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ABSTRACT 

Costs associated with well field design are minimized with 

respect to the well density-capacity combination chosen to meet ground

water demand. The method does not take into account either water bene

fits or transmission lines for water and power. It does take into 

account lateral variations in aquifer permeability. All of the wells are 

equally spaced in a grid pattern and have the same design. Costs associ

ated with each well are divided by the ground surface area of the aquifer 

cell that contributes groundwater to the well. The resulting cost is 

averaged over all wells in the field. The average cost per unit area 

provides a basis for comparing well field costs produced by different 

well density-capacity combinations. 

Costs are due to (1) well construction, pump equipment and 

replacement of worn-out parts; (2) pumping energy consumption; and (3) 

maintenance. Maintenance costs due to supervisory personnel and well 

reconditioning are neglected because data are lacking. Well construction 

and replacement costs are amortized to equal annual payments over the 

estimated lifetime of each component. Pumping energy costs depend on 

pumping schedules. If a well density-capacity combination results in 

well failure for some cells before the end of a pumping schedule, a 

penalty cost equal to the value of the water deficit is added to the 

pumping cost. 
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xi 

A particular category of aquifer conditions was chosen to illus

trate the method. The aquifer is unconfined and, with the exception of 

permeability, is uniform laterally. Groundwater mining occurs during the 

annual pumping season. An annual wet season fully recharges the aquifer 

between pumping seasons. 

The method is developed in two parts. In the first part, it is 

defined and illustrated using the assumption of a homogeneous aquifer. 

In addition, all wells are required to operate simultaneously at equal 

discharge rates. Under these conditions, each well is surrounded by a 

no-flow boundary in the aquifer. These boundaries form aquifer cells 

which are all of equal size. 

In the second part, the influence of non-uniform permeability is 

examined. The permeability within each cell is assumed to be homogeneous, 

but different cells can have different permeabilities. The frequency 

distribution of permeabilities in the aquifer is defined by a probability 

density function (pdf). The sample population of cell permeabilities, 

realized after well construction, is assumed to have the same frequency 

distribution as the parent pdf, regardless of well spacing and number of 

wells. 

Examined are inter-cell flow effects due to (1) possible distri

butions of heterogeneous permeability, and (2) non-simultaneous pumping. 

Fbr the length of pumping season and aquifer conditions assumed in the 

illustrative example, inter-cell flow effects were found to be negligible. 

The maximum duration of non-simultaneous pumping period, such that inter-

cell flow effects are negligible, can be calculated. 



xii 

The design method can be used to estimate profit that might be 

foregone due to proceeding with construction under uncertainty with 

respect to the predicted frequencies of cell permeabilities. This oppor

tunity loss was estimated quantitatively in subsequent work, using 

Bayesian decision theory. 

The method defined in the illustrative example is considered to 

be applicable to aquifer and climatic conditions such as those found in 

Bangladesh. There, the delta of the Ganges and Brahmaputra Rivers forms 

an extensive, flat-lying, and unconfined aquifer. Mich rain falls in the 

summer, while the winters may be too dry for growing crops. 



CHAPTER 1 

INTRODUCTION 

Groundwater consumption for human use has increased steadily 

through history but the increase was most rapid after 1900 as a result of 

(1) increased demands resulting from expansion of irrigation and 

industry, and rising standards of living; (2) improvement of pumps; 

(3) improvements in construction and finishing of wells; and (4) reduc

tion in cost of power from electricity, gas and oil (Encyclopedia 

Britannica, 1967). Development of, and demand for, high production rate 

wells added to the problems of tvell interference and aquifer depletion, 

with resulting risk of waste in well construction investment and of 

unnecessary pumping lift costs. Continued development of techniques for 

more efficient groundwater production requires research in the following 

three general areas: (1) groundwater flow behavior, (2) groundwater 

resource evaluation, and (3) methods for choosing well locations and 

capacities. 

This study is directed to the problem of choosing locations and 

capacities of wells in well field design. The objective is to minimize 

construction, replacement, and pumping costs subject to meeting ground

water demand and subject to limitations imposed by aquifer properties. 

The influence on well field design, of benefits from groundwater produced, 

is excluded from the scope of this study. The influence of complex pipe 
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networks for distributing pumped groundwater to points of use is also 

excluded from the scope of this study. 

Previous Work 

The usual method of well field design involves assessing 

available geologic and hydrologic information, followed by aquifer 

testing and predicting aquifer response, before selecting proposed loca

tions and capacities for new production wells. Even after a new produc

tion well has been constructed, its maximum production rate cannot be 

reliably estimated without running a pump test in the well. This is due 

mainly to the variability and uncertainty of aquifer transmissivity in 

space. Consequently, well locations and capacities selected before 

aquifer testing are generally considered to be of little value in the 

practical business of constructing wells. However, aquifer response 

models can be useful for indicating the general spatial relationships 

that should exist among wells of given production rates and under assumed 

aquifer conditions in order to achieve efficient and effective 

groundwater extraction. 

Theis (1957) and later, Hantush (1961), combined well pumping 

costs with connecting transmission line costs. Theis (1957) derived an 

equation for estimating the cost-minimizing spacing between too pumping 

wells of given production rate and connected by a pipeline. With assumed 

homogeneous aquifer properties, as the wells are spaced farther apart, 

pumping cost due to well interference in the aquifer decreases, while 

pipeline cost increases. Using the modified non-equilibrium formula of 

Cooper and Jacob (1946) for aquifer response prediction, the first 
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derivative, with respect to spacing of the sum of these two costs, was 

equated to zero, to yield an expression for cost-minimizing spacing 

between the two wells. No constraints were expressed in the formulation 

of the expression. 

Hantush (1961) extended the method initiated by Theis (1957). He 

derived cost-minimizing well spacing formulations not only for the non-

leaky aquifer (Theis, 1935), but also for the leaky aquifer (Hantush, 

1956), the non-uniform thickness aquifer (Hantush, 1962a) and the 

unconfined aquifer having sloping base (Hantush, 1962b). With confined 

aquifers, the amount of dewatering must not be great enough to cause 

significant change in transmissivity. He used time averaged drawdown 

over the pumping period in the cases of the first two aquifer models. 

The solution formulations can be applied to any specified small number of 

wells with specified discharge rates, specified connecting water and 

power transmission line geometry and specified sizes of pipe in each 

pipeline. (Geometry here refers to geometric figure shape, independent 

of spacing scale.) An example is solved for three wells at apices of a 

triangle. All of these spacing formulae assume homogeneous distributions 

of aquifer properties. 

Rushton (1974) provided a method for estimating the relationship 

among (1) the volume of water that can be removed from storage in an 

aquifer during a given time period, (2) the transmissivity and storage 

properties of an aquifer with assumed homogeneous distribution of 

properties and extensive lateral area, and (3) the combination of dis

charge rates and spacing of wells located according to a uniform, square 
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grid. The aquifer response model consists of an impermeably bounded 

cylinder of aquifer having a well concentric with the axis of the 

cylinder. Hie model represents a single well from the well field grid, 

surrounded by its square cell of aquifer. 

Deininger (1970) considered optimization of well capacities for 

specified well locations and no connecting pipelines. The aquifer 

response model is given by the Theis equation (Theis, 1935), which 

requires the assumption of a homogeneous distribution of aquifer 

properties. Of two solutions given by Deininger (1970), one maximizes 

well field production using a linear programming model; the other 

minimizes pumping energy cost using a quadratic programming model. The 

linear program employs the linear relationship that exists between well 

discharge rate from any point in the aquifer and drawdown at any point in 

the aquifer, according to the Theis equation. The drawdown in any well 

in the aquifer is a linear function of the discharge rates of all the 

wells in the field. Hie linear program chooses a combination of well 

discharge rates that maximizes production from the well field subject to 

the maximum drawdown constraint at each well and at specified points 

around the well field boundary. The quadratic program also employs this 

linear relationship between well discharge rates and aquifer drawdown. 

The pumping cost at any well is assumed to be proportional to the pumping 

rate at the well multiplied by the pumping lift. Consequently, pumping 

cost for the well field is a quadratic function of the pumping rates of 

all wells in the field, and can be minimized by using a quadratic program. 
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Maddock (1972) has further developed this concept of optimizing 

well field production with respect to mutual interference among the wells. 

An "algebraic technologic function" is derived which predicts drawdown at 

any well and at specified points in time as a linear function of the 

pumping rates at all of the wells in the aquifer. The function is 

derived for an aquifer model having finite boundaries, and heterogeneous 

transmissivity and storage coefficients. Assuming that the water cost 

per season at a well is directly proportional to the product of the 

quantity of water pumped from the well during the season and the drawdown 

incurred at the well, a quadratic program is formulated to minimize the 

production cost of groundwater from all of the wells. The constraints 

are that water demand must be met and the upper limit to the pumping 

capacity of each well may not be exceeded. In a later paper (Maddock, 

1974), a nonlinear technologic function is derived for unconfined 

aquifers, that is, aquifers whose transmissivities vary with drawdown. 

The associated program for minimizing groundwater production costs is 

quadratic, cubic or of higher order, depending on the degree of accuracy 

desired in the calculations. 

Pipelines and networks for distributing pumped groundwater to 

points of use, are a major factor in well field design. Their construc

tion cost is high and proportional to pipeline length. From a review of 

developments in pipeline design (Raman, 1970; Kally, 1969 and 1971; 

Liang, 1971; and Deb and Sarkar, 1971), it is evident that the methods 

described for designing of complex pipe networks require predesignation 

of both locations of water entry points and rates of entry at each entry 
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point. Thus, minimizing costs in well field design in conjunction with 

the influence of complex pipe networks would require a search approach 

involving evaluation of trial designs. 

The many references on aquifer response providing background 

material for a study such as this are too numerous to mention here. The 

interested reader is referred to the following selected references. 

Analytic response models are presented by Muskat (1946), Hantush (1964) 

and Witherspoon and others (1967). Numeric response models are presented 

by Freeze (1969), Neuman and Witherspoon (1971) and Prickett and 

Lonnquist (1971). Selected references on individual well design and 

construction methods are Johnson, Inc. (1966), Walton (1970) and Ahrens 

(1970). Nelson and Busch (1967) give well costs for pumping irrigation 

water in central Arizona. 

State of the Art 

The state of the art in detailed well field design formulations 

may be briefly summarized as follows. Hantush (1961) provided equations 

for minimizing pumping costs plus transmission line construction costs 

with respect to well spacing. Use of the equations requires specifica

tion of well discharge rates, geometry of well locations and a pipe size 

for each pipeline connecting wells to the destination point. The aqui

fers are assumed to be homogeneous. Maddock (1972, 1974) provided a 

method for minimizing well field pumping costs from wells subject to 

meeting water demand and not exceeding the tipper limit to the pumping 

capacity for each cell. The method allows use of distributed parameter 

models and consequently can incorporate aquifer heterogeneity. In both 
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of the above methods, either pumping rates are specified or well loca

tions are specified before minimization. 

Rushton (1974) gave a procedure for estimating a suitable combi

nation of spacing and sizes of wells in a square grid well field, in 

order to mine a given volume of groundwater over a given time period. In 

this method, both the well locations and pumping rates vary in the cost 

minimization. No costs are included in the method. 

Deficiencies in the State of the Art 

Two deficiencies in the state of the art may be observed. First, 

for the problem of designing a large number of wells having the same 

design capacity and located in a unifom grid, so that a given quantity 

of water can be produced in a given time period, no method has been 

formulated for estimating variation of costs as a function of the number 

and capacity of wells to be installed. With larger wells spaced farther 

apart, there is more risk of exceeding maximum available drawdown with 

consequent reduction in water supply rate. Second, there is need to 

estimate the consequences of uncertainty in the distribution of hydraulic 

properties of real aquifers in terms of the resulting cost penalties of 

bad guesses. The consequences estimated for the various possible out

comes will assist the well field designer in deciding whether or not to 

obtain more information about the true distribution of properties in the 

aquifer. Good or bad luck in the chance selection of a well location 

having a higher or lower transmissivity, or available drawdown, may 

eclipse economies expected from well field designs of estimated minimum 



cost, that were based on assumed uniform distribution of aquifer 

properties. 

Objectives and Assumptions of Study 

In response to the two deficiencies of the state of the art, a 

particular form of well field design is assumed, in which the wells are 

located on a uniform grid pattern of points, and all of the wells are of 

identical design. It is assumed, in addition, that probability density 

functions (pdf's) are available for describing the uncertainty in aquifer 

heterogeneity at the well locations. The objectives of this study are 

the following: 

1. To develop a method for comparing uniform grid well field costs 

for alternative, well density-capacity combinations required to 

meet a given groundwater demand. 

2. To include in the method an estimate of the influence which 

uncertainty in the lateral variations of aquifer permeability has 

on uniform grid well field costs. 

The following assumptions and provisions are general to the over

all well density-capacity analysis method of this study. Predicted bene

fits from groundwater may influence well field design. The effects of 

these benefits are excluded from the scope of this study. The effect of 

water and power transmission lines are excluded from the analysis beyond 

specifying a well pump outlet pressure common to all wells. Also 

excluded are maintenance costs due to well supervision and to well 

reconditioning over and above capital costs for replacement of worn-out 
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parts. It is further assumed that the economic loss due to a cutback in 

production, resulting from reaching maximum drawdown constraint, is 

directly proportional to the water volume deficiency below design, demand. 

The stochastic nature of aquifer recharge is approximated by cyclical 

patterns of rectangular shape. 

Other assumptions apply to portions of the analysis and are 

defined as needed. The aquifer response models employed in the analysis 

require some idealistic assumptions. Limitations arising from these 

assumptions are later, in part, overcome by applying the model to condi

tions bounding reality in order to obtain a realistic range of possible 

results. 

Nomenclature 

All symbols are defined where they first appear in the text and 

again in Nomenclature. Symbol quantity dimensions are [M] for mass, [L] 

for length, and [T] for time. Square brackets are used only to enclose 

dimension symbols. Rectangular coordinates (Standard Mathematical 

Tables, 1970, p. 369) define points in space using coordinates x [L], 

y [L] and z [L], where z is measured positive upwards and where, if the 

x-axis points east, then the y-axis points north. Cylindrical coordi

nates (Standard Mathematical Tables, 1970, p. 369) define points in space 

concerning groundwater flow with respect to a well. Thus, r [L] is 

horizontal distance from vertical axis of a well, 0 [L/L] is radian angle 

measured counter-clockwise from a plane through vertical axis, and z [L] 

is vertical distance above the horizontal datum plane. The t [T] coordi

nate signifies an instant in time. When it is desired to emphasize that 



a symbol quantity is a function of space and/or time, these coordinates 

are enclosed in round brackets and follow immediately after the symbol. 

At other times, when the meaning is clear from context, space-time 

coordinates as well as dimensions are dropped from function symbols. 

Thus, for example, either fo(r,6,z,t) [L] or simply h; both represent the 

value of piezometric head in length units at the general point (r,0,z,t) 

in space and time. Brackets of the form { } designate hierarchy of 

arithmetic operations. Adjacent symbols are always multiplied, while 

slash, /, denotes division. Multiplication always precedes division. 

Definitions 

Piezometric head at any point in the aquifer is defined as the 

sum of elevation head, z [L], equal to the distance above some datum 

2 
elevation, plus pressure head, {p(x,y,z,t) - Pgl/pg [L], where p [M/LT ] 

is absolute pressure, Pg is atmospheric pressure, p [M/L ] is density of 

2 water and g [L/T ] is acceleration due to gravity. More briefly, 

k = z + {p - pQ}/pg. 

Viewing an aquifer as a system, the state of the system may be 

defined as the distribution of piezometric head within the aquifer. Hie 

inputs and outputs to the system are, respectively, aquifer recharge and 

discharge. Natural recharge and discharge depend in part on the state of 

the system, while artificial recharge and discharge are controlled by 

man. 

Aquifer response refers to changes in state of piezometric head 

within the aquifer. Aquifer response models are used to predict changes 

in state for given changes in inputs and outputs of the aquifer system. 
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These models incorporate best known and estimated values of physical 

properties of the aquifer. 

The physical properties are permeability, specific storage and 

specific yield. The term "field permeability" is used here to indi

cate the aquifer permeability as seen by a well, that is, the aquifer 

transmissivity divided by the saturated thickness of the aquifer. 

This study defines a well field design as a well density-capacity 

combination for wells located in a two-dimensional grid or a one-

dimensional line. The basic decision variables in well field design are 

locations and capacities of wells. Locations and capacities of wells are 

chosen by the well field designer from a range of feasible pumping 

patterns that he considers to be satisfactory in relation to the water 

demand. 

Well pumping patterns are patterns in space, quantity and time, 

as indicated by well locations and pumping quantity schedules for each 

well. Positive pumping refers to well recharge while negative pumping 

refers to well discharge. Feasibility of a pumping pattern depends on 

aquifer response to it. Future aquifer response to any proposed pumping 

pattern depends on the aquifer's physical properties, the present distri

bution of head in the aquifer, as well as on the future space-time 

configuration of other recharge-discharge inputs and outputs not included 

in the pumping pattern. 

In Chapter 2, the well density-capacity analysis method is 

formulated. Basic to the method is the consideration of one well and its 

appropriately sized cell of aquifer. To begin with, the entire aquifer 



is assumed to be homogeneous. Chapter 3 describes a response model for 

an aquifer cell. The model is cylindrical in shape, co-axial with the 

well, and has impermeable sides and base. In Chapter 4, the analysis is 

extended to include aquifer heterogeneity. Average well field costs are 

calculated with respect to a pdf defining frequencies of different 

permeabilities among aquifer cells. Chapter 5 presents an extension of 

the cell model. This extension allows estimating inter-cell flow due to 

heterogeneous permeability among adjacent cells. In Chapter 6, the 

results of the study are discussed, areas for further work are 

suggested and conclusions are stated. 



CHAPTER 2 

WELL-FIELD DESIGN: GENERAL CONSIDERATIONS 

The purpose of this chapter is to develop a method for comparing 

well field costs due to various well density-capacity combinations 

required to meet a specified groundwater demand rate from a given well 

field area. Basic to the method are (1) the assumption of a uniform grid 

well-field design in the aquifer area of interest, and (2) cost analysis 

of a single well and its appropriately sized cell of aquifer. The size 

of the cells is determined by the well spacing in the uniform grid. The 

cost due to any well is divided by its cell area to give its costs per 

unit area. Costs are so expressed as a basis for comparing different 

well density-capacity combinations for meeting a given demand expressed 

as a depth of water over the ground surface. By vising costs per unit 

area, comparisons can be made without regard to the number of wells in 

the field corresponding to each combination. 

Categories of Aquifer Conditions 

One may envision several categories of aquifer conditions for 

well-field design involving choice of well density versus well capacity. 

A first category involves a well field having well locations according to 

a two-dimensional grid in a laterally extensive, unconfined aquifer. The 

aquifer is pumped during an annual dry season and fully recharged during 

an annual wet season by rain or flood water. In this case, costs can be 

expressed as annual costs per unit ground surface area for an indefinite 

13 



period. An example of this category is the flood plain aquifer of the 

Ganges and Brahmaputra Rivers in Bangladesh. Another category is a two-

dimensional grid well field on a laterally extensive aquifer which is to 

be mined over some period of years. In this case, pumping costs increase 

each year and the period of analysis is the estimated time to depletion 

of the aquifer. This type of situation may be found in arid parts of the 

southwestern United States. A third category is a one-dimensional grid 

of wells located parallel to a linear recharge source such as a river. 

Annual recharge cycles would be probable ;1 allowing use of annual costs 

per unit length along the river. Well density-capacity analysis differs 

for each of these, and other possible categories of aquifer conditions. 

However, many aspects of analysis are common to all categories. This 

study is directed to the development of a well field design method for 

the first category of aquifer conditions given above. 

Category Chosen for Analysis 

The category of aquifer conditions chosen for analysis can be 

defined more precisely as follows. The aquifer is unconfined, allowing 

for areally uniform recharge from ground surface. The well field 

operates during an annual dry season, mining stored groundwater from the 

aquifer. A rainy or flood season, during which the wells are shutoff, 

follows the dry, pumping season and recharges the aquifer to its original 

static water level. The pumping-recharge cycle repeats the following 

year and so on, indefinitely. 
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Decision Variables 

The decision variables of interest here are those which specify 

the design and the future operation commitments of a well field, and 

which also affect the total costs and reliability of the well field in 

relation to the aquifer yield capability. In the following section, a 

set of decision variables is defined in order to analyze well field 

designs for the category of aquifer conditions chosen above. 

Operation Decision Variables 

Operation decision variables deal with the manner in which well 

field production requirements are to be met after the well field has been 

constructed and is in operation. Practical considerations related to 

water use usually require that wells be capable of producing at an 

instantaneous discharge rate several times larger than their long-term 

average rate. Accordingly, as a first trial, one might define two 

operation decision variables as first, long-term average production rate 

from each well, and second, maximum instantaneous discharge rate from 

each well. So defined, the number of operation decisions would be twice 

the number of wells. This definition is awkward because it depends on 

the as yet unspecified number of wells and also because it may involve a 

large number of decision variables. 

Uniform grid well field. If we assume that the aquifer is 

laterally-extensive and late rally-uniform in its properties, then a 

uniform grid well-field design is appropriate. By a uniform grid, we 

mean that all wells are of the same capacity and equi-distant from one 

another. The three possible uniform grid geometries are equilateral 
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triangular, square and hexagonal (see Figure 1). We defer discussion 

leading to selection of one of these uniform grid geometries until later. 

Note that the term "geometry" here refers to relative well locations, but 

without specifying scale. 

Let us assume three operation decision variables on an areally 

uniform basis as follows: (1) total seasonal demand, D [L], is the 

total, areally uniform depth of water to be pumped during the demand 

season; (2) maximum length of demand season is t. [T]; (3) maximum 
ITlcLX 

instantaneous demand rate is [L/T]. So defined, the operation 

decision variables are only three in number. 

Planning Decision Variables 

Planning decision variables are those that specify the well field 

design; that is, the location and capacity of each well. By constraining 

design to any one of the uniform grids, we can reduce the number of 

planning decisions from twice the number of wells to the following three: 

2 (1) uniform grid geometry; (2) well density, [well/L ], the number of 

wells per unit area; and (3) well design discharge rate, or capacity, 

[L /T] (the minus sign is, for convenience, dropped from Ĉ ). The 

product of and Qc must, of course, equal This further reduces the 

number of planning decisions to two, these being: (1) grid geometry; and 

(2) well density-capacity combination, and Ĉ . 

Aquifer Cell Response Model 

Feasible operation decision variable values are subject to 

limitations due to aquifer characteristics of transmissivity, storage, 
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recharge and maximum available drawdown. Maximum available drawdown, 

 ̂max ̂ t̂ ie °f drawdown in the well, from initial static 

water level down to the pumping level that will produce maximum, total 

discharge from the well. This pumping level is theoretically at the 

level of the bottom of an unconfined aquifer, but in practice it is 

generally above the aquifer bottom (see Figure 2). These aquifer charac

teristics also affect pumping costs. In order to estimate limitations on 

operation decisions as well as the magnitude of pumping lift energy 

costs, a simplified aquifer response model will be assumed. 

The aquifer response model is laterally homogeneous and isotropic, 

of infinite areal extent, of uniform thickness and horizontal. The 

initial water table is also horizontal. The wells are assumed to fully 

penetrate the aquifer thickness. In addition, all wells in the infinite 

uniform grid commence and continue pumping simultaneously at identical 

discharge rates. Under these assumptions, a "cell" of aquifer having a 

no-flow boundary surrounds each well (see Figure 1 and also Appendix). 

A no-flow boundary is defined as a surface in the aquifer, perpendicular 

to which the head gradient is zero. Every cell associated with any one 

grid geometry has the same shape and size. Each well is located at the 

center of a cell. Since drawdown in each well is the same as in all of 

the other wells, any well from the field in an impermeably walled cell 

can represent the aquifer response model. specifies the size of this 

single-cell model. 

The assumption of simultaneous pumping of all wells at identical 

discharge rates is a major limiting assumption and bears further 

clarification. The cell boundaries are located at maximum distance from 



Figure 2. Pumping lift components, pump intake drawdown and 
maximum available drawdown. 

Friction loss in pump bowls, column and head; includes 
velocity head acquired in pump. 

Pressure head at pump outlet. 

Static lift, from initial static water level to pump outlet 
elevation. 

Head loss in aquifer, assumed to be single valued. 

Well loss across well screen and along well casing to pump 
intake. 

Maximum drawdown from initial static water level to pump 
intake. 

Maximum available drawdown, from initial static water level 
to lowest possible pump setting for maximum well production. 

Elevation plus pressure head at pump outlet. 

Pump outlet elevation head. 

Initial static water elevation in well. 

Theoretical water head in aquifer, just outside well screen; 
assumed to be single valued, a variable in time as pumping 
continues. 

Total head at pump intake screen, a variable in time. 

Water surface elevation in well, a variable in time. 

Pump intake elevation, point of maximum drawdown. 

Lowest pump intake setting, for maximum production from well. 



Pump Head 
and Out let 

Pump Column 

sb max 

'max 

© 

© 

sf 

sp 

o 
IL 

'a 

'w 

© 

© -

Pump Bowls 

Pump In+dke Screen 

Base of Aquifer (Full penetration by wed is assumed) 

Figure 2. Pumping lift components, pump intake drawdown 
and maximum available drawdown. 



20 

their nearest wells. The effects of operating the well pumps stochas

tically are damped in passing through the aquifer to the cell boundaries. 

A "moving average" of the stochastic pumping effects is sensed at the 

cell boundaries. Thus, provided that the average pumping rates over time 

intervals of short duration are simultaneously equal at all wells, there 

will be no inter-cell groundwater flow, and the assumptions of the aqui

fer response model will hold true. How long the non-simultaneous pumping 

intervals can be, is discussed further at the end of Chapter 4. 

Formulation of Well Density-Capacity Analysis 

To this point, the well field design model consists of a typical 

well located at the center of its aquifer cell. Dividing any cell cost 

by the ground surface area over the cell reduces the cell cost to a unit 

area cost. Since all cells are assumed to be identical, this provides a 

basis for comparing total well field cost due to different well density-

capacity combinations without regard to the number of wells involved with 

each combination. The problem now is to formulate the method of 

obtaining cell costs for a given well density-capacity combination. 

Choice of Grid Geometry 

It can be shown (see Appendix) that pumping costs associated 

with any practical well density-capacity decision are negligibly 

influenced by the choice of any one of the three grid geometries shorn in 

Figure 1. For a given 1̂ , the equilateral triangular grid, which 

produces hexagonal aquifer cells, is most efficient with respect to 

drawdown pumping costs. The square grid with square cells, and the 

hexagonal grid with equilateral triangular cells, follow in respective 
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order of decreasing pumping efficiency. However, the difference in total 

costs resulting between use of the most efficient and the least efficient 

grid geometries is, for practical purposes, negligible. Grid geometry 

can be chosen externally to this cost analysis, according to such factors 

as existing access road geometry and land subdivision geometry. Let us, 

therefore, exclude grid geometry from further consideration in this cost 

analysis. 

Pumping Lift Components 

Let us define five components of pumping lift as follows: (1) 

s0 [L] is the pumping lift to ground surface (assumed to be at pump out

let elevation) from initial static water level in well; (2) s [L] is the 
a 

head loss in aquifer (assumed to be single valued) below initial static 

water level; (3) s [L] is the head loss across the well screen and along 

well casing to pump screen; (4) S£ [L] is the pump efficiency head loss 

due to friction in pump bowls, column and pump head, and including 

velocity head at pump outlet; and (5) Sp [L] is the pump outlet pressure 

head (see Figure 2). 

In this analysis, we assume that Sq is a predetermined constant. 

A mathematical solution to the aquifer response model presented later 

will be used to estimate maximum and minimum bounds on s&. We neglect sw 

in this study. With most turbine pumps used in high capacity wells, S£ 

varies with pumping lift and condition of pump. However, to simplify the 

analysis, we will approximate pump efficiency by a constant fraction, E. 

Expressed algebraically, pump efficiency head loss will, therefore, be 
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5f = (s0 * sa + Sp'/E " {s0 + sa + 5p) • (2-15 

Since this analysis considers all wells to be the same, then Sp must be 

the same for all wells, regardless of their position in a pipeline net

work. Sp can be set equal to some constant, assumed to be representative 

of pipeline network pressure, or, if the wells discharge into irrigation 

ditches, then Sp equals atmospheric pressure, or zero. 

Pumping Energy and Well Failure Costs 

Cost bounding pumping schedules. Future pumping patterns in time 

are practically impossible to predict because they are stochastic. If 

they could be predicted, their complexity would require time-consuming 

analysis for aquifer response and pumping costs. Therefore, it is useful 

to choose for analysis a set of reasonable pumping schedules that will 

provide approximate bounds to pumping costs. Let us employ simple 

pumping schedules of the following kind. The wells pump at a constant, 

steady rate from the beginning of the pumping season until some predeter

mined, pumping termination time, at which time the wells are shutoff for 

the remainder of the season. 

A pumping schedule may or may not, depending on aquifer 

properties, result in well failure. Well failure means that "drawdown 

to pump intake" has been reached in the wells, requiring that they be 

shutoff for a period of time so that water level recovery in the aquifer 

around the well can take place. Drawdown to pump intake, smax [L], can 

be defined as the difference in elevation between initial static water 

level in well and elevation of top of pump intake screen (see Figure 2). 

The effect of well failure and resulting intermittent well operation is 
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to reduce the average production rate from the well. This reduced 

average production rate cannot exceed the production rate that would 

result if, instead of pumping the wells intermittently, the drawdown were 

held at s , and the quantity of water that would run into the wells 
max' ' 

were continuously pumped out. For the purpose of bounding possible 

pumping costs accruing to fulfillment of the operation decisions, we 

adopt pumping schedules of the following kind. We adopt pumping schedules 

that involve constant, steady pumping for the duration of the predeter

mined pumping time, or, if and when the wells fail, drawdown is held at 

s and water is continuously pumped out of the wells at whatever rate 
max 

it will run into them from the aquifer, for the remainder of the predeter

mined pumping time. 

The lowest pumping cost will result if the wells are operated 

continuously at the lowest possible rate, barring well failure, subject 

to meeting D by t , this rate being equal to D/t . The wells may 
max niax 

fail at this rate with the result that D is not met by t .It is 1 max 

useful to attach a penalty cost to any water deficit below D. Let the 

value of water per unit volume at pump outlet be V [$/L ], a constant. 

Since V will surely be greater than the pumping cost per unit volume, we 

can let the penalty cost be equal to the value of the water deficiency, 

had it not occurred. However, with such a penalty cost, we may not have 

the minimum cost bound, for pumping at a somewhat higher rate early in 

the pumping season, bringing about earlier well failure, might enable D 

to be met exactly by tmax (or at least a greater percentage of D) , 

thereby reducing the water deficit cost. The value of this true, cost 

minimizing, initial pumping rate would have to be found by a search 



technique, involving at least several additional computer runs of the 

aquifer response model. Therefore, in order to simplify, and to save 

costs, we adopt the pumping schedule previously defined, recognizing that 

it produces the true lower bound on pumping costs only barring well 

failure, but under well failure conditions it produces an approximate 

lower bound. That is, let the wells pump continuously at rate D/tm 

until time t . If well failure occurs, drawdown is held at s „ and 
jjicix max 

available water is pumped. A cost penalty is added to the pumping costs, 

equal to the value of the water deficit, were it eliminated. 

On the other hand, the highest pumping cost will result if the 

wells are operated continuously at the highest possible rate, D̂ , until 

D has been accumulated at time t . = D/D. [T]. If well failure occurs 
mm 1 L J 

before t . , a water deficit will exist at time t - . Note that if 
mm' mm 

initial pumping were begun late in the season, at time t - t • , there r  ̂6 6 ' max min' 

would be no time left to make up this deficit. Also, intermittent 

pumping after well failure will result in a somewhat lower average 

pumping rate than that due to the constant drawdown condition at s , r r 6 max' 

causing a greater deficit and hence greater penalty cost. However, for 

simplicity, we assume a pumping schedule that results in an approximate 

upper bound on pumping energy costs, as follows. The wells operate at 

rate for the period t̂ . If well failure occurs, drawdown is held 

at s and available water is pumped until t . is reached, then the 
max mm 

wells are shut off. To the pumping costs is added a cost penalty equal 

to the value of the water deficit, were it eliminated. 

Pumping cost expression. An expression for total, seasonal 

pumping energy cost per well may be defined as follows. Let pumping 



energy cost be directly proportional to the total energy consumed in 

pumping against {ŝ  + sa + sf + sp̂ » this energy being expressed in units 

[i/], which represent a volume of water raised through a vertical dis

tance. Let c [$/L̂ ] be the constant of proportionality between pumping 

energy consumed and pumping cost. Pumping energy cost is equal to the 

product of c and the time integral of instantaneous well discharge rate 

multiplied by instantaneous pumping lift. Let t [T] represent any time 

instant during the pumping season, and after time zero when static water 

level conditions prevailed in the aquifer. Let "Q̂ t) [L /T well] be the 

instantaneous well discharge rate at time t. Without the minus sign, Q̂ ' 

would indicate a well recharge rate. Then seasonal pumping energy cost 

up to time t is equal to 

t 
c 

q IQJ {s0 + sa + sf + sp} dt [$/we11] • 

Substituting Equation (2.1) gives 

(c/EH / |QJ sadt • (sQ • sp} ) IC^l dt} 

for pumping energy cost to time t. The unknowns in this expression are 

/ |QJ sadt and / iQj dt. 

Aquifer response models are presented in later chapters for 

evaluating these unknown integrals by numerical methods. Discrete time 

intervals are involved, Atj = t. - tj_̂ , [T], where j = 1 for the first 

time interval and increases by one for each successive time interval. 
•7 

During each Atj, one of either well discharge rate, -Q̂  [L /T well], or 
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aquifer drawdown, s . [L], must be specified, the model then solving for 
aJ 

the unspecified variable. Let us assume that -Q̂ j is a specified 

constant in time, for all j, up until s has been reached. Up to this 
ITiaX 

time, the model solves for s .. After s has been reached, s . is 
cij max aj 

held constant, equal to and the numerically declining values of 

-Q • are determined for each succeeding At-. Thus, total seasonal, 
J 

pumping energy cost is equal to 

j max j max 
{c/EK E HVj | sajAtj + <s0 + sp} I 1̂ 1 Ay [$/well] ., 

where pumping ceases for the remainder of the pumping season after 

tj This pumping energy cost may be expressed as a per unit area 

cost by multiplying it by 1̂ . 

Well Component Costs 

The two major well components contributing to well component 

costs are (1) the pump, including motor or engine, head, column and bowls; 

and (2) the well itself, including casing and well screen or strainer. 

In order to express the total of well component costs as an equal annual 

payment per well, each component cost is amortized, at an assumed 

interest rate, to an equivalent annual cost over its estimated lifetime. 

As a component wears out, it is assumed to be replaced immediately at its 

original purchase cost. Note that certain replacement costs are 

neglected. For example, replacement of pump bowls alone would entail 

additional labor costs whidi, in the original installation of the pump, 

were distributed over all parts of the pump. These additional replacement 

labor costs are neglected. 
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In the design of components for individual wells, the major 

variables are Q , s and s . The diameter of the pump bowls used in a 
x max p 

well is the major factor influencing the choice of diameter for a well. 

The well screen design is another factor, but usually the bowls are the 

largest component which must pass down the well casing. The variable 

controls the diameter of pump bowls, and hence the well casing diameter, 

in addition to influencing the horsepower required of the pump motor. 

The variable influences the number of bowl stages, the pump column 

length and the horsepower of the pump motor. The variable ŝ  influences 

the number of bowl stages and the pump motor horsepower. 

Other variables affecting well design are aquifer conditions which 

are either not generally subject to manipulation by man, or can be 

optimized independently of this well field design analysis method. These 

other aquifer conditions are of three kinds: physical, technologic and 

economic. Examples of physical aquifer conditions are transmissivity, 

storativity and static lift. Technologic conditions relate to available 

drilling and well construction techniques. Economic conditions refer to 

all well component costs, delivered and installed at well site. For 

these other aquifer conditions, each feasible combination of Q , s and 
C ITlcLX 

Sp will have some corresponding pump and well design deemed optimal by 

the designer, with a corresponding cost for construction and replacement 

of worn out components as discussed earlier. Let us name this cost "well 

component cost," and for given sets of physical, technologic and economic 

aquifer conditions, express it as a function of Q , s and s . 
' r xc' max p 

A value for to be used in the well component cost function 

may be obtained as follows. We recall that the ground surface area per 



7 
well is 1/Nw = Ĉ /D̂  [L /well], and that the pumping time duration at 

maximum rate is t . = D/D-. Knowing 1/N , 0 and t • , in addition to 
mm -L w l. iiij.li 

those aquifer physical properties and hydrologic states which are rele

vant to the aquifer response model, we can use the model to calculate the 

maximum value of s for simultaneous pumping of all wells, that is, 
3. 

s [LI. When s equals {s, - s>, then well failure is 
a max 1 1 a max n b max w 

inevitable at the given density of wells and with the pumping schedule 

being tested. Since we are neglecting ŝ , then the well field designer 

will set sm equal to s . In this case, note that s„ is always 
max a max a rnax 

equal to or less than ŝ  . For the purpose of well field design, the 

aquifer model senses well failure only when s reaches sK . Plugging 
a D max 

simultaneous values of Q , s and s_ into a well component cost func-
x max p 

tion will provide an estimate of well component annual cost per well. 

Multiplying this cost by gives well component annual cost per unit 

ground surface area. 

Main Steps in Analysis 

A graph of annual costs per unit area versus well density-

capacity planning decision values will help the well field designer 

choose a cost-minimizing well field design. A summary of the main steps 

in analysis for creating the graph follows: 

1. Choose a set of trial values for the operation decision 

variables, D, tmov and D.. max 1 

2. Choose several representative Nw and Q̂ . combination values over 

a practical range. 



Using an aquifer cell response model solution such as presented 

later in this study, for each representative N and 0 combina-W V 

tion, determine maximum and minimum bounds on pumping energy 

consumption, 

j max j max . 

{ 4 lQw:|sajAtj + {s0 + V 4 [L /we111 • 
3 3 

j max 
At the same time, record values of E |Q -1At -, the total 

j=l J 

water pumped per well, for calculating water deficit penalty 

costs, if well failure occurred. Also record smax; equal to 

s for use in the well component cost function. Multiply the 
E 1T13X 

above bounds by cN̂ /E [$ well/L̂ ] to obtain bounds on annual 

pumping cost per unit area. 

The water deficit penalty cost is 

j max ? 

E IQJ AV [$/L 1 • 
j=i J J 

If well failure did not occur for a particular pumping schedule, 

then the above expression for penalty cost will sum to zero, 

since the total water pumped per well will then be equal to D/Nw« 

By substituting simultaneous values of Ĉ ., smax and ŝ  into the 

well component cost function and multiplying the result by N̂ , 

we obtain annual well component cost per unit area. 

Add the annual costs per unit area due to well component costs, 

pumping energy cost bounds, and water deficit penalty for each 



corresponding and Qc combination and plot the results 

graphically. 

7. For each set of operation decision variables to be examined, 

repeat the procedure. 

8. The well spacing parameters for each of the uniform grids, as 

shown in Figure 1, may be calculated using the following 

formulae. For the equilateral triangular grid which produces 

hexagonal boundaries, b = 2/{/3 N̂ }. For the square grid, 

2 which produces square boundaries, 1 = 1/N . For the hexagonal 
w 

grid, which produces equilateral triangular boundaries, 

p2 = 4/{3/3 ry. 

Illustrative Example: Homogeneous 
Aquifer Case 

A detailed knowledge of the aquifer cell response modeling 

technique described in the next chapter is not needed to follow the main 

steps of the well density-capacity analysis presented here. A consistent 

set of arbitrary aquifer conditions serve to illustrate the method. 

Physical aquifer conditions used in the aquifer response model 

are the following. Permeability, K [L/T], is homogeneous and isotropic 

at 4 x 10 ̂  [ft/sec]. Specific yield, Ŝ ., is .15, being constant. 

Static lift, Sq, is 20 [ft]. Initial saturated thickness of aquifer is 

200 [ft]. Maximum available drawdown, ŝ  ̂  , is 160 [ft]. 

Using a c value of 2.30 x 10~̂  [$/ft̂ ], and an E value of .75, 

-7 4 
gives c/E equal to 3.06 x 10 [$/ft ] for pumping energy cost. V is 

constant at 2.00 x 10"̂  [$/ft̂ ]. 



Two cost functions yield representative well component costs. 

Without the pump component, the well cost function is 

560.̂ *780 [$/year well] . 

The pump component cost function is 

400. + 2.25{Q - .713}{s + 12.} [$/year well] . 
C lUclX 

The units of Q are [ft /sec well], and of s are [ft]. Multiplying 
C jTlciX 

these well component costs per well by Nw gives well component costs per 

unit ground surface area. Pump outlet pressure, ŝ , is zero, and so 

neglected in these cost functions. 

These well component cost functions represent well component 

costs that could result from a particular, assumed set of aquifer condi

tions consistent with this illustrative example. A computer program was 

written to generate well component costs as a function of the variables, 

ĉ' smax sp' ̂ or assumec* aquifer conditions including aquifer thick

ness, properties of granular material, and depth of overburden. The well 

penetrates the full aquifer thickness, and the wells are gravel packed. 

Well and pump component costs and estimated lifetimes were taken from 

Nelson and Busch (1967). Some additional costs and related information 

were obtained from Cook Well Strainer Co. (1965, 1966) and from Tipton 

and Kalmbach, Inc. (1960). The above cost function expressions resulted 

from fitting curves to output data from the well cost computer program. 

A summary of results from main steps in analysis follows: 

1. Trial values of operation decision variables are D = 5 [ft], 

t = 1.725 x 107 [sec] or 200 [days], and D. = 8.70 x 10 7 
max i 

[ft/sec]. 
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2. Representative Qc values are 1.5, 2.5, 3.5, 4.5, 5.5 and 6.5 

[ft /sec well]. Respective Nw values follow from N = D̂ /Qc-

3. Maximum and minimum bounds on annual pumping energy cost per unit 

area are plotted on Figure 3. They have been added to the 

corresponding well component costs on Figure 3. Respective 

6 7 
values of total water pumped per well are 8.63 x 10 , 1.438 x 10 , 

2.01 x 107, 2.59 x 107, 3.10 x 107 and 3.35 x 107 [ft3]. Water 

deficit values per well are 0, 0, 0, 0, 6.56 x 10̂  and 3.91 x 10̂  

[ft ]. Finally, respective values of smov = s - are 62, 82, 
max cL inax 

109, 152, 160 and 160 [ft]. 

4. Results from the well component cost functions per unit area are 

plotted on Figure 3. Figure 4 shows net income per unit area, 

the difference between income, at rate V, from water obtained, 

and total well component plus pumping energy costs. 

Discussion of example results. The following discussion concerns 

the shapes of the curves shown in Figure 3. For brevity, and Nw 

combinations are represented by alone, but the reader should keep in 

mind the relationship between and as shown across the top of 

Figure 3. Note that with increasing Ĉ ,, the rate of decrease of 

decreases. This, in part, explains the change in slope of the well cost 

curve (curve 1) from downward to the right between Qc = 1.5 and 2.5, to 

upward to the right between Qc = 3.5 and 4.5. The return to a downward 

slope to the right of = 4.5 is due to well drawdown reaching ŝ  max so 

that the pump columns extend no deeper in the wells, for increasing Qc-

Curve 2 shows the well and pumping costs with the minimum pumping cost 



Figure 3. Cost bounds for homogeneous aquifer. 

(T) Well cost. 

(2) Well and pumping cost, 

(3) Well and pumping cost, 

(4) Well, maximum pumping, 

minimum bound, 

maximum bound, 

and failure costs. 
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Figure 3. Cost bounds for homogeneous aquifer. 



Figure 4. Net income bounds 

with peimeability 

for homogeneous aquifer, 

equal to 4x10 ̂  [ft/sec]. 

(T) Maximum net income, for minimum pumping bound. 

(l) Minimum net income, for maximum pumping bound. 
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schedule. This schedule results in no well failure cost. Pumping costs 

increase smoothly from the lowest to the highest well capacities. 

Curve 3, with the maximum pumping cost schedule, shows higher pumping 

costs than curve 2. As in curve 2, they increase smoothly up to Qc = 4.5. 

However, at higher well capacities, they become more level, tending to 

decrease because of well failure and the resulting smaller volumes of 

water to be pumped. Curve 4 shows the effect of adding the penalty cost 

due to the water deficit resulting from well failure. 

It is interesting to note the change of slope in going from 

curve 3 to curve 4 at Q =4.5. The trend of curve 3 between (3 = 1.5 ĉ c 

and 4.5 is for a positive rate of change of total costs. However, in 

going to a well failure situation at Qc = 5.5, the rate of change of 

total costs is negative. This suggests that when approaches ŝ  max> 

at larger well capacities, then the cost of adding more pump column is 

not worth the value of the additional water obtainable by the pump column 

addition. In this case, there would be a maximum economical pump setting 

below which additional benefits do not justify additional costs. This 

maximum, economical pump setting may be above or below ŝ  mâ , depending 

on the aggregate effect of all aquifer conditions. The change of slope 

mentioned at the beginning of this paragraph would appear to indicate 

that at least for some Qc values in the illustrative example, the 

maximum economical pump setting depth is above s, 
D ITlcLX • 

Figure 4 shows the maximum and minimum bounds on net income. 

These bounds envelop the range of possible net incomes resulting from all 

possible stochastic, but simultaneous well pumping schedules that meet D 

** tma Note that the cost analysis method says nothing about where the 



net income is most likely to occur between the bounds. This is left for 

further analysis, or up to the judgment of the designer. Since those 

maintenance costs which have not been accounted for in the cost analysis 

method tend to increase with the number of wells to be maintained, the 

cost minimizing well field design from Figures 3 or 4 is at (̂  = 3.5. 

Discussion of Results and Conclusions 

Comparison with Previous Methods 

Similarities between the method of the present study and the 

method of Hantush (1961) can be observed: (1) both methods assume homo

geneous aquifer properties, and (2) they both assume simultaneous well 

operation. The method of Maddock (1972) is dissimilar in that it can 

involve a heterogeneous aquifer, given the areal distribution of aquifer 

properties. The wells, in his method, in general, operate non-

simultaneously. The method of Rushton (1974) is similar in that it 

defines a well field design by a well density-capacity combination for 

wells located according to a uniform square grid. 

Differences among the three methods can be compared under 

headings listed below. The particulars labelled (a) relate to the method 

of the present study; those labelled (b) relate to the method of Hantush 

(1961); those labelled (c) relate to the method of Maddock (1972); and 

those labelled (d) relate to the method of Rushton (1974). 

Cost minimization: 

(a) The sum of well construction and replacement costs plus 

pumping costs is minimized with respect to well density-capacity 
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combination. The minimum is found by comparing trial well field design 

costs. 

(b) The sum of pipeline length costs plus pumping costs is 

minimized with respect to well spacing. The minimum is found directly by 

the classical calculus procedure. 

(c) Pumping costs are minimized with respect to pumping 

schedules at individual wells. The minimum is found using a quadratic 

programming model which is coupled to an aquifer response model by means 

of an algebraic technologic function. 

(d) No monetary costs are involved. 

Design decisions specified before analysis: 

(a) Whether a two-dimensional or a one-dimensional well grid 

will be used is specified before analysis, along with a single, constant, 

pipeline pressure head value (pipeline design is neglected). 

(b) The number of wells and their individual capacities, the 

geometry of well locations, the geometry of the connecting pipeline net

work (having tree-type design, that is, no loops are allowed) and the 

geometry of connecting powerlines, are specified before analysis. 

(c) Well locations are specified before analysis. The effect of 

pipeline pressure head at pump outlets on cost minimizing pumping 

schedules is neglected. 

(d) The design decisions are the same as in (a). 

Size of well field: 

(a) The method is applicable to any number of wells and any size 

of aquifer area, subject to the assumptions of the method. 
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(b) The method is theoretically applicable to any finite number 

of wells in an infinite aquifer. The method was demonstrated (Hantush, 

1961) in an illustrative example involving three wells. 

(c) The method is theoretically applicable to any finite number 

of wells in either an infinite or finite aquifer. It was demonstrated 

(Maddock, 1972) in an illustrative example using three wells in a finite 

heterogeneous aquifer. 

(d) Same comment applies as for (a). 

Constraints: 

(a) The minimum cost is constrained with respect to well failure 

by the addition of a penalty cost in proportion to the water deficit. 

(b) The method is unconstrained and the minimum cost design 

would be infeasible if there were insufficient available drawdown to 

enable production goals to be met. 

(c) The constraints are that seasonal production targets for the 

well field must be met and there is an upper limit to the punping 

3 
capacity [L ] for each well that may not be exceeded. 

(d) Design is constrained by the time allowed for pumping and by 

physical aquifer conditions. 

Sensitivity analysis: 

(a) The method shows actual costs over a range of designs, which 

indicate the sensitivity of costs to alternative designs other than the 

particular one that minimizes costs. 

(b) The method gives the minimum cost well spacing directly, 

with no indication of cost sensitivity to changes in well spacing. 
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(c) Sensitivity of pumping costs to changes in pumping schedules 

from the cost minimizing ones is not considered by Maddock (1972). 

(d) The method shows how volume of water recoverable varies with 

changes in length of pumping time and well density-capacity combination. 

Application and Extension of the Method 

Sensitivity analysis can be performed with respect to such 

variables as the operation decision variables and aquifer properties. 

Sensitivity analysis requires repetition of the calculations for each 

different set of conditions to be evaluated. 

As the wells penetrate deeper into the aquifer, pumping costs 

decrease at a rate which is at first high, but decreases to zero at some 

great depth. Conversely, well construction costs increase with depth of 

penetration. There must be a cost minimizing depth of aquifer penetra

tion. Also, there must be a maximum economical well depth as well as 

depth of pump setting, as discussed earlier, both of which depend on the 

economic value of the water pumped. It would appear that the method 

developed in this chapter could be extended to involve partial penetra

tion analysis. 

Conclusions 

The first objective of this study, as stated in Chapter 1, is to 

develop a method for comparing uniform grid well field costs for alterna

tive, well density-capacity combinations required to meet a given ground

water demand. In Chapter 2, such a method has been developed for a 

particular category of aquifer conditions chosen for analysis. The main 
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features of the method for the particular category are applicable to 

other categories of aquifer conditions as well. 

The main features of the method are the following: (1) it 

involves a uniform grid of identically designed wells in the aquifer area 

of interest, and (2) it involves the design of one well and the related 

size of aquifer cell. The main assumptions of the method are the 

following: (1) the aquifer properties are homogeneous, and the aquifer 

storage, recharge and piezometric head conditions are practically the 

same for each cell; and (2) the wells operate simultaneously at equal 

discharge rates so that groundwater flow between aquifer cells will be 

negligible. 

The most limiting assumption of the method is that of aquifer 

homogeneity. In Chapter 4, ail extension of the method is described for 

taking into account lateral permeability variations within the aquifer. 

But first, in Chapter 3, a cell model is developed in order to predict 

aquifer response for the homogeneous aquifer case. This cell model is 

also useful in the heterogeneous aquifer case. 



CHAPTER 3 

AQUIFER RESPONSE MODEL: HOMOGENEOUS CASE 

The purpose of this chapter is to develop an aquifer response 

model solution estimating the values of (1) total seasonal pumping energy-

consumption per well in terms of water volume raised through a pumping 

t , 
lift head, f |0|s dt [L /well]; (2) total water volume pumped per well 

0 

 ̂ 3 
during pumping season, / |Q |dt [L /well], which is of interest, if well 

0 

failure occurs; and (3) maximum drawdown in the well, s [L], in order 
UlcLX 

to know what length of pump column and how much pump horsepower are 

required, for the well component cost function. 

The following are requirements for the aquifer response model in 

order to be used in the analysis presented in Chapter 2. It must 

(1) have an impermeable outer boundary, (2) include the effect of 

changing transmissivity due to aquifer dewatering, (3) involve variable 

pumping rates in order to account for well failure, and (4) be fast 

enough, in terms of computer time required for solution, to allow 

sensitivity analysis with respect to changes in decision variables and to 

aquifer properties. In this chapter a solution for such a model is 

developed. Vertical flow components and delay time between lowering of 

the water table and release of water from storage are both neglected in 

the solution. Implications of this negligence, on the validity of the 

solution, are discussed at the end of this chapter. The assumptions 

41 



42 

and theoretical techniques which are employed in the model solution have 

all been used previously by other authors to solve different models. The 

original contribution of this chapter lies in the selection of useful 

techniques and their application to obtain a solution to the required 

model. The solution obtained is not available from previous literature. 

This chapter has four sections. In the first section, the 

aquifer response model is defined in terms of partial differential 

equations. The second section gives the solution to the model by using 

finite differences. In the third section, an analytic solution, .for 

constant pumping rates, is presented. It is useful as a check on the 

finite difference solution results at early pumping time. In the last 

section, the usefulness and limitations of the solutions are discussed. 

Mathematical Definition of Aquifer Response Model 

In describing the aquifer model, note that up to this point, the 

aquifer model consists of any well from the field, located at the center 

of an impermeably walled, aquifer cell. The cell shape is polygonal in 

horizontal cross-section, such as hexagonal, square or equilateral 

triangular. If it were circular, flow to the well would be radial. This 

would result in a more concise model solution and shorten the computa

tions. The Appendix compares drawdowns in a well pumping at the center of 

cells having different polygonal shapes but equal area. Drawdowns due to 

hexagonal, square and equilateral triangular boundaries are compared to 

the drawdown due to a circular boundary. At corresponding times after 

pumping started, the circular boundary produces the smallest drawdown, 

then come hexagonal, square and equilateral triangular boundaries, in 
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order of increasing drawdown. In each case, for a particular well 

discharge rate and aquifer transmissivity, departure of polygonal 

boundary drawdowns from drawdown produced with the circular boundary in 

time approached a constant, maximum value, this being smallest for the 

hexagonal boundary and largest for the equilateral triangular boundary. 

All of the maximum departures were found to be negligible for aquifer 

properties typical of well fields. Therefore, we can approximate any of 

the three polygonal cell boundary shapes by a circular boundary shape 

enclosing the same horizontal area. 

Consider a cylindrical coordinate system ivith z-axis vertical, 

and horizontal radial plane. The aquifer model is a vertical cylinder 

of unconfined aquifer co-axial with the z-axis as shown on Figure 5. The 

horizontal base of the aquifer cylinder lies in the z equals zero plane. 

A well of radius r [L] is co-axial with the cylinder axis. The fully 

penetrating well screen extends throughout the initial saturated thick

ness, nig [L], of the aquifer cylinder. The screen offers no impedance to 

flow between the aquifer and the well. The field permeability, K, of the 

aquifer is homogeneous and isotropic. Compressibility of both water and 

aquifer are neglected, and aquifer storativity is equal to S . S is 

constant, occurs instantaneously, with decline in head, and is equal to 

connected porosity. The vertical cylindrical side, at radius rg [L], and 

the horizontal base of aquifer cylinder are both impermeable. The upper 

boundary of saturated portion of aquifer is a "free surface," represented 

by the function zs(r,t) [L]. The free surface is a surface at 

atmospheric pressure. The water level in the well is h (t) [L], where t 
w 

is time since discharge of well started. 
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Z-axis 

DEWATERED 
AQUIFER 

SATURATED ' * 
AQUIFER 

Impermeable 
side 

Z = 0  
\\\\\\\ r -ax is 

Impermeable 
base 

Figure 5. Axial section through cylindrical aquifer model 
(vertical dimension greatly exaggerated). 
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The following paragraphs develop a differential equation of 

groundwater flow for the model used here. A general statement of the 

continuity equation for fluid flow is that for some defined reference 

volume in a flow region, the mass of fluid flow entering the reference 

volume minus mass flow of fluid leaving reference volume equals the time 

rate of change of mass stored in reference volume. When the fluid is 

incompressible, as it is assumed to be here, mass may be replaced by 

volume. 

Consider a cylindrical, annual reference volume, co-axial with 

the aquifer cylinder. This reference volume is bounded by the following 

surfaces: r, where r < r < r ; r+dr, where r < r+dr < r ; z = 0 and 
w — e — e 

z = zg. dr is a small element along the r-axis as shown on Figure 6. 

Let Qr [L /T well] represent the total flow rate of fluid crossing a 

vertical cylindrical surface at radius r in the aquifer. 0r is positive 

when flow is directed in the positive r direction. Let the piezometric 

head at any point in the flow system be h(r,z,t). 

Darcy's law may be stated as follows: 

Q = - K // VTz-ndA (3.1) 
A 

where A = some surface area defined within the region of flow; 

Q = the total net flow rate across this surface, defined as 

positive in the positive r direction; 

Vh = the head gradient across dA; and /v 
n = the unit normal to dA and directed in the same sense as the 

positive net flow direction of Q. 



E -axis 

CYLINDRICAL 
REFERENCE 
VOLUME 

z=o 
r -ax is 

Figure 6. Right half of axial section through 
cylindrical aquifer model, showing trace 
of cylindrical reference volume. 
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For a case of radial symmetry, as shown on Figure 6, Equation (3.1) may 

be rewritten as follows to give the flow entering the reference volume. 

zs Zs 
Q = 2ur / {-K dz = -2itKr / dz . 

0 0 3r 

Z 

Let / dz = z -r—, where — is the average of the components of the 
q dr s dr or 

head gradient in the r direction, averaged over the vertical section at 

radius r from z = 0 to z = z . Thus, the volume flow entering the 

reference volume is 

Q = -2nKrz , xr s 3r ' 

and the volume flow leaving the reference volume is 

<Wr " -2"K(r-dr}{zs f| • fp fzs f|)dr} 

" -M(rzs I+ 4? (zs l)dr + zs #»*+ fc <zs I>(dr>2> 

The time rate of change of volume stored in the reference volume is 

9 z
s  Q ~ Q = 2irrdrS —— . xr Nr+dr y at 

Cancelling pairs of numerically equal terns of opposite sign and 

2 
neglecting terms in {dr} gives 

2*Ktrl? {zs H)dr + zs " 2"rdrSy ~sf • 
Dividing through by 2TrKdr gives 

—  ̂ 3 7 
rL_ {z m.) + {z = or 
ar 1 s arJ 1 s ar' K at ' 

, . 7T- S az 
1 9 r _ <$h \ _ y s /• *7 9*\ 
7 ar {rzs a?} K It • (3*2) 

TTiis is the differential equation for the model described. 
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.Applying the Dupuit assumptions to Equation (3.2) renders it more 

tractable to solution. Dupuit assumed (Todd, 1959, p. 79) that (1) the 

velocity of flow is proportional to the tangent of the hydraulic gradient 

instead of the sine, and (2) the flow is horizontal and uniform everywhere 

in a vertical section. By assumption (2), vertical components of head 

gradient are zero and therefore the "Dupuit head," symbolized by 

h(r,t) [L], must equal the assumed height of the free surface everywhere 

ah 
ar 
9h 

on a vertical section. Also by assumption (2), -r— is the assumed value of 

a/z 

ar" 

Applying the Dupuit assumptions to Equation (3.2) results in the 

expression 

I L. {rh ill} = JL or 
r ar i rn  ar' K at '  

I {r—} =  ̂ r33) 
r ar 1  ar' K at '  L J  

This is the approximate differential equation for the aquifer response 

model. 

Defining the boundary conditions and initial conditions as 

follows completes the mathematical definition of the model. The boundary 

condition on surface r = r and z = 0 is that no flow crosses these 
e 

9/z 
surfaces. Thus, on r = re, in terms of exact head, = 0, and in terms 

of approximate head, 

||=0. (3.4) 

Impermeability of aquifer base is implicit in the derivation of the 

differential Equation (3.2), and this characteristic carries though to the 



49 

approximate differential Equation (3.3). The pertinent boundary 

condition on tine free water surface is that no flow crosses it; this also 

is implicit in the derivation of Equation (3.2) and carries through to 

Equation (3.3). The boundary condition along the well bore is that 

"s/T 
-K2irr z —must equal well recharge rate, Q,.(t). Applying the Dupuit 

w s ar w 

assumptions, this boundary condition becomes 

3h 
-K2"A w w 3r 

r
w 

= % •or 

3h
2 

r. w 3r -uK 
r 
w 

Since r is very small relative to r , we may make the following 
W 6 

substitution 

"I • f3-5' 
r̂ O 

The sign of Q is negative when it represents well discharge, so that the 

above limit is positive for a discharging well. Finally, the initial 

condition is 

h(r,0) = nig . (3.6) 

Finite Difference Solution 

This section presents a finite difference numerical solution to 

Equation (3.3), subject to the boundary conditions given by Equations 

(3.4) and (3.5) and to the initial condition, Equation (3.6). Both space 

and time are divided into finite differences in the aquifer cell response 

model. The model solves for unknown heads in the aquifer and unknown 
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discharge if head in well is specified. It starts with given initial 

head conditions, and advances through consecutive time steps solving for 

the unknown heads in each time step. Letting transmissivities for any 

time step be approximated by those of the immediately preceding time step 

results in finite difference equations which are linear in the unknown 

heads. Consequently, the equations may be solved for the unknown heads 

by the Gauss elimination method. 

The model comprises a number of concentric annuli of aquifer 

surrounding the well, such as Figure 7 shows in cross-section. Since the 

head gradient due to well pumping is approximately proportional to the 

logarithm of r, the relative thicknesses of the annuli are made propor

tional to the logarithmic base, e, raised to the exponent r. However, in 

Figure 7, the annuli are shown all having equal thickness in order to 

simplify labelling the diagram. 

Next, let us consider the nodes of the aquifer cell model. Each 

armulus contains one node. In general, finite difference model nodes can 

represent points, lines or surfaces in space. If the differential 

equations used in any model are expressed explicitly in three independent 

space variables, such as (x,y,z) or (r,6,z), then the finite difference 

model nodes represent points in space. If only two independent space 

variables, such as (x,y) or (r,z) are involved explicitly in the 

equations, then the nodes represent, respectively, straight lines parallel 

to the z-axis and circles in the place of 6, concentric with the z-axis. 

When x or r is the only explicit space variable in the equation, then the 

nodes represent, respectively, planes parallel to the y- and z-axes, and 

cylindrical surfaces co-axial with the z-axis. In the aquifer cell 
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Subscripts, k, for computer referencing of radii 
of annuli nodes and boundaries. 

Figure 7. Right-hand side of axial section through finite 
difference representation of aquifer model. 



response model employed here, use of radial symmetry of flow, and the 

Dupuit assumptions, results in Equations (3.3) to (3.6), which have only 

one explicit, independent space variable, r. The resulting finite 

difference model nodes are, therefore, cylindrical surfaces co-axial with 

the z-axis and well, one node being located within each annulus. The 

nodes are spaced in proportion to e in just the same manner as the armuli 

thicknesses; however, Figure 7 shows them as being uniformly spaced for 

simplicity. 

The aquifer cell finite difference model can contain any number, 

n, of armuli; Figure 7 shows 8 armuli. The annuli and their nodes are 

referenced by the subscript i. The inner and outer boundaries of each 

1 1 annulus are designated by subscripts, i - i + y, respectively. 

The smallest annulus, which includes the well, is numbered 1. Its inner 

boundary, designated by the subscript -j, has zero radius, that is, it 

coincides with the z-axis. Node 1 coincides with the well radius. 

Storage within the well, above aquifer specific yield, is neglected. The 

outer boundary, denoted by n + y, of the outermost, n-th, annulus, 

coincides with the model's outer cylindrical boundary of no-flow. The 

head, h. . [L], within the i-th annulus, is constant over the j-th time 
1 

interval, At̂ . S ̂  refers to the specific yield of the i-th annulus, 

while IC refers to the permeability between node i and node i + 1. 

Digital computers do not reference stored quantities explicitly 

by mixed number subscripts, but require integer subscripts. Since it is 

necessary to reference the radii of both nodes and annuli boundaries, 

where the latter have mixed number subscripts in terms of i, we make all 
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subscripts on r into integers by multiplying the subscripts expressed in 

terms of i by 2 and refer to them by the subscript k (see Figure 7). 

The following formula gives annuli nodes and boundary radii such 

that they are spaced in proportion to e . The first expression is with i 

subscripts, while in the second, k subscripts replace the i subscripts. 

r n - f 

*1 - 0 > 
7 w  

11 1 
where i - 1, l̂ -, 2, 2̂ , ..., n + j. 

r l2n - V 
rl - o . rk . y^) . (3.7) 

W 

where k = 2, 3, ..., 2n + 1. To avoid confusion, we will continue with 

i subscripts in developing the finite difference equations. 

It is easier to develop the finite difference equations for the 

model used here by beginning with considerations of mass balance in a 

given annulus, than by starting with the partial differential equations 

(3.3) to (3.6) and going straight to the corresponding finite difference 

equations. As a check, it will subsequently be shown that the finite 

difference equations resulting from basic considerations do represent the 

partial differential equations (3.3) to (3.6). 

? 
Let us begin by defining transmissivity, T. . [L /T], between 

1 > J 

node i and node i+1, and during time interval At̂ , by the following 

formula 

T. . = K. • h. . x h.±1 - (3.8) 
J 1 i,J i+l,J 



Equation (3.8) gives transmissivity between the nodes i and i+1 as being 

equal to permeability between them multiplied by an effective saturated 

thickness equal to the geometric mean of the saturated thickness at nodes 

i and i+1. The geometric mean gives more accurate results than the 

arithmetic average, especially when dealing with steep gradients near 

pumping centers (Prickett and Lonnquist, 1971). However, since the nodes 

r 
of the model used here are spaced proportionally to e , in order to 

approximately equalize head differences between nodes, and since head 

differences between adjacent nodes are small relative to the head values 

themselves (except in cases of very low permeability or extreme 

dewatering), then arithmetic averages of adjacent heads will generally be 

nearly equal to the geometric means. Since it is faster to compute the 

arithmetic averages than the geometric means, it may be advantageous to 

use the former, in order to save computer costs. In any case, the 

latter, geometric means were used in the model here. Switching to 

arithmetic means is a simple task. 

With regard to further nomenclature, note that when either 

subscript i or j is dropped from h- ., then i and j are implied, that is, 
1 >3 

h implies ĥ  j. If values other than i and j are intended, then these 

values are explicitly subscripted to h, for example, head in the 

i + 1-th annulus during time interval Atjis ĥ +̂  

Recharge from ground surface can be included as follows. This 

3 
component of flow into any i-th annulus is symbolized by q̂  [L /T]. For 

the first annulus, which contains the well, the well pumping rate is 

sinply a negative recharge rate. Thus, during any At̂ , q̂  = . 
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The principle of conservation of mass can be simply stated as 

"total flow in, minus total flow out, equals change of storage inside." 

For any time interval, Atj, and any i-th annulus, the following 

relationships are evident. 

h-h. , 
Total flow in = -2irr T. , .{-—1 }At. + q.At. (3.9) 

i_I i i-1 3 1 J 

h. ,-h 
Total flow out = -2-nr T. —}At. (3.10) 

i+j 1,3 l+l" I 

2 2 
Change of storage inside = ir{r - r -̂ }S .{h-h. (3.11) 

i+7 2̂ 

T̂  j is an unknown in the j-th time interval. However, from the previous 

time step when head values are known, T- - , is known. Therefore, let 

T- .be approximated by T. . ,. By assembling the conservation of mass 
i > 3 i > J 

equation using Equations (3.9), (3.10) and (3.11), substituting T. . 
3 

for T̂  and simplifying, the following set of equations may be obtained. 

qi A.h. , + B.h + C-h.,, = D.h. , - ~ r, ,̂  
l l-l l l l+l l j-l 2TT (3.12) 

for i = 1, 2, 3, ..., n; 

r. 1 
1 _ 2  where A. = { }T. , . , ; 

l 

B. = -{A. - D. + C.} ; 
l l l l ' 

r. 1 
1+2 C. = {- -}T. . 

i .̂,-r̂  i,j-1 ' i+1 
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2 „2 
r. 1 ' r- 1 
1  2  1 _ 2  

Di = -{ 2At. yi ' 
J / 

In order to satisfy the boundary conditions given by Equations 

(3.4) and (3.5), we can set 

K = 0 (3.13) 
n 

and 

qx = Qw , qi = 0 , for i = 2, 3, ..., n . (3.14) 

In order to satisfy the initial condition given by Equation (3.6), we can 

set 

hi o = mo » f°r i = 2, 3, ..., n . (3.15) 

With these substitutions made, Equation (3.12), together with Equations 

(3.13), (3.14) and (3.15) form the finite difference aquifer cell model. 

hw(tj) = ĥ , and Qj = q̂ . All terms on the right-hand side of Equation 

(3.12) are known, while only the heads on the left-hand side are unknown. 

Note that A. = 0, because r, = 0, and that C =0, because K =0, and 
1 1/2 n n 

hence, Tn = 0. This agrees with there being no annuli corresponding 

to i = 0 and i = n+1. 

Let us now show that Equations (3.12) to (3.15) are the finite 

difference equations corresponding to the partial differential equations 

(3.3) to (3.6). We can begin by expressing Equation (3.3) in finite 

difference form. For this purpose, it is useful to write it as follows: 

8{rKh|̂ } = rar S ~ . (3.16) 
9r y at 

On the right-hand side, we let the radius of the i-th node, r̂ , be given 

by {rj+]y2 + ri-l/2̂ ' substi-tuti-on gives more accurate results 
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than those from retaining the simple r̂  value, when the area per node 

increases with r, as it does in the model employed here. Kh, evaluated 

between node i and node i+1, becomes T\ by letting T\ j ̂  approximate 

T. - as before. Thus, for the i-th annulus, 
i,j 

h. ,-h h-h. 1 
r 1 T. • } - r . T. - . .{ 

ijJ"! r-j . i-r. • 1 1-1,1-1 r--r- , 
1+2* i+l l i-j J i i-l 

r 1 + r i 
i+y i"7 h_hi-l 

= {—̂  Hr - r } S {-Ĵ } . (3.17) 

1+r 4 7 " 

Simplifying Equation (3.17) and letting i = 1, 2, ..., n, results in a 

set of equations identical to (3.12) with the q̂ 's set to zero. 

The cell no-flow outer boundaiy condition is satisfied by setting 

Kn = 0 in Equations (3.12) and (3.17). For the boundary condition at the 

well, we first express Equation (3.5) as follows: 

lim {rKh |£} = . 
r+0 Sr ~2lT 

For the limiting value of r as r goes to zero, we take r = r Hie 

corresponding value of Kh is T, . Thus, 
-L) J " J-

12 

Vh1 Qw 
r T • A-l—h = . (3.18) 

j l _  1,J-1 r 2 ~ r l  ~  

It can be shown that Equation (3.12), together with Equation 

(3.14), satisfies the boundary condition of Equation (3.5) as expressed by 

Equation (3.18), as follows. The innermost annulus, which contains the 

well, is represented by the equation for i=l in Equation (3.12). We allow 

that the storage in this first annulus is negligible with respect to 
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storage in the rest of the aquifer cell, so that insignificant change 

results if is set equal to zero. Thus, inserting q̂  = Q̂ , r-jy2 = 0, 

and = 0 into the equation for i=l, gives Equation (3.18). To this 

point it has been shown that Equation (3.12), together with Equations 

(3.13) and (3.14), are finite difference equations representing Equation 

(3.3) and its boundary conditions given by Equations (3.4) and (3.5). 

Finally, to include the initial condition given by Equation (3.6), the 

initial heads, h- n, of the finite difference equations were set equal to 1 ,u 

nig in Equation (3.15). 

A computer program solves the set of Equations (3.12), together 

with (3.13), (3.14) and (3.15), for the unknown heads at each time 

interval, Atj, consecutively, beginning with At̂ , and continuing until 

the end of the pumping time is reached. If well failure occurs during 

pumping, then the equations for i=l and 2 must be rearranged to solve for 

the unknown, qn, in terms of the known, h, = h • , where h . = mn - s . 
' nl' '1 mm' mm 0 max 

Accordingly, these equations become, respectively, 

i— q, + Cnh0 = Dnh, . - B,h . 
2TT m1 12 1 l,j-l 1 mm 

2̂ {0} q, + B„h0 + C~hT = D~h0 . - AJi . - •*— nl 2 2 2 3 2 2,j-l 2 nun 2ir 

The remaining equations for i = 3, 4, n, remain unchanged after well 

failure. 

Time increments, At̂ , should be small to begin with, and may be 

longer as the shape of the cone of depression becomes more steady. One 

procedure for controlling time increments is to let the first be equal to, 

for example, 100 seconds, and succeeding time increments increase by the 

factor 1.2 (Prickett and Lonnquist, 1971). 
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Analytical Solution 

The analytical solution presented here serves as a check on the 

results of the finite difference solution, for early pumping times when 

dewatering of the aquifer is not severe, and before well failure has 

occurred. A further modification of Equation (3.3) is necessary in order 

to apply the analytical solution method to be used here. This solution 

method is after one given by Nind (1964) in lecture notes. The method 

given by Nind adapted the Theis equation (Theis, 1935) by means of the 

Dupuit assumptions to represent unconfined flow toward a single well in a 

horizontally infinite aquifer model. The solution presented here employs 

an analogous equation for a cylindrically bounded aquifer. 

Multiply the right-hand side of Equation (3.3) by h/h to obtain 

•L _JL {r-̂ —} = fo. (3 19) 
r 3r ir 3r Kh 9t * 1 ,iyj 

If a constant, m, replaces h in the denominator of the right-hand side, 

then the resulting differential equation is solvable. Letting m represent 

an average value of h might allow this substitution to be interpreted as 

assuming constant aquifer transmissivity, Km, which for thick aquifers and 

2 early pumping times, is a reasonable assumption. However, solving for h , 

and not for h, does partially account for aquifer dewatering and 

consequent change of aquifer transmissivity. 

The average value of h in space, all the way out to r , even at 

early pumping times when the cone of depression is small, is 

ms = tm0 * Qwt/t,re V} IL1 

If m replaces h, it must represent h not only in space but also in time. 
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Therefore, it is better to use the average value of h in both space and 

time, that is, 

m = {mQ + Qwt/{2Trr̂  Ŝ .}} [L] (3.20) 

After substituting (3.20) into (3.19), the problem can be stated 

as follows: 

Solve the differential equation 

1 9 fr3h i _ y 9h fz 
r sr "Tr " Km "at ^'ll) 

subject to the boundary conditions 

2 
8h 
8r 

= 0 (3.22) 
r 
e 

and 

.. . Sh2, _ 20i/™ ,, 
(rT7} ° <3'23> 

r*0 

and to the initial condition 

= ii1q at t = 0 . (3.24) 

It should be remembered that m always equals the constant, 

2 
{m0 + Qwt/{2Tire S }}, where t is the time at which a particular value of 

2 h (where h = h(r)) is to be calculated from the solution. When water is 

being pumped out of the well, its discharge rate, Q , is negative. 

This problem may be compared to another similar problem which was 

solved by Muskat (1946, p. 657). Using an expression similar to that 

given by Witherspoon and others (1967, p. 105), Muskat's problem and 

solution are as follows. Solve the differential equation 
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I i_ ( lib - s 
r 3r 3r T 8t ' 

subject to the boundary conditions, 

3h 
ar 

= 0 , and lim {r|̂ -} = -3̂  
n 3r -ZTII 

re r-*° 

and to the initial condition 

h = hp at t = 0 . 

In this case only, S equals aquifer artesian storage coefficient, and T 

equals aquifer transmissivity. The initial static peizometric head, ĥ , 

is constant in space. 

The solution is 

x x -
IK r r r n, 2J 

1+41,, , - JoĈ exP(-((jrJ V> 
PD = -{lnCrj) + f - - i-2 I 1 (3"2S) 

2rD n=1 xnJ0CV 

2TrT{h0-h} 
where P„ = ~r 

t = Tt 

D ~T~ ' u r S 

rD = r- > and 

J, (x ) =0 . 
1K nJ 

JQ and represent Bessel functions of the first kind, and respectively, 

orders zero and one. 

Here, as throughout this report, negative values of represent 

well discharge. 
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The solution to the aquifer response model may be found by 

analogy with Muskat's problem and solution: 

2 
Replace h of Muskat's solution by h . 

ii g M M M M g 

•I T M • ii II II 

" Q " " " " 20 m. xw w 
2 II  ̂ II M M . 

"o • H)' 

Then the desired solution to Equations (3.21) to (3.24) is Equation (3.25) 

but with 

2TrKm{m̂ -h2} 
p = u 

D 20 m ' xw 

t _ Kmt 
T) 2 ' 
u rS y 

r 

rD = "? ••and 

J, (x ) = 0. 
1^ nJ 

Substituting ĥ  = h, and r̂  = r, and simplifying yields the head at the 

well, at any instant of time, t, 

\ = {m0 " ~K PD}_ ' (3.26) 

The corresponding aquifer drawdown, s&, is s& = m̂  - ĥ . 
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Discussion of Results 

Comparison of Finite Difference and 
Analytic Solutions 

It is useful to be able to compare drawdown results from the 

finite difference solution with those from the analytic solution. At 

early times the results should be almost identical. Later, as dewatering 

progresses and h(r) departs significantly from its average value in space 

and time, the results from the finite difference solution are expected to 

agree with the still unknown, true solution to Equations (3.3) to (3.6), 

more accurately than results from the analytical solution. 

Computer programs were written for both of the approximate 

solutions. They are in FORTRAN IV programming language and were run on 

CDC 6400 computers. The results from the finite difference solution 

agree closely with those of the analytic solution at early times. At 

longer pumping times, the finite difference solution drawdown at the 

well is greater than that from the analytic solution. Presumably, this 

is because the finite difference solution does not involve the assumption 

of "constant transmissivity" (see Equation (3.19)), and so incurs greater 

reduction in transmissivity than the analytic solution, due to dewatering 

close to the well at long pumping time. Possible errors in the results, 

due to truncation in going to the finite difference equations and due to 

rounding-off of numbers in the computer, were judged by the writer to be 

negligible because of close agreement between the results from the finite 

difference and analytic solutions. However, it is suspected that 

round-off errors increase if ĥ  approaches zero. 



Dupuit Assumptions 

Theory of groundwater flow involving the Dupuit assumptions has 

long been available, and has been discussed extensively by Muskat (1946). 

According to Jacob (1950), Dupuit's theory holds approximately for flow 

in unconfined systems whose range of depth of flow is also not too great. 

The following arguments are presented in support of the use of the Dupuit 

assumptions in obtaining a solution to the aquifer response model 

required here: 

1. The aquifer permeability is assumed to be isotropic. That is, 

vertical permeability is large enough that flow of water from the 

water table downward to lower levels in the aquifer is not 

severely impeded. 

2. For practical well spacings and for aquifer thicknesses usually 

penetrated by wells, the horizontal distance of flow is four or 

more times greater than the vertical distance of flow. 

3. For the next argument, it is first necessary to express Equation 

(3.26) in a different form. Noting that mn - h = s , Equation 
U W 3. 

(3.26) can be rearranged to read 

2 

s §: = 9 {2P } 
a 2mQ 4irKm0 * 

This equation is similar to the Theis equation (Theis, 1935) 

2 except for the subtractive factor, sa/2mg. According to Jacob 

(1950, p. 385), when the Theis equation is modified by inclusion 

of the same subtractive factor, it may be used to calculate 

transmissivity and storage coefficients from pump tests of 



65 

unconfined aquifers, with fair assurance, when the drawdowns are 

as much as 25 percent of the initial depth of flow. The subtrac-

tive factor for the Theis equation can be derived using the same 

principles as used in the derivation of Equation (3.26). The 

only difference is that in the Theis model, the aquifer external 

boundary is a •ofinite radial distance from the well, so that m 

always equals i:1Q. 

4. It was shown by Charny (1951) that the Dupuit theory will result 

in correct solutions for certain unconfined flow models involving 

a seepage face. In particular, the Dupuit assumptions predict 

the correct well drawdown for the special case involving all of 

the following conditions: (a) the flow is steady state through 

an unconfined, cylindrical, homogeneous aquifer with horizontal, 

impermeable base; (b) flow enters the aquifer from a surrounding, 

constant head reservoir; and (c) the well is co-axial with, and 

fully penetrates the aquifer cylinder, and it is pumped at a 

constant rate. The correct well drawdown is given, although the 

Dupuit assumptions take no account of the existence of a seepage 

face or of vertical components of flow. In the aquifer model of 

this chapter, the source of water is at the water table, not on 

the external boundary. However, there are some similarities 

between the two models. Both models relate transmissivity to 

Dupuit head. In the transient model, after several days of 

pumping, conditions close to the well are nearly in a steady 

state. In both models, the water table slope is steepest next to 

the well, and most of the flow through this region comes to the 
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well from beyond it. Consequently, if the Dupuit assumptions 

result in a solution that is correct in spite of the seepage face 

and vertical flow components in the steady state model, then the 

solution presented in this chapter must at least partially allow 

for these same phenomena which occur in the transient model. 

Note that improved aquifer modelling techniques can be substi

tuted in this well field design analysis method. For example, transient, 

unconfined groundwater flow models have been developed by Neuman and 

Witherspoon (1971), Cboley (1971, 1972), and Neuman (1972, 1973, 1974). 

While these models account for vertical flow components in their theory, 

their disadvantage as seen by the writer, is the additional computer time 

they require. Computer time can be an important factor when many cases 

must be analyzed. 

Delayed Drainage 

The aquifer response model assumes instantaneous release of water 

stored in the aquifer voids, with lowering of head; thus, it neglects the 

effect of delayed drainage. The effect of delayed drainage on well 

pumping level is most significant during the first few hours or days of 

pump operation. Thus, delayed drainage is a significant factor in 

analysis of pump tests of unconfined aquifers. When pumping continues 

for weeks or months, the rate of head drawdown in the aquifer becomes 

slow enough so that delayed drainage usually can, after several days, 

keep up with the rate of head decline. Under these circumstances, the 

effect of delayed drainage on the overall seasonal pumping cost is 

assumed to be negligible. However, pumping may not be continuous over 



long periods of time. With intermittent daily well operation, previously 

dewatered parts of the aquifer close to the well are reflooded and then 

drained again at intervals of perhaps a few hours. In this case, delayed 

drainage might result in a significant increase in seasonal pumping cost 

over that which would occur if drainage were instantaneous. However, in 

the judgment of the writer, it would be most unlikely that intermittent 

well operation with delayed drainage, would produce a total seasonal 

pimping cost significantly greater than the maximum pumping cost bound 

given by the aquifer response model which assumes instantaneous release 

from storage. 

Pump Operating Characteristics 

With most types of pumps used in well fields, discharge rate and 

efficiency do not remain constant under varying head conditions. If 

curves of these operating characteristics of the pumps to be used are 

available, this information can be incorporated with the finite differ

ence solution to give a more accurate estimate of pumping energy costs. 

However, such incorporation was not done in this study. 

Surface Recharge 

Suppose that the aquifer response model were modified so as to 

involve areally unifoim recharge during the pumping season, and that a 

recharge rate versus time function could be estimated. The finite differ

ence solution can represent such a model with designation of the q̂  

values for each annulus and each time increment, in accordance with the 

recharge function. 
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Conclusions 

A solution to the aquifer response model whose requirements were 

stipulated at the beginning of this chapter has been found. Vertical 

flow components are neglected in the solution, but this should not affect 

the results unless the aquifer permeability is anisotropic, with a 

vertical permeability, let us say, less than one quarter of the 

horizontal permeability. 

In the next chapter, the well field design method of Chapter 2 is 

extended to involve calculation of the average cost with respect to 

uncertainty in lateral variations of permeability among aquifer cells. 

The calculations require many numerical solutions of the aquifer response 

model. The reader will appreciate the advantage of computational speed 

as a property of the aquifer response model in this application. 



CHAPTER 4 

HETEROGENEOUS PERMEABILITY 

The objective of this chapter is to take heterogeneous permea

bility in the aquifer into account in the well field design method. A 

homogeneous permeability value is assumed within each aquifer cell, but 

the values vary among different cells. Relative frequencies of the 

values are defined in accord with some probability density function 

(pdf), without regard for the locations of the permeability values among 

the cells. This enables calculation of average cost of wells, which 

evaluates a given well density-capacity combination. 

The following implications arising from the method and assump

tions are examined. Different permeability values among adjacent cells 

cause inter-cell flow. Bounds on its effects can be estimated. Non-

simultaneous operation of the wells causes inter-cell flow. Its effects 

can be estimated. Well costs for all cell permeabilities are averaged in 

accord with their frequencies in order to evaluate a given design. 

Form of PDF 

Very few data are available on the pdf's applicable to real aqui

fers. Supkow (1972) postulated that there should be an exponential rela

tionship between transmissivity of an alluvial aquifer and the area of 

the aquifer having the specified transmissivity. His reasoning was 
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based on Horton's laws of stream orders. The pdf of transmissivity, 

t [L /T], over an entire aquifer was postulated to be 

I -T/T 
f CO = e m » for r > 0 , 

m 

f(x) =0 , otherwise, and 

rm = mean transmissivity of the aquifer. (4.1) 

To support this hypothesis, Supkow showed that the 2500 nodal trans

missivity values derived from the digital computer model of the Tucson 

aquifer gave a close fit with an exponential pdf, whose mean is the 

arithmetic mean of the transmissivity values used in the model. Each 

transmissivity value represented an area of one quarter section. 

The method for well field design applies with any form of pdf. 

Therefore, the exponential pdf can be used to illustrate the method. The 

permeability values needed to calculate declining transmissivities with 

aquifer dewatering, are assumed to equal the initial transmissivities 

divided by initial saturated thickness. The frequency distribution of 

cell permeability values in the sample realized after well field con

struction, is assumed to be the same as in the parent pdf, regardless of 

the number of wells (and cells) in the field. The parent pdf for 

permeability is 

f (K) = ̂  (e > , for K > 0 , 

f(K) =0 , otherwise, and 

= mean permeability of the aquifer. (4.2) 



Average Value Calculation 

The average value of costs with respect to the permeability pdf 

can be calculated as shown below, and then plotted as in the illustrative 

example of Chapter 2. 

Let the permeability be unifomi within each aquifer cell, but 

different among cells. Let the permeability pdf, f(K), for the cells be 

given by Equation (4.2). For constant decision variable values, each 

value of cell K will result in some well field cost, C [$/year ft ], 

according to the procedure given in Chapter 2. We can express this cost, 

being a function of K, as C(K). The average value of C over all K, 

Ê (C), is given by the equation 

+ CO 

EK(C) = / C(K)f(K)dK . (4.3) 
— 00 

Since the designer is assumed to have no knowledge of the spatial distri

bution of permeability over the aquifer area, this equation provides an 

expected cost at every cell in the area. However, the sample of cell K 

values realized after well field construction is assumed to have the same 

distribution as the parent pdf. Therefore, when Ê (C) from Equation 

(4.3) is multiplied by the number of cells in the aquifer area, it will 

give the theoretically true value of the total well field costs for the 

aquifer area. Since the spatial distribution of permeability is unknown, 

the expected cost at each cell in the aquifer area over which the pdf 

applies, equals the average cost. 
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Discretization of Expected Value 
Calculation 

Since Equation (4.2) is continuous, with non-zero slope for posi

tive, finite permeability values, there is an infinite number of possible 

aquifer cell permeability values, and a corresponding infinite, and 

intractable, number of possible cost outcomes to calculate. In order to 

reduce the calculations, the range of all possible permeability values 

can be divided into a tractable number of discrete intervals. Costs are 

assumed to be constant within each permeability interval, and to be equal 

to those resulting from the mid-interval permeability value. Let the 

probabilities, P̂ , of the mid-interval permeabilities be given by the 

following formula: 

P. = / f(K)dK = {e 1 - e 1 1 ̂ } , (4.4) 

Ki 

where = permeability at beginning of interval, and 

= permeability at end of interval. 

The interval probabilities are shorn on Figure 8, for an assumed mean 

permeability value of = 4 x 10 ̂  [ft/sec]. Let the well field cost 

due to the i-th mid-interval permeability be Ĉ . Then the expected value 

of costs is 

E(C) = E CiPi . (4.5) 
i 

Hie uniform permeability distribution, considered in Chapter 2, 

is a special form of pdf, such that P(K) = 1 for K equal to the specified 

uniform value, and P(K) = 0 otherwise. P(K) is the probability of K. 

Accordingly, only one permeability interval was needed, with P̂  = 1, and 
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its associated cost being Ĉ . In terms of the analysis in this chapter, 

the expected value of costs for a given set of decision variable values 

in the example of Chapter 2, is 

E(C) = x P1 = . 

Inter-Cell Flow 

Different permeabilities in adjacent cells will affect no-flow 

boundaries around each cell. Drawdown cones of depression in higher 

permeability cells are flatter, and reach their cell boundaries sooner, 

than those in lower permeability cells. In this analysis, all wells are 

assumed to operate simultaneously at the same pumping rates, unless well 

failure occurs. If well failure occurs in any well during a pumping 

interval, the well produces at whatever rate is possible with its draw

down held at its pump intake elevation. Under these conditions, heads at 

cell boundaries of lower permeability cells will be equal to or greater 

than cell boundary heads around higher permeability cells. As a result, 

some groundwater will flow across cell boundaries from lower permeability 

cells into adjacent higher permeability cells. Furthermore, drawdown in 

wells of lower permeability cells can reach maximum available drawdown 

limit before the same can happen in wells of higher permeability cells. 

As a consequence of earlier well failure, the total production from low 

permeability cells may be less than that from high permeability cells. 

Thus, inter-cell groundwater flow tends to improve the already better 

pumping economy and reliability of wells in higher permeability cells 

over those in lower permeability cells. 
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Two Extremes of Heterogeneity Distribution 

An infinite number of spatial distributions of permeability 

belong to the exponential pdf. In order to calculate bounds on aquifer 

response associated with any of these distributions, two extreme cases 

are examined. 

In the first case, permeability is distributed systematically 

across the aquifer. The permeability minimum is located on one side of 

the aquifer and permeability increases continuously (in accord with the 

pdf) to a maximum value on the other side of the aquifer. In the case of 

the exponential pdf used here, the minimum permeability value is zero, 

and the maximum value is at infinity. We assume that the exponential pdf 

can be truncated for all permeability values greater than some maximum, 

beyond which the probability is negligibly small in comparison to that of 

the lower permeability values. If the aquifer approaches infinite width, 

the permeability gradient of this extreme distribution approaches zero. 

In this case, the flow of groundwater between adjacent cells could be 

ignored, assuming the wells operate simultaneously. With negligible 

inter-cell flow, the aquifer response model in Chapter 3 can be used to 

calculate aquifer response for any cell permeability value. 

At the other extreme, permeability is distributed randomly (in 

accord with the pdf) among the cells, though it is uniform within each 

cell. In this case, there could arise situations (a) where a cell of low 

permeability is surrounded by cells of high permeability, giving rise to 

inter-cell flow of water from the center cell to the outer cells; or 
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(b) where a cell of high permeability is surrounded by cells of low per

meability, resulting in inter-cell flow in the opposite sense. 

For bounding possible inter-cell flow effects, only situations 

(a) and (b) need be analyzed further. Let us consider next what permea

bility value in the surrounding cells will produce maximum inter-cell 

flow with respect to the center cell, in each of cases (a) and (b). 

Inter-Cell Flow Bounds 

In order to estimate the effects of inter-cell flow due to per

meability differences between adjacent cells, consider the eight square 

cells surrounding any cell in a uniform square grid well field. Similar 

considerations apply to the other two possible uniform grid geometries. 

Suppose that the arithmetic average permeability of the eight surrounding 

cells is less than that of the central cell. One might expect a gain of 

water to the central cell from the eight surrounding cells. However, 

suppose that seven of the eight surrounding cells had a very low permea

bility, while the remaining cell (located opposite a side of the central 

cell, not a coiner) had a permeability higher than the central cell. The 

average permeability of the eight surrounding cells could be less than 

that of the central cell, but the central cell would lose, not gain 

water, because the cells with very low permeability are, in effect, 

impermeable boundaries, while the single adjacent cell of higher permea

bility takes water from the central cell. Thus, the arithmetic average 

of surrounding cell permeability is not enough information to indicate 

the magnitude or the sense of inter-cell flow. 



Finding a maximum bound on flow out of any cell under situation 

(a), above, is a comparatively simple matter. Let the eight square cells 

surrounding any cell of interest have infinite permeability, as if they 

were open bodies of water but with the same specific yield as the central 

cell. Then their cell boundary head will be the lowest possible, other 

conditions unchanged, and there will be maximum drainage out of the 

central cell for its particular permeability value. It is more useful to 

use a bound lower than the theoretical maximum, but sufficiently high to 

be almost never exceeded. That is, let the eight surrounding cells have 

a permeability equal to the highest probable, finite value expected for 

whatever aquifer is concerned. 

Finding a maximum bound on flow into any cell under situation 

(b), above, is a more complicated matter. For some range of permeability 

values in the surrounding cells, the lower the permeability in the 

surrounding cells below that of the central cell, the greater the flow 

into the central cell. Below that range, flow into the central cell 

would decrease, until, if all surrounding cells had zero permeability, 

there would be no flow into the central cell. It, therefore, appears 

that there must be a surrounding cell permeability value between zero and 

whatever the central cell's value is, that results in maximum flow into 

the central cell. This value may depend on total pumping time, as well 

as on the central cell's permeability value. The only way seen, at 

present, for identifying the maximum bound for flow into the central cell 

is by some trial and error search technique. It will be shown later, in 

an example, that inter-cell flow has relatively minor effects on results. 
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Hence, for practical purposes, a reasonable guess of the appropriate 

lower permeability value of the eight square cells surrounding the 

central cell will be made. 

Three cost estimates. For each set of decision variable values, 

there are now three cost estimates. The one for no inter-cell flow is 

included because it should lie between those for the conditions bounding 

inter-cell flow, and because the lower bound on costs is based on a 

reasonable approximation rather than rigorous analysis. Expected value 

calculations are performed for the three cases: (1) no inter-cell flow, 

(2) maximum .inter-cell flow loss, and (3) maximum inter-cell flow gain, 

which are described as follows. 

In the case of no inter-cell flow, every cell in the aquifer is 

conceptually surrounded by cells of nearly equal permeability. The 

aquifer response model for a single cell, as in Chapter 3, can be used to 

evaluate aquifer response. 

In the case of maximum inter-cell flow loss, every cell in the 

aquifer is conceptually in situation (a), being surrounded by cells 

having the highest probable permeability value to be expected in the 

aquifer of concern. Expected costs are, therefore, calculated assuming 

maximum inter-cell flow loss out of each and every cell. Although the 

result is based on an impossible permeability distribution, it bounds the 

possible effects of inter-cell flow leaving any cell. An aquifer response 

model for estimating these effects is presented in Chapter 5. 

In the third case, every cell in the aquifer is conceptually in 

situation (b), being surrounded by cells having a permeability value 



somewhere between, the particular cell's value and zero. As a guess, one 

might say halfway between the two. Expected values are, therefore, 

calculated assuming a reasonable approximation of inter-cell flow gain 

into any cell. Again, the result is based on an impossible permeability 

distribution, but it does lead to an approximate bound on the possible 

effects of inter-cell flow into any cell. The aquifer response model 

presented in Chapter 5 can be used to estimate aquifer response under 

these conditions. 

Note that, in both of these inter-cell flow cases, (2) and (3), 

the bounds on expected costs represent the worst and best possible out

comes at any single cell in the aquifer. However, since the calculations 

are based on impossible spatial permeability distributions, they do not 

give the average cell cost for the whole area, as does the case, (1), 

where no inter-cell flow is assumed. Indeed, the average cell cost for 

the whole area, allowing for inter-cell flow, would lie well within the 

bounds, if situation (b) could be modelled exactly. 

Illustrative Example 

This illustrative example contains identical aquifer conditions 

to those contained in the example given in Chapter 2, with the exception 

of permeability. In the example of Chapter 2, permeability was homo

geneous throughout the aquifer and given by the constant 4 x 10 ̂  

[ft/sec]. In this example, permeability is distributed in terms of 

probability, according to Equation (4.2), with = 4 x 10 For the 

expected value calculation according to Equation (4.5), Figure 8 shows 
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the permeability intervals and their respective probabilities, P̂ , from 

Equation (4.4). 

Aquifer response for each permeability interval was calculated, 

assuming a square, well grid geometry, as follows. For the case 

involving no inter-cell flow, the aquifer response model from Chapter 2 

was used. For the case involving maximum, inter-cell flow loss from the 

central cell, the surrounding cells were assigned a permeability of 

-3 
2.5 x 10 [ft/sec], and the aquifer response model given in Chapter 5 

was used. For the case involving estimated maximum inter-cell flow gain 

to central cell, the surrounding cells were assigned a permeability of 

1 x 10 ̂ . This value was assumed to be representative for inter-cell 

flow gains in the permeability ranges of higher probability. 

The cost analysis was performed in the manner described in 

Chapter 2, and three expected costs were obtained for each pumping bound, 

as described in this chapter. The results are plotted in Figures 9 

and 10. 

Discussion of Results 

In the illustrative example results plotted in Figure 9 and 10, 

the inter-cell flow curves are nearly the same as those based on the 

assumption of no inter-cell flow. Figure 9 shows that inter-cell flow 

costs do not vary from the assumed no inter-cell flow costs by more than 

plus or minus 3 percent. For the conditions of this example, therefore, 

we can neglect the influence of inter-cell flow due to non-uniform 

aquifer permeability. 



Figure 9. Expected cost bounds for heterogeneous aquifer 

with mean peimeability equal to 4x10 ̂  [ft/sec]. 

(1 Well cost. 

© Well and pumping cost, minimum bound. 

(3) Well, minimum pumping, and failure costs. 

(4) Well and pumping cost, maximum bound. 

; 5) Well, maximum pumping, and failure costs. 

... Each cell surrounded by highly competitive cells. 

Each cell surrounded by equally competitive cells. 

Each cell surrounded by poorly competitive cells. 
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Figure 9. Expected cost bounds for heterogeneous aquifer 

with mean permeability equal to 4x10 ̂  [ft/sec]. 



Figure 10. Expected net income for heterogeneous aquifer 

with mean permeability equal to 4x10 ̂  [ft/sec]. 

(T) Maximum expected net income, for minimum pumping bound. 

(2) Minimum expected net income, for maximum pumping bound. 

Each cell surrounded by highly competitive cells. 

Each cell surrounded by equally competitive cells. 

_ Each cell surrounded by poorly competitive cells. 
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Figure 10. Expected net income for heterogeneous aquifer 

with mean permeability equal to 4x10[ft/sec]. 
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It should be remembered in connection with inter-cell flow, that 

simultaneous well operation was assumed in the exajnples. The influence 

of inter-cell flow due to extreme non-simultaneous pumping has not been 

investigated in this analysis. For instance, if most wel]s in the field 

were to complete their pumping requirements early in the pumping season 

while a few scattered wells were late starters, the late-starting wells 

would begin pumping from already partially depleted cells due to inter-

cell flow into the surrounding cells of early-starting wells. 

The reader is here reminded that the minimum pumping bound means 

that all wells are pumped at the minimum possible rate during the entire 

pumping season to satisfy demand; whereas, the maximum pumping bound 

means that all wells are pumped at maximum capacity, continuously for a 

shorter period, until demand is satisfied. In reality, the wells will 

more likely operate at maximum capacity at intervals during the pumping 

season until demand is met; however, the pumping energy plus well failure 

cost for any such operating schedule will lie somewhere between the bounds 

recalled above. 

Let us compare well field designs resulting from homogeneous and 

heterogeneous permeability assumptions. Although the method is general, 

the comparison is valid only for the particular set of conditions used in 

these examples. With regard to those maintenance costs which are 

excluded from this analysis, namely, those due to well supervision and to 

well reconditioning over and above capital costs for replacement of worn-
t 

out parts, it is generally accepted in the well industry that they 

increase more significantly with the number of wells to be maintained, 



than they decrease with smaller well sizes. As a consequence, where 

other costs are about equal, lower well density and higher well capacity 

should be given preference in the choice of optimal well field design. 

For this discussion, let us (1) assume that inter-cell flow 

effects can be neglected and refer only to the curves for no inter-cell 

flow, and (2) adopt for the design curve a curve lying halfway between 

the curves resulting from the two pumping bounds. Accordingly, the 

results on Figure 4 for the homogeneous case, and those on Figure 10 for 

the heterogeneous case, become as shown together on Figure 11, for 

comparison. 

From Figure 11, for the homogeneous aquifer, the range of optimal 

* 3 z designs appears to be from = 2.5 to 3.5 [ft /sec]. Considering the 

additional maintenance costs, the larger well capacity, lower well 

* 3 density design will be chosen, say Qc = 3.5 [ft /sec], with a net income 

of 2.2 x 10 4 [$/yr ft̂ ]. On the other hand, for the heterogeneous aqui-

* 3 
fer, the optimal design appears to be = 2.5 [ft /sec], with a net 

_4 2 income of 1.0 x 10 [$/yr ft ]. In comparing these results it may be 

noted that while the mean permeabilities of the homogeneous and hetero

geneous permeability distributions are the same, the exponential distri

bution is such that there will be a higher frequency of cell 

permeabilities below the mean than above it. 

A 
The heterogeneous aquifer design of Qc = 2.5 is more conservative 

A 
than the homogeneous aquifer design of = 3.5, with respect to well 

failure. Because of greater well density, the heterogeneous aquifer 

design will have higher maintenance costs than the latter design. The 



Figure 11. Comparison of net incomes, midway between 
pumping bounds, for homogeneous case and 
heterogeneous case. 

(l) Homogeneous case, K = 4x10 ̂  [ft/sec]. 

(2̂ ) Heterogeneous case, = 4x10 ̂  [ft/sec]. 
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Figure 11. Comparison of net incomes, midway between 
pumping bounds, for homogeneous case and 
heterogeneous case. 



analysis shows a 17 percent increase in costs due to aquifer hetero

geneity, mainly as a result of the associated increase in the incidence 

of well failure. 

Accuracy of PDF Mean 

Finally, we consider the consequence of inaccurate estimation of 

the mean, for the exponential pdf. The well field designer may be 

reasonably certain that the true mean lies somewhere between, for 

example, 3 x 10 4 and 5 x 10 4 [ft/sec]. He would like to know whether 

he should go ahead with a design based on his best estimate, say 

= 4 x 10 or whether it would be worth obtaining more data for a 

closer estimate of the true mean. To this end, he can calculate and 

compare results for each of three cases. In the first case, 1̂  = 

3 x 10~4; in the second case, K = 4 x 10 and in the third case, K = 
' m m 

5 x 10"4. To illustrate the calculation procedure, Figure 12 shows 

hypothetical curves for each mean. Figure 13 shows actual design curves 

from the illustrative example data where, as before, inter-cell flow has 

been neglected, and for each mean, a design curve halfway between those 

resulting from the two pumping bounds is adopted. Figure 12 was inserted 

because, in the illustrative example, it turned out that there was no 

penalty cost for a wrong guess of the mean value within the limits given 

above. 

* 
From Figure 12, the optimal design for is Q̂ , with a net 

A 
income of v̂ . Similarly, for have Q̂ , with for K̂ , 

* 
with Vy If the assumed mean for design is K̂ , when the true mean 

is Kĵ , net income will be ŵ , with a penalty cost for not designing for 



Figure 12. Hypothetical curves illustrating penalty cost 
calculation procedures. 

K ,, K K , Hypothetical net income curves for three different 
ml m2 m3 mean permeabilities. 

* * * 
Qcp Qc2> Qc3 Optimal well capacities for each curve. 

vl' v2' v3 Maximum net incomes associated with optimal well 
capacities for each mean permeability curve. 

•k 
Wp Net incomes with design, when true mean 

permeability is.K or K g, respectively. 

Note: If the true mean lies between K  ̂and K̂ , then the estimated 

maximum penalty cost due to designing for Km2 is (ŷ -w-j). 
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Figure 12. Hypothetical curves illustrating penalty cost 
calculation procedures. 



Figure 13. Expected net incomes for heterogeneous aquifers 

mth mean permeability of 5x10 ̂ , 4x10 ̂  and 

3x10 ̂  [ft/sec]. 

1 Expected net income, for Km = 5x10 ̂  [ft/sec]. 

2 Expected net income, for Km = 4x10 ̂  [ft/sec]. 

(.3, Expected net income, for Km = 3x10 ̂  [ft/sec]. 
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3x10 ̂  [ft/sec]. 



the true mean, of (v̂ -ŵ ). Similarly, if were the true mean, the 

penalty cost would be • The designer can compare these cost 

penalties with the cost of obtaining a more accurate estimate of the true 

mean, in order to reach a decision. In Figure 13, the optimal design is 

= 2.5, for all three values of Km> The respective net incomes are 

shown on Figure 13. With no penalty cost in the area of uncertainty for 

K̂ , the designer can go ahead with the design based on K = 4 x 10 

because a more accurate estimate of the true mean would provide no bene

fit but might be expensive to obtain. 

A more thorough analysis of the consequences of uncertainty in 

the pdf for permeability can be made using Bayesian decision theory. 

Bostock and Davis (1975) described such an analysis. 

Maximum Non-Simultaneous Pumping Time 

A well that starts pumping late in the season may start with an 

already lowered initial static water level due to previous pumping from 

nearby wells. In such a case, pumping costs at the well could exceed the 

maximum bound for simultaneous pumping, and. there would be a greater risk 

of well failure than if simultaneous pumping were required. We now 

consider the consequence of removing the simultaneous pumping require

ment. An analysis procedure similar to the one defined in this chapter 

for the analysis of inter-cell flow effects due to heterogeneous permea

bility is proposed here for the analysis of inter-cell flow effects due 

to non-simultaneous pumping. 

For extreme effects at any cell, of non-simultaneous pumping sub

ject to the operating decisions defined in Chapter 2, there could arise 



situations (c) where a cell whose pumping starts at the latest possible 

time in the pumping season, is surrounded by cells whose pumping is 

completed at the earliest possible time in the pumping season, giving 

rise to inter-cell flow of water from the center cell to the outer cell, 

or (d) where a cell whose pumping is completed at the earliest possible 

time in the pumping season, is surrounded by cells whose pumping starts 

at the latest possible time in the pumping season, resulting in inter-

cell flow in the opposite sense. Since we are interested only in the 

maximum effects of non-simultaneous pumping at any cell, we can further 

assume that the surrounding cells always have the same permeability as 

the central cell. The remainder of the analysis is the same as for the 

heterogeneous aquifer case. Note that expected values are still 

calculated over all permeability values, but no inter-cell flow occurs 

due to permeability heterogeneity; it occurs only due to non-simultaneous 

pumping, in this analysis. A third analysis could be defined, in which 

the extreme effects of both permeability heterogeneity and non-

simultaneous pumping are compounded, but it will not be discussed in this 

study. 

In the writer's judgment, the inter-cell flow bounds on costs due 

to extreme non-simultaneous pumping will deviate further from the costs 

for no inter-cell flow than those due to extreme effects of heterogeneous 

permeability. This is because of the longer time span over which inter-

cell flow can take place in the extreme non-simultaneous pumping case, 

compared to the simultaneous pumping but non-uniform permeability case. 

However, as pointed out in Chapter 2, the well field can be managed so as 



to minimize this inter-cell flow effect, by keeping the average pumping 

rates of all the wells simultaneously equal, where the average is 

calculated over some maximum, safe non-simultaneous pumping time, t [T]. 

Note that, for cases (c) and (d), t has been assumed to be equal to 

t , the maximum length of pumping season. 

A possible approach to determining the maximum safe length of t 

can be defined as follows. A tolerable inter-cell flow cost is defined 

in terms of a tolerable deviation of the cost bounds from the no inter-

cell flow case. The pumping periods defined in cases (c) and (d) for the 

center and surrounding cells are moved closer together in time, giving a 

smaller value of t . The cost analysis calculations are performed again. 

This procedure is repeated for successively smaller values of t until 

the maximum safe value of t is found such that the inter-cell flow cost 

bounds lie within their tolerable deviation from the costs for the no 

inter-cell flow case. 

Multiple Design Possibility 

Available data on an aquifer may indicate that some areas have 

greater probability of high permeability values than other areas. Areas 

of high permeability will generally sustain higher production rate wells, 

spaced correspondingly farther apart, than will areas of low permea

bility. It may be more efficient to take advantage of such information 

and to carry out separate well field design analyses using different 

pdf's, where permeability expectations are different. The results of 

analyses with different permeability pdf's for different parts of the 

aquifer may result in different well spacings. At the junction of grids 
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having different well spacings, clustering of wells should be minimized 

in order to minimize well interference. Some areas having a lower 

storage capacity may sustain a lower groundwater production rate per unit 

area, than other areas with higher storage capacity. Some aquifer areas 

may be uneconomical for any groundwater production, and left devoid of 

wells. The well field design analysis method is applicable to these 

cases, provided that inter-cell flow can be accounted for, or is 

negligible. 

Homogeneity within Cells 

Natural distributions of permeability and specific yield in 

granular aquifers are complex, sometimes over distances as small as a few 

yards. The assumption of homogeneous permeability and specific yield 

within each cell, therefore, bears some discussion. Two reasons for 

allowing it in the practical application of this well field design 

analysis method, are given in the following two paragraphs. 

Aquifer drawdown pump test results, showing aquifer drawdown 

versus pumping time, represent some sort of integration of the real 

distribution of aquifer properties. The volume of aquifer over which 

such integration occurs depends on the pumping duration up to the time of 
f 
! i 
| drawdown observation. Note that the greater the radial distance between 

r 

the well and any transmissivity or specific yield anomaly, the smaller 

the effect of such anomaly on drawdown at the well. Usual practice is to 

assign single values to the transmissivity and specific yield in the 

aquifer at each well. These single, or homogeneous, values are chosen 



so as to be representative of the time drawdown characteristics at the 

well, as indicated by pump tests. 

As previously stated, Supkow (1972) showed that the 2500 nodal 

transmissivity values used in the digital computer model of the Tucson 

basin aquifer gave a close fit with an exponential pdf. The aquifer area 

represented by each nodal transmissivity value was one quarter mile 

square. This area is of the same order of magnitude as the cell areas 

used in the well field design analysis. 

Conclusions 

(1) The well field design method which was developed in 

Chapter 2 has been extended to take into account uncertainty in the 

spatial distribution of permeability in the aquifer. The spatial distri

bution of permeability among cells in the aquifer area of interest is 

assumed to be in accord with a given probability density function. 

(2) Inter-cell flow effects due to heterogeneous permeability, 

for the aquifer conditions and operating decisions assumed, were found to 

be negligible. 

(3) Under the conditions of the illustrative example, the least 

cost well field design for the homogeneous aquifer with K = 4 x 10 ̂  

[ft/sec] was Qc = 3.5 [ft̂ /sec] with = 2.49 x 10 ̂  [well/ft̂ ]. The 

corresponding design for the heterogeneous aquifer with = 4 x 10 

was 0 = 2.5 and N = 3.48 x 10 ̂ . Well field cost with the hetero-
x w 

geneous distribution of permeability was 17 percent higher than with the 

homogeneous distribution. 
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(4) The well field cost analysis method was used in the example 

to calculate penalty costs (foregone benefits) due to lack of information 

on the true value of the mean, Km> to be used in the exponential pdf. 

For the range of examined, there were no penalty costs. Further work 

on this aspect of the method has been done by Bostock and Davis (1975). 

(5) The heterogeneous analysis method can be extended to 

calculate a maximum safe time period over which non-simultaneous pumping 

can continue, without excessive effect on costs. 

(6) Where previous knowledge of the spatial distribution of 

aquifer properties indicates different well field designs in different 

areas of the aquifer, such multiple design analysis can be performed 

using the method presented here, provided that inter-cell flow effects 

can be accounted for, or are negligible. 

In the next chapter, the aquifer response model of Chapter 3 is 

extended to involve the effects on a central cell caused by extreme 

conditions in the surrounding cells. 



CHAPTER 5 

AQUIFER RESPQMSE MODEL: HETEROGENEOUS CASE 

The objective of this chapter is to extend the circular cell 

model of Chapter 3 to represent a group of cells consisting of a central 

cell and its surrounding, adjacent cells. The surrounding cells are 

added to the single cell response model in order to estimate the 

possible effects on costs of inter-cell flow, into or out of any cells in 

the aquifer area. In Chapter 4, two causes of inter-cell flow were 

analyzed. One cause is aquifer heterogeneity, the other cause is non-

simultaneous pumping. Conditions in the surrounding cells which would 

produce maximum inter-cell flow from each of these causes were defined. 

This chapter provides a solution to the cell group model for each grid 

geometry that is capable of incorporating those conditions of hetero

geneous permeability and non-simultaneous pumping which result in 

maximum inter-cell flow. 

Requirements of the cell group model, in addition to those 

specified in Chapter 3 for the single cell model, are the following. 

(1) The surrounding cells all have the same permeability, and their 

wells operate simultaneously. (2) Hie permeability of the central cell 

and that of the surrounding cells can each be specified independently. 

(3) The pumping rate of the central cell and that of the surrounding 

cells can each be specified independently, and are each variable in time. 

95 
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Circular Representation of Cell Group Models 

We continue with the circular, radial flow model solution of 

Chapter 3, because it is computationally fast, and easily adapted to 

represent any of the three cell group models resulting from the three 

well location grid geometries. Other solutions could be used, but this 

one is adequate. 

Cylindrical Sink Model 

The circular cell model adaptation to represent each of the 

three different cell groups, related to each of the three grid geometries, 

resembles a doughnut-shaped ring of aquifer with the hole filled by a 

cylindrical cell similar to the model of Chapter 3 (see Figures 14, 15 

and 16). The permeabilities of the central cell and surrounding 

doughnut are respectively homogeneous, but in general, are different. 

The central cell and doughnut are hydraulically connected, that is, there 

is no impermeable boundary between them. The model has the same total 

horizontal area as the particular cell group model, and is impermeably 

bounded around its outer circumference. Drawdown in the central cell is 

the unknown of primary concern. The doughnut surrounding the central 

cell provides a measure of inter-cell flow effect on the central cell's 

drawdown due to pumping in the adjacent, surrounding cells. 

Permeability of the doughnut equals permeability assigned to the 

surrounding cells. Pumping in the surrounding cells is modelled in the 

doughnut by a cylindrical sink of strength equal to the combined pumping 

from the surrounding cells, and located concentrically with the central 

well and doughnut. The diameter of the cylindrical sink is such that 
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Wel l  locat ions Cy l indr ica l  s ink  

Figure 14. Cylindrical sink model, approximation of hexagonal 
cell group for equilateral triangular, well 
location grid geometry. 



Wel l  locat ions Cy l indr ica l  s ink  

Figure 15. Cylindrical sink model, approximation of square 
cell group for square, well location grid 
geometry. 
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Wel l  locat  ions 

Figure 16. Cylindrical sink model, approximation of 
equilateral triangular cell group for hexagonal, 
well location grid geometry. 
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the horizontal cross-section area enclosed by it is the same as that 

enclosed by lines joining all surrounding wells in the group of 

surrounding cells (see Figures 14, 15 and 16). 

Satellite Cell Component 

Hie cylindrical sink has a much larger surface area over which 

flow may enter than the wells which it replaces, and consequently, does 

not produce the radial convergence losses that wells produce. The effect 

of lack of convergence loss at the cylindrical sink is to give no 

indication of when the surrounding wells would reach their maximum 

available drawdown state and begin to decline in their production rate. 

In order to provide an estimate of this necessary information, a 

"satellite" cell model is solved in conjunction with the cylindrical sink 

model (see Figure 17). We will speak of the two components of the 

cylindrical sink model as the central cell-douglmut component, and the 

satellite cell component. The satellite model represents a single cell 

whose permeability is the same as the permeability of the doughnut. In 

solving the cylindrical sink model using finite difference time steps, a 

record is kept of volume and direction of water transferred between the 

central cell and the douglmut at the end of each time step. Before the 

next time step iteration, a fraction of this water transfer is applied 

uniformly around the outer boundary of the satellite cell model. The 

sign of this fraction is such that if flow is out of the central cell 

and into the doughnut, then the direction of water transfer is into the 

satellite cell, and vice-versa. The volume of the fraction is equal to 

the total volume transferred between the central cell and doughnut 
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Figure 17. Cylindrical sink model of nine square cells. 
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during the time increment, divided by the number of surrounding cells 

represented by the doughnut. Figure 17 shows the cylindrical sink model 

of nine square cells. The doughnut is divided into eight segments, each 

representing an "average" of the eight surrounding square cells in the 

group of nine. The arrows indicate groundwater flow between the central 

cell and one of the eight segments of the doughnut. The arrows on the 

satellite cell are to indicate a uniform distribution of inter-cell flow 

around its boundary. Next, drawdown in the satellite is calculated for 

that time step. When the satellite cell reaches maximum available 

drawdown state it can indicate appropriate decline in production rate for 

cylindrical sink. The strength of the cylindrical sink is always equal 

to the pumping rate of the satellite cell multiplied by the number of 

surrounding cells represented by the doughnut. Conservation of mass is 

maintained between the central cell and doughnut, and between the central 

cell and satellite cell. The doughnut estimates inter-cell flow loss 

from, or gain to, the central cell, while the satellite cell estimates 

radial convergence losses of head in the doughnut and controls pumping 

rate of the cylindrical sink. 

The question arises whether the water flow between the central 

cell and doughnut can be applied uniformly around the satellite model 

circumference as lias been done here, or whether it would be more correct 

to apply it over a portion of the satellite circumference of similar 

length to the contact length between the central cell and the appropriate 

fraction of the doughnut inner circumference (see Figure 17). The 

appropriate fraction is the reciprocal of the number of wells represented 

by the doughnut. Following a procedure given in Muskat (1946, 
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pp. 163-169), it may be shown that for steady, confined flow through a 

cylindrical model into a concentric well, the head at the well depends on 

total rate of water entry into the model at the outer boundary and on 

average head over outer boundary, but is independent of water velocity 

distribution around the outer boundary. While this fact cannot directly 

validate the unconfined transient flow model, it does give an indication 

that the procedure followed here is a reasonable approximation. 

Model Formulation 

The purpose of this section is to indicate how the finite 

difference equations of the single cell model solution in Chapter 3 are 

modified for use in the cylindrical sink model. The cylindrical sink 

model is composed of equations similar to (3.12) to (3.15). The 

differences are in the number and spacing of the annuli, in the 

discharge rate of the cylindrical sink, and in the transfer of water into 

or out of the outer boundary of the satellite cell model. Let the central 

cell part of the model have n annuli, spaced in proportion to er, cl 

according to Equation (3.7). Let the doughnut be composed of n̂  annuli, 

linearly spaced, as explained later. Thus, n for the outer, n-th, 

annulus of the model, with impermeable outer boundary, is n = ng + n̂ . 

The cylindrical sink is the n̂ -th annulus, where n̂  = {n& + Integer 

(n̂ /2) +1}. By Integer (n̂ /2), it is meant that decimal places are 

dropped after dividing, to leave an integer, next smaller than the real 

number. 

Let the central cell have radius r . For the square grid well 
a 

location geometry, the radius of the cylindrical sink is twice the radius 
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of the central cell, that is, 2r . The radius of the outer impermeable 
ci 

boundary is 3r . We let the node of the annulus which forms the 
cl 

cylindrical sink, have radius 2r&, and let the distance to either wall of 

this annulus be a constant, C. Let the distances, between each annulus 

wall and node and wall, etc., continuing in both directions away from the 

cylindrical sink, increase successively by the constant amount, C. 

Figure 18 shows the annuli equally spaced, however, for simplicity in the 

diagram. There are n̂  such intervals on either side of the cylindrical 

sink node (see Figure 18). Note that nK must be an odd number while n 
D cl 

can be even or odd. Thus, r = {C + 2C + 3C + ... + n, C} or 
' a D 

nb 
C = r/{ z m}. The node and annulus radii are given by the following 

a m=l 

formulae. In terms of i subscripts, they are, 

f°r r < r r - r - 2{n - i}C , 
d x*7 

forri>rn,> ri=r. i+2{i-nd)C, 
a i-2 

where i = n
a 

+ j>n
a 

+ n
a 

+ •••> n ~ j> n + jl CS.l) 

or, in terms of k subscripts, where k = 2i, in order to transform the i's 

into integers for computer referencing, 

rk •= r2nd> rk = rk+l • (2nd * k}C ' 

rk > r2nd' rk = rk-l + (k " 2nd}C • 

where k = 2n +1, 2n +2, 2n + 3, 2n-l, 2n, 2n+l . (5.2) 
cL 3. 3. 
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The nodes and the annuli of the satellite cell are spaced identically to 

those of the central cell. 

The link between the central cell-doughnut component and the 

'Z 
satellite cell component works as follows. We let IL [L' /T] be the flow 

rate, in the direction of positive r, across the i-th annulus' outer 

wall, at radius Then> treating aquifer recharge as positive, and 

flow in the direction of positive r as positive flow, the flow across the 

cell boundary into the doughnut, that is, from the n -th annulus into the 
a 

n +l-th annulus, is 
a ' 

n 

V = A qi " *{ri+i - ri i> sy thj " hj-i)/Ati ' 
a l-l 1+2 i"2 

where i takes on integer values only. For every j-th time interval, Atj, 

the sequence of major steps relevant to the link between the two model 

components goes as follows. We use the square cell group (Figure 15) to 

illustrate: 

1. Set new time increment, Atj = 1.2{Atj 

2. Set a of satellite cell equal to Un /8 which was calculated in 
a a 

the central cell for previous time interval, Atj_̂ . This distri

butes a flow, equal in magnitude to one-eighth of the inter-cell 

flow from central cell into doughnut, around and entering the 

outer annulus of the satellite cell component (see Figures 17 

and 18). 

3. The satellite cell determines well discharge rate, in the light 

of radial convergence head losses, for the current time interval, 

Atj. 
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4. Set q , that is, for the annulus of the doughnut containing the 
d̂ 

cylindrical sink, equal to 8q̂  from the satellite cell. This 

controls the pumping rate of the cylindrical sink for the current 

time interval, Atj. 

5. The central cell-doughnut determines its new heads and a new 

value for U for the current time interval, At.. 
na 

6. If the total pumping time, t , has not elapsed, go back to 
max 

step 1. Otherwise, stop. 

Accuracy Check of Cylindrical Sink Model 

In order to check the accuracy of the cylindrical sink model, a 

two-dimensional, cartesian coordinate, finite difference model was 

developed. It is expected that the cylindrical sink model will represent 

the equilateral-triangular grid geometry cell group (Figure 14) most 

closely, the hexagonal grid cell group (Figure 16) least closely, while 

it will be somewhere between for the square grid cell group (Figure 15). 

Comparisons were made only for the square grid cell group, which consists 

of nine square cells. 

In the square grid model, the nodes were equally spaced. With 

equally spaced nodes, radial convergence losses at the wells are not as 

well represented as in the circular model with exponentially spaced 

nodes. In order to obtain, for the well in the central cell, an 

independent measure of the difference in representation of radial 

convergence head losses between the two models, the following was done. 

Drawdown was calculated for a single, impermeably bounded, circular cell, 

and again for the corresponding square cell. Identical time increments 
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and pumping rate functions were used in each case, so that the comparison 

would not be invalidated due to well failure, should it occur in the 

circular model where convergence head losses are greater at the central 

well. For an example of results, see Figure 19. Figure 19 shows that 

for the independent comparison of radial convergence losses, the 

circular model drawdowns are not quite as great as those for the square 

grid model. This can be explained, at least in part, by the volume of 

water mined out of the cone of depression close to the well, being 

greater in tlie case of tlie circular model than in the case of tlie uniform 

node spacing, square model. To compensate, the drawdown farther out in 

the circular model is less than in the square model. 

Having this independent measure of the difference in radial 

convergence head loss between the circular and square models, then the 

nine square cells model, and corresponding cylindrical sink model, were 

next examined. Permeability for the central cell in each model was set 

equal to that in the single cell case described above. Various trials, 

using various permeabilities, involved different permeability contrasts 

between the central cells and the surrounding cells, or doughnut. In all 

cases, identical time increments, and discharge rate functions for the 

greatest discrepancy between the circular cell group model and square 

cell group model were used. The greatest discrepancy occurred when the 

permeability of the central cell is low and that of the surrounding cells 

is high. Of the trials made, the one resulting in tlie most discrepancy 

gave the results which are also plotted on Figure 19. 
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The curves for the cell group show the circular model drawdown is 

greater than that for the square model. A possible explanation for this 

reversal follows. Since the permeability of the central cell is low, the 

central well fails early (after 6 minutes) in the pumping period, while 

the surrounding wells, being in high permeability cells, do not fail at 

all. Consequently, there is an overwhelming withdrawal of water at the 

cylindrical sink, compared to the water withdrawal at the central well. 

The cylindrical sink, having so much surface area and so little conver

gence head loss, has a relatively shallow "trough" of depression on 

either side of it, while in the square model, the nodal squares that 

represent the surrounding wells have larger convergence losses than the 

cylindrical sink. Therefore, in the outer part of the central cell, as 

seen on Figure 19, the drawdown for the square cell model is now above 

that of the circular model in order to compensate for the deeper "cones" 

of depression necessary at the nodal squares representing wells in the 

square model. We can infer from this qualitative discussion that if 

exponential spacing of nodes along the two axial directions away from 

each nodal square well of the square model had been used, then (1) the 

two curves for the independent cells would more nearly coincide, that is, 

the square cell curve would come closer to the circular cell curve; and 

(2) the two curves for the square, and circular, cell group models would 

be still farther apart, because of still deeper cones of depression 

occurring around the now much smaller nodal square wells of the 

surrounding square cells while the cylindrical sink is unchanged. 
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A second accurary check of the cylindrical sink model was made, 

as well. Under homogeneous aquifer conditions, and simultaneous, equal 

pumping rates from all wells, there should be no inter-cell flow between 

the central cell and the surrounding doughnut. With a homogeneous 

permeability of 4 x 10 ̂  [ft/sec], the maximum difference in drawdown 

between the central cell and the satellite cell just prior to well 

failure, after 24 percent of the pumping season had elapsed, was 0.6 [ft], 

in a total of 160 [ft] of drawdown. Maximum inter-cell flow in any time 

interval was 5 percent of the discharge rate at the central cell. These 

are certainly tolerable errors in an analysis of this kind. At lower 

permeability values, errors could be greater due to greater head 

variations in space, however, the model was not tested for other 

permeability values. 

Discussion of Results 

The advantage of the cylindrical sink model over a two-dimensional 

square model having exponentially spaced nodes and nodal rectangles, and 

being reduced to one-quarter size by symmetry, is that the former model 

results in a faster computer program. It is faster for two reasons. If 

the number of equations in the two-dimensional model were x, then the 

number of equations required for an equivalent, cylindrical sink model 

would be approximately 1.5/x, where/x equations represent the central 

cell-doughnut component and .5/x equations represent the satellite cell. 

Tlierefore, the circular representation of the cell group model requires 

significantly fewer equations for solution than does the square 

representation. The other reason is that the cylindrical sink model 

equations, having only one independent space variable, r, require only 
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one iteration, per time interval, for solution, while, on the other hand, 

the square model equations, having two independent space variables, x and 

y, and being solved by the iterative alternating direction implicit 

method (Prickett and Lonnquist, 1971), may require several iterations, 

per time interval, for solution. The disadvantage of the cylindrical 

sink model, in comparison with the two-dimensional model, is that it is 

an inferior approximation of the geometry of the flow system that would 

occur in a group of nine square cells. 

While the cylindrical sink model cannot represent the polygonal 

cell group models exactly, the inter-cell flow phenomena of both model 

representations must be of the same order of magnitude, for the 

conditions examined here. In the illustrative example results for 

heterogeneous permeability, inter-cell flow effects on total costs were 

negligible according to the cylindrical sink model. Even if inter-cell 

flow effects were 50 percent in error, a maximum error in the writer's 

estimation, the resulting effect on costs in the example results would 

still be negligible. Note that in all of this discussion regarding the 

accuracy of the cylindrical sink approximation, considerations were 

limited to simultaneous pumping. Hie accuracy of the cylindrical sink 

model was not checked with regard to non-simultaneous pumping. The 

reason for this is that the scope of this study does not include a 

rig-: '.is analysis of t" 3 influence of non-simultaneous pumping. 

Conclusions 

The following conclusions may be drawn from the accuracy study of 

the cylindrical sink model and from the well field design method defined 

in earlier chapters. 
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(1) The circular approximation of the polygonal cell group model 

can be used to measure extreme inter-cell flow effects due to 

heterogeneous permeability, under the conditions of the illustrative 

example given here. 

(2) Further testing of this model approximation may indicate 

that its application to a wider range of aquifer conditions is also 

justified. 

(3) Other, more accurate, solutions of the polygonal cell group 

models could have been substituted for the cylindrical sink model 

employed here, involving no other changes in the overall well field 

design analysis. 



CHAPTER 6 

DISCUSSION AND CONCLUSIONS 

A method of cost minimization for a particular kind of well field 

design problem was described. The problem involves construction of a 

uniform grid well field over an extensive area. The chief characteristic 

of the method is that it takes into account uncertainty in the lateral 

distribution of field permeability in the aquifer. In this chapter, 

practical applications of the method and recommendations for further work 

are discussed, and conclusions are listed. 

Practical Applications 

Conditions in Bangladesh 

The well field design method applies to the kind of conditions 

that exist in Bangladesh. In Bangladesh, there is extensive flat-lying 

terrain composed of the delta created by the Ganges and Brahmaputra 

Rivers. Much rainfall occurs in the summer time, while the winters are 

dry by comparison. In some parts of the country, the rainfall is insuf

ficient for growing crops during the dry, winter season (Karijn, 1968). 

The unconfined aquifer which is formed by the deltaic sediments receives 

recharge from rainfall through the ground surface during the wet season. 

A network of groundwater wells could provide both a sanitary water supply 

year-round, and irrigation water for crops during the dry season. 

114 
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In Bangladesh, where many new wells are needed over extensive 

areas and in a short time, it would be expedient to proceed directly with 

well field construction based on a uniform grid design. One important 

decision in establishing such a design is what density-capacity 

combination to use for the well grid. 

Well Density-Capacity Combinations 

A well field design that uses a uniform grid can be defined by a 

well density-capacity combination. By expressing water demand and well 

field costs on a "per unit ground-surface area" basis, the well field 

costs resulting from alternative well density-capacity combinations can 

be compared without regard to the total number of wells to be constructed 

in the well field area. This simplifies analysis to the consideration of 

costs for one well and its appropriate size of aquifer cell. The size of 

aquifer cells is determined by the following relationship: the product 

of well capacity multiplied by well density must equal the "maximum 

instantaneous demand rate." 

Where different sub-areas of the total well field design area 

have known differences in their physical characteristics, the method may 

indicate different well density-capacity combinations. At boundaries 

between different designs, an understanding of the design method and use 

of judgment are necessary to avoid, for example, two wells being located 

much closer together than the spacing of either adjacent grid. 



116 

Heterogeneity Among Aquifer Cells 

After the well field has been constructed, a field permeability 

value can be measured at each well by means of pump tests. This value is 

assumed to represent the permeability of the well's cell of aquifer. The 

permeability at each well will, in general, be different. This permea

bility is a major factor influencing the fraction of groundwater storage 

in the cell that can be extracted by pumping during a given time inter

val. It also affects the energy consumed in the pumping. The total well 

field cost per unit area is of interest rather than the cost at each 

individual well. Therefore, it is the frequencies of the various cell-

permeability values that is important, rather than the actual spatial 

distribution of field permeability. It is convenient to define the 

frequency of each cell-permeability value by a pdf. The pdf is a 

probabilistic model of differences in permeability among aquifer cells. 

While the permeability outcome for any specific cell is unknown before 

constructing and pump-testing its well, the outcomes for the total well 

field are assumed before well field construction, in the permeability 

frequencies defined by the pdf. 

This is a more realistic assumption than assuming a completely 

homogeneous aquifer. In the illustrative example (Chapters 2 and 4), the 

least cost well field design for a homogeneous aquifer (permeability = 

4 x 10 ̂  [ft/sec]) had a well capacity of 3.5 [ft̂ /sec] and well density 

-7 2 of 2.49 x 10 [well/ft ]. With a heterogeneous aquifer having the same 

average permeability, the capacity of the wells was 2.5 [ft /sec] and the 

density was 3.48 x 10 ̂  [well/ft̂ ]. The well field cost was 17 percent 

higher with the heterogeneous aquifer than with the homogeneous aquifer. 
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Inter-Cell Flow 

The assumption of uniform size and shape of aquifer cells in the 

well field design area is an approximation. In real well fields, a 

cell's shape varies with the permeability distribution within the cell 

and within its adjacent cells. The size of any cell will depend on the 

quantity of groundwater pumped out of it, in relation to the quantity 

pumped out of its adjacent cells. The cell sizes will also change in 

time, depending on variations in pumping schedules of adjacent wells. 

With regard to permeability variations, the same drawdown at a 

well can be produced by an infinite variety of permeability distribu

tions. The field permeability, as measured by a pump test, is the 

important property. Its value may change in time as the cone of depres

sion develops in the aquifer cell. Nevertheless, it is practical to 

assign a representative permeability value to a well to reflect the 

apparent permeability of the aquifer cell assigned to it. Possible 

effects of permeability differences among different cells were examined 

in Chapter 4. 

With regard to non-simultaneous operation of the wells, it should 

be noted that drawdown fluctuations in the aquifer close to any well due 

to its being operated sporadically, are damped in passing outward through 

the aquifer toward the assumed boundary location of the cell. A graph of 

drawdown at a cell boundary would indicate a smoothed average of the 

sporadic pumping rates of the nearby wells. By operating the wells so 

that the total volume of water withdrawn from each well is equal over 

seme predetermined "maximum non-simultaneous pumping period," the 
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inter-cell flow due this cause can be limited to any predetermined amount 

by limiting the non-simultaneous pumping period. 

Vertical Permeability in Aquifer 

Vertical movement of groundwater is unrestricted in the aquifer 

response model solutions provided in Chapter 3, the vertical permeability 

being in effect that of air or a vacuum. It is assumed that, with uncon-

fined aquifers and long pumping time, the proportions of energy consumed 

in the flow system by vertical flow components may be neglected by 

comparison with the energy consumed by horizontal flow components. This 

assumption is discussed in Chapter 3 under the headings of Dupuit 

Assumptions and Delayed Drainage. An important point is that if the well 

screen extends above the water table so that a seepage face exists in the 

well, then the water entering the well through the seepage face falls 

freely through air to the water level in the well. The aquifer model in 

Chapter 3 involves a well screen opposite the entire saturated thickness 

of aquifer penetrated by the well. 

Influence of Well Failures 

With a uniform-grid-well-field design on a heterogeneous aquifer, 

wells in low permeability cells will have greater drawdown to pump 

against than wells in higher permeability cells. In some cells, the 

permeability may be so low that drawdown reaches the pump intake, and the 

well cannot pump at its design rate. This condition is defined as well 

failure. The well field design method includes the influence of well 

failure on costs by first holding the drawdown in a failed well at the 
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level of the pump intake and letting the well produce at whatever rate it 

can under that condition for the remainder of the specified pumping 

period; second, the water deficit below the specified demand is deter

mined and a penalty cost applied to the deficit. Any degree of aversion 

to well failures can be built into the design method by appropriately 

weighting the penalty cost that is applied to the resulting water 

deficit. 

Bayesian Decision Theory Application 

The well field design method is well suited for a Bayesian 

decision-theoretic analysis (Bostock and Davis, 1975). Where uncer

tainty exists in the form of a pdf that represents the aquifer hetero

geneity, the method may be used to calculate costs for a range of pdf's, 

each with a probability of being the true model. The designer may then 

choose the design that minimizes the expected costs in view of the 

assumed models and their probabilities. However, when the expected value 

criterion is used for making the decision, a small portion of the time, 

poor results will be obtained in the form of a high frequency of low 

permeabilities giving well failures. This probability can be reduced by 

weighting the cost of the water deficit resulting from well failures. 

Alternatively, well field designs which have more than a specified small 

probability of a water deficit that will exceed some specified small 

amount, can be discarded. 

In addition, the Bayesian analysis enables calculation of the 

expected worth of additional data in the form of permeability measure

ments at test wells before making the design decision. However, it 
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should be kept in mind that the information in a data sample may be 

influenced by the assumption of homogeneity within aquifer cells but 

heterogeneity among cells. The amount of information in a data sample 

may depend on the sizes of the aquifer cells and on the area of aquifer 

represented by the pdf models. Further work is needed on this aspect of 

the analysis. 

Management and Maintenance 

Ensuring reliable operation of all wells in a field requires 

effective management of well operation and maintenance. Effective 

management may be the most difficult problem in making a well field 

design work. 

For example, in a rural county of South Carolina, the "cluster 

well concept" is being tried on an experimental basis. Houses are 

located in a scattered manner along country roads. Each well serves from 

one to ten connections. The cluster well design is transformed into a 

system by central management of all wells. The management company must 

provide adequate operation and maintenance of the wells. Up to the time 

of this experiment, many small companies had failed, and funding agencies 

hesitated to finance them for this reason (Cobb, 1974). If difficulties 

like this are experienced in a technological society such as exists in 

North America, the problems of management in a country like Bangladesh 

may be intractable. Evidence of ability and willingness in the local 

population to take the responsibility for maintaining the effectiveness 

of their well field system would appear to be a prerequisite for 

construction of any technologically advanced well field system. 
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Recommendations for Further Work 

Vertical Permeability in Aquifer 

The aquifer response model presented in this study neglects 

resistance to vertical flow in the aquifer. Recently, aquifer modelling 

methods and theories for taking into account resistance to vertical flow, 

in conjunction with horizontal flow have been developed (Cooley, 1971; 

Neuman, 1974). It is recommended that results using these methods be 

compared with results using the methods presented here. Of interest are 

the effects of various degrees of anisotropy of permeability in the 

horizontal plane, various ratios of cell depth to cell diameter, and the 

computer time consumed by the methods. 

Optimal Depths for Well and Pump Intake 

A Bayesian decision theory analysis for the optimal depths to 

drill the wells and set the pump intakes is recommended. The quantity 

of groundwater stored in the aquifer at the beginning of the pumping 

season depends on a stochastic process involving the frequency and 

intensity of rainfall during the wet seasons when the aquifer receives 

recharge. The decisions to be optimized in this case are, (1) to what 

depth to drill the wells, and (2) at what depth to set the pump intakes. 

The objective is to minimize the drilling costs and pump column costs in 

view of uncertainty of depth of water at the start of each pumping 

season. 
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Aquifer Heterogeneity 

Further work is recommended to gain a better understanding of the 

meaning and possible applications of defining aquifer heterogeneity in 

terms of a pdf. The following questions arise. (1) How does cell size 

affect the pdf for frequencies of permeabilities among cells? (2) 

Instead of assuming that permeability is homogeneous throughout each 

aquifer cell, would a better assumption be that the permeabilities of the 

annuli closest to the well differ from the average permeability for the 

cell according to some pdf? (3) What kinds of pdf's apply to aquifers 

of different geologic types, such as river delta aquifers, consolidated 

rock aquifers with fracture permeability, and valley fill aquifers? 

Maximum Non-Simultaneous Pumping Period 

More work needs to be done to develop the method given in 

Chapter 4 for calculating the maximum non-simultaneous pumping period 

without increasing the probability of well failures. 

Maintenance Costs 

Costs due to the salaries of well supervisory personnel and the 

equipment they require are difficult to relate directly to well density-

capacity combinations. There is a lack of data on the number of wells 

that one person or a team of people can service. Well reconditioning 

cost was not included in the analysis presented here because of the lack 

of information on these costs and their recurrence frequency. With more 

information on both of these maintenance costs, they could be included in 

the well field design method of this study. 
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Conclusions 

(1) A method was developed for comparing uniform grid well field 

costs for alternative, well density-capacity combinations required to 

meet a given groundwater demand. 

(2) An aquifer response model was developed to represent an 

impermeably bounded single cell of aquifer. A finite difference solution 

and an analytical solution were obtained. The model is cylindrical in 

shape, homogeneous, isotropic, and involves the assumption of no resis

tance to vertical flow of groundwater. It allows for decrease in 

transmissivity with dewatering, and for declining, average discharge rate 

when maximum drawdown in the well has been reached. 

(3) The well field design method takes into account uncertainty 

in the spatial distribution of permeability in the aquifer. The fre

quencies of permeability values among cells in the aquifer area of 

interest are defined by a probability density function. 

(4) Inter-cell flow effects due to heterogeneous permeability, 

for the aquifer conditions and operating decisions assumed in the 

illustrative example, were found to be negligible. 

(5) For conditions of the illustrative example, the least cost 

well field design for the homogeneous aquifer with K = 4 x 10 ̂  [ft/sec] 

was = 3.5 [ftVsec], with = 2.49 x 10 ̂  [well/ft̂ ]. The least cost 

_7 design changed to Q =2.5 and N = 3.48 x 10 when a heterogeneous 
c w 

aquifer with = 4 x 10 ̂  replaced the homogeneous aquifer. The example 

results show a 17 percent increase in costs as a result of aquifer 

heterogeneity. 



(6) The well field design method was used in the example to 

calculate penalty costs (foregone benefits) due to lack of information on 

the true value of the mean, K̂ , to be used in an exponential pdf. For 

the range of examined, there were no penalty costs. This technique 

was extended to calculate the expected worth of more information using a 

Bayesian decision-theoretic formulation, by Bostock and Davis (1975). 

(7) The heterogeneous analysis method can be extended to 

calculate a maximum safe time period over which non-simultaneous pumping 

can continue, without excessive effect on costs. 

(8) Where previous knowledge of the spatial distribution of 

aquifer properties indicates different well field designs in different 

areas of the aquifer, multiple design analysis, with respect to the 

different areas, can be performed using the method presented here. 

(9) The single cell aquifer response model was extended to 

represent a central cell and its immediately surrounding cells, in order 

to estimate bounds on inter-cell flow effects due to aquifer 

heterogeneity. 

(10) The well field design method presented in this study is 

independent of the mathematical theory for groundwater flow used in the 

cell model. 

(11) In Appendix, equations are developed for estimating 

errors associated with approximating the boundary shapes of hexagonal, 

square and equilateral cells by a circle of equal area. The errors were 

found to be negligible for practical well discharge capacities and 

aquifer transmissivities. Part of the error analysis was published 

previously (Bostock, 1971). 



APPENDIX 

CIRCULAR APPROXIMATION OF POLYGONAL CELL BOUNDARIES 

In Chapter 3, a response model is given for an aquifer cell. The 

model is circular in the horizontal cross-section, but it represents 

polygonal cells having the three shapes resulting from the three possible 

uniform grid geometries. These cell shapes are hexagonal, square and 

equilateral triangular. The approximating circle has the same area as 

the polygon that it represents. The purpose of this Appendix is to 

develop equations for estimating the error in predicted drawdown at the 

well due to this cell boundary shape approximation. 

First, we review the conditions which produce these cell boundary 

shapes. An infinite well field is one in which well locations form a 

repeating grid geometry that extends to infinity in all horizontal 

directions. We assume that all wells in the infinite grid discharge at 

the same rate. The most efficient grid geometries are those that are 

most regular or uniform; such that clustering of wells is minimized. 

Let us consider an infinite grid well field with uniformly spaced wells, 

in which all wells pump at the same rate and begin pumping at the same 

instant in time from static aquifer water level conditions. We assume 

that all aquifer properties are laterally constant. Then each well is 

enclosed by a boundary of no-flow in the aquifer. All of the boundaries 

have the same shape and size. For these conditions, the problem of 

calculating drawdown in the wells can be reduced to considering one 

125 
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typical well in the infinite well field. Fiering (1964) uses this 

simplification for analyzing drawdown in an infinite square grid well 

field. Childs (1969, p. 413) also uses it. 

Figure 1 depicts each grid geometry and corresponding no-flow 

boundary shape of the cells. For each of these grid patterns, let the 

dimension parameter defining spacing between wells be equal to the 

distance between any well and its nearest neighbors. Let the spacing 

parameters be b, 1 and p, for the equilateral triangular, square and 

hexagonal grid geometries, respectively. These distances are shown in 

Figures 14, 15 and 16. Then the area drained by the typical well in 

each of the three grid patterns, in terms of spacing parameter, is as 

follows: 

No-flow boundary shape Grid geometry Area drained by typical well 

Hexagonal Equilateral {/3/2)b2 

triangular 

2 
Square Square 1 

2 
Equilateral Hexagonal (3/3/4}p 
triangular 

Let the density of wells per unit aquifer surface area be the 

same for each grid geometry. That is, let the area enclosed by the 

boundary of no flow for each geometry be the same. Let the circle having 

the same area have radius r . Then 
e 

TTT2 = {/3/2}b2 = l2 = {3/3/4}p2 , 



vtfhere 

-.2 2 , 1 = irr , and 
e 

p2 = 4irr^/{3/3}. 

Figure 20 is a circle, hexagon, square and equilateral triangle, 

each having the same area superimposed for comparison. The hexagon 

deviates least from the circle while the equilateral triangle deviates 

most. 

There is no infinite, regular well field geometry that will 

produce a circular no-flow boundary. For impermeably bounded models of 

equal horizontal area, thickness, permeability and storage coefficient, 

the circular no-flow boundary model is the most efficient of all possible 

shapes. Therefore, it will be used as a basis for comparing the 

differences in drawdown resulting from each of hexagonal, square and 

equilateral triangular no-flow boundary shapes. 

Witherspoon and others (1967, p. 105) provide a formula for the 

circular boundary case. This formula was derived by Muskat (1946, p. 657). 

It is for an aquifer model that is identical to the well-known Theis 

(1935) model with the exception that the Muskat formula model is 

bounded laterally by a no-flow boundary at finite radius r , from the 

center of the production well. In the Theis model, rg is infinite. 

Otherwise, both aquifer models have homogeneous, isotropic permeability, 

K, constant storage coefficient, S, constant vertical thickness, H, 

horizontal, impermeable upper and lower boundaries, and the well, which 

is screened over the entire aquifer thickness, produces at constant 
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Figure 20. Circle, hexagon, square and equilateral 
triangle having equal areas, and 
superimposed for comparison. 
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rate, -Ĉ , from time zero, when static piezometric head, h, condition 

prevailed throughout the aquifer. Another condition for these models is 

that the piezometric surface may never fall below the top of the aquifer, 

that is, no dewatering of the aquifer is allowed. Note that the flow in 

the artesian aquifer model is horizontal, and of constant, vertical 

thickness. 

The infinite grid well field is such that each well draws its 

water from nearby in the aquifer. In practice, this condition arises 

only (1) with unconfined aquifers which receive areally uniform recharge 

by infiltration, or (2) with aquifers from which groundwater is being 

mined. In both of these cases, the groundwater flow system must have 

vertical components of flow because the major source of water is at the 

water table. In the artesian aquifer model, there are no vertical flow 

components. Also, in the unconfined aquifer, vertical thickness of flow 

decreases as the well is approached due to aquifer dewatering. Rigorous 

modelling of the unconfined aquifer conditions would require a three-

dimensional, finite difference or finite element type of analysis, 

involving a moving upper boundary. Nevertheless, the use of a simpler, 

artesian aquifer model here is supported as follows. (1) The largest 

amount of aquifer dewatering in the unconfined aquifer occurs close to 

the well due to converging radial flow. This radial flow near the well 

must be nearly identical for the four, no-flow boundary shapes under 

consideration here. Therefore, the effect of dewatering near the well 

should be nearly the same in each case. Substracting circular boundary 

drawdown from drawdowns due to each of the infinite grid boundary shapes 

should eliminate its effect. (2) The average horizontal distance of 
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flow for both unconfined and artesian models must be almost identical. 

(3) The effect of vertical components is unknown; however, the writer 

estimates it to be of the same sign and similar magnitude, or smaller 

than the effect of horizontal flow components, because for practical well 

spacings the average horizontal distance of flow is greater than the 

average vertical distance of flow. 

For the artesian aquifer model, the difference between drawdown 

produced with the no-flow boundary shape of any one of the three infinite 

well field grids, and drawdown produced by the circular boundary, may be 

calculated as follows. First, since the maximum difference is wanted, 

allow maximum drawdown before dewatering can occur, to be unlimited. 

Then, as pumping time, t, tends to infinity, the shape of the cone of 

depression in the piezometric surface within the no-flow boundary tends 

to a constant shape, that is, all parts of it reach a constant rate of 

decline in time, equal to -Q̂ /AS, where A is the horizontal area enclosed 

by each no-flow boundary. Immediately after time zero when pumping 

starts, drawdown in the well will be practically independent of external 

boundary shapes. At the other extreme, as time tends to infinity, the 

difference between drawdowns at any instant produced by first, the 

circular no-flow boundary shape, and second, any one of the external no-

flow boundary shapes, will tend to a maximum constant value. The 

objective is to determine this constant for each of the three infinite 

well field grids previously defined. 

The following equations (Witherspoon and others, 1967, p. 105) 

allow calculation of drawdown for the circularly bounded artesian 
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aquifer. Note that x has been substituted here in place of b r n m n e 

appearing in Witherspoon and others (1967). 

x 0 

- {—}2t 
x lrnJ D 

l+4tD , -
PDC - Un(rD) • . | - 2 £ P } 

D m 1 J0 

where = dimensionless pressure for circular no-flow boundary model, 
DC 

2uKHs c 

KHt t̂  = dimensionless time = ; 
r S 

r 
c r̂  = dimensionless radius = —, J, (x ) =0; 

D r ' 1̂  nr 

r = radial distance from well centerline to circular no-flow 
e 

boundary. 

Drawdown for the circular no-flow boundary is sc = 

Drawdown for the polygonal boundary shapes can be determined 

using image well theory (Jacob, 1950, p. 376; Ferris and others, 1962, 

p. 144). Drawdown components. from the central well and all image wells 

can be calculated using the infinite artesian aquifer model solution 

(Theis, 1935) as given by Witherspoon and others (1967, p. 6). 

[ ^1]m 

PDI = 7 {~* " 1 x 1  m.mi } D m=l 

where P̂ j = dimensionless pressure for the laterally infinite artesian 

aquifer model, 
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2TTKHS-

DI ' 

tn = dimensionless time = ; 
u r S 

ft = constant = .5772... 

Thus, drawdown at the well at center of a cell having any of the three 

polygonal shapes is 

OO -Q CO 

V s = £ P 
\ In 2TTKH Din n=I n=l 

where n indicates that is to be calculated using the distance to the 

n-th well, rn, in the appropriate array of image wells (see Figure 1). 

T/TT-f-
That is, = -"2— . When n = 1, rR = rw, the radius of the central 

rnS 

well's screen. 

Thus, the maximum departure of any one of the three infinite grid 

no-flow boundary model drawdowns from the circular no-flow boundary model 

is 

CO -Q OO 

lim { Z sIn - sc} = {lim { £ PDIn - PDC» . 
t-x» n=l t-x® n=l 

Note that P̂  and PnT1 are both functions of well screen radius, r , at JJL Dll '  w 

model center, and that r does not occur anywhere else in the expression. 

rw has no effect on the interference drawdown produced by the model 

boundaries. 

By the following procedure, r can be eliminated. For n = 1, 
w 

subtract P̂  from P̂ ĵ . Take the limit as r goes to zero. Note that 
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Vw, 1 (1) lim JQ (——) = 1; (2) lim 4KHt = 0; (3) in the expression for 
r-*0  ̂ Ae r -*0 w w r2s 

w 

KHt 
Pnr, t, is always divided by rn so that — = —which is independent of D JJ RD RZS 

e 

r . Therefore, 
w 

-x2 tn m De 

1'™n {PDI1"PDC} 2 {̂ "1,5+ln̂ 4tn ̂  + 4tDe " Z. 2 T2 ( T} * 
V° De m=1 Xm 0 

, . KHt 
where t̂  = -j- . 

re 

Let this quantity be P̂ . It represents the component of dimensionless 

pressure due to interference effects from the circular no-flow boundary. 

oo 

Next, we consider how to evaluate the remaining part, E P-njn-
n=2 

This is done by evaluating Ppjn for each image well in the appropriate 

grid (see Figure 1) . As the radial distance to the n-th image well, r , 

increases, decreases. Usual practice when dealing with infinite 

image well systems is to add the individual effects of image wells out to 

the point where the effect associated with the addition of the next more 

distant wells can be considered to have negligible influence on the 

cummulative effect (Ferris and others, 1962, p. 159). Drawdown compo

nents due to all more distant wells to infinite distance are omitted. 

Bostock (1971) gave an estimation of the error due to truncating distant 

image wells. Basic to the analysis is the assumption that the 

interference due to wells beyond some distance which is large relative to 



the grid spacing between wells, can be treated as though it were due to 

an areally unifomi groundwater discharge. Results of the analysis indi

cate that the usual practice of truncating the infinite image well 

system, as described above, is quite accurate. 

oo 

Values of the expression { Z P̂ jn + PjpQ}> for specified values 
n=2 

of pumping duration, t, were obtained from a computer program, using 

double precision, on a CDC 6400 computer. It was found that for 

increasing values of t, this expression tended toward a constant, 

maximum value, depending on which infinite grid geometry was used. The 

-3 
estimated maximum relative error for the tliree constants is 3 x 10 

Hie maximum differences in drawdown between each of the polygonal cells 

and the equivalent circular approximation are as follows. The maximum 

departure of the hexagonal no-flow boundary model drawdown from the 

circular no-flow boundary model drawdown is I (1.25 x 10 ), and that 
-<K -4, 
2TTKH 

"Qw _ 3  
for the square no-flow boundary model drawdown is (1.88 x 10 ), 

and that for the equilateral triangular no-flow boundary model drawdown 

. K is _ 2  
2̂  ̂(7.32 x 10 ). These results are a measure of the groundwater 

extraction efficiency of each infinite well field grid geometry. They 

indicate that the equilateral triangular grid, which produces hexagonal 

no-flow boundaries in the aquifer about each well, is the most efficient 

of the three grid geometries investigated. 

The maximum departure of an assumed circular boundary drawdown 

calculation from any of the three grid boundary drawdowns, will be 

greatest for large Q/KH ratio values. For example, letting Q = -ir cubic 
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feet per second and KH = .005 cubic feet per second, per foot, gives 

0.0125 feet, 0.188 feet, and 7.0 feet of departure for the equilateral 

triangular, square and hexagonal well grids, respectively. Since this 

Q/KH ratio is extremely large for any real well field, it may be 

concluded that the circular boundary approximates the hexagonal and 

square boundaries sufficiently well, but the approximation may be poor 

for the equilateral triangular boundaiy, when Q/KH is large. 



NOMENCLATURE 

[ ] square brackets enclose dimension symbols. 

( ) round brackets enclose independent variables of a function and 

immediately follow the function symbol. 

{ } "pinched" brackets designate hierarchy of arithmetic operations. 

/ slash denotes division, which is always performed after all 

multiplication, except where pinched brackets intervene. 

b well spacing parameter for equilateral triangular grid and 

hexagonal no-flow boundary shape. 

c constant of proportionality between pumping energy consumed and 

pumping cost, [$/L̂ J. 

D total seasonal demand, [L]. 

maximum instantaneous demand rate, [L/Tj. 

E pump efficiency, approximated by a constant fraction. 

g acceleration due to gravity, a constant, [L/T ]. 

h Dupuit head, a constant in the vertical direction, [L]. 

h- - head within the i-th annulus of the finite difference model 
1 , J 

during the time interval, At̂ , [L]. 

ĥ  water level in well, [L]. 

h piezometric head, [L]. 

H uniform thickness of horizontal, artesian aquifer, [L]. 

i subscript for referencing properties of the i-th annulus in 

finite difference aquifer cell model. 

136 
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subscript indicating a specific time instant, t., at the end of 

the j-th time interval, At.. 

subscript for referencing radii in finite difference aquifer cell 

model. 

aquifer permeability, [L/T]. 

permeability between node i and node i+1 of the aquifer response 

model, [L/T]. 

mean permeability, [L/T]. 

well spacing parameter for square grid, with square no-flow 

boundary shape. 

length dimension. 

initial saturated thickness of aquifer, [L]. 

average value of h in both space out to r , and in time, up to 

time t, [L]. 

mass dimension. 

number of annuli in finite difference aquifer model. 

number of annuli in central cell part of cylindrical sink finite 

difference model. 

number of annuli in doughnut part of cylindrical sink finite 

difference model. 

the n̂ -th annulus of the cylindrical sink model is the 

cylindrical sink itself. 

well density per unit ground surface area, [well/L ]. 

absolute pressure, [M/LT ]. Also, well spacing parameter for 

hexagonal grid and equilateral triangular no-flow boundary shape, 

atmospheric pressure, a constant, [M/LT̂ ]. 



flow into i-th annulus of finite difference aquifer cell model, 

from ground surface, [L /T]. 

well design discharge rate, or capacity (the minus sign is 

dropped, for convenience, although a negative design recharge 

3 
rate is intended), [L /T well]. 

total flow rate of fluid crossing a vertical cylindrical surface 

at radius r, in the aquifer, positive outwards, [L /T well]. 

well recharge rate. Mien is positive, it represents well 

recharge rate, when negative, well discharge rate. is a 

function of time, [L̂ /T well]. 

average well recharge rate during the time interval, At•, 

[L3/T well]. 

radial distance from axis of cylindrical coordinate system, [L]. 

radius of central cell and of satellite cell in cylindrical 

sink model, [L]. 

radius of outer cylindrical boundary of cylindrical aquifer 

response model, [L]. 

radii of annuli nodes, when i is a whole number. When i is a 

mixed number, it refers to annuli boundaries, [L]. 

radii of annuli nodes and boundaries referenced by integer 

subcripts. 

well radius, [L]. 

pumping lift to pump outlet elevation at ground surface, from 

initial static water level in well, [L]. 

head loss in aquifer below initial static water level, [L]. 

average value of s during At-, [L]. 
3- J 
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s maximum value of s , [L]. 
a max a 

su maximum available drawdown, a property of the aquifer and its 
b max c r 

piezometric head state, [L]. 

ŝ  pump efficiency head loss due to friction in pump bowls, column 

and pump head, including velocity head at pump outlet, [L]. 

s maximum drawdown, difference in elevation between initial static 
max ' 

water level in well and elevation of top of pump intake screen, 

[L] • 

Sp pump outlet pressure head, [L]. 

s head loss across well screen and along well casing to pump screen, 
w 

[L]. 

S aquifer storage coefficient. 

S aquifer specific yield, a constant in time and space. 

S ̂  specific yield of the i-th annulus of the finite difference 

aquifer response model. 

t time coordinate; duration of pumping since time zero when static 

water level conditions prevailed in the aquifer, [T]. 

tjnax maximum length of pumping season, [T]. 

*min minimum possible time in which D can be met by pumping at rate 

V [T]. 

t maximum, safe period for non-simultaneous pumping, [T]. 

At- time interval between t. n and t-, [T]. 
j  j - i  y  

T time dimension. 

T- - transmissivity between node i and node i+1, during time interval 
1 > J 

Atjf [L2/T] . 
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U- flow rate, in the direction r, across the i-th annulus' outer 

. 3 
wall at radius /T]. 

V value of water at pump outlet per unit volume, [$/L ]. 

x x-coordinate of rectangular coordinate system, [L]. 

y y-coordinate of rectangular coordinate system, [L]. 

z z-coordinate of rectangular and cylmdrical coordinate system, 

[L]. 

zg aquifer free surface boundary, [L]. 

p density of water, a constant, [M/L ]. 

9 radian angle of cylindrical coordinate system, [L/L]. 
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