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5.5 Concluding remarî s on validation 204 

CHAPTER 6: APPLICATION OF THE LATTICE TYPE MODEL FOR THE 
STUDY OF INITIAL IMPERFECTIONS IN PARTICULATE MEDIA . . 206 

6.1 General 206 
6.2 Numerical tests and discussion of results 208 
6.3 Concluding remarics 214 

CHAPTER 7: CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE 
RESEARCH 216 

7.1 Conclusions 216 
7.2 Recommendations for future research 218 

APPENDIX -1 220 

A1.1 Displacements in an elastic disk 220 
A1.2 Method of integration 220 
A1.3 Method of superposition 224 



9 

A1.3.1 Displacements in a disk acted upon by loads along a chord 
226 

A1.4 Example problem and finite element analysis 229 

APPENDIX - 2: LATTICE MODELING OF PARTICULATE MEDIA WITH 
CENTROID NODE 233 

APPENDIX - 3: PUBLICATIONS FROM THIS RESEARCH 249 

REFERENCES 250 



LIST OF ILLUSTRATIONS 

10 

FIGURE PAGE 

FIGURE 1.1 Structure of a particulate material 21 

FIGURE 1.2 Disk assembly model of particulate medium 23 

FIGURE 2.1 Hertzian contact of two elastic bodies under a normal load . 29 

FIGURE 2.2 Modeling of disks in the discrete element method 34 

FIGURE 2.3 Calculation sequence in DEM 35 

FIGURE 2.4 Vector plot of contact forces from BALL program and photoelastic 
experiment 38 

FIGURE 2.5 Fabric measures of particles 45 

FIGURE 2.6 Frequency distribution of contact nomnais In simple shear tests 
46 

FIGURE 2.7 Vector plot of contact forces from photoelastic experiments 53 

FIGURE 2.8 Elastic network modeling of granular media 58 

FIGURE 3.1 (a) Particle an^ngement (b) Lattice type simulation 61 

FIGURE 3.2 Truss element 64 

FIGURE 3.3 Particle under contact forces 70 

FIGURE 3.4 (a) Disk under vertical load (b) Equivalent lattice 73 

FIGURE 3.5 Redistribution of additional shear forces 75 

FIGURE 3.6 Bonding and debonding of particles 76 

FIGURE 3.7 Single particle approach to particle kinematics 79 



11 

FIGURE PAGE 

FIGURE 3.8 (a) Loose packing under simple shear 
(b) Mechanism framework 80 

FIGURE 3.9 Loose and dense packings 85 

FIGURE 3.10 Flow chart of procedures in the lattice type model 86 

FIGURE 3.11 Deflection of top plate in simple shear test 88 

FIGURE 3.12 Particles separating from the main particle assembly 90 

FIGURE 3.13 Lattice type simulation with particle centroids 92 

FIGURE 4.1 Simulation of simple shear 96 

FIGURE 4.2 Stress for ideal simple shear 98 

FIGURE 4.3 Central core in (a) loose packing (b) dense packing 99 

FIGURE 4.4 General distribution of forces I, and Tj around surface S of 
volume V 100 

FIGURE 4.5 Principal stresses in a two dimensional element 102 

FIGURE 4.6a Shear stress ratios at contacts for loose packing at y = 0.001 % 
104 

FIGURE 4.6b Shear stress ratios at contacts for loose packing at y = 0.002% 
105 

FIGURE 4.6c Shear stress ratios at contacts for loose packing at y = 10% 
106 

FIGURE 4.6d Shear stress ratios at contacts for loose packing at y = 30% 
107 

FIGURE 4.7 Mechanism frameworks for loose packing at y = 0.002% 
(b)y = 30% 108 



12 

FIGURE PAGE 

FIGURE 4.8a Normal forces at contacts for loose packing under vertical load 
109 

FIGURE 4.8b Nomial forces at contacts for loose packing at y = 10% ..110 

FIGURE 4.8c Normal forces at contacts for loose packing at y = 30% ..111 

FIGURE 4.9a,b Vector plot of contact forces for loose packing under (a) vertical 
load (b) Y = 0.002% 113 

FIGURE 4.9c,d Vector plot of contact forces for loose packing at (a) y = 10% 
(b)y = 30% 114 

FIGURE 4.9e Vector plot of contact forces for loose packing at y = 50% 115 

FIGURE 4.10a Distribution of normal forces on the top and bottom boundaries 
for loose packing 119 

FIGURE 4.10b Distribution of shear forces on the top and bottom boundaries for 
loose packing 120 

FIGURE 4.11 Distribution of normal forces on vertical boundaries for loose 
packing 121 

FIGURE 4.12 (a), (b) Variation of shear stress ratios at bottom and volumetric 
strain for loose packing 123 

FIGURE 4.12 (c), (d)Variation of average shear stress ratio at bottom for loose 
packing under confining pressure 124 

FIGURE 4.13 Displacement fields for loose packing 127 

FIGURE 4.14 Mohr's circle of stress for loose packing 128 

FIGURE 4.15 Variation of 'f vs's' for loose packing 128 

FIGURE 4.16 Orientation of particles in the dense packing 132 

FIGURE 4.17a Shear stress ratios at contacts for dense packing under vertical 
load 133 



13 

FIGURE PAGE 

FIGURE 4.17b Shear stress ratios at contacts for dense packing at y = 0.01 % 
134 

FIGURE 4.17c Shear stress ratios at contacts for dense packing at y = 0.03% 
135 

FIGURE 4.17d Shear stress ratios at contacts for dense packing at y = 0.04% 
136 

FIGURE 4.17e Shear stress ratios at contacts for dense packing at y = 10% 
137 

FIGURE 4.18a Normal forces at contacts for dense packing under vertical load 
138 

FIGURE 4.18b Nornial forces at contacts for dense packing at y = 0.01 % 139 

FIGURE 4.18c Nornial forces at contacts for dense packing at y = 0.03% 140 

FIGURE 4.18d Normal forces at contacts for dense packing at y = 0.04% 141 

FIGURE 4.18e Nornial forces at contacts for dense packing at y = 10% . 142 

FIGURE 4.19 (a), (b) Mechanism frameworks for dense packing at 
(a) y = 0.04% (b) y = 1% 143 

FIGURE 4.19 (c), (d) Mechanism frameworks for dense packing at (a) y = 10% 
(b) y = 20% 144 

FIGURE 4.20 (a), (b) Vector plot of contact forces for dense packing (a) under 
vertical load (b) y = 0.01% 146 

FIGURE 4.20 (c), (d) Vector plot of contact forces for dense packing at 
(a) y = 0.03% (b) y = 0.04% 147 

FIGURE 4.20 (e), (f) Vector plot of contact forces for dense packing at 
(a) y = 5% (b) y = 10% 148 

FIGURE 4.20g Vector plot of contact forces for dense packing at y = 20% 149 



14 

FIGURE PAGE 

FIGURE 4.21a Distribution of nomrial forces on the top and bottom boundaries 
for dense packing 152 

FIGURE 4.21 b Distribution of shear forces on the top and bottom boundaries for 
dense packing 153 

FIGURE 4.22 Distribution of normal forces on vertical boundaries for dense 
packing 154 

FIGURE 4.23 Development of nomial stresses during simple shear test. 155 

FIGURE 4.24 Distribution of stresses in simple shear from elastic analysis 
156 

FIGURE 4.25 Displacement fields for dense packing 158 

FIGURE 4.26 Variation shear stress ratios at bottom and volumetric strain for 
dense packing 159 

FIGURE 4.27 Variation of shear stress ratios and void ratio for dense packing 
160 

FIGURE 4.28 Variation of normal and shear stresses for dense packing 167 

FIGURE 4.29 Mohr's circle of stress for dense packing 172 

FIGURE 4.30 Variation of't' vs's' for dense packing 172 

FIGURE 4.31 Variation of horizontal stress ratio for dense packing .... 174 

FIGURE 5.1 Load paths for loose packing under vertical load (a) LTM 
(b)DEM 178 

FIGURE 5.2 Load paths for loose packing at y = 0.002% (a) LTM (b) DEM 
179 

FIGURE 5.3 Load paths for loose packing at y = 0.05% (a) LTM (b) DEM . 
180 

FIGURE 5.4 Load paths for loose packing at y = 1% (a) LTM (b) DEM . 181 



15 

FIGURE PAGE 

FIGURE 5.5 Variation of average shear stress ratio at bottom for loose packing 
inDEMandLTM 184 

FIGURE 5.6 Variation of volumetric strain for loose packing in DEM and LTM 
184 

FIGURE 5.7 Load paths for dense packing under vertical load (a) LTM 
(b) DEM 186 

FIGURE 5.8 Load paths for dense packing at y = 0.01% (a) LTM (b) DEM 
187 

FIGURE 5.9 Load paths for dense packing at y = 0.04% (a) LTM (b) DEM 
188 

FIGURE 5.10 Load paths for dense packing at y = 1% (a) LTM (b) DEM 
189 

FIGURE 5.11 Variation of shear stress ratio at bottom for dense packing in DEM 
and LTM 193 

FIGURE 5.12 Variation of volumetric strain for dense packing in DEM and LTM 
193 

FIGURE 5.13 Variation of constraint ratio for dense packing 194 

FIGURE 5.14 Disk assemblies used in the photoelastic experiment ... 197 

FIGURE 5.15 Simple shear testing device used in the photoelastic experiment 
197 

FIGURE 5.16 Photoelastic image of the loose packing under vertical load 
199 

FIGURE 5.17a Photoelastic image of the loose packing at a shear strain of 7% 
200 

FIGURE 5.17 (b), (c) Photoelastic image of the loose packing at a shear strain 
of 7% 201 



16 

FIGURE PAGE 

FIGURE 5.18 Load paths for dense packing under vertical load from 
(a) Photoelastic experiment (b) LTM 201 

FIGURE 5.19a Photoelastic image of the dense packing at a shear strain of 3% 
203 

FIGURE 5.19b Load paths for dense packing at y = 3% from LTM 204 

FIGURE 6.1 Dense packings with initial imperfections 207 

FIGURE 6.2 Load paths for homogeneous assembly 209 

FIGURE 6.3 Load paths for heterogeneous assembly with 4% imperfections 
210 

FIGURE 6.4 Load paths for heterogeneous assembly with 25% imperfections 
211 

FIGURE 6.5 Variation of shear stress ratio for dense packings with initial 
imperfections 213 

FIGURE A1.1 State of stress in the two dimensional element of a continuum 
221 

FIGURE A1.2 Disk under a contact force 221 

FIGURE A1.3 Superposition of displacements 225 

FIGURE A1.4 Disk under load along a chord 226 

FIGURE A1.5 Disk under vertical and lateral loads 230 

FIGURE A1.6 Boundary conditions in finite element analysis 230 

FIGURE A2.1 Simulation of simple shear of a 12 disk assembly 233 

FIGURE A2.2 Shear stress ratios at contacts under vertical load 235 

FIGURE A2.3 Shear stress ratios at contacts at y = 0.001 235 



17 

FIGURE PAGE 

FIGURE A2.4 Shear stress ratios at y = 0.10 236 

FIGURE A2.5 Shear stress ratios at y = 0.20 236 

FIGURE A2.6 Shear stress ratios at y = 0.30 237 

FIGURE A2.7 Variation of shear force ratio with shear stinin at bottom platen 
237 

FIGURE A2.8 Shear stress ratios at y = 0.31 238 

FIGURE A2.9 Shear stress ratios at y = 0.35 by forcing vertical planes to 
remain as sliding planes 238 

FIGURE A2.10 Disk and lattice equivalent under contact forces 242 

FIGURE A2.11 Application of unit load in the lattice 242 

FIGURE A2.12a Normal forces at contacts at Y = 0.05 244 

FIGURE A2.12b Normal forces at contacts at Y = 0.30 244 

FIGURE A2.13a Shear forces at contacts at y = 0.05 245 

FIGURE A2.13b Shear forces at contacts at y = 0.30 245 

FIGURE A2.14 Unbalanced forces at the nodes in a 95 disk assembly 246 

FIGURE A2.15 Unbalanced forces on a particle at top boundary .... 247 



18 

LIST OF TABLES 

TABLE PAGE 

Table A1.1 Displacements of the loaded nodes 231 

Table A1.2 Displacements of the nodes at two third radius 231 

Table A1.3 Displacements of the nodes at one third radius 231 



ABSTRACT 
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This research is aimed at understanding the mechanical behavior of 

particuiate/granular media using the power of lattice based techniques. In the 

lattice type model, a particulate assembly is simulated as a lattice/truss network. 

Nodes are located at contacts between a particle and its neighbors/boundaries 

and are linked by bars to each other. Each particle is replaced by a lattice 

within its microstructure and particles interact through load transfer at nodes. 

Constraints are prescribed at the nodes of the lattice to simulate active, 

deactivated, and reactivated contacts. An assembly of particles is thus 

transformed into a lattice/truss and is analyzed using standard methods of 

structural mechanics under appropriate boundary conditions. When a particulate 

assembly develops into a mechanism (deformation with zero incremental load), 

further deformation is simulated through a framework that describes the 

kinematics of the particles (sliding, rolling and rotation of particles). This 

framework is formed by introducing nodes at the particle centroids and linking 

them with bars. Bars linking particles with a non-sliding contact are assigned 

large stiffnesses relative to bars linking particles with a sliding contact. 

Numerical tests are conducted on two dimensional assemblies of disks, arranged 

as very loose and very dense packings under simple shear loading conditions. 

The results concord with the results of numerical tests conducted using the 



20 

discrete element method at low strain levels and with photoelastic experiments 

upto large shear strain levels. The model is applied to study the effects of initial 

imperfections caused by particles with low elastic modulus. A dense assembly 

of disks, with 25% of the particles having an elastic modulus 1/100th of the 

elastic modulus of the remaining particles, resulted in a decrease of 67% for the 

shear modulus of the whole assembly. The lattice type model is conceptually 

simple but has some powerful features that can account for initial particle 

imperfections, anisotropy, and particle crushing. 
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CHAPTER 1 

INTRODUCTION 

1.1 Particulate materials 

A particulate material may be defined as one composed of mutually 

contacting solid particles or structural units within a liquid and/or a gaseous 

phase and which exhibit dilatancy, contractancy and sensitivity to applied 

stresses. The description of a particle as "solid" or "grain" is relative. A "solid 

particle" is that part of the skeleton which moves as a single unit during a 

mechanical loading process. Thus a grain may be defined as an assemblage 

of elementary particles. The structure of a particulate material is schematically 

shown in Fig. 1.1. 

Fig. 1.1 Structure of a Particulate material 
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The grains of a particulate material are typically in mutual contact. The 

existence of the mutual contact restricts the freedom or autonomy of motion of 

the individual grains and thus conditions the strength and the rigidity of a 

particulate material. The strength and rigidity depend on the number and 

strength of the contact bonds which are themselves a function of the size, 

shape, roughness, relative position and strength of the grains, and of the nature 

of interaction between the grains (Feda, 1982). The most significant feature of 

particulate materials is that their deformation is brought about by mutual sliding 

of the grains (intergranular deformation), in contrast to the deformation of the 

individual grains (intragranular defonnation) typical of continuous media. Thus, 

the continuum theories which do not account for the microstructural effects have 

limitations in their application to the study of particulate materials. This has led 

to the development of models for particulate media which incorporates the 

microstructural effects and particle level interactions. 

1.2 Mechanics of particulate materials 

In a structural approach to the mechanics of particulate materials, the 

particles can be idealized to a set of elastic spheres in mutual contact. Much 

of the research on the behavior of a set of elastic spheres under a load is based 

on Hertz's solution (Johnson, 1985) for two defomriable elastic bodies in contact. 

Hertz's theory of nomrial contacts was extended by Mindlin (1949) to include the 

effect of tangential forces at the contacts. The Hertz-Mlndlin theory of contacts 
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provides a foundation for research into the mechanical behavior of particulate 

media. 

The uncertainties regarding interior stresses in samples of sand led to the 

development of models for granular media that are geometrically simpler than 

sand. These models consist of assemblies of disks (Fig. 1.2) or spheres and 

may be analytical, physical or numerical. 

Fig. 1.2 Disk assembly model of Particulate medium 

Experimental difficulties and limitations of tiie analytical approaches which 

will be discussed in the next chapter have encouraged the development of 

numerical techniques. Cundall and Strack (1979a) developed a powerful 

numerical technique called the Discrete Element Method (DEM), wherein an 

assembly of rigid disks are linked by normal and tangential springs at contacts 
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and the problem is treated as a dynamical one. Kishino (1988) modified this 

method for the analysis of statical behavior of granular materials and called it as 

Disk Model Analysis (DMA). Expressions for elastic constants (Bathurst and 

Rothensburg, 1988), constitutive relationships (Chang and Misra, 1989) and 

structure of shear bands (Bardet and Proubet, 1991) have been investigated for 

particulate materials using various concepts/techniques incorporating the effects 

of micro-structural properties. 

1.3 Statement of the problem 

Recently, there has been a growing interest among physicists and 

engineers (Krajcinovic and Basista, 1991; Adiey and Sadd, 1992; Dai and 

Frantziskonis, 1994; Frantziskonis et al., 1994) to study the behavior of materials 

through a lattice-type network. The mechanical behavior of particulate materials, 

composed of granular and/or fibrous microstructures, is inherently involved with 

the transmission of loads along discrete paths within the material (AdIey and 

Sadd, 1992). Based on the fact that granular materials transmit loads only 

through contacts, such materials have been modelled with network theories 

(Trollope and Bumnan, 1980). It is this network like pattern of load distribution 

in a particulate material in the form of a lattice that has led to the proposed 

development of the lattice type model for particulate media in this research. 

Oda (1972) studied the effects of initial fabrics (packing structure) and 

their relations on the mechanical properties of granular materials. The fabric of 
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a granular material is quantified by several measures such as the axial ratios of 

particles, orientation of contact normals and orientation of branch vectors 

(Konishi and Naruse, 1988). The lattice type model would very well incorporate 

the effects of fabric, as the lattice is evolved by linking the particle contacts. An 

attractive feature of the lattice type model would be the modelling of particles 

within their micro-structures as different from the modelling of contacts in the 

current numerical approach, DEM. Thus the lattice type model would be a 

conceptually simple model incorporating several features of particulate media 

such as particle shapes, particle interactions, particle kinematics, particle 

material properties, effects of load paths etc., and is expected to reveal 

significant aspects of particulate material behavior. 

1.4 Objective of this research 

The objective of this research is to determine whether a lattice type 

simulation can lead to significant insights into the mechanical behavior of 

particulate media and thus result in a better understanding of its behavior. 

1.5 Scope of this research 

• Develop the mathematical concepts of a lattice type model (LTM) for 

particulate media. 

• Develop a computer program for the numerical implementation of the 

concepts formulating the lattice type model. 
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• Conduct numerical tests on two dimensional assembly of disks using the 

LTM and interpret the failure mechanisms in particulate media. 

• Evaluate and interpret the physical quantities related to the overall 

constitutive response or macro-mechanical behavior of particulate media 

from the micro-structural properties. 

• Compare the results from LTM with results of (a) existing laboratory tests 

on granular materials (b) numerical tests using the discrete element 

method (c) photoelastic experiments. 

• Apply the LTM for the study of initial imperfections in particulate media 

due to particles of low elastic moduli. 

1.6 Organization of dissertation 

The introduction and background presented in this chapter provides an 

overall view of the contents of this dissertation. Chapter 2 presents a review of 

the current research undertaken to understand the mechanical behavior of 

particulate media. The subjects reviewed are continuum theories, Hertz-Mindlin 

contact theory, disk model analysis of particulate media, discrete element 

method (DEM), numerical tests using DEM, experiments on photoelastic disks 

and assemblies of rods, concept of fabric in granular media, micro-structural 

continuum theories and lattice modelling related to the mechanics of solids. 

In Chapter 3, the mathematical concepts related to the lattice type model 

and the numerical implementation of the concepts using a computer program are 
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explained. Chapter 4 deals with nunnerical tests on 2-D particulate packings 

using the lattice type model and the discussion of the results. Chapter 4 also 

includes a qualitative comparison of the numerical test results with existing 

laboratory test results on granular materials, evaluation of physical quantities 

related to macro-mechanical behavior of particulate media and an explanation 

of the failure mechanisms in particulate media. 

in Chapter 5, the results of the lattice type model are compared 

quantitatively with the results of numerical tests conducted using DEM and 

photoelastic experiments. The lattice type model is applied in the study of initial 

imperfections in particulate media and the results of this study are presented 

and discussed in Chapter 6. The dissertation is concluded In Chapter 7, listing 

out the conclusions of this research and recommendations for future research. 



28 

CHAPTER 2 

LITERATURE REVIEW 

2.1 Continuum theories 

Continuum theories constitute the eariiest attempts in the modeling of the 

loading response of particulate/granular materials. In such macroscopic theories, 

constitutive relationships are derived from the analysis of experimentally 

detemnined stress-strain response of granular materials. The prediction of loading 

response requires (1) a theoretical model that exhibits the major features of the 

material response and (2) the quantitative determination of material parameters 

which characterize the model. 

The most commonly used continuum theories can be broadly classified 

under two categories as; (1) deformation theory and (2) plasticity theory. 

Deformation theory implies the existence of a relatively simple relationship 

between the stress and strain tensors. The hyperbolic soil model of Duncan and 

Chang (1970) is an example of a model which uses deformation theory. The 

model is based on a generalization of Hooke's law for isotropic behavior and it 

cannot model anisotropic responses, shear dilatancy and postpeak strain 

softening. Limitations of the deformation theory led to the development of a 

number of plasticity-based models. The most widely used of these models is the 

Incremental theory of plasticity in which the total strain increment is expressed as 

the sum of the elastic and plastic strain increments. 
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A major limitation of the continuum theories when applied to granular 

materials is that no account is taken of the effects of micro-structural properties 

and particle level interactions. This led to the development of models based on 

micro-mechanical behavior of particles for which the basis is the contact theories 

of Hertz (1882) and Mindlin (1949). 

2.2 Hertz-Mindlin theory of contacts 

The relative movement of two deformable elastic bodies in contact resulting 

from normal force was studied by Hertz (1882). When two elastic bodies are 

pressed together with a normal force, 'N' (Fig. 2.1), a small circular surface is 

N 

N 

Fig. 2.1 Hertzian contact of two elastic bodies under a normal load 'N' 

developed with a radius called contact radius. Hertz derived expressions for the 

contact radius (a), the nonnal displacement (6„) and the normal stiffness (K^) as 
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(2.1) 

(2.2) 

1- V 

2Ga 
(2.3) 

where R is the radius of the sphere, v is the Poisson's ratio and G is the shear 

modulus of the elastic bodies in contact. 

Mindlin (1949) included the effect of tangential forces at the contact and 

found that they induce a deformation in the form of a slip over a part of the contact 

surface. When the tangential force exceeds the frictional strength at the contact, 

sliding takes place. Based on Mindlin's (1949) results, the relative tangential 

displacement and the tangential contact stiffness are given by 

where |j is the coefficient of friction at the contact, T is the tangential force at the 

contact, 6^ is the tangential displacement at the contact and is the tangential 

(2.4) 

T 
(2 .5 )  
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stiffness at the contact. 

The expressions for normal stiffness and tangential stiffness derived by 

Hertz and Mindlin provided the basis for research into the micro-mechanical 

behavior of particulate media. 

2.3 Disk model analysis of particulate media 

The mechanical behavior of particulate media, composed of a random 

packing of grains of various sizes, has been studied by geometrically simple 

models consisting of assemblies of disks or spheres. The outcome of such 

research has led to a better understanding of the behavior of particulate media and 

to the establishment of new concepts or models for direct application in practice. 

The solution technique for these models can be analytical, physical or numerical. 

The analytical approach is to derive closed form solutions. The physical approach 

is to conduct laboratory experiments. The numerical approach is to conduct 

numerical tests through numerical computations, based on certain mathematical 

concepts, using computer programs. 

An analytical model for cubic arrays of spheres of uniform size was 

proposed by Deresiewicz (1958) which predicted a non-linear and hysteretic 

sti-ess-stî in behavior. Ultimate failure was also accommodated in the fomiulation. 

This analytic approach, however, was restricted to cubic/hexagonal arrays of 

spheres and the spheres were uniform in size. 

Experiments on assemblies of optically sensitive disks has led to the direct 
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measurement of contact forces and displacements of individual particles. Forces 

at contacts have been obtained from the birefringent-effect In polarized light and 

displacements were found by comparison of photographs made at various stages 

of the experiment. This method originates ft-om the wori< of Dantu (1957) and 

Wakabayashi (1957) and was applied by De Josselin De Jong and Verruijt (1969), 

Drescher and De Josselin De Jong (1972) and Oda and Konishi (1974). Some 

limitations of the experimental techniques are; (1) the material of the disks should 

be optically sensitive (2) the disks do not adequately represent real particulate 

media. 

With the advent of powerful computers, numerical techniques have become 

the most widely used approach for modeling assemblies of disks and spheres. In 

a numerical test, any physical quantity such as stress, strain, particle 

displacements and packing structure at various stages of the test can be stored 

numerically and can be visualized using computer graphics. The flexibility of 

numerical modeling extends to loading configurations, particle sizes, size 

distributions and physical properties of the particles. 

Serrano and Rodriguez-Ortiz (1973) developed a numerical model for 

assemblies of disks and spheres. Hertzian-type contact compliances were used 

for nomrial forces, the effects of tangential forces were considered according to the 

theories of Mindlin and Deresiewicz (1953), and shape changes were negligible. 

The numerical model was based on matricial relationships between contact forces, 

particle displacements and the boundary forces or displacements. A stiffness 



matrix was constructed that takes into account the geometrical anrangement of 

particles and the current stiffness at each contact. Inverting the matrix resulted in 

the computation of incremental displacements from the last known forces with an 

iteration procedure to deal with slip at contacts. Only one contact was allowed to 

slip at a time and It was necessary to reform the stiffness matrix when new 

contacts were established or contacts separated. A major limitation of the 

approach was the large computational time required In solving the equations even 

for a very small number (100) of particles. This led to the development of discrete 

element method (DEM), In which the particles were treated as discrete elements 

and the solution technique was at particle level through an iterative process. 

2.4 Discrete Element Method 

Cundall and Strack (1979a) developed a numerical technique called the 

distinct element method using a time marching scheme, based on the idea that 

time step can be chosen small enough such that during a single time step, 

disturbances cannot propagate from any disk further tiian its Immediate neighbors. 

This method has been successfully applied to the study of granular media and this 

method is referred to as discrete element method (DEM). The method is based 

on the Hertz-Mindlin contact theories and Newton's second law of motion. The 

elastic behavior of a disk Is replaced by the action of springs attached virtually at 

the contact points in the nomrial and tangential directions, and the disk itself is 

displaced and rotated rigidly (Fig. 2.2). Disks can overiap each other and only at 
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Normal Tangential 
spring 

Rigid 
disc 

Fig. 2.2 Modeling of disks in the Discrete Element Method 

that time a contact force is produced between them. The boundary can be either 

strain-controlled or stress-controlled and the interaction between a boundary 

element and a disk is specified in a similar way as the interaction between disks. 

The DEM was implemented using a computer program called BALL and was used 

to perform numerical tests on two-dimensional assemblies of disks under a variety 

of boundary conditions. 

The BALL program uses an explicit time-marching scheme to track the 

motion of individual particles with the motion of each being governed by 

consen/ation of momentum. The sequence of calculations In the BALL program 

is shown in Fig. 2.3. The principles Involved in the calculations can be explained 

with respect to two particles x and y in contact at point C (Fig. 2.3). Two unit 

vectors e,- and tj are defined as pointing from the center of disk x to the center of 



35 

e. = iVi-x^D = (cosa, sina) 

tf = (sina, -cosa) 

Particle 
Center 

(*1. *2) 

(/v Yz) 

Translational 
Velocity 

*/ 

// 

Rotation 
Rate 

0x 

1 

(0 

u 
(0 
c 
o u 
n 

1. 

2. 

3. 

4. 

L<-5. 

6. 

(0 

u 
r 
(0 
a 

15 
o 

1. 

2. 

3. 

4. 

5. 

-^-6. 

-> FORCE-DISPLACEMENT LAW 

Relative velocities: Xf = (x,. - + 6/?^)^,-

h  =  X iB i ,  s  =  X j  t i  

Relative displalcements: Ln = h At, As = s £it 

Contact force increments: AF„ = k„ An, AF^ = k. As n n ' s s 

Total forces: F„ = F"'^ + AF. Fs = Fr - AF, 

= min(F, , F„ tan(J> + c) 

My = 1 Fy Ry 

Check for slip: 

Calculate moment: 

EQUATIONS OF MOTION 

Assume force & moment constant over At: f'''̂ ) 

Acceleration: x" = 1 F^ / m , Q" = 1 M /1 

Velocity: = x"'^ + ix")At, = e"'^ + (0^^ 

Assume velocities constant over At: ( t "  to 

Displacements: x"*^ = x" + (x"*'^)At 

Rotation: 0"^"' = 8" + (0" '̂̂ ^ 

INCREMENT TIME- 4 
I—t 

!>•/ 
time 

Fig 2.3 Calculation sequence in DEM (Strack and Cundall, 1978) 



disk y and rotated 90° clockwise respectively. The relative velocities of the 

particle contacts are expressed as the components of the linear and angular 

velocities of the contacting particles. The normal and shear components of these 

velocities may then be calculated as the projections of in the appropriate 

directions of e,. and tj respectively. The velocities are assumed constant over a 

time step/increment At Thus, the incremental displacements are obtained by time 

integration. The nonnal and shear stiffnesses Ar„ and are then used to obtain 

the incremental normal and shear components of the contact forces. These are 

tiien added to the previous values to obtain total normal and shear forces with the 

constraint that the shear force is limited to a fraction of the normal force (tanOJ 

plus a constant cohesion. This sequence of calculations is performed for each 

contact prior to the application of the motion equations for any particle. Since all 

forces are known at every contact point, translational and rotational accelerations 

are calculated through a difference approximation to Newton's second law. 

Time refers to time step t = 0, time t" refers to time t = n At and time 

*n*1/2 
' refers to time t = n At + At/2. The moments and forces are assumed to be 

constant from time so that the velocities centered at time are 

obtained by integrating the accelerations over At and incrementing the previous 

values. A second integration yields the new position and rotation centered at f*"*. 

The time step is taken to be small enough so that the particles are unaffected by 

motions more than one diameter away. The new total velocities will then be used 

to calculate the accelerations at time t"*'' after the force-displacement relations 
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have again been applied to the contacts. As interparticle overlaps change, 

contacts are deleted and new ones are added and consequently the changes in 

fabric occum'ng in granular media are captured. 

Cundall and Strack (1979b) modified the BALL program for the modeling of 

particles in three dimensions giving it a new name called TRUBAL. The computer 

program BALL and the numerical tests conducted using it are elaborately 

described in Strack and Cundall (1978) and Cundall and Strack (1979b). Several 

aspects of particulate material behavior have been investigated using BALL, 

TRUBAL and later modifications of the original program and concepts by many 

researchers, which are briefly reviewed in the next section. 

2.5 Review of numerical experiments 

Cundall and Strack (1979a) perfomied numerical biaxial tests on two-

dimensional assemblies of disks using the DEM and validated the potential of the 

technique by qualitatively comparing the contact force vector plots (Fig. 2.4) with 

the results of experiments on photoelastic disks by De Josselin Oe Jong and 

Verruijt (1969). Cundall and Strack (1979c) performed numerical simple shear test 

on a two-dimensional assembly of cylinders similar to that performed 

experimentally by Oda and Konishi (1974). Even though the packing arrangement 

in the numerical test was different from the experiment, the total number of 

particles and the size distribution of the particles (ratio of number of particles of 

different sizes) used in the numerical test were same as in the experiment. The 
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(a) BALL program (b) Photoelastic experiment 

Fig. 2.4 Vector plot of contact forces from BALL program and 
photoelastic experiment of De Josselin Oe Jong and Verruijt (1969) 

good agreement of the plots of the total shear force and volumetric strain versus 

shear strain between the numerical test and the experiment led to the validation 

of DEM quantitatively. Thus, the method was established as a powerful tool for 

developing constitutive laws for idealized granular materials. 

The mechanisms obsen/ed in the deformation and failure of granular media 

was explained by Cundall et al. (1982) as follows. The forces in a granular media 

are transmitted through 'chains' of particles and not in a uniform way. Between the 

chains, particles may carry little or no load. Sliding contacts are almost never 

observed between particles comprising the major force chains. The total number 

of contacts in a sample is found to decrease when the sample is loaded 

deviatorically. The contact deletions occur mainly for contacts with contact 

normals in the direction of minor principal strain. The microscopic obsen/ations in 
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the numerical tests showed that a granular assembly consisted of two phases; 

Phase A, made up of stiff columns which behaves like a pin-jointed structure that 

dissipates no energy and imposes local defomnation patterns on Phase B particles. 

Phase B acts like a truly plastic material that dissipates energy at many contacts 

and serves as a restraint on Phase A. 

Based on the observations from the numerical tests, Cundall and Strack 

(1983) introduced a measure called constraint ratio (CR) expressed in terms of the 

number of particles (P), number of contacts (C) and the fraction of sliding contacts 

(S) (number of sliding contacts divided by the number of contacts) as 

CR = ^ - ^) (2.6) 
3/V 

The constraint ratio was used to interpret the structural stability of granular 

materials. If CR > 1, the system was found to be over constrained or statically 

indeterminate and the assembly was found to have a positive resistance to 

defomnation. If CR < 1, there were more degrees of freedom than constraints and 

defomiation was found to take place for zero or negative increment in loading. If 

CR = 1, the granular assembly was found to have reached a condition of limiting 

stress and at this stage the assembly was found to develop a "mechanism" and 

deformation occurred in a particular mode with no increase in stress. 

Cundall (1988) presented results from several numerical experiments on 

dense sphere assemblies in three dimensions using TRUBAL and established 



good comparison with the results of physical experiments described by Ishibashi 

and Chen (1988). The nature of localization in firictional materials was investigated 

by Cundall (1989) using two methods; (1) a continuum calculation with a strain-

hardening constitutive model and (2) using the discrete element method. It was 

shown that continuum calculations done with random spatial distributions of 

physical properties can give rise to localization in the strain-hardening regime and 

that localized shear band decreases in thickness as shearing proceeds. The shear 

band was characterized by dilatation, reduction in the parallel stress component, 

and average particle spins that deviated significantly from the rotation of the bulk 

material. Cundall et al. (1989) performed compression/extension shear tests by 

applying strain rates to a three dimensional granular assembly and evaluated 

incremental elastic moduli during loading and unloading using the discrete element 

method. This was done with an emphasis on the variation of elastic wave speeds 

as the sample is loaded and unloaded. The elastic moduli were evaluated in three 

orthogonal directions at various stages of loading and unloading. It was suggested 

that the elastic moduli which is a P-wave measurement could be used as a 

sensitive measure of strain-induced anisotropy. The histograms of normal 

component of contact forces showed that force distributions were heavily biased 

towards the low values and it was established that theories which assume 

symmetrical distributions of contact forces about the mean may not be correct. 

Kishino (1988) developed a numerical method called Disk Model Analysis 

(DMA) for the statical behavior of granular materials. Unlike the DEM which treats 



the problem as a dynamical one, the DMA uses a contact stiffness matrix for the 

equilibrium of the disks and hence is more suitable for the static deformation of 

granular materials. The DMA considers a fixing vector defined as a vector which 

consists of the force and moment required for fixing a disk at its center and is 

calculated in temns of the contact forces applied at its contact points and the body 

force at the center of gravity. The contact stiffness matrix is defined as a set of 

additional fixing vectors required to give unit movements of a disk while the 

neighboring disks were fixed. To attain the equilibrium state of the disk assembly, 

each disk is displaced and rotated iteratively according to the contact stiffness 

matrix defined from the locations of neighboring disks. The DMA was used to 

perform biaxial tests on disk assemblies. The constitutive properties were 

evaluated and changes in fabric (packing structure) were evolved. However, a 

comparison of the results between the DEM and DMA was not presented. 

Thornton and Sun (1993) performed numerical axisymmetric compression 

tests on dense and loose systems of three dimensional polydisperse systems of 

spheres using the DEM. The objective of the study was to evaluate the effects of 

initial density and coefficient of interparticle fiction on the evolution of various 

micromechanical parameters. It was observed that both the maximum and 

ultimate angles of internal shearing resistance increased when the interparticle 

friction was increased. It was noted that the rate of dilation is significantly affected 

by the magnitude of the interparticle friction (p). The larger the value of p, the 

higher is the rate of dilation, particulariy for the loose granular assemblies. The 



results of numerical simulations were compared with the laboratory axisymmetric 

compression tests on well-rounded glass ballotini, sub-rounded Welland river sand 

and angular crushed glass perfonned by Parikh (1967). The mobilized angle of 

shearing resistance (sin for a dense assembly of glass ballotini with a 0.3 

was obtained as 0.48 and was comparable to the sin 0^ = 0.45 obtained from 

numerical simulation. Numerical test results for dense assembly with a |j= 0.6 

gave a sin 0^ = 0.51. Results reported by Parikh (1967) on Welland river sand 

was in the range of 0.56 < sin <t>^ < 0.68 and that reported by Bishop (1973) 

on Ham river sand was in the range of 0.54 < sinO^ < 0.68. The numerical 

simulation predicts a much lower value for sin (t>^ as compared with laboratory 

test results and it was established that such a high difference was due to the 

angularity of the particles in the laboratory test. Thus, it was concluded that if the 

numerical simulations were to represent sand, it is necessary to model non-

spherical particles and that merely increasing the coefficient of interparticle friction 

was not sufficient. 

Rothensburg and Bathurst (1992) presented results of numerical biaxial 

tests of dense 2D assemblies of elliptical particles. The objective of the tests was 

to study the effects of varying the aspect ratio {A,. = larger dimension/shorter 

dimension of ellipse) of the elliptical particles and it was shown that the shear 

strength was a function of particle shape. The interparticle friction was maintained 

constant at a value of p = 0.5 for all the test simulations. For 1.0 < < 1.353. 

the mobilized angle of internal shear resistance for the assembly Increased with 
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aspect ratio in the range of 26.5° to 42°. This work also demonstrated the 

importance of modeling non-spherical particles in the computer simulations of 

granular media. 

Bardet and Proubet (1991a) developed a numerical technique based on 

adaptative dynamic relaxation (ADR) for the mechanics of granular materials. This 

method was pursued as it was more computationally efficient than the DEM and 

it enhanced the rate of convergence and accuracy. A granular assembly was 

idealized as disks linked by normal and tangential springs at contacts (Fig. 2.2) 

and the Hertz-Mindlin contact theory was assumed for the force-displacement law. 

The equilibrium of the disks was accomplished through the ADR technique as 

different from the Newton's second law in DEM. Only the numerical tests earned 

out with the ADR technique is reviewed here and the reader may refer to Bardet 

and Proubet (1991a) for a detailed review of the principles and procedures 

involved in the ADR technique. 

Bardet and Proubet (1991b) investigated the structure of persistent shear 

bands in granular materials by numerically simulating an idealized two-dimensional 

assembly of particles. Numerical biaxial test was performed on an assembly of 

2000 disks with two rigid boundaries in the major principal stress direction and two 

flexible boundaries in the minor principal stress direction. The numerical test was 

intended to simulate the mbber membranes of the triaxial tests in contrast to 

periodic boundaries used in the numerical test of Cundall (1989). The residual 

fiiction angle (O^) for the granular assembly was obtained as 14° with particles of 
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interparticle friction angle of 26.5°. The displacennent fields at various stages of 

axial strains indicated the fomation of two shear bands with an inclination of 52° 

and 38° with horizontal. With the progress of deformation, only the shear band 

inclined at 52° persisted. This was consistent with the Mohr-Coulomb theory 

which predicts the failure plane at an angle of 45+0/2 = 45+14/2 = 52°. The 

volumetric strain, void ratio, displacements and rotations of particles, rotations of 

their neighborhoods, and contact orientations were also examined inside the shear 

band. The conclusions were that shear band width reduces with axial strain and 

the active contacts are oriented mainly in the direction of the shear band. The 

number of these contacts per particle is minimal and that the rotation of particles, 

the gradient of their rotation and the rotations of their neighborhoods are 

concentrated inside the shear bands. 

Computer simulations using DEM and other methods have been very 

powerful techniques to understand the mechanics of granular materials. The 

numerical simulations which incorporate the microstructural effects have helped 

in understanding the stress-strain response, volume change behavior, 

development of failure mechanisms, evaluation of physical quantities related to the 

macro-mechanical behavior, stress and strain induced anisotropy, formation and 

persistence of shear bands, and the behavior of granular assemblies in various 

stress paths. A limitation of the computer simulations on disk/sphere assemblies 

is that they do not incorporate irregulariy shaped particles and particle fracture and 

thus only a limited capability exists to highlight and visualize specific 



microstructural events which may control the macroscopic response. 
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2.6 Concept of fabric in granular media 

Fabric of granular material means spatial arrangement of solid particles and 

associated voids (Oda, 1972a) or, in short, the packing structure. Oda (1972a, 

1972b, 1972c) perfomned a series of triaxial tests on granular materials of various 

packing structures and presented the concept of fabric in his paper "Significance 

of fabric in granular mechanics" (Oda, 1978). Oda explained the fabric by two 

concepts; (a) orientation (b) packing. The orientation of the particles was defined 

by a term called axial ratio (Fig. 2.5a) while the packing was based on the branch 

n+ 

axial ratio = ^ 

(a) Orientation of a 
particle 

f>ii 
Of 

(b) Branch vector and 
contact normal 

Fig. 2.5 Fabric measures of particles 
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vector and contact normal (Fig. 2.5b). 

Branch vector is defined as the vector from the centroid of particles to the 

contact point Contact normal is the direction of the normal to the contact surface 

when two particles are pressed by a contact force and the direction of this is 

obtained by drawing a nomial to the angle bisector of the branch vectors AC and 

BC (Rg. 2.5b). Quantifying orientation, branch vectors and contact normals of the 

particles in a granular material in terms of averages, standard deviation and 

probability density functions are elaborately dealt in Oda (1978). One of the 

methods to analyze the changes in fabric of a granular material is to construct 

plots of the distribution of contact normals in various directions in the four 

quadrants of an XY coordinate system (Fig. 2.6). The shift in the direction of the 

(a) Vertical load (b) Simple shear 

Fig. 2.6 Frequency distribution of contact normals in 
simple shear test (Oda and Konishi, 1974) 

distribution of contact nomrials during a loading process indicates the shift in the 

direction of the principal stress in a granular material as shown in Fig. 2.6. 



The effect of initial fabric on mobilized strength, dilatancy rate and secant 

deformation modulus on the results of triaxial tests were presented by Oda 

(1972a). Based on the experimental results, Oda (1972b and 1972c) derived 

expressions for the mobilized stress ratio, and dilatancy rate in terms of the fabric 

measures. In order to represent the distribution of contact normals as a 

continuous function, Oda et al. (1982) introduced a fabric tensor as a function of 

the number of contacts and the XY components of the branch vectors and contact 

normals. 

Thornton and Bames (1986) perfomned numerical tests using the DEM on 

a dense assembly of 1000 disks using the DEM. Two types of tests were done; 

a biaxial constant mean stress test and a constant volume test. The objective of 

these tests was to study the induced structural anisotropy during the defomiation 

of granular assemblies. The anisotropy of a granular assembly is defined by the 

distribution of contact nonnals in the four quadrants of an XY coordinate system 

(e.g.. Fig. 2.6). If the distribution was random and could be approximated by a 

uniform distribution, then the structure was in effect isotropic. Anisotropy was 

indicated by a non-uniform distribution. It was shown that even though the two 

tests were subjected to different strain histories, the degree of induced structural 

anisotropy evolved in an identical manner. Also a Fourier series expression was 

derived for a probability density function to express the observed discrete 

distributions of contact nonnals (e.g.. Fig. 2.6) as a continuous distribution. 

Nemat-Nasser and Mehrabadi (1983 and 1984) derived constitutive 
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relationships based on fabric measures. As an alternative to the fabric measures 

in terms of the contact normals, Konishi and Naruse (1988) derived an expression 

for a tenm called void tensor in temns of the size, shape and orientation of local 

voids. An effort to verify the fabric-stress relations through experiments was 

earned out by Subhash et al. (1991). Simple shear tests were conducted on a two-

dimensional assembly of oval cross-sectional rods. The components of the fabric 

tensor were measured over one cycle of shearing. The orientations of the principal 

axes of all commonly used fabric tensors were observed to change sharply with 

the reversal of the shearing direction. 

Unlike the continuum models, the fabric based relationships which is an 

analytical approach, incorporated the effects of microstructural quantities through 

the fabric measures. Relationships have been evolved for the various physical 

quantities related to the macro-mechanical behavior of particulate media in terms 

of the initial fabric measures. These relationships require the data consisting of 

particle geometry, number of contacts, number of particles, and contact 

orientations during various stages of deformation of a particulate medium. These 

data are to be obtained through experimental photographs. Thus, the fabric based 

relationships are capable of predicting the constitutive behavior only with the 

knowledge of the above data from experimental photographs. This led to the 

development of microstructural continuum theories reviewed in the next section 

which incorporate not only the various fabric measures but also the ability to 

predict fabric changes and the micromotions of the individual particles. 
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2.7 Microstructural Continuum theory 

Microstructural continuum theory (Bathurst and Rothensburg, 1988; Chang 

and Misra, 1989a,b) is an analytical approach and is implemented using computer 

codes through incremental loading. In this theory, the micromotions of the 

particles are expressed as linear or higher order functions of the coordinates of the 

centroid of particles and the macroscopic strain is simulated according to the type 

of deformation (biaxial, simple shear, etc.). The theory incorporates the terms 

related to the microstructural properties and also the tenns related to packing 

structure such as contact nonnal, branch vector etc. The microstructural 

continuum theory was pursued as the computational time required was less than 

that taken by the computer simulation methods such as DEM and DMA. 

Botii the microstructural continuum theory and the DEM idealize a granular 

assembly as an assembly of rigid disks/spheres linked by nonnal and tangential 

springs at contacts (Fig. 2.2). The difference between ttie two approaches is In the 

transmission of boundary disturbances to the internal particles. In the DEM, the 

boundary displacements/forces are tî nsferred to the neighboring particles one by 

one and the particles are brought to equilibrium through an iterative process. In 

the micro-structural continuum method, the particle displacements within a 

particulate assembly are assumed to be a polynomial function of the macroscopic 

strain applied at the boundary and the particle coordinates. Thus, the macroscopic 

strains are related to particle displacements which in turn are related to the 

displacements of the contacts. The contact displacements are obtained from the 
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components of the relative displacements of the particles, as the particles are 

assumed to be rigid. The contact displacements are related to the contact forces 

through the Hertz-Mindlin contact theory which in tum are related to the 

macroscopic stress through Hill's (1963) averaging principle described in Chapter 

4. Thus, a constitutive relationship is established between the macroscopic stress 

and macroscopic strain as a function of the microstructural properties and packing 

structure. The packing structure is also updated at the end of an incremental 

defomiation according to the particle locations and the loss and gain of contacts. 

Bathurst and Rothensburg (1988) derived explicit expressions for elastic 

constants in terms of microstructure and verified the expressions with the results 

from numerical tests using DEM. In their study, the micromotions of particles were 

incorporated. However, the contacts were assumed to be indestructible (no 

debonding) and thus the evolution of packing structure with deformation was not 

considered. 

Chang and Misra (1989a) evolved stress-strain relationships for regular 

cubical and hexagonal packings of disks based on microstructural continuum 

theory and obtained good comparison with laboratory biaxial tests at very low 

strains of = 0.00015. Chang and Misra (1989b) developed a constitutive 

relationship assuming a linear displacement field for the particles. In this model, 

the evolution of packing structure for a random assembly of particles during a 

deformation was also included. The results from the model had good agreement 

with the numerical tests conducted using the numerical model of Sen^ano and 
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Rodriguez-Ortiz (1973) at low strain levels of = 0.0005 in biaxial tests on 

assemblies of rods. Constitutive relationships incorporating second order 

polynomial functions for particle displacements and rotations can be found in 

Chang and Uao (1990), Chang (1990), Chang and Misra (1990) and Misra (1990). 

An experimental effort to provide data to relate the macroscopic strain to the 

micromotions of the particles was camed out by Gill (1993) on granular materials 

under uniaxial strain. The conclusion was that the displacement fields are not 

directly proportional to applied macroscopic strain as assumed by the 

microstructural continuum theories. Strain in the immediate vicinity of the loading 

cap was found to be greater than the applied macroscopic strain with other regions 

of the specimen generally experiencing strain levels less than the applied 

macroscopic strain. Gill (1993) observed that displacements within a 

neighboriiood of grains are non-uniform and obeys an exponential distribution and 

proposed a theory based on the diffusion equation. However, no theoretical 

relationships were derived for the micromotions of particles based on the diffusion 

theory. The experimental study established the fact that displacement fields are 

not directly proportional to the macroscopic strain, a fundamental assumption in 

the microstmctural continuum theories. 

2.8 Experiments using photoelasticity 

A testing technique for the direct determination of contact forces was 

proposed by Dantu (1957) and Wakabayashi (1957) using photoelastically 
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sensitive disks and was implemented by De Josselin De Jong and Vemjijt (1969) 

by conducting biaxial tests on photoelastically sensitive disks. Orescher and De 

Josselin de Jong (1972) performed a series of shear tests on a triangular assembly 

of particles in order to verify De Josselin De Jong's double sliding free-rotating 

model. From the photoelastically measured contact forces, the average stress and 

strain tensors in the interior of the assembly were determined using Hill's (1963) 

Averaging Prindple. Thus, the theoretical relationships of the model were verified. 

The infomnation extracted from these tests was used to confinm the main features 

of the model such as the sub-division of the assembly into sliding elements, a 

possible non-coaxiality of stress and strain rate tensors and a free rotation of the 

elements. A sample contact force vector plot from the photoelastic test is 

reproduced in Fig. 2.7. This figure shows stress-free zones of particles enclosed 

by column like load paths or chains of particles with large contact forces. 

Oda and Konishi (1974) perfomned simple shear tests on an assembly of 

photoelastic disks. From the microscopic observations and ttie contact force plots, 

some experimental facts were obtained and these facts were used in proposing a 

granular model for sand. The main conclusion was that the normals on the contact 

planes tend to concentrate toward the maximum principal stress axis during the 

increase of shear force and the tendency of concentration is determined by the 

intensity of mobilized shear stress ratio. This concentration has an important 

bearing on the mechanism of strain hardening of the granular material. 

Konishi et al. (1982a) performed biaxial tests on 2D assemblies of 
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photoeiastic oval cross-sectional rods. Some of the important observations were; 

Fig. 2.7 Vector plot of contact forces from Photoeiastic experiment 
(Drescher and De Josselin De Jong' 1972) 

(1) Even when the initial fabric of the granular material and the applied stress are 

coaxial, contact nomrials tend to concentrate in the orientation close to the major 

principal stress direction. (2) During defomriation up to the peak stress, new 

contacts with normals close to the major principal stress direction are formed, while 

many contacts vi/ith initial orientations close to the minor principal stress direction 

disappear. These observations from the above photoeiastic tests were used to 

verify the failure mechanisms in the numerical tests, of Cundall et al. (1982) and 

Cundall and Strack (1983), using the DEM. 
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The dynamic behavior of granular media was studied by Shukia and 

Damania (1987) using photoelastic techniques. The wave propagation and 

dynamic load transfer were quantified using photoelastic images of 1D and 2D 

assemblies of drcular disks subjected to an explosive load on a disk at the center 

of the top of the assemblies. Experiments revealed that the wave propagation and 

dynamic load transfer phenomenon depends on the disk diameter and the 

obliqueness and flexibility of the load transfer paths. It was shown that for 20 

wave propagation, the load transfer paths and the magnitude of contact forces 

depend on the angles made by the contact normals. 

Recently, Paikowsky et al. (1993) combined photoelastic techniques and 

image processing for the analysis of interparticle contact force analysis in 

assemblies of photoelastic disks. Combining the two techniques led to a more 

efficient and accurate determination of the magnitude and orientation of the contact 

forces. Dragoo (1995) also combined photoelasti'city and image processing for the 

analysis of simple shear behavior of granular assemblies, the results of which will 

be reported in Chapter 5. 

2.9 Lattice model 

A lattice approach coupled with a statistical analysis has been used by 

physicists to study the failure of brittle materials (eg. Hennann and Roux, 1990). 

Historically, first application of lattices to stiuctural problems is credited to Hrenikoff 

(1941). In the lattice approach in which a material is simulated by a system of 



bars/links, was undertaken from the fact that a lattice represents a physically 

justified and computationally efficient approximation of a continuum. Great 

advantages of the lattices was that the analyses of dilution processes (sequential 

removal of links) and the determination of the influence of the disorder (introduced 

by a random spatial distribution of the link parameters) are computationally not 

very demanding (Hermann and Roux, 1990). The important features of lattices 

are: (a) ability to consider more complex states of stresses and strains and (b) 

efficiency in providing estimates of the influence of stress concentrations and 

spatial correlations of defects on the macro-response of the system. 

Krajcinovic and Silva (1982) used a parallel bar model to study the failure 

of a perfectly brittle material subjected to tension. In this approach, the material 

was replaced by a system of parallel bars of identical stiffnesses connected to 

hinges at one end and to a very rigid member at the other end. All bars were 

assumed to be perfectly elastic and an initial disorder was introduced by assuming 

the rupture strengths of the individual links to follow a probability distribution 

function. The elongation of the system was then expressed as a function of the 

applied force, and a parameter called "damage" (ratio between the number of 

ruptured bars and the total number of bars). The extent of damage in turn was a 

function of tile mpture stî engtii distribution and the applied force. This model was 

useful in predicting the behavior of certain classes of brittle ceramics reinforced 

witii continuous fibers and long cortical bones. A limitation of this model was that 

it ignores the stress fluctuations and defect interaction and this led to the 
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development of models consisting of triangular lattices (Hansen at al. 1989). Thus, 

the emphasis of physicists in using lattices was for the study of disorder in 

materials through statistical methods (Krajcinovic and Basista, 1991). 

The interests of engineers have been to evolve continuum like models for 

materials with lattice-like microstructure or to use lattices for the analysis of 

continuum. The relationship between a continuum and a gridwori< of discrete 

elements was first examined in some eariy work by Hrennikoff (1941) and later by 

Newmark (1949) which involved analyzing a continuum by replacing it with an 

equivalent elastic gridwori<. The reverse possibility of replacing a large repetitive 

gridwork with an equivalent continuum was studied by Kollar et al. (1985), Dow et 

al. (1985) and Noor and Russell (1986). These studies presented methods to 

simplify certain calculations for large space trusses and space frames. Recently 

Dai and Frantziskonis (1994) used the lattice approach to model a brittle material 

tiirough the data obtained from ultrasonic scanning. The data was used to assign 

failure stress and stiffness for each bar in the discretized members of the lattice. 

The lattice model predicted crack pattems similar to the ones observed in 

experiments. The lattice approach was used by Frantziskonis et al. (1994) to study 

the fiber-matrix interface in composite materials and the results were used to 

obtain quantitative infomiation on the mechanical properties of the fiber-matrix 

interface. 

A lattice approach called discrete stiffness model (DSM) was developed by 

Trollope and Burman (1980) to study the mechanics of granular media. The model 



was originally developed for the movement of blocks of rocks and was later 

extended for granular media. The lattice arrangement was formed by linking the 

particle centroids as nodes with bars having a joint element between the nodes 

and at the contact point. The details of the lattice model and joint element are 

elaborately dealt in Burman (1974) and are not reviewed here as this would involve 

extensive explanation for a proper understanding of the approach. 

The discrete stiffness model was applied on granular wedges to assess the 

stress distribution and stability of the slopes under gravity load. The study was 

chosen on granular wedges as they have direct relevance to practical structures 

such as earth and rock-fill dams, road and rail embankments, etc. The nomnal 

stress distribution on the bottom boundary from the model had good agreement 

with experimental observations. The DSM was used to study the variation of 

normal and shear stresses at the base of granular wedges and the displacement 

pattems due to vertical settlements of the wedges simulated by downward 

displacements. The main conclusion of the study was that the displacement 

pattems do not reflect the internal stress distribution. The study suggested that 

interpretation of displacement monitoring of earth and rock structures requires 

careful evaluation. In the DSM, the contacts were considered to be indestructible 

(no debonding) and thus evolution of the packing structure was not considered and 

the study was confined to granular wedges under gravity load. 

Following an approach similar to DSM, Boardman (1990) and Sadd et al. 

(1992) studied the wave propagation in granular media. The lattice was formed 
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U.V- displacements 
0- rotation 

Finite Element (Bar) 

Disk 1 

(a) Basic element of the elastic network 

Kn - normal stiffness 
Kt - tangential stiffness 
C.Ta - radii of particles 

Ktif 

Ktri 

(b) Disk equilibrium for (c) Disk equilibrium for 
normal forces tangential forces 

Fig. 2.8 Elastic network modeling of granular media 

(Sadd etal, 1992) 



by linking particle centroids and elements were modeled as 1-D dynamic bar 

elements with lumped mass at the end nodal points (Fig. 2.8a). The element 

possessed both normal and tangential stiffness and damping coefficients whose 

numerical values were obtained from dynamic photoelastic experiments. A 

modified bar element incorporating the contact characteristics was used (Fig. 2.8). 

In this method, there was no joint element as in DSM. The degree of freedom at 

a node consisted of the normal and tangential displacements and a rotation 

(rotation of particles). The stiffness matrix was constituted from the nornial 

stiffness {K„), tangential stiffness (K^ and the radii of the particles (Figs. 2.8b and 

2.8c). 

The finite element model was applied on 1D and 2D assemblies of disks 

made of Homalite-100 subjected to a dynamic load on a disk at the top of the 

assemblies. The resulting wave speed and the magnitude and orientation of the 

contact forces obtained from the lattice model had good agreement (10-20% 

accurate) with the results fi'om photoelastic experiments. However, the application 

of the lattice model was limited to small defomiations and thus loss and gain of 

contacts due to fabric changes were not considered. 

In particulate materials, loads are transmitted along discrete paths within the 

material through particle contacts. The dispersion of loads within the material can 

be envisioned to be through a networî  formed by linking the particle contacts. It 

is this networic pattem of load distribution within a particulate material that gave 

rise to the idea of lattice type simulation of particulate materials presented in this 



research. The lattice simulation is carried out by linking the particle contacts as 

different from the lattice approaches of Troiiope and Bunnan (1980) and Sadd et 

al. (1992) in which the lattice was formed by linking the particle centroids. Thus, 

the lattice type model in this research attempts to model a particle itself as a lattice 

within the microstructure of the particle. 
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CHAPTER 3 

FORMULATION OF THE LATTICE TYPE MODEL 
FOR PARTICULATE MEDIA 

3.1 Model Formulation 

3.1.1 General 

In the lattice type simulation of a two-dimensional assembly of particles, the 

assembly is transformed into a network of bars representing the load path within 

the particles (Fig. 3.1). Nodes are introduced at particle contacts and are linked 

by bars. A contact node on a particle is linked to every other contact node 

Particle (typ) Bar (typ) 

Node (ty 

Fig. 3.1 (a) Particle an^ngement (b) Lattice type simulation 

on that particle with bars resulting in a truss. If the number of contacts around a 

particle is less than four, then bondless nodes are introduced around the particle, 
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so as to have a minimum of four nodes forming the lattice for the particle. This is 

necessary because, during the deformation process, the trajectory of the centroid 

of a particle is traced fi'om the displacements of the centroid of the polygon formed 

by linking the contacts around that particle. Particles of irregular shape can be 

approximated to disks of circular/elliptical cross-sections or mapped using the 

theory of morphology (Luerkens, 1991). However, this is not pursued at this stage 

of the research. 

The elastic modulus of the bars within a particle is assumed to be equal to 

the elastic modulus of the particle. The lengths of the bars depend on the 

geometry of the particles and the location of the contacts. Since the bar areas are 

dependent on the bar forces which are not known initially, tiie initial cross-sectional 

areas of ail the bars in the lattice are set equal to unity. A major challenge in the 

lattice type model (LTM) is how to detemnine the bar areas which is described in 

a later section. With these parameters (lengths, areas and elastic moduli), the 

truss is analyzed for a given load under appropriate boundary conditions using the 

"standard" goveming equation (3.1) in structural mechanics: 

[K] {0} = {R} (3.1) 

where [K] is the global stiffness matrix of the tmss, {D} is the displacement vector 

comprised of the displacements of the nodes of the tiuss in the X and Y coordinate 

directions and {R} is the global load vector comprised of the loads acting at the 

nodes of the truss in X and Y directions. [K] is a square matrix of size "2Nx2N" 

where 'N' is the total number of nodes in the truss structure and {D} and {R} are 
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column vectors of size "2Nx1". The above equation is solved for the unknown 

displacement vector. 

3.1.2 Formulation of Global stiffness matrix 

The lattice type model (LTM) is a global technique which simulates the 

assembly of particles in a particulate medium as a truss structure. Therefore, the 

first step in the computational process is to evaluate the global stiffness matrix [K]. 

The global structure stiffness matiix [K] Is generated by taking the sum of element 

stiffness matrices of the truss (bar) elements using 

n»l 

[K] = Y, W (3-2) 
n=1 

where [k] is the element stiffness matrix and "nel" is the total number of elements 

in the truss structure. The element stiffness matrix [k] for a truss element is a 

function of the elastic modulus, length and area of cross-section of the bar element 

and also the sines and cosines of the angle made by the orientation of the bar with 

the positive direction of X-axis (Fig. 3.2a). 

Consider a bar element of length 'L' and cross-sectional area 'A' shown in 

Fig. 3.2a witii a back node 'i' and fore node 'j' and which makes an angle p with the 

positive direction of X-axis. Let the elastic modulus of the material of the bar be 

'E'. The input data for the analysis are the X and Y coordinates of the nodes of the 

bar T and 'j'- The matrix [k] is generated by computing the length and the sines 



and cosines of p from Equations (3.3) and (3.4) respectively. 
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fV. V 

u 

(a) arbitrarily oriented (b) after imposed displacement 
in the xy plane u,^0. v,=u, = vj = o 

Fig. 3.2 Truss element 

L = I(Xy - xf + iYj - (3.3) 

s = = c = cosp-iî  (3.4) 

The degrees of freedom in a truss are the X and Y displacements of the 

nodes. The displacements along the degrees of freedom for the bar in Fig. 3.2 are 

denoted by u,. v,- at node 'i' and Uj, Vj at node 'j'- The elements of the matrix [k] 

are generated by assembling the column vectors (matrices) obtained by imposing 

a displacement in the direction of each degree of freedom (d.o.f) while other 
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degrees of freedon are set at zero. The first of these four cases is shown in Fig. 

3.2b in which a displacennent is imposed at node T in the X-direction. This 

displacement induces an axial shortening equal to cu-, of the bar element which in 

turn produces an axial compressive force 'P given by 

The X and y components of F at nodes 'i' and 'j' are given by p, = -py = Fc and 

Qf = -qj = Fs. These force components p,, Pj, q,, qj are grouped as a column 

vector and is called the load vector for the bar element. When the expression for 

'F* in Equation (3.5) is substituted in the expressions for p,., Pj, q^, q^, there is a 

common factor (AE/L) Uf. Taking this common factor out of the expressions for 

P/> Py. Qi> qj, the load vector is expressed in a matricial form as 

In a similar manner, displacements can be imposed along the other degrees of 

freedom as Vj, Uj and Vj and equations similar to Equation (3.6) can be obtained 

for each of these degrees of freedom. Superimposing the four equations for the 

four degrees of freedom, Equation (3.7) is obtained, which represents the element 

F = (AE/L)ci/, (3.5) 

Pi 

Pi 
(3.6) 

-cs 
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level equation for a bar subjected to imposed displacements of Uj, at node T 

and Uj, Vj at node 'j'-

cs -c^ -cs Pi 

AE ^ cs s^ -cs -s^ 
* 1 • — < 

L -c^ -cs cs "j Pj 

-cs -s2 cs s^ 

(3.7) 

The term AE/L multiplied by the square matrix in Equation (3.7) is referred to as 

the element stiffness matrix [k]. Representing the vector comprised of the 

displacement componets as the displacement vector {d} and the load vector at 

element level as {r}, Equation (3.7) is rewritten as Equation (3.8) which is called the 

equilibrium equation of the element. 

[k] {d} = {r} (3.8) 

Summation of the element stiffness matrices [k] results in the global stiffness 

matrix [K] given by Equation (3.2). 

3.1.3 Formulation of Global load vector 

There are three types of loads imposed on a truss structure and each of 

these is incorporated in the global load vector {R} by different computational 

procedures. The three types of imposed loads in a truss are 

(1) prescribed nodal loads 

(2) prescribed nodal displacements 
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(3) prescribed internal initial axial forces in the bars. 

In the previous section, it was shown through Equation (3.7) that if the 

displacements are prescribed, then the resulting forces at the ends of the bar to 

keep it in equilibrium can be detemnined. Contrary to this, if the loads are 

prescribed, then the displacements can be determined. Unlike the case of a single 

bar element, in a global truss structure, the displacement or a load at a node will 

have global influence. The computational procedures used to include the effects 

of the above loading types are explained here. The elements in the global load 

vector {R} corresponding to node 'j' are denoted as R (2y-1) and R {2j), which 

represents the loads in the X and Y directions respectively. The elements of the 

load vector {R} are initially set to zero and then assembled to include the effects 

of the three types of loads. 

Let and Pj be the prescribed nodal loads in a truss at a node 'j' in the 

X and Y directions. Then the effects of these are included in the load vector {R} 

by adding the loads to the components of the load vector algebraically as 

R (2y-1) = R (2y-1) + and R i2j) = R (Zj) + P^. 

The second loading condition of prescribed nodal displacements is 

incorporated in the load vector by first modifying the load vector and then the 

stiffness matrix. The reader may refer to Cook (1981) for details additional to the 

ones presented here. Consider a stipulated displacement '5' at a node 'j' in a truss 

in the X-direction, whose d.o.f number is denoted as n = (2j -1). The effect of this 

is included in the load vector by modifying the load vector {R} through Equation 
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(3.9) for every element R(i) of the load vector, with T ranging from 1 to 2N, where 

N is the total number of nodes in the truss. 

Rii) = R(i) - Kii.n) 5 (3.9) 

After modifying the load vector for all the prescribed nodal displacements, the load 

vector is again modified by setting the elements of the load vector equal to the 

prescribed displacements only for the d.o.f where displacements are prescribed. 

Therefore, for the above example, the load vector is modified as R(n) = 6. After 

the above two procedures, the stiffness matrix is modified by setting K(n,n) = 1 and 

all the other elements of the row 'n' and column 'n' of [K] equal to zero. 

The effect of initial internal forces in the bars of a truss are incorporated in 

the load vector {R} by adding the components of the forces at the two ends of the 

bars to the components of {R} corresponding to the nodes. An internal force 'F' in 

a bar shown in Fig. 3.2 exerts a force of p, = -pj = Fc and q-, = -QJ = Fs which 

is expressed in a matricial form as Equation (3.10). 

Pi -Fc 

^1 -Fs 
• = < 

PJ Fc 

Fs 

Then, the elements of the load vector {R} are modified as 



R(2/-1) Pi 

Ri2i) 
• = ^ 

R{2i) 
» a. < 

% 
Ri2M) Ri2H) Pj 

Ri2j) . 

3.1.4 Computation of Axial forces 

After evolving the global stiffness matrix and the global load vector, the next 

step is the solution of Equation (3.1) which results in the displacement vector {D}. 

The solution is earned out using the Gaussian elimination method. From the 

displacement of the nodes, the components of the load acting at the two ends of 

a bar element are computed using Equation (3.7). From these components, the 

p. 
axial force in a bar 'k' is computed as = — . 

c 

3.1.5 Normal force, Shear force and Shear force ratio 

The direction of the resultant force vector from the lattice within a particle 

at a contact node represents the load path/contact force on that particle and this 

is detemriined by taking the vector sum of the axial forces in the bars. When two 

particles are pressed together with a contact force, a contact surface develops and 

the contact nomnal is defined as the direction normal to the contact surface (Fig. 

2.5b). For two particles of circular cross-sections, the contact nomial is the 

direction linking the centroids of the two particles in contact (Fig. 3.3). The contact 

force can be resolved into two components in the direction of contact nomnal 

(normal forces) and in the direction tangential to tiie contact normal (shear forces). 

The normal force and shear force at a contact node are computed by taking 
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the algebraic sum of the components of the axial forces in the bars in the direction 

of the contact nomrial and tangential to the contact normal (Fig. 3.3) and are given 

by 

N, = EFjSinSj 
y=i 

n-1 

Si = E COS0^ 
/=1 

Contact normal 

Shear force 
Normal force 

Resultant forces 
at contact nodes 

Fig. 3.3 Particle under contact forces 

where Nj - normal force at the contact node 'i'; S,. = shear force at the contact 

node 'i': Fy = axial force in bar 'j'; 0y = angle made by bar 'j' with the shear force 

direction at the contact node T; n = number of contacts around a particle. Shear 

(3.12) 

(3.13) 

P, 
3 0.0,-

P, 



force ratio at a contact node 'i' denoted by is the ratio of the absolute value of 

the shear force divided by the normal force and is given by 

Since the contact area for the computation of the contact shear stress and 

contact normal stress are the same, the shear stress ratio defined as the shear 

stress divided by the nomial stress is equal to the shear force ratio. Therefore, the 

shear force ratios will also be referred to as shear stress ratios. 

3.1.6 Cross-sectional areas of bars 

The area of a bar is found by computing the displacements of an elastic disk 

under contact forces and then determining the bar area that will give an equivalent 

displacement in the direction of the bar. Therefore the cross-sectional areas of the 

bars are dependent on the contact forces which are in tum dependent on the axial 

forces in the bars. Thus the cross-sectional areas of the bars are updated at the 

end of each load increment based on the new contact forces around the particles. 

In this research, only particles with circular cross-sections are considered and thus 

only tiie metiiod to compute the displacements in a circular disk is explained here. 

However, the method can be extended to particles of elliptical or other shaped 

cross-sections. 

The displacements of the contact nodes In a disk acted upon by a set of 



contact forces (Fig. 3.3) are computed from the solution for stresses derived by 

Michell (1900) (see Appendix-1). The displacements of the contacts are resolved 

in the direction of each bar and the relative displacements in the direction of each 

bar are computed. The bar areas are then updated using 

Fit-, 
Ar = (3.15) 
' ^-5/ 

where Aj = cross-sectional area of bar 'j': Fj - axial force in the bar; Lj = length 

of the ban Ej = Elastic modulus of the bar and 6j = relative displacement of the 

nodes of bar 'j' in the direction of bar 'j*. 

The initial bar areas of the lattice (Fig. 3.1b) to simulate a particulate 

assembly (Fig. 3.1a) under an initially applied boundary load is determined 

through an iterative procedure as follows. The areas of all bars are set to unity 

and then the initial boundary load is applied to the lattice. A truss analysis is 

earned out to find the axial forces in the bars. From the axial forces, the contact 

forces are found as described in the previous section. The displacements at the 

contacts are then found and the area for each bar is calculated from equation 

(3.15). An iterative procedure then follows with the boundary load reapplied with 

the new bar areas. The truss is reanalyzed, the bars areas updated and the 

process repeated until the bar areas converge to their actual values. 

The loads in a particulate material flow through contacts between particles 

pressed together by compressive forces. Thus the load flow between contacts 
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in a particle shown in Fig. 3.3 is through compressive stresses within the 

particle. In the simulation using the LTM, a bar can develop a very small 

tensile force when load flow between two contacts is ceased. Under such 

condition, the axial force in that bar is set to zero and the unbalanced forces are 

redistributed through an initial load analysis. The area of the bar is then 

reduced to a low value (it was found that 10"® times the maximum cross-

sectional area of the maximum bar area within the lattice was an appropriate 

reduction factor) so that no load transfer takes place along the direction of this 

bar. The acronym "lowarea" is used to denote this reduced area. 

As an example of a lattice type simulation, consider a circular disk (Fig. 3.4) 

under a diametrically opposite load and restrained by lateral supports. The vertical 

P P 

C 

R 

P P 

(a) (b)  

Fig. 3.4 (a) Disk under vertical load (b) Equivalent lattice 



displacement at A can be found using the expressions for displacements in 

Appendix - 1. Let be the horizontal displacement at D (away from the 

centroid) due to the vertical load, if there were no lateral supports. The effect of 

the lateral load 'R' from the roller supports is to produce a horizontal displacement 

at D, 6^0, equal in magnitude toS^^ and towards the centroid of the disk. The 

expression forS^o (obtained from Appendix -1) will be a function of the lateral 

support reaction 'R'. By setting 6^^ equal to 'R' can be found. By 

considering the force equilibrium equations at A and D, the bar forces can be 

evaluated. Resolving the displacement of A in the direction of bars AC and AD, 

the deformations of these bars can be evaluated. Then the equivalent bar areas 

can be computed from Equation (3.15). 

3.1.7 Redistribution of additional shear forces 

If the shear stress ratio at a contact node exceeds the coefficient of friction 

of the material (p), the additional shear force is redistributed to the other contacts 

by applying an equal and opposite shear force at the contact as shown in Fig. 3.5 

and given by 

LSi = (Fi - M) Ni (3.16) 

where AS,- is the additional shear force at the contact node 'i', is the shear stress 

ratio and Nj is the normal force. 

Every bar has two nodes referred to as fore node and back node. When an 

additional shear force is redistributed at a contact node, then the contact node is 
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Hinge 

Back 
node(typ) 

AS, 

Fig. 3.5 Redistribution of additional shear forces 

designated as fore node and the other node as the back node for all the bars 

linked to the contact node. The additional shear force is applied at the contact 

node and resolved into the bars as axial forces relative to the stiffnesses of the 

bars and assuming the back nodes of the bars as hinged (Fig. 3.5). These axial 

forces are applied as initial axial loads in the bars and an initial load analysis is 

carried out. Thus, the shear stress ratios at the contacts which exceeded 'p' are 

reduced. The additional shear forces are redistributed at all the nodes where the 

shear stress ratios exceed '|j' in a single analysis. Also, when additional shear 

forces are redistributed at one contact node, it may increase the shear stress ratios 

at neighboring nodes which are above 'p'- Due to the above reasons, an iterative 

process is required to bring down the shear stress ratios at the contact nodes 

which exceeded 'p' to 'p'. 
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3.1.8 Bonding and debonding of contacts 

Contacts vtfhich are compressed with nomial forces are termed as active or 

bonded contacts. When the normal force at a contact becomes zero, the contact 

is deactivated or debonded and the contact is split into two nodes (debonding). 

Constraints are imposed to check for, possible rebonding of contacts, based on the 

particle geometry, location of the centroids of particles and the equations 

(relationship between X and Y coordinates) of the imaginary plates representing 

the boundaries of the particulate assemblies. An example of the bonding and 

debonding can be shown with respect to the boundaries in a simple shear 

apparatus shown in Fig. 3.6. 

Y 

Particle (typ) 

Particle "M" 

A 

Fig. 3.6 Bonding and Debonding of Particles 
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Consider the particle 'M' of radius 'R' in the particulate assembly in Fig. 3.6 

subjected to a shear strain y. In order to check whether the particle 'M' is in 

contact with the boundary AD, the following procedures are followed. 

(1) Derive the equation of line AD 

(2) Draw a perpendicular from the centroid of particle to line AD 

(3) Detemiine the perpendicular distance GH as 'D'. 

(4) If D < (R + Ax) then the contact at H is rebonded and if D > (R + Ax) then the 

contact is debonded, where Ax is a tolerance equal to 0.0001 mm. 

The centroid of the particle 'M' is located at (x., , y^). The slope of the line 

AD is, sp = tan (90 - tan'V). Therefore the equation of AD is y = sp x. Since 

the product of the slopes of two perpendicular lines is equal to -1, the slope of GH 

1 1 is -— from which the equation of line GH can be written as y x + ct, 
sp sp 

where 'cf is a constant. Since (x, , y,) is a point in GH, y^ = x, + ct from 
sp 

1 
which the constant 'ct' can be obtained as cf = — x. + y,. 

sp 

In order to determine the perpendicular distance 'D', the point of intersection 

'H' at (Xg , yj) is to be detemiined. Since (Xj , yj) is a point on line GH and also 

on line AD, the point (Xj , y2) can be substituted in the equations for lines AD and 

GH, derived above, and the two equations can be solved for Xj, yj. This process 

(x, + sp y.) 
gives Xj = — ^ and yj = sp X2. The length of line GH denoted as 'D' is 

(1 + sp2) 
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then determined as D = + (/i - This value of D' is checked for 

the criterion in step (4). Similar procedures are followed for the right, top and 

bottom boundaries. 

When nodes split, the bar areas of the bars linked to the split nodes are set 

equal to "lowarea". The nodes are renumbered before each analysis in order to 

obtain a minimum bandwidth for the stiffness matrix. 

3.2 Kinematics of particles 

3.2.1 Single particle approach 

Particle kinematics means the sliding, rotation and rolling of particles with 

respect to the neighboring particles or boundaries, in the lattice type model, the 

micro slips occurring at contacts are neglected. When the lattice equivalent of the 

particulate assembly in Fig. 3.1 is subjected to a load, the joints are treated as 

rigid. Therefore, during the truss analysis, relative movement between two 

particles due to the sliding of particles at a contact is not considered as there has 

to be nodal offeet to account for the kinematics of the particles. A contact node is 

considered to have failed if the shear force ratio at that contact exceeds '|j'. A 

particle having four contacts with only one failed contact cannot have significant 

movement relative to the neighboring particles or boundaries. However, if a 

particle has 'n' nodes and if all ttie nodes except two nodes (n-2) have failed, then 

the particle can rotate and translate relative to the neighboring particles. Based 
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on this assumption, a method was evolved to handle the kinematics of particles as 

described below. 

The rotation and translation of particles are assumed to be caused by the 

additional shear forces (Equation 3.16) acting at the contacts. The displacements 

of the contact nodes due to these forces are found by carrying out an analysis of 

the lattice within the microstructure of the particles (Fig. 3.7) by considering only 

one particle at a time. The boundary conditions in this analysis for the bonded 

contacts are spring/elastic supports. The stiffnesses of these springs are: normal 

force divided by normal displacement and shear force divided by tangential 

displacement. The loads are tiie additional shear forces exceeding the coefficient 

of friction (p) multiplied by the normal force. Tangential springs are not present at 

Lattice 

Coni 
node 

Normal 
spring 

Tangential 
spring 

Fig. 3.7 Single particle approach to particle kinematics 
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the nodes where additional shear forces are applied. The lattice within the 

microstructure of the particles are rotated and translated one by one, updating the 

coordinates of the contacts each tinne. At the end of this process, an initial stress 

analysis is carried out to bring the truss in Fig. 3.1 to equilibrium in the updated 

coordinate position. 

After Implementing the above procedure, the approach was found to be 

computationally inefficient and also erroneous. The reasons for these are to be 

explained in relation to some numerical values related to a numerical test. 

Therefore, consider the simple shear test of a two dimensional assembly of disks 

representing quartz grains shown in Fig. 3.8a is chosen. The simple shear 

conditions simulated here are non-ideal conditions (Budhu, 1988) allowing free 

vertical movement of the top boundary. The simple shear sti-ain is applied on the 

Roller 

Rigid truss to 
simulate platen 

P / P P 

Sliding planes 
I J 

(a) 

Pin 

— Rigid truss 

Weak bar 

Particle centroid 

Stiff bar 

(b) 

Fig. 3.8 (a) Loose packing under simple shear (b) Mechanism framework 
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particle assembly by subjecting the lattice equivalent of the disk assembly to a 

triangular variation of displacements as shown in Fig. 3.8a. 

The particle assembly was subjected to incremental shear strains of 10"®. 

This limiting value was chosen in order to keep the increase in the value of the 

shear stress ratios below 20% of the coefficient of friction at contacts. With 

incremental shear strains equal to 10"®, the number of increments required to 

reach a shear strain of 0.20 is equal to 0.20/10'® = 20,000. This is 

computationally very Inefficient and hence was found as one limitation of the single 

particle approach. 

Laboratory experiments on the loose packing similar to that shown in Fig. 

3.8a showed that when the packing is subjected to simple shear test conditions, 

the volume of the packing decreases (Dragoo, 1995). When the lattice equivalent 

of the particulate packing was subjected to an incremental shear strain, there was 

an increase in volume. When the vertical planes transformed into sliding planes, 

the single particle approach was applied to handle particle kinematics and this 

resulted in a decrease in volume. However, the net change in volume from the 

analysis for incremental shear strain and from the analysis for particle kinematics 

was an increase in volume which is not in accordance with the experiments. 

As stated in Chapter 1, predominant deformation in particulate media is 

caused by the sliding, rolling, and rotation of particles. The above mentioned 

shear strain of 10"® Is In the range of the strains due to deformation of particles. 

Therefore, an altemative method was required to deal with the kinematics of 
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particles. One such alternative technique developed is a global mechanism 

approach described in the next section. 

3.2.2 Global mechanism approach 

Numerical and experimental observations on granular assemblies (Cundall 

and Strack, 1983; Drescherand De Josselin De Jong, 1972) have shown that large 

forces are cam'ed by chains of particles and the assembly defomis like a pin-

jointed stnjcture when a mechanism is reached and the defomnation proceeds with 

no increase in stress. A mechanism in a granular assembly can be defined as a 

stage at which the assembly cannot carry an additional load and the assembly 

deforms under a constant applied load. Also, when a mechanism is reached, the 

particles have larger freedom for relative movement through sliding, rotation and 

rolling. Thus, a solution procedure to simulate the kinematics of particles using the 

power of the lattice techniques led to the development of a "mechanism 

framework" approach described below. The idea for this approach originated from 

the kinematic techniques used in the defomnation mechanisms in robotics (eg. 

Tanaka et al., 1991). In this research, a simplified approach is taken to simulate 

the kinematics by reformulating the truss in Fig. 3.1b into a framewori<. 

In the lattice type model, a particulate assembly is checked for the 

development of a mechanism after an incremental load is applied on the truss 

shown in Fig. 3.1. A mechanism Is assumed to have been reached if any of the 

following two conditions are satisfied (1) The increment in load is zero due to the 
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application of an incremental strain (such as biaxial or simple shear) on the 

equivalent lattice of the particulate media (Fig. 3.1) (2) The shear stress ratio at 

(n-2) contacts around all the particles have reached 'p'> where 'n' is the number 

of contacts around a particle. 

If a particulate assembly develops into a mechanism, further deformation 

is simulated through a "mechanism firamework" (Fig. 3.8b). To formulate this 

structure, nodes are introduced at particle centroids and are linked with bars. 

Stiffness of bars linking particle centroids with non-sliding contacts are very large 

or "infinite" (10®) relative to the stiffness of bars linking particle centroids with 

sliding contacts. In order to explain the mechanism analogy further, consider the 

simple shearing (non-ideal) of an assembly of disks representing quartz grains 

shown in Fig. 3.8a. in this assembly, a mechanism develops when all the vertical 

planes beconne sliding planes and the column of disks rotates by rolling over the 

bottom of the assembly. This is simulated by the mechanism framework shown 

in Fig. 3.8b. Appropriate boundary conditions are simulated through rollers, hinges 

and rigid boundary trusses. 

With the centroids of the particles updated through the mechanism action, 

the lattice shown in Fig. 3.1 is reformed in the new position. In this new position, 

the axial forces in the bars prior to the mechanism are input as initial bar forces 

and an initial load analysis is carried out for equilibrium. The new shear stress 

ratios at the contacts are then computed and incremental load is applied. The 

criterion for mechanism is again checked and the process Is repeated. 



The incremental shear strain applied on the lattice equivalent of the 

particulate assembly in Fig. 3.8a is 0.00001, the reason for this limiting value was 

discussed earlier. However, since the mechanism approach is a method to 

simulate the predominant deformation due to sliding and rotation of particles, the 

incremental shear strain on the mechanism framework (Fig. 3.8b) is 0.001 which 

is 100 times 0.00001. At a rate of the above incremental shear strain, the number 

of increments required to reach a shear strain of 0.20 will be 0.20/0.001 = 200. It 

was shown in the previous section that the number of increments required to reach 

a shear strain of 0.20 is 20,000 using the single particle approach. Therefore, the 

mechanism approach which takes only 200 increments is computationally very 

efficient. 

3.3 Numerical implementation of the lattice type model 

3.3.1 General 

A computer program was written to implement the concepts of the lattice 

type model in section 3.2. Two different data set are prepared; tmss data and 

particles data which is referred to as disks data here. Truss data consist of nodal 

coordinate data, connectivity data, boundary condition data, geometric property 

data, material property data and load data. Disks data consist of the coordinates 

of the centroids of disks, number of contacts around a disk, number of bars in a 

disk, node numbers of the contact nodes, member numbers linked to the contact 

nodes, back nodes of the bars linked to the contact nodes, disk numbers linked 
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to the contact nodes and the node and disk numbers linked to the boundaries. The 

author has prepared computer programs to generate the data for regular arrays of 

circular disks arranged as very loose and very dense packings (Fig. 3.9). The 

basic data required to prepare the above data are the radii of the particles and the 

X-Y coordinates of the centroid of the particles. 

(a) Loose packing 

(96 disks) 

2 

fb)  Dense  packing  
(104 disks) 

Fig. 3.9 Loose and dense packings 

With the above data, an assembly of particles transformed into a truss is 

analyzed for a given load and prescribed loading condition (biaxial, simple shear 

etc.) along the procedures listed in the flow chart shown in Fig. 3.10. 
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4_N0 YES ALOAD > 0 ALOAD < 0 

STOP 

Start 

strain > max. strain 

Initial load analysis 

Update bar areas 

Incremental load 
analysis 

Superimpose 
results 

Redistribute Additional shear forces 
if shear stress ratio > /x 

Contact bonding/debonding 
Initial stress analysis 

Iterate for initial bar areas under initial 
load until bar areas converge 

Initial stress analysis after 
mechanism, followed by analysis 
for contact bonding/debonding, 
updating bar areas, and 

shear forces 

Fig. 3.10 Flow chart of procedures in the Lattice Type Model 
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3.3.2 Techniques in numerical simulation - A brief outline 

Several numerical problems were dealt with during the course of this 

research and these are listed here as general computational information to benefit 

future researchers in lattice modeling. 

The boundaries for simulating non-ideal simple shearing of an assembly of 

disks shown in Fig. 3.8a is simulated through a top rigid truss. This truss is 

supported by two horizontal rollers at the two bottom ends of the rigid truss to allow 

the free vertical movement of the top boundary. The elastic modulus of each bar 

of this truss is set equal to the elastic modulus of the particles. The cross-sectional 

areas of the bars of this truss are set equal to 10*® times the maximum of all the 

cross-sectional areas of the bars simulating the particulate assembly. In the LTM, 

an initial load analysis is carried out to redistribute the axial forces for equilibrium 

after updating the coordinates of the nodes of the tmss. At this stage, the axial 

forces in the rigid truss are not redistributed as these will have considerable 

influence on the particulate assembly due to it's large stiffness. 

By setting the two ends of the rigid truss on rollers, it was found that the top 

truss does not remain horizontal and deflects as shown in Fig. 3.11 when a shear 

strain is applied. Originally, it was brought to horizontal position by applying a 

vertical displacement for the two ends of the truss (Fig. 3.11). Thus, a truss 

analysis was to be earned out to bring the top tmss to a horizontal position after 

every analysis for incremental load, redistribution of additional shear forces etc. 
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Deflected position 

/ Initial position of top plate 

/ / Final position 

"Jr .  
6 =(6^- (5g)/s 

Fig. 3.11 Deflection of top plate in simple shear test 

This was a time consuming process and hence the boundary conditions were 

changed to fix every node of the top rigid truss in the X-direction. With these 

boundary conditions, it was found that the vertical displacements of the top truss 

nodes were accurate to six decimal places and thus the top truss did not deflect. 

Frictionless boundaries simulated by rollers as shown in Fig. 3.8a has 

boundary effects and thus the planes adjacent to the vertical boundaries never 

slide or the shear stress ratios on these planes does not reach 'p' (around 10-20% 

less than 'p')- Therefore, the behavior of a particulate assembly will not be very 

accurate in regions with at least one to two particle diameters away from the 

vertical boundaries. This leads to particles not separating (contact forces 

becoming zero) even after the distance between the particles exceeds the sum of 

the radii of the particles in the new position simulated through the mechanism 

framework. To rectify this problem, the contacts are split and the axial forces are 
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redistributed when the distance between two particles exceeds the sum of their 

radii plus a tolerance of 2% of the sum of radii. 

When the bars with reduced area "lowarea" get linked to the top rigid truss 

at the boundary, there is a difference in stiffness between these bars and the bars 

of the rigid truss with an order of magnitude of 10^*. This induces minor 

computational inaccuracy even with computations accurate to a double precision. 

This results in the transfer of loads through the bars of area "lowarea". The axial 

forces in these bars ranges upto a maximum of 10"* times the maximum of the 

axial forces in the bars of the lattice. 

As particles lose contact, stress-free zones are developed in which 

particles rennain in contact with neighboring particles or boundary with just one or 

two contacts. This would lead to the stiffness matrix of the truss (Fig. 3.1b) 

becoming singular. One way to avoid this singularity is to impose a condition that 

at least two contacts in all the particles are active contacts. However, even with 

two contacts of a particle in contact with neighboring particles, there are situations 

of the stiffness matrix becoming singular. One such situation Is shown in Fig. 3.12. 

This situation shows that three particles can group together and can get separated 

from the global truss or the stressed part of the particulate assembly resulting in 

the singularity of the [K] matrix. Therefore, a condition is stipulated that at least 

three nodes of a particle should be in contact with neighboring particles, and the 

areas of the bars linked to these nodes are set equal to "lowarea". 
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•roup of three particles aeparaUnf 
from the main particle assembly 

Fig. 3.12 Particles separating from the main 
particulate assembly 

Because of the constraints mentioned above and the boundary effects, the 

accuracy of computations decreases and the errors get accumulated as a 

particulate assembly undergoes deformation. Also, the accuracy of computations 

decreases due to the debonding of several contacts during a deformation. 

Therefore, at large strains, contact forces do not become zero, but only reduces 

to a very low value. Hence, a critical value is set for the contact force, In order to 

split a node. This critical value of contact force is increased as the material 

undergoes deformation. The critical value is lineariy proportioned to the number 

of active contacts. The initial value is set as 0.10% of the maximum contact force 

and is increased to 2.0% of tiie maximum contact force when the number of active 

contacts reduces to half the initial number of active contacts. 

It was stated that a mechanism is present when the increment in load is 

equal to zero. However, the numerical tests reveal that it does not always become 
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zero but gives a low positive value. This is assumed to be due to the presense of 

the existence of weak bars at forced contacts and boundary effects explained 

earlier. Hence a mechanism is identified if the increment in load is less than a 

minimum value. This value is set equal to 0.50% of the incremental load in the 

initial tangent portion of the stress-strain curve for the material. 

In general, a mechanism framework (e.g., Fig. 3.8b) is fonned by bars of 

stiffness unity (bars linking particle centroids with a sliding contact) and of stiffness 10^ 

(bars linking particle centroids with a non-sliding contact). However, certain 

inactive contacts or contacts termed as "stick and slip" contacts also play a role in 

the deformation mechanism of a granular assembly (Bideau and Hansen, 1993). 

A contact is a stick and slip contact if the distance between two particles is less 

than the sum of the radii of the particles plus Ax (0.01 mm or 0.2% of the sum of 

radii, whichever Is more). In the mechanism framework, particles with such "stick 

and slip" contacts are also linked by weak bars (of stiffness unity). 

When an initial stress analysis is earned out after updating the coordinates 

or updating the cross-sectional areas of the bars, the truss in Fig. 3.1 is analyzed 

for unbalanced forces occuring at the nodes. At certain nodes where the number 

of strong bars (bar area > 100.00 x "lowarea") is less than two, even a very small 

unbalanced force (say 0.0001 N) acting at the nodes was found to cause 

enonnous displacements and altering the results drastically. In such cases, if the 

bar areas are not greater than 10* times "lowarea" and also the minimum of the 

angles made by the bars with X-axis and Y-axis is not greater than 10 degrees, the 
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unbalanced forces at these nodes are set to zero. It was found that this leads to 

an accuracy loss in the range of ± 2%. 

3.4 Lattice modeling with centroid of particles 

This research began by simulating the lattice by introducing nodes both at 

particle contacts and particle centroids and linking the nodes with bars (Fig. 3.13). 

Particle 
(typ) 

(a) Particle arrangement (b) Lattice type simulation 

Fig. 3.13 Lattice type simulation with particle centroids 

Even though the results were in general agreement with the behavior of 

particulate media, it was found that the method was not sufficiently general and 

can lead to sensuous errors. Therefore, the modeling approach was changed to 

a lattice formed by linking only the particle contacts, the results of which is the 

subject matter of this research. Considerable work was done using the modeling 

approach shown in Fig. 3.13. The results and methods adopted in this approach 
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and it's shortcomings are presented in Appendix 2. 

3.5 Differences in approach between Lattice Type Model and 
Discrete Element Models 

A distinct feature of the lattice type model is that the particle itself is 

replaced by a lattice and thus the (elastic) behavior of the particle is retained within 

the microstructure of the particle. In the current numerical models for particulate 

media (DEM and DMA), the elastic behavior of the particles are replaced by virtual 

springs at contacts and the disks are translated and rotated rigidly. 

In the DEM and DMA, the stiffnesses of the springs are a function of elastic 

moduli and radii of the disks in contact, if two particles of different radii are in 

contact, then the contact stiffnesses of the springs are evaluated using an average 

radius. However, in the lattice type model the stiffnesses of the bars of the lattice 

are a function of the radius of the particle forming the lattice and there is no 

averaging procedure. In the available literature on DEM, there is no information 

as how to compute the contact stiffnesses if two particles of different elastic moduli 

are in contact. In the lattice type model the elastic modulus of the bars of the 

lattice being equal to the elastic modulus of the particles, the stiffnesses of the bars 

of the lattice are proportioned to the elastic modulus of the particles. Also in the 

lattice type model, as the contacts are modeled as joints in a lattice, the interaction 

at contacts will automatically get related to the relative stiffnesses of the disks in 

contact. These feature in LTM are especially important when one wishes to 

consider particle assemblies composed of particles with different elastic modulus. 



A notable feature of the lattice type model is that the relative sliding, rotation 

and rolling of particles are all handled in one step through a global approach using 

the mechanism framework. Also, the development of a mechanism is 

automatically highlighted by the global stiffness matrix (due to the refonnation of 

the bar areas) through the increment in load becoming zero. 

Although the potential of the lattice type model to study the behavior of 

particulate media with arbitrary particle shapes is not yet cam'ed out, it can be 

stated that the method has capabilities for this. The lattice fomiation of a random 

packing can be cam'ed out by taking an image of the particle assembly. The bar 

areas are to be evolved by taking the nearest ellipse fitting the particle shape. 

Also, the model has capabilities to study the effect of particle fracture. Application 

of tiie lattice type model for random packings with random particle shapes and the 

study of the effects of particle fracture shall be a scope for future research. 
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CHAPTER 4 

APPLICATION OF THE LATTICE TYPE MODEL 
TO TWO DIMENSIONAL ARRAY OF DISKS 

4.1 General 

In this chapter, the lattice type model is applied to two dimensional 

assemblies of drcular disks. The disks of radius 2.54 mm (0.1 inch) are an^nged 

into a loosest packing of 96 particles and a densest packing of 104 particles (Fig. 

3.12). The material of the spheres is considered to be quartz. The packings are 

subjected to an initial vertical load followed by a simple shear strain loading (Fig. 

4.1). 

4.2 Material properties 

The properties of the material quartz considered herein are (Mantell, 1958) 

Elastic modulus (E) = 46.0 GPa. 

Poisson's ratio (u) = 0.20 

Shear modulus (G) = 19.2 GPa 

Friction coefficient (|j) = 0.50 

4.3 Geometric properties 

The geometric properties required for the analysis of a truss are the cross-

sectional areas and lengths of the bars. The lengths of bars are determined from 

the X and Y coordinates of the contact nodes. The initial cross-sectional areas of 
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applied 
shear 
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ement 

Fig. 4.1 Simulation of simple shear 

the bars are obtained by procedures described in Chapter 3. 

4.4 Boundary conditions 

For both the loose and dense packings, the following boundary conditions 

are assumed. (1) The bottom boundary is fixed and can mobilize friction and thus 

the bottom nodes are taken to be on hinges. (2) The vertical boundaries are 

frictioniess and are simulated by rollers. (3) The top boundary is simulated by a 

very rigid truss to represent a load platen. The nodes of the rigid truss are 

restrained in the X-direction and are free in the Y-direction. Thus, the top truss is 

allowed to move up or down, simulating the so-called non-ideal simple shear 
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conditions (Budhu, 1988), i.e., allowing a volume change of the material. 

4.5 Loading condition and Lattice/truss analysis 

The loading is comprised of a vertical load followed by the superposition of 

a simple shear displacement (fonn/ard shear) as shown in Fig. 4.1. The total 

applied vertical load is 268 N. The vertical load is applied as nodal loads of 22.16 

N at the top level nodes of the rigid truss (Fig. 4.1). The simple shear straining is 

simulated by applying a triangular variation of displacements for the nodes 

attached to the vertical boundaries as shown in Fig. 4.1. 

The particulate packings, simulated as a lattice/truss as shown in Fig. 3.1b, 

are analyzed for the loading condition along the steps given in the flow chart 

shown in Chapter 3 (Fig. 3.10). The results of the analysis of the loose and dense 

packings are presented separately in Sections 4.7 and 4.8. The results are 

presented in relation to the state of stress in simple shear and an average stress 

tensor which are briefly presented in the next section. 

4.6 State of stress in simple shear and average stresses 

The ideal system of stresses on an element, rectangular in cross-section 

subjected to simple shear strain is shown in Fig. 4.2. In this figure, the following 

notations are used for the stresses, - Nomrial stress on vertical planes, -

Normal stress on horizontal planes, - Shear stress on vertical planes, -

Shear stress on horizontal planes, Ojj - Lateral stress. In general, it is difficult to 
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measure these stresses in the laboratory tests, in particular the complementary 

shear stresses and Consequently, the distributions of stresses and strains 
jrA aJT 

near the vertical boundaries of laboratory samples are non-unifomn. However, the 

state of stress in the central zone of particulate packings (Examples; Figs. 4.3a 

and 4.3b) are expected to be unifomi. The state of stress in an infinitesimally small 

element at the center of the central core can be assumed to represent the state of 

stress in the central core. The components of this stress tensor in the central core 

can be evaluated from the magnitude and location of the discrete contact forces 

acting at the boundaries of the central core. 

The concept of evaluating an average stress tensor to determine the 

average constitutive behavior of a certain region of a material was addressed by 

Hill (1963). The procedure is to convert a discrete set of contact forces to an 

equivalent state of stress in a continuum. 

Fig. 4.2 Stress for Ideal simple shear 
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Fig. 4.3 Central core In (a) Loose packing (b) Dense packing 

Based on Hill's averaging principle, the average stresses In a two-dimensional 

element and at the center of the particulate packing shown in Fig. 

4.1 can be computed. Hill's concept was also applied by Drescher and De Josselln 

de Jong (1972) for the evaluation of average stresses in assemblies of disks using 

the contact forces determined firom photoelastic experiments. The average stress 

tensor o,j at the center of a volume of material shown In Fig. 4.4 with a Cartesian 

coordinate system 1,2 is defined as; 

where a,y is the actual stress state at each point of the body and V is its volume. 

The average stress tensor Is defined for an infinltesimally small element at the 

(4.1) 
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center of the control volume and it can be transfomried into an expression 

containing the forces acting at the boundary of the control volume as follows. 

°/7 " ĵk ~ */.* îg (4.2) 

where 5^ is the Kronecker delta, x,- are the coordinate directions (i = 1, 2, 3 for x, 

y, z directions) and the comma indicates partial differentiation with respect to the 

coordinates. Substituting Equation. (4.2) into Equation (4.1), we get 

= "t;/v (4.3) 

Volume V 

Surface S 

Fig. 4.4 General distribution offerees and Tj around surface S of volume V 

The stress state satisfies the equilibrium equations 
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(4.4) 

Using this condition, Equation. (4.3) can be expressed as 

(4.5) 

Using Gauss's divergence theorem, Equation. (4.5) can be written as 

= V  / s  i  /s  (4.6) 

where n,- are the vector of direction cosines of the outward normal at coordinates x,-

on the surface and pj are the vector of stress components. Thus, it can be seen 

fironn Equation. (4.6) that the average stress tensor can be obtained by integrating 

the products Py x, over the boundary of the volume V. For a set of discrete forces Tj 

over the surface (Fig. 4.4), Equation. (4.6) becomes 

The average stresses at the center of the assembly of particles shown in 

Fig. 4.1 are found using Equation. (4.7) from the normal and shear forces at the 

contacts between the particles and the boundaries. In the absence of body 

couples in a two dimensional element, = t^. The shear stress ratios on the 

(4. 7) 
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vertical and horizontal planes are defined as and respectively. 

From the components of the average stress tensor, the principal stresses 

and O33 and the angle 'ly' made by the principal stress directions with the positive 

direction of X-axis (Fig. 4.5) are determined from 

Fig. 4.5 Principal stresses in a two dimensional element 

O33 -
w  0 - 0  'XX "ly _ / "xx ^yyv2 + ^ ^ (4.9) 
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and 

2T 
tan 2i|» = ^— (4.10) 

®xx ~ ®yy 

4.7 Loose packing, results and discussions 

4.7.1 Shear stress ratios and contact forces 

The shear stress ratios at the contact nodes for the loose packing are 

shown in Figs. 4.6a and 4.6b at small shear strains (y) of 0.001%, 0.002% and in 

Figs 4.6c and 4.6d at large shear strains of 10% and 30%. The above shear 

strains are chosen in order to show the large variation in the magnitudes of the 

shear stress ratios during the shearing process. Relative sliding of particles occurs 

at a contact when the shear stress ratio at that contact exceeds the coefficient of 

friction of the material (p). When there is a continuous line/curve of sliding 

contacts, a slippage/sliding plane develops. A comparison of Fig. 4.6a and Fig. 

4.6b shows that slippage is initiated on vertical planes and the deformation pattern 

resembles the tilting and frictional sliding of a column of particles. This 

deformation pattem or mechanism is then simulated by the "mechanism 

frameworic" explained in Chapter 3. For example, the mechanism frameworks at 

shear strains of 0.002% and 30% are shown in Figs. 4.7a and 4.7b. The 

deformation is one of a pin jointed framed structure subjected to simple shear 

defonnation. 



horizontal 
plane (typ) 

vertical plane (typ) 

Fig. 4.6a Shear stress ratios at contacts for loose packing at y = 0.001% g 



Fig. 4.6b Shear stress ratios at contacts for loose packing at y = 0.002% 



Fig. 4.6c Shear stress ratios at contacts for loose packing at y = 10% 8 



Fig. 4.6d Shear stress ratios at contacts for loose packing at y = 30% o 



108 

• PWTiox coniioio 

STirr BflR LIMCINS COfTROID OT PflRTICLES HITM fl HON-SLIOINC CWTHCr 
tcnc BflR LiMciNc connjio CP PflRTiocs HiTH n SLIDINS earner 

(a) 

(b) 

Fig. 4.7a,b Mechanism frameworks for loose packing at 
(a) Y = 0.002% (b) Y = 30% 



ONE UNIT or NORWIL FORCC IN PLOT - 10.0 N 



ONE UNIT OF NORMflL FORCE IN PLOT - lO.D N 

Fig. 4.8b Normal forces at contacts for loose packing at y = 10% 
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ONE UNIT OF NDRttflL FORCE IN PLOT - 10.0 N 

Fig. 4.8c Normal forces at contacts for loose packing at y = 30% 
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The change in the magnitude of nonnal forces at contacts are shown in 

Rgs. 4.8a, 4.8b and 4.8c under vertical load and at shear strains of 10% and 30%. 

The change in normal forces on the horizontal contact planes is only marginal 

while there is a substantial increase in the normal forces on the vertical planes. 

Since the contacts on vertical planes continue to slide and the normal forces 

increase, the shear forces at these contacts increase considerably. For equilibrium 

of the particles, the shear forces at the contacts on horizontal planes should also 

increase. This can be seen from the substantial increase in shear stress ratios at 

the contacts on horizontal planes (Fig. 4.6d) while there is only a marginal 

decrease in the normal forces. As the material tends to move towards the closest 

packing configuration, the shear stress ratios at contacts on vertical planes 

continue to be equal to the coefficient of friction while there is a considerable 

increase in the shear stress ratios on horizontal planes due to the increased shear 

forces at contacts on these planes. 

4.7.2 Contact forces and fabric changes 

The direction of the resultant force vector from the network within a particle 

at a contact node represents the load path/contact force on that particle. The load 

paths for the loose packing are shown in Figs. 4.9a - 4.9e under vertical load and 

at shear strains of 0.002%, 10%, 30% and 50% respectively. The thickness of 

lines in these diagrams indicates the magnitude of the contact forces relative to the 

maximum contact force in the packing. 



(a) 

nRxiKun coKiran' roKZ - 22.386 N 

nnxinun contrct roRcc - 25.208 n 

Fig. 4.9a,b Vector plot of contact forces for loose packing iinder 
(a) Vertical load (b) y = 0.002 % 
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Fig. 4.9c,d Vector plot of contact forces for loose packing at 
(c) Y = 10% (d) Y = 30 % 
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Fig. 4.9e Vector plot of contact forces for loose packing at y = 50% 
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The disks are superimposed on the load paths to show how the packing structure 

(fabric) evolved upto the level of shear strains indicated. 

Obliquity of contact force is defined as the angle made by the orientation of 

the contact force with the contact normal at the contact. The contact normal for 

two particles of circular cross-section is the direction linking the centroid of the 

particles. The obliquity of contact forces on vertical planes under vertical load 

which were initially horizontal (Fig. 4.9a) is inclined at an angle of 26.5*^ (tan~''0.5) 

at a shear strain of 0.002% (Fig. 4.9b). At a shear strain of 10% (Fig. 4.9c), the 

magnitude and orientation of contact forces in the middle ten columns of particles 

are uniform and non-uniformity can be seen only along the column of particles 

adjacent to the vertical boundaries. However, at a larger shear strain of 30% (Fig. 

4.9d), contact forces of larger magnitude can be seen in the triangular zones to the 

right of line D2-D2 and to the left of line D1-D1. This non-uniformity is likely to be 

caused by the interaction between the right boundary and top boundary and 

between the left boundary and bottom boundary through the triangular zones 

shown in Fig. 4.9d. 

The material tended to reach the closest packing configuration at a shear 

strain of 50% (Fig. 4.9e). At this shear strain, it can be seen that new contacts 

have been established along columns of particles parallel to line 01-D1. The 

shearing could not be cam'ed out further, as the scope of the computer code at this 

stage of research does not incorporate the formation of new contact nodes and 

new elements to develop a revised lattice. 
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From the vector plot of contact forces, It can be seen that over 60% of the 

assembly in the middle is under uniform loads. At the ends, the loads are 

significantly higher or lower (depending on the direction of shear) than the loads 

in the middle 60% of the assembly. This is expected since the vertical boundaries 

of the particulate assembly are assumed to be frictionless so that no 

complementary shear stress is developed there. The contact force distributions 

from the LTM results are similar to boundary stress distributions in non-ideal 

simple shear using elastic analysis of a continuum discussed by Roscoe (1953). 

At higher shear strains (y > 10%), the contact force flow pattem resembles 

a staircase/steplike pattem. The contact forces on vertical planes increase and 

become almost equal to the contact forces on the horizontal planes as the material 

tends to reach the closest packing at a shear strain of 50%. This indicates that as 

the material tends to become a dense packing (void ratios are compared in a later 

section), the stress conditions reach a hydrostatic state. 

4.7.3 Distribution of normal and shear forces at boundaries 

The distribution of normal and shear forces at the top and bottom 

boundaries are shown in Figs. 4.10a and 4.10b respectively. The distribution of 

normal forces decreases in the middle region and increases towards the two ends 

of the boundaries. The shear force distribution is uniform initially at a shear strain 

of 1% (Fig. 4.10b) and at 30% shear strain, it shows an increase in the middle and 

towards the left end. A higher shear strains of 40% and 50%, the shear forces 
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reverse in direction from the middle region towards the left end of the bottom 

boundary and also do not change in direction. Since the shear forces on the right 

end of the bottom boundary reverses in direction at large shear strains, the net 

shear force on the bottom boundary decreases. A significant observation is the 

shear forces becoming zero in the middle third of the bottom plane. This 

observation concord with the results of the numerical tests conducted with a 

program based on the discrete element method and this will be discussed in 

Chapter 5. 

The distributions of nomial forces on the left and right boundaries are shown 

in Fig. 4.11. The distribution is uniform in the middle region upto a shear strain of 

10%. However, at higher shear strains, a discrete distribution with maximum at the 

top right and bottom left is obsen/ed. The nomnal and shear forces at the left end 

of bottom and right end of top (Fig. 4.10a and 4.10b) show a sharp increase at 

higher shear strains. This variation seems to show that there is tremendous 

interaction between the boundaries through the triangular zones shown in Fig. 

4.9d. This could be the cause for the discrete distributions for the contact forces 

on the vertical boundaries. The results from the numerical tests using DEM also 

shows a discrete distribution of contact forces on vertical boundaries and this will 

be shown in Chapter 5. 
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4.7.4 Stress-strain and volume change behavior 

The variation of shear stress ratio at bottom plane versus the shear strain 

(Y) until a shear strain of 0.1%, and a larger range of shear strain are shown in 

Figs. 4.12a and 4.12b respectively. The material is elastic upto a shear strain of 

0.002% and this is followed by a marginally softening region (0.002% >y< 4%). 

Then, the material hardens until a shear strain of 30% beyond which it softens. 

The hardening region of 4% > y < 30% shows that even though the loose packing 

by nature tends to go to the closest packing, the material tries to resist the 

shearing process. The loose packing being a very idealized one, the behavior 

cannot be compared with the stress-strain behavior of loose granular materials and 

the results of DEM discussed in Chapter 5 also agree in this aspect. 

The stress-strain behavior of the loose packing under no confining pressure 

and under an applied confining pressure of 0.5 times the nomrial stress is plotted 

in Fig. 4.12c for y < 0.08% and in Fig. 4.12d for y < 10%. The curves show a plot 

of the average shear stress ratio at bottom plane against shear strain. The 

packing under confining pressure begins to yield at a shear strain of 0.004% after 

reaching a peak shear stress ratio of 0.2. This is higher than the yield point for the 

packing with no confining pressure by 700%. 
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The initial tangent shear modulus for the packing under confining pressure 

is 1076 MPa as against 166 MPa for the packing with no confining pressure. 

Assuming a Poisson's ratio of 0.2, the initial tangent elastic moduli are 2066 MPa 

and 398 MPa for the packing under confining pressure and for the packing under 

no confining pressure. Thus, the elastic modulus increases by 420% for the loose 

packing when a confining pressure of 0.5 times the normal stress is applied. The 

above values of the elastic moduli are far above the elastic moduli for loose sands 

(50 -100 MPa) given by Bowles (1988). However, the values fall within the range 

of elastic moduli for weak sandstones (100 - 5000 MPa) given by Dobereiner and 

De Freitas (1986). The weak rocks lie at the interface of the transition phase from 

rocks to soils (Dobereiner and De Freitas, 1986). The particulate packing 

considered in tiie numerical test is made of quartz particles with an elastic modulus 

of 46 GPa and thus a comparison with weak rocks could be appropriate. 

The variation of volumetric strain defined as the change in volume over the 

initial volume is shown in Fig. 4.12b. The volumetric strain, e^, was computed 

from the vertical movement, Qy, of the top platen (top rigid tmss) as 

where h is the height of the assembly. The volume change variation is initially 

marginal and then decreases sharply as the material moves towards the closest 

packing. The displacement fields are plotted at a shear strain of 0.001%, 10%, 
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and 30% in Figs. 4.13a, 4.13b, and 4.13c respectively. A comparison of these 

three figures shows that the y component of the displacement of the particles are 

downwards and are also large in magnitude at a large shear strain of 30%. This 

accounts for the steeper slope of the volumetric strain curve at large shear strains. 

During the shearing process, the void ratio decreases from an initial value of 0.28 

to a final value of 0.14. 

4.7.5 Mohr's circle of stress and stress path 

The Mohr's drcle of stress for the loose packing is drawn in Fig. 4.14 from 

the state of stress in an infinitesimally small element at the center of the central 

core (Fig. 4.3a) computed using the Hill's averaging principle. The circles are 

drawn at shear strains of 0.002% (when a mechanism is developed for the first 

time), 4% (when the material begins to harden), 30% (when the material begins to 

soften and 45% (a shear strain near the closest packing configuration). The 

Mohr's circle of stress for vertical load is not shown as it is very close to the circle 

for shear strain equal to 0.002%. 



Fig. 4.13 Displacement fields for loose packing at 
(a) Y = 0.001% (b) Y = 10% (c) y = 30% 
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A significant observation is that the minor principal stress increases while 

the major principal stress remains constant resulting in the shrinking of the Mohr's 

circle which ultimately reaches a state of very less shear stress or hydrostatic 

condition. This is to be expected as the material which tends to move to the 

closest packing is reaching a stable configuration of a dense packing at which it is 

expected to mobilize shear resistance. This is why the Mohr's circle is moving 

away ft'om the failure envelope or that the material is moving to the stable region 

of the normal vs shear stress space. The stress-strain behavior in Fig. 4.12b 

shows that the shear stress ratio increases upto y = 30% which implies that the 

shear stress (t̂ ^) also increases upto y = 30%. From this, it is to be expected that 

the Mohr's circle would expand. However, the Mohr's circle compresses because 

the increase in shear stress is very marginal or insignificant compared to the lateral 

stress o^. 

The stress path during the shearing process is explained with respect to the 
(o,- + o,,) (On - o,-) 

s-tspace in Fig. 4.15 defined as s = ——— and t = — T h e  p o i n t  

corresponding to the vertical load is very close to the failure envelope and 

therefore is not seen distinctly in Fig. 4.15 in which the x-axis is to a large scale. 

During the shearing process, as T decreases, 's' increases and reaches an 

optimum value in the range of shear strain 30% to 34%. Beyond this shear strain, 

when the material begins to soften, both's' and't' decrease and't' is reduced to 

10 kPa at the shear strain of 50%. Thus, as the material moves to a closest 

packing structure, the shear stress tends to become zero and thus the material 
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is tending to reach a state of hydrostatic stress condition. A discussion on the 

comparison of the Mohr's drcies and stress paths for the loose packing and dense 

packing is presented in a later section when the Mohr's circle for the dense 

packing is discussed. 

4.8 Dense packing, results and discussions 

4.8.1 General 

For ease of following the deformation mechanism in the dense assembly of 

disks, certain symbols are used for the orientation of rows and columns of particles 

and these are shown in Fig. 4.16. Two lines AA and BB along the center line of 

diagonal particles are selected with line AA representing the short diagonal 

(compression) and line BB representing the long diagonal (tension) during simple 

shear. The horizontal row of particles are labelled as shown in Fig. 4.16. 

4.8.2 Shear stress ratios, contact forces and fabric changes 

The shear stress ratios at the contact nodes are shown in Fig. 4.17a under 

vertical load and in Figs. 4.17b, 4.17c, 4.17d and 4.17e at shear strains of 0.01%, 

0.03%, 0.04% and 10% respectively. The normal component of the contact forces 

at contact nodes are shown in Fig. 4.18a undertime vertical load and in Figs. 4.18b, 

4.18c, 4.18d and 4.18e at shear strains of 0.01%, 0.03%, 0.04% and 10%. The 

shear stress ratios under vertical load in Fig. 4.17a shows that (n-2) contacts are 

sliding in most of the particles where 'n' is the number of contacts around a 
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particle. However, there is no "mechanism" at this stage as the material can carry 

deviatoric stress as will be seen in the stress-strain behavior later. Also, the 

constraint ratio (Equation 2.6) computed under such condition is 1.7 which is far 

greater than one, a condition for the presence of a mechanism. An examination 

of Figs. 4.17a, 4.17b and 4.17c shows the progress of shear stress ratios leading 

to sliding contacts at the contacts on vertical planes. A comparison of Figs. 4.18a 

and 4.18b shows that the first step is the loss of contacts aligned along the lines 

D1-D1, D2-D2, D3-D3 and D4-D4. It can also be seen that the normal forces 

along the line of contacts parallel to line AA increase from 11.0 N to an average 

value of 18.0 N, while the nonnal forces along the line of contacts parallel to line 

BB decreases from 11.0 N to an average value of 8.0 N. In summary, Figs. 4.18a, 

4.18b and 4.18c show the increase or decrease of nonnal forces leading to 

stronger bonds along line AA and bondless nodes along line BB. The variations 

in the contact force flow are discussed further in the later sections. 

Through the above mentioned transfomriations, the assembly develops into 

a mechanism at a shear strain of 0.04%. Further deformations are simulated 

through the mechanism fî meworks shown in Figs. 4.19a, 4.19b, 4.19c and 4.19d 

at various shear strains. 



Fig. 4.16 Orientation of particles In the dense packing 
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Fig. 4.17b Shear stress ratios at contacts for dense packing at y = 0.01 % 
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Fig. 4.17c Shear stress ratios at contacts for dense packing at y = 0.03% 
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Fig. 4.17e Shear stress ratios at contacts for dense packing at y = 10% (O 
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Fig. 4.18a Normal forces at contacts for dense packing under vertical load 
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Fig. 4.18b Normal forces at contacts for dense packing at y = 0.01 % 
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Fig. 4.18d Normal forces at contacts for dense packing at y = 0.04% 
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Fig. 4.19c,d Mechanism frameworks for dense packing at 
(c) Y = 10 % (d) Y = 20 % 
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The load path or contact force flow over a range of shear strains is shown 

in Fig. 4.20a through Fig. 4.20g. Fig. 4.20a shows that larger loads flow 

predominantly in the vertical direction under the initial vertical load. Under the 

application of a shear strain of 0.01%, the paths of the larger loads immediately tilt 

towards line AA (Fig. 4.20b) and at a shear strain of 0.04%, the load paths within 

the middle region of the central core is confined to paths along line AA (Fig. 4.20d). 

The magnitude and orientation of the contact forces at a large shear strain of 20% 

in Fig. 4.20g shows that certain particles are not in equilibrium. This is due to the 

accumulation of errors caused by the numerical approximations discussed in 

Chapter 3 and also due to the mechanism framework not giving the correct 

position of the particles at very large shear strains. The latter could be due to the 

addition of weak bars in the formation of the mechanism framewori^ even at stick 

and slip contacts, the influence of which was discussed in Chapter 3. 

An analysis of the variation of shear stress ratios between the initial vertical 

load (Rg. 4.17a) and a shear strain of 0.01% (Fig. 4.17b) shows that the contacts 

along lines parallel to line AA change from sliding to non-sliding contacts, which 

could be attiibuted to the increase in normal force at these contacts. However, the 

contacts along lines parallel to line BB continue as sliding contacts, the reason for 

which is the decrease in nomnal forces at these contacts. The contacts along lines 

parallel to C1-C1, C2-C2 etc., which were originally non-sliding contacts, change 

to sliding contacts. This is due to the mobilization of shear forces at these contacts 

with no significant change in the normal forces (Figs. 4.18a and 4.18b). 
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Fig. 4.20 e,f Vector plot of contact forces for dense packing under 
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MfWinUM CONTflCT FORCE - 66.307 N 

Fig. 4.20g Vector plot of contact forces for dense packing under y = 20 % 
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The tranformations in contact forces and the fabric (packing structure) changes 

from the initial vertical load to a shear strain of 0.04% can be summarized as 

follows: 

• Stress-free zones develop at top right and bottom left comers of the 

particle assembly (Fig. 4.18d) 

• Normal forces at contacts along lines parallel to line AA have doubled 

from the initial values (Fig. 4.18d). 

• Contacts along lines parallel to line BB become bondless nodes or are 

deactivated. 

• Contacts along C1-C1, C5-C5 and at the interface between the rows of 

particles along C4-C4 and D4-D4 and along C2-C2 and D1-D1 remain as 

sliding contacts. 

• Considerable reduction (about 30%) in the number of bonded (active) 

contacts when shear strain reaches 0.04% (Fig. 4.18d). 

A comparison of Fig. 4.20a with Fig. 4.20f shows the development of void 

spaces between particles along the column of particles parallel to line BB. 

However, the contacts along lines C2-C2, C3-C3, C4-C4 and D1-D1, D2-D2, D3-

D3, D4-D4 remain as "stick and slip" contacts. The development of sliding and 

bondless contacts shows that the failure mechanism is brought about by the 

rotation of particles in a column-like arrangement along with sliding interfaces with 

their neighboring columns. 
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4.8.3 Distribution of nomriai and shear forces at boundaries 

The variation of nomiai forces and shear forces at the bottom and top 

boundaries are shown in Figs. 4.21a and 4.21b respectively. The distribution of 

normal forces along the left and right boundaries is shown in Fig. 4.22 at various 

shear strains. The following observations are made from these graphs: 

• The normal forces at the bottom boundary, decrease near the left boundary 

and become zero at higher shear strains. The normal forces then gradually 

increase to the middle region, then remain constant in the middle third 

region and then increase in the remaining one third region towards the right 

boundary. The variation at the top boundary follows a similar pattern 

from right to left. 

• The nomnal forces on the left boundary follow a variation close to a linear 

path with zero at the bottom and increasing to a maximum value at the 

top. The variation on the right boundary follows a similar pattern from 

top to bottom. 

• The shear force at the bottom boundary, on the left end is zero, increase 

gradually to the middle region and tends to remain constant. 

The above obsen/ations are qualitatively in agreement with the distribution 

of normal stresses existing at boundaries in simple shear tests on sands (Budhu, 

1979) shown in Fig. 4.23. 
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N. 

Fig. 4.23 Development of nomial stresses during simple shear tests 
(Budhu, 1979) 
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Fig. 4.24 Distribution of stresses in simple shear from elastic analysis 
(Roscoe, 1953) 
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The normal and shear force distributions at the bottom boundary in Figs. 

4.21a and 4.21b indicate that even though non-unifomri states of stress prevail at 

the boundaries, conditions in the middle of the particulate assembly are unifomi. 

Roscoe (1953) analyzed an elastic material defomriing in the Cambridge simple 

shear apparatus using Air/s stress function. He showed that even though the 

stresses and strains on the boundaries of the sample as a whole may not be 

uniform, conditions in the middle third of the sample perpendicular to the direction 

of shear can be expected to be uniform. Thus the observations from the lattice 

type model are in agreement with the results of Roscoe's analysis shown in Fig. 

4.24. 

4.8.4 Fabric changes, displacement fields, volume change behavior and 
mechanism frameworics 

From the defonnation patterns shown in Figs. 4.20a through 4.20g, some 

interdependendes can be evolved between the fabric (packing structure) changes, 

displacement fields, volume change behavior and mechanism frameworics. The 

displacement fields are shown in Figs. 4.25a, 4.25b and 4.25c at shear strains of 

0.01%, 5% and 20% respectively. The variation of volumetric strain defined as the 

change In volume over the initial volume is shown in Fig. 4.26a over a shear strain 

less tiian 0.5% and in Fig. 4.26b at large shear strains. The variation of void ratio 

is shown in Figs. 4.27a and 4.27b. 



Fig. 4.25 Displacement fields for dense packing 
(a) Y = 0.01 % (b) Y = 5% (c) y = 20% 
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The dense packing arrangement in Fig. 4.1 is the densest packing that is 

physically possible in an assembly of disks of uniform size. Therefore, the material 

subjected to a simple shear strain has to dilate in order to undergo a deformation. 

The volumetric strain and the void ratio curves show that the material dilates as 

expected for dense granular materials and the overall behavior from the two curves 

can be summarized as follows: 

• 10%-Linear. 

• 10% > Y ^ 30% - Convex curves with a decreasing slope. 

• y> 30% - Volumetric strain and void ratio tend to remain constant. 

• The void ratio of the dense packing changes from an initial value of 0.165 

to a final value of 0.275. 

• The final void ratio of 0.275 is almost equal to 0.276, the initial void ratio 

of the loose packing which implies that the dense packing has transfonned 

into a loose packing. 

The major observations from the displacement fields (Figs. 4.25a,b,c) are 

that the components of the displacements in the vertical direction are: 

• very small at a very low shear strain of 0.01 %. 

• relatively large at an intemriediate shear strain of 5%. 

• relatively small at a very large shear strain of 20%. 

The steep rise in the volumetric strain (dilation) until a shear strain of 10% 

(Fig. 4.26b) is due to the relatively large component for the displacement fields in 

the Y-direction. The reason for the decrease in slope of the volumetric strain curve 
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at Y > 10% is due to the reduction of the components of the displacement fields in 

the Y-direction (Fig. 4.25c). At very large shear strains (y > 20%), the components 

of the displacement fields in the Y-direction tend to become zero (Fig. 4.25c) and 

the material ceases to dilate. 

The displacement fields which influence the volumetric strain are in tum 

influenced by the fabric changes shown in Figs. 4.20a - g. The fabric changes are 

simulated through the mechanism frameworks shown in Figs. 4.19a - d. An 

analysis of the mechanism frameworks for y ^ 10% (Figs. 4.19a - c) shows that 

during the deformation, the centroids of particles are approximately aligned along 

lines parallel to line AA. In otherwords, the mechanism framewori^s deform by the 

rotation of the stiff bars as diagonal columns about the base. This is the reason 

for the steep rise in volumetric strain and larger component for displacements in 

the Y-direction for y ^ 10%. However at y > 10%, the stiff bars which were linked 

to each other along line AA are realigned in a zig-zag manner (Fig. 4.19d). It is 

this collapse mechanism that induces reduced volumetric strains at large shear 

strains. 

The collapse is caused by the preference of certain group of particles to 

stay in contact or in "stick and slip contact", in certain regions. A general 

"conclusion" was made eariier that the fabric changes take place in such a way 

that void spaces are developed between particles along line BB. However, this is 

not true for certain regions. Consider the row of particles D1-D1 and C2-C2 in the 

right half of the particle assembly and the row of particles D4-D4 and C4-C4 in the 
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left half of the particle assembly (Fig. 4.20g). Here a void space is not developed 

between the particles aligned along line BB. Now, comparing the mechanism 

frameworks in Figs. 4.19c and 4.19d, it is clear that the above row of particles have 

only translated in the X-direction. However, particles along the row D2-D2 have 

rotated with respect to the particles along row C2-C2 (Fig. 4.19d). Similar rotations 

can be seen in the top left regions also. Comparing the initial position of the 

particles and their positions at shear strain 20%, the rotations of the particles are 

as high as 25°. Therefore, the collapse mechanism of stiff particle chains is likely 

to be the major cause for the retardation of the volumetric strain at high shear 

strains. 

4.8.5 Shear stress ratio-shear strain behavior 

The shear stress ratio-shear strain behavior for the dense packing at a 

shear strain less than 0.5% is shown in Fig.4.26a. Shear stress ratio is computed 

as the ratio of the arithmetic average of the shear forces over the normal forces. 

Two curves are shown for the shear stress ratio-shear strain relationship. While 

in one, the shear and normal forces considered are over the entire bottom 

boundary, in tiie other, they are considered overtiie middle one third of the bottom 

boundary. The reason for this choice is that the shear and normal forces are not 

distributed uniformly at the top and bottom boundaries and a uniform distribution 

prevails only in the middle tiiird of the boundary (Figs. 4.21b and 4.21b). Thus, the 

average forces nomnally measured by load transducers in laboratory tests at the 
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bottom boundary are likely to be different from the average forces at the middle of 

the bottom boundary. This is confirmed in Fig. 4.26a where the middle gives a 

higher shear stress ratio (about 10%-15%) than the entire bottom boundary 

(Budhu, 1979). 

The shear stress ratio-shear strain relationship at large strains is shown in 

Fig. 4.20b. Using continuum analogy, the general response can be summarized 

as follows: 

• Y ^ 0.02% - Linear elastic. 

• 0.02% > y 5 0.04% - A quasi-linear curve. 

• 0.04% > y i 0.50% - Perfectly plastic. 

• y > 0.50% - Strain softening. 

In Rg. 4.26a, a "kink" can be seen in the cun/es at a shear strain of 0.02% 

and this is caused by a large number of contacts getting deactivated near this 

shear strain. Also, when contacts are deactivated at y > 0.02%, the stress-strain 

behavior tends to become non-linear. 

In the linear part of the stress-strain behavior (y < 0.02%), the volumetric 

strain is almost zero (Fig. 4.20a). When the contacts begin to get deactivated at 

y > 0.02%, the material obtains a freedom to dilate and volumetric strain increases. 

The volumetric strain curve in Fig. 4.20b shows that for shear strains greater than 

30%, the volumetric strain tends to remain constant. This shows that the material 

shows a tendency to reach a sort of "critical state" at 30% shear strain. If the 

material has reached "critical state" at the shear strain of 30%, the stress-strain 
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curve is expected to become horizontal. Even though this behavior is not seen, 

as the packing is an idealized one, the stress-strain curve shows a tendency to 

flatten. 

Hill's averaging principle was used to transfomi the discrete set of contact 

forces on the boundaries to an equivalent state of stress at the center of the 

packing (Fig. 4.3b). For the purpose of comparative study, the average stresses 

are computed firom the contact forces at the boundaries of (a) central core, and (b) 

whole volume, of the packing; and both results are discussed. The shear stress 

ratios were calculated for the vertical planes / o„) and the horizontal planes 

levels of shear strains are selected to illustrate the response: 

small shear strains of y < 0.5% (Fig. 4.27a) and large shear strains of y > 0.5% 

(Fig. 4.27b). The interpretation of the results can be summarized as follows: 

(1) The shear stress ratio on the vertical planes increases much more rapidly 

and to significantly higher levels than on the horizontal planes. For the central core 

at y > 0.04% (when a mechanism Is developed for the first time), the ratio of the 

shear stress ratio on the vertical planes to the horizontal planes is about "3". 

(2) The central core of the assembly gives shear stress ratio on the vertical 

planes about 10% greater than the whole assembly at a shear strain of 0.04% and 

the difference increases at higher shear strains. This is reasonable because it was 

shown that the middle third of the particle assembly is uniformly stressed (Fig. 

4.21b and 4.21b). The difference in shear stress ratio between the central core 

and the whole volume for the horizontal planes is also about 10%. The above 
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behaviors are perhaps due to the freedom of movement for particles in the vertical 

direction as compared with zero strains in the horizontal direction. 

(3) The shear stress ratio on vertical planes increases and reaches a peak 

value of 1.35 at a shear strain of 0.04% and this is higher than the coefficient of 

friction of the material. Beyond this shear strain, the ratio keeps increasing 

marginally (for central core) until a shear strain of 30% when the material ceases 

to increase in volume. However in the range of shear strains 0.5% to 30%, the 

shear stress ratio on vertical planes for the whole volume marginally decreases. 

The behavior for the central core and whole volume are contrary to each other and 

this could be attributed to the fact that there is more mobility of the particles in the 

central core than at the boundaries. At larger shear strains (y > 25%), the shear 

stress ratio on vertical planes for the central core as well as the whole volume 

tends to decrease. 

(4) The shear stress ratio on horizontal planes reaches a peak value of 0.50 

and decreases at larger shear strains. 

The observations described above are a result of the continuously changing 

situation concerning the stresses (Figs. 4.28a,b). While a constant vertical load 

is applied, the nomnal stresses (Ojo^, o^) and shear stress (Tj^p increase and 

reaches a peak value at a shear strain of 0.04% (Fig. 4.28a). At large shear 

strains, the normal stress on horizontal planes (o^) increases marginally while the 

normal stress on vertical planes (0^^^) and the shear stress decreases. 
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The increase or decrease in the values of the stresses in the central core at the 

shear strain of 0.04% relative to the initial vertical load conditions is as follows. 

The nonnal stress increases by 11% whereas and decreases by 65% 

and 71% respectively. The reasons for the variations could be as follows: The 

contribution to in the Hill's averaging principle comes from the lateral loads on 

the vertical boundaries. When the shear strain is increased, the component of the 

lateral load in the direction of X-axis decreases and therefore decreases. 

Shear stress, t^, decreases due to the decrease in the shear force as it can be 

seen from the softening of the shear stress ratio curve for the bottom boundary in 

Fig. 4.28b. 

The stresses computed for the central core are higher than that for the 

whole volume. The values are compared at the shear strain of 0.04% relative to 

the initial condition; is above by 40%, is above by 28% ando^ is above 

by 29%. It is to be noticed that the maximum difference is in the shear stress while 

the differences in the normal stresses are almost the same. The difference could 

be attributed to the non-uniformity in the contact force flow paths at the top left 

comer zone and the bottom right comer zone (Figs. 4.20c,d,e) as compared to the 

central core where the load paths are oriented diagonally and uniformly. 

In a granular material, failure is initiated when there is a continuous plane 

of slippage/sliding within the material. This stage is reached when the shear stress 

ratio at contacts on a plane exceeds the coefficient of friction of the material. Thus, 
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in a granular material, failure is initiated in a zone of maximum shear stress ratio. 

The stress-strain t}ehavior of the dense packing in Rg. 4.26a shows that the slope 

of the shear stress ratio curve for vertical planes is very steep as compared to the 

curve for horizontal planes. Thus, the vertical planes reach the failure state at a 

much faster rate than the failure on horizontal planes. 

De Josselin De Jong (1971) proposed that failure in simple shear could 

occur either by sliding on horizontal planes or sliding on vertical planes along with 

rotation. But, the sample will choose the latter mode with least resistance, if both 

modes of failure are equally possible for the prevailing boundary conditions. The 

results from the LTM concord with De Josselin De Jong's hypothesis. 

The initial tangent shear modulus for the dense packing can be evaluated 

from Fig. 4.26a in which the elastic limit appears to have reached at a shear strain 

of 0.02%. The shear modulus is evaluated as 287 MPa. Assuming a Poisson's 

ratio of 0.20, the initial tangent elastic modulus is evaluated as 689 MPa. This 

value is above the range of the typical values of the initial elastic modulus for 

dense sands (100-200 MPa) given by Bowles (1988). However, it falls within the 

range of the elastic modulus for weak sandstones (100-5000 MPa) given by 

Dobereiner and De Freitas (1986). 

4.8.6 Failure mechanisms 

During the shearing process, tiie load paths in the dense packing transform 

in such a way that contact forces are concentrated in stiff chains of particles (Figs. 
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4.20a through 4.20g). The shear stress ratios at contacts along these chains are 

far less than 'p' and thus these contacts never slide. Sliding contacts can be seen 

only in relatively unloaded directions or between the stiff chains of particles. From 

the Hill's averaging prindple, the major and minor prindpal stresses for an element 

at the center of the packing are computed. From this, the angle made by principal 

stress directions 'i|j' (Fig. 4.5) is computed as 30° at y = 0.04% (when a 

mechanism is reached). Based on this angle, the directions of the major and 

minor principal stresses are shown in Fig. 4.16. 

It was eariier explained that the non-sliding contacts forming stiff chains of 

particles are along the line of contacts parallel to line AA (Figs. 4.20d - g) and that 

the line of contacts along horizontal rows of contacts along C2-C2, D2-D2 etc. and 

the line of contacts parallel to line BB become bondless. In Fig. 4.16, it is shown 

that the direction of minor principal stress makes an angle of 30° with the above 

mentioned line of contacts where debonding takes place. Therefore, it can be 

concluded that as a material deforms, the material chooses a mode of failure in 

such a way that non-sliding contacts with strong bonds are developed in the major 

principal stress direction and the material chooses the minor principal stress 

direction as the preferential direction for losing bonded contacts. The contacts 

between the major and minor principal stress directions remain as sliding contacts 

or as "stick and slip" contacts. 

Cundall and Strack (1982 and 1983) perfomned numerical tests on 

assemblies of particles using DEM. The above mentioned observations from the 
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lattice type model were observed by them in the results from DEM. Oda and 

Konishi (1974) performed simple shear tests on an assembly of photoelastic disks. 

The frequency distributions of the contact normals given in Fig. 4 of their paper 

show that the percentage of contacts in the major principal stress direction 

increases and the percentage of contacts in the minor principal stress direction 

decreases. Thus, the observations from numerical tests using DEM and the 

photoelastic experiments concord with the observations in the numerical tests 

using the lattice type model. 

4.8.7 Mohr's circle of stress and stress path 

The Mohr's drcle of stress and the stress path in the s-t space drawn for the 

dense packing are shown in Figs. 4.29 and 4.30 respectively. The Mohr's circles 

and stress paths are drawn for the stresses computed using the Hill's averaging 

principle for the central core (Fig. 4.3b). The Mohr's circle of stress is drawn for 

vertical load and shear strains of 0.01%, 0.04% (when the mechanism is 

developed for the first time), 10%, and a high shear strain of 30%. During the 

shearing process, the minor principal stress practically remains constant where as 

the major principal stress increases and reaches a peak value at a shear strain of 

0.04%. 
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As the shear strain is increased beyond 0.04%, the Mohr's circle 

compresses or that the material seems to be returning to the original stress 

conditions. This is shown by the locus of the stress points on the Mohr's circles 

as line OA (line joining the points a,b,c,d,e on the Mohr's circle at shear strains 0.0, 

0.01%, 0.04%, 10% and 30%). Budhu (1988) performed simple shear tests on 

dense sands and the results showed that the stress points continue to traverse 

along the line OA, away from origin O until a maximum shear stress ratio is 

mobilized on the horizontal planes. Beyond this stage, it was found that the Mohr's 

circle compressed and the stress point moved towards O. However, in the dense 

packing considered here, the Mohr's circle begins to compress beyond the shear 

strain of 0.04% when a mechanism is reached. This is due to the lack of 

mobilization of the horizontal stress, the variation of which is shown in Fig. 4.31. 

At Y > 30%, the horizontal stress ratio in the xy coordinate direction (Oj^/o^) and 

the principal stress direction are almost equal. This shows that the 

material tends to return to the original stress conditions. 

The stress path shown in Fig. 4.30 shows that as the material is loaded, the 

s-t points are moving towards the failure envelope. After reaching this state, it is 

moving away from the failure envelope, but only marginally. In granular materials, 

once the s-t point reaches the failure envelope, it further moves along the failure 

envelope. For the loose packing it was found that the s-t point was moving far 

away from the failure envelope and this was justified as the material was 

transforming to a dense packing, a more stable configuration. 
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Fig. 4.31 Variation of horizontal stress ratio for dense packing 

The slope in the s-t space, a = tan'H^/s). varied from 42°at y = 0.002% to 5° at 

Y = 50% for the loose packing. For the dense packing, a varied from 41.4° at y 

= 0.04% to only 40.1° at y = 30%, which is marginal. In othenwords, as different 

from the loose packing, the s-t point for the dense packing remains close to the 

failure envelope once the point is on the envelope. 
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CHAPTER 5 

VALIDATION OF THE LATTICE TYPE MODEL 
FOR PARTICULATE MEDIA 

5.1 General 

In this chapter, the results of numerical tests using the lattice type model 

(LTM) are compared with the results from numerical tests using the Discrete 

Element Method (DEM) and with the results from photoelastic experiments. The 

results used for the comparison are the load paths, stress-strain behavior and the 

volume change behavior for the loose and dense packings. The computational 

efficiencies of the two numerical methods, LTM and DEM, are also compared. 

5.2 Comparison with Discrete element method 

5.2.1 General 

The program used for the numerical tests using the DEM is the Particle 

Flow Code-2D (PFC-2D) procured from Itasca Consulting Group, Inc., 

Minneapolis. The code is based on the dynamic approach developed by Cundall 

and Strack (1979a) and therefore the equilibrium of the particles are accomplished 

using the Newton's second law of motion through an iterative process. 

The input parameters that must be specified to run numerical tests using 

PFC-2D are divided into two groups. One group consists of geometrical data and 

the other, physical properties data. The geometrical data describe the positions 

and orientations of the straight rigid boundaries (the walls) and the positions and 
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radii of the disks with respect to a global coordinate system. A typical wall is 

defined by a fixed point P on the wall and a unit normal to the wall towards the 

assembly of particles. A typical ball (particle) is defined by the coordinates of it's 

center and it's radius. The size and packing anangement of the particles are 

equivalent to the loose and dense packings used in the numerical tests using the 

lattice type model in the previous chapter. 

The second group of data constitute the physical properties of the disks and 

walls, i.e., density, cohesion, interparticle friction coefficient and the shear and 

normal stiffnesses of the contacts. The shear and normal stiffnesses (section 2.2) 

are in tum a function of the Poisson's ratio and elastic modulus of the material of 

the particles in contact The units used in the PFC-2D code are SI units (Newton, 

meter and second). The following data set for the linear model option were used: 

Density = 2000 kglm^\ Normal stiffness = 1.5x10® N/m; Shear stiffness = 

1.2x10®N/m: m = 0.5. 

The procedures in the computational process are listed in Fig. 2.3. In the 

discrete element method, the boundary conditions are that of strain-controlled. In 

othenA/ords the motion of the walls are specified rather than the forces applied to 

them. Movement of the wails are defined in terms of the velocity of the specified 

point P on the walls. Since the computations are perfomied over a time step At, 

the displacement would be equal to the velocity multiplied by the time step. For 

a unit time step, the displacement of the wall is equal to the velocity. A shear 

strain is simulated by setting an angular velocity for the boundary walls. The 
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packings are subjected to a total vertical load of 268.0 N and this is done by setting 

a velocity of 0.5E-08 m/s for the top wall (platen) in the negative Y-direction. The 

shear strain is simulated by setting an angular velocity of 5E-08 m/s for the two 

vertical walls. The non-ideal simple shear conditions in which the top wall is 

allowed to move up or down to maintain a constant vertical load is simulated by a 

servo control mechanism of the top wall (Cundall and Strack, 1979b). 

5.2.2 Loose packing 

5.2.2.1 Load paths 

The vector plot of contact forces (load paths) obtained from the lattice type 

model and the discrete element method for the loose packing are shown in Fig. 

5.1, Fig. 5.2, Fig. 5.3 and Fig. 5.4 under vertical load and at shear strains (y) of 

0.002%, 0.05% and 1% respectively. While the results from LTM show that the 

lateral loads on the loose packing are very small and are symmetrical about a 

vertical line through the centroid of the packing, the results from OEM show a lack 

of symmetry at some contacts. The plot from LTM at y = 0.002% (Fig. 5.2) shows 

that the vertical planes have b^nsformed into sliding planes at this shear strain and 

remain as sliding planes even at shear strains of 0.05% and 1% (Figs. 5.3 & 5.4). 

The plot from DEM shows a random distribution of contact forces at the contacts 

on vertical planes, and also some of these contacts becoming bondless. This is 

not expected as the imposed boundary conditions are such that the particles are 

more likely to rotate as a column due to the sliding on vertical planes along with 



Maximum contact force = 22 N 

Maximum contact force = 22 N 

Fig. 5.1 Load paths for loose packing under vertical load (a) LTM (b) DEM 
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(a) 

Maximum contact force = 25.20 N 

Maximum contact force = 22.54 N 

Fig. 5.2 Load paths for loose packing at y = 0.002% (a) LTM (b) DEM 
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Maximum contact force = 25.30 N 

Maximum contact force = 29.40 N 

Fig. 5.3 Load paths for loose packing at y = 0.05% (a) LTM (b) DEM 



Maximum contact force = 26 

(b) 

Maximum contact force = 62 N 

Fig. 5.4 Load paths for loose packing at y = 1% (a) LTM (b) DEM 
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frictional rolling at the top and bottom boundary planes. 

The DEM is a dynamical approach and the direction of movement of a 

particle is simply determined from the acceleration calculated from the resultant 

force and moment on the particle. This simplification may affect results such as 

magnitude and direction of contact forces and the grain arrangement (Kishino, 

1988) as the displacement of particles are in general not co-axial with the 

acceleration vectors. This lack of co-axiality is due to the constraints imposed by 

the neighboring grains and/or boundaries. The above simplifications could 

perhaps be the reason for the in-egular pattem of contact forces shown by DEM 

even at small shear strains for the loose packing (Figs. 5.3b and 5.4b). 

While discussing the distribution of contact forces and the net shear force 

at the bottom middle region generated by the LTM in the previous chapter, it was 

stated that very little shear force is mobilized at the middle third of the bottom 

boundary. This obsen/ation from the LTM concords with the distribution of contact 

forces at the bottom plane generated by the DEM (Fig. 5.3b). An analysis of the 

obliquity of the contact forces at the bottom plane in Fig. 5.3b shows that the 

orientation of contact forces are practically vertical at the middle third and right end 

and tiiat obliquity of contact forces are seen only at the left end. In othenwords, it 

can be stated tiiat shear force is predominantiy mobilized at the left end and very 

little shear force is mobilized at the middle third. This behavior was observed in 

the results from LTM at large shear strains and it deviates from the general 

behavior of granular materials in which maximum shear stress is mobilized at the 
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bottom middle third (Budhu, 1979). This deviation is likely to be due to the 

particular nature of the loose packing in which there seems to be an interaction 

between the right boundary and top boundary and between the left boundary and 

bottom boundary through the triangular zones shown in Fig. 4.9d. 

5.2.2.2 Stress-strain and volume change behavior 

The stress-strain behavior observed from the LTM and DEM are shown in 

Fig. 5.5. The ordinate is the total shear force over the total normal force on the 

bottom plane and represents the average shear stress ratio on the bottom plane. 

The average shear stress ratio is chosen for plotting the stress-strain behavior as 

load cells are normally fixed at the bottom platen in simple shear tests (Budhu, 

1979). The curve fi'om DEM shows that the material hardens even within a smaller 

range of shear strain 0<y<0.001. However the curve from LTM shows that beyond 

a shear strain of 0.002% (when the vertical planes have transformed into sliding 

planes), the stress-strain behavior of the material is perfectly plastic. The loose 

packing is of such a nature that it is more likely to collapse without taking 

considerable load due to the development of sliding planes at contacts along 

planes which were initially vertical. The plot of contact forces at a shear strain of 

0.05% (Fig. 5.3b) fi'om DEM shows that lateral load is transmitted through a group 

of particles at the left bottom comer and through a group of particles at the middle 

of the particle assmebly between the two vertical boundaries. At the middle layer, 

a kink is seen in the path of the vertical load transferred from top to bottom. 
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This load path is likely to lead to the locidng up of the particle assembly or that the 

material is likely to resist the shearing process. This could be the reason for the 

hardening of the material seen in the stress-strain behavior predicted by the DEM. 

The volume change behavior evolved from the DEM and LTM are shown 

in Fig.5.6. The two curves show a good agreement and is consistent with the 

expected behavior of loose packings, i.e., decrease in volume during shearing. 

5.2.3 Dense packing 

5.2.3.1 Load paths 

The vector plot of contact forces (load paths) under vertical load conditions 

and at shear strains (y) of 0.01%, 0.04%, and 1% generated by the LTM and DEM 

are shown in Fig. 5.7, Fig. 5.8, Fig. 5.9, and Fig. 5.10 respectively. The load paths 

from the LTM under vertical load and at shear strains of 0.01% and 0.04% are 

quantitatively in agreement with the load paths generated by the DEM. The 

agreement of the results from the load paths in the above three diagrams can be 

enumerated as follows. 

• Under vertical load conditions, both methods show that the shear stress 

ratios at the interior contacts along the major load paths reach the 

coefficient of fiiction (m) of the material (Fig. 5.7) or that the obliquity of the 

contact forces along the interior contacts along the major load paths is 

26.5°. 
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• h i :  

Maximum contact force = 24 N 

Maximum contact force = 24 N 

Fig. 5.7 Load paths for dense packing under vertical load (a) LTM (b) DEM 
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g Maximum contact force = 30 N 

(b) 

Maximum contact force = 37 N 

Fig. 5.8 Load paths for dense packing at y = 0.01% (a) LTM (b) DEM 



B ^ Maximum contact force = 61 N 

(b) 

Maximum contact force = 59 N 

Fig. 5.9 Load paths for dense packing at y = 0.04% (a) LTM (b) DEM 
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• At an Intermediate shear strain of 0.01% (Fig. 5.8), before the material 

develops into a mechanism, both methods show that larger loads flow along 

the line of contacts parallel to line AA and contact forces along the line of 

contacts parallel to line BB decrease. 

• At a shear strain of 0.04% (Fig. 5.9), both methods show the contacts 

along line 88 becoming bondless and the line of contacts along line AA 

becoming the major load path. Both methods show that the shear stress 

ratios at contacts along the horizontal rows of particles have tumed Into 

sliding contacts. Both methods comply with De Josselln De Jong's 

hypothesis that the failure (large deformation at zero incremental load) of 

the material Is brought about by the rotation of particles as a column, 

(particles along line AA) along with sliding on vertical planes (sliding 

contacts along horizontal rows). 

• Both methods show a quantitative agreement for the distribution of contact 

forces at the four boundaries of the particulate packing and the two methods 

agree in the development of stress-free zones at the top right and bottom 

left comers of the particulate packing. 

The load paths at a larger shear strain of 1% from the two methods are 

shown in Fig. 5.10. The results from LTM show a progressive change with no 

abnormal change in major load paths. However, the results from DEM show a 

sudden transformation in load paths in an arbitrary manner or a degeneration of 

the load paths. The results from DEM show new horizontal load paths originating 
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from the second particle on left boundary from bottom and on right boundary from 

top which completely alters the distribution of nomial loads on the vertical 

boundaries. This is not consistent with the distribution of normal stresses 

observed in simple shear tests on sands at higher shear strains (Budhu, 1979). 

Also, the results of photoelastic tests which will be discussed in the next section 

does not show any change in the major load paths even at a higher shear strain 

of 3% and thus concords with the load path generated by the LTM. 

The degeneration of load paths from DEM is likely to be caused by the 

simplifications in the fomriulatlon of the dynamic approach in DEM (discussed in 

section 5.2.2). From the results of the DEM, it is presumed that the simplifications 

in DEM affect the results for particulate packings in which the load paths are 

predominantlly in one direction. While in the loose packing, the load paths are 

predominantly in the vertical direction under the vertical load condition, the load 

paths in the dense packing become predominantly oriented along line AA (Fig. 5.9) 

on reaching a shear strain of 0.04%. The published wori<s on DEM such as 

Cundall and Strack (1979c), Cundall et al. (1982), Cundall and Strack (1983), 

Thornton and Bames (1986) etc. show the results of numerical tests performed on 

dense assemblies of disks only. Based on the analysis of the deficiencies of DEM 

made by Kishino (1988) and from the observations in the numerical tests 

conducted using LTM and DEM in this research, it is concluded that the LTM could 

be a more suitable approach for all particulate packings including those in which 

the load paths are predominantly oriented in one direction. 
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5.2.3.2 Stress-strain and volume change behavior 

The stress-strain behavior with the ordinate as the average shear stress 

ratio at the bottom boundary for the two methods is shown in Fig. 5.11. The two 

curves show good agreement in the initial range of shear strain upto the yield point 

and upto a shear strain of 0.1%. At shear strains greater than 0.1%, the curve 

from DEM shows an increase in shear stress ratio by 5-10% over the shear stress 

ratio shown by LTM. Both cun/es show that the yeild point is reached at a shear 

strain of 0.04% and both curves show a peak shear stress ratio of 0.40 at yield 

point. 

The volume change behavior calculated from the two methods is shown in 

Fig. 5.12. The volume change curves from both methods show considerable 

dilation of the material after an initial range of shear strain of 0<y<0.02%. This is 

consistent with the fact that in the LTM it is found that flrom a shear strain of 0.02%, 

there Is considerable change in the fabric due to several contacts losing their 

bonds. A significant observation from the agreement of the stress-strain curve and 

volume change curve between the two methods is the applicability of the 

mechanism framework approach adopted in the LTM. The dense packing 

developed a mechanism at a shear strain of 0.04% after which deformations are 

simulated using the mechanism framewori^s at an incremental shear strain of 

0.1%. Thus, the volume change curve generated by the LTM beyond a shear 

strain of 0.04% is primarily due to the deformation of the mechanism framework. 

From the close agreement of the volume change curves evolved from the two 
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methods in both the loose and dense packings, it is concluded that the mechanism 

framework approach adopted to handle particle kinematics In the LTM is at least 

a sound approach. 

5.2.3.3 Variation of constraint ratio 

The constraint ratio (Equation 2.6) defined by Cundall and Strack (1983) 

which was discussed in Chapter 2 is plotted for the dense packing in Fig. 5.13 from 

the results using the LTM. The initial value under the vertical load conditions is 

1.8. The constraint ratio shows a marginal increase to a maximum value of 2.2 at 

a shear strain of 0.01% beyond which it starts decreasing. Under vertical load 

conditions, the shear stress ratios at contact nodes (Fig. 4.17a) showed that (n-2) 

contacts of interior particles are sliding contacts where 'n' is the number of contacts 

around a particle. 

2.5 

(O 
c 
o 
O 

0.5 

0 
0 0.02 0.04 0.06 0.08 0.1 

Shear strain (%) 

Fig. 5.13 Variation of constraint ratio for dense packing 
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When a shear strain is applied, contacts along lines parallel to line AA 

become non-sliding contacts (Fig. 4.17b) as these contacts are along the major 

load paths. Therefore, when the number of sliding contacts decreases, the 

constraint ratio increases. Beyond a shear strain of 0.01%, some contacts along 

the horizontal rows of particles get deactivated and thus when the number of active 

contacts decreases, the constraint ratio decreases. Beyond a shear strain of 

0.03%, considerable number of contacts along lines parallel to line BB become 

bondless and the constraint ratio sharply decreases to 1.0 thereafter. The change 

in fabric (packing structure) observed in numerical tests from the LTM and the 

shear strain (0.04%) at which a mechanism was reached are in agreement with the 

variation of the constraint ratio derived by Cundall and Strack (1983). 

5.3 Computational time 

The total CPU time taken for the dense packing of 104 particles for 

simulating a shear strain of 1% using the LTM is 6.9 seconds on the computer, a 

workstation RS/6000-590 (512 MB memory), at the University of Arizona. This 

consists of two parts. The first part is the shear strain applied on the lattice 

equivalent in Fig. 3.1b at incremental shear sti^ins of 5.0E-06 and the second part 

is the deformation simulated through the mechanism framewori< at Incremental 

shear strains of 0.001. 

The code RFC - 2D based on DEM is compatible to ain only on PCs and it 

was run on an IBM 486 PC. With an applied angular velocity of 5E-08 m/s 
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(equivalent to shear strain increments of 5E-08) for the vertical walls enclosing the 

dense packing, the time taken for simulating a shear strain of 1% was 8667 

seconds. The equivalent of this CPU time on the RS/6000-590 computer is 58.6 

seconds which seems to be very high as compared to 6.9 seconds taken by LTM 

or that the LTM is eight times faster than the DEM. The number of incremental 

shear strains to reach a shear strain of 1% using DEM is 200,000 as compared to 

90 in LTM. In the LTM, bulk of the CPU time is consumed in solving the global 

displacement vector of the lattice as compared to the number of increments and 

number of iterations in the DEM. Cun^ent literature shows that the DEM is applied 

on assemblies of particles as high as 2000 which is about 20 times the number of 

particles used in the numerical tests in this research. Therefore, the LTM needs 

to be applied on larger number of particles before a final conclusion can be made 

on the computational efficiency. 

5.4 Comparison with photoelastic experiments 

Dragoo (1995) perfonned simple shear tests on assemblies of loose and 

dense packings of photoelastic disks (Fig. 5.14) of diameter 0.75 inches using a 

simple shear testing device shown in Fig. 5.15. Photoelastic techniques were 

combined with digital image processing to detemiine the contact forces. The 

contact force plots generated by the lattice type model are compared with the 

results of the photoelastic experiments. 
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(a) Loose packing of 48 disks (b) Dense packing of 53 disks 

Fig. 5.14 Disk assemblies used in the photoelastic experiment 

Fig. 5.15 Simple shear testing device used in the photoelascic experiment 
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The photoelastic image of the loose packing under vertical load is shown in 

Fig. 5.16. This indicates that the load flows primarily in the vertical direction and 

this concords with the obsen/ations in numerical tests using the LTM. In the 

experiment, the loose packing was sheared three times separately from the initial 

vertical load condition to the same shear strain of 7%. The photoelastic images 

during the three tests are shown in Figs. 5.17a, 5.17b and 5.17c. These figures 

show completely different load paths even though the level of shear strain is same. 

In the experiment, it was not possible to establish unifomn roughness for all 

the particles. Also, in the experiments under the initial vertical load conditions, 

experimental imperiiections lead to gaps or lack of contacts in the lateral direction. 

These gaps are located randomly and thus the three initial stages of the loose 

packing in terms of active contacts in the lateral direction will be totally different 

which could be the reason for totally different load paths at the same shear strain. 

This could be the same reason for the results of DEM showing an irregular load 

path even at small shear strains (Figs. 5.3b - 5.4b). The DEM shows that some 

contacts in the lateral direction get deactivated even at a very low shear strain of 

0.002% (Fig. 5.2b) and this could probably be the reason for the random load path 

in the lateral direction at shear strains of 0.05% and 1%. 

The contact force plots generated by the experiment and LTM for the dense 

packing under vertical load coditions are shown in Fig. 5.18. The load paths from 

the experiment do not show symmetry about the vertical axis through the centroid 

of the packing. Fig. 5.18a shows considerable difference between the contact 



Fig. 5.16 Photoelastic image of the loose packing under vertical load 

Ca) 

Fig. 5.17a Photoelastic image of the loose packing 
at Y = 7% in three separate tests 



Fig. 5.17b.c Photoelastic image of the loose packing 
at Y = 7% in three separate tests 



Fig. 5.18 Load paths for dense packing under vertical load 
(a) Photoelastic experiment (b) Lattice type model 
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forces of 4th and 5th particle at the top boundary when they are expected to be 

equal due to symmetry. Another fact is that the top and bottom platens are 

expected to mobilize shear forces. The contact force plot diagrams under vertical 

load generated from DEM and LTM In Fig. 5.7 shows a completely different load 

path from the one in Fig. 5.18a. Therefore, it was found that the top and bottom 

platens do not mobilize friction under vertical load conditions and in order to match 

the contact force plots, the contact force plot generated by LTM in Fig. 5.18b is 

from frictionless top and bottom boundaries. 

Due to the above mentioned imperfections in the experiment, it is possible 

to establish only a qualitative comparison between the results of LTM and the 

experiments. A comparison of Fig. 5.18a and Fig. 5.18b shows good qualitative 

agreement in the load paths between the experiment and the results from LTM. 

The photoelastic image at a shear strain of 3% is shown in Fig. 5.19a and the 

contact force plot from LTM is shown in Fig. 5.19b. The two figures show good 

qualitative agreement for the major load paths, distribution of contact forces at 

boundaries and the development of stress-free zones. 



Fig. 5.19a Photoelastic image of dense packing at 
a shear strain of 3% 
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Maximum contact force = 156 N 

Fig. 5.19(b) Load paths for dense packing from LTIVI at y = 3% 

5.5 Concluding remari<s on validation 

The discrete element method was established as a powerful numerical 

techlnque for the study of granular media by Cundall and Strack (1979a) after the 

good agreement of the results with the results fl"om photoelastic experiments. The 

results compared were for relatively dense granular assemblies. The comparisons 

made were with the; (1) load paths from the photoelastic experiment of De Josselin 

De Jong and Venruijt (1969) and (2) stress-strain and volume change behavior 

from the simple shear tests on photoelastic disks by Oda and Konishi (1974). 

From the good agreement of the results of LTM, with the results of DEM for the 

dense packing, and with the results of the photoelastic experiments of Dragoo 
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(1995), it is established that the lattice type model developed for the mechanical 

behavior of particulate media in this research is an altemative valid approach. 

While good comparison is obtained for the dense packing with DEM 

quantitatively, differences persist between the results of LTM and DEM for the 

loose packing. From the good agreement for the results of dense packing and 

from the analysis of the reasons for the lack of comparison for the loose packing, 

it is concluded that the LTM is a more suitable approach for all types of packings 

in-espective of packing structure and load paths. 
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CHAPTER 6 

APPLICATION OF THE LATTICE TYPE MODEL FOR THE STUDY OF 
INITIAL IMPERFECTIONS IN PARTICULATE MEDIA 

6.1 General 

In nature, finding homogeneous materials is rare and most granular 

geomaterials are composed of particles of different sizes, shapes, and stiffnesses. 

One such geomaterial is sandstone which is composed of particles with different 

mechanical properties such as elastic modulus. In the discrete element method, 

when two particles of different elastic moduli are in contact, the contact stiffnesses 

(normal and shear) are computed by taking an average elastic modulus since the 

contacts are modeled rather than the particles. 

The advantage of the lattice type model is that since the particles are 

modeled as a lattice within the microstructure of the particles, there is no need for 

an averaging procedure for the elastic moduli of the particles. In the LTM, the 

effect of weak particles (particles of relatively low elastic moduli) are incorporated 

while formulating the global stiffness matiix as the assembly of the stiffness matrix 

involves tiie elastic moduli of the bars forming tiie lattice of the particles. Thus, the 

global influence of the weak particles is simulated through the global stiffness 

matrix. This global modeling automatically influences the load path, fabric and the 

failure mechanism through the relative stiffness of the bars at the joints of the 

lattice, and the resulting axial forces in the bars of the lattice of the particles. 

Therefore, the LTM is likely to be a more suitable approach with an ability to 
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capture the overall response due to "Initial innperfections" in particulate media 

caused by particles of relatively low elastic moduli. 

As a preliminary study of the application of the LTM to the study of initial 

Imperfections, two cases of the dense packing of 104 particles in Fig. 4.3b are 

considered. The packing in Fig. 4.3b with no imperfection would be referred to as 

as a homogeneous assembly and the elastic modulus of all the particles in this 

packing is 46 GPa. Initial imperfection is introduced by setting the elastic modulus 

of certain particles to one hundredth of 46 GPa, i.e., 0.46 GPa and these particles 

are referred to as weak particles. Two packings with different degrees of initial 

imperfections (4% and 25%) are considered for the preliminary study (Fig. 6.1) and 

these would be referred to as heterogeneous assemblies. In the packing with 4% 

initial imperfection, the weak particles are placed in an ordered manner while 

in the packing with 25% imperfections they are placed in a random manner. 

Q Particles with E = 46 GPa ^ Particles Trith E = 0.46 GPa 

(a) Heterogeneous assembly with (b) Heterogeneous assembly with 
4% imperfections 25% imperfections 

Fig. 6.1 Dense packings with initial imperfections 
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This chapter examines the impact of the above imperfections on the load paths 

and the stress-strain behavior. 

6.2 Numerical tests and discussion of results 

The vector plot of contact forces under vertical load for the homogeneous 

and the two heterogeneous assemblies are shown in Figs. 6.2a, 6.3a and 6.4a 

respectively. The maximum value of contact forces in these assemblies under 

vertical load condition are 24.0N, 25.0N, and 53.9N. The vertical load transfer in 

the heterogeneous assembly with 4% imperfections (Fig. 6.3a) shows that the load 

paths try to avoid the weak particles completely. However, the load paths in the 

heterogeneous assembly with 25% imperfections under vertical load conditions 

(Fig. 6.4a) show that even though the major load paths are weaved out through a 

network of contacts along the stronger particles, the weak particles do play a role 

in the load transfer in regions of relatively less load flow. From a visual 

examination, seven major load paths can be seen in this assembly under vertical 

load conditions (Fig. 6.4a). The contact forces along these paths are almost twice 

as large as compared to the homogeneous assembly. Thus, even though there 

is only 25% imperfections, as the strong particles interlocked between the weak 

particles do not fall along the major load paths, the percentage of particles 

participating in actively transfem'ng the load is considerably reduced and this 

results in contact forces of relatively large magnitude. 
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(a) 

Maximum contact force = 24 N 

(b) 

A Maximum contact force = 61 N 

Fig. 6.2 Load paths for homogeneous assembly (a) vertical load (b) y = 1 % 



weak particle (typ) 

Maximum contact force = 25 N 

'B Maximum contact force = 62 N 

Fig. 6.3 Load paths for heterogeneous assembly with 4% imperfections 
(a) vertical load (b) y = 1% 



Maximum contact force = 54 N 

A Maximum contact force = 65 N 

Fig. 6.4 Load paths for heterogeneous assembly with 25% imperfections 
(a) vertical load (b) y = 1 % 
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The load paths at a shear strain of 1% for the three packings are shown in 

Figs. 6.2b, 6.3b and 6.4b respectively. In comparison to the homogeneous 

assembly, the heterogeneous assembly with 4% imperfections also shows that the 

major load paths are oriented along line AA (Fig. 6.3b). However, the major load 

paths cany relatively larger loads compared to the load paths in the homogeneous 

assembly. Also, the load paths which had completely avoided the weak particles 

do pass through the weak particles under a shear strain. From a visual 

examination, there are four major load paths in Fig. 6.3b. The load paths through 

the weak particles are sandwiched between these major load paths and their role 

seems to be to provide a lateral stability to the major load paths when the material 

deforms. 

The heterogeneous assembly with 25% imperfections under a shear strain 

(Fig. 6.4b) shows that the number of major load paths is just five. The material 

tries to maintain the major load paths along line AA and this can be seen from the 

complete change in the load paths by the comparison of Figs. 6.4a and 6.4b. The 

major load paths oriented along line BB under vertical load conditions have been 

reduced to relatively low load paths under a shear strain. The weak particles play 

a larger role under shear strain in linking the major load paths by transfem'ng a 

minor load. Due to the presense of some weak particles near the vertical 

boundaries, the major load paths are located away from the vertical boundaries. 

A comparison of Figs. 6.2b and 6.4b reveals that the general observations in 

simple shear deformation such as the pattern of distribution of contact forces at 
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boundaries, relatively large loads at the top left and bottom right etc., cannot be 

categorized as general when imperfections are present. 

The stress-strain behavior for the three packings are shown in Fig. 6.5 in 

which the average shear stress ratio at the bottom plane Is plotted. The slope of 

the initial part of the stress-strain behavior of the heterogeneous assembly with 4% 

o 9 10 k 
to M a 
M 
a o £ 
Ui 

0.6 

0.5 

0.4 

No imperfections 
Imperfections = 4 % 
Imperfections = 25 % 

0.05 0.1 0.15 

Shear strain (%) 

0.2 

Fig. 6.5 Variation of shear stress ratio for dense packings with initial imperfections 

imperfections does not seem to be influenced by the imperfections and thus there 

is no reduction in the Initial tangent shear modulus. This could be due to the fact 

that the number of active contacts in the direction parallel to line BB In this 

assembly is almost same as the homogeneous assembly (Fig. 6.3a). However, 

the yield point (load before a plastic yielding) of the material gets reduced by about 
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10%. The reduction in yield point is likely to be due to the early development of 

mechanism due to the reduction in the number of major load paths as well as the 

earlier debonding of contacts along line AA (Fig. 6.3b) as compared to the 

homogeneous assembly in Fig. 6.2b. 

For the heterogeneous assembly with 25% imperfections, the rate of 

increase in load as well as the yield point are considerably reduced (Fig. 6.5). The 

initial tangent shear modulus for this assembly is 94 MPa, in comparison to 287 

MPa for the homogeneous assembly. This could be due to the reduction in the 

number of active contacts along line BB and also In the number of major load 

paths under vertical load conditions (Fig. 6.4b) as compared to the homogeneous 

assembly. Thus the shear modulus is reduced by 67% and the yield point is 

reduced by 54% for a 25% imperfection. Assuming a Poisson's ratio of 0.20, the 

elastic modulus of packing (3) is evaluated as 226 MPa, which falls in the upper 

range of the typical value of elastic moduli of dense sands (100 - 200 MPa) given 

by Bowles (1988). Thus, a 25% imperfection casued by particles of elastic moduli 

lesser by two orders of magnitude causes a significant reduction in the load 

carrying capacity of the material. 

6.3 Concluding remarks 

The results from the preliminary study shows that the lattice type model can 

be used effectively for the study of initial imperfections in particulate media. 

Conclusions from the major obsen/ations are that (1) Load paths tend to 
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concentrate through particles with relatively larger elastic moduli and relatively 

large contact forces are to be expected on these particles (2) There is no reduction 

in the shear modulus of the packings if the initial Imperfection is less than 4% 

where as a reduction as large as 70% is to be expected if the imperfection is more 

than 25% (3) Reduction in the value of the yield point is to be expected even due 

to 4% imperfections. 

In this peliminary study, only two typical cases of initial imperfections were 

considered. There exists a need for further research on the effects of initial 

imperfections using the LTM by placing the weak particles in various fashions. 

From such studies, certain general guidelines can be evolved with regard to the 

effect of initial imperfections in particulate media. In addition to placing the 

particles in a random or ordered manner, the effect of initial imperfections can also 

be studied through a probability analysis by setting probability distribution functions 

for the location of the weaker particles and for the elastic moduli of the particles. 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE RESEARCH 

7.1 Conclusions 

In this research, a lattice type model that can describe the micro mechanical 

behavior of particulate media has been fonnulated and numerical tests are 

conducted on dense and loose assemblies of disks. The particulate media is 

transformed into a lattice comprising bars linking the contacts of the particles and 

a tmss analysis is then conducted with appropriate boundary conditions to 

determine the response of the particulate media under loads. The important 

features of the model are: 

• A conceptually simple model that uses established methods of analysis in 

structural mechanics. 

• In the LTM, the particulate media itself is simulated by bars of appropriate 

stiffnesses unlike the other existing methods, such as the Discrete Element 

Method, where the particles are replaced by springs at the contacts. This 

is especially important if one wishes to consider phenomena such as 

particle (or grain) cmshing and initial particle imperfections. 

• A global technique called the mechanism framewori< approach is evolved 

for handling particle kinematics such as sliding, rotation, and rolling. 

Numerical tests were conducted on idealized assemblies of disks in the 

loosest and densest packing configurations using the LTM. The results of the 



217 

numerical tests concord with the results of laboratory simple shear tests on sands, 

photoelastic experiments, and the results of numerical tests using DEM. The 

validation of the LTM from the agreement of the results establishes that the LTM 

is a sound alternative approach for the study of the mechanical behavior of 

particulate media. The potential of the model to study the effects of initial 

imperfections in particulate media is also demonstrated. The behavior of the 

particulate assemblies observed in the numerical tests using the LTM can be 

summarized as follows: 

• Deformation occurs through groups or clusters of particles that slide, 

rotate, subdivide and regroup. This is consistent with observations from 

tests on real granular materials and images captured by photoelastic tests. 

• Even for the idealized assembly of disks, the non-ideal simple shear 

deformation introduces non-uniformities in stresses that result in cluster 

formations. 

• Certain established pattems of behavior in particulate media, such as 

compression in loose material and dilation in dense material, are predicted 

by the lattice type model. 

• Using Hill's averaging stress principle, the discrete set of contact forces 

was transformed into average stresses over a selected region of the dense 

assembly of disks to detennine constitutive relationships. The results of 

the lattice type model were consistent with constitutive behaviors observed 

in real particulate assemblies. 
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• The results of LTM applied to the the study of inrtial Imperfections show that 

even a 4% imperfection produces a 10% reduction in the yield point where 

as a 25% imperfection produces considerable reduction (about 50%) in 

the yield point as well as the deformability modulus. 

7.2 Recommendations for future research 

The lattice type model is still in its beginning stages and needs further 

development to convert it into an efficient technique that can be put into practice 

for the study of the mechanical behavior of partlculate/granular materials. The 

following are some recommendations for future study: 

1. Conduct numerical tests on random packings for which subroutines are to be 

written in the computer program for inclusion of additional contacts during 

deformation. The necessity for the formation of additional contacts arises when 

a particle moves into a new position and meets more neighbors than those in its 

original position. 

2. Improve the numerical techniques for enhanced accuracy of the results at large 

strains and also the power and accuracy of the mechanism framewori< approach 

for particle kinematics using ideas derived from robotics. 

3. Perform parametric studies using random packings, random sizes, in-egular 

shapes, bar stiffnesses, constraints for particle crushing, and initial particle 

imperfections. 

4. Apply the lattice type model to real particulate systems such as sands. Here, 
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an image of the intact sand can be taken and then digitized. The data can then be 

used to transfomi the sand stmcture into a lattice from which the analysis under 

a desired loading can be conducted. 

5. Extend the lattice type model for cyclic and dynamic loading of particulate 

media. 
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A1.1 Displacements in an elastic disk 

In this appendix, the method to detemiine the displacements in an elastic 

disk under contact forces are described. Two methods are described; (1) Method 

of direct integration (2) Method of superposition. In the first method, the 

displacements are obtained by the direct integration of the displacement gradients 

which are functions of the stresses in the disk. The expressions for stresses are 

obtained from theory of elasticity. In the second method, the displacements are 

obtained by the superposition of the displacements due to each load acting along 

a chord of the disk which is aligned along the line of action of the load. Also, the 

displacements obtained from the elasticity solution are compared with the 

displacements from finite element analysis for an example problem. 

A1.2 Method of integration 

The state of stress in the two dimensional element of a continuum is shown 

in Fig. A1.1. The stresses and are the normal stress in the X-direction, 

normal stress in the Y-direction and shear stress. From theory of elasticity, 

Michell (1900) derived expressions for the stresses o^, Oy and in an infinite half 

space of a continuum acted upon by a point load. From these expressions, Michell 

(1900) derived expressions for stresses in a disk acted upon by a contact force 

'P' (Fig. A1.2) which is held in equilibrium by a radial compressive 



V 

i 

Fig. A1.1 State of stress in the two dimensional element 
of a continuum 

P 

AC 

,A 

Radial compressive 
stress (typ) 

Fig. A1.2 Disk under a contact force 
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(2P/nO cos 0. 

stress with a distribution of magnitude in which 't' is the 
''i 

thickness of the disk and 9^ and r, are as shown in Fig. A1.2. The rectangular 

components of the stresses and at any point (x,y) in the disk are 

given by 

2PC0S 0, -
o, = Sin  ̂e, (A1.1) 

TTf r, 

2PC0s 0. 
= 1 cos^ 0. (A1.2) 

' nf r '1 

2pcos 0. 
= sin 0. cos 0, (A1.3) 

' T\t 

where The circular disk problem and the derivation of the 

stresses are also given in Timoshenko and Goodier (1970) and in Frocht (1948). 

The stresses in a disk acted upon by a system of contact forces 

(P^, Pj, ) on its boundary (Fig. 3.3) can be obtained by the superposition of 

the stresses given by the above equations under each load P, and adding to 
" p. 

them an isotropic tension given by (61+62) (Michell, 1900) in which 
,=i wtd 

'd' is the diameter of the disk, 'n' is the number of contact nodes and 0,. 02 are 

as shown in Fig. A1.2. The displacement gradients are then given by 

=  1 ( 0 , - v a , )  ( A 1 . 4 )  
dx E ' 



223 

(A1.5) 

where u and v are the x and y components of the displacements; are the 

engineering strains in the x and y directions; E and v are the elastic modulus 

and Poisson's ratio of the material of the disk. The displacements, u and v, at 

a general point (xp, yp) are obtained by integrating the displacement gradients 

between this point and a point where u and v displacements are zero. However, 

due to rigid body motion of the disk, it is not possible to determine the absolute 

value of the displacement of any point on the disk. Therefore, only relative 

displacements of points (xp, yp) with respect to the centroid of the disk are 

determined. The displacements, u and v, are then 

The displacement of point, A, with respect to the centroid O is to be 

obtained by integrating the above expressions from (0, 0) to (x^, y^). However, 

this will lead to singularity and thus, theoretically, it is not possible to determine 

the displacement of A relative to the centroid O. The stresses are also singular 

at point A. Therefore, the displacement at A is evaluated as a sum of the 

displacement at the yield point (Xj, %) and the product of the displacement 

(A1.7) 

(A1.6) 



224 

gradient at D and the projected length of DA in the x and y directions. The 

displacements of A are given by 

du , , . 
= "d I (*1 - *3) (A1.8) 

dv , , . 
= "O + — I (Xl - /3) (A1.9) 

where and u^, are the x and y components of the displacements at 

A and D respectively. The yield point (X3, is determined by setting the 

expression for major principal stress along the line OA equal to the yield stress 

of the material of the disk. 

A1.3 Method of superposition 

The X and Y components of the displacements of the contact nodes of the 

disk under a set of contact forces shown in Fig. A1.3a can also be determined by 

superimposing the displacements produced by each contact force. Consider only 

the contact force P1 acting on the disk (Fig. A1.3b) at node 1. Then, the resultant 

of P2, P3 and P4 denoted as P5 and equal to P1 in magnitude will be acting at 

node 5 along the line of action of P1 and opposite to the direction of P1. The 

displacements produced by P1 and P5 will be symmetrical about the line AB, a 

diameter of the circle normal to the line of action of P1. Then, the displacements 

produced by the load P1 on the circular disk is only in the semi-circular portion of 
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P2 
P2 

P5 

PI 
P3 

P4 

+ • 
P3 

AB — Diameter normal to 
line of action of PI P4l P4l 

A1 = a 11 

^2 - <^22 

^3 ~ ^33 + 32 

* 44 41 43 

= 

6 . .  =  

net displacement at node j 

displacement of node i 
due to load at node j 

Fig. A1.3 Superposition of displacements 

the disk towards the right of AB. Therefore, the influence of P1 is only at nodes 

1 and 4. The displacements due to load P1 are equal to 6„ at node 1 and 6^^ at 

node 4. The displacements 5^^ and 6^^ are obtained from the expressions for 

displacements in a circular disk acted upon by an equal and opposite load acting 

along a chord of the circle similar to the disk in Fig. A1.3b. The expressions for the 

displacements are derived in the next section. 

Following the above approach, the displacements caused by the loads P2, 

P3 and P4 acting at nodes 2, 3 and 4 at their points of application and at other 
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nodes are also determined. Finally, the resultant displacements Aj" ^3 3"^^ A4 

at nodes 1, 2, 3 and 4 are detemriined using the rule of superimposition as 

= 6 
11 

= 5. 

A. = 

22 

®33 ®32 

^44 ®41 
'43 

(A1.10a) 

(A1.10b) 

(A1.10C) 

(Al.lOd) 

A1.3.1 Displacements in a disk acted upon by loads along a chord 

Fig. A1.4 shows an elastic disk acted upon by an equal and opposite load 

P 

- X 

B(x2. y. ) 

Fig. A1.4 Elastic disk under load along a chord 
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P along a chord of the circular cross-section of the disk. The expressions for the 

rectangular components of the stresses in this elastic disk are given in Frocht 

(1948). These expressions were derived from the original solutions of Michell 

(1900) for stresses In an elastic half space. The nomrial stresses, o^, a^, and the 

shear stress, are given by 

-2P (/i a = -̂  [ 11- + !l- - c ] (A1.11) 
Ut r* ' 

'2 

' rt r; fj' 

,  .  2 P ,  ( / , < • / ) ' ( * - * , ) ,  

""  ̂ 7' 7' ' ' ' 
'1 '2 

where t is the thickness of the disk, d is the diameter of the disk, a is the angle 

between OA and AB, C = + {y^-yf and 
d 

rl = + {y-y^^ = (x-x^)^ + (y+y^)^. From the above expressions for 

stresses, the displacement gradients can be obtained from the Equations (A1.4) 

and (A1.5). 

The displacements u and v at a general point (xp, yp) are obtained by the 

integration of the displacement gradients between this point and a point where u 

and v displacements are zero. The displacement v is zero at all the points along 

the x-axis. However, a point where the displacement u Is zero cannot be 
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determined in this disk problem as there is a rigid body motion. Therefore, only 

relative displacement of the point (xp, yp) with respect to the centroid of the disk 

can be detemnined. The displacements are obtained by the integration of the 

displacement gradients given by the Equations (A1.6) and (A1.7). 

The displacement of point A is evaluated as a sum of the displacement of 

point D where the material yields along the line OA and the product of the 

displacement gradient at point D and the length of DA. The point D at (x^, 

where the material yields, is obtained by setting the expression for the major 

principal stress at point D equal to the yield stress of the material of the disk. The 

major principal stress is given by 

a + o 
a, = '-

\ 

o„ ~ o„ _ _ 

Since, and are functions of x and y, the stresses at point D are 

obtained by substituting (Xg, for (x, y) in the expressions for the stresses. 

Therefore, the expression for which is set equal to the yield stress, will be a 

function of (*3. Since (X3, y^ is a point along OA, substituting for /a = m X3 

(where m = slope of OA = y/x.,) will leave the expression for in terms of X3 

and thus X3 is evaluated. Then, y^ is evaluated from y^ = m x^. Knowing 

(*3. Va). the displacements are evaluated using Equations (A1.8) and (A1.9). 
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A1.4 Example problem and finite element analysis 

The displacements in the disk loaded as shown in Fig. A1.5 are found from 

the elasticity solution given in the previous section and the displacements are 

compared with the results of finite element analysis (FEA) using the program 

ABAQUS. For the numerical analysis using ABAQUS, the disk is discretized as 

plate elements by considering 3558 nodes. The diameter of the disk is 50.8mm 

and is assumed to be made of the material quartz, the material properties of which 

are given in Chapter 4. The elasticity solution gives only the relative displacement 

of the nodes with respect to the centroid of the disk. Therefore, the relative 

displacements of the loaded nodes and nodes located at two third radius (of the 

disk) and one third radius as shown in Fig. A1.5 are found from the numerical 

analysis and are compared with the displacements from the elasticity solution. The 

displacements in the numerical analysis are found by averaging the displacements 

obtained from the analysis of the two cases of disks shown in Fig. A1.6. 

The displacements from the elasticity solution and the finite element 

analysis are shown in Tables. A1.1, A1.2 and A1.3. 
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Fig. A1.5 Disk under vertical and lateral loads 
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Fig. A1.6 Boundary conditions in finite element analysis 
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Table A1.1 Displacement of loaded nodes 

Node 
# 

X-Displacements (mm) Y-Displacements (mm) Node 
# 

Elasticity 
solution (ES) 

Finite element 
analysis (FEA) 

Elasticity 
solution (ES) 

Finite element 
analysis (FEA) 

1 -0.1024E-03 -0.5705E-04 0.0 0.6456E-04 

2 0.0 -0-6139E-04 -0.2016E-03 -0.1236E-03 

3 0.1024E-03 0.5774E-04 0.0 -0.6453E-04 

4 0.0 0.6287E-04 0.2016E-03 0.1259E-03 

Table A1.2 Displacements of points at two third radius 

Node 
# 

X-Displacements (mm) Y-Displacements (mm) Node 
# 

ES FEA ES FEA 

5 -0.2235E-04 -0.2473E-04 0.0 0.5891 E-04 

6 0.0 -0.5731 E-04 -0.5816E-04 -0.6112E-04 

7 0.2235E-04 0.2540E-04 0.0 -0.5888E-04 

8 0.0 0.5771 E-04 0.5816E-04 0.6319E-04 

Table A1.3 Displacements of points at one third radius 

Node 
# 

X-Displacements (mm) Y-Displacements (mm) Node 
# 

ES FEA ES FEA 

9 -0.1389E-04 -0.1624E-04 0.0 0.5354E-04 

10 0.0 .0.5222E-04 -0.4108E-04 -0.4456E-04 

11 0.1389E-04 0.1687E-04 0.0 -0.5352E-04 

12 0.0 0.5256E-04 0.4108E-04 0.4644E-04 
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Good comparison is obtained for the displacements in the direction of the 

loads; ie. Y-displacennents of points along AB (Fig. A1.5) and X-displacements of 

points along CD. The displacement of the loaded nodes from the elasticity solution 

are above the displacements from FEA by 40%. This is expected as theoretically 

the stress at the loaded nodes are Infinite, whereas the stress is finite in the FEA. 

However, the displacements at one third and two third radius points from the two 

methods match very closely (Maximum deviation 10%). The finite element 

analysis shows finite displacements normal to the direction of the loads as against 

zero displacements from the elasticity solution. Therefore, It is to be concluded 

that it Is not possible to exactly simulate the boundary conditions for a disk under 

contact forces for a finite element analysis as there is a rigid body movement In the 

disk. 
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APPENDIX - 2 

LATTICE MODELING OF PARTICULATE MEDIA WITH CENTROID NODE 

This research began with the modeling of particles as a lattice by linking the 

centroid of particles with the contacts as shown in Fig. 3.13. In this appendix, 

some of the methods adopted in the modeling using this approach, the results of 

the analysis and finally the deficiencies of the approach are explained. The 

modeling approach with centroid node was applied on a loose packing composed 

of elastic disks arranged as shown in Fig. A2.1. The material of the disks were 

Vertical load 

Roller 

disk(typ)-
Applied 
simple shear 
displacement Bar(typ 

Rigid truss Hinge 

Fig. A2.1 Simulation of simple shear of a 12 disk assembly 
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assumed to be of quartz, the properties of which are given in Chapter 4 and 

therefore are not repeated here. The packing was subjected to simple shear test 

conditions explained in Chapter 4. 

The lattice equivalent of the particulate packing was subjected to 

incremental shear strains of 0.5E-06. At a shear strain (y) of 2.5E-06. the shear 

stress ratios on vertical planes reached the contact friction coefficient (Fig. A2.2). 

At this stage, the disks were rotated about the base by a small amount equivalent 

to a shear strain of 0.001. This was based on the fact that under the imposed 

loading condition, when the vertical planes are transfonned to sliding planes, 

columns of particles will rotate along with rolling/frictional sliding at the top and 

bottom boundaries. After the rotation of the disks, the coordinates of the contacts 

were updated in the new position, the equivalent lattice (Fig. 3.13b) was formed 

in the new position and the bar forces were redistributed for equilibrium. The shear 

stress ratios after the redistribution analysis are shown in Fig. A2.3. This figure 

shows that after the adjustment of the axial forces for equilibrium in the new 

position, the vertical planes are no more continuously sliding planes. Therefore, 

additional incremental shear strain was applied on the lattice. Under the additional 

shear strain, when the vertical planes were again transformed into sliding planes, 

the particles were rotated and redistribution analysis was cam'ed out. This process 

of sliding on vertical planes, rotation of particles as columns, redistribution of axial 

loads and application of incremental shear stî in was continued until a shear strain 
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FIG. A2.2 Shear stress ratios at contacts under vertical load 
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FIG. A2.3 Shear stress ratios at contacts @ y = 0.001 
after rotation of columns of disks 
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FIG. A2.4 Shear stress ratios at contacts at y = 0.10 
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FIG. A2.5 Shear stress ratios at y = 0.20 
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FIG. A2.9 Shear stress ratios at contacts @ y = 0.35 
by forcing vertical planes to remain as sliding planes 
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of 0.30. The shear stress ratios at shear strains of 0.10, 0.20 and 0.30 are shown 

In Figs. A2.4, A2.5 and A2.6. The average shear force ratio at the bottom platen 

versus shear strain Is plotted In Fig. A2.7. 

An analysis of Figs. A2.3,4,5,6 shows that the shear stress ratios on 

horizontal planes gradually Increase during the shearing process. At a shear strain 

of 0.30 (Fig. A2.6), the shear stress ratio at the second node at bottom boundary 

and the third node at top boundary has reached the value of coefficient of friction. 

At this stage, when the particles were rotated; (1) the shear stress ratios at nodes 

on vertical planes decreased (2) shear stress ratios at the nodes on bottom and 

top planes where shear stress ratios had originally reached 'p', increased. When 

the shear stress ratio at the bottom and top nodes were brought down to 'p', the 

shear stress ratios on vertical planes further decreased (Fig. A2.8), resulting in 

non-sliding vertical planes. Thus, the material tended to harden beyond a shear 

strain of 0.30. Several methods were adopted to overcome this problem of sudden 

hardening of the material before the final conclusion that the modeling approach 

with centrold nodes was a wrong approach. 

• One such method was to bring down the shear stress ratio at the bottom 

and top nodes to 'p' by Increasing the normal forces rather than decreasing 

the shear forces. This resulted in decreasing the shear stress ratios on 

vertical planes which led to the hardening of the particulate media. 

• In another approach, link supports were introduced at the nodes on top and 

bottom where the shear stress ratios exceeded 'p' so that these nodes will 
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not carry additional shear forces. This method also resulted in the 

development of non-sliding vertical planes. 

• In yet another apporach, the shear stress ratios at all the nodes on vertical 

planes were forced to remain at '|j' through an iterative process. This 

method showed that when the shear stress ratios at the nodes on vertical 

planes where the shear stress ratios were below 'p' were increased to 'p', 

the shear stress ratios at bottom and top nodes which were already at 'p' 

exceeded 'p' (Fig. A2.9). When the additional shear forces at the bottom 

and top nodes were redistributed, the result was that the shear stress ratios 

at the nodes on vertical planes decreased resulting in non-sliding vertical 

planes. 

The above methods having failed to solve the problem of sudden hardening 

of the material, It was suspected whether the concept by which the bar areas were 

derived was wrong. Two approaches were tried to correct this concept. (1) Hertz-

Mind lln contact theory (2) Castigliano's theorem. 

In the first approach, Instead of deriving the displacements from the 

elasticity solution, the nomial and tangential displacements were derived from 

Hertz-Mlndlln contact theory. This did not make any difference In the behavior. 

In this context, it Is to be mentioned that there Is a similarity between the lattice 

type model and the discrete element method which is based on Hertz-Mlndlln 

contact theory. The displacements in both approaches are evolved from the 

fundamental solution for stresses in an elastic half space due to a point load, 
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derived by Michell (1900 and 1902). 

The secx}nd approach was to evolve the bar areas from the displacements 

at the contacts and the bar forces, using Castigliano's theorem of least work. In 

order to explain the procedures in this approach, consider the lattice equivalent of 

a particle shown in Fig. A2.10 which is acted upon by a set of four contact forces. 

The nomrial components of these contact forces are designated as N^, A/j etc. and 

the shear components as etc. Let the current axial forces in the bars of the 

lattice due to the applied loading be F^, Fg.etc. In order to apply Castigliano's 

theorem, a unit load is applied in the direction of the degree of freedom (d.o.f) of 

each of the nomnal and shear components of the contact forces and the resulting 

axial forces in the bars are found as FULf. When the unit load is applied in the 

direction of one d.o.f, the other d.o.f are fixed (Fig. A2.11). Then, according to the 

Castigliano's theorem 

= 5j (A2.1) 
/=1 np 

where 'n' is the number of bars, F, is the axial force in the bar 'i' due to the 

existing load on the particulate packing, L,- is the length of bar 'i', E is the elastic 

modulus of bars and Aj is the unknown cross-sectional area. FUL, is the axial 

force in bar 'i' due to unit load in the direction of the d.o.f 'j' and 5y is the 

displacement in the direction of the d.o.f 'j' which is set equal to the displacement 

(Appendix -1) obtained from the elasticity solution. 



p 
3 

Fig. A2.10 Disk and lattice equivalent under contact forces 

1 (unit load) 

Fig. A2.11 Application of unit load at the d.o.f in the normal direction at B 
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Since, 5j is the relative displacement with respect to the centroid node, this node 

is also fixed when unit load is applied in the direction of the d.o.f ']'• Thus, from the 

eight equations for the eight d.o.f, the eight unknown bar areas are determined. 

However, the solution of the eight equations resulted in negative bar areas and 

thus it was established that the method was not correct. 

Even after spending considerable time, when the above approaches did not 

solve the problem, the author began a detailed study of the change in normal 

forces and shear forces after the rotation of the particles. The normal forces at a 

smaller shear strain and larger shear strain are shown in Fig. A2.12a,b. The shear 

forces for the above shear strains are shown in Fig. A2.13a,b. A comparison of 

Figs. A2.12a and A2.12b shows that normal forces are larger towards the right on 

the top row of disks and larger towards the left on the bottom row of disks. A 

similar variation can be seen for the shear forces. However, the variation of 

normal forces observed in simple shear tests on sands is a decrease from the left 

to right at the top row of disks (Budhu, 1979). This led to the study of the cause 

for the reversed variation. It was felt that this is caused by the unbalanced forces 

produced at the centroids after the rotation of the particles. 
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FIG. A2.12a Normal forces at contacts @ y = 0 05 
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FIG. A2.12b Normal forces at contacts @ y = 0.30 
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FIG. A2.13a Shear forces at contacts @ y = 0.05 
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FIG. A2.13b Shear forces at contacts @ y = 0.30 
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FIG. A2.14 Unbalanced forces at the nodes 
in a 96 disk assembly after rotation 
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Top rigid truss 

Bar B(Ab) 

C 

Bar F(Ap) 

D 

(a) (b) 

Fig. A2.15 (a) Unbalanced forces on a particle at top boundary 
(b) Lattice equivalent of the particle 

The unbalanced forces normalized to the maximum forces are shown in Fig. 

A2.14 for a packing of 96 disks. This figure shows that the unbalanced forces are 

predominantly acting on the boundary particles. Therefore, a study was earned out 

on the variation of the bar areas on a typical disk at the top boundary during a 

shearing process. The unbalanced forces and the bar areas in a typical top 

boundary disk are shown in Fig. A2.15. It was found that as shear strain is 

increased, the axial force in bar 'B' decreased and the axial force in bar 'F' 

increased. At large shear strains, the axial force in bar 'B' became zero and thus 

the bar area was set to a very low value ("lowarea") or it is reduced to a very weak 

bar so that there is no load transfer through that bar. 

When the area of bar OC is reduced to a weak bar, transfer of contact 

forces from contact point 'C to 'D' does not take place through bar 'B'. The cause 

for area of bar OC reducing to "lowarea" arises from the unbalanced forces and 
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Q2 acting at the centroid node of the lattice. Originally under vertical load 

conditions, bar OC had a connpressive force. The force unbalanced induces 

tension in bar OC and finally reduces the net axial force in the bar to zero which 

reduces the bar to a weak bar and alters the load path. Thus, it was confinned that 

the erroneous results were a result of the wrong load path resulting from a wrong 

modeling approach. Then the modeling approach was changed to a lattice linking 

only the contact nodes and the good results obtained from this approach are the 

subject of discussion of the outcome of this research. 

The author spent almost two years and eight months (Jan, 1992 to Aug, 

1994) in the wrong modeling approach with centroid node. The author's advice for 

the future graduate students is that, in research, it is better to spend a lot of time 

thinking about the approach to solve the problem rather than just to go and 

implement some ideas abruptly. This statement can be corroborated with respect 

to the current problem in which an important aspect is that "particles in a 

particulate media, interact at contact nodes and the loads are transferred through 

a network of contacts". If lot of thinking was put on this statement, the author feels 

that the research would have started with a lattice model without the centroid 

nodes and considerable time would have been saved. The author was not a very 

experienced researcher in the beginning years and hence was not in a position to 

make a strong decision on the modeling approach. In the later years, the author 

gained a lot of confidence and solved the problem successfully with the help of his 

advisors. 
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APPENDIX - 3 

PUBLICATIONS FROM THIS RESEARCH 

(1) M. Budhu, S. Ramakrishnan, and G. Frantziskonis, Jr., 'Modeling of Granular 
Materials - A Numerical Model Using Lattices', in "Mechanics of Particulate 
Materials", Proceedings; international conference on Megatrends in Mechanics 
and Materials, Northwestem University, IL, June 29 - July 2, 1997, In press. 

(2) S. Ramakrishnan, M. Budhu, and G. Frantziskonis, Jr., 'Defomnation and 
Failure of Granular Media - A Lattice Type Model'; Proceedings; First International 
Fomm on Discontinuous Deformation and Analysis (DDA), Berkeley, CA, June 12-
14, 1996, pp. 543-550. 

(3) 8. Ramakrishnan, M. Budhu, and G. Frantziskonis, Jr., 'Constitutive Behavior 
of Granular Media using a Lattice Type Model', Proceedings; 11th ASCE 
Engineering Mechanics Conference, Ft. Lauderdale, FL, May 19-22, 1996, pp. 
713-716. 

(4) M. Budhu, S. Ramakrishnan, and G. Frantziskonis, Jr., 'Mechanics of 
Particulate Media - A Lattice Type Approach', Proceedings; Wori<shop on 
Mechanics and Statistical Physics of Particulate Materials, Institute for Mechanics 
and Materials, University of California, San Diego, CA, June 8-10, 1994, pp. 33-36. 

(5) M. Budhu, S. Ramakrishnan, and G. Frantziskonis, Jr., 'A Lattice Type Model 
for Particulate Media', submitted to the Joumal of Engineering Mechanics, ASCE, 
paper under review. 
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