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ABSTRACT 

This dissertation describes a method for spatially modulating 

the primary image formed by an incoherent imaging system with a periodic 

phase element so that the secondary image, as formed by a relay system, 

is intensity modulated at the same frequency as the phase element. The 

high frequency obtainable in the intensity modulation function and the 

localization of the modulated image allows the method to be used for 

sampling the primary image at or near the diffraction limit of the 

primary imaging system. By means of position image multiplexing the 

primary image can be sampled at the Nyquist interval thereby avoiding 

problems of aliasing. 

The system uses a binary phase grating located in the primary 

image plane to spatially phase modulate the image. An optical relay 

system, that incorporates a binary phase filter, is then used to reimage 

the phase modulated primary image thus forming the secondary image. 

The phase filter is used to convert the phase modulations in the primary 

image into an intensity modulation of the secondary image and to control 

the modulation profile. 

The phase grating in the primary image plane produces multiple 

images of the entrance pupil that can be spatially filtered to obtain 

the periodic intensity modulation of the relayed image. Thus, a novel 

method for spatially filtering the image formed by an incoherent imaging 

system is obtained. 

x 



xi 

Several interesting and useful properties of the phase grating 

method of image modulation are described. It is shown that the image 

modulation profile is nearly achromatic when used with a broadband 

source. Also, the method increases the modulated image irradiance by 

concentrating the radiant energy into smaller areas. A typical applica

tion of this property is the use of a solid state detector array to 

sample the modulated image. Because the background noise of such 

detectors is area dependent the reduced detector area will produce a 

corresponding increase in the signal-to-noise ratio. The fact that 

the phase grating and phase filter do not attenuate any of the energy 

provides for a high system efficiency. 

The theoretical predictions of this study are verified in the 

laboratory. Also included are photographs illustrating the effects 

mentioned above along with a selected bibliography of related topics. 



CHAPTER 1 

INTRODUCTION 

Motivation 

Many branches of optics require that an analog image be sampled 

and put into discrete form so as to facilitate certain operations. These 

operations may include image detection, transmission, computer processing, 

or image coding to name a few. In some cases it is desirable to store 

more than one image on a single storage device such as photographic 

film. This operation is referred to as image multiplexing and is useful 

in such areas as holography, color photography, and optical data proces

sing. 

Often the sampling process is an intrinsic part of the imaging 

system. For example, an array of detectors placed in the image plane 

automatically samples the image incident upon it. The size and spacing 

of the detectors determines the image detail contained in the sampled 

image. It is intuitively obvious that if the detectors are sufficiently 

small and close together then most of the image structure will be 

present in the sampled image. However, as the detectors are made smaller 

the signal from each detector also decreases and the point is finally 

reached where the signal-to-noise ratio CS/N) is too small, so that the 

image is degraded by the noise of the detectors. 

One method for overcoming the above problem is to modulate the 

image in such a way that the available energy is concentrated onto 

1 
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smaller detectors. The phase grating method of image modulation is 

shown to provide the necessary energy concentration while preserving 

the spatial frequency content of the primary image. As a consequence, 

detectors that have an area dependent background noise will benefit 

from the reduced detector area required. Also, we npte that most solid 

state arrays contain inactive regions that isolate adjacent detectors 

or serve as storage areas for accumulated charged particles (such as 

charge-coupled devices). We will show that the intensity modulation 

obtained by using a grating to modulate the image contains null regions 

that facilitate the use of solid state detector arrays to sample an 

image. 

The above illustrates the type of problems encountered whenever 

high resolution image sampling is attempted. Current methods of image 

sampling are either high resolution systems or have a high S/N but few, 

if any, retain both features. The one possible exception is a scanning 

microdensitometer where high resolutions are obtainable but require 

considerable time to set up and scan an image. If we restrict the dis

cussion to in situ, high resolution image sampling devices that operate 

in real time then all existing methods fail in at least one of these 

categories. 

Preliminary Remark 

In the preceding discussion we have constantly referred to the 

process of image sampling. However, the process described in this dis

sertation produces an image that is intensity modulated by a periodic 
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function that, under certain conditions, is as shown in Fig. 1.1. Sub

sequent detection of the modulated image results in a sampled image 

when the detector width is approximately equal to w. The most obvious 

application for the modulated image is to produce a sampled image. 

Therefore, throughout this dissertation we will refer to the phase 

grating method of image modulation as being synonymous with the phase 

grating method of image sampling. For future reference we note that 

the duty cycle of the modulation profile shown in Fig. 1.1 or the duty 

cycle of the grating is defined as w/d and d is the grating period. 

w d 

Fig. 1.1. Example of an Intensity Modulation Profile. 

The Phase Grating Method of Image Sampling 

This dissertation describes a method for spatially modulating 

the primary image formed by an incoherent imaging system with a 

periodic phase element so that the secondary image, as formed by a 

relay system, is intensity modulated at the same frequency as the phase 

element. The high frequency obtainable in the intensity modulation 

function and the localization of the modulated image energy allows the 

method to be used for sampling the primary image at or near the 
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diffraction limit of the primary imaging system. By means of position 

image multiplexing the primary image can be sampled at the Nyquist 

interval and thereby avoid problems of aliasing. 

The system uses a binary phase grating located in the primary 

• image plane to spatially phase modulate the image. An optical relay 

system, that incorporates a binary phase filter, is then used to 

reimage the phase modulated primary image thus forming the secondary 

image. The phase filter is used to convert the phase modulations in 

the primary image into intensity modulations in the secondary image 

(see Figs. 4.4 and 4.5, page 58) and to control the modulation profile. 

The phase grating in the primary image plane produces multiple 

images of the entrance pupil that can be spatially filtered to obtain 

the periodic intensity modulation of the relayed image. Thus, a novel 

method for spatially filtering the image formed by an incoherent 

imaging system is obtained. 

The intensity modulation obtained by using a phase grating in 

the primary image plane is found to be nearly achromatic for a broad

band source. Also, the image modulation process does not appreciably 

diminish the spatial frequency content of the primary image so that a 

relayed image with essentially the same spatial frequency content as 

the primary image is obtained. The fact that the phase grating and 

phase filter do not attenuate any of the energy, neglecting reflection 

and absorption losses, provides for a high system efficiency. 
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Dissertation Content 

In the previous section several properties of the phase grating 

method of image sampling were presented. Throughout this dissertation 

each of the above characteristics are derived theoretically and then 

verified experimentally. 

In Chapter 2 the theory necessary to understand how phase 

gratings can be used to sample images is developed. The analysis 

begins by illustrating the process for an amplitude grating and then 

a phase grating is inserted into the system. This method of analysis, 

albeit more lengthy, provides us with a more familiar setting to begin 

the study and, simultaneously, as basis for comparing the two grating 

methods of image modulation. 

The remainder of Chapter 2 is concerned with exploring the 

requirements and expected performance of the phase grating method. 

In Chapter 3 many of the optical tolerances required for 

satisfactory performance of the system are determined. These include 

the effect of aberrations in the relay optics and phase tolerances for 

the spatial filter. Also included in the analysis is the effect that 

a broadband source of illumination has upon the modulation profile of 

the sampling system. 

It is always satisfying to verify theoretical predictions in 

the laboratory. In this work this was particularly true for there 

always remained some skepticism that, for example, a broadband source 

would really produce a nearly achromatic modulation profile. In 

Chapter 4 the experimental results of this study are presented. These 
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results are found to support the theoretical predictions and, as is 

usually the case in a new area of research, pose new problems for 

analysis. However, these new areas of interest are omitted from this 

work but will be explored by others and the author in the future. 

In Chapter 5 a brief summary of the preceding work is provided. 

The ongoing nature of this research necessitates an obligation to make 

specific recommendations for future work in areas addressed in this 

dissertation. These recommendations are included in Chapter 5. 

Finally, a literature search extending over the period from 

January 1964 through May 1976 was performed at the onset of this 

research. While no papers specifically dealing with image sampling 

and multiplexing using phase gratings, in the manner described herein, 

were discovered several related areas and techniques were found. 

These papers comprise a selected bibliography found at the end of this 

work. 



CHAPTER 2 

THEORY 

In this chapter a mathematical description of the phase grating 

method of image sampling and multiplexing is developed. Also, numerical 

examples for two particular cases of interest will be used to determine 

how the duty cycle of the phase grating affects quantities such as the 

system throughput or efficiency, the peak modulation and the modulation 

profile of the sampled image. The following derivations are for a one-

dimensional system and assume a monochromatic point source unless stated 

otherwise. 

Derivation Using an Amplitude Grating 

The imaging and Fourier transforming properties of the image 

sampling system can most easily be seen if the system is represented 

as shown in Fig. 2.1. The monochromatic point source is located in the 

input plane, or the xi plane, at the point xj = Xg. The complex ampli

tude distribution of the source is denoted by a shifted Dirac delta func

tion 6(xi-Xo). We assume that each of the four lenses have the same 

focal length. Also, note that each of the x-axes are located in either 

the front or the rear focal plane of the lenses. Therefore, the usual 

Fourier transform relationship for positive lenses (Goodman, 1968, p.83) 

is obtained. The complex amplitude distribution just to the left of the 

X2-plane is that of a plane wave 

U2(x2) = e"l2Tr?x° (2.1) 

7 
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assumed to have unit amplitude. The quantity 5 denotes spatial fre

quency with units of reciprocal length. 

x. X, 

x,I 
<5 (x,-x) 

-5 
All A 

L 

P„ L 
V 

a. 

1 

x. 

Fig. 2.1. Expanded Layout of the Image Sanpling System. 

The one-dimensional pupil p2 in the x2-plane can be represented 

as a rectangle function (Goodman, 1968, p. 13) 

p2(x2) = rect(x2/a2), (2.2) 

Also, Eq. (2.1) can be e:q?ressed in spatial coordinates by using the 

change of variable 

x a Af£. (2.3) 



Thus, the complex amplitude distribution just to the right of the 

pupil P2 is given by 

-i2irx0X2/Xf 
u2(x2) = e rectCx2/a2)• (2.4) 

The lens L2 performs a Fourier transform so that incident on the grat

ing in the X3-plane is the complex amplitude distribution described by 

the Fourier transform of Eq. (2.4), namely, 

ui(x3) = 6(x3-Xo) * a2 Sinc(a2x3Af) 

= a2 Sinc[(x3-x0)/(Xf/a2)] (2.5) 

where the Sine function is defined as Sinc(x) = Sin (irx)/ (ux) and the 
CO 

asterisk denotes the convolution operation f(x) * g(x) = J f(a) g (x-cc) da. 
• 00 

The reflected coordinate system in the x3-plane accounts for the fact 

that the image is inverted. Also contained in the x3-plane is an 

amplitude grating with the profile shown in Fig. 2.2. We note that 

the duty cycle of the grating is defined as the ratio w/d. 

g(x3) 
w 

Fig. 2.2. Amplitude Grating Profile and Related Parameters. 
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The complex amplitude distribution to the right of the grating 

is the product of the grating function g(x3) and Eq. (2.5). The grating 

function can be written as 

g(x3) = rect(x3/w) * J <S(x3-nd) (2.6) 
n 

where n assumes the range of values -»<n<». The actual number of grat

ing cycles is determined by the pupil function P3(x3) = rect(x3/a3) as 

shown in Fig. 2.1. Therefore, 

U3(X3) = a.2 Sine inc (lf7^)[P3Cx3){rect(?-) * | 5(X3-nd)}] • 

(2.7) 

Likewise, in the xi^-plane the coup lex amplitude distribution is the 

Fourier transform of Eq. (2.7) so that 

-i2TTx0£ 
u^Cs) = rect (*ff) * [p3CO * {£sinc(w5) Ie(?- J)}] 

(2 .8 )  

where P3(?) is the Fourier transform of p3(x3). To the right of the 

x^-plane the amplitude distribution is given by 

uj(0 = ui; (Opt^CS) = u^(?)rect(Xf?/alt). (2.9) 

In the xs-plane, or image plane, the complex amplitude distribution is 

the Fourier transform of Eq. (2.9) 

U5CX5) = U^(x5) * (ait/Xf) Sinc(attx5/Xf) (2.10) 
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or, 

u5Cx5) =jk2Sinc^^|rect^rect^y^(Xs-nd)|j^^Sinc(2S|^ . 

C2.ll) 

Note that the image of the point source or the system point spread 

function is the shifted Sine function in the square bracket. Also, 

the image is multiplied with the grating fxmction which is the remain

ing three quantities within the square bracket. This result, the 

sampled image, is then convolved with the very narrow Sine function on 

the right of Eq. (2.11). In Fig. 2.3 sketches of the separate parts 

of Eq. (2.11) are shown to illustrate the process taking place. 

Derivation Using a Phase Grating 

The above derivation makes use of an amplitude grating as 

already noted. We now substitute a phase grating for the amplitude 

grating in the X3~plane of Fig. 2.1, page 8. Recall the form of the 

amplitude grating from Fig. 2.2, page 9 andEq. (2.6). The phase 

grating k(x3) can be defined as 

k(x3) = 2g(x3) - 1 = 2rect(x3/w) * J fi(x3-nd) - 1 (2.12) 
n 

and is shown in Fig. 2.4. Note that Eq. (2.12) has the form of a pure 

phase grating with zero attenuation since 

. , ( +1 <|> = 0,2ir, 4ir, ... 
e * = < 

(.-1 <£ = tfiSir, Sir, ... (2.13) 

where <f> is defined to be the phase angle of the grating. 



a2Sinc((x5-xQ)/(Xf/a2 )] 

(a) 

rect (x,./a ){rect (x-/w)*Z6 (x,--nd)} 
j 4, n 

4-

w 

yi-

—%— 

(b) 

x. 

(a,/\f)Sine(a^x^/Xf) 

<a4/Xf)--

•w\, yv/v«.-

2lf. 
1-

4 

(c) (d) 

Fig. 2.3. The Sampled Image Obtained from an Amplitude Grating. 

(a) The shifted image of the point source, (b) The grating 
function that is multiplied with the point source image. 
(c) The narrow Sine function that is convolved with the 
product of the point source image and the grating function. 
(d) The resulting sampled image of the point source or the 
system point spread function. 
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k(x3> 

+1 r-n 

-1 

w —i-> 

xr 

Fig. 2.4. Grating Profile for a'Phase Grating. 

We now return to the previous derivation by substituting 

Eq. (2.12) into Eq. (2.7) which yields 

U3OC3) = agSinĉ *f/a%) p3 (X3) |2rect^^ * £ $ (x3-nd) - ljj . 

(2.14) 

Therefore, 

- , . . -i2TTXQ£ 
^(g) = Af e 0 rect * [paCO* {f-SincCwC)I«(5-S-) 

(2.15) 

where P3U) = a3Sinc(a3£). Also, 

uj(5) = u^(Opi»Ce). (2.16) 

Filtering the Sampled Image 

If Eq. (2.15) is compared to Eq. (2.8), the corresponding 

equation obtained using an amplitude grating, we see that the two have 



14 

the same form except for the zero-frequency conponent 6 CO present in 

Eq. (2.15). In Eq. (2.15) the zero-frequency component is subtracted 

from the zero frequency component of the sampled Sine function. 

Because the duty cycle (w/d) must be less than unity the net zero-

frequency component will be negative as written in Eq. (2.15). As 

will be seen, it is advantageous for the net zero-frequency component 

of the sampled Sine function to have the same phase as the other fre

quency components. This can be obtained in the following manner. 

Under certain conditions it is possible to alter the order of the 

operations described by Eqs. (2.15) and (2.16). Namely, we wish to 

multiply the sampled Sine function by the pupil function pifCO before 

the two convolutions are performed. This alteration will be valid if 

the condition 

a2/Xf < 1/d (2.17) 

is satisfied. Equation (2.17) simply states that the width of the 

rectangle function rect(Xf£/a2), in cycles per millimeter, must be less 

than the grating frequency and can easily be satisfied through a proper 

choice of az and f. Also, note that the optical system shown in Fig. 

2.1, page 8 can be considered as consisting of two separate systems. 

The first imaging system forms an image of the object onto the grating 

in the X3~plane. The second system relays the sampled image onto the 

final image plane. Therefore, Eq. (2.17) can be written in terms of 

the f-number (F) of the first imaging system so that the minimum 

f-number is determined by 

F > d / X .  (2.18) 
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In Fig. 2.5 the sampled Sine function of Eq, (2.15), within the 

curly bracket, is shown. The magnitude of the net zero-frequency com

ponent is (2w/d)-l. If the duty cycle of the grating is, for exanqple, 

w/d = 0.25 then the net zero-frequency component assumes a value of 

-0.50. In Fig. 2.5 half of the pupil function pi^CO is shown. This 

pupil performs two important functions. First, the width of the aper

ture (2s) is chosen so that the aperture blocks off all sampled values 

beyond the central lobe of the Sine function. Second, the phase of the 

net zero-frequency component is altered so that the sampled Sine func

tion now appears as shown in Fig. 2.6. Thus, by altering the order of 

the operations and taking into account the phase shift of the zero-

frequency component Eq. (2.16) can be written as 

(2.19) 

for the value of the duty cycle w/d =0.25. A sketch of the complex 

uj(£) = Xf i27rx04, [a3Sinc(a30* jo.5Sinc(w£)£ $^~)rect^|^J] 

amplitude distribution ui^ij) is shown in Fig. 2.7. 

s 

Fig. 2.5. The Sampled Sine Function of Eq. (2.16).' 



Fig. 2.6. Sampled Sine Function After Filtering and 
Inqparting a tt Phase Change to the Zero-> 
frequency Component for w/d = 0.25. 
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xi^-plane After Filtering and Altering the 
Phase of the Zero-Frequency Component. 
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Figure 2.7 represents the seven diffracted images of p2 pro

duced by the phase grating in the X3-plane for a duty cycle of 0.25. 

The dotted lines at each pupil image represent the phase of the plane 

wave incident on p2 and is the information about the object point 

located in the Xj-plane. Note that because the diffracted pupils 

beyond the fourth order have been filtered out the complex amplitude 

distribution is that of an apodized aperture with the central lobe of 

the Sine function being the apodizing function. 

iVe are finally ready to determine the complex amplitude distri

bution in the xs-plane or image plane. This is simply the Fourier 

transform of Eq. (2.19) and is given by 

u5(*5) - (^Sinc^f^^rect^|2rect^.yiStx-5nd)»Sinc^|S.j|j . 

A sketch of Eq. (2.20) is shown in Fig. 2.8. (2.20) 
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Fig. 2.8. Sanpled Image of a Point Source Obtained from 

the Phase Grating Method of Image Sampling. 
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If Eq. (2,11), the result obtained using an amplitude grating 

in the X3-plane, is compared with Eq. (2.20) we see that the latter 

has twice the magnitude of Eq. (2.11). Therefore, by using a phase 

grating and spatial filtering the image in the x^-plane the peak modu

lation of the image irradiance distribution will be four times that 

obtained using an amplitude grating of the same duty cycle. Also, note 

that Fig. 2.8 shows that the energy is concentrated at the location of 

the image samples and that very little energy falls between the sample 

regions. Later in the analysis the exact shape of the sampling profile 

will be determined and the presence of the null areas verified. For 

now we simply remark that it is the presence of the null areas that 

allows this method to be used for position image multiplexing. 

The Phase Relationship between the Phase Grating 
and the Phase Retarding Disk 

In the previous derivation the duty cycle of the phase grating 

was chosen to be 25 percent or w/d = 0.25. The phase retardation of 

the phase grating was chosen to be <{> = ir according to Eq. (2.13). Con

sequently, the phase retardation required to invert the negative zero-

frequency component in the filtering plane (see Fig. 2.5, page 15) was 

a = 7T. We now want to derive a general relationship relating <j>, a, 

and the duty cycle of the grating, so that the necessary phase 

angles can be determined immediately for a particular duty cycle. 

The complex amplitude transmittance profile corresponding to 

the phase grating shown in Fig. 2.4, page 13 can be written as the sum 
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of two parts 

k(x) = m(x)e+i<{,/2 + (1 - mCx))e_i*/2 £2.21) 

where m(x) has the transmission profile shown in Fig. 2.2. Taking the 

Fourier transform of Eq. (2.21) yields 

KC5) = MU)e+i*/2 + CfiCO - M(0)e"i4>/2. (2.22) 

We now define to be the zero-frequency component of Eq. (2.22) and 

Kj(0 to represent K(S) for all non-zero frequencies. Then, 

K(ij) = K Q  +  KI (0  =  Kq + i2M( 5)sin(|). 

The phase filter, with phase a, is used to match the phase of Kq to 

that of Ki(5). Therefore we can write 

K e+ia = (M e+i+/2 + (1 - M )e'1*/2 } e+io 
0 to v  o' i  

* Cos^l" - a)- 2MoSin £ Sin a 

+ i [2MQSin I Cosa - Sin(| - a)]. 

(2.23) 

Equation (2.23) states that, in general, there is both a real and 

imaginary component for the zero-order image in the xi^-plane. How

ever, to obtain maximum modulation of the sampled image in the xs-plane 

the real component must be zero. That is, if the real component is not 

zero the image plane contains a uniform illumination that reduces the 

contrast of the sampled image (more about this in Chapter 3). There

fore, the necessary condition to obtain maximum image modulation is 

given by 
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Re{Koe+10t} = 0 

or 

Cos 2M Sin £ Sin a = 0. 
o 2 

(2.24) 

Using Eq. (2.24) it can be shown that the desired relationship between 

4), a, and Mq is given by-

grating is chosen to be 33 percent. For this duty cycle and setting 

a = 120° Eq. (2.25) yields <j> = 120° also. We are now assured that the 

phase of the zero order diffracted image in the x^-plane matches the 

phase of the other diffracted images. The real and imaginary compo

nents of the zero order term are found using Eq. (2.22) for $ = 0, 

Mq = 1/3, and <}> = 120°. We obtain 

tan ct 1 (2.25) 
(2M -l)tan | 

O M 

Numerical Example for w/d = 1/3 

For the second numerical example the duty cycle of the phase 

Kq = 1/2 - i 1/3/6 

so that the magnitude of the zero order component is 

Aq = [(1/2)2 + (-/3/6)2]% = .577 (2.26) 

as shown in Fig. 2.9. 
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Fig. 2.9. Sampled Sine Function After Filtering and Imparting 
a Phase Change of a = 120° to the Zero-frequency 
Component for w/d = 0.33. 

Energy Throughput of Imaging System 

In this section we want to briefly look at the amount of energy 

that propogates through the system or the system efficiency. To do 

this we assume that the major loss of energy results from the filter

ing of the higher diffraction orders in the xifplane of Fig. 2.1, page 

8. It is convenient at this time to put Fig. 2.1 into the equivalent 

form shown in Fig. 2.10. Figure 2.10 clearly shows that it is the size 

of the pupil pit that determines the number of diffracted orders that 

t 

Fig. 2,10. A Simplified Layout of the Image Sampling System. 
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pass through the system. Of course, the more orders that are passed, 

the higher the system efficiency will be. 

The number of diffraction orders passing through the aperture 

pi+ determines the modulation profile of the sampled image as well as 

the system efficiency. Later in this chapter the modulation profile 

will be calculated for different numbers of diffracted orders, and 

in Chapter 3 the effects of various aberrations will be considered. 

Presently, we are only concerned with determining the system efficien

cies and peak modulation values for the twenty-five and thirty-three 

percent duty cycles. In both cases the aperture p^ is apodized to the 

central lobe of the Sine function as previously discussed and shown 

in Figs. 2.6 and 2.9, pages 16 and 21, respectively. Using the values 

of the amplitudes from the figures and Parseval's theorem 

00 00 

J|f(x)|*dx = ||FC5)|2d5 

—00 —CO 

the system efficiency can be calculated from 

N 
Eff-J |An|2 (2.27) 

n=-N 

where N is chosen to include only those diffracted orders that are not 

filtered out by the aperture p^. For both duty cycles we find that the 

system efficiency is just over 90 percent. 

The peak modulation of the sampled image is calculated from the 

relationship 

N 
Peak Value = |£ A |2. (2.28) 

n=-N 
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For the twenty-five and thirty-three percent duty cycles the peak 

irradiance modulation is found to be 5.46 and 4.04 respectively. These 

results are summarized in Table 2.1. Also shown in the table are the 

corresponding values for two amplitude gratings that have the same duty 

cycles. As expected, the system efficiencies and peak modulation values 

are greater for the phase gratings. Note that the peak modulation 

values for the amplitude and phase gratings differ by a factor of four. 

Table 2.1. Summary of Important Parameters for Amplitude and 
Phase Gratings. 

Number of System Peak 
Type of Duty Cycle Diffracted Efficiency Modulation 
Grating (%) Pupils (%) Value 

Phase 25 7 90.3 5.46 

Grating 33 5 90.3 4.04 

Amplitude 25 7 22.6 1.36 

Grating 33 5 29.8 1.01 

* Number of diffracted pupils within the central lobe of 
the Sine Function (See Figs. 2.6 and 2.9). 

Relating the Grating Period to the Sampling Interval 

In the final image plane the spacing of the image samples 

equals the grating period. It is apparent that if the grating period 

is much coarser than the image detail then considerable image structure 

will be absent from the sampled image. To remedy this situation we 

must decrease the grating period/sampling interval so that more sampled 

values are obtained, thereby reducing the amount of image 
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structure lost in the sampling process. Of course, if the sampling 

interval is made extremely small, we expect that nearly all of the 

image structure will be contained in the sampled image values. What 

is not apparent is that it is possible to determine a minimum sampling 

interval so that the sampled values are an exact representation of the 

sampled image. This result, known as the Whittaker-Shannon sampling 

theorem (Goodman, 1968, p. 21) only requires that the function to be 

sampled be a bandlimited function which means that the Fourier trans

form of the function must be nonzero over only a finite region of the 

spatial frequency domain. It should be noted that the finite passband 

associated with a given imaging system insures that optical images are 

bandlimited functions. 

From the above discussion it is apparent that a criterion that 

relates the grating period to the sampling interval, as predicted by 

the sampling theorem, is necessary to efficiently sample the image. 

Below we develop the necessary relationship using one form of the 

sampling theorem. 

For our one-dimensional system the image irradiance distribu

tion for an on-axis point source object will be h(xs} = Sine2(X5/X). 

We now wish to sample h(xg). and this can conveniently be done by multi

plying it with an array of delta functions that are spaced a distance 

D apart as shown in Fig. 2.11. Note that the minimum image separation 

to resolve the images of two adjacent point sources is 2D = X according 

to the Rayleigh criteria. 
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Fig. 2.11. The Sampled Image of a Point Source. 

The sampled image in Fig. 2.11 can be written in the form 

i (x) = Sine2(x/X)•Jfi(x-nD). (2.29) 
n 

Taking the Fourier transform of Eq. (2,29) yields 

I CO = CX/D)triCX?)*Z6C? - §•) (2.30) 
n 

which represents the repeated image spectra that are shown in Fig. 

2.12. Note that for the value of D = X/2 that the repeated triangles 

are just touching. If the sampling interval D is decreased then the 

image spectra separation is increased. Likewise, increasing D decreases 

the spectTa separation which results in the spectra overlapping. This 

latter condition, known as aliasing, distorts the high spatial frequency-

content of the image. It is apparent that in order to avoid aliasing 

the sampling interval D must be no greater than X/2 or half the Rayleigh 

distance as shown in Fig. 2.11. From Eq. (2.20) we note that 

X = Xf/a2 

so that 

D = X/2 = XF/2 (-2.31) 
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which is consistent with the constraint expressed by Eq. ( 2 . 1 8 ) .  Thus, 

the grating period is chosen so that it is half the Rayleigh distance 

as determined by the f-number of the primary imaging system and the 

wavelength. This criterion insures that the sampled image is an exact 

representation of the primary image. 

1(5) 

-1 

Fig. 2.12. The Repeated Spectra of an Image of a Point 
Source Sampled at Half the Rayleigh Distance, 

The Modulation Profile 

It has been shown that the modulation of the sampled image is 

greater using a phase grating rather than an amplitude grating of the 

saine duty cycle. This result is due to the transmission of a phase 

grating being greater than that of an amplitude grating simply because 

the former does not.attenuate any of the light. What we now want to 

do is determine the profile of the sample point, or the modulation 

profile. 

Recall from the earlier discussion that many of the diffracted 

orders appearing in the x^-plane of Fig. 2.10, page 21 were filtered 

out by the pupil pi*. It is apparent that if none of the orders were 

filtered then the grating in the x3-plane would simply be reimaged onto 



the xs-plane so that the grating profile and the modulation profile 

are the same and the peak modulation values for the amplitude and 

phase gratings are 1 and 4 respectively. However, if the aperture 

width at| is now reduced the higher diffracted orders are filtered 

from the image. Therefore, the grating image in the xs-plane will 

have less high frequency content and there will be a reduction in the 

system efficiency as some of the light is blocked from the image. The 

reduced high frequency content causes the edges of the grating profile 

to appear rounded. As the aperture width is reduced to the point where 

it coincides with the central lobe of the Sine function, as shown in 

Fig. 2.5, page 15, we obtain the sharply peaked modulation profile 

shown in Fig. 2.13. It is interesting to note that even though the 

system efficiency has been reduced to approximately 90 percent by fil

tering out the higher orders, the peak modulation values for the ampli

tude and phase gratings have increased from 1 and 4 to 1.36 and 5.46 

respectively for the twenty-five percent duty cycle. Therefore, we 

see that apodizing the aperture in the x^-plane, with the central lobe 

of the Sine function being the apodizing function, produces a narrow, 

peaked modulation profile rather than the usual rectangular grating 

profile. In fact, the full width at half maximum of the peaked 

profile is but sixteen percent of the grating period. 
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Fig. 2.13. The Modulation Profiles for Amplitude and 
Phase Gratings with w/d = 0.25. 

The square profiles are the unfiltered profiles 
and the peaked profiles are obtained from the 
apodized aperture containing seven diffraction 
orders. 

The modulation profile resulting from different numbers of 

diffracted pupils is best determined using a digital computer. This 

can be done by taking the Fourier transform of a specified number of 

diffracted pupils in the xtf-plane, each pupil having the appro

priate amplitude and phase information. The result of this operation 

is the amplitude modulation profile obtained in the final image plane. 
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In Fig. 2.14 the intensity modulation profiles obtained for different 

numbers of diffracted pupils are shown for a phase grating with a 

twenty-five percent duty cycle. Note that the peak modulation value 

assumes its greatest value when there are seven diffracted pupils. 

Again, this corresponds to apodizing the aperture with the central lobe 

of the Sine function as previously discussed. When the number of 

pupils is increased beyond eleven the modulation profile widens and 

becomes more rectangular. When over forty diffracted pupils pass 

through the aperture pi^ the modulation profile appears as shown in 

Fig. 2.15. Note that the modulation profile is approaching the rectan

gular profile for the phase grating shown in Fig. 2.13. In Table 2.2 

the peak modulation values and system efficiencies for different numbers 

of diffracted pupils are tabulated. 

Fig. 2.14. The Modulation Profiles Obtained for a Different Number 
of Diffracted Pupils for a Phase Grating with w/d = 0.25. 
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Fig. 2.15. The Modulation Profile Obtained for Forty-
three Diffracting Pupils with w/d = 0.25. 

Table 2.2. Peak Modulation and System Efficiency Values for 
Different Numbers of Diffracted Pupils for a 
Phase Grating with w/d = 0.25. 

Number of 
Pupils 

System 
Efficiency 

Peak Modulation 
Value 

3 .655 1.96 

5 .858 4.15 

7,9 .903 5.46 

11 .919 4.65 

43 .981 4.13 
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The Modulated Image: 
An Alternative Approach 

In this section we want to again look at the derivation describ

ing the modulation profile. We will show that the irradiance distribu

tion in the image plane is actually the product of the modulation 

profile with the relayed image. This result greatly simplifies the 

answers to questions that arise from topics such as the effect of aber

rations in the optics and the spatial coherence of the source. 

planes referred to previously. The entrance pupil of the relay system 

coincides with the exit pupil of a primary imaging system and is irra

diated with quasi-monochromatic light from an object scene. Expressing 

the instantaneous complex amplitude at a point £ ~ Co the pupil 

plane as A(€q), the contribution of this point to the primary image 

plane becomes 

pupil, we obtain a corresponding irradiance distribution in the primary 

image plane 

time 

We now insert a periodic filter (grating) into the primary 

image plane P2. The complex amplitude of the grating is expressed as a 

convolution of a complex function k(x) with a series of delta functions, 

Figure 2.16 shows the location of the various image and pupil 

i2ir?oX 

Denoting time 
time 

and integrating over the entrance 

(2.32) 

^1 \ a(x;Co)d5ol (2.33) 
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Fig. 2.16. Schematic of the Optical Relay System. 

the comb function (Goodman, 1968): 

kpCx) = k(x)*comb(x). 

The grating period is taken as the unit of distance for x. The complex 

amplitude distribution immediately to the right of the grating becomes 

a' (x; ?0) = A(Co) ei27T?°x[k(x)*combfx) ]. 

In the exit pupil P3 the amplitude is given by 

A'CC^o) = AC?0)K(S-S0)combU-(-0). 

The above result describes the formation of multiple images of the 

entrance pupil in P3 due to diffraction caused by the grating in the 

image plane. The quantity A'(£,£o) is now filtered with a function 

F(£) located in P3. For the filter F(fJ) to have the same effect for 

all allowed values of So in the entrance pupil, the following condition 

must be satisfied 

F CO combCS-Co) = FC?-e0)combC?-?0)- (2.34) 
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With the above condition satisfied we have, after filtering, 

A»(?,e0) = AC50)KC5-€oDFCC-5o)combC5-€o) 

= AC?o)K'C?-5o)combCC-Co) 

= ACCo)K^(C-Co), 

where 

K«(0 = K(g)F(0 

and 

= KpCOFCC) = KCe)F(OcombCe). 

The complex amplitude distribution in the final image plane is 

given by 

a"(x;£0) = ACCo)ê 27r̂ OX[c°mbCx)*k' (x)] • 

From Eqs. (2.32) and (2.33) the irradiance distribution in the final 

plane is given by 

I fx) = IQ(X)|comb(x)*k'(x)|2. (2.35) 

Equation (2.35) reveals that the primary image irradiance distribution 

is multiplied (modulated) by a periodic function that does not blur the 

image. It is also apparent that if k'(x) is a pure phase function then 

the modulation is achieved without loss of light. However, if a pure 

amplitude grating is used in P2 then the transmission of the relay 

system depends upon the duty cycle of the grating. 

We also note that no mention has been made of the spatial 

coherence of the radiant source. If the source is spatially coherent 
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then the complex amplitude distribution in the final image plane is the 

superposition of complex amplitudes due to each of the object points. 

Therefore, the coherent images will interfere with each other to pro

duce the final image amplitude distribution. The final image irradi-

ance distribution is then given by the squared modulus of the complex 

amplitude distribution which is then modulated by the function k'(x)2 

per Eq. (2.343. If the source is spatially incoherent then the resul

tant image is the superposition of irradiance distributions due to each 

of the object points. In this case the point source images do not 

interfere with each other. However, the sampled image is again 

obtained by multiplying the resultant image with the modulation func

tion. The above discussion simply states that while the images obtained 

from the coherent and incoherent sources may differ from each other the 

modulation is the same for both types of images. 

The same type of argument can be used to qualitatively describe 

the effects of aberrations in the imaging and relay optics. For 

example, aberrations in the primary optics used to image the object 

onto the grating simply cause the image to be degraded. However, 

aberrations in the optics that relay the phase grating and primary 

image to the final image plane can alter the modulation profile con

siderably as will be shown in Chapter 3. For now we simply note that 

the effect is due to the phase variations introduced by the aberrations. 

Recall that the phase of the zero order in the P3-plane is being 

altered with respect to the other orders. If aberrations are present 

then all of the diffracted orders will have an additional phase 
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component, the magnitude of which depends upon the type and amount of 

aberrations present. The important point is that, whatever the modula

tion profile happens to be and even for an aberrated image, the 

modulated image is the product of the two. 

Resolution of the Sampling Process 

Earlier in this chapter we discussed the relationship between 

the grating period and the sampling interval. It was shown that to 

avoid aliasing in the sampled image the grating period is chosen to 

be half the Rayleigh distance as determined by the primary imaging 

system. However, in the previous section it was shown that the sampled 

image is obtained by multiplying the image with the appropriate 

modulation profile [see Eq. (2.35)]. The consequences of this 

operation are important to understand for they provide a unique capa

bility to the phase grating method of image sampling. 

The most obvious implications of Eq. (2.35) have already been 

discussed in the previous section. However, the fact that the image 

is modulated by the profile has another important advantage: the image 

suffers negligible distortion during the sampling process. For example, 

if the modulation profile is assumed to be a rectangle of width w(and 

w/d = 0.25), obtained by not truncating the diffracted orders, then the 

sample value will be the image irradiance distribution times the rec

tangle. Thus, the image structure is preserved over the rectangle width 

even though subsequent detection of the sampled value would be accom

plished by a detector of width w responding to the average irradiance 
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within the rectangle. On the other hand more conventional sampling 

techniques such as scanning the image with an aperture degrade the 

image to a greater extent. The degradation results from the image 

being convolved with the scanning aperture which results in a general 

smoothing of the image structure. The process can most clearly be 

seen by evaluating the modulation transfer functions (MTF) associated 

with the phase grating element and the comparable scanning aperture. 

It should be noted that the analysis for the scanning aperture can be 

applied to a lenticular array of micro lenses commonly called a "fly's 

eye lens" (Focal Encyclopedia of Photography, 1965, p. 860-862). 

In what follows we assume that the grating period and aperture 

width are equal to the Rayleigh distance of the primary imaging system. 

To avoid aliasing the grating and aperture are shifted a distance d/2 

and a second set of samples obtained. Thus, the sampling interval is 

half the Rayleigh distance which is the Nyquist interval. Recall that 

Eq. (2.18) relates the grating period to the f-number of the primary 

imaging system. When the equality sign is used so that the grating 

period equals XF then the primary image is being sampled at the Rayleigh 

distance for a single set of sample values (i.e., no multiplexing). 

Under the above conditions the modulation transfer functions associated 

with each component are shown in Fig. 2.17. 
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Fig. 2.17. Modulation Transfer Functions for Image 
Sampling Elements and the Primary Imaging 
System. 

d = grating period = scanning aperture width. 

Fig. 2.17 clearly shows that the cut-off frequency of the phase 

grating element is four times greater than that of the scanning aperture. 

However, the primary image does not contain spatial frequencies beyond 

1/d so that nothing is gained in just having the extended cut-off 

frequency by itself. The advantage of the phase grating method can be 

observed if we note the net transfer functions obtained by cascading 

the primary imaging system with the two sampling systems. The results 

of this operation are shown in Fig. 2.18. 
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Fig. 2.18. The System Modulation Transfer Functions for 
a Sampling Aperture and a Phase Grating Element. 

d = grating period = scanning aperture width. 

One advantage of the phase grating method is now apparent from 

Fig. 2.18. Note that the net transfer function associated with the 

phase grating element is essentially the same as that of the primary 

imaging system (assumed to be diffraction limited). This means that 

all of the spatial frequencies contained in the primary image are 
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essentially passed without further attenuation during the sampling 

process. The situation is much different for the sampling aperture. 

For example, at the mid-frequency (.5/d) the system transfer function 

for the sampling aperture is 0.32 for a 36 percent reduction from the 

diffraction limited case. The percentage reduction is even greater 

for the higher spatial frequencies. 



CHAPTER 3 

OPTICAL TOLERANCES OF THE IMAGE 
SAMPLING SYSTEM 

In this chapter we want to determine how the performance of 

the image sampling system is affected by phase variations resulting 

from the use of broadband sources, aberrations in the optical components, 

or manufacturing errors in the grating or spatial filter. The analysis 

will show that the phase grating method of image sampling is relatively 

insensitive to broadband illumination. However, it is shown that 

phase variations introduced by aberrations in the optical system may 

seriously affect the performance of the sampling system. 

The Effect of Aberrations in the Relay System 

If the optical relay system contains aberrations then corre

sponding phase variations are introduced to the exit pupil of the image 

sampling system. However, the exit pupil contains multiple diffracted 

images of the entrance pupil so that the phase variations at each 

pupil image must be determined. The Fourier transform of the exit 

pupil then yields the complex amplitude distribution of the modula

tion profile. 

To study the effects of aberrations a computer program was 

used to calculate the phase components in the exit pupil and Fourier 

transform the result. The analysis assumes that the aberration is 

40 
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uniform across each pupil image so that the filter function still 

obeys Eq. (2.34). 

Defocus 

In this study different amounts of defocus were introduced 

into the imaging system and the corresponding modulation profiles deter

mined. It should be noted that all of the profiles shown below were 

calculated with the exit pupil apodized to the central lobe of the Sine 

function as previously discussed. 

In Fig. 3.1 the irradiance modulation profiles are shown for 

three different amounts of defocus. From the figure it is apparent 

that increasing amounts of defocus decrease the peak modulation values 

while simultaneously increasing the width of the modulation profile. 

It is also apparent that if any type of position multiplexing is to 

be performed then the amount of defocus must be restricted to less than 

approximately A/4. 

Spherical Aberration 

We now want to determine how a combination of third and fifth 

order spherical aberration effects the modulation profile. The combina

tion of third and fifth order spherical is chosen such that the net wave-

front error has zero slope at both the center (x=0) and edge (x=xg) of 

the exit pupil as shown in Fig. 3.2, The same computer program used to 

calculate the effects of defocus is then used to calculate the wavefront 

error in the exit pupil, Fourier transform the result and multiply the 

transform with its complex conjugate to obtain the intensity modulation 

profiles shown in Fig. 3.3. 
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Fig. 3.1. The Modulation Profiles for Different 
Amounts of Defocus (Wo2oA)-
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Fig. 3.2. The Wavefront Error Resulting from a 
Combination of 3rd and 5th Order Spherical 
Aberration. 
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5-- 1 

d/4 d/8 -d/8 -d/4 

Fig. 3.3. The Modulation Profiles Obtained for Different 
Amounts of 3rd and 5th Order Spherical Aberra
tion. 

Amounts normalized to A. 

From Fig. 3.3 we note once again that increasing amounts of 

third and fifth order spherical aberration simply decrease the peak 

modulation values while simultaneously increasing the widths of the 

profiles. When Fig. 3.3 is compared to Fig. 3.1 we see that the 

modulation profile is less sensitive to the combination of spherical 

aberration than to the defocus error previously described. 
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Coma 

We now consider the effect that third order coma has upon the 

modulation profile. This is done by adding a phase factor to the exit 

pupil that is proportional to the third power of the pupil coordinate. 

As expected, the odd power of the phase component produces an asymmetric 

modulation profile characteristic of third order coma. The modulation 

profiles obtained for different amount of coma are shown in Fig. 3.4. 

W=0.00 

W=0.25 

W=0.50 

3 ' 

d/4 

• 

-d/4 -d/8 d/8 

Fig. 3.4. The Modulation Profiles for Differ
ent Amounts of Third Order Coma. 
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From Fig. 3.4 we observe that the modulation profile is rather 

sensitive to amounts of coma exceeding A/4 as was the case for defocus. 

Note that the presence of coma shifts the position of the primary modu

lation profiles and introduces secondary peaks that have considerable 

peak values. These secondary peaks would seriously limit the use of 

the system for position image multiplexing. 

From the above analysis it is apparent that the presence of 

aberrations in the image sampling system will affect the modulation 

profile and the peak modulation value. However, when the experimental 

results presented in Chapter 4 were obtained very little peak broadening 

or ringing in the modulation profile was observed. This was primarily 

due to the relatively large f-number of the primary imaging system 

used in the prototype. Subsequent applications requiring higher resolu

tion will require that a lower f-number be used. Recall that the 

grating period is proportional to the f-number of the primary imaging 

system so that a grating of greater dispersion is required at the 

reduced f-number. Also, the exit pupil, containing multiple diffracted 

images of the entrance pupil, ig at least seven times the diameter of 

the entrance pupil (for w/d=0.25 and filtering the diffracted orders 

beyond n = ±4 as was done previously). Therefore, the f-number of the 

relay system must be considerably less than that of the prototype. 

Phase Tolerances for the Spatial Filter 

In Chapter 2 the relationship between the grating phase angle 

$ and the phase of the spatial filter a was derived for a monochromatic 

source of illumination. However, a fabrication error in the spatial 
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filter that produces the incorrect optical thickness of the filter 

element will produce a corresponding phase error. We now examine the 

effect caused by such an error. It is assumed that the phase error Act 

is the only error present. 

Recall that in the xtj-plane the phase of the zero-order component 

is altered by an amount a. However, if the actual phase retardation of 

the spatial filter is a + Aa then, as shown in Appendix A, the modulation 

profile p(x) is given by 

p(x) = 2 a(x) [l+Cos(Aa)] + i[l-Cos(Aa)] (3.1) 

where a(x) is the grating profile for an amplitude grating and we have 

assumed that w/d = 0.25 and a = IT. Note that when Aa = 0 p(x) = 4 a(x) 

which means that there is perfect modulation (we have also assumed that 

all of the diffracted orders contribute to the modulation profile so 

that is is a rectangle). Note also that for Aa = TT Eq. (3.1) yields 

p(x) - 1. This corresponds to the case where no filter is present in 

the x^-plane and the modulation profile degenerates to a uniform irradi-

ance distribution. For values of Aa such that 0<Ao<tt there will be a 

corresponding set of modulation values that can be obtained by noting 

that the second term of Eq. (3.1) constitutes the background term of 

the modulation profile irradiance distribution. A summary of the modu

lation and contrast values for different phase errors Aa is tabulated 

in Table 3.1. 
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Table 3.1. Modulation and Contrast Irradiance Values for 
Different Spatial Filter Phase Errors (Act). 

Aot Modulation Background Contrast 

0 4.000 0.000 1.000 

TT/10 3.900 0.024 0.994 

r t /S  3.620 0.096 0.974 

2tt/5 2.620 0.346 0.883 

tr/2 2.000 0.500 0.800 

2ir/3 1.000 0.750 0.571 

TT 0.000 1.000 0.000 

We note that the presence of the background illumination is not 

objectionable if the system is being used to sample an image except that 

it does represent a loss of signal. However, the background illumina

tion could present a problem when position image multiplexing is being 

performed. This is because the background irradiance from each image 

would contribute to the sampled image value of adjacent samples. 

At this point we want to clarify the remark made in the discus

sion following Eq. (2.23) on page 19. It was mentioned that if the 

real component of Eq. (2.23) were not zero then the image plane contains 

a uniform background illumination that reduces the modulated image 

contrast. For the values a=<J>=Tr and Aa = 0 we see from Table 3.1 that 

the contrast is unity as required. However, a filter of the form 

e+i(ot+Aa) £a jL q produces a uniform background as previously 
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calculated. Therefore, for this condition, the real part of Eq. (2.23] 

is not zero and hence the basis for the statement. 

The Effects of Broadband Sources 

In the previous work we have assumed that the radiant energy 

source was monochromatic. However, many useful applications of the 

image sampling process will require that a broadband source be used. 

Therefore, it is important to determine how the system will perform 

with such a source. 

The use of a phase grating produces two separate effects when 

a broadband source of illumination is used: 

1. There is a wavelength-dependent phase retardation in both 

the primary image and the exit pupil. Neglecting index variations the 

phase retardation equals 2Tr(n-l)t/X where t is the thickness of the 

phase-retarding element. 

2. The angular dispersion of the multiple images of the entrance 

pupil is wavelength dependent as can be seen from the grating equation 

Sin0.+Sin6 =mA/d, where 9., 9 and d is the angle of incidence, the 
I m * x* m & 

angle of diffraction for the m^ order, and the grating period respec

tively. 

In the following sections we will show that a phase retardation 

of tt in both the phase grating and the spatial filter produces a system 

that is relatively insensitive to a broadband source of illumination. 

Therefore, the first effect is not as much of a problem as it may first 

appear. The second effect can be satisfactorily treated by ensuring 

that the grating period is small enough so that the zero and first order 
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images do not overlap for the shortest wavelength of interest as shown 

in Fig. 3.5. The condition required to insure that the orders do not 

overlap was derived in Chapter 2 and is d<AF, where X is now taken to 

be the minimum wavelength present in the broadband source. Thus, the 

second effect can be compensated for by properly choosing the f-number 

of the primary imaging system and will not be considered further. 

-3 -2 -1 +1 +2 +3 

(a) 

-3 -2 -1 0 +1 +2 4-3 

— — 

(b) 

Fig. 3.5. Multiple Diffracted Images of the Entrance Pupil 
for Short Wavelengths (a) and Long Wavelengths (b). 

The Modulation Profile for Broadband Sources 

We now consider the important case where the phase grating and 

spatial filter have the correct phase retardation values at the design 

wavelength but the use of a broadband source produces phase errors 

at both elements. In a previous section we found that the presence of 

a phase error in only the spatial filter would seriously reduce the 

image modulation. We would normally expect that the presence of a 
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phase error in both the grating and the spatial filter would reduce the 

image modulation even further. The following study shows that this is 

not the case at all. 

Non-truncated Case 

Described below are the modulation, peak modulation, and back

ground terms over one period of the modulation profile. The analysis 

assumes, for the sake of mathematical tractability, that none of the 

diffracted pupil images are filtered out so that the modulation profile 

is a rectangle. 

The phase retardation of a given optical element is proportional 

to the wavenumber (1/X). If we consider a broadband source such that 

400 ran < X < 700 ran then the wavelength corresponding to the mean wave-

number is X0 = 509 nm. The phase error for wavelengths other than X0 

is defined to be 

T = \,A 

so that the resulting phase is 

* = Y4>0 = Yir (3.2) 

since <(»o = u for the twenty-five percent duty cycle, which is the only 

case we are considering. 

In Appendix B it is shown that the irradiance modulation profile 

p(x) is given by 

p(x) * 4m(x) (1-a) + a (3.3) 
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where, 

a = CosHy^) (3.4) 

and m(x) is a binary amplitude transmission grating with values of zero 

or unity. Note that when y = 1, pCx) = 4m(x) as we know it should for 

the phase grating. Also, the last term, which is the background term, 

is zero for y = 1. Thus, all the energy appears within the grating line 

where m(x) = l. In Table 3.2 the background and peak irradiance modula

tion values are tabulated as a function of y, the phase error. 

Table 3.2. The Background and Peak Irradiance Values as a 
Function of y. 

X 
Cnm) 

y a P(x) a/p(x) 
(%) 

400 1.27 0.03 3.910 0.76 

450 1.13 1.7x10 3 3.995 0.04 

509(X0) 1.00 0.00 4.000 0.00 

550 0.92 1.9x10"^ 3.999 4.6x10"3 

600 0.85 3.1X10-3 3.991 0.08 

65 0 0.78 1.2xl0~2 3.962 0.32 

700 0.73 0.03 3.910 0.76 

From Table 3.2 it is apparent that very little energy is dis

persed into the areas between the modulation peaks. In fact, for any 

given wavelength within the broadband source, the background illumina

tion is always less than one percent of the peak value. This result is 
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markedly different than that obtained in a previous section when a phase 

error was present only at the spatial filter. This suggests that the 

presence of the two phase elements tends to compensate for the disper

sion caused by either element acting alone. This result is fortunate 

for if the compensation did not take place the presence of the back

ground irradiance would seriously limit the performance of the system 

when used for image sampling and position multiplexing. 

As a check on the above calculations we note that the total 

background plus the peak value should equal 4.00 if energy is being 

conserved. Thus, performing the calculation we find that 3a+pO)=4.00 

as required. 

Truncated Case 

We now address the problem of determining the modulation profile 

in the presence of a broadband source and when the multiple diffracted 

images of the entrance pupil beyond n = ±4 are filtered. This partic

ular problem is most easily analyzed using Fourier techniques on a 

digital computer. In Fig. 3.6 the modulation profile for the truncated 

case is shown for y - 0.75 (A=680 nm). We first note that the peak 

value has decreased from 5.46 for y = 1-00 to S.27 (-3.5 percent). 

Second, the width of the profile has not increased significantly even 

though some energy is found in the region beyond x = d/4. The secondary 

peak value is 0.045 or 0.85 percent of the primary peak value. This 

value is comparable to that obtained for the non-truncated case and 

once again illustrates the insensitivity of the system to broadband 

illumination. 
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Fig. 3.6. The Irradiance Modulation Profile 
for y=0.75, A=680 nm. 

d=Grating Period. 



CHAPTER 4 

EXPERIMENTAL RESULTS 

In the previous chapters we have examined the characteristics 

of the image sampling system mathematically and with the aid of a 

digital computer. We now turn to the important task of verifying that 

the system does indeed perform as predicted. This required the produc

tion of a phase grating with a twenty-five percent duty cycle; twenty-

five lines/mm so that d = 40 x 10"5 meter; and a phase retardation of 

tt at 500 nm. Also required was a spatial filter with a = u. The phase 

grating was produced by etching the desired profile into a glass sub

strate. The resulting grating profile is shown in Fig. 4.1. The spatial 

filter was produced by vacuum depositing a wedge shaped coating of uni

form thickness of MgF onto a glass substrate. The wedge shaped coating 

provided a variable width to the coating so that it could be matched to 

the size of the zero order image of the entrance pupil. 

Fig. 4.1. The Grating Profile Used in the Experiments. 
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Experimental Setup 

To perforin the experiments the optical components were arranged 

on an optical bench as shown schematically in Fig. 4.2. From left to 

right the various components are: white light source (tungsten lamp); 

positive lens (doublet, fi=200mm); object (film transparency); adjust

able slit (approximately 1 mm); positive lens (doublet, f=85 mm); phase 

grating (w/d=0.25, d=40pm); microscope objective; aperture; phase filter; 

final image plane. The arrangement of optical components is functionally 

similar to that shown in Fig. 2.10. The actual operation of the indi

vidual components is as follows: the first lens images the source into 

the slit (entrance pupil). The slit width is adjusted to control the 

f-number of the primary imaging system. The second lens images the 

object onto the grating and the microscope objective images the entrance 

pupil onto the phase filter. The presence of the intervening grating 

produces multiple images of the entrance pupil as shown in Fig. 4.3 

(Fig. 4.3 was photographed with a green filter to clearly show the 

separate images). The phase grating, upon which the primary image is 

superimposed, phase modulates the image. The microscope objective then 

relays the primary image/grating into the space beyond the spatial 

filter. The phase plate imparts a it phase change to the zero order 

image while the aperture in front of it blocks the higher order images 

of the entrance pupil. Fig. 4.3 shows the apodized aperture in the 

filter plane. The image of the tungsten filament can also be seen in 

each of the pupil images. 
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Fig. 4.2. Schematic of Experimental Optical Components. 

Distances in Centimeters: d 1~30.5, d2 ~3.5, 
d3~48, d4~10, d5~3, d5~1. 

image 
plane 

Fig. 4.3. Multiple Images of the Entrance Pupil. 
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The phase grating in the prototype has a period d = 40 ym and 

if we assume that the minimum wavelength of interest is 400 nm then 

F = d/A . = 100 
mm 

is the required f-number of the primary imaging system. From Fig. 4.2 

we find that dif=10 cm and for a 1 mm entrance pupil the actual f-number 

is found to be approximately 100 as required. Under this condition the 

image is being modulated/sampled at the Rayleigh interval. 

Characteristics of the Sampled Image 

Before discussing the actual sampled images obtained from the 

prototype we first want to validate the basic assumption of image samp

ling using a phase grating. That is, we want to show that it is possible 

to sample an image with a phase grating and obtain the same result that 

would be obtained with an amplitude grating but without a loss of energy. 

In Fig. 4.4 a photograph of the phase grating is shown. The 

photograph was taken when the spatial filter was moved out of the beam 

of light so that the zero order was not filtered. Only the edges of the 

grating are visible. In Fig. 4.5 the spatial filter has been positioned 

so that the zero-order image is filtered. Note that the phase grating 

appears exactly as an amplitude grating. Note also that the bright lines 

are sharply defined so that the presence of the null regions for a broad

band source is confirmed. What is not apparent in Fig. 4.5 is that the 

modulation profiles are actually brighter than for the corresponding 

amplitude grating. This condition is shown in Fig. 4.6 where the edge 



Fig. 4.4. Photographs of Phase 
Grating Without 
Spatial Filter. 
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Fig. 4.5. Photograph of Phase 
Grating After 
Spatial Filtering. 

Fig. 4.6. Sampling a Unifonn Field With the 
Phase Grating. 
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of the grating is shown when both the grating and the area to the left 

of the grating are uniformly illuminated. Note that the background 

illumination (to the left) is considerably darker than the bright grating 

lines and, also, that the null areas of the grating are darker than the 

background. From this photograph it is readily apparent that the phase 

grating concentrates the available energy into the grating lines. 

We now proceed to test the system by sampling the image of a 

binary object. The object chosen was the word OPTICS and the phase 

grating was used to sample only the last three letters. Fig. 4.7 shows 

four of the sampled images obtained over a wide exposure range by vary

ing the exposure times from 1 second (a) to 1/60 second (d). The first 

exposure (a) is severely overexposed and shows how the width of the 

sample lines varies according to irradiance distribution of the image 

in much the same manner as a half-tone photograph. As the exposure 

times are decreased we notice that the unsampled portion of the image 

begins to fade until in (d) it is no longer visible even though the 

sampled portion can be clearly seen. This sequence of photographs 

provides us with a qualitative demonstration of the increased signal 

obtained by sampling the image with a phase grating. 

As a final demonstration of the image sampling system a contin

uous tone object, a color transparency of Jupiter, was inserted into the 

system. Fig. 4.8 shows the sampled images at two different exposure 

levels. These photographs are third generation images having been 

produced from the original positive color transparencies. In photo

graph (a) it is again apparent that the sampled values are brighter than 



(a) (b) 

(c) (d) 

Fig. 4.7. Sampled Images of a Binary Object with Exposure Times 
of (a) 1 second, (b) 1/8 second, (c) 1/30 second, 
(d) 1/60 second. 
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-(b) 

Fig. 4.8. Sampled Images of a Continuous Tone 
Object. 

(a) Normal exposure, (b) extreme 
overexposure. 
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the corresponding areas in the unsampled portion of the image. It also 

appears that some of the detail present in the unsampled image is absent 

from the sampled image. However, this effect is probably due to the 

observer not being accustomed to viewing sampled images. If the image 

is viewed while squinting or while moving it from side to side so that 

the grating lines are not so apparent then the sampled image appears 

very similar to the unsampled image. Image (b), which is overexposed 

to the point where even the background appears bright, illustrates an 

interesting aspect of the sampled image that was not apparent for the 

overexposed binary image. Notice that the unsampled portion of the 

image is void of any image detail: even the famous "red spot" has 

disappeared. However, in the sampled portion a significant amount of 

image detail has been preserved. At first this may appear strange for 

if the film at the unsampled image is saturated from the exposure level 

then the sampled portion, where the available energy is concentrated 

onto even less film area, must surely be saturated as well. Examining 

the original positive transparency reveals that the major portion of the 

grating lines are indeed saturated and without detail. However, the 

edges of the lines have not been overexposed so that much of the image 

information is preserved. 

We have shown that for an underexposed image the increased irra-

diance value found at the peak of the modulation profile will still 

produce a sampled image. For overexposed images the tail of the modula

tion profile provides the necessary exposure to retain at least a portion 

of the image information. For intermediate exposures the proper exposure 
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irradiance level lies somewhere between the peak modulation value and 

the tail of the profile. Therefore, we see that the sampling process 

has the effect of extending the effective dynamic range of the film. 



CHAPTER 5 

SUMMARY 

The primary objective of this study was to develop the basic 

one-dimensional theory of high resolution image sampling using phase 

gratings. This goal was achieved and, in addition, the theoretical 

predictions were verified experimentally. Below we summarize these 

findings and briefly discuss their usefulness. 

The theory developed to understand how phase gratings can be 

used to sample images is, of course, useful for designing either complete 

sampling systems or an auxiliary sampling device to fit an existing sys

tem. The most imposing constraint placed upon the grating, with respect 

to the f-number of the primary imaging system, was found to be d < XF. 

If this constraint is not satisfied then the results presented in this 

work are not valid because the spatial filter can no longer be applied 

to only the zero-order image of the entrance pupil. However, this con

straint is not as severe as it first appears because it is possible to 

produce high frequency gratings suitable for most applications of interest. 

The image sampling system is intended to be a high resolution 

system so that f-numbers considerably less than those of the prototype 

must be used. At the reduced f-numbers aberrations in the relay optics 

can seriously inhibit the performance of the sampling system. Therefore, 

it will be necessary to use well corrected optics and/or to design the 
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system so as to minimize the aberrations. Furthermore, we have shown 

that if a broadband source is used then a phase grating with a twenty-

five percent duty cycle, that is relatively insensitive to wavelength 

variations, should be used. 

We have also seen that the phase grating method of image sam

pling compares very favorably with two closely related processes: use 

of an amplitude grating or a lenticular array of microlenses. The 

former has the same characteristics as the phase grating method but 

attenuates a substantial portion of the radiant energy. The resolution 

of the latter was shown to be considerably less than that of the phase 

grating method. 

One objection to the phase grating method that is not present 

for the amplitude grating or the lenticular array is the requirement 

of an optical relay and a spatial filter. However, a simple micro

scope objective can be used for the relay system (as was used in the 

experiments) which produces a magnified image in the detection plane, 

a technique often employed in high resolution image sampling systems. 

In such cases, the addition of a phase grating and spatial filter may 

not be objectionable. The spatial filter used in conjunction with the 

phase grating is simple to fabricate using vacuum deposition techniques 

and does not require precision positioning devices or index matching 

fluids as is often required with coherent optical processing techniques 

In this work we have only briefly touched upon possible applica 

tions for sampling images using phase gratings. Nevertheless, the pToc 

ess is sufficiently general to be incorporated into most systems that 
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either require or could benefit from digital representation of an 

analog image. For example, we have shown that by sampling the image 

with a phase grating it is possible to detect a signal that would not 

be detected otherwise, while simultaneously preserving the spatial fre

quency content of the image. 

Another use for the sampling technique arises by virtue of the 

null regions found between the sample values. The presence of these null 

regions provides the capability for recording multiple images or multiple 

sampled values of the same image on a single recording device. This 

topic, image multiplexing, is a corollary of the image sampling tech

nique and is discussed in Appendix C. 

Recommendations 

This dissertation was limited to the study of image sampling and 

multiplexing using one-dimensional phase gratings. As a result of this 

limitation there remains a vast amount of research yet to be performed. 

Of a practical nature is the necessity of producing high resolu

tion phase gratings so that the process can be used in conjunction with 

high resolution imaging systems. This will require that a suitable 

design for the relay system be obtained so that the effect of aberra

tions does not overwhelm the sampling process. 

Second, the theory should be extended to include two-dimensional 

gratings. This has been done to some extent (Hershel, Scott, and Shrode, 

in press) by considering a two-dimensional grating with a rectangular 

grid. Extending the analysis to include, for example, hexagonal arrays 

of diffracting elements may produce worthwhile results. 
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Third, the concept of position image multiplexing has not been 

tested using this method. A series of experiments to record and play

back multiplexed images should be performed. These experiments should 

include multiplexing a color image onto an achromatic detector. This 

study would require that the system be designed to include a suitable 

dispersion element to produce the necessary color separations. 



APPENDIX A 

THE MODULATION PROFILE OBTAINED IN THE 
PRESENCE OF A PHASE ERROR Act. 

The amplitude grating profile is 

a(x) = rect(x/w) * £ 6(x - nd) 
n 

and the phase grating profile is 

g(x) = 2 a(x) - 1 

so that 

G(€) = 2AC5) - <5(0 = G(#0) + G(C=0) 

as was done in Chapter 2. The zero-order component is now filtered 

GC5H03 + G(C=0) eti(a"ta) = [(^) SineCw£) J - (^) 6(5)] 

. (^-)SC£) e+ita+Aa) 

= (f) sinctu5) i  ?) 

• (T) sC5) t1 + e+ifcl+te)] (A.i) 

The Fourier transform of Eq. (A.l) yields the complex amplitude modula

tion profile m(x) 
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m(x) - 2 rect(x/w) * £ <5(x-nd) - 1 + e+i(a+AoO 

= 2 a(x) - [1 + Cos(ct+Aa) + i SinCa+Aa)]. (A.2) 

For w/d = 0.25 and a = it  Eq. (A. 2) becomes 

m(x) = 2 a(x) - ̂  (l - Cos(Aa)) + y Sin(Aa). 

Thus, the modulation profile p(x) is given by 

p(x) = |m(x)|2 = 2 a(x) (l + Cos(Aa)) + •-• (l - Cos(Aa)) . (A.3) 

We note that in deriving Eq. CA.3) the relationship a2(x) = a(x) has 

been used. 



APPENDIX B 

DERIVATION OF EQUATIONS FOR THE BACKGROUND 
AND PEAK MODULATION 

The grating function k(x) can be written 

k(x) = m(x) e^" 2̂ + (1-mCx)) e ^/2 

Thus, 

K(C) = MC5) e1^2  + (6(« -  MC?)) e1^2  

= K0 + Ki 

where, 

K0 = 2iM Sin($/2) + e 
-id>/2 

+ e 

Kx = 2iM (?) SinC4>/2) 

as before. The zero-frequency component Kq is filtered with a filter 

of the form elct where a=<|>. Therefore, the zero-frequency component 

becomes 

Koe1* = 2iMQ Sin 0/2) e1* + e1<i>/2 

= i [2MoSin(4>/2) e1* + e1̂ "* 2̂] 

= i ^2MoSin(4i/2) Cos(J> + Sin(<{>/2) 

+ {2MoSin(<}>/2) Sin* - Cos($/2)}] (B.l) 

where several intermediate steps have been omitted. 
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The real part of Eq. (B.l) can be further simplified 

Re {Eq. (B.l)} = 2MQSinSin$ - Cos(<()/2) 

= 4MQSin2 C^/2) CosC<()/2) - CosO/2) 

= 4Mq(1 - Cos2 (<f>/2)) Cos (c|>/2) - CosC$/2) 

« Cos C<f>/2) C4MQ-1) - 4MqCOS3  C<f>/2) 

= - Cos3C«t>/2) 

since M = 1/4. Likewise, 
o 

Iijl {Eq. (B.l)} = 2MQSinC!(i/2) Cos<f> + Sin(<|>/2) 

= Sin(<j>/2) C%Cosif> + 1) 

= SinO/2) ̂ Cô *1 + ̂  

= Sin C^/2)(Cos2 C+/2D + %) 

= SinC«(>/2)(3/2 - Sin2C$/2)) 

= 3/2 SinC4>/2} - Sin3(<J>/2). 

Thus, after filtering 

K(0 = 2i M(0 Sin(<(>/2) + j-Cos3(<J>/2) + i[3/2 SinC<fr/23 
- Sin3 (<{i/2)] J <5(0 

- 2i M(0 Sin(cj>/2) 6 CO (B.2) 

where the last teim of Eq. (B.2) subtracts out the zero frequency 

component of K(Oj the first term. The Fourier transform of Eq. (B.2) 

yields the amplitude modulation profile a(x) 

a(x) = i[2m(x) Sin(c}>/2) + ~ Sin($/2) - 2MQSin(<i>/2)] - Cos3(<j>/2) 

= i [2m(x) Sin(ij>/2) + Sin($/2) - Sin3C<t>/2)] - Cos3(<j>/2) 

for M = 1/4. 
0 



Thus, the irradiance modulation profile p(x) is 

p(x} = |aCx)|2 = 4m(x) Sin2C<}>/2) + 4a m(x) Sin 0/2) + a2 + b2 

where, 

a = SinO/2) - Sin3C<}>/2) 

b = -Cos3 (<J>/2) 

and the condition m(x) = m2(x) has been used. Note that 

a2 + b2 = Cos1* 0/2). 

Continuing, 

p(x) = 8m(x) Sin2(<J>/2) - 4m(x) Sin1* 0/2) + Cos^ C4»/2) 

= 4m(x) Sin2 0/2} [2 - Sin2 0/2;)] + Cos^O^) 

= 4m(x) [l - Cos2C«#>/2)] [l + Cos2(<j>/2)] + Cos40/2) 

= 4m(x) [l - Cos^CYi/Z)] + Cos4(y4>/2). (B.3) 

where, = y$/2. We note that the background contribution is the last 

term of Eq. (B.3). 



APPENDIX C 

IMAGE MULTIPLEXING 

Throughout this work reference has been made to the concept of 

position image multiplexing. This process involves the simultaneous 

storage of more than one image, or more than one set of sampled values 

of the same image, on a single detector such as a piece of photographic 

film. This concept is not new but the phase grating method of image 

sampling is ideally suited to its application. Below is presented one 

possible method for the recording and playback of a multiplexed image. 

Consider the case where the phase grating samples the image at 

the Rayleigh interval (d=XF) but we want to double the sampling fre

quency so as to avoid aliasing the image spectra. This can be accom

plished by first exposing a piece of film to the first set of sampled 

values and then moving the grating a distance d/2 and recording the 

second exposure on the same piece of film. The second set of sample 

values will then lie midway between the first set. The film is then 

developed and inserted into the plane of the image sampling apparatus 

previously occupied by the phase grating Csee Fig. 2.1 for a possible 

geometry). An on-axis point source in the plane of the entrance pupil 

is then used to illuminate the transparency. Also, we assume that the 

film transparency is a positive (e.g., made from a contact print of the 

original negative) and that the processing has been performed in such 
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a manner that the transmission of the film is proportional to the orig

inal image irradiance. 

The film transparency can be regarded as the superposition of 

the image and an amplitude grating with twice the frequency of the 

original phase grating. Therefore, in the plane of the exit pupil the 

image spectrum is convolved with the Fourier transform of the grating 

function. However, due to the increased grating frequency we find that 

the repeated spectra are adjacent and do not overlap. Recovery of the 

original image is obtained by adjusting the aperture in this plane so 

that only the zero-order spectrum passes through it. The Fourier trans

form of this component, the original image, then appears in the final 

image plane. 

We note that if more than one image is multiplexed onto the 

film then during the playback an amplitude mask having the necessary 

frequency (e.g., an amplitude grating) is placed over the film so that 

only the desired image passes through the system. 



APPENDIX D 

SUPPLEMENTAL REFERENCE MATERIAL 

Below are listed several papers on topics related to the work 

described herein. Only papers that the author believes are related to 

the phase grating method of image sampling and multiplexing, or papers 

that illustrate a completely different approach to the same problems 

(for the sake of comparison) are included. These papers are the result 

of a literature search extending over the period January 1964 to May 

1976 inclusive. The following index headings were used in the search: 

Image Sampling; Image Multiplexing; Image Formation; Image Processing; 

Gratings. 

A Symposium on Sampled Images, The Perkin-Elmer Corporation, Optical 
Group, Norwalk, Conn., 06852 (1971). 

Armitage, J. D., and A. W. Lohman, "Theta Modulation in Optics," 
Appl. Opt., Vol 4, No. 7, p. 825 (July, 1964). 

Biedexman, K., "Image Encoding in Modulated Gratings from 1899 to 
1970," Opt. Acta, Vol. 17, No. 8, p. 631 (1970). 

Boivin, L. P., "Multiple Imaging Using Various Types of Simple Phase 
Gratings," Appl. Opt. Vol. 11, No. 8, p. 1782 (Aug. 1972). 

Bryngdahl, 0., "Image Polarity in Carrier-frequency Photography," 
J. Opt.Soc. of Am., Vol. 60, p. 1698 (Dec. 1970). 

Caulfield, H. J., "Image Degradation in Undersampled Holograms," 
Phys. Letters, Vol. 28A, No. 9, p. 600 (Feb. 1969). 

Dammann, H., and K. Gortler, "High-efficiency In-line Multiple Imaging 
by Means of Multiple Phase Holograms," Optics Communications, 
Vol. 3, No. 5, p. 312 (July, 1971). 
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Fink, W., "Multicolour Spatial Frequency Analysis by Optical Multi
plexing," Optics Communications, Vol. 5, No. 1, p. 20 (April 1972). 

Goodman, J. W., and H, B. Striibin, "Increasing the Dynamic Range of 
Coherent Optical Filters by Means of Modulating Gratings," J. Opt. 
Soc. Am., Vol. 63, No. 1, p. 50 (Jan. 1973), 

Gori, F., and G. Guattari, "Holographic Restoration of Non-uniform 
Sampled Band-limited Functions-," Optics Communications, Vol. 3, 
No. 3, p. 147 (May, 1971). 

Kurtz, C. N., F. C. Eisen, and G. C. Higgins, "Color Television from 
Monochromatic Transparencies Using Modulated Latent-image Gratings," 
Photographic Science and Engineering, Vol. IS, No. 5, p. 343 
(Sept.-Oct.1971). 

Montgomery, D. W., "Sampling in Imaging Systems," J. Opt. Soc. Am. 
Vol. 65, No. 6, p. 700 C-June, 1975). 

Mueller, P. F., "Linear Multiple Image Storage," Appl. Opt.,Vol. 8, 
No. 2, p. 267 (Feb. 1969). 

Mueller, P. F., "Multiple Image Overlay Storage Methods," Final 
Technical Report TO-B 71-15 for Contract No. NAS5-21302, June 1971, 
107 pages by Technical Operations Incorporated, Northwest Industrial 
Park, Burlington, Mass. 01803. 

Som, S. C., "Simultaneous Multiple Reproduction of Space-limited 
Functions by Sampling of Spatial Frequencies," J. Opt. Soc. Am., 
Vol. 60, No. 12, p. 1628 (Dec. 1970) 

Suzuki, T., M. Mino, and G. Shinoda, "Image of the Optical Grating 
Modulated by the Signal and Its Application to the Measurement 
of Strain Distribution," Appl. Opt.t Vol. 3, No. 7, p. 825 
(Jul. 1964). 
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