
INFORMATION TO USERS 

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted. 

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction. 

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity. 

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame. 

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a largo sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete. 

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced. 

5. PLEASE NOTE: Some pagss may have indistinct print. Filmed as 
received. 

University Microfilms International 
300 North Zeeb Road 
Ann Arbor, Michigan 48106 USA 

St. John's Road, Tyler's Green 
High Wycombe, Bucks, England HP10 8HR 



77-6063 

KREITZER, Melvyn Howard, 1945-
IMAGE QUALITY CRITERIA FOR ABERRATED SYSTEMS. 

The Uiiversity of Arizona, Ph.D., 1976 
Physics, optics 

^ Xerox University l\/licr0films, Ann Arbor, Michigan 48106 



FOR ABERRATED SYSTEMS IMAGE QUALITY CRITERIA 

by 

Melvyn Howard Kreitzer 

A Dissertation Submitted to the Faculty of the 

COMMITTEE ON OPTICAL SCIENCES (GRADUATE) 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

19 7 6 



THE UNIVERSITY OF ARIZONA. 

GRADUATE COLLEGE 

1 hereby recomnend that this dissertation prepared under my 

direction by Melvvn Howard Kreitzer 

entitled Image Quality Criteria for Aberrated Systems 

be accepted as fulfilling the dissertation requirement for the 

degree of Doctor of Philosophy 

7 7 Ml<Sr 76 

Dissertation Director Date 

As members of the Final Examination Conmlttee, we certify 

that we have read this dissertation and agree that It may be 

presented for final defense. 

H 2,7 a^^7L 

^0 7^ 

f 

Final approval and acceptance of this dissertation Is contingent 
on the candidate's adequate performance and defense thereof at the 
final oral examination. 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of 
requirements for an advanced degree at The University of Arizona and 
is deposited in the University Library to be made available to bor­
rowers under rules of the Library. 

Brief quotations from this dissertation are allowable without 
special permission, provided that accurate acknowledgment of source 
is made. Requests for permission for extended quotation from or re­
production of this manuscript in whole or in part may be granted by 
the head of the major department or the Dean of the Graduate College 
when in his judgment the proposed use of the material is in the in­
terests of scholarship. In all other instances, however, permission 
must be obtained from the author. 

SIGNED: 



ACKNOWLEDGMENTS 
i 

I am indebted to my dissertation director, Dr, Roland Shack, 

for his advice, stimulation and unfailing availability for discussion. 

It has been a most pleasant and rewarding educational experience to 

have worked under him. I would also like to thank the other members 

of my committee. Professor Robert Shannon and Dr. James Wyant. 

The cooperative and harmonious atmosphere at the Optical 

Sciences Center is greatly appreciated. I would like to especially 

thank George Hopkins for helpful discussions and for providing me, 

on many occasions, with a friendly stimulus to action. 

The support of a fellowship provided by the Eastman Kodak 

Company is gratefully acknowledged. 

My wife, Sharon, gave me the initial push in the direction of 

coming halfway around the world to the Optical Sciences Center. The 

fact that she also agreed to accompany me was additionally encouraging. 

Her love and understanding is deeply cherished. Finally, the support 

and encouragement of my parents, Charles and Lucy Kreitzer, made every­

thing possible. 

iii 



TABLE OF CONTENTS 

Page 

LIST OF ILLUSTRATIONS vi 

ABSTRACT vii 

1. INTRODUCTION 1 

Background 2 
Statement of the Problem 7 
Outline of the Remaining Chapters 8 

2. THE SECOND-ORDER EXPANSION OF THE OPTICAL 
TRANSFER FUNCTION 10 ' 

Mathematical Development 10 
Orthonormalization of a Quadratic Form 16 
The General Orthonormalized Criterion 18 

3. THE CONTINUUM BETWEEN THE MEAN-SQUARED SPOT SIZE AND 
THE VARIANCE OF THE WAVEFRONT ABERRATION 24 

4. ABERRATION-BALANCING AND OPTIMIZATION OF THE OPTICAL 
TRANSFER FUNCTION 31 

Optimal Aberration-balancing at Lower 
Relative Modulation 38 

5. THE EXTENDED-RANGE USE OF THE VARIANCE OF THE 
WAVEFRONT ABERRATION 41 

6. SUMMARY AND CONCLUSIONS 44 

APPENDIX A: CALCULATION OF THE WAVE ABERRATION 
DIFFERENCE FUNCTION 47 

APPENDIX B: THE EXPANSION OF THE OTF TO SECOND ORDER 
IN THE WAVE ABERRATION COEFFICIENTS 49 

APPENDIX C: THE IMAGINARY PART OF THE OTF 68 

APPENDIX D: COMPUTER PROGRAMS 69 

iv 



V 

TABLE OF CONTENTS, Continued 

Page 

APPENDIX E: COEFFICIENTS FOR THE ORTHONORMALIZED FORM 
OF THE SPOT-SIZE AND VARIANCE CRITERIA .... 95 

LIST OF REFERENCES: 97 



LIST OF ILLUSTRATIONS 

Figure Page 

2.1. The Coordinate System and Parameters Involved 
in the Calculation of the OTF via Autocorrelation 
of the Pupil Function 12 

2.2. Balancing Coefficients—Second-order OTF 19 

2.3. Weighting Coefficients—Second-order OTF. . 22 

3.1. Balancing Coefficients—Integrated Second-order OTF .... 27 

3.2. Weighting Coefficients—Integrated Second-order OTF .... 30 

4.1. Transfer Functions for Aberrational Balance using 
Different Criteria 33 

4.2. Transfer Functions for a Double-Gauss Lens 39 

5.1. Transfer Functions Corresponding to the Same 
Variance Value 43 

B.l. Second-order OTF Expansion 60 

vi 



ABSTRACT 

Image quality criteria that have quadratic aberrational 

dependence find wide application in the design and analysis of optical 

systems. Those members of this class that have direct physical sig­

nificance are of special interest, particularly for use during the 

final aberration-balancing stages of the design process. 

In this work a continuvmi is established between the physically 

significant extremes of the mean-squared spot size and the variance of 

the wavefront aberration. This is achieved by obtaining an analytical 

second-order expansion of the optical transfer function (OTP), includ­

ing most of the wave aberrations through eighth order. This expression 

is then multiplied by a weighting fionction that approximates the trans­

fer function of a typical detector and the product is integrated over 

spatial frequency and azimuthal angle. The continuum is a smooth func­

tion of a single parameter characterizing the width of the weighting 

function. The second-order OTP expansion and the continuum obtained 

from it are both expressed in orthonoimalized form so that a detailed 

study can be made of the behavior of the separable balancing and 

weighting coefficients. 

Results comparing the use of all these criteria are established 

by exact OTP calculations via autocorrelation of the pupil function. 

It is shown that the variance of the wavefront aberration is consis­

tently the most successful aberration-balancing criterion within the 
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class being studied, regardless o£ the level o£ aberration. It is 

emphasized that this result applies only to the balancing coefficients 

associated with the variance criterion. The mean-squared spot size 

is shown to have limited applicability in terms of aberration-balancing, 

being suitable only when the OTF is high. This is because the use of 

this criterion is equivalent to a consideration of only the curvature, 

at the origin, of the OTF. It is also indicated that the choice of 

aberration-balancing criterion is important mainly at lower relative 

modulation (below about 0.6) where convenient analytical treatments 

are not available. Under these circumstances, the variance criterion 

offers the closest systematic approach to the optimal balancing of 

aberrations. At higher relative modulation, differences between the 

use of the variance and the OTF-based criteria are very small. 



CHAPTER 1 

INTRODUCTION 

There is a class of optical image quality criteria character­

ized by having quadratic functional dependence on the wave aberration 

coefficients. This functional form is generally typical of the merit 

function in automatic optical design. There are certain members o£ 

this class that have direct physical significance, lending usefulness 

particularly to the final stages of automatic design. The mean-squared 

spot size and the variance of the wavefront aberration are generally 

regarded as being useful criteria in the extremes of systems having 

large and small amounts of aberration. A second-order expansion of the 

optical transfer function (OTF), known as the Hopkins criterion, 

occupies an intermediate position. 

The objectives of this study were to develop a logical continuum 

between the spot-size and variance criteria and to explore the resultant 

g'-mut in terms of extent of validity and applicability to optical design. 

In this latter context, the problem of optimal balancing of aberrations 

is of particular interest. 

The approach is firstly to develop an analytical version of the 

second-order OTF expansion up to, and including, most of the eighth-

order wave aberration coefficients. It is intuitively obvious that this 

expression will have a close relationship to the spot-size criterion 

1 
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(at sufficiently low frequencies) and to the variance criterion (for 

sufficiently small aberrations). Once a suitable continuum is estab­

lished, the process of orthonormalization is used to eliminate cross-

terms in the aberration coefficients. This orthonormal form greatly 

facilitates the subsequent analysis and presentation of results. 

Background 

Two well-known optical image quality criteria date from the 

nineteenth century. The Rayleigh quarter wavelength rule (Bom and 

Wolf, 1975, p. 468) imposes a requirement on the maximum deformation 

of the wavefront, relative to the exit pupil reference sphere. This 

concept is useful primarily for the establishment of tolerances on 

individual aberrations. It is less useful in the general case of 

mixed aberrations, where the shape of the wavefront and not just the 

maximum deformation requires consideration. 

The Strehl Ratio (Bom and Wolf 1975, pp. 461-2) compares the 

irradiance at the diffraction focus (point of maximum irradiance) of 

an aberrated point spread function relative to that for the same system 

without aberrations. It is physically meaningful only for small aberra­

tions, under which circumstances the diffraction focus is unique. It 

is well-known experimentally that the primary effect of individual aber­

rations and defocus, in amounts of up to about a quarter of a wavelength, 

is a drain of energy away from the central maximum of the diffraction 

image. Quantitative calculations of this sort were first made in 1879 

by Rayleigh; Richter, in 1925, was the first to calculate aberration-

balancing relationships, for small.amounts of aberration, using the 



3 

Strehl Ratio as a criterion (Bom and Wolf, 1975, pp. 467-8). A sig­

nificant development by Marechal (1947) relates a physically meaning­

ful criterion, viz., the concept of the Strehl Ratio for small 

aberrations, to the variance of the wavefront aberration. The variance 

of the wavefront aberration, is, in turn, easily related to the clas­

sical wave aberration coefficients. Alternatively, if the aberration 

function is expanded in terms of Zemike polynomials, the corresponding 

coefficients can be directly related to the Strehl Ratio in an analo­

gous manner. The restriction to small aberrations still applies. 

Marechal developed extensive tolerancing and balancing results, based 

on the requirement of the Strehl Ratio exceeding 0.8. The usefulness 

of the Marechal relationship lies in the ability to consider the sig­

nificance of an arbitrary combination of aberrations, subject to a 

prescribed value of the Strehl Ratio. The Marechal tolerancing results 

correspond approximately, in terms of maximum allowable aberration, to 

the Rayleigh limit for individual aberrations. 

Use of the Optical Transfer Function (Duffieux and Lansraux, 

1945) is extensive in modem optical image evaluation. Its use in 

design is limited primarily to post facto analysis, since the mathe­

matical form is generally complicated. The formal relationship to 

image quality is in terms of the Fourier Transform of the point spread 

function, under conditions of linearity and spatial stationarity. In 

terms of the scope of this investigation, tiseful approximations to the 

exact OTF are of interest. Steel (1953) obtained an expansion of the 

CiTF to second order in the wave aberration coefficients. The resultant 
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form is accurate for sufficiently small aberrations at all spatial 

frequencies; for larger aberrations accuracy is retained at progres­

sively lower frequencies. This fonn of criterion was extensively 

developed by Hopkins (1957a). His results are formulated in a manner 

analogous to the Mar^chal relationships. The relative modulation, as 

a function of the normalized spatial frequency, is defined as the ratio 

of the value of the OTF of an aberrated system to that of the same sys­

tem without aberrations. This is related to the variance of the wave 

aberration difference fimction, which occurs in the argument of the 

autocorrelation formulation of the OTF. The requirement, both for 

accuracy and for satisfactory image quality, is that the relative mod­

ulation should exceed 0.8. The Hopkins criterion was used to establish 

aberration-tolerancing and balancing data, as functions of spatial fre­

quency. The aberration-balancing information is potentially of the 

greater significance in optical design. Subsequently it was shown by 

King (1969) that the Hopkins criterion is reliable for relative modula­

tions exceeding 0.6-0.7, depending on the type of aberration. 

Another often-used approximation to the exact OTF is an expansion 

to second-order in spatial frequency (e.g., Sayanagi, 1963). Linfoot 

(1959) has shown that this form of approximation is equivalent to the 

concept of the mean-squared spot size or the radius of gyration of the 

point spread function. This is normally used in the context of the 

geometrical point spread function, but Linfoot has indicated that an 

extension to the diffraction image is valid, provided that the increase 

in the moment of inertia of the diffraction image is considered. This 
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is to avoid the problem of infinite second moments occurring, for 

example, in the simple case of an aberration-free diffraction point 

spread function. In the historical context, criteria such as the 

mean-squared spot size and the minimum circle of confusion preceded 

the development of the OTF, since these were intuitive concepts in an 

era when diffraction-based criteria were either not available or were 

extremely tedious to evaluate. 

A geometric-optical analysis of image formation is considered 

appropriate for systems having large aberrations because, under these 

circumstances, the point spread function predicted by geometrical 

optics, is similar, in general form, to the actual point image. More 

specifically, Hopkins (1955) and Miyamoto (1961) showed that geometric-

optical analyses become increasingly accurate at lower spatial frequen­

cies, for systems having aberrations exceeding about 2A. .Thus a 

strongly detector-limited optical system, having large aberrations, 

may reasonably be-expected to be described in terms of optical perfor­

mance by an image quality criterion such as the mean-squared spot size. 

In the other extreme, the variance of the wavefront aberration is a 

valid criterion for systems having small aberrations, where, in addi­

tion, good performance at all spatial frequencies up to the optical 

cut-off is of interest. 

The development of the modem computer introduced the concept 

of the so-called merit function into optical design. In its most 

fundamental form, this function is expressed as a weighted sum of 

squared image defect terms. This general functional form is also 

characteristic of the three criteria discussed thus far, viz., the 
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mean-squared spot size, the variance of the wavefront aberration and 

the Hopkins criterion. This suggests, as shown by Hopkins C1966), that 

these criteria can be directly incorporated as merit functions in auto­

matic optical design. The need for the merit function to have physical 

significance is important mainly during the final stages of a design 

procedure (Glatzel and Wilson, 1967). This stage would include the 

optimal balancing of the residual higher-order aberrations by the adjust­

ment of lower-order aberrations and by the location of the focal surface. 

This problem of the so-called aberration-balancing merit function has 

been discussed by many authors (e.g., Hopkins, 1966; King, 1970; Offner, 

1970; and Itoh, 1971). Even if a merit fimction is not used, as in the 

design programs -of Glatzel, the use of these criteria provides appropri­

ate target-values for the aberration-balancing stage. 

Although use of the spot-size and variance criteria is physically 

justifiable in the respective extremes discussed earlier, it is relevant 

to point out that this segregation is not rigorously adopted. Thus 

Linfoot (1955, p. 31) has used the spot-size criterion for the optimiza­

tion of a Schmidt system having small aberrations. Unvala (1967) and 

Meiron (1968) have indicated that the variance criterion may be used 

beyond the limit of well-corrected systems; this is justified on the 

basis of its general geometrical significance in terms of the shape of 

the wavefront. This extended-range use has also been discussed by 

Tatian (1974). The quantitative extent to which these procedures are 

justified has not been discussed. Indeed, a comparative evaluation of 

all these criteria, in terms of the relative extent to which the OTF 
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can be affected, has not been made. This leads to the statement of 

the problem to be investigated, as discussed in the next section. 

Statement of the Problem 

The fundamental task in this dissertation was to establish a 

continuum between the extremes of the mean-squared spot size and the 

variance of the wavefront aberration. The approach was to be along the 

lines of the Hopkins criterion, but the mathematical procedure was 

similar to that in the work by Steel, except that the classical expan­

sion of the wavefront aberration function was adopted. The work by 

Hopkins discusses individual aberration types and includes the fourth-

order classical wavefront aberrations, together with sixth-order spheri­

cal aberration and linear coma. Hopkins used a rectangular coordinate 

system in the integration over the sheared pupil; this necessitated the 

use of tabulated integrals for the subsequent presentation of the 

results. The use of the appropriate polar coordinates permits an ana­

lytical result which is potentially more conducive to the establishment 

of the mathematical trends stated earlier. The task was also to include 

all the wavefront aberrations through sixth order, together with eighth-

order spherical aberration. An eighth-order oblique spherical aberra­

tion term was subsequently added. 

The Hopkins criterion does not, in itself, form a logical con­

tinuum between the spot-size and variance criteria. However a possible 

process is suggested by the relationship of the spot-size criterion to 

the low-frequency OTF on the one hand, and by the relationship of the 
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variance criterion to the normalized volume imder the OTP, on the other 

hand. A reasonable continuum might be a progressive integration of the 

Hopkins criterion over increasingly larger ranges of spatial frequency. 

A logical reason for the choice of spatial frequency range might be the 

characteristics of a potential detector. 

Once the appropriate criterion has been obtained, an important 

procedure is that of orthonormalizing the resultant quadratic form in 

order to eliminate cross-terms in the aberration coefficients. This 

procedure greatly simplifies the presentation of results, since the 

weighting and balancing coefficients are immediately identifiable. 

The orthonormalized form is both elegant and practical, since it is 

directly suitable for use as a merit function in automatic design. 

Outline of the Remaining Chapters 

The Hopkins criterion is developed in Chapter 2. The ortho-

normalization procedure is described and used to display the variation, 

with spatial frequency, of the coefficients in the Hopkins criterion. 

In Chapter 3, the continuum between the spot-size and variance 

criteria is obtained. The coefficients are again plotted as a function 

of a parameter characterizing the properties of a hypothetical detector. 

The transitions to the two limits are shown and discussed. Chapter 4 

is devoted to a discussion of aberration-balancing. This is done in 

the context of the so-called aberration-balancing merit function. It 

is shown that the use of the variance criterion in this connection is 
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widely justifiable and that the Hopkins criterion confers only slight 

advantages at high relative modulation. At low values of the transfer 

function, the spot-size criterion yields the poorest results. 

In Qiapter 5, the extended-range use of the variance criterion 

as a merit function is discussed. Although this usage is often 

adopted, it is important that justification be made in terms of the 

extent to which the OTF can be optimized. 

A summary of the results and the significant conclusions are 

given in Chapter 6. 



CHAPTER 2 

THE SECOND-ORDER EXPANSION 
OF THE OPTICAL TRANSFER FUNCTION 

Mathematical Development 

The following work is performed under the assumptions of 

incoherent irradiance, a circular exit pupil and the usual simplify­

ing conditions of scalar diffraction theory, as applied to problems 

of image formation. Under these conditions, an unaberrated wavefront 

will yield a classical Fraunhofer diffraction pattern centered on the 

-Gaussian image point; aberrations are regarded essentially as pertur­

bations from a reference sphere centered on the Gaussian image point. 

These assumptions and simplifications are reasonable in the study of 

photographic lenses of moderate aperture and field coverage. 

The two-dimensional OTF is the Fourier Transform of the point 

spread function. It is usually more convenient to consider a number 

of one-dimensional transfer functions, obtained as cross-sections of 

the two dimensional OTF, at various azimuthal angles. As is well-

known, these one-dimensional OTFs are identical to the Fourier Trans­

forms of the corresponding spread functions. Any desired section of 

the two-dimensional OTF can therefore be obtained by considering the 

imaging of an infinite line object, rotated to the appropriate azimu­

thal angle. It is necessary to formulate the aberration function so 

10 
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that this rotation, which is effectively a rotation of the coordinate 

systems throughout the optical system, is taken into account. 

The Optical Transfer Function 0(0), 0) can also be expressed as 

the autocorrelation of the pupil function PCx,y) Ce'g'» Hopkins, 1957a) 

0(uj 
- k I 

P(x,y) P* (x-2a),y) dxdy (2.1) 

where (x,y) are the reduced pupil coordinates, ui is the 

normalized spatial frequency and 9 is the azimuthal angle of the fre­

quency component. 

The coordinate system and the various parameters in the above 

expression are shown in Fig. 2.1. The pupil function PCx,y) is related 

to the aberration function WCx,y) 

^WCx,y) 
P(3t»y) = e within the pupil 

= 0 outside the pupil (2.2) 

Since the calculation is to be performed with respect to the 

coordinate system Cx,y) and the aberration function is normally 

expressed in the unrotated system it is necessary to re-express the 

aberration function. This is most simply done if polar coordinates 

are used; the aberration function is then formulated in terms of the 

rotational invariants 

, HpcosC(j)-0) 

where the (p,(J)) system corresponds to the (x,y) rectangular coordinates; 

H is the normalized field parameter. 



Fig. 2.1. The Coordinate System and Parameters Involved 
in the Calculation of the OTF via Autocorrela­
tion of the Pupil Function. 
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The second-order expansion of the real part of 0(w,9) is given 

by 

5(03,0) = -Y I I pdpd<|) -^11 CW-W')2 pdpd(j) C2.3) 

where the region of integration is the area common to both pupils (cf. 

Fig. 2.1) andW and W are W(x,y) and W(x-2w,y), re-expressed in the 

(p,<J)) coordinates. 

In terms of the classical wave aberrations the expansion used 

for this work is 

Y = B cos((j)-0) + Dp^ + Ap^cos^(({i-S) + Cip^cos((j)-0) 

+ ECp^cos^((j)-0) + Sip'^ + OBip'^cos^(^-0) + Cap^cos ((ji-0) 

+ S2P® + 0B2P®COS^ ((j)-0) + S3P® 

where 

B = Hwm + H^W3H + H^wsn + H^W7ii + 

(2.4) 

D = "020 * H'^W^20 H®W 

A = 
H^W222  H'*WI J22  ^^^622 * 

Cl = Hwi3I + H^W33I + H^W53I + .. 

EC = H^W333 + H^W533 + ... 

Si = ^OkO * H2w2ito "*• ••• 

OBi = H^W2tf2 H'*WI(.I^.2 + • • • 

C2 = Hwisi + H^W35I  + ... 

S2 = WQ60 H2w2go + . . . 

OB2 = H^"262 • • • 

S3  
= W08O • • • 

where the "ijk classical wave ; 
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W is obtained by substituting pcos^ - 2w for p cos<fi in the expression 

for W, taking care to express p^ as p^cos^(}) + p^sin^ij), etc. 

The resulting expression for W-W is given in Appendix A. The 

calculation of S(w,6) can now be done analytically once the limits of 

integration have been established. It can be seen in Fig. 2.1 that, 

over either half of the area of integration, the limits of integration 

for p are from 
COS(j) 

to 1, while (p ranges from -a to +a, where 

a = arc cos tu. 

Some additional simplifications can be made. The calculation 

of S(w,0) involves the integration of This will include even-

even, even-odd and odd-odd aberration product terms. The even-odd 

products will cancel over the halves of the area of integration whereas 

the other products will reinforce. 

The final expression for the second-order expansion of the OTF 

is therefore 

o a 
2tt^ SC(o,0) = - I J  pdpd(f) -

b) 
P (W-W')2 pdpd({. 

COSlj) -a 
COS(|) 

= I" Ca - ojsina) - j (W-W)^ pdpd(j) 

-a 
COS(j) 

a = arc cosu) 

(2.5) 

where 

and sina = (1-03^)"^ 

The evaluation of S(a),0) is lengthy but straightforward; the 

result in given in Appendix B. This second-order expansion of the real 
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part of the OTF forms the basis for most of this work. However, a cor­

responding result for the imaginary part of the OTF is also useful and 

may be obtained as follows: 

-a (1) 
COS(j) 

where (W-W) is given in Appendix A and the integral is evaluated 

in Appendix C. 

The modulus and phase of the OTF may be obtained from the 

expressions for the real and imaginary parts in the usual manner. 

The second-order expressions for the modulus, phase, real and 

imaginary parts of the OTF have been programmed. The DIFFMTF program, 

listed in Appendix D, permits any of these quantities to be calculated 

as functions of the wavefront aberration, spatial frequency and azimu-

thal angle. 

opposed to the modulus, will be used. There is, of course, no differ­

ence as far as the spherical and astigmatic aberration types are con­

cerned. Use of the azimuth-averaged real part will provide the link 

between the variance and spot-size extremes mentioned in Chapter 1. 

The exact OTF is given by 

where K = CW-W) and the integration is over the overlapping 

pupil region. 

The imaginary part is given approximately by 

a 

In the remainder of this work the real part of the OTF, as 
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In addition, the real part of the OTF retains aberration terms involv­

ing the B coefficient (lateral shift and distortion). This is desir­

able both for completeness and for any potential work in which accurate 

knowledge of the optimm lateral shift is required. The modulus of the 

OTP is, of course, independent of the lateral shift term; by the 

Fourier Transform relationship between the OTF and the intensity point 

spread fimction a lateral shift in the image space affects only the 

phase of the OTF. In addition, as mentioned above, the second-order 

expansion of the real part of the OTF will be averaged over azimuth for 

the work that follows. 

Orthonoimalization of a Quadratic Form-

The second-order expansion of the (azimuth-averaged) OTF is a 

quadratic function of the wave aberration coefficients. It is highly 

desirable to orthonoimalize this expression in order to eliminate cross-

terms between the aberration coefficients. The resultant form will be 

a sum of squared terms each of which is a linear expression in the 

aberration coefficients. Minimization of this form is obtained by simply 

having each linear term equal zero. This yields information concerning 

the optimal balancing of aberrations and the choice of focal surface. 

The process of orthonormalization is most simply discussed in 

terms of the familiar completion of the square. A general quadratic 

form is first expressed symmetrically; 
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^liAiAj + ai2AiA2 + ai3AiA3 + + ainAiAn 

+ a2iA2Ai + a.2z^z^2 * . aanAzAji 

+ aniAnAi + 

a, j 
Forming aij = ; j = 1 ̂  n . 

The quadratic form can now be written as 

^nnAnAn 

aiiCAi + ai2A2 + o'lnAn) ̂ 

+ b2iA2Aj + h22^2^Z 

+ bniAnAi + 

where 
kj an 

3 
k 

• bnnAnAn 

1 ->-n 
2 ->• n 

Repeating the process 

Form 

and 

^2i 
32j = irfr ; j = 2 ̂  n 

Hj '  ^ 
^iz ^Zj ^ 3 = 

'22 I = 

1 n 

3 ->• n 

This yields the second squared term and the process is repeated in an 

obvious manner. This procedure is easily programmed and the necessary 

steps are included in the TFORTHO program, listed in Appendix D. This 

program is used to obtain the coefficients for the orthonormalized form 

of the second-order expansion of the real part of the azimuth-averaged 

OTF, as a function of spatial frequency. 
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The General Orthonormalized Criterion 

The image quality criteria having quadratic aberrational depen­

dence that are discussed in this work can all be expressed in the fol­

lowing general orthonormalized form. 

N{WO20 Ca-W0it0+bW060'''<^"0 80) "*• [ i^2ZQ'*' i^Z22) + 3.(vi2iiQ+ivi2k2') 

+ 1'CW260+ "262)[(w'tao+iw'taa) aCw^i^o+iwit42)]H'^ 

+ CW620+iw622)H® 

+ a{CwoitO+dwogo+ewoao)"*" [Cw2'tO+iw2it2) + dCw260+^^262)] 

'* 3[CW060''"^"080) * (w260"'"i*^262)H^]^ + Y[WO8O]^ 

+ 6^W222"^gW2't2'^hW262)H^ + (Wtt22'*"gw1+112)•*• ^622^®]^ 

+ e[ CW2if2+iW262)H^ + Wijit2H'^] 2 + 'l'[W262H^] ̂  

+ K{WmH + Cjwi3i+kwi5i)H + [W311 + j (W331+3/4W333) 

+ kW35i]H^ 

+ [wsn + j CW5 31'*'3/4W533)] + W7iiH^}^ 

+ U{ Cwi3i+i!,Wj^5i)H +[Cw33i + 3/4w333) + i!.W35i]H3 

+ Cw531 + 3/4W533)H^}^ 

+ n[Wi5lH+W35iH3] 2 + x[W333H3+W533H^] 2 ^2 7) 

where the w^^j^ are the wave aberration coefficients and H is the normal­

ized field parameter. The values of the weighting (c-t) and balancing 

(a-A) coefficients depend on the particular criterion. Results for the 

second-order expansion of the real part of the azimuth-averaged OTF are 

shown in Figs. 2.2(a-c) and 2.3, for N = 1. It is of interest to note 



Fig, 2.2. Balancing Coefficients—Second-order OTF. 

Figs, a-c illustrate the'behavior of the 
coefficients corresponding to the ortho-
normalized second-order expansion of the 
real part of the azimuth-averaged OTF. 

The corresponding values for the variance 
criterion are indicated by the horizontal 
bars on each curve. The values for the 
spot-size criterion are the zero-frequency 
limits. 
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(a) Spherical Aberrations 
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Fig. 2.2. Continued. 

(c) Comatic Aberrations. 
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Fig. 2.3. Weighting Coefficients—Second-order DTF. 
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 , e, ij» —Astigmatic Aberrations, 
KjP,n,T —Coraatic Aberrations. m 
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that aberrations having the same aperture dependence, but with differ­

ing azimuthal nature, always have the same constant relationship; e.g., 

W020 and W222> "131 and W333, W2it2 and wqiiOj etc. Clearly, any desired 

field point or field averaging can be considered. Wiese (1974) has 

indicated how the primary chromatic aberrations can also be included. 



CHAPTER 3 

THE CONTINUUM BETWEEN THE MEAN-SQUARED SPOT SIZE AND 
THE VARIANCE OF THE WAVEFRONT ABERRATION 

The mean-squared spot size and variance of the wavefront aber­

ration criteria may both be obtained from the OTF-based criterion 

developed in Chapter 2. The algebraic procedure is best illustrated 

by a simple example. The second-order expansion of the real part of 

the OTF for the D and Si aberration only is (_cf. Appendix B) 

— (3- ~ (usina) - 64i:a)2 ̂  

- 256Trco2^ 
X 

- 256™ 2 ill 

+ 0)2^ - a)sina ^ 0)2^ 

+ 2aj2 + 20)*^^ - ojsina + -^ 0)2 + J-

co^ + 80)'^ + 40)®^ 

- (jjsina / 29 ^ 139 2 ^ 292 ^ 
( Hi + —APr- lli + 

14 
24""^" ""IT"' C3.1) 

If this expression is expanded in powers of o) the lowest order terms 

are 

1 _ i _ ilI^^D2 + 1 DSi + 2Si2^ f3.2) 

and it is seen that the coefficient of the term in 0)2 is, to within a 

numerical constant, the expression for the mean-squared spot size. 

If ̂ .I) is integrated over spatial frequency and azimuth, i.e., over 

the volume under the two-dimensional OTF, we obtain 

24 
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TT 
Normalizing by we obtain 

- (x-)' .§Si2) (3.4) 

This is the familiar formulation of the Strehl Ratio and the expression 

in the squeire brackets is the variance of the wavefront aberration . 

The example given suggests the procedure whereby a logical 

continuum can be achieved between the extremes of the spot-size and 

variance criteria. The second-order OTP expansion is multiplied by a 

weighting function approximating the transfer function of a hypothetical 

detector. The produce is then integrated over the spatial frequency and 

azimuth. As the width of the weighting function tends to infinity, i.e., 

as the function tends to a constant value, the result of the integration 

should tend smoothly towards the variance criterion. Similarly, as the 

function becomes very narrow, the relative weights between the aberration 

terms should approach those for the spot-size criterion. 

This procedure has been carried out for the entire OTP expression 

in orthonormalized form. The weighting function used was 

^ ^ 1 + CqS)2 

where q is a parameter characterizing the width of the spread function 

of the detector and S is the spatial frequency. This expression can be 

re-expressed in terms of the normalized spatial frequency u 
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F = i (3.6) 
1 + CRu)2 

where R = , ^—r—r 
X (f-nmber) 

The upper limit of integration is the value of o) for which F falls to 

O.I, or the optical cut-off, whichever occurs first (i.e., depending 

on the value of R). The truncation of F is necessary for the effective 

isolation of the appropriate frequency region of the OTF expression. 

The results of this work yield an orthonorraalized criterion 

that is again of the generalized form Eq. (2.7) given in Chapter 2, 

except that the coefficients are now a function of the parameter R. 

The computational work is described in the listing of the TFIORTH 

program, given in Appendix D. The variation of the coefficients as a 

function of R is shown in Figs. 3.1(a-c) and 3.2 (again for N = 1) and 

the smooth transition from the spot size to the variance limits is 

evident. The coefficient values for the spot size and variance limits 

are given in Appendix E. 



Fig. 3.1. Balancing Coefficients--Integrated Second-order OTP. 

These illustrations show the behavior o£ the coefficients 
corresponding to the orthonormalized image quality criterion 
that forms a continuum between the spot-size and variance 
criteria. This criterion is a second-order expansion of 
the real part of the OTP that is multiplied by a weighting 
function of the form 1/1 + (Rio)^ and integrated over 
azimuthal angle and spatial frequency. The upper frequency 
limit of integration is 
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Fig. 3.1. Balancing Coefficients--Integrated Second-order OTF. 
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(b) Astigmatic Aberrations. 
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CHAPTER 4 

ABERRATION-BALANCING AND OPTIMIZATION 
OF THE OPTICAL TRANSFER FUNCTION 

As mentioned in Chapter 1, the class of image quality criteria 

developed in this work is of particular significance for use as a 

merit function during the final aberration-balancing stage of an optical 

design procedure. In practice, consideration of the characteristics of 

the entire imaging process would determine the spatial frequency range 

for which the optical system has to be optimized. This would, in turn, 

determine the values of the coefficients for the orthonormalized crite­

rion. . Th.e resultant criterion and the balance of aberrations will be 

optimal provided that the relative modulation of the optical system is 

sufficiently high. 

It is of considerable practical interest to examine the results 

of different aberrational balances over a wide range of relative modula­

tions . A systematic approach is to compare the various balances cor­

responding to the spot size, the variance of the wavefront aberration 

and the OTF-based criteria. The basis of comparison will be the extent 

to which the exact OTF can be optimized. The exact OTF has been cal­

culated via autocorrelation of the pupil function, using the Hopkins 

algorithm (Hopkins, 1957b). This procedure is described in the AUTCORR 

program, listed in Appendix D. 
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In the examples that follow, the balancing relationships are 

obtained by setting the appropriate orthogonal components of the par­

ticular criterion to zero. Results at frequencies below 0.1 are of 

the greater interest since it can be seen from Figs. 2.2(a-c), pages 

19-21, that the balancing coefficients for the variance and OTF-based 

criteria are similar in value at higher frequencies. Moreover, good 

correction is required to give appreciable OTP values at the higher 

frequencies and hence the variance criterion becomes appropriate any­

way. 

Figure 4.1Ca-e) illustrates the effect of the choice of 

criterion for aberration-balancing. There are some consistently 

demonstrable results. Differences at high OTF values are small. At 

lower OTF values, use of the spot size criterion becomes inappropriate, 

even for large aberrations and at low frequencies [cf. Fig. 4.1(e)]. 

Use of the OTF-based criterion is advantageous mainly at rela­

tive modulations in the range 0,65-0.85 and at frequencies such that 

the numerical balance is appreciably different from those for the other 

criteria [c£. Fig. 4.1Ca-c)]. A typical result is shown in Fig. 4.1(a) 

at a frequency of 0.08. In general, the choice of balancing criterion 

is seen to be important mainly at lower OTF levels. 

These results are again illxistrated for data obtained for an 

actual lens. This is a 150mm Double-Gauss (Stavroudis and Sutton, 1965), 

analyzed at f/3.5 and a 14%-degree half-field. The performance is 

adequately described by the wave aberration coefficients through eighth 

order; these were obtained using the PROXI program CG. W. Hopkins, 1976). 
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0.04 0.08 0.12 0.16 0.20 

Normalized Spatial Frequency 

0.24 

Fig. 4.1. Transfer Functions for Aberrational Balances 
rising Different Criteria. 

These illustrations show the effect of the 
choice of criterion for aberration-balancing. 
In each case, the MTF has been calculated by 
autocorrelation of the pupil function. The 
various lower-order balances are distinguished 
as follows: 

V —minimization of the variance of the 
wavefront aberration 

S —minimization of the mean-squared 
spot size 

HCx) —optimization, at a frequency of x, 
of the second-order expansion of the 
OTF. 

Ca) Si = 2X. 
V — D = -2X 
HC0.08) — D = -2.34X 
S — D = -8/3X 
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Fig. 4.1. Continued, Transfer Functions. 

Si = 8X. 
V D ^ = -8A 
H(0.015) -- D = -10.4A 
S D ^ = -32/3X 
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Fig. 4.1. Continued, Transfer Functions. 

Cc) C2 = 8X. 
V --Ci = -9.6A 
H(0.08) —Ci = -10.59A 
H(0.04) --Ci = -11.24X 
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Fig. 4.1. Continued, Transfer Functions. 

(d) OB2 = 21X; S 3  = 21X; 
C2 = 12X; EC = 12A 

Curve: V: HC0.015): S: 

S2 -52.SX -57.34X -58.5X 

Si 4U 50.6SX 52.8X 

D -10.2X . -14.90X -15.9X 

OBi -28X -32.77X -33.6\ 

A 8.4X 11.98X 12.6\ 

B 3.6X 5.70X 6\ 

Cl -23.4X -26.5SX -27X 



0.01 0.02 0.03. 0.04 0.05 

Normalized Spatial Frequency 

0.06  

Fig. 4.1. Continued, Transfer Functions. 

Ce) S3 = 70X. 

V — S2 = -140A; Si = 90X; D = -20X 
S — S2 = -160A; Si = 120A; D = -32X 

This example illustrates that the spot-
size criterion can be inappropriate even 
for large aberrations and at low frequen­
cies. 
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Figure 4.2 shows OTF curves corresponding to different balances using 

only the fourth-order wave aberrations and the choice of focal surface 

as variables. All the data are for the edge of the field. Chromatic 

aberrations were not included in this analysis. 

Optimal Aberration-balancing 
at Lower Relative Modulation 

It can be seen from the examples given that the variance 

criterion yields the best results at lower relative modulation, regard­

less of the level of aberration. This indicates that the true optimal 

aberrational balance moves towards the variance values as the relative 

modulation decreases. There are, however, no convenient analytical 

procedures for obtaining the precise values corresponding to the true 

optimal aberrational balances at lower relative modulation. The author 

has investigated an extension of the OTF expansion to fourth order and 

has found that veiy little additional insight is provided; the expansion 

has poor convergence. It is easily shown empirically (see, for example. 

Bom and Wolf, 1975, p. 488) that, at lower relative modulation, the 

true optimal balance differs from that obtained using any of the second-

order criteria. All that can be inferred is that, under these circum­

stances, use of the variance criterion yields the closest systematic 

approach to the true optimum. 

It is also easily shown that the aberrational balance that is 

optimal (obtained empirically) at frequencies for which the relative 

modulation is low will yield a corresponding deterioration in the 

response at lower frequencies where the relative modulation is high. 
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Fig. 4.2, Transfer Functions for a Double-Gauss Lens. 

OB2 = O.OXj OBj = 5.66X; S3  = -0.35X; 
S2 = -2.97X; EC = -0.73X; C2 = +0.31X 

The above data were obtained for a 150mm Double-Gauss 
lens evaluated at f/3.5 and at a half-field of 14%° 
The lower-order balances are as follows: 

D A B 

V 2.20A 0. 02X -4.25X 0.18X 0.09X 

K 2.46X 0. 04X -4.83X 0.16X O.llX 

HC0.05) 2.82X -0. IIX -5.22X 0.13X 0.13X 

S 3.35X -0. 4 OX -5.66X 0.09X 0.15X 

The curve labeled K illustrates the use of the integrated 
version of the OTF-based criterion, described in Chapter 3. 
The weighting function used falls to a value of 0.1 at a 
frequency of 0.150 (i.e., R=20), The curve labeled D shows 
the diffraction-limited performance for a lens of the same 
specifications.. V and S refer to the variance and spot-
size criteria. 
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Under these circumstances the aberrational balance provided by the use 

of the variance criterion appears to yield the most satisfactory sys­

tematically obtainable compromise between optimum performance at both 

high and low relative modulation. This compromise is in the sense that 

significant improvement at lower relative modulation can be obtained 

with only a small deterioration at higher relative modulation. This • 

conflict between good performance at both low and high relative modula­

tion (i.e., referred to different regions of the same OTF curve) means 

that the aberration-balancing problem cannot be adequately approached 

by considering only the properties of the optical system. 



CHAPTER 5 

THE EXTENDED-RANGE USE OF THE 
VARIANCE OF THE WAVEFRONT ABERRATION 

This chapter is devoted to a discussion involving the extent 

to which the variance o£ the wavefront aberration can be used as a 

general-purpose merit function in automatic optical design. 

This merit function is invariably a sum of squared image defect 

terras. As shown in this work this type of function can adequately 

describe optical image quality, provided, essentially, that the rela­

tive modulation is sufficiently high (above 0.6-0.7). Otherwise, it 

is necessary to use a more complicated function such as the actual 

OTF. This has not been done although there is no fundamental problem. 

The computational complexity has apparently deterred most attempts in 

this direction and,.instead, a great deal of work has been devoted to 

optimization techniques involving the sum of squares type of merit 

function. 

The need for a physically significant merit function, whether 

oT sum of squares form or otherwise, is of importance primarily for 

the aberration-balancing stage. It has already been indicated that the 

variance criterion has extensive applicability in this connection. It 

is to this extent that the variance can serve as a general-purpose merit 

function. It is, however, important to note that the value of the 

variance does not necessarily correlate with image quality for other 

than well-corrected systems. This is best illustrated by an example, 
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shown in Fig. 5.1. In this example, each OTF cuirve corresponds to 

a value of the variance that is five times that for which the Marechal 

results start becoming inaccurate, i.e., an rms variance of 1/3X. It 

can be seen that large aberrations of different types cannot be reliably 

compared using the variance as a measure of image quality. The weight­

ing, as opposed to the balancing, coefficients in the orthonormalized 

expression for the variance do not have applicability beyond the domain 

of well-corrected systems. However, it is clear that the variance will 

correlate with image quality if a given system progresses from a certain 

state of correction to another differing primarily in the amount and 

not the type of aberration. 

Empirically, it appears that the variance is generally appli­

cable as an aberration-balancing merit function for situations where 

the relative modulation exceeds about 0.5, although this value depends 

on the type of aberration. This conclusion results from some trial 

and error attempts to find the optimal aberration balances for fourth-

order spherical aberration plus defocus, and for third- and fifth-order 

coma. This is worthy of further investigation, but the process is 

clearly a tedious one. 

These conclusions about the appropriateness of the orthogonality, 

as opposed to the normalization, of the variance criterion are a justi­

fication for the expansion of the wavefront aberration in terms of the 

Zemike circle polynomials. This expansion is clearly not limited to 

situations where the aberrations are small. 
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Fig. 5.1. Transfer Functions Corresponding to the 
Same Variance Value. 

Both curves represent the same rms variance 
of the wavefront aberration = 1/3X. 

E EC = 3.77X; C = -2.83X 
(The 45° azimuth does not differ significantly 
from an azimuthal average) 

SPH S3 = 70X; S2 = -140X; Si = 90X; D = -20X 
In each case, the lower-order balance is such 
as .to minimize the variance of the wavefront 
aberration-



CHAPTER 6 

SUMMARY AND CONCLUSIONS 

The original goal of this work was to develop a continum of 

physically significant optical image quality criteria, usable for any 

amount of aberration, and subject to the functional form that has 

quadratic aberrational dependence. While it was anticipated that this 

would yield a useful tool for the analysis and comparison of optical 

systems, it was expected that the main use would be in terms of a 

merit function suitable for automatic optical design. Specifically, 

the work would provide the required aberration-balancing information 

necessary for the final optimizational stages of a design procedure. 

All this has been achieved but the significant conclusions that have 

emerged are, in the author's opinion, more important than the routine 

attainment of the initial objectives. 

Firstly, it has been shown that the use of criteria based on 

a second-order expansion of the OTF is of somewhat limited value in 

optical design. This type of criterion is theoretically accurate only 

at high relative modulation and, under these circumstances, the choice 

of criterion for aberration-balancing is not critical. The maximxam 

advantages obtainable do not appear to significantly exceed 0.03 OTF 

units as compared with aberration-balancing using the variance of the 

wavefront aberration as a criterion. These small advantages can be of 
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significance for situations where it is desirable to maximize the 

irradiance at a point on a detector; in these situations, any additional 

energy, however, small, can be of importance. 

Secondly, it has been shown that use of the variance of the 

wavefront aberration as an aberration-balancing criterion is widely 

justifiable beyond the usual limitation of small aberrations. Indeed, 

this offers the only systematic approach, known to the author, towards 

the problem, of optimal aberration-balancing at lower relative modulation. 

It appears that, as the relative modulation decreases, the optimal 

balance of aberration moves from the value for the OTF-based criterion, 

at any frequency, towards the value for the variance criterion and then 

proceeds beyond this value, in the same directional sense. This last 

point requires further investigation. The significance of these results 

lies not only in an establishment of the extent to which the "sum of 

squares" type of merit function can be reliably employed. There is 

also an indication that a more complicated merit function, such as the 

OTF itself, may not be necessary for most situations in automatic 

optical design. This is an important avenue for further research. 

Thirdly, it has been shown that the mean-squared spot-size 

criterion should be used with caution. It is a reliable criterion 

only when the OTF is high, typically above 0.7-0.8, depending on the 

type of aberration. At lower OTF values, even for large aberrations 

and at low frequencies, the spot-size criterion becomes a progressively 

poorer aberration-balancing criterion. This might have been antici­

pated, although it does not seem entirely obvious, from the limited 

relationship of this criterion to the curvature of the OTF at the origin. 
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Finally, as indicated at the start of this chapter, it is 

anticipated that the orthonormalized criteria developed in this work 

will have some intrinsic value in the analysis and understanding of 

optical systems, as, for example, in the use of field-focus displays. 

In addition, the explicit aberrational dependence permits a systematic 

investigation, at least for higher relative modulation, of the compara­

tive effects that different aberrations have on the diffraction-based 

OTF. 



APPENDIX A 

CALCULATION OF THE WAVE ABERRATION 
DIFFERENCE FUNCTION 

The expression W-W, the wave aberration difference function, 

occurs in the autocorrelation formulation of the OTF. In terms of the 

wave aberration coefficients used in this work, the following result is 

obtained. 

W-W 

+ 4 S2 

+ 16S3 

= Xu |4D̂ î PCOŜ  - + 8Si Jl p̂coscj) - o)) p̂2-2pajCOS({) + 

3̂p®coS(j) - 12p'*aicos(j) - + 16p̂ (iî coŝ <j) + 24p̂ uĵ coS(j> 

- 48p2a)̂ coŝ <j) - 12p̂ (iĵ  + 48paj'̂ coS(J) - 16a)̂ ) 

p̂̂ cos({i - 6p®ajcoŝ  ̂- p̂ o) + 16p̂ a)̂ coŝ (j) + 12p̂ (jĵ cos<J) 

- 16p''•(iĵ cos''•(J) - 48p'''cô coŝ tl) - 6p'*'a)̂  + 64p ̂ti)'''coŝ (J) 

+ 48p ̂oi'̂ cosij) - 96p̂ aî coŝ (J) - 16p̂ a)̂  + 64paj®coS(j) - 16aî ) 

+40B] 

4A ̂ cos6 p̂cosC(J)-0) - oicose)] 

2̂p̂ coŝ <j> - 6p̂ ajcoŝ (|) + 8pa)̂ coS(|) - 4cû )coŝ 9 

+ p̂ sin̂ cj) p̂cos<j) -0̂  

+ psin(j)sin0cos0 (Sp̂ coŝ  ̂+ p̂ sin̂ (|) - 6pa)C0S(i) 4o)̂  ̂
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coŝ 0̂ 2p̂ coŝ ({) + p̂ cos<() - 4p'̂ ujcos'''(j) - lOp'̂ 'cocoŝ ij) - p'*'co 

+ 24p̂ a)̂ coŝ <j) + 16p ̂a)̂ cos(|) - 52p̂ aĵ coŝ (j) - Sp̂ oî  

+ 48pa)'̂ cos(j) - 16aĵ  ̂

+ 2sin̂ 0̂ - p̂ coŝ  ̂+ p̂ cos(j) + 2p'̂ a)cos'̂ (j) - p'̂ ojcoŝ cj) 
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+ 2Ci 
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+ 2ECcos0 'Sp̂ coŝ tjjcoŝ e + Sp̂ sin̂ ijjsin̂ e + 6p2sin(()cos(|)sin9cos0' 
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APPENDIX B 

THE EXPANSION OF THE OTF TO SECOND 
ORDER IN THE WAVE ABERRATION COEFFICIENTS 

The second-order expansion of the real part of the OTF is given 
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768ir(ô SiS2 

/37 2497 
- (usina 1̂ 3̂  + to 2 , 15679 . u , 8692 R . 264 

 ̂"W W  ̂450 '' I 

1024iraj2SiS3 

a •*• + 480)*̂  + 0)® + 144a)® + 32a)̂ ''̂  

_ /S ̂ 118 5 , 815 1,  ̂90556 R , 99304 A cosina  ̂_ 0,2  ̂ 0)6 + 0,8 

 ̂ 2048̂ 10 
1575 ') 
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256cô ^̂  

lina ̂  53 . 21089 9 , 161962 u . 105184 R 
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êuTs + 

\ 
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functions of spatial 



60 

n. 2 

Fig. B.l. 
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Normalized Spatial Frequency to 

Second-order OTF Expansion. 

Ca) Spherical aberration terms, 
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Fig. B.l. Continued. 

Cb) Astigmatic aberration terms, 0=0° 
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Fig. B.l. Continued, 

Co) Astigmatic aberration terms, 0 = 45° 



Normalized Spatial Frequency tu 

Fig. B.l. Continued, Second-order OTF Expansion 

(d) Astigmatic aberration terms, 
9 = 90° 
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Cf) Comatjc aberration terms, 
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Fig. B.l. Continued, Second-order OTP Expansion. 

Qi) Comatic aberration terms, 
0 = 90° 



APPENDIX C 

THE IMAGINARY PART OF THE OTP 

Calculation of the imaginary part of the OTP requires the 

evaluation of the following expression 

(W-W) pdpdij) 

-a n) 
COSij) 

where W-W is the wave aberration difference function. The result is 
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2(d\cos0 C2 
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, 1 3  3  2 1  
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+ sin̂ e I -J a - wsina (I -1 
The above result is for half the overlapping pupil area. The result 

for the other half is the same as the above for the odd aberrations and 

opposite in sign for the even aberrations. 
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APPENDIX D 

COMPUTER PROGRAMS 

This appendix contains listings of the following programs: 

DIFFMTF second-order expansion of the OTP. The modulus, 

phase, real and imaginary parts of the OTP are 

calculated as functions of the wave aberration 

coefficients, the normalized spatial frequency 

and the azimuthal angle. 

TFORTHO the second-order expansion of the real part of 

the OTP is orthogonalized, averaged over azimuthal 

angle and displayed as a function of spatial 

frequency. 

TPIORTH the second-order expansion of the real part of the 

OTP is multiplied by a Lorentzian weighting func­

tion of the form result is then 

integrated over spatial frequency and azimuthal 

angle; the upper integration limit for the spatial 

frequency is either the frequency at which the 

Lorentzian has fallen to O.I or the cutoff frequency. 

The expression is then orthogonalized and the output 

is displayed as a function of the parameter R. 
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AUTCORR this calculates the exact OTF by autocorrelation 

of the pupil function, using the Hopkins algorithm. 

The output displays the modulus, phase, real and 

imaginary parts of the OTF, as functions of the 

wave aberration coefficients, the normalized 

spatial frequency and the azimuthal angle. 
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2 ( Z * ( { 3 7 , / 3 0 . > + { C * ? 4 7 . / 1 5 . ) + ( 0 * 3 6 4 4 . / 7 5 . ) + < E * 7 2 4 . / 2 5 . ) + ( F * 6 4 , / 7 5 . >  
3 ) ) )  



Q8iaBlA»(Y*<(Cf5.)-t-(Q*2't. ) + (5+16. )) )-(2*( (^6./35.) + (C*l25./7.) + <0* 
2952./35.)+(E*?2./35.))J 
Q01OB18»(Y*{(3./8.) + {C*l't./3.) + <O+6.)) )-(Z*({'r33./168.)+(C*311<»./4 
220.) + (Q*38'?./315.)-(e*62./315.)) ) 
aB10aiC»(yO((l./64.»+(C/8.)))-(Z*((221./224c.)+(C»37./672.)-(0*13. 

2/8^^0. )•»•( e/'t20.) ) ) 
Q810B1«((U+U*QB10BlA)+(U*OBiaBiq)+081O81C)*6't.*X*OBl»aai 
081S2A»(Y+( (<5./20.» + (C*19.)+(Q»120.) + <6+192.) + (F*6't. ))»-( Z*< ( H9./ 

220.)+(C*5161./7C.I+(Q*l03576./525.)+(E*6030a./525,>+(P*63Z./175.)) 
3) 
Q81S28«(Y+( (3./<»0.) + (C»7./'r.) + (a*6.) + (E«4.>))-(Z*{ (29./'tO. ) •( 

2./105.)+{a*2059./350.)+(E»268,/525.)-(F+8./175.))) 
a8lS2»<(U*aBlS2A)+a81S28)*128.**+S2*OBl 
081SlA«(Y*((3,/16.)+(C*29./6.)+(0*l5.)+(6*8.)J)-(Z*{(^67./2'tO.)+{C 
2*l.'517./120.)+<0'Hl5l./90.)+{E*29./^5.))) 
QBlSlB-CY^t(l./32.)+(C*&./12.)+(0/2.»))-(Z*«(113./480.)+(C»15l,/2^ 

20.) + (<}+17./190. )-(S/<»0.)) ) 
Q81S1«((PBISIA+U)+03ISIB)*256.•*•081+31 
OB10A»(y+( (l./'t.j+CC*?./?.) + (Q+'f.) ) )-(Z*< (113./60. > + {C*27./5.) + {0* 
27./15.)>) 
aBlDB»{Y*l(l./2'».) + (C/'t.)))-(Z*({9./'t0.) + (C+7./90.)-{0/90.))) 
a01D«((U*a91DA)+(00108))*128.*X»0*0B1 
0BIAA"(Y*( (l./'^.j+CC)) )-(Z*( (1<J./20.) + (C*13./30.)-(0*2./15.)) ) 
081A»128.*X*081*A*U'*< (081DA*UI+a31D8 + (V*Q81AA) ) 
aaiS3A«(Y*((1./8.)+(C*79./10.)+(0*96.)+(E*280.)+(F+280.)+(G*64.))) 

2-<Z»( (Z'rl./120. ) + (C*17351./'t20. )+( 0*22562./105.) + <E*24886./75.)+<F 
3*65P16./525.) + (G*'r6^./175. J)) 
aaiS3B»(Y*t(l./'»6.)+(C*3./^.)+(Q*5.)+(E*28./3.)+(F+^.)))-(Z*((59./ 

22'fO.)+<C*2^73./8<rO. ) + ( Q*3776./420. >+ (E*691./105. ) + ( F*116./315.)-{G 
3*8./315.)}) 
aBlS3»512.*X*081*S3*((U*0B1S3A)+031S39) 
0820a2A-(Y*< (13./2'».) + IC*1351./'t0.) + ( 0*352. ) + (E*1122. ) + (F*H20.) + { 
2G*256.)))-{Z*((7321./840.)+(C*37177./216.)f(0*32673<»7./3780.)+(E*2 
3090101./1575.) + (F*2369194./4725. )>(G*7ia^./675.))) 
0B2Q828»(Y*{(l./96.) + (C*39./160. ) + ( 0*3./<!.) + ( E/2. )))-(Z* ((3'»9 ./336 
20.) + (C*18659./302'f0.) + (0*10823./15120.) + ( E*499./6300.)-{F*127./9A5 
30.)-t-(G*8./'r725.))) 
a02O32C»<Y*((7./12,)+(C*'>23./2O.) + (O*131.) KE*228. ) + (F*96.) ))-<Z*< 
2 ( 583./S'f. ) + (C*lC086l./1260. ) + (0*1^^0923./630. ) +(E*2758'f./175.)+( F*4 
3796./525.)-<G*3fc3./5 25.))) 
a02aB2»64.*X*aO2*a32*<{O82Q02A*U*U)+(OB2O82a*4.*V*V)+(Q32O82C*U*V) 
2) 
Q82S3A=i(Y*( <5./28.)+{C*59./<».) + <0*2251./IO. ) +( E*1172. )+( F*2296 . )+ ( 

25*155 2.)+ (H*256. )) )-(Z + { (1381./'»20. ) + (C*38699,/'r20. ) + ( 0*138238./18 
39.)+(5*13778227./66l5.)+(F*22707008./11025.)+(G*17816072./33075.)+ 
4(H*266464./33075.))) 

0 8 2 S 3 8-(Y*(( l . / 5 6,)+<C* 7./8.)+(0* 3 3./<f.)+(E* 2 6.)+(F*28.)+(G* 8 . J))-
2 ( Z * (  (209./8't0.) + (C*'r97./120,) + (Q*5377./270. ) + ( e*'t21613,/13230. )+ (F 
3 * 3 1 8 5 2 . / 2 2 0 5.)+(G * 3 6 7 6 . y 6 6 1 5.)-(H * 2 0 8 . y 6 6 1 5 . ) ) )  

a B 2 S 3 « 5 1 2.*X * Q B 2 * S 3*{{U * 0 a 2 S 3 A ) * ( 2.*V * a B 2 S 3 B ) )  
Qa2QaiA-{Y*{(9./20.)+{C*151./a.)+{Q*719./6.)+{E*192.)+(F*6^.)))-{Z 

2*{(2483./420.)+(C*61717./8AO.)+(0*414349,/2100.)+(£*180884./1575.) 
3+<F*3l4./225.))) 



aa2GaiB-<Y*(«19./«k0.) + (C*43,/<».) + (Q'»-10<;./3.) + (E*2<». )) )-(Z*( (3713./ 
28A0.)+<C*1018./3 5.)+(0*12317./3 50.)+{£*5042./1575.)-(F*536./1575.) 
3)) 
0B2091C»(y*((l./80.)+(C*3,/16.)+(g/4.)))-<Z*((57./560.)+(C*503./16 
280.)+(0*2S3./4200,>-(5/75.)+(F/525.))) 
00 2031" 128 ,*X*aB2*n31»( (U*U*0520aiA)+(U+V*aB2a31S)'H2'.*V*V»OB2081C 

2 ) )  
QB2S2A»tY*((5./e.)+(C*371./10.)+(Q*747./2.)+(£fll60.)+{F*1136.)-KS 
2*256.)»)-<Z*((3«l./40.)+(C*77731./42Q.)+(Q*631H./70.J+<E*33833./2 
35.) + {F*264044./525. )+(G*5523./-S25.) ) J 
fJ32S23«(Y*< {1./16.) KC + 43./20.) v(o*r,9,/4.) + (6*20.) +IF*8.)))-{!*( «5 
29./80.»+(C*6479./840.)+(Q*561./2e.)+(E*4653./350.)+(F*386./525.)-( 
3G+4./75.))) 
a62S2»120i*X*O82*S2*((U*Oa2S2A) + <2.*V*a82S2BJ > 
082DA-(Y*((5./16.)+(C*49./6.)+(q*29.)+(E*16.)))-(Z*((757./240.)+(2 
2803.*C/120. ) + < 0+2317./90. )+(e*H./9.) >) 
GB2Da»{Y*({1./32.)+<C*5./12.»+(q/2.)))-<Z*(C113./480.)+{C*151./24 
20.) + {Q*17./180.)-(S/90.)> > 
0B20-129.1'X*CIB2*0* ((U*aB20A)+{ 2.*7*08208 ) > 
a32AA"(Y*((5./16.)+(C*7./2.)+(0*5.)))-{Z*<(469./240.)+{C*707./120. 
2>+(Q*7./6.)-<5/5.))J 
O02A»12a.*X*aB2*A*U*((U*0S2DA)+(V*aB2AA)) 
082S1A"(Y*<(l./4.J+{C*31./8.)+0*188./3.)+(E*98.)+(r*32.)))-(Z*<(l 
293./60.)+<C*32603./840.>+(0*2843,/28.)+{E*18173./315.)+(F*562./315 
3.))) 
QB2S1B»(Y*({l./40.)+(C*9./16.)+(0*5./3.)+(S)))-(Z*((29./120.)+{C*l 

257./112.)+(Q*f281./4200.)+(S*401./3150.)-(F+19./1575,))) 
45 DIFM«2.0*{ACOS(W)-(W*SORT{1.0-{W**2.0))))/PI 

a32Sl«256.*X*032*Sl*((0B2SlA*U)+(Q32SlB*V*2.n 
AAA«V*((Y/4.)-(Z*((5./12.)-(W*W/6.)J)) 
AAB»U*((Y*((l./4.)v(W*W)))-(Z*((13./12.)+(W*W/6,)))) 

131 AA-U*64,*X*A*A*(AAA+AA8) 
136 AD»12a,*X*A*D*AA.9 
140 AS1»256.*A*S1*X*U*(.{Y*((1./6.J+(W*W*2.)+{(W**4.)*2,))J-(Z*((7./6.) 

2+{W*W*25./9.)+((W**4.)*2./9.)))) 
145 4S2-384.*A*S2*X*U*(tY*((1./3.)+(W*W*3.)+((W**4.)*10.)+((W**6.)*16. 

2/3.))>-(Z*((29./24.)+(W*W*1477./180.)+((W**4.)*309./45.)+((W»*6.)* 
32./5.)))) 
0M«64.*X*0*0*((Y*({l./4.)+(y*W)})-(Z 
2*((13./12.)+((1./6.)*W*W)))) 
Sl««256.*Sl*$l*W*y*PI*((Y*((1./«,)+{17.*W*v>/6,)+((W**4.)*8.) 

2+((U»*6.)*4.)))-(Z*((29./24.)+(139,*W*W/20.)+( 
3292.*(W**4.)/45.)+(14.*(W**6.)/45.)))) 
0S1M2«256.*0*S1*W*W*PI*((Y*((1./6.)+(2.*U*a)+((U**4.)*2«J))-
2(Z*((7./6.)+(?5.*W*W/9.)+((W**4.)*2./9.)))) 
S2S2»4.*X*S2*S2*((Y»((12.)+(6624./10.*W*W)+(63 68.*(W**4 

2.))+(19200.*(W**6.))+(18432.*(W**P.))+(4096.*(W**10.))))-({Zl* 
3((180.)+(3203.*W*W)+(527323./35.*(U**4.))+(7727488./350. 
4*(W»*6,)) + (2324704./350.*(W**8.» > + (53363./350.*(W**10.)>n) 
S1S2»768.*S1*S2*X*((Y*{(l./10.) + (W*M»15./4.> + ( (W»*4.)*2 
22.)+((W**6.)*100./3.)+{lW**a.)*32./3.)))-((Z)*((37. 
3/30. )+(W*W*2497./ISO. )+((U'i"*4.) *15679./4S0. ) + ( (W**6. >*8692,/450.) + 
4((U**8.)*264./450.>))) 



0S2"38'».<>0+S2*X*{ (Y*<{l./8.) + <M*W*3.>+( ) *10. ) + ((W* 
2*6.)*16./3.)))-( (Z)*((29./2'».) + (W*W*l'»77./180.) + {(W 
3**4.)*309./A5.)+{fU+*6,)*2./5.)))> 
ClClA»6<r.*X*{(Y*({3./8.) + (W*W*17./<».) + {(W**4.)*4.)))-(Z* 
2((l0l./^0,)+<W*W*83./l5,)+{{W**'f.)*17./30.))>) 
C1C13«64.*X*(<Y*{ (l./2't.) + (W*W*l./^.)) )-(Z*((9./'fO.) + {W*W*7./9Q. J-
2((W**4.)/90.)))) 
C1C1C»<».*U*((Y*( (l./2.)+U.<'W*U>) )-{Z*<{ll./6.) + (W*W*2./3.)))) 

60 ClCl«Cl*Cl*aClClA*U) + <ClClB*V)-<ClClC*ClClC*'t.*PI*U/T)) 
C2C2A»U*r(y*((ll./5.)+(85.*W*W)+((W»*4.)*1520./3.)+((W**6.)*78^.) 
2+((W**8.)*256.)))-(r*<(413./15.)+(33359.*W»W/105.)+((W**4,)*426506 
3./525.) + ((U**6.)*7271'>'>./1575.) + ( (W**3.)*22928./1575.) ) >) 
C2C29»V*((Y*({2./5.)+(9.»W*WJ+((W**4.J*80./3.)+(<W**6.)*16.)))-«Z* 
2<(S8./15,J+{l57.*W*W/7.)+({W**4.J»12562./52 5.)+((W»*6.)*320?./1575 
3.)-((W**8.)*304./1575.)))) 
C2C2G»y*(l.+(12.*W*W)+{{ta**4.)*16.))-{Z*lt19./3.)+{H*W*20.)+((W**<» 
2.)*8./3.)n 

100 C2C2«C2*C2*16.*X*(C2C2A+C2C2B-(C2C2C*C2C2C*U/T)) 
CIC2A«U*( (y*((7,/4. )+(122.*W*W/3. )+{ . >*124. ) + < (W**6. ) •6<f. ) ) )-
2(Z*( <1007./60.)+(31'>9.*W«W/30.) + ( tW**'t.)*A646. /'tS. ) + ((W**6. )*2'f4./ 
345.)))) 
ClC23=iV*((Y*((l./4. ) + (W*W*10./3. ) + ( (W**4.)*4. ) ) )-< Z+< (H3./60 . )+ (I 
251.*W*W/30. ) + ((W**4.)»3'f./45.)-{ (M**6. )) )) 
CIC2C»U*< <Y*<(l./2.)+{W*W*2.)) )-(Z*( (H./6. ) + <W*W*2./3. )) ) )*C2C2C 

110 C1C2«32.*X*(C1C?A+C1C2B-(C1C2C*2./T))*C1*C2 
ECECAl»((Y*((9./9.)+{15,*W*W)+((W**4.)*16.)))-(Z*<(339./'V0.)+{4 

221.*W*W/20.)+((W**4.)*13./5.)))) 
ECeCA«eCECAl*U*U 
EC£Ca»U*V*(tY*((9./'».)+(15.*W+W>1)-(Z*({243./20.)+(W*W*67./lO.)-(( 

2U**4.)*8./5.)J)) 
ECECC»V*V*({Y*9./8.)-<Z*<(99./40.)-{W*W*39./20.)+{(W**4.)*3./5.))) 
Z) 
ECECO-(U*((Y*((3./4,)+(W*W*4.)))-{Z*({13./4.)+(W*W*3./2,)))))+(V*« 

2(y*3./4.)-(Z*((5./4.)-(W*W/2.))))) 
113 6 c e C«16.*EC*EC*Xi'U * ( E C e C A+ECECa + e C E C C-(ECEC0 * E C E C 0 / T ) )  

ECC1A-U«({Y*{<5./4.)+<W*U*16.)+«(W**4.)*16.)))-<Z*ltl03./2O.)+{W*W 
2*217./10.)<-<(V**4.)*12./5.) ) )) 
£CC18»V*( (y*({5./'V.)+(W*u*A.)) )-(Z+( (1H./20.) + (W*W*67./30.)-( (W** 

24.)*8./15.)))) 
£CC1C«C1C1C*EC£C0 

120 £CC1»EC«C1*U*((32.*X*(ECC1A+ECC1B))-(16.*Pr*U*ECClC/T)) 
ECC2A»U»((Y*((3./2.)+{W+W*38.)+((W**4,)*120.)+{(W**6.)*64.)))-(Z*( 

2(153./10.)>{W*W*301./3.) + {(W**4.)*1534./15.) + ((W*+6.)*28./5.)))) 
SCC28"V*< <Y*{(3./2.)+<W*W»18.)+(tW**4,)*24.)))-{Z*l(lOl./lO.) + (W*W 

2*29.)-t-< (W**4.)*26./5.)-( (Wf*6.)*4./5.) ))) 
ECC2C«C2C2C*ECEC0 

125 ECC2"32.*X*EC»C2*U*<ECC2A+ECC28-{ECC2C/T)) 
PC1»CIC1C*C1*2.*PI*C0S(RTHETA)/T. 
PC2"C2C2C*C2*4.*PI*W*CCIS(RTHETA)/T 
PEC«EC=CD*EC*4.*PI*W*C0S(RTHETA)/T 
Pa«a*4.*PI*W*CDS(RTHeTA) 
PTF-PCl+PC2+PEC+Pa 

65 XMTF-OIFM-OM"Sltt-OSlM2-ClCl-S2S2"SlS2-OS2-AA-ASl-AS2-ClC2-C2C2-



75 

2ECCl-SCC2-SCEC-0S3-SlS3-S2S3-S3S3-4S3-C310-031A-08lS2-aaiS3-a81091 
3-O81Sl-OB2D-O02A-a32Sl-aB2S2-O8 2S3-OB2OBl-Oa2O82-AO 
AUX»COS(RTHETA)*( (2.*W*B'l'T) + (Cl+ClClC)+(2.»WfC2»C2C2CJ+(2.»W*eCEC0 
2*ec)) 
RE»X>1TF-(4.*PI»AUX*4UX/T) 
XI«"4.*AUX 

76 WRITE(6»77)W»OIF«,OM.S1H>OS1M2»S?S2*S1S2^0S2»AA/AD#A51»AS2jC1C1 
77 FQR|iAT{2X*F6»3*F9.5fF10.5,F10.5f6(X/F10.5)»3(F10.5}) 
79 WRITE(6»80) 
eO FQRHAT(/»2X,*2ClC2»#7X*fC2C2*>7X,+2£CCl*»4X/*2ECC2**6X#*ECEC*#6X** 

220S3«,7X**2SlS3+,5X,*2S2S3*»8X><-S3S3*»5X.»2AS3**5X,+2aai0*»5X»*208 
31A*#5X,*2081S1*> 

81 WRITE(6»8 2)ClC2«C2C2fECCl*ECC2«ECEC«DS3>SlS3»S2S3/S3S3/AS3»aai0>08 
21A,a81Sl 

82 FORHAT(3(F10.5)>X»F10.5>X,F10.5»F10.5/X»7(P10.5)) 
83 WilITe{6»a4) 
84 FORKAT(/,2X,*20BlS2*,7X»*20BlS3*»7X»*a81QBi*,7X,*20B20*t7X>*2QB2A* 

2»7X/*2a82Sl*,7X»*20'*2S2*>7X,*20B2S3*»7X,»20B2QBl*/6X,*aB20B2*»6X# 
S+MTF*) 

85 WRITE(6»86)a81S2»a8lS3«OBiaBl»0B20>0B2A>0B2Sl>aB2S2>0B2S3>032081*0 
2B2082»XMTF 

06 FOR«AT(F10.5»X»FIO,5,3(3X,F10.5J#2(2X,F10.5)»3<3X#F10.5>»F10.9) 
87 WRITE(6#88) 
BP F0RMAT{/,2X»*PCl*,7X#*PC2*,9X#*PEC+»8X,*P.a*>9X»*RE+*9X»*m**70X* 

2+PTF*) 
150 WRITE(6*160)PCl#PC2»P6C^PB#RE»xrt4»PTF 
160 P0»f<AT(2(P10.5)»4(X,F10,5),59X,F10.5) 

GO TO 30 
90 STOP 

END 
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PROGRAH TFOBTHOC INPUT>aUTPUT*TAP55 = INPUT»TAPe6»0UTPt'T) 
C THIS P9QGRAM CALCULATES THE REAL PART OF THE OTP TO SECOND ORDER 
c IN THE WAVE ABERRATION COEFFICIENTS.THE RESULTING QUADRATIC form. 
c IS INTEGRATED OVER AZIMUTH AND aRTHOGaNALIZED.THE OUTPUT DISPLAYS 
C THE ORTHOGONAL COEFFICIENTS AS A FUNCTION OF SPATIAL FREQUENCY 

dimension 5v(7,7) .alpha(7,7)>av(7,7) ,beta(7»7j ,cv(7»7)»ga!1ha(7*7)? 
2dv(7*7) ,0elta(7,7) , fv(7,7)»gp(7,7)»gv(7,7) ,phi(7,7),HV (7,7),RHa (7,  

. 37)  ̂ 00(4* 4)>0alpha(4>'r) /0bv( ' f ;^)>0beta{a,4},0cv(^«4)/qgahma(4,  
44),0DV(4,4)/aDELTA(4,4) 

30 REA0(5,35)W 
35 F0RHAT(F5.3) 
36 IFCW.Ea.2.0)90*40 
40 PI»3.14159265353'37<5 
41 Y^ACOStW) 
42 Z»W*(SQRT(1. - (w*W))) 
43 x-pi+w+w 
44 t -y-z 

c"w»w 
e"wf*6.  
F«W**8. 
g«w+*10.  
h»w**12,  
p"w**14.  
0»w**4.  
v«l .o 
U-1.0 
0»1 .0  
Aal. 0 
Sl»1.0 
S2»1.0 
S3=1.0 
Q31-L.0 
032-1.0 ' 
3*1.0 
cl -1.0 
c2»1.0 
ecal .o 
DSlM2"256.*DOSlfW*W*PI*((Y*((l./6.)+(2.4'W*U) + <(W**4.)*2.) ) )-
2(Z*( ( 7./6. )+(25.'»W*W/9. ) + { (W*«4.) *2./9. ) ) ) ) 
S1M»2 56.*S1«S1*VI*W*0H.{ (Y«( (1./8. ) + (17.+VI*U/6. ) + ( (W»*4. )*8. ) 
2+{(W**6.)*4,)))-{Z*<(29./24.)+(139.*W*W/20.)+( 
3292.*(w**4.) /45.)  + {14.*(y«*6.) / ' t5. )  ) )  )  
DK"64.*X*D*0+<(Y*((l./4.)+{W*W)))-<Z 
2*((13./12.)+((l./6.)»W«W)))) 
AAA=V*((Y/4.)-(Z*((5./12.)-(W*W/6.)))) 
AA8«U*<(Yf((1./4.)+(w*w)))-{Z*((13./12.)+(W*W/6.)))) 

131 AA«U*64.*X'f (AAA + AAB) 
136 A0il28.*X*AA8 
140 AS1»256.*A*S1*X*U*((Y*((1./6.) + {W + W*2.) + ((Wf+4,)•2.)))-{Z*((7./6. ) 

2+(W*W*25./9.)+((U**4.)*2./9.)))) 
145 AS2»384.#A«S2»X*U*( (Y*t (1./3. j + . ) + < ( W<--*4 . ) *10. ) + ( CM**6. ) *16. 

2/3.) ) )-(Z*( (29./24.>+{W*W*1477./180. ) + < {'J*'!'4.)f389./45.) + ( (W«f6. )* 
32./5.)))) 
S3S3»tQ24.*S3'!'S3*X*({Y*((l./16.) + (C*89./14. ) + ( Q*388 ./3, J +( £*4898. / 
25.)+(F*3136.)+(G*12544./3.)+<H*2048.)+(P*256.)))-(Z*((61./48.)+(C* 
338753./840.)+<Q*36229./70.)+(£*439367./189.)+(F*28426938./6615.)+( 
4G*32771008./11025.)+(H*18883552./33075.) + < ?*209Q2'. ./33075.>))) 
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'•(H*266'f6'f./33C75.))) 
a82S3B«< Y*( (1./56. )+(C*7./8< ) + (Q*33./'t.) + (5'f26. )+{F»2e. ) + {G*g.) ) )-
2 (:<•( (209./8't0.)+{ 0*^^97. /120.) + ( 0*5377./270. ) + ( 6*'f21613./13230.)+(F 
3*318 52./2205. ) + (G*3676./6615.)-(H'»208./6615. ) ) ) 
Qe2S3«512.*X«082<'S3f ((U<'Q32S3A) + (2.«V'*a02S38 1) 
QB2a8lA»(Y'»((<J./20.)+(C*151./8.) + (Q*719./6. 1 + {S*192.) + {F*6'».) ) J-U 

2*< (2^83,/^t20.) + (C*61717./840.) + (Q*^l'r349./2100.) + (E*180834./1575.) 
3+(F+81^./225.)>) 
0B20819a(Y*( (19./40. )-KC*'t3./4. ) + (Q+109./3. ) + ()) )-( Z'"((3713. / 
2840.)+(C*10la,/35.)+(Q«12317./350.)+(£*50'V2./1575.)-(F*536./1575.) 
3J ) . 
0B20B1C=(Y*{(l./80.)+{C*3./16.)+(Q/'t.)))-(Z*((57./560.)+(C«503./16 

. 280.)+(0*253.74200.)-(6/75.)+(P/525.))) 
08 2081 = 128 .•X*0B2*aBl*((U*U«G82a81A)+ (U*V*082031B)+ (2.•V*V*a32031C 
2) ) 

C a 2 S 2 A»(Y*( (5./8.)4-(C*371./10.) + (0*747./2.) + ( e*lie0.)4-(F<'1136.)+(G 
2*256.)r)-(?*{(391./40.)-KC*77731./420.)+(0*63111./70.)+(£*33833./2 
35.)+{F*264044./52S.)+(G*5528./525.1)) 

a a 2 S 2 3«(Y*((l./16.)+(C*43./20.)+(Q*49./4.)+(E*20.)+(F* a . )))-(Z*((5 
29./a0.)+(C*6479./3't0.)+(Q*561./28.)+(E*4653./3 50.)+(F*3«6./52 5.)-( 
3G*4,/75.))) 
08-2S2=«128.*X*0a2*S2*{ (U*QB2S2A) + (2.*V*082S23)) 
a820A3( Y*( (5./16. ) + {C*49,/6. ) + ('3*29. ) + (E*16. ) >)-( Z* (( 757. / 240 . 1 + ( 2 
2803.*C/120.)+(0*2317./90.)+(£*H./9.) )•) 
0S2DB«(Y*((1./32.>+(C*5./12.)+{Q/2.)))-(Z*({113./40O,)+(C*151./24 
20.)+(Q»17./180.)-(£/90.))) 
0B20"12a.*X*Q82*0*((U*0a20A>+(2.*V*0a20B)) 
0B2AAa(Y*((5./16.)+(C*7./2.)+<Q*5.)))-(Z*((46"./240.)+(C*707./120. . 
2)+<Q*7./6,)-(g/5.))) 
032A-12S.*X*a32*A+U*((U*Q820A)+(V*a82AA)) 
Q a 2 S l A » ( Y * ( ( 1 . / 4 . J+(C* 8 1 ./8.)+(0*ia8 , / 3 .)+(£*98.)+(F* 3 2 . ) ) ) - ( Z * {(1 

2 9 3 . / 6 0 .J + {C * 3 2 f c 0 3 . / 8 4 0 . )  +  ( 0 * 2 8 4 3 . / 2 8 . ) +  { £ * 1 8 1 7 3 . / 3 1 5 .) + (F * 5 6 2 . / 3 1 5  
3.))) 
0P2S18"(Y*((l./40.)+(C*9./16.J+(Q»5./3.)+(£)))-(Z*{(29./120.)+(C*l 
257./ll2.)+(Q*62ai./420Q.»+<5*401./3150.)-(F*19./1575.J)) 
082S1«256.*X*082*S1*<{0B2S1A*U)+(0B2S1B*V*2.)) 
S2S2»4.*X*S2*S2*((Y*<(12.)+(6624./10.*W*W)+(6368.*<W**4 
2.))+(19200.*(y*"*6.))+(ia432.*(W**8.))+(4096.*(y**10.))))-{(Z)* 
3((180.)+(3 206.*W*iV)+(527328./35,*(W**4.))+{7727488.7350. 
4*<«**6. U + < 2824704.7350.*('4**8.) ) + ( 58368./350.*(W**10.))) ) > 
S1S2»768.*S1*S2*X*( ( Y*( (1. 710. » + (W*W*15.74. ) + ( (W<'*4.) *2 
22.) + ((W**6.)*100.73.)+((W**8.)*32./3.)))-{J Z)*((37. 
3730.)+(W*W*2497.7180.)+({W**4.)*15679.7450.)+((W**6.)*8692.7450.)+ 
4((W**3.)*264.7450.)))) 
0S2=334.*0*S2*X*((Y*((l./8.)+(W*M*3. )+{(W**4,)*10,)+((W* 
2*6.)*16.73.)))-((Z)*{(29.724.)+(W*W*1477./180.J+((W 
3**4.)*389,7 45.J+((W**6.)*2.7 5,)))) 
C1C1A=64,*X*((Y*((3./S.)+(U*U*17.74.)+((W**4.)*4,)>)-(Z* 
2((101.740.>+(W*W*83.715.)+{(W**4.)*17.730.)J)) 
C1C18»64.*X*((y*((1.724.)+(W*U*l.74.)))-(Z*((9.740.)+(W*W*7.790.)-
2((W**4.)790.)))> 
ClClC-4.*W*((Y*((l./2.) + {2.*U*W)»l-(Z+((ll./6» > + (U*«*2.73.)))) 

60 ClClaCl*Cl*((ClClA*'J)+(ClClB*V)-(CiClC*ClClC*4.*PI*U/T)) 
C2C2A»U*((Y*((11.75.)+(85.*W*W)+({U**4.)*15 20.73.)+({y**6.)*76 4.) 
2+((W'«*8.)*256.)))-(Z*((413.715.)+(333 59.*W*W/105.J+((W**4.J*426 506 
3.7525.) + ((W**6« >*727144.71575.)+((W**8.)*22928.71575.>))) 
C2C2B»7*((Y*({2,/5.»+(9.*W*y)+((M**4.)*30./3.>+{(U**6.)*16.)))-tZ* 
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EV{7,7)«({0620e2A*3./8.J+(0320328*3./2.>+(QB2aB2C«l./8.))*64.fX 
6V(2»l)»ey(l»?) 
6V(3,l)»eV«l,3) 
6V(3,2)=eV(2»3) 
eVCijD-EVd^A) 
EV('t»2)»eV(2i4) 
ev('t,3)«ev(3,4) 
EV(5,1)»EV(1,5> 
eV(5,2)»EV(2>5) 
EV{5»3)=EV(3,5) 
EV(5»4J»£V(4,5) 
EV(6,l)»eV(l,6) 
EV<6f2)»EV(2,6) 
e V ( 6 ,3)"EV(3, 6 )  
eV(6,'tJ«EV('t.6) 
EV(6,5)»BV(5.6) 
ev(7,i)-ev(i,7) 
EV(7,2>>6V(2,7) 
eV(7,3)»EV(3»7) 
EV(7#4)»EV(4,7) 
EV(7,5)»EV(5f7) 
EV(7»6)»EV(6,7> 
00 5 J»l,7 

5 ALPHAd, J»»EV(l,J)/eV(l,l) 
00 10 K«2,7 
00 10 J«l,7 

10 BV(K,J)=ev(K»J)-(SV(K,l)*EV(l>J)/EV(1/1)) 
00 16 J=lf7 

16 8ETA(2.J)"8V(2jJ)/8V(2i2J 
00 20 K»3»7 
00 20 J«l>7 

20 CV(K, J»»8V{K,J J-{aV{K.2)'!'BV(2»J)/&V(2»2)) 
00 25 J3l,7 

25 GAHMA(3,J)3CV(3.J)/CV(3,3) 
00 31 K»4,7 
00 31 Jal,7 

31 0V(K,J)»CV(K»J)-(CV{K,3)<'CV(3.J)/CV{3,3)) 
00 37 J-l»7 

37 0ELTA(4, J)»0V('f,J)/0V(4/<r) 
00 39 K»5»7 
00 3" J»l»7 

39 FV{K, J)a0V(K,J)-(0V(K,'»)*0V(4#J) /0V(4,4)) 
00 45 J=l»7 

45 EP(5,J)=FV(5,J)/FV(5»5) 
00 50 K=6,7 
00 50 J»l,7 

50 6V(K,J)«FV(K,J)-(FV(K.5)*FV(5,J}/FV(5»5>) 
00 55 J«l»7 

55 PHl(6»J)»GV(6,J)/GV{6f6) 
on 61 J-l»7 

.61 HV(7,J)«GV(7,J)-(GV(7/6)*GV(6,J)/GV(6,6)) 
00 65 J=l,7 

65 RHa(7,J)»HV(7.J)/HV(7,7) 
00(1,1)»8.»X*T 
00(1,2)»16.1'X*( (Y«C(l./2. )+(2.«'C)) )-(Z*( (ll./6.)+(2./3.*C)) )) 
00(1»3)»8.*X*((Y*((l.)+(12.*C)+(16.*C)))-(Z»({19./3.)+(20.*C)+(8./ 
23.*0))i] 



81 

00(1»4)"8.*X*({ ((Y*( O./A.j + Ct.+C) ) )-(Z<'( (IS./'f. ) + (3./2.*C)) n*3./ 
28,) + ( ({Y*( O./'r.) ))-{Z*( t5./<t.)-(l./2.*C))) )*2. 
Q0{2/2)=»(ClClA+ClCl3)/2. 
aO<2»3J»6.*X'>(ClC2A+ClC2B) 
aO(2»^)«16.*X*((5CClA*3./3.)+(=CCI3/8,)) 
00(3,3)«8.»Xf(C2C2A+C2C28) 
aO<3»^)-16.»X»(<SCC2A*3./8. > + < e C C 2 9/8.)> 
00(A,4»»16.*X*((ECECA1*5./16.J+(6C5CB/l6,)+(fC£CC/16,n 
00(3»l)a00(l*3) 
00(3»2)=«00(2.3) 
00«2^1)'00(1,2) 
ao(<-»i)=aocL,A) 
0D('f*2)»00(2>'t) 
00(4>3)300(3>4) 
DO 110 J«l»4 

110 CALPMA(l,J)«rjD(l»J)/OD<l»l) 
00 120 K»2,4 
00 120 J3l,4 

120 OBVCXjJ J»00(K»J)-(aO(K»l)OaO(l»J)/GD(l»l)) 
00 125 

125 086TA(2,J)a0BV(2»J)/aav(2#2) 
00 130 K»3»'t 
00 130 Jal,4 

130 QCV(K,J)»aBVCK,J)-(08V(K,2)fa3V(2,JJ/03VC2»2)) 
00 135 J>l,«t 

135 0GA^^^^A(3, J)=aCV(3»Jl/aCV(3»3) 
00 1^1 Jal.'l 

1^1 OOV('f,J)-QCV(^, J)-C0CV(«#3)»aCV(3, j)/acv<3,3)) 
DO l't6 J«l»<h 

I'te OOELTACti J J^aOVCtjJ )/00V( 'rj'r) 
WRITE{6.400) W 

^00 F0RHAT(1H1»*W»*^F6.3) 
WRITE(6,^05) 

<»05 FaRHAT«//*10X»*EVSM ABERRATIONS*) 
WRITE(6,500) (eV(l»J),J«1,7) 

500 FaRMAT(//j7(513.6,3X)) 
WRITE(6/600) {EV(2»JJ»J"l»7) 

600 F0R«ATC7(S13.6»3X)> 
WRITE(6,700) (EVt3»J)»J»1,7) 

700 F0RHAr{7(El3.6.3X)) 
WRITE(6»800) (EV(4,JJ»J»l#7) 

600 FOfi«AT( 7(E13.6,3Xn 
yRITSt6»850) cevcstJ),J«l»7) 

850 • FaRHAT(7(S13.6,3X)) 
WRITE(6»900) «EV(6fJ)»J»l*7) 

<J00 F0RHAT(7{E13.6»3X) ) 
WRITE(6,050) (EV(7,J),J»1»7) 

950 FaR«AT(7(E13.6»3X)) 
WRITE<6>70) 

70 F0RMAT(///,2X,*0RTHaG0NAL CaSFFICISNTS*) 
WRITE(6/75) EV(1*1)*(ALPHAtl/J)»J«l>7) 

75 FORMAT (/> el3.6> 8X» 7{ F11. 6»-tX) ) 
WRITE(6*80) BV(2»2)»(3ETA(2/J)#J-1/7) 

60 FORMAT ( F13 .6, 8X , 7( Fll. 6»-VX ) ) 
WRITE (6* 85) CV(3»3)» (GA.1MA(3* J). Jal»7) 

e5 FORMAT (F13.6,8X»7(F11.6»^X)) 
MRITE(6/91) OVCt^^t)* (OELTACr^JjjJ-l^T) 



SI 

S5 

100 

105 

410 

415 

420 

425 

430 

435 

440 

445 

450 

455 

461 

462 

463 

464 

466 

90 

82 

FORt^AT {F13.6»8X,7(F11.6,4X) ) 
WRITE(6»95) FVt5»5)*(EP{5>J)/J»l/7) 
FORMAT (F13.6.8X,7<FH.6,4X) ) 
WRIT6t6»100J SV(6»6)»< PHI<6»J)/J»1#7) 
format (ei3.6,8Xi7(F11.6, 4 X n  
WRITE(6,105) HV(7#7),{RHa(7.J»*J-l»7) 
FORMAT <613.6,8X,7(FH.6»4X> ) 
WRIT6{6,410) 
FORMAT(/////>lOX.*000 ABERRATIONS*) 
WRITe(6,415) (0D(1»Jl»J"l>4) 
FaRHAT(//,4(S13.6#3X)) 
WRITE (6»4?0) ( a O(2>J)»J»l*4) 
F0RMAT(4(E13.6,3X)» 
WRITE (6«425) (00(3fJ)*4) 
FQRMAT(4(£13.6»3X)) 
WRITE (6>430) (00{4,J)>J-1,4) 
F0R^'AT(4(E^3.6»3X)) 
WRITS (6,435) 
FORMATJ///,2X,*0RTHnG0SAL COEFFICIENTS*) 
WRITE {6>440) 00<1,1),(QALPHA(1»J)»J-1/4) 
FORMAT(/f E13.6»8X»4(FH.6»4X) ) 
WRITE (6,445) 08V(2,2)#(08STA{2.J),J-1,4) 
FaRKAT(E13.6,8X>4(FH.6,4X)) 
WRITE (6,450) OCV(3,3),(QGAMMA(3,J),j»l,4) 
F0RMAT(E13.6,8X,4{F11.6,4X)) 
WRITE (6,455) OOV(4,4),(ODELTA(4,J),J»1,4) 
F0RHAT{E13.6,8X,4(Fll.6,4X)) 
WRITE (6,461) 
FORMAT(//,20X,*aROER OF ABERRATIONS*) 
WRITE (6,462) 
F0RHAT(/,10X,*EVEN*»5X,*0*,5X,*Sl*,4X,*S2*,4X,<'S3*,4X,*A*,5X,*aai* 

2,3X,*aB2*) 
WRITE (6,463) 
FQRMAT(/,10X,*aOD*»6X,*B*,5X,*Cl*,4X,*C2*,4X,*EC*) 
WRITS (6,464) 
FQRKAT(//,2X,*FIRST COLUHN CF ORTHOGOMAL COEFFICISNTS NORMALISED 3 

2Y EV(l,l) AND PRINTED IN OROER FROM THE FIRST EVEN TO THE LAST 000 
3 COEFFICIENT*) 
EVN^EVdjl) /5V( 1>1) 
BVN=By(2,2)/eV{l,l) 
CVN«CV(3,3)/EV(1»1) 
0VN=0V(4,4)/SV(1,1) 
FVN«FV<5.5)/£V(1,1) 
'5VN«GV(6.6)/£V(1,1) 
HVN>HV(7,7)/EV{1,1) 
aON»00(l,l)/Ey(l,l) 
a B V N » 0 3 V ( 2 , 2 ) / E V ( l , l )  
0CVN»0CV(3,3)/EV(1»1) 
OOVN»OOV{4,4)/EV(1,1) 
WRITE (6,466) EVN,3VN,CVN,0VN,FVN,6VN,HVN,30N,aBVN,0CVN,a0VN 
FaRHAT</,2X,ll(E11.4>) 
GO TO 30 
STOP 
END 



83 

PRQGR41 TFIORTHCINPUT#OUTPUT>TAB£5-INPUT^TAPee"OUTPUT) 
C THIS PRQG'.AM COMPUTES THE DIF PR ACTION-B AS ED REAL PART OF THE STF TO 
C SECQHO QROER IH THE MA\/e-AdERRATIQN CtjEFFICISNTS .THE =?E3UUTING 
C QUADRATIC FORM IS THEM INTEGRATED OVER AZIMUTH AND SPATIAL FREQUENCY 
C . AFTER MULTIPLICATION BY A L0RENT2IAN 'JEIGHTING FUNCTION 
C WHICH APPROXIKATES THE MTF OF A OSTECTOR.THE UPPER LIMIT OF THE SPATIAL 
C FREQUENCY VAKlABLE IS TAKEN TO 3E EITHEfl THE FREQUENCY' AT WHICH THF 
C LORENTZIAN FALLS TO 0.1 OR TO THE OPTICAL CUT-OFF/MHICHEVER OCCURS FIRST. 
C FINALLY,THE QUADRATIC FORM IS ORTHOGONALTZED.THE RESULTS ARE 
C DISPLAYED AS A FUNCTION OF THE PARAMETER RECHARACTERIZING 
C THE WIDTH OF THE LORENTZIAN. 

DIMENSION EV(7,7)/ALPHA(7*7),aV(7,7),9£TA(7,7),CV{7,7J.GAMHA(7,7), 
20V<7»7)*DELTA(7*7),FV(7,7)/6P(7»7)»GV(7»7).PHI(7>7)/HV(7*7)#RH0{7* 
37),0D(4,A),aALPHA(<»,4) ,OBV('f»^,)>05ETA('f»'r) ,0CV<^,4)»0GAnHA(4, 
^Aj/QDVC^f^j/ODELTACt,^) 

3 REA0(5#4} R 
FORMATCFa.a) 
DO 99B K»l,7 
DO 998 J»l»7 

998 EV(J»K)»0.0 
DO 999 
DO 999 J«l,4 

999 Q0{4»K)»0.0 
W^O.O 
IF(R.EQ.99.0)90*7 

7 IF(R-3.0) 3*8,9 
i WM=1.0 

GO TO 12 
^ WMa3./R 
12 PT"0.0 
15 W«W+(WM/100.0) 

W«D=WM/100. 
40 PI=»3. I<rl59265358979 
41 Y=ACOS(W) 
42 Z»W*(SQRT(1.-(W*W))) 
43 XaPI^W+U 
44 T»Y-Z 

C*W*W 
S»U**6. 
F»W*»9. 
G»W**10. 
H=W«*12. 
P=W»*L4. 
0.W++4. 
Val.O 
U"1.0 
D»1.0 
A«1,0 
Sl-1.0 
S2»1.0 
SS-l.O 
QBl-l.O 
082^1.0 
8>1.0 
Cl-l.D 
C2»1.0 
SC-1.0 



0 S 1 M 2  =  2 5 6 . * 0 - * S 1 * M * U < ' P I * (  ( Y * (  ( l . / 6 . ) - t - ( 2 . * W > l ' W )  +  (  )  )  ) -
2 ( Z * {  ( 7 . / 6 . )  +  ( 2 5 . < ' W + W / 9 . )  +  (  ) * 2 . / 9 .  )  J  ) )  

S l H  =  2 5 6 . » S l * S l * W ' l ' W f P I < ' (  ( Y *  (  ( 1 . / 8 ,  )  +  { 1 7 . * W f W / 6  .  )  +  (  ( W * * 4 . ) * 3 .  )  
2  +  (  ( W = c * 6 . ) * 4 . ) )  ) - ( Z * (  ( 2 9 . / 2 ' t .  ) + <  1 3  9 . f W * W / 2 0 .  )  +  (  
3 2 9 2 . * ( W * * 4 . ) / ^ 5 , ) + ( l ^ . < ' < W * * 6 . ) / ^ 5 . )  J  )  )  
0.M = 6't.*X*0*0*( ( Y+C (1./̂ . j+(U«W)) )-(Z 

2*( (13./12. > +  ( < l . / 5 . ) * W < ' W )  )  )  )  
A A A a ' / * (  ( Y / 4 . ) - ( Z * ( ( 5 . / 1 2 .  j - C W K W / e ,  )  )  H  
A A B - U * ( { Y * (<l./^.)+(W*W)) ) - ( Z * ( { 1 3 . / 1 2 . ) + ( W » W / 6 . ) ) ) )  

1 3 1  A A » U * 6 ^ . * X « { A A A + A A 3 )  
1 3 6  A 0 » 1 2 8 . * X ' I ' A A B  
1^0 AS1» 2 5 6 . » A « S 1 * X * U * ( ( Y * ( ( l . / 6 . ) + ( W * W * 2 . ) + ( . ) # 2 . ) ) ) - ( Z * ( ( 7 . / 6 . )  

2 + ( W * W < ' 2 5 . / 9 . ) - f (  * 2 . / 9 . )  ) ) )  
1 ^ 5  A S 2 = 3 3 4 . * A + S 2 * X + U * ( ( Y * ( ( l . / 8 . ) + ( W * W * 3 . 1 + < . ) * 1 0 . 1 + . < ( W * * 6 . J * 1 6 .  

2 / 3 .  )  n - C Z O C  ( 2 9 .  /  2 4 .  ) + { W * W * 1 ^ 7 7 . / 1 8 0 . )  +  (  ( W K O ^ .  )  * 3 8 9 . / < t 5 .  )  +  (  ( W * * 6 .  ) *  
3 2 . / 5 . ) ) ) )  

S 3 S 3 « 1 0 2 ' t . * S 3 * S 3 * X + (  ( Y * (  ( 1 . / 1 6 .  ) + ( C * e 9 . / l ' t .  )  +  ( a * 3 a 5 . / 3 .  ̂  +  { e . « ' ^ 8 < J 8 . /  
2 5 . ) + ( F * 3 1 3 6 . ) + ( G * 1 2 5 ^ ^ . / 3 . l+(H * 2 0 4 a . ) + ( P * 2 5 6 . ) ) ) - ( Z * ( ( 6 1 . / ^ 6 . ) + ( C ^ ' •  
3 3 8 7 5 3  . /S-t 0 . ) +( 0 * 3 6 2 2 9 .  /70 . )  +  (  £ • ' > 3 9 3 6 7 .  / 1 8 9 .  ) + ( F * 2 8 ^ 2 6 g 8 3 .  / 6 6 1 5  .  )  + (  
« 6 * 3 2 7 7 1 0 0 8 . / H 0 2 5 .  )>{H*ie88355 2 . / 3 3 0 7 5 .  )  +  ( P * 2 0 9 Q 2 4 . / . 3 3 0 7 5 . ) ) )  )  

S 2 S 3 » 5 1 2 . * S 2 * S 3 ' 0 X * (  { Y * {  ( 3 . / l ^ .  )  • i ' ( C * 3 3  .  / 2 . )  +  (  0  +  1 2 0 8 . / 5 . )  +  (  £ < ' 1 2 2 ' i f . )  +  
2 { F * 2 3  5 2 .  >  f  (  6 * 1 5 6 3 .  ) + ( H * 2 5 6 .  )  ) ) - (  Z «  ( ( S 3  . / l < f .  )  +  ( 0 * 2 1 0 8 9  . / 2 1 0  . ) • ( • (  0 * 1 6  
3 1 9 6 2 . / 2 1 Q .  ) + ( £ ' < • 1 0 5 1 3 ' • . / ' t 9 .  ) + { F * 2 5  5 8  3 9 2 . / 1 2 2  5 .  ) + <  5 * 6 6 1 2 1 6 . / 1 2 2 5 . ) + (  
' t H + 9 7 9 2 . / 1 2 2 5 . ) )  )  )  

S 1 S 3 » 1 0 2 4 . * S 1 * S 3 * X * ( { Y * ( ( 1 . / 1 2 . J + ( C * ' > 7 . / 1 0 . ) + < Q * 4 8 . ) + ( F * ^ 4 8 . / 3 . ) + (  
2 F * l ' f ' t . )  +  ( G « 3 2 . )  )  ) - { Z f (  ( 5 . / < f .  )  +  ( C * 1 1 8 . / 5 .  ) + ( 3 * 8 1 5 . / 7 .  )  +  (  £ * 9 0 5 5 6 . / 5 2  
3 5 . )  +  ( F * 9 . 9 3 0 ' r . / 1 5 7 5 . ) + l G * 2 0 4 8 . / 1 5  7 5 .  )  ) ) )  

•  D S 3 = 5 1 2 . * 0 * S 3 » y * ( { Y * ( ( 1 , / 1 0 . ) + ( C * 4 . ) + ( Q * 2 8 . ) + { E * ^ 8 . ) + ( F * 1 6 . ) ) ) - { Z *  
2 ( ( 3 7 . / 3 0 . J + ( C » 2 ^ 7 . / 1 5 . J + ( Q * 3 6 4 4 . / 7 5 . ) + ( £ * 7 2 « ( . / 2 5 . ) + ( F * 6 4 . / 7 5 . ) n )  
AS3 » 5 1 2 . * A * S 3 * U * X * (  (  Y * {  ( 1 .  / 1 0  .  )  +  ( C * 4 .  )  +  ( 0 * 2 8  .  )  +  (  £ * ^ > 8  .  ) + (  F *  1 A .  )  )  ) -

2 ( Z * (  ( 3 7 . / 3 0 . ) + { C * 2 ' f 7 . / 1 5 . )  +  ( 0 * 3 6 4 ^ . / 7 5 . )  +  ( £ * 7 2 « f . / 2 £ .  > + ( F * 6 4 . / 7 5 . )  
3 ) }  )  

0 8 1 Q B 1 A = ( Y * (  ( C * 5 . ) + ( 3 * 2 ' f . ) + ( £ > 1 6 .  ) )  ) - ( Z * (  ( « » 6 . / 3 5 . )  +  ( C * 1 2 5 . / 7 .  )  +  { a *  
2 8 5 2 . / 3 5 . ) + ( £ * 5 2 . / 3 5 . ) ) )  

a 8 1 Q a i a » ( Y * ( ( 3 . / 8 .  ) + ( C » l ' V , / 3 . )  +  ( Q * 6 .  1  )  ) - ( Z * (  ( ' » 3 3 . / 1 6 3 .  )  +  ( C * 3 1 1 9 . / < t  
2 2 0 . ) + ( a * 3 S 9 . / 3 1 5 . ) - ( £ * 6 2 . / 3 1 5 . ) ) )  

0 3 1 Q 3 1 C » ( Y * (  ( l , / 6 ^ .  ) + ( C / 8 .  J  ) ) - (  Z * (  ( 2 2 1 . / 2 2 ' f O . )  +  ( C * 3 7 . / 6 7 2  . ) - (  Q * 1 3 .  
2 / 3 ' f O , ) + ( E / ' » 2 Q . )  )  )  

a 8 1 D B l » ( ( U * U * 0 8 i a 3 1 A J + ( U * O B 1 0 8 1 3 ) + O e i Q 8 1 C ) * 6 ^ . * X * a B l * Q 8 1  
0 8 1 S 2 A = » ( Y * ( ( 9 . / 2 0 . ) + ( C * 1 9 . ) + ( 0 * 1 2 0 . > + ( 5 * 1 9 2 . ) + ( F * 6 4 . ) ) ) - ( Z * ( ( 1 1 9 . /  

2 2 0 , ) + ( C * 5 1 6 1 . / 7 0 . ) + ( Q * 1 0 3 5 7 6 . / 5 2 5 . 1 + ( £ * 6 0 3 0 8 . / 5 2 5 . ) + ( F * 6 3 2 . / 1 7 5 . > )  
3 )  '  

0 8 1 S 2 B « ( Y * ( ( S . / ' f O . ) + ( C * 7 , / ^ . ) + ( 0 * 6 . ) + ( 8 + ^ . ) ) ) - ( Z * ( ( 2 9 . / 4 0 . j + ( C * 4 9 9  
2./105. )+( 0*2059./3"50.) + {e*26a./525. )-(F*0./175 . J )) 

0 B 1 S 2 « (  ( U * C I 5 1 S 2  A ) + 0 9 1 3  2 8  )  * 1 2 8 .  * * * S 2 * 0 3 1  
a B l S l A = ' {  Y * (  ( 3 . / 1 6 . ) + ( C * 2 9 . / 6 .  J + { Q * 1 5 .  )  +  ( E * 8 . )  ) , ) - { Z * (  ( ' f 6 7 . / 2 ' t 0 .  )  +  ( C  

2 * 1 5 1 7 . / 1 2 0 .  )  +  ( Q * 1 1 5 1 . / 9 0 .  )  +  ( £ * 2 9 .  / ' t 5 ,  )  )  )  
a 9 1 S i a a{Y*( ( l . / 3 2 . ) + ( C * 5 . / 1 2 . )  +  ( Q / 2 . ) )  ) - (  Z *  ( ( 1 1 3  . / ' f S O .  ) +  ( C * 1 5 1 . / 2 ^  

2 0 . ) + ( Q * 1 7 . / 1 8 0 . ) - ( E / 9 0 . ) ) )  
aaisi«((DaisiA*u)+aBisiB)»256.*x*asi*si 
0 B 1 0 A = « ( Y * (  ( 1 . / < » . ) + ( C * 7 . / 2 » ) + ( 0 * ^ .  ) )  ) - ( Z * ( ' (  1 1 3 .  / 6 0 . ) +  ( C * 2 7 . / 5  .  )  +  (  0 *  

2 7 . / 1 5 . ) )  )  
a 9 1 0 B='(Y*( ( l . / 2 « » .  ) + ( C / ^ .  ) )  ) - ( ! * (  ( 9 .  / ' f O . )  + ( 0 * 7 .  / 9 0 . ) - < Q / 9 0 .  )  )  >  
a 8 1 0 » ( ( U * 0 B 1 D A ) + ( 0 3 1 0 3 ) ) * 1 2 8 . * X * 0 * 0 8 1  
n 8 l A A a ( Y * ( ( 1 . / 4 . ) + ( C ) ) ) - ( Z * ( ( 1 9 . / 2 0 . ) + ( C * 1 3 . / 3 0 . > - ( q * 2 . / 1 5 . ) ) )  
n B l A » 1 2 8 . * X * a 8 1 * A * U * <  ( 0 9 1 0 A*'J ) + a B 1 0 B+(V * O a i A A >  )  
aaiS3A» ( Y * ((1./8.)+(C*79./10.)+{Q*a6.)+(E* 2 S 0 .)+(F+280.)+(G*64.))) 
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Ŝ
, 

w
 

U
l 

w
 

U
l 

U
i 

U
l 

1
 

+
 

•
 

•
s
. 

s—
 

•f
r 

T
l 
r
s
| 

o
 

U
i 

m
 

1
 

«
o
 

+
 

•
 

•
 

•
 

«
«
«
 

+
 

<
 

*
 

4
*
 
U

i 
*
• 

+
 

•
 

w
 

rs
i 

t
l
 

1
 

+
 C

O
 

4
*
 

U
l 

£>
 

ro
 

<
r>

 
T

l 



86 

2.J ) + <l<'200.'»{y«'i'6.) ) + (18'f3E. + (W**8. )) + ('>096 . (W*f 10 . ) )))-(( Z)* 
3( (ie0.) + (320a.*W*W) + (52732S./35.*(W>*^.) j+tTTET'teP./aSO. 

) ) + (28 2<f70^./350,* (W**8.) ) + < 59368 ./350.»< W>l>*10. )) ) )) 
S l S 2 » 7 6 f l . * S l ' ' S 2 « ' X  +  (  ( y t (  ( 1 . / i O .  )  +  (  W * M *  1 5 . »  * 2  
22. ) + ( tW**6. j-^lOO./S. J + < (Wf-i-a. )*32./3. ) ))-( ( Z) * ( ( 37. 
3/30.)+<W*W + 24O7./190.) + l«W**'t.)»156 79./450.) + { < W'»+6.) *8692 ./"t 50 . ) + 
(W*f8. J + ab'r./'.SO.)))) 
0S2»38'».»0*S2'»X*( (Y*« (l./8.)-i-(W*W*3. >+( .) »10.)+ (< W* 
2*6.)*l6./3. n )-((?)«{( 29./2«..) + (W*u*1477./180.)*((W 
3*»'f. )*3 89. /-iS.) + ( CW-f+d. )*2./5. 11)1 
C1C1A»6^.<'X»( (Y«( (3./8. ) + <W<'W«17./'f.) + ( {U*«4. )*^.)) )-(Z# 
2( (101./<t0. ) + (W*W*93./15,) + ( (W^+4. )*17./30.) n ) 
ClClB»6'f.*X*{ (Y*( (l./2<;,) + {W*y*l./'f. )))-(Z*((9./40. ) + (W+W-*?./90. 
2({W«*'>.)/90.)>)) 
ClClCa't.*WC((Y*( {1./2. )+(2.*W*y)) )-<Z»{ ai./6. ) + (U<'W»2./3.)) ) ) 

60 ClCl»Cl*Cl*((ClClA*U) + <ClC13^'V»-(ClClC«ClClC+'t.*?I*U/T)) 
C2C2A=U*( ( Y*( (H./5. ) + CS5.»W*WJ + ( (W»*«r.)*1520./3,) + ((Wf!'6.)*78'(.) 
2 + ( (W*<'8. >'<'256.)) )-(Z*( (<tl3./15. ) + (3 33 5 9.»y'i'W/l05.) + ( )*'t26506 
3./525.) + ({'V+'l'6. ) *727144./1575. ) + ( ( M**3 .) *22928 ./1575.» ) )) 
C2C2aa\/*( (Y*( (2./5.)+{<?.*W*tf) + ((y**4.)*80./3.)+( (W**6. )+16.)) )-{Z* 
2<(56./15.>+(157.*W+W/7.>+({W**4.)*12562./525.)+((W**6.)*3208./1575 
3,)-({V**8.»*304./I575.» HJ 
C2C2C = Y*(l. + (12.*W*W) + ( (W*»'t.)*16,) )-(Z*( (19./3.) + (W*'4*20.» + ( (W»*4 
2,)*e./3.))) 
ClC2AaU*{(Y*((7./4.)+(122.*W*W/3.)+((W**4.)*12 4.)+((W**6.)*64.)))-

2(Z*( (1007,/60.) + {3l49.*W*W/30. ) + { (W**4. J *4646. / 'tS.) + ( (1^**6, >*244./ 
345.))n 
CLC23=V*<(Y*((l./4.)+{U*W*10./3.)+{(W*+4.>*4.)))-(t(113./60.)+{1 
251.*W*W/30.J+((W**4.)*34./45.»-((W**6.)*4./45,)))) 
C1C2C>U*((Y*((l./2.)+<W*W*2.)))-(Z*((ll,/6.1+(W*W*2./3.))))*C2C2C 
ECeCAl'if ( Y*( (9./3. ) +(15.*W*W) + ((W**4. )*16. ) )} - ( Z* ( ( 339 ./40 . I + ( 4 
221.»W*W/20.)+((W**4.J*13./5.)))) 
ECSCAaECECAl*U*U 
£CEC3="J*V*( (Y*( «9./4.)i-H5.*y*W)) )-(Z*( (243./20. )+(W*M*67./lQ .)-(( 
2W**4,l*8./5.)))) 
6CECC"V*V*{(Y*9./3.)-{Z*((99./40.)-(W*W*39./20.) + ({«**4.> *3./5.))> 

2 )  
SCECD»{U*((Y*((3./4.)+(W*W*4.>))-(Z*((13./4.)+<W*W*3./2.)>)))+(V*< 
2{Y*3./4.)-(Z*({5./4.)-(W*W/2.) ) ) IJ 

115 £CEC«16,*EC*SC*X*U*{£CECA+£CECa+SCSCC-(£CeC0*eCEC0/T)) 
ECC1A»U*{ (Y*((S./4,)-t-(«*W*16.) + ( (W**4.>*16. ) ) )-< Z* ( (133 ./20. ) + (W*W 

2*217./10.1+(CW**4.1+12./5.1)11 
ECC19a7*((Y*((5./4.»+(W*W*6.J)>-(Z*((111./20.)+(W*W*67./30.)-{(W** 

24.)*8./15.)))) 
ECC1C«C1C1C*£CEC0 
ECC2A»U*((Y*((3./2.)+(W*W*33.)+((y**4,)*120.)+<(W**6.)*64.)))-(Z*( 

2(153./10.)+(W*U*301./3,)+<(W**4.)*1534./15.)+<(H**6.)*28./5.)))> 
ECC2B=V*{(Y*(<3./2.)+<V<*W*13.>+<(W**4.)*24.)>)-{Z*((lOl./lO,)+(W*U 

2*29,)+((w*+4,J*26./5,)-({M**6.)*4./5.)))J 
ECC2C"C2C2C*ECEC0 
WP"1./(1.+(R*W*W*»)) 
IFtW-(WH-WMO)) 11»11,14 

11 DCI'DM+WF^W 
0 S I H 2 I » 0 S l H 2 * W F * M / 2 .  
0 S 2 I « 0 S 2 * W F * W * W M 0 / 2 .  
0S3I=0S3*WF*WM0*W/2. 
AOI»AO*WF*WMO*W/4. 



n810I»( (0810A/2.) +013103 >*6A.1')(*W*WP*WH0 
a820I«a320*WF*WfyM0/'t. 
SIHI'SIM^W'F+W+WHO 
S1S2I»S1S2*WF*WM0*W/2. 
SlS3I»SlS3fWCWH0*WF/2. 
asl i=»asl  + wf*u+wmo/«f,  
081S1I»(  (Q31S1a;2. )+OniSlB J'»l2a.')'X*WF*W*W«0 
QB2SlI»0e2Sl«WF»W4'WH0/<^. 
S2S2I»S2S2>l 'WF*W*W10 
S2S3I=«S2S3*WF<'W*WH0/2. 
as21»as2 + VlF*W»WH0/'». 
081S2l3((031S2A/2.)+081S2B)*64.*X*WF*W*W«0 
032S2l3Q82S2*U*WF*WM0/'t. 
S3S3I»S3S3*W+WF»WM0 
AS3l3AS3*W«yF*UM0/4. 
081S3I»({081S3A/2.)+aaiS3BJ»25 6,*X««*WF*WM0 
08 2S3I=0S2S3*UF*Wi'WH0/<». 
AAIa( ( AAA/3. J + < AA3 + 3./8,) J+i^.^X'^W^WF'OWIO 
081AI»( (0810A*3./3. ) + ( 08108/2. )+(031AA/8. ) ).^-X+wHO+WF+W 
Q82AI»( (0320A+3 ./3. )+(G32AA/8. ) )+6<^.*X«UF*W*WM0 
0310811"( (a8ia81A*3./8. ) + ( 0310318/2.)+0Bla.31C) + 6^.*X*WF*W'l<WM0 
0820311={(a82081A*3./3,)+(0320818/8.)+(0820810+3./^.))*64.•X+WF+U* 

2VIM0 
0320321" ( (03208 2A'f3./8. ) + (0320823*3,/2. ) + <082fl32C*l./a.) )i'64.*X*WM 
20*W*WF 
ECECI»16.*X1<W*U'F*W10*( (eCcCAl*5./16. ) + (eC6C3/16. ) + {eCECC/16. ) ) 
C2ECI=1A.*X*W»WF*WH0*((FCC2A*3./a.)+(ECC2B/3.)) 
C2C2l3n,*X*W*WF*UM0*(C2C2A+C2C23) 
C1ECI"16.*X*U*WF*WH0*{ (ECClA<'3./8.)+(ECC18/8.) ) 
ClC2I"8.*Xi'W+UF»WH0'»tCXC2A+ClC28 J 
ClClI«(ClClA+ClC18)*W*WF'»WM0/2. 
8ECI»3.»X*W*UK0*WF*((((Y*t(3./4.)+(4.*C)))-{Z*((13./4.)+(3./2.*0)) 
2) XiS./B.) + (((Y*( (3. /«. ) ) >-(Z*( (3. /4,)-(l./2.«C)) »)'»l./8. ) )*2. 
8C2I=«8.OX*WF*W*W«0«{(Y*((l.)+(12.fC)+(16.*Q)))-(Z»((19./3.)+(20.»C 
2) + (e./3.«OJ J )> 
QClIol6.*X*W+WF*WH0+({Y*({l./2.)+(2.*C)))-(Z*((ll./6.)+(2.*C/3.))) 

2) 
38I"a.*X*T*W+WF*WHO 
PT'PT+O.iPI+T^MMO^WFfW) 
00t<»»<f)»Q0l4»4)+ECECI 
00(3/'t)=Q0(3»'t)+C2SCI 
f70(3t3)=a0(3t3)+C2C2r 
00(2.4)»a0<2»4)+cieci 
aO(2,3)"OD(2i3)+ClC2I 
.Q0(2,2»«0D{2»2)+C1C1I 
ooti>4)«ao(i»4)+aEcr 
a0(l«3)"00(l,3)4-9C2I 
00(l,2)»00a.2)+3cil 
a0<i»i)»Q0(i»i)<-aai 
BV(7,7)«EV(7,7)+a82082I 
EV{6>7)»EV(6»7)+0B2a31I 
EV(6»6)-EV(6»&)')-031Q81I 
eV(5>7) " e v(5»7) + a 8 2 A I  
£v(5»6)-ev(5t6j+031ai  
£v(5»5)-ev(5»5>+aai  ' 
EV(4,7)=EV(4.7)+a32S3I 
EV(4,6)=iEV(4»6>+031S3I 
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00(<>»1)-00(1»A) 
Q0(4>2)-a0(2»4) 
aD('f»3)»CD{3,<») 
DO HO J«l.^ 

110 0ALPHA{1»J)-00(l»JJ/00(1»1) 
00 120 K'Zfi, 
00 120 J-lt'f 

120 O0V(K,J)«aO(K,J)-(aO(K>l)*OO(l>J)/0D(1^1)) 
00 125 Jil,4 

iZS 0BETA(2,J)»a3VC2,J)/0BV(2»2» 
00 130 K«3>^ 
00 130 J-l,<t 

130 OCV(K*J)=OaV(K,J)-(a3V«i'»2)+O0V(2,J)/0BVC2,2)) 
00 135 J»l,'t 

135 QGAI'»A(3» J)»0CV(3,J)/0CVt3»3) 
00 I'tl J«l»̂  

141 00V{<f» J)-0CV{4» J )-(0CV(4,3)*0CV(3f J)/0CV(3,3)) 
00 l't6 J = l,4 

l<r6 OOgLTACt* J )aa0V('f/J)/00V(4,<>) 
write(6f  <»00) p, 

<rOO FaRMAT( lHl>*R«*,ei0.3) 
write(6.<f05) 

'>05 FORHAT(//» 10X»*EVeN ABERRATIONS*) 
WRITE(6,500) (EV(1»J ),J»1»7) 

500 FaRMAT(//>7fE13.6>3X)) 
MRITE(6,fc00» (EV(2/J»,J»l,7) 

600 F0RMAT(7(E13.6,3X)) 
VRIT£(6/700> (EV(3»J)/J=l,7) 

700 F0RHATC7(P13.6#3X)) 
WRITe{6,800) (EVCt, J), J»li7) 

800 FaRflAT(7(E13.6,3X)) 
WRITE{6»850) (EV(5>J),J-1»7) 

850 F0RI14T{7(E13.6,3X) ) 
WRITE(A»9C0) (EV(6#J),J»l,7) 

500 FaRHAT(7{E13,6).3X)) 
WRITE{6,950) (EV(7,J),J«l,7) 

950 FQRMAT(7(E13.6»3XJ) 
WRITE(6,70) 

70 FORMATC///,2X»«0RTHaG0NAL COEFFICIENTS*) 
WRITc(6»75 J eV(l.L)» (ALPHAd/J). J»l>7) 

75 FORMAT (/iE13.6/8X,7(FH,6,4X) ) 
URITE(6»eo) BV{2/2)»(SETA(2»J)»J«1>7) 

80 FORMAT (ei3.6»8X,7(FH.6,'rX)) 
waiTS(6»85) CV(3»3),(GA«KA(3»J)>J»l>7) 

65 FORMAT (E13.6»8X#7(Fll,6»4X)) 
WRITE (6, 91) 0V{'t,'t),(0 6LT4 (4,J), J = l,7) 

91 FORMAT (E13.6/8X,7(F11.6/<fX)) 
WRITE(6,95) FV(5»5),(EP(5#J),J»1>7) 

95 FORMAT ( E13 .6#8X, 7( Fll. 6,-tX) ) 
WRITS(6,100) GV(6/6)>(PHI{6»J),J»1.7) 

100 FORMAT {E13.6.ax,7(FH.6,'.X)) 
WRITE(6,10 5) HV(7,7),(RH0(7»J)»J»1,7) 

105 FORMAT (E13.6,aX,7(F11.6,4X)) 
WRITE(6,'tlO) 

410 FnRHAT(/////»iox,*oon aberrat ions*)  
WRITE(6,'tl5) (00(1» J), Jal/^r) 

AIS FOPMAT{//,'f<E13.6»3X)) 
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WRITE (6»'t20) (00(2»J), 
< t 2 0  F O R M A T C K f  1 3 . 6 , 3 * ) )  

WRITE <6,425) (00(3, J), J»1,'V) 
425 FaRHAT{4<ei3.6»3X)) 

WRITE (6,^30) (GOCt, J), J«l,4) 
430 F0RHAT(4(613.6,3X)) 

WRITS (6,435) 
435 FQRMATt///,2X,*QRTHaGaNAL CQEFFICIPNT3*> 

WRITE (6,^40) 00(1,1),(QALPHA(1,J)#J-1,4) 
440 F0RHAT(/,ei3.6,8X,4(F11.6,4X)) 

WRITE (6,445) QBV(2,2),{Qa6TA(2,J), J=»1^4) 
4 45' FCIRMAT(gl3.6,8X,4<Fll.6,4XJ ) 

WRITE (6,450) OCV(3,3),(QGAMMA(3,J),J«1,4) 
450 FGRHAT(E13.6,nx,4(F11.6,4X)) 

WRITE (6,455) 00V(4,4>,IG0ELTA(4,J),J-1,4) 
455 F0RMAT(E13.6,8X,4(FH.6,4)()) 

WRITE (6,461) 
461 FQRHAT(//,20X,»QROER OF ABERRATIONS*) 

WRITE (6,462) 
462 FQRHAr{/,10X,*£VeN#,5X,*0*,5X,«S1*» 4X,*32*,4X,*S3f,4X,*A*,5X,*aei* 

2,3X,*032*) 
WRITE (6,463) 

4 6 3  FQPMAT( / , 1 0 X , * Q 0 0 * , 6 X , * a ' » , 5 X , * C l * , 4 X , * C 2 * , 4 X , * t C * )  
WRITE (6,464) 

464 F0RHAT(//,2X,*FIRST COLUMN OF ORTHOSOMAL COEFFICIENTS .SORrtALISEO 3 
2Y eV(l,l> ANO PRINTED IN ORDER FROH THE FIRST EVEN TO THE LAST 000 
3 COEFFICIENT*) 
EVN»EV(1,1)/EV(1,1 
BVN»BV(2,2)/cV(l,l 
CVN»CV(3,3)/=V(1,1 
0VN»0V(4,4)/EV(1,1 
FVN»FV(5,5)/EV(1,1 
GVN»GV(6,6)/=V(1,1. 
HVN=»HV{7,7)/5V(1»1 
a O N - 0 0 ( l , l ) / E V ( l , l  
Q B V N » a 9 V ( 2 , 2 ) / E V ( l  
QCVN»aCV(3,3>/eV(l 
00VN«a0V(4,4)/EV(l 

1) 
1) 
1) 

WRITE (6,466) EVN,3VN,CVN,DVN,FVN»SVN,HVN,aON,Q3VN,OCVN,aOVN 
466 F0RWAT(/,2X,H{E11.4)) 

GO TO 3 
90 STOP 

END . 
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PROGRAM AUTCORR(INPUT,aUTPUT»TAPE5»INPUT>TAPe6»aUTPUT) 
C THIS PROGRAM CALCULATSS TH5 OPTICAL TRANSFER FUNCTION 8Y AUTO-
C CORRELATION OF THE PUPIL FUNCTION.IT USES THE H.H.HOPKINS 
C ALGORITHM WITH E»0.02 FOR THE NU.HERICAL INTEGRATION. 

2  '  READ(5,3) 0,S1«S2,S3,A>081,032,3>C1>C2,EC 
3  F O R C A T t l K F T . S ) )  

REA0(9,3OO) P 
300 CORHAT(F3.0) 

PI»3.1^15926535898 
IF(D.Eq.999.)90#6 

6 REA0(5,7) THETA 
7 FORHATCFS.O) 

IF(THETA.£0.999.»2,19 
19 RTH"THETA*PI/180. 

WRITE(6,200) 
200 F0PHAT(1H1»3X>*0*,9X#*S1*,8X#*S2*,8X,*S3*,8X»*A<',9X,*081*,7X»*0B2* 

2>7X»*8*»9X,*Cl*»8X,*C2+i8X,*EC*» 
WRITE(6/205) 0»S1,S2,S3,A,081,082,8,C1,C2,EC 

205 F0RHAT(9(F10.3),2(F10.3n 
U"COS(RTH) . 
V»SIN(RTH) 
IFCTHETA.£0.0.0)9,8 

8 IF(THETA.£0.90.0)9,12 
9 L"2 

Ka25 
GO TO 21 

12 K»50 
L"1 

21 WRITB(6,210) THETA 
210 F0RKAT(//,3X,1'AZIMUTHAL ANGLE"*, F5.0) 
13 RcAD(5,5) W 
5 FaRHAT(F6.3) 

OXISUMaO.O 
OXSUH.Q.O 
X—0.98 
IF(W,eQ.2.)6,29 

29 00 25 1=1,50 
y=-0.98 
DO 20 J»1,K 
XA=iAaS(X) 
CX»<(XA-W)*(XA-W))+<y*Y) 
CY»<{XA+W)*(XA+W))+(Y*Y) 

18 IF(CX.LT.l.)10,24 
10 IF(CY.LT.l.)15,2'f 
15 FD=«'iV.*X*0 

FXDs4.*0 
FS1»2.*S1*( (4.*X*( (X*X)+<Y*Y) ) )+(4,*W*W1'X)) 
FXSl«8.»SH'((3.i'X«X) + (Y*Y)+{W»U)) 
FYS1=16.*SI*X*Y 
FS2»2.*S2»( (6.*(X*1'5)) + <20.*X*X*X*W*W> + (6.*X»(W#*^) ) + (6.*X*( Yt"f4)) 

2+{12.*X'»X'!'X«Y*Y) + (12.*X*Y*Y*W*W) ) 
PXS2»2.*S2*((30.*(X*f^) ) + (60.*X*X+W*W) + (6.<'(W**'t) ) + (6. + (Y**4) ) + (36 

2.*X*X*Y«Y)+(12.*Y*Y«W+W)) 
FYS2»48.*S2*X*Y*((X*X)+<Y*Y)+(W*W)) 
FS3»16.*S3*((X**7.)+(7.*U*W*(X**5. )> + (7.*W*l (X*U) **3. ))•••( X*(W'**6.) 
2) + (3.*Y*Y*(X**5.) )+(10.*X*((X'fY*W)»f2.)) + (3.•X+Y*Y*(W**^.))+(3.*Y* 
3< <X*Y)**3,)) + (3.*W*W*X«(Y**4.))+(X*{Y**6.))) 
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FXS3-16.*S3*(<7.«(X**6. ) ) + {35.*W«W*{X**'t.>) + {21.*X + X*(y*iiif.) >+tW»* 
26. j + dS.OYOYfCX**^.) ) + (30.»( tX*r*W)**2. ) ) + (3.*Y*r*(W**'t.) ) +(9,*X*X 
3*(Y**<f») ) + (3.«W*W*(Y«»^.) ) + (Y**6.)) 
FYS3»16.*S3»n6,*Y^'(X**5.) )+{20.*Y*X*X»X»W'»W) + (6.+X+Y'H) ) + (12 

2.0((X*Y)**3.))+(IZ.+X+U+WCtY^^S.lJ+(6.+X*{Y++5.)») ' 
FA = ( ('t.*X*U*U) + <^.<'Y*U*V) j'frA 
FXAa4.»U*U*4 
FYA=4.*U*V*A 
FaBl»2.*08l*( (U^-U* < (^.•X+XOXj+t^.l'X+W^W) n + {2.*U*V*(C3.+X»Xi>Y> + (Y* 
2* 3 . ) + < Y * W * W ) ) ) * ( 2 , * X * Y * r ) )  
FXaBl"2.*0'51*(tU+U*( (12.»X*X) + (<f.»W*W)) J + (12.*X*Y*U*V) + (2.*Y#Y) ) 
FYaai»2.*0Bl*((2.*U*V*t {3.'fX*X) + (3.»Y*Y) + (W*W))) + ('».^X + Y) ) 
FB»2.*U*B 
F C 1 ' 2 . * C 1 * ( ( U * ( ( 3 , * X * X ) + ( W * U ) + ( Y * Y } ) ) * ( 2 , * Y * X * V ) )  
FXC1»2.*C1*( (6.*'J*X)+(2.<'Y'fV)) 
FYC1«2.<'C1*( (2.«U»Y)+( 2.»X*V>) 
FC2»( (2.*U#( {5.*( ) +(10.*X+X*W*W) + ( W**'^ J + (6.*X*X»Y<'Y)+( 2..*Y'»Y* 

2W»W)+(Y**4)J)+(8,*X*Y*V*((X«X)+{Y*Y)+(W*W))))*C2 
FXC2» t2.»C2*U*( C20.*X«X*X)+(20.*X't'W»W) + (12.*X*Y'»Y)) ) + (a.<'C2*V*( (3. 

2+X*X)+(K*WJ+<Y*Y))*Y) 
FYC2={2.*C2*U*( ( 1 2 . * X * X * Y ) - t - ( ^ . * Y * V * i l )  +  ( ^ . * Y * Y * Y )  )  ) * ( Q , * X * V * C Z * (  <  

2X*X)+(W*W)+(3.*Y«Y))) 
FEC32.*eC*( tU*U*0*( (3.*X*X)+(W*'V)) ) + (6.*X*Y*V*U*U) + (3 .*Y=*Y*U*V«V) ) 
Fxec«i2.*ec#u*u*(tx*u)+(Y*vj) 
FYeC»12.*eC»U»V+(<X*U)+(Y*V)) 
F082»«.*082*U*U*((3.*(X**5.))+<10.*X+X*X*W*W)+(3.*X*(V(**^.))+(4.*X 
2*X*X*Y*Y) + < 'f.<'X*Y*Y't'VI*W) + «X«C Y**'».)) ) + ('f.*Y*U+V*082'i'( t 5 ( X**4. ) ) + 
3<10.*X*X+W*W)+(W*'*'t.) + (6.<'X#X*Y«Y) + {2.*Y*Y«W*W J + (Y*+4. ) )) + ( 8 . *X •Yl' 
4Y*V*V*08?*( (X+X)+-{Y*Y)+(W*W) ) ) 
FX08 2«^.»032*((U*U*( (15.*(X*=«"f.) )+(30.fX*X*W*W) + <3.*{W**4. ) )><12.* 

2X*X«Y*Yl + <'..*Y*Y»W*W) + (Y+*<f.)) ><'(Y*U*V*((20.<'X*X<'X)+<20.'»X*W*W) + (1 
SZt X̂̂ Y+Y) ) )+(2.«Y'*Y«V*V+( (3.*X*X) + (W#W) + {Y*Y) J ) 1 
FYQB2a4.*082+((U*U*({8.•X+X^X+Y)+(8.tXi-Y+W+W)+(^.•X*Y*Y*Y)))+(U*V* 

2« (5.*(X»*^. ) )+{10.'»X*X*W*W) + ) + < 18.»X*X*Y*Y) + (6.*W*W'fY»Y) + (5. 
3*(Y**'t.)) n+{2.*X*V*V*{ (2.+Y*X*X)+(̂ .*<Y**3.) ) + (2.*Y*W*W) )) ) 
FX»2.<'Vf<'PI*0.01*(FXO+FXSl + FXS2 + FXS3+FXA + FXaBl + Fxa82+FXCl+FXC2 + FXec 

2 )  +  2 .  
FY»2. * W*PI*0.02* t  FYSH-FYS2+FYS3+FYA + FY081 + FYa62 + FYCH-FYC2+FYI:C) 
F»2.»PI<'W*(FD+FSl-t-FS2+FS3+FA+FQBl+FaB2+Fa+FCl+FC2+FEC) 
SINKFX»SIN(FXJ/FX 
SINKFY»SIN(FY)/FY 
IFCFX.50.0.0)35*36 

35 SINKFXal. 
36 IF(FY.5Q.0.0)37»38 
37 SINKFY'l. 
38 CONTINUE 

a"SINKFX*SINKFY*CaS(P>*0.0016/?I 
OXSUMaQXSUI+a 
IF(P.eQ.O.OJ GO TO 24 
ai»SINKFX*SINKFY*SIN(F)*0.0016/PI 
axisuM»oxisui+oi 

24 CONTINUE 
C«J 
6«I 

20 Y«-0.<)a+(C*0,04 J 
25 X«-0.98+(E*0.04) 

OSUM=QXSU«*L 
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arsufi«axisijH*L 
XMOO=SORT(<OSUH*QSUM)+{OISUM*QrSUM)) 
PHASE" 4TAN<QISUf1/OS UM) 
WRITE(6»215) 

213 FaRI1AT(/,2X,*SPATlAt FREQUENCY*/4X, *RE <QTF)-i-f *IH< QTF )•,14X, 
21"HTF*,1BX,*PHASE*) 

WRITE(6»220) W,aSUM,OISUM>XMOD»PHASE 
220 F0RMAT(7X,F6.3 .5X#F10.4>11X,F10.4,10X,F10.^,12X,F10.4J 

GO TO 13 
90 STOP 

END 

I 



APPENDIX E 

COEFFICIENTS FOR THE ORTHONORMALIZED FORM 
OF THE SPOT-SIZE AND VARIANCE CRITERIA 

The coefficient values for the spot-size and variance criteria 

are given below. The coefficients are labeled in accordance with 

Eq. 2.7 

Coefficient Spot-size Criterion Variance Criterion 

N 2  1/12 

a 4/3 1 

b 3/2 9/10 

c 8/5 • 4/5 

d 9/5 3/2 

e 12/5 12/7 

f 16/7 2 

g 1 3/4 

h 1 3/5 

i 8/5 4/3 

j 1 2/3 

k 1 1/2 

1 3/2 6/5 

a  4/9 1/180 

6 3/50 1/2800 

Y 8/1225 1/44100 

& 1/2 1/24 

e 1/8 1/640 

1/75 1/12600 

K  1 1/4 

95 
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Coefficient Spot-size Criterion Variance Criterion 

P 2/3 1/72 

n 1/10 1/1200 

T 3/16 1/128 
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