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ABSTRACT
A new instrument for scientific research is
described which performs predetection-processing of the
wavefront across the pupil of a large telescope or any
other image-forming instrument.

Its essential element is

an achromatic prism interferometer with 180° rotational
shear.

Scientific data recorded using the instrument pro

vide valuable information for atmospheric physics and solar
physics research.

It enables real-time processing of two-

dimensional optical image information by displaying the real
part of the spatial-frequency Fourier transform.

It

functions with coherent or laser sources as well as in
coherent or white-light sources.

We present theoretical

analysis and experimental investigation of the instrument's
capabilities and limitations, including engineering design,
construction, assembly, alignment, and applications of the
instrument.
Results were obtained for three scientific applica
tions.

An upper limit for the diameter of the star a Lyr

was found by examining photographs of the Michelson stellar
interferometer fringes recorded with this new interferometer.
The angular diameter of a Lyr was found to be less than 0.06
arc-seconds.

A measurement of the amplitude of the phase

excursions introduced by atmospheric turbulence was made
xiii

xiv
which provides new information about the probability density
distribution of atmospheric phase fluctuations.

Phase

fluctuations between points separated by 1.5 meters is about
9 waves at 600. nanometers.

Peak-to-peak amplitudes of

physical motion required to compensate this atmosphericturbulence induced path difference variation are therefore
approximately 6 microns.

A measurement for the order of

interference in astronomical speckle patterns was found to
range as high as 4.

These data show that diffraction-

limited image reconstruction from speckle patterns may be
impossible and point out a serious deficiency in theory
developed by others.

Results were also obtained for three engineering
applications.

Holograms were recorded in incoherent light.

Matched filters for data processing of incoherently il
luminated spatial information were prepared and shown to
confirm theory.

Unlike the Vander Lugt Filter for coherent

processing, there is no large on-axis patch of confused
information in the filter play-back domain.

The second

engineering application was to obtain a real-time display
of the two-dimensional spatial-frequency Fourier transform
of an incoherently illuminated scene.

The third engineering

application was an experiment at the Kitt Peak Solar
telescope to measure, photometrically, a profile of the
extreme solar limb at high spatial resolution.

CHAPTER 1
INTRODUCTION
1.1

Overview

Techniques that may result in imaging through
atmospheric turbulence at the diffraction limit of large
astronomical telescopes are currently being studied by many
investigators.

Active methods electronically measure the

effects of atmospheric turbulence and correct these by de
forming optical surfaces in real time (Muller and
Buffington, 1974).

Passive methods analyze the irradiance

fluctuations at either the pupil or image plane (Labeyrie,
1974; Currie, Knapp, and Liewer, 1974; Knapp, 1974;
Breckinridge, 1974).

The technique discussed in this

dissertation is passive, and involves analysis of the
irradiance fluctuations at the pupil.
Although we direct the discussion toward astro
nomical applications, the device also has applications for
real-time image-processing of any incoherent scene.

The

instrument provides a two-dimensional display that is pro
portional to the real part of the two-dimensional spatialfrequency Fourier transform of the intensity across the
source.

The principles involved are the same as those used

by Michelson (1890) and Fizeau (1868); but, rather than
1

2
mapping the fringe visibility function point-by-point, this
new instrument allows a display of the entire twodimensional function simultaneously.
The remaining parts of this chapter review
historical events in spatial interferometry and outline the
current status of the work of others.
1.2

Historical Perspective

Young (1807) demonstrated that spatial structure of
an object can be inferred from studies of the radiation
field at a distance, without forming an image.

Fizeau

(1868) proposed an experiment to measure stellar diameters.
Stephan (1873, 1874) attempted to measure the diameter of
the bright star a CMa, placing two lune-shaped apertures 50
centimeters apart in front of the 80 centimeter refractor
at Marseilles.

He found fringes of high visibility, and

concluded that much larger separations were needed.
Michelson (1890) suggested that separate mirrors be used
and that the light from each be brought together for visual
inspection of the fringes.

Michelson (1891) used two small

apertures in front of the 36 cm refractor at Lick Observa
tory to measure the diameters of four of Jupiter's satillites, obtaining results consistent with measurements made
using a visual micrometer at the 92 cm refractor of Lick
Observatory.

A summary of the progress made up to,1893 is

in an article by Flammarion (1894).

Hamy (1899) measured

the diameters of the satellites of Jupiter and the diameter
of the asteroid Vesta.
Hale invited Michelson to Mt. Wilson Observatory in
1918 to use the new large-aperture telescopes for spatial
interferometry.

On September 18, 1919, Michelson had no

difficulty seeing fringes from a Aql, reporting "the fringe
appear as sharp, narrow lines on a fluctuating background"
(Hale, 1921, Vol. 19, p. 250).

Later Michelson saw two

independent sets of fringes from the binary star a Aur,
which has

a

separation of about 0.05 arc seconds.

Michelson reported (Hale, 1921, Vol. 19, p. 209):
The results of actual trial had shown not only that
interference fringes were clearly visible with a
base-line of the full aperture of the 4 0-inch
refractor at Yerkes Observatory, of the 60-inch
reflector and the 100-inch reflector at Mt.
Wilson, but also exceedingly accurate measurements
could be made even when the seeing was so poor
that the usual observations were impossible.
Hale (1921, Vol. 19, p. 250) reported "Conditions were
precisely analogous to those of Fizeau's classical experi
ment. . . ."
Anderson (1920) modified Michelson's apparatus,
replacing the large masks that were positioned over the
100-inch aperture with smaller apertures located two feet
inside the focus.

Anderson (1920) used this modified

apparatus to measure the position angle and separation of
several double stars.

Fifty years later, Harvey (1972)

used similar apparatus at the McMath Solar Telescope of the

4

Kitt Peak National Observatory to study fine structure on
the solar surface.
Hale (1921) reported that Pease used a Ori to make
the first successful apparent angular stellar diameter
measurements on the night of December 31, 1920.

As pre

dicted by Eddington the mirror separation was 3 meters for
zero fringe visibility.

Between 1920 and 1930, Michelson

and Pease measured the diameters of several stars and de
signed and built a 15-meter interferometer.

Reports of

their activities appear in the yearbooks of the Carnegie
Institution of Washington (Hale, 1921, 1930, 1931, 1932,
1933, 1935, 1936, and 1937).
In the mid-1920's Michelson's interests returned to
the precise measurement of the speed of light in a vacuum.
He gradually withdrew from spatial interferometry, leaving
the 50-foot (15-meter) project to Pease.
reviews his work.

Pease (1931)

A recent review by DeVorkin (.1975)

summarizes the history of all early stellar diameter measure
ments.
Interferometric double-star measurements were made
on a routine basis by Finsen (1964), who reports a series of
observations begun at the Republic Observatory (South Africa)
in 1933 with an interferometer of the type used by Anderson
(1920).

Experiments were repeated in 1948, and by 1954 an

instrument called an eyepiece interferometer was in regular
use.

The number of double-star observations made between

5
1954 and 1964 was 4,100, resulting in the discovery of 70
new, very close pairs.
Elliot and Glass (1970) reported the first success
ful application of modern photoelectric recording techniques
to complex-amplitude stellar interferometry.

Fringes from a

small-aperture telescope were obtained using apparatus
similar to that of Anderson (1920).

Their photoelectric

photometer assembly included a vibrating Ronchi ruling at
the focus of the fringe field.

The spatial frequency of the

ruling was the same as that for the fringes.

As the ruling

moved back and forth in front of the fringe field, the
modulated signal was directly proportional to the visibility
of the fringes.

This technique appears never to have been

applied at a large telescope.
Several proposals have been made for the use of
optical interferometers to display, in real time, the real
part of the two-dimensional spatial mutual coherence
function.

Hopkins (1955); Murty (1964); Mertz (1965);

Wessely and Bolstad (1970); Bertolotti, Muzii, and Sette
(1970); and Breckinridge (1972) have discussed instruments
for this purpose.

Additional work has been done by Lacourt,

Froehly, and Neiras (1972).

Recently Roddier (1975) has

used an interferometer with incoherent light to study solar
features.
Walkup (1971) and Rhodes (1972) present an analysis
of limitations to the processing of interferometric data at
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the pupil plane under conditions of very low level illumina
tion.
Research in amplitude interferometry is also
currently being done by three groups other than the one in
this dissertation:

Dainty and Scaddan (1975) and Currie,

Knapp, and Liewer (1974) use a one-dimensional field-folding
interferometer; Wickes and Dicke (1974) (see also Wickes,
1972) use a scanning instrument which provides point-bypoint samples of the mutual coherence function.
Labeyrie (1970) utilized the speckling properties of
the phase perturbations in the earth's atmosphere to
restore diffraction limit stellar spatial information at
the image plane.of large telescopes.

This speckling

phenomenon, originally reported by Rosch (1958), was used by
Gezari, Labeyrie, and Stachnik (1972) to measure position
angles and separation of nine close double stars.

This

particular technique produces a display of the twodimensional autocorrelation of the image-plane irradiance
distribution rather than an image.
Several authors discuss theory of the formation of
stellar speckle:

Linfoot and Witcomb (1972); Korff (1973);

Korff, Dryden, and Miller (1972); and Dainty (1974).

Knox

and Thompson (1974) and Knox (1975) propose a technique for
restoring a complete image from a speckle photograph.
and Gough (1975) present a review article.

Bates

Lynds, Worden,

and Harvey (1976) published an image of the red giant a Ori

7
using digital image processing of each instantaneous isoplanatic patch element within the speckled image.

Harvey

and Breckinridge (1973) report scientific data based on
speckle observations of solar features.

Weigelt (1975)

discusses the problems of large field speckle interferometry.
Speckle-interferometry techniques appear to be
limited by the detector.

Currently, speckle-interferometry

requires a photographic emulsion and radiometric calibration
is difficult.

Film nonlinearities and relatively high

orders of interference within an astronomical speckle interferogram (Breckinridge, 1975a) limit the precision of image
reconstruction.
Dyson (1975) and Muller and Buffington (1974)
discuss an active optics techniqe for measuring spatial
structure at the diffraction limit of large apertures.

They

base their method, called active optics, on suggestions by
Babcock (1953, 1958).

The effect of atmospheric turbulence

is to change the optical path distance across the pupil.
Babcock's suggestion is to adjust different portions of the
mirror surface to correct for the turbulence in real time.
Dicke (1975) and Wagner (1975) propose that corrections be
made at multiple planes to compensate for layered turbulence.
Active optics techniques seem to be limited by the
complexity of the required servo systems, and energy must
be removed from the signal to generate the error signal.
A major obstacle to the success of such techniques which
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correct for atmospheric phase perturbations by translating
surfaces at the pupil is the fact that corrections cannot
be obtained for fields of view larger than about 2.7 arcseconds (Korff, Dryden, and Leavitt, 1975).
Hanbury-Brown (1974) and Hanbury-Brown and Twiss
(1958) discuss in detail intensity interferometry at optical
wavelengths.

This technique enables measurement of stellar

diameters with great precision.

However, the signal-to-

noise levels are low, and this limits the contrast levels
at which the technique can be successfully applied.

Indeed,

only about 20 stars' diameters have been measured using the
interferometei

Sdgnal-to-noise ratio level is much higher

for the amplitude interferometer considered in this disserta
tion.
An early application of amplitude interferometry for
the measurement of spatial structure at radio frequencies
was discussed by McCready, Pawsey, and Payne-Scott (1947).
Today the techniques of amplitude interferometry are a very
important tool for radio astronomy (Kellerman et al., 1971).
This dissertation analyzes in detail the use of an
optical amplitude interferometer for passive data proces
sing.

This new technique enables a measurement of the

mutual coherence function at the pupil.

We record intensity

fluctuations across the pupil with a photodiode array of
sensors.

A digital Fourier transform of the spatial in

formation at the telescope pupil gives image plane
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information.

It appears likely that this passive technique

performs as well as, or better than, the more expensive
active techniques.

CHAPTER 2

THEORY
We provide an analytic treatment of the coherence
interferometer and its interaction with light, including
theoretical background for its several applications.
Sections 2.1 and 2.2 discuss coherence theory and
predetection signal-processing techniques.

We draw an

analogy between the theory of operation of the Fourier
transform spectrometer and the coherence interferometer.
Section 2.3 contains a discussion of the coherence inter
ferometer within the framework of white-light holography.
Atmospheric turbulence occupies Section 2.4 as part of a
discussion of the interaction of the incoming wavefront and
the interferometer.

Also we give analysis for applications:

speckle-interferometry and active-optics.

Discussion of

contrast transfer appears in Section 2.5.
2.1

Coherence Theory

A review of coherence theory and interferometry
provides a basis for understanding the spatial interferom
eter.

The general theory of coherence, first formally

presented in the papers of Van Cittert (193 4) and Zernike
(1938, 1948), was developed further by Hopkins (1951, 1953),
10
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and has been summarized by Mandel and Wolf (1965) Beran and
Parrent (1974), and Born and Wolf (1975).
Figure 2.1 shows a schematic view of a Fouriertransform spectrometer, also called a Twyman-Green inter
ferometer.

The cylinder at the left is a beam of light

entering the interferometer.

The light is amplitude-

divided at the beamsplitter.

Part reflects from the beam

splitter, travels to mirror Mis reflected and passes back
through the beamsplitter, and is shown as the solid cylinder
at the top of the drawing.

The other part is transmitted

through the beamsplitter, reflects from mirror

returns

to reflect from the beamsplitter, and is shown as the dotted
cylinder labeled

at the top of the drawing.

The detector

is immersed in radiation from both paths.
We represent the light entering the interferometer
by the analytic signal V(£,n;t), where £,n are orthogonal
space coordinates perpendicular to the direction of propaga
tion and t is time.

Figure 2.1 shows that the path from

the beamsplitter to mirror
the beamsplitter to mirror

is longer than the path from
•

Let V'(£,ri;t^) be the

analytic signal at the detector for light reflecting from
mirror

and V"(£,n;t2) be the analytic signal at the

detector for light reflecting from mirror M^.

Then the

intensity measured by the detector averaged over time
intervals long compared with the temporal period of the
light is

12

-Detector

Figure 2.1.

A schematic view of the operation of a Fourier^transform spectrometer -- Light represented by
the cylinder at left propagates through both
arms of the interferometer and passes out of
the instrument moving upward. We ignore light
returning toward the source. The dotted
cylinder shows light delayed in time relative
to the solid cylinder. We immerse the
detector in radiation from both arms.
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i(fJ,n;t1,t2) =

<|v,(C,n;t1) + v" U,n;t2)| 2>,

i(C/n;t1,t2) =

< | v - ( ^ n ; t 1 ) | 2 } + < | v " ( K , n ;1 2 )| 2 >

(2.1)

or

+

<v' (f,,n;11) • v"*(f,,n;t2)

+ V"(C,n;t2) • V'*(C,n;t1)>.

(2.2)

The brackets { ) indicate time averages, * means complex
conjugate, and || means modulus.
We assume that the statistics that represent the
radiation are stationary and write
v ' ( £ , n ;t x ) • v " * ( 5 , n ? t 2 ) = v ' ( 4 , n ; t ) • v " * ( S , n ; t + T ) ( 2 . 3 )

and
v " ( f ; , n ; t 2 ) • v ' * ( ^ , n ; t 1 ) = v " U, n ;t+

where we let x = t^ - t2-

T )

•

v ' * u ,n; t ) ( 2 . 4 )

Following Mandel and Wolf (1965)

we write
r(t)

= <v'K,n;t) v"*u,n;t+x)>

(2.5)

<v"(C,n?t+ T ) v'*(c,n;t)>

(2.6)

and
r*

( T )

=

where F(T ) is the temporal mutual coherence function with
zero shear and with time delay r.

r(x) represents the

cross correlation of the two fields V1 and V" at the same
spatial point E, ,n t but with time delay r .
In Equation ( 2 . 2 ) the first two terms represent a
constant background level.
to the input signal.

Detector irradiance is related

If the beamsplitter has complex
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amplitude reflectance R and transmittance T, then

V (C,N;t1) = T

• v(^,n;t1)

• R

and

{2.1)

v " ( ^ , N; 1 2 ) = R • v ( 5 / N; t 2 )

• T

We find from Equations (2.3) through (2.7) that
Equation (2.2) becomes
iU,n;c) = T2R2 [I(5,h) + i(£/ n)]

+ T2R2[ r (T) + r * ( T) ] ,

(2.8)

where I(£,n) is the time averaged irradiance from light in
either path of the interferometer.
Note that for a 50% intensity reflectance and transmittance equal and maximized, T = R = 1//2, and Equation
(2.8) becomes
IU

,n? T ) - |[iu,n>] + Jinx) + r*(t)].

(2.9)

We now examine the sum given by r(x) + r*(x) in
Equation (2.9).

By definition of the mutual coherence

function we can write (c.f. Beran and Parrent, 1974)
, \ _ °P £ / \ -2TrivT,
In(x)
-JT (v)e
dv,
o

and
OO
. <•% *
. +211IV Tdv,
,
r*(x) = /, r*(v)e
o
p

4. /

v

where f(v) is the power spectrum of the radiation.
The last two terms in Equation (2.9) become
OO

rv

•

r ( x) + r * { T) = / f(v)e~2TT1VTdv+

OO

/ f *(v)e

n

•

1VTdv.

Noting that the power spectrum is real, then
CO

R (T)

+ r *(x) = / 2Re{F(v)} cos(2T T V T )dv
0

and we see that the modulation found from Equation (2.9) is
the cosine Fourier transform of the power spectrum.
A,

The source is quasimonochromatic, that is T(v) is
appreciably different from zero only for the spectral
components v, which satisfy the inequality |v - v| < Av,
where Av is a spectral width satisfying Av/v << 1, and v
is the mean frequency.

Then we find,

T (T) + r *{R) = 2

| r o ( T 0 ) I COS{2TTVT + <J>P(T))

where ^(T) is the Fourier transform of the frequency
distribution of the source about T, and Equation (2.9)
becomes
I (£, TI; T) = 1 / 2[<L ( £ , n ) > ]

+ 1/2

\

I1 T (T )|1cos(2TTVT + FPR( T>)
o o
l

(2.10)

and we see that the fringe envelope on the cosine term
reveals information on the real part of the temporal mutual
coherence function.
The procedure used to derive Equation (2.10) from
Equation (2.9) is standard practice in optical interferometry.

Next, we follow a similar procedure in the

development of spatial interferometry.
Equation (2.10) is the well-known relationship for
the output of a Fourier-transform spectrometer (FTS).

We

16
obtain a measure of intensity as a function of

T

by

recording intensity at the detector as a function of the
difference of path lengths in the two arms of the inter
ferometer.

The Fourier transform of T(T) is the power

spectrum of the source.

The FTS has become a very useful

tool for research (c.f., Connes, 1970).
The mathematical analysis of the coherence inter
ferometer is similar to that for the FTS.

Figure 2.2 shows

a schematic view of a coherence interferometer.
represent light or the wavefront by a thin disk.

Here we
We con

sider the cross-correlations in a wavefront across a plane.
(The Fourier-transform spectrometer examines the crosscorrelation of signals at the same point in space, but at
different times.)

In Figure 2.2 the points 1 and 2 indicate

positions in the £,r| plane which are normal to the
direction of propagation of the incoming light.
The interferometer performs a geometric manipulation
of the complex amplitude field.

The output of the inter

ferometer is at the right in Figure 2.2.

The output is the

sum of two amplitudes; one passes through the interferom
eter without change; the other has been flipped around, top
for bottom, and left to right.

We will see in Section 2.2

a physical device that performs this operation.
We represent the light entering by the analytic
signal used earlier for the FTS, V{£,n;t), where £,n are
space coordinates and t is the time.

The output intensity
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/

v=c
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Figure 2.2.

/

/

Detector

-

/

/
/
/

/

2

Interferometer

Schematic view of the operation of a spatial
interferometer ^— A wavefront, shown as a thin
disk at the left, propagates into the
interferometer. We identify points 1 and 2 on
the wavefront. At the exit (on the right) the
complex field is shown amplitude divided and
half has been flipped around in space relative
to the other. The two halves have then been
recombined. There is no time delay between the
two halves.

18
from this spatial interferometer as measured by the detector
at point £,n is
+ V ' K , - n ; t )| 2 > t . m e

K5,n) =

< | V U,ri;t>

K5,n) =

< | V ( 5 , n ; t ) | 2 ) + < | v " ( - e , - n ; t )| 2 > t i m e

average

average

+ (V(£,n;t)v"*(-€,-n;t)

+ v " U , n 1; t ) V * ( - £ , - n ; t ) >. .

'

''time average

(2.11)

We note that all times are the same and hence we
drop the time dependence.

However, we retain the spatial

shear variables, £,ri/ because the interferometer does not
have zero shear; indeed, its purpose is to measure spatial
correlations of wavefronts.

Following the definition of

mutual coherence function by Born and Wolf (1975) , we write
r ( 2 £ , 2 n ; 0 } = <v* ( 5 , n ; t ) •

v"*(-S,-n;t)>

(2.12)

and
r *(2?,2n;0)

= < v " ( - e , - n ? t ) • v '*(?,n; t ) >

(2.13)

where r (2£,2ri;0) is the spatial mutual coherence function
for zero time delay.

Recall that £,n are space coordinates.

The argument in the spatial mutual coherence function is
the point separation, or shear distance.

The interferometer

shown in Figure 2.2 yields a shear of 2£,2n for each point
C/TlTo perform the complex amplitude spatial manipula
tions indicated by Equation (2.11) it is necessary to use an
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interferometer that divides amplitude.

If the beamsplitter

has complex amplitude reflectivity R and transmissivity T,
then

V (CFN; t )

=

T

• v (£,n? t ) •

R
(2.14)

v " <-£#-n; t ) =

R . v(-£,-n;t)

-T

If R = T = 1//2 then Equation (2.11) becomes, with Equations
(2.12), (2.13), and (2.14)
K C . n ) = |t<x)?>r)] + ^-[r(2c,2n) + r*(2e,2n)],

where <I)^

5, n

(2.15)

is the average intensity across the field.

Equation (2.15), involves only the spatial dependence of the
mutual coherence function and is similar in form to Equation
(2.9), which involves only the temporal dependence of the
mutual coherence function.
We follow the same procedure used to obtain Equation
(2.10) from (2.9), to study the spatial output given in
Equation (2.15).
We now examine the sum given by r (2£,2ri) + r *(2£,2n)
in Equation (2.15).

By definition of the spatial mutual

coherence function we can write (c.f., Beran and Parrent,
1974)
00

rU,n>

^

= f f

,

f(x,y)e"2lIl(x^+Yn)dxdy

f
— CX)

DO

and

r*/r
\
r*(Cfn)

°r °r £+/

\ +2iTi(x£+yri)
, ,
^ * 'dxdy.

= 1 1 F *(x,y)e
0O

CO

(x,y) is real and r (x,y) = T*(x,y).
A

A

Hence,
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r (2f;,2n) + T * ( 2 £ , 2 n ) =

7 ? 2 | r ( x , y ) I c o s (4 TT£X + 4irny) d x d y
—00—00

and we see that the envelope on the cosine in the space
variable
T(x,y).

n is the cosine Fourier transform of the function
Beran and Parrent (1974) show that r(x,y) is the

image plane irradiance of an imaging system.
We now define a new concept.

We assume that the
A

source is quasimonoplanatic, that is, that F(x,y) is appre
ciably different from zero only for those components x,y
which satisfy the inequality |x-x| << x and |y-y| <<7

an^

(Ax/x) << 1 and (Ay/y) << 1, where x,y is the source centroid,
then we can remove the term from the integral and write
r(2£,2n) + r*(2£,2n) = 2|ro(2£,2n)|

• cos [4TT( £x + ny) +

(2?,2ri)]

and Equation (2.15) becomes
I(£#n) = 1/2[<I)

S / 'I

1

+ 1/2
|RQ(25,2V)|cos[4TT(£x, +

ny) +

$r(2?,2n)]
(2.16)

where R (2£,2TI) is the spatial spectrum of the source were
it centered on the axis.
The quasimonoplanatic approximation is that only
small off-axis sources provide the signals entering the
interferometer.

The requirement is that the source be of

small spatial extent compared to its distance from the
center of the x,y plane.
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2.2

The Spatial Structure Analyzer (SSA)

The coherence interferometer (CI) is a prism
assembly that serves to split and recombine wavefronts as
outlined in the preceding section.

It is positioned within

another instrument called the spatial structure analyzer
(SSA).

We measure spatial structure with an SSA that has

been combined with a telescope or other image-forming
system.

This section presents a theoretical analysis of

the image-formation process within the complete SSA system,
and a study of the effects of monochromatic md chromatic
aberrations on the output of the system.
Figure 2.3 shows a schematic view of the entire
optical system.

Preliminary descriptions of this instrument

have been published (Breckinridge, 1972, 1974, 1975b).

The

lens at plane 4 relays the complex field distribution in
plane 2 (i.e., across the telescope pupil) onto plane 5.
The CI is located at plane 5.

Let the complex field

distribution just after plane 2 be given by
V2^2'n2?t^=

v2^2'n2;t^*

P2^n2'n2^

where V~(^> rl2t^le analytic signal representation of
the field directly in front of the lens, and p^(^^rr\^ is
the complex amplitude transmittance of the pupil.
We find (see Appendix A) that under conditions such
that the size of the aperture at plane 3 is smaller by a
factor of approximately 5 than the effective illuminated
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Figure 2.3.

Schematic diagram of the spatial structure
analyzer used with a telescope — Plane 1 is
the source (astronomical object), 2 is the
telescope mirror or entrance aperture, 3 is
the image plane for the source, 4 is a collima
tor lens, 5 is an image of the pupil plane, and
is the location of the coherence interferometer,
6 is a relay lens which forms an image of the
pupil plane irradiance distribution at 5 onto
detector, plane 7. Plane 6A located half way
between planes 6 and 7 is a "doubled" image
plane. Each point at plane 3 maps into 2
points at plane 6A.

area across the aperture of the relay lens at plane 4 and
where the focal length of lens 2 is much longer than the
focal length of the lens at plane 4, the optical system is
isoplanatic between planes 2 and 5.

That is, the point

spread function characteristic of the image formation
process between planes 2 and 5 is spatially-stationary
across the image of plane 2 which appears at plane 5.

This

fact enables us to use the techniques of linear systems
theory to calculate the complex amplitude distribution at
pupil and image planes within the system.

Detailed analysis

appears in Appendix A.
We will now calculate the intensity at plane 5+,
just after the complex field manipulations performed by the
coherence interferometer.

We use the results of analysis

provided by theory of the propagation of the mutual co
herence function given by Beran and Parrent (1974) and
Klauder and Sudarshan (1968).

They show that for purposes

of propagation the mutual coherence function acts as a wave,
whereas for purposes of observation it behaves as an
intensity.
Following the work of Goodman (1968) we apply the
theory of linear systems to the optical system under con
sideration.

The complex amplitude in front of plane 5 is

V5^5'n5;t) =

[v2^5'n5'"t) * P2U5,n5)]a £4(£5^5)
(2.17)
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where
= ~^?2' ^5

=

mn2

m =

magnification between

planes 2 and 5;
is the spatial-frequency Fourier transform of the
complex transmittance of the effective aperture
at plane 4;
a refers to convolution.
The complex amplitude at plane 5 originates at the
optical system pupil.

A card positioned directly in front

of plane 5 displays an image of the optical system pupil at
plane 2.

The image plane is not relayed onto plane 5.

The

CI placed at plane 5 performs the amplitude splitting,
reversal, and recombination described by Equation (2.11).
Figure 2.4 shows a perspective view of the prism
(coherence interferometer) which is located at plane 5 of
Figure 2.3.

The shaded area represents a beamsplitting

surface at which incident light is amplitude divided.

The

complex amplitude of the transmitted light returns to the
beamsplitter folded top to bottom; the reflected light is
folded left to right.
The mathematical operation on the complex amplitude
performed by the achromatic, point symmetric interferometer
shown in Figure 2.4 is expressed as
v * U 5,n5 ; t )

= |[Vg(-$5,n5yt) + v ~ < e 5,-n5;t)]

(2.18)

25

Figure 2.4.

Perspective view of the coherence inter
ferometer -- I is the input beam; 0 is the
output beam. The shaded area is the beam
splitter surface.
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where the superscripts - and + refer to imaginary planes
just in front of plane 5 and just after plane 5, re
spectively.
Assume that the lens at plane 6 in Figure 2,3 relays
plane 5+ perfectly to plane 7.

For our analysis, then, we

imagine an intensity detector at plane 5+, and write
I (? ,n )
5
5
5

= <I

(£5,ri5)|2>

(2.19)

where Ir is the intensity after manipulation of the complex
D

field by the interferometer.

The brackets <) refer to time

averages taken over the implied time dependence in the
analytic signal.
The intensity at the detector plane is expressed in
terms of the complex amplitudes of the field by inserting
Equations (2.17) and (2.18) into Equation (2.19):
i5<S5,n5) =

'+ |r V2*("^5'+T15;t) ' P2("?5'+n5);l®£4{~^'5'r,5),
• [V2(+S5,-n5?t) • P2(+^5/-N5)]SP4(C5/-N5)
(2.20)

+ !fV2*(V~Vt) " P2(+V-n5nG>P4( V~n5)
^ ^V2(~^5'+ri5;t) ' p2 *~^5'+n5^

^~^5'n5 V

avg.

where the superscript * means complex conjugate and 8 is
convolution.
To simplify the notation, we let
f(-£;,n) = v 2 ( - £ 5 , n 5 )

•

p2(-C5,n5)

p(-5,n) = P4(-C,n)•

Equation (2.20) then becomes
15

C ^5 r 715)

=

+ 1/8 < [f*(-C,n) a P*(-£,n)]
•

[f U,-n) a P(€,-n)] )

+ c.c.,
where c.c. refers to the complex conjugate of the expression
immediately before it.

The brackets <) refer to time

averages taken over the implied time dependence in the
analytic signal.
For further analysis we concentrate on the quantity

T

= <[f*(-£,n) » P*(-£,n)] • [f(£,-n)

A

PU,-n)]>

This expression is rewritten to give
rT\') P*(-(£-D , n - n ' )

T=

• //f(£",-n")

P

U - S " , - ( n - n w )) d £ " d n " >

or, since the time varying functions are f(-£,n) and
£(Kr~n)t then

T = //d?'dn' //dC'DN" <f*(-5',n') • fC?",-n")
• p * ( - U - 5 ' ) r N-N ')

P

U - E ",-(T-|-n")) •

We observe that the term <f*(-£',n') ' f( £ " , - n " ) ) i s
only a function of the distances ±(£"+£') and ±(n"+n').
a = ±(£"+ £')

an<3

3 = ±(Tit,-J-n* ) -

Let

We assume that the functions
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f(-£,n) and f(£,-n) are spatially stationary (isoplanatic)
over the range of integration.

This assumption needs to be

tested for each individual system considered.
sider the system shown in Figure 2.3.

Here we con

Spatial stationarity

across plane 5 (an image of plane 2) depends on the. power
and position of elements 2 and 4 with respect to image
planes 1 and 3.

For discussion here we assume spatial

stationarity across plane 5; material in Appendix A explains
this problem.
If we expand the term (f*(-£,n) * f(£,-n)) into a
linear superposition of plane waves we can show that if
G(a,3) = <f*(-S,n) • fU,-n)>,

'

then symmetry allows us to write
G ( a , 3 ) = G ( - a , - 3 ).

We can therefore set a = £" + £' and 3 = n" + n1 to obtain
T = //d^'dri1 //dadf? G(a,3)
• P*[-U-5')

• PtC-A+e'/-n+e-n']

re-ordering the integrals:
T = //dadB G( a , 3) //dS'dn' P*[ - C + C rn - n ']

• P [5-A+S1/ - n + G -N' ]
substitute u = -£+£', v = r|—n *
T = //dadB G(a,3) //dudv P*(u,v) P(2£-a+u,-2n+3+v)
or

T = //dadB G(a,3)

ir Jr

(2£-ot,-2n+B)

where (J?pp is the autocorrelation of P^.

This function is

symmetric.
Recall that the function P(~£,n) =
that

and

+ ikn^.
P4(?»n) = //p4(£,n)e
Consequently the term $

4

4

.

(2 £-ot,2r)-$) has a spectrum

~~ *"* 2
which is proportional to |p4(5,n)| and we find
a" (u,v)
/
\ = //dxdyP
ffj j t. (x+x',y+y')
/ . f
i ii e-2niu(x+x1 )-2iTiv(v+v1)
4>pp
4
ffj ij it, */
• //dx'dy'P^*
(x'i ,y'i\)e2friux'+2fTivy'
*
= p4(u,v)p4*(u,v),
where $pp (u,v) is the spectrum of <J>

(£,n)

consequently

(j)pp (x,y) = //jp4 (u,v)
|2e2lTlux+27Tivydudv.
But

P4|2 = p^ for any aperture stop we use.
(t> p (x»y)
p

Therefore

= P4^x'y)•

Refer back to the definition of G(a,B) and we find
G(cx,B) = r(a,6) |p2(a,3)|2.
If we assume that P2(ot/3) is symmetric, then
Equation (2.20) can be written

1

5^5'n5*

= 1 / 4 <I>
+ 1 / 8 f f T ( a , 6 )| p 2 ( a , 8 ) | 2 P 4 ( 2 £ - a , 2 n - B ) d o u 2 B

+ 1 / 8 / / r *( a , 3 ) | p 2 ( a , 3 ) | 2 P 4 *( 2 £ - a , 2ri-B) d a d B

or
I

5(C5»n5)

= 1/4 <I)
+ ( 1 / 4 ) R e [f fT ( a , 3 ) | p 2 < a , B )| 2
• P4(2^-a,2n-3)dad3].

(2.22)

We evaluate the integral in the second term to show
that the instrument enables incoherent image processing.
The optical system satisfied the conditions for the
van Cittert-Zernike Theorem (Born and Wolf, 1975/ Ch. 10).
The conditions under which this theorem is valid include
illumination with quasimonochromatic light.

In the section

titled Temporal Bandwidth we expand on the implications of
a quasimonochromatic assumption.
Using this theorem, we can write
Re r2(2£5,2n5) = Const. Re F

{1^(ax^,By^j}

(2.23)

where F is the spatial-frequency Fourier transform, a and
g are scaling constants of the transform, and x^ and y^
are coordinates in object space (plane 1 of Figure 2,3).
If we uniformly illuminate the lens at plane 4 of
Figure 2.3, and the lens is very large, then
P4(£5^5) = 6(£5^5)
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and Equation (2.22) becomes/ (using [2.23]):

(2.24).

I Fd-j^(ax1,3y1)} I •

Equation (2.24) shows that the intensity in plane 5
of Figure 2.3 in the ideal coherence interferometer is
directly related to the spatial-frequency Fourier transform
of the intensity across the object.
2.2.1

Diffraction Effects and Information
We use the optical system shown in Figure 2.3 in two

ways.

For a star, or point source at the object plane, we

need no field stop at plane 3.

If the object plane ir-

radiance distribution is extended, we need a field stop at
plane 3.

This field stop is a small aperture (typically a

1 mm diameter hole) which defines that portion of the
image-plane field over which analog processing is to be
taken.

This small aperture dominates the effects of diffrac

tion from other apertures within the system and determines
the size of the point spread function for the image of the
pup11-plane 2 as it appears at plane 5.
Analysis in Appendix A for case 2 shows that propa
gation from plane 2 to plane 5 is isoplanatic and that plane
5 is in the far-field, or Fraunhofer, diffraction pattern
of the small circular aperture at plane 3.

Consequently,

the MCF (at zero time delay) at the pupil plane 2 appears at
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plane 5 convoluted with the amplitude spread function associ
ated with the aperture at plane 3 (see Equation [2.22]).

The

reason that the MCF is convoluted with the square root of the
Airy pattern,and not the Airy pattern itself, is because co
herence theory (c.f., Beran and Parent, 1974; Klauder and
Sudarshan, 1968) shows that the MCF propagates through an
optical system as a wave, but is detected as an intensity.
This can also be seen by examining Equation (2.22), where the
term

enters as a linear term in the expression under the

integral. We show in Appendix A that for the case of a small
hole at plane 3 the effective aperture is the hole at plane 3.
Consequently
P4(2£-a,2r|-3) " F{p3<x3,y3)}
where p^fx^y^) is the transmittance of the binary mask or
hole at plane 3, and F is the Fourier transform operator.
We have seen that a spectral analysis of the MCF at
the pupil gives information about the image plane irradiance.
In order to extract all the information from the image of
the pupil plane which appears at plane 5, the Nyquist
criterion requires sampling the pupil at plane 5 at the
spatial rate of at least five samples between the first
zeroes on either side of the Airy disk pattern given by the
hole at plane 3.
Diffraction at the primary, that is, at the lens or
mirror at plane 2, limits the details in the source which
appear imaged at plane 3.

The size of the stop at plane 3
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limits the field of view.

At the image of the pupil which

appears at plane 5 we imagine the intensity to be detected
by an array of discrete detector elements.

The spatial

extent of this detector array determines the highest imageplane spatial frequency which will be measured, that is, it
limits the details which can be reconstructed in the source
or object plane of Figure 2.3.

If we assume that our array

detector always samples the pupil irradiance at the Nyquist
rate determined by diffraction from the aperture at plane
3, then the number of detector elements which fall across
the pupil, or rather the spatial-frequency of the sampling
will determine the field of view.
We now define a dimensionless quantity to express a
measure of the space-bandwidth product (Goodman, 1968, p.
28).

We will use this quantity, later, with other

parameters, to give a measure of the amount of information
which appears at plane 5 with an aperture at plane 3.

We

define a space bandwidth product SBWP as the total number
N of independent circular samples across the field stop or
aperture at the image plane.

Material in Section 2.2.3

shows that information is dependent on bandwidth as well
as wavelength.
Figure 2.5 shows a cross-section view of the
aperture which we use to define parameters.

Let A^ equal
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Figure 2.5.

Cross-section view of the field stop at
plane 3 — We show the Airy disk pattern which
results from diffraction at the aperture at
plane 2 (the pupil) as it appears at plane 3.
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the area of the aperture at the image plane and Aa equal
area of the Airy disk at the image plane, then
Ah = (J)frd2

(2.25)

A = (1.22X/D)2f2TT
a

(2.26)

and

where d is the field stop diameter, D is the pupil diameter,
f is the distance between planes 2 and 3.

If we let N equal

the total number of independent samples within the image
plane aperture, then
N = 0.17[dD/(Xf)]2

(2.27)

or
N - 0.17[D/(X)]2* (fov)2 = 0.17[d/X]2•F2

(2.28)

where fov is field of view and F is the focal ratio of the
system.
2.2.2

System Aberrations—Monochromatic
Wavefront aberrations at the input to the prism

affect the output.

We assume the interferometer prisms

function perfectly, as given in Equation (2.18), and that
the aberration terms are represented by a wavefront defect:
W (£,n)•

The complex amplitude just to the left of plane

5 in Figure 2.3 is given by
V(e,n) =

(5x+ny)

eikwL(5,n)(

where the terra e ^-MCx+ny) -[s

used

to represent the un-

aberrated phase fronts and k = 2'ii/A in the quasimonochroraatic sense, and £,ri are dimensionless coordinates in
spatial frequency.

The complex amplitude just to the right

of plane 5 in Figure 2.3 is found, using
v(-5,n) = 1

Ae-iS(-5x-Tiy)eikWL(-C,n)

v » ( - e , n ) = 1 A*e+ik(-Cx-ny)e-ikML(-C-n)
V(c,-n) = 1

Ae-^(5^ny)e+ikWL(C,-D

|
=
v.(5,-n)
A«e+ik(5x-tiy)e-ikwL(£:,-n),

where we now drop the time dependence in the analytic
signal, because we know it will drop out later as shown in
Equation (2.16).

The intensity to the right of plane 5 is

I(£,n) = <|v(£,-n)12>+<Iv(-e,n)|2>
+ <v(-5,n)v*(5,-n) > + <v(£/-n) -v*(-£,n)>

(2.29)

Following the steps used to derive Equation (2,22) we see
that the intensity is
i(£#n) = J<I> + jRe{r (2£;,2n) •

1]}

(2.30)
where we assume the apertures at planes 2 and 4 to be
large.

Equation (2.30) shows that if aberrations are such

that W(-£j,n) = W(£,-n) , the value of W is immaterial.
Those Seidel aberrations that satisfy this criterion are

those that are cylindrically symmetric:
tion and field curvature.

spherical aberra

However, the odd aberrations

have W(-£,n) = -W(£,-n) and its effects are doubled.

Off

axis aberrations, for example, coma and astigmatism
have color terms as discussed in the next section.
2.2.3

Temporal Bandwidth
We have assumed that the prism folds the wavefront

and adds the complex amplitude fields with zero time delay
across the pupil image, as stated in Equation (2.18).

If

the source of these complex fields is a point at the image
plane positioned precisely on axis, this is true.

However,

this is the least interesting situation and there are many
applications where we would like to analyze a region several
arc-seconds in diameter at the image plane.

For such

measurement we require that the mutual coherence function
in the image plane of the pupil (plane 5, Figure 2.3) not be
dominated by the coherence properties introduced by the
optical bandwidth.
For an image plane field composed of the sum of off
axis points, we will find here that time delays depend on
the position of each point in the image plane.

We see that

a point at image plane 3 is mapped into two points at
another image plane 6A.

These points are coherent with

respect to each other, and a fringe field appears across
the detector plane.

These points will have equal intensity
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and equal polychromaticity.

For each monochromatic wave

length we obtain uniformly spaced fringes, whose spacing
depends on the wavelength.

The entire pattern consists of

the incoherent or linear superposition of the fringe
patterns due to each object point at all wavelengths.

If

we use \> = c/A, where \ is the free space wavelength, and
consider the case where a small angle 2x separates the two
points in plane 6A, such that we can approximate sin(x) = x,
then the intensity across the image of the pupil in the
direction parallel to a line joining the two points at the
image plane is
1(C) =

7

I(\>)dv + / I(v)cos[2Tr(v)2gx]dv,

-00

G

- 00

where the point in the image plane is displaced in the x
direction.
In general, the point at the image plane is offset
in some arbitrary direction x, y, and the source extends
over a small but finite area.

Let the source irradiance

distribution be given by I(x,y,v), then the pupil irradiance
is found from
OO

I(£,n) =

fff I(x,y,v) dxdydv
— 00
OQ

00

CO

2 7T\)

+ f f f I(x,y,v)cos[——2(£x+ny)Jdvdxdy.
~*CO—OO — OO

We now compare the size of the function I{x,y,v) and
cos[^--2(£x+ny)]•

If we can let I(x,y,v) = I(x,y) • I(v) and
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assume that I(v) is narrow compared to the term
cos[-^p-2(£x+ny)] then the second term in the last equation
is written
I(v)• /l I(x,y)cos[^11^2( £x+ny)]dxdy.
C

— CO

We recognize that this term is I(v) multiplied by
the Fourier transform of the irradiance distribution across
the pupil.

We find the conditions on the bandwidth, Av,

which give us the condition that I(v) be less than one-half
of a cycle of the term cos [2TTV • 2( £x+rjy)/c].
We also derive another equation that relates the
size of the area at the image plane for analog data
processing, to optical filter bandwidth and entrance
aperture diameter.

This derivation leads to a result

similar to the one above, but involves physical intuition
for the operation of the interferometer.
Figure 2.6 shows notation used for this upcoming
derivation.

The entrance aperture has diameter D, the

focal length is f, and the diameter of the image plane stop
is d.

The size of the field of view is given by angle a.

The angle of the cone of rays focusing at the image plane,
from the mirror, is 0.
In Figure 2.6 we show the two apparent pupils as
viewed in the space of the detector plane; one indicated by
A'A is turned around with respect to the other indicated by
B'B.

Both are images of the same pupil.

We wish to view

Figure 2.6.

Parameters for calculation of optical filter
bandwidth — At the image plane of diameter d,
at distance f from the pupil we observe the
superposition of two pupils of diameter D,
rotationally sheared by 180 degrees about a
point at the intersection of the optical axis
and the pupil surface. A and A' are points
at the edge of the pupil AA'. B and B' are
points at the edge of the pupil BB1. We assume
that d << D and d << f and that the field angle,
a, is given by a = d/(2f). Below the axis we
see that a wavefront leaving point B' arrives
at point 2 at time C>Ax after that wavefront
which left point A. To minimize chromatic
effects we require a narrow band optical
filter which will yield a coherence length
at least as long as 2Ax.
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Figure 2.'6.

-4

Parameters for calculation of optical filter
bandwidth.

fringes across the combined pupil areas, from the left,
looking back to the right, through the aperture of diameter
d, located at the image plane.

Below the axis we see that

a ray from A to the superposed image plane point 2 is
shorter by Ax than the ray from points B to the same super
posed image plane point 2.

To minimize fringe apodization

by chromatic effects we require a narrow band optical filter
which will yield a coherence length at least as long as 2Ax.
From the geometry given in the figure, we can write:

a =

Ax
(D/2)

2CAT
D 7

where AT is the light time transit from point B' to A', and
also that for transit from point A to B.
We rewrite the above equation to give
A

= (J) (->,
r ® \

and use the condition relating time and bandwidth to give a
correlated wavepacket CBorn and Wolf, 1975, p, 543)f

AT • Av = —
2tt
and use the well known relationship,
«\ = T
AA
A Av
v

where A is the mean wavelength and v is the mean frequency,
to obtain
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Good temporal correlation requires that our filter bandwidth
be approximately one-half this, or

4 X =

*

2

« 2

FW > -

( 2

"32)

We show in Figure 2,7 a plot of the bandwidth in
nanometers as a function of pupil diameter in meters (D)
for good fringe visibility at fields of view 1, 5, and 10
arc-seconds, at 1 = 500 nanometers.

This is a plot of

Equation (2.32).
Table

2.1 shows data presented in Figure 2.7 as

well as the number of Airy disks, or image plane resolution
elements, per field of view.

Column 1 gives the aperture D,

column 2 the angular field of view, column 3 the optical
bandwidth, and column 4 the number of resolution elements
per field of view.

Note the trade-off between filter band

width and the number of resolution elements across the field.
A 10 meter telescope with 1 arc-second field of view requires
a filter with bandwidth 0.8 nanometers but has nearly 80
independent samples of the irradiance distribution across
the diameter of the 1 arc-second image plane field of view.
We will find later that this filter bandwidth also compen
sates for atmospheric turbulence and fixed wavefront errors
in the mirror surface to enable diffraction limit image
reconstruction from a giant telescope with relatively large
wavefront errors.
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Figure 2.7.

Bandwidth in nanometers as a function of pupil
diameter in meters for good fringe visibility
at fields of view of 1, 5, and 10 arc-seconds
at 500 nanometers-
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Table 2.1.

Parameters used for Figure 2.7 — An evaluation
of Equation (2.32) at A = 500.0 nanometers.

Da
Meters
Arc-seconds
0.5

1.0

10.0

1

AA
Nanometers
16.4

Number of airy disks
across the field diameter
3.97

5

3.28

19.9

10

1.64

39.7

1

8.2

7.9

5

1.64

39.7

10

0.82

79.4

1

0. 82

79.4

5

0.164

397

10

0. 082

794
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We see in Section 2.4 that atmospheric turbulence
will limit the size of the image plane area over which
analog image processing is possible.

We see that it is un

likely that fields of view as large as 10 arc-seconds can
be reconstructed.
We see from Equation 2.30 that wavefront aberrations
affect the local spacing of the fringe beneath the envelope
and not the magnitude of the fringe envelope.

We find that

provided WL(^,ri) is much less than the coherence length of
the light, that is
T2
wL<e,n) «
where A is mean wavelength of light and AA is the optical
bandwidth, the telescope aberrations will not affect the
measurement of the fringe visibility.
We now find a relationship between information, or
the space-bandwidth product as given in Equation (2.28), and
the optical pass band limitations given in Equation (2.32).
We solve Equation (2.32) for the field of view, or a, and
from Equation (2.28) we find
N = 0.068 x 10

_3

\ ^
(^-) .

We see that the amount of information depends only on the
optical pass band wavelength and its bandwidth.

Note that

the quantity N becomes meaningless (I < 2) for the situation
A/(AA) > 16, or at 500 nm, for a bandwidth of 31 nm.
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Today, modern birefringent optical filters yield
-A/(AA) as high as 1 x 104, consequently a maximum for inforg
mation is N = 6,8 x 10 .
In Chapter 6 we mention tech
niques for achromatizing the coherence interferometer to
improve the information with values of A/(AA) such that
reasonable levels of power are available for measurement
of the spatial structure of thermal sources.
2.3

White Light Holography

This section shows how the coherence interferometer
enables recording of white-light, off-axis holograms of the
type used by Leith and Upatnieks (1962) or Vander Lugt
(1964).

However the large confused central area present

in the playback of Vander Lugt filters is missing.

Cochran (1966) discusses the results of Mertz and
Young (1963) and of Lohmann (1965) and investigates holo
graphy with incoherent sources using the triangular inter
ferometer, an instrument related to the CI.

Aberration

compensation with the triangular interferometer for inco
herent holography is the subject of a paper by Kostylev
(1975).
We consider the propagation of waves between the
double-image plane at 6A and the detector plane 7 shown in
Figure 2.3.

An off-axis point in the image plane 3 maps

onto plane 6A as two points.

If the entire irradiance

distribution at the image plane 3 is on one side of the
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optical axis, then that irradiance distribution maps onto
plane 6A as two separate images that do not overlap.
We show in Figure 2.8 the geometry for forming the
hologram.

There is no reference beam.

The required co

herent reference source is the signal itself.
this type were fabricated in the laboratory.

Holograms of
Experiments

are discussed in Chapter 5.
We assume unit magnification between the two image
planes 3 and 6A and that the lenses at plane 4 and 6 and
the glass interferometer at 5 in Figure 2.3 introduce no
aberration.
For a point at

and

we get

I5(x5'Y5) = 2[1 + COs(|T(x3X5 +

^3y5))^

where f is the focal length of the lens at plane 4 and A is
the quasi-monochromatic wavelength.

To simplify the

calculation, we assume that the point is offset in the
direction only.
If the source is not a point, but rather a small
distribution of incoherent radiation centered around (x^,0),
then we describe the source intensity as
I(x3,y3) = lo(x3,y3)0[6(x3~x3)* 6(y3)]
where 0 is convolution.
We insert the above two equations into the imaging
equation to obtain
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PLANE 6A

Figure 2.8.

DETECTOR PLANE 7

Detail of Figure 2.3 -- The image plane, plane 3
in Figure 2.3, contains an image of a vase
with handle. At plane 6A (the double-image
plane in Figure 2.3) shown above, we see two
vases with handles symmetrically positioned
about the axis. Angle between system optical
axis and the vase images as seen from detector
plane 7 is a .

I5^x5,y5^

= 2

* I0^x3'y3)®C6U3-X3)-6(y3)]dx3

+ 2 / Iq(x3,y3)0[6(x3~x3)• 5(y3)]•
• cos(|^(x3x5))dx3dy3-

(2.33)

We now evaluate these integrals, and assume that a
suitable detector, such as a photographic film, is posi+

tioned at plane 5 .

We will show that the irradiance

distribution on the film is a hologram and that its play
back in a coherent image processor is a record of the
image-plane irradiance distribution.
We evaluate Equation (2.33).

At the origin (i.e.,

x^ = 0) the first integral is the same as the second.

The

second integral is of the form
. e-2TTiuX,
J
/f(x)0g(x) [e27tiux +
] dx,
f

r

,

v

,

v

r

where f(x) = IQ(x3,y3) and g(x) = 5(x3~x3).

This integral

is of the form f(u)'g(u) + £(-u)-g(-u), where the carat
means Fourier transform and the u is the properly scaled
Fourier transform of x.
From Equation (2.33) then, we find
I5(x5'y5) =

2

Io<0'0)

+

2iQ(2a,23) exp[i4TTXQa] + 2lo(-2a,-23) exp[-i4Trxoot] ,
where a = x,-/(Af)p 6 = y^/(Af).
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We note that I (x-,,y-.) is real and that therefore
o J J
I (-u,-v) = IQ*(u,v), so that
I^(x5,y5) = 2iQ(0,0)
+ 2 • {Re[IQ(2a,2B)]*exp[i4frxoa]}

(2.34)

It is this irradiance, then, that produces the hologram,
which in play-back, creates a reproduction of the initial
image plane irradiance.
2.3.1

Hologram Recording Theory
We follow the work of Goodman (1968), Kozma (1966),

van Ligten (1966), and the book by Dainty and Shaw (1974)
that describe photographic films and their properties as
holographic storage media.
We imagine exposing film to the signal at the
detector plane.

Let -3 equal the slope of the transfer

curve (t-E curve) between film exposure, E(£,ri) and transmittance, t, after development.

The film transmittance is

given by
tu,n) = to - 0EU, n )
where t

(2.35)

is background transmittance and we assume a linear

relationship between irradiance and transmittance.
The exposure is given
E(?5'n5) = 15{^5'n5)

'

T

(2.36)

where I*^,.,^) is given by Equation (2,34) and T is the
exposure time.

We find film transmittance t(^^frig) by substituting
Equation (2.34) into (2.35), using (2.36):
t(£5,Ti5) = [tb~ T* constant - iQ(0,0)
+ 2 - 1 ( 2 a ,2 3 )'c o s( 4irx a ) ] * p c ( L , n r )
o
o
b o b

(2.37)

where Pt-(£,_,ri5) is the linear dimensions of the hologram,
t^ is the background transmittance of the film, and the
term = (3T-constant) represents an exposure dependent back
ground.
We imagine placing the film in a coherent-image
processor for reconstructing the hologram.

The coherent

image processor performs a spatial-frequency Fourier trans
form of the transmittance given in Equation (2.37).
That Fourier transform, appearing in the output
plane of the processor, is
I (x ,y ) = [t,-3T* constant]0P(ax ,ay )
cc c
b
—
c
c
+{3T[Io(mxc,myc)]S[6(xc,yc+aAcfc)•5(yc)]
+ 3T[Io(-mxc,-myc)]fi[6(xc,yc-aAcfc)•6(y c > 1 )
® P(ax ,ay )

(2.38)

where a = £„/(\
j
cfc), where X c and fc are, respectively, the
coherent image processor wavelength, and the focal length of
the processing lens.

The factor PI is given by
m = <V V/(f4'

and represents the magnification between details at the
image plane 3 and the play-back of the image processor
xc y
J c.
Figure 2.9 shows a sketch of the output plane.

The

output plane irradiance distribution is the same as.that
which appears at plane 6A in Figure 2.8, modified by con
volution with the spatial-frequency Fourier transform of
the transmittance of the spatial extent of the recorded
hologram at plane 7 in Figure 2.8.
In Chapter 5 we describe an experiment which
includes photographic prints of the display given by
Equation (2.37) and of the play-back given by Equation
(2.38).
2. 4

Atmospheric Turbulence

This section gives a brief discussion of the output
of the coherence interferometer in the presence of atmos
pheric turbulence.

We review those aspects of the propaga

tion of light through the atmosphere that are of particular
interest to astronomers.
We do not discuss the propagation of non-thermal,
laser radiation currently of interest in the communications
field.

See for reference: Ho (1970), Diament and Teich

(1970), Deitz and Carlson (1973), and Kelsall (1973).
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yc
N

Io(mxc,myc)® [8(xc'Yc + aMcj

«

—

®P{axc,ayc)
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'
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P(axc,ayc)
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Figure 2.9.

Io(-mxc;myc)® j^S(xc,yc- aXcfc)j

®P(axc,aye)

The irradiance distribution in the playback of
a hologram recorded using the coherence
interferometer — The on-axis spot labeled
P(x,y) contains the Fourier transform of the
boundaries of the hologram and not a confused
signal as does the vander Lugt spatial filter.
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2.4.1

Qualitative Discussion
The sun heats the surface of the earth during the

day; radiation and convection cool the surface.

The con-

vective transfer of energy from the surface sets up local
thermal gradients within the air.

Gossard (1960) shows that

these thermal gradients cause density variations in the air,
with attendant variations in the index of refraction.

When

light passes through the air we observe a time dependent
retardation

of

the phase.

In a time frozen picture the

volume distribut .i on of index of refraction variations re
semble bubbles or cells.
Consider observing through this atmosphere with a
telescope.

If the average size of the turbulent cell is

larger than the aperture of the instrument, then, on the
average, there is a uniform phase shift across the whole
aperture.

As time passes, different cells move across the

aperture, each with a different uniform phase shift.

This

wedge of refractive index variation across the entire pupil
results in a shift of the image of a point source.

If the

average size of the turbulent cel.! is smaller than the
aperture of the instrument, then, on the average, there are
several phase cells across the aperture at once.

Each

phase cell produces a separate image at the image plane, so
that the image of a point source appears to be fractured
into several smaller images.

2.4.2

Quantitative Discussion
Many articles have been written on the propagation

of optical electromagnetic radiation through such turbulent
media.

A recent review by Strohbehn (1971) summarizes the

early works of Chernov (1970) and Tatarski (1961, 1967) and
the more recent work of some 40 additional authors;
Coulman (1973, 1974) gives a summary and quantitative
measurement of solar "seeing."
Straiton (1964) shows that at optical wavelengths
meteorological parameters are related to the refractive
index changes through the relationship.
6
AT
An x 10 = -77.6 PDA f±r ,
o
where PDA is the partial pressure of dry air in millibar,
and T is temperature in degrees Kelvin.

Using constants

from Grossmann-Doerth (1969) we find that at 293°K a 1°C
temperature change yields an index change of An ^ 1 x 10

_g

Over 1 meter this is approximately 2 waves.
Hufnagel and Stanley (1964) and Fried (1965, 1966)
show that the long exposure correlation function in phase
is the structure function, V(p), where they define
<(g(r1rt) - 5(?2,t))2)t = 0(p)
-v

v

with p = |r2 - r-[_|, and where r

2

2

= r, +n

?J

(2.40)

and t is time.

use £(r^,t) as a normalized random variable to represent
phase fluctuations in the atmosphere at point 1, time t.

We
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The modulation transfer function (MTF) of the
earth's atmosphere is given by
MTF = exp {- j V ( p ) }

(2.40a)

For refractive index fluctuations in the atmosphere which
obey the Kolmogorov law, the refractive index structure
function for a point source is given by Equation (7.4) from
Hufnagel and Stanley (1964)
P(p) = 2.91 k2sec Z(p)5/3 7 C
hl

2(h)dh,

(2.41)

"

where k is the wavenumber of light, Z is the zenith angle,
C (h) is the refractive index structure constant as a
n
function of height in the atmosphere, and h-^ is the height
of the observatory from sea level.

The function

is

calculable from physical measurements of the temperature and
wind along the observing path (Coulman, 1973).

We obtain a

theoretical value fo3: the long-exposure correlation function
by inserting Equation (2.41) into the equation just above it.
Physical measurements of this function appear in Section
5.4.

This function is also the long exposure MTF of the

atmosphere.
We consider the earth's atmosphere to be a random
amplitude and phase screen whose properties are time de
pendent.

Let Vo(£,r)ft) represent the amplitude for an in

coming wave above the earth's atmosphere.

Then under the

assumption that the earth's atmosphere operates linearly on

the wavefront, the amplitude V(£,ri;t) at the surface of the
earth becomes (following the work of Shack, 1967, and
Gaskill, 1969, and others):
v (?,n;t)

= v U,ri;t) exp [y(£,n;t) + ic(£,n;t)]
o
~
~

(2.42)

where y(£,n?t) is a random variable used to model variations
in amplitude, and where c(£fn;t) is a random variable used
to model phase variations.

We use the tilde below the

variable throughout to indicate a random variable.
Equation (2,42) is written under the assumption
that all of the phase and amplitude perturbations which
operate on the incoming wavefront can be represented as a
single sheet of disturbance localized at the pupil.

This

assumption is valid over only the center of the image plane.
The earth's atmosphere perturbs the wavefront in volume,
and consequently as we move off the center of the image
plane field, we find that the area over which the linear
relationship implied by Equation (2.42) is valid is small.
Theoretical analysis given by Korff et al. (1975) confirms
a measurement given by Laques (1966) which gives the radius
of the area over which linearity is valid as 2.5 arcseconds.

We sometimes refer to this as the size of the

atmospheric isoplanatic patch.
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2.4.3 Interferometer Output in the
Presence of Atmospheric Turbulence
We calculate the intensity distribution across the
detector plane of the spatial structure analyzer (Figure
2.3) using the random phase screen model (see also
Breckinridge, 1975b).
We replace
(2.42).

V2(

r n^) with V(£,ri;t) from Equation

Directly to the right of plane 5 we get

v*(£,n;t) =
jv0(-^n;t) exp[y(-E,n;t) + iU-^n;t)]
+ 4-v
_(£,-n;t) exp[y
i± O
~ U,-n;t) + ic
~(5,-n;t)].
We now consider samples of this analytic signal
initiated at time t' and of duration T short enough to
"freeze" the atmospheric factors (T < approximately 0.01
second) but much longer than the coherence time of the light
field (T > approximately 10-14 seconds).
We find, from Equation (2.20), that
lU,n;t',T) =
|-< I vo(-£,n; t )|2>T-exp[2Y(-£,n; t ' ) ]

+ !<|VQ U,-Ti;t)|2>T-exp[2yU,-ri;t')]

+ |< V o

)VQ*( £,-n;t) >T • expfy (-£,n;t')+y(£,-n ;t')

+ iU(-£,n;t') - c(S,-n;t')}|
+
<vj(-£, n;) V Q ( £,- n ;) > T .
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• exp{y(-c,n;t1) + yU, - n ;t') - i[sK,n;t')
- U ^ - n ; t ' ) ]}.

(2.43)

We assume stationarity so that the averages of T do not
depend on t' and are identical to the averages obtained in
the limit as T

+ ffl.

The intensity I is then independent of

T and we obtain, for an infinite pupil and a point source,
l(£,n?t') = -|<l > [exp [2y(-£,n;t1)] + exp[2y(£,-n;t')]]
+ -|exp

(-£,n;t') + y(C/-n ;t')]

* tro(2£,2n) exp i [<;(-5, n ;t') - ^(C/—n;t')3
+ r*(2^,2n) *exp

-i [c (-?,n;t') - <;(5,-n;t') ] }

(2.44)

where rQ(2^,2n) is the mutual coherence function in the
absence of turbulence.

The factor on the second term in

Equation (2.44) may be reduced to
|ro(2?,2n)I-costc(-s,n;t') - e(S,-n;t')
+ $ r (25,2n)].

o
Equation (2.44) gives the time-dependent intensity fluctua
tions across the pupil in the presence of random variations
in amplitude and in phase.

Note we assume that the mutual

coherence function for the intensity distribution in the
object plane is time independent.

We see that in principle

it is possible to retrieve information at the full spatial

bandwidth permitted by the size of the telescope pupil.

In

a later section we consider methods for doing this,
2.4.4 Modulation Transfer-Function of
Earth's Atmosphere
A quantitative measurement of the time dependent
and time independent modulation transfer function of the
Earth's atmosphere is possible with the SSA.

We present

data and experiments in Chapter 5.
We give time-dependent intensity fluctuations in
Equation (2.44).

Consider the irradiance distribution at

image plane 3 in Figure 2.3 for a point source off axis in
the x direction by distance Xq; it is given by
I(X3' Y

=

^x3~Xo'y3^'

(2.45)

We insert this into Equation (2.44) which shows the
detector plane irradiance distribution is
I( S,n;t) =
^<I)[exp2y ( - £ , n ;t) + exp2y(K;t)]
+ (-|)cos{[4ITXo£/(Af) ]

+

(-^,n

;t)U , - n ;t)]}

* exp[y(-C/n;t) + y(£,-n;t)],

(2.46)

where the tilde beneath variables indicates a sample from a
random process.
The information on the time dependent properties of
the atmosphere is a product of two cosines.
cases:

Consider two
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1.

Spatial period of fringes is less than the spatial
period of £(-£,n;t) -

2.

and

r, (£,-n?t);

the point source is on axis, i.e., Xq = 0.
Consider case 1:

if the observed fringe spacing is

such that several fringes appear within the cell of uniform
phase or within an area of dimension equal to the coherence
diameter p , then the fringe motion is a direct measure of
the argument:
q ( - E ^ n ; t) - ? ( £ , - n ;t).

The fringe pattern, which without the effects of the
atmosphere is stationary, moves about in the presence of
atmospheric turbulence; that is, it oscillates back and
forth across the pupil.

The observed period is on the

order of 1 second.
The total excursion depends on the distance from
pupil center and at the 1.5 meter diameter pupil edge the
motion seldom exceeds 9 or 10 fringes.

Changes in phase

retardation with time as the wave propagates through the
turbulent atmosphere cause the observed fringe motion.
Superimposed on this fringe motion is a "blinking"
on and off of patches of area in the pupil.

The blinking

appears to be caused by phase variations which occur at
large heights above the ground (Dicke, 1975).

These phase

variations at large heights produce random irradiance
fluctuations across the telescope pupil.
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Case 2 is difficult to achieve in practice because
the atmosphere moves the image centroid continuously in
time.

However, we use this idealized situation in the

discussion given in Section 5.6, where we state that a
measure of pupil intensity fluctuations provides measurement

|r(2£,2ri)i, or rather the source intensity distribution.
The long term integral (greater than 30 seconds) of
the pupil irradiance distribution given by Equation (2.46)
is the long term modulation transfer function, I(£,ri)f of
the Earth's atmosphere (c.f., Hopkins, 1955, or Dainty and
Scaddan, 1974).

The long time integral of Equation (2.46)

is
I(£,n) =

•|<l)/exp[2y(-£,n;t)]dt + -|<l >/exp[2y(?,-n ;t)]dt

j /exp[y(-£,n;t) + y(?,-n;t)]dt
• /cos tc(-£,n;t) - £(S,-n?t)]dt.

(2,47)

In Chapter 5 we give a quantitative measure of the time
dependent and time independent modulation transfer function
of the Earth's atmosphere.
2.4.5 Phase Measurements for
Active Optics Design
A measurement made with the coherence interferometer
of the probability density distribution of phase retardation
in the Earth's atmosphere enables specification

of
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tolerances for the construction of active optics, eleinents
and gives a value for the optical filter bandwidth so that
fringe visibility measures are not dominated by chromatism.
Active optics (Dyson, 1975; Muller and Buffington,
1974) compensate for phase retardation changes introduced
by atmospheric index refraction variations.

These varia

tions change the optical path distance from the pupil plane
or other planes within the system (Dicke, 1975; Wagner,
1975) to the image plane.

They translate a small element

of area at an image of the telescope pupil, which appears
on the surface of a mosaic mirror, in response to a real
time error signal.

We measure the physical distance

necessary to move the mirror surface.
Chapter 5,

Data are shown in

Also, these data enable a calculation of the

order of interference in astronomical speckle patterns, and
thus provide a criteria for evaluation of the quality of
images derived from speckle interferograms.

We give a

measure of the order of interference in speckle patterns in
Chapter 5.
Fried (1965) gives the phase structure function
(see Equation [2.40]) as
V(

p )

= < |5(p) - ?(P')|2> = 6.88(p/po)5/3

(2.48)

where ^(p) and £(p') are" phase variations at p and p'
associated with the deformation, p = |p - p'| and ( ) denotes
an ensemble average.

Fried and Mevers (1974) and Strohbehn
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(1971) review the large body of theoretical work on the
phase structure function.
Observations based on Equation (2.46) are a direct
measurement of the phase variations and a comparison of
these data with theory involves the square root of V(p)
Equations (2.41) and (2.48).
It is generally accepted (Strohbehn, 1971) that the
probability density-distribution of phase retardation in
the atmosphere is represented by a Gaussian distribution.
Our visual observations are somewhat subjective.

In

particular we have no quantitative measure on precisely
where an estimate of "extreme" motion falls on the Gaussian.
If we design a system to keep the observed fringe
motion stationary, then we have good imaging within the
isoplanatic patch surrounding the point reference source
which causes the fringes to appear.
We measure f, the fringe motion.

One fringe of

wavelength \ translated across the pupil means that the
optical path difference has changed by A.

If we observe

the fringe pattern to translate by f fringes which is the
same as f apparent cycles, then the optical path difference
is f• A.
We wish to compensate for these optical path
difference changes by using the translation of a mirror sur
face at the optical system pupil.

We assume that the mirror

surface to be translated is normal to the entering beam and

calculate the magnitude of the translation required for the
mirror surface to correct for the wavefront distortions.

To

compensate optical path difference (OPD), the mirror surface
must be moved one-half of the OPD, or (A*f)/2.
We can compensate or correct for this fringe motion
by translating the mirror at either of two points on
opposite sides of the center of point symmetry.

Conse

quently any one point needs only the range of travel of onehalf of A-f/2.

If we consider the corrections to be

required in a root-mean-square sense, we obtain an estimate
for the peak-to-peak total physical motion, £, using
I = ( A-f)/(2/2).

(2.49)

We wish to see if our measurements of the amplitude
of phase excursions as a function of point separation is
consistent with theory for the phase structure function as
given in Equation (2.48).

The irradiance distribution

across the pupil is a display of the complex amplitude.
The phase structure function in Equation (2.48) is in
tensity.

Consequently measures made with the CI are of the

square root of the phase structure function, or

[ V ( P)]V2 = [6.88 < P/PQ)] 5/6 We assume the phase structure function to be
Gaussian in shape (see Equation [4.40a]).

We measure f,

the phase excursion in units of cycles, or apparent fringes.
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We would measure the complete probability density distribu
tion of phase fluctuations if we could determine the
fraction of time that the white light fringe is at a
particular distance from the center of its pattern.

Our

measurements were made visually, with the star near.the
zenith, so we make the approximation sec(z) = 1.0.
For the measure of f we are recording samples from
a Gaussian distributed random variable.

These are samples

of the maximum excursion observed by eye.

A normal or

Gaussian random variable is completely specified by its mean
and standard deviation or variance.

The density distribu

tion for the normal or Gaussian with zero mean is, from
Papoulis (1965),
f(x) = —-— exp[-x2/2b2],
b/^f
where b

2

2

= a , the variance.

Comparing this equation to

Equation (2.40a), we identify
|fl(p) = x2/2b2,

or if we use Equation (2.48), we find
[6.88{-2-}5/3]1/2 = x/b.
po
We wish to express our measured parameter f in N
units of variance, b, on the Gaussian random process used
to model the phase variations.

The variance is in units of

angular frequency, or w/N.

Hence

^
i/i
<2tt) " (?f)
= [6.88{^-}5/3]1/2 =
^

(2.50)

PQ

2.4.6 Quality of Images Extracted from
Astronomical Speckle Patterns
This section provides the background theory used
later in Chapter 5 to show that the quality of images
obtained from astronomical speckle patterns is poorer than
previously believed.

We use information obtained with the

coherence interferometer along with speckle patterns
recorded at the 4-meter telescope.

,

We distinguish between astronomical speckle patterns
and those formed by laser scattering.

Light passing through

the turbulence in the atmosphere causes a speckle pattern to
appear at the image plane of a large telescope.

Surface

scattering of the laser light at the reflection source form
laser speckle patterns. A very narrow bandwidth light,
__ g
typically AA/A Hi 10 , forms laser speckle. A relatively
- 2

broad band light, AA/X ^ 10

, forms astronomical speckle.

Persons working with astronomical speckle generally do not
acknowledge this fact.

Fujii and Asakura (1973) and Parry

(1976) examine speckle patterns in partially coherent light.
Dainty (1974), Knox (1975), and Korff (1973) assume
that for each instantaneous record, the quasi-monochromatic
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incoherent imaging equation applies:
I(x,y) Rj O(x,y)0T(x,y)

(2.51)

where
I(x,y) = instantaneous image intensity
0(x,y) = instantaneous point spread function of the
atmosphere/telescope system
0 denotes convolution.

Here, we show that Equation

(2.51) is an insufficient model and does not con
sider important physical observations.
In the previous section we found that a frequently
used model for atmospheric turbulence is a series of phase
cells of approximately 10 cm diameter, in dynamic motion
across the pupil.

At an instant of time, such as the length

of time necessary to record an astronomical speckle pattern,
the telescope mirror can be thought of as covered with sta
tionary phase cells.

A 1.5 meter aperture has 10 waves

retardation across it (Breckinridge, 1976).

The large pri

mary telescope mirror is therefore a deep phase diffraction
grating which will generate substantial power in higher
orders.

Consequently, we can discuss the effects of orders

of interference at the image plane caused by the phase dif
fraction grating of 10 cm period at the telescope pupil.
We will show in Chapter 5 that most speckles within
an astronomical speckle pattern are not from zero order
interference, and that the function T(x,y) in Equation
C2.51) is wavelength dependent.
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We assume that some speckles within an astronomical
speckle pattern are not from zero order interference, and
that the function T(x,y) is wavelength dependent.

We

imagine making an astronomical speckle interferogram of a
known single star, through an optical interference filter
which has two narrow pass bands, widely separated in wave
length.

Some speckle elements therefore appear double.

The

higher the order of interference the larger the separation
of the two images.

We show here that the sum of the power

spectra of all of the speckle patterns provides information
on the probability density distribution of orders of inter
ference within an astronomical speckle interferogram.
The astronomical speckle pattern of a single, bright
unresolved star at the image plane of a large telescope has
a characteristic appearance.

The field contains many dis

tinct fuzzy points of light; there is a gradual decline in
brightness from the center of the pattern to its edge.
We model the irradiance distribution across a
speckle pattern in cylindrical coordinates r, 0, centered at
the centroid of the speckle pattern.

The irradiance dis

tribution at the image plane with a point source (star) at
the object plane is the system's point spread function and
is given by an array of delta functions each, convoluted with
either the Airy disk function, or the Airy disk function
convoluted by a function representing interference effects.
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Our model is
T(r,0;n, A,A A) =

N
E a(r)0 S[0 - 0.,r-R.]
i=l

K
+

.

E

a(r)a6 [0 - 0 .,r-R. 1 0 g.(r,n,A , A A ) ,
~
^i / n
I

(2.52)

where a(r) is the point spread function of the diffraction
limited system (Airy disk), g^(r,n,A,AA) is the point spread
function introduced by interference effects at interference
order n, with an optical filter of bandwidth AA at wave
length A, 8 refers to convolution.

N is the number of zero

order speckles and K counts all remaining speckles.

In

Equation (2.52) 0^ represents a sample from a random
variable which we use to model the position in azimuth of
a speckle element.

It is a sample from a probability

density distribution uniform in the interval -TT to ir.

We

assume the turbulence is isotropic.

Also, R.
is a random
~i,n
variable used to represent the radial distance out from the
th
centroid for the i
speckle element of order of inter
ference n.

For example, a satisfactory model for the

probability density distribution for R^

Q,

where n, the

order of interference, is zero, is a Gaussian with a mean
of zero, and decreasing by 1/e points at r £ 0.5 arcsecond.
We consider the effects of using a filter which
transmits narrow bands of radiation at two widely-spaced
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wavelengths.

Then,

gi(r,n,X,AX) =

(r,n,^,A A) + gi2(r,n,X2,AX)

and the instantaneous point spread function becomes

T(r,0;n,X, AX) =

+

N
E a(r)B <5 [0-0^,r-R^]
i=l

K
£ a(r)S 6 [8-0. ,r-R. ]S{g.,(r,n,A,,AA)
. •»
^X
X # II
XX
X
X=1
+ gi2(r,n,A2,AA)}

(2.53)

We insert Equation (2.53) into Equation (2.51) and
consider the image plane irradiance distribution with a
single star or 0(x,y) = 6(x,y) at the object plane.

If the

bandwidths of the two windows in the interference filter are
very narrow, then we can write g^(r,n,A^,AA) =
6(r,n,A^,AX ) and g12(r,n,A2,AA) = 6(r,n, A2,AA).
We now calculate the angular extent of the point
spread function.

If we assume that the index of refraction

variations across the telescope pupil can be represented as
a phase grating, differentiation of the diffraction grating
equation yields an estimate for the spatial extent of the
function g^(r,n,A,AA) in Equation (2.52).
The grating equation is nA = 2pQ sin r, where n is
diffraction order, A is wavelength, r is diffraction angle,
and pQ is the period of the grating.
the point spread function is then

The angular extent of
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Ar = (AA) • n/(2pQ cos r).

(2.54)

Observations of the number of speckles per unit
area, combined with a theoretical prediction of the number
of zero order speckles by Korff (1973), enable an estima
tion of the order of interference.

Korff has shown that

the number of zero order or white light speckles is given
by
2
N = -2-,-

(2.55)

4po

where N is the same as that used in Equation (2.52), D is
the aperture diameter, and pQ is the radius of the cophasal cell size.
Counts of the total number of speckle elements
within a speckle pattern is a measure of N + K in Equation
(2.52).

A measure of the order of interference in a

speckle pattern is given by
+ K - ,
n = N
——
1.

,0
(2.56)

For K = 0, the order of interference (n) is also zero.
We know the filter bandwidth A A, order of inter
ference n (from Equation [2.56] and Equation [2.55]), the
"period" of the atmospheric phase grating po, and the
angular extent of the speckle pattern r; consequently
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angular extent of the point spread function is calculated
with Equation (2.54).
Earlier in this chapter we used a measure of the
peak-to-peak fringe motion, f, and showed that this
quantity is a direct measure of the probability densitydistribution of phase fluctuations in the atmosphere.

Here

we use this measure of f to calculate maximum speckle
element displacement from the image plane centroid.

We use

this result to obtain an estimate of the order of inter
ference in astronomical speckle patterns.
The wedge angle produced by f waves of retardation
across an aperture of diameter D is given by
tan r = (f)(^),

(2.57)

where r is a radial coordinate position at image plane, and
A is wavelength of light.

Speckles observed at distances

greater than r are not produced by white light interference.
We examine the effects of the narrow band two
window filter.

From Equation (2.53) we see that if separa

tion between the two windows in the interference filter is
AA, the separation between S(r,n,A^,AA) and 6(r,n,A2,AA) is
Ar in Equation (2.54).
for each order of n.

A characteristic separation appears

If a given speckle element is formed

from contributions at a variety of orders of interference,
then we expect to find a nearly continuous spectrum of
spacings present within the speckle pattern.
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We record a series of speckle pattern exposures, and
process them by summing the power spectrum of each frame,
as is done in the Labeyrie (1974) technique.

The irradiance

distribution after summation is
I(p,4>;n, A,AA) = <|T(r,0;n, A ,A A)|2 >

(2.58)

where we use the tilde above to represent Fourier transform,
and p is the frequency space variable associated with r,
and $ is the transform variable corresponding to 0.
We take the film which was exposed to the irradiance
distribution given by (2.58), that is the sum. of the power
spectra of the speckle patterns, and perform an analog power
spectrum analysis in a coherent image processor.

This final

irradiance distribution provides direct information on the
probability density distribution of orders of interference
within a speckle pattern.
For observations made at the Kitt Peak National
Observatory 4-meter telescope on nights of average seeing,
we compute the effects of interference in astronomical
speckle patterns. We combine Equations (2,54) through (2.56)
to obtain an estimate for Ar, the extent of the image plane
point spread function in units of Airy disk diameters.

This

value is
Ar %

17121 [^1 »
Ho

!a-59>

for D = 4M, A = 500 nm, and PQ ~ 0*1 M, we find that
Ar = (AA)•n,

(2.60)

2.5

Effective Contrast Transfer

We have shown analytically that the spatial struc
ture analyzer enables recording of information at the
diffraction limit of a large aperture in the presence of
atmospheric turbulence.

Also, the instrument enables

recording of a white light hologram, or spatial filter.
Here we discuss contrast transfer for a perfect receiver.
Practical situations involve

detailed properties of the

detector and are discussed in Chapter 5.
Peters, Arnold, and Gowrinathan (1974) discuss a
signal-to-noise ratio for application of a field folding
or shearing interferometer to measurement of wavefront
errors.

Their theory is developed for static fringe

position measurement.
We first consider the contrast transfer of the
instrument to discuss the maximum contrast or signal-tonoise which can be expected from the instrument.

We then

examine the signal-to-noise on the fringe envelope in the
presence of a time-dependent modulation.
2.5.1

Contrast
We examine the contrast transfer properties of the

interferometer to obtain an understanding of the nature of
the signal.

Let the object plane irradiance, I(x,y), be

represented by a cosine variation bounded by an aperture.
x-x
I(x,y) = {<I)+A COS[2TT£ x]}-rect(
O

GL

—)• rect(£)
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where
x-xo
rect( a

and

i |y| |
<

rect (j£)
o|
IYI >
and where the position dependent amplitude is A, the average
irradiance is (I), and the signal is bounded by a rectangular
aperture, of width a in the x direction and width b in the
y direction.

The centroid of the pattern is shifted off

axis in the x direction by
J amount xo.
We find the real part of the Fourier transform of
the object plane irradiance distribution given above and
insert this into the right-hand side of Equation (2.24) to
obtain
I5(^5'n5) =

I<X>

+

[-||P2(^5^ri5) I 2H [cos[2TTXo^5]

• sinc(a£c-) • sinc^ri^)]
a [IA6U5-So) +|A6U5+£0) + <I)5U5)]}

(2.61)

where scaling constants have been dropped.
We show a sketch of the input irradiance distribu
tion in Figure 2.10 (upper portion) for the case of xq = 0.
The lower portion of the figure shows a sketch of the
output, or detector plane irradiance distribution.

The
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T

INTENSITY

2A

"T

I(X) = £«I> + A COS [2IR^o(X)]JTECT(|-)

!(£)» sine(a^)®[<I>8{^)+|-AS(^-Co)+^-A8(^+^o)]

Figure 2.10.

Input and output irradiance — (a) Input
irradiance distribution to the C. I.
(b) Output corresponding to (a).
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contrast in the image plane is
C.=(I
- I . )/(I
+ I . ) = A / <v I > .
1
max rain
max
mm
'
The contrast in the detector plane is defined in the usual
way (from Figure (2.1)
Cd = A/(A + 4(1))

(2.62)

A 100% modulation at the input plane results in a 20%
modulation at the output.
If we arrange our input irradiance distribution to
shift along the x axis so that the detector samples the
intensity at the two peak values of the cosine function,
Equation (2.61), the contrast is
Cd

=

\

A/<I>

(2.63)

Under these conditions, then, a modulation of 100% at the
image plane appears as a 50% modulation at the detector
plane.
2,5.2 Turbulence Contribution to the
Signal-to-Noise Ratio
We saw in Section 2.4 of this chapter that the
interferometer's ability to display the m.c.f. of a source
depends on signal modulation by the atmosphere itself.
These time-dependent signal variations fall within a band
width determined by turbulence processes within the atmos
phere (see Strohbehn, 1971).

Observations of astronomical
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speckle patterns and of fringes with the CI indicate that
the effective bandwidth is between 10 Hz and 100 Hz (Roddier
and Roddier, 1973).

("We have measured the high frequency

cut-off in this dissertation [Chapter 5]).

Best signal-to-

noise ratio for photoelectric observations with the co
herence interferometer should therefore be recorded through
an electronic filter with a low frequency cut-off at 10 Hz
and a high frequency cut-off at 100 Hz.

This maximizes the

signal with respect to spurious intensity fluctuations and
amplifier noise.

CHAPTER 3
DESIGN AND CONSTRUCTION
3.1

Introduction

The previous chapter shows that spatial-frequency
information in an incoherently illuminated scene can be
measured using real-time predetection processing of the
signal from a coherence interferometer.

This chapter

discusses the optical instrument that we used to make such
measurements.

We discuss the optical design and construc

tion, examine briefly the coherence properties within the
spatial-structure analyzer and the telescope, and discuss
their effects on the output of the instrument.
3.2
3.2.1

Prisms

Tolerances and Specifications
Two prisms comprise the coherence interferometer

(CI).

The first discussion of a prism of this geometry was

for the addition of light intensity fields and was given
(Rantsch, 1949) for an angle-measuring device,

The first

discussion of a wavefront shearing interferometer was given
by Bates (1947).
Figure 3.1 shows a photograph of the prisms,
oriented as they are in the interferometer, but pulled away
80
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Figure 3,1,

The coherence interferometer prisms
The
beamsplitter face is 4,5 cm long and 3.2 cm
high. Light enters from the right and exits
out the top in this drawing.
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from each other at the beamsplitting surface.

Figure 3.2 is

a stereo view of the glass prisms showing the beamsplitter.

Figure 3.2,

Stereoscopic view of the coherence
interferometer prisms t-- Crosses indicate
the intersections of the optical axis with
prism surfaces.

The prisms physically perform the analytic operation
given by Equation (2.18) which is repeated here for refer
ence,
Vg(C5,n5;t) = irv^{-?5,n5;t) + v~(£5,-n5 ;t)].

(3.1)

Equation (3.1) implies that a plane wavefront incident on
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the input side of the assembled prisms is split by the
beamsplitter, returns by the reflecting roofs, and is recombined at the beamsplitter coplanar and cophasal with that
plane wavefront which has taken the other path.

For a

tolerance on the coplanar and cophasal we select 1/.10 wave
as the best balance between cost and fringe contrast in the
instrument.

If we use the interferometer in other than

"white light" we relax this condition on cophasal and co
planar.

For conditions other than "white light" we assume

the relationship
Tx ^ (0.1) - ^
where

(3.2)

is the error in waves, \ is the central wavelength

of bandpass AX.
We now provide an analysis of the tolerances.

Let

coordinates E,,r\ denote a point in pupil space, and co
ordinates x,y denote a point in image space.

We ignore

scale changes, coherence, and diffraction effects as we move
from plane to plane.

Goodman (1968) shows the usefulness of

the angular spectrum of plane waves for the analysis of
optical problems.

The intensity *5(£5'^5) i" the detector

plane is given by
I5(^5' n5) =

i"< ' V5(~^5 A n5;t)+V~( e5 ,-n5 ,-t) I 2 >.

(3.3)

We represent the electromagnetic field at plane 5 in terms
of the angular spectrum of plane waves
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CO

V(£,- n; t) = ff A(x,y)exp[-ik(x£-yn)]exp[-iwt]
— 00
00

V*(f;,-n;t) = ff A*(x,y)exp[+ik(x^-yn)]exp t+iw t]
— oo
V(- ^ / n /" t) = f f° A(x,y)exp t-ik(-xC+yn)exp [-itot]
CO

CO

—

V*(-£fn;t) = // A*(xf y)exp[+ik(-x^+yn)]exp [+iait]
— oo

(3.4)

where k = 2ir/A, A is the mean wavelength, and A(x,y) is the
amplitude.
Insert Equation (3.4) into (3.3), and let A(x,y) •
A*(x,y) = I(x,y), then Equation (3,3) becomes

I5(C,n) = -|<I> + |/°I(xfy)e"1^(2?x~2riY)dxdy
— 00
/
\ + i k ( 2s
^x-2ny) j j
+. 1
j fr ° °Ix(x,y)e
dxdy,

,-\

(3.5)

— oo
where we have dropped the subscript on £,n»
We now calculate the effects of a difference in
optical path length in the two arms.

Assume any error to be

uniform across the prism aperture and to be given by L.
The phase error E is given by
„
_ eiKl
E =
which is not a function of position.
Let the path difference L be shared equally by each
arm of the interferometer.

Regrouping the integrals in

Equation (3.4), we find, under the assumption of time
stationarity of the wave fields,
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I5U,n) = ^"(I) = <2 -L-L KX'Y) cos[kC2^x-2ny)+-y]dxdy,

(3.6)
where we remember that k is not a vector, but k = 2TT/A, and
that _A is the mean wavelength.

Assuming kLi << 1, we find

cos[k( 2£x--2riy) + ™] = cos(k(2 £x-2ny))
—
lfT
- sin[k(2£x-2ny)] " —.
If the maximum tolerable value of the sine term is 0.2, then
the maximum value of kL = 0.4 and L ^ A/15.
We compute next the tolerance on each roof angle
such that each reflected plane wave is parallel to the in—6
coming wave to within .1 wave (approximately 5 x 10
cm).
We find that for a clear aperture of 1.5 centimeters the
error in the roof angle must not exceed 3.5 x 10
or approximately 0.5 arc seconds.

—6

radians

Fabrication of a roof

which deviates the incoming beam by 180° ± 0.5 arc-seconds
is within current technological capability.
The apparent angle between the intersection of the
roof apices, which ideally should be 90 degrees, is an
important geometric aspect.

If it were other than 90

degrees, the rotational shear of the interferometer would
not be 180 degrees.

We assume that the size of the Airy

disk given by the image plane defining aperture is such that
the spatial field of the image of the pupil is correlated
over an area of 5 microns.

A 2 cm diameter aperture rotated
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about its center by 60 arc-seconds shears the rim of the
field by 5 microns.

This adjustment is not as critical as

the others, and we specify the tolerance on the shear to be
on the order of one arc minute.
An important parameter is tilt of the field from
one arm relative to that from the other.

We see this error

best in Figure 3.3; consider that roof AB is not perpendic
ular to roof DC.
, We use Equation (3.5) and assume a tilt error at
recombination of the wavefronts as given by
E

= e

1

^

+ b n )

'

For small a and b, the equation for the intensity across
the detector plane is:
I(£;,ri) = \ r I(x,y)[1+cos[k(£(2x -

)-k(ri(2y - ~))]]dxdy,

— CO

where k = 2TT/X.

Small tilts on the recombined wavefront

result in a shift of the origin of the x,y coordinate for
integration.

A tilt in the recombined wavefront yields an

apparent nonuniform illumination.

However, physically

tilting the block eliminates this effective tilt.

Con

sequently, the tolerance that AB be parallel to the beam
splitter plane is on the order of a minute of arc.
The bevel on the roof establishes how close to zero
spatial frequency we can record with the coherence inter
ferometer.

The original specifications require a bevel of
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Figure 3.3.

Perspective view of the assembled coherence
interferometer prisms with roof lines AB and
CD indicated — Recombination of wavefronts
from both interferometer paths requires that
roof apex AB be orthogonal in three dimensions
to roof apex DC.
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0.001 inch and represents as small a bevel as can be
obtained under conditions of good optical shop practice.
The glass selected for the prisms is Schott BK-7 (517642).
The best quality of this material has an index of refraction
g
uniform to within one part in 10 for thicknesses to 4 cm.
This quality is necessary to preserve the phase uniformity
of the wavefront when it propagates through the 12 cm of
glass.
In the nomenclature used by Schott Optical Glass
Catalog (1964) the glass has:

Striae: precision quality;

Stress Birefringence: less than or equal to 3-4 mm/cm;
Homogeneity Group: H4.

The glass is of Schlieren quality.

The interferometer in Figure 3.3 has a basic cube
dimension of 3.2 x 3.2 x 3.2 centimeters.

Precision Optical

Manufacturing at 869 West 17th Street, Costa Mesa,
California, fabricated the prisms from two cube corner
retro-reflectors of four-inch clear aperture.
a selected production item as follows:

They modified

Each prism was cut

from a solid cube corner and polished to remove residual
angle errors as measured with an optical collimator.
Figures 3.4, 3.5,'and 3.6 show perspective views of how the
cutting was done.
3.2.2

Prism Support Apparatus
Figure 3.7 shows a photograph of the mechanical

assembly supporting the prism components of the
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Figure 3.4.

Fabrication of coherence interferometer from
glass cube corner
(a) A complete cube
corner retro^reflector. (b) Shows the first
cut to fabricate each of the two prisms for
the CI. Two cube corners are required, one
for each prism.
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Figure 3.5.

Cuts to form the prism shown in the upper right
part of Figure 3,3, starting from the modified
prism shown at the bottom in Figure 3.4,
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Figure 3.6,
Prif sho™ in the lo"er
left oarS
modified prism ofligure !?"ting fr°m the
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Figure 3,7,

Mechanical assembly supporting the prism.
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interferometer.

The apparatus was designed, machined,

assembled, and aligned by the author in the instrument shop
of the McMath Solar Telescope on Kitt Peak.

This assembly

provides precision control for the adjustment of path dif
ferences.
Figure 3.8 shows a schematic cross section of the
jig assembly.

The assembled prisms rest on a 2-inch (5.08

cm) diameter reference flat.

The finely polished glass

surface of the prisms are the surfaces against which the
manufacturer "squared up" the prisms.

All glass surfaces

that contact one another do so through a thin film of Dow
Corning 70 4 silicone oil, vacuum pumped to remove air and
filtered through a 0.1 micron filter.
Four Valier screws (spring-loaded set screws) pro
vide downward forces to secure the prisms to the optical
flat.

Another spring-loaded set screw provides pressure to

hold the prisms together at their beamsplitting surface.
take care not to apply too much pressure with the springloaded set screws, since pressure-induced phase inhomogenieties in the glass destroy the wavefront tolerances.
A differential micrometer provides for movement of
one prism component relative to the other and enables
alignment for the white light fringe.

We
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Valier Retaining Screws

Beam Splitter Surface
Lansing Differential
Screw Micrometer
Floating" Vee Block
4 Valier Screws

2-inch dia.

WZZZZZZZA

iXf'at
Aluminum
Base Plate

Figure 3.8,

Schematic cross—section of the coherence
interferometer assembly.
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3.3

The Spatial Structure Analyzer

We designate the field-folding prism assembly as
the coherence interferometer (CI).

We place this prism

assembly in an instrument called a spatial structure
analyzer (SSA).

It is designed for use at the main and

auxiliary images of the McMath Solar Telescope and the
Vacuum Solar Telescope of the Kdtt Peak National Observatory
(Pierce, 1964).
Figure 3.9 shows a sketch of the CI set in its jig,
mounted in the SSA.

The optical path lies within the

channels of an aluminum "H" beam, 15.2 x 15.2 x 155 cm
(6" x 6" x 61") in size.

The image plane of the telescope

feeding the instrument is about 20 centimeters above the
"H" beam. AlO-power microscope objective (whose use is
optional) lies at plane 1 of the figure.

Directly beneath

this is the prism assembly used for correction of atmos
pheric dispersion.

A Compur shutter (No. 3 in the figure)

with a clear aperture of 1.2 centimeters, capable of 1/500
sec exposure, is near the image plane of the microscope
objective.

It is easy to remove the microscope objective,

prisms, and shutter.
The lens at plane 4 is one focal length (75 cm) from
the focal plane and images the primary mirror of the tele
scope into the roofs of the coherence interferometer located
at plane 5.

A mirror sends the light across the upper

channel of the "H" beam through a lens at 6, which relays an
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Figure 3,9.

The CI (5) in its jig, mounted in the SSA —
Light passes through the instrument from the
image plane, past a shutter at 3, through a
lens at 4 (corresponds to lens 4 in Figure
2.3), into the CI mounted at 5, through the
lens at 6 (corresponds to lens 6 in Figure
2.3), and onto the detector system shown at
plane 7.
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image of the pupil from the roofs into a camera at point 7.
The detector is 35 mm or 16 mm motion picture film or a
photodiode array.
of 50.5 cm.

The lens at plane 6 has a focal length

It is convenient to change lens 4, or focus

it to accommodate the focal length differences between the
main image and the auxiliary image at the solar telescope.
Figure 3.10 shows a photograph of the spatial
structure analyzer positioned at the focus of the McMath
Solar Telescope.
Figures 3.11 and 3.12 (nearly identical with Figure
2.3) show schematic views of the telescope imaging system,
with the separations and focal lengths of the elements as
used at the 1.5 meter primary system of the McMath Solar
Telescope (Figure 3.11) and for operation at the 84 centi
meter auxiliaries (Figure 3.12).
The lenses in the spatial structure analyzer are
government surplus, purchased from Jaegers Optical Company.
They are achromatic doublets having 2-inch clear aperture,
cemented, and antireflection-coated.
3.4

Coatings and Polarization

The interferometer uses thin film coatings which
determine fringe contrast.

In this section we consider

techniques to maximize this contrast.

Breckinridge (1971)

shows that the McMath Solar Telescope, the instrument used
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Figure 3.10.

The SSA with the CI set in its jig — The
CI is shown in part only at the extreme right
and below "H" beam. The apparatus is in its
"observing" position at the spectroheliograph
focus of the McMath Solar Telescope at K.P.N.O.

Figure 3.11,

Optical system for the SSA at the McMath Solar Telescope — The
drawing is similar to Figure 2,3 and shows the distance between
planes within the system, (1) Object plane, (2) pupil or entrance
aperture plane, (3) image plane with field stop, (4) collimator lens,
(.5) position of the CI, (6) relay lens to relay irradiance dis^tribution across plane 5 onto the detector plane 7.
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Figure 3.11.
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Optical system for the SSA at the McMath Solar Telescope.
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Figure 3.12,

Optical system for the SSA at the 84 cm auxiliary of the McMath
Solar Telescope — The drawing is similar to Figure 2.3 and shows
the distance between planes within this system. (1) Object plane,
(2) pupil or entrance aperture, (3) image plane with field stop,
C4] collimator lens, (5) position of the CI, (6) relay lens to
relay irradiance distribution across plane 5 onto the detector
plane 7,

3.16x10cm

7
Figure 3,12.

Optical system for the SSA at the 84 cm auxiliary of the McMath
Solar Telescope.

O
O
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for the experiments described in Chapter 5, polarizes light.
The CI, therefore, operates in partially polarized light.
We first consider the roofs to be uncoated.

Light

in each path of the interferometer makes two reflections at
a glass/air interface at angles of 45 degrees, before
returning to the beamsplitter.

The angles of incidence and

reflection from one light path are orthogonal to that for
the other.

Light which is totally internally reflected from

a glass/air interface at angles near the critical angle
becomes strongly linearly polarized (Klein, 1970).

Re

ferring to Figure 3.3, if polarized light is incident, the
light reflected from the horizontal roof in the upper right
returns to the beamsplitter linearly polarized with hori
zontal preference; and that into the other arm returns
linearly polarized with vertical preference.

Light beams

polarized orthogonally to each other do not interfere to
cause fringes, but they do contribute to the background
level.
We coated the interferometer roofs with a vacuumevaporated layer of opaque silver to reduce the polarization.
In the same pump down cycle we evaporated copper over the
silver layer to provide protection against deterioration of
the fragile silver coat.
The fringe contrast also depends on the beamsplitter
coating.

Initially, a dielectric layer was used as the

beamsplitter surface.

This film was designed to give 50%
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reflection at A 500 nm.

During the first few months of use,

this surface became damaged when the prisms were separated
and reassembled several times.

The shops of Kitt Peak

National Observatory applied a new beamsplitter coating of
70 & aluminum to yield 40% reflectivity.

Transmiss.ivity

was approximately 50%, absorptivity was 10%, which yields
*
a contrast efficiency of approximately 80%.
3.5

Detectors

We evaluate several photographic films and a photodiode array for recording of interferometer fringes for
astronomical applications.
3.5.1

Photographic
Data in Table 3.1 compare 5 Eastman Kodak emulsions'

properties for use at the detector plane.

We calculate the

energy density available from stellar sources to determine
a magnitude limit for the photographic detection of the
Michelson stellar interferometer fringes.

Visual inspection

of fringe behavior indicates that at least 2 fringe cycles
must appear within the cophasal cell diameter given by Fried
and Mevers (1974), and in Chapter 5, as 10 centimeters.

We

therefore need to sample 10 centimeters at the pupil with
5 film resolution elements, or average 1 film resolution
element per 2 cm length on the pupil.

The 1.5 meter

diameter solar telescope requires at least 75 samples across
its aperture.

If we assume that resolution of 10 line pairs
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Table 3.1.

50% MTF resolution

S650

50336

0.2

0.2

40 lp/mm

5461

—

50 lp/mm

2475

1.2

1.8

20 lp/mm

2484

1.1

—

25 lp/mm

1485

2,2

2.5

20 lp/mm

•

S500

ni
o

Name

Sensitivities and resolution at 50% MTF for
5 Eastman Kodak Emulsions — Source sensitivi
ties S are the exposures in ergs/cm"^ to achieve
density 1.0 above fog* at wavelengths of 500
and 600 nm and 50% MTF resolution.

per millimeter is feasible (Table 3.1) , the minimum pupil
diameter as imaged on the film is therefore 7.5 millimeters.
From data by Allen (1973), the irradiance from a zero
magnitude star is 5.4 x 10-5 ergs/(cm2 -sec) at the earth's
surface.

We assume that the CI and telescope system have

an efficiency of 0.25 and calculate from the telescope
diameter (1.5 meters) and focal length (85 meters) that the
irradiance at the detector plane is 0.54 ergs/(cm -sec).
Exposure shorter than 0.1 second must be used to freeze the
fringe motion; consequently .05 ergs/cm

2

is the approximate

exposure available.
From Table 3.1 we find that emulsion 50336, a "triX" type emulsion and the most sensitive emulsion available,
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is barely sensitive enough.

This film has artificial edge

enhancement, and is not usable for precision radiometric
or photometric work.

However, we used this emulsion to

record images of the Michelson stellar interferometer
fringes (Chapter 5).
3.5.2

Photoelectric
We consider next recording the fringe field, from

stellar sources with photoelectric array detectors.

The

author (Breckinridge, 1975b) has shown analytically that
processing the output of an array of photoelectric detectors
permits diffraction-limited imaging with very large
apertures.

Here we examine properties of array detectors ...

applied to experiments at the 1.5 meter diameter McMath
Solar Telescope.

Table 3.2 shows flux levels per resolution

element for several array sizes, and several stellar magni
tudes.
A star image is typically very small (less than 50
milliarc-seconds).

Consequently the fringes have relatively

high contrast for reasonably wide optical filter bandwidth,
say, ^ = 0.1 (c.f., Chapter 2).

We consider a relatively

coarse detector matrix (the closest separation is about 5
cm) in order that signal levels be reasonably high.
A third magnitude star, observed with the 32 x 32
array, at a time resolution (required to freeze the fringe
motion) of 0.01 seconds with a 50 nm band pass filter at
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Table 3,2.

Flux level per resolution element at the 1.5
meter McMath Solar Telescope — Array size is
fixed at 1.5 by 1.5 meters. In the flux
calculation we assume that the diode array has
50% "dead" area and that the efficiency of the
spatial structure analyzer and detector system
is 25%.

Flux per resolution
element; white-light,
photons/second

Stellar
magnitude

Array size
elements x elements

0.0

32 X 32

1

X io 7

16 X 16

4

X 10 7

16

X 10 7

8 X 8
1.0

2.0

32 X 32

.4 X 10 7

16 X 16

1,6 X 10 7

8 X 8

6.4 X 10 7

32 X 3 2

1.6 X 10 6

16 X 16

6.4 X 10 6

8 X 8
3.0

25

X 10 6

32 X 32

.6 X 10 6

16 X 16

2,5 X 10 6

8 X 8

10.2 X 10 6
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500 nm requires a detector sensitive to 6 x 10

2

photons.

We had no available detector array capable of observing such
low signals per element, and therefore photoelectric
recordings of fringe fields were not obtained for stellar
sources.
3.5.3

Solar Limb-Array Detector
We were able, however, to use the vacuum telescope

of Kitt Peak National Observatory (described by Livingston
et al. , 1976) to evaluate an array detector system used
with the SSA on the sun.

Chapter,5 discusses the experi

ment.
We consider here signal levels and signal-to-noise
ratio to be expected with the use of a one-dimensional
array detector.

The solar limb bisects a small hole at

plane 3 of Figure 2.3.

At plane 7 (detector plane) we

position a linear array detector of the Reticon type across
the center of the telescope pupil.
A hole of approximately 0.3 millimeter diameter,
which yields a field of view of about 2 arc-seconds is ideal
at the 60 cm aperture.

This is within the area of the iso-

planatic patch given the presence of the atmospheric
turbulence.

From Equation (2.32) we see that this two

arc-second aperture requires an optical filter of band
width 6,8 nm at 500 nm.

From Equation (2.28) the amount of

information, N, is 5.3 x 10

2

for a two-dimensional detector,
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or for a linear detector, N is the square root of this, or
23.

The small hole which forms the image plane stop

dominates the point spread function of the pupil image at
plane 5.

From Equation (2.28) we find N for a linear

detection to be 2 3, and if we sample at the Nyquist rate,
we need 5(Np) or 115 linear samples across the 60 cm pupil.
This is 1.92 cm per sample.

For a complete two-dimensional

analysis we need 115 x 115, or over 13,240 detector elements.
We see that if two-dimensional analysis is required, the
hardware technology soon dominates the realizability of the
experiment.
We calculate the irradiance on each detector
element and assume the element sensitive area, projected
onto the pupil, to be 1.0 x 1.0 cm in size.

We compute the

irradiance at the image plane, multiply that by the area of
the stop at the image plane, and divide it by the actual
pupil plane area to obtain an estimate of the number of
photons per detector element.

We assume an optical filter

bandwidth of 6.8 nm which is the value required for the
"ideal" conditions considered.above and that the instrument
and telescope system are only 1% efficient in transmittance.
Using the constants provided by Allen (1973), the
photon arrival rate, F, at each of the 47 detector elements
is F = 1 x 10

photons/second.

We sample each diode

element 60 times per second and the number of photons
g
available for processing, per sample, is 1.7 x 10 photons.
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We can obtain a crude estimate for the signal-tonoise if we assume that the samples we record are inde
pendent, and that the detection and measurement electronics
are photon noise limited.

We approximate the signal-to-

noise (SNR) with
SNR = — = 1.3 x 103.
/F
Apparatus available for experimental verification of
theory is slightly different than that described above.
filter available has 50 A bandpass.

The

The diode array is as

described above, and apertures available for image plane
stops are 4.0, 6.7, and 9.4 arc-seconds.

Following the

discussion in Chapter 2, we find that a 4.0 arc-seconds
aperture is too large for use with a 50 A bandpass filter.
However, an experiment was performed and results are dis
cussed in Chapter 5.
The problem of recognizing a fringe pattern under
the conditions of very low light levels is very interesting.
Low light levels mean that the photon arrival rate is less
than the response of the detector.

Fringe detection must

therefore be treated in the realm of statistical optics.
Rhodes (1972) in a dissertation titled: "An Optical Array
Technique for the Removal of Atmospheric Aberrations in
Astronomical Imaging" and Walkup (1971) in a dissertation
titled "Limitations in Interferometric Measurements and
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Image Restoration at Low Light Levels" provide an exhaustive
study of fringe recognition using estimation theory.
Cramer (1957) provides an analysis of the character
istics of sampling distributions.

This analysis shows the

relationship between the variance of the set of numbers
sampled from a number set generated by a random process and
the variance of that random process.

This material applies

in our case since we wish to measure the variance of the
intensity fluctuation (a random process) based on a measure
of the variance of the sampled distribution.

CHAPTER 4
TESTS AND EVALUATION
4.1

Laboratory Tests—Artificial Source

We performed experiments on the interferometer to
verify construction tolerances and evaluate the alignment
and performance of the interferometer.

A preliminary report

(Breckinridge, 1974) appears in the literature.
4.1.1

Alignment
We examined the interferometer output wavefront

using plane-wave input from a Spectra-Physics Model 132
laser equipped with a beam expander.

A visual inspection

of fringe parallelism showed that the wavefronts recombine
at the beamsplitter with an accuracy of 0,1 wave over the
2 cm aperture.
Tilt of the prism assembly relative to the axis of
the input light changes the fringe spacing.

With the laser

beam precisely on axis, the fringe spacing becomes much
greater than the aperture of the instrument and the field
becomes uniformly illuminated.

An observer can readily
—6
detect an angle shift of about 2 x 10
radian or 0.2 arcseconds, by the appearance of the non-uniform field.
110
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4.1.2

White Light Alignment
The relative position of the prisms must be set so

that the paths are equal in the two arms.

Figure 4.1 shows

a schematic view of the apparatus used for this alignment.
To achieve approximate mechanical alignment, we
placed the interferometer prisms in their jig on the bed of
a Swiss precision jig borer.

We inserted a microscope in

the tool holder of the borer, and adjusted the distances
between the roofs and the beamsplitter to be approximately
equal.
Fine adjustment was accomplished while viewing
channel spectra formed in white light that passed precisely
on axis, through a small direct vision spectroscope.

We

advanced the differential micrometer screw in the appro
priate direction to decrease the number of channel fringes.
When the adjustment is complete the transmitted spectrum is
uniform across the visible region.

Experience shows that

there is no creeping of the adjustment; the white light
fringe condition j.s held indefinitely.
We now discuss the nature of the channel spectra
observed at the detector plane with the hand spectroscope
and the relationship to the size of an iris in front of the
1.6 meter focal length telescope objective at plane 2.
Figure 4.2 shows a sketch of the Airy ring pattern at the
detector plane and the view of the channel spectrum as seen
during observation.
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Apparatus for alignment for white light
fringe
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Figure 2.3^
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Wavelength

Figure 4.2.

Airy disk pattern and channel spectra — Left:
Airy disk pattern. Right: Channel spectra
seen through the hand spectroscope. Note the
phase reversal observed in the first ring.
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Channel spectra occur only over that portion of the
slit height illuminated coherently.

The Airy pattern, con

sisting of the central bright spot of the Fraunhofer dif
fraction pattern of the iris and the rings around it define
that area.

That is, light from each portion of the ring is

coherent with another point on the ring.

We clearly see

the channel pattern across the central bright area of
Figure 4.2.

A line appears across the top and the bottom

of the spectrum.

Outside of the line appears another

channel spectrum on either side of the primary one and out
of phase with it.

That is, those channels which appear dark

in the central patch appear light in the light of the two
outer rings.

The width and clarity of the channel spectrum

increases as the iris in front of the objective at plane 2
is closed down.

This is to be expected and is a consequence

of the degree of coherence increasing as the aperture is
closed.
4.1.3

Polarization
In Chapter 3 we saw that special precautions must

be taken to ensure that polarization of light through the
interferometer be minimized.

If an observer looks back

into the interferometer from the detector plane in the
laboratory set up shown in Figure 4.1, he sees that the
5mm disk is doubled.

The relative brightnesses of the two

disks are constant during rotation of a linear polaroid

115
before the observer's eye, demonstrating that the polarizance of the coherence interferometer prisms is less than
about

5%.

4.1.4 Fourier Transform Properties-—
Ronchi Ruling with Aperture
Earlier we showed that under conditions for the
validity of the van Cittert-Zernike theorem, the intensity
distribution across the detector plane is directly pro
portional to the spatial frequency Fourier transform of the
intensity distribution across the image plane (Equation
[2.24]).

We demonstrated this as follows:

The 3 mm aperture (Figure 4.1) was replaced by an
aperture 5 mm in diameter.

Over this aperture we placed a

Ronchi ruling of spatial frequency about 2 lines/mm so that
about 10 cycles of the ruling covered the aperture.

Using

the notation of Goodman (1968), an expression for the
intensity transmittance is then
I(x,y) = [rect (20x) 0 comb (lOx) • circ (~)]
where we define
1 for |x| <
rect (a)
0 for|
[ x| >
,

comb (bx) =
|b|

E 6(x - j^)
b
n=-°°

(that is, comb(bx) is an array of delta functions separated
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by

and
1 for r < c
/*\
circ (—)

0 f r r > c

/2

with r = /x
direction.

+ y

2

•

The rulings are parallel to the y

The target is such that there are several cycles

of the comb pattern across the circular aperture.

The

spatial frequency Fourier transform of this is
I(£,n)

[sinc[5^-]comb[C^-]S[J1(Trp)/Trp]

(4.2)

where £ and n are frequency space variables for x and y and
and

(x) is a Bessel function of the first

kind and sinc(£) = sin(T T £ ) /TT£.
Equation (4.2) is the spatial frequency Fourier
transform of the irradiance distribution across the image
plane.

According to Equation (2.24) the real part of this

Fourier transform appears across the detector plane, or
plane 7 in Figure 2.3.
Figure 4.3 shows a photograph of the intensity
distribution obtained in the detector plane or plane 7 in
Figure 2.3; and Figure 4.4 shows a sketch of the intensity
along a line drawn perpendicular to the direction of the
rulings in the plane of the detector.

This means one fringe

completely fills the fringe field. . If we rotate the prism
slightly, the two images in the double-image plane separate,
and as rotation continues, the fringe pattern whose envelope
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Figure 4.3.

A photograph of the irradiance distribution
across the detector plane with a Ronchi ruling
bounded by a circular aperture at image plane —
The prism roofs cause the vertical and hori
zontal lines which intersect near the center of
the figure. The black arrows point out the
first and second order "diffraction" points
characteristic of the Fraunhoffer diffraction
pattern of a grating. Cosmetic blemishes appear
in the field.
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Figure 4.4.

'

Schematic cross-section showing the fringe
modulation and its envelope as a function of
position across the detector plane with the
interferometer illuminated by a Ronchi ruling
bounded by a circular aperture — We measure the
product of these two curves. We show only the
first "diffraction" order. This is a plot of
Equation (2.24) in Chapter 2. Recall that the
CI enables a display of the real part of the
Fourier transform. This real part is the
envelope of the fringe pattern shown above.
The spatial frequency of the intensity dis-tribution within the envelope is determined by
the distance of the centroid of the aperture
from the optical axis. The center of the
pattern is always bright. However, it is
possible to cause a contrast reversal in the
areas on either side of the central bright
area, The spatial frequency of the fringe
pattern sketched within the envelope is
determined by the off-axis angle of the image
centroid. That angle can be adjusted so that
a "dark" fringe falls within the envelope of
the first "diffraction" order.
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is the information of interest goes through a dark fringe.
The caption of Figure 4.4 describes this phenomenon and
Figure 4.5 shows the contrast reversal.
We made quantitative measures of Airy pattern
position described in Equation (4.2) with an eyepiece and
reticule to confirm that the irradiance display at the
detector plane is the Fourier transform of the image plane
irradiance distribution.
Table 4.1 shows measurements made visually with an
eyepiece micrometer of Airy pattern separation for two
different Ronchi rulings relayed onto the image plane.
We see several rings around each Airy central spot,
which verifies that the display has the first-order Bessel
function intensity distribution as described by Equation
(4.2).
A measure of the geometry, that is, physical dis
tances in the irradiance distribution at the output, shows
that the instrument performs as expected and yields the real
part of the spatial frequency Fourier transform of the image
plane irradiance.

In the next section we verify predictions

of contrast transfer and show that the detector plane does
display an irradiance distribution given by Equation (2.24).
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Figure 4,5,

Photograph of the irradiance distribution in
the detector plane when the interferometer is
illuminated by a Ronchi ruling bounded by
circular aperture, positioned off axis by a
small amount — We see that the contrast
appears reversed from that shown in Figure 4.3.
Cosmetic blemishes appear in the field.
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Table 4.1,

Calculated and measured positions of diffraction
maxima, that is the separation of the Airy
patterns (Equation [4,2]), which appear at the
detector plane of the interferometer with input
irradiance distribution given by the Ronchi
ruling and aperture described earlier.

Spatial
frequency
Ronchi ruling

Pair

1.97 cycles/mm

1st

1.01 mm

1.00, + .03 mm

1.97 cycles/mm

2nd

2.02 mm

2,00 + ,03 mm

4.0

1st

2.06 mm

2,10 + .03 mm

cycles/mm

Calculated
separation

Measured
separation

Separation, S f was calculated using the equation
S = 2£Amf,
where £ is the spatial frequency of the Ronchi; m is the
system magnification between the entrance aperture plane 1
and plane 5 in Figure 4,1; f is the focal length of the
lens at plane 6 in Figure 4,1.
Pair refers to the apparent order of the spots.
First means the pair closest together and second means the
outer pair.
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4.2
4.2.1

Laboratory Tests—Solar Source

Contrast Transfer Measure
We measured the contrast transfer of the spatial

structure analyzer using part of the main image of the sun
at the McMath Solar Telescope as a light source.

The solar

disk provides a bright, nearly uniform extended source.

We

used a series of seven special target transparencies as
sources (plane 3 in Figure 2.3).

Figure 4.6 shows a sketch

of the intensity as a function of position across such a
target.

Each one of six of the seven targets consisted of

a transparent circular area having diameter 0.79 milli
meters centered in a circular area having less transparency
and diameter 7.5 millimeters.

The intensity transmittance

of the inner area relative to the outer varied from 0.2 to
0.006.

The seventh target consisted of a hole 1/6 inch

diameter in a 1/16 inch aluminum plate.

Table 4.2 gives

data on the targets.
We positioned each target slightly off the system
axis in the image plane (plane 3 of Figure 2.3), and photo
graphed the fringe patterns at the detector plane with Kodak
5460 microfile film (a fine-grained, high-contrast film),
through a 10 nm bandpass filter centered at 510 nm.

The

targets were sufficiently far off the system axis to
modulate the fringe envelope with between 5 and 10 fringes.
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r

Area 2
0.79 mm DIA.
7.5mm DIA.

Area

Figure 4.6.

Intensity as a function of position for
targets used to measure contrast transfer
of the coherence interferometer.
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Table 4.2.

Contrast transfer with the coherence
interferometer — Surround density is the
optical density of area 2 (Figure 4.7) relative
to that of area 1. The output plane predicted
contrast has been corrected for the maximum
expected fringe contrast of 77%.

Target
number

Surround
density

Surround
transmittance

Output plane
predicted
contrast

*

1

0,69

2,04 X 10"1

0.04

1 1+
ni
O
V

Output plane
measured
contrast
.01

2

0 j 96

1.10 X 10"1

0.07

.09,

.08

3

1.34

4.57 X 10~2

0.15

.16 + .02

4

1,50

3.16 X io-2

0.19

.19 + .02

5

1.85

5.41 X io"2

0.34

.33,

6

2f 19

6.46 X 10-3

0.49

.63 + .02

7

Infinite

0

0.77

.66,

.33

.67
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We calculate the intensity across the plane image
for the target transmittance shown in Figure 4.6 to be
I(x3,y3) - [nljT circ

R3

R3

+ nfl2 drc (0.79mm)1

S 6(XJ - AFY3)

(4.3)

where T is the transmittance of the annulus with respect
to the small circular area; n is the number of photons per
unit area irradiating the transparency; A^ and
2

are

areas at the target as shown in Figure 4.7; r^ = x^
The entire pattern is centered at

2

2

+ y^ .

= a, y = 0, and 0 is

convolution.
I(x5,y5) = j<I(x3,y3)>
,
J,(7.5irp )
J.(0.79TTP_)
+ =• [TnA, • —
— + nA„ —
—]
4
1
ttp^
2
irp5
• cos (2iraE,z>)
2
where p^
=

2

+

2

and

(4.4)
is the Bessel function of the

first kind.
The irradiance distribution in the detector plane
is thus the sum

of the two Airy functions—the one pro

duced by the small area in the image plane covers a large
area in the detector plane, and the large area in the image
plane produces a small area in the detector plane.

The sum

of these two Airy disks is the envelope of the cosine
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modulation, whose period depends on the location of the
centroid of the target relative to the optical axis.
Defining contrast C as

r

_

I
- I .
max
mm
I
+ I , '
max
mm

and using
<1(x3,y3)> = A2 + AjT,
we find from Equation (4.4) that the expected contrast is

C =

A2 + Aj^T '

(4-5)

We compute the contrasts shown in column 3 of Table
4.2 using Equation (4.5) and the measured ratio

^ = 0.0111.
A1
Each target was positioned off axis such that approximately
8 to 10 fringes appear under the Airy disk envelope.

We

then enlarged the pattern with auxiliary optics, the width
of the pattern being over 1 cm at the film plane.

We

recorded on Eastman Kodak 5460 microfile film the fringes
at the detector plane for each of the targets in Table 4.2.
We also exposed the films to calibrated intensities (using a
step wedge) to obtain relative radiometric calibrations.
Figure 4.7 shows a photographic print of the irradiance
distribution in the detector plane for the case of area 1
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Figure 4,7.

Photographic print of the irradiance distribu
tion in the detector plane obtained with target
number 7, in Table 4.2 — Note presence of
fringes which appear at relatively large
distances from the highest contrast region.
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being 10% of the transmittance of area 2.

We scanned the

exposed and developed films at the P.D.S. microdensitometer
of the Kitt Peak National Observatory.

Figure 4.8 shows

a tracing from a typical strip chart recording.
Table 4.2 compares predicted and experimental con
trasts.

Several instrumental reasons cause measured

contrast levels to be less than predicted by a few per cent.
The source of the largest error lies in the size of the
slit used in the densitometer, which systematically measures
contrast levels too low, because the width of the smallest
slit available straddles the fringe.

Reflectivity and

transmittance measurements indicate that T = 55%, R = 35%,
which implies a 10% absorption.

The maximum expected fringe

contrast is given by 4 RT, which in this case is 77%.

The

entries in Table 4.2 have been corrected for this factor.
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.ILL

Figure 4.8.

Photoelectric tracing across a fringe pattern
obtained with target number 4 in Table 4.2.

CHAPTER 5

APPLICATIONS
The previous chapters present the concept of a
coherence interferometer and describe the physical realiza
tion of such an instrument.

In this chapter experimental

applications show the usefulness of the instrument for
acquisition of scientific data.
5.1

White-Light Holography

The production of white-light holograms, or matched
filters, demonstrates the instruments' capability for analog
processing of optical data.

A playback of the hologram

shows how phase information in a two-dimensional scene can
be recovered and shows that the playback has no large
central area of confused spatial information as does the
Vander Lugt (1964} filter.

The properties of holograms

recorded using the coherence interferometer were described
in Chapter 2.
Figure 5.1(A) shows a shadow photograph of the
target used in this experiment.

It is a piece of brass shim

stock, .005 inch thick, with a series of holes drilled to
make the letter "J."

We placed this target off axis at the

image plane of the coherence interferometer (plane 3 of
Figure 2.3).

Fringes appeared at the detector plane (plane 7
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Figure 5.1,

Holograms recorded with the coherence
interferometer — (A) shows shadow photograph
of the target used in this experiment. (B)
shows hologram recorded in white light with
target shown in A positioned at image plane.
Vertical and horizontal lines are the projec
tions of two roof apices. (C) shows hologram
recorded through a 10.0 nm wide filter with
target shown in A positioned at image plane.
(D) playback of hologram in B. (E) playback
of hologram in C. Note that in part D the
points which form the letter J are streaks,
unlike those which appear in part E,

D
Figure 5.1,

E

Holograms recorded with the coherence
interferometer.
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of Figure 2.3).

Figure 5.1(B) shows a photograph of this

fringe pattern taken in white light.

Figure 5.1(D) shows

the playback of this hologram, recorded at the output plane
of a coherent image processor.

Figure 5.1(C) shows a

hologram of the same object taken through a 10 nm bandpass
interference filter at 500 n.m., and Figure 5.1(E) shows a
playback of this hologram.
Comparing Figure 5.1(D) with Figure 5.1(E), we note
that the points of light that make the letter J are
elongated radially in Figure 5.1(D) and not in Figure
5.1(E); this is an effect of the chromatism discussed in
Chapter 2.

As one observes further from the center in

Figure 5.1(D) the streaks increase in length until a point
is reached where they maintain a constant length.
Wavelength sensitivity limitations of the film cause this.
As we move out radially the "white" light continues to
expand into a longer spectrum but limitations to the
wavelength sensitivity of the film prevent the continued
expansion of the recorded image.

The irradiance distribu

tion, with chromatic effects is the real part of the
Fourier transform of Equation (2.34).
In Chapter 2 we derive a relationship between
bandwidth, radial position of point and hologram pupil size.
A wide bandwidth can be used without loss of information as
long as the point spread function is larger than the line
spread caused by the spectral range of the illuminating
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light 1 ( A ) .

In Chapter 6 we examine achromatization tech

niques suggested by others (Wickes and Dicke, 1974;
Cutter and Lohman, 1974) to our situation of two dimensional
coherence interferometry.
The reconstructed holograms, or spatial filters in
Figures 5.1(D) and 5.1(E) do not have large confused areas
of information on the system axis, in agreement with
Equation (2.34).

The reason that no on-axis confusion

appears is that each element of area composing the "J" is
coherent only with its image on the other side of the axis.
Adjacent elements are not coherent with each other or among
themselves and therefore do not introduce an additional
fringe pattern.
5.2

Stellar Diameter Measures

We used the spatial structure analyzer at the
McMath Solar Telescope of the Kitt Peak National Observatory
to photograph the Michelson stellar interferometer fringes.
This is the first time these fringes have been photographed.
We positioned the star image a small distance from the axis
of the interferometer.

At the doubled image plane (plane

6A in Figure 2.3) two star images appear.

The interference

of light from these two images creates a fringe pattern at
the detector plane.

The further off axis we place the star,

the higher the spatial frequency of the fringes at the
detector plane.

Figure 5,2 shows the fringes recorded in a

Figure 5,2.

Photograph of the Michelson stellar inter
ferometer fringes across the pupil of the 1.5
meter diameter McMath solar telescope (1/15
second on Tri-X emulsion) >— The roofs of the
interferometer cause the vertical and
horizontal lines. White tick marks line up
with the fringe direction. We see fringes to
the pupil edge and conclude that the
diameter of the star (ot Lyr) is less than
0.070 arc'-seconds. Frame B was recorded 0,25
seconds after frame A,
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Figure 5=2,

Photograph of the Michelson stellar inter
ferometer fringes across the pupil of the 1.5
meter diameter McMath solar telescope (1/15
second on Tri*-X emulsion).
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1/15 second exposure on Tri-X pan film with no color
filters.

The object was the bright star a Lyr (0.2

magnitude).

The two successive frames were taken 1/4

second apart,

Atmospheric turbulence and slight prism

misalignment cause the apparent discontinuities in the
fringe pattern.

We see fringes out to the edge of the 1.5

meter aperture.

The Airy formula for telescope resolution

gives the diffraction-limited resolution of a 1.5 meter
aperture as 0.07 sec of arc.

If the star has an apparent

diameter of 0,07 sec of arc, we expect the visibility of
the fringes to decrease slowly from the pupil center and be
zero at the rim of the mirror.

The observation that the

fringe visibility is apparently constant all the way to the
edge of the pupil implies the apparent angular stellar
diameter is less than 0.07' sec of arc.

[The angular

diameter of this star measured using the intensity
interferometer of Hanbury-Brown (1974) is 0.003 sec of
arc.]
5.3

Time Dependent m.t.f. of the Earth's Atmosphere
Section 2.4 established analytically that the

spatial structure analyzer permits recording information on
the time dependence MCF of the Earth's atmosphere.

We

measured the probability density distribution of phase
variations.
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Figure 5.2 in the previous section shows photo
graphs of the Michelson stellar interferometer fringes.
Phase and amplitude perturbations introduced by the
Earth's atmosphere cause the fringe pattern to fluctuate.
Phase fluctuations cause the fringe pattern to move back
and forth across the pupil.
We report visual observations of the white light
Michelson stellar interferometer fringes.

We observed

fringes from four stars a Tau, a Aur, 3 Ori, and a Boo using
an eyepiece reticle.

Fringe motion is measured comparing

it to the fixed pattern of the reticle.

Because of the

optical bandwidth limitation of the eye the observer sees
one, sometimes two, fringes on either side of the white
light fringe.

We estimate excursion of the fringe pattern

in units of apparent cycles or fringes seen on the pupil.
This method has two limitations.

On nights of very

bad seeing, the value of D(p) (from Equation [2.40]) is so
small that the fringe pattern fragments and coherent motion
of the pattern is unobservable.
the integration time of the eye.
the pattern is very clear.

The second limitation is
Bright stars are used, and

However, the eye integration

time is on the order of 0.1 seconds, and for these measures
it sees a slowly moving fringe pattern, with periods on the
order of 1 to 2 seconds.
Table 5.1 shows the measured average peak-to-peak
fringe motion as a function of point separation at the
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Table 5.1.

Peak-to-peak fringe amplitude and peak-to-peak
total physical motion (1) required for active
optics compensation — The total physical
motion (£) is computed from f using Equation
(2.49).

f in fringes

1 in microns

20

2

0.4

40

3

0.6

50

4

o
00

d in cm

75

5

1.1

100

8 + 2

1,7 + 0.4

150

9 + 3

1.9 + 0.6

pupil.

Included are measurements on five different nights

under conditions of average seeing (2 to 4 seconds), using
stars selected to be within 40° of the Zenith.
Qualitatively, the fringe behavior with time at the
Zenith is not different from that at a Zenith distance of
30 degrees.

The scintillation is noticeably worse.

We compare measures given in Table 5.1 with theory.
Figure 5,3 gives a plot of the fringe amplitude (f) as a
function of point separation (d).
Equation (2.48) shows that the predicted relation
ship between the amplitude of the phase fluctuations (f) and
the point separation (p) obeys a 5/6 power dependence.

The
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Fringe Amplitude asa Function
of Point Separation
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Figure 5.3.

Visually measured fringe amplitude in waves as
a function of pupil point separation in meters
across the 1.5 meter McMath Solar Telescope at
Kitt Peak —- Source is a star near the zenith.
Points are averages of 3 stars all observed on
4 different nights near the zenith. Straight
line shows a 5/6 power dependence.
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straight line drawn in Figure 5.3 is at 5/6 slope and
located to pass through the data points.

The data agree

well with theory.
Coulman (1974) reports that the atmospheric
turbulence in the McMath Solar Telescope is inhomogeneous
and not isotropic.

We see small plumes and peculiar rope

like. structures drifting across the apparent pupil during
data taking.

Scale sizes less than 5 cm are common.

It is

easy to recognize these features and exclude their effects
from our data.
The good agreement between theory and data as shown
in Figure 5.3 appears to contradict the conclusions of
Roddier and Roddier (197 3).

However work recently reported

by Roddier (1975) attributes differences to exposure times
of insufficient length.
From the data in Table 5.1 note that at an aperture
of 1.5 meters, 5 waves of retardation appear.

Conse

quently for good fringe visibility the bandwidth of the
colored filter used for image reconstruction with twodimensional coherence interferometry should be narrower than
approximately 30 ran at 600 nm.
We recorded images of the stellar interferometer
fringes with a Nikon high speed 35 mm camera.

Figure 5.4

shows three frames recorded with time interval 0.25 seconds
between them.

Exposure time was 0.04 seconds.

Fringes

appeared to extend from lower left to upper right of each
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Figure 5.4.

Stellar interferometer fringes recorded at the
1,5 meter aperture of the McMath Solar
Telescope
Each exposure was 0.04 seconds and
was recorded with time interval 0.25 seconds
between each.
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pupil image.

We see the well known shadow bands running

across the pupil images,

These bands extend from upper

left to lower right and are most noticeable on the lowest
frame.
A quantitative analysis of these negatives would
provide a measurement of the correlation function in time.
Because of limitations of the sensitivity of the apparatus
available for this experiment the interval between exposures
was too long and the exposure times themselves were too
long to obtain a measure,of the correlation function.
Measures were made photoelectrically and are discussed in
detail later in this chapter.
We describe an unsuccessful experiment to obtain a
photoelectric measure of the complete probability density
distribution of phase retardation fluctuations in the
earth's atmosphere.

Material given earlier provides a

measure of the maximum excursion of the probability density
distribution function.

It is generally assumed that this

distribution function is gaussian (Strohbehn, 1971).

If

this is true then a measure of the maximum excursion,
defined in a quantitative manner, is sufficient to give the
complete probability density distribution function.

A

direct quantitative measure of the complete distribution
function has not been given.

However, the fact that the

intensity distribution across a star image, recorded with
long time exposure, is observed to be gaussian is a strong
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indicator that the probability density distribution is
gaussian.
Apparatus was assembled to make a direct measure on
the time dependent motions of the white light fringe,
obtained with an off-axis star image.
The detector plane irradiance distribution was
imaged onto a piece of cardboard.

Image diameter was 3 cm.

A horizontal slot 2 mm by 40. mm dimension was cut into the
cardboard.

Directly behind the slot is positioned the

toothed wheel of a chopper, with vertical slots with
approximately 1 mm opening.

Directly in back of the toothed

wheel was positioned a small field lens of 25 cm focal
length.

A photoemissive tube was positioned at the focus

of the small lens.

An image of the system image plane

appears on the gallium arsenide photocathode.
The intersection between the 1 mm vertical slot on
the toothed wheel and the 2 mm wide horizontal aperture form
a rectangular aperture 1 mm x 2 mm in size.

The toothed

wheel, mounted on the drive shaft of an 1800 rpm (30 Hz)
Bodine motor, has sixteen slots in the wheel produce a
scanning speed of 480 Hz.
An oscilloscope permits observation of intensity as
a function of time, and hence as a function of position at
the pupil.

Output from a silicon photodiode which detects

a chopped signal through a slot in the toothed wheel other
than that used for signal to the photomultiplier triggers
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the scope sweep.

The trigger system uses a grain-of-wheat

bulb.
The trigger system works well, and permits observa
tions of the irradiance fluctuations at the pupil for the
point source stars ct Cygni and a CMa.

Motion pictures at

the rate of 64 frames per second recorded sweep signals from
the oscilloscope.
We obtained only two nights observing time with this
apparatus.

Seeing was very bad and wind was blowing the

telescope to such an extent the star image jumped about
uncontrollably.
Observed signal-to-noise level was better than 100:1
for a CMa and about 5:1 for a Cygni.

Had the weather

cooperated, measures probably could have been made with
a CMa.
5.4

A Measure of the Time Independent MTF

To record the long time modulation transfer function
of the earth's atmosphere we photograph the fringe pattern
at the pupil.

The long exposure causes fringe motion to

wash out all but the central area of the pupil, that is,
the area in the vicinity of the roof intersection.

Dainty

and Scaddan (1975) use this technique to measure the
zenith distance dependence of the MTF at an astronomical
observatory.

We use the technique to find the value of the
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cophasal cell size during the observations reported in
Section 5.3.
Figure 5.5 shows the fringe patch for the star
a Lyr, observed 2 hours east on 15 October 1974, recorded
with a 60 second exposure.

The diameter of the area over

which fringes are seen is approximately 10 cm.

Dainty and

Scaddan (197 5) use an electronographic image intensifier to
obtain a linear record.
MTF curves.

They reduce their data for actual

Here, we use a photographic emulsion, and

report the data in terms of the diameter of the patch.
We measure the diameter of the fringe patch at the 5 to
10% MTF points.

We use Equation (2.50) in Chapter 2 to

calculate a value for pQ (the cophasal cell size) based on
data in Table 5,1 and shown in Figure 5.3.

If N is assumed

to be 1.4, then using f = 7 fringes at d = 1.0 meter (from
Figure 5.3), we find pQ = 11 cm.

Fried and Mevers (1974)

calculate a value for pQ, based on seeing measures reported
by Hoag (1964) and Meinel (1963), which gives po = 12.4 cm.
This is consistent with our measure of Pq = 10 cm.
expect this value to vary from night to night.

We

Poor seeing

may yield values for pQ as small as 6 to 8 centimeters.
A scale laid across the fringe patch shown in
Figure 5.5 shows that it has a diameter of 10 cm at the
telescope pupil.
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Figure 5.5.

Fringe patch for the star a Lyr, recorded with
a 60 sec exposure
Diameter of the area over
which fringes are seen is about 10 cm. Taken
with east auxiliary (see Figure 3.11),

146
5.5

Order of Interference in Astronomical
Speckle Patterns

We use measurements presented in the previous
section of the probability density-distribution of phase
fluctuations in the Earth's atmosphere to show that images
reconstructed from astronomical speckle interferometry are
not as good as previously thought.

Additional experiments

described nere show that by ignoring chromatic effects in
the speckle interferometry image formation equations, as is
done by Korff (1973) and Dainty (1974), a noise is intro
duced which dominates attempts for diffraction limit image
reconstruction.
Astronomers observe that the enlarged image of a
star appears as many small distinct points of light.

This

speckling is caused by the existence of cells of turbulence
in the Earth's atmosphere.

We observe that the extent of

the break-up, that is the number of components or elements,
increases with increased telescope aperture.

Rosch (1958)

first reported data on this image fracturing, and Labeyrie
(1970, 1974) interpreted the phenomena to provide informa
tion at the telescope diffraction limit.

Gezari et al.

(1972) and Bonneau and Labeyrie (1973) use the technique to
obtain position angle and separation measurements of
double stars whose separation approaches the diffraction
limit.

Lynds et al. (1976) reconstruct an image of stellar

surface features from speckle pictures recorded at the
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4-meter McMath Telescope.

Theories for the process are

given by Korff (1973), Korff et al. (1975), and Dainty
(197 5).
In this section we estimate the order of interfer
ence in astronomical speckle patterns and discuss implica
tions for image reconstruction.

We show that under most

circumstances the point spread function is not independent
of wavelength across the spatial speckle pattern.

This

fact is not generally recognized, and affects the accuracy
of two frequently used image reconstruction techniques
(Lynds et al., 1976; Knox and Thompson, 1974).

Part of this

material has been published previously by Breckinridge
(1975a).
A large telescope image forming mirror covers
several cells of uniform phase (see Chapter 2).

Fried and

Mevers (1974) have shown that on a night of good seeing
these cells have a diameter of approximately 10 centimeters.
A telescope mirror of 4-meter diameter therefore contains
several hundred of these cells.

The probability of

adjacent elements having the same phase in their transmittance is small.

These cells are in continuous motion

with a characteristic time constant on the order of 0.02
seconds.

At any one instant those wavefronts that form an

image at a point in the image plane originate from many
different (10-cm diameter) areas over the mirror.

Because

each speckle element in the image is very small it appears
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that all regions on the mirror contribute to image formation
at any point in the image plane.
This model of cells of uniform phase across the
pupil is a phase diffraction grating, and it is meaningful
to discuss orders of interference within the irradiance
distribution or speckle pattern at the image plane.

An

extrapolation of data shown in Figure 5.3 gives about 25
waves of phase retardation at points near the pupil edge.
Speckle photographs are typically recorded in light
O
having bandwidth ^300 A. A speckle element, or bright
point at the image plane, appears as the result of two
physical phenomena.

Either the index of refraction

variations across the pupil are such that a zero order or
white light interference produces the speckle element, or
higher orders of interference produce the speckle element.
Those speckles formed by zero order interference appear
without the use of an interference filter.

Undoubtedly

speckle components formed at large shifts from the image
centroid result from a combination of both effects.
5.5.1

Observations
The apparatus described by Lynds et al. (1976) for

recording stellar speckle patterns was used to record the
speckle pattern of the point source y Orionis,
average, or 2 to 3 arc-seconds.

Seeing was

We recorded several

exposures at an image plane scale of 0.22 arc-seconds per

149
millimeter on 35 millimeter Tri-X negative film, and
enlarged and printed several frames.

The magnification was

such that one arc-second equals 8.4 centimeters on the final
prints and each entire pattern fitted onto a 40.6 x 50.8
centimeter print.
The center of each speckle pattern was located by
visual estimate, and concentric rings were drawn on the
print at radii of 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 arcsecond.

The number of speckles falling within each annular

area was counted for six independent speckle patterns of the
star y Orionis.

Table 5.2 shows the average number of

speckles per square arc-second in each of the five annular
areas.
An additional series of speckle patterns were
exposed for the single star y Orionis through each of two
specially designed interference filters.

One filter (we

call thick) has a 10 nm bandwidth transmittance at 550
nanometers and a 20 nm bandwidth transmittance at 650
nanometers.

The other filter (we call thin) has a 10 nm

bandwidth at 450 nm and a 20 nm bandwidth transmittance at
620 nm.

This star is a point source; therefore the image

plane irradiance distribution is the instantaneous point
spread function and is given by Equation (2.53).
Twelve speckle frames were recorded at the telescope
through each of the two optical filters.

Each set of twelve

was processed on the Kitt Peak coherent image processor to
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Table 5.2.

Number of speckle elements per square second of
arc for six independent speckle images recorded
within 5 minutes of each other at the 4-meter
telescope at Kitt Peak — Seeing was average,
or 2 to 3 arc-second. The mean number of
counted speckles per pattern is 2,507. Speckle
elements beyond 3 arc-seconds were too faint and
diffuse to count.

Inner and outer
radius of annulus
in units of
arc-seconds

Mean of
counts

Standard
deviation

Speckles per
arc-second
squared

o
o

to 0.5

79

'+

4

101

0.5 to 1.0

238

+

10

101

1.0 to 1.5

350

+

16

89

1. 5 to 2.0

513

4* 40

93

2.0 to 2.5

650

+ 50

92

2. 5 to 3.0

677

+

60

78

These data show that the area-number density of
speckles is nearly constant. The apparent decrease in the
number of speckles with radius of centroid may be caused by
a decrease in the brightness of each speckle element with
radius, and does not appear to be a decrease in number.

4
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obtain film sheets whose transmittance is related to the sum
of the spatial-frequency ensemble power-spectrum of each
speckle pattern (c.f., Labeyrie, 1970).

This film sheet is

then inserted at the input plane of the coherent image
processor.

A display which is proportional to the proba

bility density-distribution of the spacing of speckles in
the original speckle frames appears at the output plane.
We examine two aspects of this display: continuity
or uniformity, and extent.

If the display appears continuous,

then one concludes that there is a uniform probability
density distribution of speckle element separations and
therefore that a continuous distribution of orders of
interference from different cells across the mirror con
tribute to speckle image formation.

The function which

describes the fall in intensity at this display reveals the
distribution of intensity among the orders of interference.
5.5,2

Discussion
From Equation (2.55) we calculate the predicted

number of white light speckles at the 4-meter telescope on
a night of average-to-poor seeing (let the cophasal cell
size

p

o

=8 centimeters).
N £ 625.

(5.1)

From Equation (2.57) we estimate the angular extent
of those speckles formed by white light (zero-order
interference).

An extrapolation of the curve for fringes
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of retardation (f) as a function of point separation (d) in
Figure 5.3 shows that at 4 meters f = 50.
waves,

X

=

We let f = 25

550 nanometers, and D = 4 meters to find the

peak angular extent
r = 0.7 arc-seconds.

(5.2)

We compare Equations (5.1) and (5.2) with those
measurements given in Table 5.2, and make two observations:
1.

The average number of speckles counted for each
pattern is about four times the number predicted,

2.

The total angular extent of the speckle pattern is
about four times the predicted value.
From Equations (2.55) and (2.56) we find the

maximum order of interference to be
n ^ 3.
Data in Table 5.2 show that speckles are easily seen
at angular distances from the centroid of 2 arc-seconds.

If

we assume n = 3, pQ = 8 centimeters, r = 2 arc-seconds, and
AX = 30 nanometers, then from Equation (2.54)
Ar ^ 0.11 arc-seconds.

.

(5.3)

If we assume the 4-meter telescope has a filled
pupil, which is only approximately true (Ghozeil and
Simmons, 1974), the Airy disk diameter at 550 nanometers is
0.035 arc-seconds.

The smear or extent of the function

g^(r,AA,n,A) is three Airy disk units.
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We examine data recorded through the two-window
interference filter to determine the nature of the inter
ference.

A microdensitometer trace of both film records of

the probability density-distribution of orders of inter
ference in the speckle pattern reveals a continuous dis
tribution between 3 distinct annular step decrease in
intensity.

Consequently within the limits of experimental

error (10 to 15%) we state that the probability density
distribution of the order of interference within the speckle
pattern is uniform between orders 0 and 3.

It is most

likely that a given speckle element appears as a result of
wave interaction from several different orders.of inter
ference across the pupil.
5.5.3

Data Processing Suggestions
Speckle interferograms are used in two ways by other

investigators for image reconstruction.

One group (Lynds

et al., 1976) selects a few bright, symmetrical speckle
elements out of several frames for digital processing.
Other groups (Knox, 1975; Labeyrie, 1974) use the entire
speckle pattern for analog or digital processing.
The selection of bright, isolated, symmetrical
speckle elements for digital processing is not good in the
sense that "a priori" information must be supplied by the
person who selects which speckles to process.
statistical averaging may be in question.

The

However, such a
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technique probably eliminates distortion caused by higher
order interference.

High order speckles are not usually

bright.
However, in the present work we have shown that
image reconstruction, or the analysis of spatial structure
near the diffraction limit requires consideration of
interference within the speckle pattern.

We can conclude

that the methods used by Knox and Thompson (1974) and
Lynds et al. (1976) are seriously in error and cannot pro
duce a diffraction limited image of the stellar surface
without high noise levels.
The reliability of the method of Knox and Thompson
(197 4) can be improved if the initial exposure is short, so
that the center of the speckle pattern is exposed to a
density of approximately 0.2.

Speckle elements from orders

of interference higher than about order 2 will then be too
faint to register on the exposure.

A density of 0.2

corresponds approximately to conditions for maximum D.Q.E.
(Dainty and Shaw, 1974), and should therefore be optimum.
5,6

A Measurement of the Sharpness of
the Solar Limb

Breckinridge (1975b) provides an analysis which
indicates that diffraction limit information is obtained
by an analysis of the intensity fluctuations at the output
of a spatial structure analyzer that is coupled with a very
large telescope.

Breckinridge and Burke (1976) expand on
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this treatment and show that the variance on the intensity
fluctuations is given by
<l2(S,n;f)>t =
2

2

[2+exp (-4ct (1-P ))]*exp(4a ) +

4|T(2£,2n) I *exp [ a 2(1+3p ) -a2 ( 1 - p ^ J ]-cos(cf>r) +

(1/2) I r(2£,2n) I 2 - (exp(4a2 p y ) ) •

[1+cos(2^r)•exp(-4a2(1-p^))].

(5.4)
2

In Equation (5.4), we have used the nomenclature: a^ is the
variance on those intensity fluctuations which are attributed
to amplitude modulation, that is those variations modeled by
the random variable ^(£,ri;t); p^ is the spatial autocorrelation function for the amplitude variations;

2

is

the variance on those intensity fluctuations which are
attributed to phase modulation, that is, those variations
modeled by the random variable £(£,n;t);

is the spatial

crosscorrelation function for the phase variations; and
is an arbitrary phase term.

We write Equation (5.4) under

the assumption that the amplitude variations (^) are
normal and that the phase fluctuations (£) are gaussian.
The purpose of this section is to present experi
mental evidence which indicates that the SSA might enable
photometric analysis of diffraction limit information at a
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telescope whose point spread function is dominated by
seeing.

Intensity fluctuations at the pupil as relayed

through the spatial structure analyzer were recorded with
256 channels of a Reticon (1973) linear photodetector array.
Apparatus necessary to show the full power of the technique
was not available.
5.6.1 Telescope-Computer System:
Data Acquisition
We used the 60 cm vacuum telescope of the Kitt Peak
National Observatory in conjunction with the 512 channel
linear "Reticon" detector array, and Varian 620F computer
system (Livingston et al., 1976) to examine intensity
fluctuations at the pupil plane given by the SSA.

The

image plane irradiance distribution was the extreme solar
limb, masked by an aperture of either 4, 6.7, or 9.4 arcseconds.
The telescope has an aperture diameter of 60 cm,
with the center 16.5 cm diameter blocked.

The focal

length of the image-forming mirror is 31 meters, which
yields a scale of 6.7 arc-seconds per millimeter at the
image plane.
The SSA adapts readily to the vacuum telescope.

We

positioned the analyzer horizontally over the spectrograph
of the vacuum telescope to intercept light converging to the
entrance slit.

The interferometer output (an image of the

telescope pupil) is relayed onto the central 256 channels of
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the 512 channel Reticon array.

We sample the 60 cm aperture

with approximately 210 elements of this array, each having
size 25 by 250 microns.
Figure 5,6 shows a schematic view of the intensity
as a function of position across plane 6A in Figure 2.3
for the case of the solar limb across the circular aperture
at the image plane.

Distance r is approximately 0.1

millimeter.
The sampling spatial frequency was therefore 3.5
sensitive elements per centimeter at the pupil.

The

irradiance at each element was integrated for 1/60 second
and sampled sequentially at 60 Hz.

Each integrated

intensity was converted to 8 bits of digital information
and written onto a magnetic tape.
Apertures positioned at the image plane limited the
diameter of the area processed to 0.6 mm (4.0 arc-seconds,
or 3000 kilometers at the sun), 1.0 mm (6.7 arc-seconds or
5Q00 kilometers at the sun), or 1.4 mm (9.4 arc-seconds or
7000 kilometers at the sun).

Several sets of observations

were taken with the solar limb approximately bisecting the
aperture.

Prior to each observing run the image plane

aperture was carefully positioned so that the irradiance
distribution at the correlation plane, or plane 6A in
Figure 2.3 resembled that shown in Figure 5,6.
shows the orientation of the limb.

This figure

The long direction of
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t- i*v» V?

Figure 5.6.

Schematic view of the intensity as a function
of position across plane 6A in Figure 2.3 for
the case of the solar limb across the circular
aperture at the image plane — At these image
plane scales {aperture diameter approximately
7 arc-seconds) the solar limb appears diffuse.
The distance r2 is related to the highest
spatial frequency at the pupil and the distance
r-j_ is directly related to the lowest spatial
frequency which appears at the pupil.
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the diode array is oriented parallel to the line connecting
the centers of the images of the apertures.
We calculate a space-bandwidth product, or an
information quantity, N, from Equation (2.28).

We find for

the 1.0 mm apertures at the 60 cm diameter, 31 meter focal
length telescope: N = 4.6 x 10

for a two dimensional

detector array, or 2 x 10^ for a one dimensional array.
Both values of N are calculated assuming A = 500 nanometers.
The 1.0 mm diameter hole, offset, requires we use
d = 2.0 mm in Equation (2.25) to calculate the sampling
frequency.

The number of spatial elements required for

sampling at the Nyquist rate across the pupil is 318.
available apparatus gave 210 samples.

The

Consequently, it was

necessary to sample with considerable ailaising.
We recorded data through one of two interference
filters.

One filter has a 5 nanometer bandpass at H a(656

nm), the other has a 10 nanometer bandpass at 510 nm,
A typical observation time required about 6 0 seconds,
during which time all 256 diode array elements are sampled
at the rate of 60 Hz.

Data were stored sequentially on

magnetic tape in approximately 3,600 blocks, each having a
length of 256 data points.

Each data point consists of

one-half of a Varian 620L 16-bit word.

The bit transfer

rate of approximately 48 0 Hz was limited by the speed of
the magnetic tape unit.

Data were written directly on tape

as fast as they were taken because no intermediate

160
high-speed storage device such as a disk was available on
this system (Livingston et al., 1976).
5.6.2

Analysis: Data Processing
The Varian 620F utilizes a 16-bit word.

A routine

for unpacking each of the two eight-bit data words within
the one 16-bit Varian word and converting the data tapes
to the 60-bit word format of the CDC 6400 was provided by
the Kitt Peak Computer Center.

Corrections for zero offset

and gain variations among the sensitive elements of the
array, as well as calculations of variance, envelope, and
power spectra were all made by the author using FORTRAN VI
with the KPNO CDC 6400.
Several sets of data on the solar limb were taken
on November 22 and 23, 1975.

We made 4 runs with 1.0

millimeter aperture (6.7 arc-seconds) and 4 runs with the
1.4 millimeter aperture (9.4 arc-seconds), both with the
Ha filter,

One record was made with a 0.6 mm aperture and

the 10 nm bandpass filter at 500 nm.
the materials processed.

Table 5.3 identifies

We corrected for zero offset and

gain differences between sensitive elements using data
recorded with no illumination on the diodes and with
nominally uniform illumination, assuming that the diodes
have a response that is linear with irradiance.

The data

were reduced by processing 1,408 1/60-second samples for
each of the 256 spatial samples.
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Table 5.3.

Data sets obtained on the solar limb—November
23, 1975.

Code

Aperture in
millimeters

4261-8

1.4

Ha + yellow filter'

4261-9

1.0

Ha + red, no cirrus clouds—
excellent

4261-10

1.0

Ha + red, no clouds, mostly
off limb

4261-11

1.0

Ha + red, seeing fair on
limb

4262-1

1.0

Ha + red

4262-2

1.4

Ha + red, poor seeing

Log-book comments

4262-3

—

4262-4

1.4

Ha + red, good seeing on
limb

4262-5

1.4

Ha + red, fair seeing, off
limb

4262-6

0,6

510 ran filter

' N.

Dark run
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We now give a quantitative analysis of the data
reduction technique.

The silicon photodiodes have a voltage

response at the ith element at time t given by
vi(t)

= Ii(t)*gi + VQi,

(5.5)

where I^(t) is the intensity of the light falling on diode
element i at time t which has gain g^ and voltage offset
V ..
01

The zero offset

is given by a data run with

1 = 0 , so that
V.(t) dark = V ..
1
oi

(5.6)

The gain of each diode element is calculated from
the same data we use for the calculation of variance and
envelope.

The intensities are averaged in time.

We assume

that, this average closely approximates the signal which
would be obtained if we illuminated the diodes uniformly.
That is, we assume that the average irradiance level is the
same for all 256 elements.
it is.

It is not necessary to know what

We calibrate the diodes with the identical optical

system we use for the data acquisition.

The effects of

small variations in the transmissivity across the diode
array are cancelled.

With these conditions, and Equation

(5.5) and Equation (5.6) become
V = V^(t) =

" g^ + V^(t) dark

(5.7)
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where the bracket refers to a time average.

We assume that

neither the gain of each sensitive element nor its zero
offset is time-dependent.
We assume that for uniform illumination, V is
normalized to 100, and calculate the relative gain of each
diode from Equation (5.5):
gi

= (100 - Vi(t))/<Ii)t.

(5.8)

We use the relationships given in Equation (5.5)
with constants calculated with (5.6) and (5.8) and to
correct all the data summarized in Table 5.3,
5.6.3

System Response
We first examine the data to determine if the time

interval between our samples was sufficiently long to permit
independent samples, but yet sufficiently short to "freeze"
fringe motion induced by atmospheric turbulence.

The

autocorrelation coefficient in time is defined as
T
1
C(T,x) = ~
f I(t-T,x)-I(t,x) dt
Z1 -T

(5.9)

Where I(t) is the instantaneous intensity recorded at a
particular sensitive element at time t.
We calculated the time autocorrelation coefficient
C(T,x) for the data runs 4262-3 and for 4261-9 shown in
Table 5.3.

We chose sample point number 97 (out of 256) for
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this calculation.

This point sampled the intensity-

fluctuations introduced by the atmosphere on the signal at
the pupil.
Figure 5.7A shows a graph of this time autocorrela
tion function for a dark run, calculated using 256 time
samples.

We see that the normalized autocorrelation

coefficient drops to 0.03 in the time of 1/60 second and
remains below 0.1.

Fluctuations which appear beyond 3/60

second are probably noise.

Figure 5.7B shows a plot of this

autocorrelation coefficient as a function of time in 1/60
second time intervals for solar data run 4261-8.

This

correlation coefficient drops to 0.5 in 3/60 second.

It is

safe, therefore, to assume that the electronic circuits are
sufficiently fast to follow atmospheric fluctuations and
that correlations we observe with a frame time of 1/60
second do not originate with the response of the detector
system.

We conclude that the data plotted in Figure 5.7B

show the correlation in time of fluctuations in the
Earth's atmosphere.
The method for recording data integrates the signal
over a time period of 1/60 second.

From data shown in

Figure 5,7B we see that during the 1/60 second integration
the signal we wish to observe, that is, the fringe amplitude
becomes decorrelated to a correlation coefficient of 0.7.
Consequently, the observed fringe contrast as calculated
from the observed intensity fluctuations is reduced.

The

Figure 5.7.

Comparison of instrument response in time with
the time fluctuations in the atmosphere -Diode element number 97. Sample points
connected by lines: Data run 4262-3 instrument
response in time. Autocorrelation in units of
1/60 second for 256 time elements for dark
run spatial element 97. In the text this part
of the figure is called Figure 5.7A. Sample
points not connected by lines: Data run 4261-9
response time of the atmosphere. Auto
correlation in units of 1/60 second for 1,408
time elements for limb run with spatial element
97. In the text this part of the figure is
called Figure 5.7B.
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Figure 5.7.

Comparison of instrument response in time with
the time fluctuations in the atmosphere.
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signal-to-noise of our data would be improved if this
integration time could be reduced by a factor of 2.

The

length of time between samples should be increased by a
factor of two.
A better system would be to mount an electro-optic
shutter in front of the array and sequence the data
acquisition as follows: open shutter for 1/120 second, so
that all diode sensitive elements charge simultaneously,
then during a dark interval of 1/30 second the diode charge
is read out by the electronic circuitry, converted through
the analog to digital converter, data words are packed by
the software and then written onto magnetic tape.

This

sequence of 1/12 0 second for observing with all diodes,
followed by 1/30 second to let the atmosphere settle prior
to the next observation would improve the signal-to-noise
ratio at each sample, and permit more diode elements to
sample the pupil intensity fluctuations.
The autocorrelation function in time was computed
for several spatial sampling points other than Number 97
and found to have the same characteristics as those shown
in Figure 5.7B.
We examine next the spatial response of the diode
system to the dark signal.

Let the autocorrelation

coefficient C(t,X), calcuated at a time t, be defined as
1
C(t, X ) = "9V

X

/

I(t,x-X) * I(t,x) dx

(5.10)
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Figure 5.8 shows a graph of the autocorrelation coefficient
C Ct,X) as a function of X.

Intensities I(t,x) were for the

dark run 4262-3 listed in Table 5.3.

Data recorded at

different times show essentially the same curve.
The behavior of the spatial autocorrelation
coefficient given by Figure 5.8 shows that the electronic
circuitry for reading the charge on the diodes does not
introduce artificial spatial correlations.
We show earlier in this chapter that the signal
information of interest lies in the variance of the intensity
fluctuations at each point on the pupil.

We examine, next,

the spatial response of the variance signal.

It is the

variance on the time dependent fluctuations at a particular
position in the array that provides a map of the real part
of the mutual coherence function across the pupil.

The

2

variance, o [I(T,X)] is given by
T
cr2[I(T,X)] = I2(X) - ~ f (I(X)-I(t,X)]2dt,
T 0
where
I(X) = 1
i
1

T

/ I(t,X)dt
0

(5.11)

The measured dark variances a 2[I(T,X)] as a function
of diode position were graphed and showed almost a uniform
level, with no outstanding characteristics.
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If the mutual coherence function is recorded in the
variance signal as a function of position, across the pupil,
then we expect to see fringes on the pupil.

The power

spectrum of these fringes will indicate the presence of
certain spatial frequencies in the image plane.
A record of the system response, without signal at
the image plane is obtained by calculating the spatial
autocorrelation of the variance given in Equation (5.11).
Let the spatial autocorrelation of the variance be repre
sented by Cv[cr2[I(T,X)]], then
Cv[a2[I(T,X)]] =^
f o 2 [I(T,x-X)]-a2[I(T,X)]dX (5.12)
X
_x
Figure 5.9 shows a graph of the spatial auto
correlation of the variance as a function of diode position.
This graph represents the impulse response of the system
and processing technique.

We note that, even after removal

of zero offset and gain variations, a periodic error
corresponding to a cycle every 8 diode elements (the peak
near point 29 cycles per 256 elements) and one cycle every
4 diode elements (the peak near 58 cycles per 256 elements)
is apparent.

A broad feature is also seen at 100 cycles

per 256 elements (a spacing about 2.5 elements).

The

causes of these features is unknown, but believed to be
related to the processes used for diode array fabrication.
We note that the data points are nearly uniformly
distributed about the average, rather than distributed
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Tower spectrum as a function of spatial
cycles per 256 channels for run 4262-3
variance calculation of dark data.
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randomly.

This occurs presumably because the original data

consisted of only the numbers 0, 1, and 2.
The signal at the image plane is that shown in
Figure 5.6.

If we were to extract image information from

this signal using the methods outlined earlier, we would
calculate the variance on the signal at the pupil.

Here, to

obtain an estimate of the system response to a signal we
examine the average value.
We examine next the spatial response of the diode
system to a signal consisting of the time average of the
intensity.

If

is this time average then

l{x)

1
I(x) = =
1

T

/ I(t,x) dt
0

Figure 5.10 shows a graph of the spatial auto
correlation of the time average of the signal as a function
of diode position.

We see that the spatial correlation

coefficient is below 0.05 for points beyond 10 cycles per
256 points and below 0.025 for points beyond 20 cycles per
256 points.

The features at 30, 60, and 100 cycles per 256

points which appear prominent in Figure 5.9 do not appear
in Figure 5.10.

This is caused by a difference in the

response of the system between the diodes being irradiated
with light up to levels of 100 and their not being
illuminated (levels 0, 1, or 2).

Consequently under
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function of cycles per 256 channels, for data
run 4261-10 time averaged signal.
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conditions of illumination the spatial impulse response to
approximates a delta function.
5.6.4 Solar Data: Expected Performance
Limits
We make reference to the intensity across plane 6A
{Figure 5.6) as a function of position.

Each point to the

left of the axis is coherent with the corresponding point on
the right,

Therefore, across the detector plane we expect

to see the sum of a set of cosine fringes, each fringe
having an amplitude proportional to the intensity at a
point in the image plane corresponding to the pair of
points in Figure 5.6.
We have seen that the effect of the Earth's
atmosphere is to smear out the pupil intensity distribution
so that resolution is limited to that given by the long
time m.t.f.

Rather than average the intensities, we

examine the variance of the intensity fluctuations, which
diffraction limit information might be recorded (see
Chapter 2).
Information on the spatial structure across the
image plane will appear between two spatial-frequency
limits in the pupil plane.

The low frequency limit is

given by that frequency at the pupil that corresponds to
the distance 2r^ defined in Figure 5.6.

The high-frequency

limit is given by that pupil frequency which corresponds to
the distance 2r^-

The low frequency is the same for both
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the 1.0 and the 1.4 mm aperture.

Alignment of the two

circular areas which appear at plane 6 in Figure 2.3 was
by eye estimate.

The circles were nearly touching, with a

fine line between them.
millimeters.

We estimate r^ to be 0.1

Table 5.4 gives the spatial frequency window,

within which the desired information at the pupil appears.

Table 5.4.

Spatial frequency in units of cycles per pupil
width and spatial samples per spatial cycle,
and the number of samples per point spread
function, for the 1.0 and 1,4 millimeter
apertures used with Ha (656 nanometers) filter
at the 60 cm vacuum telescope (Livingston
et al., 1976).

Frequency cycles/
pupil width

Spatial samples
per spatial cycle

Aperture

High

Low

High

Low

1,0 mm

65

6

3.5

37

1.4 mm

150

6

1.5

37
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The data in Table 5.4 show the region within which
spatial information about the image plane irradiance
distribution should be.

As long as we observe the intensity

fluctuations out to the mirror edge the effective spatial
resolution is near the diffraction limit.
5.6.5 Solar Data: Variance and Envelope
Graphs
The variance and envelope of the intensity fluctua
tions were calculated and graphed for all data runs shown
in Table 5.3.

Figure 5.11 shows a graph of the variance of

the intensity fluctuations at each point across the pupil
for the data run 4262-4 (Table 5.3).

Figure 5.12 shows a

graph of the envelope of the intensity fluctuations at
each point across the pupil for the same run.
In both graphs the outer edge of the pupil begins at
sample point 30 and data are obtained until approximately
point 105.

The central obstruction blocks the signal from

point 105 to point 175.

Points 176 through 276 represent

again the illumination of the pupil.
Compare the graph in Figure 5.11 with that shown in
Figure 5.12.

Note that in Figure 5.11 (the variance data)

we see a large, strong, periodic signal with what appears to
be considerable scatter.

Figure 5.12 shows the envelope

data to be relatively smooth.
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We calculated the power spectrum of the envelope and
the power spectrum of the variance of the pupil intensity
fluctuations for each set of data from the run of 4262-4.
Figure 5.13 and Figure 5.14 show graphs of the
spatial-frequency power spectrum of the variance and
envelope pupil-intensity fluctuations for data on run
4262-4

(Table

5.3).

The envelope data were processed by subtracting
the minimum signal from the maximum signal at a particular
sample element during a time of approximately 15 seconds.
This technique is highly sensitive to noise.
Figures 5.11 and 5.12.

Compare

It appears that more information is

in the variance data than appears in the envelope data.
Figure 5.13 (the variance data) shows information
which is believed to be associated with the irradiance dis
tribution at the solar limb.

Compare this figure with

Figure 5.9 the power spectrum of the variance for the dark
run, and with Figure 5.10 the power spectrum of the average
for a signal run.

We make two observations concerning

Figure 5.13:
1.

A straight-line with slope -1 can be fitted through
the data in the lower left portion of Figure 5.13
(line A-A" near the origin).

This feature appears

neither on Figure 5.10 nor on Figure 5.9.
2.

A maximum in the power spectrum appears at approxi
mately 40 cycles.

Note that this peak corresponds

Figure 5.13.

Data, run 4262-4 •— Power spectrum of the
variance across the telescope pupil is
shown for solar limb at the image plane.
Across the top of the graph we show a
scale of arc-seconds at the image plane
and the theoretical resolving power.
Lines AA', BB1, and CC' are drawn through
those data points which appear to be
represented by straight lines.
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to a minimum in the dark run data shown in Figure
5.9 and therefore is probably not an instrumental
effect.
5.6.6 Solar Data: Discussion
We discuss Equation (5.4) and relate its parameters
to features shown on the graph in Figure 5.13, which shows
the power spectrum of the pupil intensity fluctuations
detected at plane 7 in Figure 2.3.

We consider conditions

under which the several parameters in Equation (5.4) are
reduced to a few, and examine (I (C,n;t'))t in its limits.
Breckinridge and Burke (1976) present a detailed
treatment of the simplifying assumptions used to reduce
Equation (5.4).

We assume that our sample points across

the pupil image are sufficiently far away from the center
of the field in the interferometer that the function
(P(p)>t

=

We

0*

assume that the amplitude variations

modeled with y are log normal and that, the phase variations
modeled with £ are Gaussian.
be isotropic.

We assume the turbulence to

Our assumption that <P(p))t = 0 implies

that the cross-correlation coefficients p

Y

= pv = 0.
K

Equation (5.4) becomes
<I2(£rn;t')) = 1 + 2exp[4a^]
+ 4| r (2£,2n)|exp[a2-a2] • cos (<frr) + *r(2^2n) *
+ 1r

2n) I

cos(2(J)r) exp[~4a^].
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If we assume deep phase fluctuations, such that
o2 >> 1 and that the second term is negligible, then we
write
<I 2 (£,n;t')) = 1 + 2 exp[4cr 2 ] +
2
lr(2C,^n) I

[1 + cos(2$r)exp[-4cr2]]

(5.13)

Under the quasi-monochromatic assumption,

r (2£,2n) is the Fourier transform of the object intensity
distribution,

I j ,j t
0 :
ec

'

an<^

|r(2£,2n)|

transform of the autocorrelation

is the Fourier

I ] j
x
0 ;) ect( 'Y)

* "'"object

To obtain $ , we must track the fringes in time.
The function shown in Equation (5.13) is the
variance of the intensity fluctuations at the pupil.

We

see that the term |i r {2£,2n)|12 is the envelope of a cosine
function.

Data presented in Figure 5.11 show the variance

of the observed intensity fluctuations and is therefore an
experimental representation of the theoretical function
given in Equation (5,13).

We know from the Van Cittert-

Zernike theorem that F|r(2£,2n)| = I(x,y) * I(x,y).
Consequently image plane information appears in the power
spectrum of Equation (5.13).

Since |r(2£,2n)I is an even

function, with zero imaginary part, image plane information
appears in the power spectrum of Equation (5.13).
The data presented in Figure 5.13 are experimental
measures reduced to show image plane information.

This

1
figure shows the power spectrum of the variance.
horizontal scales appear on this graph.

Two

One is that used

on the other graphs of power spectra and is in units of
cycles per 256 channels.

The other relates the ordinate

to arc-seconds across the image plane.
From Table 5.4 we see that light from the extremes
of the 1.4 mm image plane aperture result in a fringe
pattern at the pupil of 150 cycles per pupil width.
pupil is sampled with approximately 2 36 points.

The

To sample

the 150 cycles per pupil width without error, we need 300
points across the pupil.

Our frequency cut-off is

therefore (.236/300) x 150 or 118 cycles per pupil width.
Therefore information which appears at point 128 in
Figure 5,13 is from light which gives 118 cycles per pupil
width, or a field of [(118)/(150)] x 9.4 arc-seconds, or
7.4 arc-seconds.

Point 128 in Figure 5.13 therefore

corresponds to 7.4 arc-seconds at the image plane.

The

other points on the horizontal scale in Figure 5.13 are
calculated using this technique.
The horizontal bar refers to spatial frequency
resolution calculated from Equation (2,28) in Section 2.1.
For this situation we have d = 1.4 x 10_3 meters, D = 0.6
meters, ^23 ~ ^ inetersf

an(3

^

=

650 x 10

resolving power of the system is 14.

—9

meters and the

The Airy disk size i

0.3 arc-seconds and is indicated by a horizontal bar in
Figure 5.13.
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The physical units on the vertical axis in Figure
5.13 are of interest.

We have digitally processed the data

to obtain the power spectrum of the variance of the
intensity fluctuations.

The result of this variance

calculation is a function which is linear in the square
of the mutual coherence function (MCF).

The MCF is the

cross-correlation of complex amplitudes and is hence in
units of intensity.

The variance function is therefore

linear in intensity squared, and its power spectrum is
linear in intensity to the fourth power.
In Figure 5.13 we draw three straight line segments
through the data points, discuss the possible origin of
each and show that the effects of aliasing are apparent.
Straight line AA1 is shown in Figure 5.13 and is
drawn through those data points near the origin.

We believe

the origin of these data to be a combination of 1/f noise
(where f is spatial frequency) and the effects of the
apodization used to obtain the power spectrum.

From

Figure 5.11 we see that the central obstruction across the
pupil is on the order of the size of the open segments.

We.

apodized the function across the central obstruction by
assuming a uniform signal between points 106 to 182.

At

the extreme left of the graph in Figure 5.11 we see that
the pupil irradiance does not begin until around point 28.
We assume a straight line from point one (zero signal)
until point 27 (a signal of 102).
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Straight line BB' shown in Figure 5.13 may be
related to a profile of the extreme limb of the sun.

The

limb of the sun is not sharp (Mihalis, 1970) in the light
of 656 +2.5 nm.

Original plans for this experiment

required analysis of the pupil intensity fluctuations
through a Lyot birefringent filter of pass band 0.25
Angstroms at Ha.

Under those conditions we would have

observed the sharp solar spicules and bright knots in
prominences.

Those contain high spatial frequency informa

tion of astrophysical interest.

Insufficient levels of

illumination, however, required that the filter bandwidth
be opened up to allow for more light to fall on the
detectors.
The wider optical bandwidth leads to a reduction
of the signal-to-noise and reduces the effectiveness of
this experiment to show image information through
turbulence.

The field of view is decreased (see Equation

[2.57]) and also the source of high spatial frequency
information disappears into the background, swamped by the
light from the solar continuum.
Straight line CC' shown in Figure 5.13 we believe
to be caused by the wide optical filter, and represents
the end of the field of view given by that bandwidth.
Equation (2.32)(cf., Figure 2.6), we find
^4 = -s-, where N - f number and for
r- 2

fra

From

186
X = 656 nm, AX = 2.5 nm, N = 60, we find that d % 2.4n.
This drop off can also be attributed to the size of the
isoplanatic patch, which has been measured by Laques (1966)
and shown theoretically by Korff et al. (1975) to have a
radius of 2.5 arc-seconds.

CHAPTER 6
CONCLUSION
6,1

Review

We have presented a new instrument for scientific
and engineering research.

The instrument is useful, for

remote sensing and analysis.

It produces a two-dimensional

display of the spatial-frequency Fourier transform of the
irradiance distribution across an incoherently illuminated
scene.

Predetection processing of the analytic signal at

the optical instrument pupil permits a display of the real
and symmetric (even) part of the mutual coherence function.
Laboratory physics, atmospheric physics, and astronomy are
three areas of application that were discussed here.
The spatial.structure analyzer performs as antici
pated in all tests with one exception:

the restructuring,

or reconstruction, of spatial information at the diffraction
limit of a large astronomical telescope.

The limitation

here appears to be lack of telescope time and support for a
detailed, in depth analysis, rather than a defect of
theoretical treatment.
The success of the theory, fabrication, and opera
tion of this instrument shows that real-time passive
processing of the spatial information contained in an
187

188

incoherent scene is possible.

In an analysis, we have shown

that, with proper digital processing, image information near
the diffraction limit can be retrieved from a scene.
Six specific applications were used to evaluate the
instrument for scientific and engineering research.
light holograms (spatial filters) were fabricated,

WhiteA

measurement of upper limits of stellar diameters and a
photograph of the Michelson stellar interferometer fringes
were made.

A quantitative analysis of the observed time-

dependent modulation transfer function of the earth's
atmosphere was made for the first time and found to agree
with theoretical work.

A measure of the time independent

modulation transfer function of the earth's atmosphere was
made and found to agree wich theory.

The order of inter

ference in astronomical speckle patterns was measured and
used along with direct speckle observations to reveal, for
the first time, a fundamental limitation or constraint on
the ability for astronomical speckle interferometry to
reveal diffraction limit information.

A quantitative

measure of the power spectrum of the irradiance distribution
at the extreme solar limb in Ha provided solar physics data
never before obtained from the surface of the earth.
6,2

Proposed Modifications to Apparatus

Improved telescope guiding, to remove the general
image wander, would permit a longer exposure than 15 seconds
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observing time.

Data presented in Chapter 5 indicate that

the time interval between exposures should be lengthened.
A 1/60 sec frame time yields data with correlation coeffi
cient 0.7.

Our present information is in the variance of a

series of samples which are correlated with coefficient 0.7.
An interference filter with narrower transmission
than 5 nanometers would be useful to record solar chromospheric details at Ha.

Prominence and spicule details

would be thereby revealed.
6.3

Comparison with Other Techniques

One other technique has been shown to be useful for
relaying diffraction limit information at a large aperture.
That is the method of speckle interferometry (c.f,,
Labeyrie, 1974).

Speckle interferometry, however, has

several limitations:
1.

To date, photographic film is the storage medium.
Non-linear responsivity and noise preclude precision
radiometry.

2.

The technique is used at the image plane where an
analysis of the source high spatial-frequency in
formation requires a densely packed matrix of
receptors.

The spatial structure analyzer moves

the high spatial-frequency information to the pupil
edge, where detection and measurement can be simpler.
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3.- Dynamic range within speckle patterns is high.
Extraction of all data requires good linearity of
response.

The spatial structure analyzer displays

low contrast information, and requires good sensi
tivity but not unusual linearity of response.
Limitations to the coherence interferometer tech
nique are its relatively bright magnitude limit and.a
symmetry duality.

The irradiance distribution at plane 6A

in Figure 2.3 is symmetric.

Consequently, without addi

tional information about the image plane irradiance distri
bution it is impossible to know which way around is the
correct reconstruction of the image plane irradiance.

For

most scientific applications this symmetry duality is not a
limitation.
6.4

Future Research and Applications

Additional engineering and research applications are
numerous, limited only by the imagination of the reader.
The interferometer enables a real-time display of
the incoherent modulation transfer function of an optical
system.

It is, of course, a shearing interferometer which

can be used for routine optical testing.
It could be used as a seeing monitor, to activate a
high speed photographic shutter to record data during those
few moments of time with excellent seeing.

Good seeing

implies the presence, at the image plane, of high-spatial
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frequency information,

A silicon photodiode, located in the

detector plane, or plane 7 in Figure 2.3, monitoring
intensity fluctuations near the pupil edge, can be used to
trigger a shutter when the intensity fluctuations are
largest.
The interferometer could be engineered into a
system to provide a real-time television display of the
image plane irradiance distribution at the focus of a large
aperture instrument.

A vidicon would record the intensity

fluctuations at the pupil plane (plane 7 in Figure 2.4).
We digitize data and calculate variance in real time.

Pre

cision of each measure is low, so that a 6- to 8-bit high
speed A/D converter can be used.

An auxiliary buffer of,

say, 256 by 256 points, would enable the stored variance
matrix to be read into a hardware fast Fourier transform
device.

A television monitor would then display the

modulus of the output.
We have seen that chromatic aberration is a limita
tion.

Cutter and Lohman (1974) and Wickes and Dicke (1974)

describe correctors to achromatize Michelson stellar inter
ferometers.

These are directly applicable to the spatial

structure analyzer discussed in this dissertation.

These

would enable a throughput advantage of a factor of nearly
100 over those considered in the earlier chapters of this
work.

The resulting increase in sensitivity might enable

the application of the SSA to problems of surveillance.
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The spatial structure analyzer could also be used
with a "light bucket" type of telescope for a quantitative
measure of diffraction limit information.

Recall that the

constraint for optical filter bandwidth is given by the
desired field of view and by the wave advance caused by the
defects in the optical path including those caused by
errors in the surface of the pupil.

Consequently, with a

narrow band interference filter, spatial information at the
diffraction limit of, say, a 10-meter telescope with 10
waves of pupil wavefront error is possible.
From Equation (2.32) we see that 25 waves of aberra
tion are compensated for diffraction limit imaging over a
field of view of 5 arc-seconds with an interference filter
of bandwidth 0.1 nanometers at 500 nanometers.

Use of a

circular grating or other achromatizing technique (c.f.,
Cutter and Lohman, 1974) would allow us to use an optical
interference filter of several hundred angstroms width.
Full diffraction limit information can therefore be obtained
from a very large poorly phased synthetic aperture tele
scope.
The coherence interferometer would be useful for
Schlieren photography or analysis of refractive-index
anomalies in gases and in transparent solids.

It would be

therefore useful for optical analysis of materials.

The

compact structure and ruggedness are a convenient feature.
One particular application is for a quantitative analysis
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of the seeing in the McMath Solar Telescope.

A real-time

display of the "ropes" and "knots" of phase in the tunnel
would be useful.

One could close a port, or a door, and

immediately observe the effect on the wavefront, without
subjective image plane analysis.
The coherence interferometer and spatial structure
analyzer system could be used for stellar spatial interferometry.

The inherent high contrast and high spatial

frequency of a stellar source gives high contrast fringes
to the edge of the pupil.

This instrument, with photo

electric read-out, would be ideal for analysis of star spots
on a Ori and a Sco.
One particularly useful tentative application of the
coherence interferometer is as a mixer for synthetic
aperture optics.
To obtain full advantage of the resolving power
potential of a synthetic aperture optical telescope it is
necessary that the individual elements comprising the
light-gathering element be phased or corrected for white
light.

That is, the optical path from each element to the

image plane must be the same.

A prism such as the coherence

interferometer placed beyond the system image plane,
monitoring the apparent fringe field across the pupil and
thus the synthetic aperture modulation transfer function,
would enable control of such phasing.
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An interesting aspect of the instrument involves its
interface with a grating spectrometer.

Under these condi

tions we use the interferometer in its one-dimensional
mode.

We mount the coherence interferometer prisms directly

in front of the spectrograph entrance slit.

The effect,

therefore, is to flip the wavefront from the top portion
onto that from the bottom and vice versa.

At the image

plane, then, a measure of irradiance along the direction
into which the spectrum is dispersed yields information on
the frequency' spectrum, and a measure of irradiance perpen
dicular to this direction provides information on the
spatial correlation along the slit (or rather the real part
of the mutual coherence function).
Other scientific applications include those in the
field of medicine, where a simultaneous analysis of spectro
photometry and distribution of solid, scattering particu
lates can be made.
Recently some research effort has been expended on
analysis of spatial coherence, and the study of the degree
of coherence of scattered light (Crosignani, DiPorto, and
Bertolotti, 1975).

The spatial structure analyzer provides

a convenient display of the two-dimensional, spatial mutual
coherence function necessary for the study of partially
coherent scattering.
Another area of potential application is the remote
sensing of the nature of water waves.

Observations of the
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surface of the ocean from an airplane, made of the frequency
content of the spatial texture of the light reflecting from
surface waves, may enable a quantitative measure of the
surface wind velocity vector.
Above, we have given only a few of the applications
for this type of instrumentation.

We anticipate this type

of instrument—a predetection spatial processor—will see
considerable application in the future.

APPENDIX A
ISOPLANATIC CONDITIONS
We analyze the conditions under which the optical
system shown in Figure 2.3 is isoplanatic.

If these

conditions are met, then the theory of linear systems is
applicable to model the propagation of electromagnetic
radiation from one plane in the system to another.
We consider two cases each of which is described
in Chapter 3 and each of which is used in Chapter 5 to
show that the instrument performs as predicted by theory.
We show that both cases satisfy the requirements for
isoplanacity.
Summary
Case 1—No Stop at Plane 3
We consider there to be no stop at plane 3 in
Figure 2.3, or rather that the stop at plane 3 is so large
that the limiting aperture is the lens at plane 4.
example of this situation for observation of stars.

An
A

star image is positioned slightly off axis at plane 3.
We find the following conditions necessary:
(1) the pupil image in plane 5 must satisfy the relationship
x5 << a4

(A.1)
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where a^ is the radius of the collimator pupil and x,. is the
radial extent of the image of the pupil at plane 5.
We use data from Chapters 3 and 5.
9 mm, and a^ = 25 mm.

We find x^(max) =

The maximum quadratic phase factor is

then TS/4 and the conditions for isoplanacity are met.
Case 2—Small (1 mm) aperture at plane 3
We show that the Fresnel pattern of plane 3. does not
fill the pupil in plane 4 and that the system is precisely
isoplanatic, with no phase curvature.
Analysis
We provide detailed analysis to substantiate the
conclusions that the system is isoplanatic for each of the
two cases discussed above.

For convenience we consider the

analysis in one dimension.'
We let the complex amplitude just in front of
plane 3 be
u^

2

= exp[-ikx3 /(2f 2)1 " exp[ikx^^/f

.

(A.2)

If we use
u3+

= P3(x3>u3~'

then, for a point
at plane 2,

away from the center of the aperture
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2
u. = exp[-ikx, /(2f4)] • I Pn
J
3 (yAx3'

• exp[+ik[-x32/(2f2)+x3x2/(f2)-*32/(2f4)+x3x4/f4]]dx3
and the complex amplitude distribution just to the right of
the lens at plane 4 is
u4

=

P4(x4) "

f

P3^x3^

• exp[+ik[-(x32/2)(l/f2+l/f4)+x3(x2/f2+x4/f4)]]dx3
(A.3)
Let 3 = k(x2/f2+x4/f4) and a = (k/2)(l/f2+l/f4)

(A.4)

Consider Case 1: The aperture at plane 3 is large, or there
is no aperture.

Then the complex amplitude distribution

just to the right of lens at plane 4 is, from Equation (A.3)
u4+ = / exp[-iax3 2+igx3]dx,

(A.5)

and rearranging this we find
u/ = exp[i(32/(4a)] • / exp[-i(ax2-0x^+B2/4a)]dx.
If we set
u = (/a x - b/(2/a)),
then
CO

u,+

= —
/a

exp[i$2/4a]

/ exp[-u2]du

(A.6)
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and
+

u4

=

/IT/ 2a"

r .

0Xp t~i7T/4 +

„ 2 4a
/ ]-

(A-7)

The term 3 2/(4a) is expressed in terms of the
variables in Equation (A.4) as
£
B /(4a) =

2(f2+f4)

(f^ X2

+

f
fj X4

+ 2x2X4) *

(A.8)

The complex amplitude distribution at plane 5, which is an
image of the pupil is found by propagating the complex
amplitude at plane u^+ as given in Equation (A.7), and
using (A.8) from the right side of the lens at plane 4 to
the plane 5.
We find that

u5~ =

u4+

'

exp lk[2i7

We take u^

4-

"

+

-i7"Idx4-

(A"9)

from Equation (A.3), and rewrite

Equation (A.9) to give
u5

-

2

= exp[-i k x 5 /(2Z 4 )] ' f P4(*4)

• exp ik[x22 f4/(2f2(f2+f4))+x4(x22/(f2"ff4^ '"x5'/z4^dx4*
(A.10)
From geometrical optics, the condition for forming
an image yields
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*2
f2 TT~
4

=

*5
~ z4 *

(A*11}

If we use Equation (A.11), and modify Equation
(A.10) by bringing the exponential that is in front of the
integral, inside the integral, we find
u5~ = f

?4(x4}

- 2
• exp ik[-(x5 2 -x
5 )/(2z4)+x4(x5-x5)/z4]dx4.

(A.12)

We now ask for those conditions under which Equation
CA.12) models a linear system.

We wish to identify those

conditions for which Equation (A.12) can be made to look
like
00

g2(x2) =

/ / g{£)h(x2-£)d£,

(A.13)

— 00

Comparing Equation (A.13) with Equation (A.12) we
identify
g(€) = P4(x4)

and
2

-

2

h(x2-U = exp ik[-(x5 -x5 )/(2z4) + x4(x5~x5)/z4]dx4.
We see that if we have a linear system and Equation
(A.13) is a valid model for Equation (A-12) then the
integral form shown in (A.12) is recognized as a Fourier
transform, evaluated at coordinates (x5~x^)/z4.
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Assume the diameter of p^(x^) to be

and that

p^(x^) is uniform over that diameter or uniform over the
interval -a^ < x4 < a^.

Under these conditions Equation

(A.12) can be written
ik
r
U^- = exp[-

TTd (x.-x )

, 2-X^
- 2..
(X
)] * sine
5

5

[

(A.14)

z4

The sine function is significant over the interval
0 < (x5~x5) < Az4/d4-

(A.15)

Over this range, the factor

2Z4

2
2
(x
K t- -xc ) =

~5

— 2x (x,--x
)
v

5 '

AZ4

5

5

5

(A.16)

has values between
2xc
0 <

_

IT (Y—-) *
A Z4

(X,-X )

5

5

x
a4

< 7T (——).

-

For isoplanatism, we require, (x^/a4) << 1,

(A.17)

so that the quadratic phase factor is constant over the
region where sinc{ ) is significant.
x,- is the coordinate of the image of the primary.
We now use parameters from the actual apparatus to see if
isoplanatism holds.
x5

We have

= ~(f4/f2) '

x

2

For the 1 . 5 meter McMath Solar Telescope, we have
f4 = 0.75 M and f^ ~ 86.5 M and find that
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f /f
4
2

= 0.0087.

For the Solar Vacuum Telescope we have

(A.18)
= 0.5 M

and f2 = 31.6 M and find that
f /f
4
2

= 0.0158.

(A.19)

For the 1.5 Meter aperture, therefore
x- = (.0087)(0.75) = 0.0065 M.

(A.20)

For the Solar Vacuum Telescope we have diameter =
0.6 Meters and
xc = (.0158)(0.6) = .0095 M.
D

(A.21)

The radius of the collimator of the spatial
structure analyzer for both situations is .025 M.
Using the result of Equation (A.20) in (A.17) we
find that
x5/a4 = .0065/.025 = 0.26 << 1
and using the result of Equation (A.21) in (A.17) we find
that
x5/a4 = .0095/.025 = 0.38 << 1.
Therefore for experiments which involve no stop at
plane 3, we can consider the optical system to be
isoplanatic.
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Consider Case 2: In this situation

is the

limiting aperture, and has a size of approximately 1 mm.
The complex amplitude distribution at plane 4 is given by
Equation (A.3), and the complex amplitude distribution at
plane 5 is found by propagating that for plane 4 by.
distance z^, or
U5

2

= exp[-ikx5 /(2Z 4 ) ]
u4+ exp[-ik((X42/2Z4) - (x5x4/z4))dx4

* /

(A.22)

P4

We now recognize that u4+ is the Fresnel diffraction
pattern of p3 for a source at

At the edge of the

aperture in plane 4, and beyond the amplitude of this field
is vanishingly small.

That is, in Equation (A.22), we can

replace the integral over the pupil p4 with an integral
over the space

to °°.

We use
*5

=

<-f4/f2)52

and Equation (A.3) to write Equation (A.22) as

U5

= exp[-ikx5 2/(2Z 4 ) ]

CO
/

dx3P3(x3)

— CO

,
exp[
00

f

lkX32

,1^1,
•* "
,
X5X3)
J" (f^ + fj' "

•1 2
ikx.
x,.
x_
e x p [ - — — + i k( — + • = — ) • x « ] • d x . .
4
4
4
4

(A.23)
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We can solve the integral over

in Equation

(A.23), by recognizing that it is of the form
CO

/

exp[-i(ax

2

- $x)]dx.

(A.24)

— oo

If we let u = /a x - S/(2/a), we find that
00

— exp{ig^/(4a))
/a

/

2

e

U

du

-oo

= /~ exp(-i7i/4) exp(iB2/(4a)).
If we use
z4 = (f2 + f4>

"

f4/f2'

which comes from geometrical optics, then Equation (A.23)
can be reduced to
u5 = / p3(x3) exp[ik(x5~x,-) • x^/f^J * dx3.

(A.25)

Equation (A.25) indicates that the isoplanatic point
spread function is precisely the Fourier Transform of p^.
For case 2, then the system is isoplanatic.

NOMENCLATURE
cartesian coordinates for object and image
plane. The specific plane is indicated by
subscript. Units are length.
cartesian coordinates for pupil and detector
plane. The specific plane is indicated by
subscript. Also, since there is a direct
relationship between pupil position and spatial
frequency, these coordinates are used for
spatial frequency.
£ n =
A = wavelength of light, f =
focal length.

Units are inverse length.

lateral magnification between two specified
planes. This parameter is dimensionless.
time.
2 ~ fcl anc^

refers to a time delay. If we
assume stationary statistics, T = t^ - t2 t2 - t]_.
t

transmissivity-amplitude.
reflectivity-amplitude.
mutual coherence function evaluated at
coordinates £,n. Units are irradiance. We
imply zero time delay. This function is called
mutual intensity by some authors.
diameter of hole at image plane (plane 3, in
Figure 2.3), Units are length.
diameter of telescope entrance aperture at the
pupil plane (plane 2 in Figure 2.3). Units are
length.
Airy disk diameter at pupil (plane 2 in Figure
2.3) caused by diffraction at the image plane
stop (plane 3 in Figure 2.3). Units are
length.
205
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a =

angular field of view, units of radians.

Ax =

light-time travel distance from the pupil edge
to its point symmetric image—see Section 2.2.3
titled Temporal Bandwidth. Units are length.

P(p) = (C(p;t))t = atmospheric phase structure function as
defined by Fried (1965). This is a dimensionless correlation function.
£(?,n;t) =

a random variable used to model phase retarda
tion in the atmosphere. Dimensionless.

Y(£,n;t) =

a random variable used to model amplitude
variations in the atmosphere. Dimensionless.

a2 =
^

the variance m time on those measures made of
the phase retardation variations in the earth's
atmosphere. It is a measure of the variance
of t,he random variable z;(£,n;t).

p

=

the spatial cross correlation function for the
phase retardation variations in the earth's
atmosphere. It is a measure of the spatial
cross correlation of the random variable
£(£ ,ri; t).

a2 =
Y

the variance in time on those measures made of
the amplitude' variations in the earth's
atmosphere. It is a measure of the variance
of the random variable Y(£*n;t).

p

the spatial cross correlation function for the
amplitude variations, or the random variable
y(5 n;t),

^

=
^

r

I, shown without arguments—information handling capability
of spatial structure analyzer, defined similar
to space-bandwidth product as the product
Np

N =
P
=

-

Nf.

number of airy disks across pupil caused by a
small hole located at the system image plane.
See Figure 2.3.
number of airy disks across image plane caused
by diffraction at the primary telescope
aperture or entrance pupil.

2C7
the focal length of the primary telescope
aperture or entrance pupil. This is the
distance between planes 2 and 3 in Figure 2.3.

23

f =

observed peak-to-peak amplitude of fringe
motion across the pupil. Units are dimensionless. Length, I, is obtained from Z — f\,
where A is wavelength.

A =

wavelength of monochromatic light.

A =

wavelength of quasimonochromatic light.

k =

2tt/A

I(x,y)

instantaneous image intensity.

O(x,y)

object intensity.

T(x,y)

instantaneous point-spread function of the
atmosphere/telescope system.
cophasal cell size, units of length.

Po =

p,8 =

cylindrical coordinates in pupil.

r,<J> =

cylindrical coordinates in image plane.
Operators
convolution

•

crosscorrelation
complex conjugate
Linear Systems Functions
I x-x I
< 1

1,
rect(

a

°) =

x-x
0,

i, r < a
circ(—) =
a

0, r > a

> 1
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comb(—) = .|a|
cl

E 6(x-na)

X-X

x-x
sinu(
sine C-^) =

—)
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