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by 
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ERRATA 

Inequality (5.10), p. 87, should read 

[B1 (0)/od(O)~c > SNRT (5.10) 

This cha_nge requires Inequality ( 5.11) to be altered to read 

T > [ S d ( 0 ) 7 0 d ( 0 )r T c ( 5 • 11 ) 

Since Inequality (5.11) is the basis for all derivations and 

discussions regarding integration time requirements, several 

inequalities, statements, tables, and figures throughout 

Chapters 5 and 6 are in error. 

Rather than provide a complete revision of the manu-

script, the major discrepancies are listed. Inequality (5.13), 

p. 88, for multiple point sources, and Inequality (5.16), p. 90, 

for extended sources should be altered accordingly. Figure 5.2, 

p. 93, is in error as are the discussions of integration time 

found on pages 87 and 92. On page 92 the integration time 

depends on [f/(l-f)] 2 , and not on [f/(l-f)] 4 as stated. The 

numerical examples computed for Table 6.1, p. 113, are also 

erroneous. The integration time Tc is incorrect as well as the 

source requirements A0
2 and mv . The source requirements are in 

error because they are computed from Inequality (5.15), p. 89, 

that depends on the integration time T . c 
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ABSTRACT 

Random wavefront perturbations in the exit pupil of an optical 

system cause image degradation, especially for extended objects. Even 

if these perturbations are as small as one-sixth wave rms, the image 

degradation can be significant enough that post-processing of the 

imagery is justified. To analyze the degradation present in this 

imagery, the characteristics1'of the image of a point source are found 

in terms of the statistics of the random wavefront perturbations. The 

image of an extended object is then described in terms of the character

istics of the point image. 

In recording the imagery with a view to post-processing, certain 

requirements must be met by the recording device in order for the proc

essing to be successful. The signal-to-noise ratio of the detection 

device, its resolution, and the integration time necessary to achieve 

these requirements are determined. It is shown how criteria for these 

requirements can be treated in terms of the statistics of the random 

wavefront perturbations, the size of the optics, and the source radiance. 

This analysis is especially suited for describing the imagery 

produced by active wavefront compensation devices designed to reduce the 

effects of atmospheric turbulence. The trade-offs between hardware 

design and image quality are described by considering the active compen

sation device as a linear filter for the wavefront perturbations caused 

by atmospheric turbulence. The compensated wavefront contains residual 

xii 
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wavefront errors whose statistics are estimated by the linear filter 

representation. The resulting imagery, degraded by the residual wave-

front errors, requires post-processing. A method of post-processing 

of the imagery is suggested that is based on the recording of images 

at two different focal planes simultaneously. 



CHAPTER 1 

RESOLUTION AND IMAGE PROCESSING 

The overall objective of image processing is to present the 

information contained in a recorded image in such a way that it can be 

easily extracted (Harris, 1966). Usually this objective involves 

processing image data so that apparently unresolvable detail in the 

image appears resolved. The fundamental limit on resolution would seem 

to be imposed by diffraction, but this is not so (di Francia, 1955; 

Harris, 1964b). Because of diffraction the resolution limit of a perfect 

lens is often taken to be the size of the Airy pattern (using the Ray

leigh criterion), when actually the ultimate limit of resolution depends 

upon the amount of noise in the detector used to record the image data. 

As Harris (1964a) points out, two point sources separated by a distance 

smaller than the Rayleigh distance can be distinguished from a single 

point source provided the detector noise is small enough. This possi

bility of extending resolution beyond that which is apparent in the 

image data has prompted many (Biraud, 1969; Frieden, 1967, 1972; Harris, 

1964b; Huang, Schreiber, and Tretiak, 1971; Jansson, Hunt, and Plyler, 

1970; and Phillips, 1962) to search for ways of achieving this result. 

Regarding this goal, the following thoughts lead to the development of 

a method of image processing which utilizes image data recorded at 

several different focal positions to improve resolution. 

1 
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Background 

Ordinarily image data to be used for image processing is 

recorded at a single well-defined focal position. If this position is 

chosen to be the position of best focus, then the image of a point source 

is simply the Airy pattern. If the position is chosen to be slightly 

defocused, then the image of a point source contains a dark spot in the 

center with a bright ring around it. The first important thought is 

that by examining both images of the point source simultaneously, it is 

possible to improve the resolution. For example, simply subtracting 

the defocused image from the best-focus image results in an image that 

is slightly narrower than the Airy pattern, but which contains negative 

sidelobes. An illustration of this idea is shown in Fig. 1.1. In this 

example the resulting difference image presents the point source as 

being narrower than the Airy pattern. This is the desired result 

because it permits two closely spaced point sources to be distinguished 

when they are separated by less than the Rayleigh distance. 

The second thought is that perhaps a pupil plane should be con

sidered in order to improve resolution. For coherent systems simul

taneous examination of a pupil plane and an image plane could provide 

information about the phase of the object as well as its position. For 

a coherent system full 3-dimensional characteristics of an object might 

be determined by recording data at both image and pupil planes. This 

would also provide information about the phase in the pupil plane since 

for coherent systems the image plane and the pupil plane are related by 

a Fourier transformation. This problem has been considered by several 



.F_ig. I 1. 1. 

Airy Pattern 

I Distance 
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(c) Difference between I~age Data. 

Resolution Improvement by Subtracting Image 
Data Recorded at Two Focal Positions. 

3 



4 

people in conjunction with electron microscopy (Dallas, 1975; Gerchberg 

and Saxton, 1971, 1972; Hoenders, 1972; Hoenders and Ferwerda, 1973a, 

1973b; FerwerJer and Hoenders, 1974). 

A final thought is that examination of the images at two or more 

focal positions might be sufficient to determine the phase in the pupil 

of the optical system. Misell (1973a, 1973b, and 1973c) suggests an 

iterative method to do this which is appropriate for non-coherent sys

tems as well as coherent systems. The phase determined by this method 

depends upon the aberrations of the system and the phase of the object 

distribution. If the aberrations of the system can be determined by 

independent means, then the phase due to the object can be recovered. 

Consideration of these thoughts leads to a question. If a 

random phase perturbing media such as atmospheric turbulence were pres

ent in the pupil of an optical system, would examination of data from 

multiple planes be useful for improving resolution? The surprising 

discovery is that in certain cases considerable improvement can be 

realized in this way. When random phase perturbations are present, a 

time exposure image has a resolution which is greatly degraded from that 

of an image without phase perturbations. By examining data at two 

focal planes and applying appropriate processing, the resolution of the 

degraded image can be restored to that of the undegraded image, provided 

certain detector and time requirements are met. The following facts 

illustrate how this situation can occur. 

If the phase perturbations are not extreme, a time exposure 

image consists of the sum of two components which have decidedly 
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different characteristics (Shack, 1967). One of these components rep

resents the fraction of light which has not been scattered by the phase 

perturbations in the pupil and which is identical in form to the image 

that would result if no phase perturbations were present. It will be 

referred to as the signal of the detected image. The other component 

represents the light that has been scattered through various angles by 

the random phase perturbations and it will be called the background. 

The signal changes with focal position, but the background does not. 

This establishes the idea that examination of image data at two or more 

focal planes will allow the signal to be isolated from the background. 

In the image data the resolution is governed by the width of the 

background pattern, which is usually many times wider than the Airy 

pattern (Fried, 1966). Isolation of the signal from the background 

allows the resolution to be restored to that of the size of the Airy 

pattern by retaining only the signal. This isolation can be achieved 

in noncoherent optical systems and in the full two-dimensional treatment 

of images. 

In practice the isolation of the signal from the background is 

accomplished by subtracting the image data recorded at one focal plane 

from the image data recorded at another focal plane, as shown in Fig. 1.2. 

This process is convenient because a priori knowledge of the phase per

turbation statistics is not required in order for the signal to be 

isolated. The problem is that the signal is weak in most applications 

of practical interest. The fraction of power in the signal is small 

compared to the power in the background so that the subtraction is 
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Signal 

Background 
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(b) Degraded Image at Small Defocus. 
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(c) Difference between Image Data. 

Fig. 1, 2. Isolation of t he Signal of the Re cor ded Image 
from the Background by Subtraction of Image 
Data from Two Focal Posi t i ons. 
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susceptible to detector noise. This raises many questions concerning 

the actual ability to improve resolution when random phase perturbations 

are present in the pupil of an optical system. 

Dissertation Content 

In order to answer the questions that can be posed, it is neces

sary to consider the characteristics of images formed in the presence of 

random phase perturbations in the exit pupil of an optical system. These 

characteristics should be explained in terms of the statistics of the 

random phase perturbations and the optical system and must in general be 

applied to both point sources and extended sources. An understanding of 

the image characteristics is developed in Chapter 2 for point sources 

only; this is extended to general sources in Chapter 3. Since all oper

ations performed are linear with respect to the image irradiance, the 

characteristics of images of extended sources can be determined in terms 

of the characteristics of point sources by appropriate convolution oper

ations. A discussion of the subtraction operation is given for both 

point sources and extended sources in Chapter 4. 

Once the image characteristics have been fully understood, the 

requirements for detectors to measure these images can be specified. 

These requirements depend upon the fraction of power in the signal 

compared to the power in the background, and upon the size and frequency 

of the fluctuations of the image values at a given point in the image. 

The detector specifications also depend upon the source brightness. The 

relationship of these variables of the image to detector specifications 

is derived in Chapter 5. 
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A theoretical treatment of such a process would not be complete 

without experimental verification or practical application. Chapter 6 

indicates several possible applications of the method and points out 

practical limitations to its usage. The primary potential of the method 

seems to lie in the enhancement of images formed through atmospheric 

turbulence when an active optical element is used to correct the wave-

front. Though the active element may improve the image drastically, 

small inaccuracies of the active element can still produce an image with 

unacceptable qualities. 

In order to substantiate the claims made from this theory, a 

simple optical experiment has been performed by imaging a point source 

through an artificially produced phase perturbation. These experiments 

are intended to simulate the operation of an optical system which 

employs an active element to reduce the effects of atmospheric turbu

lence. Chapter 7 presents the results of these experiments, which are 

in good agreement with the predictions presented in the previous chapters. 

As is the case with most research, not all questions concerning 

a topic can be answered in one work. This dissertation is no exception 

and several recommendations for extension of this work have been made 

in Chapter 8. These recommendations suggest further confirmation of 

these ideas through a practical application of the subtraction technique. 



CHAPTER 2 

IMAGE CHARACTERISTICS FOR POINT SOURCES 

In order to understand how an image is formed when random phase 

perturbations are present in the exit pupil of an optical system, it is 

necessary to relate the statistics of the phase perturbations to the 

image characteristics for a point source. This can be done through the 

description of the diffraction process for light propagating from the 

exit pupil to the image plane. The irradiance in the image plane can 

be found in terms of the complex amplitude in the exit pupil by an 

integral equation. If the wavefront in the pupil is assumed to be a 

random process (Papoulis, 1965, p. 280) which. is a function of the pupil 

co-ordinates and which var i es with time, then the image irradiance will 

also be a random process which varies with time (Papoulis, 1965, p. 323). 

Image statistics can then be determined from the statistics of the 

integral describing the diffraction process, which in turn depends upon 

the statistics of the wavefront in the exit pupil. 

Consider the image forming system shown in Fig. 2.1, which has 

a wavefront in the exit pupil given by Eq. (2.1). 

+ 
J)f(x) = (2. 1) 

+ The wavefront ~(x) is a random process which is a function of the pupil 

+ 
co-ordinate vector x, and which varies with time. It includes a contri-

bution WL (~) due to t he aberrati ons of the lens, and a contri bution 

9 
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E:Xi t Pupi 1 Plane 
c± coordinate) + 

5Jf (x) 

10 

Image Plane 
c±, co~rdinate) 

Reference Sphere 

z 

Fig. 2.1. Nomenclature for General Image Forming 
System with Random Wavefront Perturbations 
Present in the Exit Pupil. 
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-+ 
c)tp (x) du·e to random phase perturbations. All phase perturbations, 

whether introduced near the lens, far from the lens, or w·i thin the lens 

-+ 
element itself, are lumped into the random process ~p(x) and are des-

cribed in the exit pupil of the system. For · a point source the localiza-

tion of the phase perturbations to the exit pupil does not restrict the 

generality of the results, except that phase perturbations introduced 

far from the entrance pupil can produce amplitude variations at the 

entrance pupil of the system. In many instances these variations will 

have a significantly smaller effect on the image than the phase perturba-

tions in the exit pupi 1 (Shack , 196 7). Fried (1966) indicates that for 

atmospheric tur bulence in the near field (i.e. whenever the product of 

wavelength and propagation path is much smaller than aperture area~, the 

amplitude variations are a small effect. Because of this, and because 

of the comple xi ty of treating dis tributed phase perturbations, the phase 

perturbations will be assumed to be localized in the exit pupil of the 

optical system and the amplitude variations will be assumed to be negli-

gible. 

With this description of the wavefront, the complex amplitude 

J1 (;') in the image plane of Fig. 2.1 can be written as (Goodman, 1968, 

p. 85) a vector integral. 
-+ -+ 

-AG') 
ikx ' · x 'I 2z -+ -+ -+ 

= Aoe Jt (;)e ik4f(x) e - i kX·x 1 I z a1 
i>...z 

(2. 2) 

Here;, is a vector quantity which repr~sents the image plane co-ordinate 

and z is the distance from the exit pupil to the image plane. The finite 

extent of the lens is account ed f or by the l ens transmittance funct ion 
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t(~) which is zero outside the lens aperture. The light is assumed to 

be monochromatic with a wavelength A. and a wavenumber of k=27T/A.. The 

complex amplitude incident upon the aperture is Ao and it is constant 

as discussed in the preceding paragraph. 

The image irradiance J1(~') is the squared modulus of the image 

complex amplitude. 

(2. 3) 

It can be written in terms of the wavefront perturbations by combining 

Eq s . ( 2 . 1) , ( 2 . 2) , and ( 2 . 3) . 

. -+ 
~~ (x,) = 

(2. 4) 

-+ 
In Eq. (2.4), L(x) has been defined as the complex amplitude tr~smit-

tance of the lens in the absence of wavefront perturbations (i.e., · 

-+ -+ ik WL rx) 
L(x) = t(x)e ). Because of the squared modulus the quadratic 

phase factor of Eq. (2.2) has disappeared and the single vector inte-

gral has been replaced by a double vector integral. The image irradi-

ance is a random process because it is represented by an integral whose 

integrand is a function of a random process (Papoulis, 1965, p. 323). 

Equation (2.4) is the key equation to be used in evaluating 

the statistics of the image irradiance. It relates the image irradi-

ance directly to the random wavefront perturbations. The use of 
I 

appropriate assumptions allows the statistics of J1(;') to be found 
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-+ 
in terms of the statistics of~(x) by applying Eq. (2.4) The image 

statistics of prime importance are the average value of the irradiance 

at every image position, the variance of the image irradiance, and the 

correlation of image irradiance values at two arbitrarily selected 

points. These statistics can be found by computing the ensemble averages 

described in the next three sections. 

Average Value of Image Irradiance 

The average value of the image irradiance is defined as the 

ensemble· average E{§(~')}. This is the average of a time sequence of 

-+ 
members of the ensemble.V(x') given according to Eq. (2.4). Since the 

-+ 
only statistical quantity in the integral of Eq. (2.4) is~(x), the 

ensemble averaging can be carried out under the integral. 

(
Ao)2 J.J _,_ ' _,_ f ik~C~1)-qJf-P(~2)J} 
/..z L(xl)L*(x2)E~e 

' (2. 5) 

The ensemble average in the integrand of Eq. (2.5) cannot be easily evalu-

-+ 
ated unless the random process ~p(x) is assumed to be a normal, station-

ary, random process with zero mean. Under these conditions (Papoulis, 

1965 ,_ pp 153 and 159), it is given by 

= (2. 6) 

In Eq. (2. 6), the ensemble average on the left hand side has been 

replaced on tqe right by a term which involves a quantity commonly called 

-+ -+ 
the phase structure function D¢(x 1-x2 ). The phase structure function is 
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defined as (Tatarski, 1961, p. 99): 

(2. 7) 

It can be related to the variance and correlation function of the random 

wavefront perturbations by expanding the ~ight hand side of Eq. (2.7) 

and making use of the fact that ~pet) is stationary. This relation is 

(2. 8) 

The variance of the wavefront perturbation' is cr~ and the correlation 

between the wavefront perturbations at points ;1 and ; 2 is p(;1-;2 ). 

The rms wavefront error due to the perturbations is crw. 

It should be rointc= out that Eq. (2.8) is only valid when the 

wavefront variance actually is defined and exists. This is not the case 

when D4>(oo)-+«> as happens, for example, when the five-thirds law is 

assumed in atmospheric turbulence (Fried, 1966). For the following 

analysis only situations will be considered in which the wavefront per-

turbations are measurable and finite. T~is restriction implies that the 

ensemble averages, however large, are also finite and that the wavefront 

variance is well-defined and exists. The fact of physical possibility 

itself dictates such a restriction. That is, physical reality requires 

that an optical system of finite size cannot have wavefront perturbations 

with infinitely large fluctuations. 

In order to proceed with the evaluation of the integral of 

Eq. (2.5), the , enscmble average in the integrand is defined as R_(; 1-;2 ) 

by use of Eqs. (2. 6), (2. 7), and (2. 8). 
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(2.9) 

The use of this definition allows the average value of the image irradi-

ance to be rewritten. 

Equation (2.10) can be simplified by making the change of variables 

~ ~ ~ ~ 

T = x1-x2, and performing the x 2 integration. This gives the final 

result for the average image irradiance in terms of the wavefront statis-
~ 

tics, which are embodied in R_(T). 

where (2. 11) 

~ 

In Eq. (2. 11) T ( T) is simply the optical tr.1ns fer function of the lens, 

(Hopkins, 1953), Ap is the area of the exit pupil, and R_(t) can be 

interpreted as the transfer function of the wavefront perturbations. 

This result is correct even when the lens contains aberrations, in which 

case the optical transfer function is that of the aberrated lens. 

Equation (2.11) describes the average value of the image irradi-

ance when random wavefront perturbations are present in the exit pupi 1 

of the optical system. As such it merits considerable discussion in 
I 

order to understand the image characteristics related to the wavefront 
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statistics. In this discussion it is pointed out that the image irradi

ance actually consists of two components—a background plus a signal 

which is identical in shape to the point spread function of the optical 

system. The fraction of total power in each of these components is 

discussed and the ratio of the irradiance of the signal to the irradiance 

of the background is found. 

The fact that the image consists of two separate components is 

a consequence of the ensemble averaging process. Any single member of 

the ensemble will deviate strongly from this since each member of the 

ensemble is actually a speckle pattern. It is the averaging of a 

sequence of speckle patterns, none of which are identical in shape, 

which produces the two separate components. 

In discussing the image characteristics represented by Eq. (2.11) 

the integral is recognized as a Fourier transform integral (Bracewell, 

1965, p. 7). With the following definition 

= ( l /Ap}  Jr(x)e ^  X  ' Z  dr (2.12) 

the transform f|t(t)| is the point spread function of the lens. It is 

dimensionless and has a peak value of unity for an aberration free lens. 

In the aberration free case its shape is that of the Airy pattern and it 

has its first zero at the Rayleigh distance, denoted by rg'. 

The definition of Eq. (2.12) allows the average value of the 

image irradiance from Eq. (2.11) to be written as the Fourier transform 

of the product of the lens transfer function T and the transfer function 

/?_ of the random wavefront perturbations. 
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= 

where Io = e~oy. 
(2 .13) 

In Eq. (2.13) Io is the peak irradiance of the image for an unaberrated 

lens with no wavefront perturbations, and F{TR_} is the dimensionless 

point spread function of the aberrated lens with wavefront perturbations 

present. 

In order to examine the properties of this spread function the 

functional form of R_(~) defined in Eq. (2.9) needs to be studied. 

Because p(O) = 0, R_(O) is unity. Also since p(oo) = 0, R_(oo) is a con-
-47T2(cr /f...)2 ~ 

stant equal toe w . For intermediate values oft, R_(~) h~s a 

typical ~mooth curve as shown in Fig. 2.2. Regardless of the actual 

functional form of p(~), R_(~) exhibits the characteristic flat portion. 

In particular, for large values of~ it levels off to a constant which 

depends upon only the variance of the wavefront perturbations. 

-+ Because of this it is possible to write R_(t) as a constant (f) 

plus a new function Q(~) \vhich contains the dependence of R_ upon ~-

R_(~) = -+ f + ( 1- f) Q ( T) 

(2. 14) 

-+ 
In Eq. (2.14) the definition of Q(t) is such that Q(O) is unity. 

-+ 
The functional form of R_ (t) found from Eq. (2 .14) can be used 

to evaluate the average value of the irradiance in Eq. (2.13). 
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Fig. 2.2. Transfer Function of a Random Phase 
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front Perturbations. 
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(2. 15) 

In Eq. (2.15) the average value of the image irradiance is the sum of 

two components. The first component is referred to as the signal. It 

is the point spread function of the lens multiplied by the fraction f, 

which is interpreted as the fraction of incident power in the signal. 

The second component is a point spread function which depends upon the 

statistics of the wavefront perturbations and which is multiplied by 

the remaining fraction (1-f) of incident power. This second component 

will be referred to as the background. 

In many cases of practical interest the background will be 

virtually independent of the lens aberrations. ~nenever the transfer 

function of the wavefront perturbations (as YepYeser.ted 8y Q) is r.tuch 

narrower ·than the transfer function of the lens, the background becomes 

simply 

(2. 16) 

In Eq. (2. 16) it is important to realize that the background term is 

independent of the lens aberrations. 

In the work that follows the signal will be identified by S(;') 

-+ 
r.nd the background by B(x'). Using this terminology the average value 

of the image irradiance is equal to the signal plus the background. 

E { §(:h} = s c:~ I) + B (; I) 

where 5(; 1
) - fio F{T(~)} 

(2. 17) 
and 



Equation (2.17) is the basis of the proposed image subtraction method, 

which isolates the signal from the background by examining the average 

irradiance at two different focal planes. The two focal planes are 

represented by different amounts of the aberration defocus. The signal 

depends upon the amount of defocus in a known way while the background 

is independent of the amount of defocus (provided the amount of defocus 

is small enough that the transfer function of the aberrated lens is 

wider than the transfer function of the wavefront perturbations). The 

differences in the two images are due to the signal and not due to the 

background. These ideas are discussed in more detail in Chapter 4. 

When random wavefront perturbations are present in the exit 

pupil, the image of a point source has a typical shape as shown in 

Fig. 2.3. The image produced in the best focal plane of an unaberrated 

lens is shown in Fig. 2.3a, and the image at a small amount of defocus 

is shown in Fig. 2.3b. The only difference in the two images is that 

the signal is different. At the best focal position the irradiance of 

the peak of the signal is small compared to the irradiance of the back

ground. Because of this the difference between the image at one focal 

plane and the image at another is difficult to detect. 

One measure of the ability to distinguish the signal from the 

background is the ratio of the peak irradiance of the signal at the 

best focal position to the irradiance of the background. This 

signal-to-background strength ratio S(0)/B(0) depends upon both lens 

properties and the statistics of the random wavefront perturbations. 
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(a) Best Focal Position. 
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(b) One Wave of Defocus . 

. Fig. 2.3. Typical Time Averaged Image of a Point Source 
when Time Varying Random Wavefront Perturbations 
are Present in the Exit Pupil of the Imaging System. 
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To get an estimate of the strength ratio S(0)/B(0) it is neces

sary to write the functional form of Q(T). This requires some knowledge 

of the correlation function p(x) of the wavefront statistics. For 

simplicity the correlation of wavefront perturbations is assumed to have 

a Gaussian shape. 

p(r) = Gaus ( ~—\ 
\ yttSL/2 / 

-TT?•? C2-18) 
where Gaus(r) = e 

A discussion of the validity of this assumption for a specific appli

cation is given in Chapter 6. 

By substituting Eq. (2.18) into Eq. (2.14) the actual functional 

form of S(t) can be determined. However, the resulting expression for 

$(t) is a complicated function of t. To simplify matters, t) is itself 

taken to have a Gaussian shape. 

QCT)  =  G a u s / - — ^ \  ( 2 - 1 9 )  

\^eff/2/ 

In Eq. (2.19) the width of Q must be chosen so that §(t) is a good 

approximation to its actual functional form. The widths SL and &ef£ in 

Eqs. (2.18) and (2.19) are the correlation length of the wavefront per

turbations and the effective correlation length, respectively. 

For Eq. (2.19) to be useful it is necessary to relate the 

effective correlation length to the wavefront correlation length I 

and to establish that the approximation of Eq. (2.19) is a good one. 

By finding the point where (?(t) falls to 1/e of its maximum value and 

comparing this to the point where the approximation to #(x) of Eq. (2.19) 

falls to \/e of its maximum value, the ratio of A
eff/£ is found. 
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/ \ _ J { (27rau/A)2 ) 

V'eff/V = V ln̂ In[x , I • t2-20) 

The resulting ratio depends upon the variance of the wavefront perturba

tions as shown in Fig. 2.4. The ratio is unity for 2vaw/X < 1 and is 

inversely proportional to 2-naw/X for 2-na /̂X > 1. 

Given the ratio it is a simple matter to verify that the 

approximation of Eq. (2.19) is a good one by plotting both Q(x) and its 

approximation on the same curve. Several such comparison plots are 

shown in Fig. 2.5 for various values of the rms wavefront error (awA) . 

Inspection of the comparisons indicates that the approximation of 

Eq. (2.19) is accurate enough. From a practical point of view it is 

doubtful that §(t) could be measured any more accurately than the dis

crepancies between the actual and the approximate curves. 

Using the definitions of signal and'background from Eq. (2.17) 

and the approximation to Q(t) from Eq. (2.19), the peak values of signal 

and background can be written. 

SCO) = fiQ 

5(0) = a-f)IQ(AQ/Ap) (2.21) 

where AQ = tt (£eff)2/4 ' 

In Eq. (2.21) the ratio Ag/Ap is the value of F-|$(t)| evaluated at zero, 

and AQ is the area of the function G(x). Since the area of the exit 

pupil Ap can be written in terms of the pupil diameter D, Eq. (2.21) 

provides the means of calculating the strength ratio. 
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Fig. 2.4. Dependence of the Ratio of Effective Correlation 
Length to Wavefront Correlation Length upon the 
rms Wavefront Error. 
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S(0)/B(0) = [//(l-/)] (D/*eff)2 • (2.22) 

Recall from Eq. (2.14) that f is the fraction of incident power in the 

- (2ir 0U/A)2 
signal and is defined as f = e 

Equation (2.22) provides a convenient representation of the 

strength ratio in terms of the effective correlation length &e£f 

To get it in terms of the wavefront correlation length SI, Eq. (2.20) 

is used 

r -i ( (27tct7,/X) 2 ) 
sm/sm = [//(!-/)] Wt)2/ln| - ^ (2 .23)  

This is a good approximation to the strength ratio for any value of the 

wavefront variance. 

For a given value of the wavefront variance, Eq. (2.23) indicates 

that the strength ratio depends quadratically upon the aperture diameter. 

This very important result shows that for a point source a larger optical 

system will produce a better image. This fact is not necessarily true 

if the rms wavefront error aw depends explicitly upon aperture diameter, 

a situation that may occur, for example, in free atmospheric turbulence. 

Plots of the strength ratio for various values of the rms wavefront 

error are shown in Fig. 2.6 as a function of normalized aperture area 

i .D/1) 2 .  
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. 2.6. Strength. Ratio versus Normalized Aper
ture Area for a Point Source, and for 
Various Values of rms Wavefront error. 

[(According to Eq. (2.23)]. 
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Variance of the Image Irradiance 

The image variance a~ can be computed using Eq, (2.4) by evalu

ating the following ensemble averages. 

(2. 24) 

The computation of the variance by this method involves the evaluation 

of a four-fold vector integral. After much algebra the variance can be 

put in integral form. 

The derivation of Eq. (2.25) is given in Appendix A, where it is shown 

that G (-; 1 ;;2 ) is a double vector integral that depends upon both the 

lens properties and the wavefront statistics. Equation (2.25) is exceed-

ingly cumbersome and can be handled only when the function G is separable. 

In that case the double integral defining the variance is separable into 

the product of two integrals, each of which is a Fourier integral. Such 

a situation only occurs in restricted instances, and even then the 

integrals are difficult to evaluate. Appendix B describes one case in 

which the function G is greatly simplified, so that cr}C~') can be evalu-

ated analytically. This case requires that the rms wavefront error be 

large compared to a wavelength. 

Another, more straightfonvard way to evaluate the image variance 

is by computer simulation. This requires that a random number generator 
I 

be used to generate an array of numbers representing random wavefront 



29 

perturbations. The image corresponding to these perturbations is cal-

culated using the diffraction equation. The resulting image does not 

give the required statistics, but only represents one member of the 

ensemble of images. To compute the image variance many such images must 

be generated and stored, a procedure that requires a large amount of 

computer time and core storage. The result of the calculation is only 

an estimate of the image variance for a specific value of the wavefront 

statist:lcs. 

In order to get a better understanding of the functional rela-

tionships among the image variance, the wavefront statistics, and the 

lens properties, a simple approximation is made. It allows the image 

variance to be evaluated as double vector integrals rather than as a 

four-fold vector integral. The approximation requires that the real 

and imaginary parts of the image amplitude expressed in Eq. (2.2) be 

jointly normal (Papoulis, 1965, p. 182). Since the image amplitude 

..4(~ ') is a random process with complex values, it can be t.~ri tten in 

terms of its real and imaginary parts. 

~ ~ ~ 

..4(x') =Br(x') + i~(x') (2.26) 

The two newly defined random processes ~ and ~ are real valued and 

for the approximation are assumed to be jointly normal at any position 

~, 

X • 

The assumption that ~ and ~ are each normal has been justified 

by Bendat (1958, p. 99, pp 138-142) using the central limit theorem and 

~ 

a Fourier series representation of .J(x '). The validity of the asswnption 

has been further established by comparing the image variance calculated 
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using this assumption to estimates of the image variance produced by 

computer simulation. For several typical cases the comparisons indicate 

that the approximation is a suitable one. These comparisons are dis-

cussed in more detail at the end of the section. 

To compute the image variance it is necessary to evaluate the 

fourth order statistical moments of Pr and Sl. This is facilitated by 

the assumption that Pr and Sl are jointly normal, since then the fourth 

order moments can be expressed in terms of the second order moments 

(Papoulis, 1965, p. 221). 

In order to evaluate the image variance, the image irradiance 

§(-;')is written in terms of~(-;') and~(-;') by combining Eqs. (2.3) 

and (? ?h."\ \.- • .. ...,J. 

(2. 2 7) 

Substituting Eq. (2.27) into Eq. (2.24), expanding the squared quantities, 

and rearranging terms produces an expression for the image variance in 

terms of the fourth order moments of 9r and Sl 

(2. 2 8) 

The fourth order moments of jf and Sl are related to the second order 

moments by (Papoulis, 1965, p. 22 8, p. 161) 
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E{fK2 ~2} = E{9r2}E{~2} + 2E2{ ~~}- 2E2{[K} E2{~} , (2.29) 

E{~4} _ E2{9r2} = 2 ~2{9r2} - E4{[K}l (2.30) 

and E{~4} E2{~2} = 2~2{~2} - E4{~}]. (2.31) 
Substituting Eqs. (2.29), (2.30), and (2.31) into Eq. (2.28), collecting 

terms, and factoring the resulting expression gives the image variance 

in terms of the second order movements of Jr and~· 

ai(;') = 2 {H~·2} + E{i¥2}r- [E2{,r} + E2{~} r 
-2 r{;r2}E{~¥2} -~2 { ,r~}]}-

(2. 32) 

It is possible to relate the expression of Eq. (2.32) to double integrals 

-+ 
of the image amplitude J1(x'). 

Define the follm.;ing three quanti ties: 

I - E {~2} 

s - IE WJI2 (2. 33) 

p - E {Jl12} 

Using Eq. (2.26) these quantities can be written in terms of ensemble 

averages of i:.l' and iY • Substj tuting the ensemble averages into Eq. 

(2.32) gives an expression for the image variance in terms of the quan-

tities I, S, and P. 

(2. 34) 

The complete details of the algebra involved in the derivation of 

Eq. (2.34) are shown in Appendix C. 
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According to Eq. (2.34) the three quantities defined in 

Eq. (2.33) are sufficient to determine the image variance. These three 

-+ 
quantities are evaluated by the integral representation of ~(x') given 

in Eq. (2.2). As a result each of the three quantities which go to make 

up the image variance is a double vector integral. Analytic evaluation 

of these integrals in terms of R_(~) and T(~) is developed in Appendix E. 

The two quantities I and Shave a physical significance that is 

easily explained in terms of the signal and background components de-

scribed earlier. The quantity I is the average image irradiance (i.e., 

signal plus background) and the quantity S is the signal itself. The 

quantity P is not interpreted physically in terms of the signal and 

background. It is the average value of the complex amplitude squar~d: 

which is . a complex number. 

It is necessary to check the validity of the assumption that 

Pr and ~ are jointly normal. This is done by computing the image vari-

ance according to Eq. (2.34) and comparing it to comp~ter simulations 

of the image variance. The resulting comparisons are shown in Fig. 2. 7 

for an rms wavefront error of ow/A= 0.3 and two focal positions. In 

the figure the rms image fluctuations ai(~') are plotted instead of the 

image variance 2 -+, 
ai(x ). The rrr.s fluctuations calculated from Eq. (2. 34) 

lie within the error bounds of the estimates from the computer simula-

tion. The two methods of evaluation of the rms image fluctuations give 

identical results and the assumption that .x· and ~~ are jointly normal 

is justified. 
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In Chapters 4 and 5 the real item of interest is the ratio of 

average image irradiance to rms image fluctuations. This ratio can be 

computed at each image position x' from Eq. (2.34). 

I(P)/aI&') = 1/ A - + (|p|/j)2 (2.35) 

It depends upon wavefront perturbation statistics, lens size and aber

rations, and image position. Unfortunately, it is not possible to give 

a general analytic expression for its functional dependence upon these 

variables. Often the ratio is only important where the signal is 

strongest, (i.e., at the position x' = 0). Plots of the ratio T(0)/crj(0) 

versus normalized aperture diameter for several values of the rms wave-

front error are shown in Fig. 2.8. The curves are for a perfect lens 

at the best focal position and would be different for a different focal 

position. 

When the signal is weak, an approximation to the ratio of J/aj 

can be made. From Eq. (2.33) the signal S is the square of the ensemble 

average of while P is the ensemble average of the square of <J&. This 

indicates that when S is negligible, P is negligible also. By applying 

this result to Eq. (2.35), the ratio J/ctj is found to be unity whenever 

the signal is negligible compared to the average irradiance. In particu

lar, for one wave of defocus the ratio of X(0)/aj(0) is unity and is 

independent of rms wavefront error and aperture diameter. 

.Correlation of the Image Irradiance 

It is Important to know the correlation between image irradiance 

fluctuations at different points in the image. This information is 
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Fig. 2.8. Dependence of the Ratio of Average 
Image Irradiance to rms Image Fluctua
tions upon Aperture Diameter and rms 
Wavefront Error. 

The ratios are computed at the best 
focal position. 
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required in order to determine how the optical system with random wave-

front perturbations will behave when used to image extended sources. 

The reasons for this will become apparent in Chapter 3. It is also 

important to know the correlation between ~he image fluctuations at a 

given radial position but for different amounts of defocus. This cor-

relation is required in order to compute the image fluctuations in the 

difference image as described in Chapter 4. These reasons make it impera-

tive to get an estimate of the correlation of image fluctuations at 

different points in the image space. Because of the way in which the 

image correlation will be used it is not necessary to evaluate it pre-

cisely, but simply to know for what separations it becomes small. 

The iT.age correlations are deter~ined in a manner similar to the 

determin'ation of the image variance. To find the correlation between the 

-+ -+, 
image fluctuations at two points x1' and x2· 

-+ -+ 
the correlation R12Cx1 '~x2') 

is written in terms of the complex amplitude defined in Eq. (2.26). It 

is assumed that all possible pairs of real and imaginary parts of the 

complex amplitudes are jointly normal so that the fourth order moments 

can be expressed in terms of second order moments as before. Finally 

the second order moments are evaluated in terms of the diffraction 

integral of Eq. (2.2). Appendix D gives the details of th€ derivation 

and only the final results are described here. The image correlation 

is defined as 

(2. 36) 

where the subscripts 1 and 2 on the correlation refer to different focal 

positions. With this definition the correlation R12 is 
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~ ' -+ ·,) R12 Cx1 ,x2 = III21 2 + IPI21 2 - 2SlS2 

where I12 - E{V"flA2*} 

pl2 - E{J/1 J/2} (2. 37) 
~, 

IE{,_Jl} 12 S 1 (xl) -

-+, 
IE{A2ll 2 82 (x2) -

The quantities I 12 and P 12 in Eq. (2.37) are cross terms and the quan

tities ·S1 and s2 are the values of the signal at the two focal positions 

of interest. Integral expressions for the quantities II2 and PI2 are 

found using the diffraction integral of Eq. (2.2). The derivation is 

given in Appendix E. 

-+ ~ 

The correlation R12 (x 1 '~x2 ') is completely general, but 1~£or-

tunately the integrals representing it cannot be solved analytically. 

~ , -+ , h For simplicity consider the case where xi = x 2 = 0, w ich corresponds 

to the correlation between the image fluctuations at the center of the 

images at two different focal positions. In this cas~ the correlation 

of image fluctuations depends upon the amount of defocus as shown in 

Fig. 2.9. The correlation falls to zero at one wave of defocus, cor-

responding to the point where the center of the unperturbed image becomes 

dark. 

A second case of interest is the correlation of image fluctua-

h 
-+ , 

tions at a fixed focal position. In this case t e two points xi and 

-+ 
x 2 ' are different, but the two focal positions are the same. If, as an 

4- , 
example, the point x 1 is selected to be the center of the image, the 

I 

correlation depends upon the separation of the two points as shown in 
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Fig. 2.10. The correlation falls to zero at one Airy radius, corres

ponding to the width of the first zero of the Airy pattern. 

These two cases suggest that the correlation of image fluctua

tions is only significant within a region of the image space where the 

irradiance of the unperturbed image is significant. This is not sur

prising since physically the size of a single speckle in the image 

controls the separation for which the correlation is significant. The 

size of the speckles is roughly equal to the size of the Airy pattern 

so that the correlation is only significant for separations less than 

the width of the Airy pattern. Since the size of the speckles is not 

a function of position in the image plane, it is to be expected that 

the shape of the correlation function is spatially stationary and 

depends upon only the relative separation xi'-xz'-

It is inportant to realize that only the shape (and not the 

overall height) of i?i2 (xj' ,x2') is spatially stationary. This is illus

trated by the fact that. f?n (xi' ,x\f) is the variance of the image 

irradiance aj{x\') at the point This variance depends strongly upon 

the selection of the position ' as illustrated in Fig. 2.7, page 33. 

As a result is only locally stationary, while a normalized version 

of i?n is spatially stationary over a larger area. This notion is used 

in Chapters 3 and 4 concerning the image characteristics of extended 

sources. 
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CHAPTER 3 

IMAGE CHARACTERISTICS FOR LARGER SOURCES 

After studying the image characteristics of point sources it is 

necessary to investigate the characteristics of larger sources, such as a 

cluster of point sources or a continuous source with high spatial fre

quency content of interest. The characteristics of the images of these 

sources in the presence of random wavefront perturbations depends upon 

the object size and spatial frequency content as well as the character

istics of the point image discussed in Chapter 2. For noncoherent imag

ing the optical system is linear in irradiance (Goodman, 1968, p. 113), 

so that the image of an extended source is a linear superposition 

integral of the point image with the source distribution. 

In order to evaluate the image statistics using this superposi

tion integral, it is almost essential that the point image be independent 

of field position (i.e., stationary). Strictly speaking, it is possible 

to compute the image statistics whenever the wavefront statistics in the 

exit pupil are stationary, and it is not necessary for the actual wave-

front perturbations to be identical for all field positions and at 

every instant of time. The time average image must be stationary, even 

though the point image depends upon field position at any given instant. 

Physically the condition of stationarity is violated whenever 

the actual phase perturbations are not localized in the exit pupil as 

discussed at the outset of Chapter 2. If the perturbations are not 
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localized in the exit pupil, wavefronts from different field positions 

experience different perturbations. The situation in which the actual 

wavefront perturbations are stationary is called wavefront isoplanatisin. 

This situation occurs only when the wavefront perturbations are local

ized in the exit pupil of the system. Statistical isoplanatism occurs 

when the wavefront statistics are stationary. 

In this chapter the isoplanatic and linearity properties of the 

optical system are used to determine the average image irradiance and 

the image variance for general objects in terms of the characteristics 

of the point image and the source distribution. For either case of 

isoplanatism the average image irradiance, which is the ensemble average 

of the superposition integral, becomes a convolution integral. 

A complication arises in the computation of image variance for 

extended sources. Correlations of the point image must be known to 

evaluate the variance from the superposition of point images. For wave-

front isoplanatism the variance depends upon these correlations but for 

statistical isoplanatism it does not. For this reason the case of wave-

front isoplanatism is slightly more difficult to treat mathematically. 

Both situations have almost the same result for large objects, since the 

correlation distance for wavefront isoplanatism is small compared to the 

size of the background distribution and the object size. At any rate, 

to be consistent with the assumptions of Chapter 2, the case of wavefront 

isoplanatism is treated in the following development. 
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A Cluster of Point Sources 

Consider a cluster of several point sources arranged such that 

they lie within the background pattern of the point image but are 

separated by a distance greater than the width of the Airy pattern. 

Since the system is linear in irradiance, the image of the cluster of 

point sources at any given time is simply the linear superposition of 

the irradiance patterns produced by each point source individually. It 

is the statistics of this linear superposition that must be evaluated. 

The image irradiance J1m form point sources is given by 

+ 
9 (x') m 

m 
= L: 

n=l 

+ + 
0 §(x'-x ') 
n n 

(3.1) 

+ where x ' is the position of the nth point source, 0 is its relative 
n n , 

+ 
strength, and §(x') is the point image given by Eq. (2.4). If On is 

normalized so that Eq. (3~2) is satisfied, 

m 
l: o = 1 , 
n=l n 

(3.2) 

then the constant A
0

2 in Eq. (2.4) represents the irradiance in the exit 

pupil due to all m sources taken together. 

The average image irradiance of the cluster is found using 

Eq. (3. 1) 
m 

E {9"m c<h} = n~l On E {.9"(~'-~n ')}. (3. 3) 

In Eq. (3.3) the average image irradiance is the superposition of m point 

images, each appropriately positioned and weighted. Since the point image 

consists of t~e sum of two components according to Eq. (2.17), the average 

image irradiance for the cluster also has t wo components--an overall 
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signal and an overall background. To see this explicitly substitute 

Eq. (2. 17) into Eq. (3. 3). 

m m 

{ 
-+} ~ -+-+ ~ -+-+ E § (x ') = f...J 0 S (x '-x ') + i...J On B (x '-x ') . 

m n=l n n n=1 n 
(3.4) 

The first term on the right hand side of Eq. (3.4) is the overall signal 

S (;') and the second term is the overall background B (;'). Because of 
m m 

the assumed arrangement of the cluster, the overall background near one 

of the point sources consists of contributions from each of the indivi-

dual background terms. Near the point source the overall signal is 

simply the signal from the point under consideration. 

To estimate the ratio of the overall signal to overall background 

for the cluster, examine the position;'=;.', where i is some fixed value 
'2-

between ·1 and m. Assuming that the background B(;') is constant for a 

width greater than the greatest separation between the m point sources, 

Eq. (3.4) becomes 

m 

E {§m C~i)} = OiS(O) + B(O)n~l 0n (3.5) 

Since the summation in the background term of Eq. (3.5) is unity accord-

ing to the normalization of Eq. (3.2), the signal-to-background ratio at 

the ith point source is 

-+ -+ 
S (x.')/B (x.') = O.[S(O)/B(O)] • m -z, m -z, -z, 

(3.6) 

In Eq. (3.6) the ratio S(O)/B(O) is the strength ratio for a single point 

source as determined by Eq. (2.23) and illustrated in Fig. 2.6, page 27. 

For the simple case where all of the point sources are of equal 

strength, all the On are equal. Because of the normalization defined in 
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Eq. (3.2) 0.=l/m and Eq. (3.6) is simply 
Is 

S^n/B^x i') = (l/m)[5(0)/B(0)]. (3.7) 

Equation (3.7) indicates that for a cluster of m point sources of equal 

strength, the strength ratio is reduced by a factor of m from its value 

for a single point source. This fact makes it more difficult to detect 

the image of a cluster of multiple point sources than the image of a 

single point source because a detector with greater SNR is required to 

record the image. This is discussed in more detail in Chapter 5. 

The variance of the image fluctuations depends upon the variance 

of the image of each individual source. Since the sources are separated 

by a distance greater than the Airy pattern, the image fluctuations from 

individual sources are uncorrelated as discussed in Chapter 2. The 

variance at any point is the sum of the variances of the individual point 

sources. For the cluster of m point sources this is given by the follow

ing summation. 

m 

°m = «?1 0naI2&,-\') C3'8:) 

In Eq. (3.8) the variance of the image fluctuations at any point ~x' 

depends upon each of the individual point sources because a^.2(S') is 

wider than any of the separations x 

The identification of multiple point sources in the presence of 

phase perturbations is more difficult than the identification of a single 

point source. The signal from the point source of interest in the clus

ter is no greater than if the point source were alone, but the fluctua

tions of the image are larger due to the presence of additional sources. 
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In general, this situation requires longer integration times to make an 

accurate estimate of the signal than would be necessary for a single 

point source. This point is also dis cussed in detai 1 in Chapter 5. 

Extended Sources with High Spatial Frequency Content 

The general case of continuous extended sources involves the 

isoplanatic and linearity properties of the optical system. For wave-

front isoplanatism the image irradiance is the convolution integral of 

the source distribution and the point image. 

(3.9) 

In Eq. (3.9) J1(;') is the image irradiance for a point source given by 

Eq. (2. 4) 
-+ 

The source distribution O(x') is normalized so that 

J -+ + 
0 (x ') dX' = 1 . · (3.10) 

With this normalization the constant A
0

2 in Eq. (2.4) is the irradiance 

in the exit pupil due to the entire source. The quanti ties J1 and n tJII"'c 

are statistical in nature while 0 is deterministic and represents the 

geometrical image of the source. 

The average image irradiance for an extended source is the 

ensemble average of J1 given by Eq. (3. 9). c 

(3.11) 

In Eq. (3.11) the expected value has been brought inside the integral 

and does not include the sou~ce distribution 0(~') because it is deter-
I 

ministic. The average image irradiance for the continuous extended 
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source is the convolution of the object distribution with the average 

image irradiance of a point source. 

Like multiple point sources the average image irradiance for 

extended sources can be expressed as an overall signal plus an overall 

hackground by substituting Eq. (2.17) into Eq. (3.11). 

. -r J -r -r -r :+ J -r -r -r ~ 
E{ §c(x')} = O(x{)S(x'-x{)dX{ + O(xi)B(x'-x{)dX{ . (3.12) 

The fi~st term of Eq. (3.12) is the overall signalS (~'). It is identi
c 

cal to the image that is formed in the absence of phase perturbations 

except that it is reduced in stre_ngth by the factor f [see the definition 

-r 
of S(x') in Eq. (2.17)]. The second term in Eq. (3.12) is the overall 

-r 
background B (x') for an extended source. It contains no high spatial c 

-r 
frequency content because the broad, smooth function B(x') inside the 

.convolution integral tends to smooth the object distribution. 

From this analysis it is apparent that the strength ratio S /B 
c c 

for extended sources depends upon both the spatial frequency content and 

the size of the source. Since the dependence on spatial frequency is 

discussed in Chapter 4, only its dependence on source size is discussed 

here. As an example, a source with a Gaussian Distribution is chosen 

to evaluate the convolution integrals of Eq. (3.12). Let the source 

. distribution be 

-r -r r.-
0 (x ' ) = ( 1 I AS) G a us (x 'I vAs) , (3.13) 

-r 
where O(x') has an area As and is normalized to satisfy Eq. (3.10). 

A spe¢ial case of interest occurs when As is small compared t o 

-r . -r -r . 
S(x'). In thls case S(x ') and B(x') ln Eq. (3.12) are nearly constant 
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over the region for which 0(;') varies, so that the convolution inte-

grals become 

(3.14) 

Because of the normalization of 0 (; '), the integrals of 0 (~ 1 ') are tmi ty 

and the result is identical to Eq. (2.17) for a point source. 

A second case of interest occurs when 0(;') is wider than S(~') .• 

Then 0(~') does not vary much over the width of S(;') so that the overall 

-+ signal S (x') is simply 
() 

(3.16) 

The integral of the signal S C~1 ') in Eq. (3. 16) is f times the total 

power through the optical system. Using this fact along with the defini-

-+ 
tion of I

0 
from E.q. (2.13) gives the following result for S

0
(x'). 

(3. 17) 

It is apparent that the overall signal is a normalized version of the 

source distribution. 

-+ The definition of B (x ') from· Eqs. (2. 17) and (2. 21) allows it to 

be written down explicitly. 

where AB = (2"Az/ ftTt eff) 2 
(3 .18) 

-+ Equation (3.18) allows the overall background B (x') to be evaluated 
() 

from· the second convolution integral of Eq. (3.12). 
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Bq (£') = (I-f)I0(.SLeff/D)2 ̂ -Ĵ _^GausCS'/ ŝ + A J (3.19) 

In this result the overall background depends upon the size of the 

source distribution compared to the size of the background pattern for 

a point source. 

The strength ratio for this special source is found using 

Eq. (3.17) for the overall signal and Eq. (3.19) for the overall back

ground. 

S.(0)/B.(0) =j>/(l-/)J[(^/^)+ lj (3.20) 

According to Eq. (3.20) the strength ratio is inversely proportional to 

the size of the source for sources smaller than A^, but is independent 

of source size for sources larger than A*. In either case it is com-
D 

pletely independent of the diameter and aberrations of the optical sys

tem and depends upon only the wavefront variance through the fraction 

f defined in Eq. (2.14). 

Figure 3.1 illustrates how the strength ratio depends upon 

source size and wavefront variance for the Gaussian source. Curves of 

the strength ratio versus the source area A^ are plotted for several 

values of rms wavefront error. For a source size smaller than the Airy 

pattern of the system, the strength ratio is constant and equal to its 

value for a point source. For sources larger than the size of the back

ground pattern A^,the strength ratio is constant. For sources of inter

mediate size the strength ratio is inversely proportional to the source 

size. 
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Fig. 3.1. Dependence of Strength Ratio Upon Source 
Size and rms Wavefront Error for Extended 
Sources. 
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Physically the inverse size relationship stems from the fact that 

for a larger source more source elements contribute to the overall back-

ground at a given location. This corresponds to the 1/m dependence for 

a cluster of point sources. Source elements farther from the point under 

consideration than the width of the background pattern do not contribute 

to the overall background at that point. Since these elements do not 

contribute to the overall background the strength ratio is constant for 

sources. larger than the background pattern. 

The variance of the image irradiance for an extended source 

cr 2 (;') is found by using the image irradiance § from Eq. (3.9) and the 
c c 

definition of variance from Eq. (3.21). 

(3.21) 

From these equations the variance is given in terms of ensemble averages 

and double.vector integrals. 

- JJ o(xl')E{J'1C~'-~l')}oc~2') E{J'1C~'-~2')}a.i:1'&2' 
(3.22) 

The expression for image variance is simplified by bringing the expected 

-value inside the first integral of Eq. (3.22), collecting both integrands, 

and using the definition of correlation from Eq~ (2.36). 

(3. 23) 

Still this in~egral is almost impossible to evaluate explicitly without 

some further simplification. As discussed at the conclusion of Chapter 2, 
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i?H has a width which is independent of ' and x2'. It is represented 

as 

i?H (5f-5i',x'-x2 ') = ffjCic'-Si r)Vj-(x '-X2 f)r 0W1') (3.24] 

where r(a:2'-^i') i-s a normalized correlation function which is unity for 

~x\' = %2' which is spatially stationary. 

Using this representation of i?n in Eq. (3.23) allows the image 

variance to be evaluated explicitly. The width of the correlation func

tion r is about equal to the width of the Airy pattern, which depends 

upon the aperture diameter D. The width of the variance pattern for a 

point source o-2(x'') depends upon the correlation length of the wave-

front perturbations Whenever the correlation function r 

is much narrower than the pattern of the variance a^fcc'), so that the 

integration over x2' can be performed. 

o^Cic') = Jo2 (xi')o j. 2  (x'-xi')dxi' • 

where A^ = Jr(xf)dx' . (3.25) 

The quantity Ap is interpreted as the area of the correlation function 

and i t is approximately e qual t o  ( X s ) 2 / A p .  

The variance of the image irradiance for an extended source is 

approximated by the convolution integral of Eq. (3.25). The approxima

tion is accurate when the source distribution 0(x') is wider than the 

Airy pattern of the system and when the correlation length of the wave-

front perturbations ^ ef£ is small compared t o  the aperture diameter D .  

Equations (3,11) and (3.25) describe the average value and the 

variance of the image irradiance for an extended source. They indicate 



that these statistical quantities of the image depend both upon the 

characteristics of the image of a point source and upon the source 

irradiance distribution. The image statistics depend upon both the 

spatial frequency content and size of the source. 



CHAPTER 4 

IMAGE PROCESSING USING TWO FOCAL POSITIONS 

The ultimate goal in this chapter is to identify the signal when 

an optical system has wavefront perturbations. According to Chapter 2 

the signal can be isolated by examining the images formed at two differ

ent focal positions. The images at each focal position consist of a sig

nal plus a background. The two background patterns are nearly identical 

if the amount of defocus is small. The two signal patterns are substan

tially different if the amount of defocus is large. This suggests that 

there is a compromise in the amount of defocus such that the two back

ground patterns are nearly equal but the signal patterns are substantially 

different. If this condition exists, then simply subtracting the two 

image irradiance patterns enhances the difference in the two signals 

by cancelling the background. In this chapter the implications of such 

a subtraction procedure are investigated and the characteristics of the 

resulting image are examined. 

The simplest case to consider is that of a point source imaged 

by an optical system with wavefront perturbations present in the exit 

pupil. To discuss the results of the subtraction procedure for this 

case it is possible to draw directly from the ideas developed in 

Chapter 2. In order to consider the subtraction procedure for more 

complicated sources, it is necessary to use the linearity and isoplanatic 

properties of the optical system developed in Chapter 3. Then a general 

54 
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source can be considered as a superposition of point sources each contrib-

utiilg to the image. For this reason it is most essential to study the 

subtraction procedure for a point source first. 

Point Sources 

If two images of a point source are recorded by the same optical 

system at the same time but at different amounts of defocus, then the two 

images are formed by identical wavefront perturbations. These two images 

can be conveniently recorded by splitting the be~m incident on the image 

plane as. shown in Fig. 4. 1 and introducing a fixed optical path differ-

ence into one of the beams. It should be emphasized that the two images 

must be recorded simultaneously as time exposures in order for the wave-

front statistics to form an image which adequately represents the ensem-

ble averages discussed in Chapter 2. It is possible to relax the 

restriction of simultaneous recording if the wavefront statistics are 

known to be time stationary. This relaxed situation is related to sta-

-tistical isoplanatism and is not developed further in this work. 

The difference between the images recorded at the two focal 

positions is called the difference image. Its ensemble average depends 

upon only the differences in the signal and is independent of the back-

ground. This is seem by applying Eq. (2.17) to each of the focal posi-

tions individually. 

E{§l(;')} = 

E{92(;')} = 
-+ -+ 

S2 (x') + B2 (x') 

(4.1) 

(4.2) 



Perturbed Wavefront 

Beamsplitter 

Defocused Image 

Image at Best 
Focal Position 

Fig. 4.1. Two Images of a Point Source Recorded 
Simultaneously at Different Focal Positions 
with Random Wavefront Perturbations Present. 

56 
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In Eqs. (4.1) and (4.2) the ensemble averages E{-9" 1} and E{.$12} represent 

the average image irradiance at the tw·o focal positions, respectively. 

Each is composed of two components, a signal plus a background. 

The difference image J1d is simply the difference between the 

' two images § 1 and J12. 

( 4. 3) 

The average image irradiance of the difference image is the ensemble 

average .of Jld, which is written in terms of a signal and a background 

by combining Eqs. (4.1), (4.2), and (4.3). 

(4. 4) 

Equatio~ (4.4) indicates that the average image irradiance of the differ-

-+ 
ence image consists of a signal S~(x') which represents the difference . a 

in the signals from the two individual images and a background which is 

the difference in the backgrounds. Because the two backgrounds B1 and .B2 

are identical, the background of the difference image is zero. The 

average image irradiance of the difference image is the difference in the 

two signals. 

E{.9'aC;')} = [s1c;:')- s2c;')J (4.5) 

S1 and s2 in Eq. (4.5) are identified by · Eq. (2.17) as the fraction f 

times the point spread function of the optics at the respective focal 

positions. 

The width of the difference image depends only upon the width 
I 

of the point spread function of the optics and not upon the width of 
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the background. It is this fact that allows the full resolution of the 

optical system to be recovered from the images degraded by wavefront 

perturbations. The strength of the difference image depends upon only 

the fraction f defined in Eq. (2.14). Since f is a small fraction even 

for modest amounts of wavefront perturbation (e.g. from Eq. (2.14) one 

third wave rms wavefront error means f is equal to one percent) it is 

difficult to detect the difference image accurately. 

Since the signal of the difference image is weak, it is neces

sary to study the effect of a finite exposure time on the difference. 

This is done by computing the instantaneous fluctuations in the differ

ence image due to the wavefront perturbations. These fluctuations arise 

in the following way. On an instantaneous basis the images at each of 

the two focal positions of interest are speckle patterns. The differ

ence image is also a speckle pattern because the speckles at the two 

positions are not identical. As time elapses the random wavefront 

perturbations change the speckle patterns and the difference image 

changes. At a given position xr these changes in the difference image 

produce temporal fluctuations in the difference image irradiance. 

These fluctuations are peculiar in one respect—they can be 

negative as well as positive. On the very long-time average these 

fluctuations average out to the values described by Eq. (4.5). For 

short-time averages these fluctuations are substantial. The variance 

of the fluctuations in the difference image is found in terms of the 

variance and spatial correlation of the two individual images. 
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The variance of the difference image is defined by ensemble 

averages of the difference image. 

-
sZ 

f a } -

This is written in terms of the statistics of the two individual images 

by combining Eqs. (4.6) and (4.3), expanding the squared quantities, and 

incorporating the definitions of variance from Eq. (2.24) and spatial 

correlation from Eq. (2.36). 

CT 2̂(rc') = CT!2(S') + a 22(^') - 2RiZ(x' Jc') . (4.7) 

The subscripts j and 2 refer to the two different focal positions. 

According to Eq. (4.7), the variance of the difference image is 

evaluated entirely by statistical quantities discussed in Chapter 2. 

Figure 4.2 shows a typical comparison of the average image irradiance to 

the rms fluctuations a^(x') for the difference image. Notice that the 

difference image has significant rms fluctuations even at positions 

where the average image irradiance is zero. The individual background 

patterns contribute to the fluctuations even though they cancel in the 

difference image, 

A complete understanding of the difference image requires knowl-

• y 
edge of the spatial correlation R^{xi',x2') of the difference image 

fluctuations. 

RdGEI',£2') = ~ (4-8) 

The definition of in Eq. (4.8) is put in terms of the spatial correla

tion of Chapter 2 by substituting Eq. (4.3) into Eq, (4.8), expanding 
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o.03 ~ 0.3 

Dfl = 5 

rms Fluctuations of the Difference 
Image a^{x') 

Average Image Irradiance S^(_x') 

Radial Image Position (\x'\/r 

Fig. 4.2. Average Value and rms Fluctuations of the 
Irradiance of the Difference Image. 

Focal position 1 corresponds to best focus 
and focal position 2 corresponds to.one 
wave of defocus. 
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the products, collecting terms, and identifying these terms with the 

correlation defined in Eq. (2.36). 

- y y  ̂ - y.  ̂ y 
R d(x" i?l2C«r»«2') 

+ + - - (4*9> 

+ Rzztei'>X2') -  ̂ lCai'.a^') * 

In Eq. (4.9) the correlation R^ depends upon four separate correlations 

for the point source. 

Figure 4.3 shows the spatial correlation of the difference image 

as a function of separation (a^'-^i') for the case of sj ' = 0. The cor

relation Rg is zero for a separation roughly equal to the width of the 

Airy pattern of the optical system. As discussed at the conclusion of 

Chapter 2, each of the separate correlations in Eq. (4.9) is spatially 

stationary because speckle size is not a function of position in the 

image space. By this reasoning the correlation of the difference image 

does not depend upon the initial selection of x\', so that the correla

tion R^ is spatially stationary and depends upon only the relative sepa-

ration 0^2r~xlr') • 

To assure that the difference in the two images can be accurately 

determined, the detectors used to record the two individual images must 

meet certain requirements that are described in Chapter 5. These require

ments are expressed in terms of two important ratios of the statistical 

quantities developed in this section for the difference image. The first 

of these ratios is the ratio of the signal of the difference image to 

the background of either image. This ratio is used to find the 

signal-to-noise requirements of the detector and is similar to the 
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aw/X = 0.3 

Image Separation (|#2 

Fig. 4.3. Correlation of Image Fluctuations in the 
Difference Image as a Function of Separation 
x 2  

, -x l  

The Si ' co-ordinate is selected to be at the 
->* 

center of the image (i.e., xi'=0). Focal 
position 1 is best focus and focal position 
2 is one wave of defocus. 



strength ratio defined in Chapters 2 and 3 for images at a single focal 

position. The other ratio of interest is the ratio of the signal of 

the difference image to the rms image fluctuations of the difference 

image. It is used to find the integration time requirements of the 

detector. 

For point sources these ratios are particularly important at 

-+ 
the position of maximum signal · (i.e:, at x' = 0). When the second focal 

position is taken to be one wave of defocus, the signal S2 (0) is zero. 

Then from Eq. (4.5) the signal of the difference image Sd(O) is simply 

S 1(0) and the strength ratio of the difference image is S1(0)/B1(0). 

This is precisely the strength ratio defined in Chapter 2 for a point 

source recorded at the best focal position. Its dependence upon aP,er-

ture are.a and rms wavefront error is illustrated in Fig. 2.6, page 27. 

The ratio of the signal to the rms · fluctuations of the difference image 

is s 1 (0)/ad(O) and the value of ocfO) is computed according to Eq. (4.7). 

The dependence of this ratio upon aperture diameter and rms wavefront 

error is illustrated in Fig. 4;4. 

Given the statistics of the difference image for a point source 

it is necessary to . determine the image characteristics for multiple 

point sources and for extended sources, As in Chapter 3 the linearity 

· and isoplanatic properties of the optical system with wavefront pertur-

bations are used to evaluate the image characteristics for extended 

sources. The average image irradiance of the difference image is con-

sidered as an effective point image and the rms irradiance fluctuations 

of the difference image as a noise kernel. The image statistics of 
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extended sources are found to be convolution integrals of the effective 

point image and the noise kernel with the source distribution. 

Multiple Point Sources in a Cluster 

Before considering the general problem of an extended source, 

the image characteristics of a cluster of several point sources is 

examined. As in Chapter 3 the cluster is arranged so that all of the 

point sources lie within the size of the background pattern of one 

point source but are separated by a distance greater than the width 

of the Airy pattern. Under these circumstances the average irradiance 

of the difference image for m point sources .~ dm is the superposition 

of the individual difference images. 

m 

E{ .!1 elm(;')} = n~l 0n E{ .!laC~'-~n ')}. (4.10) 

-+ 
In Eq. (4.10) x ' is the position of the nth point source, 0 is its n n 

relative strength normalized according to Eq. (3.2), and E{~a} is the 

effective point image described by Eq. (4~5). Since the effective 

point image has negative sidelobes, a weak source near a strong source 

may be partially obscured by the negative sidelobes. 

The variance of the difference image depends upon the variance 

of the images of each of them individual point sources. Since the 

sources are separated by a distance greater than the width of the Airy 

pattern and since image fluctuations are uncorrelated for these separa-

tions, the variance of the difference image crdm 2 is the sum of the 

individual va~iances. 
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According to Eq. (4.11) the variance of the difference image at any 

point ~' has contributions from each of the point sources because 

ad2(~') is wider than any of the separations ;n'· The image fluctuations 

are greater for m sources than for a single source but the signal is the 

same. This fact makes the identification of multiple point sources in 

the presence of wavefront perturbations more difficult than the identi-

fication of a single point source. 

ro evaluate the two ratios · necessary for the detector require-

ments, the positions of maximum signal are of prime importance. These 

are the positions x'=x.' where i is an integer between 1 and m. The sig
~ 

nal of the difference image for the ith source is given by evaluating 

Eq. ( 4 .10) at -;; '=-;;i' and identifying E { .7 cUn} as the signal S cUn. 

(4.12) 

In Eq. (4.12) only one term of the summation remains because the effec

:ti ve point image E {·J1a} is narrower than any of the separations -;;n '. 
When the second focal position corresponds to one wave of defocus the 

signal S 2 (0) is zero and from Eq. (4.5) the term E{9'a(O)} is simply 

S1 (O). From Eq. (3. 5) the background B (; ~) is B 1 (0). The strength 
m ~ 

ratio for m point sources is expressed in terms of the strength ratio 

of a single point source at the best focal position. 

( 4. 13) 
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In Eq. (4.13) the strength ratio at the ith source is the strength ratio 

for a single point source, but reduced by the relative strength 0. of 
. 1., 

that source. For the case of m equally strong point sources the strength 

ratio is reduced by a factor of 1 /m. 

If the background pattern is wide compared to the separations 

-+, 2-+-+ • 2 xn , then ad (x'-xn') lS nearly constant and equal to ad (0) for any 

value of n. The variance of the difference image for m point sources 

from Eq·. (4.11) is then simplified. 

(4.14) 

Equation (4.14) allows the ratio of signal to rms fluctuations for the 

difference image to be evaluated for them sources. 

-+,/ . -+, 
sdm (x . ) adm (x . ) 

1., . 1., = [oij1J;1 on 2l[s1 (0)/crd(o)J. (4.15) 

In Eq. (4.15) the second term in brackets is the ratio of signal to rms 

fluctuations for the difference image of a single point source and it 

is illustrated in Fig. 4.4, page 64. For the ith source this ratio is 

reduced by a fraction which depends upon the relative strength of that 

source. For m sources of equal strength the fraction by which it is 

reduced is 1/ .;;;-. 

Extended Sources 

For the general case of continuous extended sources the differ-

ence image is found using the convolution and isoplanatic properties of 

the optical system as described at the beginning of Chapter 3. The 

average image irradiance E {!lac} of the difference image for a 
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continuous extended source is found by rep lacing the image d in 

Eq. (3.11) with the difference image J1d. 

( 4. 16) 

In Eq. (4.16) the average image irradiance is the convolution of the 

source distribution with the effective point image E {.9' d }· Since the 

b ackgrotmd term of E {~a} is i dent i call y zero according to Eq . ( 4 . 5), 

the difference image E {JI"ac} is identified as the signal S de for an 

extended source. The source distribution is normalized according to 

Eq. (3. 10). 

The variance crdc 2 of the difference image for a continuous 

extended source is found by replacing d in Eq. (3. 22) with the di~fer-

ence im~ge J1d. Then, with the aid of Eq. (4.8), the image variance is 

put in terms of the spatial correlation Rd of the difference image. 

( 4. 17) 

To evaluate the double vector integral of Eq. (4.17) it is necessary to 

approximate the spatial correlation Rd by a normalized and spatially 

stationary correlation function rd. 

( 4 .18) 

This is a ligitimate assumption to make according to the discussion 

+ , 
follmving Eq. (4.9) and it allows the integral over x 2 · to be evaluated 

e xp licit 1 y. 
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Substitution of the expression for R^ from Eq, (4.18) into the 

integrand of Eq. (4.17) allows the x2' integration to be performed by-

noting that r^ is much narrower than cr^. 

CT£,2(5') = Jo2(x11)ad2(x'~x1r)dxi' • Adr (4.19) 

where A^ = I r^(x')dx< . 

Eq. (4.19) indicates that the variance of the difference image for an 

extended source is the convolution of the square of the source distri

bution with the variance pattern of the effective point image cr 2̂. 

It is a good approximation to the image variance for spatial frequencies 

in the source that have a period greater than the width of r^. This is 

not a serious restriction since spatial frequencies with periods smaller 

than this are not resolved by the optical system even in the absence of 

wavefront perturbations. The area A^ is the area of the correlation 

function r^ and it is approximately equal to (\z~)2/Ap. 

The average image irradiance and the variance of the difference 

image are given by Eqs. (4.16) and (4.19) as convolution integrals of 

the source distribution with statistical quantities of the effective 

point image. The source size and spatial frequency content play an 

important role in determining the characteristics of the difference 

image, particularly for source distributions with irradiance variations. 

For this reason the transfer function associated with the effective 

point image controls the characteristics of the difference image of 

extended sources. It is called the effective transfer function ê££(^) 
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and it is illustrated in Fig. 4.5. It has the peculiarity that 

T ~~(0)=0 because it is the difference between two transfer functions 
eff^ J 

from two focal positions. 

As an example of an extended source with irradiance variations, 

consider a source with sinusoidal variations as described by Eq. (4.20). 

0(ic') = ̂ l/4^Gaus (x'//Ag) (1 + cos2tt*CQ') . (4.20) 

This source is normalized according to Eq. (3.10) and has an area and 

a modulaton at the spatial frequency 

Using this source distribution the average image irradiance is 

computed from Eq. (4.16). 

-> r- r/I0'(XS)2] 
s d a ^ x =  C l / ^ 5 )  G a u s  ( a ; ' / v / T g )  

(4.21) 

* [reffC0:i + * 

This result is found by expressing the effective point image as the 

difference of two signals according to Eq. (4.5) and carrying out an 

analysis similar to that of Eq. (3.17). The term involving i-n 

Eq. (4.21) corresponds to the constant term of the source distribution, 

and the term involving T corresponds to the sinusoidally vary

ing term in the source. Since r ̂ (0) = 0, the constant term in the 

source contributes nothing to the average image irradiance of the 

difference image. 

The variance of the difference image for the extended source 

of Eq. (4.20) is found from Eq. (4.19). To do this the variance of the 

effective point image CT 2̂ is approximated. If the signal is small 
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compared to the background at both focal positions the variances 

cr12(a?') and ̂  (x') are approximated by B\2(x') and B2 (x') as pointed 

out in the discussion of Fig. 2.8., page 35. Since the two focal 

positions are separated by one wave of defocus, the backgrounds B\ and 

B2 are equal and the spatial correlation i?i2 (%r,xr) is zero. Using 

these facts to combine Eq. (4.7) and Eq. (3.18) allows the variance of 

the effective point image to be approximated. 

2 

( l / A G a u s 2  = 2 
(l-/)Jp-(Ag)2 

(4,22) 

This approximation to the variance of the effective point image is valid 

whenever the rms wavefront error is large enough to make the signal 

small compared to the background at both focal positions. 

When the expression for the variance from Eq. (4.22) is substi

tuted into the convolution integral of Eq. (4.19), the variance for the 

extended source is evaluated explicitly. 

'do 
• ( « ' )  n -

(WaB) 
(1-/)J0.(X3): 

A, 
(1+0+%) 

(4.23) 
• (l/A^ Gaus 2'/JA^A^j 

In Eq. (4.23) the three terms (1+0+%) arise from the three terms in the 

square of the source distribution 02(Si')- The constant term from the 

square of the source distribution contributes the unity factor, the 

cosine-squared term contributes the factor of %•, and the cosine term 

contributes nothing. These contributions are found by assuming that 

the spatial frequency XQ has a period which is narrower than the source 

width Jig . 
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The two ratios of interest for determining detector requirements 

depend upon the source characteristics, the wavefront statistics, and 

the size of the optical system. For the extended source defined in 

Eq. (4.20) the background B^fcc') which appears in the strength ratio is 

given directly by Eq. (3,19), whenever the spatial frequency of the 

source is restricted as in the preceding paragraph. 

Ba&) = [l/(V4s)] Gaus(S'//g^) [' f\°F 
(Xi° J C4.24) 

The strength ratio is defined at maximum signal which occurs for x'=0. 

It is found using the signal of Eq. (4.21) and the background of Eq. 

(4.24). 

Ŝ CWV0) = [//(I-/)] [(V̂ ) + X] Teff(-X3%) C4-25:) 

Equation (4.25) indicates that the strength ratio of the difference image 

depends upon source size and spatial frequency content, and upon wave-

f r o n t  v a r i a n c e  t h r o u g h  t h e  f r a c t i o n  f .  

The dependence of the strength ratio upon source size is illus

trated in Fig. 3.1, page 50, for a transfer factor T ̂  of unity. The 

strength ratio from Fig. 3.1 is multiplied by the value of the effective 

transfer function at the spatial frequency of interest to get the 

strength ratio expressed by Eq. (4.25). The effective transfer function 

is illustrated in Fig. 4.5, page 71. For sources smaller than A^ the 

strength ratio is inversely proportional to source size. This corre

sponds to the l/m dependence for a cluster of point sources. For 

sources larger than A^ the strength ratio is independent of source size. 
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Although the results of Eq. (4.25) are strictly applicable only 

to the Gaussian source of Eq. (4.20), similar results are found for a 

circular source of finite extent with high spatial frequency content. 

In either case the spatial frequency is restricted so that the sinus

oidal variations in the image have a period smaller than the width of the 

source but greater than the width of the Airy pattern. This is not a 

serious restriction since spatial frequencies with periods smaller than 

this are not passed by the optical system even in the absence of wave-

front perturbations, and spatial frequencies with periods greater than 

the source are usually not of interest. 

The ratio of signal to rms fluctuations for the difference image 

of the extended source is found using Eqs. (4.21) and (4.23). 

From Eq. (4.26) it is apparent that this ratio depends upon the wave-

front statistics, the aperture diameter, the source size, and the source 

spatial frequency content. The ratio is proportional to aperture diam

eter and effective transfer function It depends upon wavefront 

variance through the fraction f. For sources smaller than A^ it is 

inversely proportional to the square root of the source size Ag. Fig. 

4.6 illustrates its dependence upon source size for several cases of 

aperture diameter and rms wavefront error. The curves are plotted for 

a transfer factor of 0.05. 

The result of Eq. (4.26) is valid only when the wavefront vari

ance is large enough that the signal is small compared to the background 
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at both focal positions, and when the spatial frequency is restricted 

as before. Similar results are found for a circular source of finite 

extent. 

Tolerances on Depth of Focus 

A final factor affecting the characteristics of the difference 

image is the tolerances required on the positioning of the two focal 

planes. Two types of tolerance are important: positioning of the two 

focal planes relative to one another, and absolute positioning of the 

two focal planes assuming they have a fixed relative positioning. These 

tolerances affect both the signal and the resolution achievable by the 

difference image processing. 

To examine the effects of relative positioning of the two focal 

planes the effective point image and the effective transfer function are 

computed for various relative focal positions. The peak value of the 

effective point image is a measure of the signal to be expected from the 

subtraction technique. The largest normalized spatial frequency for 

which the effective transfer function is greater than 0.05 is a measure 

of the reolution to be expected. Both measures of the system performance 

should be as large as possible. The threshhold of 0.05 used in the def

inition of resolution is arbitrarily selected, but a different threshhold 

does not change the final results significantly. Figure 4.7 illustrates 

effective point images and effective transfer functions for several cases 

of relative focal positioning. In the figure one focal plane is fixed at 

best focus and the other focal plane is allowed to vary in its amount of 
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defocus. The difference in focal positioning between the two planes 

is signified by Alt^o* 

Using the peak values and normalized spatial frequencies from 

Fig. 4.7, the dependence of signal and resolution upon relative focal 

difference A^q20 are found. Plots of these dependences are shown in 

Fig. 4.8. The signal is normalized by its maximum value, which occurs 

when the relative focal difference approaches infinity. From Fig. 4.8a 

it is apparent that the signal is maximum when the focal difference is 

one wave. Minor shifts from a relative focal difference of one wave do 

not strongly affect the signal. It is not advisable to use a relative 

focal difference in excess of one wave since the background patterns 

at the two focal positions may not cancel properly. It is also appar

ent from Fig. 4.8b that the resolution is only slightly affected by the 

relative focal difference so that inaccuracies in relative focal posi

tioning are not critical for resolution. 

To examine the absolute focal tolerances, the relative focal 

difference is held at one wave and the two focal planes are shifted 

simultaneously by the same amount. This corresponds to a depth of 

focus tolerance. The absolute focal shift is denoted by <5^020* 

Figure 4.9 shows several effective point images and effective transfer 

functions for various amounts of absolute focal shift. Using the peak 

values and resolution from these curves allows the effect upon signal 

and resolution to be plotted as a function of <Si/o20- Figure 4.10 

shows how the signal and resolution depend upon the absolute focal 

shift. 
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To maintain the signal above 75% of its maximum value, Fig. 

4.10a indicates that it is necessary to hold the absolute focal shift 

to within about one-quarter wave from either side of best focus. From 

Fig. 4.10b the resolution is not seriously affected by absolute focal 

shifts of one-quarter wave. 



CHAPTER 5 

DETECTOR REQUIREMENTS 

Under certain circumstances the subtraction of image data 

recorded at two different focal positions enhances images formed in the 

presence of random phase perturbations. This difference-image process 

ing tends to cancel background patterns from the two recorded images 

allowing the signal to be isolated. The advantage of this technique is 

that accurate a priori knowledge of the wavefront statistics is not nec

essary in order for cancellation of the background to occur. The chief 

difficulty is that the subtraction process is susceptible to detector 

noise because two nearly equal quantities are subtracted. This problem 

is overcome by the proper choice of detector signal-to-noise ratio (SNR) 

and integration time. This chapter describes the detector SNR and inte

gration time requirements in terms of the wavefront statistics, the 

properties of the optical system, and the source characteristics by 

drawing upon the results of Chapter 4. 

Point Sources 

The detector SNR requirement is determined by considering the 

strength ratio of the difference image. The difference image process

ing scheme examines the difference in the signal from two focal positions 

and this difference must be recognized over the recorded background level. 

The noise due to the detector must be smaller than the difference in the 

two signals, which places a restriction on the detector SNR. 
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SNR^ >|—1_—-| (5.1) 

In Inequality (5.1) the ratio Sfi/Bi is the strength ratio of the differ

ence image discussed in Chapter 4 and illustrated in Fig. 2.6, page 27. 

The detector signal-to-noise ratio SNRy depends implicitly upon the 

integration time T. 

To explore this implicit time dependence, Inequality (5.1) is 

cast into a more useful form by considering the detectivity of the device 

used to record the image data. This allows the integration time to be 

considered explicitly in specifying detector requirements. The detec

tivity D* is defined in terms of noise equivalent power NEP, noise equi

valent bandwidth A/, and detector area A^ (Hudson, 1969, pp. 266-271). 

D* = (^A/^/NEP (5.2) 

The noise equivalent power and the noise equivalent bandwidth depend 

upon the electronics of the detection system and are given by Eqs. (5.3) 

and (5.4), respectively. 

NEP = P/SNRy (5.3) 

Af = l/T (5.4) 

In these equations P is the power level incident upon the detector which 

produces a signal-to-noise ratio of SNR^ . The detectivity D* is a 

characteristic often specified by detector manufacturers. 

The detector SNRy is related to the incident power through 

Eqs. (5.2), (5.3), and (5.4). 

SNRr = D*(T/Ad)%P (5.5) 
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The power P represents only the power from the source being imaged by 

the optical system, and not ·power from other external radiation sources. 

As a result Eq. (5.5) is not applicable if the limiting noise is caused 

by external radiation sources. When the limiting noise is generated by 

the detection mechanism or by the detector electronics, the SNR is 

adequately described by Eq. (5.5). 

Comparison of Inequality (5.1) and Eq~ (5.5) allows the irradi-

ance on the detector (P/Ad) to be specified. 

r · 
(5. 6) Sa.(O)/Bl (0) 

Inequality (5.6) replaces Inequality (5.1) because the irradiance on the 

detector is known from Chapter 2 in terms of the wavefront statist~cs, 

properties of the optical system, and source characteristics. 

For a detector centered on the image of a point source, the 

irradiance (P/Aa) is simply the average image irradiance E {.~1 (0)} 

expressed in Eq. (2.17). It is rewritten by factoring out the signal 

(5. 7) 

Identifying the detector irradiance of Inequality (5.6) with the average 

image irradiance of Eq. (5.7) produces a specification for the detectiv-

ity. 

D* s 1 (O) > ---
1
-----------

(TAd)~ [sd(O)IB1 (0) + Sd(O)/s1 (0)] 
(5. 8) 

If focal pos1tion 2 corresponds to one wave of defocus, the signal Sd (O) 
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is equal to S\  (0). From Eq. (2.21) the signal S'i(O) is the fraction f  

times the peak irradiance I defined in Eq. (2.13). 

Using these facts the specification represented by Inequality 

(5.8) is simplified. 

i o 1 
D* ̂ 2 > (5.9) 

0 /&yA3)2(!Md)%(Sd(0)/5i(0) + 1) 

In Inequality (5.9) the ratio S^/Bi is the strength ratio for the differ

ence image discussed in Chapter 4, and AJ* is the irradiance in the exit 

pupil of the optical system. The relationship of Aq
2 to visual magnitude 

is given at the end of this chapter. 

Inequality (5.9) limits either the detectivity of the recording 

device or the radiant intensity of the source, depending upon the situa

tion. If the detectivity of the recording device is known, then Inequal

ity (5.9) specifies the point source with minimum radiant intensity that 

is detected by the difference image processing. If the radiant inten

sity of the source is known, then Inequality (5.9) specifies the detectiv

ity required to successfully recover the signal from the two degraded 

images. In either case the limits are set by the wavefront statistics, 

the properties of the optical system, the detector area, and the inte

gration time according to the right hand side in Inequality (5.9). 

The integration time requirement is found by considering the 

rms image fluctuations of the difference image. In order for these 

fluctuations to be negligible compared to the detector noise, it is nec

essary for the integration time T to be large enough to satisfy Inequal

ity (5.10). 
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[5d(0)/ffd(°)] JrfQ > SNRy (5.10) 

The time constant tc is the correlation time for the fluctuations in 

the difference image. The ratio Sj/aj, the ratio of signal to rms 

fluctuations for the difference image, is illustrated in Fig. 4.4, page 64. 

Between the two Inequalities (5.1) and (5.10) it is possible to 

eliminate the variable SNRy and to specify the integration time indepen

dently of detector characteristics. 

T > 
Sdi 0)/Bi(0) Sd(0)/ad{0) 

2 

Te (5.11) 

In Inequality (5.11) the integration time requirement is given in terms 

of the statistics of the wavefront and the properties of the optical 

system. 

The two Inequalities (5.11) and (5.9) specify the integration 

time and the detectivity requirements of the recording device used to 

accomplish the difference image processing. For a point source Inequal

ity (5.11) indicates that the required integration time is inversely 

proportional to the cube of the aperture area. This occurs because the 

strength ratio Srf/Bj is proportional to aperture area and the ratio 

Sd/od is roughly proportional to the aperture diameter. The integration 

time is also strongly dependent upon the rms wavefront error through the 

fraction f appearing in the two ratios. The detectivity requirement of 

Inequality (5.9) depends strongly upon rms wavefront error through the 

fraction f, but it also depends upon the actual integration time 

selected for recording the images. When the strength ratio is large 
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the required detectivity is inversely proportional to the square of the 

aperture area. 

Multiple Point Sources 

For multiple point sources both the requirements for detectivity 

and integration time must be altered. For a cluster of m point sources 

arranged as in Chapter 3, the four quantities £>1(0), <!?^(0), Bi(0), and 

a^(0) appearing in Inequalities (5.8) and (5.11) are replaced by the four 

->• ->• ->• -y 
quantities Bm(x^'), and , respectively. These 

quantities are given by Eqs. (3.5), (4.12), and (4.14). After making the 

appropriate substitutions, the detectivity and the integration time 

required to process the £th source are found. 

W > • o - • r ZT— h C5.12) 
0if(Ap/\z)2 ^OiSdiO~)/Bl (0) + l] 

> 
n= 1 r——— • — 1 (5.i3) 

|Sd(0)/Bi(0) SdW)/ad{0)\ 

In Inequalities (5.12) and (5.13) the source distribution 0^ is normal

ized according to Eq. (3.2). 

For m point sources of equal strength 0^ is 1/m. If the strength 

ratio Sd/B1 is greater than m, the detectivity requirement appears to be 

a factor of m2 greater than it is for a single point source. This result 

is deceptive because the irradiance in the exit pupil Aq
2 is due to all 

m point sources taken together, and it is m times greater than that for 

a single point source of the same strength. Taking this into account 
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produces a real detectivity requirement that is only m times as great 

for m point sources as it is for a single point source of the same 

strength. The required integration time is a factor of m3 longer for m 

point sources than it is for a single point source. This fact is not 

altered by the value of AQ2 since it does not appear in the inequality 

describing T.. 
is 

Extended Sources 

For extended sources the detector requirements represented by 

Inequalities (5.8) and (5.11) are again altered. The two ratios 

and Sg/o^ are replaced by the two ratios S(^a/BQ and S^a/o^Qi 

given in Eqs. (4.25) and (4.26), respectively. The signal Sj. (0) is 

also replaced by the signal Sa{0). For the Gaussian, source with 

sinusoidal variations which is defined in Eq. (4.20) this signal is 

found by analogy to Eqs. (3.17) and (4.21). 

Se(0) = (l/i45)[J0.a3)2/i4p](l + T^zXq)] (5.14) 

• i 

In Eq. (5.14) is the transfer function associated with focal 

position 1. 

Substituting these expressions into Inequalities (5.8) and 

(5.11) gives the following two detector requirements. 

V V > — 

i) i * ij 

(5.15) 
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(5.16) 

Inequalities (5.15) and (5.16) express the detectivity D Q * and the inte

gration time Tq which are required to process the images of extended 

sources. 

For completeness, Inequality (5.1), which represents the 

SNRy requirement, is rewritten for this extended source. 

SNRy > ^ (5.17) 

(l£f) (zf + 2) reff (A2̂ o) 

The requirements on D Q * and SNRy^ given by Inequalities (5.15) and (5.17) 

are used interchangeably, except that the SNRy requirement does not 

include the explicit dependence upon integration time and source radi

ance that the DQ* requirement does. 

The SNR requirement expressed by Inequality (5.17) depends strong

ly upon rms wavefront error athrough the fraction f. It is roughly 

proportional to source size Ag for sources whose area is less than the 

area of the background Ag. The SNR requirement is independent of source 

area for sources much larger than the background pattern and also for 

sources smaller than the Airy pattern, where Inequality (5.1) for point 

sources applies. Figure 5.1 illustrates the dependence of the SNR 

requirement upon source size for extended sources. It is plotted for a 

transfer factor TQ£f of 0.05. 

T> — 
o 2' 

M-As + *) Tef£ (Xs ?o) (D/ieff y 
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The integration time requirement for extended sources is most 

severely dependent upon rms wavefront error aw. The fraction / is a 

negative exponential function of the rms wavefront error, and it is 

raised to the fourth power in the denominator of Inequality (5.16). 

For rms wavefront errors less than 0.1 waves the integration time Tn Co 

is proportional to the eighth power of the rms wavefront error. The 

ratio [//(1-/0]4 is unity for an rms wavefront error of 0.133 waves. 

Rms wavefront errors even slightly greater than this cause unreasonable 

integration times. As an example, an rms wavefront error of 0.2 waves 

increases the integration time more than a factor of 200 over its value 

for 0.133 waves. 

The integration time requirement is also strongly dependent 

upon source size As, For sources smaller than Ag the time requirement 

is roughly proportional to the cube of the source size. This corresponds 

to the m3 dependence for multiple point sources. A plot of the required 

integration time as a function of source size is shown in Fig. 5.2 for 
I 

extended sources. The integration time is independent of source size 

for sources larger than Ag and for sources smaller than the Airy pattern, 

where Inequality (5.11) for point sources applies. Fig. 5.2 is plotted 

assuming a transfer factor yeff of 0.05. 

The detectivity requirement is represented by Inequality (5.15) 

for extended sources. It depends upon the actual integration time TQ 

selected to record the images and upon the detector area Ag. To maintain 

the full resolution of the optical system it is necessary to use a 

detector area that is at least as small as the Airy pattern. The linear 
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Fig. 5.2. Dependence of Integration Time upon Source Size 
and rms Wavefront Error for Extended Sources. 

The curves are plotted for a transfer factor 
T of 0.05. 
eff 
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dependence upon source size indicated by the numerator of Inequality 

(5.15) is deceptive. The irradiance in the exit pupil AQ2 is due to 

the entire source and therefore it is proportional to the source size 

for different sources with equal radiance. For this reason when sources 

of different size but equal radiance are compared the detectivity 

requirement only depends upon the quantities in the denominator of 

Inequality (5.15). 

It may seem peculiar that the quantity AQ2 is defined such that 

it depends upon the entire source area, but this is done so that it 

relates directly to visual magnitude. The visual magnitude mv is deter

mined by the illuminance 2?y that a source produces at a point outside 

the Earth's atmosphere (RCA Handbook, 1974, pp. 65-67; Allen, 1973, 

p. 197). 

mv = -2.5 log{Ev/2.54x10-10lumens/cm2) • (5.18) 

For photopic vision the illuminance is the integral of the product of 

spectral irradiance E^ due to the source and the spectral luminous 

efficacy of the eye K(\~). 

Ev = fK(X)Exd\ . (5.19) 

The response of the eye E(_X) has an effective bandwidth of about 0.1 

microns and is centered at 0.55 microns (RCA Handbook, 1974, pp. 53-55). 

If the spectral irradiance E^ is constant over the visible 

wavelength region, then the integral describing the illuminance is 

easily evaluated. 
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Ev = 72 lumens -mi crons . g, 
watt . -X • (5.20) 

Equations (5.20) and (5.18) allow the visual magnitude to be expressed 

in terms of the spectral irradiance outside the Earth's atmosphere. 

Assuming that the atmosphere does not attenuate and that the collecting 

aperture has the same area as the exit pupil of the system, the spectral 

irradiance in the exit pupil is E-^. If these two assumptions are not 

true the spectral irradiance 2?^ must be scaled by the ratio of collecting 

area to exit pupil area and by the transmission of the atmosphere to find 

the irradiance in the exit pupil. 

irradiance At the outset of Chapter 2, AQ2 is defined as the 

irradiance in the exit pupil due to a monochromatic source. This defi

nition is relaxed by redefining AQ2 to be the irradiance in the exit 

pupil due to a passband of 0.1 microns centered at 0.55 microns. Then 

AQ2 is directly related to visual magnitude and to the spectral irradi

ance in the exit pupil. 

The visual magnitude is related to the quantity AQ2 by combining Eqs. 

mv = -2.5(£^/3.5xl0-12watts/cm2-micron). (5.21) 

It is possible to relate the quantity AQ2 to the spectral 

E^ = AQ2/0.\ micron . (5.22) 

(5.22) and (5.21). 

= -2.5 logO402/3.5xlO-i3 watts/cm2) (5.23) 
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Equation (5.23) is used in conjunction with Inequalities (5.9), (5.12), 

or (5.15) in order to determine the limiting visual magnitude for the 

difference image processing scheme. An example illustrating limiting 

visual magnitude, detector SNR, and integration time is given in 

Chapter 6. 



CHAPTER 6 

POSSIBLE APPLICATIONS 

The analysis of the previous chapters examines the characteris

tics of images formed by an optical system that has random wavefront 

perturbations in the exit pupil. In this chapter drastic wavefront 

perturbations caused by free atmospheric turbulence, moderate perturba

tions resulting from active wavefront compensation devices, and negli

gible perturbations due to scattering in the optics are each described. 

Of these three situations the difference image processing scheme is 

useful only for the moderate wavefront perturbations resulting from 

active wavefront compensation. 

Atmospheric turbulence near an imaging system introduces random 

wavefront perturbations in the exit pupil of the optical system that 

degrade the image. Turbulence occurring far from the aperture of the 

optical system introduces both wavefront and amplitude perturbations 

in the exit pupil of the system (Fried, 1966). The wavefront perturba

tions alone are so drastic that the difference image processing scheme 

is virtually useless, unless some modification to the wavefront statis

tics is made. 

This modification is accomplished by active wavefront compensa

tion, a technique currently receiving much attention (Muller and Buffing-

ton, 1974; Hardy, Feinleib, and Wyant, 1974; Bridges et al., 1974). The 

use of active compensation serves to reduce the wavefront perturbations 

97 
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to a level suitable for the difference processing. The active devices 

do not perfectly compensate for the atmospherically introduced perturba

tions because of difficult fundamental and technical problems in their 

construction and use. Residual wavefront errors' exist in the exit pupil 

of the compensation device that moderately degrade the image. The 

difference-image processing scheme is especially suited to processing of 

imagery from these active compensation devices because it does not 

require that the statistics of the residual wavefront errors be accu

rately known for the processing to be effective. 

A final case in which random wavefront perturbations are 

responsible for degradation of an image is scattering due to dust, 

scratches, and impurities in the optics. In this case the scattering 

is caused by random wavefront perturbations produced by flaws on the 

surfaces or within the optical elements. Usually such perturbations 

are not time varying and the ensemble averages described in previous 

chapters are not obtained through temporal averaging. Instead, the 

ensemble averaging is accomplished by spatial averaging of the detector 

used to record the images, which reduces the resolution of the processing. 

Usually, however, the wavefront perturbations for scattering in the 

optics produces negligible degradations and the difference image process

ing scheme is not necessary. 

Atmospheric Turbulence 

In atmospheric turbulence the phase structure function D^{x\-x2) 

is the common measure of the phase perturbations due to the atmosphere. 

It is related to the correlation function of the wavefront perturbations 
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by Eq. (2.8) whenever the phase structure function is finite as dis

cussed in Chapter 2. A convenient theoretical representation of the 

phase structure function is given by Eq. (6.1)(Tatarski, 1961, p. 12). 

t - t6-i] 

In this equation t is the separation in the exit pupil, LQ is the outer 

scale of turbulence, and a-turb is the rms wavefront error for separa

tions much greater than L0. The function Kv is a modified Bessel func

tion of the second kind and of non-integral order. This structure 

function is plotted in Fig. 6.1 for a value of v = 5/6. 

The correlation function associated with this structure function 

is found by comparing Eqs. (2.8) and (6.1). 

pft"wW'»feL) t6'2) 

The outer scale of turbulence LQ corresponds to the correlation length 

St, described in Chapter 2 and the effective correlation length &eff 

corresponds roughly to Fried's (1966) coherence length ra. The correla

tion function represented by Eq. (6.2) is illustrated in Fig. 6.2. 

For atmospheric phase perturbations described in this way the 

parameters crtur^ and LQ must be measured experimentally. These measure

ments have been made by several workers for different atmospheric 

conditions. Clifford et al. (1971) measured the structure function of 

the atmosphere for a horizontal path of 70 m. The results of his 
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measurements are plotted in Fig. 6.3 where the data has been scaled 

with Lq = 64 cm and crtur^ =1.1 microns. In the visible wavelength 

region this is an rms wavefront error of 2.2 waves. Breckinridge (1976) 

has made similar measurements by observing the interference fringes from 

star light through the atmosphere near the zenith. His data is plotted 

in Fig. 6.3 with a scaling of lQ = 170 cm and crturb = 1.36 microns. This 

represents an rms wavefront error of 2.72 waves in the visible wavelength 

region. Johnson, Betz, and Townes (1974) have estimated the phase per

turbations of the atmosphere using infrared radiation from the planet 

Mercury observed close to the horizon. They report the rms wavefront 

error to be about 1.51 microns, which is 3.02 waves in the visible wave

length region. 

This data all indicate that the rms wavefront error CTt:Urb 

at least a few waves in the visible wavelength region. By contrast an 

rms wavefront error of even one wave in the exit pupil is so drastic 

that according to Inequalities (5.16) and (5.17) the integration time 

required for difference image processing is greater than 1068tc and the 

SNR is in excess of 1017. These requirements are entirely unreasonable 

and dictate some modification of the phase perturbations introduced by 

the atmosphere for the difference image processing to be useful. 

Turbulence with Active Compensation 

Modification of the phase perturbations introduced by the atmo

sphere is accomplished by active wavefront compensation. In recent 

years there has been considerable interest in real-time, active, optical 

devices that are expected to compensate for the effects of atmospheric 
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turbulence. Like any other device, these systems all suffer from 

several practical and fundamental difficulties. In principle, the 

device should be able to compensate for the effects of atmospheric 

turbulence by perfectly matching the spatial and temporal variations in 

optical path between the source and the image. This is not likely to 

be achieved for several reasons. The phase errors introduced by the 

atmosphere cannot be measured exactly. As Wyant (1975) points out, the 

radiance of the source itself plays a fundamental role in determining 

how accurately these phase errors can be measured. From a practical 

point of view, no real device can be built that will instantaneously 

sense and correct the phase errors, perfectly matching the spatial vari

ations in phase (Hudgin, 1975). Finally, wavefronts originating from 

different parts of the source may not experience identical perturbations 

(Korff, Dryden and Leavitt, 1975). These problems of phase measurement, 

correction device implementation, and wavefront isoplanatism virtually 

insure that the wavefront produced by any real compensation device will 

contain residual wavefront errors. 

According to Chapter 2 images degraded by residual wavefront 

errors suffer from a background term that is especially severe for 

extended sources. Since the objective of active compensation devices 

is to achieve the Rayleigh resolution of the optical system, the differ

ence image processing is useful for removing the background degradation. 

This method of processing is convenient because the actual residual wave-

front statistics need not be measured. To determine the detector 
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requirements it is necessary to estimate only the correlation length 

and the rms wavefront error for the residual errors. 

To estimate these quantities the active compensation device 

is considered as a spatial filter for the phase perturbations introduced 

by the atmosphere. With this view the active compensation device is one 

that eliminates all phase perturbations with spatial frequencies below 

some limit. The resulting phase perturbations contain only high spatial 

frequencies and have a much smaller variance. For example, a deformable 

mirror compensates for the phase perturbations by warping appropriately. 

It bends to a limiting radius of curvature beyond which it cannot bend 

any more sharply. This limiting radius of curvature corresponds to a 

limiting spatial frequency. Spatial frequencies in the phase perturba

tions below this limit are perfectly compensated; spatial frequencies 

beyond the limit are not compensated. 

The spatial frequency spectrum W ( X )  of the random phase perturba

tions is given by the Fourier transform of the correlation function. 

r?r~P^ (o ffturb\2f -£2irf'tjy ,, 
W(0 = ^2tt • —^—J J p(x)e dx (6.3) 

For the correlation function of Eq. (6.2) the spectrum is known 

explicitly. 

wfa = (2v . gturb)2. r6 41 

V X / VW [J + (2ttL0|||)2] (v+1) 

A plot of the spectrum of Eq. (6.4) is illustrated in Fig. 6.4 along 

with the filter that represents the active compensation device. 
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Spectrum of Phase Perturbations 
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0
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F.ig. 6. 4. Spatial Frequency Spectrum of Random Phase Pertur
bations due to the Atmosphere, according to Eq. (6.4)~ 
and . the· Spatial Filter that Represents an Active 
Compensation Device. 
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This filter is zero for all spatial frequencies less than the limit 

and unity otherwise. 

The inverse Fourier transform of the filtered spectrum represents 

the correlation function of the residual wavefront perturbations. It is 

characterized by a new rms wavefront error aw which is evaluated by 

finding the area under the filtered spectrum. This is done by integra

ting W(£) defined in Eq. (6.4) for |t|>|t0|. The integral can be per

formed explicitly to find ow2. 

aw2 = CTturb2/§ + C2TtIc3|f0|)2]V (6.5) 

Equation (6.5) gives the variance of the residual wavefront perturbations 

in terms of the variance of the atmospheric perturbations crtur^2 and 

the limiting spatial frequency t,Q of the compensation device. 

In order to estimate the correlation width I of the residual 

wavefront perturbations, it is necessary to perform the inverse Fourier 

transformation of the filtered spectrum. This is done by numerical 

methods and the structure function associated with the filtered spectrum 

is illustrated in Fig. 6.5 for several values of the limiting spatial 

frequency. It is apparent that the structure function of the filtered 

spectrum levels off to a value of 2(2trcrw/A)2 at a separation corre

sponding to the period 1/~K0 of the limiting spatial frequency. 

The correlation width £ is defined as the separation for which 

the structure function of the free atmosphere equals this constant value. 

GO = 2(2ttau/X)2 (6.6) 
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For the cases illustrated in Fig. 6.5 the correlation width SL is 

given to a good approximation by Eq. (6.7) 

1 = l/«\t0\ . (6.7) 

When &«LQ , the structure function P^Ct) defined in Eq. (6.1) is 

approximated by a 2v-power dependence upon T, SO that A can be found 

explicitly. 

.J 

r(i+v) 
2r(i-v)_ 

i-> 

2v 

- , for j1«LQ . (6.8) 

1 

In Eq. (6.8) the constant jj>r(l+v)J *S eclua* to *2270. 

In order to use with confidence the analysis of the previous 

chapters, it is necessary to examine the form of the correlation func

tion. In Eq. (2.18) the residual wavefront correlation is assumed 

to be Gaussian in form. The actual correlation function of the residual 

wavefront perturbations is plotted in Fig. 6.6 for a limiting spatial 

frequency of 2VLq\e,q\ = 5 and it is compared to the Gaussian form for 

a width A as given by Eq.. (6.7). The two functions are identical only 

for small separations. However, the discrepancy does not cause any 

qualitative change in the final results, but affects only the actual 

shape of the background pattern. 

By treating the compensation device as a spatial filter for 

the phase perturbations, it is possible to estimate the statistics of 

the resulting residual wavefront perturbations. By this analysis the 
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results of Chapters 2 through 5 can be applied to determine the char-

acteristics of the resulting imagery and the detector requirements for 

a specific compensation device design. 

As an example, consider a compensation device with actuators 

spaced by 10 em in the exit pupil of the optical system, each actuator 

capable of compensating for perturbations of many waves. If the atmo

spheric conditions produce rms wavefront perturbations of aturb = 3 

waves and an outer scale of Lo = 100 em, it is possible to estimate 

the residual rms wavefront error. The period associated with the limit

ing spatial frequency is roughly twice the separation of the actuators 

~o that l!ol = l/20cm. From Eq. (6.5) the rms wavefront error of the 

residual wavefront perturbations is aw = .170 waves. From Eq. (6.7) 

the correlation width is 2 = 6.37 em. 

These estimates allow the detector requirements to be calculated 

for recording · and processing the image of a source with one arc-second 

extent using a one meter telescope. With the correlation lenith and rms 

wavefront error described above, the effective correlation length is 

2eff = 5.25 em. The angular extent of the b~ckground pattern is then 

~/2eff ~ 3 arc-sec. For the one arc-sec source the ratio of source size 

to background size Ag!A8 is (1/3) 2 = 0.11. This allows the integration 

time and detector SNR re~uirements to be computed from Inequalities 

(5.16) and l5.17), assuming that the correlation time of the atmospheric 

perturbations is 10 msec. and that the effective transfer factor is 

0.05. For. comparison, Table 6 .. 1 lists the detector requirements for 

both a one arc....,sec source and a three · arc..,..sec source. 
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To find the source radiance required to accomplish the.differ

ence image processing, it is necessary to consider the detector size 

and detectivity. The Rayleigh resolution of the system is maintained 

by using a detector area equal to the size of the Airy pattern. This 

size is governed by the /"/number of the system and the wavelength. 

For an f /10 system at a wavelength of 0.5 microns, the area of the 

Airy pattern is approximately 10-6cm2. The area of the source at the 

image plane is Ag = 7.4xl0~5cm2. For a detectivity of 5xl010cm-Hz2/watt, 

the irradiance in the exit pupil AQZ that is required for processing 

is 5.7x10"15watt/cm2. This is found using Inequality (5.15) and rep

resents the irradiance due to a spectral passband of 0.1 microns 

centered at 0.55 microns. According to Eq. (5.23) this irradiance 

corresponds to a visual magnitude mv = 4.5. For comparison the source 

requirements are given in Table 6.1 for both a one arc-sec source and 

a three arc-sec source. 

From these examples it is apparent that the effects of residual 

wavefront errors in the exit pupil are important. They need to be care

fully considered in the design of compensation devices that are intended 

for imaging extended sources. By considering the compensation device 

to be a spatial filter for the phase perturbations of the atmosphere, 

the tradeoffs between detector and source requirements and hardware 

design are evaluated. A better compensation device is one that reduces 

the rms wavefront error thus allowing a fainter source to be recorded, 

or the integration time to be reduced. Such tradeoffs are quantitatively 

described hy combining the results of this section with the results 

from Chapter 5. 
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Table 6.1. Detector and Source Requirements for the Active 
Compensation Device Described in the Text. 

Source Size 1 arc-sec 3 arc-sec 

Detector 
Requirements 

T 
c 

.13 sec 17 sec 

SNRT 
1 c 

4.2 21 

Source 
Requirements 

CM 
O

 
<
 

5.7x10"15 watt l.SxlO"11* watt 

Source 
Requirements 

CM 
O

 
<
 cm2 cm2 

Source 
Requirements 

"V 4.5 3.6 
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Scattering in the Optics 

Flaws on the surfaces or within the optical elements cause wave-

front perturbations that degrade the images formed by these systems 

CShack and DeBell, 1974; Shack and Harvey, 1975).' The correlation length 

of the wavefront perturbations due to flaws is usually several orders of 

magnitude smaller than the diameter of the optics so that the background 

distribution is broad compared to the signal. The rms wavefront error 

of the perturbations is a small fraction of a wavelength so that only 

a small fraction of the incident power is scattered into the background 

pattern. These two factors combine to make scattering from the optics a 

negligible problem in most cases. 

As an example, consider an optical system with six elements each 

well polished. Each of the twelve surfaces in the optics contributes to 

the scattering and the degradation of the image. A well polished glass 

surface might contribute an rms wavefront error of A/50 (Shack and DeBell, 

1974), which is sufficient to cause 1.6% of the incident light to be 

scattered into the background. (See Eqs. (2.14) and (2.15) for a discus

sion of the fraction (1-f) of incident power in the background.) For 

twelve surfaces the variances of the wavefront perturbations add to pro

duce an rms wavefront error of /F2A/50 - A/14 in the exit pupil. In this 

case the fraction of incident light in the background is 17%. Even this 

fraction is not particularly harmful to the image since the background is 

broad compared to the signal. 

From this example it is concluded that scattering in the optics 

is not severe enough to warrant difference image processing. If the 
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effects of scattering need to be removed, it is more practical to mea

sure the background due to a point source directly and use this to pro

cess the resulting imagery. The background is likely to be uniform over 

the acceptable field of the lens even for extended sources so that the 

image is improved by simply subtracting a constant value from it. This 

technique is not suitable for active wavefront compensation because the 

statistics of the wavefront perturbations vary from time to time and 

therefore are not easily measured. 



CHAPTER 7 

IMAGING THROUGH A REAL PHASE-PERTURBING MEDIA 

A simple experiment was performed to verify the concepts of 

Chapters 2, 3, and 4. It consists of imaging a point source through a 

wavefront perturbing media and photographically recording images at two 

different focal positions. A point source was deliberately chosen for 

the experiment to insure favorable signal-to-noise conditions for record

ing with photographic film. The general characteristics of the wavefront 

perturbing media are measured and the images are converted to digital 

format by scanning the photographs with a microdensitometer. The two 

images are subtracted and the difference images are displayed and 

re-photographed for comparison with the predicted results. 

The experiment is performed using the optical arrangement shown 

in Fig. 7.1. A laser source is focused on a pinhole that acts as a 

point source for the optical system. The optical system is //40 and the 

pinhole source is a few microns in diameter. A wavefront-perturbing 

plate that consists of wrinkled Saran wrap is moved in the exit pupil of 

the system and time exposure images of the magnified point source are 

-recorded. The magnification is accomplished using a microscope with 

about 60x magnification and the photographs are recorded on Tri-X film. 

Typical photographs of the point source are shown in Fig. 7.2, illustrat

ing the image characteristics.. 
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Pinhole Imaging System 

Camera Back 

~ Image of Point Source 

Moving Perturbation Plate 

Fig. 7.1. Arrangement for Recording Images of a Point Source 
through a Random Wavefront Perturbing Media. ....... 

....... 
-.....] 



Best Focus Defocused by One Wave 

(a) Perturbation Plate Removed 

Best Focus Defocused by One Wave 

(b) Perturbation Plate Inserted but Stationary. 

Best Focus Defocused by One Wave 

(c) Perturbation Plate Inserted and Moved by 5 
Aperture Diameters During Exposure. 

Fig. 7.2. Typical Photographs of a Point Source that 
Illustrate the Image Characteristics Described 
in Chapter 2. 

In (c) the scale is about 1.3 times larger 
than for (a) and (b). 
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Calibration of Wavefront Perturbing Media 

The statistics of the moving wavefront plate are measured in the 

following way. The irradiance at the center of the image plane is 

recorded for three cases as illustrated in Fig. 7.3. First the irradiance 

Io of the Airy pattern is measured with the perturbation plate removed. 

Then the irradiance I\ is measured at the best focal position with the 

perturbation plate in place. Finally the irradiance I2 is measured at 

one wave of defocus with the perturbation plate in place. 

These three measurements allow the wavefront statistics to be 

calculated using the results of Chapter 2. 

I l  = S! (0) + BjCO) = f I Q  + Si CO) (7.1) 

J2 = £>2 (0) + S2C0) = B2(0) . (7.2) 

Equations (7.1) and (7.2) are found by applying Eq. (2.17) to describe 

the three measurements. Since the two background terms B\ and B2 are 

equal, these two equations can be used to find both the fraction f and 

the ratio 5i(0)/Bj(0) in terms of the three measured values. 

/ = (Jj - I2-)/I0 • (7.3) 

(0)/#!(0) = (Ji - I2)/l2 • (7.4) 

The variance of the wavefront perturbations is found by combining Eqs. 

(2.14) and (7.3). 



(a) Image Irradiance Io with Perturbation Plate Removed. 

Moving Perturbation Plate 

(b) Average Image Irradiance I 1 · at Best Focus with 
Perturbation Plate Inserted and Moving. 

Perturbation Plage 

(c) Average Image Irradiance I2 at One Wave of 
Defocus with Perturbation Plate Inserted and 
Moving. 

Fig. 7,. 3. Measurement of the Wavefront Statistics of the 
Moving Perturbation Plate. 
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Ccfy/X)2 = (1/4tt2) • in [CTi - J2)/J0] (7.5) 

The effective correlation length £eff is found by combining Eq. (2.22) 

with Eq. (7.3) and (7.4). 

to/£eff)2 = [I0 ~ CJl ~ -^2)3/^2 (7-6) 

According to Eqs. (7.5) and (7.6) the two important statistical param

eters of the perturbation plate are determined by the three measured 

values. For the wrinkled Saran wrap used in these experiments, Table 

7.1 summarizes the measurements and calculations of wavefront statistics. 

Table 7.1 also indicates the SNR required for difference image processing 

of the point source. This requirement is calculated from the measured 

statistical parameters listed in the table by using Inequality (5.1) 

and Eqs. (2.22) and (2.14). 

Image of a Point Source 

Various images of a point source are illustrated in Fig. 7.2, 

page 118, When the perturbation plate is removed as in Fig. 7.2a, there 

is no background pattern and only the signal appears. When the perturba

tion plate is inserted but stationary as in Fig. 7.2b the background 

pattern is simply a speckle pattern because no time averaging occurs. 

When the perturbation plate is rotated as in Fig. 7.2c the background 

pattern is more uniform due to the time averaging of the moving speckle 

patterns. For the case illustrated the perturbation plate has moved a 

distance equal to five times the aperture diameter during the exposure. 
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Table 7.1. Measurement of Wavefront Statistics for the Wrinkled 
Saran Wrap Used in the Experiments. 

"x, 0.43 volts 

0.003 volts 

1.8 volts 

(o„/X) 0.18 

Ĉ eff) 
21 

Required SNR .006 
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This amount of averaging is not sufficient to produce a perfectly uni

form background pattern and in the photographs some spatial variations 

of the background remain. The signal is distinctly observable and con

sists of the Airy pattern with many rings. The background is simply a 

blurred speckle pattern. 

It is interesting to compare the images recorded at best focus 

with those recorded at one wave of defocus. In Fig. 7.2a, page 118, the 

defocused image has a dark spot at its center. When the perturbation 

plate is inserted but stationary as in Fig. 7.2b the background patterns 

at the two focal positions are different speckle patterns even though the 

wavefront perturbations are identical in both instances. This illustrates 

that the background patterns are identical only on the long time average 

and not on an instantaneous basis. When the perturbation plate is moving 

as in Fig. 7.2c, the two background patterns are more nearly the same. 

Due to the finite recording time small differences in the background pat

terns from the two focal positions occur. These differences are the 

fluctuations that control the integration time requirements discussed in 

Chapter 5. The signal of the defocused image in Fig. 7.2c is apparent 

and appears as a spot with a dark central region. The difference between 

the two images of Fig. 7.2c is the isolated signal discussed in Chapter 4. 

Difference Images 

In order to determine the difference image corresponding to 

Fig. 7.2c, it is necessary to determine the irradiance on the photographs. 

This is done by measuring the optical density of the film and converting 
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to irradiance using an H-D curve. Since the experiment is only of an 

exploratory nature, the H-D curves published by Kodak for Tri-X are used 

to convert from film density to irradiance. The actual H-D curve used 

for this conversion is shown in Fig. 7.4. The optical density on the 

film is measured with a PDS scanning microdensitometer which records 

the results of the scan on magnetic tape. A square scanning aperture 

100 ym wide is used for all scans. Figures 7.5 and 7.6 show plots of the 

density scans taken through the center of the images of Fig. 7.2. The 

scans in Fig. 7.5 correspond to the three photographs at best focus and 

the scans in Fig. 7.6 correspond to the three photographs at one wave of 

defocus. It is apparent from Figs. 7.5c and 7.6c that the images 

recorded with the perturbation plate moving have background patterns that 

are nearly equal. 

In order to subtract the photographed images, it is necessary to 

scan the entire format of the two images to be subtracted. Two fiducial 

markings (not shown in the figures) on each of the photographs insure 

that accurate registration and angular alignment is maintained for the 

two scans. The final scans are written on magnetic tape and processed 

with a computer to convert the density information to irradiance and to 

subtract the two images. The results of the subtraction are re-written 

to magnetic tape for display of the difference image. 

The SNR of the scans after conversion to irradiance is much 

greater than that required for processing. The required SNR is listed 

in Table 7.1, page 122, and the scan SNR is estimated from the Selwyn 

granularity coefficient of the film (Dainty, 1974, p. 58). For Tri-X 
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3.0 

2 . 0  

Kodak Tri-X Pan Film 

Developed 10 Minutes in 
Microdol-X at 68°F. 

•H 
W 
e 
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•H 
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/ 
0 

Base Density = 0.37 

0 . 0  
Log Exposure 

Fig. 7.4. The H-D Curve Used to Convert Film 
Density to Irradiance. 
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and Moved by 5 Aperture 
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Fig. 7.6. Microdensitometer Scans Taken through the Center of the Images 
of Fig. 7.2 at One Wave of Defocus. 
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film, Kodak (1973, p. 13d) reports an rras granularity of 0.028 for a 

48 pm diameter circular scanning aperture. This represents an rms den

sity variation of 0.012 for the 100 ym square scanning aperture used in 

this experiment. After conversion to irradiance, assuming ay of 0.64, 

this density variation corresponds to a SNR of 50 at a density of 1 and 

a SNR of 20 at the base density of 0.37. These values are several orders 

of magnitude larger than the required SNR, indicating that photographic 

film is an adequate detector for this experiment. 

In order to provide a comparison between the original photographs 

and the difference images, all three images are written to magnetic tape 

after the conversion to irradiance and subsequent subtraction. In this 

way all three images have the same format. The images are displayed on 

a special CRT device that reads the magnetic tape (Wells, 1975). Photo

graphs of the display are shown in Fig. 7.7. To differentiate between 

positive and negative portions of the difference image, the positive 

regions are shaded green and the negative regions are shaded red. In 

Fig. 7.7 the images at best focus are green since they are the positive 

original images. The defocused images are red since they are the original 

images to be subtracted. The difference images contain both positive 

(green) and negative (red) regions. The difference image is the effec

tive point image described in Chapter 4. 

The difference image for no wavefront perturbations is shown 

in Fig. 7.7a and it illustrates the effective point image when the 

background cancels perfectly. The difference image for the stationary 

wavefront perturbations is shown in Fig. 7.7b and it indicates that the 



Best Focus Defocused by One Wave Difference Image 

(a) Perturbation Plate Removed. 

Best Focus Defocused by One Wave Difference Image 

(b) Perturbation Plate Inserted but Stationary. 

Best Focus Defocused by One Wave Difference Image 

(c) Perturbation Plate Inserted and Moved by 5 
Aperture Diameters During Exposure. 

Fig. 7.7. Photographs of the Difference Images Corresponding 
to Fig. 7.2. 

Positive regions are shaded green and negative 
regions are shaded red. In (c) the scale is 
about 1.3 times larger than for (a) and (b). 
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cancellation of background patterns is not complete on an instantaneous 

basis. The difference image for the moving wavefront perturbations is 

shown in Fig. 7.7c at a scale about 1.3 times larger than the other two 

difference images. In this example the background pattern cancels so that 

the isolated signal of the difference image is quite well defined. The 

greenish-white portion of the photograph is the positive region of the 

effective point image. It is circular and slightly narrower than the 

width of the Airy pattern. It is greenish-white because it is grossly 

overexposed. The red area surrounding the greenish-white region repre

sents the negative sidelobes of the effective point image. The irradi- . 

ance values of the positive regions are about two orders of magnitude 

greater than the irradiance values of the negative regions. 

These experiments illustrate in a qualitative way the image 

characteristics that occur when random wavefront perturbations exist in 

the exit pupil of the optical system used to record the images. They 

point out that the difference image processing scheme is useful in 

reducing the background term, at least for point sources. The experi

ments are carried out using photographic film as a recording medium, 

which requires an imprecise, nonlinear conversion from density to irradi

ance. This difficulty is eliminated with electronic recording devices 

and may be necessary for recording the images of extended sources. At 

any rate the experiments performed here serve to illustrate the concepts 

described in Chapters 2 through 4. 



CHAPTER 8 

SUMMARY 

While this work has served to point out some possible problems 

concerning imaging in the presence of random phase perturbations, it is 

by no means a complete and final documentary of the possible problems 

that wi11 or might be encountered in the processing of such imagery. A 

few of the main issues have been dealt with on a theoretical basis 

utilizing various assumptions to develop the general characteristics of 

such imagery. In actual practice these assumptions are not always justi

fied and the problem requires more lengthy calculations. Practical ,prob

lems th~t have not been anticipated concerning the processing Df the 

imagery in real time will undoubtedly arise. For this reason it is nec

e~sary to point out the limitations of this work, and to suggest possible 

ways to make it more comprehensive. 

Conclusions 

Random wavefront perturbations in the exit pupil of an optical 

system affect the image quality. The characteristics of the image have 

been described in Chapters 2 and 3 assuming that no amplitude perturba

tions are present. For wavefront perturbations that are normally 

distributed and have a Gaussian correlation function the i~agery is de-. 

scribed by the sum of a signal plus a background. The fraction of incident 
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power in the signal depends upon the rms wavefront error while the back

ground distribution depends upon the correlation function of the wave-

front perturbations. 

For extended sources the imagery is degraded even when the wave-

front perturbations are small, indicating that image processing could be 

used to advantage. A convenient method of image processing is to record 

images at two different focal planes and examine the differences in 

these images. This method isolates the signal from the background by 

cancellation of the background. It is useful for processing of imagery 

recorded by active compensation devices that reduce atmospheric phase 

perturbations to an acceptable level. 

Based upon the difference image processing scheme, specific 

detector and source requirements are developed in Chapter 5 to insure 

that the processing is successful. These results cannot be taken lightly 

in the design of any active compensation device intended for use in 

imaging extended sources because they have a general significance. The 

difference image processing is simply one convenient processing scheme 

that uses the first image as a record of the data to be processed and 

the second image as a convenient measure of the degrading background. 

Other processing methods that use only the first of these two images 

require an accurate measure of the background. 

In any case, the signal of the first image must be recovered 

amidst the background of that image and the fluctuations of that image 

must be small compared to the detector noise. These restrictions are 

precisely those that are used in Chapter 5 to derive the detector 
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requirements, except that the signal of the difference image is con

sidered rather than the signal of the first image alone. For other 

processing methods the detector requirements are found by replacing the 

transfer function Teff by the transfer function of whatever processing 

scheme is selected. 

Recommendations 

More thorough experiments must be conducted in order to establish 

a sound verification of the theoretical results in Chapters 2 through 6. 

At least two worthwhile experiments are called for. First, imagery 

should be recorded for an extended source using wavefront perturbations 

that are carefully measured so that the necessity and usefulness of 

post-processing can be established. Second, the difference image proc

essing should be applied to imagery recorded with wavefront perturbations 

that are not earfully controlled in an attempt to recover image detail 

that is not apparent in the degraded images. 

In the first of-these two experiments it is necessary to fabri

cate and calibrate a reproducible wavefront perturbing media. To facili

tate subtractionj the images should be recorded with electronic detectors 

selected to meet the requirements established by the wavefront perturba

tions. The source should contain spatial frequency information that is 

not apparently resolvable in the degraded imagery but is resolvable after 

processing. This requires a carefully designed and well executed experi

ment . 

The second experiment involves recording imagery in the presence 

of wavefront perturbations whose statistics are not known but that are 
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within some broad range defined by the experiment. A good example of 

such an experiment would be the imaging of an astronomical source using 

a telescope fitted with an active wavefront compensation device. This 

would involve the practical problems of light level, integration time, 

and detector SNR. Such an experiment is probably not technically fea

sible at the present time, but in a few years it may be. 



APPENDIX A 

IMAGE VARIANCE AS A FOUR-FOLD VECTOR INTEGRAL 

The objective of this appendix is to evaluate the variance of 

the image irradiance fluctuations that are defined by the ensemble 

averages of Eq. (2. 24). These averages are evaluated usi.ng the int.egral 

represe~tation of the image irradiance given by Eq. (2.4). 

From Eq. (2.4) the square of the image irradiance is given by 

a four-fold vector integral. 

(A.l) 

where 

The ensemble average of the square of the image irradiance is found by 

bringing the ensemble averaging inside the four-fold integral of 

Eq. (A.l). 

(A. 2) 

The ensemble ave~age in the integrand is evaluated in terms of the 

function R_ defined in Eq. (2. 9) by assuming that D.. JHP is a normal, 

stationary, random process with zero mean. Under these conditions it 
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is given by (Papoulis, 1965, p. 153 and p. 159) 

{ 
ik!J.J)ip} - ¥2E{["- '*P}} · 

E e = e (A. 3) 

Expanding the term (!J.~p) 2 defined in Eq. (A.l) allows Eq. (A.3) to be 

rewritten. 

where (A. 4) 

Comparing Eq. (A.4) with Eq. (2.9) allows the ensemble average to be 

written in terms of R_ • 

,(A. 5) 

The square of the average image irradiance is found using 

Eq. (2. 10). 

(A. 6) 

Combining Eqs. (2.24), (A.2), (A.S), and (A.6) gives the four-fold vector 

representation of the variance cri2 (;') of the image irradianc~. 
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To simplify the ·expression of Eq. (A. 7) perform the change of variables 

where 
(A. 8) 

Equation (A. 8) is the desired four-fold vector integral representation 

of ai2 (;'). It is written as an integral of the transfer function of 

. -+ -+ 
the random wavefront perturbations R_ and a complicated function G(T 1 ,T 2 ) 

that depends upon both the lens properties and the wavefront statistics. 



APPENDIX B 

IMAGE VARIANCE FOR LARGE WAVEFRONT PERTURBATIONS 

The object of this appendix is to simplify the function G(i' 1 ,t2 ) 

described by Eq. (A. 8) so that the variance of the image fluctuations can 

be evaluated. If · the rms wavefront error is la.rge compared to a wave-

length ~his is possible. According to Eqs. (2.14), (2.18), and (2.19) 

the transfer function associated with the random wavefront perturbations 

is approximated by a single term whenever the fraction f is small 

(i.e., whenever aw>.> >..) • 

'(B .1) 

In Eq. (B.l) the consta~t p depends upon the correlat·ion length .Q. and 

the rms wavefront error aw· 

Using Eq. (B.l) in Eq. (A.8) allows the function G(~ 1 ,~2 ) to be 

simplified. 

(B.2) 

The integral in Eq. (B. 2) is factored into the product of two integrals, 

each represent~ng the lens trausfer function T defined by Eq. (2.11). 

, G ( ~ 1 , ~ 2) = { R_ (I 2 (t\ · t 2 ) ) - 1} T (i I) T (i 2) 
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(B. 3) 
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Substitut~ng Eq. (B.3) into Eq. (2.25) allows the variance of 

the i~age irradiance to be evaluated explicitly. 

(B.4) 

The image variance is simplified even further by maki.ng use of the form 

of R_ (~) defined in Eq. (B. 1) . 

(B.5) 

The first term of Eq. (B. 5) is evaluated by maki.ng the change of vari-

-+ -+ -+ -+ ahles T=T1+T2 and performing the Tl integration. The second term is 

separable and is factored as the product of two integrals. 

(B.6) 
where 

In Eq. (B. 6) the first term contains the function Tc (~), which is the 

autocorrelation of the lens transfer function. The second term is the 

square of the average i~age irradiance. For large wavefront perturba-

tions Eq. (B.&) is an expression for the variance of the image irradiance 
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in terms of single vector integrals of the lens and wavefront transfer 

functions. 



APPENDIX C 

AN APPROXIMATION TO THE IMAGE VARIANCE . 

The objective of this appendix is to establish the identity des-

cribed by Eq_. (2. 34) assuming that Pr and u.y are jointly normal. Con-

sider the definitions of Eq_s. (2. 26) and (2. 33). From these the three 

q1:1antities I, S, and P are written in terms of ensemble ave~':lges of 

.Jr and ~. 

s = jE{Jlf} 12 (C .1) 

Equations (C.l) are rewritten by expanding the terms inside the brackets. 

From Eq. (C.2) the following facts are found. 

I+?· 
= -2-

I-FE 
2 
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In Eq. (C.3) the superscript r denotes the real part of the complex 

quantity and the superscript i denotes the imaginary part. 

The variance of the image irradiance is found by substituting 

Eqs. (C.2) and (C.3) into Eq.(2.32). 

aI2 = 2 j-T2 - S2 - 2 [0T")(^r") ~ (^f) 2]} (c.4) 

Expanding the products in Eq. (C.4) and collecting terms produces the 

desired result. 

aj.2 = J2 + |P|2 - 2S2 (C.5) 

Equation (C.5) establishes the variance of the image irradiance in terms 

of the three quantities I, S, and P defined by Eq. (2.33). 



A~!'ENDIX D 

AN APPROXIMATION TO THE IMAGE CORRELATION 

The objective of this appendix is to establish the identity des-

cribed by Eq. (2. 37) assuming that all possible pairs of random variables 

g(". and t[Y. are jointly normal. Consider the definitions given in Eqs. 
1, ' 1, 

(2.26) . and (2.37). From these the four quantities I12, P12, S1 and S2 

are written in terms of ensemble averages of Br1, W1, Pr2, f!/2. 

Sllxl .t)- IE{tAI}j 2 = fE{(i?rl i~l)}j 2 

s2 C~2 ') - jE{.A2} 12 = I.E{ ca~2+i W2)} 12 

Eqs. (D. 1) are rewritten by expanding the terms inside brackets. 

From Eq. (D.2) the following facts are found. 
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E2{8t"l ~2} = [ r rr I12;P12 . 

[ r rr E2 { W1 ~2} 
I12-P12 

= 

[ . T .E2{ .q-2 ~1} = · Ii~;Pi~ 
(D. 3) 

• • 2 

E2{ 8t"l W2} = [I1~~P1~] 

In Eq. (D. 3) the superscripts r and i denote real and imaginary parts, 

respectively. The facts expressed by Eq. (0.3) are to be used presently. 

According to Eq. (2.36) the correlation R12 is given by ensemble 

averages of the image irradiance. 

(D. 4) 

It is expressed in terms of the random variables 8t". and~. by using 
1, 1, 

Eq. (2. 27). 

(D.S) 

Expanding the terms in Eq . (D.S) gives the correlation R1 2 in terms of 

fourth order moments of &r. and~-· These are reduced to second order 
1, 1, 

moments with the aid of Eq. (2.29), assuming that all possible pairs of 

8t". and~. are jointly normal. 
1, 1, 

R12 = 2{E2{ .'ir1.<lr2 } + E2{.'ir1 ~2} + E2 {Bl'"2 ~1} + E 2 {'W[ ~ 2} 

I - E2{8t"l}E 2{ .9-r2} - E2 {2rl}E2 { ~ ·2} - E2 {Pr2}E2 {~1} (D. 6 ) 

- E2{ ~1 }E2 { ~ 2}} 
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The fir~t .. four terms of Eq. (D.6) are .evaluated usi.ng Eq. (D.3) and 

the second four terms are factored. 

(D. 7) 

In Eq. (D.7) the first four terms are expanded and the resulting terms 

are coliected; the two factored terms are recognized from Eq. (D.2) as 

-+ -+ 
S1 (XI t) _and S2 (x2 1

). After collecting all terms in Eq. (D. 7) the desired 

identity for the correlation RI2 is established. 

(D. 8) 

Eq. (0.8) shows that the correlation R12 is given in terms of the four 

quantities I12, PI2, SI(;l '), and 82(;2') .defined in Eq. (2.37). 

As a final check of Eq. (D. 8) consider the correlation R12 when 

-+ -+ 
XI '=x 2 ' and positions 1 and 2 are identical. In this case the image 

correlation reduces to the variance of the image ai2 • Notice that II12I 

becomes simply I; !Pl21 becomes IP I; and sl (;I') = s2 (;2 ') = s' which are 

the three quantities defined in Appendix C. For this special case 

Eq. (D.8) reduces to Eq. (C.S). 



APPENDIX E 

-+ 
ENSEMBLE AVERA.GES OF PRODUCTS OF . A(~ 1 ) 

The objective of this appendix is to evaluate the five quantities 

I, P, S, I 12 , and P 12 that are defined by Eqs. (2.33) and (2.37). These 

tive quantities are used to determine the variance and spatial correla-

tion of the image irradiance. They are found in terms of vector inte-

-+ 
grals by employing the diffraction integral representation of Ji(x') 

given in Eq. (.2. 2) . According to the definitions of Eq. (2. 33) and (2. 37) 

these five quantities are defined as ensemble averages of products of 

-+ 
Jl(~ '-'). 

-+ E{jJ~C;') j2} I (;x; ') -

-+ 
I E{A (; ')} 1 2 S(x') -

-+· 
P(x) - E{ • .d2C;r)} (E .1) 

I -+ ' -+ ') 
. -+ -+ 

· 12 Cx1 ,x2_ - E{Jil Cx1 ')Ji2 * Cx2 _')} 

p (-+ , -+ l) . -+ -+ 
12 ~1 · ,x2 - E{A1 (xl ')Jt2 (x2 

1
) } · 

In Eq. (~.1) the subscripts 1 and 2 on Jl correspond to the two different 

focal positions. 

-+ 
The quantity I (.x '-) is given in Eq. (.2.11) as a vector integral 

of Jl. It is repeate~ · in this appendix for completeness. 
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(E. 2) 

+ Th_e quantity S(x t) is evaluated by finding the ensemble average 

E{~} in integral form and then taking its squared modulus. The required 

ensemble average is found from Eq. (2.2) by bringing the ensemble averag-

ing inside the integral. 

(E. 3) 
- -+-+ 
-ikic·x'/z .3"7:. • e ua; 

In Eq. (E.3) the ensemble average in the integrand is independent pf ~ 

so it is taken outside the integral. The quantity Sis found by taking 

-the squared modulus of the integral of Eq. (E.3) 

_ -(A0)2 . { ikCi)fp (;)} { - i kU)fp(XJ} 
S--Ee Ee 

J..z 
(E.4) 

This result is simplified by introducing the change of variable 

-+ -+ -+ -+ 
T = x1~x2 and performing the x 2 integration. 

where (E.S) 
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In Eq. (E. 5) f is the fraction of power in the s.ignal as dis cussed 

after Eq. (2.15) and T(-;) is the optical transfer ·. function defined in 

Eq. (2.11). The quantity Sis reC:ognized as the s.ignal of the image 

that is discussed in Chapter 2. 

From Eq. (2.2) the following products of .A are found. 

(E. 6) 
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These three products are used to evaluate the quantities !PI, II12l, 

-+ 
+ 11fp(;zl l} 

IPC;') I G~Y fJLc;l)L(;zl 
{ ik [11fp(Xl) 

= E e 

• e -ik(~1 +~2 )·~ 1 ·/z 
&2&2 

(E.7) ( y "k ~ 
-+ 

I -+,-+,I . Ao -+ * -+ -z.. ['1H'p(xl) -11fp(Xz)]} 
Il2 (Xj ,X2 ) = Az JJ Ll (xl )Lz (;r:2 )E { e 

· k C-+ + ' -+ -+ ' I --z.. ~1·x1 - x 2·x2 ) z -+ -+ 
e d.xld.x2 

(AoJJf ~ ~ E { e i k I11fp c:t Il 
-+ 

I -+ ,-+ ' I +11fp(xzll} 
f'12 (;cl ,X2 . ) = . f. z _ L1 (x1)L2 Cx2) 

-+ -+ 
+ '!". '! .... ";.., -ikC.~l •x1' t.AJL ~L .J I ...J :+ :+ • e dXldX2 

The ensemble averages in the integrands of Eq. C.E.7) are assumed to 

-+ 
be stationary- becaus.e OJfp(x) is stationary. For this reason define 

the two functions R_ and R+ as follows. 

(E.8) 

lfs i ng thes e le fin .i t i ons along h·.i th the definit i on of I from Eq. ( 2 .13 ) , 

the five quantities are given as integral expressions. 



-+ 
S(x) 

1 J -+ -ik~·-;' /z -+ = fi0 • -- T(1)e _ d1 
Ap 

I . 
0 

ISO 

(E. 9) 

- I 

-+ -
In Eq. (E.9) L(~) is the complex pupil function of the optical 

-+ 
system and T (_1) is the optical transfer function defined by Eq. (2 .11). 

The en~emble averages f , R_, and R+ are evaluated using the method 

illustrated in the discussion of Eq. (2.6). For wavefront perturbations . 
that ar~ normally distributed, stationary, rand6m processes with zero 

mean these averages are given by Eq. (E.lO). 

f= 

s (-;) 

") -+ 
-+ -( 2now/A) - (l+p(T)] 

R (1) = e 
+ 

(F:.lO) 
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Equations (E.9) and (E.lO) allow the variance and the spatial correlation 

of the image fluctuations to be evaluated in terms of the properties of 

the optical system and the wavefront statistics. 

The integral expressions of Eq. (E.9) are quite general and are 

simplified in many specific cases. As one example of how they simplify, 

consider the qtiantity I12 when ~2' = ~1' -+ -+ -+ -+ 
By letting T=x1 - x2 the x2 

integration is performed. 

(~.11) 

where 

~ 

In Eq. (_E.ll) the function T 12 (T) is simply the cross-correlation of the 

t\Y.O pupil functions that correspond to the two different focal positions. 
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