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ABSTRACT 

A fluid theory is written which describes the parametric 

instability of a pair of electrostatic waves by a large amplitude 

electromagnetic wave propagating along a D.C. magnetic field in a warm 

homogeneous plasma. It is assumed that the decay waves oscillate at a 

frequency near the plasma frequency, and that the electromagnetic pump 

wave oscillates at twice the plasma frequency. The threshold voltage 

of the pump wave, necessary to excite the instability, and the growth 

rate of the decay wave pair is found. 

An experimental system has been designed and built to observe 

the instability. A 50 KW pulsed magnetron at 2.8 GHz is the source of 

the pump wave. The pump wave propagates along a triplate waveguide, 

which is immersed in an argon plasma. Two distinctly different insta

bilities near the plasma frequency are received on a spade-shaped 

antenna inside the plasma. In one case, two separate decay waves are 

observed. In the other case, the frequencies of the decay waves are so 

near to each other, that only one spectrum of waves is observed. It is 

believed that this is the first time these instabilities have been seen 

experimentally. 

vii 



CHAPTER 1 

INTRODUCTION 

The understanding of parametric instabilities is important 

because of the possible applications to r.f. plasma heating. Since 

large amounts of r.f. power are available, parametric heating may be 

a viable supplemental source in attaining thermonuclear temperatures 

in a fusion device. It is therefore important to observe and study 

these instabilities. 

There are many combinations of waves which can parametrically 

interact in a plasma. The types of decay waves depend upon the fre

quency, type and orientation of the pump wave, and the parameters of 

the plasma. The first study of parametric excitation in a plasma was 

done by Silin [1965]. Based on the fluid equations for an infinite, 

isotropic, cold plasma, he showed that plasma oscillations may be 

excited by a strong, high frequency, electric field. Goldman [1966] 

considered the same general problem based on a warm, isotropic, fluid 

plasma model. Using a Green's Function perturbation technique, he 

found that two distinct types of parametric interaction occurred in 

the presence of a large electromagnetic (e.m.) pump wave. When the 

pump wave had a frequency near the plasma frequency, to^, he predicted 

excitation of an ion acoustic wave and an electron plasma wave. This 

instability was observed by Stern and Tzoar [1966] and, more recently, 

by Stenzel and Wong [1971]. When the pump wave was about 2 he 
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predicted excitation of a pair of electrostatic (e.s) plasma waves near 

Up. This instability has not been observed experimentally; however, it 

has been observed by Dawson [Dawson and Kruer, 1970] in a computer simu

lation. Jackson £1967] has studied the same problem using the Vlasow 

equation; his results agree substantially with Goldman [1966]. For the 

case of the pump at 2 u , both authors agree that the dominant part of 
P 

the interaction is proportional to the spatial variations of the applied 

electric field. They also agree that for this case, the instability is 

only dependent upon the electron specie; the ions play no part in the 

interaction. The object of this work is to use a warm plasma model 

(similar to Goldman) to theoretically study this case (the parametric 

excitation of two e.s. waves at u) by an e.m. wave at 2 to ) in the 
P P 

presence of a D.C. magnetic field, and to experimentally observe the 

decay waves. It is believed that this is the first time these decay 

waves have been observed. 

With the addition of a D.C. magnetic field, more normal modes 

occur because of the anisotropy of the plasma. For example, instead of 

a single electron plasma wave as is the case for no magnetic field, a 

series of waves called cyclotron harmonic waves (CHW) appear. These 

waves have their cutoff frequencies at harmonics of the electron cyclo

tron frequency. For a single specie electron plasma, Harker and 

Crawford [1968] theoretically predicted parametric excitation of CHW 

propagating perpendicular to the static magnetic field, B, more commonly 

known as Bernstein modes. Chang and Porkolab [1970] observed these 

waves using another Bernstein mode as the pump. The present work 
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considers excitation of a pair of cyclotron harmonic decay waves 

propagating at an angle other than 90° with respect to B by an e.m. 

pump wave. Carlile [1976] studied this same problem theoretically and 

through computer simulation. In simulation, he found the excitation of 

two decay CHW propagating at oblique angles with respect to B. The 

results presented in Chapter 4 may be considered preliminary experi

mental confirmation of his simulation results. Unlike his theoretical 

analysis, the theory presented here includes electron-neutral frequency 

effects, and therefore predicts the threshold electric field necessary 

to excite the instability, as well as the growth rate of the decay waves. 

In the following chapter, a set of coupled wave equations 

describing coupling between a pair of electrostatic plasma waves is 

derived using a warn plasma model. From these coupled equations, ex

pressions for threshold pump field and growth rate above threshold are 

obtained. Chapter 3 describes the experimental system, including the 

plasma, the triplate waveguide, and the microwave equipment. Chapter 4 

is devoted to the experimental results and their analysis. Chapter 5 

is the conclusion and makes suggestions for further work. 



CHAPTER 2 

THEORY 

Introduction 

Parametric excitation occurs when two normal modes of vibra

tion are weakly coupled by a time-varying external parameter. Since 

a large number of waves can exist in a magnetized plasma, it is an 

ideal environment to observe many different combinations of waves 

excited parametrically [Porkolab, 1974]. Assume that a pair of normal 

modes (waves), X and Y, with frequencies and wave numbers ui^, k^, > 

k2» respectively, are present in a plasma, and a third wave, the pump 

wave Z, with frequency a)Q and wave number kQ propagates through the 

system. If certain selection criteria on frequencies and wave numbers 

of X, Y, and Z are met, three wave interaction occurs, and there is a 

resonant conversion of energy between the pump wave and the normal 

modes. In other words, the normal modes, X and Y, are being paramet

rically coupled by a time-varying incident wave Z. The normal modes 

grow in amplitude at the expense of the pump wave; such a process is 

referred to as a decay instability. 

The selection rules (also called resonance conditions) for a 

decay instability are: 

a)Q = + a>2 (conservation of energy) (2.1) 
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(conservation of momentum) (2.2) 

The pump and the decay waves may be electrostatic or electromagnetic, 

long as these waves satisfy the selection rules and the linear plasma 

dispersion relation D(oi^,k^) = 0, where i = 1,2 refer to decay waves 

and i = 0 refers to the pump wave. The satisfaction of the resonance 

an a) - k diagram (Fig. 2.1). In this example a transverse electro

magnetic wave (uo,ko) decays into two electrostatic waves (w^, k^ 

and u>2> k£) in an isotropic plasma. The theory presented here considers 

these same waves excited in an anisotropic plasma. 

Preliminary Assumptions and Formulation 

In the absence of the pump wave, the equations for the normal 

modes, X and Y, are: 

conditions on oj^ and k^ may be insured by parallelogram construction on 

L[X(t)] = ~2 + v.^+wJ X(t) « 0 
dt 

(2.3) 

L[Y(t)]= iT+„c|f+„2 Y(t)-0 
dt 

(2.4) 

where and are the characteristic frequency of the normal modes 

X and Y, respectively, 

V£ is the electron-neutral collision frequency, 

X(t) r~> X exp (jw^t) (decay wave #1) , 

Y(t) ~ Y exp (ju^t) (decay wave #2) , 

Z(t) ~ Z exp (jwQt) (pump wave) . 



co (frequency) 

EM Wave 

ES Wave 

k (wave vector) 

Fig. 2.1 Parallelogram Construction on a>-k Diagram Demonstrating Parametric Decay of an 
EM Wave into Two Electrostatic Waves in an Isotropic Plasma 
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With the presence of the pump wave, a coupling is induced between X and 

Y. In the next section, a set of coupled wave equations will be derived 

with the general form: 

where A, A', y, y', are constant coefficients which couple the normal 

modes to the pump wave. These may be complex. The first two terms 

in Equations (2.5) and (2.6) are identical to a formulation by Nishikawa 

[1967] for an isotropic plasma. The addition of a D.C. magnetic field 

introduces the integral term in these equations. The constans, A, A1, 

U, y', represent the total coupling between the modes. 

Taking the Fourier transform of each term in Equations (2.5) and 

(2.6), we have: 

L[X(t)] = A Y(t) Z(t) + A'/Y(t)Z(t)dt (2.5) 

L[Y(t)] - u X(t) Z(t) + y»/X(t)Z(t)dt (2.6) 

w2 - + jvcw] X(u>) + AZ [Y(u + aiQ) + Y(oi - Uq)] 

CO—OJ o o (2.7) 

X(tOrfO) ) X((U-U ) 
+ p'Z —-—2- + — =0 

urt-a) oj-to 
o o (2.8) 
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where 

x ( t ) ,  Y ( t )  =  i - due"^*" X(ui) , Y(co) 

Equation (2.7) shows that X(u>) couples to Y(u±u)o). Y(ui±u)Q) 

couples to X(co) and X(o)±2a)o) in Eq. (2.8). For this specific problem 

X(a)±2u>o) and Y(oj±o)o) are sufficiently off resonance to be ignored. In 

this case, Equations (2.7) and (2.8) may be written: 

is similar to Equations (2.0) and (2.10) for a particular set of pump 

and decay waves. The equations are written in matrix form. By taking 

the determinant of the coefficients matrix, the threshold field and 

growth rate of the decay waves are found. 

The system model is an infinite, homogeneous, warm plasma 

constrained by a static magnetic field B = b£, as shown in Fig. 2.2. 

A large electromagnetic pump wave with frequency and wave vector 

kQ - kQx propagates along the D.C. magnetic field. The magnetic field 

is assumed to be small enough that Faraday rotation can be neglected 

over the length of the experiment. The decay waves are assumed to be 

electrostatic normal modes, which propagate at angles 6^ and 6^ with 

respect to the magnetic field, and whose wave vectors k^ and are in 

the x-y plane. The ions are too massive to respond to the pump's 

(w - u. + jv u)X(u) + AZY(oj-oj ) + A'Z 
(2.9) 

o 

(o)^ - a), + jv u))Y(<d-ci) ) + yZX(oi) + y'ZX(ai) = 0 
l c o 

(2.10) 

In the following pages, a set of equations is developed that 



y-axis 

x-axis 

B is a D.C. Magnetic Field 

Fig. 2.2 Frequency and Wave Number for Three Wave Parametric 
Interaction. 



alternating field; therefore,the plasma is treated as a one specie elec

tron gas, where all collective behavior is due to the electron motion. 

The ions are assumed to be a fixed, homogeneous background, which 

ensures macroscopic charge neutrality. 

In this analysis a warm plasma one-fluid model is assumed. The 

basic assumptions of this model include: 

1. The plasma is assumed to be fluid-like; the fluid equations 

are used. 

2. Macroscopically speaking, n^~-ne. (Quasineutrality cond.) 

3. The pressure is isotropic. V«P = Vp, where 

P is a pressure tensor, and p is the scalar pressure. 

4. An equation of state is assumed, p/p^ = constant, where 

Y = 3 for one dimensional adiabatic compression and p is the 

density of particles. 

5. The fluid equations do not include any integrals over velocity 

space; a Maxwellian velocity distribution is assumed, and all 

functions are dependent only on position and time. 

6. The phase velocity of the decay waves is assumed to be much 

greater than the thermal velocity of the particles. 

7. The electron-neutral collision term is approximated by the term 

v v. 
c 

The use of the fluid model plasma excludes such phenomena as 

collisionless damping and other effects due to the velocity distribution. 

With respect to waves it is limited in that the following condition on 



wave vectors must hold: 

1*1 K X" 

where is the Debye length. Also, this model fails to predict cyclo

tron harmonic waves. In defense of the fluid model, it allows one to 

solve rather involved problems, and it predicts the bulk of basic plasma 

phenomena. 

The field variables are separated into homogeneous (no sub

script) , driving field (o subscript), decay (double ie subscript), and 

total (t subscript) components. The electron density, N£, the electron 

velocity, Vt> the electric field, Et, and the magnetic field, Bt, are: 

electron density N = n + n. (r,t) (2.11a) 
t ie 

electric field Et = EQ(r,t) y + E ê(r,t) (2.11b) 

magnetic field = BQ(r,t) z + B x (2.11c) 

velocity Vfc = VQ(r,t) + vig(r,t) (2.lid) 

In nonlinear calculations it is necessary to include complex 

conjugate terms because products of oscillating factors appear which 

otherwise would not satisfy the resonance conditions. For the trans

verse electromagnetic pump fields a wavelike exponential character is 

assumed: 

f = E e
j(aiot"k°x) v + E* e"j(ojot"kox) 9 

o o 3 o 3 (2.12a) 
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B SB e
j(u°t_k°x) S + B* e~j(u°t_k°x) S (2.12b) 

o o 

The velocity of electrons due to the pump field has the same exponential 

behavior. 

7 = v ej(uot-k°x) + 7* e-J(a)ot"koX) (2.13) 
o o o 

Wavelike spatial variation is assumed for the electrostatic decay waves. 

The perturbed electron density is: 

nie(r»fc) = n£e(t) e" k̂i*r + nie(t) ê ki"r (2.14) 

where i = 1,2 corresponds to each decay wave. Likewise, the electric 

field due to charge separation and the corresponding electron velocities 

are: 

Eie (r,t) = Ele(t) e"jki'r + E*g(t) e+jki'r (2.15a) 

vie (r,t) = vie(t) e"jki*r + ̂ £(t) e"jki'r (2.15b) 

where i = 1,2. The double subscripted quantities represent the pertur

bations due to wave motion in the plasma. 

Derivation of the Coupled Wave Equations 

The fluid equations describing the system are: the continuity 

equation, 
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9Nt 
= V • (NtVt) = 0 (2.16) 

the equation of momentum transfer, 

dV y<T II _ _ _ _ 
N —- + VN = N (V xB +EJ - V N V 
t  d t  m  m  t t t  t  c t t  ( 2 . 1 7 )  

and Poisson's equation 

~IeInie 
V * Et ~ (2.18) 

fco 

where in m.k.s. units 

y = 3 for one dimensional adiabatic compression 

-23 
ic = Boltzmann constant; 1.38 x 10 joule/"Kelvin 

Tg = electron temperature in "Kelvin 

-31 
m = electron mass in kilograms; 9.1 x 10 kg. 

= electron-neutral collision frequency 

-12 
eQ - permittivity of free space; 8.85 x 10 Farad/meter 

.19 
|e| = electron charge in coulombs; 1.6 x 10 coulomb 

Neglecting second order terms, the first order linearized fluid equa

tions are: 

9n. _ _ 
—— + v • V n + n V • v = 0 /o io\ 
gt o ie ie (2.19) 
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3v _ _ _ _ YKT 
n — + n(v. • V v ) + n(v • V v. ) + — V n. 
3t ie o o ie m ie 

— n E .  -  v  n  v .  -  f i n  ( v .  x  x )  ( 2 . 2 0 )  
m ie c ie xe 

where is the electron cyclotron frequency 

2 YKTe 
V . = is the thermal velocity 
th m 

x Bq is neglected since << c (speed of light) 

and 

-|e|nie 
V • E, = — 

ie 
eo (2.21) 

The divergence of Eq. (2.20) is 

11 h (V * Vie} + n V * (vie* V) Vo + n V * <V V) vie + Vth VSe 

= - J n (V • E. ) - v n(7.v ) • (1 V • (v x £) (2.22) 
m ie c ie xe 

Recall from Fig. 2.2 that kQ is x-directed and that and k2 are in 

the x-y plane, thus V • (v • V)v. and V • (v. • V)v in Eq. 
o ie ie o 

(2.22) can be simplified. If one applies the continuity equation and 

Foisson's equation, Eq. (2.22) becomes 
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3 3v. 3v xex o 
2 nj + "fr (v • V n. ) - 2n .+ v n. - V V2 n. 

9t2 ie 3t o xe 3y 3x o 3y3t xe t ie 

2 
u n. 
p xe 

v r-n, 
c 3t ie 

v (v • V n. ) + ft n x • (V x v. ) 
c o xe xe 

(2.23) 

where the plasma frequency, ui^, is defined: 

/e2n 
v men 

In order to put Eq. (2.23) in the form of coupled mode equations, 

three operations must be performed. First, the term v ê must be elimi

nated. Second, this equation must be applied to a distinct pair of 

decay waves. Third, the Fourier transform of the equation for each 

decay wave must be taken. 

The two terms containing v ê in Eq. (2.23) can be written 

8viex „ „ . „ „ 2„2 . 2 S  
9vo -2 n - = -2 cos 0 sxn 0 (k V + w ) t— 

vX L p ^ 
n±e(t)dt 

(2.24) 

t t 

ft n x • (V x v. ) - -(u)^ + V^k^) Q^cos^0 
xe p t 

nie(t)dt dt - ft n 

—00 —oo 
ie 

(2.25) 

The assumptions necessary to eliminate v ĝ are: 

1. Neglect second order terms. 

2 2 
2. v « a) 

c p 



3. 

4. 

The decay waves are purely electrostatic (E ||K). 

In the limit t -»• -<*> n(r,t) may be neglected as suggested 

by Stix [1962]. 

If one substitutes Equations (2.24) and (2.25) into Eq. (2.23) and 

rearranges terms, the following equation results 

32 ,3 , ,„2, 2 2 ̂  2. 
—7 n. + v — n. + V k + tu + fl ) n. 
3t 2  ie c 9t le t p le 

t t 

+ (u)2 + V2k2) ft2cos20 J £ j ̂ ĝ ^t Jdt 

—00 —00 

- (v • V n0 ) - v (v • V n0 ) - v n5 3t o x-e co x-e o 3y 3t *e 

3vo 2 2 2 
+ 2 cos0sin0(k Vt+w ) nj (t)dt 

£ e  (2 .26 )  

Equation (2.26) is a general equation describing three wave 

coupling in an electron plasma. For this equation to be satisfied, the 

exponents on both sides of the equal sign must be the same. Earlier in 

Eq. (2.13), vq was specified to be proportional to e-̂ 0*, where kQ is 

a wave vector associated with an electromagnetic wave of frequency a)Q 

in a plasma. If one assumes n ĝ on the left side of Eq. (2.26) to be 

n ê e ̂ 1 r) on the r.h.s. must be n_2e e ^2 r to satisfy the se

lection rule: -k^ = -kQ + k2« Evaluating the spatial derivatives in 

Eq. (2.20), and applying the selection rule for wave vectors, 

one arrives at the following equation for n ĝ 



a, + v t— n, + 
le c 8t le 

2 2 2 2 
OTk: + u> + 0 ) n, + 
t 1 p le 

, 2 , „2, 2. n2 2. 
(to + V k,) J2 cos 0 
P t ! 

t t 

t i n -
— 00 —00 

le 
(t)dt dt 

-r 

t 

(a)o n-2e " 2j IF n-2e " jVc n-2e) k2 sln 02 " 2 jkocos02sin02(k2V2 + u>2) J n^CtJdt 

. v e~j(ko " k2>*r 
o (2.27) 



18 

The n ê wave couples with the product of n v
0* Obviously, an 

<fe 

equation for n could be written which couples n to vq ; how

ever, this set of coupled waves will be ignored because it is redundant, 

and can be written simply by substituting 

n . for n, , 
-le le ' 

n2e for n-2e ' 

and 

e±JkQx for e+jk0x 

The n_2e wave couples with the product n ĝ vq ; the n_2e 

equation is: 
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9t2 n-2e + Vc 3t n-2e + (V2k2 + ai2 + fi2) n_2g + (w2 + V2k2) fi2cos20 J J n_2e<t)dtjdt 

— 00 —00 

ejk2' 

(a> n.. + 2j — n. + 
o le J 3t le J c le' 

k^sin 0^ 2ik cos©, sin0-(k2V2 + ui2) J  o  1  l i t  p  
nle(t)dt 

v* ej(ko~kl),r e~juot 
o 

(2.28) 



The temporal Fourier transform pair is defined to be: 

20 

F(u>) = f(t) e"3"* it 
(2.29) 

symbolically written 

F(u) = ^[f(t)] 

and 

f(t) F(co) e ût du) 

(2.30) 

written f(t) = & ̂[F(oj) ]. For well-behaved functions, the Fourier trans

form has the following properties: 

F3"°' i -
N(a)±w ) j (a)±u)n) 

(2.31) 

-| N( u)±w ) 

n(t>dtJ • wsf) (2.32) 

If Equations (2.29), (2.31), and (2.32) are applied to Eq. (2.27), the 

N ê(u) equation is: 
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(-u)2 + jvcoi + V2k2 + a)2 + fl2) Nle(a)) - ̂  (a)2 + V2k2)cos201 Nle(u) 

= - k sin0o(-<jj + 2d) - jv) v N 0 (ui-ui ) 
2  2  o  c o  - 2 e  o  

2 n_t„ (gj-UI ) 
+ 2k cos0„sin0„K„ v 

where 

tuao.siuD-iv- v , r /0 o 2 2 2 o (aj-aj ) (2.33) 
o 

2 2 2 2 
KJ = IOC + ai i = 1,2 
1 i t p 

Likewise, the N 2e â)-U)o^ equation is: 

|-(oj-OJo)2 + jvc(oj-aio) + V2k2 + u2 + fi2| N_2e(oj-a)o) 

Q2 , 2 , „2, 2n 2q .. , v 
(ID + V k ) cos 0_ N _ (oi-o) ) 

(^Y > * 2 -2e~ °' 

-k. sin01(o) -2ui + jv )v* N, (oi) i l o c o ie 

2 * Nle(u) - 2k cos0-,sin0.. K.. v 
o 1 1 1 o 

a) (2.34) 

Equations (2.33) and (2.34) are a pair of coupled mode equations much 

like Equations (2.7) and (2.8). The inclusion of the magnetic field 

forces these equations to be fourth order in a>. Written in matrix form 

Equations (2.33) and (2.34) become: 
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4 . 3 , f v 2  2. 2 
-a) + jvc<u + (K̂  + Q ) u 

2 2 2 
- ft cos 0^ + 

2 0)2 2 
k cos9_sin9„K„ v 
o 2 2 2 o 

= 0 

(m-a>0)2 
52iu-wo) 

2 2 2 2 2 2 
+(K-+ST) (u-io ) -flXcos 6. 

2 o 2 2 

(2.35) 

Setting the determinant of the coefficient matrix (Eq. 2.35) to zero, one 

obtains an equation which is eighth order in u. If one defines u> = x+jy 

the eighth order equation becomes two equations by separating real and 

imaginary parts. These two equations can be solved for the two unknowns, 

x and y. The frequency of the decay wave is x; y is its growth rate. 

Setting y = 0, the threshold electric field is found. Details of the 

analysis of Eq. (2.35) are given in Appendix A. Briefly, it entails 

finding the roots of two eighth order polynomials using a two dimensional 

Newton Raphson technique. The results from this analysis are given in 

the last section of this chapter. 

for the growth rate of the decay waves and the threshold electric field 

Simplified Approach 

In Appendix A the expressions are too complex to be solved 

2 2 
analytically, but if we assume << oj , a simple algebraic expression 
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can be written. The results of this analysis agree closely with those 

of Appendix A under the aforementioned restriction. 

2 2 
For the case ft « to , the normal mode frequency predicted by 

warm plasma linear theory is: 

t t 

UK = 1 2TT2 _l_ 2 n2 J. / 2 _i_ T72, 2^2 2
Q k.V +o) + ft + (to + V.k.)ft cos 0. 

it p Np t i l nie(t)dt 
dt 

—00 —CO (2.36) 

In this case, Eq. (2.26) is: 

3 j. i 2 1 + v +  u i .  n .  
3t 2 c i / ie 

^ 
- — (v • V n. ) - v (v • V n. ) - v —— n. 
3t o ie co ie o 3y3t xe 

3v 9 0 0 

+ 2 "7— cos0,sin6. (kfvf + u ) 
3 x  i  l i t  p  

n. (t)dt 
ie ' 

(2.37) 

If one assumes an exponential spatial variation, and takes the Fourier 

transform of Eq. (2.37), the coupled mode equations may be written: 

2 . 2 
(to + to., + jwv )N. (<jj) + k„sin0_(-o) +2oi-jv )v N „ (ui-to ) 

i  c  i e  z  t o  c o  — ^ e  o  

? (to~(i) ) 
+ 2k cos »sin _K_ v = o 

o L 2 2 o 
(2.38) 
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2 2 * 
•(u>-0) ) +(!)„ + j (to-oi )v N _ (o>-u> ) + k^inS-Oa -2u>.+jv )v N. (ai) 

o  2 .  o  c .  - 2 e  o  1  l o  l  c o l e  

2 . Hl,>> 
+ 2k cos01sin9.l K. v = 0 

O 1 1 1 O q) (2.39) 

These equations are identical in form with Equations (2.9) and (2.10). 

If one employs the same approximation as Appendix A, the coupled mode 

equation in matrix form are: 

2 2 
-0) + CO. + Jtov 

1 J c 
Vo 
01-0) 

F-v* 
1 o t  \ 2  j .  2  

-(<i)-0) ) + 0)o o I 

+j(a)-0)o)vc 

N1{>) 

N-2e(aJ-a)o) 

= 0 

(2.40) 

where 

F, = k sin20. (k?V2 + ui2) 
i  o  l i t  p  

The F_^ terms are the coupling terms and appear with the inclusion of 

the (vVv) terms in the analysis. 

2 2 
As long as << and Re(oi) - co^, the following simplications 

of the matrix elements can be made 

2 2 
•0) + 0). + jUJV * 

1 J c 
- 2oj1 (a)-a)--jv 1 2 )  

i i c (2.41) 
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• (to—to )' 
o 

<̂ 2 + j(w-w ) ~ 2oj2(co—ojq + o)2 - jv /2) (2.42) 

Using the above approximations and setting the determinant of 

the coefficient matrix to zero, one finds 

F F | v | 
(oj—(Un - jv /2) (oi—03 + 0). - jv /2) + 1 j? 0— = 0 

1 c o I c . z z 
4t0l(02 (2.43) 

Since co = x - jy, Eq. (2.43) can be separated into real and imaginary 

parts: 

2 
F F | v | 

Real Part: (X-OJ, ) (x-w--A) - (y + v /2) + ^ ^ °— = 0 
1 1 c , L I 

4V2 (2.44) 

Imaginary Part: x - = A/2 (2.45) 

where frequency mismatch = A = w -

The frequency of the new normal mode is x, and growth rate is y. 

The wave vector of the decay wave is assumed real, and with interaction 

is unchanged. Because uj is complex, only a temporal instability is 

allowed. If x is eliminated, Eq. (2.45) becomes 

I  FlF2lVo'2 

4  \ y  2  /  . 2 2  
4m1u2 (2.46) 

The velocity of electrons, Vq, due to the pump field Eq is: 
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- ( f )  
u 
o 

2 2 (</ - $n (2.47) 

Combining Equations (2.46) and (2.47), one finds; 

f-+ (y + vc/2)2 
F1F2(e/m)V |EQ|2 

. 2 2 . 2  . 2 , 2  
4a),aj0(aj - ft ) 
1 2 o 

(2.48) 

Threshold occurs when y = 0. Minimum threshold occurs when there is no 

frequency mismatch (A = 0). For a sinusoidal excitation, 

E = E e"' ("ô o*) + E* e~̂  ̂uot~̂ ox̂  » 
o o 

the minimum threshold field is: 

'th 
A=o 

. ,  2  2  2 ,  2  . 2 . 2  
f4a)10)ov (a) ) 

1 2 c o 

F1F.(e/m)2 u>2 
1 2  o  (2.49) 

For growth above threshold (y > 0) , Eq must be greater than E^. If one 

solves Eq. (2.48) for y, the following equation is the result: 

(2.50) 

As expected, the "growth rate" is -vj2 when no pump is present. 



Results and Conclusions 

Based upon a simple fluid theory, the conditions and proper

ties of the parametric excitation of two coupled electrostatic waves 

in an anisotropic plasma have been studied. The results of this study 

are the following: 

1. Electric field threshold is proportional to collision fre

quency (Eq. 2.49). This is illustrated in Fig. 2.3, which is a graph 

of threshold (using computer solution in Appendix A) versus collision 

frequency. This result implies that the instability would occur at any 

pump amplitude if damping were not present. Experimentally, damping is 

always present either collisional, non-collisional (Landau damping -

Cyclotron damping), or both. In this work collisional damping is 

assumed dominant; however, if non-collisional damping were dominant, an 

equivalent damping expression as suggested by Nishikawa [1967] could be 

employed. 

2. Lowest minimum threshold occurs when the product of F^ and F^ 

is maximized (see Eq. 2.49). Recall F. = k sin 29.(k^V2 + cj2) and 
i o x i t p 

kQ << k^ or k£. This implies that the decay wave vectors are nearly 

equal and opposite, and in the range of 0° < 9^ < 90°, minimum thresh

old occurs near 9^ = 45°. On this same point, the threshold field is 

proportional to the pump wave vector amplitude, |k |. If it is 

increased, threshold would decrease proportionally; if |k | is zero, 

threshold is infinite and no instability is found. These results, 

obtained from computer calculation, are shown in Figures 2.4 and 2.5. 
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Fig. 2.3 Threshold Electric Field versus Electron-
Neutral Collision Frequency 
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Fig. 2.5 Threshold Electric Field versus Magnitude of the 
Pump Wave Vector 

The symbol k is the magnitude of the wave vector 
of an e.m. wave in free space. 



3. For a fixed Eq > E^, largest growth rate occurs when the pro

duct of and F£ is maximized. The same remarks as given in No. 2 

above, are appropriate. The computer's results, given in Figures 2.6 

and 2.7, illustrate these points. 

4. The growth rate of the decay waves is largest when there is no 

frequency mismatch (Eq. 2.50). This implies that the width of the 

decay wave frequency spectrum will increase with increasing Eq/E 

Also from Eq. (2.50), we see that for no frequency mismatch (A =0), 

well above threshold, the growth rate is linearly proportional to the 

pump field. 

5. For ft < ui , the magnetic field plays a negligible part in deter-
P 

mining the coupling coefficients. 

From the above results, it is concluded that spatial variation 

of the pump is essential for parametric coupling to occur. The coupling 

terms themselves are: v. «V v and v «V v. in Eq. (2.14). These 
ie o o le n 

terms are part of the convective derivative of velocity, with respect 

to time. The actual physical mechanism is the ponderomotive force, 

E »V E, which comes from evaluating the electric field at its initial 

position. 

Ponderomotive force is ordinarily written: 

f - "P 7 <E2> 
P " 0)2 8ir (2.51) 
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The term V ̂ E> can be expanded into two terms: 

V E2 - (E • V) E + E x (V x E) (2.52) 

The coupling force must be a combination of E ĝ and E^, so that the 

exponents can satisfy the selection rules. Since E ĝ is electrostatic 

(V x E ê = 0) and E ĝ x Bq is second order, only the E • V E terms are 

important. These terms, E. • V E and E • V E. , are identical in r le o o ie 

form to the velocity coupling terms. Since the induced velocity com

ponents are caused by their respective electric field (using the equa

tion of motion), it is concluded that the parametric coupling terms 

represent the ponderomotive force due to the total electric field. 

Though it isn't clear, it is believed that the spatial variation of the 

electric field of the pump wave creates a relative motion between elec

trons. This induces electron density fluctuations, normally present in 

the plasma, to grow into increasing amplitude electrostatic waves. 



CHAPTER 3 

EXPERIMENTAL SYSTEM 

The Vacuum System 

Figure 3.1 is a photo of the vacuum system in which the decay 

waves were observed; the horizontal cyclinder is a stainless steel vacuum 

vessel; the coils encircling it produce a longitudinal D.C. magnetic 

field. The vacuum vessel is 2 meters long and greater than 15 cm. in 

diameter. The ultimate background air pressure attained in this system 

is about 5 x 10 ' torr (1 torr = 1 mm of Hg.). A diagram of the com

ponents of the system is given in Fig. 3.2. 

During operation, gas is leaked into the vacuum vessel through 

a needle valve at one end of the system and continuously pumped out by 

the diffusion pump located at the other end. The rate at which gas is 

leaked in determines the equilibrium gas pressure. This method of leak

ing gas in and simultaneously pumping it out creates a longitudinal 

pressures gradient through the vacuum vessel which was measured to be 

largest at low pressures (< 10 ̂  torr). In the pressure range of the 

_3 
experiment (—10 torr), the pressure at one end of the system was 

about 70% of that at the other end. Since the electron beam originates 

at the low pressure end, the pressure gradient aids in creating a 

longitudinally homogeneous plasma. 

35 



Fig. 3.1 Two Meter Electron Beam Plasma System 
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Fig. 3.2 Diagram of Plasma System Components 
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The Electron Beam-Plasma System 

An electron beam-plasma [Bollinger, Boyd, Liu, and Seidl, 1972] 

is created by accelerating electrons emitted from a hot cathode into the 

vacuum vessel filled with a neutral gas. The hot cathode is set at a 

negative potential with respect to three grids (fine molybdenum mesh) 

directly in front of it. The first grid is .3 cm. from the cathode 

surface. The second and third grids are 2.3 cm. and 4.3 cm. from the 

cathode, respectively. Electrons from the cathode are accelerated by 

the potential difference between the grids and the cathode. The 

accelerated electrons collide with the neutral atoms, partially ioniz

ing them and thus creating a plasma with electron temperatures between 

2 and 6 ev (electron volts). The percentage of ionization of the plasma 

is about .01%. 

The plasma particles diffuse radially across the static, longi

tudinal magnetic field, and are absorbed by the wall of the vacuum 

vessel. The magnetic field, which can be as large as 500 gauss, 

reduces the rate at which the plasma diffuses radially. For a fixed 

equilibrium gas pressure, the electron beam current is controlled 

largely by the potential between the grids and the cathode. If this 

potential is fixed and the gas pressure is also held constant, the 

plasma density can be varied by an order of magnitude by changing the 

11 3 
magnetic field strength. Electron densities as high as 10 /cm and 

6 3 
as low as 10 /cm have been measured in the system. Figure 3.3 is a 

diagram of the plasma and diagnostic system, including the plasma 

waveguide, the Langmuir probes, and the r.f. cavity. 
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Fig. 3.3 The Plasma System (Including Diagnostics) 
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Large electron emission is essential in generating dense 

10 3 
(> 10 /cm ) electron beam plasmas. An impregnated L-type cathode 

[Reaves, 1966], 7.5 cm. in diameter is used in this system. Besides 

its relatively large emission, it is extremely durable, long lasting, 

and emits a homogeneous beam of electrons. Normal operating condi

tions [Jenkins, 1959] are: cathode temperature 1100°K; background 

pressure of oxygen < 1 x 10 ̂  torr; background pressure of water vapor 

< 5 x 10 ̂  torr. 

If the cathode is contaminated during operation by a large air 

leak, it is cooled, and sanded with aluminum oxide paper. It is then 

thoroughly cleaned of the residue left from sanding, by rinsing it in 

trichlorethylene, acetone, and alcohol, in that order. The cathode is 

put back into the vacuum system, and the air is evacuated from the sys

tem. The cathode is then reactivated by heating it to 1150°K for five 

minutes. It is now ready to be used again. For minor contamination, 

the heater voltage is raised for a short period of time to reactivate 

it. The following precautions to prevent contamination are observed: 

1. All supporting structures near the cathode are either molyb

denum, tungsten, tantalum, or high quality alumina. Because it contains 

chromium, stainless steel is not used in the vicinity of the cathode. 

2. Water vapor and oil vapor backstreaming from the diffusion pump 

are trapped and collected by a liquid nitrogen cold trap. Back-

streaming is particularly heavy during turn-on and shut-down of the 

diffusion pump. At these times, the gate valve should be closed to 

isolate the system from the diffusion pump. 



3. Wherever possible heating of structures due to radiation from 

the cathode is minimized by water cooling. 

4. The system is cleaned periodically to remove oil, using 

trichlorethylene, acetone, and alcohol. 

—6 
5. No materials having a vapor pressure greater than 10 torr 

are used in the vacuum system. 

6. When the cathode is hot, the background pressure of air is kept 

as low as possible. 

The Plasma-Filled Waveguide 

Figure 3.4 is a photo of the waveguide in which the experiment 

was performed. The waveguide (also called shielded strip transmission 

line) is 1 meter long and 11.5 cm. wide. Propagating through the wave

guide, the pump wave is a T.E.M. mode, creating an electric field 

between the center conductor and the parallel, outer plates. The 

plasma fills the waveguide during the experiment. 

For this experiment the advantages of a "stripline" over a con

ventional hollow waveguide, TE q̂ mode, are: 

1. For a given power input, the electric field between the plates 

of the stripline is much higher than that of a rectangular waveguide. 

2. Along the cross-section of the stripline, the electric field is 

constant between the plates, as opposed to sinusoidal in a TE q̂ wave

guide. 

3. The stripline has no sidewalls, yet it is ideally radiation 

free [Adam, 1969]. With no sidewalls, the plasma can enter the wave

guide at the 45° bend. 



Fig. 3.4 Parallel Plate Waveguide with Transitions 

In this photo the upper plate of the waveguide (lower plate in the photo) 
is detached from the waveguide so that the center conducting strip is 
visible. 

•p-
N> 
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4. The stripline is non-dispersive. 

A family of curves for the characteristic impedance of a finite 

width conducting strip centered between two parallel conducting plates, 

is given by Cohn [1954]. The dimensions of the waveguide are: center 

strip width, 1.9 cm., spacing between shielding plates, 3.8 cm., ratio 

of center strip width to shielding plate spacing, .025. For these dimen

sions, Cohn's curves predict the characteristic impedance to be 95ft. 

The actual impedance was measured to be 96ft, using a time domain reflec-

tometer (t.d.r.) [Adam, 1969]. When filled with an isotropic plasma, 

the impedance of the waveguide decreases by a factor of the square root 

of the relative permittivity of the plasma ). With the addition 

of a magnetic field, the change in impedance is unknown. 

Coaxial transitions carry the pump wave through the vacuum wall. 

Because the peak power was around 50 KW, precautions were taken to pre

vent arcing in the transitions. These measures included: tapering 

teflon sections, rounding all metal corners to avoid abrupt discontinui

ties, using natural (virgin) teflon containing a minimum of plasti-

cizers, and rinsing all parts of the transition with acetone to remove 

fingerprints, dirt, and grease. A detailed drawing of the transitions 

is shown in Fig. 3.5. The t.d.r. measurements mentioned earlier 

indicated a small impedance mismatch at the junction of the waveguide 

and the transition, but this was ignored. The transitions as they 

appear in the waveguide are shown in Fig. 3.4. 

At best, only 75% of the power at the input transition was 

measured at the output. Most of this power was reflected back into 
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the source because of an impedance mismatch between the coaxial cable 

(Rq = 50f2) from the source, and the waveguide (Zq = 96ft) . The power 

If one puts the values, Rq = 50ft and Zq = 96ft, into Eq. (3.1), the re

flected power at the input transition was found to be 9.9% of the input 

power. If one assumes a comparable loss in exiting from the waveguide 

back into a 50ft coaxial line, the transmitted power is just the input 

power minus the sum of the two reflection losses. If one neglects multi

ple reflections, the total power transmitted (from a 50ft source, into a 

96ft waveguide and into a 50ft dummy load) was about 80% of the input 

power. If one includes a small radiation loss, and ohmic loss in the 

waveguide, the observed power transmission was near optimum. No steps 

were taken to correct the mismatch because, when filled with plasma, 

the waveguide impedance was unknown, and varied with plasma parameters. 

Enough microwave power was available to ignore the loss and still excite 

the instability. 

Because of the mismatch between coax and the waveguide, stand

ing waves were set up longitudinally along the waveguide. Therefore, 

it was necessary to adjust the distance between the end-plates of the 

2 
reflection coefficient, K , is 

r 

(3.1) 

where 

Rq is the characteristic line impedance, and 

Zq is the load impedance, assumed to be purely resistive. 



waveguide to obtain maximum power transmission. While the input and 

output power was monitored, one end-plate was moved longitudinally 

(not more than 2 cm.) to maximize the measured output power; this was 

done with the waveguide in a vacuum. With the addition of plasma into 

the waveguide, the output power decreased and the end-plate spacing had 

to be readjusted for maximum power transfer. Any changes in the plasma 

parameters necessitated similar readjustment. 

It is assumed that if the decay wavelength is less than 1/10 

of the spacing between the waveguide plates, the dispersion relation 

of the decay waves is chat of a small amplitude (linear) wave in an 

infinite, homogeneous plasma. With the spacing between the waveguide 

plates specified (1.9 cm. between center and top plate), one has an 

upper limit on the decay wavelength, X^, below which the infinite, warn 

plasma dispersion relation applies. Recall that the warm plasma model 

is invalid if > 1, where (k^ = 2ir/X^) is the wave vector of the 

itk decay wave, and X^ is the Debye length. This limitation sets the 

lower limit for the decay wavelength. Therefore, for the theory in 

Chapter 2 to apply, the decay wavelenth must be in the following range: 

2tt Xd c Xd c .19 cm. (3.2) 

The Microwave System 

The source of the pump wave was a 2J32 magnetron. The 2J32 is 

one of a series of fixed frequency, pulsed, S-band magnetrons. The 

center frequency of this tube was 2.8 GHz. A 3.5 microsecond pulse 



forming network was designed and built [White, 1948]. Figure 3.6(a) 

shows the frequency spectrum of the pump wave. The pulse width in 

microseconds is given by 

+ (psec) = ——-— 
(MHz) (3.3) 

where = measured main lobe width in megahertz as illustrated in 

Fig. 3.6(a). From this data and Eq. (3.3), the pulse width is found 

to be 3.5 microseconds. The voltage waveform versus time is shown 

in Fig. 3.6(b). The maximum pulse power measured was about 50 KW, 

although the 2J32 is rated for 240 KW. The low power output was attri

buted to the relatively low amplitude (1 kilogauss) and non-uniformity 

of the magnetic field in which the magnetron tube was immersed. 

Figure 3.7 is a schematic diagram of the microwave system. 

Power is fed from the magnetron through a coax to waveguide transition, 

then through a 20 db directional coupler. The sampled signal 

from the secondary arm of the directional coupler (-20 db) was attenu

ated by a calibrated variable attenuator and the average input power 

was monitored. From the primary arm of the directional coupler, the 

power propagates through a slide screw tuner, a waveguide to coax 

transition, the waveguide transition, and into the plasma-filled wave

guide. Within the plates of the waveguide, the instabilities are 

excited and detected by an antenna inside the plasma. The detected 

signals are displayed on a spectrum analyzer; the frequency spectrum 

of the decay waves are observed. From the waveguide, the pump wave 

propagates through the output transition, a 10 db directional 
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(b) Output Voltage of Pulse Forming Network Versus Time 

Fig. 3.6 The Electromagnetic Pump Wave Displayed in Both 
the Frequency Domain and the Time Domain When 
Terminated in a 50 Ohm Dummy Load 
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coupler, and finally into a dummy load. A part of the sampled output 

power was monitored from the secondary port of the directional coupler; 

however, the readings were so erratic, that it was impossible to measure 

average output power. 

To predict the electric field between the waveguide plates, the 

power inside the guide can be calculated in one of the following ways: 

If the average input power and output power is known, the power in the 

waveguide is estimated to be 

p _ ^in + Pout 
Guide 2 (3.4) 

This assumes no large power loss in the waveguide. When the average 

output power was unknown, the power in the guide was assumed to be 85% 

of the input power. 

The peak pulse power is the average power in the guide divided 

by the product of the pulse width (+), and the pulse repetition rate as 

shown in Eq. (3.5) 

PPP = PGuide Avg./f * (Rep Rate of Pulse) <3'5) 

—6 
where + = 3.5 x 10 sec. The potential between the waveguide plates in 

terms of Pp and impedance of the waveguide, Zq, is 

V = /2P bZ ' (3.6) 
P o 

The electric field inside the waveguide plates is then: 

E(volt/cm) = /2 Pp ZQ '/1.9 cm (3.7) 



The decay waves were received by a variety of antenna configura

tions. These configurations are shown in Fig. 3.8. The various probe 

geometries were an attempt to observe amplitude variations of the 

received signal corresponding to angular orientation of the probe. In 

this way the direction of the wave vector of the decay waves could be 

identified. No repeatable angular variations were observed, because 

of minute, time-varying changes in the plasma parameters. 

The largest decay wave signals were observed with the spade 

probe shown in Fig. 3.8(a). Since electrostatic waves are fundamentally 

bunches of electrons traveling at the phase velocity in the lab frame, 

it is likely that a probe with the largest surface area would intercept 

the largest number of electrons, thus producing the largest decay wave 

signals. 

The Electron Beam Plasma: Experimental Considerations 

During operation, the three grids were grounded and the cathode 

was set at a negative potential; two distinct types of plasma were 

observed. One was characterized by high cathode voltage (120 volts 

cathode to grid) and low electron beam current (130 ma). This plasma 

was measured with Langmuir probes and found to be relatively homogeneous. 

The electron number density did not change by more than a factor of 3 

over 100 cm. length. The second type of plasma was characterized by 

low voltage (40 volts cathode to grid), high currents (> 500 ma), and 

relative longitudinal inhomogeneity. In this type plasma, the electron 

density varied by as much as a factor of 30 over a length of 100 cm. 
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The electron number density was measured between the cathode 

and the waveguide by a coaxial cavity. With plasma present, the 

resonant frequency of the cavity is proportional to the electron number 

density. The cavity perturbation technique is thoroughly described by 

Slater [1950]. Electron density gradients along the waveguide and the 

electron temperature of the plasma were measured with a Langmuir probe. 

Probe current collected in the ion saturation region was measured to 

find electron density; the slope of the electron current versus probe 

voltage determined the electron temperature. Details of these tech

niques are given by Chen [1965]. 

Argon gas was used in this experiment because it has a low 

ionization potential and a relatively small electron-neutral collision 

cross-section. Since the electric field threshold is proportional to 

the electron-neutral collision frequency, a low collision frequency was 

desirable, so that the instability could be observed at the lowest 

possible electric field strength. 
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CHAPTER 4 

EXPERIMENTAL RESULTS 

Introduction 

In this section, the experimental results are presented. Two 

distinct types of instabilities were observed. In both cases the fre

quency matching criteria were met. The instability, referred to as 

Type 1, consists of two distinct waves whose resonant frequencies are 

separated by about 100 MHz. A graph of threshold electric field versus 

collision frequency is presented for this instability. The second 

instability, referred to as Type 2, appears as one spectrum of waves. 

For this case, the decay waves have nearly the same resonant frequency, 

and therefore cannot be distinguished from one another. A series of 

photographs for increasing pump power shows decay spectrum broadening. 

A discussion of both instabilities is given below. 

Type 1 Instability 

In Fig. 4.1 two photos are shown of the frequency spectrum cen

tered about one half the pump frequency. The type 1 instability was 

observed while a high voltage, low current type plasma (as mentioned 

in Chapter 3) filled the waveguide. Photo A is just the background 

noise on the spectrum analyzer when the pump is below threshold. At a 

certain pump power, two distinct decay waves appeared simultaneously. 
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(a) Noise Spectrum E0/Eth < 1 

1  s 2  

(b) Type 1 Instability E /E 

Fl - 1.35 GHz F2 = 1.45 GHz 

o th 

Fig. 4.1 Frequency Spectrum Centered About 1.4 GHz 

F - .45 GHz F =1.41 GHz 
c P 
R.F. Spectrum Width 30 MHz/cm 
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This is shown in Photo B. The decay wave frequencies can be written 

U) 
W1 = ~2~ + A (4.1a) 

OJ 
o>2 = - A (4.1b) 

where 

g 
A - (40 x 10 ) • 2ir radians, and 

is the pimp frequency. 

The width of each decay wave spectrum varied with pump amplitude 

and plasma parameters, but was always less than 30 MHz. The magnitude 

of the decay wave pair was of the order of -15 dbm. A detailed photo 

of each wave spectrum is presented in Fig. 4.2. 

The excitation of the instability is dependent upon the system 

parameters being such that normal modes, which satisfy the selection 

rules, are present in the plasma. These modes are normally so small, 

that they are part of the inherent noise of the plasma. If the pump wave 

is of sufficient amplitude (above threshold), some of its energy is 

coupled into the normal modes and the decay waves grow. In a homogene

ous plasma, the growing electrostatic normal modes are determined by 

the values of the electron plasma frequency, oi^, the electron cyclotron 

frequency, ft, and the pump frequency, a)Q. With the other system 

parameters fixed, the plasma frequency was varied by changing the volt

age on the cathode. Only in a small range of plasma frequency, 

aip ~u)q/2, was the instability observed. Also, the decay waves vanished 

when the cyclotron frequency was changed by more than 4%. In every case 



(a) Center Frequency = 1.35 GHz 

(b) Center Frequency = 1.45 GHz 

Fig. 4.2 Detailed Photo of Each Decay Wave Spectrum 

F = .45 GHz F = 1.42 GHz E /E = 2.6 
c p o th 
R.F. Spectrum Width = 3 MHz/cm 
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one decay wave was approximately 3 ft, and the other was about 3.25 ft. 

The decay waves are postulated to be electrostatic normal modes, propa

gating at 0^ = 45° (0^ is defined in Fig. 2.2) in an infinite, hot, 

anisotropic plasma. Positive identification of the decay waves involves 

measuring their wavelengths, and that is out of the scope of this 

dissertation. 

mittivity function for electron electrostatic waves (also known as cyclo

tron harmonic waves, CHW) is 

In a hot magnetized plasma, Stix [1962] shows that the per-

2 

P n=l 2 (-HL)2 
n "( ft / 

(4.2) 

where 

ft is the electron larmor radius 

I is the modified Bessel function of order n 
n 

is the Fried-Conte plasma dispersion relation, 

[Fried and Conte, 1961]. 
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Carlile [1976] has plotted the dispersion relation for various 0, where 

0 is the angle between the wavenumber, k^, and the magnetic field, B, 

as shown in Fig. 4.3. For the solid regions of these curves, Landau and 

cyclotron damping are negligible. The hot plasma analysis predicts a 

series of waves with cutoff frequencies at the cyclotron harmonics, and 

and anomalous wave with a cutoff frequency 

Figure 4.4 is an expanded drawing of the electrostatic dispersion 

relation for 0 =* 45°. As shown in this figure, it is postulated that the 

decay waves lie on two separate branches of the electrostatic dispersion 

relation for 0 = 45°, and the wave vectors associated with these waves 

are equal in magnitude. The selection rule (Eq. 2.2) demands this 

because k is much smaller than either k. or k„. The decay waves are 
o 12 

not on the same branch of the dispersion curve because the observed 

frequency difference between the decay waves is too large for these 

waves to lie on the same branch of the dispersion curve and satisfy 

Eq. (2.2). The dispersion relation for the decay waves with 0 = 45° 

was chosen because the theory predicts this angle to correspond to the 

lowest threshold and the largest growth rate for the instability. 

the electron-neutral collision frequency of the plasma. The data were 

obtained by observing the input power necessary to excite the decay 

waves over a range of equilibrium gas pressures. The threshold field 

was found to be linearly related to the collision frequency. The 

(4.3) 

Figure 4.5 is a graph of the threshold electric field versus 
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Fig. 4.4 Dispersion Curve for Electron Electrostatic Waves at 9 = 45. 

For the Type 1 instability it is postulated that the decay 
waves lie on two separate branches. For the Type 2 insta
bility, both waves lie on the branch with a cutoff at 3 ft. 
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magnitude of the threshold field observed experimentally was about twice 

of that predicted by the theory (Eq. 2.49). However, the slope of both 

curves in Fig. 4.5 is identical. 

If one considers the data presented here and the theory in Chap

ter 2, a question arises: If the theory is based on a warn plasma 

analysis and the observed decay waves are predicted using a dispersion 

relation based on a hot plasma analysis, can there be agreement between 

the theory and the experimental observations? 

It is believed that general characteristics of the instability 

predicted by the theory are indeed found in the experiment. These are: 

1. The frequency matching condition is met. The theory (Eq. 2.1) 

demands this. The theory also states that the threshold increases and 

the growth rate decreases with increasing frequency mismatch (Equations 

2.48 and 2.50). Experimentally, this was observed: The center fre

quency of each decay spectrum added to equal the pump frequency; for a 

pump wave above threshold, the amplitude of the decay wave spectrum 

generally decreased about the center frequency of the decay spectrum. 

We believe that this decrease is related to frequency mismatch. 

2. The frequency spectrum of the decay waves increased in magni

tude and frequency width with increasing pump power (above threshold). 

For increasing pump power, the theory predicts that the growth rate 

increases (Eq. 2.50) and a larger frequency mismatch is observable 

(Eq. 2.48). The following was observed: At threshold the decay waves 

were but two separate vertical lines on the display face of the spec

trum analyzer. With an increase in pump power, the decay wave spectrum 



broadened (in frequency), centered about the two original vertical 

lines. The magnitude of the spectrum increased simultaneously with the 

spectrum broadening. 

3. The electric field threshold, is proportional to the 

electron-neutral collision frequency, This is predicted in Eq. 

(2.49). If F^ and (defined in Eq. 2.40) are regarded as coupling 

coefficients, which may differ in magnitude depending on the plasma 

model (warm or hot) used in the analysis, it is believed that for either 

model, E^ is proportional to In this respect then, the experi

ment should agree with the theory. This indeed was observed as shown 

in Fig. 4.5. 

In Chapter 2 it was concluded that if the cyclotron frequency ft 

is much less than the plasma frequency, the magnetic field plays a 

negligible part in determining the magnitude of the coupling coeffi

cients. Of course, for an instability to be excited, normal modes must 

be present, which satisfy the dispersion relation for small amplitude 

waves in a plasma. In a homogeneous, infinite, warm plasma, the disper

sion relation for electrostatic linear waves is: 

2 2 2 2 2 2 
uT - u + knr + 8 sin 9 . (4.4) 
x p 1 t 1 

2 2 
for the case ft << to , where 

P 

is frequency of i-th decay wave 

is wave number of i-th decay wave 

V is thermal velocity of particles 
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vc is cyclotron frequency 

0^ is angle between D.C. magnetic field and wave number 

S2 is the electron cyclotron frequency. 

2 2 2 
Since is usually much smaller than to^, this equation implies that 

the instability can be excited over a large range of £2 as long as the 

is a little less than m /2, and the selection rules are satisfied. It 
o 

was found experimentally that the instability was very sensitive to the 

value of n. This is because one of the decay waves is on a branch of 

the dispersion curve which is directly dependent on the cyclotron fre

quency. In the warm plasma case (Eq. 4.4) the cyclotron frequency plays 

a very small part in determining u>^. In the hot plasma case, except for 

the anomalous mode, the cyclotron harmonic frequencies totally determine 

the cutoff frequencies and therefore the normal mode frequencies of 

the waves. Because of this strong dependence upon the cyclotron har

monic frequencies, the instability is very sensitive to changes in the 

magnetic field. However, as shown in Fig. 4.5, if normal modes 

are present which satisfy the selection rules, the warm plasma theory 

gives a good (factor of 2) approximation of E^. 

Type 2 Instability 

Figure 4.6(a) is a photo of the Type 2 instability. In this 

case, a small negative potential, about 40 volts, was applied to the 

cathode resulting in a plasma in which the electron density varied by 

a factor of 30 over the length of the waveguide. The decay waves occur 

(Jq 
at about 2 ~ 2 ~  '  a s*n8le frequency spectrum. The magnitude of 



(a) Pin - 21.4 KW 

(b) P±n = 17.8 KW 

Fig. 4.6 Type 1 Instability for Various Pump Amplitudes 

F = .45 GHz F = 1.4 GHz 
c p 
Frequency Spectrum Centered about 1.4 GHz 
R.F. Spectrum Width 3 MHz/cm 
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(d) P±n = 7.125 KW 

Fig. 4.6 (Continued) 



the decay spectrum was of the order of -30 dbm. The width and magni

tude of the decay wave spectrum varied with pump amplitude and plasma 

parameters. This is graphically illustrated in Figures 4.6, 4.7, and 

4.8. Figure 4.6 demonstrates that the decay wave magnitude is related 

to the input pump power. These photos (4) of the decay wave spectrum 

were taken over a range of input pump power. While these photos were 

taken, the plasma frequency, the cyclotron frequency, and the colli

sion frequency were held constant. As the pump power increased, more 

energy was coupled into the decay waves. A widening of the decay wave 

spectrum width, and an increasing of the amplitude of the decay spec

trum occurred. A line was drawn through the tips of the decay wave 

spectrum and the area under the curve was estimated for each photo. 

The area is the product of the frequency width of the decay spectrum 

and the corresponding amplitude, and it is related to the energy in the 

decay wave spectrum. Figure 4.7 shows this area plotted versus the 

pump power. The curve in this figure shows that the amplitude-

frequency width increases nonlinearly with increasing pump power. 

The decay wave spectrum vanished when the plasma frequency 

dropped below wo/2; however, keeping all other plasma parameters 

fixed, the amplitude and frequency width of the decay wave spectrum 

increased as the plasma frequency was increased. This is shown in a 

series of photos (4) in Fig. 4.8. As long as the cyclotron frequency 

was in a small range about co/ft = 3, the decay waves were observed 

over a large range of plasma densities above <*>q/2. It is postulated 

that the decay wave pair lies on the same branch of the hot 
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(c) F > 1.87 GHz 

(d) F _> 2.0 GHz 

Fig. 4.8 (Continued) 
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electrostatic wave dispersion relation. , This is shown in Fig. 4.4. 

The data also imply that this instability is not the same as 

that predicted in Chapter 2. The points of disagreement between experi

ment and theory are: 

1. Experimentally, observed threshold was well below that predicted 

by theory. 

2. The instability is observed for a wide range of plasma frequen

cies above a3Q/2, increasing in amplitude and spectrum width as the 

plasma frequency increased. 

3. The instability was unobservable in the homogeneous plasma. 

Likewise, the Type 1 instability was not observed in the inhomogeneous 

regime. 

Therefore, it is believed that the Type 2 instability arises from the 

presence of a rather large electron density gradient along the wave

guide, rather than the spatial variation of the electric field of the 

pump wave. 

Dawson [Dawson and Kruer, 1970] states that an instability due 

to a density gradient occurs in an isotropic plasma for a pump wave at 

twice the plasma frequency under the following condition 

i > (4.5) 

where kQ is the pump wave vector and 

N 
L = 

dN 

(4.6) (£) 
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Moreover, Nishikawa [Nishikawa and Ikemura, 1972] has shown that 

under the above conditions threshold field is much less than that pre

dicted by homogeneous theory, and that the amount of coupling is 

directly related to the magnitude of the density gradient. This 

instability has been observed in an isotropic plasma by Kato {Kato, 

Morihiro, Kiyama, and Watanabe, 1965], and more recently in laser 

heating experiments [Jackal, Albritton, and Goldman, 1975]. 



CHAPTER 5 

CONCLUSIONS 

Summary 

A fluid theory has been written in which the parametric excita

tion of a pair of electrostatic waves by a large amplitude electro

magnetic wave in an anisotropic plasma is studied. An expression for 

the collision frequency is included in the fluid model and a threshold 

electric field is found below which no parametric excitation occurs. 

The theory presented here also predicts the growth rate of the decay 

wave pair. These quantities are found by solving an eighth order equa

tion using a Newton Raphson iterative technique. A simplified approach 

to this problem is introduced which gives simple algebraic expressions 

for the threshold and growth rates. These expressions provide more 

physical insight into the characteristics of the instability. 

Parametric excitation of a pair of cyclotron harmonic decay 

waves centered about ajQ/2 has been observed in an anisotropic plasma. 

The instability (called Type 1) occurs in a homogeneous plasma and is 

caused by the spatial variation of the electric field of the pump wave. 

The instability was observed on the spectrum analyzer to be two dis

tinct waves (separated by about 100 MHz) which appeared to occur 

simultaneously. As predicted by the theory, a linear relation between 

the threshold electric field and the electron-neutral collision 
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frequency was observed. It is believed that this is the first time 

this instability has been seen experimentally. 

Another type of parametric excitation (called Type 2) was 

observed. In this case the plasma was relatively inhomogeneous and it 

is believed that the plasma inhomogeneity caused the instability. Spec

trum width broadening was observed with increasing pump power. For this 

case only one rather broad wave spectrum was observed on the spectrum 

analyzer. 

Suggestions for Further Work 

Further work is necessary to show that the selection rule for 

decay wave vectors (Eq. 2.2) is satisfied. To do this, it is necessary 

to measure the wavelength and angle of propagation of both decay wave 

vectors. This could be done by building a very small probe that detects 

the decay waves and is sensitive to the angle 0^, which the decay wave 

vector makes with the D.C. magnetic field. With this information a 

feedthrough on the vacuum system could be installed, so that the wave

length of the decay wave could be measured by sliding the antenna along 

the angle 0^, using standard interferometry techniques. A diagram of 

the experimental set up is shown in Fig. 5.1. The instability is 

excited by the pump wave at frequency To measure the wavelength of 

the decay wave with frequency the signal is received with the 

movable probe which is connected to an amplifier tuned to A second 

probe (fixed position) is used to pick up the other decay wave at fre

quency a)2* This signal is mixed with the pump wave. The signal coming 

out of this balanced mixer is just the difference frequency = u)q - u^. 
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Fig. 5.1 Plasma Interferometry System to Identify Decay Wave Vector 



This is used as the reference leg of the interferometer. The reference 

leg signal is sent through a tuned amplifier, and this signal and the 

signal from the movable probe is put through a balanced mixer and into 

the vertical amplifier of the x-y recorder. The horizontal displacement 

is proportional to the position of the movable probe. From the trace 

on the x-y recorder the wavelength of the decay wave could be found. 

This process would be repeated to find the direction and magnitude of 

the other decay wave vector. If both decay wave vectors added to equal 

the pump wave vector, the selection rules would be satisfied. 

Other areas of further work might include measuring the change 

in electron temperature during the presence of the instability. This 

could be accomplished using a fast sweep pulsed Langmuir probe. Also 

it seems likely that other branches of the cyclotron harmonic waves 

could be excited parametrically with judicious choice of experimental' 

parameters. Some correlation between threshold and the order of the 

cyclotron harmonic might be found. 



APPENDIX A 

COMPUTER ANALYSIS 

Before the determinant of the coefficient matrix (Eq. 2.35) was 

taken, the following two simplifications were made: 

The (2,1) term of this equation becomes 

2 
-a) k„ sin0ov (-a) + 2w - jv ) 

2 2 o o J c 

2uj2 , 2 
+ t r- k cos9„sin0oK„ v (oi-o) ) o 2 2 2 o 

o 

2 2 2 
03 k cos0„sin0„K„ v 

(oi-o) ) o 2 2 2 o (A-l) 

Also, the (1,2) term becomes 

2 * 
• (oj—a) ) k.sin0..v (-2uj + oi - jv ) 

o i 1 o o c 

2 (u-OIQ )  2  
2  *  

k cos0, sin©..!^ v 
0) o 1 1 1 o 

2(u)-gjo) 2 £ 
k cos01sin01K.I v . 

a) o 1 1 1 o (A-2) 

Note that if -w +2u) - jv£ «0, these simplifications are reasonable 

except when 0^ is near 90° and 180°. In these regions cos0^ becomes 

small and both terms become comparable; however, threshold is very high 

and instabilities are unlikely at these angles. 
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With these approximations the determinant of Eq. (2.35) is: 

[" 4 , , 3 2 2 2 2 2a "I r , .4 ^ , ' 
- a) + j\>cu) + Y^co - Q K^cos 0^1 • I — (tij—ojo) + jvc(oi-a)o) 

+ (w-oj )^-ft^K!r cos^0 + o)(ui-o) ) Zlv 1^ = 0 /» o\ 
Z O Z I O O \A—J) 

where 

2 2 2 
1 = Ki + 

2 2 2 
Z = 4 cos01sin9.cos9„sin0ok K. K„ 

1 1 Z Z O 1 z 

This expression may be expanded (54 terms) and written in the following 

form: 

8 
I (A, + jB ) <ox - 0 
i=o (A-4) 

If one defines u> = x + jy, where x is the real part of frequency and y is 

the growth rate of the instability, and one notes that y « x, a Taylor's 

series expansion is taken, keeping only first order terms. Thus 

(x + iy)n = x11 + inx11 ^ y (A-5) 

This expansion is substituted into Eq. (A-4), and the resulting equation 

is separated into real and imaginary parts. 

Real Part: 

8 8 i n-1 
F (x,y) = I A xn - i yB X11- = 0 

n=o n n=l n (A-6) 
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Imaginary Part: 

8 8 
g(x,y) - I B xn + I ynx11-1 A - 0 

n=o n n=l n (A-7) 

Since f(x,y) and g(x,y) are continuous and differentiable, a 

two dimensional Newton Raphson method [Stark, 1970] is applied to solve 

these simultaneous equations for x and y. The Newton Raphson method 

finds a solution through an iterative technique, involving the function 

itself and its derivative. The root which is found is dependent upon 

the starting point of the iteration. Since the equation is the eighth 

order, there may be eight roots (there may be double roots). The first 

approximation of x and y came from the simplified theory in Chapter 2, 

Section D. If one iterates about this point, the correct root was the 

first root found in every case. This, of course, reduced the computing 

t ime immensely. 
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