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ABSTRACT 

Rubinstein's alternating offer bargaining model is extended to uncertain situa

tions. When the players do not have complete information on the feasible payoff 

set, the bargaining is based on the players' own estimations on the Pareto frontier. 

It has been proved that there always exists a unique stationary fictitious subgame 

perfect equilibrium (SPE) if the estimates of the Pareto frontier are close to each 

other. Monotonicity and convergence properties of the stationary subgame perfect 

equilibria (SPEs) are next examined. It has been shown that the convergence of the 

disagreement payoff vector and the break-down probabilities implies the convergence 

of the SPEs as well. The controllability of the resulting dynamic systems is examined 

and it is shown that by selecting an appropriate disagreement payoff vector and a 

break-down probability, any desired outcome or maximize payoffs can be reached. 

The bargaining processes with time-varying Pareto frontiers are also analyzed. Four 

examples are provided to illustrate how to use the general model to design optimal 

negotiation strategy. The results of the dissertation provide schemes that can be 

applied to design and conduct future negotiations. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background of the Research 

John C. Harsanyi, John F. Nash, and Reinhard Selten were awarded the 1994 

Nobel Prize in Economic Sciences for "their pioneering analysis of equilibria in the 

theory of non-cooperative games". It deals with decisions in conflict situations and 

has proved to be very useful in economic analysis. 

A game can be cooperative or noncooperative. In a cooperative game, the players 

share some information and there is some kind of interaction among players while a 

noncooperative game cissumes no cooperation among them. The solution of a nonco

operative game is called the equilibrium point. At the equilibrium point, no player 

is willing to move away without cooperating with the others. However, sometimes 

the players can get some benefit through cooperation. The following example shows 

that the players can get a better outcome with some cooperation. 

Example. In a two-person game, {xi,x2} and {yi,j/2} are the strategy sets for 

the players. The payoff matrix gives the outcome of each strategy combination and 

the equilibrium point is (xi,yi). However, (ij, j/i) is dominated by {x2-,y2). If both 
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players change their strategies from (a:i,j/i) to (x2>y2) together, both of them get 

higher payoffs than at the equilibrium point (Szidarovszky, et al. 1986). 

/ Xi X2 

y\ (U) (3,0) 

y2 (0,3) (2,2) 

V 

The negotiation or bargaining problem is one of the fruitful paradigms in game 

theory. It is part of everyone's life. The player can be an individual, a group, a party, 

an association, a state, a country, or an international organization. In the general 

market model, buyer bargains with seller; in the wage negotation model, the employee 

negotiates with the employer. People negotiate with each other when conflicts exist 

between them. A study of water resources conflict of the upper Rio Grande River 

among three states (Colorado, New Mexico, and Texas) and two countries (the United 

States and the Republic of Mexico) can be found in Bella, et al. (1992, 1996a, b). In 

this dissertation, the two-person noncooperative bargaining game will be especially 

discussed. 

In the real world, most of bargaining models follow the alternating offer bargaining 

procedure. That is, the players give their offers alternatively in each round and 

the responding players can only reject or accept it. The process continues until an 

agreement is reached or bargaining breaks down. If the bargaining breaks down, all 
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players get their disagreement payoffs. The two-player alternating offer bargaining 

model will be the main focus of this dissertation. 

Some parameters, such as the break-down probabilities and the disagreement pay

offs, are very important in bargaining models. The break-down probability can be 

interpreted as a bargaining ability, such as the player's patience or bargaining power. 

For an impatient or stronger bargainer, the break-down probability is higher than 

that of more patient or weaker bargainer. In the case when a rich person bargains 

with a poor person, the rich player is considered to have more bargaining power than 

the poor player. The stronger player can make a "take-it-or-leave-it" offer and force 

the other player to accept it. The disagreement payoff is what the player gets when 

bargaining breaks down. It can have negative, zero, or positive values. The disagree

ment payoff for a player is negative when there are costs to the player to run the 

bargaining process. These parameters are used with the associated Pareto frontier to 

find the subgame perfect equilibrium for the bargaining model, which is considered 

to be the solution of the conflict situation. 

The Pareto frontier contains all efficient outcomes in a bargaining model. It is 

a strictly decreasing function since in a bargaining model, if one payer gets more, 

the other should get less. Players bargain over a feasible set that is bounded by the 

Pareto frontier and the components of the disagreement vector. 

In this dissertation, the uncertainty in bargaining models and time-varying bar

gaining models wiU be examined using the alternating offer bargaining method. 
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1.2 Contributions of the Author £Uid Collaborators 

The methodology introduced in this dissertation can be applied to most two-

player negotiation models. The model can be as small as a two-person seller-buyer 

model or as complicated as international negotiations. For example, the arms control 

negotiations between the US and the USSR; the negotiation over the protection 

of intellectual property rights between China and the US; and the fishery dispute 

between Canada and the European community are such cases. 

The main contributions of the research reported in this dissertation can be sum-

merized as the following. 

1. If the players do not have complete information about the payoff functions, then 

they bargain based on only their own estimations. If the estimations are close to each 

other, then the method introduced in the dissertation provides a way to predict the 

fictitious solution. 

2. The research provides a method to select suitable parameter values according 

to a desired outcome. This method helps the players to choose appropreate strategies 

and make suitable decisions. 

3. If the utility function of any player changes in time, the equilibrium changes 

in time as well. In the dissertation a method to find the solution in a time-varying 

model will be introduced. 

4. If a player knows the approximating utility function, which depends on time 

and assumes that his/her objective in bargaining is to maocimize payoffs, the given 
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examples declare how that player is able to obtain maximum payoff. Therefore, the 

players are able to make correct decisions at the right time. 

The results published in the papers being presented in the appendices reflect the 

research of the author of this dissertation. Professor Szidarovszky gave essential help 

in working out some of the mathematical details. Dr. Jerome Yen was very helpful 

in identifying the application examples and supplying the necessary data for futher 

analysis. 

With minor modifications, the scheme and methods to be disscussed later may be 

applicable in real-world bargaining situations. 

1.3 Outline of the Dissertation 

A gereral background of this research area is outlined in Chapter 1. Chapter 2 

reviews the major publications related to this area. It briefly introduces the devel

opment of game theory and bargaining theory, and the major applications. It also 

provides two method classes to find the solution of a baxgaining problem, the ax

iomatic methods and the bargaining processes. The basic mathematical model and 

the most important results of the author of this dissertation are given in Chapter 3. 

It summarizes the residts of the two-person alternating offer bargaining game under 

uncertainty. More detailed proofs and discussions are given in Appendices A, B, and 

C, which contain the submitted and published papers. Chapter 4 gives conclusions. 
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Appendix A, The Alternating Offer Bargaining Method under Uncertainty, is 

abeady published in Applied Mathematics and Computation. Appendix B, Mono-

tonicity, Convergence, and Control in Dynamic Bargaining Process, is submmited to 

Games and Economic Behavior, and Appendix C, Dynamic Negotiation with Time-

Varying Pareto Frontier, is accepted by Applied Mathematics and Computation. 

First, in Appendix A, the case when the players do not have complete information 

about the Pareto frontier will be examined. The bargaining is based on the players' 

own estimations of the Pareto frontier. In this case, break-down probabilities and 

the disagreement vector are assumed to be given and fixed. Some futher properties 

of the solutions of the alternating offer bargaining process are also discussed. 

Appendix B discusses the monotonicity and the convergence of the stationary 

SPEs of the alternating offer bargaining process. Methods are also provided to select 

the disagreement vector and the break-down probabilities in order to reach a desired 

outcome. 

Since the interests of the players and/or the utility values of the bargaining sub

jects might change in time, time-variant bargaining models are very important in 

applications. In time-variant bargaining processes, the disagreement payoff vectors, 

the break-down probabilities, and the Pareto frontiers might change in time. For 

example, current economic and politic situations might affect a country's strategy 

during bargaining with another country. In Appendix C some results on time-variant 

bargaining will be introduced and discussed. 
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CHAPTER 2 

LITERATURE REVIEW 

With the Nobel Prize awaxd in Economic Sciences in 1994, gajne theory has proved 

useful in analyzing economic situations, van Damme (1995) and van Damme and 

Weibull (1995) especially characterized the contributions of the three award wirmers, 

Harsanyi, Nash, and Selten. Numerous publications have also shown that it has been 

a popular research field in the paist few decades. Many books have been published 

on game theory. See for example Shubik (1982); Rasmusen (1989); Binmore (1994); 

Eichberger (1993); Owen (1995); Luce and RaifFa (1957); Friedmcin (1986); Harsanyi 

(1982); and Osborne and Rubinstein (1994). A good survay can be found in Aimaann 

(1987). 

Game theory originated from the works of von Neumaim (1928). The subsequent 

completion of the theory, which covered the formulation of economic problems, the 

formal representation of games, and the general description of zero-sum, non-zero-sum 

games, was first published by von Neumann and Morgenstern (1944). This impres

sive work emphcisized a new approach to competitive economic behavior through a 

mathematical reduction to games and laid a host of problems in the mathematical 

theory of games. From late 1950s, scholars have studied the applications of game 
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theory. The numerous published papers also demonstrated the contributions of game 

theory (Kuhn, et al. 1950-1959). 

Game theory deals with decisions in conflict situations. In a game, two or more 

decision meikers (also called players or participants) are involved in a conflict situ

ation. They make their decisions based on their strategy sets and the outcome is 

affected by their strategies (Rapoport 1966). The outcome can be money, weight, 

satisfaction, etc. Sometimes it cannot be simply counted by an existing unit, such 

as dollar. Therefore, a utility function is introduced to evaluate the outcome to the 

players. Usually, higher utility means more preferred outcome. The motive of each 

individual is to obtain a maximum utility, which is called rational behavior. This 

is the traditional statement and the bcisic assumption of a conflict problem (von 

Neumann and Morgenstern 1944). 

One of the fruitful paradigms in game theory is the bargaining problem, in which a 

group of two or more participants is faced with a set of feasible outcomes, any one of 

which can be the result if all the paxticipants agree on it. K no agreement is reached, 

a disagreement outcome is the result. Many game theory books include bargaining 

theory as a chapter (Harsanyi 1977; Rasmusen 1989; Owen 1995; Eichberger 1993; 

Osborne and Rubinstein 1994). Books that focus on bargaining or negotiation issues 

are also easy to find (Young 1991; van Damme 1991; Osborne and Rubinstein 1990; 

Roth 1985; Binmore and Dasgupta 1987). Bargaining theory is useful when dealing 

with conflict situations. 
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In this dissertation, the two-person alternating offer bargaining game under un

certainty is focused on. A two-person bargaining game is always represented by a 

pair (5,d), where 5 C and d = € S". S stands for the feasible payoff 

set, which is assumed to be closed, convex, and bounded, and d is the disagreement 

payoff vector. That is, in the case of break down, the players receive the payoff values 

di and d2, respectively. To avoid the trivial case, we assume that there exists at least 

one point x = {xi,X2) € S such that x > d, as it is shown in Figure 2.1. Xi and 12 

are the payoff values for the players when an agreement is reached. 

Pareto frontier: strictly-
decreasing concave function f 

Figure 2.1: The two-person game. 

The Pareto frontier is the graph of a strictly decreasing concave function. The two 

coordinates represent the payoff functions of the players. There also exists a break 

down probability that the game will terminate before reaching any agreement and 

both players get their disagreement payoffs. 

Many real-world bargaining models can be represented based on this mathematical 

concept. In the following section, some applications of the bargaining model are 
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introduced. After the model is defined, one can use either the axiomatic approach 

or the bargaining process to find the solution. In the axiomatic method, we define a 

solution that satisfies certain mathematical properties. In most ajciomatic methods 

the solution exists, and is unique and easy to find. The other way to find the solution 

is to implement a bargaining process following certain rules. In the literature it 

has been shown that the two methods obtain almost identical solutions. These two 

methods will be discussed later, but first some applications will be outlined. 

2.1 Applications in Social Situations 

Bargaining or negotiation exists in our daily life; for examples, the well known 

buyer-seller model. Generally, only the seller knows the true value of the bargaining 

subject. Cramton (1984) discussed the buyer-seller models with seller's valuation 

known and two-sided uncertainty. The comparison of an infinite-horizon model and 

a two-period model was also discussed. In Chatterjee and Samuelson (1983), the 

seller and buyer give sealed offers. This is a way to give simultaneous offers and hide 

one's own information from the other players. If the bargaining has to be finished in 

two periods, the seller could offer higher prices to end the bargaining with a "take-it-

or-leave-it" offer. When there are fixed costs in bargaining, the player with the lower 

costs of waiting makes a "take-it-or-leave-it" offer to force the bargaining to terminate 

in a single round (Perry 1986). A model where a seUer alternates randomly between 

two players was examined in Hendon and Tranaes (1991). The subgame perfect 
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equilibrimn does not exist when players use stationary strategies. The n-player model 

can be foimd in Salop and Stiglitz (1977). The model with maxE[\us + (1 — A)u6| 

as objective, where a seller and a buyer have their own valuations u, and Ub and 

A 6 [0,1], is examined in Ausubel and Deneckere (1993). More buyer-seller models 

can be found in Ausubel and Deneckere (1989) and Evans (1989). 

Another often discussed bargaining problem models employer-employee negotia

tions in which the wage is the main bargaining subject. A firm-worker asymmetric 

bargaining model was discussed in Shaked and Sutton (1984). Holden (1994) ex

amined the firm-union bargaining model in which the imion can choose whether to 

stike or not in each period before reaching aji agreement. The application to trade 

and industrial policy can be foimd in Saiitoni (1996) in which the home firm-union 

choose wages and employment in two-stage. Another bargaining model for wages and 

employment was examined in Alogoskoufis and Manning (1991) with an application 

to the UK labor market. 

An application in political science can be found in Wagner (1982) and Cameron 

and Rosendorff (1993). Bella, et al. (1992, 1996a, b) discussed a water resoursce 

conflict situation. A very interesting application is the bargaining model of marriage 

(Lundberg and Pollak 1994) in which other family members and culture can affect 

the outcome. It may also depend on which resources are controlled by the husband 

and which by the wife. More examples and international conflict situations can be 

found in Schellenberg (1996) and Hopmann (1996). 
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2.2 Axiomatic Approach 

From 1950, Neish (1950, 1951, and 1953) laid the foimdation for the modern the

oretical works of bargaining. The theoretical discussion of the bargaining game and 

a method to obtain a "solution" was given in Nash (1950). In Nash (1951), a non-

cooperative game theory is suggested to study the n-person game and cooperative 

games. Nash (1953) also suggested two ways to approach the solution of a two-

person cooperative game. The first method is to reduce the cooperative game to a 

non-cooperative game and to get the solution via a negotiation model. The other 

method is by axiomatic approach. The two approaches are related to each other and 

are complementary. In 1950, Nash defined a unique solution /(5, d) which satisfies 

the following four axioms. 

Axiom 1 Independence of Increasing Linear Transformations: If a bargaining prob

lem (S",d') is related to (5,d) such that S' = {(aiXi -I- 61,02X2 + 62)1(3:1,12) € S}, 

and d' = (ai</i -I- 61,02(^2 + 62) where ci, 02 > 0, then the solutions of the bargaining 

problems, (/f,/^) = f{S\d') and (/i,/?) = /(S",d), shall satisfy the same linear 

relations f[ = ai/i + 61 and /j = 02/2 + 62. 

This axiom implies that changing units in payoff fimctions does not change the so

lution. For example, after exchanging dollars to German Marks, the solution remains 

the same. 

Axiom 2 Symmetry: U d\ = d^ and (xi,a;2) €5-4^ (2:252:1) € 5, then for 

/(5,d),/i=/2. 
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This is to say that the solution does not depend on which player is called player 

one or two. If there is no diflFerence between the two players in the disagreement 

vector and in the feasible set, then there should be no difference in the final outcome. 

The solution should not distinguish between the players if the model does not. This 

axiom aiso implies that both players have the same bargaining abilities or the same 

patience for playing the game. 

Axiom 3 Independence of Irrelevant Alternates: If for conflicts (5, d) and (5", d), 5' C 

S and /(5 ,d) € 5' ,  then /(5 ' ,d) = / (5 ,d).  

This eixiom says that the outcome of bargaining depends only on the relationship 

of the outcome to the disagreement point, and does not depend on other alternatives 

in the feasible set. A reformation of this axiom can be found in Thomson (1981). 

Axiom 4 Weak Pareto Optimality: If for a pair x,y 6 5,y > x, then /(5, d) x. 

That is, f{S, d) is weakly non-dominated. 

The solution satisfying these four axioms is a function which selects the unique 

outcome which maximizes the geometric average of the gains which the players realize 

by reaching an agreement instead of settling for the disagreement outcome. 

Theorem 1 (Nash 1950) The solution satisfying axioms 1-4 is unique and f{S, d) = 

argmax{{xi — di){x2 — <i2)lx € 5,x > d}. 

After Nash, several axiomatic sets have been proved and are claimed to be able 

to get some alternate "solutions" (Harsanyi and Selten 1972, Kalai and Smorodinsky 

1975, Roth 1979). 
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Instead of Weak Pareto Optimality, Kalai and Smorodinsky (1975) used Strong 

Pareto Optimality. They also gave an example that shows that Nash's solutions 

are not fair. In order to overcome this diflBculty, an alternative axiom, called the 

Individual Monotonicity, was suggested. 

Axiom 4' Strong Pareto Optimality: If for a pair x, y 6 5, x ^ y and y > x, then 

/(5,d)^x. 

A payoff vector x is strongly Pareto optimal in a set S if no player can obtain a 

higher payoff than he gets at x unless the other player receives a lower payoff than 

he gets at x. On the other hand, a payoff vector is weakly Pareto optimal if it is not 

possible to simultaneously increase the payoff to every player. Any solution, which 

satisfies strong Pareto optimality, is also a weak Pareto optimal. 

Axiom 5 Individual Monotonicity: If for two conflicts S' C S and for some player, 

say  2 ,  mai{ i2 | (< i i ,a :2)  6  5}  =  max{x2\ id i ,x2)  G 5 '} ,  then  / i (S ,d)  >  f i {S ' ,d) .  

A different property monotonic was discussed in Luce and Raiffa (1957) where the 

interpersonal comparison of utilities is allowed. 

Axiom 5' Strong Monotonicity: If 5' C 5, then /(5, d) = /(5', d) or /(5, d) > 

/(5',d). 

The strong monotonicity axiom, which characterized the strongly monotonic so

lution, was introduced in Thomson and Myerson (1980). It can be interpreted as 

saying that the final outcome depends on the disagreement point but not on other 

alternative feasible solutions. 
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Theorem 2 (Kalai and Smorodinsky 1975) There is a unique solution satisfy

ing Axioms 1, 2, 4', 5, which is obtained as 

max{c\{di + c(ii — di),d2 + c{x2 — d2)) € 5}, 

where 

x'i = max{xi \ {x i^x2)  € 5,Xi > <ii,X2 > c^2}-

Since monotonicity was first discussed by RaifFa, the Kalai-Smorodinsky solution 

is sometimes called Raiffa's solution. This method is the same as the direction-based 

method for Multicriteria Decision Making (MCDM) where is the ideal point 

of the system (see Figiire 2.2). The idea of the direction-based method is to improve 

the solution in the given direction as much as possible. The solution will be the 

intersection of the Pareto frontier and the line from the disagreement vector to the 

ideal point. It is different from Nash's. Some experiments were tested to compare 

Nash's solution and the Kalai-Smorodinsky solution. Nydegger and Owen (1975) 

ran an experimental test on 30 pairs of students. The bargaining was conducted 

verbally and face-to-face. Roth and Malouf (1979) tested the model in which each 

player played four games in random order and bargained over the probability that 

they would receive a certain monetary prize in a lottery. Both models proveded that 

the Nash solution Wcis a better predictor than the Kalai-Smorodinsky solution. The 

procedure which implements the Kalai-Smorodinsky bargaining solution was given 

in Moulin (1984). 

Some authors have explicitely stated the following property. 
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Figure 2.2: The Kalai-Smorodinsky solution. 

Axiom 6 Individual Rationality: f(S,d) > d. 

In order to model a conflict, we have to cissume that each of the players is a rational 

individual. When he or she is faced with a choice between two alternatives which have 

different utilities, the player chooses the one with the higher utility. Therefore, for 

every game (5,d), the solution will be greater or equal to the disagreement outcome. 

The implications of individual rationality are sufficiently far-reaching that it is not 

necessary to impose the requirement of Paxeto optimality in order to drive Nash's 

solution and the next theorem makes this precise. 

Theorem 3 (Roth 1979) There are exactly two solutions satisfying Axiom 1, 2, 3, 

and 6: /(5, d) given by Nash, or y"(5, d) = d for all problems. 

Another axiom related to Individual Rationality is called Strong Individual Ra

tionality or Weak Collective Rationality. Nash originally interpreted the symmetry 

property ais expressing "equal bargaining ability". However, in the true world, we 

may have conflict in that the bargaining abilities of the players are not equal. For 
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example, when a rich man is bargaining with a poor man, the rich man is considered 

to be a more powerful bargainer than the poor man. For this non-symmetric caise, 

the restdting Nash's solutions have the property that /(5, d) > d. The generalized 

Nash product and an axiomatic theory for bargaining with incomplete information 

can be found in Harsanyi and Selten (1972). 

Axiom 6' Strong Individual Rationality (Weak Collective Rationality): /(5, d) > d. 

Theorem 4 (Harsanyi and Selten 1972) Let d) be a solution satisfying Ax

iom 1, 3, and 6. Then there exist and a 6 (0,1) such that 

0(5,d) = argmax{{x i  —di)° ' {x2  — rf2)^~°'|x € 5,x > d}. 

The fimction <f) picks the individually rationed point 0(5, d) = x which maximizes 

the weighted geometric average of the gains. If a > 1 — or, it means player one's 

bargaining ability is more powerful than player 2's. The non-symmetric ceise was 

also discussed and an example was given in Kalai (1977). Brito, et al. (1977) also 

dropped the symmetry and followed Axiom 5', Strong Monotonicity. They assumed 

that the final outcome depends on both the disagreement point and the treat point. 

Nash's bargaining model and the axiomatic method are under the assumption of 

complete information. However, most games include some uncertainties and the lack 

of perfect information. Harsanyi (1967, 1968a, 1968b, 1980) suggested a Bayesian 

probabilistic model in which each player has a subjective distribution governing the 

game. In Myerson (1979), the Harsanyi-Selten solution was applied to define the 
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solution for Bayesian collective choice problems based on an incentive-compatible 

mechanism, i.e., each player reports his or her true valuation. Bayesian incentive 

compatibility and individual rationality in a bilateral trading problem were again 

discussed in Myerson and Satterthwaite (1981). It also provided the mechanisms that 

maximize expected total gains. Chatterjee and Samuelson (1983) analyzed a bilateral 

model when neither player knows the other's disagreement payoff and reservation 

price. It was shown that the outcome is monotonic in its own reservation price since 

the higher the value placed on the good by the player, the higher the utility he or 

she demands. It was also suggested that close bargains may be better for practice 

since the players expect to minimize the gap between their reservation prices. A 

nonzero-sum repeated game with incomplete information was discussed in Shalev 

(1994). It was shown how to increase a player's minimum equilibriimi payoff by 

showing doubt about his or her payoffs. Harsanyi (1995a) proposed a new theory 

of equilibrium selection for games with complete information. The extension of this 

theory to games with incomplete information was discussed in Harsanyi (1995b). 

Utilitarianism and egalitarianism problems were discussed in Myerson (1981). He 

has proved that a social choice function must be utilitarian if Axiom 1 and Axiom 

4 are satisfied and it can be either utilitarian or egalitarian if a concavity condition 

and Axioms 3 and 4 are satisfied. 

The continuity and disagreement point concavity axioms were introduced in Chun 

and Thomson (1990a, b, c) to deal with the bargaining problems with known feasible 
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sets and uncertain disagreement points. It was shown that the Kalai-Smorodinsky 

solution does not satisfy disagreement point concavity on the class of coalitional 

form games. The uncertainty of the feasible set has been examined in Bossert, et al. 

(1996). 

A nonconvex bargaining problem was investigated in Conley and Wilkei (1996). 

The Nash solution is not well defined without convexity. The paper proposed a new 

solution, the Nash extension, which satisfies Axioms 1, 2, and 4, continuity, and a 

new axiom, ethical monotonicity. 

A great number of axioms have been introduced and discussed by many authors 

in the literature. However, most of them are positively related and some can be 

replaced by others. A good survey can be found in Thomson and Myerson (1980). 

2.3 Bargaining Process 

The second method of obtaining a solution to a conflict is to proceed with a 

hypothetical bargaining process. This bargaining model can be traced back to Edge-

worth's work. However, this problem remained unresolved until the development of 

the theory of games. In a two-person strictly compitetive bargaining game, one player 

must get less if the other player gets more. This follows from the characteristics of 

the Pareto frontier: strictly decreasing and concave. If the model is considered as 

a noncooperative two-person game then the equilibritmi points and Pareto solutions 

coincide. 
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Figure 2.3 shows the model of a two-person game, where (c/ijrfa) is the disagree

ment vector, function / denotes the Pareto frontier, and x" = x'̂  = 

It is assumed that the Pareto frontier is a strictly decreasing concave function. The 

feasible strategy set for player i is in between d{ and x". The payoff for player i is Xi 

if an agreement is reached; otherwise, rf,- is the payoff. The solution (in the case of 

any agreement) will always be on the Pareto frontier. 

Pareto frontier: strictly-
decreasing concave function f 

Figure 2.3: The two-person bargaining model. 

In the bargaining process, both players have to give their offers and make con

cessions following certain bargaining rules, i.e., concession rules. The players can 

make decisions by their own strategies. From player i's point of view, he or she can 

assume that player j makes his or her decision randomly according to the uniform 

distribution in the selection interval [dj,x'j]. For example, player I's expected payoff 

will be 

X i P { X 2  <  f i x i ) )  + d i P { x 2  >  f i x i ) ) .  
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Under uniform distribution, the expected payoff can be rewriten as 

(n-iii) + d u  

where di, and the denominator of the first term, x'-^—di, are constants. The maximum 

expected payoff can be obtained by maximizing the numerator of the first term, 

(xi — £?i)(/(xi) — </2), i.e., the Nash product. Therefore, the solution will be the same 

as obtained from the Nash program. 

2.3.1 General Bargaining Models 

Many bargaining models have been proposed for over 60 years. These models 

have focused on issues such as time discount, learning, and concession. Some of these 

general bargaining processes will be introduced in the following sections. 

2.3.1.1 The Zeuthen Model 

Before the theory of games, Zeuthen (1930) dealt with the two parties' mutual 

bargaining game by a psychological model. This game is based on the assumption 

that both players have complete information. The bargaining horizon is finite. The 

offers are given simultaneously. The risk limits for both players are defined as ri = 

(r|Id)),r2 = (^35^) where (xi,Z2) is the payoff vector for the players by player I's 

offer and (2/1,^2) is the payoff vector for the players by player 2's offer. The player 

with the smaller risk limit should make the next concession. Player 1 will make the 

next concession if and only if ri < r2. 
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ri < r. » 1^2-^ < «• (li - <i0(l2 - d , )  <  ( y ,  -  d , ) { y 2  -  d , )  
(xi — d i )  [ y 2  —  d i )  

According to Zeuthen's assiunption, player i will not make any concession in the 

next period if and only if his or her most recent offer yields a higher Nash product. 

On the other hand, a player who has proposed the outcome picked by the Nash 

solution will never make a concession. Thus Zeuthen's principle and Nash's method 

corroborate each other (Harsanyi 1956, Roth 1979). 

2.3.1.2 The Bishop Model 

In 1932, Hicks analyzed the wage negotiation model between union and employer. 

He asstmaed that the employer has more information on the union's "resistance curve" 

and that the employer can only reject or accept the union's offer. Bishop (1964) com

pared the methods of Zeuthen and Hicks and combined these concepts into a com

posite theory. Even though it is superior to either Zeuthen or Hicks, the uncertainty 

of the model parameters still cause the same diflBculties. 

This model considers time discount. That is, both players' payoffs from a certain 

agreement decrease over time. Similar to the Zeuthen model, Bishop deduced a 

concession rule for the bargaining game. This rule can be deduced in three steps. 

Step 1: At time 0, player 1 asks for (x?,!") and player 2 asks for (y?,y°). The 

superscript denotes the index of time. 
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Step 2: Prior to the baxgaining process, both players determine their maximum 

delay times, ti and <2, given by = ^2 • 

Step 3: If ^ t2, then the player with shorter delay time should make the next 

concession. 

According to Bishop's concession rule, player 1 will concede in the next period 

if and only if tx < h- The amount of his concession will be only so much that the 

inequality sign is reversed, i.e., ti > Player 2 will concede in next period but only 

so much that the inequality sign is reversed again. The bargaining game continues 

until an agreement is reached. 

Another model which also considers time discount can be found in Foldes (1964). 

The results of both models are nearly the same. 

2.3.1.3 The Cross Model 

In 1965, Cross introduced a model including learning which Weis modified by Cod-

dington (1968). This model focuses on how the expectations concerning the other 

player's concession rate change over time. At the begining of the game, both players 

ask for x and y. In a pie sharing case, if x + y < 1, then an agreement is reached; 

otherwise, player 2 assumes that player 1 will concede by a constant annual rate Ci 

and he or she will not make any further concession. Under player 2's assumption, an 

agreement wiU be reached at expected time fi, where ti = Let r2 be player 

2's interest rate. Player 2's present value for such an agreement will be . The 
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optimal demand for player 2 can be foimd by taking the derivitive of his or her present 

value with respect to y. 

Ci — = 0 y = —. 
dy T2 

The same theory applies for the other player. Player 1 assumes that player 2 will 

concede by a constant annual rate C2 and he or she will not make any concession. 

Player I's optimal demand for such a case will be where r; is player I's interest 

rate. 

Player 1 demands x on the basis of his or her own expectation of player 2's 

concession rate, C2. If player 2 does not concede at C2 in the next period, then player 

1 will adjust his or her expectation of ca and make a different demand. In the case 

that two players have similar learning abilities and nearly equivalent interest rates, 

the two expected concession rates approach each other. 

2.3.1.4 The Rubinstein Model 

The sequential strategic approach to bargaining is based on the work of Rubinstein 

(1982) in which a pie is assumed to be divided by two players. This noncooperative 

bargaining model with complete information has a unique perfect equilibriiim and 

allows players to make alternating offers. An early forerunner of Rubinstein's model 

is found in Stahl (1972) where the offers are discrete and the bargaining period is 

finite and fixed. Both players play the game with complete information. Only one 

player can give his or her offer in each period and the offer is given alternatively. 
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Based on perfect recall assumption, if one of the players gives an offer which was 

given in some preceding period by the other player, then an agreement is reached; 

otherwise, if the period is not the last, the game is continued and the other player 

will give his or her offer in the next period. 

Rubinstein (1982) extended StaM's model to the continuous case and introduced 

the break-down probability. The rule of this game is, in every odd round, player 1 

gives an offer to player 2. Player 2 can either accept or reject it. If he or she accepts, 

then the game terminates; otherwise, in the next roimd, he or she gives a counter 

offer to player 1. Player 1 can either accept or reject it. If he or she accepts, then 

they both get the resxilt they want. If player 1 rejects the offer, then in the next 

roimd he or she gives his or her offer again. If the players keep bargaining, it is 

possible that one of them will not have a chance to give his or her offer anymore, 

meaning the bargaining breaks down. Therefore, there is a probability 6 such that 

the bargaining will break down and both players will receive the disagreement payoff 

(di,d2). Extensions of Rubinstein's model will be discussed in Section 2.5. 

2.3.1.5 The Muthoo Model 

Muthoo (1996) extended the one-shot, simultaneous-move bargaining game. At 

the begining of the game, each player makes a partial commitment. In a pie sharing 

case, if the sum of the players' demands is less than or equal to 1, then any feasible 

outcome which satisfies both players' demands can be an agreement; otherwise, both 
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players can revoke their demands at some cost later. This cost depends on the 

accpeted share and on the partial commitment. The concession rule depends on the 

location of the Nash solution related to both players' partial commitments. In the 

linear model (see Figure 2.4), if player 1 asks for Xi, player 2 asks for y2, and the 

Nash solution lies on the line segment a6(aZ), then only player 1 (2) has to make the 

next concession. If the Nash solution lies on the line segment 6c, then both players 

have to make a concession. 

Figure 2.4: The linear Muthoo model. 

2.3.2 Subgame Perfect Equilibrium (SPE) 

The solution of noncooperative games is an equilibrium point. For each player 

the equilibritim strategy is optimal assuming that aU others select the corresponding 

equilibriiun strategies. However, until Selten (1975) demonstrated that only perfect 

equilibria should be selected, game theory offered no way to determine which equi

librium would be chosen . He also proved the existence of perfect equilibrium under 

general conditions. A deductive equilibrium selection theory imder the assumptions 
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of symmetry and efficiency was introduced in van Huyck, et al. (1995). A dynamic 

systems approach, the divide-a-dollar experiment, was exanoined. It showed that 

equal-division is an accurate predictor of behavior. 

A subgame perfect equilibriimi (SPE) means that the strategy pair is a Nash equi

librium for ajiy subset of the players. In Rubinstein's model, the constant discount 

factors are close to 1 and the time between each round is sufficiently short. The first 

player who staxts the bargaining has a very small advantage. A two-person model 

yields a unique SPE. However, the uniqueness does not hold for a three or more play

ers case (Asheim 1992). When the ntmiber of players is more than two, any partition 

of the pie is a SPE of Rubinstein's model with a fixed discount rate (Haller 1986). 

The uniqueness does not hold when the proposer can change his or her mind after 

giving his or her offer (Muthoo 1990). In this model, any partition of the unit size 

pie can be the SPE if the discount factor of each player is greater than 

Alternating bargaining with the smallest money unit was discussed in van Damme, 

et al. (1990). The smallest money imit and the time discount rate should both be 

considered or both neglected. When the smallest money unit tends to zero and the 

discount rate is fixed, all SPEs converge to the solution obtained by Rubinstein. 

At every stationary SPE, the responding player is indifferent between accepting and 

rejecting the current offer (Osborne and Rubinstein 1990). A proof for the existence 

and uniqueness of the SPE of the alternating offer bargaining model can be found in 
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van Damme (1991) and Okada (1991). A more general proof is provided by Houba 

(1993) and Szidarcvszky and Lin (1996). 

2.4 Experimental Investigations and Comparisons of Axiomatic Solution 

and Bargaining Process 

Several experiments have been done to investigate the characteratics of a bar

gaining process. In 1984, Chatterjee and Lilien compared buyer first, seller first, 

simultaneous offer models, and multistage bargaining under the symmetric infor

mation condition. In the experiment designed by Ochs and Roth (1989), the data 

exhibits first-mover advantage and the model is under the conventional assumption 

that players' utilities are measured by their monetary payoffs. The results show that 

more than 80% of rejected offers are followed by counteroffers that give less money. 

An experiment with determination of the first mover was discussed in Sonnegard 

(1996). The results show that first movers usually do not ask more than what they 

should by prediction. Rapoport, et al. (1990) designed two experiments to compare 

perfect equilibriima using both equal and unequal fixed costs conditions. Further

more, an experiment with fixed exogenous breakdown probability and discounting 

can be found in Zwick, et al. (1992). 

Most research assumes that the horizon for bargaining is infinite in experiments 

where time is an issue. In a finite horizon case, if the players can decide the delay 

between offers, the one with smaller delay cost may use the delay time as a strategy. 
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Ghosh (1996) analyzed the experiment with nonstrategic delay between offers but 

without time discounted. More laboratory experimentation can be foimd in Roth 

(1987). 

Another assumption of the bargaining game is that all players are rational over 

expected payoff. When the players are not expected utility maximizers, the extension 

of the general N«ish solution and the Kalai-Smorodinsky solution can be found in 

Safra and Zilcha (1993). However, it is applicable only for certain families of utility 

fimctions. The sequential bargaining of this case was also discussed. It is applicable 

to the N<ish solution but not to the Kalai-Smorodinsky solution. 

The relationship between the Nash solution and the solution of the alternating 

offer model was discussed in Binmore, et al. (1986), Mailath and Zemsky (1991), and 

Sutton (1986). Muthoo (1992) tried to unify the Nash demand game (Nash 1953) and 

Rubinstein bargaining game by assuming that the cost to each bargainer to revoke a 

commitment is finite. More extensions of the Rubinstein model are discussed in the 

following section. 

2.5 Extensions of Rubinstein's Model 

The basic eissumption of two-person noncooperative bargaining with incomplete 

information is that each player knows his or her own utility function and has a 

probability distribution over the other player's utility function. How the efficiency 

of the equilibrium is affected by the parameters of the bargaining game (valuation, 
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discount factors, bargaining horizon) was examined in Fudenberg and Tirole (1983). 

A large number of incomplete information models have been investigated since then. 

An extensive study of models with incomplete information can be found in Rubin

stein (1985a) where player 1 does not know if player 2 is a strong or weak bargainer. 

A newer version of the game where bargainers bear a constant cost at each round and 

one of the players has incomplete information about the other player's cost can be 

foimd in Rubinstein (1985b). In a two-person bargaining game, one player might be 

more informed than the other (Samuelson 1984). This model could be extended to the 

case where the players' discount factors are different. Based on the assumption that 

the other player makes his or her decision uniformly, Brams (1990a) introduced three 

sequential bargaining procedures: indefinite nxmaber of states, two stages-simple aver

age, and two stages-weighted average. An introduction of non-cooperative sequential 

bargaining models can be found in Sutton (1986). 

Rubinstein's model with two pies and incomplete information was discussed in Bac 

and Raff (1996) where the players can make an offer on one or both pies depending on 

their patience. The n-player sequential bargaining game with complete information 

in which the size of pie and the order in which players move following a Markov 

process can be found in Merlo and Wilson (1995). The model in which n players 

make offers by random order was introduced in Okada (1996). Good surveys can be 

found in Elster (1989). 
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The bargaining problem with time-preference is another concern of this research. 

When the utility shrinks with time, a discount factor is applied. In Binmore (1987), 

the model that the players make simultaneous oflFers is compared with the alternating 

offer model with a fixed time interval between each round. Obviously, when the time 

interval is small, the alternating offer model is a very good approximation to the model 

in which the offers are made simultaneously. A dynamic bargaining model with utility 

changing was discussed in Ferreira, et al. (1995). An extension of the Nash solution 

which could handle this situation was proposed. It is known as credible equilibria. An 

application when the players are not individuals but organizations was also discussed 

in this paper. In Binmore, et al. (1986), two strategic models were discussed: time 

preference and risk attitudes. If the time length of the bargaining interval tends to 

zero, the outcome converges to the Nash solution in both models. Gul (1989) also 

demonstrated that a unique equilibrium exists in a dynamic bargaining model when 

the time between periods converges to zero. Admati and Perry (1987) analyzed the 

model in which the inter-offering time is a strategic variable. The model with flexible 

offer-durations was introduced in Stahl (1990). 

In Powell (1996), the relationship between the distribution of power and the break

down probability in an imposed settlement was analyzed. The more powerful bar

gainer has the higher expected value. This power might be able to force the other 

proposer keep his or her promise after giving his or her offer (Muthoo 1990). Some 

uncertainties with respect to disagreement points and the feasible set were discussed 



42 

using axiomatic methods (Chun and Thomson 1990a, b, c and Bossert, et al. 1996), 

but no systematic research has been done in the ca^e of the alternating offer bargain

ing model. An effort was made to fill this gap by investigating the alternative offer 

procedure imder uncertainty in the research leading to this dissertation. The results 

of tiiis research will be outlined in the next chapter. 
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CHAPTER 3 

PRESENT STUDY 

The alternating offer bargaining method is well known from the literature. This 

bargaining process is applicable in every negotiation situation, from small problems 

such as a seller-buyer model to large-scale international conflicts (see Section 2.1). In 

a two-person alternating offer bargaining game, the players give offers alternatively, 

i.e., in each odd round, player 1 gives his or her offer to player 2. Player 2 can either 

accept or reject this offer. In the case of acceptance, the bargaining ends and each of 

them gets his or her agreed payoff. Otherwise, player 2 gives his or her counteroffer in 

the next round. The responding player, player 1, can either accept or reject this new 

offer. The process continues until an agreement is reached or bargaining breaks down. 

In the process, the players might not have complete information about each other. 

The bargaining is therefore based on the players' own estimation of the bargaining 

model. 

The alternating offer bargaining processes can be seen in many real-world nego

tiations, for example, the negotiation and bargaining over the intellectual property 

rights between China and the US, the negotiation for a solution to the trade imbalance 

between Japan and the US, the fishery dispute between Canada and the European 
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countries, and the most famous of all was the arms control negotiations between the 

US and the USSR, see, for example, Brams (1990b) and Garthoff (1989). From these 

negotiations we have identified two critical characteristics: (1) the possibility that 

negotiation may break down, which would damage both parties; and (2) cisymmetry 

of the disagreement payoff vector making the negotiation or bargaining more compli

cated and difficult. Therefore it is important to imderstand how to wisely select the 

disagreement payoff vector and the break-down probabilities to maximize the payoff 

or minimize the damage. 

In this chapter, the results of the research conducted by the author of this disser

tation on two-person bargaining under uncertainty will be outlined. The details of 

the proofs and further discussions can be foimd in three papers, one published, one 

submitted, and one accepted, which are appended to this dissertation (Appendices 

A, B, and C). 

First of all, the situation where the players have only very inaccurate estimations 

of the Pareto frontier was examined. In this model, the break-down probabilities and 

the disagreement vector are assumed to be given and fixed. In the published paper 

given in Appendix A, a proof that when these estimates are close to each other, there 

always exists a unique fictitious subgame perfect equilibrium (SPE) is shown. It 

provides a method to predict the fictitious solution. In the submitted paper presented 

in Appendix B, the monotonicity and convergence of the solutions of alternating offer 

bargaining processes was first examined. It also shows that the payoffs of the players 
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can be completely controlled by the selection of break-down probabilities and the 

disagreement vector. The expected payoff of a player becomes higher when he or she 

selects higher breaJc-down probabilities or higher disagreement payoffs. The result 

helps the players to choose appropriate strategies and make suitable decisions. The 

paper given in Appendix C deals with cases where the Pareto frontier changes with 

time. If the utility function of any player changes in time, the equilibrium changes 

in time as well. If a player knows the approximating utility function which depends 

on time and assumes that his or her objective in bargaining is to maximize his or 

her utility, the given examples declare how that player is able to obtain maximum 

utility. Therefore, the players are able to make correct decisions at the right time. 

In the following sections, a general mathematical model of two-person bargaining 

games will be introduced. The most important results on the alternating offer process 

will be presented in the following sections. 

3.1 The Mathematical Model 

A bargaining problem can be represented by a pair (5, d), where 5 C is a 

non-empty, closed, convex, and strongly comprehensive set of feasible payoffs, and 

d = (di, (£2) € 5" is the disagreement payoff vector. That is, in the case of break down, 

the players receive the payoff values dx and d2, respectively. The most frequently used 

bargaining model is bcised on the famous alternating offer process, which can be sum

marized as follows. Let and 82 denote the break-down probabilities. The graph of 
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function / : [A, B] —» R represents the Pareto frontier. It is usually assumed that 

function / is continuous, strictly decreasing, and concave. Assume furthermore that 

A < di < B and f{B)<d2< /(A). To rule out trivial bargaining, it is also assumed 

that d2 < fid\). In each odd bargaining round, player 1 offers a payoff to player 2. 

If player 2 accepts this offer, then the bargaining process terminates. If the offer is 

rejected, then the process breaks down with probability 62 and d = {di,d2) is the 

terminal payoff vector. Player 2 makes the next offer with probability 1 — 62- If 

this new offer is accepted by player 1, then the process terminates. Otherwise, with 

probability 61, bargaining breaks down and d = (rfi, c/2) is the terminal payoff vector, 

and player I gives a newer offer with probability 1 — 5i. (Note that in Appendix A, 

instead of 5i, 1 — denotes the break-down probability for the first player.) This 

process continues until termination. In the case of a stationary subgame perfect 

equlibrium (SPE), the responding player is indifferent between accepting and reject

ing the current offer. The stationary SPE proposal x of player 1 and y of player 2 

are characterized by the following system of nonlinear equations: 

where we use the notation /i = and = /. It is easy to see that these equations 

are equivalent to a single equation: 

X i  =  f l { X 2 ) ,  X2 — Sid2 + (1 — S-i)y2, 
(3.1) 

yi — S2di + (1 — S2)xi, y2 = fiivi). 

— 8\d2 — (1 — Si)f2{62di + (1 — ^2)2:1) = 0. (3.2) 
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Assume now that the players have only incomplete information on the feasible set 

S. Let and denote the believed function curves characterizing the Pareto 

frontiers by player 1 and 2 repectively. In this general case, equations (3-1) can be 

modified as follows: 

x i = f i ^ \ x 2 ) ,  X 2  =  S i d 2  +  ( 1  -  S i ) y 2 ,  
(3.3) 

yi = 62di + (1 - ̂2)^1, yj = f2^\yi), 

and the single equation will be 

- Srd2 - (1 - + (1 - ̂2)^1) = 0. (3.4) 

The research to be discussed in the following sections is based on this mathematical 

model. The uncertainty of the Pareto frontier will be first discussed in the next section 

followed by results on monotonicity, convergence, and control in dynamic bargaining 

models. Cases when the Pareto frontier changes with time will be the subject of 

Section 3.4. 

3.2 The Alternating Offer Method Under Uncertainty 

The alternating offer model is a non-cooperative bargaining scheme under the 

assumption that the players do not have complete knowledge of the Pareto frontier 

and the feasible payoff set. Both of them bargain over a given set of feasible vectors 

based on their own estimations of the Pareto frontier. The estimates of the Pareto 

frontier might be very inaccurate, but when these estimates are close enough, there 

is always a unique, fictitious SPE which is the unique solution of equations (3.3). 
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In proving the existence of a unique fictious SPE, we first examined equation (3.4). 

Let g{xi) denote the left hand side. Notice that g{di) > 0 and g{fi^\d2)) < 0 when 

is a sufficiently good approximation of f2^\ Therefore, there exists at least one 

zero of function g{xi) in interval For the uniqueness part, we proved 

that g{xi) is strictly decreasing in xi for xi € if is a sufficiently 

good approximation of f^\ Since g{xi) is a strictly decreasing function and has at 

least one solution in [(/x,/i^^(c?2)]> there is exactly one stationary fictitious SPE in 

Some properties of the fictitious SPEs are also investigated in this dissertation. 

For example, let the stationary fictitious SPE be denoted by (xi, Xa, y^)- From 

equations (3.3) we see that 

{xl — di)(x2 — d2) — [i:^(yr ~ + (1 — ^1)^2 ~ ^^2] 
(3.5) 

= -  d i ) { y ;  -  d i ) .  

That is, the offers (xj, xj) and (^1,1/2) players have the same Nash 

product if and only if = ^25 i-e-i the players have the same break-down probability. 

It is also easy to see that 

xi - j/i = xi - S2di - (1 - 62)xI = (52(xi - di) > 0, 

and 

y* - X2 = 1^2 - ̂i<^2 - (1 - Si)y2 = 6i{y2 - ̂2) > 0. 
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That is, at the stationary SPE, each player offers at least the same payoff value 

to hiroself (or herself) as he(she) offers to the other player. Second, if —* 0, then 

yl — X2 0; and if 82 —* 0, then — y\ —*• 0. This interesting property can 

be interpreted eis the Ccise when the break-down probabilities converge to zero, the 

discrepancies between the offers of the two players also tend to zero. This limit 

relation is not surprising since in the absence of possible break-downs (that is, when 

no threat is present on disagreement penalty) the two players must reach a common 

resolution. 

3.3 Monotonicity, Convergence and Control in Dynamic Model 

The submitted paper presented in Appendix B deals with monotonicity and con

vergence issues. Let be the stationary SPE again. For fixed values of 

d\^d2i and 821 the values of x^ and increase in 81 but xj ^2 decrease in 81. 

The symmetry of the two players implies that with fixed values of di,d2, and 5i, the 

values of xj and yj decrease in 821 and similarly, 13 and y^ increzise in 62-

In examining the monotonicity of a stationary SPE on di and ^2, assume that the 

values of 81,82, and ^2 are fixed. In this case, x^ and yj increase in di, and and yj 

decrease in di. By interchanging the two players, we conclude that with fixed values 

of 5i, 82, and di, the values of xj and y^ decrease, and xj and yj increase, in (fj. 

Figure 3.1 shows how (x^iXj) moves when 81 or di increases, and 82 or d2 decreases. 
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increases or d, decreases 

Figure 3.1: The monotonicity property. 

Assume next that (<ii, d2) converges to which is a point outside the Pareto 

frontier, and ((5i,<52) converges to Let and denote the unique 

stationary SPE with parameters dj, rfj, and For this case, the following results 

are verified: 

• If = 0 and 0 < < 1, then x* = y* = and xj = = fzidl). 

• If 0 < < 1 and ^2 = 0^ then x^ = j/2 = ^2 ^-nd =  f i { d \ ) .  

• If = 1 and 0 < ^2 < 1, then x \  = f i { d l ) ,  xj = <^, yi = + (1 — S 2 ) f i { d 2 )  

and y; = /zCyD-

• If ^2 = 1 and 0 < < 1, then by interchanging the players, = f^id^), xj = d^, 

y; = 6;dl + (1 - S'MdX), and = h{y;). 

• If = <^2 = 1, then obviously, xJ = f i { d ^ ) ,  = d ^ ,  y l  = and yj = h i d l ) .  

• U S' = S2 = 0 and converges to a positive constant K, then xJ = yj, xl = y^, 

and (xj, Xj) coincides with the non-symmetric Nash solution 
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arg max{(xi - <ft)"(a:2 - X2) € S, xi > d{, xi > d^) 

with cc = i^. 

• If = (^2 = 0 and p- does not converge to a positive limit, but in every 

subsequence -A converges to a positive constant, the stationary SPEs converge to the 

corresponding non-symmetric Nash bargaining solution. 

s* • • • • • K = ^2 = 0 3.nd ji- does not converge to a positive limit, and a subsequence 

p- converges to zero, then, for the corresponding solution, xj = J/2 = ^2 

Vx — 

8* • If ^ converges to infinity, then xj = = fx = 

Table 3.1 summarizes these results. 

Table 3.1: The siunmary of convergence of SPEs. 

# 0, (^2 # 0 SPE at limit 
= 0, (^2 # 0 (0 ,X2)  for  X and y  

<^1 # 0, (^2 = 0 (xi,0) for X and y 
= 0, (52 = 0 

^ K > Q (finite) general Nash solution 

(o,x;) 
^ no limit 61.. . several limits 

Since we know that with fixed values of S2,di, and <^2, the value of x^ increases in 

5i, the value of 5t can be controlled by forcing xi to reach a given target value x^. 

Siniilarly, y{ and yj ^.re completely controllable by 5^ when the other parameters are 
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kept fixed. Now, if the values of ^1,^2, and are fixed, the value of increases in 

d^. The values of xj and Xj can be completely controlled by selecting di. The same 

applies for controlling outcomes and by selecting ^2 with fixed values of 61,62, 

and di- See Appendix B for more detailed statements and examples. 

3.4 Time-Varying Pareto Frontiers 

It is shown in Appendix A that if the Pareto frontier is uncertain, there is still a 

unique fictitious SPE when the players' estimates are close enough to each other. In 

Appendix C, the situation when the Pareto frontier changes with time is examined. 

The examples when the solution is monotonic and examples where no monotonicity 

holds are also presented. 

Assimie now that the Pareto frontier / is time-dependent: / = f { t , X \ ) .  Then for 

all t, equation (3.2) can be rewritten as 

f { t , x r { t ) )  -  6 r d 2  - (1 - + (1 - 62)xi{t)) = 0. (3.6) 

Assuming that / is differentiable, simple differentiation shows that 

+ f x { t , x i ) x \  — (1 — 6\)[ft{t,82d\ -(- (1 — 52)^1)+ 

(1 - ̂2)/x(<,Mi + (1 - <?2)a:i)iil = 0, 

that is, 

^ f t { t , x i )  — (1 — 6i)ft(t,62di + (1 — ^2)3:1) 

fx{ti 3^1) ~ (1 ~ ^i)(l 62)fx{t, ^2<^i + (1 ~ ^2)^1) 
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This equation shows how the value of zi changes with time. If is the solution of 

equation (3.6) at i = 0, then xi(<) is the solution of the ordinary differential equation 

(3.7) with initial condition a;i(0) = x^. Assume furthermore that for all i > 0,/(f, xi) 

satisfies the conditions of the static model outlined in the previous section. The 

monotonicity and concavity of / implies that fx is decreasing and negative for all 

Xi > A. Therefore |/r(f,xi)l > l/r(i,+ (1 — 52)a;i)|i and the denominator of 

(3.7) is always negative. Hence the sign of xi is determined by the sign of the 

numerator. The shape and major properties of the trajectory {xi(i)} depend on how 

/ depends on t. In addition, four special examples are provided in Appendix C to 

show how to use the general model to design negotiation strategy which achieves 

a given outcome or maximizes outcome. The accepted paper given in Appendix C 

provides all mathematical details and futher discussion. 
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CHAPTER 4 

CONCLUSION 

The main purpose of the research leading to this dissertation was to introduce 

and examine extensions of two-person alternating offer bargaining models. The sta

tionary subgame perfect equilibria (SPEs) were determined and their properties were 

investigated. The uncertainties discussed in this dissertation covered the inaccurate 

knowledge of the Pareto frontier, the case of time variant disagreement vector, break

down probabilities, and Pareto frontiers. The resiilts reported in this dissertation also 

provide methods to control the outcomes by selecting appropriate parameter values. 

The related papers are provided in Appendices A, B, and C. The examples given in 

those papers show the process of applying the research results to practical problems. 

The control of the stationajy SPE by selecting appropriate values of break-down prob

abilities or disagreement payoff values can be foimd in the paper given in Appendix B. 

Examples of using the general model to deal with and to design time-varying Pareto 

frontiers can be found in the paper presented in Appendix C. 

The methodology being reported in this dissertation can be applied in designing 

and conducting future negotiations such as to resolve small conflicts of any kind 

as well as large scale international conflicts in order to avoid unnecessary military 
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actions. The situations analyzed in the research can be combined and modified to 

meet the situations of real-world problems. The results can be applied in deterministic 

cases as well with only minor modifications. 
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ABSTRACT 

The aitemating oftier model is a non-cooperative bargaining scheme t:hat is 
examined by assuming that the players do not have compieie information on the 
feasible payoff set, and each player makes offers based on his/her estimation on the 
Pareto frontier. The existence and uniqueness of a stationary Qctitious subgame 
perfect equilibrium is proved under the assumptioa that the esdmates of the Pareto 
frontier used by the two players are sofBdently close to each other. Some limit 
properties are also investigated. The results of the paper can be applied to both 
deterministic and stochastic cases. 

1. INTRODUCTION 

In this paper we will examine the alternating offer model [7, 6] in which 
the players bargain over a given set of feasible payoff vectors. The bargain
ing process can be formulated as a two-peison non-cooperative game in 
extensive form. It is assumed that the players face an exogenously given 
probability of a terminal break down after each bargaining round, and in 
this case, the players get their exogenous disagreement payo&. 

The existence and uniqueness of the subgame perfect equilibrium (SPE) 
has been proved under general conditions in the literature. In Okada [4], it is 
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assumed that the Pareto frontier is a piecewise linear concave function, and 
in van Damme [7], it is assumed that the Pareto frontier is differentiable, 
concave, and strictly decreasing. More recently, Houba [2] generalized these 
results by only the continuity and concavity of the Pareto frontier. 
In addition, he showed that in cases when the breakdown probability 
converges to zero, the subgame perfect equilibrium tends to the Nash-
bargaining solution. This limit property gives a new interpretation of that 
solution concept. 

In t:his paper, the mttip alternating offer model will be further investi
gated under the assumption of imcertain knowledge of the Pareto frontier, 
when player uses only an estimate of the Pareto frontier. We will prove 
that the same existence and uniqueness result holds—as in the complete 
information case—that the estimated Pareto frontiers are suffi
ciently close to each other. That is, both players might have very inaccurate 
estimations of the Pareto frontier, but in cases when these estimates are 
close to each other, there is always a unique, fictitious SPE. 

2. THE MATHEMATICAL MODEL 

A bargaining problem is identified by a pair (S, d), where S C is a 
non-empty set of feasible payofe, and d = (£Ji,i)s5is the disagreement 
payoff vector. As shown in van Damme [7], if set 5 is closed, convex, and 
strongly comprehensive (that is, x e 5 and y < x imply that y s 5), and 
the set 

5(d)  =  {xlxe5,x>d}  ̂ 0  (l)  

is compact, then the Pareto-efBcient frontier of 5(d) can be described by a 
strictly decreasing, concave, and continuous function — fjCxi). Let B = 
maa{ii Kij, ij) s 5). Assume that di < B, dn> fniB), and in the interval 
{d ,̂ B], /j strictly decreases. It" is also asstmied that (L < f^d^) to rule out 
tri'vial bargaining problems. 

In each odd bargaining round, player 1 offers a payoff i, player 2, who 
either accepts or rejects this proposaL In the case of acceptance, the 
bargaining process tenninates. However, in the case of rejection, player 2 
offers a payoff yj in the next bargaining round. Player 1 then either accepts 
or rejects this offer. In the case of acceptance, the game ends; otherwise, this 
player makes the next offer. The bargaining process continues as long as the 
players do not reach an agreement, unless bargaining breaks down (•Wiith a 
given probability 1 — 5). and in this case, d is the terminal payoff vector. 
For even* stationary SPE, the responding player is indifferent between 
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accepting or rejecting the current offer, and the opposing player obtains the 
remainder. For further details, see Osborne and Rubinstein [5]. The station
ary SPE proposal x of player 1 and that y of player 2 are completely 
charau:terized by the following system of equations: 

=/i(( l  — 5)  i  + 5  ̂ 2)1 ^  = 5)^ + 5^2 

and (2) 

Vi = (1 - + Sz i ,  =/2((l - 5)i + 5xi), 

where /j is the inverse of f2-
Assume now that the players have only incomplete information on the set 

5. Specifically, let 5  ̂denote a set in B} that is believed to be S by player 1, 
and let denote the same for player 2. It is also assumed that both 5i and 
5, satisfy the same conditions that were assumed for set S above. Therefore, 
the Pareto-efficient frontiers of 5i(d) and &(d) can be described by strictly 
decreasing, concave and continuous functions and For A: = 1,2, 
deine = max{xi I(xi, x^) S 5jfc}. Assume that d < dn-> 

and in the interval is strictly decreasing; further
more (Li < f^''K dy). Let 1 — SjJiO < 5  ̂< 1) be the probability that bargain
ing breaks down after the unaccepted offer given by player L Assume, 
finally, that all offers of player 1 are in interval [d,, fi'Kdi)] and all offers 
given by player 2 are in where is the inverse of In this 
general case, equations (2) are modiffed as follows; 

"1 = y=)> ^  ~ 5;)  5 .  3/ ;  

and (3) 

yi = (1 — Sn) d, -t SnXi, ^2 ~ ~ 5;) d. -f Sn X;). 

The solutions of these equations are called stationary fictirious SPEs. 

3. EXISTENCE OF A FICTITIOUS SPE 

Notice first that equations in (3) are equivalent to the single equation 

- (1 - S,)d, - 5 ,n 'K( l  -  S , )d ,  - r  5,=,) = 0. (4) 

Let gi r,) denote the left hand side, then 

- (1 - 5,) a, - S , f i - - {d , ) .  
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Assume that 

(a) 

REMARK 1. If then 

Since this inequality is strict, condition (a) is always satisfied if is a 
sufBciently good approximation of 

Assume next that 

g{D(^^) = i - (1 - 5i)i - - Snjd, + SjZJi") 

= Si[d,-fP{(l - 52)d, -r < 0. 

RaLVRK 2. If = ^2*'. then 

(1 - 5.) d, -r 5,= (1 - Sj) (L) < cL) = fi^\ (L). 

Since this inequality is strict, condition (b) alvnys holds if is a 
sufSciently good approjdmation of Notice that conditions (a) and (b) 
have the same meaning for the two players. 

Our first result can be formulated as: 

THEOREM 1. Under conditions (A) and ( b), there is at least one station
ary fictitious SPE. 

PROOF. Since g is continuous and gid,^) ^ 0 and < 0, there is 
at least one solution Sj of equation (4) between i and The corre
sponding values of yI and are obtained from (3). • 

(b) 

Then with the notation = /P'Ci), 
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EXAMPLE 1. We illustxate next that without conditions (a) and (b), the 
existence of the solution is not guaranteed. Assume that d = 0, 

and 

Then, 

= {x |x > 0, x, + lo = r} (§1 = Sj > f > 0) 

^(d) = {x |x > 0, Xi -f s, = l}. 

JzK Xi)  =e-  =1 and fp\  r j  = 1  -  Xj,  

and therefore (3) has the form 

s 5-* , x^ 

yi = 5iXi, and jf; = 1 - 5iXj, 

which has onlv an infeasible solution: 

e- 5. 

4. PROPERTIES OF nCTITIOUS SPE'S 

Assume that (xf, y*, y*) is a stationary fictitious SPE. Then (3) 
implies that 

(xr- i : ) (x?-ci , )  = 

x[( l  -  S.JtL-h Sj  y? -  <i,]  
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Therefore, points (xf, 2^) and (t/*. y?) have the same Nash-product if and 
only if Sj = St (as it was assumed in Houba, [2]). Furthermore, 

0 < x t - y f = i r - ( l -  S . ) d ,  -  5 ,  i f  =  ( 1  -  S 2 X X *  -  d , )  

and 

0 < y? - ̂  - (1 - ̂ i) y' = (1 - 5i)( y? - i) 

which imply that xf > jrf, and y* > ̂  and if Sj -» 1, then x* — y* -* 0; 
in addition, y? —  ̂ 0 as Sj -• 1, since both xf and y* are bounded. 

Assume next that the values S* e (0.1) and S* e (0,1) are fixed, and in 
the neighborhood of (8*, S*), the conditions of Theorem 1 hold- Consider 
the case when 8^ —* S*, and 82 -» 8*. For each (Sj, SjX let e(5i, 53) = 
(xjCSj ,̂ 5,), a^(5i, Sj), ViCSi, Sj), 5;)) denote a stationary, fictitious 
SPE. Since e(5j, Sj) is in a bounded set, there is at least one limit point, 
and each limit point satisfies (3) with 5* and 5*. This observation follows 
from the continuity of functions and f?' .̂ In the special case when 
e(5*,52 ) is unique, the limit point is unique: therefore, eCS ,̂ Sn) converges 
to e(5*, 5*). 

AssWe next that the conditions of Theorem 1 hold for all Sj s [1 — e, l) 
and Sj e [1 — e, 1), and assmne that 5  ̂ -» 1 and 5  ̂ —> 1. Since e(5j, S,) is 
in a bounded set, there is at least one limit point, and each limit point 
satisfies (3) with 5i = Sj = 1, that is 

3: i= f i ^Ky2) ,  2« = y2. 

It is easy to see that these equations are equivalent to the following: 

This equation can be interpreted as follows: (xi, r-) = ( Vi, ^2  ̂̂  to be a 
common point of the Pareto frontiers x{) and Xn = z^X In the 
special case of 5  ̂ = S; and = fp\ Houba [2] has proved that the 
stationary SPEs converge to the Nash bargaining solution- If 5., S ,̂ then 
this result does not hold, as it is illustraied in the following example. 
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EXAMPLE 2. Select dj = ij = 0, 

Si = Sn== {( Ii, Xn)\ Q, Xo > 0, Ij -r Ij < l}, 

then fn^Kxi) = = 1 — Xj, and the Nash bargaining solution is Tj = 
lo = 2- The equations in (3) now have the special form 

Xj = 1 ~ 5j y2» ^ y21 

Vx " ̂ 2 * y? ^ ^ 

with the unique solution for i,: 

_ 
1-5:5;* 

Assume now that 5i = 1 — and 5; = 1 — with some L Then 

Ai 1 1 

~ Aj -r JfcAi - kA\ ~ k~ I - kA, TTT 

as A; -» 0. With the appropriate selection of k. any number of the interval 
(0,1) can be obtained as the limit. V 

5. UNIQUENESS OF A nCTITIOUS S?E 

We finally make the following assumption: 

(c) Function x^) - 5i^-'((l - 5,) -i- 5;X.) is strictly 

decreasing in x, for r, S [ i. 

REiLAiiK 3. If then function 

q ( x , )  -/!"(:,) - ((I - S . ) i  ̂  S . : , )  (5) 

stricily decreases in x. for s [a,. Therefore condition (c) holds. 
if /j-' is a sufnciently good approximation of 
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PROOF. By using the notation /, = and 

simple calcxUations and the weH-known properties of concave functions (see, 
for example, Nikaido [3], Theorem 3.15) imply that for sufficiently •nnan 
positive values of h. 

The following obser\'ation is obvious: 

THEOREM 2. Under assumption (c), there is at most one stationary 
fictitious SPE. 

Combining Theorems 1 and 2 leads to our main resiilt: 

THEOREM 3. Conditions ( a), ( 6) and ( c) imply the eristencs of a unique 
staiionary fictitious SPE. 

RENLARK 4. It is easy to show that in Theorems 2 and 3, condition (c) 
can be replaced by the following: 

(c') Function /P( y,) — Snfi'XCl — 5i) i -r Sj jf;) is strictly 

The alternating offer model has been examined under the assumption 
that the players have only uncertain knowledge on the feasible payoff set. In 
our mode!, we assumed that in each bargaining round, each player offers a 
payoff value to the other player and does not provide information about his 

< Ay;( Xi, h) — 5,̂ 82 A , Snh) 

< (1 — 5i52)A^-.( S n h )  < 0 .  

which demonstrates the assertion. 

6. DISCUSSION AND CONCLUSIONS 
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own payoff value. Since no point of the believed Pareto-frontier is given to 
the other player, no learning was considered in tiiis paper, and therefore the 
believed payoff sets were assumed to remain the same during the bargaining 
process. An alternative model can be formulated by assuming that in each 
bargaining round each player not only offers a payoff value to the other 
player, but at the same time he/she states the payoff he expects to receive 
in the case of acceptance. In this modified process, in each roimd each player 
receives a point of the believed Pareco frontier of the other player; hence, 
his/her information on the belief of the bargaining partner increases in each 
round. The utilization of this uew information and such learning will be 
investigated in a future paper. 

We proved the existence and the uniqueness of a stationary, fictitious 
SPE, if the estimated Pareto frontiers are sufficiently good approximations 
of each other. Therefore, our proof can be applied if both players know the 
exact Pareto frontier: hence, in this case, this paper provides only a new 
prooL 

Our resiilts can be applied in deterministic cases when the Pareto 
frontiers are known only approximately by the players, as well as in cases 
when uncertainty in the Pareto frontiers is modeled by randomization. In 
the second case, let FjCi,) and denote the random values of 
and /sC^i), respectivdy, and define — HFjCi,)) and fPixi) = 
ECF2C xj). The stationary SPE can alwaj's be obtained as the unique root of 
a nonlinear decreasing fonction. For particular iteration schemes, see -Argj-
ros and Szidarovszky [l]. 
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This paper first examines the monotonicity and the convergence of the stationary 

subgame perfect equilibria (SPEs) of the alternating offer bargaining processes. We 

particularly focus on the impacts of the selection of the disagreement payoff vector 

and the break-down probabilities on the convergence of the bargaining processes. We 

show that if these parameters are convergent, then the stationary SPEs also converge. 
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negotiators selecting the payoff disagreement vector and the break-down probability. 

These results can be applied to describe the algebraic and topological properties of 

the SPEs in time-variant bargaining. In such c«ise, the disagreement payoff vector and 

break-down probabilities depend on time. In the second part of the paper, necessary 

and sufficient conditions are given for the controllability of the SPE via a break-down 

probabilities and disagreement payoffs. 

^Department of Systems and Industrial Engineering, the University of Arizona, Tucson, AZ 
85721. This research was supported by grants from the National Science Foundation (NSF SES 
9023055) and the US-Hungarian Joint Research and Technology Fund (J. F. No. 224). 

^ISMT Department, School of Business and Management, Hong Kong University of Science and 
Technology, Clear Water Bay, Kowloon, Hong Kong 

^Department of Systems and Industrial Engineering, the University of Arizona, Tucson, AZ 
85721 



11 

B.l Introduction 

Negotiation or bargaining is part of everyone's life. Studies have shown that a 

typical senior manager in an American business spends at least twenty percent of his 

or her working day negotiating or bargaining, GriflSn and Daggatt (1990). Bargain

ing can be as significant as the ones between the superpowers over the arms control, 

see for example, Brams (1990), Garthoff (1989), and Avenhaus et. al. (1989), or as 

insignificant as those in yard sales. Nash laid the foundation for the modern theo

retical works in negotiation and bargaining, see, for example, Nash (1950, 1951 and 

1953). Nash (1950) stated that there are more than one way that two individuals in a 

bargaining situation could collaborate for mutual benefits. Nash (1951) argued that 

noncooperative game theory should be used to study the bargaining and cooperation 

in games. Nash (1953) also suggested the idea to relate the ajciomatic solutions to 

the equilibria of strategic models. Which implies that in order to understand the 

outcomes of bargaining, it is appropriate to model the bargaining as non-cooperative 

games and solve for the equilibria. This procedure is now known as the Nash program. 

There were several bargaimng or negotiation models developed later. Binmore and 

Dasgupta (1987) discussed the bargaining processes that assume sequential offers. 

Rubinstein (1982) provided the model for bargaining with complete information. It 

has been an influential paper in modeling bargaining process that allowed players to 

make alternating offers. Bargaining with incomplete information has been studied 

extensively by Rubinstein, see, for example, Rubinstein (1985). Bargaining with 
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asymmetric information can be found in Samuelson (1984). Bargaining with strategic 

delays can be found in Admati and Perry (1987). An overview of various bargaining 

models can be found in Elster (1989) and Linhart et. al. (1992). 

In this paper, some properties of the solutions to the alternating offer bargaining 

processes will be examined. We particularly focus on the monotonicity and the 

convergence of the stationary subgame perfect equilibria (SPEs) of the alternating 

oflFer bargaining processes. We wiU also study the impacts of the selection of the 

disagreement payoff vector and the break-down probabilities on the convergence of 

the bargaining processes. That is, under what selection, the gap between the offered 

payoff and the expected payoff shrinks for each negotiator. 

The alternating offer bargaining processes can be seen in many real-world nego

tiations, for example, the negotiation and bargaining over the intellectual property 

rights between China and the US, the negotiation for a solution to the trade imbalance 

between Japan and the US, the fishery dispute between Canada and the European 

countries, and the most famous of all was the arms control negotiations between the 

US and the USSR, see, for example, Brams (1990) and Garthoff (1989). From these 

negotiations we have identified two critical characteristics: (1) the possibility that 

negotiation may break down, which would damage both parties; and (2) asymmetry 

of the disagreement payoff vector making the negotiation or bargaining more compli

cated and diflScult. Therefore it is important to understand how to wisely select the 
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disagreement payoff vector and the break-down probabilities to maximize the payoff 

or minimize the damage. 

The methodology to the alternating offer bargaining has been investigated by 

many researchers, for example, Rubinstein (1982), van Damme (1991), Okada (1991), 

Houba (1993) and Osborne and Rubinstein (1990). Our cissumptions will be mainly 

the same eis those been reported in the literature. The properties of the equilibria of 

the SPEs to be proved in this paper are important. They are helpful in describing 

how the solution depends on the break-down probabilities, the disagreement payoffs 

and the location of the the Pareto frontier. They also provide the basic algebraic and 

topologic properties of the equilibria set to the time-variant bargaining processes. 

In a time-variant bargaining process, the disagreement payoff vector and break

down probabilities depend on time. As we observed from the real-world negotiations, 

for example, the arms control negotiations between the US and the USSR, almost all 

the negotiations axe time-variant. The reason is that the factors or attributes that 

affected the payoff vector or the break-down probabilities were also dependent on 

time. 

The general model of the SPE wiU be provided in Section 2. We will show in 

Section 3 that there is a imique solution to this general model. In Sections 4 and 

5, monotonicity and limit properties of the stationary SPE will be examined. These 

new results will be used in Section 6 to characterize the equilibria set of time variant 

bargaining processes. In Section 7 and 8, control by break-down probabilities and by 
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disagreement payoffs is examined. An illustrative example is presented in Section 9. 

In section 10, conclusions are given. 

B.2 Mathematical Model 

A bargaining problem is usually identified by a pair (S,d), where S C is the 

feasible payoff set, and d 6 S is the disagreement payoff vector. It is assumed that 

the Pareto frontier can be characterized by a strictly decrecising, concave, continuous 

function: 

P  = { {XUX2) \X2  = f { x i ) , A  < X i  <  B } ,  (B.l) 

where A  <  d \  <  B  and f { B )  <  <  f { A ) .  To rule out trivial bargaining problems, 

it is also assumed that ^2 < In each odd bargaining round, player 1 offers 

a payoff I2 to player 2, who either accepts or rejects the proposal. In the case of 

acceptance, the bargaining process terminates. In the case of rejection, the process 

breaks down with probability 5i, d is the terminal payoff vector; and with probability 

1 — 5 player 2 makes the next offer. If his offer Xi is accepted, then the process 

terminates. Otherwise, with probability S2, bargaining breaks down and d is the 

terminal payoff vector, or with probability 1 — S2, player 1 gives a new offer. We 

assume the disagreement payoff and the break-down probability of the counterpart 

can be estimated. The process continues until termination. 
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For example, an owner of a company and his employees sought to agree on the 

salary adjustment through a negotiation to terminate a strike. This strike was a result 

from the incidence that the original proposal for salary adjustment proposed by the 

owner was turned down by the employees. The employees started the strike, in the 

mean time, they also started the negotiation with the owner. In order to illustrate the 

process of alternating offer bargaining, we assume that the Pareto frontier is defined 

to be: 

P =  {{XI ,X2) \X2  = ^100 — Xi,0 < Xi  <  10}, 

or, 

i2 =  / ( x i )  =  \ / l O O  —  Xi, and Xi = g { x 2 )  = ^100 — x l ,  

where Xi is the expected payoff of the owner, and X2 is the expected payoff of the 

employees in terms of percentage of saJary adjustment. For example, if the employees 

choose their expected payoff X2 = 5 imits, then the expected payoff to the owner 

Xl = V'lOO — 5^ = 8.66 units. Then for the employees, the percentage of salary 

adjustment, Q, can be calculated based on the expected payoff xj, such as a linear 

re l a t ionsh ip  t ha t  Q =  X2.  

In the begiiming of the negotiation, the owner proposed a six-percent salary ad

justment to the employees. In such condition, the expected payoff to the employees 

X2 = 6 units, and the expected payoff to the owner xi = \/lOO — 6^ = 8 units. In 

the case of acceptance, the bargaining process terminated. In the case of rejection 

(six-percent adjustment was considered too low by the employees), with probability 
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Si = 0.3, the process broke down (the strike continued and no definite date set for 

the next negotiation). 

If the strike continued, the owner needs to hire temporary workers with higher 

wages to keep the plant partially operate, the productivity dropped, and the employ

ees received no pay checks from the owner. We assiime under such condition, the 

expected payoff to the owner dropped down to three units. Also, the employees who 

were on strike received two units per week from the union. That is, the break-down 

payoff vector d = (3,2). 

However, with probability 1 — = 0.7, the employees made a new proposal of 

8-percent adjustment to the owner. Then the new expected payoff to the employees 

Z2 equaled 8 units and the expected total payoff to the owner Xi = \/100 — 8^ = 6 

units. If this new proposal was accepted, the negotiation terminated. Otherwise, 

with probability S2 = 0.5, bargaining broke down, and again, d = (3,2) became the 

terminal payoff vector. Or with probability 1 — ^2 = 0.5, the owner gave a new offer, 

for example, a seven-percent adjustment. It is easy to see that if the bargaining 

continued this way, it was very likely that an agreement could be reached eventually. 

In the case of subgame perfect equilibria (SPE), the responding player is indifferent 

between accepting or rejecting the current offer. The stationary SPE proposal x of 

player 1 and that y of player 2 are therefore completely characterized by the following 

system of equations: 
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x i  =  g(x2 ) ,  X2 = Sid2 + (1 — ^l)y2i 
(B.2) 

yi = Ml + (1 -<^2)2:1, y2 = f ( y i )  

where g is the inverse of /. 

Then otir example can be modeled as: 

xi = g{x2) = •/lOO — x\, 

X2 = 0.3 • 2 + (1 — 0.3)^2 = 0.6-f 0.7 • y2i 

yi = 0.5 • 3 + (1 — 0.5)xi = 1.5 + 0.5 • xi, and 

y2  =  f {y \ )  =  ̂ 100  - y l .  

In the next section, we will discuss the imique solution to equations (B.2) that 

satisfies the conditions x > d and y > d. That is, with fixed values of disagree

ment payoffs, d\ and tfj, and break-down probabilities, and ^2, there is a unique 

stationary SPE. 

B.3 Existence Jind Uniqueness of Stationary SPE 

Notice that equations (2) are equivalent to the single equation 

For the saJce of simplicity, let A(xi) denote the left hand side. Since / is continuous, 

h is also continuous. 

/(xi) — 8id2 — (1 — <Ji)/(^2<^i + (1 — ^2)3^1) = 0. (B.3) 

h{d^) = f{d^) - 8id2 - (1 - 8i)f{di) = ^i(/(d:) - rfj) > 0, 
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and with the notation Di = ̂ (<^2)1 

d{D\ )  =  — 5 \d2  — iX  ~  6 \ ) f {62d \— 62)01)  

= ( l -^i)(( i2- / (Mi + ( l -^2)A))<0.  

Therefore, there is at least one solution for equation (B.3). The solution is unique, 

since we can easily prove that function h is strictly decreasing. This observation 

immediately follows from identity 

h{x i )  =  61  •  [/(Ml + (1 - ̂2)2:1) - d2]  + i f i x i )  - f i x i  - 62ixi -  (fi))] ,  

where both terms are decreasing in xi. The first term strictly decreases, since / is 

strictly decreasing. The second term also decreases, since / is concave. Notice that 

h is still decreasing, if / strictly decreases and is "slightly" non-concave. Hence, the 

existence and uniqueness of the SPE holds in cases when / is not necessarily concave. 

For example, the h{xi) for our example can be determined as follows: 

hixi) = 0.3-[/(0.5-3-i-(l-0.5)zi)-2] + [/(xi)-/(xi-0.5(xi-3))] 

= 0.3 • [/(1.5 + 0.5xi) - 2] + f{xi) - f (0.5x1 + 1.5) 

= /(xi) - 0.7/(0.5x1 + 1.5) - 0.6. 

Simple differentiation shows that this function is strictly decreasing. Therefore, the 

existence and uniqueness of the SPE for this example hold. 

Note here that several diiFerent proofs for the existence and uniqueness of the 

stationary SPE exist in the literature. However, we present the above proof, since 

some details from it will be used later in this paper. 
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B.4 Monotonic Properties of the Stationary SPE 

Let {x\,x\,yl,y2) denote the stationary SPE with fixed values of 8x and 82. From 

equations (2) we see that 

{x \  -  dx){x2  — d i )  = ~ + (1 — <^1)1/2 ~ ^2] 

Therefore, the offers and of the two players have the same Nash 

product if and only if Si =62. It is also easy to see that 

x l -  y i  =  x [ -  ̂ 2^1 - (1 - <^2)11 = <^2(a:i - ''i) > 0> 

and 

- xj = yj - ̂1^2 - (1 - Si}y2 = ^1(^2 - ̂2) > 0. 

These inequalities have two important consequences. First, they imply that 

xi > yj and j/j > ^2-

That is, at the stationary SPE, each player offers at least the same payoff value to 

himself (or herself) as he(she) offers to the other player. Second, if Si —* 0, then 

yl — xl —* 0; and if S2 —*• 0, then xj — yj —* 0. This interesting property can be 

interpreted as in the case when the break-down probabilities converge to zero, the 

discrepancies between the offers of the two players also tend to zero. This limit 

relation is not surprising; since in the absence of possible break-downs (that is, when 
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no threat is present on disagreement penalty) the two players must reach a common 

resolution. 

The monotonicity of the stationary SPE on Si and 62 will be next examined. First, 

we note that with fixed values of di, c?2i ^1 and S2, h strictly decreases in Xi, as was 

demonstrated in the previous section. Since 

h{x \ )  = /(Zl)  — / {S idx  + (1 — 82)xi) + (Ji • + (1 — S2)xx )  — <^2] 

with all other variables kept fixed for xx  > tfi, h{xx )  increases in 6x .  Let denote 

now the solution of equation (B.3), and for easy reference, let h{xxiSx) denote the 

left hand side of equation (B.3). We will next prove that x^ = Xi(5i) increases in ^i. 

To prove this assertion, assume that 8x < Ai and xi(5i) > ri(Ai). Then 

0 = ^(xi(^i),^i) < ft(xi(Ai),(5i) < ^(xi(Ai), Ai) = 0, 

which is an obvious contradiction. From equations (B.2), we see that also increcises 

and both xj and yj decrease in ^1. The symmetry of the two players impUes that 

with fixed values of dx, di and and y\ decrease in 82, and xj and increase 

in 82. This interesting property can be interpreted as any increase in break-down 

probabilities of the other player has an increasing effect on equilibrium payoff. 

Assume next that the values of ^i, 82 and d2 are fixed. From equation (B.3), we 

see that h{xx) increases in dx- Similar to the previous case, it is easy to prove that 

x\ and y{ are increasing in di, and x^ and j/J are decreasing in dx- By interchanging 

the two players, we also conclude that with fixed values of 82 and rfi, xj and 
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y{ are decreasing and x\ and axe increasing in ^2- That is, an increase of the 

disagreement payoff of any player heis an increasing effect on his equilibrium payoff. 

Assimie finally that function / defining the Pareto frontier is changed. Let / 

denote the new function, and assume that for all xi, ^(xi) > h{xi) with fixed values 

of all other variables, where h is also defined as the left side of equation (B.3), with 

/ instead of /. This condition is necessarily satisfied if for all Xi, /(xi) > /(xi), and 

for all /i > 0, j{x\) — /(xi — h) > f{xi) — f{xi — h). Let Xj,X2,y* and denote the 

coordinates of the new stationary SPE. By using the previous idea, one can e«isily 

prove that x^ > xj, and therefore yi > y^. If the inverses of / and / satisfy the 

above conditions, then by interchanging the two players, we conclude that Xj > x^ 

and yl> yl-

B.5 Limit Properties of the Stationary SPE 

Assume first that the disagreement vector converges to a point on the Pareto 

frontier. Let (^1,^2) denote the limit point. Since the stationary SPEs are in a 

compact set, they have at least one limit point (xi,X2,t/i,yj)- Since both dominate 

the disagreement vector, xj = yj = and xj = yj = ^2 regardless of the selection of 

8\ and 62. In the remaining part of this section, we assimie that ((/J, d^) is not on the 

Pareto frontier, that is, d^ < /{d^), as it was assumed with regard to the disagreement 

payoff vector in the beginning of this paper. We assume now that in addition to the 

disagreement vector, the break-down probabilities Si and 62 also converge. Let 6^ 
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and S2 denote the limit. The continuity of / implies that equations (B.2) and (B.3) 

hold with d^, d^, and 62. 

Assume first that and S2 are both positive ajid less than one. Then 

and (1^1,1/2) the unique stationary SPE with parameters d^, d\, and Hence, 

the stationary SPEs have a unique limit point, so they are convergent. Assume next 

that 5^ = 0 and 0 < (Jj < 1- Then from equation (B.3) we see that 

/ ( x ' l )  - -  ( 1  -  s ; ) x ^ )  =  0 ,  

that is, = 1/1 = d\ and = f{dl). If 0 < 5^ < 1 and t/j = 0, then by 

interchanging the players, we see that 

^2 = J/2 = = y* = g{d^). 

Assume next that = 1 and 0 < ^2 < 1- Then from equation (B.3) we see 

that f(xl) = dl, that is, x^ = D^. From equations (B.2) we conclude that zj = 

= (52</I+( 1—^2)^1 3.nd yj = /(yj). If ^2 = 1 and 0 < (5^ < 1, then by interchanging 

the players, = f(d\), x'^ = d\, i/j = + (1 " and yl = giy^). 

Assume next that 6^ = 62 = I. Then obviously, xj = £)]", xj = dj, j/i = di, and 

y '2  =  m) .  

Consider last the case of = 62 = 0. Assume first that p- converges to a positive 

constant K. A slight modification of the proof presented in Binmore et al. (1986) 

shows that x^ = y^, x^ = y^, and (xj,x2) coincides with the non-symmetric Nash 

bargaining solution 
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argm2Lx{(xi — d^)° (x2  — £^Y~ '* \{X\ ,X2)  € S,xi > d\,X2 > 

8* with Or = If does not converge to a positive limit, then we have the fol-

6* lowing possibilities. For every sequence where ^ converges to a positive constant, 

the stationary SPEs converge to the corresponding non-symmetric Ncish bargaining 

s* solution. Consider now a sub-sequence such that converges to zero. By rewriting 

equation (B.3) as 

/(!,) + (1 - . ̂ (i:, _ i,) _ d, = 0, 
— "1J Oi 

and using the fact that the left hand side derivative of / is bounded, we conclude 

that at the limit, f{x\) = that is, x^ = D{. Therefore, xl = = d\ and = Dj. 

6* If converges to infinity, then by interchanging the two players, we have the limit 

^2 = fi^X) = t/2 and x\ = y\ = d\. 

B.6 Time-Variant Bargaining 

Consider now the alternating bargaining process, where the disagreement vector 

as well as the break-down probabilities depend on time. For each time period, there 

is a unique SPE satisfying equations (B.2) and (B.3). Hence, the equiUbrium set is 

infinite. Since variables di, <£3, and 82 are bounded, there are limit points. The 

results of the previous section give a complete characterization of the limit points of 
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the equilibrium set, and in the case of monotonic behavior of the parameters, the 

monotonicity of the corresponding SPEs can be established. 

B.7 Control By Break-Down Probabilities 

Assume first that parameters <^2, dx and d2 are given, and only is controlled. If 

xj is the target value for ii, then equation (B.3) implies that 5\ has to be selected cis 

S = + (1 ~ 
/(Mi + (l-<J2)xl)-rf2 • ^ ^ 

Notice that if € {di, f~^{d2)), then both the numerator and denominator are 

positive, and < 1. The above assumption on xj reflects the requirement that at the 

equilibrium offers, both players enjoy higher payoff than in the case of disagreement. 

Hence, xj can be completely controlled by the selection of ^i. Since xj = 

is automatically controlled by ij. In addition, to control the value of yj, the special 

selection of only is not sufficient, since yj = <52<fi + (1 — If Vi 6 (rfi, xj), then 

62 has to be selected as 

c ^'1 - Vi 
O2 — — -Ti 

Xi Cl\ 

which is always positive and less than one. The above derivation and the symmetry 

of the players imply the following resiilt. 

Theorem 3. The value of xj (as well as Xj) is completely controllable by 5i, and 

the value of yj (as well as yj) is completely controllable by 82. The pair (xj,y^) (as 

well as (x2,y2)) is completely controllable by the pair ((5i,^2)-
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B.8 Control by Disagreement Payoffs 

Assume now that the values of (Ji, 82 and 62 are given, and only the value of di 

can be selected as control. K is given, then equation (B.3) implies that ^2 has to 

be selected as the solution of equation 

/(Ml + (1 - S2)X\) = (S-®' 
1 -  Oi 

Since the left hand side strictly decreases in di^ there is a solution for di in the 

interval [A, xj) if and only if 

+ (B.7) 
1 - dl 

and 

The second inequality is necessarily satisfied if x'l < /~^(rf2), as assumed before. 

If inequality (B.7) is satisfied, then di has to be the imique solution of equation (B.6). 

The value of is automatically controlled, since xj = f{xl). Similarly to the control 

with break-down probabilities, we see that the value of yi cannot be controlled by 

the selection of di, since relation yi = S2di -f (1 — S2)xi does not necessarily hold. 

The value of yi can be controlled by either the selection of only ^2 (hy interchanging 

the two players), or in the case of di < yl < xj, there is a unique value of 62 € (0,1). 

In summary, we have the following result. 
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Theorem 4. The value of xj (as well as x\) can be controlled by selecting di if and 

only if relation (B.7) holds. All components of the stationary SPE can be controlled 

by the simultaneous selection of di and 82, if relation (B.7) and d\ < y\ < x\ hold. 

We mention here that similar conditions can be obtained by interchanging the two 

players. 

B.9 An Example 

In this section we will show how to use the procedures we proposed. As men

tioned in the first section, there are two major characteristics to such dynamic ne

gotiation/bargaining processes: it is possible that the negotiation/bargaining breaks 

down which causes more damage to both parties, and the payoff vector is asymmetric 

which makes the negotiation or the bargaining more complicated and diflBcult. 

A break-down can be interpreted as an event in which a threat made by one 

player to halt the negotiation actually occurs, Osborne and Rubinstein (1990). Such 

a situation can be seen in many cases where negotiators found themselves unavoidably 

trapped in their own threats. In such a situation, the negotiation is "break-down" 

and it is necessary for a third party to intervene to lift the "impasse" by modification 

or redefining the threats. The risk of break-down is the major motivation that pushes 

the players to reach an agreement <is soon as possible to avoid additional costs. 
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In this section, we use the China - US negotiation to illustrate how to use the 

proposed methodology. We will discuss the control by selection of break-down prob

ability first, then we will discuss the control by the selection of disagreement payoffs. 

B.9.1 Control by Selection of Break-down Probability 

The first characteristic, the break-down probability, can be affected by many fac

tors, for example, the potential cost or damage, the respect or esteem, and the timing. 

In 1994, when China and the US negotiated for a solution to protect the intelligent 

property rights, it was easy to see that the potential cost and esteem were the dom

inant factors in determining the break-down probability. If the potential costs or 

damages were high (could not be easily absorbed) and each party showed respect to 

its counterpart, then the negotiation had a very low likelihood to break down. 

In the beginning, US used the special term 301 as the threat to force China 

to back off. China estimated the potential cost and realized that it was too high 

(several billions US dollars) and sincerely wanted to make a compromise with the 

US. However, pride was damaged by the high profile of the US negotiators. Then 

negotiation stalled for several months, and it seemed that retaliations were inevitable. 

However, both sides exchanged information and tried to understand the bottom lines 

of the other side. Negotiation started again, and after several rounds, a compromise 

was made and both sides avoided the possible losses of several billion dollars due to 

retaliations. China promised to close several CD factories and established laws to 
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protect intellectual property rights. The US promised not to use special term 301 to 

increase the tariffs on the products imported from China. 

The process can be interpreted as the following: We assimie the offers, xi and X2, 

are the offers received alternately by China and US from their counterparts. The set 

of the possible agreements is assumed to be 

X = {(xi, X2) 6 : Xj + Xj = 1 and x,- > 0.1 for i = 1,2,} 

in order to satisfy the concavity requirement defined in Condition (A). That is, we 

do not Jissume that they are dividing a pie (xi + X2 = 1). 

Also (xi,x2) are the utility values that include all the items under negotiation. 

We normalize these utility values, so that, Xi and X2 both 6 (0.1,1]. We now can 

define the Pareto frontier, /, such that X2 = /(a:i) = \J\ — x\. The inverse function 

of /, the is therefore the function such that xi = ~ ~ 

We assume that based on the potential losses due to the breakdown, the disagree

ment payoffs can be estimated to be d = (0.5,0.5). We assiime that the target of 

China, xj, is 0.8. Also China estimates that US has only thirty percent possibility 

to halt the negotiation, that is, 62 = 0.3. With this information the recommended 

break-down probability, for China can be calculated based on equation (B.3) as 

the following: 

c _ - f {xr )+HSid i+( i -67)x ' )  

_ -/(0.8)+/(0.30.5+(l -0.3)0.8) 
/(0.30.5+( 1 -0.3)0.8) -0.5 

_ -0.6+0.70 _ 0.10 _ n /<0 
~ 0.71-0.5 ~ 0.21 " 



95 

The procedure suggests, bcised on the situation, that for the best interest of China, 

China should send the message to US that with a little less than fifty percent possi

bility China will halt the negotiation and start retaliation based on US's punishment. 

In order to achieve that, it is recommended China should assign a tougher negotiator 

or be strong in holding her own position. In the mean time, China should send more 

messages regarding the possibility of break-down to the media. 

B.9.2 Control by Selection of Disagreement Payoffs 

For the second characteristics, in most bargarning/negotiation cases, the payoff 

vector is asymmetric. For example, the most favorable nation (MFN) was critical to 

China, however, it was not so for the US. A country who is listed as a MFN enjoys 

much lower tariffs and malces its products much more competitive in the US market. 

The difference, whether have MFN or not, to China is estimated to be several billion 

dollars. On the other hand, US consumers do not care too much about where the 

products were made as long as the prices and qualities are acceptable. 

Similarly, human rights was always a key issue in the US's agenda in negotiations 

with China. However, it was considered by China cis a domestic issue or as a bargain

ing chip. Such asymmetry in the payoff vector is vitally important, and something 

that negotiators need to know in order to win the negotiations - that is, to get what 

they need with the minimum cost or to get maximum for a fixed cost. 
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The selection of the disagreement payoffs can be achieved by the participation of a 

third party, for example, the goverimient. For example, for China, to maintain MFN 

is critical to the survival of many companies. If the government is willing to help 

those companies whose major market is in the US to open the domestic market, the 

losses due to the negotiation break-down can be significantly reduced. That is, the 

true dx can be moved away from the Pareto frontier, allowing the negotiator to be 

tougher in negotiation. Let's use the information as used in the previous subsection 

to illustrate the selection of the disagreement payoffs. We assimie now that China 

becomes tougher and raises the break-down probability = 0.6. Then d\ can be 

determined by Equation (4); 

/(0.3 • ci, + (1 - 0.3)0.8) = 

that is, 

/(0.3 • <fi -I- 0.56) = = 0.75. 

The only solution is di = 0.34. Compared with the previous example, in order 

to be tougher in negotiation (raise the break-down possibility from 0.48 to 0.6), the 

goverimient must accept the fact that the utility of the disagreement payoff will be 

significantly reduced (reduced from 0.5 to 0.34). 
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B.IO Conclusions 

In this paper, the monotonicity and limit properties of the stationary SPEs of the 

alternating oifer bargaining method have been examined. We have shown the mono

tonicity of the components of the SPE as a function of the break-down probabilities 

as well as that of the disagreement payoff. We also provided an example to discuss 

the process of alternating offer bargaining. In addition, we have shown a complete 

characterization of the limit points of the SPEs if these variables are convergent. 

The results are directly applicable in time variant bargaining processes and in 

comparisons of the outcome of simultaneous bargaining with comparable variables. 

The controllability of the stationary SPE in alternative offer bargaining processes 

was examined by the special selection of the break-down probabilities and/or the 

disagreement payoff values. Sufficient and necessary controllability conditions were 

derived, and the appropriate control selection was determined. 

Our results can be applied in cases where an outside agency has the ability to 

influence the control variables in models with both time preference and risk of break

down, since the resulting equations determining the stationary SPEs are the same. 

In models with time preference, the break-down probabilities are replaced by the 

discount factors. We also provided an example to show how to use the procedure we 

proposed. It is important to see that the proposed procedure is helpful in desigining 

negotiation strategies. 
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Dynamic Negotiation with Time-Varying Pareto Frontier 

C. Lin, F. Szidarovszky ^ , and J. Yen ^ 

This paper examines the monotonicity and the convergence of the stationary sub-

game perfect equilibria (SPEs) of the alternating offer bargaining processes with 

time-varying Pareto frontiers. In most real-world negotiations, the pay-off functions 

to all the parties involved are not fixed. For example, the negotiation for how to 

protect intellectual property rights between the US and China were affected by the 

domestic economic situation in the US and also the political situation in China. Such 

dynamic behavior makes it very difficult to apply a static model to find solution. 

In this paper, we first introduce a general model to model negotiations with time-

varying Pareto frontiers. Then we provide four special cases about how Pareto fron

tiers change with time to discuss how to use our model to design negotiation strategy. 

We particularly focus on the monotonicity and convergence of the dynamic subgame 

perfect equalibria (SPEs) of the alternating offer bargaining process. 
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C.l Introduction 

In this paper dynamic bargaining processes will be examined with changing Pareto 

frontier. 

Negotiation or bargaining is very important and it can be characterized by Lax 

and Sebenius (1986) as; 

"...a process of potentially opportunistic interaction by which two or more 

parties, with some apparent conflict, seeking to do better through jointly 

decided action than they could do otherwise." 

Through negotiations, managers from different divisions decide how to allocate 

resources, owner of a firm and representatives of labor union determine the percentage 

of salary adjustment or compensation packages, or, in the most simple case, a buyer 

and a seller try to find a price that both can accept. Earlier studies have shown 

that typical American senior managers spend at least twenty percent of their time 

negotiating or bargaining (Griffin and Daggatt, 1990). Bargaining or negotiations 

can be as significant as the ones between the superpowers over the arms control, see 

for example, Brams (1990), Garthoff (1989), and Avenhaus et. al. (1989), or as 

insignificant as those in yard sales. 

Before 1950, only few negotiation models had been developed and most were 

based on economic or accounting theory. Since 1950, negotiation and bargaining 

became an independent and important research area. For example, Nash's papers 
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laid the foundation for the modern theoretical works in negotiation and bargaining 

(Nash, 1950, 1951 and 1953). His first paper (Ncish, 1950) stated that there are 

more than one way that two individuals in a bau'gaining situation could collaborate 

for mutual benefits. His second paper (Nash, 1951) argued that noncooperative 

game theory should be used to study the bargaining and cooperation in games. His 

third paper (Nash, 1953) suggested the idea to relate the cixiomatic solutions to the 

equilibria of strategic models, which implies that in order to understand the outcomes 

of bargaining, it is appropriate to model the bargaining as a non-cooperative game 

and solve for its equilibria. This procedure is now known as the Nash progrum. 

There were several bargaining or negotiation models developed later. Binmore 

and Dasgupta (1987) discussed the bargaining processes that assume sequential offers. 

Rubinstein (1982) provided the model for bargaining with complete information. This 

paper has been an influential one in the modeling of bargaining processes as which 

allowed players to make alternating offers. Bargaining with incomplete information 

hcis been studied extensively by Rubinstein (1985). Bargaining with asymmetric 

information was examined in Samuelson (1984). Bargaining with strategic delays 

can be found in Admati and Perry (1987). An overview of various bargaining models 

is given in Elster (1989) emd Linhart et. al. (1992). 
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C.2 Alternating Offer Model 

The methodology to the alternating offer bargaining has been investigated by 

many researchers, for example, Rubinstein (1982), van Damme (1991), Okada (1991), 

Houba (1993) and Osborne and Rubinstein (1990). Our cissumptions will be mainly 

the same as those been reported in the literature. The properties of the equilibria of 

the SPEs are important. They are helpful in describing how the solution depends on 

the break-down probabilities, the disagreement payoffs and the location of the the 

Pareto frontier. For the negotiations or bargaining with time-varying Pareto frontiers, 

the problems are much more complicated. Searching for the solution depends not only 

on the current location of the Pareto frontier, but also where it is moving and how 

fast it moves. The combination of these factors provides the basic algebraic and 

topologic properties of the equilibria set to the time-variant bargaining processes. 

Alternating oifer bargaining processes with time-varying Pareto frontier can be 

seen in many real-world negotiations. For example, the negotiation and bargaining 

over the protection of intellectual property rights between China and the US is such a 

case. When domestic economic situation of the US, especially the software industry, 

was sound and the software piracy inside China was not very serious, US government 

usually was not too worried about this issue. However, when the piracy situation got 

worse and significantly alFected the revenues of the software firms, the negotiation 

strategies used by US negotiation representatives were significantly changed. It means 

that the location of the Pareto frontier had moved toward the lower-left corner. 
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In the negotiation to solve the trade imbalance between Japan and the US, the 

improvement in the car design and manufacturing as well eis the development of 

joint-ventures between the US and Japan manufacturers have significantly changed 

the negotiation strategy on the US side. 

Other examples of time-varying negotiation, such as, the fishery dispute between 

Canada and the European coimtries and the arms control negotiations between the 

US and the USSR (Brams, 1990 and Garthoff, 1989). We can easily see that time 

played the most important role in deciding how to set up negotiation strategy and 

interpret the negotiation outcome. In time-variant bargaining processes, besides the 

locations of Pareto frontiers, the disagreement payoff vectors and break-down prob

abilities are also time-dependent. 

If the duration of negotiation process is short, a static model may be sufficient. 

Negotiator simply assumes that the changes were insignificant. However, in many 

cases, negotiations may take several months and multiple rounds to reach agreements. 

A famous negotiation case was GATT which took longer than seven years to reach 

an accord (Bui and ShaJcun, 1996). During such a long period, economic situation, 

leaders of coimtries and market structures change significantly. Each of these factors 

may affect the location of the Pareto frontier. Therefore strategies designed at the 

beginning of negotiation have to be modified. 

Economic factors, such eis discount rate and interest rate, are quite important in 

these ca^es to decide the location of Pareto frontiers. If a negotiator knows where 
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and how Pareto frontier moves, he or she may be able to find the location of optimal 

solution. Then it is his or her responsibility to design negotiation strategy or tactics, 

such as, push or delay negotiation, to force the negotiation to produce solution closest 

to the optimal one. 

In our earlier paper (Szidarovszky et al., 1996), we have examined how the solution 

depends on the changing disagreement payoff values and break-down probabilities in 

the case of the alternating offer process. The imcertainty of the Pareto frontier 

has been earlier examined in Szidarovszky and Lin(1996). However no systematic 

approach has been created to investigate the dependence of the solution on the Pareto 

frontier. Only little research, has been done to investigate the negotiation with time-

varying Pareto frontier and we consider this is an extremely important research topic. 

In this paper we investigate time dependent bargaining processes with changing 

Pareto frontiers. In the next section, a mathematical model of alternating offer 

bargaining will be provided. A general model with time-varying Pareto frontier will 

be discussed in Section 3. Four special cases will be discussed in Section 4. This 

paper concludes with a discussion of future research. 

C.3 Mathematical Model 

Our model is based on the alternating offer process, which can be simimarized 

as follows. Let and 62 denote the break-down probabilities, and let dx and di be 

the disagreement payoff values. The graph of function f : [A, B] 'R. represents 
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the Pareto frontier and set S = {(xi,X2)|A < xi < < X2 <  f{x i ) }  is the 

set of feasible simultaneous payoffs of the two players. It is usually assumed that 

fimction / is continuous, strictly decreasing and concave. Assume furthermore that 

A < di < B and f{B) < <^2 < To rule out trivial bargaining, it is also assumed 

that (£2 < f{di). In each odd bargaining round, player 1 offers a payoff to player 2. 

K he/she accepts this offer, then the bargaining process terminates. If the offer is 

rejected, then the process breaks down with probability 62 and d = (di^di) is the 

terminal payoff vector, and with probability 1—^25 player 2 makes the next offer. 

If this offer is accepted by player 1, then the process terminates. Otherwise, with 

probabiUty <Jx, bargaining breaks down and d = {di,d2) is the terminal payoff vector, 

and with probability 1 — player I gives a new offer. This process continuous until 

termination. In the case of subgame perfect equlibria (SPE), the responding player 

is indifferent between accepting or rejecting the current offer. The stationary SPE 

proposal X of player 1 and that y of player 2 are characterized by the following system 

of nonlinear equations: 

xi = f Hxa), X2 = 6id2 + (1 - Si)y2, 
(C.l) 

y i  =  Ml  + (1-<^2)2:1 ,  y2=f{y i ) ,  

where is the inverse of /. It is easy to see that these equations are equivalent to 

a single equation: 

/(xi) — Sid2 — (1 — Si)f{62di + (1 — ^2)a;i) = 0. (C.2) 



108 

It heis been proved (see, for example, Osborne and Rubinstein, 1990; and van 

Damme, 1991) that under the above conditions equation (C.2) has a unique solution 

for Xi in interval [<ii, B], and therefore there exists a unique SPE. 

In this paper we will investigate how the solution changes in time if the Pareto 

frontier is time-dependent. These results will be then used to find the optimal timing 

of arranging agreements. 

C.4 Time-Varying Pareto Frontiers 

Assume now that the location of the Pareto frontier / is time-dependent: / = 

Then for all t, equation (C.2) can be rewritten cis 

f i t ,  xi(t)) - S r d 2  - (1 - S i )  f i t ,  Ml + (1 - 6 2 ) x i i t ) )  = 0. (C.3) 

Assume that / is difFerentiable, then simple differentiation shows that 

ftii-i 3Ji) + fxii, a;i)ii — (1 — ^i)[/t(^, ̂ 2<^i + (1 — ^2)2:1)+ 

(1 — S2) fx i t ,S id \  -}- (1 — ^2)^1)^1] = 0, 

that is, 

^ f t j i iX i )  — (1 — <^i)/t(<,^2<^i + (1 ~ ̂ 2)^1) 

fxit,Xi) — (1 — ^l)(l — ^2)/r(i, <^2<'l + (1 — <^2)2^1) 

This equation shows how the value of xi cheinges with time. If x\ is the solution of 

equation (C.3) at t = 0, then Xi(f) is the solution of the ordinary differential equation 

(C.4) with initial condition xi(0) = xj. Assume furthermore that for all t > 0, fit, xi) 
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satisfies the conditions of the static model being outlined in the previous section. 

The monotonicity ajid concavity of / implies that fx is decreasing, and is negative 

for xi > A. Therefore l/r(t,Xi)| > + (1 ~ <^2)a:i)|, and the denominator 

of (C.4) is always negative. Hence the sign of Xi is determined by the sign of the 

numerator. The shape and major properties of the trajectory depends on 

how / depends on t. 

C.5 Special Cases 

In this subsection we will discuss four special cases of how Pareto frontier moves 

with time. These four special cases cover most of the possible situations. More 

complicated cases can be generated based on the combination, either linear or non

linear, of two or more cases discussed here. 

Example 1. Assume first that the Pareto frontier is shifted with a constant speed. 

Then we have 

/(<,xi) = + f{xi - (C.5) 

where / satisfies all above conditions as discussed in section 2 and a and 0 are given 

constants. Then equation (C.4) has the form 

i. _ (or-/3/'(xi )(a-0f'(S:2di )(xi -0t))) 

( C . b )  
_ -/?o-a5i-g-giwns^dt+n-s,)(x,-pt)) 

Notice that the denominator is always negative. 
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If a and 0 are both positive, then ii > 0, that is, xi increases in time. If both a 

and 0 are negative, then Xi < 0, so zj decreases. If a and 0 have different signs, then 

the sign of xi is not determined. To illustrate this point, assume that /(xi) = b — axi 

with some a, 6 > 0. Then 

^ (C.7) 

If a + a/3 is positive, then xi increases with a fixed positive velocity, if a + 

is negative, then xi decreases with a constant velocity, and if a + a/? = 0, then xi 

remains constant. 

If we have a target solution x°, then it is easy to determine the timing for reaching 

this solution. We have to solve the differential equation (C.6) with the initial con

dition xi(0) = i^, and then solve the nonlinear equation xi(f) = i°. In the special 

case of (C.7), this equation becomes linear: 

aSi + 5ia0 1 « _ 0 

V 

Example 2. Assume next that the Pareto frontier is shifted at a nonconstant velocity 

in both directions. As such a c«ise we assume that 

/(«,xi) = ar + /(xi - fit"), (C.8) 

where u, u > 0 are given constants. In this case equation (C.4) can be rewritten as 



I l l  

. _ (an^" ^ -k- f'{xx- ^) - (1 - ^  f \g{x i , t ) ) ) { -0)v t ' '  
/'(a:.-;8C)-(l-i.)(l-W{j(i.,i)) 

(C.9) 

where g{x i , t )  =  52<^i + (1 — ^2)(a:i — /?<")• Notice that the denominator is always 

negative, and the numerator can be simplified as 

f'ixi - - Sictur-' - (1 - 6i)f'{62di + (1 - S2){xi -

which is negative if a, ̂  > 0, and is positive if a, ,5 < 0. 

Hence x^ is positive for a, /5 > 0, that is, xi increases. Similarly, ii is negative for 

a,/S < 0, that is, Xi decreases. As a special case, let /(xi) = h — axi, then 

• + SiajSvi"-^ 

a{S ,+62-6r62)  ' ^ 

from which the trajectory Xi(t) can be easily computed as well as the timing for a 

given outcome can be determined. In the case of (10) we have to solve the nonlinear 

equation 

6iat^ + 8\a^V . „ 
+ Xi = x\. 

a(5i + ̂ 2 ^1^2) 

Example 3. Assume next that 

/(i,xi) = Q7(^), (C.ll) 

with some positive a and 0. Equation (C.4) now reduces to the following: 



i, = - {a ' lna f{ - f )  + o7'(|t)(-i,/3-'M) - (1 - i,)[a'/na/(&^±Uf^) 

+ (1 _ 

(o'/'(|^)^ - (1 - «.)(1 -

The denominator is always negative. The numerator can be rearranged in the fol

lowing way: 

- ina[a ' f ( f , )  - (1 - {,)„•/( + x^r'lnl}a'\!'(f) - (1 - i,) 

y,(Ml±Uj=ti£L)] + (1 _ 

The first expression in the bracket can be simplified by using equation (C.3), it equals 

S\d2-, so the numerator is the following: 

-(na(«,<ij) + - (1 - )1 
(C.12) 

+(I -

If a and 13 are greater then 1, then xi > 0, which implies that Xi is strictly increasing. 

If both a and 0 are less then 1, then xi < 0, so xi strictly decreases. 

Consider next the ratio r{ t )  = Notice that X2{t )  = so 

r \^Z)  r2(tp 

_ jl(0/(t,xi(t))-gl(t)[/t(t,ii(t))+/n (t.xi(t))ii(t)] 

_ jl[/-ri/i, ]-n/t 
P 

V 

(C.13) 
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Example 4. Let di  = d2 = 0, and assume first that f {x i )  =  a  — bx \ .  Then equation 

(C.2) hcis the form: 

a — bxi — (1 — ^i)[a — 6(1 — ^2)2^1] = 0, 

which implies that 

a8i Xi = 
6[ l - ( l - 5 a ) ( l - 5 2 ) ] -

Therefore, 

Z2 = a - 6x1 = a -

g f l — ( 1 — ^ 2 ) — 5 i 1  a(l—^1)^2 
- i-(I-5X)(1-52) - i-(i_5,)(i-5j)-

That is, 

ii clS\ (JJ 

X2 60(1—^1)^2 6(1—(Ji)^2 

K the time-variant Pareto frontier is given as 

(C.14) 

/(i, xi) = ar + (a - b^) = (a + ai") - ̂ Xi, (C.15) 

where a,^,u are positive constants, then equation (C.14) implies that 

X2 6(1—^1)^2' 

which increases for ^ > 1 and decreases as /3 < 1. 

Assimie next that di = d2 = 0 and /(xi) = a — bx\ {p > 1). Then equation (C.2) 

has the form 

a — bxi — (1 — 5i)[o — 6(1 — S2)xi] = 0 

which implies that 

-

^ ^6[1-(1-50(1-^2)]^ ' 
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and 

a(l — <5^1)^2 X2 = b — ax\ = 
1 — 

Therefore 

— 1 1 . (L'.lo) 
^2 a(l-(Jx)(J26'[1-(1-<!»i)(l-^2)]^ 

In the previous time-variant model, a and b have to be replaced by a + at^ and 

respectively. Therefore 

X, 

I! {a  +  c , t -y - i {^ )Hl -S i )S2  

Notice that u, 61,62, a, and b are positive contants, therefore the right hand side is 

the positive constant multiple of 

Q(0 = (a + af")-^+p(/9')p. (C.17) 

Hence, the major properties of ^ are the same as those of Q{t) .  As a numerical 

example select p = and u = 1. Then 

Q{t)  =  {a  +  a t )^^ \  (C.18) 

Notice first that (^(0) = a > 0 and if < 1, then limt-,00 Q{t) = 0. Differentiation 

yields 

Q'{ t )  =  + (a  +  od)0^^2 ln^  
(C.19) 

= + 2{a + at)ln^). 

Assume that a + 2aln^ > 0, then Q'(0) > 0. Then 

>0 if t < ^ 2aliiP 
Q' i t )  

<0 if t > IJ L ^ 2QJn/3 • 
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and therefore Q{t)  has its maximum at 

a + 2aln0 
i' J; ^ • (C.20) 

2aln0 

This maximum property indicates that if player 1 wants to get the largest payoff 

compared to that of player 2, then the timing of agreement is very important, since 

this ratio is maximal at t' so he/she has to make the agreement at t' to achieve this 

maximum. 

Consider next the general case. If < 1, then 

g(0) = a-'+p >0 

and also, linit-^oo Q{t) = 0. In addition, 

Q'i^) — (""1 + o)(® + + (a + -In^ 

= l3p{a + af") ^"^^{(—1 + + (a + at^)^ln0}. 

Assume first that p < 1 and u > 1. Then 

g'(0) = a-'+p(-/n/3) < 0. 
P 

If p < I and u = 1, then 

Q'{0)  =  + - )a  +  ahn^}  
P P 

which is positive if and only if 

(c.2i; 

(-l + -)a + -M>0. (C.22) 
P P 
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In this case, Q is increasing at f = 0. It starts from a positive value and converges to 

zero as t oo. Therefore it heis a maximal value at a certain time period t' > 0. 

If p < 1 and u < 1, then Q'{Q) = oo, hence Q very rapidly increases at 0. 

Therefore Q has a maximum of some positive t'. Assume next that p > 1. Then 

always Q'{0) < 0. 

In summary, we see that if p < 1, and u < 1 or u = 1 with condition (C.22), then 

Q{t) as well as ^ has a maximum at a certain positive value t'. 

V 

C.6 Conclusions 

In this paper, a general model was first given, the monotonicity of the solution of 

the alternating offer bargaining process with time-varying Pareto frontier has been 

examined. We have also provided four examples to show how to use the general model 

to design negotiation strategy in order to reach a given outcome or to maximize 

outcome. We strongly believe that the methodology being reported in this paper 

can be successfully applied in future negotiations such as to resolve fishery disputes, 

trade imbalance between countries, or any other international, interstate, or even 

local conflict situations. It is very interesting to combine the cases being reported 

in the previous section as well as to examine the qualitative properties (such as the 

stability) of the initial-value problem (4). These problems will be examined in a 

future paper. 
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