic systems. Given a time series 

representing a dynamical system with accessible system parameters, assume that 

accurate short term prediction could be generated, cis in [12] and represented as the 

sequence {u;(n)}. Could a small magnitude control sequence {C(ti)} be generated 

and applied to a chaotic system such that the system would follow a prescribed 

goal dynamic function or a reference function R{n)7 A predictive control method, 

based on predictive control to stabilize such systems, is therefore proposed for 

investigation. 

The proposed predictive control is applied to a beam balancing problem. In 

Section (9.2), the beam balancing problem is described. In Section(9.3), a novel 

approach to trigger chaotic orbits in the beam rotation is presented. In Section 

(9.4), I implement the control algorithm, which is a combination of feedback and 

predictive techniques to steer the beam to a stable target position. In the dis

cussion section, I introduce an input referencing control approach followed bj' the 

conclusion. 

9.2 The Beam Balancing Problem 

In this chapter, I consider balancing a beam of length Z to a target angle 6t 

by introducing a controlling sliding motion of the mass Mi. In fact, this mciss is 

situated on the right side of the beam and moves according to the function ui(<). 

Similarly, mciss Mz moves on the left side of the beam in a way to introduce a 

disturbance to the balanced beam. This introduced disturbance is compensated 
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Figure 9.1, The balancing beam configuration. 

by the controlling sliding motion of mciss Mi- Moreover, the movement of both 

masses is restricted to only one side of the beam. However, this restriction could 

be relaxed depending on the specific application being considered. 

The rotation of the beam, as seen in Figure 9.1, is restricted to a plane, and 9  

is mecLSured from the horizontal axis to the right side of the beam with a clockwise 

rotation being positive. I consider two cases of operation. In the first case, the angle 

9 is not restricted. Thus, the balancing problem leads to the following condition 

In the second case, the beam rotation is restricted by the support structure which 

has a support at an angle <f). Thus, 

where 0 < 6 < f. Moreover, this restriction is considered to be elastic. Con

sequently, on the boundaries when d{t) = | — ci or 9{t) = the following 

conditions apply during the numerical simulation 

for 9 [ t ) .  

9 { t )  +  2 n 7 r  =  6 { t ) ,  n  E  Z .  (9.1) 

< ^ ( 0  <  (9.2) 

(9.3) 



97 

= 9{tr.). (9.4) 

In this section, I focus on two cases of motion for the beam: (i) undamped motion: 

and (ii) damped motion. In Section 9.3. I focus on the chaotic motion of the beam. 

The disturbance is introduced into the beam equation cis a change in the position 

of mass A/j given by W{t). On the other hand, the control function C{t) is the 

change in the position of mass Mi and is meant to stabilize the beam. Herein, 

there will be no restriction on the angle of rotation. 

35 

^5 

2 10 0 6 t  12 4 

" < 10* 

Figure 9.2, Oscillating solution for M ^ u i  —  M 2 U 2  +  D  ^  0, where D is given 
in equation 9.11. It is shown for 10 seconds with period 3 seconds. 

9.2.1 Undamped Motion 

In this section, I analyze the beam motion without considering damping. The 

general equation of the system shown in Figure 9.1 is given by 

M i g u i  c o s  9  —  M 2 g u 2  cos 6 + {g f xp(x)dx) cos 0 = 16, (9.5) 
J  — b  

where the right side of the beam is of length a and the left side hais a length b. In 

equation 9.5, g is the gravitational acceleration, p{x) is the density of the beam. 
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Figure 9.3, Non-oscillating solutions for MjUj — M2U2 + D = 0. It is shown 
for 10 seconds representing a rotation with constant velocity. 

which assuming a uniform density p  and area A  allows p { x )  =  p { x ) A .  and uj and 

uo are given by 

ui =  u i  C { t )  (9.6) 

U 2  = U 2  +  H'XO' (9-~) 

where u i  and are the initial positions of M i  and A/2. The moment of inertia I ,  

for a thin uniform rod with length L = a + 6, is given by 

I  =  f  x ^ p { x ) d x  + Miu\ + M2u\. (9.8) 
J — b  

Therefore, the inertia / can be expressed as 

M  
I  = +  b ^ )  + M i u \  + M2UI (9.9) 

where M  =  p L ,  is the beam mass [70], M i  and M 2  are the two masses on the 

beam, and ui and U2 are the lengths from the axis of rotation to the position of 

each mass on the beam, respectively. 
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Therefore, for constant positions ui = U \ , U 2  = U2 and a uniform density p ,  

equation 9.5 becomes 

g { M i U i  —  M 2 U 2  +  D ) c o s O  =  1 6 ,  (9.10) 

where 
/a \f 

x p d x  = - — { a }  —  h ^ )  (9.11) 
-6 

and Z? = 0, for a  =  b .  

Numerical solutions eire obtained by writing equation 9.10 as a system of two 

equations. Defining yi = 0 and y2 = 0 yields the following 

2/1 = J/2 (9.12) 

2/2 = jiMiUi - M2gu2 + D)cosyi. (9.13) 

This system of equations is discretized using the difference quotient approximations 

n  =» (9.14) 
k  

y ,  « (9.15) 
a  

to yield the system of nonlinear difference equations 

y i ( n  +  1 )  =  y i { n ) - It h y 2 { n )  (9.16) 

y 2 { n - \ - l )  =  y 2 { n ) +  -  M 2 U 2  + D ) c o s y i [ n ) .  (9.17) 

This system of coupled nonlinear difference equations is only used to generate 

initial conditions. It cannot be used to generate solutions, since this system of 

equations is numerically unstable. Therefore, the second order difference quotient, 

given by 
e  « !'(" + ')-2!/(") + y("-')_ (g IS) 



100 

is used to discretize equation 9.10 to yield the following second order nonlinear 

difference equation 

(/(n -f- 1) = 2y(n) + - M2U2 + D) cos y{n)) - y{n - 1). (9.19) 

Equation 9.19 provides a numerically stable solution to the beam equation which 

is equivalent to the system given in equations 9.16 and 9.17. The solution of 

equations 9.19 and 9.10 could be viewed in terms of a Hamiltonian system [70] to 

gain more insight into the balancing problem. 

The solutions of equation 9.10 exhibit periodic solutions similar to the pendu

lum solutions as seen in Figure 9.2 where MiUi — M2U2 + D ^ 0, for the following 

values given in Table 9.1. In fact, this could be viewed as a Hamiltonian system. 

"I U 2  M 2  M 1 a b h 0(0) 0(1) 
0.7 0.7 1 3 0.3 1 1 1 0.0001 0 0.01 

Table 9.1. Values for Figure 9.2: Oscillating Solutions 
w h e n  M i U i  —  . V / j U o  +  D  ̂  0 .  

On the other hand, for constants ui, U2 and M i U i  —  A/2U2 +  D  =  0 .  the beam 

is balanced and the rotation 6{t) depends only on the initial (velocity) conditions. 

For 0(0) = 0 and d{Q) = 6q, there will be no motion and the solution is 6{t) = 0(0). 

For 0(0) = and 0(0) = Oq, the motion would have constant velocity with general 

solution 6[t) = 0t,< + 00 as seen in Figure 9.3 for the following values given in Table 

9.2. 

Ui "2 iV/i M2 M a b h 0(0) 0(1) 
1 0.7 1 1 0.3 1 1 0.001 0 0.1 

Table 9.2. Values for Figure 9.3; Non-Oscillating Solutions 
when M\Ui — A/2U2 -t- £> = 0. 
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9.2.2 Damped Motion 

To examine the case when damping is present, the damping term, —dd^ is intro

duced into equation 9.10. Thus, the system equation for the beam with damping 

is 

— dO ->r {MiUi — M2U2 + D)g cos 6 = 16 (9.20) 

where d  is the damping coefficient. In this case the coupled s\'stem of difference 

equations is 

i/i(n-h 1) = y i { n )  +  h y 2 { n )  (9.21) 
a h  d h  

y^[n + 1) = J/2(n) + -^(M iUi - M2U2 + D )  c o s  yi{n) j-y2(n). (9.22) 

and the equivalent nonlinear second order difference equation is given by 

yi(n-t- 1) = ~iyM)+ A - M2"2 +^)cos j/i(n) - ^ ,,yM - l)-
a/^ -h / 1 + dh 1 + dh 

(9.23) 

The solution of equation 9.23 for the values listed in Table 9.3 is shown in Figure 

9.4. 

"1 U 2  M l  iV/2 M  a  b  h  0(0) 0(1) d  
0.7 0.7 0.5 1 0.3 0.7 0.7 0.01 0 0 0.7 

Table 9.3, Values for Figure 9.4: Underdamped Solution when MiUi < M2U2. 

The angle 6 { t )  will converge to —| for M i U i  —  M 2 U 2  +  C  <  0 .  On the other 

hand. G{t) will converge to | for MiUi — M2U2 + C > 0. 

9.3 Chaotic Behavior in the Beam Rotation 

In this section, it is shown that for a given motion of mass M2 the beam rotation 

exhibits chaotic behavior while holding the position of maiss Mi fixed. I consider 

the disturbance to the system as a positional change of the mass M2 as a function 
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Figure 9.4, Oscillating solution for MiUi < M2U2, shown for 20 seconds. 

n 
0.81 1 r— 1 r 

0.6 -

1 ' I 1 
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Figure 9.5, Chaotic behavior of the beam rotation, the motion of mass 
M2, and the moment of inertia are shown for 3 seconds. 



103 

of H'(i) thus U2(0 = U2 + Consequently, the system and inertia equations ( 

9.9 . 9.10) are rewritten as a function of t 

g { M i U i  —  M 2 { u 2  +  c o s  0  =  l { t ) 0  (9.24) 

I { t )  =  +  b ^ )  +  M ^ u \  +  M2(u2 + W{t))\ 

Consequently, the discretized system equations are 

M 
I(n) = -^[a^ b^)Miu\M2u\{n), 

K^g 

(9.25) 

(9.26) 

(/(n + I) = 2y(n) +(MiUi - M2U2(n) + £))cos(y(n)) - y(n - I)(9.27) 
/(n) 

where U2(n) is the position of mass M^- If we let 

_  M l  t i l  +  D  ,  I ( n ) { X i y { n ) { y { n )  - 1) -t- ' 2 y { n )  -  y { n  - 1)) 
M2 """ h'^gM2Cos{y{n)) 

then the angle 9 would follow the solution of the following equation 

y { n  + 1) = Aiy(n)(l - y(n)), 

(9.28) 

(9.29) 

where 1 < Ai <4. Therefore, the angle follows the logistic map which is chaotic 

for some values of Ai as seen in Figure 9.5 for the values given in Table 9.4. 

"1 Ml M2 M a b h 0(0) e { i )  

1 1 3 0.4 1 1 0.7 0.01 0.0396 

Table 9.4, Values for Figure 9.5: Chaotic Behavior of the Beam. 

Similarly, if we set 

, ^ Miui+ +/i2y(n - 1) ++ 2j/(n) - j/(n - 1) 
"2 n = — + A/(n —— r-r-TT • 9.30) 

M 2  h ? g M 2 C o s { y { n ) )  

with hi = — l,/i2 = —0.3, and hz = 1.4, the solution to the difference equation 

(9.30) would exhibit chaotic behavior following the Henon map solution. 
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Figure 9.6, Chaotic behavior in the beam rotation with the directed 
path shown for 100 seconds. 

The above discussion shows mathematically the plausibility of chaotic behavior 

by the beam rotation for a certain motion of mciss Mj. Note that the sample period 

h = 0.7. This time between samples Wcis chosen to keep mciss moving within 

the specified length of the beam. Now the focus is on the following system. For the 

remainder of this chapter, a uniform density Aluminum beam, where p = 2700^. 

of length lOOcTTz. width lOcm. thickness 1cm and mass m = l.SoKg is considered. 

The synthetic behavior using the logistic map solution is obtained by prescribing 

a trajectory for the position of motion between any two points of the logistic 

map data. This behavior can be established by first utilizing a sample and hold or 

linear interpolation. However, both of these techniques required a severe restriction 

on the motion of mass M2. Therefore, a third order polynomial is adopted, see 

equation (9.31), to steer the motion of the beam between any two consecutive 

points of the logistic map. 

P{x) = + a2X^ + aix + ao- (9.31) 
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"1 "2 Ml Ma M a 6 h A d 
0.3 "2 0.25 0.25 1.35 0.5 0.5 0.01 600 0.1 

Table 9.5. Values for Figure 9.6: Chaotic Behavior in the Beam Rotation. 

In equation (9.31), 03, aj, ai, and gq are constants found by the boundary restriction 

using two consecutive points x/e/«, and Xrighti and restricting the derivatives to 

P'i^Uft) = P'{xright) = 0. In fact, this condition will yield a zero velocity at each 

point of the logistic map. Thus, I define the zero velocity sampling cis sampling 

the data at a constant period yielding the logistic map as seen in Figure 9.6 for 

the following values given in Table 9.5. The sampling period is set equal to the 

time between two consecutive resting times in the beam rotation. 
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n 

Figure 9.7, Position, velocity, and acceleration for mass M2 required to 
obtain the chaotic beam rotation shown in Figure 6. 

Now by solving the inverse problem, the required position, u2(u) of mass M2 

can be found by first assuming constant moment of inertia /c, which is a valid 
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assumption for small variations in the position of mtiss M2. This position of mass 

.1/2 can simply be solved for using the following difference equation. 

..(n) = kl + to'-"'" + " + (9.32) 
(cos(y(n)) 

where 

k, = (9,33) 
' c  

= jh-

To generate the motion seen in Figure 9.6, the required motion of mass A/2's, 

position, velocity, ajid acceleration are shown in Figure 9.7 for the values of Table 

9.5. 

The inverse problem can also be solved after relaxing the constant moment of 

inertia eissumption. However, this would require solving the nonlinear equations 

(9.26) and (9.27) simultajieously for I{n) and U2(n) for each time step n. 

l3il{n) + QiU2{nf = qi (9.35) 

0-2l{n) + Q2U2in) = q2, (9.36) 

where 

/3i = 1 (9.37) 

^ (y(n + 1)-2y(n) + y(Ti - 1)) 
h = , (9.38) 

ai = -M2 (9.39) 

Q2 = M2 cos(y(n)), (9.40) 
M 

q\ = (9.41) 

q2 = (A/iUi + £>)cos(y(n)). (9.42) 
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Solving the system of equations in equations (9.37-9.42)and in equations (9.35-

9.36) yields an almost identical solution of the position u^in) as seen in Figure 

9.7 

9.4 Controlling the Chaotic Rotation of the Beam 

In this section, a control algorithm btised on the block diagram shown in Figure 

9.5 is presented, where R{n) = 6t-

9.4.1 Controllability Consideration 

To show that the beam can be balanced for any given angle. Oj. the term 

X{0 — 6) is introduced to equation (9.20). The control sequence of the beam is then 

introduced as a change in the position of mass Mi into equation (9.5) . 

— dd g{M\Ui — M2U2 + D) cos Q — X{6 — 0) = 16, (9.43) 

where A is a control constant. .At equilibrium, ^ ^ = 0, and 6  = O r ,  where B t  is 

the target angle. Hence 

^(.'VfiUi — A/2"2 + D) cos Ot — — 9) = 0. (9.44) 

Therefore, 6 is given by 

- XOj - g^MxUx - M2U2 + D) cos Or /n 
6 = . (9.4o) 

Equation (9.43) gives rise to the following second order nonlinear difference equa

tion 

y(n-f 1) = dxy{n)-dzy{n-l)-ird2{MiUi-M2U2)cos{y{n))-d4{y{n)-e), (9.46) 

where 
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Figure 9.8, Block diagram for the control. 
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Figure 9.9, Directing 0 to the desired Or = ^ shown for 45 seconds. 
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Figure 9.10, Directing 6 to the desired ^7- = 1 using mass Mi shown for 
45 seconds. 
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rfl = 

di = 

dz = 

d^ = 

d/i + 2/ 
dh +I 

h^g 

dh +1 
I 

dh^ I 

I ' 

(9.47) 

(9.48) 

(9.49) 

(9.50) 

Figure 9.9 shows that for 6 = —49.5208 radians and the target angle 6t = I radian 

the solution converges to 6t for the following values given in Table 9.6. 

UI "2 Ml Ma M a 6 h A d 
0.3 0.3 0.25 0.25 1.35 0.5 0.5 0.01 0.05 0.1 

Table 9.6. Values for Figure 9.9: Directing 6 to the Desired 6t-

9.4.2 Controlling the Beam Using Mass M\ 

In this section, the focus will be on controlling the beam by changing the 

position of mciss Mi, such that the effective equation (9.10) is equation (9.43). 

In fact, the dynamics of the system are not modified or adjusted. The control is 

applied by only applying the motion of mass Mi in this equation. 

g{MiUi — M2U2 + D) cos 9 = Id, (9.51) 

Therefore, 

"i(0 

c{t) 

M o -  D  

Note that 

A/i 
\ { e - 6 ) - d e  

Mtg cos($) 

lim c{ t )  =  0. 
t—00 

+ c{t) (9.52) 

(9.53) 

(9.54) 
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Here. I assume that 6 ,  6 .  tind the position,U2(0i of mass are mecisurable. 

Moreover, it is assumed that short term (one step) accurate predictions of this 

position are available as discussed in Chapter 3. The control for three cases are 

tested. Case one is presented for no disturbance, case two is presented for a 

simple periodic disturbajice, and case three is presented for a disturbance provoking 

chaotic motion in the zero velocity sampling. As seen in Figure 9.10 for case one. 

the beam is steered from the initial angle 0(0) = 0 to the target angle Oj. In 

addition, the required motion (position) of mass Mi to control this transition is 

shown in Figure 9.10-b. 

Ml M2 M a b h A d 
0.25 0.25 1.35 0.5 0.5 0.01 0.2 0.5 

Table 9.7. Values for Figure 9.10; Directing 9 to Ot Using Mass M\. 

In case two. I consider controlling the beam with mass Mi when the disturbance 

is introduced by moving mass M2 according to 

U2(0 = 0-3 + 0.1 sin(-^). (9.55) 

.A.S seen in Figure 9.11 for case two, the beaxn is steered from the initial angle 

0(0) = 0 to the target angle Or- In addition, the required motion (position) of 

mass iV/i to control this transition and the motion of mass M^ are seen in Figure 

9.11-a and 9.11-b for the values given in Table 9.7. 

In case three. Figure 9.12 shows controlling the chaotic rotation of the beam for 

the values given in Table 9.8. As seen in Figure 9.12-a, the control is turned ON 

Ml M2 M a b h A d 
0.25 0.25 1.35 0.5 0.5 0.01 1 0.7 

Table 9.8. Values for Figure 9.11: Controlling the Beam Using Mass Mi. 

at 77 = 10000. Figure 9.12-b shows the motion of mass resulting in a chaotic 

motion of the beam for n < 10000. Figure 9.12-c shows the chaotic motion of the 
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beam. For n < 10000 the control is turned OFF. For n > 10000 the control is 

turned ON and the beam is steered to the target angle Ot- In fact, by linearizing 

equation 9.4.3, it can be shown that the choice of A ^md d will govern the delay 

time, rise time, peak time, settling time, and maximum overshoot. 

0.32 

0.31 

0.3 

0.29 

0.28 
1500 3000 3500 4000 1000 4500 500 2000 2500 

n 
0.31 

0.3 

0.29 

0.28 
1500 3000 3500 500 1000 4000 4500 2000 2500 

n 
1.5 

0.5 

1000 1500 0 500 3000 3500 2000 2500 4000 4500 
n 

Figure 9.11, Controlling a periodic disturbance introduced into motion 
mass M2 (b), using the motion of mass Mi (a). The beam rotation is 
shown for 45 seconds. 

9.5 Conclusion 

In this chapter, it was shown that chaotic motion of a beam can be obtained 

for a certain motion of one of the two masses on one side of the beam. This motion 

of the mass is generated by solving the inverse problem and matching the rotation 

of the beam to the logistic map which triggers chaotic orbits in the zero velocity 
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Figure 9.12, Controlling chaos introduced by the motion of mass (b), 
using the motion of mass Mi (a). The beam rotation is shown for the first 
100 seconds without control and for the Last 50 seconds with control 
(c) .  
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sampling. In addition, a control algorithm based on a combination of clcissical 

feedback control and predictive control techniques to stabilize the chaotic rotation 

into a stable fixed point was implemented. 
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Chapter 10 Summary, Conclusion, and Future 
Work 

In this dissertation, I investigated three major aspects of time series prediction: 

modeling, model dimensions, and system control. In Chapters 2 and .3, I focused on 

modeling nonlinear system dynamics. Local linear approximations were modified 

to dynamic local regions that were found by searching for the closest q{Ti) state 

vectors to the current state. The measure of closeness is determined by a given 

metric which is selected based on the particular system. In Chapter 4, the accu

racy of prediction and the reconstruction of the state space attractor was found to 

be extremely sensitive to the embedding vector dimension. Underestimating the 

dimensionality excludes important solutions that are critical in prediction, which 

in turn leads to poor prediction. Conversely, overestimating the dimensionality in 

chaotic systems forces long term predictions to collapse exponentially. When the 

embedding vector dimension is increased in modeling the logistic map, a pattern 

evolves in the state space. This pattern has the property that the predicted se

quence always lives inside the boundary of the logistic map. Consequently, overes

timating the dimensionality of a chaotic system could provoke unwanted solutions, 

which generates an inaccurate state space reconstruction. .Actually, the dimen

sionality sensitivity and the type of system are highly correlated. In the case of 

the Henon map which is two dimensional, the system tolerates being modeled as a 

three dimensional map. However, it would have a complete collapse once we model 

it as a four dimensional system. 

In Chapter 5 , I introduced a technique to estimate the embedding dimension 

of a dynamic system b£ised on Farmer and Sidorowich's functional relationship 

assumption to predict chaotic systems. This method to estimate the embedding 

dimension relies only on the observed data. Other advantages to this technique 
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are the ease of implementation and the compatibility with the modeling approach. 

In Chapter 6. the technique introduced in Chapter 5 was applied successfully in 

estimating the embedding dimension for modeling uncertainty in a Variable-Bit-

Rate Video Traffic sequence. In addition, this technique was utilized as a tool 

to investigate the presence of chaotic properties in a given time series. Using this 

proposed method to estimate the embedding dimension, I investigated and demon

strated the existence of chaotic behavior in a coded video stream. Furthermore, a 

chaos-theory-based nonlinear model was created to reconstruct the attractor of a 

time series, which was similar to a JPEG video stream. This model successfully 

generated synthetic data utilizing the underlying chaotic dynamics of the variable-

bit coded video stream. In Chapter 7. I investigated a time series of a physical 

system that was a part of the Santa Fe prediction compeiition[7. 50]. I applied 

the algorithms developed in Chapters 3 and 5 to the Far-Infared-Laser intensity 

data in a chaotic state. First, the embedding dimension of this data was esti

mated using the technique developed in Chapter 5 and was found to agree with 

the analysis in [52]. Second, the prediction algorithm introduced in Chapter 3 

and developed in Chapter 6, was applied which provided accurate predictions for 

a 180 point prediction horizon. In fact, the prediction horizon was shown to be 

dependent on the dimension of the embedding vector supporting the hypothesis 

developed in Chapter 4. In Chapter 8, I reviewed recent work on controlling chaos 

to establish the need for the work done in Chapter 9. In Chapter 9, it was shown 

that chaotic motion could be triggered in a simple mechanical system when a spe

cial disturbance was introduced. This behavior would be highly desirable in liquid 

mixing and chemical reactions. This disturbance was generated by solving the 

inverse problem and matching the behavior of the mechanical system to a chaotic 

orbit. In addition, a control algorithm based on a combination of classical feedback 

control and predictive control techniques to force the chaotic rotation into a stable 
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fixed point was implemented. 

The following points will summarize the significance of this dissertation: 

1) Estimating the system dimension is a rich area in mathematics for future 

research. 

2) Proposed a novel approach to estimate the embedding dimension of a given 

time series for autonomous and input-output systems. 

3) Utilized the proposed method to investigate chaotic behavior in a VBR time 

series. 

4) Introduced a new technique to reconstruct the attractor of a given time series 

which was successfully applied on a VBR video data sequence and on laser 

intensity data. 

5) Chaotic behavior in a simple mechanical system can be triggered by solving 

the inverse problem. 

6) A predictive feedback technique provides a solution to control chaotic behav

ior to a stable fixed point. 

In this dissertation, the modeling technique is based on the functional rela

tionship between the embedding vector and a future point. In fact, the goal in 

modeling was to approximate F with F where 

F  R .  

However, if F is considered to be of the form 

F : ^ RF, 

where p is a positive integer, a rich area in the modeling and prediction of time 

series needs to be investigated. In this dissertation, the assumption was that 
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p = 1. One advantage of the second formulation is in the overlap of predicting 

future values. In fact, each future value of the time series will be computed p 

times. Consequently, I conjecture a longer and more stable prediction horizon in 

predicting a chaotic time series. Another rich topic would be the approximation 

of p. the prediction vector dimension, and <f, the embedding dimension. Moreover, 

the inclusion of probability theory and statistics into the early steps of building 

a model is another direction for future research. The control of systems to be 

modeled using time series prediction is a new topic of great interest in different 

fields, such as applied physics and economics. The control algorithm introduced 

in Chapter 9 stabilized a chaotic motion to a stable fixed point. Further work and 

modification on the control algorithm will allow the control to force the motion into 

a sinusoidal signal or any predefined orbit. This could be accomplished by utilizing 

the prediction horizon in the modeling and integrating the control algorithm into 

the modeling algorithm. 
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