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ABSTRACT 

Transaxial tomography is a method in radiology of imaging planar 

cross sections of the body with X-rays. The X-rays are passed through 

the body in the desired plane and a map of the linear absorption 

coefficient is reconstructed by computer. First, the analytic algo

rithms that can be used for this reconstruction are reviewed. Commer

cial medical units for this type of imaging use digital computers to 

implement the desired algorithm. The computations are done serially. 

These units use arrays of discrete detectors and the arrays are made 

larger to speed up data taking. A system is described that uses fluores

cent screens and fi lm as a detector, which is equivalent to a very large, 

very high resolution array. The adequacy of the screen fi lm system is 

analyzed in terms of quantum efficiency and noise, and the results are 

favorable. With fi lm, the detector element size does not l imit final 

resolution. The reconstruction is done with an analog version of the 

convolution algorithm implemented on an incoherent optical processor. 

The processor uses the geometry of a rotating cylinder to shift the data 

as required for the convolution. A pair of f i lter masks multiply the 

projection and the transmitted l ight is measured to perform the integrals. 

The analog method accomplishes a two-dimensional integral as one parallel 

operation so that the processing is very rapid even with slow electron

ics. Reconstructions are shown with a spatial resolution of about 2mm 

xi 



and a density resolution of about ]% of the absorption coefficient of 

water. The advantages of this method are a low cost, high resolution 

detector, and rapid processing with inexpensive, relatively slow, 

electronic and mechanical components. The problems associated with 

this system such as i l lumination, f i lter fabrication, and display are 

addressed and some solutions offered. 



CHAPTER 1 

INTRODUCTION 

Conventional X-ray images are exceedingly useful in visualizing 

the internal structure of objects and people. Made by interposing the 

object between a source of penetrating radiation and an imaging detec

tor (such as fi lm), these pictures compress the typically complex 

three-dimensional subject into a two-dimensional image (Fig. 1.1). The 

process of projecting three dimensions onto two gives rise to a super

position of separate structures along the projections and hence an 

uncertainty of location. It  is impossible to specify from a single 

radiograph alone the location along the projected ray of a given object 

point. The entire information along one ray is integrated to yield a 

single point in the image. In addition, subtle shading in one region 

may be entirely masked by relatively contrasting structures that are 

superposed. 

Historically, a number of approaches have been tried to allevi

ate the uncertainty in location. A simple, and often used solution is 

to take multiple views, usually right angle pairs. For the case of 

identifiable structures with high contrast, this method works well.  If  

the structure is more complex and/or has low contrast, interpretation 

or localization remains difficult. In view of the structural 

1 



Object 

Source 

Conventional X-ray Imaging. 

The three-dimensional structure of the object is 
projected onto the two-dimensions of the fi lm. 
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complexity of the human anatomy, the-task of interpretation is possible 

mainly by detailed prior knowledge of normal patterns. 

To eliminate the problems associated with overlapping structures, 

i t  would be ideal to image only a single plane of the body at one time, 

thus mapping only two dimensions onto two. This imaging of one plane 

or slice is known as tomography. 

One class of solutions to the problem of tomographic imaging 

util izes motion to blur the image of unwanted volumes of the object. 

(A good review of this is to be found in Peters, 1973.) To see how 

this works, consider Fig. 1.2. Here the X-ray tube and fi lm are con

strained to move l inearly in opposite directions in parallel planes 

(Ziedes des Plantes, 1932). This arrangement can be achieved by connect

ing together the tube and fi lm through a rigid bar slotted to allow for 

the changing distance. This bar is pivoted between the tube and fi lm. 

Note the stationary image on fi lm of the pivot and any point in the pivot 

plane (the plane at the level of the pivot parallel to the tube and fi lm 

planes). The image of a point above or below the pivot plane is blurred 

into a l ine. The further the point is from the pivot plane, the longer 

is the blurring and the lower is the contrast. Motions other than 

linear, such as circular, spiral, or hypocycloidal, are useful, partic

ularly when it  is necessary to blur out l inear structures parallel to the 

motion. This geometry is useful when imaging planes parallel to the long 

axis of the body (longitudinal tomography). Many times it  is desirable 

to image a plane perpendicular to the body's length. A motion blurring 

set-up to image transverse sections (transverse tomography) is shown 



Fig. 1  . 2 .  Linear Blur Tomography. 

The images of all  points in the pivot plane remain 
stationary. Points above and below the pivot plane 
are blurred by the source and fi lm motion. 
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in Fig. 1.3. Here the fi lm and object rotate in synchronism. With all  

of these blurring methods, the point spread function is a scaled replica 

of the motion, with the scale factor depending on the distance out of 

the image plane. Thus the blurred images of nearby structures are 

stil l  present and continue to make low contrast areas in the desired 

image plane difficult to see. 

Computed tomography is a general approach to imaging a single 

plane only, without the degrading presence of out-of-plane images. 

Computed tomography collects data from the image plane only, and 

mathematically processes it  to reconstruct an image. Reconstruction 

tomography would be an equally appropriate label, but because the image 

plane is usually a transverse section, the common term is simply trans

axial tomography. The computation or reconstruction may be accomplished 

by a variety of algorithms implemented by either digital or analog 

computer. A good review is to be found in Brooks and DiChiro (1976). 

In the next section, data collection and the various reconstruction 

algorithms will  be discussed in more detail.  Later, an analog processor 

using an incoherent optical system will  be described and reconstructions 

from it  shown. Advantages of simplicity and speed are present in the 

analog system, particularly in that fi lm is used as a detector. 

4 



Source 

Object 

Fig. 1.3. Axial Blur Tomography 

The object and fi lm rotate synchronously. The 
images of points in one plane appear stationary 
on fi lm. The images of points in planes above 
and below appear blurred on fi lm. 



CHAPTER 2 

RECONSTRUCTION METHODS 

Data Collection 

The goal of the reconstruction process is to create a map of the 

linear absorption coefficient pO") for all  locations of the general two-

dimensional position vector "r in the x-y plane of interest. The develop

ment follows Barrett, Gordon, and Hershel (1976), and Barrett and Swindell 

(1977). We define the axes x'-y1 ,  rotated about a common origin counter

clockwise by angle <J>, from the x-y axes. The vector ~r may be expressed 

in its polar coordinates in either system, i .e.,  (r,0) and (r1 ,91) where 

r=r' and 9 , =8-<j>. The input data for all  reconstruction algorithms are 

projections of the object. A projection is the integral absorption of 

the object along a projection direction. If  these projections are taken 

along the y1  direction, they are then one-dimensional functions of x' 

and may be expressed as 

Since this projection can be taken at any orientation of x'-y',  we 

denote projection direction by writing the subscript 6 on f ,  (x1).  
<P 

The X-ray projection data may be obtained in a number of ways 

but consider the set up in Fig. 2.1. A source of monochromatic X-rays 

7  

00 

f ^ x , )  
V 

( 2 . 1 )  
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Fig. 2.1. Data Collection for Transaxial Tomography. 

A pencil beam of X-rays measures the integral of the 
absorption coefficient along one path. The source 
and detector translate to collect an entire projection 
at one angle. The assembly then rotates to a new 
angle. Projections are collected for a large number 
of angles. 
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is col 1imated into a very thin pencil beam. This beam passes through 

the object in the y1  direction and is detected, and then it  is ad

vanced in the x1  direction. 

The detected intensity is given by 

rD 
I .(x') = I  exp [-

(J) o 
y(x',y1)dy1] (2.2) 

s 

where Iq  is the intensity that would be measured in the absence of the 

object, and the integral is over the l ine from source to detector. To 

get fp(x'),  we take the logarithm of the measured intensity 

f . ( x ' )  =  -  I n  ( I  ( x ' ) / I  )  =  
<p <p o 

r D  

y(x',y1)dy1 .  (2.3) 
s  

Note that a single projection contains no information about how y is 

distributed in the y' direction. 

We can create a two-dimensional function from the projection by 

writing 

b (x1  ,y1) = f ( j >(x') (2.*») 

or, in the unrotated frame, 

b^(r,0) = f (r cos(0-<())) t  (2.5) 

This operation, termed back projection, simply spreads the projection 

out uniformly over all  space in the y1  direction, the direction in which 

there is no information. 
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Back Projection and Summation 

By util izing information obtained from projections at different 

angles the object may be reconstructed, with the fidelity of the 

reconstruction dependent upon exactly how the information is util ized. 

A simple method is to sum arithmetically a large number of back projec

tions at different angles. The result of this operation is shown in 

Fig. 2.2 for a simple object and very few projections. A more complete 

picture is generated as more back projections are summed. I f  we go to 

the l imit of a continuous distribution of data in angle, then we may 

write the summation as an integral 

7T IT 

g(r,0)  = ^  j f  (x1  )d<(> = ^  J f^(r cos (0-if))) d<(> (2.6) 

o o 

Since projections taken 180° apart are redundant, we need to do the 

integral only over a range of ir. g(r,0) is often referred to as the 

"back projected image." The back projected image is a reconstruction, 

but one that suffers from a serious defect, namely a point spread func

tion with long tails. To see why this is so, consider the reconstruction 

of an object consisting of a single point as in Fig. 2.3* As enough 

back projections are summed, a spoke pattern forms. At the center where 

the point is located, the spokes have a high density. The density 

decreases with increasing radius from the point. In fact, the density 

falls off as -p Thus, this method possesses a point spread function. 

This pictorial result can be obtained analytically by taking 

yOr) as a delta function. A convenient case places the delta function 



Fig. 2.2. Back Projection of a Simple Object. 

Fig. 2.3. Back Projection of a Single Point. 



1 2  

at the origin. So we write vW as 11 (x',y') = <S (x') 6 (y1).  From 

Eqs. 2.1 and 2.6 we can write 

IT oo 

9® * i d(J) |  dy'vi(x' ,y1).  (2.7) 

o -<*> 

The back projected image is 

TT 

P(?) = i 6(x')ci$ = 6(r cos(0-((>)) d<j>. (2.8) 

Using the expression 

<S(y(x)) = |  By/3x|x2=x  <3(x-x0),  where y(xQ) = 0, (2 \9) 
o 

we see that 

p(r) = (irr) '  (2.10) 

Since the system as described is l inear and shift invariant, we can 

write the result for a general distribution as a two-dimensional 

convolution (**) with the point spread function p(?): 

g ( r )  =  v (r,e)**p(?) = p (r , e ) (1 /irr).  (2.11) 

This sort of highly blurred image is unsatisfactory for most purposes. 

Since the output image is l inearly related to the input distribution, 

we can perform another operation to recover the input more accurately 

and yield a less blurred picture. The following sections deal with the 

methods of doing this. 
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Filtered Back Projection 

To remove the effect of the point spread function, we could 

convolve again with some function with the property that 

Mx.y)**^ = fi(x,y) .  (2.12) 

The subscript on h2  refers to the fact that this is the two-dimensional 

f i lter, rather than hi, the one-dimensional f i lter. To find h2(x,y), 

i t  is most convenient to use the frequency domain. We take the two-

dimensional Fourier transform of — 
r 

+oo+«> 

|  j  exp [2iu (£x+ny)] dxdy = F2 |pj = j  > (2.13) 

where 

2 2 i 
P = U +n ) .  (2.1*0 

Writing the frequency domain equivalent of the equation, we have 

H2 (€ ,n )  P(5,n )  = 1 (2.15) 
or .  

h2 (C»n) -p  = 1 

or H2  (p)  = irp, (2.16) 

which is termed a "rho fi lter." If  we transform the back projected 

image and apply this fi lter we would have the Fourier transform of y(x,y), 

the estimate of object, 

M(s,n)  =  H 2 (5 ,n )G(5 ,n)  =  H 2 (5 ,n )P(5 ,n )M(5 ,n)  (2 .17)  
=  M($ , n ) .  
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Transforming back to the space domain would yield an estimate equal to 

the actual object distribution. However, in any real system we must 

l imit the extent of frequency plane we use, particularly if  the system 

is a noisy one. Therefore, the actual processing function will  be 

H 2 (P) = TrpA2(p), ( 2 . 1 8 )  

where A2(p) is an apodizing function designed to l imit the high frequen

cy extent of the basic rho fi lter. Equivalently, we could carry out 

this operation in the space domain as originally noted by using 

h s f r )  =  F  2  ^  ̂ H * 2 ( p ) ( 2 . 1 9 )  

y(?) = g(r)**h2(r) 

By regrouping this, we can write in frequency space 

M(p) = = H2(p)G(p) = M (p) A2  (p) (2.20) 

and transforming back 

U( ? )  =  \ i ( r ) * *  a 2(?) • (2.21) 

and so a 2( r) maY be identified as the point spread function resulting 

from apodized rho fi ltering of the back projected image. We may then 

write the point spread function 

p(r) -  aa(?) = F2~' |H2(p)/pTr| = F2  
1  ^A^(p)|- (2.22) 

= h2(r)** -J-
^ irr 
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Convolution Method 

The l inearity of this system clearly allows further reorder

ing of the operations. The f i lter function may be applied to the 

projection prior to back projection (Ramachandran and Lakshminarayanan, 

1971). The projection f.(x') is convolved with a one-dimensional f i lter 
<P 

function hi(x') to yield f.(x') 
<t> 

00 

V x , )  =  Jvxo,)hl(x,-xo,)dxo' E V x ' ) A h l ( x , )  .  ( 2 * 2 3 )  

—00 

The back projection is then done 

ir ir 00 

^ * I d-*l dxo , f4, ( xo' )h l( r  cos(e-*)-xo) 

0  0  (2.24) 

or 
00 00 

* ->• 1 
y(r) -  ± 

7t 
d < f r  j  dyq' |dxo'y(xo'.y^'Jh^r cos (0-<j>)-xq 1 ]. (2.25) 

0 -00 -00 

If  we use a delta function object in this equation, we find 

ir 

p(r) = ^ |  hj [r c0 s(0-<f>)]d<j>. (2.26) 

0 

We can see that for this method the point spread function is the back 

projected image of the one-dimensional filter function. To see how 

this is related to the two-dimensional filter function we will work 

through the following steps. 
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The Fourier transform of h^x') is H x (?1) > so 

h1(x l) = de ,H1(C l) exp[-2iri 5'x1].  (2.27) 

The equation for the point spread function then becomes 

ir 00  

P(r) =  7 J d<|)Jd5 ,H1(5 l) exp [-2itiC'r cos<j>]. (2.28) 

0 -o 

I f  the <P integral is performed first, then 

a a  

P & )  =  f  H i ( 5 , ) J o ( 2 T r C r ) d 5 ' .  ( 2 - 2 9 )  

— 00 

We l imit hi(x') to be real and even so that Hi(£) = Hj(-5); then we 

can write 

00 

p(?) =21 Jo(2Tr5 ,r)[H1(?)/U'|] U'|dc' .  (2 .30) 

o 

This is of course the Hankel transform of Hi(£1)/ |g'| .  

For a rotationally symmetric function, the Fourier transform is the 

Hankel transform, so that 

p(£) -7 { [H l(5 ,)/ |5 l  i!  } ( 2>3 , )  

1  .15'1-P 

This says that with the substitution of p for |£'| ,  the one- and 

two-dimensional processing functions have the same functional form. 
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One, however, is a two-dimensional function (of radius only) while 

the other is a one-dimensional function. If  we again make the identifi

cation 

H i ( 5 ' )  =  i r l S ' l A x U ' ) ,  

where ir|£'|  is analogous to the rho f i lter, then 

(2.32) 

p £ )  =  F 2
_ l { [ A 1 ( 5 ' ) ]  ,  } •  

1 W W  
(2.33) 

Thus, the same point spread function may be obtained for one- and two-

dimensional f i ltering operations. 

Fourier Reconstruction 

The Fourier reconstruction method accomplishes the reconstruc

tion in the frequency domain without the use of the space domain opera

tions of back projection and summation. First we write the Fourier 

transform of the object in the rotated coordinates 

o 

M U ' . n ' )  = |  y(x'»y') exp [2in(g'x'+n1  y') ]dx1  dy 1  .  (2.3*0 

Let us now evaluate that transform along the 5'axis, i .e.,  let 

n" = 0. Then 

M(? , ,n') 
rf =o 

oo 

|y(x',y') exp ^iri^x1  ]dx'dy 1  (2.35) 

00 00 

= jdx1  Jdy'yix', .y')] exp [2*1 C'x'] 

_oo .00 
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which we can identify as 

00 

MU',n»)|n ,=0  =  F j j J d y ' y C x ' . y ' ) !  =  F 1  j  f^(x») \  = (51).  (2.36) 

-00 

This is the central slice theorem which states that the Fourier trans

form of a projection at angle <f> is the same as the slice at angle <j> 

of the transform of the object. (We have absorbed the angle ip into 

the primed coordinate system.) 

Clearly we can assemble the whole two-dimensional frequency 

space estimate of the object by placing the transforms of the projections 

onto the frequency plane at the appropriate angle. I f  we assemble the 

data and simply average without regard to area, we can write 

G ( p )  -  i  
7T 

F+(5') 6 (n'Jd* .  (2.37) 

o 

This scheme weights the low frequencies too heavily by a factor 1/p. 

We compensate for this by multiplying by p and the usual apodizing 

function A(p). Then to get the desired image we take the two-

dimensional transform 

TT 

y(r) 1{p  A(p)f ^(5')<S(n')d <J>j. (2.38) 

o 

Alternatively, i f  the transforms are done digitally, an interpolation 

must be done since the projection data do not fall  onto a rectangular 

matrix as needed by the transform algorithm. Various interpolation 
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schemes are discussed in detail by Mersereau and Oppenheim (197*0 for 

various data grids. The interpolation may be done exactly (Bracewell, 

1965) but this may be very time consuming. Alternative methods have 

been demonstrated by Crowther, DeRosier, and Klug (1970), Mersereau 

(1973), and Mersereau (1976). 

Eq. 2 . 3 8  may be written in the form 

7f 00 00 

y(?) = 7 
7t 

exp[-2-rri (xC+yn)]pA(p)F^(5 l)<S(n')dridCd(() .  (2.39) 

Q —OO—OO 

Changing to the C1»ri1  coordinate system we have instead 

77 00 00 

exp U(r) = i 
7T 

[ -2tti  (x1  51  +y1  ri1)] (C 2+n1  2)*A[(?' 2+ri , 2)3 * • 

0 —00—00 
( 2 . k 0 )  

F. (C')<s(n' Jdn'd^'dtj,  
<p 

which collapses to 

it » 

l(r) -  I  j exp (-2ir»x'5') • \V  |  A(C ̂  U'  )d?' d* .  (2.41.) 

0 "°° 

Identifying 151 |A(^1) as H^(51) we see 

it <*> 

p(r) = 1 |  J exp [-2ttu'x'] h1 (51 )f^(?' )d£'d(j> 

[h1  (x'^f^x'^d#. 

0-<» 

tt 
(2.42) 

]_ 
ir 

Thus this method is equivalent to the convolution method, 
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Radon Transform 

The analytic expression given by Radon in 1917 for an exact 

reconstruction is 

"<?)  " 2? j 

17 °° 3f.(x')/3x 

|dx'7 
(2.43) 

cos I ^ 'QX •" (cf)-0 ) - X1 

This formula can be interpreted as a convolution over x' and an 

integral over <j> just as the convolution method. 

Identifying x' = rcos(<f>"9) equation 2.43 can be rewritten 

y(?) = ~ 

TT 
*  r  <  .  8 V x , ) i  

d* L THT" " ~5v—J . 
(2.44) 

The convolution with —is equivalent to taking the Hilbert trans-
irx' 

form of the function. The Hilbert transform corresponds to the frequen

cy domain multiplication by sgn(s) where 

/ r \  )  1 for £>o 
sgn(s) ,  fo r  *<o  _ (2.45) 

In frequency space, the derivative operation becomes multiplication 

by 27ri£. We can define the following fi lter 

h(x') = F^|U|sgn(5)|,  (2.46) 

which is the combination of the Hilbert transform and the derivative 

required for the Radon transform. Then 
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ii 

u(£) = ^ Jd<f> [h(x' )"f^(x')] (2.47) 

and the PSF becomes 

P(?) = J 

T -TT 

d<J>h(x') = ^ I d<f>h(rcos(<()-0)) = 6(?) (2.48) 

Apodization, PSF, and Noise 

The previous sections have shown several ways the point spread 

function may be calculated given a particular apodizing function. 

Summarizing these results 

P<?) = r  

77 

i  r 
hi (r cos(<{>-0))d<f> = — j  hi (r cos <j>)d<|> (2.49) 

p(?) = F,_1[A(p)] 

If  we wish to obtain the convolution fi lter function given a PSF, we 

can wri te 

h(x') = Ff1  {|5'|A(5')h (2.50) 

The question of interest at this point, since we can specify 

the point spread function at will  (at least on paper), is what do we 

choose for a PSF? 



The delta function is immediately eliminated given the band-

limited data we have. Beyond that, what is a useful point spread 

function? It  is not always immediately obvious what the quality of the 

final picture will  be just from examination of the point spread function. 

In general, i t  is desirable that a point spread function be compact, 

without long tails, and have a minimum undershoot or oscillation 

(Chesler and Riederer, 1975). Many functions fulfi l l  these general 

requi rements. 

point spread function, or more directly the fi lter function. Whenever 

an image is processed in a l inear manner as in this system, noise is not 

a local property. The noise at any point depends on the signal for all  

points in the image. This result has been shown by Barrett, Gordon, 

and Hershel (1976) and in simulation studies by Genna and Pang (1975) 

(see also Brooks and DiChiro, 1975; Chesler, 197^)- The Barrett et al.  

result (Appendix A, Section IV) shows that the signal-to-noise ratio 

is given by 

where dffis the back projection operator, so thatdff{h} is the back 

projection of the fi lter function h(x). M is the number of angular 

projections and n is the average number of x-ray quanta per unit length 

in the projection. Thus a f i lter with large oscillating wings 

The consideration of noise enters also into the choice of a 

SNR 
^?(h)**y(r) 

(2.51) 



may produce a good point spread function but can also contribute 

significantly to the noise. 

The f i lter constructed for the experimental work was an 

approximation of the function 

h(x') = 
2e '  lx ' I  -  e  

> e 
2x1  

The point spread function follows as 

p(?) = 
2 e '  r < e 

1 .  "I e (r2  - eV 
— sin — -  n ,  r > e ire r  z 

irr 
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(2.52) 

(2.53) 

For r>>e, the two terms of p(r) cancel. (See Fig. l .k.) 

This function was chosen because it  is easily analyzed, 

i t  has noise properties comparable to the abrupt cut-off rho f i lter, 

it  has a reasonably good PSF, and because it  is rather easily 

fabricated. It  is not necessarily an optimum fi lter. 

Digital Implementations: Current Systems 

At present, there is a wide variety of reconstruction tomography 

equipment on the market for clinical use in medicine. These units may 

be classified by any number of characteristics, such as detector type 

and array size, scanning motions, or algorithm util ized, and recon

struction time. Manufacturers of commercial units usually say l itt le 

about their algorithms for proprietary reasons. The previous section 
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Fig. l . k .  Calculated Point Spread Function for the Experimental 
Filter Function. 



showed the mathematical equivalence of all  the linear reconstruction 

methods. (We will  not discuss iterative and non-linear methods in 

this paper.) This does not mean that all  are equally useful when 

implemented on real hardware. All commercial units to date util ize 

a digital computer to do the computations required by a given 

algorithm. One parameter in the measurement of algorithm util ity is 

the speed or time needed for reconstruction. The number of arithmetic 

operations required by an algorithm gives a rough indication of 

comparative speed. Brooks and DiChiro (1976) give the approximate 

number of multiplications for several algorithms for the case of an mxm 

picture reconstructed from n projections. The Fourier reconstruction 

2 2 
(with the Fast Fourier Transform) requires about n (log2n) ,  fi ltered 

2 back projection (frequency domain f i lter) requires about .8 mn ,  the 

2 
convolution method requires about 1.3 mn ,  and the Radon fi ltering 

2 requires about 1.8 mn .  

Clearly, however, the details of the implementation (including 

the skill  of the programmer) will  play a decisive role in the actual 

performance realized. Also, much pre- and post-reconstruction data 

processing is done which adds to the reconstruction time. With 

present digital computer implementations all  operations must be done 

serially. It  is certainly important that each take an exceedingly short 

time. Work is in progress on schemes such as multiprocessor arrays 
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to speed up the computations by paralleling certain operations (Tasto, 

1976). Such pursuits indicate the desire to accomplish as much image 

processing as possible in a short a time as possible. In any case, the 

convolution algorithm has been used widely, f irst by Bracewell and 

Riddle (1967), and in radiography by Ramachandran and Lakshminaraynan 

(1971), Shepp and Logan (197*0, Lees, Keyes, and Simon (197*0, and Cho, 

Ahn, Bohm, and Huth (197*0. It  is believed to be used in most commercial 

computed transaxial tomography scanners (Brooks and DiChiro, 1976). 

The total scan time (data collection time) is perhaps even 

more important under many clinical situations. Early first-generation 

CAT scanners used a pencil beam and single collimated scintil lation 

detector for each slice. (They took data for two adjacent planes at one 

time.) The scan consisted of two motions: (1) the translation of 

the beam across the plane, and (2) a rotation of the assembly to a new 

angle (Fig. 2.5). The data points were thus collected one at a time and, 

given the limitations of X-ray tube loadings, these scans took four to 

five minutes. 

The second-generation machines increased the number of detectors 

(stil l  scintil lation detectors, usually) to 3 to 60 per slice. (In the 

range of 3 to 12, they stil l  often did two adjacent slices at once.) 

Here the detector array stil l  moves in two motions but the angular 

increment is larger since the array samples a number of angles at 

once (Fig. 2.6). This arrangement pushes scan times down below two 

minutes, in fact as low as ten to twenty seconds with sixty detectors. 
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Source 

Detector 

Fig. 2.5. Data Collection Geometry for First Generation 
CAT Scanners. 

A pencil beam of X-ray measures one l ine integral 
then translates and measures the next until  a 
projection of one cycle is completed. The entire 
assembly rotates a small increment. 
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Fig. 2.6. Data Collection Geometry for Second-Generation 
CAT Scanners. 

A relatively narrow fan beam passes through the 
object and hits an array of detectors. The source 
and detector array translate collecting projections 
at many angles. The assembly then rotates through 
a larger angle to take the next set of projections. 



The third generation machines have only one motion: rotation. 

By further increasing the number of detectors (up to 600) and decreasing 

their spacing, sufficient data is collected by rotation only (Fig. 2.7). 

The larger arrays are usually xenon gas detectors. With this large 

number of detectors, scan times are in the five to ten second range. 

The review article by Brooks and DiChiro (1976) contains a table l ist

ing current CAT scanners and their parameters. Typically, these scanners 

have matrix sizes from 160 x 160 to 512 x 512 with picture elements from 

•75 mm square to 1.75 mm square. The actual resolution, l imited by 

detector size and statistics, is typically one to three mm. The density 

discrimination is almost uniformly specified as 0.5% of the absorption 

coefficient of water. However, this figure may represent a variety 

of rather different ways of measuring density discrimination. 

McCullough and others (1976) discuss this problem and conclude that 

the most useful measure is the standard deviation of the final recon

structed image. The standard deviation measure allows use of confidence 

l imits. The measured numbers in the McCullough paper range from 

1  mH20 t 0  ±  U(>3% %0' 

We can see a pattern in these developments. For better per

formance, more detectors and faster computers (eventually perhaps 

several computers in parallel) are used. Using many discrete detectors 

has a number of ramifications. A detector array must have very high 

uniformity of response and stability to avoid introducing excess noise. 

Each detector must be sufficiently small in width to obtain adequate 
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Source 

Detector Array 

Fig. 2.7. Data Collection Geometry for Third-Generation 
CAT Scanners. 

A wide fan beam and a large array of small 
detectors are used. The assembly rotates only; 
no translation is needed. 
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resolution while being thick enough to stop most of the X-ray photons, 

and they should be packed close together. Each detector also needs 

its own electronics under most circumstances. This provides quite an 

engineering challenge. What analog processors in general offer is 

parallel data collection by an exceedingly large array of highly 

uniform small detectors, namely f i lm, and parallel processing of the 

data. Optically, whole two-dimensional integrals are accomplished 

almost instantaneously. An analog processor to do this is described 

in the following chapters. 



CHAPTER 3 

ANALOG IMPLEMENTATIONS: THE DRUM PROCESSOR 

Quite a number of analog processing schemes have been reported 

to accomplish one or another of the algorithms mentioned above (Edholm, 

1976; Edholm and Jacobson, 1975; Watson, 19^0; Frank, 19^2). The 

incoherent optical processor described below (Gordon, Swindell,  and 

Barrett, 1976) is an implementation of the convolution method. I t  

operates upon projection data recorded on fi lm in an appropriate format. 

Recording Geometry 

Fig. 3-1 shows the basic arrangement of the data-collecting 

apparatus which consists of a source of X-rays with a collimator to 

define the beam, a rotating platform holding the object, a slit,  and 

a translating screen-film cassette. The collimator and slit together 

define a thin diverging fan beam of X-rays that pass through the 

section of the object to be imaged.. A single projection at one angle 

through the object is recorded as a narrow horizontal strip on the fi lm. 

As the object rotates to a new angle, the fi lm translates 

vertically. Thus, projections at successive angles are recorded as a 

succession of strips on fi lm. In practice, the rotation and translation 

are continuous, resulting in a smooth recording on fi lm. To see the 

usefulness of this arrangement, consider the following circumstances. 

32 
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Z 
OBJECT X-RAY TUBE COLLIMATOR 

Fig. 3*1. Data Collection for the Drum Processor. 

The fi lm translates vertically while the 
objects rotates. 



(For thisanalysis, we will  move the X-ray source far away and consider 

a beam of parallel rather than diverging rays. We will  discuss the 

diverging beam later.) Imagine an object consisting of three point 

absorbers as diagrammed in Fig. 3.2. In polar coordinates about the 

center of rotation, points A and B have the same azimuth coordinate, 

(0), while points B and C have the same radius, (r ).  As the object 

rotates, the motion of the projection of any of these points is sinus

oidal and the record on the translating fi lm is a sine curve. The 

amplitude and relative phase of the sine curve depend on the coordinates 

of the responsible point. The amplitude, of the sine curve is directly 

proportional to the radius coordinate of the point while the phase of 

the sine curve depends only on the azimuth coordinate. Thus there is a 

one-to-one mapping between object points and recorded sine curves. The 

character of this mapping has given rise to the term sinogram for the 

resulting film (Edholm, 1975). Information about the absorption 

coefficient of a point is recorded in the fi lm density. The fi lm 

characteristic required to do this properly will  be discussed later. 

This set-up collects an entire projection at once with very good resolu

tion, l imited primarily by dose, focal spot geometry, and screen-film 

resolution. Film is a distributed detector and does not l imit the 

resolution in the way that a f inite array of discrete detectors does. 

The l imits on final system resolution will  be discussed later. 

Reconstruction Geometry 

Reconstructing each point by the convolution algorithm re

quires four steps: 1) shift each projection a specified amount, 
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C B A 

Fig. 3-2. A Three-Point Object and Resulting Sinogram. 

Points A and B produce sine curves of the same 
amplitude. Points B and C produce sine curves of 
the same phase. 



2) multiply by the convolution processing function, 3) integrate over x',  

and 4) integrate over - The shift,  step one, is done by geometry. 

The fi lm is wrapped around a transi11uminated cylinder, whose circumfer

ence is precisely the period of the recorded curves. In cylindrical 

coordinates (r,z,9), the intersection of a plane with a cylinder of 

radius r = R is 

z = R tan ip cos (0-oj) (3.1) 

where a> is the angular coordinate around the cylinder and i p  is the angle 

of the plane with the axis of the cylinder (see Fig. 3-3). This implies 

that, viewed from the appropriate direction, a sine curve wrapped around 

the drum appears as a straight l ine. Clearly, the curve that appears 

straight has the amplitude r = tan ip  and starting phase w. By chang

ing the viewing angle tp ,  curves of different amplitudes may be made to 

appear straight, while changing the viewing angle in, curves of different 

phase appear straight. 

Fig. 3.^ shows these views for three points recorded in the 

sinogram of Fig. 3.2. Referring back to Eqs. 2.2k,  the shift required 

for each projection in the convolution algorithm is rcos(9-<|>) which 

is provided by this geometry, given the previous identification. 

Optics and Electronics 

By shifting the data so that all  projections required to 

reconstruct a given point are aligned vertically, a simple arrangement 

results for carrying out the remaining three steps (Fig. 3-5). Step 
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f  

djr 

Fig. 3.3. Coordinates for the Drum Processor. 
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ABC 

(a) 

(c) 

Fig. 3-1*. Three Views of the Drum. 

In (a) curve A appears straight. 

In (b) the drum has been rotated in azimuth to 
make B appear straight. 

In (c) the drum has been rotated about the 
vertical axis to make C appear straight. 



x - Rtan 4* cos u 
y - Rtan ^sln u 

Angle 
Transducers 

Display 

Positive 
Channel 

Beam Splitter 

PMT 

Negative 
Channel Difference 

Amplifier 

Fig. 3-5. Diagram of the Drum Processing System. lA> 



two is a multiplication by the processing function, which is carried out 

by imaging the drum onto a two-dimensional f i lter mask with a spatially 

varying transmission. The mask multiplies the incident intensity by 

the mask transmission at each point. Since all  of the projections are 

aligned vertically, the mask need have variation only in the horizontal 

or x1  direction. 

A photomultiplier placed behind the mask measures the total 

amount of l ight transmitted, thus carrying out steps three and four. 

The sum of the l ight from one projection is the integral over x' (the 

convolution) and results from collecting the l ight over the horizontal 

extent of the mask. The sum of the l ight from all projections is the 

integral over <P ( the back projection) and results from collecting the 

l ight over the vertical extent of the mask. Clearly, however, we need 

a bipolar f i lter function which cannot be obtained with a single mask 

in an incoherent optical system. By using a beam splitter, we may image 

the drum onto two masks, one with the form of the positive portion 

of the desired function, the other with the form of the negative portion. 

Then we may detect the l ight passing through each and subtract the 

signals electronically to synthesize a bipolar function. The output of 

the difference circuit is the value of the reconstruction at the point 

corresponding to the drum angles. By rotating the drum to different 

angles, shifts appropriate for reconstructing other points are intro

duced. Since changing the angle ta corresponds to points of varying 0 

in the object, rotating the drum rapidly about its axis reconstructs 

points of objects in a circle of some radius. Varying th6 angle ip 



changes the radius of this circle. Thus, i f  the drum is rotated 

rapidly in u and somewhat more slowly in ip, the locus of reconstruction 

points will  trace out a spiral. The result may be displayed by modulat

ing the intensity of a CRT trace with the signal while the beam traces 

out a spiral synchronized with the drum angles. 

There is a way of thinking of this reconstruction process with

out resorting to mathematics. Consider one of the sine curves of Fig. 

3.2 with the fi lm wrapped around the drum. The fi lm and drum are imaged 

by a lens onto a slit.  By rotating the drum about its axis to place the 

zeros of the sine curve at the top and bottom of the drum, the drum may 

then be rotated about the vertical to make the sine curve appear 

straight. The resulting straight l ine will  be imaged onto the slit.  

Since we are looking at the sinogram resulting from an abosrbing point, 

a maximum amount of l ight will  be detected passing through the slit.  

If  the drum is now rotated a small amount about either axis, the l ight 

passing through the slit does not drop immediately to zero. Note in 

Fig. 3.6 as the drum rotates in the center bows out rather rapidly 

but the top and bottom remain in the slit.  As the drum rotates in w 

(Fig. 3-7), the top and bottom move out of the slit,  leaving the center 

section to contribute l ight passing through the slit.  In fact, the 

signal falls off in proportion to the distance from peak response. Thus, 

a system using only the slit would have a -p point spread function corre

sponding to unfiltered back projection. 

The negative part of the bipolar f i lter function fixes this 

problem. The negative mask (Fig. 3-8) is opaque in the center and so has 
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Fig. 3-6. View Through the Slit for Reconstructing 
a Point Nearby in Radius. 

Despite not appearing as a straight line, 
the curve contributes a signal in the positive 
channel. The dotted portion contributes to 
the negative channel which should cancel the 
pos i  t ive s ignal. 

Fig. 3 . 7 .  View Through the Slit for Reconstructing 
a Point Nearby in Azimuth. 

The effect is similar in azimuth. 
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Fig. 3.8. The Negative Filter Mask. 

The center strip is opaque. Immediately adjacent 
is the maximum transmission which then decreases 
as 1/x2  thereafter. 



no effect upon the signal when a curve is lined up exactly with the 

slit. However, when a curve is bowed while trying to reconstruct some 

nearby point, the contribution from the negative mask is subtracted from 

the positive signal. If the form of the negative mask is carefully 

chosen, the signals from the positive and negative channels for any 

curve should precisely cancel everywhere except for the curve that 

appears straight. The accuracy of the cancellation is of course 

constrained within the limits of the convolution method. 

In summary, this system has taken advantage of a series of 

coordinate transformations. In the object, points were located by 

their polar coordinates (r,0). In the sinogram each point was mapped 

into a unique sine curve rcos(0-<j>) in which the original coordinates 

corresponded directly to amplitude and phase. In reconstruction, the 

drum is rotated about two axes to view the sine curve for a given object 

as a straight line. The rotation about the vertical axis (angle 

varies the radius of the point being reconstructed. Rotation about the 

drum axis (oj) changes the azimuthal coordinate of the reconstructed 

point. The one-to-one mapping here is 

r = R tan i p ,  0 = u> (3-2) 

(for drum diameter R). 

The importance of the negative part of the filter is hard to 

overrate. Similar data collecting systems have appeared in the litera

ture at least since 19^0 (Watson, 19^0; Frank, 19^2). However, since 
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the reconstruction process for all of the systems yielded a point 

spread function, the resulting images were very poor. 



CHAPTER k 

THE DRUM PROCESSOR IN THEORY AND PRACTICE 

Film as a Detector 

One important question must be answered in evaluating the 

viability of this analog system: Is a screen-film combination a satis

factory detector? The question has several facets and, for each, film 

must be compared to the performance of detectors already used in recon

struction tomographic systems. The areas of comparison are: 1) quantum 

efficiency, 2) excess noise, 3) resolution, k) characteristic response. 

The detectors with which film is to be compared are primarily Nal and Xe. 

Quantum Efficiency 

The question of quantum efficiency arises primarily out of 

concern for patient dose. Any photons that pass through the detector 

undetected contribute to patient exposure without contributing to the 

picture. Ideally, the information in the final image should be limited 

solely by the number of photons utilized in the image. (The non-ideal 

case of excess non-quantum noise will be taken up in the next section.) 

In practice, the film used consists of high speed, high contrast 

emulsions coated on both sides of a base. This film is placed between 

two scintillating screens. An X-ray photon absorbed in a screen 
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produces thousands of visible light photons that in turn expose many grains 

in the film rendering them latent. The chemical composition, density, 

and thickness of a screen determine the fraction of the incident X-ray 

photons it absorbs and how many visible light photons reach the film. 

The choiceof film and processing determines the density or degree of 

blackening produced by the photons from each X-ray quantum. Obviously, 

in the ideal situation, a pair of screens would absorb 100% of the 

incident photons, would introduce no fluctuations not present in the 

incident flux, and would not degrade the resolution. Ideally the film 

would introduce no noise from its grain structure. Actual screens and 

films are compromises of these goals. However, measurement of many 

screen-film systems indicate that certain combinations may be very 

suitable for use in the analog system. Wagner and Weaver (1975) 

have measured the stopping power of a pair of DuPont PAR speed calcium 

tungstate screens as about 21% and of a pair of 3M Trimax system Alpha 

4 screens (rare-earth phosphorus) as almost 50%. Wagner (1977) also has 

measured the stopping power of a pair of Kodak lanex regular screens to 

be 69%. (The stopping power or interaction fraction is not the whole 

story. The interaction probability can be increased by increasing the 

thickness of a screen. However, with thicker screens, the light 

diffuses more before reaching the film and so lowers the resolution 

and modulation transfer function of screen. Also, since the photons 

diffuse out, more are lost by absorption as the thickness increases.) 



The interaction fraction would be the quantum efficiency if all of the 

X-ray quanta that interacted contributed uniformly to the film exposure. 

They do not. 

Since we are ultimately concerned with the noise in the data, 

the useful measure of the quantum efficiency of a detector is the 

detective quantum efficiency or DQE. One of several equivalent defini

tions of DQ.E is that it is the ratio of the number of noise equivalent 

quanta (NEQ) to exposure quanta. NEQ is the number of photons needed 

by the ideal detector to produce the same noise as the detector of inter

est (Shaw, 1972). A measurement of the power spectral density, or 

Wiener spectrum, of the noise is used as the input to a model of the 

ideal detector to find the NEQ and DQE, (Blackman and Tukey, 1959; 

Morgan et al, 1964; Doerner, 1962). Film grain, screen granularity, 

and screen nonuniformities (Lubberts, 1968) all generate extra noise not 

due to the incident quantum fluctuations and so reduce the DQE. 

Wagner's data (1977) shows the DQE of the Kodak Lanex regular screens 

to be 62%, and 58% when the film noise is included. For DuPont PAR 

speed screens the numbers are 17% and 15%. This means that the screens 

and film contribute only a small amount of noise. 

Since the Nal detectors used in commercial tomography units 

have a quantum efficiency of almost 100%, the use of film implies that at 

least twice as much patient exposure would be required to achieve the 

same statistics as for Nal. The xenon gas detector arrays, used in the 

faster machines, however, have a quantum efficiency about the same as 



the better screens and so no dose penalty would be paid compared to 

these (Fenster et al, 1976). However, when the effects of source and 

detector collimator geometry are taken into account, the relative dose 

may be higher for Nal detectors than for xenon in the first or second 

generation design. For a typical first generation multiple pencil beam 

geometry, the radiation utilization of the Nal detector may be less than 

one-fourth of that of a large xenon array (Chen et al, 1976). 

Film Characteristic Curves 

The reconstruction theory requires the logarithm of the inten

sity as an input. However, the exponential attenuation upon which this 

is based occurs only for monochromatic X-rays. The bremsstrahlung 

spectrum obtained with diagnostic X-ray tubes is far from monochromatic 

(Macovski et al, 1975; Macovski et al, 1976). So, to obtain the 

most useful data about the exposure characteristics of X-ray films, Hayes 

and Greivenkamp (1976) of Optical Sciences made measurements of film 

transmission as a  funct ion of  the th ickness of  mater ia l  t raversed,  A 

large plexiglas wedge was used as shown in Fig. 4.1. Some of the re

sulting characteristic curves are shown in Figs. 4.2 to 4.4. Note that 

the useful linear range in plexiglas is about 3i inches. The effect of 

a nonlinear characteristic curve is shown in the computer simulation 

by Swindell (1976) in Fig. 4.5. Given the linear attenuation coef

ficient of plexiglas, the film curves shown have linear region slopes 

that are given by T -  iyx (for base and fog density equated to 100% 

transmission.) If we wish to have a system with a spatial resolution 

of 2 mm, and a density resolution of 1% of p., f t(yu n  = .2cm '), then 
H2O "2^ 
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Ay = .002 cm Ax = .2 cm (4.1) 

and so 

ApAx = A(yx) -  4 x 10 \  (4.2) 

Source  

P l ex ig l a s  
T r i ang l e  

F i lm  

Fig. 4.1. Set-up for Measuring Film Characteristic Curves. 

The plexiglas triangle is separated from the film 
to reduce scatter. The measurements are corrected 
for the fan beam geometry. The result is a plot of 
transmission as a function of thickness of plexiglas. 
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Cronex IV Film 
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Fig. Transmission vs Absorption Path Length Plot 
for DuPont Quanta I I  Screens and Cronex IV 
Film. 
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.3- Transmission vs Absorption Path Length Plot 
for Quanta I I  Screens and Kodak SO-439 Film. 
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Quanta Screens 

RPR Film 

.5 

8 10 11 12 6 1 2 
Inches 

Fig. 4.4. Transmission vs Absorption Path Length Plot for 
Quanta I I  Screens and Kodak RPR Film. 
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Fig. 4.5. Reconstructions from Nonlinear Characteristic Curves. 

The object was adjusted to use the indicated dynamic 
range on film and then reconstructed. 
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Then 

AT = j  A(px) = 2 x 10~\ (4.3) 

This is the accuracy to which the transmission must be measured. This 

will be discussed more in a later section. 

Noise Calculation 

We would like to calculate the signal-to-noise ratio (SNR) 

for film, since this is useful for comparison with an ideal detector. 

We will calculate the SNR for the case of a low contrast object 

tak ing  the  ra t io  o f  the  s igna l ,  p(r ) ,  to  the  s tandard  dev ia t ion ,  a(r ) ,  

which  i s  the  square  roo t  o f  the  va r iance ,  a 2 ( r ) .  

called power spectrum or Wiener spectrum, of the film transmission. The 

power spectrum specifies the power per unit frequency as a function 

of frequency. In our case this is spatial frequency, cycles per centi

meter. The power spectrum for film transmittance, S^.(C), is obtained 

as the Fourier transform of the autocorrelation (autocovariance) func

tion (Marriage and Pitts, 1956). 

In one dimension the relationship between the PSD and auto

correlation, Ry(Ax), is 

In practice, the measurement is made by scanning the film with a micro 

densitometer having a long narrow slit aperture. The samples are 

We will begin with the power-spectral density (PSD), also 

(h.k) 
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digitized and R.p is calculated. The Fourier transform is taken, usually 

with an FFT algorithm, to find S.p This data is available (Wagner and 

Weaver, 1975) for X-ray exposures with screens. (The PSD or Wiener 

spectrum is usually measured and reported in units of density. The 

discussion here is in terms of transmission, but the conversion is 

easily done.) 

measured noise spectrum is influenced by the X-ray statistics, screen 

statistics, screen transfer function, and film granularity. That is, 

the entire system is measured. By various means, these components can 

be separated to determine their relative contribution. The X-ray 

statistics should be the dominant noise source if this is to be a useful 

detector system. 

must know how the reconstruction steps affect the noise. In linear 

systems, the transfer function, h(x), operates on the signal f(x), as 

shown for the one dimensional case 

When X-ray exposures are made on a screen-film system, the 

The measured Wiener spectrum is only the starting point; we 

g(x) = h(x)*f(x) (4.5) 

or in frequency space, 

G(5) = H(5)F(0. (A.6) 

The linear system treats the noise as 

R(x) = h(x)*h*(-x)*R(x) 

s(x) = |H(£)|2s(s) 

(4.7) 

(4.8) 



where the tilde indicates the result after passing through the 

linear system. 

To see how our system treats the noise, consider that the 

Wiener spectrum is obtained in a way very similar to the way data is 

utilized. Each projection is a strip of some height on film. Used as 

is, the strip is the input for the signal reconstruction. The Wiener 

spectrum is measured from a similar strip on a uniformly exposed film. 

Let us then pass both the signal and noise through the reconstruction 

process to find the SNR. 

From equation Z.lh we can write the signal 

7 ® 
p(z>) = ^ J d<j> dxQ '  f  (x•o

l)hl(rcos(0-<J))-Xo
,). ( k . 3 )  

J q  J  
—00 

The relationship of f,(x^') and p(r) to film transmission is given by 
<p o 

the characteristic curve. We can represent the useful linear region by 

writing the expression for the transmission, T, 

T -  -G I n  t!— = Guy (4.10)  
f 

where N = N e 
0 

Here G is the slope of the linear region of the characteristic 

curve, N is the average number of« X-ray quanta detected per unit area, 

Nj. is characteristic of the screen-film combination, y is the linear 

absorption coefficient, and y is the path through the material. Thus 

for a fixed path length T«Gvi. 
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The convolution algorithm processes the projections before back 

projection. The convolution step for the noise is 

R-p(x) = h1(x)Ahi>(-x)ARJ(x) (4.11) 

Here hj is a real, even function so hj(x) = h^(-x). This step is more 

easily done in the frequency domain where we can write 

S T (5 )  =  |M$)  |  S T (5 )  (4 .12)  

It follows that 

R T ( X )  =  F 1 " 1 | |H 1 (5 ) | 2 S T (C )J  .  

We use the fact that the variance is given by 

(4 .13)  

T* 
=  Mx) |  

T 1  x=c 
(4 .14)  

to wri te 

a 2 
T4> 

-  H ' 1  { |H 1 (S) |% T (5) } |  _  01.15) 

f ^ T 
ds exp [-2irix5] I Hi (C) |  STU) 

-00 J x=0 

(4 .16)  

d?|H I (5 ) |  -S T (5 )  (4 .17)  
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We can back project R-p(x) and then find the variance for the reconstruc

tion 

TT 

aT " n I VX*d<,)* 
(4.18) 

We are now in a position to find the SNR. Let us calculate SNR for the 

abrupt cut-off filter 

H l ( £ )  =  r e c t  (5 /p_ )  
m 

where rect (C/p ) = J' ^or* 1^1 " pm 
"  *° l«l >  
m 

(A.19)  

(4 .20)  

and M is the number of projections. This filter is normalized so that 

p(r)dr = 1. The transmission signal is given by 

T (?) = T(r)**p(?) ( * . 2 1 )  

We can finally write 

SNR = _ T(?) 

_ T Cr) **p (r) 

M|ST(S) 

( A . 2 1 )  

(4 .22)  
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For the ideal case of noise from the X-ray statistics 

only, we can write an approximate expression for the noise spectrum 

Nh 
(A.23) 

where N is the average number of photons per unit area and h r  is the 

height of the slit in the taking apparatus. Note that this is a white 

spectrum which is an excellent approximation relative to the p used in 
m 

practice. It follows that 

00 

I  ST(?)|H!(5) \2  dz = ST (4.24) 

and substituting for Hi(£) 

2 r  2ir2p 3  

Nh 3M2  
r 

(4.25) 

we can then write 

SNR = T(r)**p(r) 
3~2*H 

L Nh 3M2  J 

(4.26) 

avg 

L3Nh r  m J 
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We can recognize this as 

Nh M = 21 ,2<SWR> p" (4.27) 
r  3P 2  

avg 

For the abrupt cut-off filter and the full-width-at-half-maximum 

resolution criterion, we can write the resolution = ,7/pm* It follows 

Nh M = 2"2 'SNR '% 
3u|vg  (4.28) 

.7 2  

2.26 (SNR) 

1i2  e3  
avg j  

56.5 (SNR)2  .  

e3  

We can compare this directly with the result from Appendix A, Eq. 62. 

SNR = .665 P (4.29) 
avg * 

or writing it 

Mn = 2.26 (SNR)2  

U2  e3  

avg  * (4.30) 

= 56.5 (SNR)2  

e3  

i  

where n is the average number of photons per unit length in one projec

tion. When we identify n=Nh we have the same result. With these 
'  r 



results, we may use Wiener spectrum data to calculate the departure 

from this expression for real system. Using the Wiener spectra from 

Wagner and Weaver (1975) appropriately scaled, we can calculate the 

performance of a screen-film combination under the conditions used for 

the drum processor. Specifically, we will assume a taking-slit height 

of 5 mm, a resolution, e, of 2 mm, and Wagner's measured spectra for 

S-j. in Eq. k . 2 2 .  (Some caution must be exercised here since the exact 

effect of the low frequency filtering done by Wagner is not known.) 

For the case of PAR speed screens and RP54 film, an exposure at 

ij 
the screens of 0.67 mR results in about 2.6 x 10 protons per square 

millimeter absorbed. This number of photons incident on an ideal 

detector would produce a signal-to-noise ratio of 121 for the resolution 

conditions stated. The film gives SNR = 111 for this exposure. The 

equivalent SNR for film grain alone in this case is about 2Sk. This 

means that screens and film contribute very l ittle excess noise. Type 

XD film from 3M has an equivalent SNR due to graininess of k95, which 

is even better. However, more work must be done to determine the 

Wiener spectrum more precisely in the low frequency region to truly 

confirm these results. 

For one further way of calculating the noise we can evaluate 

the image of the film in the positive channel mask. The slit has 

width e= Ax and effective length L, projected into the film space. 

N Also, assuming a film characteristic curve T = -G£n—r, where N is the 
N o 

number of detected X-ray quanta falling into the projected slit area 

and Nq is a parameter of the film, then 
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=  -CHI (4.32a) 

or 

AT = -G^j- .  (4.32b) 

Replace AN by /N so that 

AT = -G/v^T (4.33) 

or 

N = G2 / (AT) 2 .  (4.34) 

We wish to achieve a specified reconstruction accuracy Ay and Ax. The 

transmission change produced by the minimum Ay and Ax is given by 

AT. = -G(AyAx). (4.35) 
m i n 

The number of X-ray quanta required to achieve a noise level equal to 

this minimum signal is 

N = Si-y = -j-JS =- = 1  • (4.36) 
(AT )Z G e (Ay) e (Ay) 

m i n 

To convert this to the average number per unit area N, we divide by 

the slit area. Then 

N -  TT=  3 1  
2  * (1 ,-37)  

L £  e  (Ay)  L  

Using M = L/h r  we get 
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NMh = -J = iiiSNRli 
r  €3(4H)2  EV e 

avg 

We expect the numerical constant in front to be different since the 

filter function here is not the abrupt cut-off case. We also need to take 

account of the negative filter. Since the filter has a zero mean, 

we can naively use a factor of two and write 

NMh = (Ms) 
I" 3 e3  

which is in reasonable agreement with Eq. (4.30). 

We have used the X-ray quanta here rather than the film grains. 

This is reasonable so long as the process of exposing grains is a 

Poisson process of high gain. The screen produces a large number of 

visible photons which expose many grains, rendering them developable 

with some quantum efficiency. If both processes are Poisson, we can 

use the results of cascaded Poisson statistics (Shockley and Pierce, 

1938; Prescott, 1966; Schwartz, 1959; Jorgenson, 1948) and write 

approximately 

SNR = m  <*.«» 

where 6 is the average gain, i .e., the average number of grains 

produced by one X-ray quanta. 



Excess Noise 

Other defects can contribute to noise in the reconstruction. 

Pinhole defects, which result from foreign matter between the screens 

and film, blotches, blobs, or streaks that result from processing prob

lems, and wedges that result from variation in exposure, screen 

sensitivity or processing changes, are the major categories of film 

problems. The effects of these problems are detailed below. 

A pinhole in the film can be treated as a delta function that 

occurs in only one projection. Consider one projection with only a 

delta function recorded. After convolution with the processing function, 

a replica of the function is back projected into the summation image. 

Thus, the error in the reconstruction from a pinhole is a replica of the 

filter function streaked across the image at a radius and angle 

corresponding to the pinhole location (Fig. k.6). The magnitude is 

proportional to the transmission of the pinhole. This can be seen if 

we write out the convolution algorithm 

2ir oo 

u(r ,0)  = |  d<|> J  dxQ '  f^  (xq 1 )hj  £rcos (e-<|>)-xq 'J  ,  (^.41)  

o 

and make the substitution 

* = 2TryQ /L 

where L is the length of the film and yQ is the coordinate along the 

length of the film. Let the pinhole be a delta function located at 

(x,y). Then 



Artifact Reconstructed from a Pinhole. 

The result is a back projection of the filter function 
at a radius and angle dependent on the location of the 
pinhole. 
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L 00  

^ ( r '0)  =  h\ Tdyo'j dxo , 6 (xo , _x '  y0 '-y )h i[ rcos  ^-tr~~ Vl 

- h(xo )  

XQ = rsin (^p^--e)-XQ .  (^.^3) 

To scale the strength of the delta function, let us use a filter 

function whose positive portion is simply a slit. Furthermore, let us 

assume the film is uniform aside from the pinhole. The amount of 

light passing through the slit is proportional to 

T o { Z s ) { J )  = ToeL» 

where T q is the average transmission of the film, 2e is the width 

of the slit, and L is the length of the film. The light passing through 

the pinhole, assuming transmission T^ is proportional to the area of the 

pinhole, a^, and T .  The apparent change in transmission AT is 

a T 
4T -  sE-f • {4.45) 

VL 

For a film having a T vs. yx plot with a linear region slope of £, the 

equivalent 

4(ux)  .  i 4T  - ( l l  „6)  

o 

If we wish to keep A(yx) < 10 \  then for the case of a pinhole of 100% 

- k  
transmission, a^< 10 TQeL. Typically in the drum processor used for 

experiments, 



T = .1, e = .1 cm, and L = 40 cm, so that 
o 

A < x 10"5  cm2  = k x 10"3  mm2 .  (4.^7) 
P 

Similarly, if we have a patch or blob of altered transmission, 

e(x,y), we may write 

L 00  

0 

The result is a set of back projections of the filter function over a 

range of angles and radii determined by the extent of the blob. 

This type error is also responsible for the streaked artifacts 

seen so often when object motion occurs during the data collection. 

Fig. 4.7 shows a sinogram that would result if a point object moved 

briefly during the exposure. The correct portion of the sine surve 

would reconstruct back to the object point. However, the portion 

due to motion behaves exactly like a pinhole or small blob and results 

in a streak. The streak would pass near the point in radius and the 

direction would depend on where in the exposure the motion occurred. 

Nonuniform Exposure 
and Processing 

One other class of errors is a more or less uniform gradation 

of transmission from one edge of the film to the other due to exposure 

or processing nonuniformities. We will model it here as a linear 

change in transmission superimposed on a uniform film. For edge-to-edge 

variation, we can write T(X') = To+k^x, and neglecting the constant part 



Fig. k.]. Sinogram Resulting from Motion During Exposure. 

The effect is like a pinhole or patch error added to a 
normal sinogram. The reconstruction would have a streak 
as  in  F ig .  4 .6 .  
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j  Kxxo ' \ [ r s l n ( - r - - e )  
.../9 \ ' 

S(r,0) = f fdyo '  -  x 1  Idx .  (^.^9) 
o J o 

o -w/2 

where w is the width of the fi lm. Since hi is a zero mean, even 

function, there is no contribution from this integral. However, for a 

real signal superimposed on this, each projection would have a different 

apparent average transmission that depends on r and <)>. This effect 

averages out in a 360° sinogram since for each projection weighted too 

low one exists the same amount too high 180° away. (This is not the 

case in a 180° sinogram that might be used on the flat fi lm processor 

described later.) This situation is much worse for anything other than 

a l inear (or odd power) variation. 

The case of end-to-end variation is somewhat similar. Here, 

however, each projection is correct but the signal amplitude varies 

with azimuth. Again taking a l inear variation, we can write 

L 00  

Clearly, as long as the entire sinogram is viewed at once there is 

no effect. The drum processor views only half of the fi lm at once, 

but i t  averages in the other half as the drum rotates, so that there 

is no effect. However, i f  there is an i l lumination error, the effect 

is very pronounced. This will  be discussed in a later section. 

o -00 
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Reconstruction from 
Diverging Beams 

The following is a calculation of the error involved in back 

projecting a diverging beam without correction as if  it  were a parallel 

beam. 

Consider a point source projecting a point as in Fig. k . 8 .  As 

projections are made from different angles, <j>, the point projects to 

varying locations on the detector given by 

/  si + s2  \  /S! + s2 \ /r sin* \  
z = r sin<j> [  1=1 )( = )  (^t - 51) 

o I  Sl  + r cos+ ) \  s, Al cos* /  
\  Sl 

S i  +  s 2  

where = m ,  the nominal magnification. 
si o' 3  

When the projected images are back projected the rays do not 

cross at a single location but have a spread given by 

2m r 2  cos<|>sin<j> 
Az = ) z (<j>) |  -  |z(<(>+Tr)| = —— . (4-52) 

r 2  

S1 (  1 COS2*) 
S1 

The maximum of this function is 

2 \ / 2 \ i / 2\ 
r  \  /  r  \  / r x  

o i l ,  O  I  lO 

"»ax •  MTTA' - p )  "  m°li7] f 0 r  5 l>>ro ("-53 )  

and occurs very near 4> = ± 45°, ±135°. 



h f  

ig. 4.8. Projections from Diverging Rays. 

sin2,,, 

Fig. U.S. Error Resulting from Diverging Ray Projections. 



73 

This means that the maximum deviation of a back-projected ray 

from the nominal correct location is 

r 2 

6  - "o 2?7 '  

If  we require this maximum error from the correct location to be less 

than some fraction (k < 1) of a resolution element (?) then 6 -  ke. 

If  we take r as the maximum radius of the object and divide it  up 

2 ^ '"o into N x N = N resolution elements (N = —), then we can write 

f  2  Nr  s i  
s1  > ° or s > o or z N (A.55) 

" 2ke 4k rQ "5k' 

To visualize the distribution of the error, expand the expression for z 

mrsindi m r s in d> r  
o o T  o o T  / ,  o  \  

j -J (1 -  — COSj.) 

1 + COS<j> 1 — COS2( j)  
Si Si 

m r sind>cosd> 
m r sindi -  -2-° !.  ( i f*56 )  

O o y  Si 

m r 2  
o o .  •  i  w u • j  ,  - m r sin<p -  —= sin^d>. 

o o 2si r  

These two terms are shown in Fig. 4.9. 

Barrett and Swindell (1977) go on to describe how the ordering 

of rays occurs and how they may be reordered to provide better recon

structions. Given the coordinates shown in Fig. 4.10, they show that 
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L/2 -L/2 

X-RAY 
SOURCE 

SINOGRAM 

Fig. 4.10. Ray Ordering for Diverging Beams 

The locus of points for a given projection angle 
is the indicated tangent curve. 

-L/2 L/2 

SINOGRAM TOMOGRAPHIC 
SECTION 

Fig. 4.11. Curved Film Correction for Reordering Rays. 

By curving the fi lm, the locus of points for a 
given angle is a ti lted straight l ine. 
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the rays passing through the object at angle <|> l ie on the curve 

S 
(4.57) 

D 
rp dcos (<J)-4»p) .  

If ,  however, the data is collected on a curved fi lm of radius - j  as in 

Fig. 4.11, and reconstructed flat, then • 

S = D(<|>-<J>p). (4.58) 

That is, all  projections at $ are recorded on fi lm on a straight l ine 

of slope 2i;D/L. This can now be taken care of by t i lt ing the fi lter 

mask or by t i lt ing the slit in the recording process. As seen in 

Fig. 4.12, the fi lm may be translated at a small angle to the normal of 

the slit direction, wherein the small angle approximates a=L/2i fD. 

They also show the residual distortion to be very small, and that the 

ti lted slit correction works for the flat-fi lm processor they describe. 

necessary to have sufficient total i l lumination so that the noise is 

low enough to detect the required subtle changes in transmission. I t  

is also necessary for the il lumination to have the correct spatial 

distribution of l ight to insure that the data is weighted uniformly 

as the theory requires. 

111uminat ion 

The problem of il luminating the drum has two parts. I t  is 
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'CASSETTE 

-SLIT 

•SINOGRAM 

SOURCE 

Fig. k.12. Tilted Film Correction for Reordering Rays. 

The fan beam correction can be made in the taking 
apparatus by translating the fi lm at an angle. 
The result correctly reorders the rays for the drum 
processor (or for the flat fi lm processor shown later.) 



Total Flux 

The previous section on fi lm showed that the processor must 

-k 
detect changes in transmission of the order 10 .  We will  calculate 

the l ight flux required from a source to achieve this goal. To do this 

we need to know the flux from the lamp, the fraction passed through by 

the drum and fi lm, the fraction collected and util ized by the optical 

system, and the spectral match between the source and detector. 

Fig. 4.13 shows the layout of the optical system relative to 

this calculation. Since the lamp and diffuser are relatively long, 

essentially the entire flux of the lamp reaches the diffuser. The 

diffuser absorbs some fraction and scatters the remaining fraction T^. 

Assume that the diffuser is Lambertian. The fi lm has an average 

transmission T^.. (The assumption of angular independence is not 

correct, but for this calculation the error is a multiplicative correc

tion to Tp amd T^ that is less than 50%. This will  be discussed later.) 

The polarizer transmits Tp and the beamsplitter Tg .  The lenses have an 

aperture of d = ^=  23-3 mm. The distance from the drum to the 

lenses is sufficiently large that approximating the drum as a plane 

is satisfactory. The projected height of the drum is then the diameter 

2R. 

We want to know how much l ight passes through the slit of the 

positive channel. We will  use the conventions that B is a brightness 

(power per unit solid angle per unit projected area), that E is a flux 

(power per unit projected area) and that F is power. The subscript zero 

refers to the object space and the subscript one to the image space. 



sinogram 

Polarizer 

Beam 
Spli tter 

slit 

i7gr* mn) — I I I  mm 

to 
detector 

Fig. 4.13* Optical System Layout. 
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The l ight falling on an annulus of the lens, Fig. 4.14, from 

a normal surface element 6S is 
o 

6F = B cosy 6S 6ft (4.59) 
o o o o 

where YQ 's  the half angle of the annulus from 6Sq ,  and 6ft is the solid 

angle of the annulus, and 

6ft = Z^s iny^Yg. (4.60) 

We integrate this over the entire semiaperture of the lens, 0 q ,  

F = 2irB 6S 
o o o 

siny cosy dy (4.61) 
o o o 

= t;B 5S sin20 . 
o o o 

Assuming no losses in the lens, then 

o 

or, 

Fj = irB 6Sisin291  (4.62) 

Ex  = irBosin201  (4.63) 
since 

E = F/6S. 
(4.64) 

For small angles we can write 

ftl  = irsin20i. (4.65) 
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Fig. 4.14. Coordinates for Flux Calculation 



For an off-axis image point (Born and Wolf, 1970) 

EJ = B N^COS^I. 

However, for the maximum angles involved here cos1^ =1. Thus, 

81 

(if.66) 

max 

Ei = B ft-i .  Then it  follows that 1  o 1  

— IB dS .  
J o 1  o  (4.67) 

Using the system magnification, 

sin6 
M = — 

s m S j  

SSI 

6 S. 
(4.68) 

we can write 

f BoV$l f 

M2  L Si So 

B Q dSi. 
o o 1  (A.69) 

The slit projected onto the drum has dimensions L and e, so F]^ becomes 

Fi = B Lefl , 1  o o (4.70) 

Using the values of the system, 

Q q  = 1.34x10"^ and Le = 2.54 cm2 .  
(4.70 
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If  the l ight output of the lamp is B^, and the lamp has 

diameter 2R^, and the drum has diameter 2R^, then the brightness of 

the drum is B^, where 

BD -  bL V 

The expression for the l ight reaching the detector is then 

Fi = T L0oTSTpUTfVVRD )B l> <4-"> 

where T^ is the efficiency of the lens. Using the following values 

T l  = .9 T f  - .1 

Ts  - .3 T0  = .25 

T = .3 p 
L = 12.7 cm 

e = .2 cm 

VR
D - -3 

a = 1.34x1 o"4 
o 

we find 

2.lxlO"7  B.. (^.7*0 
L 

The source output power and detector sensitivity are both 

dependent on wavelength. Let W(X) be the relative spectral emission, 

normalized to unity, of the source, and let Pq  be the peak power in 
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watts per unit wavelength at the peak of W(A). Then the total power 

radiated from the source at the detector is 

00 

p = PQ j  W(x)dx (if.75) 

—00 

Further, let I  be the peak sensitivity of the photocathode in 

amperes per watt, and let R(A) be the relative spectral response of the 

photocathode. The cathode current is then 

I.  = I P 
k o o 

W(x)R(A)d 

W(x)R(X)dX (*t.76) 

| p -00 

o o —— 

W(A)dX 

= LOPQ. 

where Q is a dimensionless matching factor relating source and 

detector sensitivities (Eberhardt, 1968). 

When this calculation is carried out for a type 115 photo

cathode and a typical daylight type fluorescent lamp (RCA,1970), the 

result is about 200 viA per lumen (fluorescent). This same cathode 

yields about 70 yA per lumen for incandescent l ight (2850K). 



If  we wish to measure a change in transmission of 2x10 ,  we 

2j 
really need a signal-to-noise ratio of better than 10 in the output of 

the differential amplifier. Neglecting excess noise from the electron 

g 
multipliers and amplifiers, this means we need a total of 10 photo-

g 
electrons or i  x 10 in the positive channel per integration time. 

-4 
For an integration time of 10 seconds, this is a cathode current 

-8 
1^ =  8x10 A = 0.08uA. Since the response of the PMT is 200 A per 

-Zf 2 
lumen, we need 4x10 lumens. This means we need = 1905 cd/cm .  A 

2 standard 40w, T12, warm white flourescent lamp provides about .7 cd/cm 

(This latter number has meant that the experimental drum processor 

operated at relatively slow speeds.) 

Angular Variations 

Theory requires that all  projections be equally weighted. 

Clearly, when a f i lm is wrapped around a drum the projected area of 

projection decreases as cos<{> away from the center. So, even with 

perfect Lambertian il lumination, the weight given a projection varies. 

(Additionally, Appendix B shows that the effective fi lm thickness and 

hence apparent density varies with angle <j>.) The results of this are 

shown by computer calculation of PSF. 

Fig. 4.15 shows the PSF for equal weighting. Fig. 4.16 shows 

the result for the cosine factor due to geometry. Fig. 4.17 shows 

the result for a non-Lambertian il lumination and geometry. The 

deviation from Lambertian is modeled as another cosine so that the 

total weighting for Fig. 4.17 is cosine squared. Note the anisotropy 
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(a) (b) 

1 

Fig. k.15. PSF for Equally Weighted Projections. 

The r direction is (a); the 9 direction is (b) 

(a) (b) 

Fig. A . 1 6 .  PSF for Cosine Weighted Projections. 

The r direction is (a); the 0 direction is (b) 
The resulting PSF is not isotropic. 

(a) (b) 

Fig. 4.17. PSF for Cosine Squared Weighted Projections. 

The r direction is (a); the 0 direction is (b) 



of the point spread function. In the radial direction, the PSF rings 

with significant undershoot. In azimuth it  develops long tails. With 

the effect of fi lm thickness added in, the result would be even worse. 

Another problem results from the varying angles. The polariza

tion of the l ight emitted by a surface depends on the angle. Since the 

beam splitter ratio is polarization sensitive, the amount of l ight 

sent to each channel depends on the location and angle of the point 

on the drum. This problem is mostly cured by placing a polarizer in 

front of the beam splitter. The splitting ratio is then constant. 

Fi1ters 

The previous chapter pointed out the relationship between the 

fi lter function and the point spread function. The question here is 

how can a specified fi lter be realized in practice? The problem is to 

generate a mask with a specified transmission that depends on position. 

The physical scale of the mask and range of transmission values required 

are the two most important considerations of this problem. The fi lm 

size, required resolution, and optical system magnification define the 

scale required for the mask. The function to be implemented determines 

the range of transmission or dynamic range required. The transmission 

function can be either a point-by-point representation or a small-area 

average representation. The former case would have the speci

fied transmission at each point. Film fits in this category for small 

grain size. The latter case would have the correct transmission on the 



average over some area that is small with respect to the rate of change 

of the function. The prime example of this case is in an area-modulated 

binary mask. 

The dynamic range required by the f i lter function is the central 

issue in the practicabi 1 ity and accuracy of a fabrication method. For 

a binary f i lter, a requirement for large dynamic range and small scale 

rapidly tax the resolution of fabrication methods. That is, for low 

transmission, the sizes of the open areas approach the resolution limits 

of fi lm and lenses. On the other hand, to achieve a low transmission 

in the point-by-point case requires a large optical density. While 

fi lms are available with a high maximum density, they also have a high 

gamma. This feature makes i t  very difficult to precisely control the 

density. Films with a low gamma where it  is easy to control the density 

generally have a small maximum density. I t  is possible to increase the 

available maximum density without sacrificing a usable gamma by sandwich

ing two or more fi lms together. This was the approach taken to fabricate 

the fi lter used in the experiments. The exact process used to make the 

fi lter is described below. 

Filter Fabrication 

Kodak high contrast copy fi lm was selected as the material 

to be used for the f i lter. This fi lm has a low base-plus-fog density 

and a maximum density of almost two. The f irst step in the fabrication 

process was to carefully measure the characteristic curve (H and D 

curve) of the fi lm for the processing conditions used. The f i lter to 

be made had the form 



( 27 '  fo r  

hi(x') =< '  

i  - , for [ x'  |  > e (^ - 77) 
^ 2x 

The positive portion is simply a slit so only the negative portion 

needed to be made on fi lm. Since two fi lms were to be sandwiched 

together, the transmission function for each fi lm must be 

0 for |x1 |  <  e  

constant r  i  .  i  ^ n -,0 \  for |x | > e (4.78) 

Next the exposure required for obtaining t(x) was calculated from the 

H and D curve and plotted on opaque black paper. The scale was 1:1 in 

x, and from zero to 5ir inches in exposure. That is, the horizontal scale 

of the plot was l ife size in object space and the maximum height of the 

plot was just over 15 inches. The plot was then cut along the curve and 

the portion above the curve was wrapped around the drum. The drum 

was then spun rapidly and a time exposure made with a 35 mm camera. 

The camera was positioned to achieve the desired image size on fi lm. 

A time exposure of the rotating drum means that the total exposure at 

a given location depends on relative open area, the area not covered by 

the opaque plot. The correct exposure was thus presented to the fi lm. 

(See. Fig. 4.18.) 

After developing, the exposures were measured on a micro-

dens itometer. A resulting trace of transmission is shown in Fig. 4.19. 

This conforms rather well to the desired function. Two of these 

t(x') =• 
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Fig. 18. Filter Fabrication. 

A mask is cut out and mounted on the drum. As the 
drum rotates, a time exposure is made. The exposure 
at a given point depends on the amount of open area 
at that vertical l ine of the mask. This provides 
the required horizontal variation in exposure. For 
a properly il luminated drum, there is no vertical 
variation. 



tBBe«iiRBBeBBiiaaBittar?ssQj»sB8BKii8§] 

Fig. 4.19. Microdensitometer Trace of the Filter Mask. 

The trace is through one fi lm of the two fi lm sandwich. The 
desired function is the 1/x. The result is quite close to the 
desired function. 



frames were mounted together in precise registration on glass. The 

4 
final f i lter had a functional range of 10 .  

Optical Detectors 

For convenience, large-area detectors are useful as this eases 

the burden of l ight collection (so long as the response is sufficientl 

uniform over the area used.) As was pointed out in the il lumination 

section, the detector response must be matched to the source spectrum 

for optimum efficiency. The choice of fluorescent i l lumination was 

based primarily on the heat dissipation problems of incandescent lamps 

within the confined space of the five inch processing drum. With thes 

criteria in mind, an RCA 4517 photomu1tipiier tube was selected. This 

PMThasa l i  inch diameter cathode with a type 115 response. 

A number of operational problems may interfere with proper 

performance unless adequate precautions are taken. The precision 

of the measurement desired in this application is better than one 

part in 10^ (see the il lumination section preceding). Since the gain 

of a PMT is voltage dependent, PMT power supplies must be adequately 

regulated. If  we operate a PMT in the range where the average stage 

gain is approximately l inear, we have the following situation. Let 

the gain per dynode be gQv where v is the applied voltage. The total 

gain for an n stage PMT is then g = (gQv)n  and the change 

in gain with voltage is 

j  n  n ~ l j  dg = gQ nv dv 



or, rewriting it ,  

dg dv —2- = n— .  
9 v 

-k 
Therefore, to maintain a precision of 10 with a 10 stage 

PMT requires a power supply stable to a part in 10*\ However, since 

the difference of two photomultipliers is the desired signal, i f  both 

PMT's operate from the same supply, the gain error becomes a common 

mode signal and is reduced to a second order effect. To insure best 

performance (particularly when varying the gain by changing the overall 

operating potential),  the cathode-first dynode voltage was maintained 

constant with Zener diode. A Zener diode is useful for the last-

dynode to anode voltage as well,  particularly for higher signal currents 

The problems of PMT voltage divider characteristics are treated by 

Engstrom and Fischer (1957). 

Inasmuch as the drum processor contains some large, rapidly 

rotating parts, microphonics can be a significant problem. The 

solution is adequate dynamic balance of the rotating parts and 

vibration isolated mountings for the PMT's. 

Electronics and Display 

Difference Amplifier 

The electronic parts of the analog processor are rather straight 

forward and can be divided into the amplifier portion and the display 

section. Fig. k.20 shows a block diagram of the amplifier electronics. 
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Fig. k.ZO. Diagram of the Differential Amplifier 
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The signal current from each PMT is amplified and then applied to the 

differential amplifier. The remaining stages condition the signal for 

display. The overall passband goes from dc to an upper l imit. This 

upper l imit is determined by the detected light flux and the desired 

reconstruction speed and accuracy. A bandwidth of lOKHz is sufficient 

for operating the drum at the 1800 rpm required for 10 second recon

struction. The major requirement is that the amplifier be reasonably 

stable with low dc drift.  The amplifier constructed for the experiment 

was built from very low cost integrated circuits. 

Display Raster Generator 

The display electronics is somewhat more complicated. Fig. ^.21 

shows a block diagram of the functions required to display the recon

struction. First, a spiral raster synchronized with the drum must be 

generated. The circular part of the raster is derived from a two phase, 

permanent magnet, ac generator mounted to the drum. This generator 

produces two sinusoidal voltages in quadrature, one cycle per revolution 

If  these equal-voltage sine and cosine signals were applied to the x and 

y deflection plates of a CRT, a circular trace would be produced. A 

spiral trace is produced by modulating these voltages. A potentiometer 

geared to the rotation of the drum provides a voltage proportional to 

i|i .  This radius signal is applied to a pair of multipliers to which the 

sinusoidal voltages are also applied. The resultant outputs of rsin u> 

and rcos generate the spiral raster. 
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Fig. k.21- Diagram of the Display System. 
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Write Speed Correction 

A spiral raster has a major problem to overcome. In the course 

of the scan, over equal time intervals equal lengths are not traced over. 

That is, the writing speed of the beam depends on the radius. Un

corrected, this would result in a variation in trace brightness. Thus, 

a write speed correction must be made. 

The method selected to make the needed correction pulses the 

CRT beam. The pulse rate is varied so that a constant number of pulses 

are written in a unit length, independent of trace location. If  the 

trace is being written at a constant angular velocity u, and if  k pulses 

are to be written into unit arc lengths S=rAw=const, the pulse 

repetition rate or frequency must be 

v = kir (4.81) 

The requirement on k is that a sufficient number of pulses 

be written within a pixel so that resolution is not degraded. Fig. 

4.22 shows the arrangement used to generate these pulses. The absolute 

value of the signal from the radius potentiometer varies the frequency 

of a voltage controlled oscillator or VCO. The VCO must have a highly 

linear characteristic of frequency versus voltage over several decades. 

The output of the VCO triggers a monostable multivibrator or one-shot. 

This produces a very short pulse for each cycle of the oscillator. If  

this pulse were applied to the z axis of the CRT a uniform spiral 

raster would result. 
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Fig. ^.22. Voltage Controlled Oscillator. 
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It is now necessary only to impress the signal on the CRT to 

correctly display the reconstruction. This is done also by z-axis 

modulation to control the intensity of the CRT. The reconstruction 

signal is multiplied by the pulse in a fast multiplier. Now each pulse 

has the height of the reconstruction signal. When this signal is 

applied to the CRT, an intensity modulated trace corrected for write 

speed is displayed. A permanent recording is made by photographic 

methods. A camera records a time exposure for the duration of the 

reconstruction process. With Polaroid film, the photograph is available 

within 15 seconds of the completion of reconstruction. 

This system has a number of problems. A separate reconstruction 

and photograph must be made for each desired contrast and baseline 

setting. This becomes a problem when it is desired to expand the "scale 

to display a narrow range of absorption coefficients. Also, large 

area, high resolution reconstructions place very stringent demands on 

the linearity and range of the VCO. 

A more convenient way of solving both of these last problems 

is to write the reconstruction onto a scan conversion memory in the 

equilibrium write mode. This mode of writing is independent of the 

writing speed. After the spiral raster is written, the result may be 

displayed with a rectangular raster on a conventional video monitor. 

By varying the contrast and brightness video controls in playback, 

selected ranges of attenuation coefficient may be displayed and 

photographed. This avoids multiple reconstructions. The experimental 

results shown in the next section were obtained with pulse write speed 

correction. 



CHAPTER 5 

EXPERIMENTAL RESULTS 

Exposure Apparatus 

To demonstrate the feasibility of this reconstruction 

method, the equipment shown in Figs. 5*1 and 5-2 was built. The data 

collecting apparatus translated a standard 14" x 17" film cassette 

vertically on linear ball bearings. The translating portion was 

connected by cable to the turntable which rotated the object. The 

cable was wrapped around a drum machined to match the diameter of the 

reconstruction drum, allowing for the cable diameter. Thus, a rotation 

of 360° translated the cassette precisely the circumference of the 

reconstruction drum. A standard constant potential diagnostic X-ray 

unit in the fluoroscopic mode was used as a source. A 5 mm lead slit 

defined the fan beam thickness. Fig. 5.3 shows a typical sinogram from 

the apparatus which was limited to objects smaller than about 6" in 

d iameter. 

This arrangement has quite a number of problems, some rather 

serious. The screens used for all the experiments were a randomly 

selected pair of DuPont Lighting Plus screens (serial numbers 007865, 

007866). Later measurements conducted by John Hayes and John Greivenkamp 

directed towards evaluating the uniformity of screens showed these 
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Fig. 5.1. Photograph of the Taking Apparatus. 

The collimating slits and X-ray source are 
not shown. 



Fig. 5.2. Photograph of the Drum Processor. 

O 
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Fig. 5-3- A Typical Sinogram. 

The variations of exposure due to the irregular 
speed of the taking apparatus are evident. 



particular screens to have very poor uniformity of response. These • 

screens had both top-to-bottom and side-to-side shading of sensitivity. 

Although the exact origin was unknown during the experiments, empirical 

corrections were made by manually varying the X-ray tube potential 

during the exposure. Many exposures were made until a film was produced 

with less than .02 variation in density as measured on a MacBeth densi

tometer. The correction for side-to-side variation was made by tilting 

the cassette (by moving the entire apparatus) so that it was not normal 

to the beam axis. The required angles were very small to keep exposures 

uniform to .02 in density. Future experiments will be conducted with 

screens selected for uniformity. 

Two other sources of exposure variation were present. The 

taking apparatus did not run at a constant speed. One component was 

periodic and due primarily to oscillations resulting from the elasticity 

of the cable drive. This resulted in rapid variations in speed and 

exposure. As has been shown, this type of error produces very l ittle 

effect in the reconstruction. The other component was due to the effect 

of varying friction on an undersized drive motor (< 0.01 HP). This 

component was irregular. One final component of exposure error was the 

X-ray source. Although by name it was a constant potential type gener-

tor, the tube current in fluoroscopic mode was far from constant. 

While the unit works adequately for routine use with its automatic 

brightness control, it had no feedback during our exposures. Depending 
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on the condition and load demand of the power system and probably many 

unknown factors, tube current varied as much as 20% over an exposure. 

The unit had some good days and some bad days. In a future unit, the 

X-ray flux can be monitored and feedback used to stabilize the intensity. 

Given the case of ideal lighting, all of these errors would 

have contributed little to reconstruction errors. However, given the 

highly nonuniform weighting resulting from the actual drum illumination, 

together, all of these constituted a serious problem. The most trouble

some, however, was the end-to-end variation of exposure. The end-to-end 

exposure variations caused two problems in the experimental drum 

processor. First, the variation in weighting of the projections 

from the illumination causes a scale factor change as the exposure 

variation changes position. The second and larger problem arises from 

the negative filter. The functional form of the negative filter was 

correct in the center vertically. At the top and bottom, however, 

the functional form was different because the exposure during fabrication 

was different. The vertical variation was present because the filter 

was made on the drum. Since the filter varied vertically, the zero 

mean property required in theory could not be achieved over the entire 

vertical extent of the filter when it was made the way described. Since 

the zero mean was not obeyed, overall variation in film transmission showed 

up as signal when it would have been cancelled out by a proper filter. 

When the drum was rotated to scan in azimuth, rather large signals were 

seen on supposedly uniform films. This effect is seen well in Fig. 
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Fig. 5 . k .  Reconstruction Showing Illumination Errors. 

The central region should be uniform but varies in 
azimuth due to a variation in density along the 
length of the sinogram and due to variation of the 
filter function vertically. The effects of the 
tails of the PSF in the azimuth direction and of the 
undershoot in the radius direction are evident. 
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.  One other problem that can be seen on the sinogram films is 

a set of vertical stripes. These resulted from small irregularities in 

the milled edges of the lead slit. A bump 100 ym high in a 5 mm slit 

produces a 2% exposure error. Although lead is hard to machine, it 

must be done carefully. These stripes appeared to have no obvious 

effects on the reconstruction. 

Reconstruction Apparatus 

The reconstruction apparatus was built around a 5" diameter 

translucent white plexiglas cylinder about 22" long. A single AO watt 

T-12 fluorescent lamp powered by a constant current dc power supply 

provided the illumination. (This lamp limited reconstruction speed to 

about 4 minutes.) Although the fast rotation about the cylinder's 

axis was motor driven, the assembly was rotated manually through a worm 

drive to scan in the radius direction. 

The optical system used a metalized prism-type beam splitter 

and a pair of 105 mm, fM.5, enlarging lenses. The positive channel 

filter consisted of an adjustable slit while the negative channel was a 

two film sandwich of high contrast copy film. RCA ^517 photomultipliers 

served as detectors. 

Most of the problems with this reconstruction apparatus involved 

the problem of lighting. No effort was made to boost the light intensity 

for the upper and lower portions of the drum, so at least the calculated 

errors were expected. Some effort, mostly unsuccessful, was put into 
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varying the filter masks vertically to compensate for lighting 

errors. Due to limitation in dynamic range of the films used for filter 

fabrication and the problem of sufficient light flux, (this method of 

compensation attenuates light from the center) this has yet to contrib

ute measurably to performance. 

The illumination error had its major effects in three areas. 

First, the projections were weighted incorrectly and so the previously 

described anisotropic point spread function resulted. Second, length

wise exposure errors in the sinograms appeared as erroneous structure in 

the reconstructions. Third, variations with changing angle ip resulted 

in an error signal and overall variation of signal amplitude with the 

radius. In this last instance, the problem is complex because the 

positive and negative parts of the filter observe different parts of the 

drum. With no film mounted on the drum, even under the best circum

stances, rotation about ip produced a shading of 1 or 2% over the field. 

(Without the polarizer, this was more like 10%.) The effect is worse 

with film on the drum. 

To some degree these effects were minimized with a judicious 

choice of negative channel gain. In Fig. 5-10 note the curvature of 

the baseline beyond the object. Ideally this should be flat. By 

varying the amount of negative channel signal applied to the differen

tial amplifier, this curvature could be changed. This also affected the 

curvature and depth of the central region of the object. The negative 

channel could be adjusted for an optimum reconstruction. Likewise, the 

negative channel could be adjusted to ameliorate the undershoot of the 
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PSF in the r direction or the tails in the 0 direction. Unfortunately, 

it doesn't help the two directions simultaneously. Nevertheless, 

positive results have been obtained. 

Resolution Test 

Fig. 5.6 shows a reconstruction of the object in Fig. 5.5- This 

object consisted of five steel rods about each 2 mm in diameter (a set 

of jeweler's screwdriver blades) arranged in a pentagon on 8 mm centers. 

The reconstruction shows, allowing for the diameter of the rods, approxi

mately a 2 mm resolution. Fig. 5.7 shows the azimuthal cross sections 

through the reconstruction of the rods. 

Density Discrimination 

Fig. 5.8 shows a phantom consisting of concentric cylinders of 

water equivalent plastic. The inner cylinder is filled with a 70% 

solution of isopropanol with an electron density about .87 times that 

of water. The outer cylinder is water filled. Fig. 5-9 shows the 

reconstruction of this phantom and Fig. 5.10 shows a radial cross 

section of the reconstruction. The step height here is 13% of V^O' 

The noise level in the constant region is apparently better than 1% of 

Vu The rounded corners of the outside region should be flat and 
2 

again reflect the illumination problem. 

Finally, Fig. 5.11 shows a phantom consisting of two plastic 

test tubes in water. One tube contains mineral oil, the other tube 70% 
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Fig. 5.5. Resolution Phantom. 

The phantom consisted of five metal rods 2 mm in 
diameter arranged in a pentagon 8mm on a side. 
Azimuthal cross sections A,B,C are used in Fig. 7-



Reconstruction of the Resolution Phantom. 



5.7- Cross Sections Through the Reconstruction in 
Fig. 5.6. 

The azimuthal cross sections are indicated in 
Fig. 5*5- The resolution is approximately 2 mm. 
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Fig. 5.7- (Continued) Cross Sections Through the Reconstruction 
in Fig. 5.6. 

The azimuthal cross sections are indicated in 
Fig. 5.5. The resolution is approximately 2 mm. 
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I sopropanol 

PE  -  0.87 

Fig. 5-8 .  Symmetric Density Phantom. 

The phantom consisted of two concentric, water-
equivalent plastic cylinders. The inner cylinder 
was filled with an isopropanol solution whose 
relative (to water) electron density was 
PE 

3  0-87. The outer cylinder, 9 cm in 
diameter, was filled with water. 



Fig. 5.9. Reconstruction of Symmetric Density 
Test Phantom. 



Fig. 5.10. Cross Section Through the Reconstruction 
i n  F i g .  5 . 3 .  

The noise level corresponds to about 1% of 

UH,(T 
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I sopropanol 
Solution 

Mineral 

Fig. 5.11. Test Tube Phantom 

The phantom consisted of two water-equivalent 
plastic test tubes immersed in water. One 
contained an isopropanol solution (relative 
electron density Pe = 0.87). The other contained 
mineral oil (pe  = 0.89). 
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isopropanol. The difference in electron density between these two 

materials is about 2% of pu . .  Note that in the reconstruction (Fig. 
H2O 

5.12), the tubes are imaged with high constrast. However, this recon

struction exhibits several problems. The tubes are not imaged properly 

round which results from a combination of effects. Nor are they 

uniform over their extent. Nevertheless, these results are promising. 
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o 
Fig. 5-12. Reconstruction of Test Tube Phantom. 



CHAPTER 6 

PROBLEMS, ALTERNATIVES, AND CONCLUSIONS 

Illumination Correction 

The most significant problem with the drum processor is illumi

nation. There are three fundamental ways to attack this problem. First 

is to build in a vertical variation in the filter masks. Second is to 

redistribute the illumination within the drum. Third is to abandon 

the drum in favor of some system wherein the film is mounted flat. 

The first alternative is a weak palliative at best. The aim 

of the filter correction is to reduce the intensity in the center region 

to bring it down to the level of the upper and lower extremities. 

Since the light flux is very low at the extremes, this method is very 

limited as it wastes light. To overcome the light loss, the lamp 

size may be increased but this can be taken only so far. For example, 

consider a compensation is applied from the center up to an angle g^ on 

the drum, (Fig. 6.1) and no correction between 3 and tt.  Further assume 
m 2 

2 
the lighting falls of as cos g. The relative contribution from -f3 

to 3 is 
m 

\  (0 + \  sin 2 3) (6.1) 
it m 2. m 
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ca 

Fig. 6.1. Compensating the Illumination in the Filter Masks. 

The filter masks are made to compensate over the 
range ± 0m .  
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without compensation. With compensation the contribution is 

4 9 
— 0 COS^B .  If. 9^ v  m m \ o . z j  

From ±3 to ± £ the contribution is 
m L 

£ § - (em*isln 2 6J 

(6.3) 

= 1 -  |  (3m + |  sin 2 3). 
ir m 2 m 

Thus, the fraction of light available after compensation is 

1  - f ( 6 m + I s i n  2  S m ' -  ( 6 . 4 )  

Thus, if the compensation is carried out to ± ^5°, 32% less light is 

available, and, when carried to ± 85°, S%% of the light is removed. The 

computer generated PSF plots shown in Fig. 6.2 show that the PSF is 

poor even when compensated up to ± 75° and 89% of the light is lost. 

The next option, increasing the light intensity at the top 

and bottom, has several problems. A large increase is required. Also, 

it is difficult to control the distribution of intensity to match that 

required. However, combined wjth the appropriate vertical variation in 

the filter mask, it could go a long way in improving the operation of 

the drum processor. 

The final alternative is particularly attractive. Swindell 

(Barrett and Swindell, 1977) has described an optical processor in 

which the film is mounted on a flat light box. The required shift is 
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Rad i  us 

A 

Fig. 6.2. PSF for Compensated Illumination. 

Both radial PSF curves are for a cosine squared 
error in illumination. Curve A is uncompensated. 
Curve B is compensated over ± 75°. 
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Mask 

Lens 

Light Box 

Fig. 6.3. The Loop Processor. 

The film is mounted flat on a light box. It 
is imaged onto a pair of masks (one is shown). 
The required shift operation for the convolution 
is accomplished in the mask. The amplitude of 
the shift varies along the mask. The phase shift 
is done by translating the mask. As it translates 
the amplitude changes slowly. 



built into the processing mask instead of into the geometry. The 

data collection step for this system is identical to that for the drum 

processor. As can be seen in Fig. 6.3, the flat film is imaged onto a 

portion of a loop of film containing the filter mask. The filter 

function is shifted sinusoidally along the length of the loop with the 

amplitude increasing slowly and uniformly from zero to some maximum. 

As the loop translates, the phase relation to the sinogram varies, 

changing the azimuth of the reconstruction point. As the amplitude 

changes slowly, the radius of the reconstructed point increases. Thus, 

the reconstruction is carried out in the same spiral format as the drum 

processor. 

Dynamic Range and Dodgers 

Reconstruction problems aside, the problem of dynamic range of 

the film in the recording process clearly limits the size of the object 

that can be faithfully recorded and reconstructed. The data presented 

earlier showed a useful range of four inches of plexiglas. How can 

this beextended? Of course, .a water bath could be used so that all rays 

traversed the same path length in material. For convenience 

it is desirable to avoid this answer. A more promising answer is a 

dodger. A dodger is a device that spatially varies the X-ray beam 

before the object. It would be desirable that the dodger not interfere 

with the reconstruction process. 
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Fig. 6.^ shows a series of concepts leading to a useful 

dodger. Conceptually one could replace a water bath with a plastic cube 

having a cylindrical hole bored in it. An object would be placed in the 

hole and rotated. One face of the cube would remain facing the X-ray 

source. This leads to a nearly equal path in material for all rays, 

at least for an object exactly fill ing the hole. Clearly, an object 

exactly fill ing the hole and made of the same material would present 

zero dynamic range to be recorded. For the parallel ray case, the 

object and dodger can be separated. For a diverging ray case, the 

material could be distorted to give the correct path lengths. A similar 

argument holds for the situation of placing a hollow cylinder around the 

object. An exactly equivalent recording can be made with the material 

placed entirely in front of the object. 

The reconstruction of a hollow cylinder is zero in the empty 

center region. This means that an object in the empty space would be 

reconstructed with no interference from the dodger. Fig. 6.5 shows 

that a careful choice of dodger material and size can reduce the dynamic 

range over the object. Then, if the edge of the dodger is sufficiently 

far from the object, the resulting distortion won't affect the object. 

Conclus ions 

Analog processing offers a number of advantages. The detector 

is low cost and highly uniform in response. It can collect data very 

rapidly. The fact that the data is recorded at very high spatial 

resolution offers the possibility of determining the resolution during 
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A. fr—  ̂

Fig. 6.*». Dodger Concepts. 

The parallel beam projection of a cylindrical object is shown in (a). In (b) 
the object is surrounded by material to reduce the variation from center to 
edge. The material need not surround the object but need only be in the beam 
(c). The path length through the dodger is important, not the location of 
the material (d). A hollow cylinder of a higher density material reduces 
the range over the extent of the object (e) and need not be around the 
object (f) and (g). 

CO 
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10 cm 

Fig. 6.5. Dynamic Range Reduction with Dodgers. 

The plot shown is for a 28 cm diameter water object inside a kO cm 
diameter magnesium dodger. The 28 cm of the object has been compressed 
into about a 10 cm equivalent dynamic range. 



reconstruction. By changing the filter mask, a reconstruction can be 

made at high spatial resolution at the cost of density discrimination 

Alternatively, reconstructions can be made at lower spatial resolu

tion and higher density resolution. These different reconstructions 

can all be done after recording the data. On the other hand, the 

design, and construction of finite detector arrays determine the 

limit of resolution in the hardware of the scanner. The analog 

processor offers many advantages, but clearly requires much more 

intensive research. 
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Abstract—A genera) analysis is presented of the limitations on transaxial tomographic imaging 
due to the quantum statistics of the radiation source. An idealized model is used in which 
reconstruction errors due to divergence of the X-ray beam, the finite number of projections, 
and the finite detector si7e arc neglected. The results, therefore, represent an upper bound to 
the performance attainable with this method. An operator formalism is introduced to dcscribc 
(he various linear reconstruction algorithms, all of which arc shown to be statistically equivalent. 
Expressions arc derived for the mean signal, rms noise, resolution, and required radiation dose 
for a given signal-to-noise ratio. The results are valid for any object and any linear reconstruction 
algorithm. 

Transaxial tomography Statistical limitations Divergent X-ray b?am Linear reconstruc
tion algorithms Signal-to-noise ratio Dose scaling Resolution limitations 

1. INTRODUCTION 

Transaxial tomography, a three-dimensional radiographic imaging technique, is a drama
tic advance in the practice of clinical radiology [1.2]. In contrast to other tomographic 
methods, it permits the visualization of a single anatomical plane without the complica
tion of blurred over-I>ir.g planes. Although the resolution of transaxial tomographic 
images is poor by the standards of conventional radiography, very subtle changes in 
the X-ray absorption coefficient can be discerned. For example, the difference between 
gray and white matter in the brain or between normal and coagulated blood is detectable 
[3], 

In spite of the long history of this subject, spanning fields as diverse as electron 
microscopy, radiology, and radio astronomy, there still has not been, to the authors' 
knowledge, an adequate treatment of the fundamental statistical limitations of the 
method. Many authors [4-6] have digitally simulated the effects of quantum noise, 
but these particular results give little insight into the basic limitations imposed by noise 
on resolution and minimum detectable contrast. Nor do they help very much in making 
judicious trade-offs to optimize the data processing algorithm for a particular appli
cation. 

A step in this direction was recently taken by Shepp and Logan [7], who calculated 
the relative noise (but not the relative signal or resolution) for a few specific algorithms. 
The problem has also been considered by Chester ct ul. [S] and Brooks and DiChiro 
[9], Their results, however, are not sutliciently general to permit a comparison of various 
algorithms or to apply to arbitrary objects. The goal of the present paper is to present 
a general calculation, valid for any linear analytic algorithm and any object, of the 
absolute signal-to-noise ratio (SNR). patient dose, and minimum detectable contrast. 
It will also provide a basis for the comparison of different algorithms and filter functions. 
However, only statistical limitations will be considered; errors due to a finite number 
of scans or to the finite detector size. e.g.. will not he considered. 

In Section 2, the geometry of the problem is set up and some important definitions 
are introduced. Then, in Section 3, the various analytical reconstruction techniques arc 
briefly reviewed. This section should serve to make the paper more nearly self-containcd 
and to show the essential unity of apparently disparate techniques. Calculations of reso
lution, SNR. and dose are carried out in Sections 4 and 5, respectively. Finally, in 

307 



308 H. H. Bakkctt, S. K. G(irix)N and R. S. IIi ksiii l 

Scction 6, wc present a few remarks that indicate just why transaxial tomography is 
such a valuable adjunct to conventional radiography. 

1 GEOMETRY AND DEFINITIONS 

The object of transaxial tomography is to deduce the values of the X-ray absorption 
coefficient at all points in a volume from a series of its projections onto planes. Cormack 
[10] has shown that this is equivalent to the problem of deducing the values in a 
plane from a series of projections onto lines. The volume can then be built up as 
a stack of parallel planes. We will adopt this latter approach. 

The data collection geometry is shown in Fig. 1. The linear X-ray absorption coeffi
cient in the plane of interest is n(r), where r is a two-dimensional position vector with 
Cartesian components x and y and polar components r and 4>. It is convenient to 
define a rotated coordinate system (x, >•') making an angle 0 with the original .v, y 
system. Then the X-ray beam for the projection at angle 0 is parallel to the / axis, 
and the data for this projection are recorded along a line parallel to the x' axis. 

The X-ray beam is assumed to be perfectly collimatcd and to have a height li that 
is small enough for variations of in the : dimension to be neglected. The mean 
number of X-ray quanta per unit length incident on the object is the constant i l0. 
After passing through the object, the mean number per unit length at point x' in the 
projection at angle 0 is given by 

rio(.x') = H„cxp£- J" //(r) d)'j. (1) 

The object is assumed to be bounded, with /4r) = 0 outside the boundaries, so there 
is no problem in setting the integration limits to + x. 

The problem, in simplest terms, is to reconstruct an estimate of fi(x,y) from a set 
of experimentally determined values of «o(.y'), or more specifically, from their logarithms. 
We define 

/»(•*') = -lnO„(.Y')/Ko]. (2) 

The quantity fo(x'), for one particular value of 0 and .v', is thus an estimate (albeit 
a biased one, as we shall see later) of one particular line integral of ft. In practice, 
measurements are usually made at discrete points along x' and for discrete angular 
increments. However, to concentrate on statistical limitations, we shall assume that 
these increments are very small so that x' and 0 are continuous variables. 

The notation for the remainder of the paper is made much more compact by introduc
ing a number of integral operators. Considerable use is made of Fourier transforms, 
and it is necessary to distinguish between one- and two-dimensional Fourier transform 
operators, and J^2, respectively. Given any one-dimensional function/(.\), its Fourier 
transform F(v) is 

F(i') = f cxp[/-7n\v]/(.y)d.y = (3) 
J- ® 

and the inverse relation is 

/(x) = H cxp[ — /27tv.Y] F ( V )  dv = 1 { F \ .  (4) 
J - X) 

Similarly, for a two-dimensional function /(r), the two-dimensional Fourier transform is 

F(/>)= f exp[i27rfi-r]/(r)d2r = .F, [/]. (5) 
J - X> 

with the obvious inverse. The two-dimensional spatial frequency p has Cartesian 
components c and i/. and polar coordinates /> and If /(r) has rotational symmetry, 
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i.e. depends only on |r|, then the two-dimensional Fourier transform becomes a Hankel 
transform, defined by 

Jf{f(r)) = 2n jj0(2jtpr)/(r)rdr, (6) 

where J0(—) is the zero-order Bessel function. The Hankel transform is its own inverse: 

(7) 

Another important operator is the back-projection operator. Given a one-dimensional 
function such as fix') that is defined along the rotated x' direction, its back-projection 
is a two-dimensional function gj[x',y'), which has no variation in the y' direction: 

gdr) = g'etx',y) = Rx'). (8) 

The function ge can also be expressed in polar coordinates (r, (ft) by noting from 
Fig. 1 that 

x' = r sin (<j> - 0). (9) 

Thus 

3o(r) = g'u(r, <t>) = fair sin (<£ - 0)]. (10) 

It is understood here that g'h(r, $), g'J,x', /), and y,/r) refer to the same physical distribu
tion in different coordinate systems; the functional forms will, of course, be different. 

If we carry out this back-projection operation for each angle 0, and superimpose 
the results, we will have assembled our original set of one-dimensional functions into 
a single two-dimensional function that, hopefully, is simply related to the unknown 
two-dimensional function fi(x, y). This sequence of steps is therefore important enough 
to define an operator a? to describe them. For discrete angular increments, 

#{/»,(*')} = lMrsin^-0,)], (11) 
i= I  

or, if 0 is regarded as a continuous variable, 

mfo(x')} s - f"'2 f„[rsm(4> - 6)] d0. (12) 
t J - it/2 

The range of integration is n rather than 2n because projection at angle 0 is equivalent 
to projection at 0 + n. 

3. REVIEW OF RECONSTRUCTION ALGORITHMS 

Basically, four different linear algorithms have been proposed for the reconstruction 
of an object from its projections. These are (I) Fourier synthesis [11]; (2) filtered back-
projection [12]; (3) convolution [13. 14]; and (4) Radon transform [15,16], It is our 
goal in this section to show that they are all equivalent, so that it really docs not 
matter which we choose for the SNR calculation. 

Assume for the moment that the mean values of the measured projections J' t{x') are 
good estimates of the true line integrals, i.e. 

/#(•*')= f /'(f) dy'. (13) 
J - OP 

This equation, which is not as obvious as it might appear, is discussed in more detail 
in Appendix B. 

The Fourier synthesis method is based on the central slice theorem [17], which states 
that the one-dimensional Fourier transform of the projection l„ is the same as the 
two-dimensional transform of // evaluated on a particular line passing through the origin 
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of the two-dimensional frequency plane. Furthermore, this line rotates with 0, so that 
the full set of projection data is sufficient to completely map out the two-dimensional 
transform of /< and therefore to determine /< itself. 

This result follows readily from equation (13) by taking the one-dimensional transform 
of both sides. Letting £' be the frequency variable conjugate to x', we have 

{/oM! = Foii') = f cxp(/27t£'x') (* n(x)dx'Ay' 
J - 00 J-«I 

= f I* exp(/2»tfV + i2nrj'y')n(r)dx' dy' . (14) 
J- T) J^'^O 

But the last form of equation (14) is easily recognized as the two-dimensional transform 
of n, evaluated along the line tf = 0. The frequency variable t\ is conjugate to y' and 
is therefore rotated by »n angle 0 from the fixed tj axis. Thus as 0 varies from 0 to 
it, the line tj' = 0 sweeps out the entire Z~t\ plane, and all points in the two-dimensional 
transform of /i, may be determined. Then n itself is determined by performing 
an inverse two-dimensional transform. 

In practice, fj[x") is usually measured at discrete points along the x' axis and in 
discrete angular increments. Thus, after a set of discrete Fourier transforms, P 
will be determined on a finite set of points arranged on a polar grid. It is then numeri
cally convenient to either interpolate or average adjacent points to remap ^2{/iJ onto 
a rectangular grid before applying the inverse transform. Various interpolation schemes 
have been discussed by Mersereau and Oppenheim [4] and will not be reviewed here. 
It is worth noting, however, that the polar grid has a much greater density of sample 
points near the origin of the i-ij plane than at the edge. The density of sample points, 
in fact, varies approximately as 1 jp, where p = [,r* + »;2]'2 is the radial component 
of the two-dimensional spatial frequency vector. If interpolation is performed by simply 
averaging over a fixed area, then the resulting map of will be distorted by 
this factor \/p. An accurate reconstruction of ft requires that this distortion be corrected 
by weighting each element in by p, or that the distortion be avoided in the 
first place by using a more sophisticated interpolation method. 

The next reconstruction method to be discussed is filtered back-projection. Because 
all operations to be performed in this method are linear, we may begin by considering 
a point absorber and later generalize to any distribution //(r) by linear superposition. 
Because the system is also shift-invariant, there is no loss of generality in locating 
the point absorber at the origin and representing its absorption coefficient as 

A') = <5(.v)<5(y) = <5(.v')<5(/). (15) 

The projections of this particular /(-distribution are one-dimensional delta functions 

f 'o(x') = <5(.\') = <5(.v cos 0 — y sin 0). (16) 

Note that / J and fi* do not have the same dimensions as /« and fx. 
If we attempt to form an image of // by a simple back-projection operation, wc obtain 

m r*>2 

*"{/#(•*')) =— d0-<5(.xcos0 — vsinO). (17) 
* J-«/2 

Now the argument of the delta function has exactly one zero in the interval (-ji/2, rt/2) 
and that occurs when 0 = 0o = tan" '(.v/y). Thus, we may transform the integral to 

«{/*(• r-V» = ^ r W-gpKM n8)  
Jt J.,,, |.\-sinft0 + 1'COS0O|" °  "  ~  ' - » / 2  l.vsinfl0 + )'cos0o r  

With a little algebra, this becomes 

f ,.,/2 = -• (19) 
n(.v + y) l l i  nr 
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This quantity, proportional to I/r, is the point spread function when the reconstruction 
step is only back-projection. Because I/r is a very poor representation of a point, an 
additional spatial filtering operation is required to get a good image of ft. It is easy 
to show that 

Pid/r) = I /p. (20) 

This \/p fall-ofl" makes the back-projected image deficient in the higher spatial frequen
cies. The obvious solution is to boost each frequency by a factor proportional to p. 
But this boosting cannot go on indefinitely for noise reasons, as discussed below. It 
must be terminated by also weighting each frequency component by a factor A{p) that 
goes to zero faster than lip as p—• cc. The complete spatial filter is then described 
by 

H2(p) = pA(p), (21) 

and the filtered point spread function is 

p(r) = <F\1 {(M/np)pA(p)} = 1 {A(p)}. (22) 

This function is a good representation of a point if A(p) is broad and structureless 
so that its transform is sharply peaked. 

One case of interest for the present paper is when A(p) is a circ function: 

A(p) = circ — = {' P ^ Pm. (23) 
pm 10 if p>pm 

y > 

Then 

p(r)=Mp2
m-2JfKpmr\ (24) 

2 xp„r 

which is just the familiar Airy pattern. Of course, just as in optical imaging, the sidelobes 
in pC) may be objectionable; if so, they may be eliminated by making A{p) approach 
zero smoothly rather than abruptly, i.e. by apodizing the filter. 

To complete the discussion of the filtered back-projcction method, it is necessary 
to write down an expression for /*<(r), the reconstructed estimate of /i(r). To this end, 
we simply invoke linear superposition to obtain 

fi(r) = p(r) »* /((r), (25) 

where the double asterisk denotes a two-dimensional convolution. 
It is easy at this stage to see the equivalence of the Fourier synthesis and filtered 

back-projcction methods, at least as far as the mean image is concerned. The noise 
properties of the two methods are compared in Appendix C. In the Fourier synthesis 
method, suppose each one-dimensional transform is performed over the interval 

^ ^ Then, assuming proper interpolation, an accurate determination of 
&i\p) can be made over a circular region defined by p <, cm. Thus, we need only 
identify cm with pm to see that /i is described by equations (24 and 25). Furthermore, 
the ccntral slice theorem shows that any apodization function .-!(/)) can be implemented 
by multiplying each one-dimensional transform •^ll/ul.v')} by the function /l(|c'|). now 
regarded as one-dimensional. Thus equation (22) applies equally to the two methods. 

The next method to consider is the convolution method, which is based on the obser
vation that the spatial filtering and back-projcction steps described above are both 
linear operations and should therefore be interchangeable. The only conceptual dilliculty 
is that, when the filtering precedes back-projection, it must be one-dimensional because 
the data arc one-dimensional at that stage. 

In the convolution method, then, the reconstructed estimate fi(r) is given by 

/l(r) = ^!/i,(.v') •/,(*')!. (26) 

where /i,(.\) is the one-dimensional filter function. 
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It can be shown that equation (26) can also be written 

£(r) - £{A,(x')i **/j(r) (27) 

so that the point spread function p(r) [cf. equation (25)] is just the back-projection of 
the filter function /it. A proof of this result is given in Appendix A, and it may also 
be seen by again considering a point absorber. In that case f„(x') = <5(.v') and 
M*')* fo(x') = Equation (27) then follows by linear superposition. 

The important conclusion to be drawn from this discussion is that, in the frequency 
domain, the one-dimensional filter in the convolution method has exactly the same 
form as the two-dimensional filter in the filtered back-projection method. To show 
this formally, we make use of a theorem, derived in Appendix A, that holds for any 
real, even, one-dimensional function /i,(.v). The theorem relates the back-projection of 

to its one-dimensional transform: 

«{fc,(x)} = (M/n)J?{Hx(p)/pl (28) 

where 

".(/>) = •*;{''.(*)} (29) 

and # is the Hankel transform operator. 
We have said previously that MtU'ii is the point spread function for the convolution 

method whereas 1 is the point spread function for filtered back-projection. 
But from equation (21). A(p) - H2(p)/p and. for rotationally symmetric functions. 

1 = Jff. Thus, by comparison of equations (22) and (28), the two methods will yield 
the same point spread functions, and hence the same reconstr uctions /;, if //, (p) = //2(p). 

The final method to discuss is the Radon transform [15]. This technique is based 
on a relationship, derived by Radon in 1917, that can be expressed in several equivalent 
forms. For our purpose, the following form is most convenient [16] 

,(t) • rjr J m 
2n2 J0  L J - x, r sm(<j> - 0) - x J 

Note that fi rather than fi appears on the left-hand side. In other words, this is an 
exact reconstruction method (except for statistical noise), and the point spread function 
is a delta function. 

To see the relation between the Radon transform and the convolution method, note 
that r sin(<£ — 0) = x' [see Fig. 1 and equations (9) and (10)]. Then equation (30) can 
be rewritten 

(3" 
Convolution of a function with — 1/TT.V is the same as taking the Hilbert transform of 
the function. In the frequency domain, the Hilbert transform corresponds to multiplication 
by / sgn(c), where 

f+1 if £>0 
S8n("')= -1 if c < 0' (32) 

Similarly, the derivative operation corresponds to multiplication by 2niZ in the frequency 
domain. Thus, we can force equation (31) into the form of equation (26) by defining an 
appropriate "Radon filter" function hH(x'). We obtain 

//(r) = 3S{'in(.v')« fu(x')}, (33) 

where 

Mx') = -g^r'^sgnS!. (34) 
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X-ray beam 

Fig. 1. Geometry for recording the projection data. 

As before, the point spread function is the back-projection of the filter function 

p( r) = *{hM(xV. (35) 

But hR satisfies the conditions for the theorem expressed in equations (28) and (29). 
Therefore, p(r) is the Hankel transform of unity, or <5(r), and equation (33) indeed holds 
exactly. 

Of course, an exact reconstruction implies infinite resolution, which cannot be attained 
in actual practice. Some continuous approximation to /i„ must be used in equation 
(33), and the Radon transform method becomes indistinguishable from the convolution 
method. 

4. SIGNAL-TO-NOISE RATIO 

With the formalism built up in the preceding two Sections and the results from 
Appendix B, it is almost trivial to write down the expression for </i(r) >. the mean 
value of the reconstructed estimate of //(r). From equations (26) and (B-7) we have 

<A(r)>= <0{HV) •/.(.*•)}> 

— —&{h(x') » In[/Tu(.v')/)i0]}. (36) 

The variance of fi(r) is defined by 

*2(r) = <D<(r) - </5(r)>]2> 

= .<D#{>•(*')./„(.x')} - •^!'i(v')*/u(.v')}]2> 

= <[«{/IM(A/»(.V')!]3>, (37) 

where, 

A/„(.*') = /„(.V) - /„(.*'). (38) 

Using the definition of the back-projection operator, equation (12), we may write out 
equation (37) in detail as 

a3(r) = ( M 2 /k2 )  Jdfl JW Jd.v' Jdv" <A/„(.v')A/„(V')> 

x hjY — rsin(0 — 0)]/i[.v" — rsin(</> — 0')j. (39) 



314 H. H. BAKRHTT, S. K. GOHIXIN and R. S. HIKSIILL 

From equation (B-21), this then becomes 

ffJ(r) = (M/rc) Jdfl Jdx7i2[.x' - r sin(0 - 0)][I/h„(.x')] (40) 

or, to return to the operator notation, 

a2(r) = &{h2(x') * [1/«,(*')]J. (41) 

The signal-to-noise ratio (SNR) is defined as the ratio of 0*'(r)> t0 'ts standard deviation 
and is given by 

CNR - SMA)) - LN["U(-V')/"O]! 
ff(rf [^i;r(.v').[l/»„(x')];]l;r 1 

From the discussion in Section 3 and the results of Appendix C, equation (42) should 
apply equally to all four analytical reconstruction methods. 

Equation (42) can, in principle, be used to calculate the SNR as a function of position 
in the reconstruction for any assumed distribution /<(r) and any filter function /i(.x'). 
Considerable insight into the significance of the result can be gained by considering 
two specific limits for /i(r)—a point absorber and a'uniform absorber. 

A point absorber here means that /i(r) is zero except for a small neighborhood of 
the point r0. If this neighborhood is small compared to the resolution distance in the 
reconstructed image, then both ln(»„'n0) and 1/h9 may be represented by delta functions 
in equation (42). For simplicity, we set r0 = 0 and assume that /((r) is nonzero only 
over a small square region of side A/ centered at the origin. Then we may approximate 

ln[»?„(x')/»0] = /i(0)(A/):<5(.v') (43) 

and 

l/«„(.v') - i>o"1 exp[/i(0)A/]A/<5(.x') = - <5(.x'), (44) 
I I  o 

where it is assumed that /<(0)A/ 1. 
Using equations (43) and (44) in equations (36) and (41) yields 

<#»(r)> — /.(0)(A/)2^;/,(.v')i (45) 

and 

<RJ(r) = (A//»0)̂ {'i2(v')i. (46) 

To interpret these results, recall that Jf {h\ is the point spread function of the recon
struction (sec Appendix A). Thus the signal. </i(r)> is confined to a small region around 
the point r0. However, this same conclusion docs not apply to the noise: JS',/r 1 has 
a much larger extent than In fact, numerical calculations with various filter func
tions show that ^J'/r} falls off approximately as 1 /;-, just as the wifiltcred point spread 
function docs. 

The important conclusion here is that the noise is a nonlocal property—the noise 
at any point in the reconstruction depends on the attenuation at all points in the 
object. This same result can be seen in simulation studies recently carried out by Gcnna 
et al. [5], 

The other special case we wish to consider is the uniform absorber. By this we mean 
.that the noise is calculated on the assumption that is approximately a constant 
n, independent of both 0 and x'. This is a reasonable approximation in many medical 
applications where the attenuation coctlicicnts do not differ very much from that of 
water, and the object is immersed in a water bath to equalize path lengths. 
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Willi this approximation «,/.*') can he removed from both the convolution integral 
and the angular integral in the denominator of equation (42) with the result that 

SNR = r) ^ (4?) 

|(Af/«)J h2(x') d.x'J 

Note that the constant-iT approximation has been used in the noise part of this equation 
(the denominator) but the signal part (the numerator) is still perfectly general (sec equa
tion (27) and Appendix A). The consistency of this procedure rests on the observation 
made earlier that the noise is a nonlocal property; it depends on an average over 
the entire object, so the error in replacing njix') by an average n is small. 

It is frequently useful to normalize the point spread function to unit area, i.e. to 
choose h(x') so that it satisfies 

F#{/i}dJr = (2ji)(A//tt) F ' AO F rdr/i(rsin 0) = 1. (48) 
J J - «/2 Jo 

Then, if /i(r) has the constant value /iau over one resolution cell, equation (47) becomes 

SNR = D<a„(n7M),'2][jj>:(v')d.vj "2. (49) 

To make this discussion more concrete, consider the abrupt cut-off filter originally 
suggested by Bracewell and Riddle [18], 

where 
« s  2kpmx'. (51) 

In the frequency domain, this filter corresponds to an apodization function A(p) 
circ(plPm)as 'n equation (23). The point spread function is 

p(r) = ^{/,} = (52) 
2 npmr 

It is easy to verify that this p(r) satisfies the normalization condition, equation (48). 
As a check on the consistency of the constants, note that 

/>(0) = M/i(0) (53) 

as required by the definition of the back-projection operator. 
The integral in equation (49) is now most easily performed in the frequency domain, 

because, by Parseval's rule, 

P |/i(.v')|2 d.v' = P \H(t)\2d;, (54) 
J - <X3 J - 00 

where 

W(C) = {/.(.v)l = M-: l/A/)rect(^VJ (55) 

with 

«c.wpj.{i;! <*> 

The integral is then easily shown to be 
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Substituting equation (57) into equation (49) yields 

SNR = {3/2n2)1,2pa„p~3l2(M n)112. (58) 

This can be recast in terms of the spatial resolution distance. If we use the Raylcigh 
criterion for resolution, we have 

= 0.61/pm = 3.83/2 npm (59) 

and 

SNR = 0.82 n.jeR
il2(Mn)' •'2. (60 

If, instead, we use the full width of p(r) at half its maximum value as the resolution 
distance, we find 

e,/2 = 0.70/pm = 4A/2npm (61) 

and 

SNR = 0.665 h.je 1/2
3/2(Mii)"2. (62) 

Different resolution criteria or different filter functions will, of course, give different 
constants in the SNR equation, but the functional form will remain the same. 

5. DOSE 

In radiological applications, it is customary to express the radiation "dose", which 
is the absorbed energy per unit mass, in rads. Numerically 1 rad = lOOcrg/g. 

A rigorous dose calculation is actually quite difficult. Equation (62). e.g., could be 
solved for the detected photon density n. From that and the known attenuation coeffi
cient, the photon flux at any point in the object could be calculated for any projection 
angle 0. For simple geometries, the integration over 0 could also be performed. That 
much is simple enough. The difficulty comes in relating the photon flux to the absorbed 
energy. For the photon energies of interest here, the dominant attenuation mechanism 
is Compton scattering in which a small fraction (15-20°-o) of the photon energy is trans
ferred to an electron and the rest is carried off by a scattered photon. This scattered 
photon could have several possible fates. It could be scattered again outside the layer 
of interest, it could be scattered back into the layer of interest, it could be absorbed 
photoelectrical^, or it could escape the body completely. 

Accounting for all these processes is analytically intractable. One possible approach 
would be a Monte Carlo calculation. Brooks and DiChiro [9] approached the problem 
by using empirical depth-dose tables, developed for radiation therapy. We will content 
ourselves here with an estimate of the dose that should be valid if the height of the 
X-ray beam is small. 

Let <j> be the photon flux, in photons/cm2, at some point r in the object for some 
projection angle 0. If all of the scattered photons escaped from the neighborhood of 
r, and no other photons from other regions were scattered into the neighborhood of 
r, the dose would be given by 

D = 4>Exl lJp. (63) 

where Ex is the incident photon energy, p is the density, and /i,.„ is the linear energy 
attenuation cocllicient. not to be confused with the total attenuation coefficient p dis
cussed throughout this paper. The ratio p,Jp is the fraction of the photon energy 
transferred to the scattered electron. This energy, in turn, is transferred to the surround
ing medium within a short distance. 

Equation (63) is a good approximation if the height of the X-ray beam is very small 
compared to p~\ In that case almost all scattering events will remove the photon 
from the layer of interest. Furthermore, once it is removed from the layer, the probability 
that it will be scattered back into the layer and deposit energy there is very small. 
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Now suppose that many contiguous layers are imaged. Then a given layer rcccives 
energy not only when it is being imaged, but also when neighboring layers are being 
imaged. 

These considerations may be summarized by writing 

D = jEjifJp, (64) 

where /c is a Compton fudge factor equal to for a single thin layer. When many 
contiguous layers are being imaged and the point of interest is sufficiently removed 
from the boundaries of the object, fc is approximately unity. 

As a specific example, consider a uniform cylindrical object of dia. d. If n photons/cm 
are detected and the height of the beam is h, the flux at the center of the object is 

= (n/hij) exp(/(at/f/2), (65) 

where rj is the quantum efficiency of the detector. Using the value of n calculated from 
equation (62) and inserting a factor of M to account for all of the projections, we 
find that the total dose at the center of the object is given by 

_ 2.26 £,(SNR)2/C , .... 
^center — 31 ^*P(/'ou ^/ )- (66) 

PHavWlii" 

If this object is immersed in a water bath so that it-is described by the uniform 
absorber model of Section 4, the surface dose may be shown to satisfy 

^surface " ̂cenlcr' /o(/V>/2), (67) 

where /0(...) is the zero-order modified Bessel function. These results are plotted in 
Fig. 2. 

6. DISCUSSION 

So far, we have derived an expression for the dose in terms of SNR for particular 
objects and filter functions. The question that remains is what numerical value of SNR 

Resolution distance, mm 

3 3  2 5  

* u a 

v M 
8 

Resolution, Ip/cmU,*1) 

Fig. 2. Calculated doses at the ccntcr and at the surface of uniform cylinders immersed in 
a water bath. The graph of equation (<>(») (solid lines) represents dosage given at the ecnter 
of the object; that of equation (<>7) (dashed lines) represents surface dose. The values of the 
parameters arc (> « I; nn. = 0.2; = I; /i = - 70keV; SNR = 257;/i» = 0.2; d = 20cm 
for a and a', 25 cm for b and />'. and 30ein for c and t-'. See Section 6 for a discussion of 

the significance of the SNK value. 
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should be used to calculate the dose or, equivalcntly, what SNR is necessary for a 
given detail in the object to be detectable. 

The word "detectable" has psychophysical connotations and takes us out of the realm 
of the purely physical theory developed in this paper. The question can really be 
answered only by observer performance tests. Nevertheless, some insights can be gained 
from statistical considerations. 

Consider, e.g., a detail of interest that exactly fills one resolution cell and for which 
(i differs from that of the surround by 1%. If the SNR were 200, the 1% change would 
be two standard deviations and the change would be significant at the 95% confidence 
level. Similarly, a SNR of 257 would give 99% confidence. This conlidencc level would 
not, however, be adequate for unambiguous detection of this abnormality. Consider 
a scene consisting of a 100 x 100 array of resolution cells. Then if each cell has a 
probability of 0.99 of not fluctuating by more than 2.57 standard deviations, there is 
still a very high probability that at least one cell out of 10.000 will undergo such 
a fluctuation. The probability that no cell of the array would differ from the mean 
by more than 2.57 standard deviations is, in fact, given by 

(Here we have assumed that the noise is uncorrelated from cell to cell. Although this 
is a slight oversimplification, the essential point remains valid.) 

Fortunately for the diagnostician, the situation is quite different if the object of interest 
covers more than one cell. Consider, for example, a particular 2x2 subarray of cells. 
The probability that all four of these cells would fluctuate by 2.57 standard deviations 
is (0.01)4. Neglecting boundary effects, there arc approx. 10,000 such subarrays in 
the full 100 x 100 array. Therefore, the probability that any 2 x 2 set of cells would 
have a chance fluctuation of 2.57 standard deviations is only I04 x (0.01 )4 = I0~4. Even 
allowing for other arrangements of four cells, such as 4 x 1 subarrays, the probability 
that four contiguous cells would all fluctuate together is minuscule. Thus, a false positive 
diagnosis is a virtual certainty with a SNR of 257 and a 1% change in a single cell, 
while it is a virtual impossibility if the change covers four cells. 

It should not be concluded from this discussion that a simple increase in resolution 
will drastically alter the detection probability. That would be true only if the SNR 
remained constant. In fact, equation (66) shows that, for a given dose. SNR must be 
reduced if e,/2 is reduced. Numerical calculations easily show that detection probability 
is approximately independent of resolution for a given dose and object. Of course, 
detection probability varies very rapidly with SNR also. A fluctuation of 2.57 standard 
deviations has a probability of 0.01, while a fluctuation of 3.9 standard deviations has 
a probability of only 10"4. 

So what SNR is required for reliable detection of abnormalities? Obviously it depends 
on the nature of the abnormality and on the reliability required. About the best we 
can say in general is that the minimum detectable change in n will be given by 

where K is sonic numerical constant, roughly in the range from one to four. A value 
of one would be appropriate if A#( occurred over the entire field; four would be required 
if the change were in only a single cell. 

Perhaps a word of caution is in order here regarding the specifications on commercial 
transaxial tomographs. It is frequently stated that a system has a spatial resolution 
of, say, 3 mm and can detect a density difference of 0.5% with some specified dose. 
Usually these specifications will not apply simultaneously. The resolution will be 
measured with a small high-contrast object such as a metal rod. while the density 
discrimination will be measured with a large, low-contrast object covering many resolu
tion cells. As the discussion above indicates, simultaneous application of these specifica
tions, to detect a 0.5% density change over only 3 mm, would require that SNR be 

p = (0.99)10000 = 2.25 x 10"44! (68) 

(A/Omln = K/I„„/SNR, (69) 
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increased by a factor of 4 or so. By equation (66), this would then require that the 
dose be increased by a factor of 16 to ensure reliable detection. 

Equation (69) can also be recast in terms of a minimum detectable contrast by return
ing to the case in which the change in /1 occurs in only one resolution cell. The contrast 
between a ray that passes through that ccll and adjacent rays will be 

(AC)mi„ - (A,<W„2 - 1.5 K0V>k,/2)-"2. (70) 

Now iteil2 is the total number of detected photons that passed through the cell of 
interest in one projection. In the uniform absorber approximation, Mnell2 is the total 
number of detected photons that passed through that cell on all projections. Equation 
(70) then says that 

constant of order unity 

(AC)min [detccted photons through 1 resol. element]"2' 

where the constant of order unity is usually less than 10. 
This result applies also to conventional radiology. The only difference, besides a poss

ible small difference in the constant, is that a transaxial tomographic image would 
permit an accurate three-dimensional localization of the cell in which the change 
occurred. A conventional radiograph could give location information in two dimensions 
but not along the projection direction. 

The dose equation can also profitably be rewritten in terms of (A/i)mill. Suppressing 
some constants, we find that 

DocfA/^er^r1. (72) 

If it were desired to increase the resolution of a transaxial tomographic system, it would 
be reasonable to reduce It in the same proportion as e1;2. In that case, equation (72) 
shows that the dose must be increased by a factor of 16 to halve the resolution distance 
while keeping (A/i)mirt constant. Alternatively, the dose could be kept constant and (A/i)mm 
increased by four to halve e1/2. This scaling law, which has also been derived by Chester 
[8], is applicable to both transaxial tomography and conventional radiography. Indeed, 
the fourth-power relationship between dose and resolution occurs in almost all radio
graphic imaging situations. Two other examples are pinhole or collimator imaging in 
nuclear medicine and coded aperture imaging [19], 

7. CONCLUSION 

The resolution and density discrimination limitations of transaxial tomographic imag
ing systems due to the quantum statistics of the radiation source have been analysed 
and expressions given for the mean signal, rms noise, resolution, and required radiation 
dose for a given signal to noise ratio. Both transaxial tomography and conventional 
radiography obey the same scaling law between dose, SNR, and resolution. Within 
a factor of order unity, both techniques require the same dose to give the same resolution 
and statistical accuracy. Transaxial tomography, however, has the advantage that it 
gives an image of a single layer without the confusion of overlying layers. 
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APPENDIX A 

Point spread function in the convolution algorithm 
In this appendix wc present proofs of equations (27) and (28) in Section 3. 
Using the relation 

x' = rsin(0 — 0), (A-l) 

and equation (12), we may rewrite equation (26) as 

/5(f) = /i"(r,40 = — I d0 I dxil i , (x '-  x'0) / , (xi) .  (A-2) 
* *-ail J- v 

Using equation (13) for fax') and interchanging the order of integration yields 

m t* r f" 
— d*c> d>o I d0h,(x'  -  x'0) f i(r0) ,  (A-3) JT »-» J-x 

where r0 = (x0, >•„). At this stage, one function in the integrand. A,, is expressed in the rotated coordinate system 
and the other, /i, is in the unrolated system. To put tiiem both in the unrotated (v0. y0) system note that 

M*' - •*!>) = A|[(.v - x0)cosfl- (y - y0)sin 0]. (A-4) 

Now define a function p(r) by 

M C"2 

p(r) = p'(x,y)  s — I d0-/i,(.xcos0 - ysinfl) = £'h t). 
* 

Then equation (A-3) becomes 

/i(r) = J dv0 J dy0/i(r0)p(r - r0) = f t  • •  p =• /j •• S\h,) (A-5) 

which proves equation (27). 

The proof of equation (23) will be carried out in the frequency domain. 
Because £ |/i,) is rotationally symmetric, it can be evaluated at <j) = 0 without loss of generality. Thtf gives 

M f"'J 

£{h,} = — /i,(rsin 0)dff. (A-6) 
R J.,/} 

The one-dimensional Fourier transform or ft, is defined as 

Hi(s) = •*ri!'i|l=f /i,(.v)cxp[2ni.vi] d.x (A-7) 

so that equation (A-6) becomes 

m f11 r" 
&V'il = —J dfl J diH,(<;)cxp[-2iii;r sin 0], (A-8) 

Performing the 0 integral gives 

»{/!,)- M J J0(2^r)H,(s!)dsc. (A-9) 

If //, (s) » //i(-s), which will be thecaseif/i,(.x) is real and even, this becomes 

0{h,} -" 2M f J0(2«fr)[ff »Us)/sB]-? <X- (A-10) 
•'o 

By replacing the dummy variable sr with p, this can be written 

(A-L 1) 

which is just equation (28). 

APPENDIX B 

Statistic* of the loyurithm 
Because the logarithm of a random variable is a nonlinear function, it is not correct to equate the mean 

value of the logarithm to the logarithm of the mean value of the variable. Methods for dealing with nonlinear 
functions of random variahlcs have been dcscribcd by Papoulis and Metz. These methods are used in this 
appendix to derive several results used in Section 4 of this paper. 
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Let the x' axis be divided into discrete increments of width e, where e will eventually go to zero. Define 
a new random variable N, by 

+*/2 

N, = n.(xW. (B-l) 

where x, is the centcr of the ith increment in x'. In the limit e—>0, the average value of N< approaches 

Now consider the logarithm of nu(x')/ti0. For t sufficiently small, this is the same as the logarithm of 
(N,/Na), where N0 '•= nue. For the moment A'„ will be treated as a constant rather than a random variable. 
Define 

ff(AT,) 3 ln(N,/;V0). (B-2) 

Following Papoulis, we may expand 0(/V,) in a Taylor series about N, and take the mean of each term to 
obtain 

<»<",)> = 0< AT,) + j g" (Wi) + • • •, (B-3) 

where the primes denote differentiation and 

R, E <N,> (B-4) 

and 

fff = <(Nj - ff,)2>. (B-5) 

If we now assume that N{ is Poisson distributed, so that a} = Nit wc obtain 

<ln(N,/W0)> « ln(iV(JW0) - (1/2*,) + • * •. (B-6) 

Higher order terms involve higher powers of and are therefore small if PL However, the relative 
size of the (wo terms exhibited in equation (B-6) depends not only on the value of Nit but also on the ratio 
of Rt/So, i.e. on the total attenuation_along the ray. For medical radiological applications ln(iV,/iV0) is 
usually in the range —3 to -6. Thus, if N{ > I, wc may write 

<In<JV,/JV0)> ^ ln(^/iV0), (B-7) 

and similarly 

<In[«(.x')/«0]> * In[/?(*')/%]. (B-8) 

The only condition under which the second term in equation (B-7) could not be ignored would be - N0, 
which is of little radiological interest-

It is now easy to generalise this treatment to allow $0 to also be a random variable. Since N0 is always 
larger than the term l/2IV0 that must be added to equation (B-6) is negligible, and equation (B-7) still 
holds. 

The next quantity we need to calculate is <//(N,)y(iVy)>. The second term in equation (B-6) once again 
becomes important in this phase of the calculation. 

As before, the procedure is to expand </(j Vj ) as a Taylor scries 

g(N,) = In (N,/N0)  = InfiV./iVo) + (AN,)(1/,V,) + (A.V,)-'(-I/1V/) + • • •, (B-9) 

where 

AN, a N, - N,. (B-10) 

Then, after a little algebra, 

<fl(N,)S(Nj)> - ln(,V,/N„)-ln(,V,V0) + §! - —1" ~ - ri-ln + • • •. (B-l I) 
** J Zri} RIQ /VQ 

The missing terms in this equation are all of order (l/N)2 or higher and can therefore be neglected by our 
previous assumptions. However, the last three terms shown in equation (B-l I) are all of order l/.V and must 
all be retained. This is no particular problem, however, since equation (B-6) gives 

<e(N,)Xa(Nj)> = - -L-i.3 _-Lin^. <B-12) 
IN, iV0 2 N, ,V0 

Thus equation (B-l I) becomes 

<Atf(A,',)A£7(/VJ)> > (B-l3) 

where 

AffM) = </(/V,) - <9(A\)>. (B-14) 

All that remains is to make the transition back to the continuous variable v'. For this purpose note that 

lim(/Vj/«) = n,(\j) (B-l 5) 
«-o 

and 

lini0ij/<l = <S(x, - x}l (B-16) 
«-o 
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- f2 MF,(OS(n% (C-2) 
J-a/2 

Then, reverting to (he notation used in the body of the paper, we find 

<A /.(*',)• A/,(X'2)> - (B-17) 
'M*i) 

where, as usual, 

A/„(x') = /.(x') - </0(x')>. (B-18) 

It will also be ncccssary to consider averages like equation IB-15) where the 0 subscripts are not the same. 
Because there is no reason for the fluctuations in different projections to be correlated, we have 

(B-19) 
n$\Xl) 

Again we must make a transition to continuous variables. The angular increment between projections is n/M 
so, by analogy with equation (B-16) 

lim (MSijjn) = (5(0, - 0j), (B-20) 
which can be substituted back into equation (B-19) to give the final result 

<A/.,(,;)A/„,*'2,> = (B-21) 

APPENDIX C 

Formal equivalence of Fourier synthesis and convolution methods 
As described in Section 3, the Fourier synthesis method involves.taking one-dimensional transforms of 

the projections fj(x') and assembling them on a polar grid to obtain an estimate of This phase of 
the calculation yields the two-dimensional frcqucncy-domain function 

If.,(W<i?7. (C-l) 

If the number of projections M is very large, equation (C-l) bccomcs approximately 

Af 
* J—12 

where the theta dependence appears not only through the subscript on F, but also through the primes 
on the rotated frequency coordinates and rf\ 

The final estimate /<(r) is obtained hy multiplying equations (CI) or (C-2) by n factor p to correct for 
the variation of sample density with radius, also multiplying hy any desired apodizing function A(p), and 
performing an inverse, two-dimensional Fourier transform. Thus, we have 

A(r) = W/n)*;1 |p/l(p) JdflF.(<)<5(^')|. (C-3) 

We may interchange the order of integration and write 

P(0 = (M/it) JdO Jdi j"di/exp[—2ni(.x^ + yij)] x pA{p)F,(i)&W)- (C-4) 

Now we transform the integrals over i and ij to integrals over and if by a coordinate rotation to obtain 

fi(r) = (M/n) Jdfl Jd{' Jdi|'cxp[2iri({'x' + iMCi'1 + (C-5) 

The rf integral is easily performed with the help of the delta function to obtain 

/i(r) - (M/n) JdO Jds='exp(2m\;'.v> li'Ulli'OF.K')- (C-6) 

The {'-integral is now a onc-dimcnsional transform of the product IsMlt'lfffOT)* Thus, using the fact that 
x'« r sin (0 - 0), we have 

m = {M/n) Jdfl[/i<x). /«(.vl], (C-7) 

where 

«x)a>r'U4l-4(UI)}. (C-8) 

With our operator notation, equation (C-7) takes on the familiar form 

/l(r) = a»</i(x1./.(.V)| (C-9) 

just as in the convolution algorithm. Tims the complete statistics of /i(r), both the mean and the variance, are 
the same for the two algorithms. 



APPENDIX B 

CALCULATION OF EFFECTIVE FILM THICKNESS 

When a piece of film is wrapped around a cylinder the path 

length through the emulsion is dependent upon the viewing angle. 

Fig. B.l shows this for an exaggerated emulsion thickness. We wish 

to calculate the apparent thickness as a function of angle around the 

cylinder. Using the variables identified in Fig. B.l, we can find 

the path length through the film 

6 P, " P. 
2* 

(B.l) 

First we find P, and P 
2 

P 
(B.2) 

P 
2 

(B.3) 

Thus we write the difference 

<S -  P, -  P 
2 
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Fig. B. 1. Geometry for Calculating the Effect of Finite 
Film Thickness. 



If we use a film emulsion thickness, e, and write as 

149 

&2 ~ Rj+e (B.5) 

Then we can rewrite Eq. B.A as 

<S = 2 2 
R^ +2Rj £+£ 

2 2 
D RjSin 

n 

R„ -

2 2 2 
R1  +D -2DR1cos a1  

- 2  2  .  2  
D Rj sin 

RJ2+D2  -2DR1cos2a1J  

s i nee 

and 

sincij sin<j> 

P1  = R^+02  -2DR1cos<t> l  

(B.6) 

(B.7) 

If we assume that the net density is proportional to the path 

length, we now know the transmission of the film as a function of the 

angle .  Fig. B.2 shows a plot of transmission under representative 

conditions. 



Transmission 

• 3 

. 2  

10° 30" 50° 90° 

Angle 

Fig. B.2. Plot of Net Transmission as a Function of Angle. 
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