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ABSTRACT 

A nonresonant source exciting a bounded magneto-

plasma is considered. The nonresonant source is used 

so that both the axial wavenumber and the frequency can 

be determined by the experimenter. Such a source has ap

plications for RF heating of plasmas. The purpose of the 

dissertation is to describe the electromagnetic fields 

in the plasma and measure field penetration experimentally. 

A linearized cold plasma model is assumed. An 

exact solution is found for a generalized current source. 

This expression is in matrix form and solutions are ob

tained by inverting this matrix numerically. Using the 

approximation that the axial electric field can be ne

glected, analytical expressions for the fields are obtained. 

These expressions are compared with the exact theory to 

determine the range over which the approximation is valid. 

An experiment is constructed to measure the field 

penetration in the plasma region. The nonresonant source 

for this experiment consists of a series of rings which are 

excited by a known distribution of current. 

All dimensions of the experiment, except the 

length, are small compared to the free space wavelength. 

x 



Normal mode solutions are found over the range of plasma 

densities examined. These solutions can be considered 

as special cases of the nonresonant excitation. The 

normal modes are identified as Trivelpiece-Gould modes. 

In addition, the bounded Whistler wave is found when the 

field expressions are examined numerically. 

Field penetration in the plasma region is measured 

and calculated values agree to within 20 percent. Qual

itative agreement is found for the other field components. 

The linear theory is examined and found to be valid 

for the values of electromagnetic fields and plasma densi

ties measured experimentally. The cold plasma theory is 

also examined. It is found that for a number density of 

10 3 10 electrons/cm , the pressure term in the equation of 

momentum transfer can be neglected for electron tempera

tures up to 12 Kev. The maximum electron temperature 

measured experimentally is 15 ev; so cold plasma theory is 

valid for the experimental portion of this dissertation. 



CHAPTER 1 

INTRODUCTION 

In radiofrequency (RF) heating of plasmas, the 

experimenter usually tries to excite an electromagnetic 

or electrostatic wave which propagates into the plasma 

and dissapates its energy. This wave is typically a normal 

mode of the plasma system, which one refers to as a resonant 

wave. In this dissertation a different type of source is 

considered, one in which the experimenter has control over 

both the axial wavenumber and the frequency. Because no 

attempt is made to couple to a normal mode of propagation, 

this problem is referred to as nonresonant. 

The nonresonant source can be used as a pump for 

parametric heating of plasmas. Three wave parametric in

stabilities are related by their frequencies, <o, and their 

wavenumbers, k. This relationship can be expressed as 

w + a> = ^pump 

k1 + k2 = ^pump 

It has been noted by Carlile, Jackson, and Piejak (1975) 

that for the case of electron parametric decay, large decay 
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constants are observed when the axial wavenumber of the 

pump wave is much larger than the free space wavenumber. 

A nonresonant source can be used to obtain this large 

wavenumber. 

The broad objective of this dissertation is to 

obtain a solution for the electromagnetic fields in a 

bounded plasma excited by a source which is, in general, 

nonresonant. For a particular geometry, the penetration 

of the electromagnetic fields in a plasma is measured ex

perimentally and compared with calculated values. 

In order to develop a tractable theory, a cold, 

uniform, linearized plasma model is used. The cold plasma 

model assumes that the pressure term due to ions and 

electrons can be neglected in the equation of momentum 

transfer, and that individual particle effects are unimpor

tant. A linearized plasma model assumes that the impressed 

electric fields cause small perturbations of plasma number 

density and average plasma velocity. Both of these limi

tations are discussed in Chapter 7, where it is found that 

the assumptions are valid for laboratory plasmas, and in 

particular for the range of plasma densities and tempera

tures found in the experimental portion of this disserta

tion. In this dissertation MKS units are used. 

Fig. 1.1a shows a generalized source used to excite 

nonresonant fields. The source is assumed to be a surface 
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current which is periodic and antisymmetric about z = 0. 

It can be described by 

Js(z) = - Js(-z) 

Js (z) = Js(z + 2irn/ka) n = 0,±1,±2 . . . 

Using the geometry shown in Fig. 1.1a, the problem is 

solved numerically and analytically. Fig. 1.1b shows the 

geometry of the experimental device used to excite elec

tromagnetic fields. It is shown in Chapter 4 that if the 

model currents and geometry are the same as those in the 

experiment, then the corresponding fields are equal. 

The frequencies considered in this dissertation 

are low enough that the free space wavelength is large 

compared to radii a, b and c. Thus, the frequencies are 

well below the cutoff frequencies of any normal mode in the 

absence of a plasma. All rings are excited either in or 

out of phase; i.e., there is not a continual variation 

of phase as a function of z. The actual current distri

bution is discussed in Chapters 5 and 6. 

As one can see in Fig. 1.1, the geometry consists 

of three concentric cylindrical regions. The z axis is 



5 

assumed to be concentric with these regions. The outer

most annular region is free space. Surrounding this region 

is an electric conductor. This is copper in the experi

ment, and it is assumed to be a perfect conductor in the 

theory. The middle region consists of a material with 

a relative dielectric constant of er2• A series of rings 

is placed between these two regions in the experiment on 

which current flows. The current is assumed uniform across 

a ring's surface. For the analytic model, a generalized sur

face current source is assumed. The innermost region con

sists of plasma. Except for perturbations introduced by the 

source, the density of the plasma is assumed to be uniform 

in r and z. 

The rings used to impress a current in the experi

ment are made of copper. Since copper is a good conductor, 

another boundary condition is introduced which is periodic 

in z. This boundary condition is neglected in the analyt

ical model because of the additional complexity. It should 

be noted that as the width of the rings becomes small com

pared to the gap between them, the effect of neglecting 

this boundary condition decreases. The problem of a 

periodic structure of rings has been considered by Sensiper 

(1951). 

The analytical problem, as described above, is 

essentially an electromagnetic boundary value problem. 
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The solution, however, is not straightforward due to the 

anisotropic behavior of the electromagnetic fields in a 

plasma when a DC magnetic field is present. This aniso-

tropy is written in tensor form in Chapter 2. It should 

be noted that the tensor used to describe the fields in 

the plasma is similar in form to tensors used to describe 

the electromagnetic fields in crystals, semiconductors, 

and ferrites when these materials are subject to DC 

magnetic fields. Although only plasmas are considered 

here, much of the analytic work in this dissertation is 

directly applicable to these other materials. 

A great deal of work has been done in obtaining the 

normal modes of propagation in ferrites and plasmas. Kales 

(1953), Suhl and Walker (1954) and Epstein (1956) are among 

many who found solutions for propagating modes in ferrite-

filled guides. Allis, Buchsbaum and Bers (1963), Uchida 

and Aoki (1973), Bevc and Everhart (1961), Auld and Eidson 

(1963) considered propagation in bounded plasmas of various 

geometries. Experimentally, Carlile (1964), Likuski (1964), 

O'Brien (1967), and Miller and Askins (1975) examined normal 

mode propagation in bounded plasmas. 

All of the work described above pertains to normal 

modes of propagation. The nonresonant source problem is 

solved in this dissertation and values for the electromagnetic 

fields are found. Note that although the problem is in 
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general nonresonant, it is possible that a source config

uration will couple to a normal mode of the problem. This 

is simply a specific case of the more general nonresonant 

solution. 

Little work has been done to describe solutions to 

source problems of bounded magnetoplasmas. Likuski (1964) 

considered analytically the problem of a plasma-filled 

guide excited by a modulated beam of electrons. Seto and 

Dougal (1964) discussed in general terms the solution of 

a magnetoplasma with sources using dyadic Green's functions. 

Samaddar (1964) solved the problem of a bounded magneto-

plasma with sources by using dyadic Green's functions. 

The resulting solution consisted of a summation over the 

eignemodes of the system, which he did not attempt to cal

culate. His solutions were in such form that practical 

or numerical results would be difficult to obtain, parti

cularly for the type of source considered in this work. 

Stix (1962) considered the type of source described here 

but he only considered the resonant case. His source 

was of finite length and radiated into an infinite plasma. 

Most of the experimental work with sources in 

bounded plasmas has been done by launching a wave into a 

plasma and coupling to a mode of propagation in the plasma. 

The work of Grek and Porkolab (1973) , Lisitano, Fontanesi, 
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and Sindoni (1970), Adam et al., (1974) is in this category. 

Golovator, Shohet and Tataronis (1976) considered a wire 

helix wound about a torroidal plasma. They used this 

source for lower hybrid heating. Matsuura et al., (1970) 

used a source which consisted of a series of rings coupled 

by delay lines and encircling a torroidal plasma. 

The source considered here differs from the ones 

described above because there is no angular variation and 

in this dissertation the source is excited nonresonantly. 

Furthermore, in the work mentioned above the phase of the 

electromagnetic waves varied axially as at a given moment 

in time. Here the rings are excited at either 0 or ir 

radians and there is not a continual variation. 

In this dissertation the problem is first formu

lated and then numerical solutions are found. Next, the 

experiment is described and the experimental results are 

presented. Chapter 2 solves the problem described in 

Fig. 1.1a with no approximations. The resulting field 

expressions are written in matrix form and are solved 
i 

numerically. In Chapter 3 an analytical expression is 

obtained for the electromagnetic fields for the case when 

the axial electric field can be neglected. Chapter 4 

contains numerical results for the fields found in Chap

ters 2 and 3. Chapter 5 describes the experiment which is 
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designed to measure field penetration in a plasma. Chap

ter 6 presents experimental results and compares these 

results with theory. Chapter 7 examines the assumptions 

made in the analytical model, and gives estimates for the 

range over which these assumptions are valid. Conclusions 

and recommendations for further work are also discussed in 

this chapter. 



CHAPTER 2 

FORMULATION OF THE PROBLEM 

Introduction 

In this chapter, expressions are developed which 

describe the behavior of the electromagnetic fields in 

the plasma region. Then, Maxwell's equations are used to 

obtain solutions for the fields in all regions. Boundary 

conditions are imposed on the problem, with the source in

cluded as one of the boundary conditions. When this is 

done, ten equations can be written which contain ten un

knowns. These equations are expressed in matrix form, 

and solutions are found numerically in later chapters. 

In order to describe the fields in the plasma 

region, a linearized cold plasma model is assumed. This 

is discussed in the next section. It is also assumed 

that the unperturbed number density of the plasma is con

stant and is not a function of radius. In this chapter, 

a current sheet is assumed at a radius where the rings 

are located in the experiment. This electric surface 

current has no variation in the angular direction and 

it is periodic in z with period L. The length L corre

sponds to the length of the physical experiment. There 

10 
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is a constant magnetic field in the axial direction with 

no variation in the radial direction. Although this makes 

the plasma diamagnetic, the change in the permeability 

over that of free space is very small. Therefore, the 

plasma is assumed to have free space permeability, y0. 

Sinusoidal time variation, e~-'a)t, is assumed, where 

j = r-i 

The final assumption is that at the boundary of the plasma, 

no surface currents are induced. The impressed current 

sheet is always located at a radius larger than that of 

the plasma. 

Plasma Region 

In order to obtain an expression for the electro

magnetic fields in a plasma, a macroscopic model of plasma 

behavior is needed. To obtain this, one starts with the 

Boltzmann equation: 

3 f _ _ _ _ 
— + uk"vr^k + m£ *e + * (b + B0)}-Vufk 

collision 
(2.1) 
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The quantity, fk, is a six dimensional distri

bution function, which depends on the position r, and 

the velocity u^. Eq. (2.1) applies to all charged species 

present, denoted by the subscript k. In this disserta

tion, small case letters will be used for time varying 

electromagnetic fields which are functions of the spatial 

coordinates r, 0 and z. In Eq. (2.1), e is the electric 

field, and b is the magnetic field. When a Fourier trans

form is applied, the resulting field quantities are 

denoted by the corresponding capital letter, e.g., E for 

the electric field. 

By taking the first moment of Eq. (2.1) and 

performing the necessary integration, one obtains the 

equation of momentum transfer (Uman, 196 4). 

dvi. VP,, qk _ _ _ _ _ 
—= - + — {e + vk x (b + B0) } - vkvk (2.2) 
dt mknk mk 

where 

k Specie of particles 

^k Average velocity 

pk Pressure, nk<Tk 

nk 
Density 

K Boltzmann constant 

Tk Temperature 



Charge on a single particle 

mj^ Mass of the particles 

e Electric field 

b Time varying magnetic field 

Bo DC magnetic field 

Collision frequency 

The first moment of the term on the right hand 

side of Eq. (2.1) gives the net change in momentum due 

to such mechanisms as charge exchange, ionization, charged 

specie collisions and specie neutral collisions. The 

plasma produced experimentally is weakly ionized, so the 

specie neutral collision frequency is much greater than 

any other collision frequency, and it is the only one 

considered here. The integral of 

is difficult to evaluate since fk is often unknown, so 

one defines an effective collision frequency, v^. The 

effective collision frequency is determined experimentally 

(Brown, 1959) . 

For the following analysis, the pressure term in 

Eq. (2.2) is assumed to be much smaller than the applied 

force term which is written in brackets. 

This is normally called the cold plasma model 

(Stix, 1962) because if the temperature, Tk, is zero then 
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the term, VPk, is also zero. This is somei^hat misleading 

however, since the cold plasma model can include a sig

nificant contribution from the collision term, . vkvk, and 

collisions depend upon the temperature. For this analysis, 

collisions are included. Since sinusoidal time depen

dence, is assumed Eq. (2.2) can be written 

- - - _ - ' - - ^k --ju)Vk + (vk-V)vk + vkvk - — vk x {b0 + b} = —- e 
k k 

(2.3) 

Eq. (2.3) can now be linearized. The terms e, b 

and vK are assumed to be small quantities impressed upon 

the plasma. 

Thus, the quantities 

(vk-V)vk and vk x b 

are of second order, and are neglected. 

Recalling that the DC magnetic field is in the 

axial direction, so Eq. (2.3) can be written in cylindrical 

matrix form: 

vrk 

0k 

vzk 

1- ^ck 

»24 

je,0) k ck 0 
b) Xk 

Vck 

"Xk 

1-
dck 

2 2 
xk 

(2.4) 
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where 

ek {+ 1 ions ^ 

- 1 electrons ) 

Bo = Boz 

vk 
xk ~ 1 + j ~ 

'B o , , _J ^ _J= J_1 , th 
nk 

to_T_ = (cyclotron frequency of the k— specie) 
CK mv 

This may be written in a more compact form: 

\ = Mk-e 

The tensor Mk, is called the mobility tensor. Now 

a two specie plasma is assumed, namely ions as the posi

tive specie and electrons as the negative specie. This is 

done because most laboratory plasmas are two component 

plasmas. Note that adding additional species would be a 

simple extension of the expressions derived below. 

The current density J, at any point in the plasma 

can be written as 

? ~ e(noe + nle}̂ e + Zie(noi + nli}̂ i (2'5) 



16 

where 

n1;j_ and nle are the perturbed number 

densities of the ions and electrons 

respectively. 

n0i and noe are the unperturbed density 

of ions and electrons respectively 

e = 1.6 x 10"19 coulomb 

Z^e is charge on an ion 

As was done previously, Eq. (2.5) is linearized and by 

substituting from Eq. (2.4) the conductivity tensor is 

obtained. 

J = 7'H (2.6) 

where a is given by 

a = efn^ZiMi - noeMe) (2.7) 

There are no sources in the plasma region, so Eq. 

(2.6) may be substituted into Maxwell's equations and can 
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then be written as 

V x e = jtop.h (2.8a) 

V x h = (a - j(De0I) »e (2.8b) 

where p 0  and e 0  are the free space permeability and 

permittivity respectively and where 

• • • A A A A A A 

I = rr + 00 + zz 

Eq. (2.8b) can be written more compactly as 

V x h = - joiEp'e (2.9) 

The plasma permittivity tensor can be written in 

cylindrical coordinates as 

e_ = *o 
~2 

(R + L)rr -j (R - L)r0 +0 

+j (R - L) 0r + (R + L) 0 0 +0 

+0 +0 +2Pzz 

(2.10) 
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where 

<d2 oj2 . 
R = 1 Pe M PI 

\  X , - w 2  /  0 ) _ -  \  

E  (" -  FR) 1  h T) Xi-

L - 1 Pe a) _ Pi 
Xeo)2 , X 2̂ / w„H 

U)2 (D2 . 

/ ce\ xi / ci \ 
( M +  T e )  ( • "  

(l)2 (02 • 
Pe + _Pi 
Xe Xh 

P = 1 - — 5-i-
Ui2-

(Z ±e) 2n ± 
0)2 = (ion plasma frequency) 
pi mie0 

e2noe 
m2 _ (electron plasma frequency) 
pe meeo 

One can use the approximation that the mass of the 

ions is much greater than that of the electrons and the 

plasma permittivity tensor can be written: 

£P = £° 

Srr - jDre + 0 

+jD0r + see + o 

+ 0 + 0 + Pzz 

(2.11) 
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where 

GJ2 / U) . b) \ 
Pe Lz _ C1 ce \ 
Xe \ XiXe / 

) ( • • - " ! )  
1 - -1 1 6 „ (2.12) 

U)2 
pe 

*e 

/ u I ce 
111 V~" 

to . 
CI 

xi 

'to2 - - ^ 

(2.13) 

P = 1 pe 

Xe"2 
(2.14) 

Equations (2.8) through (2.14) describe the 

behavior of the electromagnetic fields in a cold plasma. 

In the next section these equations will be solved to 

obtain expressions for the fields in a bounded plasma. 

The --Bounded Maqnetoplasma 

The geometry of the problem considered here is 

shown in Fig. 1.1a. A current source is assumed which is 

infinite and periodic in the z direction. The current 

source is also assumed to be antisymmetric about the 

z = 0 plane and is zero periodically. These conditions 

may be written as 
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Jg ( z )  =  - Jg(-Z) 

2* „ 
Y7 Zk 

5 0 

where 

zk =|^; k = 0,±1,±2 

This source can be expanded in a Fourier series: 

00 

Js = £ ^sin (nkaz) e"-^(2.15) 
n=l 

V _ 2ir ka - — 

2 r L / 2  
A- = — / Jg (z)sin(nkaz)dz (2.16) 

L J -L/2 

It is noted that each member of the orthogonal 

set, denoted by Ansin(nkaz), obeys the same conditions 

as the source Js; i.e., each member is antisymmetric and 

zero at z^. The z dependence of each member can be ex

pressed as two sources exciting waves propagating in op

posite directions with the same axial propagation 

constant, nka. This is written as 

j (nkaz-cot) -j (nkaz+wt) 
sin(nkaz) e~J (2.17) 

^ J 

The problem is solved by first assuming a current 

sheet located at r = b which is described by 

Js = 1 x ej (nkaz-o)t) g (2.18) 
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Next by using superposition of sources, the total 

fields can be determined. In particular, if the fields 

due to the source given by Eq. (2.18) are written as 

e(ka) and h(ka), then the total solution to the problem 

will be given by 

et = I {e (nka) - e( - nka) } ̂2. (2.19) 
n=l 2 J 

ht = I {h (nka) - h( - nk )} ̂ 21 (2.20) 
n=l 2J 

For the rest of this chapter, the current source 

given by Eq. (2.18) will be assumed. In later chapters, 

the superposition of current sources will be used to 

approximate the distribution of impressed current on the 

rings of the actual experiment. The boundary conditions 

between the various regions shown in Pig. 1.1a can be 

written as 

r  * e 1|r=a = r x e2|r=a (2.21) 

* x hlIr=a = r * h2Ir=a (2.22) 

* x e2Ir=b = r x e3 Ir=b (2>23) 
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- S2)|^ = 1 - " Bt>5 (2.24) 

r x e3|r_c = 0 (2.25) 

The subscript denotes the region where the solu

tions apply. In addition to Equations (2.21) through 

(2.25) another constraint applied to the problem is that 

the fields be finite at r = 0. 

Note that the current source excitation given by 

Eq. (2.18) is imposed as a boundary condition. There 

are no other impressed sources, so Maxwell's equations 

can be written 

V x ex = jojp0h1 o < r < a (2.26) 

V x hj^ = - jojEp'ej o < r < a (2.27) 

7 x e2 = jioy0h2 a £ r < b (2.28) 

V x h2 = - jo)er2e0e2 a < r < b (2.29) 

V x e3 = juip0h3 b < r < c (2.30) 

x h3 = - ju>e o e  3  
b < r (2.31) 
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Equations (2.26) through (2.31) are the equations to be 

solved subject to boundary conditions given by Equations 

(2.21) through (2.25). Because of the tensor e , this 

is not a straightforward boundary value problem. In 

the next section, the problem will be solved with no 

approximations. 

plasma without impressed sources is obtained, starting 

with Equations (2.26) and (2.27). The solution, given 

by Equations (A-34) through (A-37), is written below in 

component form. Note that the field components are trans

formed quantities, i.e., they are functions of r, 0 and k. 

The Exact Solution 

In Appendix A the solution for the fields in a 

Elz = I ~a° W.l2'^ r'> 
m=l p 

(2.32) 

2 
H l z  -  I  r '»  (2.33) 

m=l 

2 
Eie - i, r'> 

m=l 
(2.34) 

Hie = i r l  t (xm -10 m=l (2.35) 



2 
E = I - (S + r') (2.36) 
ir D m=l ko 

v 2 
Hir = - j f" I AxP1(2ir/A^ r') (2.37) 

o m=l 

where 

24 

k„ = o H o 

J0 and J1 are Bessel functions of the first kind 

of zero and,first order respectively. The quantities 

a',3" and are functions of S, D, P and k which were 

defined earlier in this chapter. The unknowns are A^ 

and A£. The primed quantities in the above equations 

indicate that these quantities have been normalized. 

The normalization is discussed in Appendix B. The sub

script 1 indicates that the solution is in the plasma 

region, i.e., region 1 of Fig. 1.1a. 

Another set of equations is needed for the region 

outside the plasma. Equations (2.28) through (2.31) can 

be written in component form as 

8e 3h 
J21 = ju)y0hrar = -ja)erme0emr 
3z ° i"i az 



3e 9e 9h „ 
rar mz , mr mz 

9 z ar "Tz 3r Juermeoeme 

r 3r (rem0} ^o^z £ (rh^) = - ju>ermEoe: mz 

where 

erm 

(2 a < r < b (region 2) ̂  

3 b < r < c (region 3) J 

|er 2 m=2,| 

| 1 m=3J  

By inspection, these equations separate in two 

sets. Note, however, that these sets are not indepen

dent for this problem. Application of the boundary-

conditions will relate the coefficients of both sets. 

Prom the above equations, one obtains wave equations, 

expressed as 

r 3r 3r ^ + ̂ oerm + 3z2 ~ F2 ^m ~ 0 (2. 

where i|>m represents emz or hmz. 



By taking Fourier transform of Eq. (2.38) 

one obtains a form of Bessel's equation: 
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r 3r 3r ^ ~ ~ koerm^ + 1/r'2 J V ~ 0 

The Fourier transformed variable y, is defined 

by: 

!fo(r,k) = f t|>m(r,z)e ~ k̂zdz 
J mm 00 

where 

The solution to this equation is expressed in 

terms of modified Bessel functions of the first and second 

kind. These are written as In and Kn, where the subscript 

n denotes the order. Hence the solution to Bessel's 

equation can be written as 

^m = + am2 ^mr̂  

where 

= ~ koErm 

At this point, the unknowns aml and am2 are 

arbitrary. By defining a new set of unknowns, the fields 
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outside the plasma region can be written in component 

form as 

V - BmEI0(2'r5i;r-) + C^jK,, U.^r') (2.39) 

Hmz - BmHloUirSiir-) + CmHKo(2irC^r') (2.40) 

%e = 7^ - WM2"^'" (2-41) 
9m 

Hm0 = T~7T * ~ BmEI 1 ̂ 27r?mr+ CmEKi ̂2ir5mr (2.42) 
no5m 

Emr = p £- " CmEJCi(2̂ mr')> <2*43> 
^m o 

Hmr - fi C- <BmHI1(2»5^r-) - C^U^r')) (2.44) 
% 0 

Note that and r" are normalized quantities, which are 

defined in Appendix B. 

Equations (2.32) through (2.37) and (2.39) 

through (2.44) completely describe the fields for the 

problem. Examination of these equations show that there 

are ten unknowns, so ten equations are needed to solve 

for these unknowns. These come from the boundary con

ditions, given by Equations (2.21) through (2.25). By 
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taking the Fourier transform of these equations and 

writing them in component form one obtains 

Eizl - e2ZI = °; H1ZI - H2zl = o 
r=a r=a r=a r=a 

E1 e I E2 e I 0; Hie' "" H2 e • 0 
r=a r=a r=a r=a 

E2zl v " E3ZI = H2ZI ~ H3zI = 2*S(k-ka) 
r=b r=b r=b r=b 

E.J - E a | = 0; 
r=b 36r=b h

29 | -H„| -0 
r=b r=b 

E3zl - 0 r=c 

E  3  0 '  = °  
r=c 

where the integral representation of the delta function 

is defined as 

/

CO 

00 

_i (k - ka) z 
e J = 2ir6(k - ka) 
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By substituting the expressions derived earlier 

for the fields into these equations, the boundary con

ditions can be written in matrix form as 

{M} {U} ='{?} 2ir5 (k - k ) (2.45) 
a 

S3 MM 

where M is a 10 x lo matrix, U is a column vector con

taining the ten unknowns. F2ir(5(k - ka) is the forcing 

function. The quantities M, U and F which appear in 

Eq. (2.45) are defined explicitly in Appendix B. 

The inverse matrix M"1, is defined by 

{M"1} {M} = I 

Premultiplying Eq. (2.45) by the inverse matrix gives the 

solution, 

{U} = {M-1} {?} 2ir6(k - k ) (2.46) 

Although in principle Eq. (2.46) can be solved 

analytically, the task is tedious and is not particularly 

illuminating. It is not to be attempted here. In 

Chapter 4 Eq. (2.46) is solved numerically. 

All that now remains is to take the inverse 

Fourier transform, and the fields will be known in all 



regions. In particular, the inverse transform must be 

applied to Equations (2.32) through (2.37) and (2.39) 

through (2.44). As an example, the inverse transform 

is applied to Eq. (2.33). The method is the same for 

the other equations. To find the magnetic field in the 

plasma, h , the inverse Fourier transform of Eq. (2.33) 
X  z  

is written as 

The matrix element, {Mm6}-1, is the term in row m and 

column 6 of the inverse matrix, M"1. 

From the properties of the delta function the 

integral can be evaluated with the result 

h lz 

* 2tt 6 (k - Ka)e Ẑ dk (2.47) 

The result given in Eq. (2.48) is the same as if 

one assumed initially that all fields varied according 

to e âZ. This was done by Epstein (1956) , Kales (1953) 
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and Likuski (1964). The advantage of Fourier transform

ing Maxwell's equations, as was done in this chapter, 

is that the problem has been presented in a form such 

that the case of a finite source radiating into an in

finite cylinder is simply an extension of this work. 

If that case had been considered, the transformed 

source would not be a delta function, and the inverse 

Fourier transform could not be written in closed form. 

For a finite source, the inverse Fourier transform would 

involve contour integration. This problem was considered 

by Stix (1962) for the case of the unbounded plasma. 

At this point it should be noted that the source 

excitation considered in this chapter was nonresonant, 

i.e., no assumptions were made about coupling to the 

normal modes of propagation. However normal mode solu

tions to this problem can be found, using the formulation 

presented here. If the forcing function, F, in Eq. (2.45) 

is assumed to be zero, then nontrivial solutions to the 

resulting homogeneous equation exist if and only if the 

determinant of the matrix, M, is zero (Arfken, 1970). 

Therefore, finding values of m and ka where the deter

minant is zero determines the normal mode solutions 

of the problem. 



CHAPTER 3 

ANALYTICAL EXPRESSIONS AND APPROXIMATIONS 

Case of Small Axial Electric Field 

The results found in Chapter 2 are best expressed 

numerically. In this chapter, with some approximations 

however, analytical expressions can be obtained for the 

electromagnetic fields. All of the assumptions discussed 

in Chapter 2 are used in this chapter. The current source 

given by Eq. (2.18) is also assumed. As in Chapter 2, 

the problem will be solved using homogeneous equations 

in all three regions. The current source will be included 

as a boundary condition on the magnetic fields. 

In order to obtain an analytic expression, the 

assumption is made that the axial electric field is neg

ligible, i.e., 

ez<<e0 (3.1) 

For many applications this approximation is valid. To 

illustrate, consider the case of small to, namely 

w<<a3pe; "ce-" 

32 
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It is shown in Chapter 2 that the axial variation 

of the fields has the form, ,exp(jkaz). Thus, the r com

ponent of Eq. (2.27) can be written 

— f 1 f ~ 1 I? i (uce * "'ci^ e lr ^2 ̂ce'^ci^ ei0 

The dimensionless quantities g^, g2, and kQ/ka are of the 

order of 1, so h1Q is small. Next the z component of •L u 

Eq. (2.27) is expressed as 

,2 

7 <rhl0> = " Jueo i . JS 
(i)2 

elz 

Since h.Q is small, the axial electric field is negligible, i y 

namely, 

eiz<<el0 

Another case where ez is small is the case where the 

frequency is much larger than the electron plasma frequency 

or the electron cyclotron frequency, namely, 

pe ce 

Examination of Eq. (2.10) shows that in this case 

the permittivity tensor becomes 

e _  =  e o o 
i 

2 0)^ 
(3.2) 

where I is the identity tensor defined in the last chapter. 



Substituting Eq. (3.2) into Eq. (2.27) gives the usual 

form of Maxwell's equations. In this case, the equations 

separate into two independent sets, and the set contain

ing ez is not excited, so ez can again be neglected. 

The analytic solution with the approximation that ez is 

negligible is given below. 

In the plasma region, denoted by subscript 1, 

Equations (2.26) and (2.27) can be written 

V x e 
it 

=  J  coPoh i  (3.3) 

x  h j  =  -  j w e  
pt It 

(3.4) 

where the subscript, t, denotes the transverse component. 

Taking the divergence of Eq. (3.3) and the z component 

of the curl of Eq. (3.4), one obtains 

1  a  T  3 h l z l  3 2 h l z  i  a  
r 3r I r 3r J + "Tz2 -^o r 3r D̂reir + Srei0* 

(3.5) 

As in Chapter 2, no variation in the angular direction is 

assumed. 

Next, Equations (3.3), (3.4) and (3.5) are 

Fourier transformed. The Fourier transform is defined 
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by Eq. (A.3). The result is 

- JkE10 = <3*6> 

jkEir = jo)MoHl0 (3.7) 

- (rE ) = jun H (3.8) 
r 3r 19 o lz 

- jkH10 = - j oie q (SE lr - JDEie) (3.9) 

jkHlr = - jo)eo(jDElr + SE10) (3.10) 

- t— [ r  , 1 2  1- k2H = ioje — — {iDrE + SrE } 
r 3r I 3r J lz J o r 3r J lr 10 

(3.11) 

Prom these equations the following results are obtained: 

Eir= «•"> 
0 

1 2_ [ R  ̂ ^1 +  T 2H = 0 (3.13) 
r 3r [ 3r J lz 

where 

t 2  -  k ° [ s  -  „ k : D : 2 s ] - k 2  < 3 - i 4 )  

o 
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When one imposes the condition of finite fields 

at the origin, the solution to Eq. (3.13) is written 

H = AJ (xr) (3.15) 
lz o 

The other field components in the plasma region 

can be written 

Jk0n0 
E10 = — AJ^xr) (3.16) 

koDno 
E = - AJ, (tr) (3.17) 
lr (k2 - k*S) t 1 •' 

jkDkg 

( 3-1 8 )  

H,_ • ̂  SJ, (tr) (3.19) ir 

Outside the plasma, (regions 2 and 3), only the 

TE set of solutions will be excited, namely, the field 

components Hz, Hr and Eg. To see this, recall that EJZ 

was assumed to be zero. Continuity of the tangental 

electric field requires that E ẑ must also be zero at 

the boundary, r = a. 
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There are no sources in the region outside the 

plasma which can excite the Ez, Er, or He components. Ez 

is zero on all surfaces bounding regions 2 and 3, so one 

can use the uniqueness theorem (Harrington, 1961) to 

show that Ez is zero everywhere in regions 2 and 3. 

Since Er and Hg are related to Ez, it is easily shown 

that they are also zero in these regions. 

The TE set of solutions in regions 2 and 3 is 

derived in Chapter 2. It is given by Equations (2.40), 

(2.41) and (2.44). Also in Chapter 2, boundary conditions 

for this problem are given. These boundary conditions 

are given by Equations (2.21) through (2.25). Writing 

these boundary conditions in component form, and recal

ling that only the TE set of solutions is excited in 

the region outside the plasma, one obtains five equations 

and five unknowns. The unknowns are: A, B2H, C2H/ Bjjj 

and CgH. After some algebra and use of the Wronskian 

relation 

I o (x) K, (x) + K0(x)i (x) = Zi 

one obtains a solution for these unknowns: 
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ra 2ir6 (k " k J 
A = — (3.20) 

?.a Z{(xa)K (e a)J (xa) + (?„a)K (? a)J (xa) } 
2 1 2 o 2 o 2 1 

2ir6 (k - k ) 
B2H= = — (3.23.) 

2it5 (k - k ) 
C2H = o — (3.22) 

?3K1(?3c){I (?2b) - aK.(52.b) }2irfi(k - k ) 
B : (3.23) 
3H ?2Z{K1(?3c)I1(?3b) - I^SgCjK^Cgb) } 

Ii(?3c) 
coti = , B „ (3.24) 
3H KjUgC) 3H 

£ 3 f •*" O ̂  3^ ̂ 1 ̂  3ĉ  +̂ -1 ̂  3ĉ o ̂  3^^ 
Z = InU„b) + aKn (£,b) + 

^ 3  r  x o  

^ 2 1  
0 2 0 2 " c IT (ggbjKjUgCj-IjUgCjKjUgb) 

x {aK1(?2b) - I1(?2b)} (3.25) 

(xa) JgftaJIj (?2a) - (?2a) J x (xa) 10 ( ?2a) 

(xa)Jo(ta)K1(?2a) + (^aJJ^x a)KQ(?2a) 

Where Jm, Im, Km are Bessel functions defined in the last 

chapter. 
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All that now remains is to substitute the quan

tities A, B2h, C2h' B3H C3H n̂to Equations (3.15) 

through (3.19) and Equations (2.40), (2.41) and (2.44) 

and take the inverse Fourier transform of these equations. 

The result for h_ is written below and the other field 

components can be written in a similar fashion. As 

discussed in Chapter 2, application of the inverse trans

form for the current source assumed here means that the 

quantities CHm/ A, ?m and x are evaluated at k = ka. 

This dependence is shown explicitly in the following 

equations, e.g., A(k ). 
a 

hlz(r,z) = A(ka)J0{x(ka)r}ejkaz (3.27) 

hmz(r,z) = ®mH (^a^ ̂ o^m^a^ + SnH (ka) K0 { ?m(ka) r } 

x ejkaZ m = 2,3 (3.28) 

In this section, using the assumption that e can 
z  

be neglected, an analytic solution has been obtained for 

the fields in the plasma. 

Limiting Cases for Small Axial Electric Field 

The results derived in the last section are some

what complicated. Some specific cases can be considered 
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where the expressions simplify. First consider the case 

where the region outside the plasma is homogeneous every

where, i.e., er2 = 1. For this condition, the term 2, 

given by Eq. (3.25), simplifies to 

cK,(?c) - I.(?c) 
z _ . (3.29) 

(?b){I (?b)K (?c) -I (?c)K Ub)} 

where 

c = C2 = c3 

Next, let c, the radius of the outer conductor, 

approach infinity. This is the case of an infinite plasma 

excited by cylindrical ring sources. Using asymptotic 

approximations for the modified Bessel functions, Z can 

be written as 

z - L. (3.30) 
lim ?«!<!*> 
c->°° 

When one tak-es the inverse Fourier transform of Equations 

(3.16) and (2.41) and uses the large argument approximations 

for the modified Bessel functions, e0 in all regions is 

written: 
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jkobnoKj UbJJ^rrJe^a2 

10 (xa)K Ua)J (ia) + (xa)K (?a)J (xa) 
lim lo oi 

(3.31) 

C->-oo 

e20 = JkonobKl (SbHlj (?r) - aKx (?r) }ejJCaZ (3.32) 

lim 
C-*-a> 

e39 = jk0n0b{I1(?b) - aK1 (?b)}Kj(?r)e k̂az (3.33) 
lim 
C+OO 

where ? and x are evaluated at k = k=, and a is defined 

by Eq. (3.26). With the proper changes of notation, 

Equations (3.31) through (3.33) are identical to expres

sions found by Stix (1962). 

The Isotropic Plasma 

The expressions given in Chapters 2 and 3 all 

consider the case of a DC magnetic field. If there is no 

DC magnetic field, or if the frequency, io, is much greater 

than aj__, Maxwell's equations in all regions reduce to 

V x in = JuPo^n (3.34) 

V x hn = - ju£oemen (3.35) 
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where t o 2  

_P 
,2 

1 - —^ n = 1(o<r<a) 

ern / " \ « er2 n = 2(a<r<b) 1 

n = 3(b<r<c) 

For the current source given by Eq. (2.18), only the TE 

solution will be excited. 

Solutions to Equations (3.34) and (3.35), subject 

to the boundary conditions given in Chapter 2, were solved 

independently of the formulation given earlier in this 

chapter. When this was done, the field expressions ob

tained were identical to those found in the first section 

of this chapter when the magnetic field was set to zero. 

The field expressions for the isotropic case discussed 

here do not simplify significantly over those presented 

in the first section of this chapter. Therefore, they 

are not written here. Note however that the field ex

pressions can be easily obtained from Equations (3.16) 

through (3.19). 

Infinite Magnetic Field 

Consider next the case where the magnetic field 

becomes large, namely 

>><d; ce OJ >>(!)„ ce pe 



From Equations (2.11) through (2.13), one can see that 

the permittivity tensor simplifies to 

With the current source given by Eq. (2.18), note that 

there is no way of exciting the field components Ez, Er 

and H0, since there is no coupling to these components 

in the plasma. This case has very limited applications, 

so the solution will not be presented here. It has been 

formulated using a magnetic current source by Samaddar 

(1962). 

In this chapter an analytic solution has been 

found and various limiting cases have been considered. 

In the next chapter these cases, along with some others 

are evaluated numerically. 



CHAPTER 4 

NUMERICAL RESULTS 

Numerical results are presented in this chapter for 

the expressions derived in Chapters 2 and 3. Two cases are 

programmed on a CDC 6400 digital computer. For the first 

case the matrix given in Appendix B and Chapter 2 is in

verted numerically and the electromagnetic fields are thus 

obtained. This is the case for no approximations. The 

case of negligible axial electric field is also programmed, 

and the results are compared with the first case in regions 

where the approximation is valid. This is discussed in a 

later section. All of the figures in this chapter use 

data from the first case, i.e., no approximations. 

Except for the last section, the current source 

located at radius r = b used to excite the fields is 

given by 

Js = 1 x eJkaz (4.1) 

This source is chosen because it contains a single axial 

wave number, ka. With this simple source, field penetra

tion in the plasma region for the various limiting cases 

44 
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can be observed. Also, the effects of varying certain 

system parameters can be more easily evaluated. In Chapter 

6, a summation of sources will be used to approximate the 

physical source. 

In this chapter the field quantities are presented 

in graphical form. The electric field is normalized to 

the current, J0, and the free space impedance, ri0. The 

magnetic field is normalized to the current, JQ. The 

average surface current JQ which has units of amps per 

meter, is defined by 

'o - l /; 

L/2 
| J (z) |dz (4.2) 

L/2 S 

where 

t _ 2jl 
L " *a 

Because field penetration in the plasma region is 

of interest, all figures except Figures 4.3 and 4.4, eval

uate the electromagnetic fields at points within the 

plasma. The center of the plasma is not chosen to evaluate 

the fields because the field components er, e0, hr and h0 

are zero on the z axis. This is because these quantities 

vary as Jj(?r). 

Most of the figures presented here plot the elec

tromagnetic fields as a function of a)pe/w. This is done to 
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correspond to the format in which the experimental results 

are presented. In the actual experiment the frequency 

remains fixed and the number density of the plasma, which 

is proportional to ai*e is varied. There is another ad

vantage to plotting the electromagnetic fields as a function 

of Wpe. This is that the fields when a plasma is present 

can be easily compared to the case of no plasma, i.e., 

aj_o/(0 = 0. Thus one can obtain an indication of how well 

the fields penetrate the plasma region, and how well each 

field component couples to the source. 

Selected Results 

In this section, all dimensions and frequencies 

have been chosen to correspond to a typical laboratory 

experiment, such as the one discussed in Chapter 5. All 

quantities shown in the following figures have been defined 

in earlier chapters. For convenience they are given below: 

a plasma radius 

b radius of current source 

c radius of outer cylinder 

*0 free space wavelength 

0) excitation frequency 

ve electron collision frequency 

e r2 relative dielectric constant of region 2 
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aice electron cyclotron frequency 

o)pe electron plasma frequency 

An argon plasma is assumed, so the mass ratio is: 

mi 
— = 7.286 x lo4 
me 

Figures 4.1 and 4.2 plot the electromagnetic fields 

as a function of aipe/to. All parameters are the same for 

both of these figures. Figure 4.2 is plotted on a dif

ferent scale to show fields in a denser plasma. Observe 

in Fig. 4.2, that as the plasma density increases field 

penetration decreases. 

In Fig. 4.1 there is a point where the amplitudes 

of all field components become infinitely large. It would 

appear that this point corresponds to a normal mode of the 

system. In Chapter 2 it was noted that the zeros of the 

determinant of the matrix M in Eq. (2.45) would corres

pond to normal mode solutions. For the present case the 

determinant is evaluated and it is verified that at the 

point where the fields become large the determinant is 

indeed zero. 

The normal mode shown in Fig. 4.1 occurs well 

below any isotropic waveguide mode of the system. If no 
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plasma were present, the lowest frequency with no angular 

variation which could be excited would be the TM^ mode. 
01 

For the dimensions given in Fig. 4.1, the frequency of 

this mode, compared with the frequency, w at which the 

normal mode is observed is 

"OMoi 
— = 11.36 

U) 

One would not expect the plasma to affect the mode 

to the degree that a modified TMq^ mode is what is being 

observed in Fig. 4.1. To pursue this further, a familiar 

ai-k diagram is shown in Fig. 4.3. In this figure, all 

parameters are the same as Fig. 4.1 at the point where 

the normal mode exists, except <o and k. The oj-k diagram 

is obtained by assuming a value of k and solving numer

ically for the value of <d where the determinant of matrix 

M is zero. The values of to and k corresponding to Fig. 4.1 

are shown as a large dot on the curve in Fig. 4.3. The 

dashed line has a slope of c, the velocity of light. At 

the dot the phase velocity and group velocity are 0.40c 

and 0.35c respectively. 

It is of interest to try to identify the normal 

mode found in Fig. 4.1. Fig. 4.4 is another io-k diagram 

for the case where the plasma virtually fills the system. 
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Fig. 4.4 Dispersion Relations for Fully 
Filled Plasma Guide 



The slope oi/k = c is shown. The curve nearest this line 

is identified as the normal mode shown in Pig. 4.3 shifted 

for the case of the fully filled guide. This curve is 

identified as the Whistler wave, or the upper branch of the 

Alfven wave. The circles on this curve represent the 

dispersion relation for the Whistler wave in the electron 

regime given by 

relation and the dispersion relation for this system begin 

to diverge. This is because the wave number becomes sig

nificantly less than the physical dimensions and boundary 

effects become important. 

are plotted. These are identified as Trivelpiece-Gould 

modes. Their dispersion relation given by Trivelpiece 

and Gould (1959), is 

(4.3) 

For small values of ka the Whistler dispersion 

In Fig. 4.4 two additional dispersion relations 

(4.4) 

"hi") 
where D is the n zero of the Bessel fvinction of order - mn 

m. 
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Next the radial variation of the electromagnetic 

fields is examined. This is shown in Pig. 4.5. The value 

of o)pe is chosen to be near a normal mode solution. All 

fields penetrate the plasma as one would expect, since the 

normal mode has been identified as a plasma wave. In the 

notation of Bevc and Everhart (1961) this wave is classified 

as a "body wave". At radius a, there is a jump in the nor

mal component of electric field. From Maxwell's equations 

this means that there is a layer of surface charge at the 

plasma boundary. There is also a jump in the axial mag

netic field at r = b. This jump can be written 

- h3z(2^/b) + h22(^-,b) = - 1 

This equation is simply the boundary condition for the 

impressed surface current, given by Eq. (4.1). Note that 

the tangental field components obey the boundary conditions 

imposed by Equations (2.21) through (2.25). 

In Figures 4.6 through 4.10 one variable at a time 

is changed and its effect on the fields observed. The 

quantities which are varied are: e
r2' a' ka' v' anĉ  ̂ ce" 

Fig. 4.6 plots three different values of the rela

tive dielectric constant er2« Note that the value of 

a)pe at which a normal mode solution exists shifts toward 
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higher plasma densities as the dielectric constant is 

increased. However, for densities greater than that 

of the normal mode the fields in the plasma do not change 

significantly as er2 is changed. Only the radial electric 

field is shown for clarity. Other field quantities show 

the same shift of the normal mode solution. 

Fig 4.7 demonstrates the effect on the radial 

electric field as the diameter of the plasma is increased. 

The point at which the fields are evaluated is held fixed. 

The value of where the normal mode solution exists 

is strongly dependent upon the diameter of the plasma. 

Note that the magnitude of the electric field increases 

as the diameter of the plasma increases. This is interest

ing because as the plasma diameter is increased, distance 

between the plasma boundary and the observation point also 

becomes larger. One would expect in this case that field 

penetration would decrease. The explanation is that the 

radial electric field is excited by the presence of an 

anisotropic plasma. As the volume of this plasma increases, 

the coupling to the radial electric field also increases. 

Next the axial wave number, k is varied. This is CL 

shown in Fig. 4.8 where the axial electric field is plotted 

for 3 values of k . This is different than what was done a 

in Figures 4.3 and 4.4 because here the frequency remains 
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constant, and nonresonant solutions are found. As one can 

see, the magnitude of this field component is strongly 

dependent upon the value of ka. 

Pig. 4.9 shows the effects of collisions on mag

netic and electric field components. Collisions introduce 

loss into the system and therefore one would expect the 

amplitudes of the fields at a normal mode to decrease. As 

shown in Fig. 4.9 this is indeed the case. For the case of 

hz, shown in Fig. 4.9a there is almost no change in the 

magnitude of the field for a collision frequency of 0.01. 

This is important as one of the objectives of this disser

tation is to observe field penetration in the nonresonant 

case. For a collision frequency of 0.1 the change in the 

axial electromagnetic fields at a normal mode is less than 

5% of that in the nonresonant situation. Therefore, a 

significant amount of energy may be coupled into the plasma 

nonresonantly. 

Also plotted in Fig. 4.9 is the phase of hz and 

ez. For the collisionless case shown in Fig. 4.1a, phase 

change of IT radians occurs at the normal mode solution. 

For the case of ez, as collision frequency is increased the 

phase change of IT radians becomes more gradual. In the 

case of h , as the collision frequency becomes large the 
z 

variation in phase becomes negligible. 
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In Pig. 4.10 the radial electric field is plotted 

for 4 values of uc&/u. For small values of coce the radial 

electric field shows two normal mode solutions for the 

range of o)pe/ai plotted. As aice is increased, the lower 

value of ajpe at which a normal mode occurs disappears. 

Furthermore, when the normal mode disappears, the electric 

field undergoes a change of phase. 

Up to this point the frequency of the source has 

been high enough so that only effects due to electrons are 

important. However the theory developed in Chapters 2 

and 3 includes ions. Frequencies where ions are important 

are examined next. Fig. 4.11 shows the axial magnetic 

field as a function of frequency over several orders of 

magnitude for a constant plasma density. The dashed line 

represents the field in the absence of a plasma. At the 

ion cyclotron frequency there is a normal mode. A normal 

mode also is present at the lower hybrid frequency, 

defined as 
-2 -1 -1 

a) = (toli + (o^) + (wci<oce) 
LH 

For frequencies greater than the lower hybrid 

there are a large series of normal mode solutions. All 

normal mode solutions are verified by observing that the 

determinant of the matrix in Eq. (2.45) is zero at the 

points where the field quantities became large. This 
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series of normal modes is the modified Trivelpiece-Gould 

series discussed earlier. Because these normal modes 

exist below the ion plasma frequency, the dispersion re

lation given by Eq. (4.4) does not apply. 

In this section numerical values for the electro

magnetic fields have been obtained for parameters which 

might occur in a laboratory experiment. Normal mode 

solutions have been found. These solutions have been 

identified as bounded plasma waves. In the next section 

various limitimg cases, discussed in Chapter 3, are 

examined. 

Results for Various Limiting Cases 

Chapter 3 considers limiting cases for the expres

sions developed in Chapter 2. In Chapter 3 analytical 

expressions for the field components are found when the 

axial electric field, ez, is assumed to be negligible. In 

this section these expressions are evaluated numerically 

and compared with the expressions for the fields found by 

inverting the matrix given in Appendix B. This matrix 

gives solutions to the fields with no approximations, as 

discussed in Chapter 2. This will be referred to as Case I. 

The analytical expressions developed in Chapter 3 will be 

referred to as Case II. Figures 4.12 through 4.15 use 

data from Case I. Agreement with Case II will be noted. 
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For the rest of this chapter the field quantities 

e0/ h2 and hr will be referred to as the transverse elec

tric, or TE set of fields. The field quantities ez, er 

and h0 will be called the transverse magnetic, or TM set of 

fields. This notation agrees with waveguide theory where 

wave solutions can often be classified as either TE or TM. 

For the current source assumed in this dissertation only 

the TE set of fields are excited if no plasma is present. 

First, the electromagnetic fields are evaluated when 

« i 
0) 

This is shown in Fig. 4.12. In order to plot all field 

components on the same graph the scales used for each curve 

are different. For instance in Fig. 4.1a, h0 is multiplied 

by jlO6 in order to suitably display it. Note that the 

TE field components are much larger than the TM fields. The 

TE set remains essentially constant as ojpS is varied. As 

the plasma density approaches zero, the TM field components 

approach zero as expected. As the plasma density is in

creased, the magnitude of the TM fields also increases. 

This demonstrates the effect the anisotropic plasma plays 

in coupling to the TM field components. 

Fig. 4.12 shows results from Case I. When Case I 

and Case II are compared, agreement to at least four 
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significant decimal places is found for the TE set of 

fields. The TM field components do not in general agree 

between the two cases except that these field components 

are always much smaller than the TE fields. Note however, 

that ez is assumed to be zero in Case II, and this affects 

the values of er and h0. 

Next the radius of the outer conductor is made 

large, namely 

•£ = 100 
a 

This is shown in Fig. 4.13. As the metal boundary radius 

becomes large, the fields should not be affected by it. 

This is indeed the case. For a radius larger than b, the 

fields decay exponentially as r is increased. Note that 

at the plasma boundary there is a jump in the normal com

ponent of the electric field, as is observed in Fig. 4.5. 

At radius b, h2 jumps by a magnitude of 1.0 which is the 

value of the impressed current source. 

Fig. 4.14 displays the electromagnetic fields as 

the DC magnetic field becomes very large. As discussed in 

Chapter 3, as the magnetic field approaches infinity the 

off diagonal terms of the tensor Cp become very small, and 

the TE set of fields predominate. This is shown in Fig. 

4.14. For a large value of uce, e2 is small and Cases I 
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and II should agree. The numerical data is compared and 

again agreement to 4 decimical places is noted for the TE 

set of fields. Note that there are points where the ampli

tudes of the TM fields become large. Examination of the 

determinant of the matrix in Eq. (2.45) shows that these 

points corresponded to normal mode solutions. The normal 

modes exist only for the TM fields however and are not 

predicted by the results of Case II. 

The last limiting case to be examined is that of 

small oi, namely 

a) << ojpey u << u>ce 

This is shown in Fig. 4.15. Only er and hz are plotted. 

The other field quantities exhibit similar behavior. All 

field quantities show peaks at the same values of <*>pe. 

These peaks are identified as normal modes of the system. 

At the points where the normal mode solutions apply the 

fields undergo a phase change of IT radians. In this 

example both Case I and Case II predict these normal modes. 

All field quantities except e_, which is neglected in 

Case II, agree within 5% for the two cases. 

Sinusoidal Source 

The source excitation used so far in this chapter 

is not the physical source used in the experiment. The 



82 

experimental source is a summation over values of nka 

given by Equations (2.15) and (2.16). The resulting fields 

for this source are given by Equations (2.19) and (2.20). 

Since the current source can be represented as a sine 

series, a sinusoidal current source will be examined next. 

The surface current located at radius b is given by 

Js = sin(nkaz) (4.5) 

The electromagnetic fields for this source exci

tation are plotted in Pig. 4.16 for n = 1. For a sine wave 

excitation the field quantities er, eQ and hz vary as a 

sine wave. The quantities ez, h0 and hr vary as a cosine 

wave. This dependence is always observed. Therefore, for 

all values of n the following expression is valid. 

er 
L. 

nka(m ̂ ) , r = e0 nka (m 2) >r 
L. = 0 (4.6) 

n=0,±1,±2 . . . 
m= 0,±1,± 2 . . . 

where 

T _ 2ir 

~ ka 

Consider a general current source located at radius b 

which is periodic in L and antisymmetric about z = 0, and 

periodically zero. It can be expanded in a sine series 
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given by Eq. (2.15). With use of Eq. (4.6) the following 

expression can be written for this general source 

z x e = 0 (4.7) 

z=±m | 
m=0,±1,±2 

Next, consider a cylindrical cavity. This cavity 

has the same geometry and general source as the problem 

above in the region 

- h, < z < h 
2 ~ - 2 

The ends of this cavity are assumed to be perfect electric 

conductors and are located at z = ±L/2. The boundary con

ditions on the cavity may then be written 

r x e = 0 
r=c 

z x e 
z=± | 

= 0 

Examination of Equations (4.7) and (2.25) show 

that these equations also apply to the problem solved in 

Chapters 2 and 3. The Uniqueness theorem (Harrington, 1961), 

shows that the electromagnetic fields inside the cavity are 



identical to those of the infinite problem in the same 

region. Therefore, a physical experiment using a cavity 

can be constructed and the analytical theory derived in 

Chapters 2 and 3 can be used to describe the fields. 



CHAPTER 5 

DESCRIPTION OF EXPERIMENT 

The experiment to measure nonresonant electromag

netic fields in a bounded plasma consists of a cylindrical 

cavity. In Chapter 4 it is shown that the fields in a 

closed cylindrical cavity can be determined using the ex

pressions found in Chapters 2 and 3. The physical dimen

sions of the cavity are constrained by the size of the 

vacuum vessel in which the experiment must be placed. The 

cavity dimensions are: 

a = 0.0245 m (radius of plasma) 

b = 0.0445 m (radius of ring sources) 

c = 0.0635 m (radius of outer cylinder) 

L = 0.762 m (length of the cavity) 

w = 0.0318 m (width of ring sources) 

Current is impressed upon a series of rings, as 

shown in Fig. 1.1b. A cross section of these rings is 

shown in Fig. 5.1. The distance between the rings is equal 

to the width of the rings. The region between radius a and 

b is free space, except for a thin cylindrical glass tube 

87 



Pig. 5.1 Cross Section of Experiment 
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2mm thick located at radius a. It is assumed that the 

presence of this tube does not significantly disturb the 

fields. 

The cylindrical cavity has holes in each end. These 

apertures have a radius of 0.030m and are necessary be

cause the plasma is generated outside the cavity region. 

The ratio of the area of these apertures to the area of 

the ends of the cavity is 

^aperture = Q_23 

(ire) 2 

It is assumed that the apertures do not significant

ly perturb the fields in the cavity region. 

In Chapter 2 current excitation is assumed with no 

angular variation. For the present experiment this means 

that the circumference of the rings must be much less than 

the free space wavelength. For the dimensions given ear

lier, at 200 MHz the ratio of circumference to wavelength 

is 

= 0.186 
200 MHz 

This is considered the upper limit of frequency. 

Since a cavity is used to excite fields in a plasma 

it is of interest to calculate the lowest order modes of 
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the cavity if the rings and glass tube were not present. 

For the dimensions given earlier, the two lowest modes 

are the TE 11 x and TMQ1Q modes. The frequency of these 

modes are: 

TE = 1.40 GHz 

TM., =1.81 GHz 
0  1 0  

The highest frequency used is 200 MHz, so these 

modes are well above the frequencies for this experiment, 

and should not be excited, even when a plasma is present. 

In Chapter 2 the current on the rings is repre

sented as a Fourier series. Ideally one wants to couple 

as much power as possible into the fundamental harmonic 

of this series. In the experiment the width of the rings 

is made equal to the gap between them. The current im

pressed on all of the rings is chosen to approximate a 

sinusoid. Thus the current density on ring m is written 

I0 
J0m = — sin(kazm) (5.1) 

where 
mL 

z  = j 2  m  =  0 , ±  1 ,  ±  6  

Note that the current density on a given ring is 

assumed to be constant across the width of that ring. The 
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position of ring m is given by zm. Referring to Pig. 1.1b, 

and Eq. (5.1) one can see that the currents on the two 

half rings at the ends of the experiment and the center 

ring are zero. One can obtain a Fourier sine series of 

the current distribution using Eq. (2.15). The power 

associated with each term of this series is proportional 

to the square of the amplitude of that term, denoted by An. 

The ratio of power in the fundamental to the total power 

is calculated from Eq. (2.16) to be 

I lAnl2 
n=l 

Therefore, approximately 50% of the power is available in 

the fundamental harmonic. 

Each ring is assumed to be excited with the current 

distribution given by Eq. (5.1). If the rings are close to 

one another, the current impressed on one ring can induce 

a significant voltage and impressed current on an adja

cent ring. A quasistatic analysis can be used to estimate 

this coupling. In this analysis magnetostatics is used to 

calculate an upper limit for the magnetic flux linking the 

two rings. Application of Faraday's Law is used to find 

the induced voltage. Thus, a current I^ on ring 1 inducing 

a current I2 on an adjacent ring terminated in 50 ohms is 

calculated for the dimensions of the experiment as 



An axial DC magnetic field, B0, is obtained by 

seven field coils which have diameters of 0.36m and are 

coincident with radii a, b and c. These coils are located 

outside the vacuum vessel. Because of their large diameter, 

the radial variation of the axial field in the plasma re

gion is less than 1%. The current in each field coil can 

be adjusted so that B0 is axially uniform over the length 

of the cavity. This variation is less than 5%. 

Fig. 5.2 shows the experimental apparatus. The 

large plate at one end is the vacuum wall; all other com

ponents are located inside the vacuum vessel. The cathode 

used to produce the plasma is inside the cylinder nearest 

this wall. The other end is the anode. All cylinders are 

constructed of 1/16th inch thick copper. No ferrous ma

terials are used. The method of producing a plasma is dis

cussed in the next section. Two microwave cavities used 

for diagnostics are located at either end of the actual 

experiment. The experiment is the large center cylinder. 

Coaxial cables exciting the ring sources are visible. As 

shown in Fig. 5.1, each ring is supported by Teflon rods. 

The nuts attaching these rods to the outer cylinder can be 

seen in Fig. 5.2. Holes in the outer cylinder allow probes 



Fig. 5.2 Experimental Apparatus 

VO 
CO 



94 

to be inserted into the plasma region. A screen at one end 

of the experiment allows visual observation of the plasma 

during operation. 

Plasma Source 

Inside the cylindrical assembly shown in Fig. 5.2 

there is a thin glass tube which extends from the anode to 

the cathode. This tube has an inside diameter of 0.0245m 

and a thickness of 2mm. The plasma is inside this tube. 

Holes are placed in this tube at various axial positions 

to allow insertion of probes. 

The plasma is created by heating an L-type dis

penser cathode to approximately 1100° C where the cathode 

becomes a good electron emitter. Two types of plasmas can 

be obtained in this configuration: electron beam and posi

tive column discharge. The electron beam plasma is obtained 

by placing a grid which is positive with respect to the 

cathode close to the cathode. Electrons are accelerated 

through the grid and down the tube where they strike neutral 

atoms which are ionized. If the mean free path of these 

fast electrons is of the order of the length of the exper

iment, then electrons will collide with neutral atoms and 

ionize them uniformly. The second type of plasma which can 

be created is a positive column discharge. In this case, 

the plasma is maintained by placing a potential between 
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the anode and the cathode. It is noted that the DC 

electric field due to this potential does not affect the 

results obtained in Chapter 3. The axial electric field 

discussed in that chapter is'the AC electric field. Elec

trons emitted from the cathode collide with neutral atoms, 

creating electron-ion pairs. Because of the axial electric 

field, they are continuously accelerated. Table 5.1 sum

marizes the measured properties of the two types of plasmas. 

Table 5.1 Range of Plasma Properties 

Positive Column 
Discharge 

Electron Beam 
Discharge 

Magnetic Field 
(Gauss) 0-150 0-150 

Neutral Pressure 
(Torr) 1.0xl0"3-20xl0~3 0.2X10"3-10X10~3 

Plasma Density 
(electrons/cm^) 5xl08-4xl010 1X108-2X1010 

Plasma Temperature 
(electron volts) 5-15 2-6 
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For this dissertation a combination of electron 

beam and positive column discharges are used to allow the 

experimenter more flexibility in obtaining axially uniform 

plasmas. The neutral gas is Argon, which is easily ion

ized and does not poison the cathode. The gas is inleted 

through a series of small holes in the molybdenum anode. 

These holes are arranged so that the gas is inleted uni

formly in radius. For the types of discharges described 

above, the plasma is weakly ionized. Hence, collisions of 

ions and electrons are primarily with neutral particles. 

of diagnostics are used: microwave cavities and electric 

probes. The microwave cavities are placed at either end of 

the experiment, as shown in Fig. 5.2. These cavities 

measure electron number density by the shift in the resonant 

frequency when a plasma is present. The number density, 

nQ, can be related to the shift in resonant frequency by 

using perturbation theory (Slater, 1946), and is written 

Diagnostics 

In order to measure plasma parameters two types 

1}M 
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where 

erp is the relative permittivity of the plasma 

in the direction of the electric field 

Vp is the volume occupied by the plasma 

Vt is the total cavity volume 

fv |E|2dv 
P 

M = h -r 
/ | E | 2 dv 

vt 

It is assumed in this analysis that n0 is uniform. 
t 

The TMQIQ excited using a monopole antenna in the cavity 

to couple to the axial electric field. An identical probe 

is used to measure the amplitude of the fields in the 

cavity. The output of this probe goes to a crystal de

tector, and its output is displayed on an oscilloscope. At 

resonance, this amplitude becomes a maximum, and the re

sulting frequency shift can be measured. 

The ™Q10 mô e excite<̂  because it has the lowest 

cutoff frequency. Furthermore, the electric fields for 

this mode are axially directed so the permittivity for this 

case is not a function of the DC magnetic field. The 

permittivity can be written 
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In Fig. 5.2, one notes that the ends of the cav

ities are attached to cylinders of smaller diameter. These 

cylinders can be considered waveguides operating below cut

off, since the frequency at which the mode is excited 

is much lower than the lowest cutoff frequency of circular 

waveguides of this dimension. Because of this, energy will 

not easily couple out of the cavity, and the cavity has 

a relatively high Q. 

If there were no openings in the ends of the cav

ities, and the glass tube surrounding the plasma were not 

present, the dimensionless quantity M could be easily cal

culated. However, these effects perturb the fields, and 

M is best -determined experimentally. As discussed by 

Carlile (1963), this can be done by inserting a lucite 

rod with the same diameter as the plasma into the cavity. 

If the relative dielectric constant and resonant frequency 

shift of the lucite rod are denoted by erL and AfL respec

tively, then M is given by 

Af 
M - — — (5.3) 

( rL 

The permittivity is given by Eq. (5.2). The 

number density can now be related to the shift in resonant 

frequency and is written as 



99 

(f - fn)f 
nn = electrons/cm3 (5.4) 
0 8979 f0M 

where f0 is the resonant frequency of the TMQ^Q mode when 

no plasma is present. 

Table 5.2 gives the dimensions and characteristics 

of the cavities shown in Pig. 5.2. The effect of the glass 

tube on the resonant frequency shift is calculated by using 

a perturbation analysis (Ramo, Whinnery, and Duzer, 1965) . 

Table 5.2 Cavity Parameters for TMQ10 Mode 

CI (Cavity C2 (Cavity 
nearest cathode) nearest anode) 

Cavity diameter 

fres calculated 

fres measured 

calculated with glass JL 65 

fres measured with glass 

Q measured with glass 

M measured 

0.127m 

1.808 GHz 

1.868 GHz 

1.699 GHz 

1.689 GHz 

282 

0.1422 

0.127m 

1.80 8 GHz 

1.872 GHz 

1.703 GHz 

1.692 GHz 

325 

0.1425 
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In order to measure electron temperature, Langmuir 

probes are constructed. This type of diagnostic device 

measures the probe current as the probe voltage is varied. 

Electron number density can also be obtained, but a 

Langmuir probe does not measure electron number density as 

accurately as the cavity method mentioned earlier. 

Pig. 5.3a shows the construction of a Langmuir 

probe. The purpose of the metal ring surrounding the probe 

is to keep the effective area over which the probe collects 

current constant as the voltage is changed. 

Fig. 5.4 shows the position at which these probes 

can be inserted into the plasma. The probes must be aligned 

so that they penetrate holes in the vacuum wall, outer 

cylinder, and the glass tube. Due to this alignment only 

two points are available to insert probes into the plasma. 

In order to measure the electromagnetic fields, 

dipole probes are constructed. These probes are inserted 

at the same points as shown in Fig. 5.4. The electric and 

magnetic dipole probes are shown in Fig. 5.3. The probes 

are constructed of AWG 30 wire and placed inside a Teflon 

support so they are DC isolated from the plasma. They are 

connected to twisted pair wire and brought through the 

vacuum wall. 

Fig. 5.5 shows two methods used to detect the probe 

signals. Unwanted voltage is induced on the twisted 
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pair transmission line connected to the probe. This is 

referred to as the common mode voltage, since it has the 

same amplitude and phase on both conductors of the twisted 

pair. The common mode signal can often be larger than the 

signal from the dipole probe itself. Two methods are used 

to eliminate the common mode signal. First, a hybrid de

vice is inserted ^s shown in Fig. 5.5. Second, if the 

common mode voltage is not too large, the signals from 

both sides of the twisted pair transmission line can be 

added algebraically on a sampling oscilloscope. 

The dipole probes are calibrated by inserting them 

into a large diameter coaxial line shown in Fig. 5.6. The 

fields in a coaxial line are well known (Ramo et al., 

1965). The magnitude of the field components er and hQ 

can be related to the output power of the coaxial line, and 

thus the signal output from a given probe, inserted into 

the coaxial line, can be calibrated to read field quanti

ties directly. The coaxial line can also be used to mea

sure directionality of a probe and discrimination against 

common mode signals. 

Because of the physical dimensions of the probes, 

only the hz, h0, hr and er field components can be measured 

when the system is placed in a vacuum. All field components 

can be probed when the experiment is on the bench. However, 
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as shown in Chapter 4, in the absence of a plasma, only 

the TE field components are excited. 

In order to measure the neutral pressure inside 

the glass cylinder, a hollow tube is inserted in the place 

of a probe. This tube is connected to a Shultz Phelps 

ionization gauge. The pressure obtained inside the glass 

cylinder is compared to the pressure determined by another 

ionization gauge located inside the vacuum vessel but out

side the cavity. Once the correlation between these two 

pressure gauges has been established, it is not necessary 

to measure pressure inside the glass cylinder when a plasma 

is present. 

Source Excitation 

Fig. 5.7 is a schematic of the equipment used to 

excite the rings inside the cavity. A maximum power out

put of 30 watts with a duty cycle of 50% can be obtained 

in the frequency range from 135 to 190 MHz. A directional 

power meter is used to obtain incident and reflected power 

at the amplifier. The output of the RF amplifier is divi

ded into 10 outputs. Attenuators are used so that the 

incident current at each ring has the amplitudes given by 

Eq. (5.1). Note that the two "half rings" on the end and 

the center ring shown in Fig. 5.4, have zero impressed 

current. The power is divided by constructing hybrid de

vices and impedance transformers (Ruthroff, 1959). This 
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is shown schematically in Fig. 5.8. These devices are 

constructed using transmission lines of the proper impe

dance wound on ferrite rods. The hybrid devices used have 

the advantage that any reflected power from the rings is 

added in phase. Reflected power which is out of phase is 

dissipated by the hybrid devices. Due to the frequencies 

involved, discrete carbon resisitors can be used both as 

terminations and as attenuators. Pig. 5.9 shows the per

formance of this power splitting device as a function of 

frequency. The dashed line represents the calculated value. 

For these data all outputs are terminated in 50 ohm impe

dances. Only a single output line for each of three values 

of current is shown. Other lines were within 0.5Db of the 

values shown in Fig. 5.9. Because of the attenuators the 

theoretical insertion loss is -1.25 Db. 

The coaxial lines enter the vacuum from the out

put of the hybrid power splitter. All lines are made of 

equal length. Balun transformers are inserted in the line 

before the RF power is fed to the rings. These trans

formers convert the RF power from an unbalanced coaxial 

line to a balanced twin lead (Krauss and Allen, 1973). 

This is done to better match the rings to the coaxial line 

and minimize any currents which might flow on the outer 

cylinder and create unwanted radiation. These balun 

transformers are constructed on ferrite torroidal cores. 
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Because they are placed Inside the vacuum they were en

capsulated in epoxy. Although balanced power is fed to 

the rings, the impedance of the 50ohm coaxial lines is 

not matched to the impedance of the rings. As noted 

earlier, any reflected power from the rings adds in phase, 

so the initial distribution of current on the line remains 

the same, even when reflections are present. 

In this chapter the experiment to measure electro

magnetic fields in a bounded plasma has been described. 

In the next chapter, experimental results are presented and 

agreement with theory is noted. 



CHAPTER 6 

EXPERIMENTAL RESULTS 

Experimental results are presented here and com

pared with the theory discussed in Chapter 2. As discus

sed in Chapter 5, the current source distribution is 

assumed to be 

I0 6 
Js = ~ I sin(kazm)pm(z) 

m=-6 

where 

ka = 2ir/L 

mL 
^ = 22 m = 0 >±1,• - ' ±6 

f (m-^)L (m+3*)L N 
f1' 12 -z- 12 1 

^0, otherwise J 
• m 

By using Equations (2.15) and (2.16), this can be 

represented as a Fourier sine series. The total fields due 

to this current source are the superposition of the fields 

due to each term in the series. The total fields can be 

represented by Equations (2.19) and (2.20) which are 

112 



written again for convenience 
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— n — — All 
et = I {e (nka) - e(-nka)} — 

n=l 
(6.1a) 

ht = I {h (nka) - h(-nka)} — 
n=l ^ 

(6.1b) 

where 

- - i f .  

L/2 

L/2 
J g (z)s in(nkaz)dz 

A Fourier Series of the current, Js, is an infinite 

series. Numerically, this series is truncated after cal

culating the first 25 terms. The amplitude of Fourier term 

n is written as An, and the following ratio is calculated: 

25 

n=l 

n=l 

= 0.91 

2 The quantity Ajj is proportional to the power in 

that harmonic. Therefore, 91% of the power is in the first 

25 harmonics. It is observed numerically that increasing 

the number of Fourier harmonies to greater than 25 terms 

affects the solution for the electromagnetic fields by less 

than 3% in the plasma region. This is considered adequate 

since experimental errors are always greater than 20%. 
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For the numerical solution the electromagnetic 

fields are normalized to the average surface current density-

defined by Eq. (4.2), which is 

1  C  L / 2  
J0 = - I |Js (z) |dz (amps/m) 

L  J - l t /2  

In order to compare the numerical solution with the 

experimental results, the current distribution on the rings 

must be known. This can be obtained if the incident power 

to a ring and the impedance of that ring are known. The 

power incident upon the ten way power splitter, shown in 

Fig. 5.8, can be measured using the directional wattmeter. 

The insertion loss of the power splitter, shown in Fig. 

5.9, is also known. Assuming that all reflected power is 

either dissipated in the power divider or reflected back 

to the source, the incident power to each ring can be cal

culated. The impedance of the rings is measured by two 

methods. First, microwave techniques using a slotted line 

are used to calculate the impedance. The impedance can 

also be measured by the use of a Time Domain Reflectometer. 

With both the Time Domain Reflectometer and slotted 

line techniques, the measured impedance of the rings is 

inductive. The impedance can be written 
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The equivalent inductance, L, at 140 MHz is found to be 

where 

L = 1. 2 x 10" 7tt. ±13% (Slotted Line) 

L = 1 x 10~7K .±40% (Time Domain Reflectometer) 

The average current density can then be written 

1 ^ 
J o  -  z  I  .  

i=-5 
Z +Z . ring o 

t.xoW",. 
0 inc 

P n̂c is incident power to the power splitter 

1^ is insertion loss of branch % of the power 

splitter, shown in Figures 5.8 and 5.9 

2 ring •"•s measure<̂  impedance of a ring 

This value of current multiplied by the normalized 

fields found in the computer code is used to compare with 

experimental results. Experimental error in measuring the 

current distribution is 35%. This error is determined by 

the accuracies of the directional wattmeter, insertion loss 

of hybrid devices and the impedance measurement. 
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Electromagnetic Fields with No Plasma 

In the absence of a plasma, only the TE field com

ponents are excited, namely hz, hr, and e0. Pig. 6.1 plots 

hz as a function of z for a frequency of 140 MHz. The 

magnetic dipole probe is calibrated directly in amp-turns/m 

by inserting it into the test coaxial line, shown in Fig. 

5.6. Due to the antisymmetric variation of hz about z = 0, 

only the field in half of the cavity is shown. The anti

symmetric behavoir is observed experimentally for the other 

half of the cavity. Note that at the end plate, located 

at z = — J^L, the axial magnetic field is not zero. This is 

due to the apertures at the ends of the experiment. In the 

region 

- 0.45 < z/L < - 0.05 

the difference between measured and calculated values of 

fields is less than 5%. Fig. 6.2 displays the axial mag

netic field for a frequency of 180 MHz. There is a maximum 

difference between the calculated and experimental data of 

28%, still within the measurement limits. One explanation 

for the larger errors is that the dimensions of the system 

are becoming a larger fraction of a wavelength and it is 

possible that the coupling between the rings is increasing. 

This would have the effect of decreasing the currents on 
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of z/L, for a Frequency of 180 MHz 
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either side of a maximum, which would cause the magnetic 

field to be less at this point, as observed. 

Fig. 6.3 shows the radial component of magnetic 

field, hr, as a function of z at a frequency of 140 MHz. 

There is qualitative agreement between the measured and 

calculated cases. Both show minima and maxima at the same 

values of z. One reason for the large discrepancies is 

that the magnitude of hr is smaller than hz, and measure

ment errors are larger. Also, due to the flucuations in 

the field as z is varied, the common mode signal can be 

much larger than the dipole probe signal. This can cause 

an erroneous display on the sampling oscilloscope since 

two large signals are subtracted algebraically and the 

small difference signal is amplified. Because some of 

the error is a function of the common mode signal, a 

signal to noise figure is difficult to obtain and is not 

calculated here. 

Fig. 6.4 plots e0 as a function of z. An absolute 

calibration of e0 was not obtained because the e0 dipole 

probe could not be inserted into the test coaxial cylinder 

due to its configuration. The relative variation of e0 

with z is in good agreement with the calculated values. 

Next, the radial variation of the fields is examined 

with no plasma present. This is shown in Figures 6.5 
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and 6.6. Pig. 6.5 displays hz, normalized to hz at the 

center of the cavity. In the plasma region the agreement 

between measured and experimental data is within 2%. The 

agreement is not as good in the vicinity of the ring 

source, i.e., 

3.3cm < r < 5.Ocm 

This is partly due to the fact that the boundary condition 

on the tangential electric field at the surface of the 

conductor has been neglected. 

Fig. 6.6 displays the radial magnetic field as a 

function of radius. Agreement between calculated and mea

sured data is not as good as in the previous case. One 

reason is that the hr field is lower in amplitude than h2 

for a given input power, causing larger errors in measure

ments with the dipole probes, as discussed on the previous 

page. 

The radial variation of e0 could not be measured. 

With the RF power available, the signal induced in a probe 

small enough to be inserted radially was within the noise 

limits of the measuring devices. 

This is consistant with the numerical data. Dis

regarding measurement errors due to the common mode signal, 

a signal to noise ratio of 0 Db is observed when an 

electric field of 48 V/m is present in the test coaxial 
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cylinder. For the power available in the experiment, the 

numerical code predicts a maximum value of 22 V/m at the 

plasma boundary. This gives a signal to noise ratio of 

-6.8 Db. 

Electromagnetic Fields in a Plasma 

Next, field penetration with a plasma present is 

observed. As discussed in Chapter 5, Langmuir probes and 

microwave cavities are used for plasma diagnostics. Table 

6.1 shows typical results using these devices. As one can 

see from Table 6.1, there is an axial density gradient in 

the system. The amount of variation in the region where 

the experiment is performed is not known. Because plasma 

density measured by obtaining electron saturation current 

in a Langmuir probe is not considered as accurate as the 

microwave cavities, number density is determined from the 

microwave cavities. Experimental error in measuring n0 

is 40 percent. This error analysis is based upon the 

measuring accuracy of the cavity resonant frequency and 

an estimate of the relation of the cavity number density 

to the number density of the experiment. Since oipe is 

proportional to the square root of n0, experimental error 

of oipe is approximately 20 percent. 



Table 6.1 Typical Results From Plasma Diagnostic Probes 

Vcathode vanode Nmeasured (electrons/cm3) KTe(ev) 

(Cathode cavity) (Anode cavity) Langmuir probe 

-50 v 40v 10.0 x 109 11.7 x 109 10.1 * 109 3.0 

-44 v 54v 0.30 x 109 1.9 x 109 0.69 x 109 5.6 

-30 v 60v 1.6 x 109 0.39 x 109 0.81 x 109 6.1 

-200v 60v 11.7 x 109 3.4 x 109 5.4 x 109 5.8 
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Figures 6.7 through 6.9 display the axial magnetic 

field for fixed values of r and z as the number density of 

the plasma is varied. These figures are for three values 

of the DC magnetic field. As can be seen, the fields pene

trate the plasma region for all plasma densities. Agree

ment with theory is within 20% in all cases. Note that 

the DC magnetic field has virtually no effect on field pene

tration of the hz component over the values of ojpe shown. 

Figure 6.10 displays the radial electric field for 

the case of no DC magnetic field. There is a large ampli

tude increase in the calculated field at 

<d /to = 1.0 pe' 

One might think that this is a normal mode of the 

system; however, the determinant of the matrix given in 

Eq. (2.46) is not zero. The large increase in amplitude 

occurs at the plasma frequency. The amplitude increase cor

responds to plasma oscillations, called Langmuir waves 

(Stix, 1962). Experimentally, a maxima is found at 

= 1.19 pe' 

Figure 6.11 plots the radial electric field with a 

DC magnetic field present. Note that the DC magnetic field 

allows coupling to the radial component of the electric 
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field, as predicted by theory. Note also that the 

electric field does penetrate the plasma region. 

The calculated results shown in Fig. 6.11 predict 

three normal mode solutions. This is verified by observ

ing that where the amplitude of er becomes large, the de

terminant of the matrix in Eq. (2.46) goes to zero. A 

low value of collision frequency is used when plotting 

these results to show the two normal modes which are close

ly spaced. These modes are excited by the n = 12 and 

n = 13 spatial harmonics of the current source. With the 

exception of the n = 1 or the fundamental harmonic, other 

harmonics have low amplitudes, i.e., 

AR << Aj, A12, A13 n = 2 . . . 11, 14 ... 25 

With collisions included, these small amplitudes are not 

sufficient to observe normal modes. 

The characteristics of the normal mode solutions 

described above are summarized in Table 6.2. Note that the 

values of u)pe where there are peaks in the experimental 

data are within 15% of the calculated values. The experi

mental data shows much broader maxima than the calculated 

values. This is partly due to the nonuniform densities 

which exist both radially and axially in the plasma. As 

stated earlier, theory assumes that the plasma density is 

uniform. 



Table 6.2 Normal Mode Characteristics for Configuration Shown in Fig. 6.11 

Harmonic in current 
distribution which 
excites a normal 
mode 

Calculated 
value of u)pe/u) 
for a normal 
mode 

Experimental 
value of o)pe/u) 
where maxima 
occured 

Percent differ
ence between 
measured and 
calculated 
maxima 

13 1.43 1.65 15% 

12 1.51 1.65 9% 

1 9.23 8.80 5% 
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Next, the normal modes found in Fig. 6.11 are 

identified. By referring to Fig. 6.8 one sees that h 
z 

does not exhibit any maxima at points where the amplitude 

of er becomes large. Trivelpiece-Gould modes, discussed 

in Chapter 4, have these characteristics. 

To identify these modes, the normal mode solutions 

for the n = 1 and n = 13 harmonics are observed numerical

ly as the plasma is increased until it fills the entire 

cavity. This is done by holding nk_, to , and to fixed 

and observing the change in frequency. Then a normal mode 

dispersion relation is found. This is shown in Fig. 6.12. 

The value of k, shown by the arrow is the value of k a J a 

in Fig. 6.11. The lines in Fig. 6.12 are the disper

sion relations calculated using Eq. (4.4) for the lowest 

order Trivelpiece-Gould mode. Eq. (4.4) and numerical 

results do not agree as well for the large value of w pe 

as for the case of small u,, . One source of error is that pe 

Eq. (4.4) is obtained assuming that the plasma fills the 

guide. Numerically a value of c/a = 1.01 is chosen. 

In addition to Trivelpiece-Gould modes, normal mode 

solutions in Chapter 4 are obtained which are identified as 

bounded Whistler waves. Over the range of plasma densities 

used for the experiment, this mode is not excited. Numeri

cal results confirm this observation. 
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In this chapter, experimental results have been 

presented which are in agreement with the theory developed 

in Chapter 2. For the axial magnetic field, h , numerical 
z 

and measured results are within 20% both with and without 

a plasma. Qualitative agreement is found for the field 

components hr and e0 when there is no plasma. 

Both theory and experiment show field penetration 

in the plasma region over the range of electron number den

sities which are investigated. Trivelpiece-Gould modes 

are found experimentally and the value of ojpe at which they 

are excited is in close agreement with the numerical 

results. 

Since the magnitudes of the electromagnetic fields, 

plasma density, and electron temperature are known, the 

validity of the assumptions made in Chapter 2 can be exam

ined for the data in this chapter. This is done in 

Chapter 7. 



CHAPTER 7 

CONCLUSIONS 

A nonresonant source exciting a bounded plasma has 

been examined. With the assumptions made in Chapter 2, an 

exact solution for the electromagnetic fields has been 

found. The solution is expressed in matrix form and the 

matrix is solved numerically. With the assumption that 

the axial electric field can be neglected, analytic expres

sions for the field components have been obtained, and the 

range in which these expressions apply has been examined. 

Numerical results have been presented to show the penetra

tion of electromagnetic fields in the plasma region as 

system parameters are varied. Also, numerical results 

have been used to show the validity of the analytic solu

tion. 

The fields were found to penetrate the plasma region 

over the range of parameters used. Normal mode solutions, 

which can be considered a special case of the nonresonant 

excitation, were found and identified as bounded Whistler 

waves and Trivelpiece-Gould modes. 

Experimentally, electromagnetic fields have been 

measured both with and without a plasma. Theory and experi

ment were compared and agreement was found to be within 20% 

138 
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for the axial magnetic field. Other electromagnetic field 

quantities were found to be in qualitative agreement. Both 

theory and experiment showed values of oipe where field 

quantities became large. These were identified as 

Trivelpiece-Gould modes. The values of oipe at which these 

modes occured were within the measuring accuracies of the 

experiment. 

Range of Validity of Numerical Solutions 

If the numerical solutions for the nonresonant 

source are to be useful, one must know the range of plasma 

parameters over which these solutions are valid. Some of 

the assumptions made in Chapter 2 are examined here. 

In order to do this, one must calculate terms such 

as 7 *E. An estimate of V-E can be made by assuming that 

the maximum change in electric field occurs over the small

est dimension of the system, in this case the radius a. 

Therefore, an estimate of the gradient operator can be 

made. 

|e i 
IV-EK maX (7-la> 

V(V-E)< (7.1b) 
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Reference to Figures 4.5 and 4.13 shows that this is a 

reasonable estimate. 

One assumption made in Chapter 2 was that the pres

sure term in Eq. (2.2) was smaller than the electromagnetic 

forces, and its effect could be neglected. This can be 

written as the following inequality: 

VP 
n„m 

3 (E + v x B0) 
m 

< 0.1 

To obtain an estimate of the ranges of nQ and Te over which 

this applies, the DC magnetic field is assumed to be zero, 

so the above expression can be written 

V{ (n0 + 6n)kT} 

n0q E 
< 0.1 

where 6n is the perturbed number density. The quantity 

6n can be related to E by 

V-E 
E 

6nq max 6nq 
a eoa 
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When this is done the inequality can be written 

g0T(ev) 

en0a2 
5 0.1 (7.2) 

where 

1 ev = 11,600 °K 

This inequality applies to any charged specie present. For 

a number density of 1010 electrons/cm3 and a radius, a, of 

0.0245m, Eq. (7.2) can be used to obtain the highest tem

perature for which the pressure term can be neglected. It 

is found to be 

Te = 1.2 x 10 ̂ ev (n = 10"^ electrons/cm3) 
max 0 

The electron temperatures measured in this disser

tation were never greater than 15 ev, so Eq. (7.2) is 

satisfied. 

Another assumption made in Chapter 2 was that the 

equations were linearized. To do this, the ratio <Sn/n0 

was assumed to be small. This can be expressed as 
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— < 0.1 (7.3) 
no 

This inequality can be related to the electric field by 

using Maxwell's equations and Eq. (7.1) with the result 

( 'me Emax' 1 
I v vt J 

I— 
<Sn I ma max1 | /2XD 

— (7.4) 
n, 

where 

l/eokTe 
A = \ — (Debye length) 
D  e  n

0  

\f™*7 
vt = V—m— (Electron thermal velocity) 

e 

The quantity in brackets is a normalization of the 

electric field often used in numerical simulation of 

plasmas. This normalized electric field quantity is usual

ly small, even when RF heating is observed. Since the 

quantity XD/a is also small, the linearized equations are 

valid, even when heating of fusion plasmas is considered. 
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Eq. (7.4) can be used to calculate <5n/n0 for the exper

imental parameters in this dissertation. The electric 

field can be estimated using the data shown in Fig. 6.8, 

since its relation to the axial magnetic field can be 

calculated. For a density of 6 x 109 electrons/cm3, one 

obtains 

<Sn 

nT 
a 1 X 10 - 5  

The linearized equations are well within the region 

of validity given by Eq. (7.3). Therefore, the assumption 

of neglecting the pressure term and linearizing the equation 

of momentum transfer is valid for the experimental parameters 

used in this dissertation. 

Recommendations for Further Work 

A theory has been developed to predict nonresonant 

field penetration in a plasma. One of the assumptions made 

was that the unperturbed plasma number density was uniform. 

Since the electromagnetic fields were determined by numeri

cally inverting a matrix, it is possible to relax this as

sumption by increasing the size of the matrix. The plasma 

can be divided into a center region and annular regions of 

decreasing number density. Boundary conditions then can be 
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applied between the regions. If is the number of plasma 

regions, then the matrix size will be (6 + 4N ) x (6 + 4Nn). 
P F 

Numerical techniques for inverting large matrices are well 

known. Increasing the matrix size also allows one to in

clude the thin glass tube which was used in the experiment. 

In addition to the excitation discussed in this 

dissertation, another nonresonant source should be consid

ered. This is the case of voltage excitation. If a spatial 

sinusoidal potential is applied to the rings, then, in the 

absence of a plasma, TM fields will be excited. The formu

lation of this case can be described using a theory similar 

to the one developed in this dissertation. The laboratory 

experiment can be modified easily to examine this case. 

Further work should be done to observe field pene

tration in regions where ion heating may occur. The theory 

already developed is capable of examining this region. 

This is particularly important for RF heating of fusion 

plasmas. N 

Research should be performed to observe RF heating, 

using the nonresonant source in this dissertation. The 

electromagnetic fields used in this experiment were too 

small to achieve heating. By matching the impedance of 

the rings more carefully and increasing the power output 

from the RF amplifiers, sufficient energy should be 

available in the cavity to observe heating of the electrons. 
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Finally, a theory should be developed which includes 

the pressure term in the equation of momentum transfer. 

This would allow one to observe field penetration of the 

nonresonant source for densities and temperatures used in 

controlled thermonuclear research. 



APPENDIX A 

FIELDS IN THE PLASMA REGION 

The solution presented here for the electromag

netic fields in a plasma is similar to the one given by-

Kales (1953) for ferrites. The plasma model used here 

was discussed in Chapter 2. To solve for the fields, 

one first performs a Fourier transform in z of Equations 

(2.26) and (2.27) and'obtains 

V.J. x E + jkz x E = jajyoH (A.l) 

V, x  H + jkz x  H = - i o i E  *E (A.2 )  
t J P 

where 

E(r,0,k)| /*» ( e(r,0,z)^ 

H (r, 0 ,k) j J-°° \h(r,0,z)/ 

V, = r — + 0 — — 
t c ar r 30 

-jkz 
e dz (A. 3) 

Because only the plasma region is considered, the super

scripts on the fields used in Chapters 2 and 3 are not 

used here. One notes that 
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z x E = z x Et 

where is the transverse part of the electric field. 

Equations (A.l) and (A.2) can be written 

V|. x E|. + VtEz x z + jkz x Et = 

Vt - Ht + vtHz * z + x Ht = ~juep*E 

These equations can be separated into their trans

verse and longitudinal components. Expressing £p*E in 

component form, the above equations can be written 

Vt x Et = jioii0Hzz (A.4) 

x Ht = -jioeoPE2Z (A. 5) 

jkz x  E-f. = j up0H-(- + Z x  V|-Ez (A. 6) 

jkz x Ht - z x VtHz = -j(oe0SEt + jDz x Et (A. 7) 

By taking the cross product of z and Equations 

(A.6) and (A.7) one obtains 
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-jkEt = joiv0Z * Ht - VtEz (A. 8) 

-jkH. + V. H = -joie Sz x E. - aie DE. (A. 9) t t z o t ot 

Substituting Equations (A.6) and (A. 8) into (A. 9) 

to eliminate E^, one obtains 

(k2S - k2) H, + jk2Dz x H = jkV.H + OIE DVE 
0  t J o  t  t z  o t z  

+ jweoSz x V^.Ez (A. 10) 

where 

k2 = OJ 2 y e o Ho o 

By using Equations (A.6), (A.7) and (A.8), one 

also obtains 

- jkjDHt + (k2S - k2)z x Ht = - jkz x VtHz - ja>eoSVt£z 

+ aie0Dz x VtEz (A.11) 

Using Equations (A.10) and (A.11) to eliminate 

the z x Ĥ . term, an equation is obtained expressing Ĥ . in 

terms of Ez and Hz 
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(k2S - k2)2 - k^D2 Ht = jk(k2S - k2)VtHz - u)e0Dk2VtEz 

•Ez + kk2Dz X vtHz - jcoe0^(k2S - k2) - D2k2]z x vtI 

(A. 12) 

In a similar fashion, starting with Equations (A.6) 

through (A.9) one obtains an expression for the tangental 

electric field, 

(k2S - k2)2 - kjD2 Et = jjcflcjs - k2)7tEz + »U0k |D7tHi 

+ kk^Dz X VtEz - jo)tJ0(k^S - k2)z X VtHz 

(A.13) 

Note that all tangental fields have been expressed 

in terms of Ez and Hz. Next, solutions for Ez and 

Hz must be found. To do this, one takes the divergence 

of Equations (2.8a) and (2.9) and obtains 

= - 9ez 
VVet + e°P 3z~ = ° 

3hz 
Vht + — = 0 (A-14) 

The first equation can be written as 



150 
— _ 3e 

V(eoSet + x et) = ~ EoP JT 

Using the relation, 

Vt»(z x et) = - z«V x et = - jo)vi0hs 

one obtains the following result: 

3 © 1c 
v .  - i .  =  — — -  e  P  +  — -  D h  ( A .  1 5 )  
t ct eos 9z o c z 

By taking the Fourier transform of Equations (A.14) and 

(A.15) the divergence of H and E can be expressed in 

terms of E and H as z z 

Vt'Ht = - jkHz (A.16) 

VEt = - f  Ez - •». I <A-17> 

Now one notes that for any function, a(r,0,z), 

which is square integrable, the following relation is 

valid. 

F {V*a(r,0,z) } = Vt«At(r,0,k) + jkAz(r,0,k) 



where the operator F denotes the Fourier transform given 

by Eq. (A.3), and a and A are Fourier transform pairs. 

Using vector identities, one can show that 

Vt-z x vt 
H. 
z J 

=— z • V x V x = 0 (A.18) 

By taking the transverse divergence of Eq. (A.12), 

and substituting from Equations (A.16) and (A.18), a 

differential equation is obtained with E and H as the 
z z 

only variables, 

-jk(kjs-k2) v£hz + o)eoDk2v2Ez - jk|(k2S-k2)2 - kjD2 H2 =0 

Use of Equations (A.13), (A.17) and (A.19), a 

similar equation can be written; namely 

- o„i0k2DV2Hz - jk (k2S - k2)V2Ez 

+ I(k2S - k2)2 - kQ °2] Ez - f Hz 
= 0 

These equations can be combined to yield two coupled 

second order linear homogeneous differential equations, 



V2H + aH + BE = 0 
t z z z 
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(A.19) 

V2E + yE + 6H =0 (A.20) 
t z z z 

a = k2S - k2 - k2 |2 (A. 21) 

3 = - jkaie0D | (A.22) 

Y = (k2S - k2) | (A.23) 

6 = jkain0 |r (A.24) 

To solve Equations (A.19) and (A.20), one 

assumes solutions of the form 

E = p1u1 + p 2U2 

H = a u + a u 
^ 1 1  2  2  

(A. 25) 

(A.26) 

In order that there be no trivial solution for 

the fields, the determinant must be non zero, i.e., 

Pi *1 

q2 

¥ 0 (A.27) 
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Substituting Equations (A.25) and (A.26) into 

Equations (A.19) and (A.20), one obtains 

(qx
vt + aql + gPi)ui + (q2Vt + aq2 + Pp2)u2 = 0 

(A.28a) 

(pxV2 + YPj + + ^P2
Vt + YP2 + 6<32)U2 = ° 

(A.28b) 

Since Ez and Hz are not independent solutions 

(as for example, in the case of TE and TM modes in an 

isotropic waveguide), the variables px and qj or p2 and 

q2 are related. Thus, without loss of generality, one 

can introduce new variables, 

aq + 3p = X a 
^1 *1 1^1 

(A.29a) 

aq2 + ep2 = x
2q2 (A.29b) 

YPj + (A.29c) 

YP, + ' <Sq2 = XP2 (A.29d) 

With some algebra, the variables u1 and u2 can 

be separated and expressed in terms of and X. 
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(qxP2 - Pxq2) * (vj + xi>ui = o 

(q2Pl " P2qi) * (Vt + X2)U2 = 0 

The term multiplying each differential equation is the 

determinant of Eq. (A.27), which was assumed to be 

nonzero. Because of this, the only solutions to the 

above equations are 

(Vj + X )u = 0 (A.30a) 

(V2 + X ) u  = 0  ( A .  3 0 b )  
t 2 2 

Eq. (A.29) may be expressed in matrix form as 

1 
p 1 >

• 

3
 

T
O

 

1 1 
•Q

 
3
 

1 

1 

C
h
 

-
<
 1 >
*
 

3
 

1 1 

3
 

1 

(A.31) 

the nontrivial solution exists if and only if the deter

minant of Eq. (A.31) is zero (Arfken, 1970). Taking 

this determinant, one obtains 

Xm ~ + Y) + ay - 05 = 0 
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The solution to this quadratic equation is 

m = h [ •  +  Y  ±  { ( a  +  y )  2  -  4 ( < X Y  -  3 5 ) }  

m = 1, 2 (A.32) 

Returning to Equations (A.25) and (A.26), one 

notes that two of the variables are arbitrary. (The 

uncertainty is removed, of course, when boundary condi

tions are imposed.) For convenience, qx and q£ are 

chosen to be 

*1 = Xl 

px and p2 can be related to and X2 by using Eq. (A.29). 

(X - a)X 
m m , „ 

pm = J m = 1,2 

Since no theta variation is assumed in this dissertation, 

Eq. (A.30) can be written 

r "b(r 3F1)+ ̂  = 0 m = 1,2 
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By requiring that the field be finite at the 

origin, the solution to Bessel's equation becomes 

™ " 1.2 (A. 33) 

Finally, the longitudinal fields in the plasma can be 

expressed as 

2 . ( X - o) X 
B z ( r .k )  -  I  < A - 3 4 >  

m=l p 

2 
Hz(r,k) = I AmAmJ0(/x^F) (A. 35) 

m=l 

Now that E and H have been obtained, E+. and 
z z T-

are known. Expressions for Et and Ht can be simplified, 

however. With some algebraic manipulation, E^. and Ht can 

be written as 

Ht = Jk7t(u, + U2) - z x 7t (Xx - a)ux + (X2 "  ° ) U 2]  

(A. 36) 

E. = —- V f (X + k2-k2S)u + (X + k2-k2S)u 1 
a)e0D I 1 01 2 o 2 J 

- x Vfc(ui + u2) (A.37) 



Equations (A.34) through (A.37) are solutions 

for the electromagnetic fields in a bounded magneto-

plasma with no variation in the theta direction. 



APPENDIX B 

EXPRESSIONS FOR MATRIX ELEMENTS 

The solution for the unknowns found in Chapter 2 

is written in matrix form as 

{U} = {M}~1 {F }2ir6 (k - ka) (B-l) 

This appendix gives all of the terms in this equation 

explicitly. Before these terms are written, the normal

ization used should be noted. The following normalized 

quantities are defined: 

•̂ m ~ ̂ m̂ o 

pk -| 2 D 
°' = s-[k;] -i 
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k DP 

s '  =  "  J  *7  

A_ 
A' = r̂ r m = 1,2 

xn k§ 

L/RTJ7 5m - l/rri - erm • » " 2'3 

where XQ is the free space wavelength and Xx and X2 are 

defined by Eq. (A-32). 

Examination of Equations (2.12) through (2.14) 

shows that S, D and P are also dimensionless quantities. 

The unknowns U, in Eq. (B-l) are defined as 

ui = a; 

u2 = A-

U = B 
3 2H 

= B2E 

U5 ~ C2H 

U = C 
6 2E 

U7 B3H 

U8 ~ B3E 
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U = C 
9 3H 

U10 = C3E 

The forcing function F, has only one term which 

is nonzero. It is: 

F =1 
r 6 x 

The matrix elements are written as M^/ where 

m is the row of the matrix element and n is its column. 

All matrix elements which are not written below are zero. 

xn(xn " a'] /— 
Mm = _2_3_ j Q (2tt/a^ a") n = 1,2 

M14 = M23 = " I0(2ir?2a^ 

M16 - M25 = - K0<2^'> 

M2n = xnJ0(2ir,^n a') n = 1,2 

M 3n 
= •xjj J (2n/\£ a") n = 1,2 

M3 3 ~ ~ 11 ̂ 2ir?2a ^ 
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M79 - " *8,10 = 

M97 = IJ (27TC 

M = - K (2ir? "c") 
99 13 

M „ = I (2ir?'c') 
10,8 0 3 

M10,10 - K0(2«;c-) 
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