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ABSTRACT 

This work is concerned with the application of feedback control 

theory to glycolytic oscillations in yeast extracts in particular and to 

biochemical systems (oscillating or nonoscillating) in general. Since 

the application of feedback control theory requires a mathematical model 

of the physical system under study, such a mathematical model of glycol

ysis is developed in the form of a fifteenth order differential equation 

with five nonlinearities. These five nonlinearities represent the depen

dence of the activity of five regulated enzymes on their respective ef

fector metabolites. The prediction of these nonlinearities, in a form 

that can be verified by biochemical experiments, is a key feature of 

the model. 

The validity of the mathematical model is established by demon

strating that there is quantitative agreement between predictions of the 

model and experimental data, under the appropriate conditions. The model 

is then utilized to draw the structure of glycolysis as a multiple feed

back loop control system. With the help of this structure it is demon

strated that evidence presented in the literature in favor of phospho-

fructokinase as a primary cause of glycolytic oscillations amounts to 

opening only one of the many feedback loops that control the dynamics of 

the glycolytic pathway and therefore the evidence, even though good, is 

inconclusive. 

The importance of the regulation of enzymes other than phospho-

fructokinase in causing the system to oscillate is demonstrated directly 

xv 



by opening the feedback loops associated with the enzymes glyceraldehyde 

3-phosphate dehydrogenase, pyruvate decarboxylase and alcohol dehydroge

nase. Experimental evidence in support of the model is provided by 

measuring the dependence of the rate constants of alcohol dehydrogenase, 

pyruvate decarboxylase and glyceraldehyde 3-phosphate dehydrogenase on 

their respective effector metabolites and by showing that these measure

ments are in agreement with the results predicted by simulation. 

It is suggested that the techniques of mathematical modeling and 

control theory can be used for better understanding the regulation of 

biochemical systems. An oscillatory response is not a necessary pre

requisite for mathematical modeling and the behavior of a system as it 

is perturbed around a steady state can be used for modeling and analysis. 

Since most biochemical systems are feedback regulated, the application 

of this kind of analysis is practically unlimited. 



CHAPTER 1 

INTRODUCTION AND OUTLINE OF DISSERTATION 

1.1 Introduction 

Periodic phenomena in nature (e.g., tidal rhythms) have fas

cinated Man from time immemorial. In the realm of biological systems 

such periodic phenomena as heartbeat and mammalian female reproductive 

cycles have been known for some time. More recently, circadian rhythms 

in plants and animals have been studied. The term circadian rhythms 

refer to oscillations of a number of activities in a biological system 

which have a period of oscillation of approximately 24 hours (e.g., leaf 

movement or CO2 production by leaves). Periodic behavior or oscillations 

have been observed not only at the systemic level but also at the molec

ular level as in the case of yeast cells and extracts (Figure 1). 

Although awareness of such periodic phenomenon has existed for 

a long time, a concerted effort towards understanding the underlying 

scientific basis of such phenomena did not occur until recently. During 

the 1920's and 30's, the existence of certain circadian rhythms in plants 

was demonstrated and evidence was presented which suggested that these 

rhythms are utilized as clocks by the organisms (Bunning 1973). The big 

impetus in the study of oscillatory behavior in biological systems ap

pears to have occurred beginning in the 1950's. During this period, the 

existence of oscillatory behavior was demonstrated in a wide variety of 

biological systems. The best known and the most extensively studied 

1 
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Figure 1. Oscillations of NADH in a yeast cell suspension as determined 
by fluorometric measurements (Pye 1973). 

Other intermediates of glycolytic pathway have also been determined to 
oscillate by direct enzymatic assays of various intermediates. Oscilla
tions in intact yeast cells are induced by an aerobic to anaerobic 
transition in presence of the substrate glucose or fructose. The 
period of oscillations varies from about 0.5 minutes to about 1 minute 
depending on the kind of substrate used as well as its concentration. 
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oscillations are those of glycolytic intermediates in intact yeast cells, 

yeast extracts and mammalian cell extracts (Duysens and Amesz 1957; Hess, 

Brand and Pye 1966; Frenkel 1968). These oscillations will be discussed 

in detail later. 

Among some of the less well characterized are oscillations in 

sodium transport across epithelium as demonstrated by Allen and Ras-

mussen (1973). These investigators electrically monitored the flow of 

sodium ions from the bathing medium into cells on the mucosal side of an 

in vitro preparation of the bladder from the toad Bufo marinus. Spon

taneous as well as induced oscillations were observed in the transmem

brane potential. Allen and Rasmussen (1973) attributed such oscilla

tions to the flow of Na+ into the cells which in turn caused the activa

tion of sodium and potassium dependent ATPase located in the membrane. 

Such an activation results in the pumping of Na+ out of the cells against 

a concentration gradient and at the expense of ATP hydrolysis. As Na+ 

is pumped out of the cell, the activity of ATPase goes down and this once 

again permits the flow of sodium ions into the cell. The process is then 

repeated and the net result is an oscillatory response. Although it ap

pears to be an attractive hypothesis, Allen and Rasmussen have presented 

no direct biochemical evidence in favor of it. The period of such oscil

lations varies from four to twenty minutes depending on certain experi

mental conditions. Although continuous oscillations were observed for a 

few cycles, the oscillations eventually damped out. 

Oscillations of ion fluxes have also been observed in prepara

tions of mitochondria from pigeon heart and rat liver (Chance and 

Yoshioka 1966; Gylkhandanyan et al. 1976). In rat liver mitochondria 
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oscillations are induced by addition of Sr in the presence of succi

nate, valinomycin and a low concentration of rotenone. The oscillations, 

which have a period of about 4 to 7 minutes, can be sustained for 1 hour. 

Both sinusoidal and nonsinusoidal waveforms have been observed depending 

on certain experimental conditions. These oscillations require substrate 

oxidation since they are not observed in the presence of high concentra

tions of antimycin A or cyanide. Although experimental techniques for 

the induction of such oscillations have been well established, the actual 

biochemical mechanism has not yet been elucidated. 

Yet another system in which oscillations have been observed is 

the contractile structure from the insect fibrillar muscle (Riiegg 1973; 

Pringle 1967). It has been found that length of glycerol extracted mus

cle fibres from the flight muscle of tropical waterbugs (e.g., ]L. maximus) 

will oscillate when suspended from a lever system in an ATP-salt solu

tion. Riiegg (1973) has postulated that the increase in the length of 

the muscle fibre is sensed by the tension bearing myosin filament and it 

results in an increase in the degree of actin-myosin interaction. This 

in turn results in an increase in tension and also the ATPase activity 

associated with the fiber. This delayed increase in tension results in 

a contraction of the fiber with an overshoot and the whole process is 

repeated over and over again. Riiegg (1973) has experimentally shown that 

there is indeed an increased ATPase activity associated with the fibers 

during oscillatory response. It was further shown that a maximum in

crease in the ATPase activity is observed at a frequency of oscillation 

which produces a maximum of mechanical power. The idea of oscillations 

being induced by a delayed increase in tension appears to be quite 
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reasonable, since the introduction of delay in feedback controlled sys

tems is frequently observed to cause the system to oscillate. 

Harrison (1973) has demonstrated two different kinds of oscilla

tions in cultures of K. aerogenes grown in an environment of constant pH, 

temperature, nutrient feed rate and partial pressure of oxygen in the gas 

phase. It was shown that when the partial pressure of oxygen in the gas 

phase is kept constant at a level less than 100 mm Hg, spontaneous oscil

lations are induced in the dissolved oxygen tension suggesting an os

cillating rate of oxygen utilization by the culture. The observed period 

of oscillations is approximately 5 hours and the waveform is extremely 

nonsinusoidal, clearly suggesting the presence of nonlinear control mech

anisms in the system. In addition to these low frequency oscillations, a 

quite different kind of oscillation, consisting of cyclic reduction of 

pyridine nucleotides, is observed when the oxygen supply to the culture 

is restored after its being cut off for 15 minutes. Such oscillations, 

whose period varies from 2.5 to 12 minutes, are observed even when the 

dissolved oxygen tension is maintained at a high level. Harrison (1973) 

has suggested that oscillations occur perpetually within the cells but 

that they can be observed only when synchrony is brought about by anaer

obic shock. 

Thus, oscillatory behavior in biological systems has become a 

subject of intense study in a number of laboratories around the world. 

As discussed earlier, the appearance of oscillations in biological systems 

is closely related to the presence of feedback in such systems. One of 

the key reasons for studying biological oscillations is to search for 

biological clock(s) whose existence has been demonstrated but whose 
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biochemical nature is not yet known.̂  However, it is most reasonable to 

state that regardless of the mechanism that may be found for the bio

logical clock, the presence of feedback will be a key feature of the 

mechanism. It is shown later in this work that oscillatory behavior in 

biochemical systems can also be used to advantage in understanding the 

regulation of the biochemical pathways. Since the underlying reason for 

oscillations in biological systems is related to the presence of feed

back in such systems, the following is a discussion of feedback and 

conditions of oscillations in feedback containing systems. 

1.2 Feedback Regulation in Biochemical Systems 

It is now well known that many biological systems are feedback 

regulated. At the biochemical level in metabolic pathways, feedback 

control has been found to exist in all regulated pathways. This feedback 

is exercised in the form of control of the velocity of an enzymatic re

action by a suitable effector metabolite. A typical example of a meta

bolic pathway containing feedback as an inherent part of its structure 

is shown in Figure 2. In this context, the structure of the system is 

defined as a mathematical or schematic representation of all the opera

tions that take place in the system, including the application of feed

back. Such feedback regulation has been found to exist not only at the 

molecular but also at the systemic level, e.g., hormonal regulation. 

There are several important properties associated with feedback 

controlled systems. One is their attempt to maintain a constant output 

1. A biological clock is a timing mechanism within a organism 
that oscillates at a constant (or nearly constant) frequency regardless 
of any exogenous input to the system. 
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Figure 2. A typical example of the regulation of a metabolic pathway 
by feedback. 

The pathway shown is that of the synthesis of deoxyribonucleotides. The 
conversion of the four ribonucleotides to deoxyribonucleotides is 
catalyzed by ribonucleotide reductase while the conversion of thymidine" 
to dTMP is catalyzed by thymidine kinase. Each solid arrow denotes an 
enzyme catalyzed reaction. Dotted lines indicate regulatory effects of 
various metabolites. A (-) sign indicates inhibition while a (+) sign 
indicates activation of the enzyme by a metabolite. 
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as the parameters of the system vary or the system is subjected to some 

form of disturbance (e.g., homeostasis). Another is their ability to ex

hibit oscillatory response under certain conditions, as has indeed been 

observed in a number of biochemical and biological systems. The mere 

presence of feedback is not a sufficient condition for a system to oscil

late. In other words, oscillations are a special property of feedback 

controlled systems and this property is expressed under certain condi

tions as discussed below. 

The conditions under which a system will oscillate are generally 

expressed in a mathematical form and were investigated as early as 1895 

by the Russian mathematician, Liapunov. Subsequently, other mathe

maticians (e.g., Nyquist and Bode) examined in great detail the exact 

conditions of oscillations in systems containing feedback (Schultz and 

Melsa 1967). All the analyses mentioned above were carried out after 

the system under study was represented in a suitable mathematical form 

as further discussed below. 

The pioneering work of Fourier, Laplace, Liapunov, Nyquist, Bode 

and others laid the foundation of modern feedback control theory (Zadeh 

and Desoer 1963; Schultz and Melso 1967; Elgerd 1967) where the condi

tions of oscillation in feedback containing systems have been investi

gated in great detail. 

However, modern feedback control theory (from now on referred to 

as control theory) deals exclusively with the properties of differential 

equations. Thus, the representation of the actual physical system, 

whether biological, biochemical or otherwise, in the form of differ

ential equations is a necessary prerequisite for the application of the 
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control theory. Although the representation of the biochemical systems 

by differential equations appears to be a formidable task, it is shown 

later in this work that it is possible to take appropriate biochemical 

data and transform them into a set of differential equations. The pre

cise conditions under which a feedback regulated system oscillates are 

discussed below. 

1.3 Conditions of Oscillations in Linear 
and Nonlinear Systems 

Generally, the oscillators found in biological systems (as well 

as the manmade oscillators) can be classified under two categories. In 

the first category, referred to as linear oscillators, are systems whose 

dynamics can be expressed by ordinary, linear differential equations with 

constant coefficients. Such systems display continuous, undampened os

cillations when a complex conjugate pair of the roots of the differential 

equation(s) representing the particular system lie exactly on the jto 

axis in the complex S-plane (Schultz and Melsa 1967). Such systems 

oscillate with sinusoidal waveforms. 

The other group, nonlinear oscillators, produce waveforms which 

are nonsinusoidal, but the waveforms of any two oscillators within this 

group need not be alike. Certain groups of such oscillators, which pro

duce highly nonsinusoidal waveforms such as sawtooth and square waves, 

are known as relaxation oscillators (Joyce and Clarke 1961). The dynam

ics of all nonlinear systems is represented by nonlinear differential 

equations. Unfortunately, there is no known analytical technique that 

can predict the behavior of all systems represented by nonlinear differ

ential equations. Under certain limited and specified conditions it may 



be possible to determine if a particular system can exhibit oscillatory 

behavior by use of such techniques as the describing function analysis 

(Gibson 1963). In general, however, the best one can hope for is a 

numerical solution of the nonlinear differential equation on an analog 

or digital computer. It is quite possible that a system may behave as 

a linear oscillator under one set of conditions and as a nonlinear os

cillator under another set of conditions. 

1.4 Mathematical Modeling as a Tool for 
Studying Biological Systems 

Mathematical approaches towards understanding the behavior of 

biological and biochemical systems are not limited to oscillating systems. 

Increased understanding of a number of biological systems has resulted 

as a direct result of mathematical analysis. A classical example of a 

much used differential equation in biochemistry is the well known 

Michaelis-Menten equation. According to this differential equation, 

which assumes steady state conditions, the velocity of a reaction of 

the kind 

s Enzyme  ̂ p 

is given by, 

d(P) _ d(S) _ m̂ax̂  
dt dt K + (S) 

m 

where the symbols have their usual meaning. 

Mathematical models have been used to advantage in study of such 

widely varying biological phenomenon as the growth of organisms under 

varying conditions of nutrition (Brody 1945; Payne and Wheeler 1968), 

thermoregulation in mammalian systems (Stolwijk 1968), interaction of 



genetic and enzymatic systems (Sugita 1968; Detchev and Moscona 1968) 

and free fatty acid metabolism (Srinivasan 1969). The mechanism of nerve 

conduction has been extensively studied mathematically in view of its 

analogy to conduction in electrical cables (Jack, Noble and Tsien 1975). 

The entire list of all the areas in biological systems where mathematical 

models have been used is too long to be mentioned here. It suffices to 

say that mathematical modeling is one of the key approaches to the under

standing of biological and biochemical aystems. In the author's opinion 

the greatest advantage of mathematical approaches lie in the case of 

systems where the effect of a large number of variables (e.g., greater 

than two) must be considered simultaneously in understanding the behavior 

of the system. The full implication of this statement should become 

clear to the reader after examining this work. 

1.5 Goal of This Dissertation 

The purpose of this work is to examine in depth the causes and 

conditions of oscillations in a particular biochemical pathway, namely 

glycolysis, in light of feedback control theory. This goal is achieved 

by constructing a mathematical model of glycolysis in yeast extracts 

from data that are currently available in the literature. The properties 

of this mathematical model, which is in the form of a 15th order non

linear differential equation, are examined in light of certain basic 

tenets of system theory. Such an anslysis has provided a new insight 

into the regulation of glycolysis in yeast extracts under oscillating 

conditions and has suggested experiments that were not conceived before. 
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Some of these suggested new experiments have been carried out, and the 

results are presented in this work. 

An alternate expression of the goal of this work is to understand 

the dynamics and the structure of glycolysis in yeast extracts under os

cillating conditions. The word dynamics is to be emphasized. The reason 

is that our knowledge of biochemical pathways (including glycolysis) 

exists in two forms. Usually the overall behavior of a pathway is 

studied under certain conditions. For example, the continuous recording 

of NADH oscillations (through fluorescence) in yeast extracts under cer

tain conditions is a dynamic measurement. A second set of measurements 

give information about the activities of various enzymes and about var

ious metabolites which affect the activities of these enzymes. With 

rare exceptions, these measurements of enzyme activities are static 

measurement, i.e., they are carried out on purified enzymes at certain 

fixed levels (or sets of levels) of substrate, product and effector 

metabolites. Thus, the information consists of the overall behavior of 

the system, which is a dynamic measurement, and the characteristics of 

the isolated component structure of the system (in this case enzymes), 

which is a static measurement. 

The problem then is how to relate the static and dynamic measure

ments. In other words, are a series of static measurements by themselves 

enough to account for the dynamic behavior of the system. In general the 

answer to this question is no, since a static measurement (or a group of 

static measurements) has no builtin check that indicates that all pos

sible conditions that occur under dynamic conditions have been taken into 

account. Furthermore, a group of static measurements, performed on 



isolated components of a system, gives no information about how the char

acteristics of various components interact under dynamic conditions. It 

is this limitation that is faced directly and overcome in this work and 

it constitutes the raison d'etre of this work. This gap between static 

and dynamic measurements is filled by constructing a mathematical model 

of the system (glycolysis in yeast extracts) in the form of a set of dif

ferential equations which is inherently a dynamic formulation but which 

can incorporate into it the results of static measurements. This dynamic 

model is then examined in light of control theory to obtain a qualitative 

as well as a quantitative understanding of the regulation of glycolysis 

in yeast extracts that was hitherto unknown. The advantage of dealing 

with dynamic rather than static formulations should become obvious to 

the reader after examining the subsequent chapters of this dissertation. 

1.6 Organization of This Dissertation 

Chapter 2 discusses in detail the experimentally observed gly

colytic oscillations in intact yeast cells, yeast extracts and mammalian 

cell extracts. Since the mathematical model developed in this work is 

based on data obtained from yeast extracts rather than intact yeast 

cells, the reasons for choosing yeast extracts as the experimental system 

suitable for mathematical modeling are presented. Finally,.the mathe

matical model that are currently available in the literature to explain 

glycolytic oscillations are discussed. 

In Chapter 3 the mathematical model of glycolytic oscillations in 

yeast extracts is developed in the form of a set of coupled nonlinear 
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differential equations. Certain simplifying assumptions that are made in 

developing the model are discussed in detail. 

Chapter 4 compares the results obtained from the mathematical 

model with the experimentally measured results. In effect, this is an 

attempt to validate the model by showing that the results obtained from 

the model are in agreement with experimentally observed results. It is 

shown that under appropriate conditions, the model is capable of exhibit

ing both sinusoidal and nonsinusoidal oscillations as is the case with 

the experimental system. The reasons for choosing certain specific 

characteristics for the feedback regulation of some of the glycolytic 

enzymes are detailed. The results obtained from the model are used to 

predict the existence of an effector metabolite of the enzyme pyruvate 

decarboxylase. 

In Chapter 5 further evidence is presented in favor of the 

validity of the model by showing that the predictions of the model are 

in agreement with the experimental results under certain special condi

tions. These particular conditions refer to experimental evidence that 

is cited in favor of phosphofructokinase as the primary cause of oscil

lation in yeast extracts. It is further shown that the experimental 

evidence, though reasonable, is not conclusive. The mathematical model 

is then used to draw the structure of glycolysis as a multiple feedback 

loop control system and to examine the role of various regulated enzymes 

in light of feedback control theory. 

In Chapter 6 certain predictions of the model are experimentally 

verified. The reasons for choosing these predictions for experimental 
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verification are discussed. This experimental verification is offered as 

the final evidence in favor of the validity of the model. 

Chapter 7 is a summary and an overview of the dissertation with 

certain recommendations for future studies. 



CHAPTER 2 

GLYCOLYTIC OSCILLATIONS IN YEAST CELLS AND EXTRACTS 

2.1 Introduction 

Oscillations in the glycolytic pathway in intact yeast cell sys

tems were first reported by Duysens and Amesz (1957). These investigators 

developed a method for fluorometric measurements of intracellular NADH 

levels and utilized them to study the transition from aerobic to anaer

obic conditions in starved yeast cells. The NADH levels were found to 

exhibit a dampened oscillation when yeast cells were subjected to such 

a metabolic transition. Prior to this, the intracellular NADH pools in 

intact yeast cells were determined by absorption spectroscopy (Chance 

1955). Following this, until 1967, practically all the work reported in 

this field came from researchers at the Johnson Research Foundation in 

Philadelphia. Among these early researchers were Ghosh, Chance, Higgins, 

Betz, Pye and Hess. Most of the early research was carried out on in

tact yeast cell suspensions and the oscillations were induced by aerobic 

to anaerobic transition in the presence of a suitable glycolytic sub

strate, an example of which was shown in Figure 1 of the previous chapter. 

After the techniques for induction of oscillations were well 

established, attention was directed towards the behavior of the glycoly

tic intermediates (Figure 3) during the oscillatory response observed 

through fluorometric measurements of NADH. Ghosh and Chance (1964) 

measured some of the glycolytic intermediates in oscillating yeast cell 

16 
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suspensions and demonstrated that G6P̂  and F6P oscillate in phase with 

each other and that both of them oscillate 180 degrees out of phase with 

F16DP. Later, all the glycolytic intermediates up to acetaldehye were 

shown to exhibit oscillatory response under appropriate conditions. 

In 1964, Chance, Hess and Betz prepared a concentrated extract 

from yeast cells which contained all the enzymes of the glycolytic path

way and which had a protein concentration of 90 mg/ml. By adding G6P to 

such an extract these investigators were able to induce dampened sinus

oidal oscillations of glycolytic intermediates. The period of oscilla

tions observed was about 6 minutes as compared to approximately 1 minute 

in intact yeast cells. Nearly continuous oscillations were later in

duced in cell-free extracts by single addition of trehalose, a carbo

hydrate that is known to accumulate in yeast. Pye and Chance (1966) 

reported the occurrence of nonsinusoidal oscillations in cell-free ex

tracts. In 1968, Hess, Boiteux and Kruger achieved truly undampened 

oscillations in cell-free extracts by continuously injecting glycolytic 

substrate at an appropriate rate. Not only were these investigators able 

to achieve undampened oscillations, but they were also able to produce a 

variety of waveforms, sinusoidal and nonsinusoidal, merely by varying 

the substrate injection rate. Hess et al. (1968) also carried out an 

1. The following abbreviations are used. F, fructose; F6P, 
fructose 6-phosphate; G6P, glucose 6-phosphate; F16DP, fructose 1,6-
diphosphate; DAP, dihydroxyacetone phosphate; GAP, glyceraldehyde 3-
phosphate; PG3, 3-phosphoglycerate; PG2, 2-phosphoglycerate; PEP, 
phosphoenolpyruvate; P, pyruvate; ACET, acetaldehyde; P'FK, phosphofruc-
tokinase; PK, pyruvate kinase; GAPDH, glyceraldehyde 3-phosphate dehydro
genase; PDC, pyruvate decarboxylase; ADH, alcohol dehydrogenase; PGI, 
phosphoglucoisomerase; TPI, triose phosphate isomerase; HK, hexokinase; 
ENO, enolase; P., inorganic phosphate; PGK, phosphoglycerate kinase; PGM, 
phosphoglucomutase. 



exhaustive biochemical analysis of glycolytic intermediates under oscil

lating conditions and determined both the phase and the amplitude of the 

intermediates under a variety of conditions. After dialyzing the yeast 

extracts, these investigators also determined the activity of all the 

glycolytic enzymes at the average value of the amplitude of oscillation 

of its substrate. In the case of PFK, the activity was also measured at 

the peak and bottom of oscillations of its substrate and effector metabo

lites (the exact identity of which is not specified by Hess et al.), and 

it was demonstrated that this enzyme changes activity by approximately 

80-fold during any given cycle of glycolytic oscillations. In contrast 

to the continuous oscillations in the yeast extracts, only dampened os

cillations have been observed in intact yeast cells. 

2.2 Mechanism of Glycolytic Oscillations 
as Proposed in the Literature 

By 1968, the existence of oscillations in both intact yeast cells 

and yeast extracts had been established beyond doubt. Furthermore, 

techniques for the induction of oscillations had been perfected and con

tinuous oscillations had been achieved in cell-free extracts. The em

phasis now begin to shift toward understanding the underlying mechanism 

of glycolytic oscillations. As early as 1964, Ghosh and Chance found 

that a certain time after induction of oscillations in intact yeast 

cells, the average concentrations of F6P and G6P increase and that of 

F16DP comes down in comparison to their average concentration prior to 

the induction of oscillation. At yet another time after the induction 

of oscillations, but during the same cycle of oscillation, the average 

concentrations of G6P and F6P go down while that of F16DP goes up. This 
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suggested that there are cyclic changes in the activity of PFK. Based on 

this, Ghosh and Chance (1964, p. 179) stated, "The crossover theorem which 

require only metabolite measurements corresponding to maxima and minima 

in the fluctuations has been applied to the identification of control 

sites in the respiratory chain and shows PFK to be the control site of 

oscillations in the glycolytic chain in _S. carlsbergensis." 

Additional experimental evidence was brought to bear in favor of 

PFK as the primary cause of oscillations. Hess and Boiteux (1973) demon

strated that in cell-free extracts, oscillations could only be achieved 

by infusion of fructose, glucose, F6P and G6P but not by infusion of 

F16DP or one of the metabolites that follow F16DP in the glycolytic path

way. Hess et al. (1968) also showed that the addition of large amounts 

of dialyzed PFK (which is no longer sensitive to effector modulation) to 

oscillating yeast extracts results in the cessation of oscillations. 

Based on all their experimental observations, Boiteux and Hess (1973, 

p. 251) state that "In summary, glycolytic self-excitation is produced 

by the allosteric oscillophor phosphofructokinase and propagated with 

a dependent phase shift by means of the coupling variable adenosine 

phosphates via the kinases phosphoglycerate kinase and pyruvate kinase." 

2.3 Mathematical Models of Glycolytic Oscillations 

The mechanism of glycolytic oscillations has also been investi

gated by using mathematical models. Higgins (1964) was among the first 

to carry out a mathematical analysis of glycolytic oscillations, and he 

has proposed the following mechanism for the occurrence of oscillatory 

response in a chemical reaction. 
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Let A and B be two intermediates in a metabolic pathway. Then, 

for A and B to exhibit oscillatory response, all of the following condi

tions must be satisfied. 

1. An increase in the concentration of one of the metabolites, 

say B, must tend to increase its own net rate of production. 

2. An increase in the concentration of the other metabolite, A, 

must tend to decrease its own net rate of production. 

3. There must be cross coupling of the opposite character, i.e., 

if increasing (B) tends to activate the net production of A 

then increasing (A) must tend to inhibit the net production 

of B. 

These conditions are necessary but not sufficient for the occur

rence of oscillatory response. Using these conditions and the known fact 

that F16DP activates PFK, Higgins (1964) constructed a mathematical model 

of the pathway shown in Figure 4. This model could, upon judicious 

choice of the rates of formation and removal of the various metabolites, 

exhibit both dampened and continuous oscillations. The activation of PFK 

by F16DP is the key feature of this model, which makes the oscillations 

possible. Higgins (1964), however, recognized that this is only one of 

the many mechanisms that could cause oscillations in the glycolytic path

way. Higgins (1964, p. 994) stated: 

Since most of the glycolytic intermediates exhibit oscillatory be
havior, the choice of F6P and FDP (F16DP) as the basic oscillatory 
couple is certainly open to question. Theoretically, it appears 
to be one of the simplest hypotheses consistent with the known 
chemistry. Also, application of the crossover theorem to the 
experimental data has indicated that phosphofructokinase is the 
control site. 
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Figure 4. Part of the glycolytic pathway used by Higgins (1964) to demonstrate that the 
activation of PFK by F16DP can drive the system into oscillations. 

The dotted line indicates a regulatory interaction and (+) sign indicate the activation 
of PFK by F16DP. See text for further details. 
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While no accurate estimate of the concentration of F16DP in in

tact cells is available, its concentration in oscillating yeast extracts 

is always in excess of 17mM (Hess et al. 1968) and the percentage change 

in its amplitude during oscillations is quite small. Betz (1973) has 

shown that in case of yeast PFK, the maximal stimulation of the enzyme 

by F16DP is achieved at a concentration of about 4mM. Thus,-the activa

tion of PFK by F16DP is unlikely to be a significant factor in the glyco

lytic oscillations observed in yeast extracts. However, it can play an 

important role in glycolytic oscillations in other systems, as discussed 

below. 

Glycolytic oscillations have been observed not only in yeast but 

also in concentrated cell-free extracts prepared from beef heart (Frenkel 

1966). There are some differences between the oscillations observed in 

the two systems. The period of oscillation in the beef heart extracts is 

about 25 minutes compared to about 5 minutes in yeast extracts, but more 

importantly, the concentration of various metabolites is in the micro-

molar range while in yeast extracts they are in the millimolar range. 

For example, in beef heart extracts, F16DP levels oscillate in the con

centration range of 10 to 40 pM, while in yeast extracts they are higher 

than 16 mM and change little during oscillations. The concentration of 

ADP and AMP (in oscillating beef heart extracts) are also less than 50 yM 

each. In this concentration range of adenylates, a change in F16DP con

centration has a significant regulatory effect on beef heart PFK (Hig-

gins et al. 1973). Thus, the mechanism of oscillations proposed by 

Higgins (1964) and which was discussed earlier is likely to be useful in 

studying oscillations in beef heart extracts, but not in yeast extracts. 
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Mathematical models of oscillations in beef heart extracts have 

been offered in the literature. Achs and Garfinkel (1968) originally 

proposed a model consisting of 57 simultaneous differential equations 

representing 101 chemical reactions. Although the number of enzymatic 

steps in glycolysis is much less than 57, the large number of differ

ential equations resulted from the kind of formulations that these in

vestigators used for various enzymes. For example, Achs and Garfinkel 

(1968) postulated that PFK can exist in four different states depending 

on the substrate and the kind of effector molecule bound to the enzyme 

at any time. A differential equation is written for each of the binding 

steps involving F6P, ATP, ADP and AMP, resulting in four differential 

equations. The interconversion of the various species of PFK and the 

final production of F16DP results in three more differential equations. 

Thus, the modeling of the PFK step alone requires seven differential 

equations. Achs and Garfinkel (1968) further postulated a time dependent 

variation in the activity of two enzymes, ATPase and phosphorylase which 

acts to provide G6P from glycogen as the input to the system. It is to 

be emphasized that the activities of these two enzymes, namely ATPase 

and phosphorylase, were not made a function of any effector metabolite 

but were assumed to have an oscillatory dependence on the time itself 

as shown in Figure 5. With these assumptions, Achs and Garfinkel (1968) 

were able to drive the system into oscillations. From their simulation 

these investigators concluded that (Achs and Garfinkel 1968, p. 92): 

"Phosphofructokinase, primarily under adenine nucleotide control result

ing in pulsed-type variation of active concentrations, causes oscilla

tions in this system, although some other enzymes exert a secondary 
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Figure 5. Time dependent variation of the activity of ATPase and phosphorylase as postulated 
by Achs and Garfinkel (1968). 

See text for further details. 



control." This secondary control refers to the postulated time dependent 

oscillating activity of ATPase and phosphorylase. This model was later 

modified by Frenkel, Achs and Garfinkel (1973) to include the activation 

of pyruvate kinase by F16DP, which brought the simulated concentration of 

pyruvate closer to the experimentally observed results. The author of 

this dissertation has reservations about this model since the activity 

of ATPase and phosphorylase are postulated to vary in an oscillatory 

manner with time. With such a postulate practically any set of differ

ential equations describing glycolysis can be made to oscillate. Fur

thermore, the activity of ATPase is postulated to reverse itself at 

certain points in time as shown in Figure 5. Because of the large free 

energy change associated with the reaction catalyzed by ATPase, such a 

postulated reversal is highly unlikely. 

A mathematical model of glycolytic oscillations in beef heart 

extracts has also been constructed by Higgins et al. (1973). This model 

is based on inhibition of PFK by adenylates, its activation by F16DP and 

the activation of PK by F16DP. Higgins and his colleagues carried out 

more than 500,000 analog computer runs, and the importance of the regu

lation of PFK by adenylates and by F16DP was once again underscored. 

A model of glycolytic oscillations in intact yeast cells has been 

offered by Richter, Betz and Giersch (1975). This model is based on 

allosteric regulation of the enzyme PFK, GAPDH and PK. In this model, 

each of the above mentioned three enzymes are assumed to follow the 

allosteric model proposed by Monod, Wyman and Changeux̂  (1965). For 

example, the velocity of GAPDH is assumed to have the following dependence 

on NAD and NADH. 
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V . v ctCL+a+B)1*"1 + L-c-a(l+ca+dB)N~1 

GAPDH max (i+a+3)N + L(l+ca+dg)N 

where: a . M. B = INADHI 

NAD NANH 

c = ÂD d = ÂDH 
k:' K1 

NAD NADH 

and N = 4, L = 10, K'nad = 0.18 x 10~3M, K̂  = 0.018 x 10_3M 

*hu» • °-24 * 10"3"- • °'24 2 10"3h 

The mathematical expressions used for PFK and PK were similarly based on 

a Monod et al. (1965) type model. 

Based on their investigations, Richter et al. (1975, p. 137) 

state "... oscillations are explained by interaction of PFK with the 

adenylate system" and then go on to cite the experimental evidence of 

Hess et al. (1968) in favor of PFK as the primary cause of glycolytic 

oscillations) as being in agreement with their own findings. However, 

Richter et al. (1975) did not subject their model to the experimental 

conditions of Hess et al. (1968) to see if the response of the model is 

the same as that of the experimental system. Neither have they presented 

a comparison of the amplitude of oscillation of various metabolites with 

1. According to this model an allosteric enzyme exists in two 
conformations, R (relaxed) and T (tense). At any time, the catalytic 
activity of the enzyme depends on the relative amounts of the enzyme that 
exist in the two conformations. Furthermore, the binding of an allosteric 
effector causes a shift in the relative amounts of the enzyme that exists 
in the two conformations thereby altering the catalytic activity of the 
enzyme. A finite number of subspecies are permitted in either state. 
However, the transitions between R and T state tend to be fully concerted 
and hybrid species containing both R and T forms of enzyme are not allowed. 
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the experimentally measured results and so it is not possible to examine 

the results obtained from their model in light of experimental data avail

able for intact yeast cells which in themselves are rather sketchy. 

The author of this dissertation has reservations regarding the 

applicability of the type of theoretical expression that Richter et al. 

(1975) have used for the allosteric regulation of PFK, PK and GAPDH. An 

example of such an expression was shown earlier for the enzyme GAPDH. 

While such expressions may be valid within limited ranges of certain 

substrate and effector metabolites, their validity in general is some

what doubtful. To substantiate this point, this author has used the 

experimental data obtained by Hess et al. (1968) (which, in the opinion 

of the author, is the most complete set of data available on glycolytic 

oscillations) and entered them into equation (1) to check the activity 

profile of GAPDH produced by this equation. According to the experi

mental data, the concentration of NAD and NADH varies between 0 and 

10x10 ̂  M and the two metabolites oscillate 180° out-of-phase. This 

information along with equation (1) was fed into the computer and the 

resulting activity profile is shown in Figure 6 where it is compared 

to the experimentally measured activity of the enzyme under the same 

conditions. The difference between the activity profile generated by 

the equation (1) and the experimentally measured activity under the same 

conditions is clearly too great to be acceptable. The reason for this 

discrepancy is as follows. The expression: 

N̂AD _ degree of saturation _ a(l+a+B)̂  ̂  + L'cad+ca+dB)1̂  
" with respect to NAD (1+a+̂  + L(l+ca+a8)N 



Figure 6. A comparison of the activity of the enzyme GAPDH as pre
dicted by equation (1) with the experimentally measured 
activity under the same conditions. 

In case of the experimentally measured activity, the plot is made by 
assuming that the activity of the enzyme at an NAD concentration of 
10 x 10 M equals 100%. Experimental details are given in Chapter 6. 
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Figure 6. A comparison of the activity of the enzyme GAPDH as predicted 
by equation (1) with the experimentally measured activity 
under the same conditions. 
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was originally derived by Ellenrieder, Kirschner and Schuster (1972) to 

indicate the binding of NAD to the enzyme GAPDH in presence of NADH. 

While Ellenrieder and his colleagues suggested that the binding of NAD 

affects the catalytic properties of the enzyme, at no time did they state 

that the activity is directly proportional to the degree of saturation 

with NAD. However, Richter et al. (1975) assumed that the velocity of 

the enzyme is indeed directly proportional to the degree of saturation 

with NAD, an assumption that is experimentally shown to be not true 

(Figure 6). Thus, expressions such as equation (1) cannot be accepted 

at face value, and the author of this dissertation avoids the use of 

such expressions in the model developed in this work by using an alter

nate graphical method which is detailed in later chapters. 

The latest mathematical model to appear in the literature is that 

of Boiteux, Goldbeter and Hess (1975). These investigators have modeled 

the glycolytic oscillations in yeast extracts by assuming that the enzyme 

PFK follows the allosteric model proposed by Monod et al. (1965). The two 

metabolites, ATP and ADP, are considered the substrate and the product of 

the reaction and are assumed to obey the following differential equations. 

dt = ai * am* dt = am* " V 

where: a = (ATP) and Y = (ADP)/Kr̂  

where a and y are the normalized concentrations of ATP and ADP and where 

d . v d1 
KR(S) a and (̂P) a' 

The d's and the a's are the dissociation constants of the ligand with the 

enzyme under various conformations as shown in Figure 7. is the 
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Figure 7. Allosterlc model of PFK used by Boiteux et al. (1975) in their mathematical model. 

This schematic representation is based on the model of allosteric transition put forward by 
Monod et al. (1965). 



normalized input rate of the substrate and k is the rate constant for 
s 

the removal of the product, ADP. cr̂  is the normalized maximum velocity 

of the PFK reaction. <j> is a constant related to the inter conversion of 

the enzyme between R and T states and is given by: 

ae(l+ae)(1+r)̂  + L0ace'(1+ace') 
<f> = — o 2 2 

L(l+ace') + (1+r) (1+ae) 

where: e = 1/(e+1) and e' = l/(e'+l) 

where: e = k/d and e' = k'/d' (Figure 7). L is the allosteric 

KjtfS) 
constant, c = — is the nonexclusive binding coefficient of the sub-

R(P) 
strate, e is the normalized catalytic constant of the R state, e' is the 

normalized catalytic constant of the T state and 0 = k'/k is the ratio of 

the catalytic constants of T and R state. By a judicious choice of 

these constants, the model generates oscillations of product and sub

strate. The choice of the constants, however, appears to be arbitrary, 

since no justification for the chosen values is offered. Upon varying 

the input rate sinusoidally, the model suggested an entrainment of the 

period of the product oscillations. Experimentally, these investigators 

were able to entrain the period of glycolytic oscillations by giving a 

crudely sinusoidal variation to the input rate of substrate. Based on 

the results obtained from their model, these investigators made certain 

claims which are discussed in detail below. 

In the conclusion of their work, Boiteux et al. (1975, pp. 3829 -

3832) state that: 

1. "Subharmonic entrainment proves the nonlinear nature of the 

glycolytic oscillator.11 This is really rather academic since 

the nonlinear regulatory dependences of enzyme velocity on 



effector metabolites are the rule rather than the exception. 

Furthermore, the existence of highly nonsinusoidal waveforms 

in yeast extracts was demonstrated as early as 1966 by Pye 

and Chance, which clearly suggested the presence of non

linear elements in the oscillator. 

Each period of oscillations in both the model and the experi

mental system is "of the order of min (minutes); decreases by 

a factor of 0.1 as v̂  increases." Here v̂  refers to the 

normalized input rate of the substrate. 

The greater than tenfold variation in the period of 

oscillation which is cited here is in disagreement with the 

experimental data of Hess et al. (1968) where the maximum 

and minimum periods are 8.8 and 3.5 minutes, respectively, 

a change of only about 2.5-fold. 

In both the experimental system and the model, the amplitude 

-3 -5 
of oscillation is "in the range 10 -10 M; passes through a 

maximum as v̂ , increases." 

In the manner in which the model is set up, only the 

amplitudes of oscillation of ATP and ADP are considered and 

are known. Clearly, such a model cannot account for the 

amplitude of oscillations of all glycolytic intermediates. 

It is shown later in this dissertation that an attempt to 

obtain quantitative agreement between the experimental data 

and the predictions of the mathematical model developed in 

this dissertation, for all the glycolytic intermediates, was 
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a crucial factor in understanding the regulation of certain 

enzymes (other than PFK) in the glycolytic pathway. 

Once again, as have other investigators, Boiteux et al. (1975, p. 3829) go 

on to conclude that PFK is the cause of oscillations and state, "The 

results agree with the prediction of an allosteric model for phospho-

fructokinase (EC 2.7.1.11; ATP:D-fructose-6-phosphate-l-phosphotransferaŝ ), 

which is the enzyme responsible for periodic operation of glycolysis." 

Thus, all the investigators who have studied glycolytic oscilla

tions so far have concluded that PFK is the primary cause of glycolytic 

oscillations. In this work a mathematical model of glycolytic oscilla

tions in yeast extracts is developed in which the author has made no si 

priori assumption that PFK is indeed the primary cause of oscillations in 

yeast extracts. The model is developed in a form that can directly in

corporate the experimental data on regulation of purified enzymes into 

the mathematical model without requiring the development of an analytical 

expression for it, which can be extremely cumbersome, perhaps even impos

sible in some cases. Neither does the model require the assumption that 

the regulated enzymes follow any particular type of allosteric mechanism 

such as those proposed by Mbnod et al. (1965) or by Koshland (1958). 

The freedom afforded by the two facts enumerated above permits one to 

concentrate on a quantitative match between the predictions of the model 

on one hand and the experimentally determined waveforms, amplitudes, 

phases and periods of all the glycolytic intermediates. For data, the 

author has chosen yeast extracts rather than intact yeast cells as the 

appropriate experimental system for mathematical modeling based on the 

reasons listed below. 



2.4 Reasons for the Choice of Yeast Extracts 
as the Appropriate Experimental System for 

Mathematical Modeling 

Far more experimental data regarding the amplitude, phase, period 

and waveform of various glycolytic intermediates exist for yeast 

extracts than for other systems such as intact yeast cells and beef 

heart extracts. This permits the examination of the results pre

dicted by the model under a great variety of experimental condi

tions, which is not possible in other systems. 

The activities of all the glycolytic enzymes have been determined at 

the average concentration of various metabolites in yeast extracts. 

These measurements were carried out on dialyzed yeast extracts. This 

information, which is not available for intact yeast cells, permits a 

good starting guess of the various numerical constants used in the 

model. Otherwise, the problem becomes one of searching in a high 

dimensional space where the computational effort increases as the 

nth power of the dimension. 

In intact yeast cells, the problem of measuring various metabolite 

pools and enzymatic activities is quite difficult and some cases 

may even be impossible since the cells have to be subjected to 

rather harsh treatment in order to extract the various metabolites 

from intact cells. Also, all the available data on pool sizes in 

intact yeast cells is in the form of moles/gm of cells rather than 

moles/liter, which is the desired form for mathematical modeling. 

Even if one could precisely estimate the volume of a yeast cell, 

the existing subcellular compartmentation makes it impossible to 
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know the correct concentration inside the cell. This problem is 

nonexistent in yeast extracts. 

4. Intact yeast cells display dampened oscillations, i.e., each cycle 

of oscillation is slightly different from the previous one and the 

phase relationship between the various metabolites varies during the 

course of oscillations. On the other hand, in extracts the oscilla

tions are continuous and the system is repetitively driven into 

exactly the same condition. Even experimentally this is a great 

advantage since it permits repeated experimental observation (e.g., 

for sample withdrawal) of the system under identical conditions. 

5. The problem of synchrony between various cells, which is a problem 

in its own right, is nonexistent in yeast extracts. This is an 

enormous simplification. 

6. In intact yeast cells, various sugars are transported into the cell 

at different rates and the period of oscillations is not only a func

tion of the concentration of the sugar out also depends on the type 

of sugar. This permeability problem, which is not germane to under

standing the mechanism of glycolytic oscillations, is avoided in 

yeast extracts. 

7. The yeast extract can be titrated, under oscillating conditions, with 

any desired metabolite, enzyme, enzymatic activator or inhibitor. 

This freedom, which is severely limited in intact yeast cells, has 

potential for understanding the mechanism of glycolytic oscillations. 

8. The extracts can be input with any substrate (i.e., any glycolytic 

intermediate) or combination thereof. This is not possible for in

tact cells due to permeability restrictions. 



9. The yeast extracts can be made to oscillate in either sinusoidal or 

nonsinusoidal modes merely by altering the input rate. It is shown 

later in this work that examination of the system under conditions of 

nonsinusoidal oscillations played a key role in understanding the 

regulation of the glycolytic pathway under oscillating conditions. 

According to Pye (1973) nonsinusoidal waveforms have been observed 

in intact yeast cells but apparently these cannot be reproduced at 

will. 

In light of these observations, it is the opinion of the author 

that yeast extracts are the best experimental system for studying the 

mechanism of glycolytic oscillations, while intact cells are the appro

priate (and the only) system for studying the problem of synchrony between 

various cells. The next chapter, then, outlines the development of a 

mathematical model of glycolytic oscillations in yeast extracts. 



CHAPTER 3 

DEVELOPMENT OF THE MATHEMATICAL MODEL 

3.1 Introduction and Outline of the Chapter 

This chapter outlines the basis for development of a mathematical 

model and delineates the simplifying assumptions made. Based on these, 

the model is developed in the form of a set of coupled differential equa

tions. The method by which the regulation of enzymes is incorporated 

into the mathematical model is discussed in detail. 

The fundamental basis for mathematical formulation of the dynamics 

of a metabolic pathway is an equation of the kind shown below. 

Net rate of formation _ Rate of addition _ Rate of ..... 
of a metabolite or formation disappearance 

Such an equation or sets of equations can be applied directly to 

the description of homogeneous systems such as yeast extracts. However, 

in the case of intact cell systems, it may be necessary to modify the 

equation to take into account any possible subcellular compartmentation 

and diffusion. Since the equation is written on the basis of rates of 

formation and disappearance, in actuality it represents a differential 

equation. Each enzymatic step, in fact, yields a first order differential 

equation, and thus the application of equation (A) to a cascade of en

zymatic reactions results in a set of coupled first order differential 

equations. 

Implicit in the differential equation formulation is the idea 

that any given variable is a function of time. The eventual goal of this 

38 
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kind of mathematical formulation is to be able to find an answer which 

explicitly gives the behavior of the dependent variable as a function of 

time. In the particular case discussed in this dissertation, it is de

sired to explicitly determine how the glycolytic intermediates change as 

a function of time when the mathematical model of yeast extracts is sub

jected to certain conditions which are discussed in detail later. This 

answer is obtained by integrating the differential equations obtained by 

the application of equation (A) to the experimentally determined data 

from yeast extracts. 

If the modeling process yields sets of differential equations 

which are linear, homogeneous differential equations with constant coef

ficients, then a closed form solution can always be obtained (Schultz 

and Melsa 1967). In a physical system, linear differential equations are 

applicable within a limited range of parameters. Eventually all physical 

systems must show saturation, and in metabolic pathways saturation re

sults when enzymes approach a maximal velocity at the saturating levels 

of substrate. Furthermore, an inherently nonlinear dependence of enzyme 

velocity on effector metabolites has been observed. The relationship 

between different variables in a metabolic pathway is therefore suffi

ciently complex that the resulting differential equations are not linear 

even witin a restricted range. 

Such nonlinear differential equations cannot, in general, be 

solved in a closed manner and must therefore be numerically integrated 

on a digital (or analog) computer. Because of its accuracy, lack of 

scaling requirements, ease and precision of generation of nonlinear 

functions, availability, speed and freedom from certain hardware 
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artifacts that plague analog computers, digital stimulation is used ex

clusively in this study. It is this tool that makes equation (A) a use

ful mathematical formulation in studying biochemical systems since other

wise the solution of the resulting differential equations may very well 

be impossible in most cases. 

3.2 Simplifying Assumptions 

In constructing a mathematical model of glycolytic oscillations 

in yeast extracts, certa.in simplifying assumptions are made. The reasons 

for making these assumptions are threefold. Firstly, these assumptions 

bring the differential equations into a form that provides a maximum of 

physical insight into an otherwise extremely complex situation. Secondly, 

these assumptions bring the computed results closer to the experimentally 

observed results which itself constitutes justification for their use. 

Finally, these assumptions simplify the computational procedure signifi

cantly. Following is a detailed description and justification of the 

simplifying assumptions. 

1. All the enzymes which catalyze reactions having a negative free energy 

change greater than 2 Kcal/mole are treated as irreversible enzymes. 

The enzymes PK, PFK, PDC, HK, ADH and ATPase satisfy this condi

tion. The velocities of irreversible enzymes are assumed to have 

linear (first order) dependence on the substrate concentration. The 

dependence of the velocities on effector metabolites is considered 

later. Thus, the velocity of an irreversible enzymatic reaction can 

be expressed as: 
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(Velocity) = (Rate constant̂ ") x (Substrate concentration) 

Here the rate constant is the slope of the straight line approxima

tion of the velocity vs. substrate concentration curve, as shown 

in Figure 8. It has the dimension of (Min) \ There is some degree 

of freedom in choosing the exact slope of the straight line approxi

mation. This freedom represents a trade-off between the desired 

accuracy of approximation on one hand and the region of substrate 

concentration for which the approximation is valid for this specified 

amount of accuracy on the other. 

Measurements reported by Hess et al. (1968) support the assump

tion that the enzymes are operating in the unsaturated portion of 

their substrate concentration vs. velocity characteristic. This is 

important because an enzyme which is continuously saturated with its 

substrate forms product at a constant rate, even if the concentration 

of the substrate oscillates; thus, product oscillations do not occur. 

According to Hess et al. (1968) the activity of all glycolytic en

zymes (except TPI) at the average concentration of their substrates 

is less than 40% of their maximal velocity. The enzyme TPI operates 

at 60% of its maximal velocity. The rate constants of all enzymes, 

except those subject to effector modulation, are calculated from the 

data of Hess et al. (1968). 

2. The velocities of the reversible enzymes are made proportional to the 

amount by which metabolite concentrations deviate from their ratio at 

equilibrium. 

1. The rate constant of an enzyme is denoted by adding the let
ter R before its abbreviation. 
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Thus, for a hypothetical reaction in which an enzyme equili

brates metabolite A and B with an equilibrium constant of K as 

shown below: 

the velocity is given by 

(Velocity) = (Rate constant) x [(B) - Keq (A)] 

The rate constant is once again determined by a straight line approx

imation as shown in Figure 9. The reaction proceeds in either 

direction, depending on the instantaneous concentration of the two 

metabolites. The equilibrium constants of various reversible en

zymes have been estimated from the data of Hess et al. (1968) rather 

than from in vitro measurements which frequently give values differ

ent from those observed in vivo. The K of PGI could not be esti-
eq 

mated from the experimental data, since the ratio (F6P/G6P) varies 

by a factor greater than two at the peak and bottom of the oscilla

tions as reported by Hess et al. (1968). For this enzyme a K value 

of 1.1 was used (Johnson, 1960). 

The activity of adenylate kinase is not considered in the model. 

This assumption is justified, since ADP and AMP are experiment

ally observed to oscillate in phase, and therefore, any regulatory 

effects of AMP can be taken into account, for modeling purposes, by 

ascribing them to ADP and using the necessary scale factors. 

The enzyme GAPDH is treated as an irreversible enzyme. 

The activity of the enzyme PGK in yeast extracts has been deter

mined to be more than an order of magnitude higher than that of GAPDH 

(Hess et al. 1968). Also the net free energy change of the GAPDH and 
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reversible enzyme. 



and PGK reaction taken together is approximately -3 Kcal/mole. For 

modeling purposes this is equivalent to the assumption that the 

reaction GAP + P̂  + ADP + NAD = PG3 + ATP + NADH can be considered 

irreversible and its dynamics controlled exclusively by GAPDH, the 

slower of the two enzymes. 

The rate constants of HK, PGM, TPI and ENO are each set equal to 60. 

This assumption is made in order to reduce the time required to 

compute a numerical solution of the differential equations repre

senting the glycolytic pathway. The rate constants of the five 

above mentioned enzymes, as computed from the experimental data of 

Hess et al. (1968) are much higher than 60. Setting the rate con

stant to 60 is equivalent to setting the time taken by these enzymes 

for metabolising 63% of the substrate to one second instead of a 

much lower value calculated from the experimental data. Since the 

period of oscillation of the system is 300 seconds, this assumption 

is expected to have no noticeable effect on the dynamics of the 

system. Indeed, this was found to be the case in trial simulations 

in which the rate constants of these enzymes were increased to 120. 

Aldolase is treated as an irreversible enzyme. 

This is done due to the very high levels of F16DP and the rapid 

removal of GAP by the enzyme GAPDH. Trial simulations in which 

aldolase is treated as a reversible enzyme indicated no difference 

in the behavior of the system. 

The rate constants of ATPase and aldolase are changed to 1.9 and 

0.07, respectively. 
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The rate constants of these enzymes calculated from the experi

mental data of Hess et al. (1968) are 1.67 for ATPase and 0.09 for 

aldolase. This change in values results in the oscillation of the 

system with an amplitude and phase which is closer to the experi

mentally measured data as compared to the case when the values 1.67 

(ATPase) and 0.09 (aldolase) are used. This alteration is considered 

to be within experimental error since, in the experiments of Hess 

et al. (1968), the activities of the various enzymes are measured by 

first dialyzing the extracts to remove the substrates and then 

determining the activity of each individual enzyme by adding the 

appropriate substrate and effectors. Because of the present incom

plete knowledge of the make up of the extract prior to dialysis 

(e.g., ion concentrations) as well as a lack of knowledge of all 

the effector metabolites of the enzymes present in the extract, 

such a measurement will always have a certain amount of error. 

8. The metabolism of endogenous carbohydrates present in yeast extracts 

(Hess et al. 1966) is taken into account by adding 10 mM/hr to 

the exogenous input rate. 

Although the presence of endogenous carbohydrates in yeast ex

tracts has been demonstrated, no accurate estimates of its amount 

are available. In addition, its amount probably varies depending on 

the condition of growth of yeast cells from which the extracts are 

prepared. Simulation indicates that for assumed rates of endogenous 

carbohydrate metabolism greater than 20 mM/hr, the system oscillates 

with sinusoidal waveform when the exogenous input rate is 40 mM/hr. 

This is in disagreement with the experimental data where the system 



oscillates nonsinusoidally for an exogenous input rate of 40 mM/hr 

and sinusoidally for an exogenous input rate of 60 mM/hr. Thus, a 

conservative figure of 10 mM/hr was chosen for endogenous carbo

hydrate metabolism. 

9. No explicit account need be taken for the activation of PK and PFK 

by the effector metabolite F16DP. 

The two kinases, PFK and PK, reach their maximal stimulation by 

F16DP below a concentration of 4 mM (Betz 1973; Haeckel et al. 1968). 

Since the concentration of F16DP in oscillating yeast extracts is 

always much higher than 4 mM, no explicit account need be taken for 

the regulatory effects of this metabolite. Thus, F16DP only affects 

the basal level around which the activities of these enzymes change 

in response to other effector metabolites. 

3.3 Incorporation of Enzyme Regulation in the Model 

The regulation of the enzyme velocities by the appropriate 

effector metabolites is taken into consideration by making the appro

priate rate constants a function of the concentration of the effector 

metabolite(s). This dependence of rate constants on effector metabo

lisms is described graphically since, in general, it can be a complex 

nonlinear function which cannot be easily put in an analytical form. 

This graphical representation is later shown to give a maximum of 

physical insight into the regulation of oscillating glycolysis. The 

regulation of five enzymes, PFK, PK, GAPDH, PDC and ADH is incorporated 

into the model. All of these five enzymes have been demonstrated to be 



subject to effector modulation In vitro (Betz 1973; Haeckel et al. 1968; 

Furfine and Velick 1965; Boiteux and Hess 1970; Van Eys, Ciotti and Kap

lan 1958). The dependence of the rate constants of these enzymes on 

their respective effector metabolites is shown in Figures 10, 11, 12, 

13 and 14. These dependences were obtained by simulating the entire 

system on a digital computer and are considered to be among the key 

results presented in this work and are discussed in detail later. The 

dependences are presented as a finite number of straight lines with 

varying slopes which approximate the actual smooth curve. Further in

creasing the number of different slopes in each curve brings no new 

insight into the regulatory process and only increases the computa

tional difficulty. 

The reasons for choosing these particular forms of effector regu

lation are based on a combination of mathematical arguments and the 

physical knowledge of the system. These can best be understood after 

the reader has examined the results obtained by incorporating this form 

of effector modulation into the mathematical model. Therefore, these 

reasons are discussed in detail later. At present it suffices to say 

that the criterion for proper determination of these dependences is 

that, when they are incorporated into the mathematical model, all the 

metabolites in the glycolytic pathway exhibit oscillations with an 

amplitude, phase, period and waveform which is close to the experiment

ally observed behavior. 

For two of the enzymes, ADH and PDC, it is found necessary to 

make the rate constants a function of more than one effector metabolite 

in order to elicit the proper response from the model. The reasons for 
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Figure 14. Dependence of the two components of the rate constant of al

cohol dehydrogenase, RADHA and RADHP, on (ATP/ADP) and (NADH) 
respectively. 

See text for a detailed discussion of RADHA and RADHP. 



this are discussed in detail in the next chapter. For ADH, the rate con

stant is of the form 

RADH = (RADHP) x (RADHA) 

where RADHP represents the dependence of the rate constant on the pyri

dine nucleotide NADH, and RADHA represents the dependence of the rate 

constant on the ratio (ATP/ADP). In Chapter 6, evidence is presented to 

show that the rate constant indeed depends on both of these effectors. 

Experimental data suggest that the two functions, RADHA and RADHP, are 

not completely independent of each other but are related in a complex 

manner which cannot be easily put in an analytical form. Although the 

overall characteristic is later shown to be as predicted, the division 

between RADHA and RADHP is done in a manner that provides the most 

physical insight into the regulation of the oscillating system, as shown 

in Chapter 4. In the case of PDC, simulation predicts that in addition 

to the inhibition by inorganic phosphate, the enzyme is either activated 

by a metabolite that oscillates in phase with ATP or is inhibited by a 

metabolite that oscillates 180 degrees out of phase with ATP. Simula

tion cannot differentiate between these two possibilities, since they 

both result in similar system behavior. The reason for postulating this 

second effector is discussed in Chapter 4. Thus, for PDC the rate con

stant is of the form: 

RPDC = f (P±, ATP/ADP) 

where f (P̂ , ATP/ADP) is a nonlinear function of P̂ , and (ATP/ADP), as 

shown in Figure 13. The concentration of inorganic phosphate is cal

culated by using the following algebraic equation: 



(Pi) = (PQ) - [(3xATP) + (2xADP) + (2xF16DP) + (DAP) + (GAP) + 

(PEP) + (PG3) + (PG2) + (FGP) + (G6P)] 

where (Pq) is the concentration of inorganic phosphate in the extract be

fore exogenous substrate is injected. This information is not given by 

Hess et al. (1968), but since the extract is prepared by adding a large 

amount of cells (20 gram) to a very small volume (3.3 ml) of 0.1 M potas

sium phosphate buffer (Hess and Boiteux 19.68), Pq will be much less than 

100 mM. Simulation shows that the levels of P̂  are controlled predomi

nantly by F16DP levels, which in turn are a function of exogenous input 

rate of fructose. For simulation purposes, Pq is'assumed to be 50 mM. 

When the input to the system is F6P, the equation for P̂  is modified by 

dropping the (F6P) and (G6P) terms and changing the multiplier of (F16DP) 

.from 2 to 1. 

3.4 Differential Equations of the System 

Based on the techniques and assumptions outlined above, the math

ematical model of oscillating yeast extracts takes the form of the fol

lowing set of nonlinear and coupled differential equations. All calcula

tions are done on per ml basis, and the time scale is in minutes. One 

of the equations is discussed in detail at the end in order to give the 

reader a better idea of how the mathematics is correlated to the physical 

process. 

= (Input rate) - (60.0 x F) (Bl) 
at 

= (60.0xF) - (RPFK x F6P) - (22.0 x [(1.1 x F6P) -
dt (B2) 

(G6P) ] 



= 22.0 x [(1.1 x F6P) - (G6P) ] (B3) 
at 

d(F16DP) = (RpFK x F6p) _ 0̂>07 x F16DP) 

at 

d9?̂  = (0.07 x F16DP) - 60.0 x [(DAP) - (13.0 x GAP)] (B5) 
at 

- (0.07 x F16DP) + 60.0 x [(DAP) - (13.0 x GAP)] -
dt (RGAPD x GAP) (B6J 

d('̂ 3') = (RGAPD x GAP) - 60.0 x [(PG3) - (4.0 x PG2)] (B7) 

d(PG2) = 60.0 x [(PG3) - (4.0 x PG2)] - 60.0 x [(PG2) -
dt ' (PEP)] 

d(PEP) 
dt 

d(P) 
dt 

d(ACET) 
dt 

d(ATP) = (RGAPD x GAP) + (RPK x PEP) - (60 x F) -
dt = (RPFK x F6P) - (1.9 x ATP) 

d(ADP) _ (60 x F) + (RPFK x F6P) + (1.9 x ATP) -
dt ~ (RGAPD x GAP) - (RPK x PEP) 

(B8) 

60.0 x [(PG2) - (PEP)] - (RPK x PEP) (B9) 

(RPK x PEP) - (RPDC x P) (BIO) 

(RPDC x P) - (RADH x ACET) (Bll) 

(B12) 

(B13) 

d<̂ AD? = (RADH x ACET) - (RGAPDH x GAD) (B14) 
at 

d(NADH) = (RGApDH x GAP) _ (RADH x ACET) (B15) 
at 

To further demonstrate the application of methods outlined earlier, con

sider the following differential equation: 

d('̂ P') = 60.0 [(PG2) - (PEP)] - (RPK x PEP) (B9) 
at 

The right-hand-side of the equation has two parts. The first part, 

60.0 x [(PG2) - (PEP)] is controlled by the enzyme ENO which has a rate 



57 

constant of 60 (Min) For (PG2) > (PEP) this component is positive and 

the enzyme functions in the direction of PEP formation. For (PG2) < (PEP) 

this first component in negative corresponding to the condition when 

enzyme functions in the direction of PG2 formation. Thus, the activity 

of the enzyme enolase can make either a positive or a negative contribu

tion in the determination of the value of d(PEP)/dt, depending on the in

stantaneous concentrations of the two metabolites PG2 and PEP, at any 

particular time. The second component, -(RPK x PEP) is always negative 

since both RPK and (PEP) can only have positive values. This is the 

mathematical equivalent of the fact that PK is an irreversible enzyme 

and thus it always acts to ro.duce the PEP pool. 

Thus, the net value of d(PiiP)/dt at any time (i.e., the in

stantaneous rate of formation of PEP) depends on the relative magnitudes 

of the two components of the equation. When d(PEP)/dt is positive, PEP 

levels rise and for negative values of d(PEP)/dt, the levels drop. Since 

the function RPK is controlled by the ratio (ATP/ADP), the differential 

equation (B9) cannot be integrated unless the differential equations 

governing the metabolism of ATP and ADP are also integrated. These 

equations in turn depend on the solution of the differential equations 

governing the metabolism of a number of other metabolites. In other 

words, the set of differential equations that represent the behavior of 

oscillating yeast extracts constitute a set of coupled differential 

equations, and they must be solved simultaneously rather than individ

ually. 
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3.5 Summary and Discussion 

So far, a mathematical model of glycolysis in yeast extracts has 

been developed in the form of a set of coupled differential equations 

with five nonlinear coefficients corresponding to the five regulated en

zymes. This model is based on certain assumptions whose justifications 

are detailed in this chapter. At this stage it is only a plausible model 

since no proof of its validity has yet been offered. 

The ultimate test of the validity of a mathematical model is its 

ability to predict system behavior which is in agreement with the experi

mentally observed behavior. If the behavior of the mathematical model is 

in quantitative agreement with that of the physical system it represents, 

then it can be used to obtain information that may be too difficult or 

labarious to obtain from the physical system. Furthermore, it can be 

used to predict what kind of experiments should be carried out to better 

understand the makeup of the physical system. 

Once a valid mathematical model has been obtained in the form of 

differential equations, the physical nature of the system becomes only 

of secondary importance. This fact is taken advantage of in system 

theory, which deals only with the properties of differential equations 

regardless of the physical system which the differential equations might 

represent. This is a significant advantage, especially in case of cer

tain man-made feedback controlled systems where the problem is one of 

design rather than analysis. In such man-made systems one usually de

sires to find a method for controlling a given system in a specified 

manner. However, the physical nature of certain man-made systems is 

such that arbitrary experimentation on them is not possible. Examples 



59 

of such systems are high performance aircraft and nuclear reactors. In 

such cases the mathematical model is frequently used to determine the 

nature of feedback regulation that is required for obtaining a specified 

performance from the system. 

In biological systems, at present, the problem is one of analysis 

rather than design. For example, the feedback regulation of the biolog

ical system has already been "designed" and is functional inside a living 

cell as well as on the systemic level (e.g., hormonal regulation). Cur

rent studies are, therefore, directed towards understanding the precise 

nature of this regulation at both systemic and molecular level. Such an 

understanding can conceivably point the way towards a judicious altera

tion of the behavior of the system under certain special conditions 

(e.g., pathological states). 

In this work the feedback regulation of glycolysis in yeast ex

tracts is examined in detail by developing a mathematical model for it 

as detailed in this chapter. The establishment of the validity of this 

tentative model is the subject of the next three chapters. 



CHAPTER 4 

RESULTS 

4.1 Introduction and Outline of the Chapter 

This chapter compares the results obtained from the mathematical 

model with the experimental results reported by Hess et al. (1968). All 

results presented in this chapter are simulated unless specifically 

described otherwise and were obtained by numerically integrating the 

differential equations on a CDC 6400 digital computer using DARE P 

integration routines. Quantitative agreement between experimental and 

simulated results is demonstrated. The reasons for choosing the char

acteristics of regulated enzymes are discussed in detail and these are 

correlated to the results obtained from the model. 

4.2 Sinusoidal Oscillations 

At a fructose input rate of 60 mM/hr the model predicts undamp-

ened oscillations of all metabolites, which is also the case in the 

experimental system. Figure 15 shows the sinusoidal oscillations of 

NADH with a period of 5 minutes, in agreement with the experimentally 

observed oscillations in yeast extracts. The results are plotted as the 

variation of the molar concentration of various metabolites as a fimction 

of time. NADH is the only metabolite whose oscillations are recorded 

continuously through fluorescence measurements in the experimental 

studies. The oscillations of other metabolites are determined by en

zymatic analysis of aliquots withdrawn during oscillatory response. 
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Figure 15. Sinusoidal oscillations of NADH at a fructose input rate of 60 mM/hr. 



Figure 16 shows the out-of-phase oscillations of ATP and ADP. This 180° 

phase shift is to be expected since ATP and ADP are not metabolised to 

any other compound but merely interconverted. Figure 17 shows the in-

phase oscillations of pyruvate and acetaldehyde. There is no simple ex

planation for this phase relationship, which results from a complex regu

lation of PK, PDC and ADH. Figure 18 shows the phase difference between 

metabolites preceding and following the feedback control point̂ " located 

at the enzyme GAPDH. The approximately 105° phase difference observed 

between these two metabolites is in agreement with the experimentally 

observed results. This figure also demonstrates that the mere presence 

of a feedback control point does not guarantee a 180° phase shift at 

that particular step. 

The effects of the regulation of various enzymes can now be 

demonstrated directly by plotting the instantaneous value of the rate 

constants of the regulated enzymes. This is shown in Figures 19, 20, 

and 21. The rate constants of PK, ADH, GAPD and PDC show a sinusoidal 

variation, while that of PFK shows a complex nonsinusoidal variation, 

suggesting that the behavior of the enzyme is akin to a relaxation type 

electronic circuit. Figure 22 shows the flux through the enzyme PGI and 

indicates that the enzyme undergoes a reversal in its direction of opera

tion during the oscillatory response. Physical considerations also sug

gest that such a reversal in the enzyme activity must take place if G6P 

levels are to oscillate, in agreement with the experimental observation. 

Since the input to the system is fructose, G6P can only be derived from 

1. In this context a feedback control point is defined as an 
enzymatic step which is subject to regulation by an effector metabolite. 
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The phase difference of approximately 105° is in agreement with the experimental observations. 
Fructose input rate is 60 mM/hr. The enzymes PGK and ENO introduce no phase shift because 
their activity is much higher than that of GAPDH. 
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F6P by the action of PGI when the activity of PFK is very low and F6P is 

accumulating. Since G6P cannot be metabolised except through conversion 

to F6P, it is necessary that PGI must reverse its direction towards the 

formation of F6P as the activity of PFK increases and the levels of F6P 

go down. Otherwise, G6P levels can only continue to increase in dis

agreement with the experimental observation. Figures 23 and 24 compare 

the amplitude and phase predicted by simulation with the experimentally 

measured values as reported by Hess et al. (1968). For most metabolites, 

good agreement between experimental and simulated values is obtained. 

However, there are some differences, among them a phase difference of 

about 35 degrees between ATP and NAD. The reasons for this phase dif

ference will be discussed in detail in Chapters 6 and 7. The differences 

in the predicted and observed amplitudes are due to uncertainties in the 

knowledge of such parameters as the rate of endogenous substrate metabo

lism, the exact nature of endogenous substrate (e.g., trehalose or glyco

gen or some other polysaccharide), equilibrium constants of reversible 

enzymes (e.g., PGI), possible effector regulation of enzymes which is as 

yet unknown and any possible error in the experimental data of Hess et al. 

(1968). As our knowledge of these various factors improves, even better 

agreement between simulation and experimental values can be obtained. 

The requirement for an effector metabolite for the enzyme PDC 

other than P̂  can now be examined in the context of a 180° phase shift 

observed between PEP and pyruvate. In the literature, this phase shift 

is attributed to the regulation of the enzyme pyruvate kinase (Hess and 

Boiteux 1973). It can now be shown that the dynamics of the system is 

incompatible with this conclusion. The differential equation governing 
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Figure 24. Comparison of the phases of various metabolites as predicted by simulation with those 
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The fructose input rate is 60 mM/hr. A phase difference between two metabolites is a measure 
of the time difference between the peak or the bottom of the two metabolites. A phase angle 
measured clockwise represents a delay in time, e.g., during any given cycle ATP peaks after 
DAP or GAP. Strictly speaking the concept of phase is defined only for pure sinewaves. Since 
the oscillations of some metabolites, e.g., ATP, are close to but not quite sinusoidal, the 
phase difference is computed as the average of the phase difference between the peak and the 
bottom. 
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the metabolism of pyruvate is: 

d(pyruvate)/dt = (RPK x PEP) - (RPDC x P) (BIO) 

First, consider the case when PDC is not subject to effector regulation, 

i.e., RPDC is constant. Then for pyruvate levels to drop as PEP levels 

rise, EPK must drop sufficiently so that the product (RPK x PEP) is less 

than the product (RPDC x P). Thus, d(P)/dt goes negative and produces 

the desired 180° phase shift. Since (PEP) and (ATP) rise in phase, RPK 

indeed drops as (PEP) rises, but not enough to introduce this phase 

shift. This is shown graphically in Figure 25, where RPDC is artifi

cially set to a constant value of 12.1 at a suitable time, as indicated 

in the Figure. The amplitude of oscillation of pyruvate is immediately 

reduced to practically zero, and it begins to oscillate in phase with 

PEP. 

It can conceivably be argued that the slope of the RPK vs. (ATP/ 

ADP) curve should be increased in order to achieve the desired phase 

shift. The result of such an attempt is shown in Figure 26, where the 

inset shows the altered pyruvate kinase characteristic. The amplitude 

of oscillations of all metabolites is greatly reduced and the system 

begins to oscillate with a period of about 4 minutes. The amplitude of 

oscillation of pyruvate is extremely small. This is, of course, in 

clear disagreement with the experimentally observed behavior. The pres

ence of high concentrations of F16DP, a positive effector of PK, also 

argues against a severe inhibition of pyruvate kinase activity. This 

alternative is, therefore, clearly unacceptable. 

The results shown in Figure 26 also underscore the closed loop 

nature of the system, i.e., the activity of any enzyme cannot be altered 
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in an arbitrary manner to effect only the behavior of the metabolite 

which acts as substrate of that enzyme. In this particular case, a 

change in the regulatory characteristic of PK affects the rate of ATP 

formation, which in turn affects a number of other regulated enzymes, 

thus altering the behavior of the system. This is also an example of 

how a mathematical model can bring insight into the regulation of a 

system which is not available by mere inspection or qualitative argu

ments . 

The only other way to make d(P)/dt negative while (PEP) is rising 

is to give RPDC a positive slope with respect to some metabolite that 

oscillates in phase with ATP. This leads to the oscillation of the 

system with an amplitude, phase and period close to the experimentally 

observed behavior. The simulation, therefore, predicts that there must 

exist an effector of PDC, and it must be a metabolite that oscillates 

either in phase with ATP or 180° out-of-phase with ATP, depending upon 

whether it is an activator or an inhibitor of the enzyme. Experimental 

evidence for such an effector metabolite is presented later. It should 

be pointed out that P̂  cannot fulfill the role of this metabolite since, 

at a given input rate the amplitude of oscillation of P̂  is less than 10% 

of its average concentration. Experimental data suggests that this 

change is not enough to cause the desired change in RPDC. In addition, 

P̂  does not oscillate in phase with ATP. 

4.3 Nonsinusoidal Oscillations 

When the exogenous input rate is reduced to 40 mM/hr, a reduction 

of only 33%, the system is experimentally observed to oscillate with a 



period of about 7 minutes, and a complex nonsinusoidal waveform of NADH. 

The experimentally observed waveform is shown in Figure 27 which is 

hand drawn following Hess et al. (1968). The NADH waveform predicted by 

simulation is shown in Figure 28. The predicted waveform shows both the 

important features of the experimentally observed waveform, an inflection 

point during the rise of NADH, followed by a relatively sharp drop. The 

-4 
experimentally observed amplitude is approximately 6 x 10 M while the 

-4 simulation predicts an amplitude of 8 x 10 M. The simulated period is 

7 minutes, in agreement with the experimental observation. Figure 29 

shows the waveform of pyruvate and acetaldehyde, both of which now dis

play a complex nonsinusoidal waveform. 

All these observations suggest that the regulated enzymes are now 

operating in a different region of their regulatory characteristiĉ " and 

indeed, this suggestion is borne out by the simulation. The activity 

patterns of the regulated enzymes are shown in Figures 30 and 31. Both 

dehydrogenases, which showed a nearly sinusoidal variation in activity 

at a fructose input rate of 60 mM/hr, now show a "relaxation" type re

sponse. Note that if it were not for the inflection point, the waveform 

of NADH would be almost a sawtooth wave, which is typical of relaxation 

oscillators. By aligning the activity pattern of ADH with the NADH 

waveform, it is possible to show that the sharp drop in (NADH) is ini

tiated by a rapid upswing in the activity of ADH. More specifically, 

the activity of ADH increases approximately eightfold within 1.2 minutes 

1. The regulatory characteristic of an enzyme is defined as the 
dependence of the rate constant on the concentration of effector 
metabolites. 
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Figure 27. Experimentally observed waveform of NADH at a fructose 
input rate of 40 mM/hr. 

(Hand drawn after Hess and Boiteux 1973). 
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at certain times during the oscillations. Thus, the full weight of the 

regulation of the two dehydrogenases is brought to bear under the condi

tions of nonsinusoidal oscillations. 

Figure 32 shows the inphase oscillations of F6P and G6P with a 

sawtooth waveform. Such waveforms have been shown to exist, in yeast 

extracts oscillating nansinusoidally, by enzymatic determination of 

hexose monophosphates (Boiteux and Hess 1973). While a rapid change in 

the activity of PFK can cause sharp changes in the waveform of F6P and 

F16DP, theoretical considerations as well as simulated results suggest 

that PFK cannot cause such sharp changes in NADH waveforms by controlling 

the substrate supply for GAPDH. The reason is that in yeast extracts the 

aldolase activity is so low that for a step change"'" in the concentration 

of substrate, F16DP, the enzyme takes 645 seconds to metabolize 63% of 

the substrate (Hess et al. 1968). Thus a step change in F16DP levels 

cannot be passed on to GAP except as a slowly rising exponential with a 

time constant of 645 seconds. In effect, aldolase acts as a low pass 

filter which removes all the higher harmonics contained in the Fourier 

transform of the nonsinusoidal waveforms of F16DP. Thus, any rapid 

changes observed in the waveform of NADH must be generated by the regu

lation of the two dehydrogenases themselves. Indeed, the computer 

simulation demonstrates this point directly. The generation of the 

nonsinusoidal waveform of NADH requires the regulation of ADH and GAPDH 

in a specific manner as shown in Figures 12 and 14 of Chapter 3. If it 

can be demonstrated that the in vitro regulation, of the two dehydrogenases 

1. A finite change in an arbitrarily small time is referred to 
as a step change. 
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is similar to that predicted by simulation, then such experimental 

verification would constitute strong evidence that the mathematical model 

is indeed valid. The results of such studies constitute the subject of 

Chapter 6. 

4.4 Reasons for the Choice of the Regulatory 
Characteristics of the Five Regulated Enzymes 

In determining the regulatory characteristics of the enzymes used 

was made of both mathematical arguments and the known physical behavior 

of the system. The actual smooth curve was approximated by a finite num

ber of straight lines. As already pointed out, the regulation of PDC by 

the controlling variable (ATP/ADP) is found to be necessary in order to 

obtain the proper phase relationship between PEP and pyruvate, as well 

as the oscillations of pyruvate with an amplitude which is in agreement 

with the experimentally observed results. The inhibition of PDC by P̂  

is found necessary for the system to exhibit undampened oscillations at 

a fructose input rate of 40 mM/hr. This is in agreement with the physi

cal facts, since as the input rate is lowered from 60 mM/hr to 40 mM/hr, 

the total amount of organic phosphate in the extract drops. Since this 

organic phosphate is originally derived from the inorganic phosphate in 

the extract, its drop results in a rise in the inorganic phosphate in 

the extract which in turn causes increased inhibition of PDC. The dif

ferent slopes in the regulatory characteristic of PDC are necessary to 

get the amplitude and the period of oscillation close to the experi

mentally observed results. Thus, a complex regulation of PDC is found 

to be necessary for the model to give a response which is in agreement 

with the experimental results. 



The shape of the regulatory characteristic of the two dehydro

genases is determined by the waveform of NADH under different input 

conditions. From theoretical considerations involving the Fourier 

transforms of F16DP waveforms, which have already been pointed out, it 

becomes clear that the two dehydrogenases must play a key role in deter

mining the waveform of NADH. The sharp drop in NADH levels as a part 

of the waveform, observed at a fructose input rate of 40 mM/hr, sug

gest that the activity of the enzyme ADH must show an increased sen

sitivity at some critical level of the regulatory effectors. However, 

the sinusoidal oscillations of the system suggests that the dependence 

must be linear during at least part of the regulatory characteristic. 

Thus, a composite regulatory characteristic is constructed (Figure 14) 

which shows both the above mentioned features, and the breakpoints''" are 

located from knowledge of the quantitative levels of the regulatory 

effectors ATP and ADP (Van Eys et al. 1958) during sinusoidal and non-

sinusoidal oscillations. The reduction in the activity of ADH at low 

concentrations of NADH is incorporated into the model due to the known 

physical fact that the enzyme cannot function without the presence of 

the coenzyme. 

In case of GAPDH, it can once again be argued that the regula

tory characteristic should have a linear region in which the enzyme 

operates during the sinusoidal oscillations, and the nonlinear portion 

of its regulatory characteristic is chosen so as to obtain the correct 

nonslnusoidal waveform of NADH when the fructose input rate is 40 mM/hr. 

1. The point where a curve changes slope is referred to as a 
breakpoint. 



In the case of PFK, the dependence of the rate constant on the allosteric 

effectors ATP and ADP is chosen to have a region of relatively linear 

dependence and another region in which it is largely independent of the 

effectors. Thus, the enzyme can give either a linear response or a 

"relaxation" type response which produces saw tooth waveforms- of F6P. 

For pyruvate kinase, as was pointed out earlier in this chapter, a 

greatly increased slope of the RPK vs. (ATP/ADP) curve resulted in a 

grossly incorrect amplitude of oscillation. Similarly, too low a slope 

of the regulatory characteristic reduced the amplitude of oscillations 

predicted by the model. The characteristic shown in Figure 11 was 

chosen since it resulted in a behavior of the model that is close to 

the experimentally measured data. 

Although the case of each enzyme is discussed individually, it 

must be pointed out that in a closed loop system the dynamics of each 

step affects the dynamics of every other step. Thus, the problem be

comes one of sensitivity analysis, i.e., when the system is operating in 

a certain parameter space, the changing of a given parameter can affect 

predominantly, but not exclusively, one or a few variables. Therefore, 

the final reconciliation of the regulatory characteristic of various 

regulated enzymes is carried out by simulating the entire system and 

altering the various regulatory characteristics to obtain results that 

are as close to the experimentally observed behavior as possible. The 

results presented in this dissertation were obtained by carrying out in 

excess of 1000 digital simulations. Once a good approximation to the 

physical system is found, it is possible to optimize the final results 

in form of a "best fit." Mathematically, this is equivalent to first 



searching out a parameter space in which only one minimum of any given 

performance index exists and then using a particular strategy to locate 

that minimum. Such an approach is interesting but due to the high order 

of the system it requires a considerable amount of effort. 

4.5 Summary and Discussion 

In summary, when the results obtained from the mathematical model 

are compared to the experimental results, quantitative agreement is 

obtained. Thus, the plausible model developed in Chapter 3 can be 

tentatively considered valid. In the early part of the next chapter 

the model is subjected to further tests in order to provide additional 

evidence in favor of the validity of the mathematical model. Once the 

validity of the model is established, it can be used to quantitatively 

determine the behavior of the system under certain given conditions, 

which brings a new and deeper insight into the regulation of glycolysis 

under oscillating conditions. This is the subject of the final part 

of the next chapter. 



CHAPTER 5 

GLYCOLYSIS AS A MULTIPLE FEEDBACK LOOP CONTROL SYSTEM 

5.1 Introduction and Outline of the Chapter 

In Chapters 3 and 4, a mathematical model of glycolysis in yeast 

extracts was developed and it was tentatively assumed to be valid based 

on the agreement between the results obtained from the model and the 

experimental results. Before the model can be assumed to be a good 

approximation of glycolysis in yeast extracts, its predictions must be 

similar to certain key experimental results which have been cited in 

favor of PFK as being the primary cause of oscillations. Therefore, 

in this chapter the behavior of the model is examined under certain im

portant conditions, which are discussed below, and the model is utilized 

to examine the hypothesis that the oscillations in glycolysis are caused 

by the periodic inhibition and activation of PFK. In addition to PFK, 

the role of other regulated enzymes is also examined in light of the well 

known principles of system theory. It is demonstrated that the experi

mental evidence cited in support of PFK as a cuase of oscillations repre

sents an alteration in one of the many feedback loops that govern the 

dynamics of the glycolytic pathway. Thus, even though it points to the 

importance of the regulation of PFK, it leaves unanswered the question 

of the importance of other regulatory mechanisms that are present in the 

glycolytic pathway. This fact is demonstrated to be of crucial impor

tance. The experimental evidence in support of PFK as a primary cause 



of oscillal ..ons is utilized to further validate the mathematical 

model. 

5.2 Evidence in Support of PFK as a 
Cause of Oscillations 

In the literature, PFK is believed to be the cause of oscilla

tions and this enzyme is frequently referred to as the "oscillophor" 

(Hess et al. 1968; Boiteux and Hess 1973), a term that has heretofore 

been unknown in either biochemistry or system theory. In addition to 

Hess and his colleagues, other investigators (Ghosh and Chance 1964; 

Higgins 1964; Betz and Selkov 1973; Betz 1973) have also put forward 

evidence that a periodic change in the activity of PFK is responsible 

for the glycolytic oscillations. The dominant thrust of their arguments 

is centered around the following facts: 

1. PFK displays numerous allosteric properties in vitro. 

2. A phase shift of 180° that is observed between F6P and F16DP 

suggests that the enzyme is actually being feedback regu

lated under oscillating conditions. 

3. When a large amount of a dialyzed PFK preparation, which is 

no longer sensitive to allosteric effectors but which retains 

its catalytic activity, is added to an oscillating yeast ex

tract, the oscillations are immediately abolished. 

4. The extracts can be made to oscillate when the input metabo

lite is either fructose or F6P but not when the input is 

either F16DP or one of the metabolites following F16DP in 

the glycolytic pathway. 
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The following is a point by point discussion of the behavior of 

the mathematical model developed herein as it relates to the four experi

mental conditions outlined above. 

1. The model incorporates the regulation of PFK by the adenyl

ates which is suggested by in vitro experiments. 

2. The model also predicts a phase difference of 180° between 

F6P and F16DP (Figure 24), in agreement with the experimental 

observation. 

3. The condition corresponding to the addition of large amounts 

of dialyzed PFK is simulated by setting the rate constant of 

PFK equal to a high and constant value of 60 at a suitable 

time. Under this condition the simulation predicts that the 

system immediately ceases to oscillate, as shown in Figures 

33, 34, and 35. 

4. When the input metabolite is changed from F6P to F16DP, the 

simulation once again predicts that the system will immedi

ately cease to oscillate. Figure 36 shows that upon input

ting the system with F16DP, ATP levels immediately stabilize 

at a high value, which is to be expected intuitively, since 

two of the ATP utilizing reactions are now bypassed, namely 

the reactions catalyzed by hexokinase and PFK. Figure 37 

shows the cessation of oscillation of another metabolite, 

acetaldehyde. 

Thus, complete agreement is obtained between the predictions of 

the mathematical model and the experimental results under the appropriate 

conditions. This constitutes additional evidence in favor of the validity 
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of the model. These experimental observations, as well as the simulated 

results, point to the importance of the feedback regulation of PFK in 

causing the system to oscillate. However, as shown in the next section, 

these experiments do not cover all the regulatory mechanisms that are in 

operation in the glycolytic pathway. Therefore, the model developed in 

this work and whose behavior is demonstrated to be in agreement with the 

experimental evidence, can now be utilized to study the importance (or 

lack of importance) of the various regulatory mechanisms. 

5.3 Glycolytic Pathway as a Multiple 
Feedback Loop Control System 

In light of these observations, a question can now be posed as 

follows. Do these observations prove that the allosteric regulation of 

PFK can account for the experimentally observed oscillations in the glyco

lytic pathway or do other regulated enzymes also play some role in caus

ing the system to oscillate in the experimentally observed manner? If 

the latter, then what is the role of the regulated enzymes other than 

PFK? 

In order to answer this question, the behavior of the oscillating 

glycolysis must be examined in the light of feedback control theory where 

the oscillatory phenomena in feedback regulated systems have been exten

sively studied (Schultz and Melsa 1967; Melsa and Schultz 1969; Gibson 

1963; Minorsky 1962). To do this the glycolytic pathway is redrawn as a 

multiple closed loop feedback control system and is shown in Figure 38. 

For simplicity only the five regulated enzymes are shown. Two of the 

most fundamental tenets of the feedback control theory are that: 
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Figure 38. Glycolysis as a multiple feedback loop control system. 

A (+) or (-) sign by the side of the arrow indicates the activation or the inhibition of the 
enzyme respectively. Nonbracketed + or - sign indicates the usual addition and subtraction. 
For simplicity only some of the steps in glycolysis are shown. Since the activity of the en
zyme PGK is modeled in an implicit manner, NADH is shown to produced along with PG3 al
though it is actually produced at the GAPDH step. 
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1. The overall dynamics of a multiple feedback loop control 

system is governed by all the feedback loops and not just 

any one of them. 

2. A system that does not oscillate undet open loop conditions 

may very well oscillate when the feedback loop is closed, 

and vice versa. 

In light of these principles, a careful examination of Figure 38 reveals 

that either inputting the extract with F16DP or adding large amounts of 

dialyzed PFK result in opening of the PFK feedback loop. This suggests 

that the closed loop regulation of PFK is necessary for sustained oscil

lations in yeast extracts. However, these results say absolutely nothing 

about the effects of opening feedback loops associated with enzymes other 

than PFK. This is an extremely important fact, the full significance of 

which is discussed later. 

An alternate way of reducing the feedback in the PFK loop is to 

increase the rate constant of ATPase. This is experimentally equivalent 

to adding ATPase to an oscillating extract which results in an increased 

rate of hydrolysis of ATP, a molecule physically responsible for in

hibiting the enzyme PFK. Mathematically, this inhibition results in 

closing the feedback loop as shown in Figure 38. Such an increase in 

RATP affects not only the PFK loop but also a number of other loops. 

However, in view of experimental evidence outlined in Section 5.2, a 

sufficient reduction in the feedback applied through the PFK loop alone 

must result in cessation of oscillation. Since increasing RATP has such 

an effect (among others), an increase in RATP of sufficient magnitude 

must result in the cessation of oscillations. Experimental evidence 



100 

demands such a response, otherwise the model is not valid. Such simula

tions have been carried out to further establish the validity of the 

model and the results are discussed below. 

When the exogenous input rate is 60 mM/hr and RATP is increased 

to 2.2 (min)t from the normal value of 1.9 (min) \ an unusual feature 

feature of the system is observed. If RATP is increased during the ris

ing phase of ATP (and the corresponding associated phases of all other 

metabolites), the system goes into a low amplitude high frequency oscil

lation, as shown in Figures 39 and 40. However, when RATP is increased 

by the same amount during the dropping phase of ATP (and the correspond

ing associated phases of all other metabolites), the system locks into 

a high amplitude, low frequency oscillation as shown in Figures 41 

through 43. This suggests that the glycolytic pathway in yeast extracts 

can oscillate in at least two different states. Hess and Boiteux (1973) 

have found experimental evidence that the system can spontaneously move 

from one type of oscillation to another. This is shown in Figure 44, 

which is hand drawn after Hess and Boiteux (1973). It should be noted 

that only the large amplitude, low frequency limit cycle"'" shown in Figure 

44 can be reversibly obtained experimentally, while the low amplitude, 

high frequency limit cycle appears only spontaneously (Hess and Boiteux 

1973). 

Such spontaneous transition from one state to another can be ex

plained in terms of the existence of more than one limit cycle in the 

phase plane, which is a plot of one variable against another. Time is 

1. The oscillation of a nonlinear system around an "average" 
state is referred to as a limit cycle. 
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not explicitly shown in a phase plane plot. Such a plot of two hypo

thetical variables, and is shown in Figure 45 where solid arrows 

are trajectories which represent the path followed by the hypothetical 

system when and 3̂  have a particular given value at any time. Theo

retically there are infinite trajectories, only some of which are shown 

in Figure 45. A closed path in the phase plane represents an oscillation 

(limit cycle) since once the value of the two parameters lie on a closed 

path, it stays on the closed path for infinite time unless the system is 

subjected to a disturbance of sufficient magnitude, as discussed later. 

The concept of stable and unstable limit cycles can now be ex

plained in terms of the trajectories associated with each limit cycle. 

In the case of an unstable limit cycle, the trajectories all point away 

from the limit cycle and thus, an arbitrarily small disturbance causes 

the system to permanently move away from the particular limit cycle. In 

the case of a stable limit cycle, the direction of the trajectories is 

such that the system returns to the particular limit cycle following an 

arbitrarily small disturbance. In Figure 45, B, D and F represent such 

stable limit cycles. Now suppose that the system is originally limit 

cycling on the closed path D and is subjected to a disturbance which is 

sufficiently large to drive the system into some parameter space between 

the limit cycles B and C. The system will then move to the limit cycle 

B and will stay on it unless subjected to another disturbance. However, 

if the nature of the disturbance is such that the system is driven into 

some parameter space between the limit cycles E and F, then the system 

will start to limit cycle on the closed path F. Thus, depending on the 

dynamics of the system, it can exhibit a number of limit cycles and by 
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Figure 45. Phase plane plot of the multiple limit cycles'of a hypo
thetical system. 

Xj, and X2 are two system variables. Stable limit cycles are repre
sented by solid lines and unstable limit cycles by dotted lines. In 
general, the closed curves will not be circular but of arbitrary shape. 
The trajectories, shown by arrows, will also have arbitrary shape in 
the general case. For further details see text. 
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applying the proper disturbance, the system can be made to switch from 

one limit cycle to another. 

The model suggests that such a phenomenon can take place in gly

colytic oscillations, as shown in Figure 46, which is a phase plane plot 

of ATP and its rate of formation as determined by carrying out the simu

lation under different conditions indicated in the Figure 46. Although 

it is impossible to present a 15th dimensional plot geometrically, a 

mathematical extension of the concept is possible even though such math

ematical extension does not necessarily bring with it an increased physi

cal insight into the regulatory process. In such a mathematical exten

sion, the state of the glycolytic pathway is represented by a vector that 

has fifteen components, each corresponding to the concentration of one 

metabolite. This vector traverses a closed hypersurface (which corre

sponds to a closed curve in a two-dimensional plane) in a 15th dimen

sional space. When subjected to a disturbance in the form of increased 

RATP, this vector begins to traverse a different hypersurface and its 

new trajectory depends on the state of the vector (i.e., the concentra

tion of all metabolites) at the moment the disturbance is applied. 

Another interesting property of the system relating to the dif

ferent limit cycles can be deduced from knowledge of the physical makeup 

of the system. Since the input rate of fructose does not change as RATP 

is altered, it can be argued that an increase in the frequency must be 

accompanied by a decrease in the amplitude since only a given amount of 

fructose is injected during a certain time and therefore only a limited 

number of other metabolites can be derived from it during that certain 

time. Thus, as the frequency increases, the time available for the 



Figure 46. Phase plane plot of (ATP) vs. d(ATP)/dt as determined by simulation. 

Fructose input rate is 60 mM/hr. The three closed curves represent the three modes of oscilla
tion of the system. The dotted lines with arrows indicate the "jump" of the system from one 
limit cycle to another. Thus, for RATP = 2.3, the system can oscillate in at least two dif
ferent states. The mode to which the system switches depends on the state of the system at 
the time when RATP is increased, as indicated by the dotted lines with arrows. Although it 
is impossible to show it explicitly in the figure, this decision is controlled not only by 
the concentration of ATP but also by the concentration of all other metabolites at the time 
of switch. Part of the smaller limit cycle associated with RATP =2.3 lies very close to, 
but not quite on, the limit cycle associated with RATP = 1.9. This difference is artificially 
increased very slightly so as to be able to show it graphically. 
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rising phase of any particular metabolite goes down, and hence, the am

plitude of oscillations is reduced. Similarly, an increase in amplitude 

must be accompanied by a decrease in the frequency of oscillation, since 

a transition to a high amplitude, high frequency oscillation is incom

patible with the physical nature of the system. The behavior of the 

model, as well as "the experimentally demonstrated transition of the 

system, show this phenomenon of inverse relationship between the ampli

tude and frequency of oscillation. For a detailed discussion of multi

ple limit cycles in nonlinear systems, the interested reader is referred 

to Minorsky (1962) or Gibson (1963). 

When RATP is further increased to 2.5 (min) \ at an exogenous 

input rate of 60 mM/hr, the oscillations damp out, as shown in Figures 

47 and 48. Simulations corresponding to increased RATP were also car

ried out for an exogenous input rate of 40 mM/hr. Under this condition, 

when RATP is increased to 2.2 (min) the system continues to oscillate 

and there is very little change in the period of the system. Upon in

creasing RATP to 2.4 (min) \ the system oscillates with a period of 8 

minutes and with an altered waveform as shown in Figures 49 and 50. 

Finally when RATP is increased to 2.7 (min) \ the system once again 

ceases to oscillate. This eventual cessation of oscillations, upon suf

ficiently reducing the feedback in the PFK loop (among others) was only 

to be expected in light of the experimental data outlined in Section 5.2 

and provides additional evidence in favor of the validity of the model. 

In view of all the observations, simulated and experimental, 

that have been outlined so far, the importance of the closed loop regu

lation of PFK in causing the system to exhibit oscillatory response is 
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established. However, it has provided no clue about the importance or 

lack of importance of maintaining the closed loop regulation of enzymes 

other than PFK since, as was pointed out earlier in this chapter, the 

overall dynamics is controlled by all the feedback loops and not by any 

one particular loop. 

5.4 The Systemic Nature of Glycolytic Oscillations 

Since the model quantitatively represents the dynamics of oscil

lating yeast extracts, the significance of the regulation of various 

enzymes can be determined directly by setting their rate constants to a 

fixed value and thus removing the effects of their regulation. By use 

of this technique, the importance of the regulation of PDC in causing 

the pyruvate levels to oscillate as well as in maintaining the proper 

phase relationship between PEP and pyruvate, at an exogenous input rate 

of 60 mM/hr, has already been demonstrated in Chapter 3. There it is 

shown that the regulation of PK alone cannot account for either the 

amplitude or the phase of oscillations of pyruvic acid, as suggested by 

Hess et al. (1968). Thus a quantitative model can be used to obtain 

information that is not obvious by purely qualitative arguments. 

As another example, the role of the last enzyme in the glycolytic 

pathway, namely alcohol dehydrogenase, is examined. To do this, the 

dependence of the rate constant of this enzyme on the controlling vari

able (ATP/ADP) is removed and RADHA is set equal to a constant value of 

60. Thus, the enzyme is given a high and constant catalytic activity. 

The effect of such a change is examined under two different conditions 

of oscillation, namely the sinusoidal and the nonsinusoidal oscillatory 
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mode. When the exogenous input rate is 60 mM/hr and the system is oscil

lating sinusoidally, simulation shows that immediately upon setting RADHA 

equal to 60, the oscillations of NADH are reduced practically to zero 

(Figure 51). Pyruvate and acetaldehyde now oscillate out of phase, in 

disagreement with the experimental observation (Figure 52). ATP now 

oscillates with a reduced amplitude (Figure 53). This simulation was 

repeated with an exogenous input rate of 40 mM/hr since, as was pointed 

out in Section 4.3, the two dehydrogenases undergo a much larger change 

in activity when the extracts are oscillating nonsinusoidally. In fact, 

ADH undergoes an approximately 15-fold change in its activity under the 

conditions of nonsinusoidal oscillations. The results, shown in Figures 

54, 55 and 56, show that immediately upon removing the regulation of ADH, 

the oscillations cease throughout the glycolytic pathway. 

Similar simulations were carried out by removing the regulation 

of the enzymes GAPDH and PDC and setting their rate constants to fixed 

values. Biochemically, this is equivalent to adding to an oscillating 

yeast extract a large amount of the appropriate regulated enzyme, which 

has been modified in such a manner that it is no longer sensitive to ef

fector metabolites but which retains its catalytic activity. This is 

exactly the kind of experiment that Hess et al. (1968) carried out with 

PFK and from which they concluded that PFK is the cause of oscillations. 

From a system theory point of view, it amounts to opening a particular 

feedback loop in the system, while for purely mathematical considerations 

it is equivalent to setting a particular coefficient in the differential 

equation, which is originally a function of certain dependent variables, 

equal to a constant value. These are all equivalent approaches and 
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thus a quantitative model can be used to perform "biochemical experi

ments ." 

When RGAPD is set equal to a constant value of 60, there is an 

initial rapid rise in NADH and ATP levels (Figures 57 and 58) as the sub

strate GAP is consumed. Following this the system ceases to oscillate. 

Setting RPDC equal to a constant value of 60 causes the system to settle 

in a high acetaldehyde, low pyruvate state (Figure 59) which is to be 

expected from the physical nature of the disturbance. Once again the 

oscillations cease throughout the glycolytic pathway (Figure 60). 

All these simulations, taken together clearly demonstrate the 

systemic nature of the glycolytic oscillations in yeast extracts. Thus, 

for the glycolytic pathway to oscillate with the experimentally observed 

amplitude, phase, period and waveforms, the system must operate within a 

certain region of parameter values. Furthermore, the system is driven 

into this region by a complex regulation of a number of enzymes, namely 

alcohol dehydrogenase, glyceraldehyde 3-phosphate dehydrogenase, pyruvate 

decarboxylase, pyruvate kinase and phosphofructokinase. The oscillations 

must therefore be considered a property of the system rather than any 

particular component of it, PFK included. The misconception regarding 

the role of PFK appears to have arisen partly from the fact that the PFK 

loop is the only feedback loop (Figure 38) that can be opened, while 

still keeping all the other ones closed, by inputting the extracts with 

F16DP. This is clearly impossible in the case of the GAPDH loop, since, 

by inputting the system with 1,3 diphosphoglycerate one excludes not 

only the GAPDH loop but also the PFK loop. Thus, the effect of opening 

only the GAPDH loop cannot be conveniently studied by purely biochemical 
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methods. This limitation is overcome by constructing a quantitative 

mathematical model through which one can study the effects of each in

dividual loop in the overall system dynamics. 

5.5 Summary and Discussion 

In this chapter, additional evidence in favor of the validity 

of the model is presented. Based on this evidence, plus the evidence 

presented in Chapter 4, the model is tentatively considered a reasonably 

good representation of the physical process of glycolysis in yeast ex

tracts. This model is then utilized to show that enzymes other than 

PFK also play an important role in the glycolytic oscillations. This 

conclusions is derived by removing the regulation of certain enzymes 

from the model whose behavior is in quantitative agreement with the 

experimental data when the regulation is included in the model. At this 

stage, experimental evidence in favor of the validity of the model is 

desirable. Since a direct modification of the regulated enzymes in the 

manner discussed in Section 5.4 may not be possible experimentally, fur

ther experimental substantiation of the model is carried out by an 

alternate set of biochemical experiments. The basis of such experimental 

evidence as well as the experimental results themselves are the topic 

of the next chapter. 



CHAPTER 6 

EXPERIMENTAL VERIFICATION OF PREDICTIONS 
MADE BY THE MODEL 

6.1 Introduction and Outline of the Chapter 

In the previous chapters a mathematical model of glycolytic os

cillations in yeast extracts is developed and its behavior is shown to 

be in agreement with the experimentally measured data under a variety of 

conditions. Because of this agreement, the model is tentatively assumed 

to be valid pending further experimental verification. The mathematical 

model was then utilized to make a number of predictions about the be

havior of the system under certain conditions which demonstrate the 

systemic nature of glycolytic oscillations in yeast extracts. The above-

mentioned conditions, discussed in detail in Chapter 5, describe the be

havior of the system when the regulation of certain enzymes is removed 

but their catalytic activity is retained. 

So far, the mathematical model has revealed two key features of 

the glycolytic system, namely the structure of the pathway necessary for 

the oscillations as well as the specific form of the regulatory charac

teristics of certain enzymes that is necessary for the system to exhibit 

both sinusoidal and nonsinusoidal oscillations. These regulatory 

characteristics contain, but are not limited to, linear regions as was 

discussed in detail in Chapters 3 and 4. This chapter presents the 
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experimentally determined regulatory characteristics of certain enzymes 

and compares the experimental results with the predictions of the model. 

6.2 Reasons for Choosing Certain Predictions 
for Experimental Verification 

Since the behavior of the mathematical model developed in this 

work has already been shown to be in agreement with the experimentally 

measured data, the number of predictions that can be made with the help 

of the model is very large. For example, the response of the system to 

the addition of different metabolites or a combination of them can be 

studied. Also, the behavior of the system upon the addition of different 

enzymes or a combination of enzymes can also be examined. Indeed, this 

was done earlier, where the response of the system to the addition of 

ATPase was examined. Thus, when all the permutations and combinations 

are considered, the number of predictions possible with the help of the 

model rapidly becomes very large. In fact, this is one of the reasons 

for using the modeling approach. 

At this stage it is well to emphasize that the goal of this work 

is to develop a valid (and quantitative) mathematical model which can 

further advance the understanding of regulation of glycolysis and sug

gest experiments that had not been.obvious before. In the mathematical 

model developed in this work, five of the coefficients of the differen

tial equations have a nonlinear dependence on some of the dependent vari

ables. These five coefficients correspond to the five regulated enzymes, 

namely, ADH, GAPDH, PDC, PK and PFK. The specific forms of these non

linear dependences on the appropriate dependent variables (i.e., the 

appropriate effector metabolites) are derived by simulating the entire 
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system on a digital computer and by the demonstration that when these 

specific dependences are incorporated into the model, its behavior is 

found to be in quantitative agreement with the experimental results. 

Therefore, it can now be argued that if the derived nonlinear dependences 

can be experimentally verified then such verification constitutes strong 

experimental evidence in favor of the validity of the model and the 

requirement for the experimental verification of other predictions be

comes only of secondary importance. 

Of the five enzymes.whose regulation has been incorporated into 

the mathematical model, the regulatory properties of two of them, namely, 

PFK and PK, have been extensively studied. For both PFK and PK, ATP acts 

as an inhibitor and ADP as an activator in vitro (Betz 1973; Tamaki and 

Hess 1975; Haeckel et al. 1968). The extracts also contain other ef

fector metabolites such as AMP and F16DP. The regulatory effects of 

these metabolites have been taken into account in an implicit manner as 

was discussed in detail in Section 3.2. Thus, the regulation of PFK and 

PK by their presumed effectors is a well established fact. Furthermore, 

the assumed quantitative form of the regulation of these enzymes (Figures 

10 and 11) results in an oscillatory response that is in close agreement 

with the experimentally measured data. Thus, further experimental veri

fication of the regulatory characteristics of PFK and PK is not considered 

germane to the experimental verification of the mathematical model. 

For the enzyme GAPDH, the binding of NAD to the enzyme has been 

extensively studied by Kirschner et al. (1966). These studies were car

ried out by mixing GAPDH (which is free of NAD) with NAD and following 

the appearance of a new absorption spectrum which is characteristic of 
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GAPDH-NAD complex. Kirschner et al. (1966) showed that the formation of 

this complex alters the catalytic properties of the enzyme. This was 

demonstrated by mixing the enzyme GAPDH with NAD and GAP (glyceraldehyde 

3-phosphate) in a stopped flow instrument and then following the forma

tion of NADH by absorption spectroscopy. Using this technique it was 

shown by Kirschner et al. (1966) that the initial rate of formation of 

NADH is dependent on the order of mixing NAD and GAP with the enzyme. 

When the enzyme is mixed with NAD prior to the addition of GAP, the 

initial rate of formation of NADH is much higher than when the enzyme 

is first mixed with GAP and then with NAD. Thus, the formation of 

GAPDH-NAD complex increases the catalytic activity of the enzyme. Ellen-

rieder et al. (1972) have further studied the binding of NAD to the 

enzyme in the presence of NADH using the techniques of relaxation dy

namics, and they have offered a theoretically derived equation for bind

ing of NAD and NADH to the enzyme based on the assumption that the en

zyme obeys a concerted mechanism of cooperative binding of the ligand 

(Monodet al. 1965). Thus, current literature gives certain information 

about the binding of NAD and NADH to the enzyme and suggests that the 

catalytic activity of the enzyme is altered upon binding of NAD. How

ever, no information is offered on the quantitative form of the depend

ence of the catalytic activity of the enzyme on the binding of NAD. It 

is this dependence that is determined by simulating the mathematical 

model and was shown in Figure 12. This dependence is subjected to 

experimental verification, and the results are presented later in this 

chapter. 
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The regulation of pyruvate decarboxylase has been studied by 

Boiteux and Hess (1970). These investigators found that the enzyme is 

inhibited by inorganic phosphate and that high concentrations of sub

strate (pyruvate) are able to partly overcome the inhibitory effect of 

phosphate. In the experimental studies reported here, the inhibition of 

the enzyme by has been confirmed. Further results are presented to 

demonstrate that in the range of oscillation of its concentration (2 x 

-4 -4 10 to 6 x 10 M), pyruvate has no significant effect on the rate 

constant of the enzyme. In other words, the dependence of the velocity 

of the enzyme on its substrate is linear (first order) in the range 

cited above. For reasons detailed in Chapter 4, a search was conducted 

to find yet another metabolite which oscillates either in phase or 180° 

out of phase with ATP and which has a regulatory effect on PDC. The 

results of such a search are presented in this chapter. 

In the literature, information on the regulatory effectors of 

the enzyme alcohol dehydrogenase is quite limited. Van Eys et al. (1958) 

showed that ATP and ADP have a regulatory effect on yeast ADH. Wratten 

and Cleland (1963) have studied ADH from yeast and liver and have pre

sented results (in form of Lineweaver-Burk plots) which show that any 

of the following four metabolites, NAD, NADH, ethanol and acetaldehyde, 

can act as an inhibitor depending on the direction in which the activity 

of the enzyme is measured. Schopp and Aurich (1976) have shown that when 

NAD and ethanol are used as substrates for yeast ADH, the resulting 

Lineweaver-Burk plots are nonlinear. The problem of regulation of ADH is 

therefore quite complicated and was studied in some depth. The results 

obtained from these studies are compared to those predicted by simulation. 
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6.3 Materials and Methods 

All the enzymes and chemicals listed below were obtained from 

Sigma Chemical Co., St. Louis, Missouri. All four of the enzymes, 

pyruvate decarboxylase, alcohol dehydrogenase, glyceraldehyde 3-phosphate 

dehydrogenase and phosphoglycerate kinase, were from yeast. The chem

icals bought were ATP, ADP, NAD, NADH, DTE, BSA, pyruvic acid (sodium 

salt), thiamine pyrophosphate and glyceraldehyde 3-phosphate. All other 

chemicals used were of reagent grade. 

All enzyme assays were carried out at room temperature (23°) and 

a pH of 6.5, which are also the conditions used in oscillatory experi

ments. In assaying ADH and GAPDH, a 0.1 M potassium phosphate buffer 

was used. In the case of pyruvate decarboxylase, the potassium phosphate 

buffer was replaced with potassium citrate buffer (Boiteux and Hess 1970) 

of the same molarity (0.1 M) and pH when it was necessary to alter the 

concentration of inorganic phosphate. All reactions were followed by 

absorption spectroscopy using a Beckman DU spectrophotometer which was 

attached to a Gilford 2000 recorder. 

6.4 Enzyme Assays 

Glyceraldehyde 3-phosphate dehydrogenase was assayed according 

to the following reaction: 

GAP + P1 + NAD + ADP GAPDH, PGK  ̂ NADH + PG3 + ATp 

A 1 ml reaction mixture contained potassium phosphate buffer (100 mM), 

dl-glyceraldehyde 3-phosphate (2 mM), ADP (1 mM), MgCl̂  (0.3 mM), DTE 

(0.3 mM), NAD (concentration was varied), NADH (concentration was varied), 

GAPDH (0.7 IU), PGK (10 IU) and BSA (1%). 



136 

Alcohol dehydrogenase was assayed according to the following 

reaction: 

Acetaldehyde + NADH  ̂ Ethanol + NAD 

A 1 ml reaction mixture contained potassium phosphate buffer (100 mM), 

BSA (1%), DTE (0.3 mM), acetaldehyde (50 pi), NADH (concentration was 

varied), NAD (concentration was varied), ATP (concentration was varied), 

ADP (concentration was varied), MgĈ  (0.3 mM) and ADH (0.1 pg)̂ ". 

Pyruvate decarboxylase was assayed according to the reaction: 

PDC Pyruvic acid  ̂ Acetaldehyde + 

Acetaldehyde + NADH Ethanol + NAD 

The enzyme PDC, which was received from Sigma Chemical Co. as a suspen

sion in 2.5 M ammonium sulphate, was dialyzed against 100 mM potassium 

phosphate buffer (pH 6.5), in order to remove ammonium sulphate. The 

dialyzed enzyme was incubated with 6 mM MgĈ , 6 mM thiamine pyrophos

phate, 6 mM DTE and 1% BSA. This step is necessary to ensure the satura

tion of pyruvate decarboxylase with its coenzyme (Schallenberger 1967; 

Boiteux and Hess 1970). A 1 ml reaction mixture contained MgCl̂  (0.3 mM), 

DTE (0.3 mM), TPP (0.3 mM), BSA (1%), sodium pyruvate (6 x 10 ̂  M), po

tassium phosphate buffer pH 6.5 (concentration was varied), NADH (con

centration was varied), ADH (50 pg) and PDC (0.2 IU). 

In all these experimental studies., advantage was taken of the 

fact that the concentrations of various effectors and their relative 

phases and amplitudes during the oscillatory behavior are already known 

1. According to the information supplied by Sigma Chemical Co., 
the activity of the enzyme is 300 IU/mg measured in the direction of 
ethanol oxidation at pH 8.5. 
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from the mathematical model. Thus, in studying the regulation of these 

enzymes, the levels of various known (or suspected) effector metabolites 

are varied in accordance with the data obtained from simulation. For 

example, in the case of GAPDH, the concentration of NADH is decreased as 

the concentration of NAD is increased, since the two metabolites oscil

late 180° out-of-phase. Similarly, in the studies on alcohol dehydro

genase, the concentrations of ATP and NAD were increased together and 

at the same time the concentrations of ADP and NADH are decreased. 

6.5 Results 

The experimentally determined regulatory characteristic of GAPDH, 

obtained by varying the concentrations of NAD and NADH, is shown in Fig

ure 61. It displays the three key features of the predicted charac

teristic, namely, a relatively constant but low region of activity at 

-4 low NAD (< 4 x 10 M) concentrations, followed by a region of sharply 

increased sensitivity of enzyme activity as a function of NAD (> 4 x 

-4 -4 10 M but < 8 x 10 M) levels and finally a saturation type effect at 

-4 high NAD (> 8 x 10 M) levels. The regulatory characteristic obtained 

when NADH is absent (Figure 62) is clearly quite different but it does 

agree with reports in the literature (Kirschner et al. 1966) that NAD 

acts as a positive effector of the enzyme. The inhibitory effect of NADH 

is further demonstrated in Figure 63. Thus, the overall regulatory char

acteristic (Figure 61) is the result of a complex interaction between the 

enzyme and its ligands, NAD and NADH. It is this overall characteristic 

that is predicted by the simulation and in this predicted characteristic, 
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the effect of NADH is taken into account implicitly, since NAD and NADH 

oscillate 180° out-of-phase. 

In the case of alcohol dehydrogenase, the overall regulatory 

characteristic is once again in good agreement with the predicted char

acteristic (Figure 64). The dependence of the regulatory characteristic 

on the pyridine nucleotides alone is shown in Figure 65 and it differs 

significantly from the condition when adenine nucleotides are also 

present. The greatly increased sensitivity of the enzyme activity on 

effector metabolites at a certain critical concentration of effectors 

(marked by arrow in Figure 64) is a key feature of the predicted char

acteristic, since, as was pointed out in Chapter 4 (Section 4.4) this 

increased sensitivity is responsible for initiating the sharp drop in 

NADH concentration at a certain time during the nonsinusoidal oscilla

tions of the system. To further study this increased sensitivity of 

activity to effector metabolites, the concentration of regulator ef

fectors was varied, one at a time, around a value at which this increased 

sensitivity occurs. 

The results, shown in Figures 66, 67, and 68 indicate that this 

increased sensitivity is caused by a complex interaction of all four 

effector metabolites, namely ATP, ADP, NAD and NADH. Thus, the activity 

of the enzyme depends on each metabolite in a very complex manner. The 

development of an analytical expression that covers all the possible 

permutations and combinations of various effector metabolites is too 

formidable a task to be undertaken here. Therefore, for mathematical 

and computational simplicity the overall characteristic is incorporated 

into the mathematical model in the form of a simple graphical 
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representation as was shown in Figure 14. Ideally, it would require a 

five dimensional graph to explicitly represent the dependence of the 

velocity on each of the effector metabolites. This is, of course, not 

possible geometrically but can be done on a computer albeit with a great 

deal of effort and it is a problem in its own right. 

For pyruvate decarboxylase, the already reported inhibition by 

inorganic phosphates (Boiteux and Hess 1970) is further confirmed as 

shown in Figure 69 where it is also compared to the regulatory charac

teristic used in the simulation. Furthermore, it was found that in the 

experimentally observed range of oscillations of its concentration, pyr

uvate has no significant regulatory affect on the enzyme, since there is 

a linear (first order) dependence of the enzyme velocity on the substrate 

concentration (Figure 70). The most important experimental finding, how

ever, is the observation that NADH acts as a negative effector of pyr

uvate decarboxylase (Figure 71). To the best of the knowledge and be

lief of the author, this finding has never been reported in the litera

ture before (cf. Boiteux and Hess 1970). The reader is reminded that the 

simulation predicted the existence of such a regulatory metabolite, as 

was discussed in detail in Chapter 4 (Section 4.2). Briefly, the reason 

for this prediction is related to the experimentally observed phase 

shift of 180° between pyruvate and PEP. This is an example of how a 

quantitative mathematical model can suggest experiments that were not 

obvious before. Furthermore, this is the opposite of the classical 

approach, where one first searched for the effector metabolites of a 

particular enzyme by hit and trial method and having found such a metab

olite one attempted to justify its existence on physiological grounds. 
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In Figure 72, evidence is presented to demonstrate that this observed 

drop in the activity of PDC at increased NADH concentration cannot be 

attributed to a decrease in the activity of the coupling enzyme ADH, 

which is used to experimentally observe the activity of PDC under dif

ferent conditions. 

6.6 Summary and Discussion 

The experimental results presented in this chapter are in good 

agreement with the predictions made by the mathematical model developed 

and examined in earlier chapters. The slight differences that are ob

served can be due to the following reasons. 

1. The experiments were carried out in a protein concentration 

range of a few ug/ml. Since the oscillating yeast extracts 

have a protein concentration of approximately 60 mg/ml, it 

is conceivable that protein-protein interactions at such 

high concentrations could further alter the regulatory 

characteristics of the appropriate enzymes so as to bring 

them closer to those predicted by simulation. Measurements 

at such high concentrations, which must be carried out with 

stopped flow apparatus, is one of the possible subjects for 

future studies. 

2. There could be additional, as yet undiscovered, effector 

metabolites present in the extracts. The search for such 

effectors is a problem in its own right since at least fif

teen metabolites are known to be present in the extract and 

they oscillate with varying phases and amplitudes. 



Figure 72. Effect of reducing the amount of the coupling enzyme (ADH) in the assay of pyruvate 
decarboxylase. 

All experimentally measured results of PDC reported in this work were determined at a concen
tration of 50 yg/ml of the coupling enzyme ADH. A 100-fold reduction in the amount of coupling 
enzyme has practically no effect on the experimentally measured reaction rate of PDC. As 
shown in Figure 66, ADH undergoes a maximum change of about 15-fold in its activity as the 
concentration of NADH is altered between 0.7 x 10~̂ M and 6.3 x 10~%. Thus, the results 
presented in Figure 71 can only be accounted for by an inhibition of PDC by NADH. 
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Furthermore, information is not currently available on the 

-f-f 44. concentration of ions (e.g., Ca , Mg , Zn ) that are 

present in the extract. These ions could conceivably affect 

certain regulatory enzymes. 

However, the key features of the regulation of ADH, GAPDH and PDC, as 

predicted by simulation are no lor̂ er in doubt. This observation, 

coupled with the fact that the incorporation of these predicted regula

tory characteristics into the mathematical model results in a behavior 

that is in agreement with the experimentally measured data, suggests 

that the mathematical model developed in this work and which up until 

now was considered tentative, is indeed a good representation of the 

physical system. 



CHAPTER 7 

SUMMARY AND DISCUSSION 

7.1 Summary 

In this dissertation, a mathematical model of glycolytic oscilla

tions in yeast extracts is developed in the form of a set of coupled non

linear differential equations (Chapter 3). A number of simplifying as

sumptions are made in developing the model and each of these is justified 

on mathematical and biochemical grounds. This theoretically developed 

model is simulated on a digital computer and it is demonstrated that the 

predictions are similar to the experimental behavior under the appro

priate conditions (Chapters 4 and 5). Included in these conditions are 

a number of observations that are cited in favor of PFK as a primary 

cause of oscillations in the glycolytic pathway. Even though this 

agreement between the behavior of the model and the experimental system 

in itself constitutes strong evidence in favor of the validity of the 

model, additional experimental evidence is brought to bear in favor of 

the validity of the model in the form of experimental verification of 

certain key nonlinear functions which constitute the heart of the model 

(Chapter 6). 

Having so established the validity of the model, the author has 

utilized the model to draw the structure of glycolysis as a multiple 

feedback loop control system which is a schematic representation of the 

mathematical information contained in the differential equations. This 
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structure was then examined in light of well known principles of feed

back control theory. Such an examination clearly demonstrated the im

portance of feedback regulation not only of PFK but certain other enzymes 

as well (Chapter 5). Thus, in view of all the experimental evidence out

lined so far, it can now be stated that not only the regulation of phos-

phofructokinase, but also those of pyruvate kinase, alcohol dehydrogenase, 

glyceraldehyde 3-phosphate dehydrogenase and pyruvate decarboxylase, play 

important roles in causing the glycolytic pathway to oscillate in the ex

perimentally observed manner. In other words, the oscillations are a 

property of the system rather than that of any particular component of 

it, PFK included. 

The more general goal of this work, as stated in Chapter 2, was 

to answer the following question. Can a set of static measurements ac

count for the observed dynamics of a given system? The answer to such a 

question is that the static measurements, by themselves, are not enough 

except perhaps in the trivial case. The results of the static measure

ments must be incorporated into a dynamic model and the resulting be

havior compared with that of the experimental system. This approach was 

successfully used in this work except that the static characteristics of 

the isolated component structures (enzymes) was predicted from the model 

itself and the setup of the model was such that these predictions came 

out in a form that can be experimentally verified. Not only that, but 

the model also pinpointed the locations in the physical system where a 

particular type of characteristic is required for good agreement between 

the model and the experimental system. This is a significant advantage 

since, in general, it is too great an effort to measure the static 
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characteristics of each and every component of a biochemical system. 

Even if one does make such measurements, it still leaves unanswered the 

questions of how they all interact to produce a certain overall behavior, 

and what is the effect of altering a particular part in some specified 

(but arbitrary) manner. These limitations can be overcome by a suitable 

mathematical model as was indeed done in this work. 

7.2 Discussion 

The techniques outlined in this work are completely general and 

can be utilized for modeling any biochemical system. It is not necessary 

that such a biochemical system display oscillations. In many cases, the 

biochemical system can be driven by continuously varying the input rate 

of a suitable metabolite in an oscillatory manner or subjected to other 

suitable perturbation such as a step function. The resulting response 

can be utilized for the construction of an appropriate mathematical model. 

Although no absolute rules can be laid out that are always applicable, 

one can state from this work that the observed phase differences and non-

sinusoidal waveforms (or the transient response obtained from such a 

perturbation as a step function) can be profitably used in understanding 

the structure and the regulation of the system. One of the possible 

applications of such a technique could be in understanding the changes 

that may occur under certain abnormal conditions. For example, it has 

been found that certain cultured mammalian cells increase their anaerobic 

metabolism of glucose following oncogenic transformation (Bissell, Hatie, 

and Rubin 1972). The technique developed in this work appear ideal for 

determining if the increased anaerobic metabolism of glucose in 
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transformed cells is due to a change in the regulation of glycolysis 

during transformation. Such techniques can also be profitably used in 

any system which can be studied intact under certain conditions but some 

of whose components may be too "fragile" to be isolated. In such cases, 

one can postulate various plausible characteristics for such a (difficult 

to isolate) component and then test the effect of such a postulate on 

the behavior of the model of the overall system. An example of such a 

system could be the so called "funnel" system that is postulated to main

tain high local concentration of DNA precursors during DNA synthesis in 

vivo (Mathews 1976). It is the opinion of the author that due to the 

high order and inherently nonlinear behavior of the biochemical systems, 

mathematical modeling is ideally suited for studying the structure and 

the regulation of these.systems. 

7.3 Suggestions for Future Studies 

In the study presented in this work, the regulation of oscil

lating glycolysis in yeast extracts is examined in depth and a number of 

new findings are made. However, there are areas that need further study. 

As the reader may have noticed, a slight phase difference (about 35°) is 

observed between ATP and NAD, in the prediction of the model. According 

to Hess et al. (1968) the two are experimentally observed to oscillate 

in phase. Even after allowing for the experimental error, this phase 

difference suggests that there are additional regulators of GAPDH or ADH 

or both, whose effects were not taken into account in the model. The 

search for such regulators using both theoretical and experimental tools 

is one of the areas for future research. It has come to the author's 
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attention that the enzyme ATPase is subject to effector modulation and 

its activity is affected by P̂  as well as by the concentration of a num

ber of ions (Schuster 1975). This should be incorporated in the model 

but first the concentration of various ions must be determined. It is 

the opinion of the author that as the response of the model and the ex

perimental system are brought even closer, one may have to incorporate 

into the model the regulation of certain enzymes that is hitherto un

known. The amount of endogenous carbohydrate present in the extracts as 

well as their rate of metabolism should be precisely determined. The 

author personally is greatly interested in observing the effect of adding 

ATPase to oscillating yeast extracts in order to realize the dual re

sponse predicted by the model (Section 5.3). In summary one can state 

that much work remains to be done in this area, and the author himself 

would like to be the one who does it (or at least a part of it). It is 

the hope of the author that the reader has found the approach presented 

in this work to be powerful and attractive in studying biochemical sys

tems. It is appropriate to end this dissertation by saying "simulate 

it." 
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