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ABSTRACT 

In Chapter 2 it is shown through the use of transformation 

theory that unique semi-classical atomic scattering states which obey 

the asymptotic conditions of formal scattering theory can be derived 

by transforming "non-travelling" atomic states, i.e., states whose 

coordinate variables are referred to a stationary origin, to frames 

at rest with respect to the incoming or outgoing particles. An over

view of the problem of properly defining such scattering states is 

presented. The operator which carries out the necessary transformation 

from inertial to non-inertial frames is derived and its properties are 

discussed. The relation of this transformation operator to the "trans

lation factor" discussed in the literature is presented. The applica

tion of this operator to transform the time-dependent Schrodinger 

equation from an inertial to a non-inertial frame is presented and shown 

to introduce new terms in the resulting equation. The implications of 

these new terms to scattering problems are discussed. 

Ab initio calculations of inelastic energy loss and ionization 

phenomena associated with Ar+-Ar collisions at small distances of closest 

approach and for laboratory collision energies ranging from several keV 

to several hundred keV are presented in Chapter 3. Outer-shell excita

tions are handled statistically; inner-shell excitations are calculated 

from the viewpoint of quasidiabatic molecular orbital promotion. Auger 
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electron yield, average state of ionization, and average inelastic 

energy loss are calculated per collision as a function of distance of 

closest approach of the collision partners for several laboratory colli

sion energies. Average charge-state probabilities per collision partner 

are calculated as a function of the average inelastic energy loss per 

atom. Our calculations agree with the available data. It is shown 

that the structure in the data is due to the underlying structure in 

the inner-shell independent-electron quasimolecular promotion probabili

ties. In particular, the fact that the dominant promotion mechanism 

involves rotational coupling means that all corresponding probabilities 

decrease dramatically for collisions involving laboratory scattering 

angles greater than 45°. Thus, a sharp decrease in Auger electron yield, 

average ionization and average inelastic energy loss is predicted for 

these supposedly more "violent" collisions. 



CHAPTER 1 

INTRODUCTION 

Ion-atom scattering processes can in principle be completely 

understood in the context of the Quantum Theory. Indeed, formal mathe

matical solutions are always possible for quantum mechanical scattering 

problems in terms of integral equations. However, in order to arrive 

at actual numerical values for the detailed observations of a collision 

event one must invariably resort to some approximation. One such ap

proximation which has proven to be highly successful is the semi-

classical approximation (SCA) to ion-atom collisions. 

The second chapter of this dissertation defines the SCA. Formal 

quantum-mechanical concepts are then applied to resolve a theoretical 

problem in the application of this approach to ion-atom scattering cal

culations for excitation or charge-exchange processes. It is shown 

through the rigourous generalization of the standard Galilean transfor

mation operator to time-dependent accelerating transformations that 

transformation theory can be used to define unique semi-classical 

scattering states which exactly obey the boundary conditions of formal 

scattering theory and which obey the time-dependent Schrodinger equation 

throughout a collision event. This work clears up more than two decades 

of controversy in the physics literature concerning the proper definition 

of such states. From the outset of the controversy, such properly 

1 
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defined states have been known to be necessary to allow for good agree

ment between the theory and the experimentally determined cross sections 

for excitation and charge exchange. It is also shown in Chapter 2 that 

the proper application of these scattering states may, depending upon 

the choice of basis functions, lead to the introduction of new terms 

into the time-dependent Schrodinger equation which have not yet been 

discussed in the literature. This acceleration operator furthermore 

makes available a tool for considering any quantum mechanical problem 

from the viewpoint of a non-inertial reference frame. 

Ab initio calculations of inelastic energy loss and ionization 

phenomena associated with Ar+-Ar collisions are described in Chapter 3. 

This is the first such complete calculation carried through for a com

plex collision system without using any empirical parameters. The 

results indicate that all observations associated with these events at 

low and intermediate collision energies are well accounted for by 

postulating that the inner- and outer-shell electrons may be treated 

independently throughout the collision. Thus one considers inner-shell 

electron excitations from the viewpoint of quasiadiabatic molecular 

orbital promotion and outer-shell electron excitations from a statisti

cal phase-space viewpoint. The independent treatment of these two sets 

of electrons is carried through in a self-consistent way by a careful 

handling of the statistics associated with keeping track of the electrons 

ionized from the collision system throughout the collision process. The 

entire calculation is handled by a computer program written by the 

author and run on The University of Arizona's CDC 6400 computer. The 
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analysis, furthermore, leads to a novel prediction for observations 

regarding the Auger-electron emission, average ionization, and average 

inelastic energy loss for large-angle (> 45° in the laboratory) ion-atom 

collision events. 



CHAPTER 2 

TRANSFORMATION THEORY AND TRANSLATION FACTORS 

2.1. Introduction 

In the semi-classical approximation of atomic collision theory, 

the motion of the nuclei is treated classically while the electrons are 

handled from a fully quantal viewpoint. If the sum of the uncertainties 

in position of the colliding nuclei is very much smaller than the 

classically expected distance of closest approach, the relative motion 

of the projectile and target nuclei is well defined and can be treated 

as a perturbation causing transitions from one to another quantal 

electronic state. Formal scattering theory requires that the wave 

functions representing the behavior of the electrons obey the time-

dependent electronic Schrodinger equation for all values of internuclear 

separation R and impact speeds u including infinite R and all u. The 

asymptotic requirement in particular has received much attention over 

the past two decades. Indeed, failure of the wave functions to obey 

this criterion can lead to electron capture cross sections which depend 

upon the arbitrary location of the coordinate origin [1]. Attempts to 

remedy this problem for electron cpature collisions date back nearly 

two decades to the work of Bates and McCarroll [2]. More recent work 

has focused on efforts to theoretically verify the differential cross 

section data of Everhart et al. [3,4,5] for charge-exchange in proton-

on-hydrogen collisions. 

4 
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This chapter is primarily concerned with the deduction of an 

operator which, when applied to whatever atomic basis functions one 

chooses to expand the electronic state function for an atomic scatter

ing problem, guarantees that these basis functions will obey the 

boundary conditions required by formal scattering theory. An overview 

of the problem of modifying wave functions through the use of "transla

tion factors" so as to enable these functions to satisfy the asymptotic 

conditions is examined in detail in Section 2.2. In Section 2.3 the 

most general form for the atomic "translation factor" valid for all R 

and non-relativistic u is derived through an appeal to transformation 

theory. The operator deduced in this section represents a transforma

tion from an inertial to a non-inertial (accelerating) frame. In 

Section 2.4 the derived expression is compared and contrasted to earlier 

approximations. In Section 2.5 it is shown that the transformation of 

the time-dependent Schrodinger equation from an inertial to a non-

inertial frame leads to new terms in the transformed equation. The 

implications of these new terms to atomic scattering theory are dis

cussed. In Section 2.6 the main points of this chapter are summarized. 

2.2. History of the Problem 

The properly behaved asymptotic wave functions have been first 

derived by taking into account the change in momentum which the captured 

electron undergoes during a collision involving charge capture. Thus, 

in the center of mass frame, an electron being whisked along with the 

projectile nucleus in the (+)z-direction, say, just before capture, 

suddenly finds itself having a velocity in the (-)z-direction after 
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capture by the target. Bates and McCarroll[2] have pointed out that if 

account is made of the energy and momentum associated with the transla-

tional motion of the active electron by incorporating same into the 

electronic wave functions, then these functions both satisfy the boun

dary conditions required by the scattering theory and account for the 

momentum exchange. This modified approach leads to the same results as 

the original for excitation and ionization and contains none of the 

coordinate system ambiguities as the original for capture. Their use 

of what were later to be called "plane-wave" translation factors was 

applied to electron capture in slow collisions. 

To understand this in detail, consider the collision between 

two dissimilar heavy particles, 1 (projectile) and 2 (target), of masses 

m^ and and charges q^ and Let there also be a single electron 3 

of mass m^ and charge q^ in some bound state of this system. Let R be 

the position vector of 1 relative to 2 and r = r„ + r be that of 3 
e cm 

relative to a coordinate origin which is located on the internuclear 

line relative to the laboratory origin by the vector (see Figure 1). 

->• 

Let the ratio of the distance from R^ to particle 1 to the distance from 

->• -f 
Rj^ to particle 2 be designated by p:q. If R^ is taken to be the center-

of-mass of the colliding nuclei then, neglecting terms of the order of 

the electron-to-nucleus mass ratio, this location represents an inertial 

frame. Galilean invariance of the time-dependent electronic Schrodinger 

equation [6] permits the description of the scattering process to be 

carried through completely in this frame thus allowing the electronic 

->• -*• 

wave function to depend only upon two three-vector coordinates (r,R) or 
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23 cm 

'em • 

Y 

Figure 1. Generalized coordinates for the three particle system. 

lab (r ,r ,r ); CM (R ,R,r J; SA (r ,R,r _) or (r ,R,r ); 

CMN (^.R.TH = vg; GCN CR0,R,rQ). Rcm, Rq, and ^ are 

defined in the text. 
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-*• 

^r13'r23^" In t'ie R assume<* to uniquely specified throughout 

the collision. Assume that particle 1 enters the collision along the 

positive z-direction. Then the electronic wave function *?(r,t) satis

fies the time-dependent Schrodinger equation 

where is the appropriate Hamiltonian and the partial differentiation 

is carried through with r held constant. The following expansion may 

now be made 

¥(r,t) = Z cn(t) ®n(r,t) (2.2) 

where 

$n(r,t) = X '̂R) exp {-(i/h) J dxEn(R(x))} . (2.3) 

Here En(R) is the eigenvalue associated with the n eigenvector XjjfajR) 

of that particular part of the Hg^, H^, which describes the dominant 

behavior of the electronic system during the collision. Thus, 

HeA Xn&R) = VR) . (2.4) 

We have not yet been forced to specify whether or not the set 

{^(rjR)} represents an atomic or molecular basis. This choice depends 

upon the ratio of the average speed of the active electron(s) to the 

impact speed of the nuclei and upon the initial and final electronic 

states of interest. Thus, for considerations of simple excitation or 

ionization of the electronic state centered asymptotically about 

•+ -*• 

nucleus 1 or 2, the set xn(r>R) would represent separated atomic states 
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belonging to nucleus 1 or 2 only whereas considerations of charge-

transfer processes would dictate the extension of this basis set to 

include separated atomic states centered about each of the colliding 

nuclei. For collisions involving impact velocities very much smaller 

than the average speed of the active electron(s), the near-adiabatic 

behavior of these electrons would naturally lead to employment of a 

molecular basis. This latter case leads to additional complications 

[7-17] in the proper definition of translation factors and will not 

be dealt with in this dissertation. In the next chapter such quasi-

molecular systems are considered only in the context of simple ioniza

tion. For such processes one can argue that the employment of 

translation factors is not important. Each ionized electron may be 

assumed to be simply removed to rest at infinity after the collision. 

If one is not concerned with measurements of this electron's momentum 

after ionization then one need not be concerned with the momentum which 

this electron had due to the translational motion of the quasi-molecular 

system to which this electron had been bound. Hence the application of 

translation factors is neglected in Chapter 3 so as to avoid unneces

sary complications. 

Now by transferring to momentum eigenfunctions and back, the 

above mentioned translational motion is accounted for if, instead of 

Equation 2.3 one uses the functions 

*nU)C?,t) = T(u)Cj) exp{-(i/tl) J^tE^t)) } . (2.5) 
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The superscript j = 1,2 indicates the nucleus of the atomic state to 

which the scattering state tends at large separation. Here the "plane 

wave translation factors" are 

T(u)^ = exp { + (im3A) [±U(sz) - | dT(Js(su)2)]} . (2.6) 

The parameter s equals p(q) and the plus(minus) sign is used when the 

superscript j equals 1(2). 

Another important effect of the translation factors is to 

transfer the origin of coordinates to one or the other nuclear center. 

Studies of low energy collisions between hydrogen atoms and protons [18] 

and of K-shell excitations in hetero-nuclear collisions as applied to 

the Ne-0 collisions system [19,20] have shown that spurious asymptotic 

couplings occur if this transfer is not accounted for. 

Yet, as necessary as the above studies indicate the translation 

factors to be for atomic collision theory, the formal derivation of 

such factors which are valid throughout a collision event has been 

problematic. The literature shows a history of attack upon the pragmat

ic and conceptual difficulties encountered with the use of translation 

factors [7-17,21,22]. 

Up to the present time, it seems that the choice of the form 

for the atomic translation factor is dictated by considerations of 

asymptopia and practical considerations in perturbation calculations. 

Formal scattering theory specifies the asymptotic constraints and what 

has been lacking are formal requirements which unambiguously dictate 
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the form of the atomic translation factor throughout the entire 

scattering event. 

Earlier approaches to this problem express an attempt to prop

erly define the scattering states between which transitions occur by 

transforming well-known non-traveling atomic states to the frames at 

rest with respect to the incoming or outgoing particles. If such a 

transformed state can be expressed as a product of the original station

ary state with a factor accounting for the energy and momentum associ

ated with the translational motion, then this factor may be identified 

as a "translation factor". Indeed, more than one author [23,24,25] 

has pointed out that the "plane wave" translation factors may be ob

tained from the unitary operator expressing Galilean transformations. 

However, there exists the necessity for a more general translation 

factor, valid for all internuclear separations. This implies the need 

for a unitary transformation operator which can transform non-traveling 

states to instantaneously accelerating frames [26], viz., those accelera

ting frames attached to the colliding nuclei at any time t. 

The primary goal of this chapter is to deduce an expression for 

the atomic translation factor through the use of transformation theory. 

In Section 2.3 the general transformation to a tumbling frame is 

derived and discussed. 

The derived expression is the most general form for the atomic 

translation factor justifiable from a formal standpoint. It is valid 

for all internuclear separations and non-relativistic impact speeds. 

In Section 2.4 this transformation is adapted to represent the transla

tion factor from the viewpoint of a particular reference frame. 
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A secondary point of this chapter is to stress the fact that if 

a time-dependent scattering problem is studied via a basis defined with 

respect to a non-inertial reference frame, for example a geometric cen

ter of the nuclei (GCN) or center of mass of the nuclei (CMN) frame, 

then additional terms appear in the time-dependent Schrodinger equation 

which can mix the electronic states. This point is discussed briefly in 

Section 2.5. 

2.3. The Tumbling Transformation 

In this section we will derive a unitary operator which trans

forms a stationary state at rest with respect to an arbitrary inertial 

reference frame to the corresponding state at rest with respect to 

another but non-inertial reference frame whose origin travels with 

respect to the inertial frame with a time-dependent acceleration a(t) 

A 

and which non-inertial frame may be rotating about a fixed direction 0 

through its origin in some arbitrary time-dependent fashion (see Fig

ure 2). Thus, the non-inertial frame "tumbles" with respect to the 

inertial frame and we label the operator which effects this transforma

tion a "tumbling" operator. It will be shown how this operator reduces 

to the more familiar displacement, Galilean and rotation operators. It 

will also be discussed how this operator transforms the single particle 

position and momentum operators as well as the system Hamiltonian and 

the time-dependent Schrodinger equation. 

Let the origin of a non-inertial reference frame follow a trajec

tory defined by the time-varying position vector cl(t) with respect to 

some inertial frame. We have at any instant u(t) = •«— d(t) and 
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V(t) 

D(t) 

a<g 

d(t). 

Figure 2. Kinematics associated with the tumbling transformation 
operator. 

The dotted line represents the trajectory of the origin of 
the non-inertial frame. The non-inertial frame is shown at 
times t and t > t along this trajectory. The inertial 
frame is shown at the bottom of the figure. For simplicity 
the non-inertial frame is shown to rotate with and accelerate 
along the relative position vector between the origins of 
the inertial and non-inertial frames. All symbols are de
fined in the text. 
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-*• 3^ + 
a(t) = —r- d(t). Assume for the moment that the accelerating frame 

3tZ 

maintains a constant orientation in space with respect to the inertial 

frame and that at time t = tQ, the two frames coincide in both position 

and velocity. These conditions will be relaxed later to allow us to 

consider an arbitrary initial relationship in position and velocity 

between the two frames as well as an additional arbitrary time-dependent 

rotation (in a plane) of the accelerating frame through successive 

applications of the displacement, Galilean and rotation operators. 

Let |n> be an arbitrary N-particle state prepared in the in

ertial frame at time t = tQ. Let |n V(t)> be the corresponding state 

transformed so as to be at rest with respect to the acclerating frame 

•f 
at any time t. Here V(t) is the instantaneous velocity of the acceler

ating frame relative to the inertial frame. Assume that for all time, 

V(t) << c, where c is the velocity of light. 

Then the expectation values of the position and momentum opera-

tors xa and p^, respectively, of a particle a in the accelerating state 

will be related to those in the inertial state in the following way. 

< V(t) n|xa|n V(t)> = < n|xa|n> + t J dt' t J dx a(x) , (2.7) 

< V(t) n|pa|n V(t)> = < n|p |n> + m f dr a(x) . (2.8) 

Here ma represents the mass of particle a. 

The operator T(V(t)) which transforms states from an inertial 

frame moving uniformly with velocity u(tQ) to a frame moving with 
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velocity o(t) acts such that 

r(V(t))|n> = |nV(t)> (2.9) 

where 

ft -V(t) = df a(t*) . (2.10) 
oJ 

In particular we have, non-relativistically, 

r(v(t)) = r(vx(t)) r(vy(t)) r(vz(t)) C2.ii) 

where V (t), V (t), and V (t) represent the Cartesian components of 
x y z 

V(t) according to some suitably chosen coordinate system in the inertial 

frame. The order of multiplication of operators on the righthand side 

of this equation is arbitrary. We assume that these operators are 

unitary in Hilbert space and that they form a group. The group rela

tions are then 

rco(t)-u(f)) r(u(f)-u(t0)) = r(u(t)-u(t0)) (2.12) 

together with associativity, the existence of a unit element T(0), and 

the existence of an inverse element 

r_1(V(t)) = r(-V(t)) . (2.13) 

We now consider infinitesimal transformations and write T(dV) = 1 + 61". 

Unitarity then requires that <51^ = -6r and so we may write without loss 

of generality that <Sr = - (i/fi)6r1 where 6T' is now Hermitian. Applying 

our infinitesimal operator to the first group condition (Equation 2.12) 
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leads to the conclusion that 6r(dV) be proportional to dV. Thus, we 

write in general that 

T(dV) a 1 - (i/h)dV-K (2.14) 

where K is some vector Hermitian operator, yet to be determined, and 

J dV = lim j dT a(T) 

t-+t to 

(2.15) 

a a(t) dt 

We now consider the action of the infinitesimal operator on the 

single-particle position and momentum observables using the fact that 

[xa,(i/ft)dV*K] = - g|- (dV-K) , (2.16) 

[pa,(i/h)dV'K] = + ̂ |- (dV-K) , (2.17) 

and, as a consequence of Equation 2.11, that transformations to frames 

accelerating along the Cartesian directions may be treated independently. 

Thus, Equation 2.7 with 2.14, 2.16, and 2.11 leads to 

- Pai dt + f^(x^,Xg,...) (2.18) 

where f^(xa,Xg,...) represents an as yet unknown function of the coordi

nates of all the particles of the system labelled a, B, etc. Similarly 

Equation 2.8 with 2.14, 2.17, and 2.11 leads to 

Ki = -moxai + SiCPa'Pg"-*3 (2'19) 
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where g^CPa»Pg»•••) represents an arbitrary function of the momenta of 

all the system particles. Considering that K^, as written in both 

Equations 2.18 and 2.19, must be one and the same function and carrying 

through this analysis for all the particles of the N-particle system, 

we find in general that 

where 

K = Pdt - MR (2.20) 
cm 

? -
P = 1 Pa , (2.21) 

a=l 

N 
M = I m (2.22) 

a=l 

s -
Rcm " C1/M) I Va * C2'23) 

a=l 

Thus, from Equation 2.14 with 2.20 and 2.15, we have 

T(dV) = l+(i/h) {[a(t)dt].[N«cm] 

ft 
- [(t J dr a(T))dt].p} . 

But Equation 2.12 allows us to write 

(2.24) 

dr(v) = r(v+dv) - r(v) 

= [r(dv) - i]r(v) 

and this with Equation 2.24 leads to the differential expression 

(2.25) 



d[fai r(v(t))] = (i/h) 

which leads to the desired result 

r(V(t)) = exp {+(i/h)[V(t)-CMRcm) -D(t).P] . (2.27) 

Here we have defined 

D(t) = t f dt' V(f) . (2.28) 
o 

We now proceed to generalize Equation 2.27 to arbitrary initial 

conditions and then to the case of an arbitrarily rotating (in a plane) 

and accelerating frame (tumbling frame). 

If at t = t the origin of the accelerating frame is located 

with respect to the origin of the inertial frame by a displacement 

vector <1 = 5(t ) and if at this time these two frames have an instanta-
o o 

neous velocity difference given by = u(tQ) (see Figure 2), then for 

any time t the inertial ket |n> will be related to the accelerating ket 

|n u(t)) according to 

|nu(t)> = r(v(t)) r(u0) r(3o) |n> (2.29) 

where T(V(t)) is defined in Equation 2.27 and r(Uq) and r(JQ) are the 

familiar [27] unitary operators corresponding to Galilean and spatial 

transformations, respectively. We have 

18 

{[a(t)dt] • [MRJ 

t  (2 .26)  

f dx a(T))dt]*P 
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and 

If we define 

r(UQ) = exp {+(i/h) V[MRcm~Ct-tQ)P]} (2.30) 

r(dQ) = exp {-(i/h) dQ.p} . (2.31) 

r(do,uo,a(t)) = r(v(t)) r(uo) rtfo) (2.32) 

then we find 

r(5^0,a(t)) = exp {+(i/h) [o(t)•(MRcm) - d(t)*P]} 

(2.33) 
• exp {+(i/h) $j(t)} 

where 

*x(t) = (M/2) [d0-UQ+ (50 + U0(t-t0))-0(t) -Oo»3(t)] . 

(2.34) 

This phase vanishes if the two frames coincide in position and velocity 

at t = t . In obtaining Equation 2.33 from 2.32 we have used the well-

known operator algebraic relation 

exp(A) exp(B) = exp {A+B+fe)[A,B]} (2.35) 

provided that 

[A, [A,B]] = [B, [A,B]] = 0 . (2.36) 

An alternative form of Equation 2.33 which is sometimes more 

useful for calculations and which provides more insight is 



r<S0»U0,a(t)) = exp {"""CiA) [u(t)*CMRcm) - $2(t)]} 

• exp {-(i/h) [cLCt) •?]} 

In this case 

$_(t) = M[cl(t)-t -uft-t )]»[u(t) +U1/2 

20 

(2.37) 

o ov 0J 

+ (M/2) uo2Ct-t0) • 
(2.38) 

In this factorized form we see that one effect of the acceler

ating transformation operator is to transfer the origin of coordinates 

from the inertial to the accelerating frame. Thus, if r stands collec

tively for the position coordinates of all the particles with respect to 

the origin of some inertial system described by the state function ¥(r) 

and r' = r - 3(t) stands collectively for the position coordinates of 

these same particles with respect to the origin of the accelerating 

frame (see Figure 2), then, using Equation 2.37, 

r(do,UQ,a(t)) ¥(r) = exp {+(i/h) [u(t)-(MRcm)-$2(t)]} 

- + (2-39) 
YCr-d(t)) 

Equation 2.37 with 2.38 represents what we choose to identify 

(in the non-rotating case) as the "translation factor" discussed above 

in Section 2.3. Note that it is not a simple c-number factor since in 

the coordinate representation, for example, the last phase factor in 

Equation 2.37 contains an operator Z(h/i)^. as well as Rcm itself. 



This operator can be replaced by the corresponding c-number total 

momentum of the system only when it operates on eigenfunctions of the 

total momentum. However, as shown by Equation 2.39, this operator 

part of the translation factor provides the necessary function of ex

plicitly relocating the origin of coordinates (see Section 2.3) in the 

argument of the wave function itself, and after this operation is 

carried through, the residual phase factor then provides, by the appli

cation of standard rules for partial differentiation, for the reloca

tion of the differential operations in the "dynamic coupling term" [6] 

due to the action of the kinetic energy part of the electronic Hamil-

tonian on this residual phase. That the translation factor can provide 

this latter and important effect has been well known in the literature 

[6,19,20]. That the translation factor can in addition be shown to 

explicitly relocate the argument of the wave function itself is an 

added bonus to the present representation of the translation factor. 

If in addition to an initial position and velocity difference, 

the inertial and non-inertial frames have an initial difference in 

orientation given by a rotation 0Q = 0(tQ) about some direction 0 and 

furthermore if the non-inertial frame can rotate about this fixed direc

tion § through its origin in some arbitrary time-dependent fashion 

given by 

0(t) e = [0(t)-e(to)] e 

(2.40) 

o 
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where 

2(t) = 0 0(t) (2.41) 

is an arbitrary time-dependent angular velocity, then the inertial 

ket |n> will be related to the tumbling ket |n u(t) co(t)) according to 

where 

Here 

|nu(t)w(t)> = r(^o,w(t)) r(do,Uo,a(t))|n> (2.42) 

r(S .w(t)) = exp {-(i/ft) 0(t)(0*L)} . (2.43) 

N 
h = I H (2.44) 

a=l a 

where J. represents the angular momentum operator associated with 

particle a. 

We may now define 

rT(0o,do,uo,w(t),a(t)) = r(0Q,w(t)) r(do,UQ,a(t)) (2.45) 

or in simpler notation 

rT " r«,ra " t2"46) 

Since the commutators between L and R , and L and P are not simple c-
cm 

numbers, it is not a trivial matter to combine the exponentials involved 

in the factor on the right hand side of Equation 2.45 (see Equations 

2.35 and 2.36). It must be emphasized that throughout this section, 

only Rcm, P, and L are quantum operators. All other vector and scalar 
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quantities are c-numbers. It can be easily seen in which limits 

reduces to the simpler operators for constant spatial transformations, 

Galilean transformations and time-dependent rotations. 

Equation 2.37 represents the major contribution of this chapter. 

The analysis leading from Equation 2.40 through 2.46 simply generalizes 

this result in a standard fashion to include rotating transformations 

and has been included for completeness. 

It is instructive to consider how the operator given by Equation 

2.45 relates the measurements between the tumbling and inertial observ

ers of the position and momentum of a single-particle a and the system 

Hamiltonian. Let represent an observable when measured with respect 

to an inertial observer. Let represent this observable when measured 

with respect to a tumbling observer. Then 

f t"  =  r  f t '  r  f  (2.47) 
(D w v ' 

where 

= r n r + . (2.48) 
cL 3L 

In this notation we find then 

V = ' C2*49) 

Pa' = , (2.50) 

H' = H(x',p») 

= E(p 2/2m ) -U(t)*P+ (M/2) 02(t) (2.51) 
a 

+ V(x',p') 
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as is necessary if the transformation operator is to obey the Corre

spondence Principle. Here x' and p1 denote the sets of measured 

observables {x^1} and {p^'}, collectively. The additional c-numbers 

relating primed to unprimed variables in Equations 2.49 through 2.51 

are exactly those expected from classical mechanics. 

If, for example, the system consisted of non-interacting parti

cles placed in a constant external field such that for each particle 

then the potential term on the right hand side of Equation 2.51 would be 

simply the original potential -Mg*Rcm augmented by the additional term 

(2.52) 

If we now define for the vector c-number and the vector opera

tor B the operator exp{Ax} such that 

exp {Ax} B B + AxB + (1/2!) Ax(AxB) + ... (2.54) 

where AxB denotes the familiar vector cross product between A and B, 

then we have 

V = exp {-0(t) §x} xa-3(t) , 

Pa" • exp {-0(t) 8x} Pa-maij(t) 

H" = S(p 2/2m ) -  u(t) • [exp {- 0(t) &<}P] 
a 

(2.56) 

(2.55) 

(2.57) 

+ (M/2) U2(t) +V(x",p") 
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In Equation 2.57 the symbols x" and p" denote the sets of measured 

observables {x "} and {p "} collectively. It is again seen that 
01 ot 

Equations 2.55 through 2.57 are in agreement with expectations based 

upon classical mechanics. A discussion of the transformation of the 

full time-dependent Schrodinger equation will be presented in 

Section 2.5. 

2.4. Atomic Translation Factors 

The preceding section provides us with a unitary operator which 

transforms stationary states defined with respect to an inertial frame 

to an arbitrarily tumbling (in a plane), non-relativistic, non-inertial 

frame. From considerations of the implications of this operator with 

respect to measurements of the fundamental single-particle position and 

momentum operator as well as the system Hamiltonian between inertial and 

tumbling observers, it is seen that this operator accounts for both the 

kinematics and the dynamics associated with the relative translational 

motion of these observers. The fact that this operator appears as a 

factor with the inertial state (see Equation 2.39 and associated discus

sion) allows for its ready identification as a translation factor. In 

this section we specialize the tumbling transformation operator to 

binary collision problems and discuss its implications with respect to 

the asymptotic behavior of the resultant atomic scattering states. 

Consider a system of three particles with charges q^, q2> and 

q^. Let (r^, r^) locate these particles with respect to some in

ertial frame, which we call the laboratory frame (see Figure 1). We 

define the center of mass (CM) coordinates as (^ , it, r ) where R 
v K cm' ' cnr cm 
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is defined in Equation 2.23, R = r, - r- and r = r_ - R . A dis-
12 cm 3 cm 

cussion of the transformation of the full time-dependent Schrodinger 

equation will be presented in Section 2.5. 

The CM frame is the most convenient inertial frame with respect 

to which a scattering problem may be observed. Other locations of the 

coordinate frame origin (for the electronic wavefunctions) lead to 

different relative coordinates which prove to be more or less useful 

for expansions of the scattering state function depending upon the range 

of relative charges, impact parameters and collision energies under 

consideration [28]. These include the separated atom (SA) coordinates, 

(Rj^, l£, or (i^, ft, r^), which locate the origin on one or the 

other nucleus, the center of mass of the nuclei (CMN) coordinates, 

(Rjj, It, r^), and the geometric center of the nuclei (GCN) coordinates, 

(£o, ft, rQ). Here we define = (m^r ̂ m^^) / and Rq = 

(r + The definitions of the vectors locating particle 3 for each 

case are obvious from Figure 1 with r„ = r + r . Each of these latter 
& N e cm 

coordinate systems is non-inertial. The acceleration of each respective 

origin with respect to the laboratory or CM origin leads to an additional 

interaction term in the time-dependent Schrodinger equation which will 

be discussed in the next section. 

Throughout this paper and in fact throughout the discussion of 

translation factors in the literature, the translation factors are used 

to account for the momentum and energy of the scattering electronic 

eigenfunctions due to the motion of the colliding nuclear centers with 

respect to some suitably chosen origin. Usually this origin is inertial, 

e.g., the CM, CMN (for all practical purposes) systems and the GCN system 
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for symmetric collisions. However, in the case of asymmetric collisions 

the GCN coordinates define a non-inertial reference frame. In this 

case the translation factors for atomic states are still defined as 

above, i.e., as operators which boost stationary states defined about 

the GCN to the respective colliding nuclear centers, but now the fact 

that the GCN frame is itself accelerating introduces additional compli

cations independent of the translation factor problem. Up to now this 

dissertation and the literature have addressed the translation factor 

problem only. This section continues in that spirit. In addition one 

could simply choose not to describe the atomic scattering problem with 

atomic states defined with respect to the GCN frame if the collision is 

very asymmetric, and therefore avoid these complications altogether. 

Nevertheless, because of the exact separability of the eigenfunction 

problem from a GCN point of view for a single electron in the field of 

two Coulomb centers with a fixed separation R, it is of pratical impor

tance to consider the correct treatment of a scattering problem if one 

chooses an independent-electron approach to such a problem with such 

exactly known GCN electronic wave functions. As mentioned earlier, this 

paper does not speak to the definition of the electron phase factor for 

quasimolecular treatments of atomic collisions. However, there exists 

the problem of transforming these molecular wave functions from a 

possibly accelerating GCN reference frame back to the laboratory. This 

problem can be handled by the operator derived in this dissertation 

although difficulties may exist in the coupling between this operator 

and the electron phase factor chosen for the molecular GCN wavefunctions. 

The fundamental details inherent in transforming from an accelerating 
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to an inertial frame of reference are presented in the next section. 

The ideas developed there follow as a natural consequence of the 

resolution of the atomic translation factor problem which has been 

the main goal of this work. 

For purposes of illustration, consider the atomic scattering 

states from the GCN point of view. This is essentially an inertial 

frame if the collision is homonuclear. Then the translation factor to 

be associated with the static atomic eigenfunctions or combinations 

thereof which asymptotically correspond to the active electron being 

bound to one or the other nucleus is given by Equations 2.37 and 2.38 

with 

3(t) = ±R(t)/2 (2.58) 

and 

u(t) = ±(3s)^-RCt) 

= ±&) {[(2/y)(E0-qiq2/R(t)) (2.59) 

- (Jl2/2y) R2(t)]'5 R(t) + [£/y R(t) ] 0C(t)} . 

Here y = m^n^/(mj+n^), i = ybu, b is the impact parameter for the colli

sion, u is the impact speed, and Eq is the collision energy in the CM 

frame. We have used the transformation operator which corresponds to 

boosting a static electronic state from the position Rq to a frame accel

erating with nucleus 1 (plus sign) or 2 (minus sign). Thus, M, Rcm> 

and ? as they appear in Equations 2.37 and 2.38 are here taken as the 

mass, position with respect to Rq and momentum with respect to 

respectively, of the active electron only. R(t) represents the 
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internuclear separation vector which may be determined from the 

classical equivalent one-dimensional problem. We may take t = 0 

as the time when the two nuclei attain their distance of closest 

approach so that, from classical mechanics, 

30 = ±ft(0)/2 

= ±{CJl2/2yq1q2)[(l+C2Eob/q1q2)2)Js-l]"1} R(0) , 

(2.60) 

«„ = ±M -k *t0) 

= ±(A/2ydo) 0C(O) 

(2.61) 

R(t) and ©c(t) are unit direction vectors defined with respect 

to the fixed inertial frame in the scattering plane and are known classi

cally as functions of the scattering angle 0(t) (see Equation 2.41). 
Notice that in the limit as a(t) approaches zero, or equivalently, in 

the limit as R(t) approaches infinity, we have R(t) = b + u(t-tQ), 

so from Equation 2.38 with 2.58, 2.60 and 2.61 
^ lim * (t) = ft)m (u/2)2 (t-t ) . (2.62) 
a(t) -»-0 ' e 0 

Then Equation 2.39 with 2.58 and 2.62 becomes 
r(l0,V°) H'(r) = exp {(i/h)[±(me/2)u«r 

- f d i m  u
2/8]} (2.63) 

Z
0J e 

• ¥(r + $(t)/2) . 
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This is just the result for the plane-wave translation factor as 

suggested by Bates and McCarroll[2] where we see explicitly that the 

origin for the electronic wave function has been relocated to that 

nucleus to which the electronic state in question asymptotically con

verges, as we discussed in Section 2.2. 

We have neglected the transformation to a frame rotating with 

the internuclear axis so as to simplify the algebra. The extension to 

a rotating frame follows in an obvious fashion. This translation factor 

may be similarly adapted to each of the other coordinate systems dis

cussed above. 

However, the application of the transformations presented in 

this analysis results in the appearance of additional coupling terms 

in the time-dependent.Schrodinger equation for the cases where the 

coordinate frame is non-inertial. This point is discussed in the next 

section. 

2.5. Accelerating Frames and the Time-dependent 
Schrodinger Equation 

Let us apply the tumbling transformation operation to the full 

time-dependent Schrodinger equation 

ih (2.1) 

We have seen from Equation 2.57 that the Hamiltonian transforms in such 

a way as to be augmented in the accelerating frame by the amount of work 

done on the system by the acceleration. The Hamiltonian is then seen 

to be time-dependent in the way that the velocity of the frame is time-

dependent . 
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In transforming Equation 2.1, however, one must also transform 

the time-differential operator. In the notation of Section 2.2 we find 

(*£•)' = ih ̂  -u(t).P + (M/2)o2(t) 

(2.64) 

+ Ma(t) • [R^ - (3s) $(t)] . 

Recall from Equation 2.28 that D(t) is the vector c-number which ex

presses the time-varying displacement between the accelerating frame and 

the instantaneous Galilean frame which had been defined at t = t (see 

Figure 2). 

For the tumbling frame we have 

(ih = ih - u(t) • [exp {-9(t)0x}p] + (M/2)u2(t) 

+ Ma(t) • [exp {-0(t)0x}Rcm- (3s) fi(t)] (2.65) 

-[0^-e(t)].£ . 

^ 3 
In obtaining this last expression we recall that § 0(t) remains 

Ak 

parallel to 06(0) for all time. The last term can be seen to be the 

"rotational coupling" term which is more conventionally built into quasi-

molecular collision problems [29] with a rotating angular momentum 

quantization axis by simply using the standard partial differentiation 

rule 

^3t 3R + ^3t ^ 30" (2.66) 

3 1 
and then identifying = ~ "jj" L|| where L|| is the component of electronic 
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angular momentum parallel to 0 (see Equation 2.41). This observation 

is not new (see for example Reference 26). 

The transformed Schrodinger equation can now be written in 

general as 

The extraneous term -Ma(t)*Rcm in Equation 2.67 might be thought 

of as representing the instantaneous potential energy of the system of 

particles associated with the instantaneous acceleration of the system. 

Note that this term is an operator and therefore allows for the exact 

removal of such potentials (with opposite sign) if they appear in the 

laboratory Hamiltonian. Care must be taken to include the transforma

tion of the arguments of V in Equation 2.67 if one attempts to solve 

such problems for particles in time-varying c-number force fields which 

are linear in single particle position operators. Indeed this augmenta

tion (see Equation 2.53) can be used to pedagogic advantage in solving 

quantum mechanical problems involving particles moving in uniform 

external force fields of the form V(x) = -mgx [30]. 

The extraneous terms are real, and must be considered when 

scattering problems are analyzed in terms of a basis whose coordinates 

are defined with respect to a non-inertial frame. The Coriolis term 

involving the angular momentum operator and the terms resulting from 

•[exp {-0(t)0x}Rcm- (%) D(t)] (2.67) 
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the transformation of the x's and the p's have been well-known for some 

time now in the literature. However, this analysis points out new 

additional terms which come from the transformation of the time-

differential operator and which must be included in any correct treat

ment of a problem involving non-inertial transformations. In the case 

of scattering problems considered with respect to a CMN system of 

coordinates, the acceleration term in Equation 2.67 is certainly negli

gible, having a magnitude on the order of the ratio of the electron 

mass to the reduced nuclear mass. For symmetric collisions the GCN and 

CMN frames coincide and the modifications are again negligible. However, 

in the case of a GCN system of coordinates, these additional terms might 

become quite important for asymmetric collisions. 

2.6. Conclusion 

It has been shown through transformation theory, that proper 

and unique semi-classical atomic scattering states can be derived by 

transforming non-travelling states, i.e., states whose coordinate 

variables are referred to a stationary origin, to non-inertial frames 

at rest with respect to the incoming or outgoing particles. "Proper" 

means that the transformed states will be exact solutions to the time-

dependent Schrodinger equation which describes the collision for all 

impact velocities and for all values of the magnitude and orientation 

of the inter-collision-partner axis. "Unique" means that the trans

formed states will have only one functional dependence upon impact 

velocity and inter-collision-partner axis. "Semi-classical" means that 

the relative motion of the collision partners is treated classically. 
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The operator which carries out this transformation has been 

derived. It is capable of transforming states from any inertial frame 

to any arbitrarily accelerating and rotating (but not precessing) frame 

of reference. It has been shown that this operator relates the expecta

tion values of the single-particle position and momentum and of the 

system Hamiltonian between inertial and non-inertial frames in accor

dance with the Correspondence Principle. 

The application of this operator to transform the time-dependent 

Schrodinger equation from an inertial to a non-inertial frame has been 

shown to introduce new terms, not previously discussed in the literature, 

into the resulting equation. These additional terms might cause transi

tions between scattering states and must be included if the basis states 

between which transitions are to be studied involve coordinate variables 

referred to an accelerating origin. In particular these terms may be 

important with the use of geometric-center-of-the-nuclei coordinates 

for very asymmetric collisions. 



CHAPTER 3 

AB INITIO ANALYSIS OF ION-ATOM SCATTERING 
AT LOW AND INTERMEDIATE ENERGIES 

3.1. Introduction 

Investigations of complex ion-atom collisions date back ap

proximately 10 years [31] and have relied heavily upon the application 

of coincidence techniques. Advances in experimental information have 

in turn stimulated the development of theoretical models. To date, 

however, there has been no attempt to construct a theoretical formula

tion for describing the various inner- and outer-shell events, such as 

inelastic energy loss, ionization probabilities, etc., in a unified 

fashion from an ab initio viewpoint. This chapter presents an analysis, 

based on the quasimolecule formed by the collision partners, which has 

this capability. 

Collisions between complex ions and atoms in the energy range 

of several to several hundred keV provide evidence of considerable 

structure in the physics of inelastic energy loss and ionization. A 

pronounced step-wise behavior as a function of distance of closest 

approach is exhibited by measurements [32] of the inelastic energy loss 

suffered during collisions between complex ions and atoms. The average 

number of Auger and total electrons ionized in such collisions exhibit 

a similar dependence upon minimum internuclear separation [33]. A 

35 



36 

detailed quantum mechanical investigation o£ these collision signatures 

would be intractable. However, the interesting structure exhibited by 

the above measurements is seen to be in qualitative accord with a pic

ture of quasimolecular inner-shell promotions during the collision 

process [34,35,36]. This is the basic framework within which the 

ab initio analysis is carried out. 

According to this model, electrons whose mean speeds about each 

atom are very much greater than the impact speed for the collision of 

two atoms will adiabatically adjust to the approaching Coulomb center 

provided by the collision partner. This picture of a transient quasi-

molecule which is formed during the collision can then be applied to 

the quantitative determination of single electron excitation probabili

ties as will be discussed in detail in Section 3.2.1. With proper 

counting, the independent-electron probabilities can be combined to 

express the probabilities for producing any of the total number of 

inner-shell defect-configurations possible through electron promotion 

within the quasimolecule. Thus, as discussed in previous work [37], 

it is assumed that the physics for inner-shell ionization is independent 

of that for the outer shells, except insofar as the initial outer-shell 

occupation numbers dictate the initial conditions for the inner-shell 

exit channels. 

Because of the close spacings of outer-shell energy levels with 

respect to terms in the Hamiltonian which can mix them, the outer-shell 

ionization cannot be handled as carefully within the framework of an 

independent-electron model. Following Russek and Meli [38], quantum 
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mechanical phase space arguments can be used to deduce the probability 

of ionizing any specified number of electrons from the outer shell of 

either collision partner. The Russek and Meli expression [38] requires 

that the excitation energy shared by the electrons be specified. This 

analysis applies a slightly modified [39] version of an expression due 

to Firsov [40] for the amount of energy transferred from kinetic energy 

of motion to internal excitation of the electrons associated with the 

two colliding nuclear centers as will be discussed in Section 3.2.2. 

This analysis then handles the counting inherent in the corre

lations of each possible quasimolecular inner-shell defect configuration 

to all possible ion-atom inner-shell defect configuration pairs. Inner-

and outer-shell ion-atom defect configuration pair probabilities can 

then be combined to express the probability that any possible ion-atom 

total defect configuration pair result from a collision for a specified 

value of distance of closest approach and impact speed (collision energy). 

From the information inherent in the detailed inner-shell, outer-

shell and total defect configuration pair probabilities, one can proceed 

to calculate the aforementioned signatures of the collision as well as 

the ionization probabilities per atom as a function of the average in

elastic energy loss as will be discussed in Section 3.2.3. Note that 

one calculates probabilities for the occurrence of configuration pairs 

after the collision and not probabilities for any of the many possible 

pairs of electronic states which may be associated with these configura

tions. Comparisons between theory and experiment are made in Section 

3.3. Finally, in Section 3.4, a critical discussion of the analysis is 

presented along with suggestions for future improvements. 
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By way of example the formalism throughout this paper has been 

applied exclusively to the symmetric Ar-Ar collision. Extensions to 

other symmetric or asymmetric collisions are straightforward. This 

analysis leads to good agreement with the observations. It should be 

emphasized that no fitting parameters have been employed. The results 

furthermore predict the possibility of a sharp decrease in the average 

inelastic energy loss and ionization for the supposedly "more violent" 

collisions involving laboratory scattering angles greather than 45°. 

Also, the results lead one to expect a bi-valuedness between data taken 

at small and large scattering angles in the measurements of the ioniza

tion probability per atom as a function of average inelastic energy 

loss. The computer code written to handle the details of this analysis 

is available upon request. 

3.2. General Formalism 

The first part of this section motivates the fundamental steps 

taken in the analysis. First the formal details underlying the separa

tion of the physics for inner-shell and outer-shell ionization are 

presented. Next this section explains the counting necessary in keeping 

track of the multiplicity of each of the quasimolecular defect configura

tions which can be formed during the collision as well as in keeping 

track of the manifold of ion-atom defect configuration pairs which may 

possibly correlate to each quasimolecular defect configuration upon 

separation of the collision partners. 

For clarity, the analysis is presented diagrammatically in 

Figure 3. The calculation of the ionization probabilities and counting 
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details are discussed below in Sections 3.2.1 and 3.2.2.for both the 

inner- and outer-shell dynamics respectively. Section 3.2.3 contains 

a discussion of how the physical dynamics and statistical correlations 

described in the two preceding sections are applied to enable one to 

evaluate the Auger electron production, total ionization, inelastic 

energy loss and ionization probability per atom as a function of average 

inelastic energy loss resulting from an ion-atom collision. 

The Hamiltonian representing the ion-atom collision may be 

described schematically in terms of the following matrix: 

H = 

EJ NBO 

NBO EQ 

(3.1) 

Here NBO implies the non-Born-Oppenheimer-like terms which can couple 

the inner-shell (Ej) and outer-shell (EQ) energies. If proper static 

many-body Hartree-Fock (HF) molecular orbitals (MO's) are used to con

struct the corresponding wave functions describing the collision then 

some interplay to first order between the inner and outer shells 

(mutual screening) is already incorporated in the wave function. Hence 

the NBO terms shown here represent the energies associated with the 

readjustment of the inner-shell MO's with respect to changes within the 

outer-shell MO's and vice versa as the collision takes place. These 

energies are expected to be considerably smaller in magnitude than those 

associated with NBO terms within the inner- and outer-shell submatrices 

themselves. Thus, while NBO terms within the submatrices are retained, 

the NBO terms coupling inner- to outer-shell energies are of higher 
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order and have been neglected without expecting to severely affect the 

accuracy of an ensuing analysis of the collision. 

Thus, one can write the Hamiltonian as 

H = HJ + HQ , (3.2) 

where Hj ^ is the Hamiltonian describing the energetics of the inner-

shell, outer-shell electrons alone. For the Ar+-Ar collision system 

which is discussed in this paper, the K and L shells are regarded as 

inner shells and the M shell is the sole outer shell. For small inter-

nuclear separations R of the collision partners A and B, Hj speaks for 

the inner-shell electrons of a transient quasimolecular system. For 

large R one should more aptly write 

H - <hAI + hBI> + <hAO + hB<P • <3-3> 

where the subscripted notation is obvious. The corresponding wave 

functions describing the system before and after the collision are 

given by products of the form 

at large R, and 

* " *AI*BI*AO*BO ' <3-4> 

* " *I*AO*BO <3-S> 

for small internuclear separations. 

and fgj in Equation 3.4 represent antisymmetrized wave func

tions for the inner-shell electrons about Coulomb centers A and B respec

tively. In Equation 3.5, ^ represents a properly antisymmetrized wave 
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function for the quasimolecular inner-shell electrons. The wave func

tions subscripted AO and BO in Equations 3.4 and 3.5 represent anti-

symmetrized wave functions for the outer-shell electrons about Coulomb 

centers A and B respectively. 

Before the collision, symmetry arguments dictate the correlation 

of the separated-atom inner-shell states to diabatic quasimolecular 

states according to the well-known picture of Fano and Lichten [34] as 

discussed below in Section 3.2.1. Figure 4 shows the correlation of the 

independent electron MO energies as a function of internuclear separa

tion for the symmetric Ar-Ar collision. The outer-shell states are 

never pictured to be in quasimolecular formation. 

The outer-shell dynamics and hence the collisional correlations 

between initial and final outer-shell atomic states are always treated 

from a separated atom viewpoint and statistically in the spirit of 
i 

outer-shell "heating" due to outer-shell overlap during the collision 

process as discussed in Section 3.2.2.below. 

After the collision, the many-body wave function of the system 

may be written in general as a linear superposition of all possible 

ionized states. Each such state may be expressed as a product of a 

linear superposition of bound quasimolecular states with a product of 

continuum wave functions for the ionized electrons. Thus, after the 

collision, the actual quasimolecular system may be described by 
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tp = (1/11c I2)1* I I I I cr(t) 
r r N=1 J,M J',M' i (3 6) 

. (i/szT) oet {p.n [*(naas)i... hnlxs)/m: if 

with p.^ being the i^ permutation of the quantum numbers (n,£,A,s) 

associated with each of N bound electrons among the quantum numbers 

associated with the ground state of a Z electron molecule; is 'the 

single-particle wave function for a bound quasimolecular electron in 

state (nJlAs); <j>^ is the continuum wave function for an ionized electron 

with momentum p; and T is the set (N,J,M,J',M',i). For didactive simplic

ity, the fact that the outer-shell electrons are not treated from a 

quasimolecular standpoint is not expressed explicitly in Equation 3.6. 

The expectation value for the inelastic energy loss of the 

quasimolecular system might now be written as 

V^plnlV = I I I I |crl2 (i/z!) 
r J N=1 J,M J',M' i 

• 'J Vm l(E°"H) <3"7> 

|det(pi
nw(nus)^... h ' 

Here E^ is the configuration energy for the un-ionized quasimolecular 

system in the ground state before the collision. No cross terms appear 

in the above expectation value of the Hamiltonian since the energy is 
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evaluated when the internuclear separation is large ensuring that the 

off-diagonal elements are negligible. 

The actual values for the coefficients {cj,(t = +<»)} may be 

determined independently up to arbitrary phase factors as the square 

roots of the elements of a corresponding set of probabilities {Pj,}. 

No coherent effects were considered. These probabilities are related 

to products of inner-shell promotion probabilities, designated Pa^, 

Pir6 and P4fa in Figure 3, with outer-shell ionization probabilities, 

designated P^(n) and Pgg(n) in Figure 3 for the atom and ion respec

tively. However, the quasimolecular promotion probabilities as calcu

lated here are independent of the intrinsic spin of the electron although 

they may depend upon the projection of the electrons' orbital angular 

momentum along the internuclear line as well as upon other quantum 

numbers. In view of the fact that this analysis will be using separated 

atom configuration energies which represent averages over all possible 

states in calculating the average inelastic energy loss associated with 

the collision, one may regard as equivalent all quasimolecular promo

tions which lead to the same defect configuration irrespective of the 

resulting quantum state of this configuration. Thus, all those quasi

molecular states are assumed to be degenerate to each possible unique 

molecular defect configuration. The statistics inherent in these con

siderations are handled by a product of binomial coefficients and 

designated p
m0£(M(K)) in Figure 3. As discussed in Section 3.2.1 

below, the second time that statistical counting is introduced in this 

analysis is when one considers that the inner-shell defect configurations 

for the quasimolecular collision system must each correlate to respective 



46 

products of atomic inner-shell defect configurations for collision 

partners A and B. It has already been mentioned that the outer shells 

are always handled at the separated atom level and so such correlations 

for this analysis are only important when addressing the inner shells. 

In this case the correlation diagrams themselves give one a handle on 

the bookkeeping. A product of binomial coefficients, designated 

SW(A(K);B(K)) in Figure 3, is used to apportion the quantum numbers 

associated with electrons in a given MO configuration among possible 

sets of energy-degenerate separated atom quantum numbers as allowed by 

the correlation diagrams (conservation laws and symmetry). 

After carrying through these correlations of molecular inner-

shell defect configurations to paired atomic inner-shell defect con

figurations one must associate all possible paired atomic outer-shell 

defect configurations to each inner-shell pair. This enables one to 

consider each of the total number of paired ion-atom configurations 

which could possibly be represented in the final state wave function 

after the collision. Then the inelastic energy loss given above by 

Equation 3.7 may be expressed succintly in terms of calculated probabil

ities and statistical counting factors as presented in Equations 3.24 

and 3.26 of Section 3.2.3 below. It is found that the total number of 

unique final ionized ion-atom paired configurations which are represented 

in the wave function after the collision may exceed 20,000 and commonly 

exceeds 8,000. The energies to be associated with each of these final 

atomic configurations are obtained from statistical averages over all 

possible states. This simplification nevertheless necessitates the 

utilization of 189 Hartree-Fock configuration energies for the many 
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possible different states of ionization in Ar assuming that no Is 

electrons are removed. These were calculated separately and used as 

input to the basic program which handles this analysis. 

3.2.1. Inner-shell Ionization 

The treatment of the dynamic probability for ionization of 

electrons from the various inner shells employs the Fano-Lichten picture 

of quasimolecular promotions. According to this model, if the electrons 

under consideration on each atom have mean orbital speeds very much 

greater than the impact speed of the colliding nuclei then they are 

assumed to be able to adiabatically adjust their states to accommodate 

the approaching Coulomb center. If v^ represents the mean speed of an 

L-shell electron in Ar, then for laboratory collision energies as high 

as 400 keV, we find vq/v^ = 0.10 where vq is the respective impact 

speed of the collision partners. The independent-electron quasi-

molecular orbital energy levels, termed "diabatic" levels, vary smoothly 

with internuclear separation (see Figure 4). In accordance with the 

Pauli Exclusion Principle and with the relative ordering of the in

dependent electron energy levels of both collision partners in the 

separated atom limit, many of the MO's may undergo crossings at definite 

internuclear separations, particularly at zero separation. At these 

degeneracies there is some probability that an electron may make a 

transition to another and higher MO and remain there upon subsequent 

separation of the partners after the collision. These "electron promo

tions" lead to inner-shell vacancies. 
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In this paper attention is limited to inner-shell promotions 

fTom the 2p level in Ar due to the rapidly rising 4fa MO and the diabat-

ic 3da - 3dir - 3d6 rotational couplings. 

The calculation of the independent-electron transition probabili

ties via the 3da - 3dir - 3d<5 mechanism follows from a standard [29,42, 43] 

time-dependent three-state analysis. For example, the probability 

(2) 
P,^ of 3dir - 3d6 promotion may be calculated in the usual independent-

electron model 

+ ^ ft 
^(R,r,t) = c1(t) ̂ (R.r) exp[-Ci/h) J dx e^x)] 

+ ft 
+ c2(t) <t>2(R,r) exp[-(i/h) j dx e2(x)] 

(3.8) 

ih ip(R,r,t) = H(R,r) ip(R,r,t) (3.9) 

with c1(-00) = 1 and c2(-°°) = 0. 

Here 2(R,r) refer to single electron 3dir, 3d6 molecular orbi-

tals respectively of the quasimolecule having a time-dependent inter-

nuclear separation R(t). Each is an eigenfunction of the single-electron 

molecular Hamiltonian H(R,r) with eigenenergy 2(R(t)) respectively. 

This leads to the coupled equations 

(3.10) 
3 C1 

o M12 C1 
3t 

C2 
k. J 

-M * 0 
• 4 

C2 

with 
-ibv. 

m 
12 

r 
2~ cvl2 exp[+i-/"dtcei-£2^ (3.11) 
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Here b is the impact parameter for the collision involving an initial 

laboratory impact speed of v^. The united atom values for the MO matrix 

elements (Ly)OT and (Ly) ̂  were computed from atomic matrix elements 

(L )d ,j CLy)j » respectively, using properly-normalized 
y zz xz ^ xz xx-yy 

atomic orbitals. The respective values were /3 and 1. The actual form 

of this matrix element for rotational coupling as a function of R is 

given by Bates and Williams [18] in the context of some reasonable 

approximations for H+-H collisions. A study of their plot of the 

coupling term shows that for 0 £ R £ 0.4 a.u. one can fit the function 

to within 5% with the expression sech(0.45 Z R) where, of course, Z=1 

in their case. This domain encompasses the region of strong interaction 

between the rotationally-coupled levels, and the above expression was 

used for our computation of the transition probabilities. Notice that 

the R-dependence of the matrix element has been scaled according to the 

suggestion of Briggs and Macek [43]. A Coulomb trajectory for R(t) was 

used, with an effective Z calculated to produce the same distance of 

closest approach as that given by a screened Coulomb (Bohr) potential. 

The general shape and magnitude of the transition probability versus 

R curves were found to be relatively insensitive to changes in the esti

mations for the united atom values of the (L )19's and the details of 
y ic 

the sketching of the 3d6 MO between 0 ^ R ^ 2.0 a.u. (see below). 

The 3da and 3dir MO energy level behavior from Figure 4 of the 

paper by Sidis et al. [41] has been used for 0 5 R 5 2.0 a.u. For 

larger R the values provided in Table 15 of Reference 44 were employed. 

For purposes of numerical integration linear interpolations were made 



between the points obtained from these references. For the 3d6 MO ener

gy values, points were read off of Figure 4 of Reference 35 and again 

linear interpolations were made between them. For completeness, Figure 

5 presents the R-dependence of the 3da - 3dir - 3d6 MO's as used in the 

calculations. Equations 3.10 were then solved numerically for 

ptts^ = lc2^|2 and again for pcn/2) = lc2(+oo)|2-

Rotational coupling in first order can only change the projec

tion of the orbital angular momentum by one, so that the 3da orbital 

will not couple directly to the 3d6 orbital. Since the 3dir orbital is 

initially full, the transfer of an electron from the 3da to the 3d6 

can occur only after 3dir - 3d6 promotion has occurred, by going from 

6 to ir then it to 6. Thus it is reasonable to assume that the actual 

probability of transferring a hole fTom the 6-MO to the 0-MO will be 

given to a good approximation by a product of the probability for the 

transfer of a hole from the 6-MO to the TT-MO evaluated over the in

coming half of the projectile's trajectory times the probability for 

the subsequent transfer of a hole from the TT-MO to the A-MO evaluated 

over the outgoing half of this trajectory. These 6-TT and ir-cr electron-

hole transfer probabilities are available from solutions to the 2-state 

coupled equations involving 3dir - 3d6 and 3da - 3dir MO's respectively 

as discussed above. Similarly, the actual probability of transferring 

a hole from the 6-MO to the ir-MO will be given to a good approximation 

by the probability for the transfer of a hole from the 6-MO to the ir-MO 

evaluated over the incoming half of the projectile's trajectory plus 

the product of this same probability evaluated over the outgoing half 

of the trajectory with the probability that none of this hole "leaks" 
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Figure 5. Diabatic molecular orbital energy levels for the Ar-Ar system 

as used for the present calculations. 

The data were used to calculate the independent electron 

promotion probabilities Pa7r^ anO . 



into the a-MO (also evaluated over the outgoing trajectory only). 

Finally, the actual probability that a hole will remain in the 6-MO 

throughout the collision is to this approximation given by one minus 

the probability for the transfer of a hole from the 6-MO to the ir-MO 

evaluated over the entire trajectory. All three hole-transfer proba

bilities add up to unity as is required by unitarity. 

From a rigorous standpoint it is clear that the actual hole-

transfer probabilities are exactly obtainable from solutions to the 

3-state coupled set of equations involving the full set of 3da - 3d7T -

3d6 MO's. Nevertheless, as discussed in the concluding section of 

this chapter, the lack of availability of accurate values for the 

3d6 MO energy as a function of R presumably would make the results 

from such a full calculation no more reliable than the present approxi

mation. In fact, a comparison of the results of a 3-state coupled set 

of equations for 3da - 3dir - 3d6 MO's with those obtained from solving 

the two 2-state coupled equations for 3dcr - 3dir and 3dir - 3d6 MO's 

indicates (see Appendix A) at least when such problems lend themselves 

to analytical solutions, that the full 3-state results (superscript 3) 

can indeed be related to first order to the 2-state results (super

script 2) as discussed above: 

(3) _ 1 (2) . 1 (2) 

aS " 2 *tt6 2 ot 

P™s(3) - K/2' 4Pir6t2) ('-f ? J V 1 • < 3 - 1 2 '  

p (3) _ , p (2) 
*66 " 1 *\r6 
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These relations were used along with the numerical solutions for the 

two-state problems outlined above. 

In Ar-Ar collisions the 3piT orbital is initially full so the 

3pa - 3pir coupling does not produce a vacancy in the atomic 2s level. 

Even in Ar+-Ar collisions, the probability that there be a vacancy in 

the 3pirx orbital is only 1/6 [45]. This promotion channel has been 

neglected. At larger incident velocities than considered here this 

coupling may become important. As discussed in Reference 37, the 

probability for the promotion of electrons along the 4fa MO is handled 

by a step function which provides unit probability for internuclear 

separations less than 0.45 a.u. 

Thus one is able to calculate independent-electron transition 

probabilities Pa<s(R0»v0), > and p
4fCT(R

0»v
0) which giv© the 

probabilities for promoting one electron from the 3da, 3dir, and 4fa MO's 

respectively into higher-lying levels of the transitory quasimolecule 

formed during the collision. As indicated, these probabilities are 

functions of the distance of closest approach Rq of the colliding nuclei 

as well as of the impact speed vQ for the collision. Both the 3da and 

the 3dTT electrons are promoted to the 3d6 MO whereas the 4fa electrons 

may be assumed to mix with continuum levels very near to the ionization 

potential and hence may actually leave the quasimolecule with essentially 

zero kinetic energy. 

These one-electron quasimolecular promotion probabilities must 

next be converted to total inner-shell promotion probabilities for 

either collision partner since the ultimate inelastic energy loss from 
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the system is contingent upon differences in energy between the neutral 

and ionized separated atom configurations. This is accomplished (i) by 

statistically accounting for the number of degenerate quasimolecular 

states associated with each single-electron promotion and then (ii) by 

keeping track of the many possible correlations between each of such 

excited quasimolecular states and the pairs of atomic configurations 

which can result upon separation of the quasimolecular system. 

By way of example for the bookkeeping inherent in (i) above, 

consider a MO j containing n^ inner-shell electrons. Let P^ be the in

dependent electron promotion probability calculated as above for this 

MO. Then the probability that m^ and only nu electrons be promoted from 

this MO is just 

P o(i-) = 
moi,v y 

.m. 
v j 

m. n.-m. 

PJ 3 (1-PJ) 3 3 , (3.13) 

where the first factor is a binomial coefficient. Assume several such 

MO's, {j,k, — ,£}, can lead to electron promotions and that promotions 

from one MO do not open or close promotion channels from other MO's ex

cept as might be implicit in the coupled 3d a - 3dir - 3d6 case. Then 

each possible distribution M(k) = {m.. (<) ,11^(k) ,... ,m^(<)} of the sets 

of quantum numbers for N promoted inner-shell electrons among the sets 

of quantum numbers for all the MO's such that NU(K) + M^(K) + ... + m^Oc) 

= N has associated with it a relative probability of occurring during 

the collision given by 
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p»£ww) = 

n. 

m. (k) 
3 j 

n, 
k 

lm
kMJ 

n„ 
I 

"̂ to

rn, (K) n.-m.(K) IILCK) nt-m.(K) 

• P. 3 C1-P-) 33 P. K (1-PJ K k (3.14) 

pa ci-p^) 

In other words, the argument K simply labels each of the distinct ways 

that a set of integers {nu , one integer for each MO under 

consideration and each with an upper limit n^n^,.. .,n^, respectively, 

can be combined to lead to a sum total value of N. The value of n. is 
i 

dictated by the multiplicity of sets of quantum numbers associated 

with MO^. 

For example, the full 3dir MO has = 4, corresponding to 

s s s s 
the ordered set {X^ 1, X2 

2, X3 
3, X4 

4} : {1+, 1~, -1+, -1~}. Here Xi 

and s^ denote the projections of single-electron orbital and spin angu-

"til 
lar momenta of the i electron, respectively, along the internuclear 

line. Thus, if one promotes two and only two electrons from the 3dir MO 

to the 3d6 MO such that = 2, then as implied by Equation 3.13, this 

can be accomplished unique ways, each having a dynamical probability 

2 4-2 
of Pjj^ (1 - ̂ 3^) • Th® binomial coefficient merely counts the 

following six possible final ordered sets in which two and only two 

electrons have been promoted from IT to <5 orbitals: (1) {2*, 2~, -1+, -1~}; 

(2) {2+, 1", -2+, -1"}; (3) {2+, l", -1+, -2~}; (4) {l+, 2", -2+, -l"}; 

(5) {l+, 2", -1+, -2"}; (6) {l+, 1~, -2+, -2~}. The conservation of 
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single-particle spin is assumed, having neglected spin-spin and spin-

orbit interactions in this analysis. 

The total probability PI(N) for ionization of N inner-shell 

electrons from the collision system is then given by summing such rela

tive probabilities over all distributions.associated with a given N. 

The total number of such distributions is designated D(N). Thus, 

DfN) 
pi(n) = i pmojl(mm) • (3.15) 

k~1 

With the inclusion of the probability for ionization of zero inner-shell 

electrons given by 

Z n. 
pico) = TT u-pj 1 (3.16) 

• • X 

it can be shown that these "absolute" probabilities are normalized as 

they stand (see Appendix B). 

In calculating the inelastic energy loss from the collision 

system, one must understand how a given MO promotion correlates to the 

possible distributions of the inner-shell holes among the separated 

atomic parameters. This leads to the considerations inherent in (ii) 

above. Thus, each MO promotion (nK(<),m^(<),...,m^(<)) has associated 

with it a number of possible separated atom defect-configuration pairs 

(a^(K),ak(K),...,aA(K)), (b^(k),bk(<),...,b£(K)). As above one can 

calculate Next one calculates the statistical weights for 

each of the possible pairs of separated atom inner-shell defect-

configurations which can result from the excited quasimolecular inner-

shell configuration {nu ,111^,... ,m^} using products of binomial coeffi-

til 
cients. For example, if quasimolecular promotions from the j and 
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th 
k MO's can lead to vacancies in the (n£). and (n£)v independent-

3 * 

electron levels, respectively, of the separated atoms, then all 

separated atom pairs (a^.a^), (b^b^) are possible such that a^ + b^ = 

m^, i = j,k. Here the symbols a^, b^ designates the number of electron 

vacancies identified by the set of quantum numbers (n£)^ in atom A, B. 

Thus, the multiplicity of a given pair of atomic defect-configurations 

associated with a given set (iiu,!^) is just 

SwCaj,ak;VV = 

c. 
3 ck 

c. 
3 

a. 
1 r -ak-

b. 
L 3 

ck 

K 
• k' 

(3.17) 

where c^ = 2(2A^ + 1), i = j,k. If one sums up the multiplicities for all 

possible atomic paris (a^(<),a^(K)), (b^(K),b^(K)) for a given MO pro

motion (UK (k) ,mj{(K)), one has the total multiplicity Smu^t(iiK (k) ̂ (k)) 

which represents the total number of possible distributions of the 

vacancies between the two atoms which can result from the quasimolecular 

promotion (nu (k).m^fic)). Designate the set of a^(<)'s and the set of 

b^(<)'s by the symbols A(K) and B(K), respectively. The respective 

values of SW(A(K) ;B(K)) are all divided through by S
MUITCI"J CK) 

to result in the desired statistical weight. It must be pointed out that 

the actual analysis is further complicated by the fact that there are two 

possible mechanisms for creation of atomic 2p(m =0) vacancies, namely 

both 4fa and 3dcr MO promotions. The numerics can be correctly carried 

through in a straightforward albeit messy fashion. One is now in a 

position to evaluate the absolute probability P (A(K);B(K)) that the 
aLOul 

quasimolecular system will result in the pair of atomic inner-shell 
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defect-configurations A(k) , B(k) upon separtion of the collision 

partners. 

PatomCAOc);B(,c)) = SW(A(k);B(k)) CO ^OO) , (3.18) 

where NU(K) = a^(K) + bi(K), i = j,k. The value of SW(A(k) ;B(k)) used 

here is the statistically normalized value discussed above. These 

quantities PATOM(A(ic) ;B(k)) are normalized as they stand. 

For the actual application attention is confined to quasimolecu-

lar promotions along the 3da, 4fa and 3dir MO's. These can lead to 

vacanies in the separated atoms in the 2p(m^=0) and 2p(m^ = ±1) 

independent-electron atomic levels. 

3.2.2. Outer-shell Ionization 

The spacing of the outer-shell energy levels and the ionization 

energies for the outer-shell electrons are on the order of 1 a.u. in an 

atom such as Ar. Straightforward quasiclassical arguments indicate 

these energies to be considerably smaller than the terms in the Hamil-

tonian which may lead to outer-shell excitation energies and hence mix 

these states. This precludes the applicability of the first few approx

imations to any perturbation theoretic approach, not withstanding the 

fact that the outer shells are coupled to continuum as well as bound 

states. Furthermore, for the collision energies under consideration in 

this study, namely incident heavy ion energies in the range of ten to 

several hundred keV, and for the collision systems under consideration, 

e.g., Ar+-Ar, the impact velocities (0.10 - 1 a.u.) may be too large to 
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validate a MO approach to outer-shell electron promotion (outer-shell 

velocities may be on the order of 1 a.u.) and yet too small to expect 

a direct potential interaction approach to be applicable. 

Therefore it seems reasonable to turn to statistical methods as 

the only practical theoretical tool available at this time for handling 

the outer-shell ionization problem. A more accurate treatment which 

tracks the detailed behavior of the individual outer-shell electrons 

during the collision might very well lead to results which, when 

averaged over the outer-shell population, would be in accord with such 

a statistical approach. 

Thus, following Russek and Meli [38], outer-shell ionization is 

handled in the limit that all energetically-allowable exit channels will 

be populated according to relative probabilities which depend upon the 

relative volumes in phase space associated with each final state. The 

analysis proceeds in the spirit of the Fermi-Golden rule and hence in

volves a density of states which can be thought of as representing the 

number of ways of selecting n sets of quantum numbers for the outgoing 

electrons from among M different one-electron states representing the 

initial state times the number of ways in which kinetic energy can 

be distributed among the n outgoing electrons. 

One can express the probability Pn^ (E^,) that an initial M-

electron state with an excitation energy E,j, make a transition to an 

n-fold ionized final state as 

Pn
(M)CET) = 0 g" Sn(E$ g1 S.tEk/ei). (3.19) 



Here the factor (^) is the usual binomial coefficient, representing the 

number of ways of selecting n sets of quantum numbers for an outgoing 

electron from among the M different one-electron states representing 

the initial state, the factor gn represents a scaled mean square of the 

matrix elements of the interaction potential between the initial dis

crete state and all those final states in which n electrons are ionized, 

Sn(En/£j) is a scaled density of states representing the number of such 

final states per unit energy interval, and is the first ionization 

energy. This equation involves a number of assumptions and restrictions 

in addition to a statistical approach and the reader is referred to the 

reference for a thorough discussion of the details. 

The mean electronic excitation energy of the outer-shell elec

trons E,j. which occurs during the collision can be quasiclassically 

pictured as resulting from a "heating-up" of the outer shells due to a 

transfer of kinetic energy of motion into internal energy of the elec

trons. Thus, following Firsov [40], one imagines a plane midway along 

and perpendicular to the line of centers joining the two atoms. The 

flux of electrons across the plane from one center to the other is 

dictated by the velocity distribution (Thomas-Fermi) of the electrons 

about each center. Once crossing the dividing plane, an electron is 

assumed to have forgotten where it has come from. It then transfers 

momentum given by the product of the electron mass and the relative 

velocity of approach of the nuclear centers to the electrons about the 

other center. 

This model results in an expression involving an integral which, 

after numerical integration, can be well approximated by the following 
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analytical form: 

Et = 0.344 Z5/3/(1.0+0.161 Z1/3 Rq)5 (3.20) 

where E^. is the excitation energy (a.u.) per collision partner, Z is the 

atomic charge of the respective collision partner [39], and RQ is the 

Coulomb distance of closest approach (in a.u.). 

The relationship between E^, and E^ is given as 

n 

Ek = ET ' J ei " ERCn) ' C3-21) 

where e. is the ionization energy for the i^ electron, and ED(n) is the 
1 K 

mean excitation energy of the residual ion left behind after completion 

of the ionization process. In all cases one has 0 5 ER(n) - e
n+j an<* 

this analysis simply assumes ER(n) = 0. 

An expression for the probability P0(N) of ionization of N 

electrons from the outer shells of the collision system is obtained from 

the outer-shell ionization probabilities Pn^ (E^) and Pn^ (E^,) for the 

atom and ion respectively as 

PO(N) = £ p
n

C8)CE
T5 ^-n^V * C3'22) 

n=0 

3.2.3. Calculation of Collision Signatures 

The total probabilities for ionization of electrons from the 

collision system may now be calculated in a straightforward fashion. 

One has 

N 
P(N) = I PI(n) PO(N-n) , (3.23) 

n=0 
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where PI(n) and PO(n) are the inner- and outer-shell ionization proba

bilities, given by Equations 3.15, 3.16 and 3.22. Average values for 

total, total inner-shell, and total outer-shell ionization designated 

N, Nj and NQ respectively, may then be evaulated in the usual way using 

the respective probabilities. One should, however, be aware of the 

possibility for augmentation to the average inner-shell electrons which 

may themselves be promoted directly into the continuum. This is further 

discussed in Appendix C. 

It should also be apparent that, assuming sequential stripping 

of the outer shells, one can obtain the absolute probability for the 

occurrence of any individual one of the many ion-atom configuration 

pairs possible after the collision. Here use is made of Equation 3.18 

of Section 3.2.1 and Equation 3.19 of Section 3.2.2. 

The inelastic energy loss associated with any final ion-atom 

configuration pair is given in terms of a sum of the atom and ion ground 

state configuration energies minus the corresponding configuration ener

gies for the ionized collision partners. These energies were obtained 

from Hartree-Fock calculations as provided by the program of Froese-

Fischer [46]. To this must be added the kinetic energy carried away by 

the stripped outer-shell electrons as given by Equation 3.21. 

The average inelastic energy loss E(n) associated with a given 

state of ionization n is obtained from adding up the products of" the 

inelastic energy loss for each possible ion-atom configuration pair 

which could represent this state of ionization with its respective 

absolute probability of occurring in the scattered species. This must 
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be divided by the corresponding total probability P(n) for this state 

of ionization. In terms of the above defined functions one has then 

ECn) = II [1/Ptn)] [PatomtACK);BM)PA(Y)
C8)(ET)PB(Y)

C7)CET)] 

Y (3.24) 
• AE(Et;k,y) 

with 

AE(Et;k,y) = AEa(A«);A(Y)) + Eb(B(k) ;B(Y)) + EK(ET) (3.25) 

and where the k ' s  and y's are such that n(ic)+n(Y) = n. Here k denotes 

that distribution of the sets of quantum numbers {m^(<) ,m2(ic) ,... } for 

m1(<) + n^K) + ... = n(<) promoted inner-shell electrons among all the 

sets of quantum numbers for all the inner-shell MO's which results in the 

atom and ion having the corresponding independent-electron inner-shell 

configuration CJ(A(k)) = lS2_al 2S2~A^ 2P6"A3 and CJ(B(k)) = 

2—bi 2—bo 6-bt 
IS 1 2S L 2P 5  . . .  .  y »A("Y) and B(Y) are analogous parameters 

for the outer shells where the outer shells are assumed to ionize sequen

tially. AE^ and AEg denote the associated configuration energy losses 

for the ionized collision partners. ^1^7) » Pn^m^ET^ anc* ^ave 

been defined in the text in Equations 2.21, 2.19 and 2.23 respectively. 

The double sum is to extend over all quantum number set k and y associ

ated with the inner and outer shells which lead to respective inner-

and outer-shell ionizations which together sum to the total ionization 

number n. Thus, the average total inelastic energy loss from the colli

sion system is given by 
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n 
_ max 
E = I P(n) E(n) 

n=0 
(3.26) 

where n is the total number of electrons available for ionization 
max 

from the collision system under consideration. 

Each set of parameters Tq and Rq, where Tq is the incident 

particle kinetic energy and Rq is the Coulomb distance of closest 

approach, constitutes an experimental "data set" [47]. For each such 

set the above analysis allows for calculation of a manifold of proba

bilities that the collision result with the atom and ion having any 

given state of ionization n after averaging over all possible states of 

ionization of the other collision partner. This may be done with or 

without assuming augmentation (see Appendix C). One may designate 

— A — B 
these probabilities as Pn and Pn for the atom and ion respectively. 

Then one defines the probability P^ that the charge state n be found 

in either the target (atom) or projectile (ion) after the collision 

Each such probability is of course a function of the inelastic energy 

loss corresponding to the parameters Tq and Rq for which said probability 

was computed. Thus, the ionization probabilities {Pn(E/2)} may be com

puted as a function of the average inelastic energy loss per atom E/2. 

as [32] 

P 
n 

(3.27) 
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3.3. Comparison with Experiment 

In this section the results of this analysis are compared with 

the available experimental data. All computations were carried through 

on The University of Arizona's CDC 6400. 

3.3.1. Inner-shell Ionization 

Figure 6 compares these results with the experimental work of 

Thomson [33] and Thomson et al. [48] for L-shell Auger yields in Ar+-Ar 

collisions as a function of intemuclear separation. Assuming that each 

promoted L-shell electron leads to the emission of one Auger electron, 

the Auger yield is simply given by Nj as defined above. 

The calculations indicate that the sharp rise at approximately 

0.45 a.u. is due to the promotion of two quasimolecular electrons from 

the system via the 4fa MO (see Section 3.2.1 above). The second rise 

is essentially explained in terms of quasimolecular promotion from the 

L-shell via the 3dir into the 3d6 MO. Figure 7 shows a plot of the under

lying independent-electron promotion probabilities as calculated via the 

coupled two-state analysis discussed above in Section 3.2.1. Note the 

dramatic dependence of the Auger yield on the structure of these proba

bilities. On this basis one predicts the possibility that the supposedly 

"more violent" collisions, involving laboratory scattering angles greater 

than 45°, will eventually lead to an actual decrease in the Auger yield 

per collision (see Figures 8 and 9 below). This is, of course, due to 

the fact that the channels leading to electron promotion are rotationally 

coupled to the higher MO's. In the limit of zero impact parameter the 

intemuclear line fails to rotate and all such mechanisms must shut off. 



—Ar 

O THOMSON ( $ -14°) 

a THOMSON, LAUDIERI 8 
EVERHART ( ^=21°) 

z 
o 
CO 

THEORY 

_i 

o 
o 
s 
q 
_J 
UJ 
>-

o: 
UJ 
c9 
13 
< 

0.20 0.30 0.50 0 0.10 0.40 0.60 

DISTANCE OF CLOSEST APPROACH (a.u.) 

Figure 6. Auger yield per Ar+-Ar collision as a function of distance of closest 

approach for two fixed laboratory scattering angles. 

<j\ 
ON 



(ft 
ul 

m 
< 
cq 
o 
CC 
CL 

o 
h~ 
in 
z 
< 
cc 
i-
u. o 

13 
(ft 

2.0-

1.5-

Ar+—Ar 
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Thus, even though additional rotational promotion channels are expected 

to open up as the collision partners collide more and more closely, 

viz., the 3pcr-3pTF and 2pa - 2pir rotational couplings, these too must 

die as the internuclear separation approaches that for zero impact 

parameter. If these are the dominant mechanisms for inner-shell 

electron promotion, the predicted phenomenon must obtain. 

3.3.2. Total Ionization 

Figure 8 displays the average total number of electrons ejected 
i 

from the collision system as a function of distance of closest approach. 

Figure 9 shows the dependence on distance of closest approach of the 

underlying single-electron promotion probabilities for the 200 keV 

collision energy case. A similar strong dependence of the structure of 

the theoretical results plotted in Figures 8, 10 and 11 upon the struc

ture in the underlying independent-electron inner-shell promotion proba

bilities was seen to be exhibited in the calculations for all collision 

energies considered. The drop in the rotational coupling for very small 

distances of closest approach as mentioned above is quite apparent. The 

simple dependence of the ejected electron population on these probabili

ties in spite of all the statistical gymnastics necessary for a proper 

treatment of the correlations is also interesting. In calculating the 

total number of ejected electrons per collision, it was assumed that none 

of the quasimolecular electrons promoted via the 4fa MO mix with the 

continuum (see Appendix C). However, the comparison of these calcula

tions with the data indicates that one of the pair of promoted 4fa 
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Figure 8. The average number of ejected electrons per Ar+-Ar collision 
as a function of distance of closest approach. 

The data are from Kessel and Everhart (32]. 
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Figure 10 . . The average inelastic energy loss per Ar+-Ar collision as a 
function of distance of closest approach for laboratory 
collision energies between 25 keV and 200 keV. 

The data are from Kessel and Everhart [32]. 



72 

3.5 
+ Ar -Ar 

Eo (Kev) Experiment Theory 

m 150 0 -0-0-
250 \"J 

3.0 -> 
300 D 

Q) 
.~ 400 8. 
·z 

· o 
en 
...J . 
...J 
o2.5 
() 

' en . en . 
O · V ...J . 

>- D 
(!) 
0:::: 
w 

\"J z2.0 
w 
u 
.... 
en 
<( 
...J w ·z 

~ 1.5 
<( 
a:: 
w 
> 
<( 

0 

0 0.10 0.20 0 .30 
DISTANCE OF CLOSEST APPROACH (a.u.) 

Figure 11. The average inelastic energy loss per Ar+-Ar collision as a 
function of distance of closest approach for laboratory 
collision energies between 150 keV and 400 keV. 

The data are from Kessel and Everhart [32]. 



73 

electrons may indeed be ionized directly through the promotion mechanism. 

This is discussed again in the conclusion to this chapter. 

3.3.3. Inelastic Energy Loss 

Figures 10 and 11 display the average inelastic energy loss per 

collision E as a function of distance of closest approach RQ. A compari

son of these quantities with the behavior of the underlying independent-

electron promotion probabilities of Figure 9 once again shows the 

dramatic dependence of collision effects such as energy loss upon the 

structure in these probabilities. The quantitative agreement is quite 

good for the runs from 25 keV through 200 keV. For Rq < 0.45 a.u. ¥ is 

slightly overestimated. In this regime no inner-shell promotions are 

as yet turned on and the Firsov [40] calculation of the average inelastic 

energy loss is slightly high. The calculations are everywhere within 

20% of experiment for 0 < Rq < 0.45 a.u. and Eq < 150 keV (14%) and for 

0.10 £ R and 200 keV ^ E S 300 keV. The calculation at R = 0.12 a.u. 
o o o 

and Eq = 400 keV is about 25% high. There is not enough data at the 

higher collision energies (200 keV 1 Eq) and small intemuclear separa

tions (RQ < 0.12 a.u.) to make a detailed comparison between theory and 

experiment possible at this time. However, one clearly sees from 

Figuro 11 that these calculations overestimate the average inelastic 

energy loss in this region. The entire inelastic energy loss due to 

Firsov "heating" for collisions in this region only amounts to around 

500 eV and is not very sensitive to changes in Rq. Thus, the problem 
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lies with the independent-electron inner-shell promotion probabilities. 

More on this matter will be discussed in the next section. 

3.3.4. Ionization Probability per Atom 

Using coincidence techniques for Ar+-Ar collisions involving 

many combinations of collision energy and scattering angle, Kessel and 

Everhart [32,47] are able to infer the charge state probabilities 

mentioned in the preceding section through the use of an empirically-

based statistical model. Their measurements are reproduced in Figure 

12. Figure 13 shows the results of the present calculations. In de

riving these numbers, it was assumed that none of the quasimolecular 

electrons promoted via the 4fa MO mix with the continuum- (see Appendix 

C). It should be pointed out that these curves were found to be 

slightly dependent upon the collision energy Tq although the actual 

location of the peaks remained essentially fixed. 

Since Figure 9 indicates that the independent-electron quasi-

molecular promotion probabilities are bivalued as a function of distance 

of closest approach, a set of curves similar to those of Figure 13, but 

displaced, is predicted for data taken from collisions involving dis

tances of closest approach less than ^ 0.10 a.u. (i.e., laboratory 

scattering angles > 45°). 

3.4. Discussion and Conclusion 

It has been seen that the present ab initio treatment of the 

ion-atom scattering problem for low energies corresponds well with all 

facets of the available experimental data. This analysis has involved 

two fundamental assumptions: (i) the inner-shell and outer-shell 
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dynamics may be treated independently; (ii) a statistical treatment of 

outer-shell ionization and a quasimolecular electron promotion picture 

of inner-shell ionization is justified. It has also been shown that 

the structure in the collision data is due to the marked dependence of 

inner-shell ionization upon the structure in the underlying independent-

electron quasimolecular promotion probabilities. 

There is nevertheless much room for improvement upon and ex

tension of this analysis. 

Improvements of the present analysis lie primarily with the 

calculation of the independent-electron MO promotion probabilities. 

Although the author is confident that the two-state calculations (see 

Appendix A) do a reasonable job in dealing with the physics for the 

3do - 3dir - 3d6 rotational couplings, this is an inherently three-state 

problem, and a three-state calculation would allow for more definitive 

detailed theoretical statements. However, the author feels that such 

labors would be unwarranted until one has available as input into such 

an analysis more accurate values for the respective MO energy behavior 

as a function of internuclear separation. Especially as regards the 

present work, accurate values for the 3dS MO in Ar-Ar over a complete 

range of internuclear separations from 0 to » are desirable. 

Eichler and Wille [49] have employed a variable screening model 

for constructing the correlation diagram associated with quasimolecular 

ion-atom collisions. Their approach differs from that of Sidis et al. 

[41] in that the latter1s MO's approach the united atom levels of that 

multiply-excited configuration to which the separated atomic electrons 
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are promoted whereas the MO's of Eichler and Wille approach the united 

atom levels of the ground state configuration. Use of Eichler and 

Wilie's MO's for the Ar-Ar system [50] in this analysis led to an over-

estimation of the average inelastic energy loss even for the smaller 

collision energy runs. The analysis for this dissertation employed the 

MO's of Sidis et al. [41] for which the 3d5 MO behavior is not available 

(see Figure 4, inset). Another area for concern is the internuclear 

separation R dependence and value at the Coulomb distance of closest 

approach of the rotational coupling matrix element which should be cal

culated in detail for the collision system under consideration. 

It should be pointed out that the counting used in the above 

analysis (see Equations 3.13 and 3.14) is independent of the manner in 

which molecular angular momentum wave functions are combined in order 

that pertinent symmetries, viz., reflection through the collision plane, 

be conserved. Thus, the use of symmetry adapted MO's [51] would involve 

no change in the counting scheme employed above. Furthermore, the 

treatment in Section 3.2.1 of the calculation of the independent-

electron promotion probabilities leads to the same result for transi

tions between symmetry adapted orbitals. 

Extensions of this analysis fall into two categories. First, 

one might allow for the opening of more inner-shell promotion channels 

as, for example, the 3pa - 3pir and 2pa - 2pir rotational couplings or 

Demkov-type radial couplings. This would be expected to be necessary 

for considerations of collisions involving higher energies than con

sidered in this dissertation, whereby the collision partners can get 

closer together. The initial conditions for these additional inner-shell 
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exit channels may now be dependent upon the history of the collision 

prior to the time at which the coupling for these additional channels 
I 

become important as well as being dependent upon the velocity of the 

collision [52]. These implications have not been confronted in the 

present study. 

The results for total ionization as presented in Figure 8 show 

evidence of an augmentation to the total continuum electron population 

of roughly one electron. This might be due to the promotion of some 

quasimolecular electrons directly into the continuum as is very likely 

possible via the 4fa MO (see Appendix G). Incorporation of the results 

of a detailed study of this mechanism into this analysis would be 

expected to enhance the agreement of theory with experiment. 

Second, one should justify the statistical approach to the 

outer-shell ionization problem, preferably by averaging over the details 

of a formalism which considers the detailed behavior of the individual 

outer-shell electrons during the course of the collision. For low 

enough collision energies it would be possible to deal with the outer-

shells from a quasimolecular standpoint provided that the appropriate 

internuclear-dependent MO energy level values were available. The 

effects would not be expected to modify the results of the present work 

very much at least insofar as our predictions of inelastic energy loss 

are concerned since it can be seen from Figures 6 through 11 that all of 

the interesting structure in the collision signatures as a function of 

internuclear separation is adequately accounted for by the physics of 

the inner-shell ionization alone. 
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The most interesting feature to arise from this work is the 

prediction of a sharp decrease in both the average ionization and in

elastic energy loss for collisions involving laboratory scattering 

angles greater than 45° provided that quasimolecular rotational coupling 

is the dominant mechanism for inner-shell ionization. A futher compli

cation of this drop-off in ionization probability is a prediction of 

bivaluedness for Kessel's average charge state probabilities pro

vided that data are taken at these large scattering angles. Experi

mental determinations of Auger yield, charge states and average inelastic 

energy loss at scattering angles greater than 45° should be able to test 

the dominance of quasimolecular rotational coupling for ionization in 

ion-atom collisions at low and intermediate energies. While it is 

understood that these experiments are difficult due to the very low 

count rates inherent in such large angle measurements, it is felt that 

such measurements would be of great value to the understanding of ion-

atom inner-shell collision mechanisms. 



APPENDIX A 

TWO-STATE VERSUS THREE-STATE EQUATIONS 

The following analysis provides a mathematical reinforcement to 

the intuition which leads to Equations 3.12 of the text. Here the re

sults of the two 2-state calculations for oir and tt6 couplings are ana

lytically related to the expected corresponding solution from a full 

3-state air5 analysis for the most general case which lends itself to 

exact solution. 

Let £ represent a column matrix of arbitrary dimension and V a 

matrix square in the same dimension. Thus a solution to the equation 

V c (A.l) 

is given by 

c (A. 2) 

where 

X 
o 

(A. 3) 

provided 

[V,y] = 0 (A.4) 
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The three-state expansion 

•ft) = I c.ft) ^ft) exp[-(i/h) e t] 
j=l 3 J J 

along with the Schrodinger equation 
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(A.5) 

with 

iS 3t ^ = H ^ 

H = H + V 
o 

H (j). 
o TJ 

e. e. 
J J 

leads to the coupled set 

c, 

3 

It 

(A. 6) 

(A. 7) 

(A. 8) 

i +1<t>12 
Iff V12-tV12]e 

0 fe" V23+^t^23^6 

+i<t> 

+i<j) 
23 

^ V32+^t^32^e 

32 

(A. 9) 

with 

*ij = dT [C£i(T) + <ilVli>) " + |V| j >)] (A. 10) 

and assuming no direct couplings between states 1 and 3. 



83 

The potential couplings are zero in the considerations of 

this paper. The last equation may then be rewritten as 

+i<l ,i 

_3_ 
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+i({> 
21 

f th2 e 

0 

0 

12 
0 

0 

0 

0 

0 

0 

0 

0 

+i<f> 
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23 
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C2 

C3 
. * 

(A.11) 

showing explicitly the double two-state decomposition of the three-

state problem. 

These problems may be solved exactly via the above formalism if 

the matrix elements take the form 

(3
t)ij = A cos | J dx (A. 12) 

-00 

with (3t)12 
= ^t-^23 ^0r t*ie 3"state Problem. Then, designating 

Yij = f 8t' (3f'ij • t A - 1 3 )  

-00  

one finds, for the two-state problem, 
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(A.14) 

and for the three-state problem with (3t)12 
= (<^23 

cxCt) 0 10 

c2Ct) = 1 + 1//2 1 o
 

c5Ct) 
\ J 

0 - 1 0  
k 4 

sin (^Ty) 

» 

1 0 -1 

• « 

C10 

1 

2 
0 2 0 (1-cos (V2Y)) 

C20 

-1 
• 

0 1 °30. 

(A.15) 

If one solves the 3-state problem with initial conditions c1(j = 

1, C2Q = CJQ = 0, implying the initial existence of a hole in the 5-MO, 

then one finds to lowest order in y the following results 

PitS(3) = I2 • Y2-2y4/3 

P^t3' * lc3Mi2 • *4/4 • 

(A. 16) 

(A.17) 

Here the subscripted notation has been 1, 2, 3 designating 6, u, a, 

respectively. Solving the two 2-state problems with initial conditions 

cl0 = 1, c2Q a 0 and again with c2Q = 1, c3Q = 0, one finds 
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Pir6C2) = lc
2(+00)|2 ° y2- Y4/3 (A.18) 

POTC2) = lciM!2 = Y2- Y4/3 (A. 19) 

Thus, approximately 

P„5
(2)/2 * 1/2 P„/2) [1 - POT

t2)/2] 

(A. 20) 

Y 2 -  7y4/12 

Pa6<3' * [pw6C2)/2l [Pmr'2'/2' * ^/4 (A.21) 

Even when these equations cannot be exactly solved, equations 

similar,to Equations A.20 and A.21 have been found to be a good approxi

mation to numerical solutions of the coupled equations. Briggs and 

Taulbjerg [20] have shown that the coupling of a lscr orbital to 2scr 

and 2pa orbitals can be handled by probability products using 2-state 

calculations. 



APPENDIX B 

NORMALIZATION OF THE INNER-SHELL 

IONIZATION PROBABILITIES 

Let N be the total number of inner-shell electrons considered. 

Then with all notations as in Section 3.2.1, one has 

1 = 
N 

I PI(N) 
n=0 

N n, n~ N 

I I1 t ••• I 
v° n=0 nij=0 m2=0 

'n2 V 

m2. "n S. J 

m^+m2+ «•• +m^=n 

ml nl~ml m2 n2~m2 "Vl 
Px ^l-Pj) 1 P2 (l-P2) ... PN C1-PN) N N 

' 

n1 
I 

nl 

m^=0 in, 
. i. 

m1 i 

Px d-Pj) 

— ' 

m, 
1 

I 
n2 

m2=0 
m2. 

m_ n?"ra9 
P2 (1"P2) 

r-N 
I v° ."V 

"m nN_,nN 
P fl-P 1 

N 1 N 

= [Pj + (1-Pj)]"1 [P2 + (l-P^]"2 ... [PN + Ci-PN)]nN 

= 1 
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The first step follows by definition. The logic behind the 

second step can be visualized by considering that line two represents 

an addition of all the elements, subscripted m^n^ ... n^, of an 

nj x n2 x ... x iijj matrix in N-space whereby the addition is done 

along the diagonals each of which is characterized by a distinct value 

of n = m^ + * ... + n^. Then line 3 represents another sum of all 

such matrix elements, after expanding the product, whereby the addition 

is now simply done in a different order. The third step takes advan

tage of the binomial theorem and the result then follows trivially. 



APPENDIX C 

AVERAGE NUMBER OF ELECTRONS IONIZED 
FROM THE COLLISION SYSTEM 

Ionizations resulting from the excitation of the outer-shell 

electrons occur only when these electrons themselves are promoted to 

the continuum. Ionizations resulting from the excitation of the inner-

shell electrons, however, are not quite so simple and may be divided 

roughly into three cases. Inner-shell electrons may be promoted 

according to the familiar Fano-Lichten model of quasimolecular promo

tions [34] to bound states of the quasimolecule. If these electrons 

have been promoted from a molecular orbital corresponding to, for 

example, the L-shell of either collision partner in the separated atom 

limit, case 1, then subsequent Auger de-excitation of the system will 

result on the average in the liberation of one electron per promoted 

electron for a collision system such as Ar+-Ar. If for this same 

collision system electrons have been promoted from the K-shell, case 2, 

a cascading effect of Auger de-excitation will result in the liberation 

of more than one electron from the system. Finally, case 3, some inner-

shell electrons may be promoted directly to the continuum as may happen 

for example, from the L-shell via the rapidly rising 4fo MO in homo-

nuclear collisions. In this case there is one continuum electron from 

the promotion itself and subsequent Auger de-excitation results in one 

additional continuum electron. 
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These various cases may be handled in general by defining an 

augmentation factor A^CNJ.k) for the augmentation to the continuum 

electron population expected when the collision system has been left 

with an excited inner-shell configuration characterized by Nj promoted 

inner-shell electrons in that particular permutation tc of the quantum 

numbers for the Nj promoted electrons among the quantum numbers associ

ated with all the MO's from which promotions may occur. 

One then has, for homonuclear collisions, 

N N 
tot Imax DfN) 

n = in p(n) * i i \cn ,K) p__ooo , (c .l) 
n=0 nj=0 k—1 ™ 1 

where N. . is the total number of electrons available for ionization, 
tot 

^Imax *s maximuni number of inner-shell electrons available for pro

motion and all other quantities are defined as in Section 3.2.1. 
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