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ABSTRACT 

Coded aperture imaging systems provide an alternative to the 

conventional pinhole camera imaging system normally used for producing 

images of gamma-ray and x-ray emitting objects. The coded aperture 

system uses a large, highly structured aperture in place of the single 

pinhole aperture, so that the resulting image is a complex pattern of 

overlapping shadows, produced by the convolution of the aperture trans-

mittance function with the obiect radiance distribution function. When 

the aperture transmittance function is properly chosen, it is possible 

to use a second imaging step to obtain the desired image of the original 

object radiance distribution. 

The use of a coded aperture system and its two-step imaging 

process has two important advantages over the conventional, pinhole 

imaging system with its single-step imaging process. First, for objects 

which consist of non-overlapping point sources, such as star fields, 

the coded aperture imaging system offers greater efficiency and increased 

signal-to-noise ratio. Second, for both point sources and extended 

objects, the coded aperture imaging system records three-dimensional 

information from a single view of the object. 

Many important characteristics of the images from coded aperture 

systems depend upon the transmittance function selected for the coded 

aperture. This is especially true in regard to the recovery of three-

dimensional object information from such systems. This dissertation 

ix 



X 

provides a detailed analysis of coded aperture systems using on-axis 

and off-axis zone plate apertures, and a random-phase coded aperture 

made by holographically recording the image of a ground glass diffusing 

screen. A comparison of the off-axis zone plate and random-phase code 

for three-dimensional objects is made by determining the out-of-focus 

spread functions for each system. The off-axis zone plate coded aper

ture is shown to produce an out-of-focus spread function which contains 

high frequency object information, and therefore such a system becomes 

susceptible to generation of object dependent artifacts in the images 

from three-dimensional objects. The random-phase coded aperture is 

shown to produce an out-of-focus spread function which does not contain 

high frequency object information, and this code function therefore 

provides better images of three-dimensional object distributions. 



CHAPTER 1 

INTRODUCTION 

For many years, the field of diagnostic medical imaging has been 

a neglected area of science. While considerable advances have indeed 

been made in the areas of instrumentation performance and reliability, 

the critical examination of imaging system concepts has been almost en

tirely neglected. Recently, however, two very significant advances in 

the conceptual design of medical imaging systems have been proposed. One 

is computerized axial tomography, and the other is coded aperture imaging. 

Both methods represent a considerable departure from the classical tech

nique of producing the image by use of a pinhole camera. 

Computerized axial tomography uses data from multiple line inte

grals, obtained by passing a narrow beam of x-rays through the object in 

successive one-degree angular increments about an axis perpendicular to 

the plane of interest. The images produced by this technique show the 

object as if it were cut into sections at successive positions perpendic

ular to the axis of scanning. The unique feature of these images, in 

comparison with previous tomographic methods, is that there is no 

out-of-focus background from adjacent sections superimposed on the desired 

images. This provides maximum-contrast, artifact-free images signifi

cantly easier for a physician to interpret than those obtained with 

previous techniques. 

1 



Coded aperture imaging was first suggested by Mertz and Young 

(1961) as- a method of increasing the sensitivity of pinhole camera 

imaging systems used in x-ray astronomy. These systems have always 

had a severe limitation: an increase in resolution requires a correspond

ing decrease in sensitivity, because the pinhole aperture determines both 

the resolution element size and the entrance pupil diameter of the system. 

The small pinhole required for satisfactory resolution restricts the 

marginal ray angle to small values, thereby limiting the intensity of 

the image formed on the detector. Mertz and Young (1961) showed that if 

the pinhole were replaced with a large aperture which has a transmittance 

function in the form of a Fresnel zone plate, a coded pattern would be 

formed on the detector, and this pattern could be used to form a high-

resolution image of the original object. Each star projected a shadow 

of the zone plate aperture on the detector, and when the resulting pat

tern of overlapping shadows was illuminated with visible light from a 

coherent source, each zone plate pattern formed a focused image corre

sponding to its original star object. The large aperture of the zone 

plate allowed more photons from each star to reach the detector, thereby 

increasing the sensitivity of the coded aperture imaging system compared 

to the pinhole camera. 

Recently, H. H. Barrett (1972) at Raytheon Corporation, has shown 

that the Fresnel zone plate aperture could be used for gamma-ray imaging 

in nuclear medicine, where the lack of refractive lenses also necessitates 

the use of pinhole camera imaging systems. In this case, however, it is 

not always possible to obtain an increase in sensitivity with the zone 

plate aperture because the extended object distributions lead to a large 



bias exposure on the pattern of zone plate shadows at the detector. 

Barrett and DeMeester (1974) have shovm that the quantum noise fluctu

ations in this bias background tend to cancel the advantage of increased 

signal from the larger entrance pupil. 

Even so, the use of a coded aperture results in an imaging sys

tem with other advantages possibly as important as an increase in 

sensitivity. These are increased through-put to the detector, and tomog

raphic image capability. The higher absolute signal level resulting 

from the large coded aperture allows greater flexibility in the choice 

of detector systems because detectors requiring relatively large input 

signal levels may now be used. These detectors must still be capable 

of counting individual photons, however, even at the higher signal level; 

otherwise, the signal-to-noise ratio of the coded aperture system will 

be less than the pinhole camera due to poorer photon statistics. The 

tomographic capability of the coded aperture system results from the 

change in scale of the code shadow on the detector as a function of 

object distance. This scale change may be determined during formation 

of the desired image from the overlapping pattern of code shadows and 

used to construct tomographic images. Such images usually contain an 

out-of-focus background that seriously degrades their usefulness when 

compared to the section images generated by computerized axial tomog-

graphy. We will show that proper design of the coded aperture offers 

the potential of removing a significant fraction of this background, 

provided an imaging system could be designed to change the scale of the 

code shadow as a function of object distance in the appropriate manner. 
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If this could be done, then coded aperture imaging systems would provide 

a second method of obtaining diagnostic medical images in the highly 

important, background-free, section image format. 

In the chapters that follow, the zone plate imaging system first 

proposed by Mertz and Young and extended to nuclear medicine by Barrett 

will be analyzed. The analysis will first be carried out for the imag

ing of two-dimensional objects to determine the significant features of 

on-axis and off-axis zone plate apertures, and then extended to 

three-dimensional objects, where additional requirements on selection 

of an appropriate code function will be developed. These additional 

requirements will lead to development of a random-phase code for 

tomographic imaging of three-dimensional objects. Analysis of the 

random-phase code and experimental verification of its properties will 

complete this dissertation. 

As stated at the beginning of this introduction, critical exam

ination of concepts in the field of diagnostic medical imaging is long 

overdue, and the appearance of these two advances in recent years is of 

significant importance. It is hoped that work in this area will con

tinue to advance at the relatively rapid pace that it has currently 

assumed. Not only is the subject extremely interesting in a scientific 

sense, but the benefit of increased diagnostic capability in the medical 

field is certainly of great importance. 



CHAPTER 2 

SHADOWGRAPH IMAGING 

The pinhole camera and Fresnel zone plate, coded aperture system 

of Mertz and Young (1961) may be considered as two examples of a class 

of imaging systems known as shadowgraph imaging systems. These systems 

differ from more conventional optical imaging systems in that each point 

of the object projects a shadow of the entrance pupil transmittance 

function onto the detector. Thus the point spread function of the imag

ing system is a scaled version of the entrance pupil transmittance func

tion where the scaling is determined by geometric projection of the aper

ture onto the detector. 

Shadowgraph Imaging Systems 

Consider the gamma-ray imaging system shown in Fig. 2,1, where an 

aperture with transmittance function t[x,y) is placed in front of a sheet 

of photographic film and illuminated by a point source of gamma rays. 

The aperture can be made by drilling one or more holes in a lead plate 

that is sufficiently thick to stop the majority of gamma rays emitted by 

the source. With the source a distance d\ from the aperture, and located 

at the point (a,6) in the object plane, the irradiance distribution 

I{x,y) on the film at a distance <i2 from the aperture can be determined 

by use of geometric projection and the inverse square law. We have 

C 2 ' i :  

5 



0(ct,3) 

Object 
Plane 

Fig. 2.1 

Detector 
Plane 

Coded 
Aperture 

Shadowgraph Imaging System 



7 

where the magnification m = d^/di, and IQ is the radiant intensity of 

the point source. Note that Eq. (2.1) is valid for small angles only. 

For a more general object distribution, we must integrate over 

the object coordinates a,3. Thus Eq. (2.1) becomes 

I(cc,y) = 
(di+d2)2 J 

O 

0(a,d)t^+^ y\^jdad̂  (2.2) 

where 0(a,B) represents the object radiance distribution. 

Recognizing Eq. (2.2) to be a two-dimensional convolution of 

object radiance distribution with the aperture transmittance function, 

we conclude that, for small angles, a shadowgraph imaging system is a 

shift-invariant linear system. Changing variables so that a and g 

represent coordinates in the film plane, we have 

i0c*> - 3?W ll • (2-3) 

— CO 

Equation (2.3) is the general expression for the irradiance 

distribution on the detector of a shadowgraph imaging system. When the 

aperture is a simple pinhole, the system behaves as a classical pinhole 

camera. Apertures with more complex transmittance functions, such as 

the Fresnel zone plate, yield a second kind of system. A third type of 

system is obtained by using a coded source distribution with a transmit

ting object, thus interchanging the positions of object and aperture 

functions in Eq. (2.3). 

The aperture of a standard pinhole camera system used in nuclear 

medicine consists of a single hole in a thick piece of lead. If this 
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were an ideal pinhole, the image at the detector plane would be the 

original object radiance distribution function convolved with a delta 

function. The number of gamma rays per resolution element collected by 

the detector, however, is proportional to the ratio of the clear area 

of the aperture to the quantity cZj2. Thus, an efficient imaging system 

requires a large pinhole. Unfortunately, the use of a large pinhole 

seriously degrades the resolution, because the resolution element size 

is determined by the geometric projection of the pinhole onto the 

detector. A practical system therefore requires that the pinhole size 

be selected so as to effect a compromise between reasonable efficiency 

and resolution. 

Coded Aperture Imaging Systems 

Mertz and Young (1961) were the first to recognize that resolu

tion and efficiency do not inherently impose conflicting requirements 

if one is willing to give up the convenience of having the desired final 

image formed directly on the detector. Instead, a two-step imaging 

process can be used in which a large-area, finely-structured aperture 

collects gamma rays from the object and forms a coded image on the 

detector. This coded image is then used to form the desired image of 

the original object distribution by decoding the complex pattern of 

shadows in this image. In such systems, the ability to recover, 

unambiguously, a single image point for each original object point 

depends upon proper selection of the aperture code used to form the 

first image. Proper selection of the code function can be assured, 
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however, by specifying that it have a two-dimensional delta function 

as its autocorrelation function. The final image of the object distri

bution is then obtained by cross-correlation of the coded image with 

the aperture function used to produce it. 

The original application of this technique was the imaging of 

x-ray emitting stars (Young, 1963) and as previously stated, the use 

of a coded aperture system was more efficient than a pinhole camera 

system. The original code function was a Fresnel zone plate because 

it provided an easy method for obtaining the decoded image. The x-ray 

image was formed by simple shadow casting, since the zones of the 

aperture function were much too large to diffract the short wavelength 

x-rays. This coded shadowgraph was recorded on x-ray film, which was 

then developed and illuminated with coherent light. Each zone plate 

shadow on the film diffracted the long wavelength, visible light into 

a focused image corresponding to the original star object, and the 

intensity of each image was proportional to the brightness of the star. 

The first application of coded aperture imaging to extended 

objects was by Barrett (1972) at Raytheon Corp. where these systems 

were developed for diagnostic imaging of gamma-ray emitting objects 

in nuclear medicine. The objects were various organs of the body which 

had been made radioactive by injection of a radiopharmaceutical into 

the patient. The pharmacological properties of the drug caused it to 

collect in the tissue of the desired organ, where the concentration and 

distribution of the drug could then be determined by imaging the distri

bution of a gamma-ray emitting isotope that had been chemically attached 

to it. For the imaging of these extended objects, the signal-to-noise 
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ratio advantage of the coded aperture over the pinhole aperture was not 

as great as with the imaging of point sources (Barrett and DeMeester, 

1974). More important, however, was the fact that the coded aperture 

system demonstrated the tomographic image capability, predicted in 

Eq. (2.3), by the dependence of the code function shadow size upon the 

object distance. This feature will be developed in more detail later. 

At the present time, we wish to continue the general analysis of coded 

aperture systems by developing a formal expression for formation of the 

final image. 

To derive an equation for the recovery of an image from a 

general aperture transmittance function, we rewrite Eq. (2.3) in 

symbolic notation. Thus 

(2.4) 

where the Q denotes convolution. If I{x,y) is cross-correlated with 

4(sr • s£r)> ,re have 

ux-yid _°(| > 8 sfr' iSr) 

(2.5) 

where denotes correlation. Since convolution and cross-correlation 

are linear operations obeying the associative law, we may regroup the 

brackets in Eq. (2.5) to obtain 

(2 .6)  
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Thus, cross-correlation of the coded image with the code function is 

equivalent to convolution of the object radiance distribution with the 

autocorrelation of the aperture transmittance function. Therefore, if 

the autocorrelation function of the code is approximately a delta func

tion, the final image will be a good reproduction of the original object. 

Actual implementation of this cross-correlation step may be 

done in several ways; however, all methods can be classified as varia

tions of the following: (1) incoherent optical correlation; (2) cor

relation by diffraction; and (3) computation of the cross-correlation 

integral with a digital computer or coherent optical processing system. 

The first method may actually be accomplished by simply imaging 

the coded image back through the same system in some convenient manner 

(Chang, MacDonald, Perez-Mendez and Shiraishi, 1974). The difficulty 

with this technique is that the performance of an incoherent optical 

correlator is severely degraded by the presence of a large bias inten

sity which occurs because only positive functions are realizable in 

such a system. This same problem limits the performance of shadowgraph 

imaging systems during formation of the coded image, but this cannot be 

avoided. Use of an incoherent correlator in the second step only com

pounds the difficulty, however, and since the use of a coherent optical 

system eliminates the problem, the incoherent correlator was not analyzed 

in this dissertation. 

Use of a zone plate aperture and decoding by simple diffraction 

is the original idea of Mertz and Young (1961). Every point in the 

object casts a shadow of the zone plate on the detector as shown in 

Fig. 2.2. Since the detector is usually 
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photographic film, development of the film and illumination with a uni

form plane wave from a visible light source results in production of 

a focused image for each point of the original x-ray or gamma-ray object. 

As is well known, a zone plate produces multiple images, and observation 

of any one is hampered by interference from the others. This problem 

can be avoided by use of an off-axis zone plate that allows the images 

from different diffraction orders to be separated; therefore, an off-

axis zone plate code coupled with simple diffraction decoding is the 

easiest system to implement. 

The most general method of forming the final image is actual 

evaluation of the cross-correlation integral between the coded image and 

the aperture transmittance function by some means of optical or computer 

processing. The most common procedure is to generate the matched filter 

for the code. The matched filter is the complex conjugate of the Fourier 

transform of the code function, and multiplication of this function 

by the coded image transform yields the spectrum of the desired image. 

A subsequent Fourier transform operation then produces the image. The 

zone plate turns out to be a fortuitous code in that, for this case, 

propagation in free space causes these operations to be performed by 

means of the diffraction integral. Any other code function requires use 

of the more general matched filter technique to obtain the final image. 

Several references on matched filter image processing are available 

(Vander Lugt, 1964; Kozma and Kelly, 1965; Goodman, 1968) and we will 

develop a detailed computation of the output for an off-axis zone plate 

code in Chapter 5. At the present time, an analysis of on-axis zone 



plate systems is necessary in order to develop a better understanding 

of the dependence of coded aperture imaging systems upon specific 

properties of a particular code. 



CHAPTER 3 

THE ON-AXIS ZONE PLATE CODE 

In order to analyze the properties of shadowgraph imaging for 

any particular code, a mathematical expression must be developed that 

can be substituted for the aperture transmittance function in the 

general expression of Eq. (2.3). In the case of a zone plate, this is 

done by expressing the aperture function as an orthogonal series of 

spherical waves, where each term of the series is identical in form to 

the first-order expression for refraction of a plane wavefront by a lens. 

The On-Axis Zone Plate Transmittance Function 

Figure 3.1 shows the transmittance profile of an on-axis zone 

plate. Note that the even-numbered zones are transparent while 

odd-numbered zones are opaque. To derive an expression for the on-axis 

zone plate transmittance function, we observe that any transmitting 

zone could be formed by starting with a clear aperture function of 

radius equal to the outer boundary of that zone, and subtracting from 

it a clear aperture function of radius equal to the inner boundary. 

Using the notation of Goodman (1968) for the circ function, we have 

that 

tn(.r) = circ|"-^z:l- circ [" 5L—_~j (3.1) 
n \_ain \ a/n-ll 

where n is an even integer and a is the radius of the central zone. 

15 
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Extending this procedure to the entire zone plate, we then have 

N 

tO) = EC"1)" circ (~^=\ N even- (3.2) 

n-1 \a/") 

This function is plotted in Fig. 3.1. For N odd, the function will be 

inverted unless an additional factor of -1 is included. Thus 

N 

t[v) = £](-l)n circ N odd. (3.3) 

n=l \â J 

It is well known that illumination of a zone plate with a plane 

wave results in multiple focused images whose position along the optical 

axis is related to the radius of the central zone. Thus it must be 

possible to represent the zone plate transmittance function as a series 

of spherical wavefronts, where the different terms in the series repre

sent the diffraction orders of the zone plate. For such a series, we 

have 

tW = E Ct e'UZ C"2/a2) C3.4) 

l=- CO 

where C^ represents the coefficient of the Zth order and a is the radius 

of the first zone. 

Following the standard procedure for determining C£, we have 

oo 2TT 

1 J t{v) g+i-ttZfr /a (3.5) 
tta2N • 

oo 

where normalization by the area of the zone plate is necessary if the 

C£ are to be dimensionless transmission coefficients. Therefore we 

obtain 
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N 

C t  - ^ E t - D n  

n=1 

aJn 2ir 
+iT\JL-{r2/a2) 
e vara® 

o o 

(3.6) 

The result is 

_ V f 1 i-nl(r2/a2) ,aJn 
cl ~ L> t'L) i,tNZ 6 / 

n-1 ' 0 

(3.7) 

which can be written as 

- £ (-Dni sinc(^)/"tfe/2) 

n=l 

(3.8) 

For I. t 0, we have 

c l= 0 £ even (3.9) 

n _ 
£. ZtT 

£ odd . (3.10) 

To evaluate C , we must reduce 

c e- y E (3.11) 

to obtain 

Jo 2 ' 
(3.12) 

Therefore the desired expression for the zone plate transmittance func

tion becomes 

t(r) 

y>2 ' 
-{.•nZ—x-

, . °° a*-
%_ sr e 

2 TT ^ £ 
£=-°° 

circ (s7f) £ odd. (3.13) 
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Note that the positive first-order term is 

,2 r' 
-iv-

't=iw = a^ T CKpi) (3-14) 

which has the same quadratic phase behavior as a positive lens with 

focal length 

/ = x ,̂15) 

where X is the wavelength of light illuminating the zone plate. The 

other orders are also similar to lenses having positive and negative 

focal lengths, with all higher orders being of shorter focal length 

than the first orders. 

The Coded Image from an On-Axis Zone Plate Aperture 

To obtain an expression for the coded image from a shadowgraph 

imaging system with a zone plate aperture function, the expression of 

Eq. (3.13) is substituted for the function t(x}y) in Eq. (2.3). Use of 

all orders is somewhat cumbersome, but must be done in order to observe 

the undesirable effects of bias buildup due to the presence of the 

zero order, as well as the interference during the decoding process from 

out-of-foeus images caused by orders other than the one being observed. 

Recalling Eq. (2.3) for the intensity incident on the detector, 

OO 

= d2(m+l)2 j{ °(^ y B]dacZe • C3,16;) 

— CO 

Substitution of the zero-order term in the zone plate series yields 

2 

(a/l) 

jrx v> = 1 ff o(- circ r«*+«)2+ty+B)2> IdadQ . 
2d§0n+l)2 JJ °Wm) [_ On+1) a/N J 6 3.. 17 
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In the limit for large objects this approaches 

(3.18) 

where 0^ is the average radiance of the object. This is simply a bias 

intensity level which has two disadvantages. First, it tends to 

saturate the detector, thus reducing its available dynamic range for 

useful signal. Second, the fluctuations in this bias intensity due to 

photon statistics offset the increase in signal level from the use of 

a large aperture. This is the reason that coded aperture imaging sys

tems lose their sensitivity advantage over the pinhole camera when 

imaging extended objects. 

as the expression for the coded image. Interpretation of the signifi

cance of these multiple zone plate orders is most easily made by con

tinuing on to the decoding process to obtain an expression for the 

final image. 

If the coded image is recorded on photographic film which has a 

2-Log# curve with slope equal to -2, then developed and illuminated with 

collimated laser light, the complex amplitude distribution u2(xl3y2^ in a 

plane distance d away is 

For terms other than the zero order, we have 

CO CO 

(3.19) 



u2(x2}y2) = 
CA0 

A d 
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+ (yi-yi)2] 

I(x\3y\) e dxidyi (3.20) 

where C is a constant relating the transmission of the film to the 

original intensity distribution I(x3y) 

Aq is the complex amplitude of the laser illumination 

A is the wavelength of the light. 

Substitution of the expression in Eq. (3.19) for I(x3y) yields 
00 

"2^2,yt> = J, A°2, 2ir SHI ofrBV l r cr<fai+«.> 2+fyi+6-> 2} %l 
*\d{jn+Y)zdz2feZ nJJ \m m) |_ (m+1) a J 

}m+l)2a2 fa** +(Vl + *>2~\ Tk\(xl-x2)2+(y\-y2^ 
.e(m+lJ a I JeAdL -kad^dyi. 

(3.21) 

By expanding the quadradic terms in the exponents and simplifying, this 

expression may be written 

= ssuv t * £=-00 

£\ circRfal+"J2+<Vl+B;2}^j 
JWm) L (m+1) a sfi J 

.g(H»vW - (mlvza2)(fi* y\) 

(-r a i A 
x2~\ r g t y2i) 

• e *1 \jm+l)2az A<iJ + yi\_(m+l)2a2 + AdJ} dadQdxidyi. 

(3.22) 

If the distance, d, between the illuminated transparency and 

the observation plane is set equal to m̂+̂  a , the quadratic phase 

term in X\3yx disappears for the £th order. The integration' over 

xhy\ reduces to a Fourier transformation for this order, while all 

other orders remain as Fresnel transforms. Thus, 
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i. tt a 
ul(X2,yi> = ff 0& 6V7&W2 [fa2«.;^fj,2+0j2] 

£rw+i;2a2 JJ v" W 

a |^2+ 2̂+^2+e 2̂|% 

£lj a { 2̂+a;2+ry2+e;2} 

dadft (3.23) 

plus other orders. 

The £th order therefore becomes a convolution of the original 

gamma-ray object radiance distribution with the product of a quadratic 

phase term and an Airy diffraction pattern. All other orders remain as 

Fresnel diffraction patterns which interfere with the desired order, 

and in addition, the bias term in the zone plate series produces a 

background that reduces the contrast of the image. Multiplication of 

the Airy pattern by the quadratic phase term does not seriously degrade 

the desired image, because the Bessel function falls off approximately 

S times faster than the oscillations of the quadratic phase term. 

The major problems encountered with an on-axis zone plate 

aperture are the multiple images and the bias produced by the presence 

of the zero order. Both of these problems are eliminated by use of an 

off-axis zone plate aperture, and we turn now to the analysis of its 

properties in the next chapter. 



CHAPTER 4 

THE OFF-AXIS ZONE PLATE APERTURE 

As pointed out in the last chapter, the on-axis zone plate code 

produces several images which focus at different points along the opti

cal axis, thus producing interference with the one image selected for 

viewing. The most serious problem occurs with interference between the 

two first-order images, since they are the strongest. In addition, the 

constant term in the series expansion of the zone plate transmittance 

function results in a bias amplitude that reduces the contrast of the 

desired image. Obviously, elimination of all but a single, first-order 

term in the series expansion for the zone plate transmittance function 

would remove these problems. This cannot be done directly, however, 

since it requires an aperture with negative transmittance values, and 

this is not physically possible. 

The solution is to use a technique derived from coherent holog

raphy and proposed by Leith and Upatneiks (1962): that of the off-axis 

reference beam. Mertz and Young (1961) and Barrett and Horrigan (1973) 

have shown that, for a shadowgraph imaging system, the use of an 

off-axis section from the zone plate allows spatial separation of the 

images from various orders of the zone plate and from the bias amplitude 

produced by the first term in the zone plate series. An additional 

complication is added, however, in that it now becomes necessary to 

use a second code screen in the shadowgraph imaging system to heterodyne 
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the spatial frequency spectrum of the object into the passband of the 

desired zone plate order. Therefore, this method of separation of the 

images from various orders, and the requirement for the second, or 

half-tone, screen when using an off-axis zone plate, is the next step 

in our discussion.. 

Refer to Fig. 4.1, where a schematic representation of diffrac

tion from the positive orders of a zone plate is shown. By simply 

blocking all but an off-center portion of the zone plate, the various 

cones of light converging to focus for the different order images can 

be made nonoverlapping. Note that the actual optical axis of the sys

tem does not change. It simply becomes possible to insert physical 

stops to block the light from the undesired orders and from the constant 

bias term in the zone plate series without blocking any light from the 

desired first order focus. While it may not be obvious from Fig. 4.1, 

the best place to perform this spatial filtering operation is in the 

Fourier transform plane of the coherent optical system used to produce 

the final image. This will now be shown formally. 

The Fourier Transform of an 

Off-Axis, Zone Plate Aperture 

Recall Eq. (3.22) for the complex amplitude distribution in the 

plane (a?2jZ/2) a distance d from the coded image transparency. 



Zone Plate 
with 

Off-axis Aperture 
Blocking Filters 

(3rd, 5th § 7th orders) 

Optical 
Axis 

1st Order 
Image 

Fig. 4.1. Positive Order Images from a Zone Plate 
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„ ^ ^2 v i re r n/u &\ . /[(a?i+a)2+(^i+g)2]^\ 
2( 2.2/2) vXd{jn+l)2d\ ji, I ..J \m'm) \ Qn+1) a ̂  / 

£ = -<*> 

(£ odd) 

• eXp ((ml)2^2 (»2+B2)j explain/!)) exp[i,r(s-

exp { + »l((m+ij2a2+f|)] j d<* d» tel dVl-

(4.1) 

I£, instead of collimated light, the transparency is illuminated with a 

wavefront that converges to a focus in plane (^2>J/2)j then the complex 

amplitude distribution in this plane becomes the Fourier transform of 

the coded image transmittance function. We then have 

iA0 

irA<f(m+l) 2<f2 1 
Z = -00 -00 

CO 00 

Y  I ffff n ( a  g  ̂  rir r  I  +«) 2+1+ g) 2 
£,1 JJjj u{m'mJclTC[ {m+1) a JW J 

I ~-ivV 
• exp I («2+e2)] expl jj(^|)l expl (^3532 C* y(m+l); ') exp(f 

2-TT r 2 2 ^Tr£ 

• exp -i2,[x! ((mt" j2a2 +f|) • J/i( 
y_2_ 

(m+l)2a2 + Xd 3i 
da d$ dx\ dy ] 

(4.2) 

where the factor exp[ (iir/Xd) (a;2 + z/2) ] has been canceled by the converging 

wavefront used to illuminate the transparency. 

To describe an off-axis zone plate, we displace the center of 

the circ function a distance x0 along the x axis and note that in the 

film plane coordinates this becomes (m+l)x0 owing to the geometric mag

nification of the shadow of the aperture. Let 

Y0 = (m+1) a /N, 

£ = a/k2 + Xz/Xd, 

k2 = (m+l)2a2/£, 

n = 3/k2 + yz/\d. 
(4.3) 
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Equation (4.2) now becomes 

i Ar 
f i JJJj°(ls)circ[-
/ — _oo _OA x ' 

a 0\ . f{ [xi^a-(m^)xo]1+[y\ + ̂ 2̂  
i. 

2-i *s-

Yo n\d(m+l)2d^ £,= _ 

~|f-[fot2+B2J + fai+yij] (x\+y\) -£2ir[a:i£+z/iTi] 

] 

dad$dx\dy\. 

(4.4) 

Integration over yields 

"Z'lT , 2 2 . 
xIr*2+̂ ; 

^ g 
u2(%2>y2) = —°-

V -L i 
Ts\d(m+l)2d\ £-_oo ' ̂ 

ffYo2 <^i [ 2̂lTY0 ('52+ri2/'s J i2ir[C{a-('m+l/'iC0}+nB] 

\m mf 

-U(a^) 

tty ('52+n2>) 

® [-«2/ 2̂fe2+T,2;]j>dc,de (4.5) 

where the symbol denotes the convolution operation. By writing out 

explicitly the convolution integral, rearranging terms, and replacing 

£ and n with the expressions in Eq. (4.3), it is possible to obtain 

U2!X2-y 2 >V1  

\-X2 ?S2-\ 

dad& 

J Try 2 J"i fairy (x2+y2)s 1 i-nk2(x2+y2) -i2vx(m+l)x 
J J . —ri /-) /o 

Try (x2+y2)% 

• o dxdy (4.6) 
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where the unsubscripted x and y are the new dummy variables associated 

with the convolution in Eq. (4.5). 

Examination of Eq. (4.6) reveals that it is a sum over the 

product of two Fourier integrals and a quadratic phase factor. The 

first Fourier integral is easily recognized as the Fourier transform 

of the original gamma-ray object distribution. The second Fourier 

integral is actually a sum over the orders of the zone plate, and can 

be recognized as the zone plate Fourier transform by letting the orig

inal object be a point source. Thus we may write Eq. (4.6) as 

V2<X2'y2>  - ie  v  A  
* £=-oo 

[_Aa A d 

_ r̂ r\(m+l)2a2 (xbvtf 
C i r CL^Y 0  \7xdJ?) _ 

-i-ir (m+1) 2a2 _ 
x2 l(Xd)2 (X*+y*i6 

®e Xd (m+l)a2 

(4.7) 

where the symbolic notation for convolution has been used on the zone 

plate transform for ease of interpretation. It should be noted that 

the bias term of the zone plate transmittance function is not included 

in Eq. (4.7); however, it is simply an Airy diffraction pattern that is 

centered on the optical axis at x2 = y2 = ®• 

The last factor of Eq. (4.7) is a convenient expression for the 

Fourier transform of an off-axis zone plate, and if xQ is set equal to 

zero, it is easily recognized as the direct Fourier transform of the 
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expression for the zone plate point spread function given in Eq.(3.23) 
ITS ( 2 2W1 (m+l)2a2\ 
\x̂ yVV"~IId J si. The quadratic phase factor, \ tXd / simply represents 

the curvature of a wavefront from a point source located at the plane 

of the zone plate image. This is the usual term that occurs when the 

input plane of a coherent optical system is not located in the front 

focal plane of the transform lens. 

The significance of the quadratic phase factor in the point 

spread function of the zone plate now becomes clear by observing that 

the expression for the zone plate transform is equivalent to the expres

sion for Fresnel diffraction of a circular aperture with radius 

B = —^ 

and viewed at a distance 

(m+l)2a2 (4.8) 

Z = Xd2
n 0 • (4.9) 

(m+l)2a2 

Thus the limiting aperture that determines the marginal ray 

angle for the optical system is not located in a pupil plane as is 

usually desired. This would destroy the shift invariance of a standard 

optical system because the aperture would be a window that caused 

varying amounts of vignetting as a function of field angle. This is 

not the case with the zone plate system, however, since the shadow

graph imaging step allows the window to move as a function of field 

position, thereby maintaining shift invariance of the overall system. 
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Spatial Filtering of the Multiple Images 

Spatial filtering of individual orders of the off-axis zone 

plate is possible because the delta function term in Eq. (5.7) places 

the center of each order at 

ZXdx 

' T^Va* t4 '10)  

and the passband is a circle of approximate radius 

v = / 2- (4.11) 
(m+D^a^ 

Therefore if YQ = xQ/2, the zone plate transform is effectively a set 

of tangent circles, as shown in Fig. 4.2. Selection of a single order 

is easily accomplished by placing an aperture of appropriate size at 

the proper position in the Fourier plane of the optical system. 

It is important to note that there is only one object transform, 

and it is centered on the axis of the frequency plane. Therefore, in 

order for a satisfactory image to be reconstructed from the use of an 

off-axis zone plate, it is necessary to heterodyne the object spectrum 

into the first order zone plate passband by means of a second, or 

half-tone, code screen. The term half-tone screen comes from the fact 

that a suitable screen is simply a square wave grating that has an 

average transmittance value of 1/2. If such a screen is placed next to 

the original object, then the transform of the object will be convolved 

with the transform of the square wave pattern, which is just the 

familiar series of weighted delta functions, and by proper choice of 

the square wave frequency, the replicated object spectra will be 

centered in the passbands of the zone plate orders. 
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Fig. 4.2. Fourier Transform of an Off-Axis Zone Plate 
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The bias term, which reduced the contrast of the on-axis zone 

plate image, now appears as a two-dimensional delta function at the 

center of the frequency plane, and it is easily removed by spatial 

filtering. 

The Coded Image with an Off-Axis 
Zone Plate and Half-Tone Screen 

The above derivation simply showed that an off-axis zone plate 

provides a convenient method of separating the various zone plate 

orders from each other. We must now return to the original shadowgraph 

imaging system, insert the half-tone screen and off-axis zone plate 

aperture, and show that the transform of the coded image provides a 

heterodyned object spectrum that maintains this separation. This is 

particularly important when the half-tone screen cannot be placed in 

direct contact with the object, as is the case with imaging of internal 

organs. 

A shadowgraph imaging system consisting of a half-tone screen, 

(^2)3 and a zone plate aperture, h^(x^), is shown in Fig. 4.3. The 

object radiance distribution is Q(xi), and we wish to derive a:n ex

pression for I(xiy), the intensity incident on the image plane. The 

analysis will be done in one dimension, since extension to two dimen

sions is straightforward. 

The conceptual technique is to consider the first three planes, 

X\, %2> anc* ̂ Ĵ s a separate shadowgraph system, derive an expression 

for I(x3),' multiply by the transmittance function h3(x5), and then allow 

Kx^h^Cxz) to be projected onto plane xl,. along the same rays from the 

object 0(x\). Thus we have immediately for a point source at 0(x\) 
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I(x$) = 0(x\)h2 I 
x^+mixi 

h3(x3) 

where 

and 

where 

1+mi 

Kxh) s 0(Xl)ip^i\ 
L 1+m2 J 

m2 = " 

Appropriate substitution of Eq. (4.12) into (4.13) yields 

I(xL}) - 0(x\)h2 

KL rn 1 
H + - a?i +^2^1 

1+mi 1+mi 

l+m2 
hi 

XLi+m?x i 
1+W2 

(4.12) 

(4.13) 

(4.14) 

Converting to an integral for all object points, and simplifying the 

argument of yields 

I(x = 0(x\)h2 1X4+ (mi+m2+mim2)x ] MM, 
~] dxi (4.15) 

where M1 = 1 + m\3 M2 = 1 + m2. 

Note that the variable of integration is still the object plane coordi

nate, and the integral itself appears to represent a convolution of the 

object radiance distribution function with the product of the two code 

screen transmittance functions. This is the correct result, however, 

since if mi is allowed to approach infinity, corresponding to the case 

for which the object is in contact with the half-tone screen, the 

desired convolution of h3 with the product of 0(xi) and /z2 is obtained. 



bject Half-Tone 
Screen 

Zone 
Plate 

Detector 
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(xi) h2(x2) h3(x3) I(x4) 

Eig. 4.3. Shadowgraph Imaging with an Off-Axis 
Zone Plate and Half-Tone Screen. 
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The Fourier transform of I(x^) is given by 

00 

Ih(V = f f  o (xjM2  
'A L Mj«2 J % J 

4.16 

and, although it is rather tedious, this expression may be computed in 

the same manner used to prove the convolution theorem. The result is 

Ik(V = 0[- (mi+mim2)oL-m2E,]H2 [^l^2a]#3 \Ml (£>~a) ] da. 4.17 

With rri2& = -(mi + mim2)a - rri2this becomes 

00 

-V?; = J rc+e;]^ ;^eU 

— CO •— J 

4.18 

Equation (4.18) may be compared to a similar result derived by Barrett 

and Horrigan (1973), and found to be equivalent. We note.that the 

geometric magnification of the half-tone screen, rrifo = d^ld.2, stays 

constant, because 

wim2 d3 . 1n ... = —1 = m1 . 4.19 
mi d2 h 

If we substitute the actual expression for the Fourier transform of the 

half-tone screen 

~ J sinc^^L comb(m-jbE,) 4.20 

where b is the spacing of the bars, we obtain for the term corresponding 

to the fundamental frequency of the half-tone screen 

xk(V = I 
7T 

o 

0(m2m^M2̂ K * 4.21 
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In order to place the fundamental frequency component of the 

half-tone screen at the center of the first order of the off-axis zone 

plate transform, we must have, from Eq. (4.7) that 

Mh b = 
m-, £ 
ho 

(4.22) 

cc 
where M, = 1 + m, , and £ = 0 and a is the radius of the first zone 

n o ~T 
aA 

of the zone plate. Eq. (4.21) then becomes 

JitfU = (m^)5+^816(8^-|Vs 

(4.23) 

for the first order of the coded image from an off-axis zone plate. 

Using the sifting property of the delta function, this reduces to 

Ih(V = 0 -m2U - 2° 
M. 
h )]*•["••-Si] (4.24) 

The center of the object spectrum is located at 

K = — 
Mh ' 

(4.25) 

and when this expression is substituted into the argument of #3, we 

obtain 

H* 

•M2 M2 

Mh + Mh 
= H2(K0) . (4.26) 

Thus the object spectrum, scaled by the magnification, \/m2, is heter

odyned to the center of the first order of the off-axis zone plate 

transform, which has a scale determined by 1/M2. The scale of the 
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half-tone spectrum is constant, for all object distances; hence as the 

object moves away from the half-tone screen, the object and first-order 

zone plate spectra simply shrink in size while remaining centered at 

the point 

Figure 4.4 shows this difference in behavior of the code spectrum for 

a magnification change with, and without, the use of a half-tone screen. 

The ability to select the image from a single term in the zone 

plate series, thereby removing undesirable interference from the bias 

and other image terms, makes the off-axis zone plate aperture and half

tone screen combination one of the most useful coded aperture imaging 

systems developed to date. Note that Eqs. (4.24) to (4.27) are com

pletely general in that any transmittance function may be used for the 

coded aperture, so long as its spectrum is centered at 

K = ± 50 (4.28) 

and the appropriate half-tone screen is combined with it. All coded 

aperture transmittance functions contain a relatively large bias term 

plus a spatially varying component. The final image is always produced 

from the autocorrelation of the fluctuating component, and modulation 

of this component onto a spatial carrier facilitates the design of a 

coded aperture plus half-tone system which allows separation of the 

image and bias terms for any code function. Equation (4.24) is then a 

useful expression for the Fourier transform of the coded image. 

This completes the analysis of coded aperture imaging systems 

for both on-axis and off-axis zone plate aperture functions, and the 
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imaging of two-dimensional objects. The use of more general codes, 

imaging of three-dimensional objects, and decoding by means of a 

matched filter correlator will now be considered. 



CHAPTER 5 

IMAGING OF THREE-DIMENSIONAL OBJECTS 

To study the imaging of three-rdimensional objects, using a 

shadowgraph imaging system, it is convenient to return to Eq. (2.3), 

which is an expression for the intensity distribution at the detector 

plane of the shadowgraph imaging system: 

I(x,y) = 1 

d^(m+1)2 

00 

J \m mj [_ m+1 
dad$ . (5.1) 

Inspection of this equation reveals that the coded aperture function, 

t(xsy), is scaled by the magnification, and thus a coded aperture 

imaging system can provide three-dimensional images because different 

object planes scale the aperture code by different amounts. It was 

originally hoped that three-dimensional imaging would be one of the 

important features of coded aperture imaging systems. 

Three-Dimensional Images from a 
Zone Plate Coded Aperture System 

Initial efforts at production of three-dimensional images from 

a coded aperture system made use of the similarity between the coded 

image from a zone plate aperture and a standard hologram (Barrett and 

Horrigan, 1973). As is well-known, a hologram is a recording of over

lapping portions of Fresnel zone plate patterns, which are produced by 

interference between the reference beam and the diverging wavefronts 

from each object point. The three-dimensional nature of holographic 
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images results from the variation in size of these zone plate interfer

ence patterns as a function of object distance. Since a zone plate 

coded aperture system produces an image composed of overlapping zone 

plate patterns of different size, the analogy with a standard hologram 

is quite close. There is an important difference, however. While a 

hologram produces dimensionally accurate, three-dimensional reconstruc

tions, three-dimensional images obtained with zone plate, coded aperture 

systems suffer severe longitudinal distortion (Barrett and Horrigan, 

1973). There is an additional problem with three-dimensional images 

formed by a zone plate coded aperture system. The major application of 

these systems is in the field of nuclear medicine, and the objects, 

which are various organs of the body, are transparent. The result is 

that the image of any particular object plane suffers from interference 

with out-o£-focus images of planes ahead of and behind the one of 

interest. Such interference is especially bad because it occurs in a 

coherent optical system where out-of-focus images contain high-frequency 

structure and annoying ring patterns of varying size. 

In an attempt to overcome the problem of longitudinal distor

tion, the author suggested that the final image could be recovered by 

means of a coherent optical system utilizing a holographic matched fil

ter instead of simple diffraction decoding (Gaskill, Whitehead, Gray, 

and O'Mara, 1972). With this technique, the location of the output im

age plane would be determined by the optical system and reference beam 

geometry rather than the natural focal length of the zone plate pattern 

in the coded image. If a matched filter could be made to select zone 
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plate patterns of a particular size and reject all others, the output 

images from various object planes could be selected at will and located 

in their proper relative positions. 

The difficulty with this procedure is that it is impossible to 

make a matched filter for the zone plate aperture which selects only 

zone plate patterns of a given size. The reason for this is that the 

cross-correlation function between zone plate patterns of different 

scale is similar to an out-of-focus image for a point source. To show 

this, we use the expression given in Eq. (4.7) for the Fourier trans

form of the zone plate: 

= jcirc 
k2 

(E,2+r)2) ®e 
-ink2(^2 +n2̂ ) i 

r 
ink2 (E,2+x\2) 

(5.2) 

where £ = n = , k2 = (m + 1)2a2, and we have placed the origin 

of the coordinate system at the center of the zone plate so as to 

avoid the necessity of carrying the delta function throughout the 

calculation. 

To make a matched filter for a particular size code, the 

complex conjugate of this transform must be recorded at the desired 

scale k2 = kThe output spread function for a code pattern at the 

scale k2 = k% is the inverse Fourier transform of the product 

G(%ar\) = Hk̂ (Z3v)Hk̂ (K3T\) (5.3) 

where the * refers to complex conjugate. Thus 

G(KjT\) = <(circ 
k2 _ o.% 
—(K2+r\2) 

-ink2 (E,2+t]2)\ j . 
2 Wcirc 2 1* ~(Z*+r\z> 

o 

(5.4) 
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Writing out the convolutions and collecting terms, we obtain 

G(K, n; = 

0 ^ 

circp^-(a' 2+g' 2J^jcircp^(a2+02,)^ 
-iir[fe|('otr2+3'2̂ -7<?('oi2+B2j] 

. i2*[kl(a<^>T\) ~ 1<\(*K+ d̂ada,dm< . (5.5) 

The spread function is 

S(x3y) = 

w 

faa.r,) dW„ . (5.6) 

Therefore, 

of i ff • ftl, '2 o'2)il • ffcl, 2 o2 i%1 [^o C« '2+B '2J-^? fa2+ SY&ji/,) =JJ circ a ^+g ^ circ — (a^+g^; e 1 2 l -32;] 

. ̂2Tr[r/c|a' k*a+x)E+(k\$' k\S+y^}dadatd$d£'dKd^ (5.7) 

which becomes 

S(x3y) = circ 
rfcf ( a r 2 ,2;% '1 • circ f£Va2+e2;^ 

Lr° 
riTr[ 2̂ra ,2+e ,2;-fe2rct2+32;] 

6[C/c2a-fe2a'-a;; + Cfef ] dadfida'd$' . (5.8) 

Integrating over a,g, and collecting terms yields 

iir(x2+y2) 

k 2 
S(xsy) = e 1 circ ̂ fct,2+gf2; 

. o 

fi • r circ - ] 

fc2 
-iT&g-(k\-k\) ra'2+e'2; £2Tr£|(Va;+g'z/,) 

fe? 
da 'cZ(3' (5.9) 
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If we consider first the autocorrelation for a particular size 

zone plate pattern, we have k| = k2, and Eq. (5.9) becomes 

ŵ v2> r7 
S(x3y) = e J J circ ̂ ifa'2+g'2;% circ 

[ffe?o'+a:;2+rfe5e'+i/;2] 

.„«*(•(» WW 

£ 
Note that for values of (x2 + y2J2 on the order of 

(5.10) 

(x2+y2) 
k 

(5.11) 

we obtain 

( iit(xz+y2)\ Un/N(x2+u2A 

y) J[e(m+l)2a2 f  ̂(m+1)a S(x 

2 )% ix/N(x2+y2) 

(m+l)a 

(5.12) 

which is the same spread function as given in Eq. (3.23) for t = 1. 

If the zone plate patterns are of different scale, then 

k^^k2 , and the spread function of Eq. (5.12) is convolved with 

-ik\ 
i-nkz (x2+y2 

h(x,y> " k*{ki-kA e k' k* ' ' 2\ 1 K2/ 
(5.13) 

which is just a quadratic phase factor similar to that obtained for 

the out-of-focus spread function in a coherent optical system. Experi

mentally, the cross-correlation function for two zone plates of dif

ferent scale contains prominent ring structure which tends to interfere 

with any in-focus images present. In addition to this annoying ring 



structure, the out-of-focus zone plate spread function contains a con

siderable fraction of its energy in the relatively narrow region of the 

geometric cone defined by the exit pupil and Gaussian focus of the 

optical system. It would be much more desirable to have a coded aper

ture transmission function which quickly developed a broad spread 

function with a small change of focus, or mismatch between the scale 

of the transform from the coded image and the transform recorded on 

the matched filter. We will show below that a variation of the random 

pinhole aperture is an example of such a function. 

Development of the Random-Phase Coded Aperture Concept 

Random pinhole apertures are commonly used in shadowgraph 

imaging systems as an alternative to the Fresnel zone plate aperture. 

Dicke (1968) studied the use of such an aperture function for the 

imaging of x-ray emitting stars, and they have also been proposed for 

coded aperture systems in nuclear medicine applications (Chang, McDon

ald, Perez-Mendez and Shiraishi, 1974).* We will show that modification 

of such an aperture, by modulation with a random-phase, spatial fre

quency carrier, results in a coded aperture transmission function with 

much better out-of-focus characteristics than the Fresnel zone plate. 

In addition to developing a broad spread function with small changes 

in scale, such a function offers the potential of reducing, by up to 

50%, the total energy in an out-of-focus image, thereby improving the 

contrast of the desired in-focus image. Unfortunately, this reduction 

of energy in the out-of-focus image is greatest when the scale change 

of the code pattern, on the detector plane of the shadowgraph imaging 



system, results in an apparent change of the spatial carrier frequency 

produced by the half-tone screen of the shadowgraph imaging system. 

As shown in Eq. (4.27), this does not occur: however, there is still 

some energy reduction due to the loss of energy from high spatial 

frequencies of the image. We shall return to this point later. At 

the present time we wish to discuss the proposed modification of the 

random pinhole coded aperture. 

As is well known, the imaging properties of an optical system 

are often most easily determined by analyzing the complex amplitude 

distribution of light in the system's pupil. The analysis of systems 

containing an isotropic random wavefront distribution within the exit 

pupil has been done by Shack (1967). Such a disturbance occurs, 

for example, with telescope systems used to view objects through a 

turbulent atmosphere. The behavior of the system as a function of 

the magnitude of the random wavefront disturbance is most interesting. 

The system spread function consists of two parts: a core image, 

similar to that produced by the system when no wavefront disturbance 

is present; and a broad, diffuse halo that appears when the disturb

ance is present. The division of energy between the core and halo is 

determined by the magnitude of the wavefront perturbation, while the 

size of the halo depends upon the lateral autocorrelation function of 

the wavefront. The size of the core and halo images does not change 

significantly with a change in the magnitude of the wavefront disturb

ance. Instead the intensity of the core decreases, and that of the 

halo increases, as the wavefront perturbation increases in magnitude. 
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This behavior would be highly desirable in a coded aperture 

imaging system, since out-of-focus planes from a three-dimensional 

object would not appear with various amounts of blurring dependent 

upon their distance from the plane of interest. Instead, the undesired 

images would appear to remain in focus, but their contrast would be 

reduced in proportion to their distance from the plane of interest, 

as energy was transferred into the halo. The halo would provide an 

undesirable background, thereby reducing the contrast of the desired 

image, but this background would tend to have only low contrast, rela

tively non-object-dependent, changes in structure as the desired 

in-focus plane was scanned through the object. We will now show that 

the autocorrelation function of a bandpass-limited image of a ground 

glass screen not only exhibits this core and halo effect, but in addi

tion, has the desirable property of not transferring power from the 

core to the halo as the image goes out of focus. 

The properties of diffusing screens have been analyzed by 

several workers: Goldfischer (1965), Waag and Knox (1972), and Lahart 

and Marathay (1975). In addition, the related problem of propagation 

of laser light through a turbulent atmosphere has been analyzed by 

Goodman (1965) and Gaskill (1968). The analysis of our problem, to 

be given beloiv, is actually a special case of the more general results 

obtained by these authors; however, for clarity, we choose to use a 

less general analysis based on a method given by Bendat (1958) for the 

determination of errors in measurements of bandlimited, white-noise 

autocorrelation functions. 
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Construction of a Random-Phase Coded Aperture 

Construction of what we shall call a random-phase coded aper

ture function is accomplished by recording a focused image hologram of 

a ground glass diffusing screen, using the optical system shown in 

Fig. 5-1. Use of the reference beam allows recording of the complex 

transmittance function of the ground glass, while the bandpass filter 

on the ground glass spectrum is needed to facilitate later separation 

of the desired random-phase coded image from the undesired bias term 

produced from the shadowgraph exposure. The original hologram is 

contact printed onto lithographic film in order to produce a binary 

code function which can be duplicated as a lead screen for use with 

gamma rays. An example of the binary coded aperture mask is shown in 

Fig. 5.2. 

The squared modulus of the Fourier transform of this coded 

aperture function is shown in Fig. 5.3. The central undiffracted order 

corresponds to the transform of the reference beam wavefront distribu

tion, while the two sidebands correspond to the transforms of the two 

complex wavefront distributions from the holographically reconstructed 

images of the ground glass. As with the off-axis zone plate aperture, 

a half-tone screen is required to heterodyne the object spectrum into 

the passband of the code function when this aperture is used in a 

shadowgraph imaging system. 
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Fig. 5.1. Optical System for Production of a 
Random-Phase Coded Aperture. 
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Fig. 5.3. Power Spectrum of a Random-Phase Coded Aperture. 
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Computation of the Autocorrelation 
Function of the Random-Phase Code 

As shown in Eq. (2.6), the final image from the coded aperture 

imaging system is the original object radiance distribution convolved 

with the autocorrelation function of the coded aperture transmission 

function. Thus analysis of a coded aperture imaging system containing 

a random-phase code requires calculation of the autocorrelation function 

of the random-phase code function. Since the code is described in a 

statistical sense only, it is necessary to calculate the statistical 

expectation of the desired spatial autocorrelation function. The cal

culation is most easily performed in terms of ensemble averages; however, 

our experimental data will show that a single, sufficiently large 

aperture function yields a spatial average equivalent to the ensemble 

average. We shall actually calculate the cross-correlation function 

between code functions of different scale, as this results in a general 

expression which can be used to determine the behavior of the imaging 

system for changes in magnification between the coded shadowgraph 

pattern and the matched filter used to select a specific object plane. 

The result will be that the expectation of the autocorrelation function 

for the random-phase code is simply the diffraction pattern of a uni

formly illuminated aperture whose diameter is determined by the bandpass 

of the code. In addition, we will find that the expectation of the 

cross-correlation function for codes of different scale rapidly goes 

to zero over all space as the difference between the code function 

scales increases from zero. Therefore, the expectation of the auto

correlation function of the code may be identified as our desired core 
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function. We will subsequently show that the variance of the 

cross-correlation function, for finite length code functions of differ

ent scale, does not go to zero, but instead results in a speckle pattern 

background that may be identified as the halo function. 

Before we begin the analysis of the autocorrelation function 

of the code, however, it is necessary to first develop some properties 

of the ground glass itself, and its power spectrum. Specifically, we 

need to show that the complex amplitude spectrum of the ground glass 

is a stationary Gaussian random process. The power spectrum can then 

be shown to have an exponential distribution, and this knowledge will 

be used later to calculate the relative energy of in-focus and 

out-of-focus images from the random-phase code. For convenience, the 

analysis will be done in one dimension. 

Consider the ground glass transmittance function 

g(x) = ê (x) (5.14) 

where the phase, <j>(x), is a Gaussian random process determined by the 

random thickness perturbations of the glass. Let the density function 

for <p be given by 
-<(,2 

l  2 c t a 2  

f($) = —!== e 9 . (5.15) 
a,v2ir 

<P 

The expectation of the ground glass transmittance function is easily 

determined from 

E{g(x)} = —~= \ e  ̂ e d§ 
a, v2rr 
9 

•<P2 

2a,2 
(5.16) 

a=l 
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which yields 

E{g(x)} = e ~ ̂  a<J> . (5.17) 

It is relatively common practice to divide ground glass diffus

ing screens into two classes: strong diffusers and weak diffusers. 

The distinction is made by noting whether or not the magnitude of the 

phase variance, cr^2, is great enough to make the expectation of the 

transmittance function insignificant in terms of the particular problem 

of interest. In our case, we shall hereafter assume that the random 

phase code is constructed using a strong diffuser such that 

- %a(f)2 
9 < lxlO-3 . (5.18) 

Since 

2"<n-V a. (5.19) 
x t 

where cr^ is the standard deviation in the ground glass thickness varia

tions, Eq. (5.18) merely requires that 

at < 1.2 X (5.20) 

for glass of n = 1.5. 

The variance of the ground glass transmittance function is 

Og2 = E{\g(x)\2) - j2 (5.21) 
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and since 

z£ 
00 2a "2" 

E { \ g ( x ) \ 2 }  =  — e  *  d t >  =  1 (5.22) 
0,v27T 

a  '  
T .00 

we have 

a 2 = 1 (5.23) 
£ 

for a strong diffuser with E{g(x)} = 0. 

Finally, the autocorrelation function of the ground glass 

transmittance function can be determined to be (Shack, 1967) 

-a,2 [1-P(Y)1 
E{g(x)g*(x+y)} = e (5.24) 

where p(y) is the autocorrelation function of the thickness variations 

of the ground glass. 

The ground glass transmittance function is therefore a wide 

sense stationary random process with zero mean, and a narrow autocorre

lation function as given in Eq. (5.24). This latter property means that 

g(x) is independent of g(x') for all x and x' except when x is approx

imately equal to a;'. 

To examine the properties of the spectrum of the ground glass 

transmittance function, we may write g(x) as the sum of real and imag

inary parts, so that 

g(x) = a(x) + ib(x) . (5.25) 

Every member of the ensemble of ground glass transmittance functions 

must have a complex Fourier transform given by 
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 ̂ --£27r E,x 
{a(x) + ib(x)} e dx (5.26) 

I 

where G(E.) is another random process, and 21 is the length of the ground 

glass. This representation is valid so long as we are careful to draw 

no conclusions without taking the appropriate statistical averages 

(Bendat, 1958, and Davenport and Root, 1958). Since G(K) is complex, 

we may also write 

where 

G(%) = X(& + i Y(£) (5.27) 

I 

X(K) = | {aCxJcoshrKx + b(x)sin2-n&c} dx 

-I 

t (5.28) 

Y(K) = | ib(x)cos2ir5r - a(x)sin2-n£x} dx . 

-I 

These expressions for X(K) and Y(K) are easily obtained by expanding 

Eq. (5.26) into real and imaginary parts. Since g(x) is a wide-sense 

stationary random process, both X(%) and Y(Z) may be interpreted as sums 

of independent random variables. We may therefore claim from the Central 

Limit Theorem that X(%) and Y(K) are normally distributed random proc

esses, regardless of the distribution functions of a(x) and b(x) 

(Bendat, 1958). It follows immediately that 

<X(V> = <Y(V> = 0 (5.29) 

since the sum of independent random variables with zero mean is another 

random variable with zero mean. 
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<X(Z,)I(Z)) = 0 (5.30) 

since from Eq.(5.28), we have after some algebra 

I 

(x(VY(V) 
-I 

(a><&)c°s [2irE,(x+x' )] + (̂ \b2) - {a sin[2-nZtx+x* )]dxdx' 

(5.31) 

which yields Eq. (5.30) because 

and 

'̂a(x)} = <(b(xp = 0 

ẑ(x)2) = (bCx)2) = j ' 

(5.32) 

(5.33) 

To determine the variance of the real and imaginary parts of the 

ground glass spectrum, we must find X(K)\ and \ 2^ . Using 

the expressions in Eq. (5.28), we have 

I 

{\x(Z)\2} = j â(x)a(x' cos2tt£ccos2tt£k '+(p (x)b (x '^sin2ir gcsin27rgc' 
-I 

+ ẑ(x)b(x')ycos2TT&csin2T[Zx' + <̂ b(x)a(x' ĵ si.nlv̂ xcoslTî x'̂ dxdx' 

(5.34) 

I 

(| Y(V\2) = \\<Xp(x)b(x'̂  cos2i\Kxcos2i\Kxt + (a(x)a(x ',)̂ sin2TT5ccsin2'jr£a;' 

-I 

~{p(x)a (x' )y cos2iTCrcsin2iT£a-(a(x)b (x' sinl-nKxcoslvK̂ dxdx' . 

(5.35) 
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It is easy to show that (a(x)b(x')} = 0, which eliminates the correspond

ing terms from Eq. (5.34) and Eq. (5.35). To determine <^a(x)a(x')} and 

(b(x)b(x')}, we use the relationships 

aM - I • e 

b(x)  =  

(5.36) 

Then 

<a(x)a(x'̂  = i/[ei+to; * 
) A -i$(x'y 

+ e (5.37) 

which becomes 

<a(x)a(x')} = | " *(x'}1y + + . (5.38) 

The second term is zero, and the first term is the autocorrelation of 

the ground glass transmittance function. Thus, using Eq. (5.24) we 

have 

/ V l "°+2[1 
\̂ ,(x)a(x+•yy ~ 2e (5.39) 

where y = x - x'. 

In a similar manner, we obtain 

y \ 1 "ad>2[1 " 9(y)^ 
(b(x)b(x+y))= j & * . (5.40) 

Using Eq. (5.39) and Eq. (5.40), along with the fact that 



cos2 t t5x  cos2Tr£ rc '  =  — cos2t t £y  +  — cos2ir5 (2a: f +y )  

sin2ir£a: sin2ir£;a:' = ^ cos2ir5y - cos2ir£ (2a;'+y) 
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(5.41) 

we have 

.  -  .  ,  h  - c / [i- pCY ) ]  

(|w|!)= (\x<v\2>*k 

-I 

^  cos2t t £y  dxdy (5.42) 

which yields 

<|*r5;|2> = (kru|2) = A£-«e (5.43) 

where 

^ -<^2 [1-P (Y)] f -a.-Li-PWJ 
A£ = j e dy . (5.44) 

-£ 

Thus ZTU and are uncorrelated, normal random processes 

with zero mean and equal variance. It now follows, by a change of 

variables (see Bendat, 1958, pp. 134-137) that the modulus of the com

plex transform G(V has a Rayleigh density, and the phase of G(%) has a 

uniform density between -ir and tt. The respective density functions are 

r2 G\2/2A< 

CT 

(5.45) 

" s- rect [ir] 

where a2 = a^2 = a^2 . 
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The density function for the power spectrum of the ground glass 

transmittance function may be obtained from 

d\G\ fa<s) = fM(\0\)-y- (5.46) 

where fa(S) is the desired power spectrum density function. Since 
O 

S = \G\Z (5.47) 

we have 

d\G\ ! 

dS " 2\G\ (5.48) 

so that 

-\G\2/2a2 -S/2a2 

fJS) = - = - =— (5.49) 
s 2a2 2o2 

which is an exponential density. 

Finally, the derivation of the autocorrelation function of the 

random-phase code will require knowledge of the autocorrelation function 

of the random process G(£). This is easily obtained from 

I 

(G(S)G*(&+a)) = (g(x)g*(x')} e~%2vKx e12™ 'a+a) dxdx' , (5.50) 

-I 

but from Eq. (5.24) 

y v "%2[1-PCy)1 
ĝ(x)g*(x' j) = e . (5.51) 

Therefore 

-a, [l-p(y)] -i2iT5Y £2irxla 
j e e dydx (5.52) (G(VG*(Z+a)) = j 

-Z 
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which yields 

(g(VG*(Z,+a)} = 2AI esinc2£a (5.53) 

by substitution from Eq. (5.44). 

The autocorrelation function of G(K) therefore depends only 

upon the difference parameter, a. Since we have previously shown that 

G(V = 0 (5.54) 

we may now state that G(^) is a wide-sense stationary random process 

with modulus and phase density functions as given in Eq. (5.45). 

As stated previously, construction of the random-phase code 

mask is accomplished by recording a focused image hologram of a 

band-limited image of the ground glass screen. The developed hologram 

is then copied at the desired magnification onto high contrast litho

graphic film to produce a final mask with transmittance values of either 

zero or one. This step is necessary in order to facilitate production 

of a lead mask for use with gamma-rays; however, the nonlinear process 

involved (hard limiting) has the potential of considerably complicating 

the derivation of the autocorrelation function of the code. We will 

now consider this effect, and show that regardless of the number of 

nonlinear processing steps involved, the first order spectra from the 

holographic images of the ground glass screen, produced by this code 

mask, remain normal random processes which have statistical properties 

similar to' those of the original, ground glass spectrum. 

Since the final mask will be used in a shadowgraph imaging 

system, we are interested in its intensity transmittance. (Note that 
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the actual shadowgraph exposure, and subsequent reduction exposure for 

coherent optical processing, can be controlled so that the amplitude 

transmittance of the coded image is a linear function of the convolu

tion between the random-phase code and the object irradiance distribu

tion.) The intensity transmittance of the final code will be given by 

T(x) = T 
o 

E(x) 
E 
o 

Y1Y2 
(5.55) 

where E(x) is the exposure on the hologram, yj is the slope of the 

D - log E curve for the holographic film, and Y2 slope of the 

D - log E curve for the lithographic film. The exposure on the hologram 

will be proportional to the irradiance distribution, so that 

E(x) = t | Re + g(x)%h(x) \2 (5.56) 

where t is the exposure time; 

£2TT^sin0 
Re is the reference beam complex amplitude distribution; 

g(x)®h(x) is the complex.amplitude transmittance of the ground 

glass convolved with the Fourier transform of the 

bandpass filter. 

Expanding Eq. (5.56), setting the bias exposure E equal to 

R2t, and substituting the result into Eq. (5.55), we obtain 

T(x) = T0 

• CC • £C 
-£2TTr-sin0 +£2Trysin0 

\f(x)\2 + Rf(x)e + Rf*(x)e 

R2-

Y1Y2 

(5.57) 

where f(x) is now used to represent g(x) © h(x). 
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If the expression in Eq. (5.57) for T(x) is expanded in a 

binomial series, it can be observed that all terms involving the positive 

and negative first orders of the reference beam angle (i.e., terms 

2 tt~~s i n 0 
involving X ) contain only odd powers of f(x). The positive 

Q" 

and negative first order spectra of the code will be given by 

FCtrZo) -]C a2n-l 
n-1 

F(Z,+ K0) X) a2n-l 

n-1 -00 

2n-l -£2frx(E;-ZaJ 
f*(x) e dx 

2n-\ -i2irx(t+Z ) 
f(x) e 0 dx 

(5.58) 

where ? = S1" 9 , and a„ , is the coefficient from the binomial ex-
o X 2n-l 

pansion. 

For all values of K each of these terms may be considered to 

be a sum of independent random variables, as was the case with the 

spectrum from the ground glass screen. All the random variables in 

this sum have a zero mean value, so that we may use the Central Limit 

Theorem to claim that the real and imaginary parts of the spectra from 

these terms containing odd powers of f(x) are Gaussian random processes 

with zero mean value. 

In addition to transform of the odd powers of f (x), which are 

centered at K - ± the first-order spectra of the code will contain 

some overlapping portions of the Fourier transforms from the even 

powers of f(x), which are centered at C = 0, and 5 = ± 25Q. While 

these even powers of f(x) do not have a zero mean value, the mean 
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value of such terms contributes to their Fourier transforms only in 

the immediate neighborhood of g = 0, and 5 = ± 2^. Thus we may 

again claim from the Central Limit Theorem that the real and imaginary 

parts of the spectra for these terms which overlap the first-order 

spectra of the code are Gaussian random processes with zero mean value. 

Therefore, the first-order spectra of the random-phase code 

are Gaussian random processes with properties similar to the spectrum 

of the original ground glass screen. All other properties of the 

ground glass spectrum developed in Eqs. (5.30) to (5.53) may now be 

shown applicable to the random-phase code by similar arguments. If 

we filter the spectrum of the shadowgraph image so that only these 

first-order components are used, we may compute the autocorrelation 

function of the code by a simple analysis of these terms. 

We are now ready to proceed with a derivation of the 

cross-correlation function of the random-phase code. The. expectation 

of the cross-correlation function between two different size patterns 

of the random-phase code function is 

mix o 

/  *Y» \  /<Y>  T  \  

(5.59) fR(l) x \ o 
mim2/ \2m-LX 0 

-mi^o 

where the brackets denote an ensemble average; f(x) (with superscripts 

omitted) denotes the first-order images of the random-phase code; 

R(x) is the cross-correlation between codes at scales m-i and m?; 
m\tn2 

2m\X0 is the length of the code from a coded image at magnification m\\ 

and * denotes the complex conjugate. Note that^Ff-rJ^ represents 
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the complex amplitude distribution in the output plane of a coherent 

optical system containing a matched filter for f (£)• 

We may write 

oo • T 

/( I) = J F(VH(V e m dz (5.60) 

where F(K) represents the positive and negative first-order spectra of 

Eq. (5.58), and H(%) represents the transmittance function of the 

bandpass filter used to select the first orders from the coded image 

spectrum. Using Eq. (5.60), Eq. (5.59) may now be written 

TO 

/R(t) \ =( —̂ — 
\ mim2/ \2m1a:0 

X °° 

F(Z)H(Z)e midK 

-m iar0 

-i2i\ %, 
F<K )H(K )e •(si; 

J 
- 00 

dx >• 

(5.61) 

The ensemble average does not involve integration over E,', or x; 

therefore, we may interchange the order of integration to obtain 

m x 
1 o 

~ I •i 2-nx 'Si _ _L 
m 2 m\ 

-co 

-TO 1̂ 0 

i 2 t t  £  
1712 

e dEdZ 'dx. 

(5.62) 

Now let £ = C' + ot and dE, = da. Equation (5.62) then becomes 

mix o 

/R(x) \ = 1 
\ Tn̂ m<2J 2 mix0 

-^2^r• 

<F( £+a)F*( ?)}h( Z'+a)H*(K')e 

x 

"m i 

gfAm 
m2 

- a 

-m ix0 

*£• 2tt — 
e 

m2 dadKdx , where Am = m2 - mi. (5.63) 
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Integration of Eq. (5.63) over x yields 

00 

• exp(-£2n 5'x/m2) da dV. (5.64) 

Since the first-order spectra of the random-phase code have the same 

statistical properties as the spectrum of the ground glass screen, we 

may use Eq. (5.53) to obtain 

(F(V+u)F*(K')) = 2£A£sinc2£a . (5.65) 

Substitution of Eq. (5.65) into Eq. (5.64) then yields 

CO 

/li(x) \ = ht H(K'+a)H*( ?)2£sinc('2£a/'sinc|2a: [- ̂ m - a)? 
\ miwy J J \ o\m2 )) 

• exp(i2iT CfT/m2) da dE,'. (5.66) 

Note that in general 

2I > 2XQ (5.67) 

since we may independently choose the length of the random-phase code, 

f(x), once it has been produced. If, in fact, we choose a much longer 

ground glass than we wish for the length of the final random-phase code, 

we have 

2Z » 2x (5.68) 
o 

so that sinc(2£a) is a much narrower function than sine (?•) 
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We may then use the approximation 

2Z sinc(2£a) > 6(ot) (5.69) 

for subsequent computation. Substitution of Eq. (5.69) into Eq. (5.66) 

and integration over a then yields 

R(t) \ = AI 
mim2/ 

|tffC';|2sinc 5m2 df. 

(5.70) 

For H(E,') to limit the bandpass of the optical system to the plus and 

minus first-order spectra, we must have 

H(K') = rectfAIV) + S(Z' - (5.71) 

where is the carrier frequency of the code, and A£, the correlation 

length of the random-phase code, determines the required bandwidth of 

the filter. Using Eq. (5.71) in Eq. (5.70), and integrating over £', 

we obtain 

/R(T) \ = 2 sine (-J~-P—Vos (2ir ? rect T 1 . 
 ̂ m-griij \tJan2) \ om2) 2x̂ hm \2̂ QAm) 

(5.72) 

Note that 

^^ r e c tte}= s©- t 5-7 3 '  
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The Core Image of the Random-Phase Code 

Figure 5.4 shows a plot of the function sine 

for 1/A£ equal to £0- Note that two cycles of the cosine function 

occur within the central lobe of the sine function, and that 

TotAx 

J sinc (?0 cos (2^0 dT 0 £or a11 To (5-74) 

To 

whenever AT becomes greater than approximately m^/^o • Thus the con

volution on the right-hand side of Eq. (5.72) is nearly zero, whenever 

— i TV • (5-75) 
m2 0 o 

As an example, for 

x = 25 mm 
o 

= 1 £p/mm (5.76) 

we have 

^ = .02 (5.77) 

causing ^R(t)^ to vanish! Thus we identify ^ ̂ as our 

desired core function. Note that as Aw increases from zero, the core 

function vanishes long before there is any significant blurring, since 

the width of the rect function is only about the width of the in-focus 

spread function when the cross-correlation function vanishes. 



cos (2ir5o-L-sine (£| 
m2 

sine 

Fig. 5.4. Autocorrelation Function of the 
Random-Phase Code. 
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Experimentally, comparison of the behavior of a zone plate code function 

with the behavior of the random-phase code function is quite dramatic. 

This behavior is observed for the cross-correlation function 

between random-phase codes of different scale, when a shadowgraph 

imaging system without a half-tone screen is used to image a point 

source. It is most disappointing to find that use of a half-tone 

screen, as is required for the imaging of extended objects, signifi

cantly changes the characteristics of the system. It was shown in 

Eqs. (4.24) to (4.27) that when a half-tone screen is used, both the 

object and code function spectra remain centered in the frequency 

plane at the points 

5 - ± Jt*r C5.78) 
n 

where m^ is the geometric magnification of the half-tone screen; ? is 

the carrier frequency of the code function. A change in magnification 

simply results in the spectra expanding and contracting while remaining 

centered at this point. 

Disappearance of the random-phase code core image depends upon 

a change in magnification causing the transform of the code function 

to be laterally displaced with respect to the transform recorded on 

the matched filter used to obtain the autocorrelation function. Since 

there is no correlation between F(K) and F(K+ot), this lateral displace

ment causes the core image to vanish. When a half-tone screen is used, 

however, a' change in magnification does not cause a significant dis

placement of those frequencies near the carrier frequency. The result 



71 

is that the core image expands with a uniform blurring that increases 

with increasing Ism. There is no annoying ring structure as with the 

zone plate aperture, however. Figure 4.4 shows the difference in 

behavior of the coded image transform when the half-tone screen is 

present versus when it is not. 

The Halo Image of the Random-Phase Code with a Point Object 

As can be seen from Figure 5.2, the random-phase code is 

actually a speckle pattern, and therefore its autocorrelation function 

should have some random sidelobe structure for large values of x. 

This sidelobe structure does not appear in the expression for the 

ensemble of possible codes. Any single experiment uses only one code 

function, however, and the sidelobe structure then becomes important. 

To determine its magnitude, we must calculate the expectation of the 

irradiance distribution in the output plane of the coherent optical 

system. The result will be a term corresponding to the square of the 

core function, plus another term which is essentially constant over 

the output plane. This latter term is actually the variance of the 

autocorrelation function for the code, and may be considered as statis

tical noise which results from averaging only a finite length section 

of the code. This variance term provides a speckle pattern background, 

equal in width to twice the length of the code function, and we may 

identify it with the halo term discussed by Shack (1967) for the spread 

function of a turbulent atmosphere. 

expectation value over the 



To determine the variance, v/e must find the expectation value 

of the square of the cross-correlation function for the random-phase 

code at two different magnifications. This is 

| 2  =  
1 

m,x 
I o 

2?T?]XC0 

-mix0 

i'(srMSr)* 
(5.79) 

Using the same technique of representing an ensemble member of the code 

function by its Fourier transform as was done for the derivation of the 

mean value, we may obtain 

m,x 
l o 

I R(t) I2 
1 mim2 4 m2;c2 

|  }  j j ^ F ( V F * ( K ' ) F ( K 0 ) F * ( ^ ^ . ) )  H ( V E * ( V ) B ( K q ) H * ( V q )  

-m\x0 

12-n— k'+Z') i2-nx - ^-1 
. e m2 v % [mi W2J 

—1 • i 
LWi m2J dUVdlodV0 dx'dx't 

i. 2irx' 

(5.80) 

where again F(E.) represents the transform of the random-phase code 

transmittance function, f(x), and H(E,) represents the bandpass filter. 

The problem reduces to computation of the fourth-order average 

^F(E,)F*(E,')F(Z, )F*(Z,', and this may be done in the following manner. 

Consider the dummy variables V, £• , and in pairs where 

between each pair we have an average 

^FU+a)F*(y) = MS, (a) (5.81) 
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which is obtained using the procedure given in the derivation for the 

core function, /R(r) \ . We may then reduce the right-hand side of \ mimz/ 

Eq. (5.80) to the sum of the following three terms. 

For g = 5' and , we obtain 

Ll 
(  . ^ t2ir-5' 

\h(K')\2 sine K' > e 1712 dK' 

AI sine fox K 1 1 o 1 | o w?2 °/ 

-L2t\ — £ 
m2 o - , dV0 • (5.82) 

Since the aperture transmittance function, f(x), is an all positive 

function, F(Z)H(Z) is hermitian, and we have for £ = -E , and ?'= - V 
oo 

m,x 
l o, 

A I2 

4m'ixQ 
\E(Ko)\- e 

i2v — (x'-x) 
2  - mi  

Jo 
W2 

1^0' 

i2ir — (x-x1) \ 
dzAdxdx'* 

(5.83) 

Finally for 5 = 5 'and 5 = E' we obtain 
J oo 

mx 
1 o 

ht2 

4m2x2 II |»rr; 
•£271 5' 

0 mi 
_ J-1 

77! 2 2̂ 
J d? 

-m ix0-

00 

• j j l f f f e '  

i2tr E 

J 2 e 

/["e! _ sl + jl] 
I ml W2 W2J 
u -1 ^7r' dV > c&ccibs 

(5.84) 
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Completing the integrations over V and , and adding Eqs. (5.82), 

(5.83) and (5.84) yields 

where 

R-,, ( —)© ~R- rect 
nh \m2/ 2cc„Am {2x0 Am}] 

m,x 
1 0 

4 
f?,, R fe^dxdx' 
iih \ m 1 / nh\ m2 / 

-m\x0 

m x 
1 0 

4 mfa?o 

-mia;0 

Ehh Vmi " m2 m2/ " m2 m2) 

(5.85) 

w 

= A,e J|ffr?;|2 ^27r?T 
(5.86) 

The first term in Eq. (5.85) is the square of the mean value 

given in Eq. (5.72), and since the variance 

°2 = <lS('T;
mimil2> " I (5.87) 

we have 
m,x 
1 0 

4 m\a% 

-m\x0 

+ R. 1 (JL _ £LL + T \ r, _ 
TzTz m2 tf?2/ hhyni 4 + JLU. c&irc'. 

«2 

(5.88) 
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If we let x = x' + a, dx = da, then 

mx 
1 o 

°2 " 4mfa:§{ | Rhh{mi) Rhh(rn2) 

-m\x0 

+ p 
/z7z|miw?2 

+ — + — 
m2 m2 

i?. 
Arogf a _r_ 
m\m2 m2 m2 

(5.89) 

>dadx 
f 

The expression in Eq. (5.89) is the general expression for the 

mean square fluctuation in the sidelobe structure of the cross-correlation 

function of two random-phase code patterns at scales m\ and m2, respec

tively. For the case where m\ = m2 = m, we may use the symmetry of the 

autocorrelation function to obtain 

2 1 = 

4 m2ic2 
o 

mx 

dadx' .  (5.90) ) "hh 

-mx 
o 

The integration of Eq. (5.90) over x' is equal to the length of the code, 

or 2mxQ, while the integration over a may be determined in the following 

manner. 

From Eqs. (5.71) and (5.86) we have that 

R1 1 ( T )  = 2 sinexjcos(2V K T )  (5.91) 
nn b o 

where we have now used ^ to represent the bandwidth of H(£,). Substitu

tion of Eq. (5.91) into Eq. (5.90) yields, after integration over x' 

and expansion of the cos2 terms, 
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a2 = „ 
2 mx 

+ 2 sine 

ij- | {2 sine2 (e& I) * 2 sine (5j f) cos (2,25^) 

-mx 

[ei (:iis9]sinc[5i (^)]cos(2,,254) 
inc[5i (ISS)}inC[6i (I?)]cos(2*25<>»)}d°' C5,92) + 2 s 

This integral is easily evaluated by writing it as a Fourier transform 

evaluated at 5 = 0. Assuming that 

2 x > > -=- (S.931 
0 % 

which is necessarily true for any practical code, we have contributions 

to the integral from only the first and third terms. The result is 

a2 = H1 + sinc(25^) cos(2t5o¥)} • (5-94> X 1,, 
0 b 

The signal-to-noise power ratio is given by 

S _ IR ( 0 )  12 (5 95-) 
N a2 

For large T, this becomes by appropriate substitution from Eq. (5.72) 

I - 4*oh • t5-96' 

Noting that 4^5^ is the space-bandwidth product of the code (the length 

at unity magnification is 2xq while the bandwidth is 2^ because of the 

plus and minus orders) we obtain the classical value for the signal to 

noise ratio from a matched filter correlator. 
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The Halo Image with Extended Objects 

Equation (5.96) represents the ratio between the peak intensity 

in the core image and the mean square intensity of the speckle pattern 

background, when the random-phase coded aperture is used to image a 

point source. As more object points are added, additional background 

noise is added to the image from sidelobe structure on the autocorrela

tion functions centered at each respective image point. To determine 

the magnitude of the total background noise, we must first determine 

whether or not there is any correlation of the sidelobe structure for 

autocorrelation functions of the random-phase code, centered at two 

different image points, and x2 . 

The correlation between two image points, £Ci and x2 is given by 

y(r-Xi3 r-x2J = ̂ (̂t-xi) (5.97) 

where is the autocorrelation function of the random-phase code, 

f(x), and the brackets again denote an ensemble average. Writing out 

the now familiar expressions for R(t-X\)̂  and R(t-x2)^, we have 

T-iC2) =  < \4~z f(x)f*(x-t+xi)f(x')f*(x'-t+x2) dxdx'y (5.98) 

o 
» • 

-x 

Expressing Eq. (5.98) as a multidimensional Fourier integral, we obtain 
x 
0 00 

y(t~xut-x2) = ~2 jj{j ̂ <f(vf*(k')f(ko)f*(z'q)y (k ' )h(tq)h* (t'q) 
°-x -°° 

0 
•i2mx(^~ E,') -i2irxr(^ -K ') il-nK' (t-x\) £2iy^r (t-x2) 

00 0 
• e e e e. 

dKM'dK0dK^dxdx' (5.99) 
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which is similar to the expression in Eq. (5.80) iox(^R(x)m m \2^. 

Following the same procedure as used for the derivation of a2 for a 

single image point, we again obtain three terms from the fourth order 

expectation value. The final result is an expression similar to 

Eq. (5.85). 

y(t-xl3T-x2) = Rhh(T-x2) 

X  
1 r r° 

Rhh (x '~x^Rhh(x~x '~x2+xi)dxdx' 4XZ 
o 
-x 

o 

x 
1 0 

+ 4^2 ff Khhte-X'+T-XZIR^X'-X+T-X^ dxdx'. 

°JJ (5.100) 
0 

Note that when Xi = x2 = x0, Eq. (5.100) becomes equivalent to Eq. (5.85) 

for the case of Am = 0 and an image centered at the point T = xq. When 

x2 - is greater than the width of R(x)-^, all terms in Eq. (5.100) 

equal zero. Thus there is no correlation between image points separated 

by a distance greater than a resolution element of the code function. 

We may therefore add the background noise powers from each point to 

obtain the total background noise in the image. If the image has N 

object points, the total noise power will be 

a2. . , =  N  a 2 -  .  .  . + (5.101) 
total single point 

where the noise for a single point is given by Eq. (5.94). Thus the 

signal-to-noise ratio in an image produced by a random-phase coded 
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aperture depends upon the number of resolution elements in the object. 

Note that this result is similar to the bahavior of a Fresnel zone 

plate, coded aperture system in the presence of quantum noise, (Barrett 

and DeMeester, 1974). 

Reduction of Total Power in an Out-of-Focus Image 

Perhaps the most interesting property of the random-phase coded 

aperture is that the total power in an out-of-focus image is actually 

reduced in comparison to the in-focus power. To show this, we return 

to Eq. (5.79) and compute the integral of the irradiance distribution 

in the output plane. Thus 

oq 

Total Power = J |2 dx (5.102) 

and substitution from Eq. (5.79) yields 

m\x0 

|  I W t V> 2
| 2  d x  

" jtafSf 

-oo 

%2-n — (K' + V) 

i2-nx (— — J  i2irxr ( V"1 m2 J \ 
Ja_ iA 
m m )  I  

dzdVcLZ dK'fdxdx'dx. 
° ) 

(5.103) 

After integration over x, x', x, and g ' (in that order) we obtain 
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w 

I2 dT 
= 

n2 HI 

• H(-E,,^a)H*(-K' )H(V^)E^(V ) 
0 0 0 0 

;inc 12^0 (a - ̂ -)| sine sine <^2xn(a - -^j;> sine \2x^ + 

(5.104) 
where a = 5 - 5' and 3 = E, - £' . 

o o 

Now recall that we have previously stipulated that the ground 

glass, used to make the random-phase code, is of sufficient length that 

the autocorrelation length of its spectrum, F(K), is much less than the 

total length of the random-phase code spectrum, F(E,)H(E,)> where H(E,) is 

the bandpass filter used in construction of the code. Also note that 

the width of the sine functions in Eq. (5.104) depends upon the final 

length chosen for the code itself. If we now stipulate that 1/2xq is 

sufficiently small compared to the length of the code spectrum, say 

less than 10%, then we may approximate the sine functions in Eq. (5.104) 

as 

!  ^ C5 '105)  

c5, io6) 

and 

sine 

respectively. Under this condition, integration over a, and £ yields 
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w 

j \RM
t m\m2 

dx = 

Now 

for all frequencies 

m2 
4a:2 

o ' 

H H*C-V)H^(V)dV . 
O 0 0 

H H*(Z') = 1 
o 

(5.107) 

(5.108) 

Trio _ 
Ko < < % 

(5.109) 

where is the width of the code spectrum. Also the fact that the 

coded aperture transmittance function is all positive means that 

F(-VF(V = \F(K)\2 

F*(-Z)F*(Z) = \F(V\* 

because the spectrum is a hermitian function. Thus we have 

(5.110) 

\R(x) |2 dx = %r 
1 m\m2x 4a2 5[e°(1~ ^)]sf5° ;  iV° (5'U1) 

where 

ste) = |m;|2 (5.112) 
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Therefore when Am = 0, the total power in the image is determined by 

co co 

|<î W2> ° • t5-u3) 

When TOI ? 0; however, we have 

Rl^W2) * = ^ I# (' - £)]) <Sr5o;> d50 (5'114) 
-00 -00 \ / 

since there is no correlation between S(K) and S(Z') for £ ^ 5' . 

Using the expression given in Eq. (5.105) for the density function of 

S, we easily find that 

<|S Î2> 2<®[5o(' " (5-115) 

for any frequency K'q and Am sufficiently large that ^1 - is 

uncorrelated with . Thus the total power in the out-of-focus image 

is only one-half of the power in the in-focus image. In the next chap

ter, we will show experimental results which confirm Eq. (5.115). 

This reduction in power for an out-of-focus image occurs when 

a random-phase code is used with a shadowgraph imaging system to produce 

images of point sources. The use of a shadowgraph imaging system 

containing a half-tone screen, as is necessary to produce images of ex

tended objects, prevents the reduction of power from low spatial fre

quencies of the object. Both the disappearance of the core image, and 

the reduction of total power in the out-of-focus image depend upon a 

change in magnification producing a lateral shift of all spatial 
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frequencies contained in the Fourier transform of the object. As shown 

in Fig. 4.7, this lateral shift does not occur for low spatial fre

quencies of the object with the use of a half-tone screen in the shadow

graph imaging system. The result is that much of the advantage of the 

random-phase code for the imaging of three-dimensional objects is lost. 

While it is indeed disappointing to find that potential advan

tages of a random-phase code cannot be used, we feel that one important 

point has been emphasized by our research. This is the fact that 

imaging properties of a coded aperture system can be significantly 

modified by use of a different code function. Future research on 

coded aperture imaging systems should probably concentrate on the 

design of codes with specifically desired characteristics, and in 

addition, effort should be devoted to redesigning the imaging system 

itself to facilitate use of advantageous features of a particular code. 

This completes our analysis of coded aperture imaging with a 

random-phase code. The next chapter will show some experimental 

results which we obtained to confirm the analysis given above. 



CHAPTER 6 

EXPERIMENTAL RESULTS FOR A RANDOM-PHASE CODE 

As stated in the last chapter, construction of a random-phase 

code is accomplished by recording a focused-image hologram of a ground 

glass screen, using an off-axis reference beam. Since the reference 

beam angle defines the carrier frequency, it must be very small so 

that enlargement of the code function to final size results in a value 

which is suitable for making a lead mask with gamma-rays. In addition, 

the spectrum of the ground glass screen must be defined by means of an 

aperture stop located in the optical system. This allows selection of 

the bandwidth of the code, and prevents later generation of an unwanted 

signal from the zero order spectrum of the half-tone screen. An example 

of a suitable optical system for generating a code mask is shown in 

Fig. 5.1, and a sample transmittance pattern is shown in Fig. 5.2, as 

it appears after being photo-enlarged and printed onto high contrast 

lithographic film. 

An incoherent optical system, shown schematically in Fig. 6-1, 

was used to simulate the gamma-ray shadowgraph imaging system. An 

appropriate half-tone screen was made by photo-enlargement of a Ronchi 

ruling, and the shadowgraph image recorded on 14 x 17 inch x-ray film. 

The 14 x 17 inch coded images were copied onto 35 mm slide transparen

cies at a reduction of 28 times, and the final image was generated by 

cross-correlation of the coded shadowgraph image with the random-phase 

84 
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code pattern, using a coherent optical system containing a Vander Lugt 

type, holographic matched filter. A schematic diagram of this system 

is shown in Fig. 6.2. ..agnification of the first transform plane by 

means of lenses an^ ̂3 was done to facilitate visual observation of 

the spectral irradiance distributions, and allow spatial filtering 

with simple masks made of black paper. Note that lenses L2 and £3 must 

be used near their design conjugates in order to keep undesired aber

rations at a minimum. Adjustment of the magnification of the coded 

image with respect to the matched filter was accomplished by varying 

the distance between the transparency and lens L\. 

Output images for a point source object are shown as viewed 

from a closed circuit TV system in Fig. 6.3. The output image for 

ISm equal to zero is shown in Fig. 6.3(a), and the output image for an 

approximate scale difference of 2% between the coded image and matched 

filter is shown in Fig. 6.3(b). Figures 6.3(c) and 6.3(d) show the 

intensity of the core images obtained by oscilloscope display of a 

single TV scan line through the center of the images shown in Figs. 

6.3(a) and 6.3(b), respectively. 

A photograph of the irradiance distribution in the power spec

trum of the code function is shown in Fig. 5.3. The radius of each of 

the two first orders is 1 mm which corresponds to a spatial frequency 

passband of ± 4 lp/mm. The diameter of the code pattern on the 35 mm 

slide is 9 mm so that the two dimensional space-bandwidth product, for 

a single order of the matched filter, is 

SBP = IT2 {4 2(4.5 mm)2 = 3198 . (6.1) 
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6.3. Output Images for a Point Object. 



The theoretical signal-to-noise ratio from Eq. (5.96) is therefore 

| = 10 log[3198] = 35 db (6.2) 

Figure 6.4 shows the plot of the output image for a point 

source obtained by scanning the output image from one order of the 

matched filter with a microphotometer. (Use of both orders would 

require a finer sampling aperture on the microphotometer to prevent 

loss of accuracy from the interference pattern due to the carrier 

frequency fringes, and a corresponding loss in sensitivity of the 

photometer.) The diameter of the sampling aperture was about one-tenth 

of the diameter of the core image. The mean square noise measurement 

shown was taken about one-half of the distance from the center to the 

edge of the field-of-view. As shown in the figure, the experimental 

value of the signal-to-noise ratio is 34.8 db. 

To verify the decrease in total power for an out-of-focus 

image, a photodetector of diameter greater than the diameter of the 

output plane was used to measure the total power in the image of a 

point source. Figure 6.5 shows the output power plotted as a function 

of Am/m for three different diameter apertures on the code. Note the 

importance of sufficient code length which was necessary to justify 

the step from Eq. (5.104) to Eq. (5.107). 

To test the imaging characteristics of a random-phase code for 

extended objects, some images were made using groups of letters from 

the word RANDOM. The original object mask is shown in Fig. 6.6. 

Figure 6.7 shows the images for various combinations of letters where 
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Fig. 6.6. Object Mask of the Word RANDOM. 
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Images from Both Orders of Matched FiIter 

Images from a Single Order of Matched Filter 

Fig. 6.7. Images from a Random-Phase Coded Aperture System for 
Extended Two-Dimensional Objects. 
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each image is from a single exposure on a separate piece of x-ray film. 

The letters RAN and R N were placed in contact with the half-tone 

screen, while the letters D M were placed two inches back from the 

half-tone screen and turned 90°. Figure 6.8 shows the images obtained 

from a simulated three-dimensional object using a coded image with a 

double exposure from the letters R N, placed in contact with the 

half-tone screen, and the letters D M, placed two inches back from the 

half-tone screen. Difficulty with maintaining a uniform exposure on 

the x-ray film, due to a non-uniform source and cos4 fall-off from the 

large angles involved, made it necessary to block the center letters 

A and 0 respectively. While this was unfortunate, the images shown 

in Figures 6.7 and 6.8 substantiate the characteristics of the system 

predicted in the last chapter. 

Note that objects in contact with the half-tone screen may be 

imaged using either one or both diffracted orders of the random-phase 

code, while objects away from the half-tone screen may only be imaged 

using a single order. This is because adjustment of the distance 

between the coded input transparency and the matched filter, in order 

to match the magnification of the image and matched filter code 

functions, results in shifting the center of the diffracted orders 

and consequently complete disappearance of the core image. To correct 

this, the matched filter must be moved laterally to center one 

diffracted order of the coded image transform at the center of the 

corresponding code transform recorded on the filter. 
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Fig. 6.8. Images from a Random-Phase Coded Aperture System for 
Simulated Three-Dimensional Object. 

(a) Object in contact with half-tone screen. 
(b) Object back 2 in. from half-tone screen. 
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In Figure 6.8, the out-of-focus images are quite blurred, and 

seem to show little evidence of high-frequency structure on the core 

images. Some structure in the core images is unavoidable because of 

the presence of the halo, or noise term, on the correlation function of 

the random-phase code, and this term can interact with the core image 

to produce coherent interference patterns which result in the appearance 

of high-frequency structure in the core images. The core images may 

be made to disappear completely by a slight lateral shift of the matched 

filter; however, this also changes the internal structure of the halo 

term, making it difficult to isolate high-frequency structure due to the 

halo term alone, interaction between the halo and core terms, or an 

actual discrepancy between experiment and theory. 

This concludes our study of coded aperture imaging systems, and 

the use of a random-phase code for the imaging of three-dimensional 

objects. We stated, in the introduction, the importance of critically 

examining the concepts used in the design of diagnostic medical imaging 

systems, and we hope that this analysis of coded aperture imaging sys*-

tems provides an example of such an examination. Our study of the 

random-phase aperture is a relatively small step in the development of 

shadowgraph imaging systems; however, we hope that it will prove signif

icant enough to stimulate further research in this area. 



CHAPTER 7 

SUMMARY AND CONCLUSIONS 

This dissertation has presented a detailed analysis of the 

imaging characteristics of coded aperture systems used with both 

two-dimensional and three-dimensional objects. We have shown that image 

quality of three-dimensional objects is highly dependent upon properties 

of the code function used as the coded aperture. In addition to analyz

ing the two-dimensional autocorrelation function of the code, we have 

shown it necessary to consider the cross-correlation function between 

code functions of different size, in order to determine the manner in 

which the images of out-of-focus planes from a three-dimensional object 

will degrade an in-focus image. A comparison of the three-dimensional 

imaging characteristics for a Fresnel zone plate aperture, and a 

random-phase coded aperture has been given in order to demonstrate the 

potential differences between various code functions. 

While we initially thought that the use of a random-phase coded 

aperture would significantly enhance the three-dimensional image charac

teristics of coded aperture systems, this does not appear to be the case. 

There are two reasons. First, the major advantage of the random-phase 

code is the disappearance of the core image with a change in magnification. 

As pointed out in both Chapters 5 and 6, this does not happen when the 

code is used with a half-tone screen to image extended objects. Second, 

the code function itself adds additional statistical noise to the images, 
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and this certainly does not improve the image quality from a system 

which is already severely limited by statistical noise problems. This 

second problem might possibly be eliminated; however, by proper design 

of a code. A definite possibility would be to select code functions 

from those proposed by May, Akcasu and Knoll (1974) at the University 

of Michigan. Elimination of the sidelobe structure will not greatly 

improve image quality; however, unless complete elimination of the core 

image, including the low spatial frequencies, also becomes possible. 

No obvious solution to this core image problem has occurred to the 

author, and it definitely represents a potential area for further 

research. 
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