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ABSTRACT

A geometrical ray model of cylindrical dielectric waveguide 

modes, capable of characterizing their polarization properties, is 

extended to include the transverse Goos-Haenchen shifts that occur 

at each reflection of the ray. Incorporation of the Goos-Haenchen 

shifts is necessary if the resultant model is to properly describe 

phenomena involving coupling or transport of mode energy. Due to 

the elliptical polarization of the modes, it is found that the mode 

ray is displaced, after reflection, not only along the plane of 

incidence, but perpendicular to it. The direction of the lateral 

displacement is dependent upon the sense of the polarization of the 

incident ray. 1

Calculation of the components of the resultant transverse 

shift is approached from two points of view. The first involves the 

assumption, also used for the basic point reflection model, that rays 

interact with boundaries as though they are local plane waves incident 

upon plane interfaces. As a result, expressions for the components 

of the transverse shift are derived in terms of purely geometrical 

quantities. The second approach involves a comparison between geo

metric and wave theory expressions for the mode group velocity. It is 

found, to a good approximation, that components of rays representing 

both the core and shift ray paths are proportional to corresponding 

components of the interior and exterior (evanescent) power flows.

ix



The second form of the shift components is a hybrid result that con

tains both geometric and wave theory quantities. Both models of the 

transverse shift, when incorporated into the basic model, provide a 

very plausible explanation for the direction of evanescent power flow 

for the HE and EH modes characteristic of the guide. The evanescent 

and interior power flows are found to circulate in helical paths 

about the guide axis that have the same sense for HE modes and the 

opposite sense for EH modes.

The extended model is analyzed numerically for selected HE 

and EH modes. A geometrical characteristic equation, obtained from 

the basic model, is used to predict geometrical eigenvalues (angles) 

of a mode. Comparisons are also made between geometrical and wave 

theory predictions of evanescent power flow and the mode group velocity. 

The geometrical models derived by the two different approaches are 

both found to be in substantial agreement with wave theory predictions.



CHAPTER 1

INTRODUCTION

Geometrical optics has long been used to characterize the 

first order properties of optical systems. These characterizations 

have been based ultimately on Fermat's Principle and have dealt with 

the spatial description of ray paths in media of varying optical 

density. Classical theories have in general ignored any relationship 

between rays and the corresponding electromagnetic fields. Such rays, 

therefore, are inherently scalar and propagate independently of one 

another. . •

Since interference and polarization phenomena strongly affect 

the nature of electromagnetic modes in a dielectric guide, it is clear 

that a geometrical description of such modes require "rays" that 

transcend classical ray theories. Burke (1972) has introduced a 

geometrical "ray" model of cylindrical dielectric waveguide modes that 

incorporates the components of the mode fields, and is thus capable 

of characterizing both interference and polarization phenomena. The 

ray theory used in this model is most similar to that presented in 

Keller's (1958) "A Geometrical Theory of Diffraction." The diffracted 

fields calculated by Keller's theory are found to be asymptotically 

equivalent to the solutions of Maxwell's equations provided they are 

not calculated near Shadow boundaries or geometrical caustics.



It is the purpose of the present work to explore the possibility 

of extending the basic model to include a geometrical characterization 

of shifts that occur at each point of reflection and to establish the 

domain of validity of the extended model.

Historically, the first rigorous relationship between geometri

cal optics and electromagnetic fields was presented by Luneburg (1964) 

and extended by the works of Kline and Kay (1965). Kline and Kay have 

shown that classical wavefronts of geometrical optics, correspond to 

moving surfaces on which the electromagnetic fields are discontinuous. 

Furthermore, they have demonstrated that the Fresnel reflection and 

transmission coefficients, derived classically by assuming a plane 

wave incident on a plane dielectric interface, are actually valid 

locally along each ray provided that the surface of field discontinuity 

is incident on a smooth boundary separating the different dielectric 

media. The assumption of local plane wave interactions with boundaries 

will play an important role in the derivation of the transverse Goos- 

Haenchen shifts given in Chapter 2.

Incorporation of the shifts into the basic model is of funda

mental importance if phenomena involving transport or coupling of mode 

energy are to be properly described geometrically. For the case of 

the slab waveguide, derivation of the Goos-Haenchen shifts by Burke 

(1972) has allowed simple and accurate geometric descriptions of 

several complex physical phenomena. These include: (1) prism coupling



and coupling between parallel guides (Burke, 1972); (2) derivation of 

the group velocity indicating exact agreement between the geometric, 

and wave theory expressions (Kog.el.nik and Weber, 1974); (3) description 

of the group velocity in anisotropic slab waveguides (Ramaswamy, 1974) 

and (4) calculation and experimental verification of mode conversion 

lengths in slab waveguides with anisotropic substrates (Kogelnik, 

Sosnowski, and Weber, 1973).

Contrary to the case of the slab waveguide, where the geometri

cal ray description is exact, a geometrical model for cylindrical 

guides, including the transverse Goos-Haenchen shifts, should yield 

results that will, at best, be asymptotically equivalent to the 

predictions of wave theory. This follows from the fact that, the basic 

model for cylindrical guides (Burke, 1972) is predicated on the assump

tion that the mode fields may be adequately described by a superposition 

of first terms of asymptotic expansions of the form (Born and Wolf,

1959, Chapter 3)

£(?,«) - . e i k o S ( r )  r  ■ e ;
m m

m>o Ciko)

&(?,*) = elkoS(r) I hm
m>o (ikjm

where e and h are vector functions of position and S(r) is a solution m m
of the eikonal equation. According to Born and Wolf (1959), "geometri

cal optics corresponds to the leading terms of these expansions." For 

most cases, a superposition of the first term of no more than two 

expansions of the above form is sufficient. This corresponds, in



effect, to replacing the Bessel functions that describe the field 

components by their Debye aymptotic forms (see Sommerfeld, 1949,

p. 116).

Despite this seemingly restrictive assumption, calculations of 

physical quantities based on such a geometrical model, including trans

verse shifts, yield results that are consistent with.wave.theory 

predictions over a wide range of mode eigenvalues as we will show in 

Chapter 5.

Another important distinction between the slab and the cylindri

cal waveguide follows from the fact that unlike the TE and TM modes 

of the slab waveguides, both types of cylindrical waveguide modes
i

(HE and EH) exhibit elliptical polarization. The presence of elliptic • 

polarization implies that totally reflected rays will experience 

shifts not only in the plane of incidence but perpendicular to it.

The latter shift has been investigated theoretically and experimentally 

for circular polarization by Imbert (1970). Imbert discovered that 

the direction of the lateral shift was to the right or left of the 

beam centroid depending on whether the incident beam was right or left 

circularly polarized.

Burke (1972) has demonstrated that HE modes are characterized 

by an E vector that rotates in the same direction as the circulation 

of mode energy about the guide axis and EH modes are characterized by 

an E vector that rotates in the opposite direction to the circulation 

of mode energy. It follows that the geometrical models for HE and EH 

modes, developed in Chapter 3, will have different transverse shifts.
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An alternate approach to the calculation of the Goos-Haenchen 

shift, valid for both the planar and cylindrical guide, is presented 

in Chapter 4. A geometrical version of the mode group velocity is 

derived and compared with the wave theory result. The comparison 

yields a "hybrid" form of the transverse shift containing both geo
metric and wave theory quantities. The results of this derivation

provide evidence for the approximate proportionality between ray 

components (of both the shift and the interior ray path) and corre

sponding components of the wave theory power flow.

Chapter 5 is devoted to a numerical comparison between quanti

ties calculated from the geometrical models and corresponding wave 

theory results. The basic model, derived from phase match considera

tions, is tested by comparing geometric eigenvalues (angles) with

corresponding wave eigenvalues. Since the transverse Goos-Haenchen
I

shifts are necessarily derived on the basis of energy considerations, 

comparisons are made between the direction of the transverse shift, 

for each mode, and that of the evanescent power flow and, more impor

tantly, between the geometric and wave theory predictions of the group 

velocity.

Although we have made reference in this introduction to several 

theoretical ties between electromagentic theory and the concept of 

geometrical rays, this was done primarily to acquaint the reader with 

relevant literature in the field and to lend credence to the notion 

that approximate solutions to problems in electromagnetic theory can, 

in some cases, be obtained using geometrical ray concepts. In the work



that follows, however, we would like to make it clear that no attempt 

will be made to develop explicit connections between the electromag

netic. fields of optical waveguide modes and ray descriptions of these 

modes, nor will we find it necessary to evaluate asymptotic expansions 

of the fields

In the process of developing a geometrical ray model for the 

cylindrical guide, Burke (1972) has essentially postulated its form 

based on extensions of concepts developed in the literature. Analytical 

comparisons between geometric and wave theory predictions of mode par

ameters were then used to test the validity of the model. The approach 

that we will take in extending the point reflection model to include 

the transverse Goos-Haenchen shifts will also be postulational and 

comparative in nature. The ultimate objective of the work is to create 

a relatively simple geometrical model of cylindrical waveguide, modes 

that can be used to calculate quantities of engineering interest.



CHAPTER 2

DERIVATION OF A GEOMETRIC FORM FOR THE 
TRANSVERSE GOOS-HAENCHEN SHIFTS

Before proceeding with the.derivation, a description of the 

salient features of the basic model (Burke 1972) is necessary to 

provide a framework for both the derivation itself and the numerical 

evaluation of the extended model presented in Chapter 5. For a 

detailed treatment of the basic model, the reader is referred to Burke 

(1972). The corresponding wave theory description of cylindrical wave

guide modes is given in the book Optical Waveguides by Kapany and 

Burke (1972).

The Basic Geometrical Model 

Weinstein (1969, p. 139) has shown that when the Bessel func

tion description of the modes of a cylindrical resonator is replaced 

by one involving the Debye asymptotic form of the Bessel functions 

(Sommerfeld, 1949, p. 119), modes may be interpreted in terms of geo

metrical rays. This follows from the fact that when expressed in 

asymptotic form, the mode field is given by a sum of two terms propor

tional to exp(±ikS) where S is a solution of the eikonal equation of 

geometrical optics. These terms correspond to the "geometrical optics" 

terms of an asymptotic expansion of the field.

7



The geometrical interpretation involves rays that propagate in a plane 

perpendicular to the resonator axis such that they become tangent to 

an interior cylindrical caustic after each reflection from the cavity 

wall. By calculating the phase change along a ray path between tan- 

gency points and including the phase change that occurs at reflection 

and a special phase shift associated with the interaction of a ray 

with the caustic, Weinstein (1969) formulates a geometrical "charac

teristic" equation. Solutions of this equation yield asymptotic 

values of the mode eigenvalues of the cylindrical resonator.

The concept of a cylindrical interior caustic surface is. dic

tated by the form of the Debye asymptotic approximation of the Bessel 

functions used to describe the field, It may also be derived, as Burke 

(1972) has shown, by direct solution of the classical eikonal equation.

Based on these and other considerations, Burke (1972) has 

postulated that each mode of a cylindrical dielectric waveguide may 

be represented by a family of skew rays each of which is tangent to 

an interior caustic of radius p^<a where.a is the guide radius.

Since we will be restricting our attention to bound modes, each ray 

is assumed to be totally reflected at the guide boundary becoming 

again tangent to the interior caustic after reflection. Figure 1 

depicts a member of this family of rays.

The radius, pq, of the interior caustic corresponds to a 

"classical turning point" of the differential equation defining the 

radial dependence of the modes, i.e., Bessel's equation
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Fig. 1. Schematic Diagram of the Path of a Skew 
Ray in a Circular Cylinder.

The shaded region illustrates the plane 
of incidence. The dashed curve defines 
the path of the helical surface ray on 
the interior caustic.



where

f = A Jm (0P) and g2 = k2n^ - h2 . (2.2)

The "turning point" is defined by the equation g2p2 = m 2 . It may 

be noted that the Bessel function J^(gp) has the property of increasing 

monotonically until its argument equals its order beyond which it 

begins to oscillate. The radius, p^.where oscillation commences, can 

thus be regarded as virtual boundary beyond which interference effects 

between rays can occur.

The quantities g and h are the transverse and longitudinal 

propagation constants of a mode, respectively. They may be defined 

in terms of the angle 6 of Fig. 1 by the equations

g = kvn^sing and h = k^nicosQ (2.3)

where . kQ = 2tt/Ao and Aq is the free space wavelength.

It follows that

m _ m
po - k^nisinG ~ k^sinG (2.4)

The rays shown in Fig. 1 are solutions of the eikonal equation 

of classical geometrical optics

(vs)2 = (If) + (ii|) + (H) = ni (2-5)
The change in the eikonal, AS, is found to be identical to the optical

path length along a hypothetical "surface ray" travelling a helical
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path in the caustic. This fact provides the basis for the derivation 

of a geometric characteristic equation. It is proposed that the phase 

difference between tangency points along.the straight ray portions, 

including the phase change upon reflection and a phase change of if/ 2 

associated with the passage of a ray to a caustic (Weinstein, 1969, 

p. 140), should differ from the phase change along the caustic ray 

between tangency points by an integral multiple of 2ir. This condition 

will yield the geometric characteristic equation.

In order to describe the modes of a dielectric guide, however,

the "rays" must first be modified to represent vector fields. Towards

this end, the incident and reflected rays are characterized by the

field components •

Et = (E sin0., E , - E cose.) (2.6)I P i s p i '

and

er * (rpEpSinei' rsBs' rpEpC0SV  (2-7)

where E^ and E^ are the electric fields in and perpendicular to the

plane of incidence, respectively. The quantities r^ = exp(i6^) and

rg = exp(iSs) represent the corresponding, reflection coefficients

(involving only phase changes on reflection) as obtained from the

classical Fresnel equations.

Through use of appropriate rotation matrices involving the

angles +<j>o and \p , expressions for the radial (p) and tangential (<f>)

components of the geometric fields at the respective tangent points

can be obtained in terms of the quantities E , 5 and theH p,s p,s
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appropriate angles. Following Levy and Keller (1959), the hypothetical 

caustic ray may be regarded as having independent field components 

normal (radial) and binormal (tangential) to its path. The phase 

match condition mentioned earlier must thus be applied separately to 

both the radial and tangential field components. The resulting two 

characteristic equations for the p and <$> components are, respectively 

(see Burke, 1972, p. 99)

and

• :6
m(tan<f>o-<j>o) + ± tan-1

-<5
m(tan<f>o-<j>o) + -̂ r + tan-1

BCcbsA
A±BCsinA

ACcosA
B+ACsinA

m, irNir - 4’

= Nir 3tt
4

where A - cos* , B = (sin * -cos 0 .) and A = (6-5 )/2.o o i p s '
The quantity, C, defined initially by the expression 

E
= ± i C elA

(2 .8a)

(2 .8b)

(2.9)

can be obtained explicitly by simultaneous solution of Eqs. (2.8a and b) 

resulting in the equation

C = (A2-B2)sinA 
2AB

' (A2-B2) 2sin2A
4A B2C2

(2.10)
The value of C falls in the ranges - 1 < C < 0 , 1 < C and 0 < C <1, C <-1, 

The first two ranges correspond, according to Eq. (2.9), to polariza

tion of negative and positive helicity, respectively, and the second 

two ranges correspond to degenerate solutions. The ± signs in Eq.



(2.9) corresponds to the ± signs in front of the square bracket 

Eq. (2.10).

The above summarizes briefly the essential features of the 

basic geometrical model. This model is capable of predicting mode 

eigenvalues with considerable accuracy, within its domain of validity, 

as indicated in Chapter 5. We turn now to the calculation of the 

spatial displacement between the incident and reflected rays.

An Asymptotic Form of the Shifts-- - 
. The Local Plane Wave Assumption

As demonstrated by Burke (1972), knowledge of the Goos-Haenchen 

shifts encountered by rays incident on a dielectric interface is 

essential to the proper characterization of phenomena involving trans

port or coupling of mode energy. Implicit in his calculations was 

the assumption that rays interact with the interface as though they 

were local plane waves that obey the classical Fresnel laws for phase 

change on reflection. The ray displacements in the plane of incidence 

(longitudinal shift) and perpendicular to the plane of incidence 

(lateral shift) will thus be calculated by assuming a plane wave of 

general elliptic polarization incident upon a plane dielectric inter

face.

Referring to Fig. 2, the equations for the electric and mag

netic fields in the medium of index n% are.
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x

n2

Fig. 2. Coordinate System for the Calculation of 
the Goos-Haenchen Shifts.

n2 < n i i. > sin" 1 —i ni

and

H

H

H

A sin 0.i +

E = + i D i(wt-kizsin8i) (2 .11a)

- A cos 6^

kisinQ-; „
± i D  -wn +

a hi *pwy +

+ i D ^ S-91  ^
coy

i (cot-kiZsinG^)
e (2 .11b)

where *P’S = e-iklXCOs9i ± ^^p.s^ixcosei)  ̂ upper signs in

Eqs. (2.11a and b) refer to a wave of positive helicity (i.e., the 

E vector, rotates clockwise about the direction of the advancing ray)
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and the lower signs refer to a field of negative helicity. The 

electric and magnetic components of the evanescent field have the 

form

and

H

H

•= C

y
,e

kisinQ^
0)€-2

= + i B

= i C q
WE2

kisinO- 
± i B 1

toy

= C

=. + B wy

-qx Kwt-k^zsinQ^) 
e e

-qx i((ot-kizsin0 )̂ 
e e

(2 .12a)

(2.12b)

where q is the decay constant in medium 2 given by

q = (k]Sin20i - k|)2 = k^(sin20i-n2)2 (2.13)

with n = ng/ni. The quantities B and C are determined by the boundary 

conditions. Equations (2.11) and (2.12) were derived by superimposing 

solutions for TE and TM incident plane waves.

In calculating the shifts, we will follow an approach intro

duced by Renard (1964). The underlying assumption of this method is 

that the total power flowing in the evanscent field in a given direc

tion (in or perpendicular to the plane of incidence in our case) is 

supplied by an appropriately defined portion of the incident wave.

The approach is similar to classical derivations of the longitudinal



shift for TE and TM polarizations by Artmann (1950 and 1951), and 

Von Fragstein (1949) where the incident wave was assumed to be a 

finite beam and the displacement of the beam upon reflection was 

attributed to the transfer of energy from one side of the incident 

beam, via the evanescent field, to the opposite side of the reflected 

beam. The approach departs from the classical methods in that the 

energy flux in the evanescent wave and in the incident wave are 

assumed to be those corresponding to an infinite plane wave.

Consequently, to calculate the longitudinal component of the 

shift, we must first obtain an expression for the power flowing in 

the evanescent wave parallel to the plane of incidence. The time 

averaged results are

where L is an arbitrary length in the y direction. Utilizing the 

boundary conditions

and the classical expressions for Sp/2 and <5s /2 for total reflection 

(see Born and Wolf, 1959, p. 49) we find that

kisin0 2 kisinG^
(2.14)

and

z
0

(2.15)

B and C (2.16)



17

™ 2q.

r
and

The power of the incident wave that ’’regenerates" the evanescent wave 

is assumed to pass through an area L d^ defined in Fig. 3.

n2

Fig. 3. Rotated Coordinate System for Calculation 
of Power Flow in the Incident Wave.

In the rotated coordinate system, X, y, Z, the incident fields are 

simply

EX = A

Ey = * 1

The power flow passing tnrougn tne area l is

p, = i  dji L cos8i ( w )  (IA I2 + lD l2} '

where is the shift parallel to the interface.

ki
ei((ot-kZ) and HX = 1 1 D ei(a,t-kZ)

D1 H = Ay um
(2.18)

,|2 .

= 1= - . . .
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Equating (2.15) and (2.19) we find, with the aid of Eq. (2.17)

that

d } |A |2 n2sin6icos0i ' |d|2 sin6icos6i
| A| 2+ |D | 2 nttcos26^+sin26£-n2 . |a|2+|d|2 1 - n2

Xi* — --- — ---- r  (2.20)
Tr(sin26i-n2) 2

where Xi = X0/ni .

For the special cases of TE(A=0) or TM(D=0) incident fields, 

Eq. (2.20) is in exact agreement with the results of Renard (1964). 

Furthermore, if 0^ is allowed to approach the critical angle, 8 ,̂ the 

resulting equations (with sinEK - n = na/ni)

d»(TE) ‘ si
and

= st (2:21)

are in exact agreement with the theoretical results of Artmann (1948), 

Von Fragstein (1949, and WoIter (1950), as well as the experimental 

results of Goos and Haenchen (1943, 1947, 1949).

In order to calculate the lateral component of the shift we 

must determine the evanescent power flow perpendicular to the plane of 

incidence. We obtain



( V q kisin0i _2cj 
= ± Re | C B * | ---- - i -— - e ZqX (2.22)

and
e f V ■ k 1sin6iS® dx = ± Re |CB*| 1 • L' (2.23)

fOO

where L 1 is an arbitrary distance in the z-direction.

Using Eqs. (2.16). and the classical expressions for Sp/2 and

6s/2, we find that

Re « •  - -  w  ; ; a ; . . 4  » ■ »

The relevant power flow contributed by the incident wave is 

that which passes through an area d^ » L ’cosEL, where d^ is the desired 

shift in the y-direction and L'cosB^ is the (arbitrary) width of the 

beam in the plane of incidence. Using Eq. (2.18), we find that

Pz = i d t L'cos01 * |D|*} . (2.25)

Substituting Eq. (2.24) into Eq. (2.23) and equating the result 

with Eq. (2.25), we get the transverse shift

, _ + 2 Re {AD*}  ̂ j sinQj cosQj ______ |
t _ | A | 2 + j DI 2 tt | n!+cos29i + sin201 - n2 i
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For the special case of circular polarization (A=D), Eq. (2.26) 

agrees exactly with the results of Imbert (1970). The case of cir

cular polarization has also been verified experimentally by Imbert 

(1970) in which his experimental error was determined to be less than 

10%;

Both the longitudinal and lateral shifts in Eqs (2.20) and 

(2.26), respectively, become vanishingly small as 9^ approaches 

grazing incidence. This property is entirely consistent with the 

fact that the evanescent power flow vanishes under the same conditions 

for the planar interface and for the cylindrical dielectric guide, as 

will be shown in subsequent chapters. (Note: some care must be exer

cized in treating the case of grazing incidence. As can be seen from 

Eqs. (2.11) and (2.12), with s - v and cos6^ - 0, the fields above 

and below the,interface both vanish at grazing incidence. The case 

of grazing incidence for the planar interface, as well as for the 

cylindrical guide, are not, in fact, physically realizeable cases.)

As pointed out by Renard (1964), early derivations of the 

longitudinal shift for TE and TM polarizations predicted non

vanishing shifts in the limit of grazing incidence of the beam.

More recently, Burke (1972) has shown that the TE and TM shifts for 

the slab waveguides actually become larger as grazing incidence is 

approached (i.e., the far from cutoff condition). Since the Goos- 

Haenchen shifts for the slab waveguide have been verified both theo

retically and experimentally, they must be considered to be valid.



However, as we shall see in subsequent chapters, the transverse Shifts 

just derived are in exact agreement with wave theory predictions for 

the cylindrical guide in the far from cutoff condition. Thus, we 

must conclude that the two different geometries result in different, 

though possibly related, Goos-Haenchen shifts.



CHAPTER 3

INCORPORATION OF THE SHIFTS INTO THE 
GEOMETRICAL MODEL

In order to understand how the shifts can be employed in the 

present case, it is necessary to examine in some detail the power flow 

and polarization characteristics of the modes, particularly near the 

core/cladding boundary.

Power Flow and Polarization in a 
Cylindrical Dielectric Waveguide

The fields in the interior of a dielectric guide are given by 

the components (Kapany and Burke, 1972, p. 108),

p < a

(3.1)

where

The quantities in Eq. (3.1) are defined as follows:
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a =

h =
u
a
ki =

guide radius

longitudinal propagation constant of a mode 

transverse propagation constant of a mode 

propagation constant of a plane wave in medium 1 .

The quantity, a, to be defined shortly, is related to the polarization 

of the mode field.

Since we will be restricting our attention to bound modes, as 

opposed to lossy or radiating modes, the field components outside the 

guide are properly expressed in terms of the modified Bessel functions.

Km (C), hence
'u Jm (u)

' E± ” ‘ C1±“} A \q K (q) / 'm±lK
m

'u ■ V u>'

±i ( f )  S
(ffi±l) f + i(o)t-hz)

( s D  A | ^ — 1 K
p>a

H ± ' ±:0)

\Cq),

Ck?/h2±aQ 
'(l±a) .

m e) im^. + i(a)t-hz)

= [ m j a E„ (3.2)

where h2 - (q/a)2 = k| = w 2e2M . The quantities u and q are the eigen

values of the mode and are related to the guide parameters by the 

equation

u2 + q2 = R2 = (k2-k2)a2 = (k a)2 (n2-n|) (3.3)

Finally,, the parameter a may be defined by the equation

c i . j p  - « _ - / y
a (3.4)
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where J ±  = J'm±1 (u)/u Jm (u) and K ±  = Km±1 (q) /q Km (q) .

We are now in a position to discuss the power flow and polariza

tion characteristics of the two types of modes that exist in a cylin

drical dielectric guide, namely HE and EH modes. In the following 

discussion, and in the remainder of this dissertation, we will restrict 

our attention to the case m>0. The case m<0 simply corresponds to a 

situation in which the circulation of mode energy about the guide axis 

and the rotation of the E vectors are reversed in sign. The terminology 

used to describe polarization as. well as generalizations applicable to 

the circulation of mode energy about the guide axis will follow that 

presented by Klein (1970, Chapter 10).

If the fields of Eq. (3.1) are rewritten in terms of p, <j> and

z components, it is found that each component has the common phase 

factor exp Km^+wt-hz}. When t is held fixed, the phase fronts satisfy 

the relationship z = (m/h)<j> + const. The instantaneous phase fronts 

can be pictured as being generated by a straight line, perpendicular 

to and terminating on the guide axis, that rotates in the positive <J> 

direction as its terminus moves in the positive z direction. The 

normal to the phase fronts W = hz - m<j> is given by

•(3.5)

Consequently, these geometrical considerations suggest that thepower 

of either HE or EH modes flows along a negative helical path (i.e., 

counterclockwise when viewed in the + z direction) about the guide axis.

The pitch of this helical path, measured with respect to the guide axis.

vw = - (~-p + hz
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is largest near mode cutoff and becomes vanishingly small in the far 

from cutoff case, where power flow is nearly axial. Detailed expres

sions for power flow both interior and exterior to the guide are given 

in Appendix A. There, we show that wave theory predicts negatively 

circulating azimuthal power flow inside the guide for both modes.

The general direction of power flow exterior to the guide can 

be best seen by examining the Poynting vector for p>a. From Appen

dix A, we find that

(3.6)

where B = -1AL_ | _— J2 j and E, ==■ 3E- . The quantities Ci and Co^  V Km ^ /  . "
are defined by the relations

*'y - -/ - - vCi - a(l±d) ± [ ± a j and C% . = (l±ot) | ̂ 2- ± a

(3.7)

The expression for the power flow, P , has substantially the same 

form as Eq. (3.6) with the exception that the quantities (5)^(5) 

and Kj~+i(E0 are integrated from p-a to p=°°. Since the quantities 

Km (5) are positive, monotonically decreasing functions of g, integrals 

of products of such functions are also positive. It follows that the

directions of Se and ? e are determined by the sign and magnitude of
+ +the parameters Ci and C2 . From Kapany and Burke (1972, p. 118) we 

find that for



26

(3.8a)

(3.8b)

In most practical cases, however, the value of a satisfies the 

relation |a|~l. If we consider HE modes (m>0) where a ~ -1, we see 

from Eq. (3.7) that the quantities C1>2 dominate over the quantities 

Ci,2 an<̂  that Ci < 0 and C2>0 (note that k2/h = k2/kicos0~l) . This 

implies that the second term in the square bracket of Eq. (3.6) is 

the dominant term and that both and ? e follow a negative helical 

path around the guide surface. If we consider EH modes where otr-1,

Eq. (3.7) implies that Ci?2 are now the dominant quantities and that 

both Ci>0 and C+>0. The first term in the square bracket of Eq. (3.6) 

now dominates and both Se and ?e follow a positive helical path around 

the guide surface. We arrive at the intriguing result that the heli

cal paths followed by the power flow inside the guide, P̂1, and outside 

the guide, ? e, have the same sign for HE modes and opposite signs for 

EH modes. The source of this behavior is closely related to the 

polarization of the modes, to be discussed shortly.

Before proceeding to a discussion of polarization, we would 

like to mention one further point concerning power flow. Since the . 

quantities K^(qp/a) of Eq. (3.6) are functions of p, Se changes direc

tion as the observation point moves away from the guide boundary.

and for

for m>0
HE modes { 0 < a < 1 for m<0 m, p

for m=0

for m> 0
EH modes a < -1 for m<0 m, p

for m=0 .



Therefore, ^ e (p=a) will follow a slightly different helical path from 

?e for both types of modes. (In keeping with the disparity between HE 

and EH modes near the boundary, the angle tan-1(S®/S®) is found to 

become smaller for HE modes and larger for EH modes as p increases.) 

When there is a relatively large portion of the mode energy outside the 

guide boundary as is the case when HE modes approach cutoff, there:is 

a relatively significant difference between the directions of ?e (p=a) 

and P? This phenomena does not occur for the slab waveguide or, 

obviously, in the case of the planar interface that was used to cal

culate the asymptotic form of the shifts. It is probable therefore, 

that the presence of significant fractions of the mode energy in the 

evanescent field outside the guide will cause results based on the 

asymptotic form of the shifts to be in error. Although other sources 

of error are present, the numerical results of Chapter 5 tend to con

firm this suspicion.

In order to complete the wave theory description of HE and EH 

modes, we will now describe their polarization characteristics. The 

polarization for each mode, viewed in the transverse plane, is the 

result of the superposition of the two components E+ and E corre

sponding, respectively, to left circular polarization (LCP) and right 

circular polarization (RCP). Although cases exist, e.g., m=0, where 

the two circular components are approximately equal, resulting in 

modes having TE and TM characteristics (Burke, 1972, p. 120), the 

general situation, for optical waveguides, involves a superposition of 

both components in which one or the other dominates, resulting in 

elliptical polarization. Since a~-l for HE modes, E_ is the dominant
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component [as can be seen from both Eq. (3.1) for fields inside the 

guide and Eq. (3.2) for fields outside the guide]. Consequently, HE 

modes have elliptically polarized fields with •negative helicity (Klein, 

1970, p 490). It may be deduced similarly that EH modes have ellip

tical ly polarized fields of positive helicity.

The orientation of the polarization ellipses may be determined 

by expressing the transverse electric field in terms of radial and 

tangential components. Using the equations (E^liE^) = 2 eT1^E+, the 

fields inside the guide at p=a may be written

E P  .  A [ , ; w .  J m + 1 ( u )  -  ( X - c t ) ' J m _ 1 C u ) ]  ■ )
( x eim4>+i (ut-hz)

E* = - iA [»*=>) + c3-9a)

Since the functions Cu) are out of phase with each other for eigen

values representing a given mode, it follows that the major axis of 

the ellipse is radial for HE modes (-l<a<0) and tangential for EH modes 

(a>l).

For the evanescent fields we find that

/u-JTuA- ' _

E - A I 1 (l+a)Km+1 (qj. - (l-a)K^_^(q)J'

/x eim(j)+i(ut-hz)

UJJILCU) 
Km (

Since the (q) functions are always positive, the major axis is 

always radial for HE modes and always tangential for EH modes.



29

A summary of the basic power flow and polarization properties 

of HE and EH modes is presented in Table 1.

Table 1. Power Flow and Polarization Characteristics
for HE and EH Modes (m>0). mp mp

Mode HE Modes EH Modes

Region p<a P>a P<a p>a

Power flow 
path

negative
helix

negative
helix

negative
helix

positive
helix

Polarization
Sense

negative
helical
(REP)

negative
helical
(REP)

positive
helical
(LEP)

positive
helical
(LEP)

Major Axis 
Orientation

. radial radial tangential tangential

Proposed Models for HE 
and EH Modes

The concept of surface rays, described by Levy and Keller (1959) 

as "surface diffracted rays" and extended by Burke (1972) to include 

surface rays that do not lose energy as they propagate, appears to be 

the logical vehicle for describing Goos-Haenchen shifts on the cylin

drical guide. The closest precedent is in the works of Gerjuoy (1953) 

and Brehovskih (1948) who studied the field produced by a point source 

near the interface between two media. They found that critically 

reflected rays gave rise to surface diffracted rays like those described 

by Keller (1958).
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Since we are restricting our attention to bound modes in the 

present ease, the adoption of surface rays that conserve energy is 

the only reasonable alternative. Such rays may be thought of as being 

maintained by the perpetual interchange of energy between the incident 

and reflected rays that geometrically characterize a mode field for 

p <p<a. This viewpoint is in fact, consistent with the early deriva- 

tions of the shifts in which the evanescent field was assumed to be 

generated by the transfer of energy from an incident to a reflected 

wave. Using the concept of surface rays, we would now like to develop 

a geometrical model of the Goos-Haenchen shifts for the modes in 

question.

Explicit in the derivation of the shifts was the decomposition 

of the net displacement into shifts inland perpendicular to the plane 

of incidence. To apply the shifts to the case of a cylindrical guide, 

we observe from Fig. 1 that the helical path of pitch angle, if), is 

tangent to the plane of incidence at the point of reflection of the 

ray. Consistent with our objective of generating an asymptotic solu

tion for the shifts and with the assumption of local plane wave inter

actions of rays with the guide boundary, we will postulate that the . 

shifts calculated for a plane interface are equal in magnitude to the 

arc lengths on the guide surface along, and perpendicular to, the 

helical path Of pitch if). The justification for the latter assumption 

will follow from the numerical results of Chapter 5.

Using Eq. (2.20) with g = |d|2/|a|2, the longitudinal shift 

along this surface ray for either HE or EH modes is given by
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d :t ( n2sin0 .cos0 . _2 sin0 .cos0 . ) Xi
x . ■ ) i x + § i - i I 1

^ 1+C2 fn^cos2© . +sin20 . -n2 1-n2 | Tr(sin20 . -n2) 2V 1 1 / 1

(3.10)

But A and D are just the magnitudes of the electric field components 

in (Ep) and perpendicular to (E^) the plane of incidence of Fig. 1.

Using Eq. (2.9, we find that

52 = - (± i C elA) (♦ i C e-iA) - C2
l&p|2 (3.11)

where C is exactly the parameter defined by Eq. (2.10) of the geometric 

theory. According to the geometric theory, HE modes correspond to C 

values in the range -1<C<0 (m>0) and EH modes correspond to C values 

in the range 1<C (m>0).

From the preceding section, we know that the polarization 

ellipse has negative helicity for HE modes and positive helicity for EH 

modes (m>0). We would therefore expect the lateral shift to be negative 

for HE modes and positive for EH modes. Using the parameter C, the 

lateral shift may be written in the form

2c Ai ) sin30 .cos0 . 1
dt " +SiB2e,.-n2 ( (3-12)I 1 1 )

where the sign of C confirms the previous statement.

From the classical expressions for 6^ and S ^ ,  we may derive

the relationships

2 n2cos0 .(sin20 .-n2)2
sing = —  ----1—  0 1 „ (3.13a)

P n4cos20 .+sin20 .-n2



• 32

and j_
2 cos0 . (sin29 . -rn2) 2

sin 5 = — -----------------------    (3.13b)
5 1-n2

The longitudinal and lateral shifts may then be written in the more 

compact form
sinSp+C.sind) XisinGi

1+C2 ( 2ir(sin2ê. -n2)
and

d£ - < (3.i4a).

(c sinSp) Xisin30 •

' l ^ i  ■

The geometrical representations of HE and EH modes are shown 

in Fig. 4. It is evident from these models that the net displacement 

of the transverse Goos-Haenchen shift for HE modes forms a segment of 

a negative helical path about the guide and that the net displacement 

for EH modes follows a positive helical path around the guide. These 

results are in qualitative agreement with the corresponding directions 

of evanescent power flow described in the previous section.

Preliminary Comparisons with Wave Theory 

We would like to examine in more detail the qualitative 

agreement between the directions of the transverse shift and the sur

face power flow expressed in the previous section. Since the geometric 

shifts are asymptotic solutions valid for a planar interface, it is 

clear that exact agreement with the wave theory of the cylindrical 

guide can be expected only in the limit of large guide diameters. As 

indicated by Burke (1972, p. 198), this corresponds to the "far from
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cutoff" condition defined by the relationships u<<q=R>>l, where R is 

proportional to the guide diameter [see Eq. (3.3)].

Before proceeding to an examination of the "far from cutoff" 

case, it is of interest to look first at the corresponding question for 

a planar interface.

The angle, ■3', of the.net shift with respect to the plane of 

incidence is given according to Eqs. (3.10) and (3.12) by

^  = tan"1 (d^/d^)

2 C(l^n2)sin%. (sin2e.-n2)2
= tan

tn2 (l^n2) + C2 (n4cos26 .+sin20 .-n2)i i J

(3.15)

The corresponding, ratio of the Poynting vector components from Eqs. 

(2.14) and (2.22) yields the equation

n2cos20,sin20
2 Re fAD*l akn/ko )

- X ‘ =Sy . 2 Re {AD*} qk]_/k2 ̂  nll:cos20:̂+sin20£-n2
e L ' 9 9  9 \ (3.16)s 12 n2cos20. [ |o|2 cos20j

n^cos20 .+sin20 .-n2 1-n2

.. -n2") x
planar case, we find that

with the help of (2.17) and (2.24). Since q = k^(sin20 .-n2)2 for the

Sy 2 C (1-n2)sin20£(sin20£-n2) 2
Se n2 (l-n2) + C2 (nlfcos20.+sin20.-n2) C3.17)

where C2 = |d|2/|a|2
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By taking the ratio in Eq, (3.16), the only integrable parts 
0 0of 8^ and have cancelled out implying that Eqs. (3.16) and (3.17) are. 

also valid for the ratio Pe/Pe . We are thus led to the resulty z

"d" = tan-1 = ta:h‘‘1 ( ) “ tan-i [ j (3.18)

For the planar interface, therefore, the net displacement of a totally 

reflected, elliptically polarized incident beam corresponds exactly with 

the direction of both the Poynting vector and the power flow in the 

evanescent field. It should be noted that Eq. (3.18) is implicit in the 

derivations of d^ and and thus, in no sense confirms them.

We return now to the case of a cylindrical guide in the far 

from cutoff approximation. The angle, A , of the net shift with respect 

to the axis is simply

A  -  if) + d* = tfi + tan-1 (d^/d^) (3.19)

where ip = cos-1 (cos0/sin0^) and -S' is still given by Eq. (3.15). The 

geometrical equivalent of the far from cutoff approximation requires 

that 0 = 0, 0^=- -£> ’f'-O and C~±l. From Eq. (3.15) we see that in the 

limit,

A = = t a n " : ] ± .2(l-n2)3/2 L  ± tan- l
|.n2 (l-n2) + (l-n2)j | (1+n2)

(3.20)

The plus sign in Eq. (3.20) corresponds to EH modes and the minus sign 

corresponds to HE modes.
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Comparing this result with the direction of the Poynting 

vector, we find from Eq. (A.11) that the ratio, S®/Se , is given by,J > . = (ha)-l C 1:K,(q) + C.iX (q) f (for p=a)
S® ( c M C q )  + CzK^q)
Z ' (3.21)

Applying the far from cutoff condition q>>l, it follows that 

Km (q) = (ir/2q)2 e-^ and, therefore, K+ = 1/q; also, h-kj and a =± 1 .

Using the fact that k|/h2 = k^/k^ = n 2,. the quantities

Cf = (l±a) ± (k|/h2±a) and = (l±a)(k|/h2±a) take on the limiting

values

Ci = n2-l Cg = 0

C i  = -(n2+3) C l  =  2 (1+n2) (3.22a)

for HE modes, and

Ci = n2+3 C-2 - 2 (1+n2)

C] = 1-n2 C~2 = 0 (3.22b)

for EH modes. Substituting the above far from cutoff conditions into 

Eq. (3.21) yields the result

S! oi  = ± • (for p=a) ' (3.23)
S® (1+n2)

where again, the plus and minus signs correspond to EH and HE modes, 

respectively. Thus the direction of the transverse shift and that of 

the Poynting vector are identical in this limit (Note: since the



evanescent fields are very weak in this case, the only significant 

values of ^ are at the surface).

In fact, the weak magnitudes of the evanescent field components 

in this limit implies that the directions of ? and P are negligibly 

different. It follows, consequently, that

(F.F.C. limit) (3.24)

This result is valid for both types of modes and is, interestingly, 

independent of the mode order, m.

As the fields outside the core become stronger,(i.e., as . 

they become more weakly evanescent), the direction of the Poynting 

vector changes as a function of p and 5 and P become noncollinear.

In this more general case, we would expect the directions of the 

transverse shifts, for HE and EH modes, to follow those of the respec

tive power flows since power flows were intimately involved in their 

derivations. Despite the asymptotic nature of the shifts, agreement 

between the directions of the shift and the evanescent power flow for 

EH modes is quite good for the full range of mode eigenvalues.

Before concluding this chapter, some comments on the magni

tudes of the transverse shifts are appropriate. In the far from cutoff 

limit we have found that (L = m/2. This implies that 6 s = 6^ ~ it. 

Consequently, we see from Eq. (3.14) that both the lateral and longi

tudinal shift components are zero in this limit. This is in agreement



38

with the fact, stated previously, that the evanescent field components

are also vanishingly small as one approaches this limit.

In the near cutoff approximation, however, we know that 
r

q<<u=R = afk^-kl)2 (Burke, 1972, p. 104). Using the fact that 

u= k^asinO [Eq. (2.3) with g=u/a], we find the cutoff condition to be 

expressed geometrically by

sin6 . = u /kpa = — 0 9 7 ^,2)—  _ (i-n2)2 (3.25)
1 c ' kja

where n = ng/ni . Note that for the cylindrical guide, the cutoff 

condition is expressed in terms of the mode angle, 6 , measured with 

respect to the guide axis, and not in terms Of the angle of incidence,

6 .̂ It may be readily shown from the geometrical relationship 

cos0^ = sin0sin<j>o , the cutoff conditions (3.25) and cos^q = m/R , . 

that (sin20>-n2) > 0. Consequently, 0^>6^  It follows that 

the asymptotic form of the shifts given in Eq. (3.14) are finite at 

cutoff.

This is contrary to the cutoff results for the slab waveguide 

(Burke, 1972) where the TE and TM shifts become unbounded as a result 

of the equality sin0^ c = n. Since cutoff results such as these have 

a significant effect on the geometrical prediction of the group velocity, 

discussed in the following chapter, comparisons between the geometrical 

and wave theories in this regard will be deferred until the group 

velocity is discussed.



CHAPTER 4

DERIVATION OF A HYBRID FORM FOR THE 
TRANSVERSE GOOS-HAENCHEN SHIFTS

In previous chapters, we have presented a derivation of the 

transverse shifts based on the assumption of local plane wave inter

action of rays with boundaries. Although the model agrees well with 

wave theory in the far from cutoff case, its behavior near cutoff is 

found in Chapter 5 to be relatively inaccurate. In the present chap

ter, we seek to improve our knowledge of the shifts by making direct 

comparisons between geometric and wave theory expressions for energy 

flow along the guide. The quantity we will use for comparison will 

be the mode group velocity. Kogelnik and Weber (1974) have shown 

for the planar waveguide that the group velocity can be expressed in 

purely geometrical terms. An expression of the same form will be 

found to apply to the cylindrical guide as well.

To confirm the approach obtained from a comparison of the 

geometric and wave theory group velocities, we will first apply it to 

the case of the planar guide since the Goos-Haenchen shifts are 

already known there. We will assume for both the planar and cylin

drical guides that the point reflection ray models are correct and 

can thus be used as a basis for deriving the shifts. This assumption 

is known to be correct for the planar guide (see Burke, 1972) and is

also strongly supported for the cylindrical guide by the results of
39
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Appendix B. We will find that the approach will yield exact results

for the planar guide and a good approximate solution for the cylin

drical guide.

The Geometric Group Velocity

In the absence of a Goos-Haenchen shift the geometric group

velocity would simply be aT = z A  , where z is the z-component ofg c c c
the core ray path between reflections and is the corresponding

time delay. In thq presence of shifts, however, the group velocity 

must have the form (Kogelnik and Weber, 1974)

zc + zs
v  ■ f r r  (4-«c s

where z^ and are the z-component of the shift and its related time 

delay. The z 1s and t 's are related by the equations

Zc . zs— - = v and — - = v (4.2)
■ * Ts ■

where v^ is the point reflection group velocity and v^ is the (as yet 

undetermined) group velocity in the evanescent field. Kogelnik and 
Weber (1974) have shown that vg is equal to the phase velocity of a 

mode, Vp, for the case of a planar guide. Eliminating t c and Tg from

Eq. (4.1) we obtain the form

which is valid for dielectric guides of arbitrary cross section.
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For later use, we will evaluate Eq. (4.3) for the cylindrical 

guide. From Figs. 1 and 4, we find that

zc = 2 (a2-p2)'2 cote and zs ^ cos# + d^sin#.

(4.4)

The point reflection group velocity is just c cos8 /m^ where

m = n% - X dni/dX is the group index. In the absence of material

dispersion, m = n% and v = c cos/ni . Also, we will find later that

v — v = c/n]Cos9 . Substituting these results into Eq. (4.3), the s p
geometrical group velocity becomes

f 2 (a2-p2)d cote + d.cos# + d.sin#v = . v <------ ---------- :— — i .— ■— — } (4.5)
S g |2 (a -P2) 2cot6 + cos 8(d^cos#+d^sin#)

Calculation of the Shifts 

With the help of Eq. (4.2), the geometric group velocity may 

be rewritten in the form

vg s + (4-6)

The wave theory group velocity may also be written in the same general 

form [see Eq. (A.41)],

Vg = W  = ^ g | l T  + "ri (4.7).

where P = ?a + = (h/wp)[pa + p^], W = e^w and h/coe i y = v^. The

manner in which, the axial power flow, P, is subdivided is to be deter

mined. Equations (4.6) and (4.7) are valid for both the planar and 

cylindrical guides. We will assume in both cases that t c is a known
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quantity and will determine ts, and subsequently z^, such that

Towards this end, we note that the far from cutoff (F.F.C)
. ’ W .limit of Vg is c/ni (see Appendix A). If we denote the first terms 

in Eqs. (4.6) and (4.7) by A ,  and the second terms by B, we find that 

the F.F.C.limit is satisfied by both equations if

A — >. 1 . and B -> 0 (F.F.C.) (4.8a)

For the geometrical version, the F.F.C. limit is satisfied since the

core ray path is virtually axial in this case and t c >> r^. Similar

remarks are applicable for the planar guide. In the wave theory case,

the conditions of Eq. (4.8a) are satisfied by appropriately subdividing

the axial power flow as we will demonstrate.

Corresponding near cutoff (N.C.) conditions can also be derived.

However, the same N.C. conditions are not applicable to both the planar

and cylindrical guides. For the planar waveguide, the N.C. limit of 
WVg is just c/n2 [see Eqs. (4.15) and (4.16) with q«l, h-ka]. The 

near cutoff limit in this case can be expressed by the conditions

A -» 0 and B n “2 (N.C.) (4.8b)

The geometric group velocity will satisfy these conditions if TS>>TC

and v /v = n~2 . Since v = v = c/nisinQ. and v = c sinS./ni for s' g  ̂ s p 1 i g x  1
the planar guide, we find that v^/Vg = cos26^ c = n-2 as required.

In the wave theory case, the same power subdivision that satisfies:

Eq. (4.8a) will be shown to satisfy Eq. (4.8b) as well.
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For the cylindrical guide, the N.C. limit of is dependent 

upon the mode order and is different for HE and EH modes. Although it 

cannot be simply demonstrated at this point, we will find the geometric 

and wave theory expressions to be in exact agreement in the N.C. limit.

According to the above arguments, it is apparent that rs must 

be chosen to satisfy the following equations

r p t v p,
c . - IS- and ---5----  = -£ . a  (4.9)t + T  W T + T  V Wc s o s

Solving for the ratio t s/t c we find that

JL = ! a -  A a  
Tc vs %  vs Pa

(4.10)

where ?a and are actual z-component power flows. But zg = v^T^ , 

therefore
v P, B,

zs " vs°Tc 6 /  " P”  = zc 6 F - '  • C4:11)s a a

We are led to the simple and important result

(4.12)pb
pa

Before proceeding to the case of the cylindrical guide, we will first 

apply the above approach to the planar waveguide as a verification of 
the method, since the result is already known. It will serve, in 

addition, to illustrate both similarities and differences between 

the two guides.
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The Planar Waveguide 

. We assume a guide of thickness 2a and refractive index n% bounded

by sub- and superstrates of refractive index ng. The mode angle, 9^, 

is assumed to be measured with respect to the normal to the interface. 

Since we will restrict our attention to symmetric TE modes, the char

acteristic equation is given by (Kapany and Burke, 1972, p. 16)

q = u tan u (4.13)

where u and. q are related by

u2 + q2 = (k1a)2 (l-n2) = R2 (4,14)

The group velocity for TE symmetric modes takes the form

, sin2u cos2u
1 + * — T

w
(4.15)

where

w = %- 1 , ' * n2u
cos2u 1 Zh

2 \k
2 + sin2u + cos2u

2u

+ 2 (kit)2
sin2u\ /u \ 2 , cos2u

V ' ~ ) ( t )  * — (4.16)

The appropriate subdivision of axial power flow is unfortunately not 

unique. As we will show, the subdivisions

= 1 Pb
sin2u cos2u 
2u + q

and

= 1 + sin2u
2u Pb

COS2U (4.17)
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both satisfy the conditions of Eqs. (4.8a and b). In the near cutoff 

case, q -> 0, u -»• R and h -> k£ , resulting in the dominance of the

terms cos2u/q. Hence, A -> 0 and B -> n 2 for both subdivisions. In the

far from cutoff case, u «  q -> R »  1 . In order to determine the 

behavior of and Pb in this case, we note from Eqs.•(4.13) and (4.14) 

that

cot u = ± — — --- r . (4.18)

In the F.F.C. limit when R ^ 00 , cot u 0 and u = &n/2, where I is an

integer. Consequently, sin2u/2u - 0 and the F.F.C conditions A -> 1

and B 0 are also satisfied for both possible subdivisions. The 

proper choice follows from the added constraints that

!a „ - and ^  = v (4.19)
a b

where v_ = c sin8 ./ni and v = c/nxsinQ. . Noting thatg i p i
P- ' = (h/mp) p . and W . = ejw , , it is easy to show that the3.5D 3.5 D ct* D 35D
first choice of Eq. (4.17) satisfies the constraints of Eq. (4.19) 

exactly.

The corresponding Goos-Haenchen shift is then

(sin2u , cos^ui 
^s = Zc | 2u q j

A t tanei
7  (sinZe^n2)* (4-20)



where we have used Eqs. (4.13) and (4.14) to obtain the results

sin2u
2u

tan u _ q cosZu 2
usec2u u2+q2 ’ q

(4.21)

and q = kia(sin29^-n2)2 . . The shift predicted by Eq. (4.20) is in 

exact agreement with the results of Burke (1972, p. 64) and with 

those of Kogelnik, Sosnowski, and Weber (1973).

The Cylindrical Waveguide

Contrary to the case of the planar guide, the transverse Goos-

Haenchen shift for the cylindrical guide can be expected to be only 

approximate. This follows from the fact that the basic geometrical 

model for cylindrical guides corresponds to replacing the normal Bessel 

function descriptions of field components by their asymptotic forms.

Referring to Eq. (A.42), we find that the group velocity of 

the cylindrical guide has the form

or, written in shorthand form where the sum of terms that differ only 

by sign is implied, we have

vWg v

. (1+ct) (k2/h2+a) $++ (1-a) (k2/h2-a)
2 ‘ . 2 + [ (l+a) (kg/h2+a) 6+ + (1-a) (kg/h2-a) 9_],(u/q)2

g w

V
(l'±a) (k^/h2±a) $++ (l±a) (k2/h2±a)©+ (u/q)2

g w (4.22)

where the stored energy w is similarly written in the form
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w = | (l±a)2 + cos2 6 (k^/h2±a)2 |

2 COS2 9 n  2
n

(k2/h2± a H  (u/q)2 0 .

+ tan2 0 |(l+a2cos20)($++2 J+) 

- (n2+a2cos2 0) (0 +"2 ,̂ +)l (4.23)

The quantities $+ and 0+. are defined, according to Eqs. (A. 12) and 

(A.15),'by

#± [1-2 (m±l) J± >  u2 J 2] ,> 0± = [l±2 (m±l) K±-q2 K2] (4.24)

.with J± = Jm±1 (u)/u JJu) and K± = Km± 1(q)/qKm (q) .

In order to determine how the axial power flow should be sub

divided, . we note that the characteristic equation for EH and HE modes

may be written in the form (Burke, 1972, p. 183)

J, = ± jo + > m /-Ae- K ‘\ 2
-Bi

+ m 2 / —  +

I u

u2 q2} \vl2 siq2
(4.25)

where K' = K^(q)/qK^(q). In the far from cutoff condition where 

u « q  R c°, Eq. (4.25) implies that „J+ -> 0.. The quantities 

^m+1 (u)/uJ^(u) appear to be analogous to the quantity sin2u/2u of 

the planar guide. Extending the analogy further, we choose the trial 

power subdivisions
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Pa = (l±a) (k2/h2±a) , (l±a) (k^/h2±a) 4̂ .

+ (l±a) (k|/h2±a) (u/q) 2 0+

(4.26a)

Pa = (l±a) (k^/h2±a) , p^ = (l±a) (k|/h2±a) 2.(y/q) 2©±

= P /  = p /  ' (4,26b)

where = -2 (mil) J+ + u2 J2 . Both subdivisions satisfy the condi

tions of Eq. (4.8a). As numerical analysis of the constraints of 

Eq. (4.19) reveals (see Chapter 5), the second choice appears to best 

characterize the general HE and EH mode. (We have assumed, as was the 

case for the planar guide, that v^ = v^).

The sole exception to this result concerns the description of 

the HEii mode for small q (less than, ~5). In this case, the constraints 

of Eq. (4.19) appear best satisfied by the first choice of Eq. (4.26). 

This is less surprising when we note that the behavior of the H E n  mode 

is strongly dependent on the Bessel function Jq (u) which is the only 

Bessel function that approaches unity as u becomes small (as it does 

for the HEii mode when q -> 0). We will treat the general case first. 

General HE and EH Modes. For the general mode, Eq. (4.12) ;

becomes

Pzef- = -A- (4.27)
zc P x z

To proceed further we must first know how to characterize the ratio 

ts/tc where t^ and t are the azimuthal components of the shift and



core ray paths. Referring to Eq. (A.20), we know that it is at least 

approximately true, for general u, that

p i  ' ' t
f l  * = tan6 * f  (4.28)

with the approximation becoming more exact in.the F.F.C. case. Since
X'tG is then proportional to , it is reasonable to expect, on the 

basis of Eq. (4.27), that

ts v
-  =  f i  (4-29)

*
Equations (4.27) and (4.29) can now be used to derive an approximate 

form for the transverse shift.

Referring to Fig. 4, the quantities ?s and t^ can be expressed 

in terms of the component shifts d^ and d^ by the equations

2  ̂ = d̂ cosijj + d^simj)

tg = d̂ sinij) - d^cos^ (4.30)

By inverting Eq. (4.30) we obtain the desired components of the trans

verse shift

d. = z cosijj + t sinij)£ s T s

d̂ . = ZgSin^ - t̂ cosTj) (4.31)

Equations (4.27) and (4.29) may be used to rewrite the first of 

Eq. (4.31) in the form
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With the help of Eqs. (A. 1.3) and (A. 16) we find that

'b®\ _. {Ca Q+ + C2 Q_) 
P 1 )  {Da + Di $_}

(u/q) 2 = g (u/ q) • (4.33)

where
c| = (l±a)(k|/h^±a) , Da = (l±a)(k^/h^+a) .

The quantities 0+ and 3i+ are given in Eq. (4.24). Using Eqs. (A.23) 

and (A.27) we obtain

+ ^.1 IrA. o (u/q) 2 = f(u/q)2
P3

(4.34)
Limii; - P i n

where Cy = a(l+a) + (k|/h2±a) , DJ = a(l±a) ± (k|/h2±a) 

and
7?+ = (-1)m

m -1
K2 (q) - 2 I  (-1)& K/q)

&=o

m-1 2
1 + J 2(u) - 2 I  J 0 (u)

2=0

The quantity L^/L.^ is given according to Eqs. (A.22) and (A.30) by

V  ,  U'w)  . f.Dt r , » PI
L i u J^(u) (Da + D^ $■

(4.35)

where b is a radial distance measured from the guide interface defined 

by

Km±l(q[1+b/a])/Km±lCq) = 1/6 * (4.36)

Since (u/q)2 = sin28/(cos26-n2), the newly defined quantities 

f and g may be used along with geometrical relationships obtained from 

Fig. 1 to rewrite Eq. (4.32) in the form
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d* - 2 \f • ^ .  Sin26 * g cos24a j sin0^(cos20-n2)
(4.37a)

JL
where sin0^ = [1 - (l-p^/a2)sin20]2 .

The second of Eq. (4.31) may be similarly rewritten in the form
JL

( p V (a2-p2)2 cos0sin2 0
dt - t 2 {g - ^ ~ f} s i n e y e c o s W )  ( 4 - 3 7 b )

The addition of the ± signs in this equation insures the proper direc

tion of the transverse component of the shift.

In order to evaluate the implications of these shift components 

on the cutoff values of v^ , we note from Appendix C that Eq. (4.3) 

can be made exactly equal to the wave theory group velocity by making

the simple; replacement v /v -> n2, where we are assuming ray componentss g ,
to be proportional to corresponding power flow components. Since

v /v = v /v = cos20 for the cylindrical guide and cos20 = n2,s g P g c
Gwe find that the cutoff values of v^ predicted by the hybrid model are 

in exact agreement with wave theory results. Similarly, since and, 

consequently, zg approaches zero in the F.F.C. limit, the hybrid model 

group velocity has the limit c/n^. This agrees with both the wave 

theory result and that predicted by the previous derivation of the shift, 

As a further check on the shift components, we would like to 

evaluate the angle the transverse shift makes with the guide axis in 

the F.F.C. and N.C. approximation. The angle of interest is given by

A = - + tan- 1 (dt/djl) (4.38)
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where the sign of ip is explicitly shown. It will he useful to make 

the following definitions

F = C i V + C i V G = Co® + Co®e + •L - e + -
and

?+ + +

The quantities F^ and are proportional to azimuthal power flows 

external and internal to the guide, respectively, and and are 

proportional to the corresponding axial power flows. Referring to 

Eqs. (4.33), (4.34), (A.21) and (A.33), it follows that

• . . -  b  .1 1 1

p*e

and
p e 2ira2h J2 (u) z m

b1 . Li Fi u
i 2Tra2h J 2 (u) G. ham v v l

(4.39)
PZ   *

In the far from cutoff approximation, 0 ~ 0, therefore •

i ( .
^t + P  a sin0 cos6 . f
d£ f p \ I a g

kf ° sin20 + g cos2
(4.40)

Using the facts, that La = 2#a(l + ) = 2na and L. = 2ira u J2 (u) • G./F.e 2a i m i i
we find that

f ' 1-6 Fe r  = ^  • (4-41)g Li Fi Ge u jJ(u) e
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The appropriate form for the ratio F^/G^ in this approximation is just

F /G - - 2 q J2 fuj/(l+n2) , where the far from cutoff conditions fol- e e ^ m • -
lowing Eq. (3.21) were used. Since u = k^a sin6 and q = k 1a(l-n2)2.

u(l+n2)
2-3-5, sin6 ~ ±   (4.42)(l+nz)

where pQ/a has been neglected compared to q.
It is clear from Eqs. (3.23) and.(3.24) that the angles

A = ± tan' 1 \ (p.F.C. limit) (4.43)1 + nr

are in exact agreement with the results of wave theory and those of 

the previous derivation of the transverse shift in this limit.

In the near cutoff approximation, q « l  and 6 - 8c . The ratio, 

d-t/dji » then reduces to the form

11 { i  • "f • tan2ec * 1

To evaluate this expression, we must determine the magnitude of f/g.

Using the definitions of Fe and Ge and the near cutoff relationship

q<<l, kQ - -2n q and Km (q) - {(m-l)!/2 } (q/2) m (m>0), we find for an

EH7 mode that z,p

f ~ /•, b \ Gi [q^ (£nq)2 + q2/2 - 2]
g u \ 2a/ C +2 [q2 - 8] (4.45)

Since the product (1 + b/2a) C1/C2 ~ 1 and u > q, it is clear that 

f/g«l in this approximation. A similar result is valid for HE0Z,p
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modes, as well as modes of arbitrary m. In addition, (p /a)tan0 < 1o c
so that the product (f/g)(po/a)tan8c may be neglected compared to 

unity. Making the replacement p^/a = m/u, Eq. (4.44) then becomes

3^ - (u ™ f } tanec • (4.46)

The angle ip is given in this limit by

* = cos"1 ( % )  ■cos"1 L w ) ,
= tan-1 • tan6c| (4.47)

since cos20^ c = (1-n2)(l-m2/u2) and cos8^ = n. Hence, referring to 

Eq. (4.38),

A - - tan- 1 <—  • tan8 > + tan-1 ) —  • tan0 - £  tan8 i(U cf | U  C g cjV

- - tan" 1 ° tan0cj- (4.48)

where the denominator of the expression tan"1 = tan-1x -tan-1y
may be reduced to unity according to previous arguments. According to 

Eq. (4.39) the corresponding direction of the evanescent power flow in 

the near cutoff limit is given by

A' = { H s w * '•£'!=
= - tan-1 j^- • tan0c | . (4.49)

Note, since f <0 and P® > 0 for EH modes, both A and A 1 are positive 

for these modes. Thus the direction of the geometric shift is in 

agreement with the wave theory prediction for this limit. The above



results confirm that the direction of the transverse shift defined by 

Eq. (4.37) corresponds to that of the evanescent power flow.

the HE11 Mode (for small q). As was discussed earlier, the 

constraints of Eq. (4.19) appears best satisfied for small q by sub

dividing the axial power flow according to Eq. (4.26a). For larger 

values of q, however, the constraints are approximately satisfied by 

either power subdivision . Despite the fact that the previous form 

of the shift components should be at least approximately valid for 

the HEii mode for most values of q, the components corresponding to 

Eq. (4.26a) are given below for the sake of completeness. The 

longitudinal component is defined by the equation

where fP^/Pa) z and ^ 5 '/^')^ are now defined by

sini}> (4.50)
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Substitution of Eqs. (4.51) and (4.52) into (4.50) yields the expres

sion
(a2-p^)2sin9

d- = 2 < f i sin26 + gicos2B

sinewsin6+ 2 < f z  —  sin29 + g2Cbs29 ■ s- a . (4.53)

The lateral component of the shift is similarly found to be
o,i-----\n2 6

cl = --
1f sin9.(cos29-n2)

(a2-pQ2)2c o s 9
(4.54)sin9^

The behavior of the quantity zs obtained from the above shift components 

parallals that of the planar guide where the shift becomes large for 

both the N.C. and F.F.C. conditions. However, as we shall see in the 

following chapter this formulation of the transverse shift disagrees 

with the direction of evanescent power flow for the HE'n mode.

Before concluding this chapter, it is worthwhile pointing out 

that the hybrid form of the transverse G.H, shift is valid for arbitrary 

index difference guides, However, a practically important case is that 

of small index difference guides (n^n^). In this case the wave theory 

characteristic equation takes a much simpler form (Snyder, 1969;

Gloge, 1971) and the resulting expressions for f and g can be expected 

to be similarly simplified.



CHAPTER 5

NUMERICAL EVALUATION 
OF THE MODELS

In the previous, chapters we have presented two possible ap

proaches to the description of the transverse shift. The first, by 

design, was expressible in purely geometrical terms. The second was 

necessarily a hybrid result containing both geometric and wave theory 

parameters. In what follows we will examine the degree to which the 

two models agree with wave theory predictions of energy flow and group 

velocity.

Before we can calculate quantities of interest for the purely 

geometrical model, we have to obtain the characteristic angles predicted 

by the geometrical characteristic equation. The resultant comparison 

between geometric and wave theory eigenvalues will, however, be of 

fundamental importance to both geometrical models of the shift since 

both use the basic point reflection geometrical model as a starting point.

The wave theory eigenvalues and group velocity values used for 

comparison in this chapter were obtained from the extensive tables of 

Luneburg and Snitzer (1963).

A Comparison of Geometric and 
Wave Theory Eigenvalues

The derivation of the geometric version of the wave theory 

characteristic equation led to two phase match conditions, one for the 

binormal and one for the normal component of the fields associated with 
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the ray picture. Since both equations must predict the same character

istic angle, it will be necessary to solve only one. The azimuthal 

characteristic equation can be written for m>0 as

m(tan4> -<j> ) . = -Nir + 4~ + 6 /2 + tan-1 o o 4 p
AC cosA
B t ACsinA

(5.1)
Since, A=cos4>0, B=(sin2^0 r- cos2 8j.)̂  and A= (6p-5s)/2=A(0^), Eq. (5.1) 

has the basic form

f 1 C^) = faC^Q*^) " Nir . (5.2)

By choosing a value of 0£ in the appropriate range (0^ jC<0^<tr/2), we 

can solve for the. corresponding characteristic angle, $0 . Since the 

equation is transcendental in <j>0, a graphical or computer method must 

be used. The solutions presented in this chapter were obtained using 

a Hewlett Packard-25 programmable calculator. The value of, u, obtain

ed from the characteristic angle is given by the equation

u = m sec <j>o , (5.3)

since <f>0=cos-1 (po/a)=cos“ 1 (m/u) .

A comparison of geometric and wave theory eigenvalues for 

selected HE and EH modes is presented in Tables 2 and 3, respectively. 

For the HE modes considered, the departure from wave theory eigenvalues 

near cutoff is less than 3% with the error decreasing as q increases.
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Table 2. Comparison of Geometric and Wave Theory Eigenvalues

for Selected HE Modes (ni=1.8, n?=l.52).m,p •i z J

_9_ 0.4 1.6 3.6 6 .0 . 9.0 12.0

u(geo) 8.972 9.020 9.190 9.373 9.541 9.659
HE2,3u(wave) 8.727 8.865 9.085 9.292 9.475 9.600.

uCgeo) 10.476 10.513 10.625 10.779 10.924 11.052

u(wave 10,259 10.338 10.508 10.690 10.864 10.989 HE3,3

u(geo 11.913 11.942 12.024 12.151 12.286 12.399

u(wave) 11.724 11.771 11.899 12.054 12.215 12.338 HE4,3

Table 3. Comparison of Geometric and Wave Theory Eigenvalues
for Selected EH Modes (ni=1.8, n?=T.52).m,p v 1 z v

-JL- 1.6 3.6 6.0 9.0 12.0 15.2
u(geo) 10.260 10.428 10.626 10.806 10.950 11.055

EH., ?
u(wave) 10.260 10.428 10.610 10.791 10.927 11.036 1,3

u(geo) 11.672 11.804 11.967 12.139 12.284 12.402
EH2,3u(wave) 11.672 11.804 11.967 12.139 12.275 12.386

u(geo) 13.050 13.152 13.293 13.463 13.593 13.710
EH3,3u(wave) 13.050 13.152 13.293 13.459 13.586 13.698
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For the EH modes, the percentage error is less than 0.2%. The rela

tively abrupt change from zero to nonzero error for EH modes is a 

result of the fact that the characteristic angles, <f>0 , were calculated 

only to the nearest hundredth of a degree. The sensitivity of u to 

small changes in <j>0 is evident from the relationship

Au = m tan<j>osec<j>o A^o , (5.4)

particularly when <p0 has values near 90° (values of <p0 in the range 

70° to 85° are typical for the EH and.HE modes considered in Tables 

2 and 5).

From the above results, it is clear that agreement with wave 

theory eigenvalues is quite good, particularly for EH modes. To under

stand why1, this is the case, we recall that the basic geometrical model 

was consistent with the assumption that the Bessel functions Jm (x), 

used to describe wave theory field components, could be replaced by 

their Debye asymptotic forms (see Sommerfeld, 1949, p. 119)

. . .  sin i,n(tan*o -*=) * 1 1m - o

= J~~ f 1 " in2/u 2) 5 s i n y u 2-m2 - m co s" 1 fill/u) +

(5.5)

This approximation for Jm (u) is strictly valid when m<u and both m and 

u are large. For smaller values of m and u, such as those of Tables 2 

and 3, the Debye approximation is still a reasonably accurate descrip

tion of the shape of J^(u). For the modes we have considered, the
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error is typically less than 5%. Since the Debye approximation and 

Jm (u) have slightly different zeros for smaller m and u values, the 

percentage error can be quite large near a root of Jm (u). However, 

for a given mode, u approaches a zero of Jm (u) only in the F.F.C. 

limit, which from a practical Viewpoint, is not an important case 

since the F.F.C. limit requires very large guide diameters.

Some general comments can be made concerning the relative 

accuracy of the Debye approximation for HE and EH modes. The behavior 

of both HEm+1,p and EHm _i,p: modes is strongly dependent upon the func

tion Jm (u) . In addition, both HEm+1,p and EHin_1,p modes have the 

same range of u values (see Luneburg and Snitzer, 1963). In so far 

as the Debye approximation is concerned, it follows that the geometri

cal characterization of the HEjjp and E H p p  mode (or the HEg,p and EHg,p 

mode, etc.) should be of roughly equal validity. Conversely, charac

terizations of HE modes should be less accurate than those of EH modes 

for the same order.

Magnitudes of Geometrical Quantities

From the standpoint of visualizing the geometrical representa

tion of a mode, it is of interest to calculate the magnitudes of the 

Various geometrical quantities for representative modes. The quantities 

of interest are the angles 0, <j>0, 9^, ¥ and the ratio P0/a. We will 

restrict our attention to defining the range of the variables by cal

culating only the cutoff and far from cutoff values. For all cases 

the angle 0 has the cutoff value O^sin -1 (l-n2)"̂  and the F.F.C. limit

ing value of zero. The other quantities are defined by
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<j»o = cos- > 6 - = cos" 1 (sin8sin<j>o)

. i (  cos6\ , Po
* = cos (siSerj. and T  = C0S*0 • (5.6)

Representative values of these parameters are shown in Table 4 

for selected HE2>p and E I ^ p  modes. The refractive indicies were as

sumed to be ni=l.8 and ^-1.5 and the eigenvalues, u, are from wave 

theory.

Table 4. Cutoff and Far From Cutoff Values of Geometrical Parameters 
for Selected HE0 and El-L Modes.2,p 2,p
(ni = 1.8, Ti2 = 1.5; 6c = 33.56° and 9ppC = 0)

%Cutoff F.F.Cv Cutoff F • F. C.' Cutoff F.F.C. Cutoff F.F.C. P
38.90° ■ 58.54° 69.69° oocn 27.31° 0° 0.78 0.52 1
69.08° 73.44° 58.91° 90° 13.32° 0° 0.36 0.29 2

HE
76.72° 78.66° 57.45° 90° 8.66° 0° 0.23 0.20 3 2,p

80.27° 81.37° 56.99° <£> O b 6,43° 0° 0.17 0.15 4
67.08° 71.73° 59.39° 90° . 14.48° 0° 0.39 0.31 1
76.25° 78.18° 57.52° 90° 8.95° 0° 0.24 0.21 2
80.09° 81.16° 57.01° 90° 6.54° oo 0.17 0.15 3 EH2,p
82.23 82.92° 56.79° 90° 5.13° 0° 0.14 0.12 4
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For the* energy flow calculations of the next section we will 

be interested in knowing the magnitudes of the axial components of the 

core, ray path, zc, and the.transverse shift, zs . Both are calculated 

from Eq. (4.4) where the shift components d^ and d% are calculated 

from Eq. (3.14) for the purely geometrical model and from Eq. (4.37) 

for the hybrid model. In Figs. 5, 6, and 7 we show plots of zc and. 

zs as a function of q. As can be seen, the shifts dominate near cutoff 

and the core fay path is dominant as the mode approaches the F.F.C. 

region.

For the numerical results presented in this, and the following 

Section, the HE-q, HE2 3 and EH2 3 modes will be used as examples since 

they may be regarded as representative of the general types of behavior 

of cylindrical waveguide modes. The HE2 }3 and. EH2 }3 modes, in addition 

to being fairly typical of other HE and EH modes, are of low order 

(m=2) and will better test the accuracy of the geometrical models. Gen

erally, the accuracy of the models will improve as both the first and, 

particularly, the second index (whose value increases with the guide 

diameter) becomes larger. The HE-q mode was chosen because of its 

practical importance in optical communications systems and because it 

is an anomalous mode in the sense that it is the only mode that does 

not have a cutoff.

For convenience, we will subsequently refer to the model in

corporating the purely geometrical transverse shift as Model I and the 

model using the hybrid shift as Model II.
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Fig. 5. Comparison of the Axial Ray Components z and z Obtained from Models I and II 
for an HE Mode. C sZ , o
n j  =  1 .8 , x\2 =  1.52 a n d  X q  =  0 .6328p .



10.0

z z

A - Model I
O - Model II

10.05.0 15.00 q
Fig. 6 . Comparison of the Axial Ray Components z^ and z^ Obtained from
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Geometric and Wave Theory Predictions 
of Energy Transport •

As we have mentioned before, the primary impetus for the in

corporation of the transverse shift in the basic geometrical model 

was to enable the model to properly describe energy transport phenom

ena. In particular, we will be interested in geometrical predictions 

of the direction of evanescent power flow and, especially, the mode 

group velocity.

Evanescent Power Flow

The works of Renard (1964) and Imbert (1970) suggest the possi
bility of a close relationship between the direction of the transverse

shift and that of the evanescent power flow. We have shown previously 

that the correspondence is exact assuming an elliptically polarized 

plane wave incident on a planar interface in a calculation based on 

the Renard assumption. In Fig. S 'jfe show a comparison of the angles

A' = tan-1 (P®/P®) and A]. =• f  +' tan'l (d^d^) (5.7)

for HE2 3 and EH2 3 modes where the ratio P(j)e/Pze is given by Eq. (A.33) 

and the ratio d^/d^ is obtained from Eq. (3.14). The agreement for the 

EH2> 3 mode is exceptionally good all the way to cutoff, whereas the 

HE2 3 mode shows good agreement only as the guide approaches the F.F.C.



5.0 1 0 . 0  q 15.0

Fig. 8 . Comparison of tan" 1 (P^/Pe)and ip + tan" 1 (d /d ) for HE0
and EH2 3 Modes.  ̂ Z 1 £ 1 2’3

nj = 1.8, n2 = 1.52 and Xq = 0.6328p.
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condition. Since only asymptotic agreement is really to be expected 

for Model I, the results for EH modes are somewhat unexpected. It is 

of interest to note that these results were obtained even though the 

guide was only a few wavelengths (2A to 5A) in diameter. This tends 

to support the suggestion of Kline and Kay (1965) that the interaction 

of geometrical rays with dielectric interfaces may be described using 

the classical Fresnel equations even at tightly curving boundaries.

modes are in error implies that the basic geometrical model may still 

be incomplete with regard to these modes, and (2) the basic derivation 

Of the shift assumes that the direction of the Poynting vector is 

invariant in the evanescent field, whereas for the cylindrical guide, 

its direction varies as a function of p (this is also true for EH modes 

but to a smaller extent since the fraction of mode energy outside the 

guide is smaller for EH modes particularly near cutoff). A correspond

ing lack of agreement between A and A' near cutoff is found for the 

H E ^  mode (not shown).

A similar comparison with evanescent power flow is shown in 

Figs. 9 and 10 for Model II. Here the angle A 1 of Eq. (5.7) is 

compared to

The excellent agreement in Fig. 9 may be in a sense artifical as 

q becomes small since the value of used in the calculation of f

The relative lack of agreement for the HE9 - mode has at least

two sources. These are: (1) the fact that the eigenvalues for HE

^tt . $  —  tan (5.8)
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Fig. 10. Comparison of tan-1(Pe/P^) and ^ + tan-1 (d /d ) 
for an H E ^  Mode.

The dashed curve represents the direction of the transverse shift 
obtained from Eqs. (4.42) and (4.43). The right hand ordinate refers 
to the dashed curve. n% = 1.8, ng = 1.52 and Xq = 0.6328y.



[see Eq. (4.34) ] was chosen so that P^/P^ = u/ha = a condition

whose validity has been established only in the P.F;C. region.

For the H E ^  mode, two plots are given. The first, obtained 

from Eq. (5.8), shows excellent agreement with the wave theory curve 

and the second, obtained from Eqs. (4.53) and (4.54), departs drama

tically from the direction of evanescent power flow. Since the work 

of other authors [particularly the experimental evidence of Imbert 

(1970)] suggest that the shift should follow the evanescent power 

flow, this departure appears to offer sufficient justification for 

rejecting the shift components of Eqs. (4.53) and (4.54) in favor of 

Eq. (5.8).

The Group Velocity

In what follows, numerical predictions of the geometric group 

velocity for Models I and II were obtained from Eq. (4.5) and wave 

theory values were obtained from the tables of Luneburg and Snitzer 

(1963). All curves were calculated by assuming.the core and cladding 

indices to be 1.8 and 1.52, respectively, and the wavelength to be

\ = 0.6328u.o
For the HE2 2 and EH^ ^ modes, the comparison for Model I is 

shown in Figs. 11 and 12, respectively. As one would expect, the 

agreement with wave theory improves as q increases. For comparison, 

the dotted line shows values of the point reflection group velocity 

v - c cos0/ni. The addition of the transverse shift obviously 

enhances the agreement with wave theory. Since z^ does not dominate
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z for small q, agreement is poor near cutoff. Throughout most of

the range, however, the accuracy of the comparatively simple geometric

expression is reasonably good. As we might have expected,the agreement

between v (wave) and v (geo)T is significantly better for the EH9 „ g g . i Z,o
mode.

Before results for the second model can be calculated, we must 

establish the validity of our choice of p& and p^ in Eq. (4.12). As 

was the case for the planar guide, the appropriate subdivision of axial 

power flow must satisfy the constraints of Eq. (4.19). Choosing the 

subdivision of Eq. (4.25b), these constraints take the form

= : v
W

(1+a) (k j/h2+a) f+ + (l.-a) (k^/h2-a) $

^ (1+a) 2+ (h/k].) 2 (k^/h2+a)2] + j[ (1-a) 2+(h/ki) ̂  (k^/h2-a)2]

+ (u/lia) [ 1 + (ah/ki)2] ($+ + 2 J+) (5.9a)

and

= v

r (1+a) 2+
2 /k| 

\h2

- n 2 (u/ha)2 [1 + (ah/kf)2] (9+ - 2 :/<.+)l (5.9b)

It is clear from the form of Eq. (5.9a) that the F.F.C. limit,

where h=k% and a>>l, yields P1/W1 = v . Similarly,we find the N.C.
§

limit of Eq. (5.9b), where h-k2 and q<<l, to be Pe/We = v . In general,P
however, it is difficult to show analytically that the expressions in
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curly brackets in Eqs. (5.9a and b) are close to unity. Some rela

tively simple conditions can, however, be derived as a test for this 

condition. Making use of the fact that '$+ + 2 J+ = $ - 2 J [see

discussion following Eq. (A.57)], Eq. (5.9a) may be rewritten in

the form

.?! = y  )> (5.10)
W 1 g |Gi + Qi

where = (1+a) (k|/h2+a) ̂  + (1-a) (k|/h2-oi) f

and = (u/ha) 2{2cj ( J+ + J_) + [1 + (ah/kj2] ( J+ - J_)} .

Using the fact that ©+ - 2 K+ = 6 - 2 K , we find that Eq. (5.9b). 

takes the form

ii® = vp { o ^ A )2 Ge + C5-li)

where = (l+a)(k2/h2+a)gr + (1 -̂a) (k2/h2-a) 0

and ne = (q/ha)2 (k2/h)2{2a( K;+- K_) + [1+(ah/k2)2] ( K + + K_)} .

The conditions we seek.are therefore 
0 .
pA ~ 0 and 7̂ - ~ 1  ̂ (k2/h)2 . (5.12)
Gi e

The second condition is less strict as can be seen by substituting

calculated values of Q and G back into Eq. (5.11). Numericale e ^
results for selected modes reveal that the departure of p V w 1 from v

£
is typically less than 2% and the departure of P e/We from y^ is less 

than 3%. The sole exception to this is the H E ^  mode where the error 

near cutoff is ~12% for P^/W^ and ~5% for Pe/We .



In Figs, 13 through 18, we show plots of Eq. (5.9) for the 

HEg EH2 j andHE^i modes followed by comparisons of the geometric 

and wave theory group"velocities for Model II.

The group velocity comparisons shown in Figs. 14 and 16 for

HE2 j and EH2 2 modes indicate excellent agreement between the group

velocity model II and wave theory/ The geometric group velocity was 

found to depart from wave theory predictions by less than 1% over the 

entire range of q, with exact agreement occurring at the N.C. and 

F.F.C. limits. Numerical checks on other HE and EH modes suggest 

that this agreement is typical.

The group velocity for the HE-q  mode, however, shows comparabl 

agreement only for q>5. For q<5, the error increases to ~3%. Since 

the Debye approximation for J^(u), from which was obtained, is 

undoubtedly in error for the H E ^  mode (since both u and m are small)

an error of 3% must be regarded as reasonable, if not fortunate.
WGenerally speaking, the excellent agreement between v^ and

Vg^ for EH modes .of Model I, and both EH and HE modes of Model II,

cannot be used to imply that the transverse shifts are also accurate 

to within a few percent. This is particularly true in the F.F.C. 

region, where is dominated by zc and consequently does not contrib 

ute significantly to the value of Vg . In the N.C. region (say q<5) 

zg becomes relatively dominant and the agreement between and v ^  

is ,a significant check on the accuracy of both z^ and
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Although the numerical results obtained above are indeed 

encouraging, it is clear that strict confirmation of the derivations 

will.require additional numerical checks based on phenomena that are 

more critically dependent upon the accuracy of the transverse shift. 

It is the opinion of the author, however, that the agreement between 

v ^  and Vg^ in the N.C. region coupled with the excellent agreement 

between the direction the angles A 1, A^ (EH) and A ^  (HE and EH) 

provides strong evidence for the validity of the derivations.



CHAPTER 6

CONCLUSIONS

As has been shown, by other authors (Burke, 1972; Kogelnik and 

Weber, 1974) for planar dielectric waveguides, a ray theory model of 

waveguide modes including Coos-Haenchen shifts provides an essentially 

correct description a variety of physical phenomena. The extraordinary 

accuracy of the model follows from two facts: (1) the amplitude dis

tribution inside a planar guide can be exactly decomposed into a super

position of two plane waves, a fact that allows mode eigenvalues to be 

obtained from simple phase considerations, and (2) the inclusion of 

appropriate Goos-Haenchen shifts at reflection allows energy flow 

phenomena to be properly described.

For the case of a cylindrical dielectric guide, the description 

of the amplitude distribution in terms of a superposition of two local 

plane waves is strictly correct only in the asymptotic limit where the 

Debye approximation of (u) is accurate. Despite this, we have shown 

that mode eigenvalues obtained from the geometrical characteristic 

equation are in excellent agreement with wave theory predictions for 

EH modes (error less than 0.1%). The agreement between geometric and 

wave theory eigenvalues for HE modes is also quite good (error less 

than 3%--typically ~1%), with the sole exception of the H E ^  mode 

where the error can exceed 10%. Since the mode eigenvalues are

85
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obtained purely from phase considerations involving the basic point 

reflection model, the results for EH modes indicate that the basic 

model is exceptionally good for these modes. This is particularly the 

case since the model was based, in part, on the assumption that rays 

interact with the guide boundaries as though they were local plane 

waves striking plane interfaces. Accurate eigenvalues were obtained 

for the EH^ 3 mode near cutoff for guides that were only a few wave

lengths in diameter (~5X' for X = 0.632810 .

The somewhat reduced accuracy for HE modes may be attributed 

to two sources: (1) since the values of u and m are smaller for HE

modes than for an EH mode of the same order, the Debye approximation 

of Jm (u) is correspondingly less accurate for HE modes, and (2) the 

guide diameters for HE modes are smaller than those of EH modes of 

the same order (for the HE^ 3 mode near cutoff, the guide diameter

was ~3X). For the case of the HE. „ mode, both sources of error are11
magnified since m and u are both small (m=l, u ranges between 0 and 

2.4) and because the guide diameter approaches, and may actually be 

less than, the wavelength. Considering the proximity of the guide 

diameter and the wavelength, the agreement between geometric and wave 

theory eigenvalues must be regarded as surprisingly good for both HE 

and EH modes. Despite the fact that HE modes have smaller guide 

diameters and less accurate Debye forms, it should be pointed out 

that even when the guide diameter, m and u become larger (such as 

the HE^ 3 mode), the increased accuracy still does not quite match 

that of EH modes. This suggests that the basic model for HE modes
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may still be incomplete in some sense. This is particularly evident 

for the anomalous H E ^  mode. It is possible that improved results for 

the latter would follow from the use of an alternate, and more compli

cated, Debye approximation for Jm (u) valid for the transition case 

m ~ u (Sommerfeld, 1949, p. 119) .

With regard to the inclusion of the.transverse Goos-Haenchen 

shifts in the basic model, several comments and conclusions are 

possible. In particular, it is of interest to compare results for 

the planar and cylindrical guide. Burke (1972) has shown that, for 

the purposes of describing energy coupling and transport phenomena, 

the planar guide may be replaced by a guide with slightly larger 

virtual boundaries at. which point reflections effectively occur.

This allows the Goos-Haenchen shifts to be included in a simple man

ner. For the cylindrical guide, however, the introduction of virtual 

boundaries would require positive or negative axial shifts at each 

reflection "point." Viewed axially (see Fig. 4), rays for HE modes 

would appear to be reflected at a slightly larger radius--coupled with 

a negative axial shift.. Similarly, EH mode rays would appear to be 

reflected from a slightly smaller radius--coupled with a positive 

axial shift. Although such an approach is certainly possible from 

the standpoint of calculations, the most physically plausible picture 

is that of shifts following helical arcs on the actual guide surface.

A more important distinction lies in the fact that the shifts 

for the two geometries appear to be of a basically different nature. 

Ignoring for the moment the obvious difference in the polarization of
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planar and cylindrical guide modes, it was pointed out in Chapter 4 

that the equation z /z = P,/P was satisfied by a different ratio. S C D 3.
of axial power flows for each guide. Whereas p^ represented the

evanescent power flow for the cylindrical guide, it represented a

combination of evanescent and interior power flow for the planar

guide. As a result, the shift for the cylindrical guide approaches

zero in the far from cutoff case and the shift for the planar guide

does not. The particular power subdivision required for the cylin-r

drical guide is, in fact, the reason why the Renard approach to

calculating the shift components was valid in this case. The shift

for the planar guide, which has been verified in many ways, cannot

be .correctly obtained from the Renard approach precisely because the

power ratio required for the two guides is different. It appears that

the validity of the Renard approach is restricted to cases where

proportionality between the shifts and the evanescent power flow can

be established.

With regard to the transverse shift and its relationship to 

to cylindrical waveguide modes, we found that the direction of the 

net shift (formed from lateral and longitudinal components) closely 

follows that of the evanescent power flow (with the exception-of HE 

modes of Model I). We have also found from wave theory that, for 

m>0, the evanescent and internal power flows along helical paths 

about the guide axis that have the same sense for HE modes (negative 

helices inside and out) and the opposite sense for EH modes (negative 

inside and positive outside). In addition, we know that the
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polarization helieity for these modes has the same sense as the direc

tion of interior power flow for HE modes and the opposite sense for 

EH modes. All of these wave theory results may be very plausibly 

accounted for by incorporating the transverse Goos-Haenchen shifts 

we have derived into the basic geometrical ray model.

Comparison of the two approaches to the derivation of the trans

verse shift has shown that the two models are in substantial agreement 

with one another, for q>~5, regarding predictions of the magnitude of 
the shifts and the value of the mode group velocity. Although the 

agreement of the hybrid model with wave theory is quite good, the 

model is only an approximation unlike the case of the planar guide.

In support of the viability of the hybrid model, however, we have

shown in Appendix C that a slight modification of the geometric group

velocity expression (replacing v /v = cos26 by n2 = cos26 ) makesg p c
the geometric and wave theory expressions identical.

From the standpoint of practical application of the hybrid 

model, the quantities f and g contained in the expressions for the 

shifts could be considerably simplified by restricting one's atten

tion to the practically important case of small index difference 

guides. The areas of possible practical application, for either 

large or small index difference guides, include the analysis of 

multimode waveguides, parallel coupling between cylindrical guides 

and the description of modes in anisotropic guides. The general 

methods of analysis used to derive both the geometrical characteris

tic equation and the transverse shifts should also be applicable to 

guides.of elliptical and rectangular cross section.



APPENDIX A

CALCULATION OF THE POWER FLOW, STORED ENERGY AND GROUP 
VELOCITY FOR A CYLINDRICAL DIELECTRIC WAVEGUIDE

As was demonstrated by Burke (1972), considerable physical 

insight into the nature of cylindrical dielectric waveguide modes 

can be gained by describing the transverse fields in terms of oppo

sitely rotating circular components. In this notation, the electric 

and magnetic fields are written in the form

where = x - iy and v = x + iy. The fields components in the 

core of the guide (p<a) and in the cladding (p>a— assumed to be 

infinite in radius) are given for bound modes by

E = E v + E v + E z and 6 + ■ + - - z H v- + H v- + H zz

( A .  I )

p < a

(A.2a)

and

9 0
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E± - - (1±“> A V q y q ) ;
Y  K /gp\ i (mil) (f)+i (ut-hz) 
I m±l V a /

p > a

z ■ (ite)

±  ■ * ± ( w )

- ( & ) •

uJm (u)>m

l<L?/h2 ± a )
(l±ct)

(A.2b)z \(oy / • z

respectively, where u2 + q2 = R2 - (kia)2 (1-n2) . The quantity, h, is 

the longitudinal.propagation constant defined by

v2

and

h2 + Y ^ Y  = ki = a)2eiu for p < a 

h2 - = ^2 = w2E2P for p > a (A. 3)

Using the field components defined above, we can now calculate 

the axial and azimuthal components of the power density, S z and S^, 

for both the core and the cladding.

S„ = \  Re {ExH*} = 1  Re{(E v, + E v )x(H v + H v )*}Z Z Z Z + -r — — + T — -

= Re {i(E+H* - E_H*)}

where we have used the relationship

v x v *  + + = ± 2 iz and v , x v* = 0.

(A. 4)

(A. 5)

The axial power density, for p<a, then becomes

h A
z \ my 

and for p>a we obtain

[”2 ^  m  > -a ^  Of.)}. (A. 6)
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sz - (4F) (Sr) M W)+ ci Kii (¥■)} (A-7)
where C2 = (l±a) (k|/h2±'a) and = (1+a) (k^/h2±a) .

For the azimuthal component, we find

S. = 4  Re {txS*}, = i  Re {EH* - E H*}(j) 2 (j) 2 z p p z

= ^  Re I e1<f>E H + e~X<J>E H* - e"1<f)E H *  - eX*E H*1 (A. 8)2 I z +  z -  + z  - z| v y

where the relationships (E ±  iE,)/2 = e^X^E, and (H ± iH,)/2 = e+X^Hp 9 - P 9 -
were used. The azimuthal component for p<a then becomes

S* = - (4^ {D+1 Jm (f) Vl (f) - Di Jm (T1)
(A. 9)

with the corresponding component for p>a being

S = (44̂) (̂ l) {C1 Kb (f") Km-l(̂)
(f) ^m-! (f)} ( A ' 1 0 )

where CJ = a(l±a) ± (k^/h^la) and DJ = a(l±a) ± (k^/h^±a) .

Since the direction of the Poynting vector, ?, in the evanes

cent field of the cladding will be of interest to us in evaluating 

the shifts, we calculate the ratio, S^/S^ for p = a

/S,\ _ | Cl K  + C l  K _
\S^) = (ha) 1  '-“  y  - (A. 11)\Sz/ (C2 K2. + Ci < 1



using the definitions K +  (q) = Km+^(q)/q K^(q). The arctangent of

Eq. (A.11) is, of course, the angle of S with respect to the guide 

axis. .

It should be pointed out that HE modes typically correspond to

ch'-I, s o  that terms in the above equations involving the parameters

Ci,2 and Di, 2 will tend to dominate for these modes. Similarly, since
+ +EH modes typically correspond to ct~+l, terms involving Cr,2 and D% 2 

will tend to dominate. This leads to the notion that quantities such 

as fa and ? may be regarded as having HE and EH components.

Having calculated the relevant components of the Poynting vector, 

we are now in a position to derive the corresponding components of the 

power flow. For the axial component interior to the guide we find, 

using Eq. (A.6), that
,2tt ,a

P1 1 •
z z

0 0

2,rrh I A|2

The integrals become (Kapany and Burke, 1972, p. 214)

0
J2m±l [1 - 2(m±l) J± + u2 J2]

(A.12)

where ; J, = J - (u)/uJ (u). Therefore, ± m±l m



94

For the axial component exterior to the core, we evaluate
„2ir

pd(j> dp S

The integrals of interest here are jf pdp . Since the
f2') aHankel functions, (kp), satisfy the same differential equation

as the J^fkp) functions we can write directly that

Hm±lCkp:)pdp = T  Hm<kp) 1 -  2 (m±l) ^m±l^kp  ̂
kp Hm (-kp'>

b

(kp)

where the superscript (2) has been suppressed. Note, Hankel functions 

of the second type must be used if the mode fields are to vanish at 

infinity. We know from Abramowitz and Stegun "(1964.) that the io (x) 

functions are related to the Hankel functions by the equation

(f) d r 1 K^tx) . (A.14)

Therefore, letting k = -i q/a, we obtain 

,b

^  (f) *  ■ - [T- Km(« \1 ±  2 (f-) Km ( 0 a

with £ = qp/a. If we let b the integral involving the upper

limit will vanish leaving the result

a km±l A  a PdP f ^(q) [1 ± 2(m±l) K ±  - q2 K2]

= a2/2 K2 (q) 0 . (A. 15)
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The axial power flow exterior to the core then becomes

P ze - 4  C-) * =2.8 (A.16)

Calculation of the azimuthal components of the power flow is 

somewhat more involved. For the azimuthal component interior to the 

guide, we can write

dpdz S,
o o

L. u A
i lamp

+ Di

Jm (f) Jm+1 (f) dp

Jm (T") Jm-1 (r*) dp| (A. 17)

where is a length in the z direction whose magnitude must be chosen

so as to be consistent with the angle that ^  makes with the guide axis. 

The integrals may be evaluated from Abramowitz arid Stegun (1964, p. 484)

Jm (f) Jii±i (f) dp = ir 1 + J2 (u) 0

2u 31 ±

m-1
2 I J & W  

&=0

(A.18)

The expression for then becomes

(A. 19)

To determine the angle that P1 makes with the guide axis, we note that
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the group velocity becomes increasingly well approximated by the point 

reflection group velocity c cos0/ni as the F.F.C. condition is reached 

(see Fig. 11). We may expect in this limit that

?J l  ' : u
p i " zc = tan6 = ha (A.20)
z

The quantity must therefore satisfy the equation

z

It follows that

!*1 . . . J i .{ElLzliLl . j l
p i 2ira2h J2 (u) ( D2^+ + D2#

„  (Do^ + Do*
Li " - W.22)

and that

1 = (-^jr) ira u Jm (u) {D2 V + D2^j- (A-23)p4>

Despite the fact that has been calculated by appealing to the F.F.C. 

limit, the form of in Eq. (A.22) is precisely the form required for 

the transverse shift of the hybrid model to match the direction of the 

evanescent power flow, for arbitrary u, (i.e. the of Eq. (A.22) 

coupled with the Le of Eq.(A.30) yield the values of f in Eq. (4.34) 

that are necessary for the transverse shift to follow the evanescent 

power flow). In addition, we have shown in Appendix B that the form



of L for a metallic clad cylindrical guide is the same as that of Eq. 

(A.22) and the former is valid for arbitrary u. These facts tend to 

suggest that even if Eq. (A.20) and (A.22) are not strictly valid for 

arbitrary u, they may, for the purposes of the geometric representation 

of fiber waveguide modes, be regarded as reasonable approximations to 

the truth. The numerical, results for the hybrid model offer support 

for this contention.

where, Le, is a length chosen to be consistent with the direction of 

evanescent power flow. Using Hankel functions and Eq. (A.18), we can 

write

To calculate P., we must evaluate 9
T

I e dp

(A.24)

_1_
2 ka (A.25)

This may be rewritten in terms of Km (x) functions as
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with the help of Eq. (A.14). Equation (A.24) then becomes

pe t |A|Z /u

where we have: defined 77 + by

/J (u)>
= +C-l)m/ m

(q) {CH  + Cl l } ; (A-27)

'± K(q)
m -1

K^Cq) - 2 I  (-1) Kĵ (q) 
0 2=0m

(A.28)

The magnitude of Lg> may be calculated by insuring that the 

power densities, S® and S|, are both multiplied, in effect, by equal 

areas. The use of equal areas is dictated by the fact that we wish 

to determine the relative magnitudes of P| and P|. An annular area 

in the z direction takes the form.

A z = ir(a+Ap)2 - ira2 = Tr{2aAp + (Ap)2} (A.29)

with corresponding azimuthal area being A^=Lg°Ap. Since we want

Le = 2tt (a + |  b ) (A.30)

where. Ap was integrated from a to a+b. The quantity, b, may be taken 

to represent the radial distance from the interface where the evanes

cent power drops to the 1/e2 point. Since the axial component of £3® 

is the stronger component, b may be defined by



where, for simplicity, we have considered only the HE or EH term in 

Sz. The resulting expression for P| takes the form

In order to provide a point of comparison between the geometric 

theories of the transverse Goos-Haenchen shift and wave theory, it will 

be useful to calculate the ratio P|/P|. Hence,

!i ,= (i m a l (A.33)
K  ah ^m(u:) \C2%  +

We would now like to proceed to a calculation of the group 

velocity of mode. As shown by Kogelnik and Weber (1974), a general 

expression for the group velocity of a mode is simply

vg - i  * (A.34)

The numerator, P» is the sum of the axial power flows interior and ex

terior to the guide, and W represents the total stored energy of the
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mode. Since the numerator of EqV (A.34) is just the sum of Eqs. (A.13) 

and (A..16), we need only to calculate W. The stored energy will be 

subdivided into the stored energy within the core, U, and the stored 

energy in the evanescent field, V. We will calculate the former first. 

Because we are dealing with complex fields, the stored energy is cal

culated from

,2ir ,a
U ' V ^ r  pdpd* (A. 35)

where the superscript e refers to the electric, or dielectric, compo

nent of U and the subscript r represents either +, - or % for the 

transverse and axial components of U e. The corresponding expression 

for the magnetic field contribution is just

Lf 1
4

’2tt
o . y^r*^r pdpd* • (A. 36)

It should be pointed out that in Eqs. (A.35) and (A.36), we have ne

glected any effects of material dispersion. Therefore, the group vel

ocity will only be valid in the absence of material dispersion. Accord

ing to Eqs. (A.2a) and (A.12), the integrals of interest yield the 

expressions

and
J m ± l  (% " ) p d p  = J m ( u )  i 1  -  2 ( m ± l ) J ±  +  u 2 J ^  

' J m ( t -)  p d p  = J m ( u )  I 1  ~  2 m  J +  +  u 2 J + l
(A. 37)
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In the latter integral, either J+ or J may be used in the result. 

Making use of the definition of in Eq. (A. 12), we can write 

that
,E 1

and

U± ~ 2  C i Ei(l±a)2j2(u)#+

■ ci (i-T ' ' c + 2J+}' (A'38a)

u± = i  ci v (ir)2 (kf/h2±c,)2jm(u)<'±

uz - ci ; ( i ) 2 {•* * 2J.} • (A -3Sb)

where = ira2 1 A j2 . The contributions due to fields in the cladding 

are obtained from equations similar to Eqs. (A.35) and (A.36) with 

the integrals in Eq. (A.37) replaced by

.a Ka±l ( T )  pdp = f 2 KjCq). [l* 2Cm±«K± - q2K2]

and
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Km ( f )  pd,> = - (l)2^ 5 t1 + ^  ^  " q2K*2]

The resulting expressions for V and V are

(A.39)

V T -  j  C e  E2 (l±a)2K2(q)0

V

m

' - Ce (i^)2 Km ( ^  { I  - 2K+)
(A.40a)

and

VU- _ 1
2 Ge U- \ajy

h

= Ce U

(k|/h2±a) 2 K2 (q)©±

( ± y  °2 Km h) {e* - 2K4 (A.40b)

where Ce=Tra2 |a | 2 RJm(u)
;qKm(q)J and %  are defined by Eq. (A. 15).

If we let, U, and, V, represent the sums of their respective 

components, the group velocity has the form

v P
W

Pz * Pz
U + V

(A. 41)

Substituting in the. appropriate expressions we obtain, after some 

rearrangement,
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v
_h_

[P2^  + D2^  + {C2 Q+ + C29,}]

%  I ^(1+a)2 - ! 4 f ! 4 + « ) 4  %  + [ci-a)2 + ^-(§-

+ f (?)
kf Vh2

I 1" ’2 + K s i  +

- a

%  +

+ (i&) = 1 I1 ■" 0,2 J2 *- * 2 h 2K

(A.42)

Some useful observations can be made from this expression concerning 

the near cutoff and far from cutoff limits of v . By factoring out 

an ej from the denominator we obtain the factor h/ms m . From the 

geometric theory we know that h=i<icos6. Therefore,

(oeiii
wkiCOsQ ccosQ 

n 1 (A.43)

where 9g is just the group velocity for the point reflection geometric

model discussed in Chapter 2. If we make use of the definitions of c|
+ ■ 1 and Dg following Eq. (A.7), and employ a shorthand notation in which

sums of terms differing only by sign, are combined, with the sum implied,

Eq. (.42) can be rewritten in the form



ro4

(A.44)

In the far from cutoff approximation (u/q)<<!> h-k-j, and 6-0. 

Equation (A.44) reduces in this approximation to

. = v-g =- c/ni (F.F.C. approx.) . (A.45)

The near cutoff values of are somewhat more difficult to obtain 

since the procedures involved in finding the near cutoff approximations 

for v_ are rather cumbersome. We will simply state that the cutoff 

values of Vg are, in general, less than c/nz for EH modes and become 

increasingly smaller as m increases. For the case of HE modes, the 

cutoff values of v are also smaller than c/ng for m>2 and are again 

dependent upon the mode order m. Exclusive of the HE^j mode, which 

does not have a cutoff, the cutoff values of v„ for m=l,2 should be5
equal to c/n2 . Similar behavior is exhibited by the cutoff values of 

the group delay (proportioned to the reciprocal of the group velocity) 

given by Gloge (1971) for the small index difference guide.



APPENDIX B

CALCULATION OF THE POWER FLOW AND GROUP 
VELOCITY FOR A METALLIC COATED CYLINDRICAL

GUIDE

Burke (1972) has demonstrated that a scalar version of the 

vector ray theory used to generate the basic geometrical model for 

dielectric guides, can generate geometrical characteristic equations 

for a metallic clad guide that are asymptotically equivalent to the 

wave theory results. The ray picture for the metallic guide is, in 

fact, identical to that of Fig. 1. Because of the similarities between 

the dielectric and metallic clad guides, it is of interest, for the 

sake of comparison,, to calculate the power flow and group velocity for 

the metallic clad guide.

If we restrict our attention to TE modes, the field components 

take the form (Kapany and Burke, 1972)

E+ (B.l)

E 0z

and

1 1 (i?) B
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where k2=h2 + g2=h2 + (u/a)2. "The Poynting vector components are

= - (ft) N 2 JmC3p)- |Jm+1csp) + V i (|3p)}
(B. 2)

Using the fact that

2 tt

Jm±l CBp)pdpd(j) ta2 J2 (u) $4
o o

ttie axial power flow takes the form

(B.3)

P z  = ( I p )  7 r a 2 l B l 2  J m ( u )  { $ t  +  $ - }
(B.4)

The azimuthal power flow is found to be

(Ik) L iBi2 «  * 0 (B.5)

where ?+=
m-1

X+J|(uD - 2/ I Jq2 (u) 
q= 0

and L is a length in the z direction
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whose magnitude is determined by the direction of P. We shall return 

to the calculation of L later.

In order to calculate the group velocity we need the,'stored 

energy. From the expression

U = j  Re { eE ° $* + u 6 « S* > , (B.6)

we find that

{ f f  i=i 2 ^  \

U± - ( I)2 |B|2 Jm (u)

lly = ”7“^ IB12 J2 (u) {4>, ± 2 3  } (B.7)z 4 '' m ± ±

where either upper or lower signs may be used in U y . The group veloci

ty is then



But the characteristic equation for TE modes is W  = 0 = (u)- Jm+1(u). 

Hence, the last term in the denominator of (B.8) vanishes, and we find 

with the help of the relationships h=k cos0, g=k sin8 and h/wsn=ccos8/n 

that

is exactly equal to the geometric, point reflection group velocity for 

the entire range of eigenvalues. This is true despite the fact that 

the geometric characteristic equation for this guide is valid only in 

an asymptotic sense.

Returning to the question of the length L in Eg. (B.5), we 

note that Eq. (B.9) implies that

vg vg
c cos8 
n (B.9)

Therefore, the wave theory group velocity for the metallic clad guide

ha
u tan8 (B.10}

Substituting in the expressions for P and Pz, we find that
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{f+ + .r_> u
P . z 2iTha2J2 (u) {# + $ }m; + ha

The appropriate form for L is apparently

L - 2ira u J2 (u)
+ $

(B.12)

Although this expression was calculated by appealing to the

group velocity, it could have been derived by considering the mode 

angle and ray components of the geometrical model. The result is, 

therefore, not dependent upon the equality of Vg and Vg. We mention 

this point since we will be interested in comparing the form for L 

obtained above with that obtained for the purely dielectric guide 

where the equation Vg=Vg is valid only in the F.F.C. region. As far 

as energy flow inside the dielectric clad guide is concerned, however, 

the relationship P-L/W1-Vg appears to remain valid as can be seen in 

Figs. 13’ and 15.



APPENDIX C

AN ALTERNATE FORM FOR THE GEOMETRIC 
GROUP VELOCITY

According to Eq. (4.3), the geometric group velocity has the 

general form

v s G - ' ■ V j i * ' J * . : ,  r  ( c - 1 )

where we have used the fact v^/v^ = cos26. If we simply replace cos28 

by its cutoff value eos20c = n2, we obtain

V"G " &  I Zc V > • tC-2)

GNumerical results for this form of v are found to be in excellentg
agreement with wave theory for arbitrary modes. The quantities z£ 

and zs are obtained from the hybrid model and consequently satisfy 

the relationship z j z ^  = P®/P^ . The excellent numerical results 

suggest that Eq. (C.2) may, in fact, be a wave theory result expressed 

in geometrical terms. In what follows, we will verify that this is 

indeed the case.

We know from Eq. (4.7) that the wave theory group velocity can 

be expressed in the form
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Comparing Eqs. (C.2) and (C.3), it is apparent that we wish to prove 

that

p1 + n2 pe = w , (C.4)

i - e -■ - ■ ' 'where p and p are proportional to axial power flows interior and

exterior to the guide and w is proportional to the total stored energy

of a mode in the manner of Chapter 4. Referring to Eqs. (5.10) and

(5.11) we find that

P^ = Gh = (1+a) +  a j $+ + (1-a) - a j $ _

(C.5a)

P6 = Viu) = {(1+a) (p" + 6+ + Cl'a)(E2-̂ 0-|(f)
and

w = . w^ + w = p^- + £2̂  + n2{pe + f2e> (C.5b)

i
where £2- and Q are defined by

A  = {2a(J+ + J -) + [1 + (ah/ki52] - J J }

' Qe = (}^)2{2a(K+ - K J  +  [1 + (ah/k2)2] (K+ + K J }

C C . 6 )

Equations (C.4) and (C.5b) imply that we must show that

£2. + n2£2 = 0 . (C. 7)i e v

As shown by Kapany and Burke (1972, p. 110), expressions for 

the quantity a may take several forms. Those of use for our purposes
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are shown below

a{(J++Jj + n2 (K+-Kj} = - + n2 (K++K j }

(C.8a)

o{(J++Jj + (K+-K_)} = -{( -̂)2(J+-JJ +(|2.)2(K++K_)}
(C.8b)

a{(J+-J_) + (K++K_)} = - {(J++J_) + (K+-K_)} (C.8c)

Substituting from Eq. (C.6) into Eq. (C.7) we find, ignoring the

factor (u/ha)2, that it can be written in the form

a{(J++J_) + n2(K+-K_)> + {(J+-J_) + n2(K++K_)}

+ a{ (J++J_) + n2(K+-K_)} + + (K++KJ}± 0
(C • 9)

The first two terms vanish according to Eq. (C.8a), leaving a

remainder that Can be rewritten in the form

(l^) [‘ {(¥")TJ+"J-) + ( ¥ )  (K++K-)} " a{(J++JJ  + CK+-Kj}_ = 0

(C.10)

with the help of Eqs. (C.8a) and (C.8c). Equation (6.10) is identically 

zero as can be seen from Eq. (C.8b).

Thus, we have verified Eq. (C.4) and have shown that

V « G -  >  V  •

Cc.ii)
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In addition to providing some support for the hybrid form of 

the geometrical ray model, Eq. (C.11) also provides a simpler and 

apparently new form for the wave, theory group velocity.
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