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ABSTRACT 

A new algorithm for coupling boundary and finite element methods is 

developed for transient two dimensional heat conduction and thermoelastic 

analyses of regions with dissimilar materials and geometric discontinuities. Such 

regions are susceptible to failure initiation in electronic devices. As the 

component size decrezises while enhancing performance, the accurate prediction of 

thermal and thermoelastic response of such devices is critical for achieving 

acceptable design. This study concerns both the conduction heat transfer and 

thermoelasticity. Solution to transient heat conduction equation provides the 

non-uniform thermal field for the thermoelastic analysis. Although the finite 

element method (FEM) is highly efficient and commonly used, its appUcation 

with conventional elements to complex layered structures with length parameters 

varying in order of magnitudes leads to inaccurate and mesh dependent results. 

The accuracy of the results fi:om the boundary element method (BEM) 

formulation, which requires computationally intensive integration schemes, is 

much higher than that of the FEM. This new algorithm combines the advantages 

of both methods while not requiring the commonly accepted iterations along the 

interfaces between BEM and FEM domains. The BEM part of the solution, 

acting as a global element, captures the singular nature of the solution variables 
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arising from geometrical and material discontinuities and. eliminates the mesh 

dependency. 
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1. INTRODUCTION 

Accurate thermal and thermo-mechanical analyses of electronic components are 

critical in order to achieve the desired reliability. The reliability of such systems 

concerns not only the operating conditions, but also the fabrication processes for 

these components. For instance, in the case of nonhermetic and/or hermetic 

devices, the mismatch of material and physical properties (such as the elastic 

modulus; coefficients of thermal expansion, heat conductivity and diffusivity; 

specific heat; etc.) causes severe thermal stresses along the interfaces during 

cooling from the molding temperature. 

The primary comp>onents of VLSI devices are the die, the die-attach, and the 

substrate. This composite system of materials will respond differently, depending 

on the combined interaction of thermal and mechanical loads and geometry. The 

function of the die-attach is to provide thermal, mechanical, and electrical 

contacts to the die and die-attach material that are adequate enough to transmit 

heat through the entire contact surface. Maximizing the heat transfer properties 

of the die-attach will improve the design life of the device. 

Numerical simulation of reliability tests is becoming an essential part of the 

design of electronic devices. There is a considerably wide effort in electronic 

industry to minimize the cost of laboratory tests by employing numerical 

simulations. As a result of rapid developments in electronic packaging technology 
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leading to shorter product cycles, p>ower cycling emerges as an important 

laboratory test in reliability research in which these devices are subjected to 

cyclic severe temperature changes in very short durations. In order to properly 

simulate the thermal and thermo-mechanical response of electronic packages 

under power cycling, transient nature of the problem must be taken into account. 

Analysis must accurately capture non-imiform time dependent thermal fields and 

corresponding thermal stresses in order to develop a better imderstanding of 

singular interfacial stress fields leading to delamination failure. 

Several analytical and numerical studies have been conducted to characterize the 

interfacial stresses in bonded dissimilar materials subjected to thermal loading. 

The majority of the analytical models employed the concept of force equilibrium 

in calculating thermal stresses. Models of this type (Chen and Nelson (1979). 

Suhir (1986) Pao and Eisele (1991)) captured the effect of different geometrical 

and material parameters on bond failure. However, they could not enforce 

traction-free boundary conditions along the edges of the material interfaces. 

Although the edge stresses obtained from these models are concentrated, they do 

not possess the characteristic singular behavior. Also, Razaqpar (1987) reported 

that such models entailed significant shortcomings in predicting accurate 

interlayer peehng and shear stresses near the free edges. As an extension of these 

models, Suhir (1989) presented a solution for a finite length, bimetallic 



thermostat with free edges at both ends and appropriate boundary' conditions. 

High stresses were shown to be concentrated near the free edges. An analytical 

solution to determine the thermal stresses at the free edge of a semi-infinite, 

bimetallic strip subjected to uniform heating or cooling was presented by Kuo 

(1989). This analysis also failed to capture the exact nature of the stress field 

near the free edge. 

Extending the work of Bogy (1968), Hein and Erdogan (1971) and Theocaris 

(1974), investigation for the stresses due to a change in xmiform temperature near 

the free edge of a jimction of dissimilar materials were conducted by Munz and 

Yang (1992 and 1993), Munz et. al. (1993). For an infinite wedge consisting of 

two dissimilar materials, they determined the stresses to be the sima of one or 

two singular terms and a regular term within the theory of elasticity. Although 

this solution provides a precise description of the stress field near the junction of 

two dissimilar materials, it is not capable of capturing the effect of complex 

geometric configurations with finite dimensions and the presence of a junction 

with more than two dissimilar materials. 

In order to account for the effect of finite geometry, Blanchard and Watson 

(1986) performed a conventional finite element analysis. It was concluded that 

the finite element would not guarantee a convergent peak stress, even with 

continued refinement of the mesh with conventional elements near the free edge. 



Later Kokini (1988) computed the transient energj' release rate for a crack along 

the interface between two dissimilar materials by using standard elements. This 

analysis also suffered from inaccurate convergence. In order to capture the exact 

nature of the stress field and to minimize the intensive computations arising from 

the refinement of the mesh, an iterative scheme in conjunction with finite 

element analysis was introduced Barsoum (1988a and b, 1990) to determine the 

exact strength of the singular stress field without the use of a special element. 

This approach is effective for a bimaterial interface with or without cracks. 

However, it suffers from the iterations required for convergence and the inability 

to enforce the continuity of traction components across the interface. 

In modehng a free edge with a bimaterial interface, Chen (1985) developed an 

element with appropriate interpolation functions built in to account for the 

singularity at the free edge of a bimaterial interface crack subjected to 

mechanical loading only. Based on this concept, a hybrid element with an 

appropriate stress field was introduced by Kuo and Chen (1985) to investigate 

the transient thermal stresses in multilayered devices with finite dimensions. 

However, this hybrid element is limited to specific geometry where the free edge 

is perpendiculcu: to the bimaterial interface. In the presence of a re-entry corner, 

this element fails. Also, it is not applicable for capturing the exact natiu-e of the 

stress field at the junction of three different materials. 
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In an effort to characterize the singularities at free edges with or without crack. 

Akisanya and Fleck (1997) developed a method that utilizes FEM combined with 

a contour integral method. They evaluated stress intensity factor (free edge with 

a crack), intensity of singularity (free edge without a crack) and the strength of 

singularity for a long bi-material strip using an asymptotic solution. Later, using 

the same method, Qian and Akisanya (1999) showed that the use of several 

eigenvalues in addition to the leading term is necessary' for correct and accurate 

capture of singularity when using asymptotic solutions. Solutions obtained by 

this method have strong dependency on the FEM mesh density. 

The finite element method (FEM) is a powerful, general numerical approximation 

procedure that is applicable to a wide variety of engineering problems. It has 

been applied to almost every field in engineering since the early 1960's, and 

interest is growing. In the mid-1970's, the botmdary element method (BEM) was 

introduced as an alternative to the FEM. The main difference between the two 

approximate solution methods is that the FEM satisfies the governing equations 

approximately and the boundary conditions exactly, while the BEM satisfies the 

boundary conditions approximately and the governing equations exactly. Each of 

these methods has its own advantages and disadvantages. The main advantage of 

FEM is that complex and non-linear differential equations can be solved without 

any limitations leading to a system of equations that are symmetric and narrowly 
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banded. However, the number of unknown nodal quantities becomes extensive, 

especially when dealing with three dimensioned problems, as both the domain and 

the boundary are included in the discretization. Additional drawbacks are the 

difficulty of modeling media extending to infinity and capturing the singularities 

in the solution. On the other hand, BEM is well suited for problems involving 

infinite extent and singularities are readily incorporated. Also, the number of 

nodal unknowns is comparatively small because only the boundary is discretized. 

A major shortcoming of the BEM is that the solution is possible only for 

problems for which fundamental solutions can be found. The limitation to regions 

with homogeneous material properties is another important drawback. Finally, 

the matrices representing the discretized model behavior are non-symmetrical and 

fully populated. 

Although many engineering problems can be solved satisfactorily by either the 

FEM or the BEM, certain problems can be solved more efficiently by coupling 

these methods. For this purpKase, FEM-BEM coupling has been investigated 

extensively in several engineering fields, such as geomechanics (Eberhardsteiner 

et. al. (1993), Beer and Swoboda (1987) and Varadarajan (1985)), solid 

mechanics (Brebbia and Georgiou (1979), Polizotto (1988), Maier and Polizotto 

(1987), and Vallabhan and Sivakumar (1986)), fracture mechanics (Mukherjee 

(1982)), and electromagnetics (Kurz et. al. (1995) and Ismail and Marjouk 



(1996)). There axe mainly three different approaches to the problem: BEM 

hosted, FEM hosted, and one that cannot be categorized in either approach. The 

first approach involves treating the FEM region as a special boundary element 

and converting the FEM system of equations into equations that resemble BEM 

equations. Similarly, in the second approach, one can express the BEM equations 

so that they can be embedded in the FEM system. The third approach utilizes a 

concept in which the governing equations of either region are treated as boundary 

conditions for the other. This type of coupling usually involves an iterative 

procedure to satisfy equilibriiun (or energy balance etc.) aiong the interface 

between the sub-regions. 

Coupled thermal stress analysis involves stress, strain and temperature relations 

that are extremely complex. As a result, solutions to general thermo-elasticity 

problems axe limited. In order to simplify the analysis, several assumptions and 

simplifications are introduced in the past. The assumption of small deformations 

permits the linearization of stress and strain in the governing equations of 

thermo-elasticity. Also, the heat produced within the body by the small 

deformations will be small, leading to the decoupUng of the governing equations 

that allows the transient heat conduction equation to be solved independently of 

stress and strain. Additionally, change in temperature will be slow enough to 
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create slowly propagating deformations in the body, thus, allowing the inertia 

terms to be neglected. 

In the general thermo-elastic theory, flux terms as well as temperature, appear in 

the governing equations as shown by Peirkus (1968). Therefore, the ciccurate 

computation of the flux field is crucial in the thermo-mechanical analyses of 

electronic peickages. In transient heat conduction analysis of electronic packages, 

use of conventional finite elements suffers from poor accuracy in predicting the 

flux field in regions with geometric and/or materied discontinuities. The accuracy 

of the results from the BEM formulation, which requires computationally 

intensive time-integration schemes, is much higher than that of FEM regions 

with length scales of the same order. In the case of material and geometric 

discontinuities, the FEM requires very fine discretization and leads to intensive 

computational analysis. Consequently, utilizing BEM in the vicinity of regions 

with geometric and material discontinuities while using FEM in the remaining 

parts of the solution domain appears to be highly advantageous. 

The heat conduction and thermo-elasticity problems that are encountered in 

electronic packaging, almost always, involve dissimilar materials. This is not a 

concern when utilizing the FEM since the system of equations is formed using 

individual element systems that are independently constructed. On the other 

hand, conventional BEM formulation is limited to regions with homogeneous 
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material properties. The formulation for regions that are piecewise homogeneous 

was investigated by Brebbia et. al. (1984). The suggested solution method utilizes 

inversion of fully populated matrices in conjunction with considerable increase in 

the size of the system of equations, which may lead to computational errors. To 

overcome this drawback, Chan and Chandra (1991) developed a special matching 

algorithm for steady-state heat conduction problems. 

Geometrical discontinuities on the boundary introduce an additional difficulty for 

BEM solutions since a jump in the normal vector to the boundary is experienced. 

Thus, the vectoral derivative quantities on the boundary (i.e. fluxes in heat 

transfer problems and stresses in mechanical problems) are undefined right at the 

point of discontinuity. In almost all engineering problems in electronic packaging 

field, this type of situation is encountered. In addition, even if there are no 

geometric corners on the boundary, mixed boundary values creates similar 

discrepancy in derivative boundary quantities. This class of problems involves 

specification of incompatible boundary conditions along adjacent segments of the 

boundary of the domain. Such discontinuities are referred to as generalized 

corners. Presence of a crack is an example of this type, and, as mentioned earlier, 

flux or stress singulao-ities are inevitable at these locations. Hence, proper 

treatment of corners is of extreme importance for accurate and efficient thermo-

mechanical analysis of electronic packages. 
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Most of the work done for proper treatment of corners is in the area of solid 

mechanics. Brebbia (1984) proposed the use of nonconforming elements which 

avoids placing a bovmdary node exactly at the corner. Instead, two nodes, near 

but not coincident, at the corner are used removing the corner problem. 

Consequently, this method fails to determine the derivative quantities (fluxes or 

stresses) at the comer. Chaudonneret (1978) suggested the use of "double node" 

concept in which two boundeiry nodes are placed at the corner with exactly the 

same coordinates without any element in between. When both sides of the corner 

have displacement components prescribed, this method fails to give complete set 

of tractions. Recently, Chan and Chandra (1991) developed a method for BEM 

solution of steady state heat conduction that places only one node at the corner 

yet provides accurate results for every possible combinations of boundary 

conditions. 

Based on the foregoing discussion, this study presents finite element-boundary 

element coupled solutions of transient heat conduction and t her mo-mechanical 

problems. Solution of transient heat conduction problem allows subsequent 

determination of corresponding stress field as the decoupled thermo-elasticity 

governing equations are used for the thermo-mechanical part of the analysis. 

Formulation for BEM solution of piecewise homogeneous domains in steady-state 

heat conduction (Chandra and Chan (1992)) is adopted and extended to 
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transient heat conduction and thermo-mechanical stress analyses. For the 

transient thermal solution, temperature continuity and energy balance conditions 

are satisfied along the interfaces. On the other hand, thermo-mechanical analysis 

requires displacement continuity and traction equilibrium. In both of the 

formulations, aforementioned special comer algorithm by Chan and Chandra 

(1991) is re-formulated and implemented. Using the concepts developed for 

solution of piecewise homogeneous sub-domains by BEM, a novel finite element-

boundary element coupling procedure is developed to investigate transient 

thermal and thermo-mechanical response of domains with dissimilar materials. 

The new formulation does not require iterations along the interfaces between the 

FEM and BEM sub-domains while reducing the size of the system of equations. 

The quantities (temperatures, displacements, fluxes and stresses) along the 

interfaces between FEM and BEM regions are matched by satisfying continuity 

and energy balance (or equilibrium). 

The accuracy of the formulations developed in the present study are validated 

through comparisons with ajialytical solutions. In order to demonstrate the 

capability of the present analysis, two different electronic packages are 

considered. First, transient temperature field for both packages are obtained in 

an effort to simulate the cooUng phase of the fabrication process. These 

temperatures are then used as input in the subsequent thermo-mechanical stress 
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analysis to compute the corresponding time dependent thermal stresses. 

Discussions on the singulzir behavior of flux and stress fields are included. 

The work is organized as follows. In Chapter 2, the formulations for coupled 

finite element-boundary element solution of transient heat conduction and 

t her mo-mechanical problems are presented. This chapter also includes detailed 

discussions on BEM solution of piecewise homogeneous domains, and corner 

algorithm for BEM transient heat conduction and thermo-mechanical analyses. 

The formulations developed in Chapter 2 are validated in Chapter 3 through 

several benchmark problems with aneilytical solutions. Also presented in Chapter 

3 are two problems from electronic packaging in order to demonstrate the 

robustness of the present formulation. Finally, discussions and conclusions are 

given in Chapter 4. 
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2. BOUNDARY ELEMENT METHOD 

The boundary element method (BEM) is semi-analytical in the sense that it 

requires the analytical determination of so-called fundamental solutions. The 

formulation starts with the construction of the basic governing integral equation 

followed by the construction of an auxiliary problem which involves an infinite 

medium subjected to unit point sources at a fixed point of the mediima. The 

solution to the auxiliary problem, referred to as the fundamental solution, leads 

to a governing integral equation. Finally boundary of the domain is discretized 

and the integral equations are solved nmnericaUy for the unknown boimdary 

quantities. 

In this chapter, BEM formulation for transient heat conduction and thermo-

mechanical stress analyses are presented. The munerical solution of the boundary 

integral equations is discussed by using linear elements in space under the 

assumption that the dependent variables vary linearly over each boundary 

element. For the transient conduction analysis, time variations of the dependent 

variables are also eissumed to be linear over each time step. A procedure is also 

presented to treat the corners, which may appear in the domain due to geometric 

and/or material discontinuities. With the use of this special corner algorithm, 

modeling of piecewise homogeneous regions with BEM is formulated. Finally, the 

formulation for finite element-boundary element coupling is presented in detail. 
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2.1 Transient Heat Conduction Analysis 

2.1.1 Problem Definition 

For a homogeneous and isotropic medium with constant thermal conductivity, 

specific heat and density, the governing equation for transient heat conduction in 

the absence of a heat sink or source inside the domain defined by Q is given by 

KV'f = pc^ in Q (1) 
a t 

where temperature field, T, depends on the spatial coordinates and , and 

the temporal variable, t, with = d^d x^ + dyd x|. 

The initial condition is specified as 

f(x^,x^,0) = T^ m a (2) 

The domain is subjected to boimdary conditions 

f = T on (3) 

d T 
- K  — n, = q „ = q  on T , i = 1, 2 (4) 

a X t 

as illustrated in Figure 1. 

The convective boundary condition can be included by 

q = h { f - T J  on F,. (5) 

Here, q represents the flux, K is the thermal conductivity, p is the density, c is 
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r = r , + r , + r .  

Figure 1. Geometry of a domain, SI, with its boimdary, F, composed of 

r^, r^, and for specified temperature, flux, and convection cooling conditions, 

the heat capacity, h is the convection coefficient, is the ambient temperature, 

and are the components of the outward normal vector on the boundary of the 

domain. Unless indicated otherwise the repeated index imphes summation. 

2.1.2 Formulation 

Applying the weighted residual statement as discussed by Brebbia et al. (1984) to 

the governing equation (Equation (1)) and integrating the Laplacian differential 

operator by parts twice and the time derivative term by parts once leads to an 

integral equation for a point inside the domain. 

respectively. 

r 
(6) 

dTXQ)dt-\- T^G{p,Q,t^,t) dQ.{Q) 

•F 

r 



30 

where p and q are source and field points, respectively, in the domain Q; P and 

Q represent source and field points, respectively, on the boundary T as depicted 

in Figure 2. The initial cind final time periods are denoted by and . This 

equation is also referred to as the boundary element equation. 

internal 
field point 

boundary 
source 
point 

point 

boundary 
field point 

'1 

Figure 2. Schematic representation of field and source points. 

The well-known fundamental solution, or Green's function G(p,q,t^,t) in 

Equation (6), is written as 

pc 

4lCK{t^ - t) 
exp 

p e r  

4K(i^ - 0 
H{t^ -1) (7) 

satisfying the auxiliary problem 
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(8) 

with 

]ivaG{p,q,t^,t) = 5(p,9) (9) 

where r is the distance between the source point and the field point, H{t) is the 

Heaviside step function, axid 5(*) represents the Dirac delta function. 

A boundary integral equation for the transient heat conduction problem is 

obtained by taking the limit of Equation (6). As the source point p in the domain 

approaches the source point P on the boundary, Ekiuation (6), referred to as the 

boundary integral equation, takes the form 

The coefficient C{P) depends upon the local geometry at P. If the boundary is 

locally smooth at P, C = Vi. Otherwise, it may be evaluated indirectly (Banerjee 

and Butterfield 1981, Mukerjee 1982, Brebbia et al. 1984). In this study, a special 

algorithm developed by Chan and Chandra (1991) for treating the corners is 

adopted and modified to incorporate the transient nature of heat conduction. A 

brief description of the algorithm is given in Section 2.3.1. 

c { p ) f { p , t ^ ) + — \  n Q , t ) —^ 
p c J  J  d n  

(10) 

G{P,Q,t^,t) dlXQ) dt + ̂ T^G{P,Q,t^,t) dSl{Q) 
a 

'F 

r 
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2.1.3 Numerical Implementation 

Numerical solution of the BEM equations (Ekjuation (10)) for transient heat 

conduction analysis is discussed in this section. The time marching scheme 

adopted in this study utilizes a time integration process that always restarts from 

initial time and ends at the current time step. The number of intermediate 

steps increases with increasing time, and the nodal temperature and flux values 

are known at time steps prior to the current time step. Thus, their values are not 

recomputed. In addition, by selecting a constant time step size, the computations 

can be reduced significantly, which will be discussed later in this section. 

The solution to Elquation (10) is achieved by discretization on the boundary of 

the domain and in time as follows: 

s F 

/=1 /=1 AS. 
d 

dt dS, 

• t. 

•V F 

iZI 
7=1 /=1 

I 
AS. 

dt ds 
a ^ 

(11) 

where N is the number of boundary segments, q{Q,t) = d T{Q,t)^dn^, and 

represents temperature at a point P that coincides with node Mat time 

. The last term on the right-hand side of Elquation (10) disappears from 
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Equation (11) because, throughout this study, the initial condition is a constant 

temperature over the domain. 

In the present study the shape functions for the variation of temperature and flux 

over the boundary elements, , and over time, are assumed to vary linearly 

within each boundary element. The linear shape functions for space, <Pj and (p^. 

and for time, Vjfj and , are expressed as 

(12) 
nsl m=l 

2 2 

n=I m=l 

with 

< p ,  = ^ ( i  +  n )  

t -t (14) 

where r) is a normalized local coordinate over individual boundary segments, 

At^ = , and or q'^ are the nodal quantities of the j"' boundary element 

at time , as illustrated in Figure 3. 
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r.l s I T^atq, 

element (/+1) element (i) element (/-I) 

lime step 

Figure 3. Nodal quantities at boundary element j and time step t . 

Substitution for temperature and flux fields firom Equations (12) and (13) into 

Equation (11) leads to 

j=i /=i 

/ 

f r d G(P .Q,t ,t) , , . 
J j (•p.v.t;' + (PjV.r; 

V-1 
.V F 

J=1 /=l 

+ (p,v.^rj' +(P2v,,r/) dt dx\ 

x(<PiM/i9; dt rfTi]] 

this equation can be recast as 

+ A^T') = £(B;^q'-' + B;,Q') 

7 

I f (15) 

(16) 
J=1 /=1 

where the superscripts of the coefficient matrices and are associated 

with the time interp>olation functions. Also, these coefficient matrices, A^^ and 
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. depend on geometry, material properties, and the time interval. The 

components of the nodal coefficient matrices, and , are defined as 

(17) 

in which 

j p. 
dn^ 

.r^ =_!L 
PC J 

V 

cp, I dt dri 

(18) 

A Gaussian quadrature technique is used for the computation of integrals given 

in Equation (16), except for the diagonal coefficients. These diagonal coefficients, 

and , contadn Cauchy- and logarithmic-t>'pe singularities, respectively, 

and are evaluated analytically. Invoking a constant time step size requires only 

four new matrices, A|^, B|^, and Bj^, to be recomputed for each time step. 

All of the remaining matrices are stored for retrieval. 

At each boundary node along the entire boundary of the domain, either the 

temperature, T, or the flux, g, or a combination of both is specified. In order to 

accommodate different combinations of boundary conditions, Exjuation (16) is 

rearranged as 

AY<"' = BY<'> + (19) 
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where the superscripts u and k refer to the unknown and known values of 

temperature and flux. This equation establishes the relationship between the 

unknown nodal quantities (temperature and flux values) contained in Y'"' at the 

current time step and the known (specified) quantities contained in at the 

current time step. All of the contributions of temperature and flux from the 

previous time steps are contained in . The vector is explicitly expressed in 

the form 

/=1 
f-1 (20) 

The matrix coefficients A.^ and 5^ in E^quation (19) are defined by 

for specified flux, q 

for specified temperature, T 

for convective heat loss 

(21) 

for specified flux, q 

for specified temperature, T 

BI.^. h for convective heat loss 

(22) 

and the column vectors y'"' and are defined by J ] 

for specified flux, q 

q^ for specified temperature, T 

for convective heat loss 
J 

(23) 
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for specified flux, q 

for specified temperature, T (24) 

T_ for convective heat loss 

Solving for the unknown temperature and flux along the boundary from Equation 

(21) along with the discretized version of Equation (6) permits the determination 

of temperature at any internal point. The flux is obtained by direct 

differentiation of Ekjuation (6) and its discretization. 

2.2 Thermo-mechanical Stress Analysis 

2.2.1 Problem Definition 

For a homogeneous and isotropic mediiun, the static equiUbrium equations are 

a  ̂, + 6 = 0 :  1 , ^  =  1 , 2  ( 2 5 )  

where and o_^(«, j = l,2) are the components of the body force and stress 

tensor, respectively. If the components of the stress tensor are known at a certain 

point, the traction components p_ acting on any line through this point is given 

by 

P. (t,^ = l,2) (26) 

where represent the comp>onents of the unit vector normal to this line. 

The strain components are expressed In terms of the displacement comF>onents, 

u as 
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% = ('.> = 1.2) (27) 

The components of strain arising from temperature change at any point inside 

the domain are denoted by 

= 0 (28) 

where a is the coefficient of thermal expansion and T designates the 

temperature change at a point. Hooke's law relates the stress and strain 

components in the form 

a = C (e_ (29) tj ijmn ^ "wi / \ / 

where is the material proF>erty tensor. For an isotropic linear elastic 

material, its components can be expressed as 

C = n(5 5 +5 5 ) + X 5 5_ (30) tprm tm jn m jm' tj ^ * 

where 5_^ designates Kronecker's delta, ^ is the shear modulus and X is an 

elastic coefficient defined in terms of ju and Poisson's ratio v as 

2vii 
for plane strain 

1 — 2v 
o- (31) 
2vn _ V ^ ^ 

— for plane stress with v=-
.l-2v 1+v 

Substituting for the thermal strain components in Ekjuation (29) leads to 

(32) 

where 
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P = _3^SL_ with a = • 
(1-2V) 

a(l -f- v) for plane strain 

a for plane stress 
(33) 

Invoking the stress components into the equilibrium equations after substituting 

for the strain components in terms of displacement components from Ekjuation 

(27) and material property tensor from Equation (30) results in the well known 

Navier's displacement equilibrium equations 

where X and n are also referred to as Lame's constants. 

In addition to the thermal loading over the domain, two boundary conditions can 

be prescribed at each point along the boundary on pairs of 

2.2.2 Formulation 

Boundary element method formulation of thermo-mechanical problems involves 

the derivation of a boundary integral equation which is the integral 

representation of the governing differential equations. The boundary integral 

equation can be derived based on the method of weighted-residuals. Based on this 

method, weighted residuals of the equilibrium equations for a domain Q defined 

by its boundary F can be expressed as 

uVu (X + n)u ^ + 6, - p f = 0 ; ij = 1,2 (34) 

(A'",) (' = 1'2) (35) 

(36) 
Q 
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where u' axe arbitrary weighting functions and representing an approximate 

displacement field satisfying the given boundary conditions exactly. This 

equation can be rewritten by using integration by parts as 

ju (a^ n ) dr - u'^, dQ, + Ju* 6 = 0 (37) 
r Q Q 

which is rearranged as 

Ju'p, dr - dSl + 6 rfQ = 0 (38) 
r Q Q 

where 

e * = - ( t i ' + u * )  ( 3 9 )  
tj 2 J'* 

Multiplying Equation (32) by E* and integrating it over the domain Q leads to 

d a  =  d a - f p f  d a  (40) 
Q Q Q 

in which CT*^ = C . Integration of the first term in the right hand side of this 

equation yields 

dQ, = Jp'u^ rfr — Ju ^ dSl — j^T u'^ dQ, (41) 
Q r Q Q 

where p' = n^CT* . Substitution of Equation (41) into Elquation (38), gives 

dr - jp'u^ dr + J 6_ dO. + Jp r u'^ dQ. = 0 (42) 
r r Q Q Q 

If the arbitrary weighting functions represent the solution of a problem with the 

same domain with different boimdary conditions, stress equilibrium equations can 

be written as 
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a' +b' =0 (43) 
ij.i J > 

and Equation (42) reduces to 

Jp*u dT + Ji£_ b'dQ. = jpu' dr + Jtx* dQ + Jp T u*_ dQ. (44) 
r Q r Q Q 

Considering an auxiliary problem with an infinite domain Q* referring to the 

same (Xj ~ 3;^) coordinate frame as of the primary problem, illustrated in Figure 4 

subject to a concentrated force acting at point A given by 

b* = gj 6(p, q) i + 5(p, q) j (45) 

where p and q are the source and field points, respjectively, and 5(p,q) is the 

Dirac delta function. The governing equations for the auxiliary problem can be 

written in terms of displacement components as 

1 b' 
VV+—=—u +-^ = 0: i = l,2 (46) 

' l-2v 

by using Equation (34) in the absence of thermal loading. The solution to this 

equation is known cis the fundamental solution. 

Representing displacement components u* in terms of G' such that 

u = V'G' ^ G' ; i = 1,2 (47) 
' 2(1-v) 

and its substitution into Equation (46) result in the biharmonic differential 

equations given by 

V^G;+e5(p,9)/^ = 0; z = l,2 (48) 
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Examination of Equation (48) reveals that the parameters G' can be defined in 

terms of one function as follows 

G [ = g e ^  ( 4 9 )  

where e_ are the components of unit vector in t-direction with i = 1,2 . 

internal 
field point 

internal 
source 
point 

boundary 
field point 

2 

unit load in x, direction 
( '=1,2)  

Xl 

Figure 4. Definition of source and field points. 

Consequently, Ekjuation (48) can be reduced to a single partial differential 

equation, 



VV+5(p,9)/^ = 0 (50) 

By defining an auxiliary function w' such that 

V ' g = w ' / V i  ( 5 1 )  

Equation (50) can be rewritten as 

V^w' + 5(p-,q) = 0 (52) 

where solution is given by 

. 1 

with 

w =^[log(l/r) + CJ (53) 

r = (rr)^^^ and — (54) 

Substitution of this result back into Equation (51) results in 

= ^[log(l/ r) + C, + 1] + C, (55) 
Stih 

in which C, and are integration constants. Utilizing Ek^uations (47) and (55), 

it can be shown that 

u' = G e (56) 
t i] J ^ ' 

where G is given as 

a (p, q) = Vg'b - —- g' (57) 

Noting that g' being a function of r only leads to 
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dr r dr 

1 dg U'g 1 dg 

dr^ r dr 
5 + 9 = 

r dr " 
r r .1 .J 

(59) 

(60) 

Substituting these relations back into Equation (57) gives an explicit expression 

for G as 
•} 

A. G = -[(3 - 4v)ln(—)6 +rr] (61) 

Similarly, fundamental solution related to traction components can be expressed 

as 

p' = H e 
ij J 

(62) 

where 

H = — Br 
{—-[(1 —2v)6 + 2r r ] + (1 — 2v)(n r — n r)} 

471(1 - v)r •' ^ ^ ^ 

It can also be shown that 

Jpf <. cia =jms>.)<<Q 

Substituting parameters from Equation (45) into Equation (42) yields 

<^(;')"i(p)ei •^C{'p)u^p)e^ + ^p]{p,q)u^{q)dr = 
r 

/•'•(p:9)p.(9)<'r + ju.(p,q)bda + Jpf u"_(p,9)<iQ 

(63) 

(64) 

(65) 

where p and q are source and field points, respectively. Employing the 

fundamental displacements from Exjuation (56) and fundamental tractions from 
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Equation (62) for arbitrary values of e , then Equation (65) can be decomposed 

into the following boundary integral equations 

C ( P ) u ( P )  +  f f f J P , ( } ) u / Q ) d r  =  f G J P , Q ) p / Q ) d r  + U(P)  +  LrJ' (P)  (66) 
r r 

where 

u ( P )  =  f a j p , Q ) b ( Q ) d a  (67) 
a 

c/'^(P) = -HEL. [ f v Y  d s i  (68) 
( l - v ) J  

with 

V'g\ = --^r (69) 
2nyir 

Note that in Ekjuation (66), C( P )  =  1 / 2  when the boundary is smooth at the 

source point P . If the source point is inside the domain (P —> p) then C(p) = 1 

leading to 

a,(p) = jG/p ,Q)p^(Q)dr- jH^(p ,Q)uiQ)dr  +  U(p)- i -U!' (p)  (70) 
r r 

Similarly, strain components inside the domain can be written as 

%<.p)  =  -  jB, jp ,Q)%(Q)dr  

*iAJp,Q)t,(Q)da Jf i[(ir ), + (ir )j<jn 

with 
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B 

A [2 r ~ 2v)(r5^^ + r SJ] 

- 4 r  r  r j  
(72) 

—v(r r, n + r r, n ) 
^ .J M I .1 ,k ]' 

+lL_2Xl[„S +n5, +n,(2r r -5 J]} 2 t I jt J til* .t ,j jk'iJ 

Stress components inside the domain can be foimd using Ekjuation (32) in 

conjunction with Ekjuation (71). 

2.2.3 Numerical Implementation 

In this section, the numerical implementation of the BEM equations (Equation 

(66)) for thermo-mechanical analysis is described. The boundary F of the domain 

Q is discretized into N line segments, called boundary elements. The numerical 

procedure requires the use of interpolation functions by which the distribution of 

displacement and traction components (boundary quantities) over each boundarj'^ 

element is approximated in terms of their values at the nodes of each element. In 

general, a boundary element is a curved line segment. The order of 

approximation in a boundary element is governed by the number of nodes used in 

the interpolation of the unknown boundary quantities. 

In this study, linear boundary elements are used. This approximation implies 

that the boundary quantities vary linearly over each boundary element, and that 

the curved shape of the boundary element is approximated by a straight-line 

segment. 
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The Hnear boundary elements p>ossess two nodes at each end of the boundary 

element. The corresponding boundary displacements and tractions are written as 

2 

«(T1) = 

i = L2 (73) 

P.(^) = 
7=1 

where (•)^ designates a boundary quantity at node j (local number for the 

element, i.e. a total of two for linear elements) in i direction. A detailed sketch 

of the linear element used is given in Figure 5. In this figure, node numbers 1 and 

2, and j and j+1 refer to local and global numbering, respectively. Nodal 

boundary displacements and tractions are included also with the ones referring to 

global numbering in parentheses. 

n = - i  

Figure 5. Linear boundary element with local and global numbering. 

Using such local node numbers, the nodal displacement and traction vectors for 

the e-th element are defined as 
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u'" = 

u, 

U. 

>: 

Pi 

Pi 

pI 

(74) 

where subscripts and suF>erscripts designate, direction and local node numbering 

respectively. The explicit form of linear shape functions are given by 

% = ^ { l  +  r \ )  (75) 

The discretized form of Equation (66) can be written as 

.V 

C ( P ) U { P )  + £ Jff (p,Q)u (0)<ir((3) = £ /a (P„,(3)p,((3)rfr(g) 
'=1 r, <^1 r. 

^uxP)^u^{P) 
(76) 

Substituting for displacement and traction fields from Ek^uation (73) into 

Equation (76) leads to the following expression in terms of element matrices 

g''' and h''' 

C'u' + ̂  h" u'" = Xk'V" + R" (77) 

in which 

f = i  l! = l 

u = 
u,(P) = u; 

«2(^) = "> (' 
R' = 

rt 
U^{P) + Ul{P)^U\^Ul 

U A P ) ^ U U P ) ^ U \ + U ^ '  
(78) 

and the coefficients of element matrices are defined as 
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Co-,,.. = \G.iP,Q)i>,W,dr 

r 

(79) 

with k = 1,2, I = 1,2 and j = 1,2 . 

This matrix representation of the boundary integral equation written at a 

particular node (node i) taken as source p>oint. When this equation is written at 

all nodes and the resulting equations are combined, following system is obtained 

Hu = Gp + R (80) 

or explicitly 

H" 
1 w

 G" 

< 

r ^ 

P' 

' + < 

R' 

: > 

1 
n

 

G^' P\ R^ 

(81) 

The sub-matrices and G'^ are defined as 

H'^ = 

G'^ = 

' ( j - i )  

'O-D 
^22 

(82) 

In the evaluation of these submatrices, a Gaussian quadratiu-e technique is used 

for the computation of boundary integrals given in Equation (77) except for the 

diagonal sub-matrices of the matrix H. They are obtained implicitly by applying 
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rigid-body displacement in any one direction in the absence of body loads 

without loss of generality, leading to 

H I ,  = 0  (83) 

where I, is a vector defining a unit rigid-body displacement in the direction 

/ (/ = 1 or 2). Consequently, the diagonal sub-matrices of H can be written as 

(84) 

At each boundary node along the entire boundary of the domain either the 

displacement, u, or the traction, t, in ezich direction are specified. In order to 

accommodate different combinations of boundary conditions, Equation (80) is 

rearranged as 

H Y < " ' = G Y < " + R  (85) 

where the superscripts (u) and (Jk) refer to the unknown and known values of 

displacement and traction components. 

The matrix coefficients H'^ and G'' in Equation (85) are defined by 



H — 

_o'(v-u 
^13 - ^ i i  

1 
*- 

c
 1 

^12 

^23 -9n -«w" 

^13 — g'' ^11 e" 
^23 - 9" ^21 

,.0-„ 

^14 -9'n 

1 ^24 -QI 

+ A" 
23 21 24 ?2 

for specified uj and 

for specified and pj 

for specified pj and 

for specified pj and p^ 

G'^ = 

•(j-i) 

- h« 

- V, 

-A;r>-AS 

[L 

-KI- \9ir 

9tr 1 -Kr 

9 '̂ ^ 9 l  1 -Kr 

+ ^n 1 
.(7-1) 

^14 

9 '̂ + ̂  1 .(j-1) 
^24 + ^2^ 

for specified uj and uj 

for specified uj and p^ 

for specified pj and u] 

for specified pj and p^ 

and the column vectors Y*"^ and Y^*"' are defined by 
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u. 
Y'"' = 

u. 

= .  

«i 

pI 

Pi 

Pi 

' for specified uj and 

> for specified and 

> for specified pj and 

for specified p| and p j 

for specified and u'^ 

for specified and 

for specified p| and uj 

for specified p| and p' 

(88) 

(89) 

Equations (86)-(87) are rewritten in a more compact form by defining vectors 

(90) 

as 
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H = 

-8.r-" - 8 i  for specified u; and u\ 

:-«r ' • - 8 r  h;' " + h - ]  for specified u'. and p\ 

K-'-' ^ h i  for specified p.' and u\ 

+ h:' 1 h--'- for specified p'. and p[ 

(91) 

G = 

h!' —h"^"" -h',' I for specified u' and u, 
- J • -

1 ^ — h h j '  J  f o r  s p e c i f i e d  u' and p, 

• + g j " '  — h h ' ; ' J  f o r  s p e c i f i e d  p ' ^  a n d  u \  

[g.',""' +gi' g/"'' +gy'! specified p'. and p. 

(92) 

Solving for the unknown displacement and traction components along the 

boundary from Equation (Sol. and utilizing the discretized version of Equations 

(70) and (71) permits the determination of displacement, strain and stress 

components at any internal point. 

The stress components on the boundary can be found by using the expression for 

surface tractions and stress-strain relations. The siu-face tractions, p . at a point 

on the boundary, shown in Figure 6. with respect to a local Cartesian coordinate 

system tangent to its surface are 

= P'. 

CT.. = P, 
(93) 

where an over bar. (•). designates the quantities are being referenced to the local 

coordinate system. Using the stress-strain relation yields 

a,. = -^-r(va,, +2^e II 1 - V 
(94) 
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with 

_ dii e = —^ 
" dx. 

(95) 

bouiidarv node 

Figure 6. Boundary node and quantities in local coordinate system 

2.3 Corner Algorithm 

Presence of geometric corners poses an additional difficulty for BEM because of 

the vmdefined nature of outward normal at the node that is situated at the 

corner. In transient heat conduction and thermo-raechanical analyses of electronic 

packages, an accurate model of a geometric corner is of crucial importance to the 

overall accuracy of the solution. Detailed formulations of an algorithm to treat 

corners properly in transient thermal and thermo-mechanical problems using 

BEM are presented in the following subsections. 
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2.3.1 Implementation in Transient Conduction Analysis 

The numerical algorithm using linear boundary elements and appropriate 

constraint equations developed by Chan and Chandra (1991) to model the 

corners is adopted and modified for use in the time-dependent heat conduction 

analysis. 

A schematic of a corner is illustrated in Figure 7. Node j is placed at the corner, 

the element just before the node is the (j — l)"* element, and the element right 

after the node is the element. The flux at the node in the (j — l)"* element 

is denoted by and that in the element by . There are three variables, T , 

q^, and , at a geometrical corner. The temperature field should be continuous 

across the corner. Depending on the boundary conditions of the problem, a 

relationship among these variables can be derived. In most cases, two of these 

three variables are specified through the boundary conditions. When fluxes before 

and after the comer are known (Dirichlet problem), the total flux vector is 

assumed to be bounded and continuous across the corner. However, the normal 

flux on each of the associated elements need not be continuous. 

All possible combinations of linear boundary conditions that can be specified at a 

corner are given in Table 1. The corresponding modifications to the system of 

equations for all of the possible combinations are presented in 

Table 2. 
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For a specified temperature at the j"* node (i.e., case 1), there are two 

unknowns, and , associated with both of the adjoining elements at a corner, 

which is one too many. However, the flux has to be compatible with the specified 

temperatiu-e condition. Accordingly, the normal flux can be expressed in terms 

of the normal flux q^ and the tangential gradient of temperature along the 

element becomes 

g  = - f ^ ]  x s i n y - g c o s Y  ( 9 6 )  
V O S Jelement 

in which y is the angle of the comer and s is the tangent along the bormdary. 

T h i s  e q u a t i o n  s e r v e s  a s  a  c o n s t r a i n t  r e l a t i n g  a n d  q ^ .  

y-th element 

(/-l)th 1 J 
element | 

Figure 7. Schematic of a geometrical corner in the BEM transient heat 

conduction analysis. 
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Table 1. All possible combinations of linear boundary conditions that can be 

specified at a comer. 

Boundary Condition 

Case No. Before the Comer After the Corner 

1 T 
J 

T 
} 

2 9. 

3 q ^ = h ( T - T J  q ,  = h { T - T J  

4 % T 
J 

5 T 
J 

6 = h { T - T J  % 
7 q ^ = h { T - T J  

8 q ^ = h ( T - T J  T 
J 

9 T 
} q ^ = h { T - T ^ )  

Table 2. Modified system of equations corresponding for the cases in Table 1. 

Case No. A BY"" 
1 -bik +6J^.(^_.,cos(Y) 

2 

3 

4 -bfk -KF.T 

5 

6 
'FF,A 

7 

8 I 2.1 
-bfr. ~-^FF.J^FFUJ-D^J 

9 _Li.2 

FF,U-\) -4F. T + b i ^F, A  
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2.3.2 Implementation in Thermo-mechanical Analysis 

There has been several efforts in order to deed with corner problems in theory of 

elasticity within the scope of BEM (El-Zafrany (1993), Brebbia et. al. (1984), 

Banerjee & Butterfield (1981)). The corner algorithm presented in the preceding 

subsection for heat conduction analysis is extended to incorporate with the 

thermo-mechanical analysis with BEM. 

A schematic of a comer is illustrated in Figure 8. Node j  is placed at the corner, 

the element just before the node is the {j — l)'^ element, and the element right 

after the node is the j"" element. The traction components at the node in the 

{j — 1)*^ element are denoted by and and that in the element by 

Pj* and Pj • There are six variables, u^, pj*, p^, p^^ and p^ at a geometrical 

corner. The displacement field should be continuous across the corner. Depending 

on the boundary conditions of the problem, a relationship among these variables 

can be derived. In most cases, four of these six variables are specified through the 

boundary conditions. For the case of a corner where only displacement 

components are known, the stress tensor is assumed to be continuous across the 

corner. 
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(j -1) 'node 

J node 

U2- Po 

{j  +1) 'node 

"i- Pi 

u , ,  Pi  

Figure 8. Schematic of a geometrical comer in the BEM thermo-mechanical 

analysis. 

All possible combinations of boundary conditions that can be specified at a 

corner are given in Table 3. The final system of equjations before imposing the 

boundary conditions can be rewritten with the discontinuous traction components 

as 

[";• + h;' K '""+t j ]" ;  = [gj ' -"  18r i  8? '" '  i«?]  

Pi 

Pi 

P2 

Pz 

(97) 
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Table 3. Combinations of boundary conditions that can be specified at a comer. 

Case No. Specified quantities Unknown quantities 

1 PI. Pi- PI- Pi 

2 "1: Pj PI. Pi 

3 u(. p(,p' .  Pv PI 

4 P'r P2' Pi u[.pl 

5 Pi, p[ PI'  Pi 

6 î-. P{. Pi PI. Pi 

7 p^ PI-. Pi PI 

8 P{. Pi.  P[ "1' Pz 

9 P/, PI. Pi Pi 

10 Pi. Pi.  PI. Pi 

In view of Equation (97) and Table 3, the corresponding modifications to the 

system of equations for all of the combinations are given as follows for each 

boundary condition case (Case 1 will be discussed at the end of this subsection) 

Case 2 

H = [-g;' l-gj] 

fu- ' l  
GV = [-hj^-" - h;^ I -h;<^-" - K]\^j [ + [83''" 1 8^'""] 

Pi (98) 
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Case 3 

Case 4 

Case 5 

Case 6 

Case 7 

H=[-gr | -gr ' i  

GY'^' = - h;^ I - h;']. | g.j] 
Pi 

pi  

(99) 

H = [-g;' |h;'-» + ii;'] 

GY'" =[-h;"-' -h;']{<}+[g;'-' I gj'-'i I gj] 

p; 

Pi (100) 

H=[-gr> l -g-]  

QY<^) = - h;^ - h? 
u. 

u: 
> + [«;' I «;"•"] 

P{ 

Pi 

(101) 

H=[-gr"  

GY ( t )  _  
-hr  -h.  '(j-') _ Ij'-' 

u. 

u'  
)• + [«;' I 

P\ 

\Pi 

(102) 

H = [-83 (j-i) I 
3 "4 

+ h ' ]  

GV«> =[-hJ'-" -h;']{u,'}+[g;' I gj'-" I gj] 

r \  

Pi 

Pi 

(103) 
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Case 8 

H = [h; ' - ' -hh-  | -g-]  

GY<^' = I s'l I 
PI 

Pi  

(104) 

Case 9 

H = + h;^ J.0-"] 

GY<" = [-h;"-" - h;']{ui} + [g;"-" | g;' | gj] 

Pi 

Pi  

(105) 

Case 10 

H = + h;^ 

GY (i) =[«; (j-i) gr I g 
PI 

pi  

(106) 

Details of handling corner problem when only displacement components are 

specified (Case 1) are described next. In this case, at the corner node there are 

four unknown quantities, i.e. traction components before and after the corner. 

However, there exist two equations available through BEM formulation leading 

to the requirement of two more equations in order to have a well-posed system of 

equations. The additional equations are obtained from the stress tensor 



63 

uniqueness at the corner point when approached from both sides. A corner node 

with the origins of two coinciding local coordinate systems {s.n) and (i, n) is 

illustrated in Figure 9. 

V 

J-l 

0 -1) node 

0 +l)'^"node 

j  node 

P 

Un- Pn 

Figure 9. Schematic of a geometrical coraer where both displacement 

components are known. 

In this figure, (s) indicates that the quantity is associated with the side after the 

corner in the counter clockwise direction. The angle between the outwaxd normal 

vectors of the boundaries before and after the corner is designated by 0. Using 

the traction equations and the stress-strain relations, similar to Equations (93)-

(95) and enforcing imiqueness of stress components, it can be shown that 
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= (cos^ 9 + p sin' 0) p„ + 2 sin 0 cos Op, 

+ sin^ 0-^^^—— sin'^ Q E o l T  

p, = (p — 1) sin 0 cos 0 p„ + (cos" 0 — sin^ 0) p, 

-hsinB COS0—^ s in0 cosQEaT 

V. 

(107) 

or inversely 

(108) 

P n  ~  (cos^ 0 + p sin^ 0) P„ — 2 sin 0 cos 0 p, 

+ sin^ 0-^^^ ^  -  sin^ BEaf  
I  
3 

p,  = (1 — p) sin 0 cos 0 p„ + (cos^ 0 — sin^ 0) p, 

— sin0 COS0—^^ + sin0 cosQEcxT 
I  J 

where E is the Young's modulus. Note that Elquations (107) and (108) are 

written by referring to the local coordinate systems defined in Figure 9, thus 

requiring transformation to the global (x^-a:^) coordinate system. With the use of 

either set of two equations given above, two extra unknowns are eliminated from 

the BEM system. Once the BEM system is solved, known tractions can be 

substituted back into Equation (107) or (108) to recover the remaining tractions. 

Examination of these additional equations shows that additional approximation is 

introduced to the system as the tangential strain components are evaluated using 

nodal displacements. However, acceptable convergence is achieved with increased 

mesh refinement arovmd the corner. 
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2.4 Modeling of Multi-region Problems with BEM 

In this section, the BEM formulation developed in the preceding section is 

extended to analyze a domain composed of regions representing different 

materials. A schematic of such a domain with three different regions is shown in 

Figure 10. A general formulation is developed for the solution in a domain 

involving an arbitrary nimiber of regions with arbitrary geometry. The BEM 

algorithm is applied separately to each of the regions. Then, by matching the 

boundary conditions at the interfaces, a complete solution for the problem is 

obtained. 

Region 2 
Af 2  •  ^2 » P2 i n t e r f a c e  2-'.i 

i n t e r f f t c e  1 - 3  

i n t e r f a c e  1 - 2  

Region 1 

Figure 10. Schematic of a domain with multi regions representing dissimilar 

materials. 
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2.4.1 Transient Conduction Analysis 

2.4.1.1 Interface Boundary' Conditions 

The matching bovmdary conditions along any interface are established by 

assuming a perfect thermal contact and no heat generation. Enforcing the energy* 

balance along the interface for the interface between regions r and s leads to the 

boundary condition 

where and K, are the thermal conductivities of regions r and s, respectively. 

Also, the continuity of temperature is specified as 

2.4.1.2 Matching Scheme 

The BEM algorithm is applied to solve for heat transfer within each region 

separately. A complete solution is obtained by matching the boundary 

conditions along all the interfaces. This procedxire is repeated for each time step. 

Applying the algorithm developed in the previous section, a governing system of 

equations, given by Ekjuation (19) can be derived for each region. This system of 

equations can be interpreted as a relation between all of the unknown K'"' and 

the specified conditions. The matrix coefficients depend only on the geometry, 

fundamental solution, and shape functions. They depend on neither the 

= 0 (109) 

T = T (110) 
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temperature nor the heat flux. Along the common interfaces, typically, the values 

for temperature will be assumed and the fluxes will be evaluated. The change in 

the flux at the node due to a change in the temperature at the t*' node can be 

obtained by taking the derivative of Equation (19) with respect to , 

7=1 I 

Along a common interface, heat flux is treated as an imknown axid temperature is 

treated as a known variable. Thus, the K'"* terms correspond to the heat flux 

(i.e., ) at the interface nodes. If a constant time step is used throughout the 

process, these derivatives need to be evaluated only once at the beginning. 

Because all of the derivatives are independent of temperature and flux, an exact 

linear equation can be derived as 

(112) 

in which is the solution of Equation (19) based on an arbitrarily prescribed 

7] at the time step F. It should be noted that, depending on the desired heat 

flux condition, the correct temperature, 7]^, can be determined exactly from 

Equation (112) without recourse to any iterative scheme. In Equation (112), 

and denote the first and last nodes of the boundary segment, respectively, 

along which matching is required. 
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The matching scheme is illustrated by considering two cases, the first of which 

in\'olves two regions and the second, three regions. The formulation can be easily 

extended to problems involving more than three regions. 

For the first case, a schematic of the interface defining the numbering of the 

common nodes is depicted in Figure 11. Two equations similar to Equation (112) 

for Region I and Region 11 can be derived; 

(113) 

and 

(114) 

Region 2 

Region 1 

Figure 11. Schematic of common interfaces for two regions. 

Without loss of generality, the starting temperatures are assumed as 

(115) 
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The matching conditions, Equations (109) and (110). can be written as 

F F 
^(j), •'nC.™,, ,,= 0 : > = '. (116) 

and 

(117) 

Substitution of the temp)erature gradient terms obtained from Equations (113) 

and (114) and the temperature terms from Equation (117) into Equation (116) 

gives 

f iOi piO) 

"M.), ^1 "10 2'F • -n^yF 
'='i V ("'i ('i-'+'"2>n (118) 

= "^fK 
)n V j' 

j  

The exact temperature at the appropriate interface nodes can be calculated using 

Equation (118). This procedure is repeated at every time step with updated 

reference outward normal temperature gradient values (i.e., and q^^^ ). 

A schematic describing the numbering system of the three regions is presented in 

Figure 12. The derivation is very similar to that for the two regions. The 

equation relating the interface temperature and outward normal temperature 

gradients [i.e., Equation (112)] is written for each region. By using the two 

interface boundary conditions (Equations (109) and (110)), the outward normal 

temperature gradient terms are eliminated to obtain an equation with interface 
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temperatures as unknowns. By applying this procedure to each interface node, a 

matrix equation can be obtained for the matching interface temperatures. 

Region 3 

1-3 

Region 2 

Region 1 

Figure 12. Schematic of matching interfaces for three regions. 

For the Region I-Region 11 interface, 

C^Ot P^O) 

.=Zj+l " "'(.)_ 

m,-! 3 q'̂  

'="h (0„ 
j  =  

(119) 

For the Region I-Region 11 interface, 
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r^Ol rH' 

•*>1 

d/ 

d T^ "  d T^ '=^ V '"^1 

iTL-i 3 

I '-'n '•>« / 
.=m, 

J = /, +1,...,/, 

(120) 

For the Region II-Region HI interface, 

r^O) F<0) =£ dq^ ^0)n Irĵ F 
I (0, (0, } 

* I K„ + K,„ %pt IX (T;^'-,^ - T;^,;' ) 
a 

.=<2^1 ('^-•+"2)ni 

'="h (On 

j  =  m ,m.,  -  1 

9/ 
. If ('^-•'*"-i),n 

a in 3 j,F 
(On ('^-••'4'my 

(121) 

xi^o.-C) 

At the node where al l  three regions form a  junct ion.  
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(1  -  V,)  -  1C„9,C^' , ,  (1  -  V„) -  K,„CJ,_ (1  -  V„,)  

wf do'" a?'', 
=X ~  ̂ QsY,)  +  1C„ ( l  -  cos Y„)  

d i: 
(.), 

97:  
/ j , r  _^r- \  
I <•>. (•), I  

(122) 

+ " cos Yi) + k:„ j|^(i - cos Y„) 
(Ij)l '"I'u 

-F 

("I'm 

+ S 
.=^+1 

9^ ,  
K,5^(l-C0SY,)  + K„^^5^k_(l-C0SY,„)  x(7; ;^  -T; , - ; ; ••)  

V ( • ) ,  
a Tf , 

+ 
="«1 

9?, -F 

" dT 
(•)„ 

ni 3 2.F 
{mj-i+nj)m 

( l -cosY,n)  x(r^  
\ (•)u (On / 

+ flBlL+K f^^+K 
AZ, " Am,. An 2 y 

('z)! 

sin Y III T-f 
An^ 

in which the definitions of y^, Yq, Yin^ ^"2 given in Figure 

13. It is worth mentioning that the point where all three regions form a junction 

is a corner point and analyses around this point require special attention. In 

Equation (122), the terms , where R = I, 11, and III, denote the flux at the 
•'r 

corner node j  after the corner according to the counterclockwise numbering 
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system. The special algorithm explained in Section 2.3.1 is used in the derivation 

of Equation (122) for handling the corner points. 

The solution procedure may start with unit reference interface temperatures. 

. With this, in each zone may be obtained from the standard BEM 

equation (Equation (19)). The exact interface temperatures may then be 

determined from Equations (119)-(122). The BEM equation is used once more to 

determine the interface outward normal temperature gradient values, along with 

other unknowns. 

Region 2 

SI .  

Regiofi 1 

Figure 13. Schematic of the comer node where three regions form a jmiction. 

2.4.2 Thermo-mechanical Analysis 

2.4.2.1 Matching Boundary Conditions 

The matching boundary conditions along any interface are established by 

assuming a perfect contact and no energy loss due to friction etc. Enforcing the 
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traction equilibrium along the interface between regions labeled with r and s 

leads to the interface boimdary condition 

P . , = 0 ;  ( i  =  l2)  (123) 

Also, the continuity of displacement is specified as 

= u, : (z = 1,2) (124) 

2.4.2.2 Matching Scheme 

The BEM algorithm is applied to solve for the displacement and stress fields 

within each region separately under non-uniform temperature distribution. A 

complete solution is obtained by matching the boimdary conditions along all of 

the common interfaces. 

Applying the algorithm developed in Section 2.2.3, a governing system of 

equations, given by Elquation (85) can be derived for each region. This system of 

equations can be interpreted as a relation between all of the unknown K'"' and 

the specified conditions. The matrix coefficients depend only on the geometry, 

fundamental solution, and shape functions. They depend on neither the 

displacement nor the traction components. Along the matching interfaces, 

typically, the values for displacement components will be assumed and the 

traction components will be evaluated. The change in the traction in 

z-direction (i = 1,2) at the node due to a change in the displacement in 
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j-direction ( j  = 1,2) at the I ' ' '  node can be obtained by taking the derivative of 

Equation (85) with respect to u', 

^ Y^2X."+I—2) 
y y ^m(2i..-2) £_i ^ QmUUj-l)  ^^25) 

k= l  1=1 J  

Along a common interface, traction components are treated as unknowns and 

displacement components are treated as known variables. Thus, the 

terms correspond to the traction (i.e., p^) at the interface nodes. Because all of 

the derivatives are indep>endent of displacement and traction components, an 

exax:t linear equation can be derived as 

".'-^."•'=1:1 (126) 
1=1, J=l ' 

in which is the solution of Equation (85) based on an arbitreirily prescribed 

. It should be noted that, depending on the desired traction component 

condition, the correct displacement, u', can be determined exactly from Ekjuation 

(126) without recourse to any iterative scheme. In Ekjuation (126), and Z, 

denote the first and last nodes of the boundary segment, respectively, along 

which matching is required. 

The matching scheme is illustrated by considering two regions. The formulation 

can be easily extended to problems involving more than two regions. 
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A schematic of the interface describing the numbering of the common nodes is 

depicted in Figure 14. Two equations similar to Equation (126) for Region I and 

Region II can be derived: 

K - <" = Z « - ' = '-2 (127) 
J=1 'l 

and 

< - K" ' ̂  S (< - ' = 1-2 (128) 
;=m, ;=1 Ja 

In Equations (127) and (128), subscripts I and II indicate the regions with which 

quantities are associated. 

Region 2 
1 '"2 

'2 
Region 1 

Figure 14. Schematic of matching interfaces for two regions. 

Without loss of generality, the reference displacements are assumed as 

p^ '""=l ;  A: =  Zj , . . . ,Z^ :  z =  1,2 

1.10) 
= 1 ; k~ i  = 1,2 

The matching conditions, Exjuations (123) and (124), can be written as 

p» + = 0 ; fc = i = 1,2 (130) 

(129) 
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and 

u- - = 0 : k =  I  I  : i  =  1.2 
S  " n  1 2  

(131) 

Substitution of the tractions obtained from Ekjuations (127) and (128), and the 

displacements from Equation (131) into Equation (130) gives 

The exact displacement components at the appropriate interface nodes can be 

calculated using Equation (132). Once the interface displacements are known, the 

solution for the remaining quantities in each region can be obtained by using the 

most recent values of displacement components as boundary conditions. 

2.5 Finite Element-Boundary Element Coupling 

In order to capture an accurate transient thermal and subsequent thermo-

mechanical behavior of electronic packages, special care must be taken when 

modeling edges of material interfaces. Flux and stress singularities are 

encountered in these regions. Conventional finite element method provides 

accurate results for temperattire and displaw:ement fields with great efficiency. 

However, it fails to captiire the flux and stress fields accurately near the free 

edges of material interfaces or cracks. On the other hand, BEM is known to be a 

(132) 

k =  i  =  l ,2  
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very accurate numerical method that also captures the singular behavior of flux 

and stress fields while requiring intensive computations. It is therefore, very 

beneficial to combine these two numerical methods by modeling most of the 

domain using FEM and employing BEM for the regions with singularities. This 

way, the size of the BEM system of equations is rather small, consequently not 

requiring large amounts of computational time, and the analyses have acceptable 

accuracy for not only temperature/displacement fields but also flux/stress fields. 

In this section, coupled finite element-boundary element formulation for transient 

conduction and thermo-mechanical analyses are presented. 

2.5.1 Transient Conduction Analysis 

In this section, the concepts explained in previous sections are used to establish a 

new FEM-BEM coupling formulation for transient heat-conduction problems. 

The coupling algorithm is explained by considering two different configurations; 

first, a finite element region coupled with a single boundary element region and, 

second, a finite element region coupled with two boundary element regions. The 

formulation can easily be extended to include more than two boundary element 

regions. 

2.5.1.1 Finite Element Method Formulation 

The finite element system of equations is obtained by using a Galerkin 

formulation. Starting with the governing equation of the problem given in 
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Equation (1), weighted residual integrals are evaluated at each element to form a 

system of linear algebraic equations, i.e., 

f  -  d T ^  
W{x^,x^)x kVT -9cY^\dA=Q (133) 

where W designates the weight function. Note that Equation (133) is written for 

a specific instant of time. The treatment of the time dependence is discussed later 

in this section. The unknown temi>erature field, T, is approximated by a series of 

shape functions, , and a discrete set of unknown nodal temperature values, T, 

f  = NT (134) 

or, in matrix form, 

f = N^T (135) 

where (•)^ designates its transpose. Galerkin's weighted residual method requires 

that the weight functions be constructed using the shape functions, . The 

element contribution to the system of equations can be \vritten as 

R"> = KVT - DC—-
dt 

dA = Q (136) 

in which the superscript (e) refers to element-level quantities. Equation (136) can 

be rewritten as 

R<" = -j kV'T dA + N' 'pc^dA = 0 
dt  

(137) 

or 
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R*" = + R';' (138) 

After performing a set of operations involving integration by parts and the use of 

Green's theorem, the expression for R'^* is rewritten as 

R (') _ N K—— rfr  =  
d n 

+ dA T 
axj  dx,  axj  

i(') 

In matrix form, Equation (139) can be cast into 

R? = - N'"K^dr+ dA 
dn J 

(139) 

(140) 

or 

by defining 

and 

RW ^ i(o ^ 

D = 
K 0 

0 K 

B = 
dN/axj  

dN/ax^ 

(141) 

(142) 

(143) 

In Equation (141), and are the element stiffness matrix and the inter-

element vector, respectively. The variable T in the first term on the right-hand 

side in Equation (140) is not directly replaced with its approximate 

representation because the quantity k^3 Tjdr^ occurs in the derivative boundary 

conditions. 
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As shown in Figure 1, one segment of the boundary. is subjected to 

prescribed temperature. The boundary conditions specified on segments F^ and 

F,^ are given in Ekjuations (4) and (5) and can be represented by a single 

expression: 

In this expression, note that, if V = 0 and 5 = g, flux is specified on the 

boundary, li V = h and S = T^, the convective boundary condition is specified. 

Inclusion of these typ>es of boundary conditions into the finite element method 

(FEM) formulation is achieved by using the inter-element vector defined in 

Equation (141), which is 

where the integral is taken along the boundary of the element in a 

counterclockwise direction. Substituting the relation from Equation (144) into 

Equation (145) gives 

K—n =-Vf  + S 
Bx ' 

(144) 

r - '  =-fN'"K4^<fr  (145) 
d n 

r 

I<" = N^(Kf - 5)<iF (146) 

r 

Substituting for T in the form 

j'(f) _ (147) 

results in 
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=fjvTV' 'N dr  T(e)- j5N' '  
Ir / r 

dr (148) 

or 

j(e) _ Jj(f)r|i(<r) _ ^r) (149) 

The boundary condition contributes to both the element stiffness matrix, k'"', 

and the right-hand-side vector, . With this contribution, the element equation 

becomes 

rW ^ - f<'> (150) 

This equation can be written for each element to form the global system of 

equations by using a standard finite element assembly procedure for a sF>ecific 

time: 

R^=KT-¥ (151) 

Transient analysis is included by considering the time-dependent part of the 

residual integral from Equations (137) and (138): 

= r r  Wpc — dA (152)  
a t  

Using a consistent formulation, the time derivative of temperature can be written 

as 

^ (153) 
a t  
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Substitution from Equation (153) into Equation (152) yields 

R';' = pcN^N (154) 

or 

R(;) = (155) 

When Rl'* is substituted back into Equation (138) and summed over elements 

using the direct stiffness matrix, the resulting system of first-order differential 

equations is in the form 

Ct + KT - F = 0 (156) 

where the matrix C is often referred to as the capacitance matrix. 

The finite difference method is frequently used in the solution of this s>'stein. 

Using the mean value theorem when T is considered in the time interval [a, 6], 

the time derivative of T can be expressed as 

T^-T„ 

dt At  
(157) 

and 

T = (1-0)T,+eT^ (158) 

at instant t  =  where 

0 = (159) 

Similarly, the right-hand-side vector, F, can be written as 

F = (1-0)F„+0F, (160) 



With the use of Equations (157)-(160), Equation (156) can be rewritten as 

(C + 0  Ai  K) '"T =[C-( l -e)Ai  K]"-^"T+A«[(l-e)"-^"F + 0  'F]  (161)  

where the left-superscripts ( t )  and { t  — At)  denote the quantities at the current 

and previous t ime s teps ,  respect ively.  The only unknown in Equat ion (161)  is  T ' ,  

representing the temperature field at the current time step. Note that force 

\'ectors are known for both time steps. The system of equation given by Equation 

(161) is solved for T' recursively in order to obtain the temperature field at each 

time step. 

2.5.1.2 Finite Element Region Coupled with Single Boundary Element Region 

In the coupling algorithm, the equations expressing nodal interface fluxes in 

terms of nodal interface temperatures from the BEM domain are derived first. 

These equations are integrated along the FEM-BEM interface and are applied as 

flux boundary conditions along the FEM interface boundary, which will ensure 

the temperature continuity and energy balance. Once the system of equations for 

the FEM part is finalized by collecting all of the imknowns on the left-hand side, 

the solution for the temperature field is obtained for the current time step. 

Substituting the newly computed interface temperatures back into the BEM 

system of equations yields the solution for the BEM domain in the current time 

step. This procedure is repeated for all time steps. A flow chart of the procedure 

is given in Figure 15. 
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The couphng algorithm begins with the final system of equations (Exiuation (161) 

) for FEM modeling of the time-dependent heat conduction analysis. For 

notational convenience, this equation can be rewritten as 

e '"T = Z + 0 "'F + (1 - 0) (162) 

where 

0 = 1 J_C + 0 K 
.At  

=r— c-( i -
VA« 

0)K 

(163) 
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i of FEM I 

sub-domain j 

Construct 
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temperatures , 

("Discretization^ 
of BEM 

. sub-domain(sK 

Add equations 
from BEM-BEM 

interface(s) ^ 

Collect unkno^Ti 
interface 
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BEM sub-domains 
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f Apply lumped^ 
fluxes ( interface 

temperatures 
unknown) J 

[^Express interfac^ 
fluxes in terms 

of interface 
temperatures J 
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fluxes along 

interface element 
V boundaries J 

Solve for remaining 
temperatures and 

fluxes in BEM 

Construct system^ 
of equations using 

BEM-BEM 
V interface conditions. 

Figure 15. Flow chart of the finite element-boundary element coupling procedure 

for transient heat conduction analysis. 

in which the superscripts (i) and { t  — At)  denote the current and previous time 

steps, respectively. The procedure is explained by considering a problem 

consisting of two domains, and , with a common boundary, , for which 

the solution is obtained by use of the boundary element formulation in and 

the finite element formulation in (Figure 16). The subscripts and superscripts 
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"6'' and are used to associate the quantities with the boundary element and 

finite element domains, respectively, and subscript I denotes the interface 

quantities. 

r, 

Figure 16. A domain divided into finite and boundary element regions, 

Slf. and , respectively. 

The temperature continuity and energy balance along at each time step, are 

enforced by satisfying 

T' = T/ (164) 

+ K^q; = 0 (165) 

Using the concept given in Section 5.2, the flux at the nodes along can be 

written as 

<-€ '  = t ( i : -T r )  j = ' v - A  (166) 

or, in matrix form, 

q;  =T(T;-T? '" ' )  + qf '  (167)  
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where and (, are the first and last nodes of the interface from the BEM domain 

side, respectively. The matrix T contains the derivatives of interface fluxes with 

respect to interface temperatures. This equation applies for each time step, and 

the superscript associated with the boundeiry element time step is omitted in 

Equation (167) for the sake of convenience. Note that the unknown interface 

temperatures are treated as known quantities. 

The system of equations for the FEM domain given in Exjuation (162) can be 

partitioned into those associated and disassociated with the int«-rface: 

''Tf f'T. 
/ 

—
V s

 
II / » + 0 < I 

tlyf 
R 

—
V s

 
II 

R 

» + 0 < + ( 1 - 0 )  

' ( t - A i ) r  

(168) 

where subscript R denotes non-interface nodes. The imposition of the flux 

boundary condition on the finite element domain boundcuy is achieved through 

the integration of flux along the boundary and by applying the equivalent flux 

quantities at the nodes, as explained in Section 3.1. For this reason, linear 

variation of nodal fluxes is assimied and the flux quantities at the interface 

arising from the BEM domain are integrated using the following relation: 

=M(-<''q;) (169) 

with 

M = JN"" N d r  (170) 
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where M is the transformation matrix. Substitution of Equation (169) into 

Equation (168) yields 

© [ [  IR 
tip/' 

t r n f  
= {Z] («-Ar)fp/ 

+ 0 

U ( i - 0 )  
1 (t-AOl 

Ol 

(171) 

In this equation, the actual fluxes cilong the interface computed by the BEM 

(_(<-A0q6) substituted into the right-hand-side contribution coming from the 

previous time step. The unknown interface temperatures on the right-hand side 

are transferred to the left-hand-side unknown vector by modifying the stiffeiess 

matrix as 

0„ + K^Mr 

© 
RJ RR 

(Onp/" 

(Ot/ = [Z]  

0 

f ((-AOfT/l 

(1-40 rp/ 
R 

+  ( 1 - 8 )  

K.M(T-T?"'-qf ) 

( ' ) l  

(172) 

Once the system of equations given in Ekjuation (172) is solved for the 

temperature field, the unknown interface temperatures, , are substituted 

back into the boundary element system of equations to solve for the rest of the 

BEM domain. The procedure explained above is repeated for all time steps. 
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2.5.1.3 Finite Element Region Coupled with Two Boundary Element Regions 

The formulation given in Section 2.5.1.2 is extended to cases where the problem 

is modeled by one FEM domain and two BEM domains. The procedure is similar 

to the previous example. Previously, the dimension of the modified system of 

equations is the same as the FEM system of equations: however, in this case, 

more equations are required because there are additional unknown quantities 

appearing at the interface between the two BEM domains. 

For a domain consisting of three regions, , Q. , and [referred to as BEM-1 

(Qj ), BEM-2 ), and FEM in Figure 17], the interfaces between regions 

BEM-1 and FEM, BEM-2 and FEM, and BEM-I and BEM-2 are denoted by 

r , r , and r, , respectively. Along these interfaces, temperature continuity 'j ^2 'j 

and energy balance are enforced as 

Tj- = T; along T. 

= T/ along r. 
*2 ^ *2 

T;- = along F, 

(173) 

K4 q;; + = 0 along 

K, = 0 along (174) 
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Equations that relate nodal interface fluxes to nodal interface temperatures for 

two BEM domains are similar to those given by Equation (167) and can be 

written as 

Figure 17. A domain divided into a finite element, , and two boundary 

element, and regions. 

*1/. = T. 

= r. 

T'l" 

rpb, 

. A . T^r'' 
I A 

r. 
rw,t j  T^i°' 

4(0) 
(175) 

(176) 

Accordingly, it leads to 

f/, = 

P,, = 

Partitioning of the FEM system results in 

f 

T*" I ,  
+ • 

T'!"' 
^3 

Tf j 

> 

V '> J J  

f 
'2 

\ 

V . '3 J  

4(0) 

+ qf '2 

(177) 

(178) 
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®U, 
'Orrif 

®/./? « 
( ' ) rp/  

. R . 

= [Z]"'''"T + (1 - 0) "•'"'F + 0 '"F (179) 

Additional equations that ensure temperature continuity and energy balance 

along the interface between two BEM regions can be written as 

T. 

with 

T^°' 

A 
II

 T*r 
'• 1 

fri5, 

. ^ 3 .  
TS" 
. ^3 . 

u
 II

 T 

{- 6"" f }  (180) 

'3/, (181) 

Equation (180) can be added to the system of equations given by Equation (179), 

along with the substitution of Equations (177) and (178), as 

0 • it)rw>f 

0 (Orp/ 
A 

®RR 0 (Orp/ 
R 

0 
'3. T^r 

r. 

[Z]"-^"T (l-0)"-^"F 0<"F 
f -x 

0 

= . 
' + < > + • ' + • 0 

0 0 0 {«)pA 

(182) 

where 
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with 

(<)p _ 

I, 
+ ̂ 

sk p.,] 

^ ••''i 

lb. 

«)i 

lb'"' 

-M,qf 

} + -M,q^; 

-K^M,<'->q;^ 

-KM/'-'q;; 

(t-M)'t 

T^' I  
2 

,6:°* 

T^"" /, 

-^{-S,< -s<} 

(183) 

(184) 

(185) 

•• = [',, = <186) 

P = [P,, P,a] = M.r, (187) 

As observed in Equation (182), unknown interface temperatxires appear on the 

right-hand side. Collection of these unknowns on the left-hand side by 

modification of the coefficient matrix gives the final system of equations, 
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®v, ®',« i t ) r n f  

h  

®v, (Orp/ 

0 (Orp/ 
R  

0 T*!"' 
.  h  .  

< '  + "  

0 

(1 - 0)<'-^"F 

+0 

, (•)  '  

r , 
^ I rrii"' 

r^r"! 

T*!"' 

( 01  

0 

-M,qf 

-M,qf 

0 

0 

0 

( t ) p 6  

(188) 

0 

ensuring the temperature continuity and energy balance along the interfaces. 

The system of equations given above is solved for the unknown temperature field, 

giving all the interface temperatures (including the ones placed along the 

interface between two boundary element domains). These interface temperatures 

are then substituted back into the system of equations for each BEM region 

separately to solve for the BEM part of the problem. This procedure is repeated 

for each time step. 
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2.5.2 Thermo-mechanical Analysis 

Finite element-boundary element coupling formulation for thermo-mechanical 

analj'sis utilizes the commercially available software ANSYS for the finite 

element part. ANSYS program is used to extract the stifftiess matrix and the 

force vector corresponding to the part of the domain modeled by finite element 

method. A flow chart of the procedure used is given in Figure 18. "Super-

element" procedures used for this piu*pose where the details can be found in 

Kohnke (1999). Therefore, the formulations presented in the following sub

sections assume that the stiffness matrix and force vector for the FEM part are 

known. The coupling formulation is explained by considering two different 

configurations; first, a finite element region coupled with two boundary element 

regions and, second a finite element region coupled with four boundary element 

regions. The formulation can easily be extended to include more than four 

boundary element regions. 

In the coupling algorithm, the equations expressing nodal interface tractions in 

terms of nodal interface displacements from the BEM regions are derived first. 

These equations are integrated along the FEM-BEM interfaces and applied as 

traction boundary conditions along FEM interface boundaries, which will ensure 

the displacement continuity and traction equilibrium. Interface displacements 

between the two BEM domains are cidded to the system of equations by 
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enforcing the same conditions. Once the combined system of equations is finalized 

by collecting all of the unknowns on the left hand side, the solution for 

displacement field for the interfaces is obtained. Substituting the newly computed 

interface displacements back into the BEM systems of equations for each BEM 

region yields the solution for the BEM domains. 

c 
Discretization^ 

of BEM j 
sub-do^ain(s) J 

J 

Generate FEM 
sub-domain 
in ANSYS 

I 
Construct 
H u = G p 

I 
Express interface 
tractions in terms 

of interface 
V displacements T 

/^tegrate interfac^ 
tractions along 

interface element 
boundaries _ 

Identify' 
FEM-BEM 

interface nodes, 
define them as 

^ master dof y 

Create 
superelement 

^ Pie 
• 

^Read K and F^ 
from 

^uperelement file. 

I 
if 

BEM sub-domains 
more than one 

N 
Apply lumped^ 

forces( interface 
displacements 

'^Construct system^ 
of equations using 

BEM-BEM 
^interface conditions. 

CoUectunknow^ 
interface 

^ displacements J 

^fri 
Add equations 

jfrom BEM-BEM I 
Vinterface(s) J 

'Solve for rem.ainin^ 
displacements and L 
tractions in BEM^ 

region(s) 

«?or VF 
FE.M-BEM and 

BE.M-BEM interface 
displacements 

Figure 18. Flow chart of the finite element-boundary element coupling procedure 

for thermo-mechanical analysis. 
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2.5.2.1 Finite Element Region Coupled with Two Boundary Element Regions 

A tj-pical FEM-BEM coupled domain is given in Figure 19. For the domain 

sho%vTi in the figure, consisting of three sub-domains, Q , Q , and Q [referred 

to as BEM-1 (Qj ), BEM-2 ), and FEM (Q^) in Figure 19], the interfaces 

between regions BEM-1 and FEM, BEM-2 and FEM, and BEM-1 and BEM-2 are 

denoted by T., F, , and F, , resp>ectively. Along these interfaces, displacement 
'l '2 '3 

continuity and traction equilibrium are enforced as 

u^' = along r 
M 't 

u) = along F (189) 
/j ^ /j 

u*' = u/' along F, 
*1 »1 '1 

p) + P/ = 0 along F 
'1 

P/' + p{ =0 along F, (190) 

p) + p) = 0 along F 

where the subscripts and denote the quantities associated with 

interfaces F, , F , and F . and superscripts /,6, and 6, are used to differentiate I '2 '1 * *• 

the quantities belong to £2^ , and , respectively. 
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r,. 

Figure 19. A domain divided into a finite element, £1^, and two boundary 

element, £2^ and regions. 

Using the concepts given in Section 2.4.2.2, the tractions for the nodes along 

r, and r, 

/=/, j=i 
I. dp' 

i  = V2 

i(O) 
(191) 

;=i 

k=m^,... ,m^: i = l,2 

n ' \K 
hu 

^0) ^ \K 
\  1 hu' 

+ P. 
f. (192) 

where and and are the first and last nodes of the interfaces and 

, respectively. Equations (191) and (192) can be rewritten in matrix form as 
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K = 

/2 ^ 

f  r r . (0)1 \ f  U" 
4 »  — .  > 

"r 1 
v 1 ^ J  

+ p.; (0)  

uy 
'i  ^ 

ny 
( 0 )  1  >  

* •» 

(0) 
+ p;' (0) 

(193) 

(194) 

where the matrices and contain the derivatives of interface tractions with 

respect to interface displacements. 

The system of equations for the FEM domain is obtained using ANSYS, a 

commercially available finite element program. The system of equations includes 

terms corresponding to the interface nodes along F, and F, , in which well-

known static condensation procedure is used. The system of equations for the 

FEM domain is written as 

©u = F (195) 

which can be partitioned into sub-matrices according to their association with the 

interfaces as 

.. 
1 Kj (196) 

in which the terms on the right hand side include only the thermal loading. The 

imposition of the traction boundary conditions on the FEM domain boundary is 

achieved through the integration of traction components along the boundary and 

by applying the equivalent forces at the nodes. For this reason, boundary 



100 

tractions arising from tlie BEM domains are integrated using the following 

relation 

' i  * /I * 

F =MJ-p«)  =  M,  

r lu j .  

UJ. 
> + 

y + 

(0) 

U' 
. (0 )  

. ( 0 )  

(0) 

u« (0) 
p. (0) 

(197) 

with 

M, = I N"" N d r  (198) 

where are the transformation matrices. Additional equations that ensure 

displacement continuity and traction equilibrium along the interface between the 

two BEM regions can be written as 

"• 

'2 '2 

^3' 
U»i 

'1 

II 

'1 
UM ut."" 

• * 1 
(199) 

with 

T =rY IT  I Y  
^ L i ^ i 

(200) 

Equation (199) can be added to the system of equations given by Ekjuation (196) 

along with the substitution of Equations (197), as 
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0 

0 - ' + • M, 

0 \ 

M. 
U^t 
' J 

> + ' 

»:;J U" 

1 ^1 
xxy 

•';;j 1 

' J 1 

(0)  

(0) 

, ( 0 ) '  

2 

J O )  

I 

( 0 ) >  

pi: (0) 

p. (0) (201) 

As observed in Equation (201), unknown interface displacements appear on the 

right hand side. Defining 

q = [q, J q, ] = M,T, 

and collecting the unknowns on the left hand side of Equation (201) by modifying 

the stiffness matrix gives the final system of equations 

(202) 

®V, 

®v, •»', 

IT, 
^'3 

u. 

u. 

u. 
'3 , 

+ r r. I , (0) U»i 
- M p'/ 

(203) 

(-p.'°>-p..'0') 
h 'i 

while ensuring the displacement continuity and traction equilibrium along the 

interfaces. 
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The system of equations given above is solved for the unknown displacement 

field, giving all the interface displacements (including the ones placed along the 

interface between two boxmdary element domains). These interface displacements 

are then substituted back into the system of equations for each BEM region 

separately to solve for the BEM parts of the domain. 

2.5.2.2 Finite Element Region Coupled with Four Boimdary Element Regions 

A typical finite element region coupled with four boundary element regions is 

given in Figure 20. For the domain shown in the figure, consisting of five sub-

domains, and [referred to as BEM-1 ), BEM-2 (Qj^), 

BEM-3 (iij, ). BEM-4 (iij ), and FEM (i2^) in Figure 20], the interfaces between 

regions BEM-1 and FEM, BEM-2 and FEM, BEM-3 and FEM, BEM-4 and 

FEM, and BEM-1 and BEM-2, and BEM-3 and BEM-4 are denoted by 

r , r , r, , r, , r , and r , respectively. Along these interfaces, displacement 

continuity and traction equilibrium are enforced as 

along 

along r 
*2 

along r 

along r 
'4 

along r 

along r 
U 

(204) 
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p' = 0 along r-, 

p?: -Pi 
= 0 along 

p' = 0 along f. 

PI; 
= 0 along 

P!; = 0 along 

p;: -p': = 0 along 

where the subscripts 1^,1^,1^,1^,1^, axid /g denote the quantities associated with 

interfaces F . T, , T, .F, , F, . and F, and superscripts /, 6,, b . b and b are ' l  ' i  '% U U \  2 i  i  

used to differentiate the quantities belong to , and , 

respectively. 

Using the concepts given in Section 2.4.2.2, the tractions for the nodes along 

F , F , F and F 

"l ° S K ' "C) 3^ <"• ' = 1-2 (206) 
J=i \  

("I " "C <"'• ••••'".; ' = 1.2 (207) 
/=m, j=l 

• = •'2 (208) 

S K ' = 1.2 (209) 
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where and I , and m are the first and last nodes of the interfaces F, and 
'l 

. respectively. Equations (206)-(209) can be rewritten in matrix form as 

p;: = 
u . . -[-1 "/J 1 

> — «  

u« 

(0) 

(0) 

,(0) 

:(o, 

p;; (0 )  

<0) 

(210) 

(211) 

Figure 20. A domain divided into a finite element, , and four boundary 

element, Q . S2 S2 and Q. regions. 
 ̂ ''3 \ 
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/ 

Kl k'1 = T . '6 
• ^ • 3 

/ 

K = 

r 

* > — « 

N 

> 

V . 6 J 

+ p;' 
* t 

+ pj« 

(0) 

(0) 

(212) 

(213) 

where the matrices T^, Y^, and contain the derivatives of interface 

tractions with respect to interface displacements. 

The system of equations for the FEM domain is obtained using ANSYS. The 

system includes terms corresponding to the interface nodes along F , F, , F, 
'l '2 '3 

and F^ , in which well-known static condensation procedure is used. The system 

of equations for the FEM domain is written as 

0u = F (214) 

which can be partitioned into sub-matrices according to their association with the 

interfaces as 

®V.l 
u. Ff ' I ' l  

1 M K. 

(215) 

in which the terms on the right hand side include only the thermal loading. The 

imposition of the traction boundary conditions on the FEM domain boundary is 

achieved through the integration of traction components along the boundary and 
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by applying the equivalent forces at the nodes. For this reason, boundary 

tractions arising from the BEM domains are integrated using the following 

relation 

with 

F, =M^(-pM = M, 

F, = M.,(-p-) = M., 

F,^=M3(-p;3) = M3 

F, =M,(-pM = M, 

f U" "'/""I 

•it 

+ «  

UM'°' 
/ 

\ 

h  

Uf 
• + >  

, 's 

* 

J  

ru«<o> \ 

^3 
V 

u  
'  +  • 

/ 

( 
" 

l 
Am

 1 

UM 
> •  +  • 

J  

. ( 0 )  

*1 

(0) 

- p .  
(0) 

-p?  
(0) 

M, = I N'' N dT 

(216) 

(217) 

where are the transformation matrices. Additional equations that ensure 

displacement continuity and traction equihbriimi along the interfaces between the 

BEM regions can be written as 
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with 

*•> 

U" 

UJI 

'l 
U« 

'3 
U«3 

(0) 

= Y, S uv (0) 

(0) 

(_p.'0. _p.-) (0)^ 

(0) 

= r. (0) (0)^ 

u« (0) 

(218) 

1'5 = 

^S = 

r IT IT 

"Y* 1 ' "Y* 
(219) 

Equation (218) can be added to the system of equations given by Equation (215) 

along with the substitution of Ekjuations (219), as 
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0 0 

®v. 0 0 «£/* 

0 0 ^th 

0 0 * • = < * > 
Ff 

0 0 0 
'j 
0 

0 0 
®'3 

0 
'K. 0 

+ 

M, 

M, 

M. 

M, 

V 
(• 

\ 
f 

\ 
f 

"t [-1 
u« 

' r 
UM UM 

's 
• + < 

uj. U»t 

"/J 
• + • 

UM 

U'« 

U»J U'J 
U 

1 

j(0)p 

:™-
. y 

, (0 )1  ̂  

s 
, (0)  

I 

.(0) 

t 
.(0) 

( 0 ) 1  ̂  

(0) 

p. 

p.. 
* I 

p; 

p. 

. ( 0 )  

(0) 

(0) 

(0) 

(220) 

( _ p . ( 0 ) _ p , ( 0 ) )  

(_pj3<0)_p.<°)) 
'fi 

As observed in Ekjuation (220), unknown interface displacements appear on the 

right hand side. Defining 

y = [y,, = 

"[\ I\] = '^3T, 

(221) 
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and collecting the unknowns on the left hand side of Equation (220) by modifying 

the stiffness matrix gives the final system of equations 

0 

®v, 0 

®v. 0 

®v, ®v. 0 

'2 

0 0 \ 0 

0 0 0 

F" +r  
'2 

F f + q  

F f + y  

Ff +z 

(o)! 

u« (0) 
-M^p^ (0) 

u" (0) 

U»1 (0) 

(0) 

UM (0) 

(0) 
-

(0) 

|U« (0) 

I 
(0) - M3PJ3 

(0) 

(222) 

(-p..(0)_p.(0)) 
'S *1* 

(_p.3 _ pM ) 
' i  ' s  

while ensuring the displacement continuity and traction equilibrium along the 

interfaces. 

The system of equations given above is solved for the unknown displacement 

field, giving all the interface displacements (including the ones placed along the 

interface between two boundary element domains). These interface displacements 
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are then substituted back into the system of equations for each BEM region 

separately to solve for the BEM parts of the domain. 
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3. NUMERICAL RESULTS 

The validity of the methodology presented in Chapter 2 are demonstrated in this 

chapter. First, in order to estabUsh the fidelity of this technique, problems with 

known solutions are considered. Then, it is applied to common configxirations of 

electronic packaging. 

3.1 Validation 

In this section, problems with known solutions are considered to vaUdate the 

present method for the transient heat conduction and the thermo-mechanical 

analyses. 

3.1.1 Transient Heat Conduction Analysis 

In the validation of the present method concerning transient heat conduction 

analysis, three problems are considered. First problem is a one dimensional rod 

analyzed by using FEM coupled with two BEM regions. Time dependent 

temperature variation is compared to the analytical solution. The second 

validation problem is an axisymmetric composite medium consisting of two layers 

with different thermal properties. It is analyzed using five BEM regions. Results 

are compared to the exact solution. Finally, a domain involving three different 

materials is considered. It is first solved using three BEM regions only, then 

solved again analyzed by using FEM region coupled with two BEM regions. 

Comparisons of the results obtained by two analyses approjiches are presented. 
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3.1.1.1 Problem 1: One Dimensional Rod 

A one-dimensional rod of length as depicted in Figure 21 is considered in order 

to establish the accuracy of the finite element-boundary element coupled solution. 

The governing equation describing the problem is 

d^f df 
K r = PC-

dx dt 

subject to boundary conditions 

and the initial condition 

r(o, t)=o 

T{x,t) = 0 at x = 0, i>0 

T{x,t) = 1 at X = l^, t  > 0 

f{x.t) — 0 for t=0, 0 < X < /q 

T{1^. t)=l 

'o 

Figure 21. Geometry of a one-dimensional conducting rod. 

The analytical solution to this problem is given as 

n = l  

— 

f 2 ^ KnTV 
— 

f 2 ^ KnTV 
1 — exp I I sm-

nttx 

L 

(223) 

(224) 

(225) 

(226) 

(Carslaw and Jaeger 1959). 

The nimierical analysis employs a finite element region coupled with two 

boundary element regions as shown in Figure 22. The FEM part of the model 
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consists of 256 quadrilateral finite elements and 289 nodes, and both BEM 

regions have 32 linear boundary elements. Three different t v-alues are considered 

(i.e., t = 0.08, 0.2, and 1.0) along with the time step size Ai = 0.01. The results 

presented in Figure 23 exhibit that the FEM-BEM coupling algorithm with two 

BEM regions matches the analytical solution. 

I I i 

I I I 
M i l l  

" i i I I I 

I  I 

TT7 
BEM-2 region 
32 BEM nodes 

13 irTTrrriimHB ~t 9 inteftKe nodes with FEM I 

i l ! i |  M l  i ,  d  
I I ! I i I I I i !=Pf-

I 2s4^l^6Btk I I  I i 
!2e9rEM|r^^s 
Ml I I I  M M , I ; 

~T 9 intefface nodes with BEM-1 

i_L 

BEM-1 region • 
32 BEM nodes * 

9 intertace nodes with FEM * 
9 interface nodes with BEM-2 t 

Figure 22. Coupled FEM-BEM model of the 1-D conducting rod problem. 
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Distance, x/l 
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Figure 23. Comparison of temperature variations obtained by the coupled FEM-

BEM and the analytical solution for the one-dimensional conducting rod problem 

at times t  = 0.08, 0.2, and 1.0. 

3.1.1.2 Problem 2: Axisymmetric Composite Medium 

A two-layer solid cylinder is considered in order to validate the multi-region 

boundary element formulation. The geometry of the problem is illustrated in 

Figure 24. The cylinder contains an inner region, 0 < r < a . and an outer region, 

a < r < b, that are in perfect thermal contact; and are the thermal 

conductivities of the inner and outer regions, respectively. Initially, the inner 

region is at temperatiue 7j(r,0) = Fj(r), and the outer region is at temperature 

7^(r,0) = i^(r). Heat is dissipated by convection from the outer surface at r = 6 

into an environment at zero temperature for t > 0. The solution is governed by 
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r d r  

r d r  

d  T  

dt: 

a f ,  
= D C ^ 

^  d t  

= 9 ,c, 
d t  

in 0  <  r  <  a .  t  >  0  

in a  <  r  <  b .  t  >  0  

(227) 

(228) 

ar. 

Figure 24. Geometry of a two-layer cylinder with convective cooling. 

subject to boundary conditions 

' r 

'~jr~ 

and the initial conditions 

!rj(0, i) = finite 

f ^ ( a , t )  =  f / a , t )  

d f ( a , t )  d t ( a , t )  
K ,  = K, 

dr dr 

+  h  f j b , t )  =  0  

at r = 0, i > 0 

at r  =  a ,  t  >  0  

at r  =  a ,  t  >  0  

at r  =  b ,  t  >  0  

(229) 

— ^lir) for i = 0, 0 < r < a 

T . ^ ( r , t )  =  F . ^ { r )  f o r  t = 0 ,  a < r < b  
(230) 

The exact solution is given by 
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n=l 

a 

Pisj 
0 

+PA 

(231) 

ft ~ 

I = 1.2 (r')F^ (r') dr 

The explicit definitions of the parameters and variables can be found in Ozisik 

(1993). 

The parameters specifying the material properties and the geometry of the 

problem are taken as a = 1, 6 = 2, =1, = 10, Pj = 1, = 2, =1 and 

= 5. The irutial conditions are specified by the fimctions F^{r) = FJj') = 1, 

and the surface coefficient for convection is /i = 1. 

Using the present method, five BEM regions are introduced (Figure 25). Region 3 

has the material properties K^, and Cj, and the initial condition F^{r), whereas 

Regions 1, 2, 4, and 5 have the material properties K^, and c^, and the initial 

condition F^{r). 

The results from the analytical solution and those obtained from the BEM 

f ormulation are compared in Figure 26 at three different times, t (i.e., t = 0.1, 

0.5, and 1.0). The BEM results are obtained with a time step size of Ai = 0.01. 

It is observed that the temperature decreases gradually near the center of the 

inner region; the gradient becomes higher toward the interface. At the interface, 

the temperature gradient experiences a discontinuity caused by the mismatch in 
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thermal conductivities. Along the outer region, temperature continues to 

decrease, with a low gradient near the interface and a much higher gradient 

toward the convection surface. The analytical and BEM results are almost 

identical. The maximum error is less than 0.25%, with an average of 0.08%. 

In Table 4, the two-layer cylinder problem the exact solutions for the flux at the 

interface of the layers for various t values are compared to those obtained 

through BEM formulation. 

Figure 25. BEM model of the two-layer cylinder problem. 

Table 4. Comparison of temperature gradients from the exact solution and the 

BEM formulation. 

t  Exact BEM % Error 

0.1 -0.00582899 -0.00563167 -3.38524 

0.5 -0.05208123 -0.05207381 -0.01424 

1.0 -0.05653725 -0.05653956 0.00409 
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Exact (t=0.5) 

BEM (t=0.5) 
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Figure 26. Comparison of temperature variations obtained by the BEM and the 

analytical solution for the two-layer cylinder problem at times t = 0.1, 0.5, and 

1.0. 

3.1.1.3 Problem 3: Composite Wedge with Mixed Boundary Conditions 

In the third. validation problem, a wedge composed of three different materials is 

considered. The geometry of the problem is given in Figure 27 where Y 

designates the angle &om the horizontal surface of the cissembly. The wedge 

contains two inner regions and an outer region. Boundaries of these regions are: 

0 < r < 1 with 0<Y — 15, 0<r<l with 15 < y < 30, and 1 < r < 2 with 

0 < Y < 30 for Regions 1, 2, and 3, respectively. The boundary conditions for the 

problem are: 
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IntuMnn kiMlalion 
q - 0  

Figure 27. A wedge composed of three dissimilar materials. 

^3(2,7,0 = 1 

dy 

-K 

df^{r,Q,t) 

d T^r, 30, t) 

^ ay 

d  7^3 (r, 30,0 

ay 

at r  =  2 ,  0 < Y < 30, i > 0 

at y = 0, 0 < r < 1, i > 0 

= 0 at y = 0, 1 < r < 2, i > 0 (232) 

= h(f^ - 71) at y = 30, 0 < r < 1, i > 0 

= k(t - r„) at y = 30, 1 < r < 2, t>0 

Initially the entire domain is subjected to imiform zero temperature. The 

parameters specifying the material properties are taken as h = 1, 7^ = -1, Kj = 

10, Kj = 5, = 1, Pj = 1.25, = 2, P3 = 1, Cj = 4, = 2.5, and = 1. 

Because the analytical solution of this problem does not exist, it is first solved by 

using a BEM model that employs the formulation given in Section 2.4.1.2. Then, 

it is solved again by using the FEM-BEM coupling algorithm. The discretization 

used in the BEM and FEM-BEM coupled solutions are sketched in Figxire 28 and 

Figure 29, respectively. 
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The results obtained from these two modeling techniques are compared along 

three different lines in the geometry, namely, the convective heat loss surface, the 

mid-line, and the interface between inner and outer regions, as shown in Figiire 

27. Three different t values are considered (i.e., t = 0.1. 0.5. and 1.0) with M = 

0 . 0 1 .  F i g u r e  3 0  a n d  F i g u r e  3 1  s h o w  t h e  v a r i a t i o n  o f  t e m p e r a t u r e  w i t h  r  a l o n g  t h e  

convective heat loss surface and mid-line, respect iveh'. The variation of 

temperature with y along the interface between inner and outer regions is given 

in Figure 32. The results presented in these figures indicate that the solutions 

obtained by the BEM and FEM-BEM are in remarkable agreement. 

aEM-2 region 
2i nodes 

BEM-3 region 
36 nooes 

9 internal points 

BEM-1 region 
2< nooes 

Figure 28. BEM model of the wedge problem. 

FEM rego  ̂
80 elements 
99 nodes 

BEM-1 reg<3n 
24 nodes 

Figure 29. Coupled FEM-BEM model of the wedge problem. 
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Figure 30. Coupled FEM-BEM and BEM temperature variations along the 

convective heat-loss surface at times t = 0.1, 0.5, and 1.0. 

-0.40 

O BEM only (t=0.l) 

FEM-BEM couplcd (t=0.I) 

BEM only (t=0.5) 

FEM-BEM couplcd (t=0.5) 

BEM only (1=1.0) 

FEM-BEM couplcd (t=1.0) 

0.5 1 1.5 

Distance from origin, r 

Figure 31. Coupled FEM-BEM and BEM temperature variations along the mid

line at times t = 0.1, 0.5, and 1.0. 
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Figure 32. Coupled FEM-BEM and BEM temperature variations along the 

interface of the inner and outer regions at times t = 0.1, 0.5, and 1. 

3.1.2 Thermo-raechanical Stress Analysis 

In the validation of the present method concerning thermo-mechanical stress 

analysis, two validation problems are considered. First problem involves an 

infinite strip with a center crack. Stress variations along the crack line are 

computed and compared to the analytical solution. Its solution employed two 

BEM regions matched along the crack line. The second validation problem is an 

homogeneous rectangular plate subjected to simple tension and uniform 

temperature increase. It is analyzed using FEM region coupled with four BEM 
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regions. The stress and displacement fields are then compared to the exact 

solution. 

3.1.2.1 Problem 1: Infinite Strip with a Center Crack 

The capability of the comer algorithm and multi-region BEM for thermo-

mechanical problems are assessed by considering an infinite strip plate with a 

center crack. A schematic of the problem is given in Figure 33. The plate is 

infinitely long in x^'^^i^ection and has a width of 26 with a center crack of width 

2 a .  

The plate is subjected to uniform tension, , in -direction . As given by Tada 

(1973), stress intensity factor is defined by 

Kj =a^JnaF{a/b) (233) 

where 

F(a / 6) = ^sec^ (234) 

The normal stress in near the crack tip along the crack line (0 = 0) 

is related to the stress intensity factor as (Tada (1973)) 

= (235) 

with r being the distance from the crack tip along the crack line. This expression 

is valid only in the vicinity of the crack tip. In Equation (235), X represents the 
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strength of the singularity and is a function of material properties and local 

geometry. For this particular problem its value is ^ = —0.5 . 

Figure 33 Infinite strip plate with a center crack under uniaxial tension . 

Two BEM regions representing the upper and lower halves of the plate are 

coupled to obtain a numerical solution. The parameters specifying the material 

properties and geometry of the problem are taken as a = l, 6 = 3, /i = 5, ^ = 1, 
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V = 0.3 and = 1. Although the BEM representation of the plate has a finite 

height, h = 5, Isida (1971) showed that the plate can be regarded as an infinite 

strip when h / b > 3 as far as the effects on are concerned. The boundary 

conditions used in the ajialysis are written as 

u = u = 0 at Xj = 0 

Pi =P2 = 0 at 0 < Xj < a, X, = 0 

P i  = P 2  =  0 at 0< Xj < a, Xj = 0 

U = W 
1/ 1// at a < = 0 

u =u 
^ir 

at a < ^ ^2 
= 0 

Pi Pi = V/ 
0 at a < Xj < b,  x^ = 0 

P2 + P 2  =  ^t! 
0 at a < 2^1 ^ b, x^ = 0 

yi
 11 II 0 at x ^ = b  

II a. II 0 at X i = b  

^ = ^0 at x^ = h 

II 1 Q
 

0 at x^ = —h 

Multi-region BEM mesh used in the numerical analysis is presented in Figure 34. 

As in this figure, only right half of the plate is modeled by taking advantage of 

the symmetry. 

Each region is composed of 127 boundary elements and nodes with 36 interface 

nodes. The nodes with nvunbers specific in the figure correspond to the corner 

nodes where appropriate corner boundary conditions are enforced. In Figure 34 

two inserts are included to show the mesh density around the crack tip. 
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The compaxison of the results calculated by BEM and analytical expression for 

the normal stress along the crack line (x^ =0) are shown in Figure 35. 

The comparison presented in Figure 35 indicate a remarkable agreement between 

the BEM and the analytical solution near the crack tip. Away from the vicinity 

of the crack tip, (r/a> 0.05), analytical and BEM solutions start to diverge. 

This is because the asymptotic solution loses its validity outside the vicinity of 

the crack tip. Away from the crack tip, BEM solution converges to a uniform 

stress level as expected. Examination of the results in Figure 35 reveals that a 

plunge occurs at the element contiguous to the crack tip. The existence of such a 

plunge is also observed in p>otential theory when obtaining BEM solutions to 

problems with singularities governed by Laplace equations. Segond and Tafreshi 

(1998) encountered the same phenomenon in their 3-D contact stress analysis. 
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BEM 1 
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Crack tip 

88 103 

Figure 34 BEM mesh with two regions. 

Due to the singular behavior of stresses at the crack tip, regular interpolation 

functions used in BEM fail to accurately predict tractions at the element 

contiguous to the crack tip. This behavior is observed regardless of the mesh 

density around the crack tip. In order to obtain a better approximation at that 

particular element, Tan and Gao (1990) introduced quadratic, quarter-point 

crack tip element. 
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Figure 35 Normalized stress distribution E) along the crack line. 
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Figure 36 Power law curve fit of stress near the crack tip. 
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Stress distribution along the crack line near the crack tip excluding the first two 

nodes (0.002 <r/a < 0.02) is fitted to a curve using power regression as shown 

in Figure 36. As observed in this figure, strength of the singularity is 

approximated as = -0.49322, which differs fi-om the analytical value of 

k = -0.5 by 1.3%. 

3.1.2.2 Problem 2: Rectangular Plate imder Uniaxial Tension and Thermal Load 

Validation of coupled finite element-boundary element thermo-mechanical 

formulation is demonstrated by considering a rectangular plate subjected to 

different loading configurations: imiaxial uniform tension cind uniform 

temperature change. The problem has known analytical solutions for both of 

these loading conditions. The geometry and loading conditions as well as the 

boundary conditions are shown in Figure 37. The plate has a width of a and a 

height of 6 . 
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t T t T T 
Loading case 1 Loading case 2 

Figure 37 Rectangular plate with two loading cases. 

The first loading condition involves a unit tensile traction (= 1) applied at the 

top siirface of the plate, while constraining the vertical displacement of the 

bottom surface. Also, bottom-left comer of the plate is constrained in horizontal 

direction. Second boundary condition set involves no external mechanical load 

while applying a uniform unit temperature increase (AT = 1). Top, bottom and 

left surfaces of the domain are constrained in normal direction, while the right 

surface is free to displace. The parameters specifying the material properties and 

geometry of the problem are taken as a = l, 6=2, £^ = 1 and v = 0.3 . 

As shown in Figure 38, four BEM regions are coupled with an FEM region to 

obtain numerical solution of the problem under these two loading conditions. 



Although the plate is homogeneous, in order to validate the formulations 

presented in Section 2.5.2.2, the domain consists of a FEM region coupled with 

four BEM regions, each of which having the same set of material properties. 

BEM 2 
101 

BEM 1 

101 

FEM region 

BEM 4 
101 

BEM 3 

101 

Figtire 38 Discretization of the plate using FEM coupled with four BEM regions. 
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Each BEM region is composed of 150 boundary elements. All four of the BEM 

regions have 51 interface nodes along the boundary with the FEM region. In 

addition to the interface nodes between FEM and BEM regions, there are 51 

interface nodes in each of the interfaces between two adjacent BEM regions, i.e., 

between BEM 1 and BEM 2, and BEM 3 and BEM 4. The node numbering for 

the corner nodes are indicated in Figure 38. For the FEM region discretization 

and formulation, commercially available finite element analysis program ANSYS 

is used. In addition to the boundary conditions shown in Figure 37, interface 

conditions explained in Section 2.5.2.2 are enforced along FEM-BEM and BEM-

BEM interfaces. 

The analytical solution to the problem of uniaxial uniform tension loading (case 

1) is obtained as 

"2(^1'S) = ^2 

au(x,,ar^) = 0 (237) 

a.^,(x^,x.,) = a„ 

ajx^,x.^) = 0 

Comparison of the results for displacements and stresses are presented in Table 5 

and Table 6, respectively. In these tables, the first column represents the 

quantity under consideration; second and third colunms are the nimaerical values 

of the quantities obtained by FEM-BEM coupled and analytical solutions 

respectively. The fourth column is the percent difference between the second and 
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third columns. In the fourth colunm, "Not Applicable" (NA) comment indicates 

that the analytical solution is zero and that the comparison needs to be made on 

an absolute basis. 

Table 5 Comparison between coupled FEM-BEM and analytical displacements at 

selected nodes for uniaxial loading. 

Quantity FEM-BEM Analytical % difference 

101 
-0.3010 -0.3000 -0.33 

- /  1.2500 1.2500 0.00 

u \  
V/ -0.3013 -0.3000 -0.43 

U  
^// 

1.7500 1.7500 0.00 

*•// -0.2262 -0.2250 -0.53 

51 ^.*51 u ,  =  u  
- /  ^It 1.5000 1.5000 0.00 

u'"' = ul'' 
h h/ -0.3012 -0.3000 -0.40 

u'"' =  u!"' 1.5000 1.5000 0.00 

Examination of Table 5 and Table 6 indicates that a remarkable agreement 

between the FEM-BEM and the analytical solutions exists for the displacement 

field with error less than 0.6 %. Similar agreement is observed for the stress field 

except for the location at which the internal corner where two BEM regions form 
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a junction with the FEM region. At this node, corner boundar>" condition 

corresponding to case 1 (refer to Section 2.3.2) is used. In this case, both 

displacement components are specified at either side of the corner. Although the 

accuracj' is within the acceptable limits, it is clear that an additional error exists. 

Table 6 Comparison between coupled FEM-BEM and analytical stresses at 

selected nodes for uniaxial loading. 

Quantity FEM-BEM Analytical % difference 

1.651x10"' 0.0000 NA 

0.9988 1.0000 -0.12 

o  =  o  
r y ,  " i V „  -7.607 X10"^ 0.0000 NA 

1.611 xlQ-® 0.0000 NA 

1.0000 1.0000 0.00 

-9.485 X10"*" 0.0000 NA 

This error is arising firom the approximation used for the tangential strain 

component before and after the corner (constant strain throughout the element). 

Convergence study showed that this error vanishes with increjising mesh density. 

Considering the magnitude of the results, the stress components under 
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consideration are zero for all practical purpjoses and that the FEM-BEM coupled 

results are in acceptable agreement with the analytical solution. 

The analytical solution to the problem with thermal load is expressed as 

"2^,2:2) = 0 

= 0 (238) 

Table 7 Comparison between coupled FEM-BEM and analytical displacements at 

selected nodes for thermal load. 

Quantity FEM-BEM Analytical % difference 

1.3000 1.3000 0.00 

-4.335 X10-^ 0.0000 NA 

< 1.3000 1.3000 0.00 

< ^ri 1.040x10'^ 0.0000 NA 

h V/ 0.9751 0.9750 0.01 

.*)! 51 u, = u,  
^1 ^// 

-6.734 X 10"'' 0.0000 NA 

= < 
^11 1.3000 1.3000 0.00 

U™ = 
1.166x10"^ 0.0000 NA 
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Comparison of results for displacements and stresses are presented in Table 7 and 

Table 8 respectively. 

Table 8 Comparison between coupled FEM-BEM and analytical stresses at 

selected nodes for thermal loading. 

Quantity FEM-BEM Analytical % difference 

-1.594x10"^ 0.0000 NA 

-0.9986 -1.0000 0.14 

7.473x10"' 0.0000 NA 

-1.162x10"® 0.0000 NA 

-0.9999 -1.0000 0.01 

12, 12„ -1.209x10"'' 0.0000 NA 

Investigation of Table 7 and Table 8 reveals that solutions obtained by FEM-

BEM coupling and analytical formulations compare to each other the same way 

that was observed in the uniaxial uniform tension case. 

3.2 Demonstration 

The capability of the present approach is demonstrated by considering two 

practical problems from the electronic packaging field. As pointed out in the 

Introduction, thermal stresses are the primary cause of the failure of electronic 
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packages. It is therefore crucial to understand their thermo-mechanical behavior. 

For this purpose, two different commonly used package types are selected; ball 

grid array (BGA) and flip>-chip. In the following sub-sections first transient heat 

conduction within the packages are considered by coupled finite element-

boundary element formulation. The computed non-uniform temperature fields are 

then applied as thermal loading in order to determine the corresponding stress 

and displacement fields. 

3.2.1 Transient Heat Conduction Analysis 

3.2.1.1 Problem 1: Ball Grid Array Package 

This electronic package is composed of a silicon die, a silver-filled ep>oxy die 

interlayer (die-attach), a copper heat spreader, an epoxy encapsulant, a 

polyimide tape, a solder ball, a copper solder ball interlayer, and a FR4 

motherboard (refer to Figure 39.) The material properties are given in Table 9. 

The package is cooled fi-om a fabrication temperature o[ = 100 "C to an 

ambient temperature of 7^ = 20 . The symmetry line and the bottom surface 

of the motherboard are assumed to be insulated. The rest of the ft^ee surfaces are 

subjected to cooling with a film coefficient of h = 5 IV / • °K. Figure 40 shows 

the finite element-boundary element coupled discretization of the package. The 
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solder ball and the ball interlayer are modeled by BEM regions, and the rest of 

the geometry is modeled by conventional finite elements. 

The variations of the temp>erature field at 0.1 and 50 sec into the coohng process 

are illustrated in Figure 41 and Figure 42, respectively. In Figure 41a, 

temperature variations within the substrate (i.e., sections AA, BB. and CC) and 

along section DD (partially on the bottom surface of the tape and within the 

encapsulant) are shown. The temperature distributions along the bottom surface 

of the heat spreader and within the encapsiilant (i.e., section EE), along the 

bottom surface of the die, and within the encapsulant and the heat spreader (i.e., 

section FF), along the mid-line of the die and within the encapsuleint and the 

heat spreader (i.e., section GG) are shown in Figure 41b. Figure 41c, starting 

with section GG, also shows the temperature variations along the fines coinciding 

with the top surfaces of the die-attach and the heat spreader, sections HH and II, 

respectively. As observed in these figures, heat is conducted toward the 

convective heat loss surfaces, with higher gradients in mediimis with rather low 

thermal conductivities. An examination of Figure 42a, b, and c shows that some 

of the heat is conducted from the top part of the package, through the solder 

ball, to the motherboard. Moreover, after a close examination of Figure 42c and 

comparing it with Figure 41c, it may be concluded that the comparatively large 
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heat spreader is an effective way of taking the remaining heat from the core of 

the package. 

line of symmetry 
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Figure 39. BGA package. 
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Figure 40. The FEM-BEM couplied representation of the BGA package and the 

definitions of the cross-sections. 
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Figure 41. Temperature variation at t=0.1 sec for the BGA package. 
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Figure 42. Temperature variation at t=50 sec for the BGA package. 
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Table 9 Thermal material properties for the BGA package. 

K { W / m - ° K )  c { J / k g - " K )  Q{kg / dm^) 

Die 150 703 2.33 

Die-Attach 215 535 6.45 

Heat Spreader 396 384 8.94 

Encapsulant 1 300 2.45 

Tape 0.25 62 1.61 

Interlayer 204 287 14.10 

Solder Ball 36 737 11.20 

Motherboard 0.2 840 0.22 

The heat fluxes from solder ball to motherboard and from ball interlayer to tape 

at time t=0.1 sec are depicted in Figure 43 and Figure 44, respectively. Regions 

with geometric and material discontinuities cause severe heat flux singularities. 

3.2.1.2 Problem 2: Flip-Chip Package 

In the simulation of the cooUng phase of a flip-chip package shown in Figure 45, 

two different material systems are considered. The first system consists of a 

gallium arsenide die, eutectic solder die-attach, and an aluminum oxide substrate. 
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The second system involves a silicon die, an epoxy die-attach, and an aluminum 

nitride substrate. The material properties of these materials axe given in Table 

10. The parameters specifying the geometry of the device are 1^=1^= 1-05 mm, 

Z, = 12.7 mm. = 0.5 mm, — 0.05 mm, and /i, = 0.76 mm . The packages 

are cooled from a fabrication temperature of = 100° C to an ambient 

temperature of 7^ = 20°C . The cooling surfaces are: top and right side of the 

die, right side of the die-attach, and the free top and right side of the substrate. 

Film coefficient is taken as h = b W / vn} • "K for all of the coohng surfaces. The 

symmetry line and the bottom side of the substrate are assumed to be insulated. 

The finite element-boundary element coupled discretized model of the package is 

illustrated in Figiire 46. The regions where chip/die-attach and die-attach/ 

substrate interfaces meet the convective heat loss surface are modeled by BEM 

regions (refer to the insert in Figure 46) whereas the rest of the geometry is 

modeled by finite elements. 

The temperature field distributions at times 0.1 and 50 sec for both material 

systems are presented in Figure 47 and Figure 50. As observed from Figure 47b 

and Figure 49b, the temf>erature field along the substrate/die-attach interface 

exhibits oscillatory behavior in the vicinity of the edge of the die-attach. The 

heat flux along the top surface of the substrate experiences a sudden change at 

the same location, which causes oscillation in the temperature field. As shown in 
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Figure 49a and Figure 50a, the temperature for material system 2 along the raid-

line of the die-attach drops suddenly at the heat loss surface. In order to satisfy 

the convective heat loss condition along with a very low die-attach thermal 

conductivity, a high-temperature gradient is required. 

Table 10 Thermal material properties for the flip-chip package. 

K i W / m - ^ K )  c i J / k g - ^ K )  p { k g / d m ^ )  

Die Si 150 703 2.33 Die 

GaAs 46 350 5.32 

Adhesive Epoxy 1 300 2.45 Adhesive 

Solder 36 737 11.20 

Substrate AiPa 25 795 3.80 Substrate 

AIN 150 770 3.26 

Although the temperature drops toward the heat loss surfaces, it is rather 

uniform. On the other hand, the heat flux along the interfaces exhibits a singular 

behavior near the intersection of the convective heat-loss surface and the bond 

lines. Figure 51 shows the heat flux variation along the interface between the 

substrate and die-attach, and between the die-attach and chip near the 

convective heat-loss surface for the first configuration. The singularity is clear 

from the sudden increase of the heat flux along the substrate/die-attach interface. 
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In the case of a large mismatch of thermal properties, as illustrated in Figure 52, 

the heat flux along the die-attach/chip interface is positive and becomes negative 

near the convective heat-loss surface. The singular behavior occurs due to the 

mismatch in thermal conductivities while imposing uniform convective heat-loss 

conditions. The rapid change of heat flux from a positive to a negative value 

indicates heat conduction from the chip to the die-attach. This rapid change in 

temperature field takes place so that energy can be conducted into the heat-loss 

region near the surface while imposing convective heat-loss conditions and 

requiring temperatiu"e continuity across the bond lines. This results in a 

temperature gradient normal to the convective surface in the die-attach that is 

higher than that of the chip. 
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Figure 45. A typical die, die-attach, and substrate system. 
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Figure 46. The FEM-BEM coupled representation of the flip-chip package. 
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3.2.2 Therrao-mechanical Stress Analysis 

3.2.2.1 Problem 1: Ball Grid Array Package 

Geometry and the description of the package is given in Figure 39 and Section 

3.2.1.1, respectively. Elastic material properties are tabulated in Table 11. Along 

the symmetry Une, displacement in Xj -direction is constrained. Also, the package 

is constrained in -direction at the bottom of the package along the sjTnmetry 

line in order to prevent rigid body motion. 

Figure 53 shows the section of the model with finite element-boundary element 

coupled discretization. The solder ball and the interlayer are modeled by 

boundary element regions and the rest of the geometry is modeled by 

conventional finite elements utilizing the commercial FEA program, ANSYS. As 

indicated in this figure, there are 102 interface nodes between the finite element 

and boundary element regions. Once the FEM part of the domain is generated, 

static condensation procedure is used within ANSYS. Corresponding to the 

interfax^e nodes, stiffness matrix and load vector are extracted with the use of 

Fortran codes that utiUze ANSYS generated binary files. In addition to the FEM-

BEM interface nodes, there are 41 interface nodes along BEM 1-BEM 2 interface. 
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BEM 2 

BEM 1 

Figure 53. The FEM-BEM coupled representation of the package with BGA 

technology and the definitions of the cross-sections. 

The variations of shear and normal stresses along solder ball/copper pad interface 

at 0.1 and 50 sec into the cooling process are illustrated in Figure 54 through 

Figure 57. Shear stress variation at i = 0.1 sec (Figure 54) shows positive values 

along the entire interface exhibiting symmetry with respect to the vertical 

midline of the ball. This is because the local thermal deformations are not in 

effect and that the horizontal translation and rotation of the interface while 
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keeping its straight shai>e dominate the stress field at this stage in the process. 

Similar behavior is observed in normal stress variation in -direction. At < = 0.1 

sec (Figure 55), exhibits anti-symmetry with respect to the vertical midline 

of the ball, suggesting a rotation of the interface in counter-clockwise direction 

while preserving its original straight geometry. This is verified by examining the 

displacement field. In both stress components, drastic increases in magnitude are 

observed with increased time. At i = 50 sec, positive values near the outer 

(right) and negative values near the inner (left) side of the ball are encountered 

(Figure 56). As for the normal stresses, tension zone expanded towards the inner 

side of the ball/pad interface (Figure 57). This shows that the effect of coefficient 

of thermal expansion mismatch becomes more pronounced with increasing time. 

In these figiu-es, the stresses at edges of the interface where it meets the traction 

free surfaces singular behavior are observed. Note that, a plimge in the stress 

behavior at the edges of the interface occurs. As discussed in Section 3.1.2.1, this 

phenomenon indicates the existence singular behavior and it is a well known 

effect in BEM formulation. 
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Table 11 Elastic material properties for the BGA package 

E{GPa) V a {ppm) 

Die 163 0.278 2.6 

Die-Attach 4.0 0.30 27.0 

Heat-S preader 129.0 0.344 14.27 

Encapsulant 3.8 0.34 28.3 

Tape 2.7 0.44 34.0 

Interlayer 129.0 0.344 14.27 

Solder Ball 31.0 0.40 24.5 

Motherboard 22.0 0.39 18.0 

3.2.2.2 Problem 2: Flip-Chip Package 

Second demonstration problem for thermo-mechanical coupled finite elemen-

boundary element formulation is the flip-chip package. Solution is obtained for 

the two material systems as discussed in Section 3.2.1.2. Geometry of the package 

is illustrated in Figvure 45. Elastic material properties are given in Table 12 for 

both material systems. 
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Figure 58 Discretization of the package using FEM coupled with four BEM 

regions. 
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Table 12 Elastic material properties for the flip-chip package for both 

configurations 

EiGPa) V a (ppm) 

Die Si 163.0 0.278 2.6 Die 

GaAs 84.0 0.31 6.0 

Adhesive Epoxy 3.8 0.34 28.3 Adhesive 

Solder 31.0 0.40 24.5 

Substrate AIP3 370.0 0.22 7.0 Substrate 

AIN 345.0 0.30 4.0 

Stress and displacement fields arising from the cooling phase of the package are 

computed. Section of the finite element-boimdary element coupled discretization 

of the package where BEM regions are located is given in Figure 58. Nodes along 

the symmetry line are constrained in -direction. In order to prevent rigid body 

motion, bottom left corner of the package is constrained in -direction. All other 

surfaces axe assumed to be traction free. Temperature field solutions at times 

i = 0.1 and f = 50 sec are taken from the finite element-boundary element 

coupled transient heat conduction analysis. 

The regions where chip/die-attach and die-attach/substrate interfaces meet the 

traction free surfaces are modeled by BEM regions whereas the rest of the 
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geometry is modeled by FEM. Finite element part of the analysis is performed 

using ANSYS as explained in the previous sub-section. 

The stress field distributions along chip/die-attach and die-attach/substrate 

interfaces near the traction free siu-faces at times i = 0.1 and t = 50 sec for both 

material systems are presented in Figure 59-Figure 66. The magnitudes of stress 

components increase with increasing time while retaining similar behavior. 

Along both interfaces, in both material systems, for all times considered is 

compressive away from the traction free jxmctions. In both material systems, die-

attach has considerably higher coefficient of thermal expansion than that of the 

die and the substrate causing compressive stresses normal to the interfaces. It 

becomes tensile as approaching the traction free surfaces. This singular behavior 

is attributed to the mismatch in elastic material properties while imposing 

displacement continuity and traction free conditions. 

Similar singular behavior is observed in shear stresses along material interfaces, 

this time with no sign changes. Shear stresses are always positive along die-die-

attach interfaces and negative along die-attach/substrate interfaces which is the 

expected behavior considering the mismatch in coefficients of thermal expansion 

in conjunction with condition that the package cools down. 

As pointed out in earlier sub-sections, a plunge is observed in the numerical 

results at nodes adjacent to the node at the jimction end of the interfaces. In all 
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of these figures, both stress components show this type of behavior. This 

phenomenon indicates the existence of stress singularities around those junctions, 

making them prone to crack initiations. 
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Figure 59. Normal in -direction and shear stress variations at t = 0.1 sec along 

GaAs-PbSn interface for a GaAs-PbSn -AljO, material system. 
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Figure 60. Normal in -direction and shear stress variations at t = 0.1 sec along 

PbSn -AI2O3 interface for a GaAs-PbSn -AljO, material system. 
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Figure 61. Normal in -direction and shear stress variations at t = 50 sec along 

GaAs-PbSn interface for a GaAs-PbSn -AI3O, material system. 
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Figure 62. Normal in -direction and shear stress variations at t = 50 sec along 

PbSn -AljO, interface for a GaAs-PbSn -AI2O3 material system. 
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Fignre 63. Norma! in -direction and shear stress variations at t = 0.1 sec along 

Silicon-Epoxy interface for a Silicon-Epoxy-AIN material system. 
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Figure 64. Normal in -direction and shear stress variations at t = 0.1 sec along 

Epoxy-AIN interface for a Silicon-Epoxy-AIN material system. 
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Figure 65. Normal in -direction and shear stress variations at t = 50 sec along 

Silicon-Epoxy interface for a Silicon-Epoxy-AlN material system. 
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Figure 66. Normal in -direction and shear stress variations at t = 50 sec along 

Epoxy-AIN interface for a Silicon-Epoxy-AIN material system. 
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4. SUMMARY AND CONCLUSIONS 

In this dissertation, a coupled finite element-boundary element analysis method is 

developed for the solution of transient two dimensional heat conduction and 

thermo-elastic deformation involving dissimileir materials and geometric 

discontinuites. Along the interfaces between different material regions of the 

domain, temperature continuity and energy balance in the transient heat 

conduction analysis and the continuity of displacement and traction components 

in the thermo-elastic analysis axe enforced directly. In both analyses, the 

presence of material and geometric discontinuities are included in the formulation 

explicitly. 

A special algorithm is implemented in the BEM to treat the existence of corners 

of arbitrary angles along the boundary of the domain. This algorithm accovmts 

for the discontinuous behavior of the outward normed vector and allows for the 

computation of boundary quantities before and after the comer point. For the 

transient heat conduction analysis, all possible combinations of the three type of 

boundary conditions, i.e., specified temperature, flux and convective heat loss, axe 

implemented in the algorithm. Implementation in thermo-mechanical analysis 

included all possible combinations of displacement and traction components in 

and directions. The algorithm is suitable for both geometrical corners and 

mixed boundary value conditions. It captures the singular behavior of the flux 
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and stress fields accurately. In the case of stress singularity, its validity is 

demonstrated by considering an infinite plate with a center crack under uniaxial 

tension. The strength of singularity is calculated numerically by fitting a power 

law curve to the normal stress along the creick line and compared to the well-

known analytical solution. Results are in favorable agreement with an error less 

than 1.4%. This corner algorithm is vital to the accurate calculation of interface 

quantities. 

In order to enhance the robustness of the coupling between FEM and BEM, first 

a boundary element method analysis of the domain with dissimilar material 

regions is developed using a sp>ecial matching procedure in which the appropriate 

interface conditions across the interfaces between dissimilar material regions are 

enforced through exact expressions. 

In this procedure, the unknown interface fluxes are expressed in terras of 

unknown interface temperatures by utilizing boundary element method for each 

material region of the domain. Use of energy balance and temperature continuity 

conditions leads to a final system of equations containing unknown interface 

temperatures only. With the solution of interface temperatures, each egion has a 

complete set of boundary' conditions thus, leading to the solution of the 

remaining unknown boundary quantities. Similar approach is used for the 

thermo-mechEmical analysis by considering displacements and tractions in place 
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of temperatures and fluxes. In order to validate multi-region BEM formulation, 

various benchmark problems are solved and the results axe compared against 

analytical solutions for both transient heat conduction and thermo-mechanical 

problems. 

The concepts developed for the BEM formulation of a domain with dissimilar 

regions is employed in the finite element-boimdary element coupling procedure. 

Along the common boundaries of FEM-BEM regions, fluxes from specific BEM 

regions are expressed in terms of common boundary (interface) temperatures, 

then integrated and lumped at the nodal points of the common FEM-BEM 

boundary so that they are treated as boundary conditions in the analysis of FEM 

regions along the common FEM-BEM boundary. Similar procedure is adopted for 

thermo-mechanical analysis in which traction components from BEM regions are 

expressed in terms of the common FEM-BEM boundary displacements, then 

integrated and lumped at the nodal points so that they are treated as nodal loads 

along the FEM-BEM common boundaries. 

The capability of the coupled FEM-BEM formulation is established by 

considering various benchmark problems. Results obtained from the present 

study compare favorably with the analytical solutions of the benchmark 

problems. The present formulation successfully combines the efficiency of FEM 

and the accuracy of BEM. The resulting algorithm provides a robust method for 



170 

the solution of time-dependent heat conduction and thermo-mechanicaJ problems 

involving dissimilar materials, and therefore is a valuable tool for the thermo-

mechanical analysis of electronic packages. 

Also, the transient thermal response of two different electronic package 

configurations were analyzed when subjected to convective cooling by the use of 

the FEM-BEM coupling algorithm. The temperature vziriations for initial and 

intermediate stages of cooling are illustrated for all the cases considered. In 

addition, the heat flux around thermally critical regions were evaluated and 

presented. The combination of material and geometric discontinuities caused the 

heat flux to exhibit a singular behavior aroimd these regions. Once the complete 

thermal solution was obtained, results were used as the non-imiform temperature 

field for the subsequent thermo-mechanical analysis in order to compute 

corresponding stress field. The changes in the stress field is significant as the 

cooling takes place, and this may affect the life prediction of packages. 

It is observed that not only the magnitude but also the behavior of thermal 

stresses change between early and intermediate times in the cooling process. This 

is more significant when there is an air gap between the components and the 

motherboard, as observed in the BGA package. In this case, shear stress along 

the interface between the solder joint and the copper pad initially acts in positive 

direction along the entire interface, then exhibits the anti-symmetric behavior. 
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This is because the local thermal deformations are not in effect and that the 

horizontal translation and rotation of the interface while keeping its straight 

shape dominates the stress field at early times. At later times, local thermal 

deformations take effect. 
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