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ABSTRACT 

New methods of designing and constructing holo

graphic optical elements (HOE) are presented. An exact 

lens analog allows HOE's to be designed as lenses using 

standard lens design codes. The lens analog has a huge 

index of refraction and very small curvatures. Thick 

reflecting and transmitting HOE's will have better image 

quality and efficiency if they are constructed with 

spherically aberrated wavefronts. The reconstruction 

wavelength is allowed to differ from the construction 

wavelength. The index of refraction and thickness of the 

emulsion may also change. 

ix 



CHAPTER I 

INTRODUCTION 

In this work, new techniques are developed for de

signing and constructing holographic optical elements 

(abbreviated HOE throughout this dissertation). The most 

interesting discovery is an exact lens analog for a HOE. 

Using this analogy, optical systems containing HOE's can be 

analyzed or optimized using unmodified standard lens design 

programs. In thick HOE's constructed with spherical wave-

fronts, the efficiency and image quality are coupled and 

and one will suffer if the other is optimized. It is 

shown here that if thick HOE's are constructed with 

correctly aberrated wavefronts, the efficiency and image 

quality can both be optimized. A complete design scheme 

is presented. 

HOE's are commonly constructed using two inter

fering spherical beams of monochromatic light. Figure 1.1 

shows the simplest optical systems that will construct 

HOE's. Figure 1.1a will generate a thick reflecting HOE. 

The system shown in Fig. 1.1b will construct a thick 

transmitting HOE or any thin HOE. Classically, the design 

of such elements has been done using the first order 

properties and third order aberrations developed by 

1 
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Fig. 1,1. Systems that will construct Ca) thick reflecting HOE's and (b) 
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Champagne (1967), Meier (1965), and Latta (1971). Real 

rays can be easily traced using the equations of Offner 

(1966). The efficiency of a thick HOE is normally 

determined using Kogelnik's (1969) theory. A computerized 

optimization scheme has been developed by Latta and 

Fairchild (1973). Logically enough, all of these schemes 

are based on diffraction theory. 

The Lens Analog 

The light focusing properties of a HOE and a thin 

lens are very similar. In fact, as the index of refraction 

of the lens is increased and the curvatures are corre

spondingly decreased, the analogy improves. As the index 

of refraction reaches 100 on more, and a few further re

finements are added, we find that we have a nearly exact 

analogy. As stated, above, this equivalent lens is useful 

because it allows us to design HOE's with a standard lens 

design computer program. Also, we can optimize a mixed 

system containing HOE's and common elements like lenses 

and mirrors as a unit rather than in two parts as is 

usually done. 

This scheme is described in detail in Chapter II. 

It is shown that as the index of refraction becomes large, 

the thickness of the equivalent lens becomes negligible 

and the model works well for off-axis rays. The dis

persion (inverse of the Abb6 number) is derived. Then 
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the hyperbolic shapes for the lens surfaces are derived 

using lens theory. To prove that the model works, some 

real rays are traced through a HOE and then through a HOE-

equivalent lens. The lens results converge beautifully as 

the index of refraction is increased. 

Holographic optical elements can also be made on 

curved surfaces. An exact lens analog for a HOE on a 

spherical substrate is derived. In preparation for 

Chapters III and IV, the lens analog for a HOE constructed 

with spherically aberrated waves is also presented. 

Thick HOE's 

We present a scheme for designing thick transmis

sion and reflection HOE's with improved image quality. If 

we introduce the correct amount of third order spherical 

aberration into both of the interfering wavefronts, we can 

construct a HOE with the required power, the proper amount 

of spherical aberration, and Bragg efficiency optimized to 

third order. 

In Chapters III and IV the constructing geometries 

for thick reflecting and transmitting holographic elements 

are developed. This includes the paraxial foci of the two 

constructing beams and the amount of third order spherical 

aberration in each beam. In Chapter III, the paraxial foci 

for a transmitting thick HOE are derived to give the correct 

power and optimize the Bragg efficiency in the paraxial 
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region- The amount of third order spherical aberration 

needed in each beam is derived in Appendix B. 

The construction parameters for a thick reflecting 

HOE are derived in Appendix C and discussed in Chapter IV. 

Two special conditions are mentioned that do not limit the 

design procedure, but may complicate it. Experimental 

verification is presented in both Chapters III and IV. 

Chapter V discusses engineering details required to put 

this theory to work. Before thick HOE's can be designed, 

the film's properties must be known. Methods are described 

for determining the variation of the thickness of a flat 

substrate and the index of refraction and thickness of the 

emulsion. 

Optical systems that will produce the aberrated 

wavefronts are discussed in the second half of Chapter V. 

A third order design scheme using plano-convex and plano

concave lenses is presented. Further optimization of the 

aberrated wavefronts is also discussed. 

Third order aberrations for a general HOE on a flat 

substrate are presented in Appendix A. These equations 

are developed from thin lens theory by letting the index 

of refraction approaah infinity. These aberrations are 

identical to those developed from grating theory by other 

authors. As such, they are nothing new but they do indi

cate that the infinite index lens is probably a valid model 
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for a HOE- In Appendix A, third order aberrations are also 

developed for HOE's on spherical substrates, 

A telescope design that employs HOE's is presented 

in Appendix D. This three-element system produces a 

completely color-corrected virtual image. This system 

could be of use if coupled with a small converging lens. 



CHAPTER II 

THE LENS ANALOGY 

Holographic optical elements and lenses can perform 

similar functions, so it seems logical that they should 

both be describable in the same terms. In fact, for any 

one diffracted order, c thin holographic element can be 

considered as a "degenerate" lens, where the index of 

refraction approaches infinity and the curvatures and 

thickness approach zero such that the power of the element 

remains finite. Using this representation, systems con

taining refractive, reflective, and diffractive components 

can be designed using standard lens optimization codes. 

In this chapter, the general lens equivalent of a 

holographic optical element is studied in detail. We then 

study a planar holographic lens consisting of a photo

graphic plate exposed by two interfering spherical waves. 

Holographic elements can also be made on curved 

surfaces. The exact lens analogy is presented for a 

general non-symmetric HOE. 

Appendix A contains the first order theory and the 

third order aberrations for HOE's on both flat and . s 

spherical substrates. They are calculated using the lens 

7 
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analogy and correlate exactly with those developed from 

grating theory. 

Technique 

To design a holographic lens system, we can simply 

design a system of lenses with the strange optical proper

ties described in this chapter. No modification of 

existing lens optimization codes is required. A diftrac

tive element is represented by a lens (or wedge) that is 

very thin compared with a wavelength of light and has a 

huge index of refraction. 

For example, a Fresnel grating with a focal length 

of 100mm and a diameter of 20mm is equivalent to a plano

convex lens one-tenth of a wavelength thick (.05ym) with 

an index of 10,001. 

The grating spacing which is the inverse of the 

spatial frequency is equal to the distance that must be 

spanned to give an optical path difference of a wavelength 

between the surfaces of the lens. Thus the spacing 

S - X/Id(OPD)/dr] = n(d£/ar) 2.1 

where t is the lens thickness and r is the radial co

ordinate on the lens. 

If the model is to be valid, the grating spacing 

represented by the model must appear the same to an off-

axis ray bundle as it does to an on-axis bundle. This will 
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be the case if the optical path length (OPL) through the 

lens does not vary significantly with the angle of inci

dence. The OPL for a normal ray is OPL^nt. The OPL for 

an extreme off-axis ray, one with grazing incidence, is 

OPL„ = nt sec 0 where 0 is the angle of refraction inside 
VJ 

the lens. The angle 0 can be determined from Snell's law, 

2 
n sin 0 = sin tt/2 = 1. For large n, sec 0 = 1 + l/(2n ) . ; 

Thus the difference'in OPL between grazing and normal 

incidence is 

A (OPL) = OPL_ - OPL., - thickness/(2n) 2.2 

for the example given previously, the difference is 

negligible. 

A(OPL) - A/200,000 2.3 

This model describes the imaging properties of only 

the first diffracted order. Locations of other orders can 

be determined by substituting in integral multiples of the 

index of refraction; i.e., the second order can be located 

by doubling the index, the third order by tripling it, the 

minus-one order by substituting in minus the index, etc. 

Note also that a thin reflecting hologram has the same 

fringe spacing as a transmitting hologram of the same 

power and can be designed the same way when the system 

is unfolded. 



The power of a holographic optical element is pro

portional to the wavelength of the illuminating light. 

Thus the index of refraction of the refractive model is 

proportional to the wavelength 

(n - 1) = (nQ - 1)A/A0 2.4 

The chromatic dispersion of the visible spectrum can be 

expressed as 

where the subscripts refer to the c, d, and f spectral lines. 

A word of caution: This analogy is geometrical, 

not physical and hence describes the location of the image 

but not the irradiance in it. 

Planar Holographic Optical Elements 

Holographic elements are normally exposed using 

two spherical waves as shown in Fig. 2.1. There is no 

loss of generality by choosing a local cartesian coordinate 

system such that z is normal to the hologram and the zx 

plane includes both spherical radiators. 

Any planar hologram that is exposed using two 

interfering spherical waves can be exactly represented by 

two plano-convex lenses in contact where the convex 

surfaces are hyperboloids and the index approaches in

finity. Each plano-convex lens is centered relative to 

its exposing point, (x^ 0 z^) and (X2 0 7.^) , and not 



Fig, 2.1. Hologram exposing geometry. 



necessarily centered relative to one another. In Fig. 2.2 

the lens equivalent is shown. 

Figure 2.3 is an exploded view of the two-lens 

model. The lens on the left is hyperbolic-piano. It 

transforms the diverging spherical wave from point (x^ 0 z^) 

into a plane wave propagating in the z direction. The 

piano-hyperbolic lens on the right transforms the plane 

wave into a spherically converging wave focusing at point 

(x£ 0 z^) • The hyperboloids are described by Stavroudis 

(1972): 

. 2 + (x-x,)^ = (n^-l)z^ - 2(n -l)zz, (surface 1) 2.6 
y x c c x 

y^ + (x-x£)^ = (n^-l) 7?" + 2(nc~l)zz2 (surface 2) 2.7 

These surfaces have vertex radii of 

r^ = (nc-l)z^ 2.8 

r2 = (nc"1)z2 2'9 

and conic constants 

k± = k2 = - [ (n^-l)-1] 2.10 

where nc is the index associated with the constructing 

wavelength (Ac>. 

To test this theory, we traced some rays through 

a holographic optical element using diffractive theory 

(Offner, 1966). Then we represented the hologram as a lens 

and traced some rays through it. As the index of the lens 
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(x.,o,z.) 

Spherical 
^diverging 

wave $x Plane x'W 
wave 

\ 

'\ Spherical 
converging (x„o,z2) 

Fig. 2.3. Exploded view of lens equivalent. 
H 



15 

is increased, the focusing properties of the refractive 

model approach those of the hologram. 

The construction geometry is shown in Fig. 2.1 

where y^^ = (0 0 100) and (x2 y2 z^) = (10 0 -100) . 

The object to be imaged by the hologram was a point source 

located at (x^ y^ Z3) = (-10 -10 200). The particular ray 

to be traced passes through the hologram at a point (x y z) 

= (0 -10 0). Figure 2.4 shows the imaging geometry viewed 

normal to the hologram. 

Rays of the two different colors were traced 

through the hologram: one wavelength was equal to the 

exposing wavelength (\r = Xc). The other was of a longer 

wavelength (Ar = 1.5A ). Table 2.1 contains the input 

parameters including the exposing indices of refraction 

(nc), the curvatures (c^ and , and the conic constants 

(k^ and k^) calculated from Equations (2.8) to (2,10). The 

indices (nr) were calculated from Equation (2.4). The ray 

positions (x^ and y^) on the Gaussian image plane (z^) were 

found by tracing rays with a standard lens design computer 

program (Scientific Calculations, Inc., 1970). 

The results tabulated in Table 2.1 show that as 

the index of refraction becomes large, the model approaches 

the true solution predicted by diffraction theory. 



16 

Image point 

(xij yijzz,) 

(xyO) 
Projections of 

expos i ng 

centers 

Hologram 
(2=0) 

Object point 

,A~~" ^yjzj) 

Fig. 2.4, Geometry of holographic imaging system; hologram 
in x-y plane. 



Table 2.1. Ray tracing comparison of lens analogy with HOE 

Reconstruction wavelength 

X = X X = 1.5X 
o o 

Image plane 

Exposing geometry z^ = 66.6667 z^ = 40.000 

no 
cl=-c2 k1=k2 

n x4 ^4 n X4 

>1 

11 .001 -119 11 10.274 3.686 16 8.540 2.800 

101 .0001 -10200 101 10.253 3.664 151 8.505 2.760 

1001 .00001 -1,002,000 1001 10.251 3.662 1501 8.502 2.756 

Diffraction theory 10.251 3.662 8.501 2.756 
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Hologram on a Spherical Surface 

When we studied the lens equivalent of a hologram 

on a plane surface, the "lens" was considered to be two 

hyperbolic plano-convex lenses. One transformed the di

verging spherical wave into a plane wave, and the second 

changed the plane wa^e into a converging spherical beam. 

A hologram on a spherical surface can be viewed in 

somewhat the same manner. In Fig. 2.5, the spherical 

surface is curve (h,i,j) centered at (c). Once again we 

assumed two lenses; the front lens (a,e,j,i) and the rear 

lens (b,f,j,irh). At the exposing geometry the front lens 

produces an image of (d) at the center of curvature (c). 

Hence, its axis of symmetry is line (d,a,i,c). The rear 

lens reimages the image from point (c) to point (g). The 

axis of symmetry of the rear lens is line (h,b,c,g). 

Surfaces (ae) and (bf) are Cartesian ovals 

(Stavroudis, 1972). The thicknesses of these two lenses, 

measured radially about point (c) are and e^r defined 

by 
0 

(n2-l)E2 + (nc-l) (r+J^) 2E][ + 4r«,1sin2 {^-) = 0 (2.11) 

0 
(n^-De2 " (nc-l) (r+£2) 2e2 + 4r^2sin2 (-—) = 0 (2.12) 
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Fig. 2.5. Hologram on spherical surface (exposing 
geometry). 
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Equivalent Lens Surfaces Resulting 
from Spherically Aberrated Waves 

The simple optical systems shown in Fig. 1.1 will 

construct HOE's as described above. In some applications, 

the inherent spherical aberration will be tolerable. If 

the image quality requirements on the system are stringent, 

a different amount of spherical aberration may be neces

sary. Hence, the HOE's may have to be constructed with 

spherically aberrated beams. 

The amount of aberration and methods of generating 

it will be considered in Chapters III, IV, and V. 

A spherically aberrated wavefront varies from a 

spherical wavefront as shown in Fig. 2.6. A positive 

wavefront error is in front of the reference sphere and 

gives rise to positive spherical aberration in the con

vention of Hopkins (1950) and Welford (1974). The wavefront 

error W(y) is of the form 

W(y) = Py4 + Qy6 + Ry8 (2.13) 

where P, Q, and R are constants and y is the aperture 

variable shown in Fig. 2.6. A purely spherical wavefront 

requires a hyperbolic surface [Eq. (2.6)] on the HOE-

equivalent lens. A spherically aberrated wavefront 

requires a refracting surface whose sag is 

z^ = c^y^{l+ [1-(k^+1)c^y^]^ + Dy 4+Ey^+Fy 8  (2.14) 
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Fig. 2,6. Aberrated wavefront (dotted line) and reference 
sphere (solid line). 
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where 

D = P/(nc - 1) 

E = Q/(nc - 1) 

F = R/(nc - 1) 

Here is the real power of the lens analog. A lens 

designer adds aspheric terras to lens or mirror surfaces. 

By adding aberrations to given elements, the image quality 

of the system can be improved. Similarly, HOE's can be 

constructed with aberrated waves. Adding the aberration to 

given elements can improve the system's overall image 

quality. 

A HOE can be represented as a plano-convex (concave) 

lens whose curvature and aspheric coefficients can be 

varied along with the rest of the lenses and mirrors when 

the image quality of the system is optimized. This truly 

produces a "globally" optimized system. 

How can such a HOE be constructed? For a thin HOE, 

only the fringe spacing along the surface of the HOE is 

important. The fringe tilt does not matter. Hence one 

of the constructing wavefronts can be chosen for con

venience (a plane or spherical wavefront or the output of 

a convenient lens) and then the other wavefront will have 

to be aberrated to give the correct fringe spacing. 

The most straightforward method (one of several) 

of determining the shape of the aberrated wavefront, 



knowing the shape of the equivalent lens, is to use Equa

tion (2.1) to determine the fringe spacing (S) at several 

points on the HOE (4 or more). This fringe spacing is 

produced by two interfering wavefronts; one known (chosen 

for convenience), and one that is the unknown aberrated 

wavefront. Using the grating equation 

sin 9^ = *C/S ~ sin 6c (2.15) 

and ' ..ie normal angle of a ray from one of the 

cons . c ..rig beams (©c) we can calculate the other (0^) . 

If we calculate the incident angle (6^) of the con

structing wavefront on the HOE at several points, we can 

describe the constructing wavefront fairly well. As a 

result, we can also design optics to generate this 

aberration as described in Chapter V. 

To design thick HOE's, we proceed the same except 

that we cannot choose one constructing beam for convenience. 

We must aberrate both to give the correct fringe spacing 

and angle at several points on the HOE. 

Conclusions 

The validity of the model is demonstrated by the 

ray trace data in Table 2.1. Also, the first and third 

order properties developed in Appendix A from lens theory 

match those developed from grating theory. 

With this scheme a designer can design a holo

graphic system composed of elements that are exposed using 
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two spherical beams. He need only specify the conic 

constants for the surfaces, Eq. (2.10). The two surface 

curvatures can be adjusted by the computer. Another 

variable the designer has at his disposal is the element's 

spherical aberration. It can be used to help balance the 

aberrations of the total optical system. 

The aberrations for some special cases are pre

sented. The image quality for a more general case can be 

determined by tracing "real rays" through the system using 

the lens model presented here. 

To summarize the design procedure, standard lens 

design codes can be used. The designer should start 

optimizing his optical system using indices of about 11 

(a convenient choice since n-1 = 10) for the holographic 

elements. This avoids numerical sensitivity problems. 

When the design has been optimized, increase the indices 

to about 101 and reduce the curvatures to gain the same 

powers. The conic constants will also have to be updated. 

When the design once again converges, increase the index 

again. Repeat the process until the thickness of each 

holographic element is small relative to a wavelength or 

the power of each of the surfaces does not change 

appreciably when the index is changed. Finally, one must 

calculate the exposing geometry (z^ and 7.^ from Eqs. 

(2.8) and (2.9). 



CHAPTER III 

DESIGNING THICK TRANSMITTING HOLOGRAPHIC 
OPTICAL ELEMENTS 

To balance the third order aberrations in an optical 

system, a designer must be able to prescribe the amount of 

third order spherical aberration in each element. With 

thin holographic optical elements (HOE) any combination of 

third order spherical aberration and focal length can be 

achieved by simply varying the exposing conjugates (Latta, 

1971). With thick HOE's, we have additional constraints. 

To maximize the element's efficiency, the Bragg condition 

must be met over the aperture. That is, the fringes in the 

emulsion must be tilted at the Bragg angle. The fringe tilt 

is determined by the construction conjugates and the changes 

in the emulsion's thickness and index of refraction during 

processing. 

Holograms are normally constructed by interfering 

two spherical beams in the film plane. The positions of 

the two point sources are the only variables and we have 

three conditions: the power, the spherical aberration re

quirements, and the Bragg condition.'- Hence, the image 

quality must be sacrificed. 

We would like to suggest constructing the hologram 

which spherically aberrated beams. If we introduce third 

25 



order spherical aberration into both beams, we have four 

variables at our disposal; the distances from each exposing 

center to the film plate (z and z' ) and the amount of 
c c 

third order spherical aberration in each beam (Sc and s'c)» 

(The "c" subscripts refer to "construction," "r" will be 

used for "reconstruction.") By proper selection of these 

four variables, we can construct a hologram with the proper 

power and the desired amount of third order spherical 

aberration. We can also meet the Bragg condition in the 

paraxial region and in the region where the third order 

variations are the dominant error. This level of 

sophistication in design will produce "excellent" imagery 

for rays diffracted at 20° or less, and "much improved" 

imagery for larger cone angles. 

In the following section/ the positions of the 

exposing centers are theoretically determined. The third 

order spherical aberration needed in each beam is calcu

lated in Appendix A. Finally, the value of this approach 

is experimentally demonstrated. 

Derivation 

The thickness of the emulsion is assumed to change 

from t during construction of the HOE to t after the 
c 3 r 

hologram is developed. The average index of refraction is 

assumed to change from nc at the construction wavelength 
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to nr after the developing at the reconstructing wave

length . 

We will also assume that the two exposing points 

used to construct the HOE are on the center line of the 

system. (Note that the system's aperture may be off axis.) 

We also require the HOE to be normal to the center line. 

For the holographic optical element that is to go 

in the optical system, we assume that the reconstruction 

object and image distances (zr and z' in Fig. 3.1) and the 

spherical aberration desired in both the object and image 

beams (Sr and S'r) are known from a thin HOE design. We 

need to find the conjugates (z and z* ) at which to con-
c c 

struct the HOE. We also need to calculate the third order 

spherical aberration that must be introduced into each 

exposing beam (Sc and S'c). We shall begin by determining 

the paraxial variables, zc and z'c. 

We have two conditions that we wish the HOE to meet 

in the paraxial region; we want to specify the power of the 

element and we want to satisfy the Bragg condition. The 

power of the element was determined by Champagne (1967) : 

l/z'c - l/zc = A 

A = VAr[1/z'r " 1/ar] (3,1) 

In order to optimize the efficiency in the paraxial 

region, we must calculate the ideal Bragg angle, ar, as 

shown in Fig. 3.2. From the reconstruction Bragg angle, 



/ 

Fig. 3,1. Desired wavefront geometry. 
to 
00 
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Fig. 3,2. Ray p~ssing through a thick emulsion. 
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a , we can calculate the Bragg angle during construction a 
jr c 

(taking emulsion shrinkage and index variation into 

account)- Knowing the constructing Bragg angle ac, we can 

write another expression involving the exposing conjugates 

(z'c and zc). Thus we can generate a second relationship 

between z and z' . Therefore, we can solve for z and z' . c c c c 

As shown in Fig. 3.2, the reconstruction beam is 

refracted at the front surface of the hologram (Eq. [3.2]), 

reflected off of the "Venetian Blind" inside [Eq. [3.3]), 

and refracted at the rear surface (Eq. [3.4]) . 

sin 0r - nrsinBr (3.2) 

ctr = 1/2 (B1 r + Br) (3.3) 

sin 6' = n sinB' (3.4) 
r r r 

In the paraxial region, all of the angles in Eqs. (3.2) and 

(3.4) are small so sin 0r - 0r = y/zr. Thus Eqs. (3.2) to 

(3.4) can be solved together giving the reconstructing 

Bragg angle 

6r " 2t(1/zr + (3"5) 
r 

The emulsion thickness may change during proces

sing which would cause the Bragg angle to change also. 

Assuming a linear shrinkage perpendicular to the plane of 

the hologram, we can write the relationship 

t tana = t tana (3.6) 
c c r r 



Equation (3.6) was experimentally validated as will be 

discussed later. 

In the paraxial region, a will be small as can be 

seen in Fig. 3.2- Hence, we can use the approximation 

tana = a. Thus in the paraxial region, Eq. (3.6) can be 

reduced to linear form 

tcac * ^"r {3V7) 

Refraction equations and Bragg "reflection" equations 

similar to Eqs. (3.2) to (3.4) can be written to describe 

the Bragg angle during construction. They lead to a Bragg 

angle similar to Eq. (3.5) 

ac = y/2nc(l/zc + l/z'c) (3.8) 

We can now relate Bragg angles during construction 

(Eq. [3.8]) and reconstruction(Eq. [3.5]). Thus 

l/z + l/z' = B 
c c 

n t 
B = iTt^d/z + l/z' ) (3.9) 

r c 

Using A (Eq. [3.1]) and B (Eq. [3.9]), we can 

solve for the exposing conjugates 

1/z^ = 1/2 [A + B] 

l/zc = 1/2[B - A] (3.10) 

We have determined the paraxial variables (zc and 

z'c). The third order variables, the spherical aberration 
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to be introduced into each exposing beam (Sc and S * c) are 

calculated in a similar manner in Appendix B. 

The exposing centers (zc and z'c) and the spherical 

aberration in each beam (W and W' ) are all positive c c 

quantities as drawn in Fig. 3.1. The arcs are reference 

spheres and the dotted lines represent the aberrated wave-

front. 

From Appendix B the third order spherical aberra

tion to be introduced into each exposing beam is measured 

in mm. The wavefront deviations from the reference spheres 

centered at the paraxial foci and tangent to the HOE are 

,  2  2 . 2  
wc = i/8 s'c(x +y4) 

ho 
and 

„ . 1/8 s "V>2 ,3-11) 

C h 4 
o 

where x and y are aperture coordinates and hQ is the radius 

of the aperture. 

Sc = 1/2(E+D) 

S' = 1/2 (E-D) 
c (3.12) 

r̂- 4 -1 -*? 
D = tS(S -S * > + h {^[(z ) -(z') ] + 

A r r o A r r r r 

U')-3 - (2c)-3} 
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E = ( S ' + S )  +  h* {^£[(1—^-) [(z')~3 
t n r r o t n r 
c r c r 3nr 

+ (zr) 3] 

- -^Ttl"(tr/tc)2] [1/z1 + l/zr]3] 

6nr 

- (1 --ij) [ (z • ) ~3 + (z)-3]} 
3n r c 
c 

Experimental Verification 

A transmitting holographic optical element was con

structed to verify this work. It was constructed with an 

Argon laser (514.5nm) so as to be stigmatic (Sr = Ŝ . = 0) 

when reconstructed with a HeNe laser (632.8nm). The film 

used was "dichromated gelatin." It was made from Kodak 

649F plates sensitized with 3.5% ammonium dichromate solu

tion as described by McCauley, Simpson, and Murback (1973). 

The refractive index of the emulsion was, found to 

change from nc = 1.5722 at 514.5nm to nr = 1.53 at 632.8nm 

after processing. The indices were determined using an 

Abb§ refractometer and index matching respectively. 

The thickness was determined indirectly. The 

maximum amount of power is diffracted when the Bragg con

dition is met. This gives the change of thickness assuming 

the tangent relationship of Eq. (3.6). The thickness was 

found to increase by 13. ±1.%. The tangent relationship 

gave consistent results for a range of fringe angles 
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between 4.4° and 11°, and for fringe spacings over the 
f 

range l.lym to 3.0ym at both 632.8 and 514.5nm (10 data 

points). These data tend to validate the tangent relation

ship for dichromated gelatin as Vilkomerson and Bostwich's 

(1967) work did for standard Kodak 649F absorption holo

grams. 

The hologram was constructed so that it would 

change a collimated beam into a converging spherical beam 

at Ar = 632.8nm as shown in Fig. 3.3. This hologram was 

constructed at Ac = 514.5nm using the system shown in Fig. 

3.4. The first and third order calculations (Eqs. [3.10] 

and [3.11]) suggested paraxial foci located at zc = 1143mm 

and = 202.4mm from the film with third order spherical 

components of Sc = 1.615mm (hQ = 100mm) and = -.345mm 

(hQ = 100mm). The negative third order spherical aberra

tion was generated by putting a 2mm thick plane parallel 

plate (ppp) in the small f/number (fast) beam. The plane 

parallel plate has almost no effect on the other beam 

because it has such a large f/number (slow beam) . The 

slow beam needs positive spherical aberration. It was 

achieved by imaging the aberrations of a plano-convex lens 

on the film plane with an Offner (196 3) field lens. Two 

available lenses had approximately the right focal lengths. 

Their curvatures were fed into a lens design computer code 

that selected the element spacings to give the aberration 

needed. The final geometry is shown in Fig. 3.4. 
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Fig, 3,3, Reconstruction geometry: Xr = 632,8nm HOE changes the collimated 
beam to a spherical converging beam. 

CO 
Ul 



514.5 
nm 

BS 

h- 203 
mm 

38 
mm 

2 6 2  
mm 

1000 
mm 

Fig. 3.4, Constructing geometry—BS= beamsplitter; S = spatial filter; HOE has 
emulsion on left; ppp is a 2mm thick plane parallel plate; 
generates aberration; fl = 78mm; dia = 50mm; L? is field lens; fl = 
308mm. 
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The point spread function for the HOE is shown in 

Fig. 3.5a. It has a dimension of 40ym resulting from 

aberrations higher than third order. By contrast, if one 

uses unaberrated spherical constructing waves and matches 

the Bragg condition in the center of the aperture, the 

minimum size of the point spread function is 300iim, as 

shown in Fig. 3.5b. 

Conclusions 

The image quality of a high efficiency thick holo

graphic optical element can be significantly improved by 

constructing it with spherically aberrated waves. We have 

demonstrated an eight-fold increase in resolution with a 

very crude aberration generating system and off-the-shelf 

lenses. Much better performance should be realizable 

given the need. 



.J 

(a} 

Fig. 3.5. Point spread function of (a) corrected HOE at 
632.8nm and (bl uncorrected HOE exposed with 
point sources • 
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(bl 

Fig. 3.5.-~continued 



CHAPTER IV 

DESIGNING THICK REFLECTING HOLOGRAPHIC 
OPTICAL ELEMENTS 

Thick reflecting holographic optical elements (HOE) 

are normally constructed by interfering two spherical beams 

of light that approach the film from opposite directions. 

The locations of these point sources (exposing conjugates) 

are chosen to give the correct power for the element and 

to optimize its efficiency. 

If the reconstruction wavelength is different from 

the construction wavelength, the power of the HOE changes 

and the image will show spherical aberration as described 

be Champagne (1967) and Latta (1971). A reduction of the 

Bragg efficiency at the edge of a HOE can also result if 

the index of refraction of the emulsion changes sub

stantially during the processing. 

These problems can be avoided if the HOE is con

structed using spherically aberrated beams. In this paper 

we describe the amount of third order spherical aberration 

required in the constructing beams and how to introduce 

it. We conclude with a numerical example. 

The exposing geometry is shown in Fig. 4.1. All 

angles and distances are positive as drawn. Such a system 

produces fringes in the emulsion that are roughly parallel 

40 



It 

Fig. 4,1. HOE construction geometry showing the spherical aberration Wc and W^, 
and the resulting wavefront tilt y* and y , 
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to the surfaces as depicted in Fig. 4.2. During construc

tion these fringes are almost exactly a half wavelength 

apart, (^c/nc)- The same must be true during reconstruc

tion (at ^r/nr) to meet the Bragg condition (Collier, 

Burchart, and Lin, 1971). The number of fringes through 

the thickness is m where 

m -
V Xc V Xr 

or 

V'r = ^ (4"1) 

The subscripts "c" and "r" denote construction and re

construction . 

If the thickness ratio is met, then in the 

paraxial region the Bragg angle condition is met auto

matically. Thus any pair of exposing conjugates (zc and 

z'c in Fig. 4.1) that produce the desired element power will 

also match the Bragg angle condition in the paraxial 

region. For larger aperture systems that diffract the 

light by up to 20°, the third order spherical aberration 

and the third order variation of Bragg angle are the only 

significant errors. They can both be optimized by 

choosing the correct pair of exposing conjugates (zc and 

z%) and the correct sum of spherical aberration coeffi

cients [(S + S') in Fig. 4.1]. c c 
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a Fringes 
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z 

Fig. 4.2. Constructing beams interfering in the emulsion. 
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Construction Parameters 

A thick reflecting holographic optical element can 

be constructed that has the correct power and the right 

amount of third order spherical aberration if the following 

formulae are employed. Also the Bragg conditions will be 

optimized to third order assuming the thickness requirement 

(Eq. [4.1]) is met. 

l/z'c & l/zc = 1/2 { Ac/Ar(l/z'r+l/zr) 

± [2(nc/nr)2[(z^.)"2 + (zrr2] - (Ar/*r)2 

[1/z' + 1/z ]2]1/2} 
(4.2) 

s
c
+ si= lf< Sr t Sr> +  ho (z •) " 3+(z') " 3] 

- (z^)-3 - (zc)"3} (4.3) 

The paraxial point sources (zc and z^) are shown in 

Fig. 4.1. The spherical aberration coefficients (Sc and 

S^) for the constructing wavefronts are related to the 

wavefront errors by W = 1/8 S (x2+y2)2/h^ and W' = 
u c c o c 

2 2 2 4 
1/8 S'(x +y ) h where h is the aperture height and (W 

c o o c 

and W^) are measured in mm (Hopkins, 1950) . Positive 

wavefront errors from the reference spheres are shown in 

Fig. 4.1. The reconstruction geometry is identical (z 
J- * 

z^/ Sr, and S^.) . The indices of refraction of the emulsion 

before and after processing are (nc and nr). 
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Equations (4.2) and (4.3) are derived in Appendix 

C. Equation (4.2) gives the location of the point 

sources with which we construct the hologram and Eq. (4.3) 

is the combined amount of spherical aberration required in 

the two beams. 

positive. Therefore, we have a condition on the con

structing wavelength 

This function is plotted in Fig. 4.3. 

At first glance, this seems to indicate that the 

reconstruction wavelength must be about the same, as the 

constructing wavelengths or longer. However, if the Bragg 

condition is met at one wavelength, it will also be met by 

radiation with half the wavelength, a third the wavelength, 

and other unit multiples. 

Experimental Verification 

A thick reflecting HOE was constructed with the 

following requirements: 

Zr = oo 

z' = 205mm 
r 

Ar = 514.5nm 

The quantity under the radical in Eq. (4.2) must be 

(4.4) 
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2 T-

1.0 5 0 

Fig. 4.3, Maximum construction wavelength vs. image 
magnification. 
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It was constructed at Ac = 4 88nm in dichromated gelatin as 

described by McCauley et al. (1973). When the stripped 

Kodak 649F plates were sensitized in a 5% ammonium di-

chromate solution, the thickness condition, Eq. (4.1), was 

met after two days drying time. The indices of refraction 

before and after processing were determined using an Abb6 

refractometer (nc = 1.58 at 4 88nm and nr = 1.54 at 

514.5nm). From this input, Eqs. (4.2) and (4.3) give the 

construction geometry. 

z = 2740mm 
c 

z1 = -201mm 
c 

S +S' = 5.1 x 10 ^mm at h = 25mm 
c c o 

The optical system shown in Fig. 4.4 gives the required 

conjugates and spherical aberration. The point spread 

function at the reconstruction wavelength is shown in Fig. 

4.5. Its size is attributable to variations in the thick

ness of the film plate and gelatin. No spherical aberra

tion is evident as the point spread function is examined 

through focus. 

Conclusions 

A design procedure has been developed that can 

improve the imaging properties of thick reflecting holo

graphic optical elements. A more complicated optical 

system is required to construct the HOE's. However, the 
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Fig, 4.4. Optical system to construct 205mm f.l reflecting HOE — S = spatial 
filter; HOE = 649F plate, emulsion on right; Piano convex lens intro
duces aberration fl = 1000mm, n = 1.523. 
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Point spread function of HOE at 514.5nm -
Size~ lOOµm. 



procedure does allow the optical designer more control of 

the aberrations in his optical system. 



CHAPTER V 

CONSTRUCTING THICK HOLOGRAPHIC 
OPTICAL ELEMENTS 

This chapter contains the engineering details 

necessary to construct a thick holographic optical element 

using aberrated beams. The optical quality of the sub

strate is discussed and a testing procedure is described. 

The index of refraction and thickness of the emulsion must 

be known for both the unprocessed and processed film and 

methods are described for index determination. The last 

half of the chapter describes how to design and optical 

system that will produce a given spherical beam that has a 

prescribed amount of spherical aberration. This includes 

a thin-lens, third-order design scheme to find the region 

of solution and a description of how to optimize the 

construction system using "real rays" traced by a computer 

code. 

Details About the Emulsion and Substrate, 
Thickness of the Substrate 

Random variations in the thickness of the sub

strate and emulsion together affect the image quality of 

both transmission and reflection HOE's. Small amounts of 

plate warpage do not affect the image quality. (Warpage 

errors cancel out during reconstruction.) 

51 
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Variations in the thickness of the substrate 

produce a wavefront error in any light beam passing through 

it: 

W(x,y) = (n - 1)t(x,y) (5.1) 

(Gara and Yu [1971] present this equation for emulsion 

thickness.) A transmission HOE is constructed with both 

beams passing through the substrate or else neither passing 

through. The reconstruction beam makes one pass so the 

thickness error will degrade the optical quality in either 

case. A thick reflection HOE is constructed with beams 

coming from both sides of the film so one must pass through 

the substrate introducing the thickness errors. 

Small amounts of wedge or power in the substrate 

can be compensated and so are of little concern. Loss of 

image quality results from random thickness variation and 

cylinder. 

Figure 5.1a shows a simple scheme for determining 

minor thickness variations. The substrate and emulsion 

together are placed in a collimated beam of monochromatic 

light. The reflections off of the outer surfaces will 

coherently interfere. The difference in thickness 

between two adjacent fringes is 

At = A/2n (5.2) 

Figure 5.lb is an example of the interference pattern seen 

in a Kodak 649F plate. The roughly equally spaced straight 

fringes show wedge. The change in spacing and lack of 
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LASER 

SUBSTRATE 

Fig. 5.1. 

(a) Optical system 

Thickness variation of substrate. 
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(bl Example of fringes 

Fig. s.1.--continued 
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straightness result from random thickness variations super

imposed on the wedge. This kind of interferogram can be 

analyzed by subtracting a linear term (the tilt) and then 

the quadratic term (the power). What remains will be the 

wavefront error of the HOE. (This is a common analysis 

performed in interferometric optical testing.) 

Index of the Emulsion 

The index of refraction of a film usually changes 

during the pi cessing. This was pointed out by Bryngdahl 

(1972) who presents indices for some common photographic 

plates. Similarly, this author found significant changes 

due to processing in the index of dichromated gelatin. 

The index of refraction of the emulsion can be 

determined by several methods. Two of the simplest employ 

the Abb6 refractometer and index matching. 

The Abb6 refractometer is the easiest method and 

will be described first. If a thick emulsion (t >> A) has 

a lower index than its substrate, then the Abb§ can be 

used in transmission as described by Longhurst (1967, p. 

87) and Bausch and Lomb (n.d.). Figure 5.2 shows the 

essential components of an Abb6 refractometer being used 

in reflection. The white light enters the high index glass 

from the bottom and is reflected off of the substrate/ 

emulsion interface and the index matching oil/emulsion 
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Fig. 5.2. Abb£ refractometer showing interference between 
the two reflections. 
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interface. With a thin emulsion, these two beams will 

interfere, giving dark fringes for certain angles (0). 

In the Bausch and Lomb manual on their "Abb6 3L" 

refractometer, A. Francis Turner (.1977) describes a method 

of determining both the index of refraction and thickness 

of a thin transparent coating when the coating has a lower 

index of refraction than the substrate. We had to extend 

his idea to the case where the coating has a higher index 

than the substrate. The emulsion's index, thickness, and 

dispersion are: 

nd = [(9nl ~ n2)/81±/2 

t  = \d[2/(n* -  n2
2)  ]1 / 2  

nf"nc - l/na«d<VV/<4t2> + nl<n£-V apparent (5'3> 

where n^ and n2 are the dark bands of lowest apparent index 

of refraction. 

This method is convenient and easy when it works. 

However, there are some shortcomings. If the emulsion is 

too thick, the lines n^ and n2 are very close together 

reducing the accuracy of the thickness measurement (t > 

20ym). Several factors can reduce the visibility of the 

fringes. These include variations of the emulsion thick

ness, absorption in the emulsion, and too little light 

reflected off of the emulsion-substrate interface because 

of a small difference of refractive index. 
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The index matching method is messy and crude, but 

it always works. It requires an index matching tank, also 

known as a liquid gate. Several index matching oils must 

be found, such as oil of cloves (n - 1.56), motor oil 

(n - 1.49), silicon based oils (n - 1.52), and the Cargile 

oil used with the Abb6 refractometer (n - 1.625). The 

index of the oils can be determined exactly on the Abb6 

refractometer. 

The film index is determined as follows: Cut a 

trench in the emulsion with a sharp knife, sloping the 

sides as much as possible as shown in Fig. 5.3a. Then 

immerse the film in the liquid gate. Put this in a Mach-

Zehnder interferometer as shown in Fig. 5,3b. Figure 5.3c 

shows a quarter wave of error. To find out whether the 

trench has less or more optical thickness than the emulsion, 

we must push on one of the mirrors to shorten one of the 

optical paths. 

Thickness of the Emulsion 

The thickness of the sample can be determined 

using either the Abb6 refractometer scheme described above 

or a Michelson type microscope objective that compares the 

heights of the object (Fig. 5.3a) with a reference flat 

using a low pressure mercury light source (has several 

bands). For example, see the Leitz (1973) catalog. 
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Fig. 5,3. Index matching (a) trench cut in emulsion; (b) 
Mach*-Zehnder interferometer CBS = beam splitter, 
LG = liquid gate, I = image); (c) example image 
showing OPD = + A/4. 
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For an emulsion that contains a thick reflection 

HOE, the wavelength at which we see the greatest recon

struction efficiency will give the change of thickness via 

Eq. (4.1). 

Optical Systems to Construct HOE's 

Holographic optical elements are commonly con

structed with two spherical beams of light. Latta (1971) 

shows that with thin HOE's, the element's power can be 

specified and the spherical aberration can be balanced at 

one point in the aperture. With thick HOE's, the fringe 

tilt in the emulsion must also be specified. Hence, /we 

need other degrees of freedom; namely, spherical aberra

tion in the constructing beams. 

In this section we will describe how to design a 

system of lenses to produce an aberrated beam. The process 

of design involves first choosing the general type of 

optical system that will generate either positive or 

negative spherical aberration on either a converging or 

diverging beam (Fig. 5.4). We then describe a thin-lens 

design scheme that will produce the desired aberration from 

piano convex or piano concave lenses. (In some instances 

more complex lens systems may be required.) Finally, we 

should balance out higher order aberrations and "fine tune" 

our design with a lens optimization computer program. This 

also acts as a check on our approximate solution. 
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Fig. 5.4. Systems producing third order spherical aberration — (a) +W & +Z ; 
Cb) -Wc & +ZC; (c) +WC & -Z ; (d) -Wc & -Z„; S = spatial filter; c 

L-^ = aberration generating lens; tj2 = imaging lens; 0 = corrected 
telescope objective. <?\ 
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Positive spherical aberration on a diverging beam 

as shown in Fig. 2.6 is relatively easy to produce and 

image onto the film plane. Positive spherical aberration 

is produced by any converging (or positive) lens with a 

real object and image. Such a system is shown in Fig. 

5.4a. Negative spherical aberration on a diverging beam is 

somewhat more difficult to produce. The system shown in 

Fig. 5.4b requires two good quality small f/number tele

scope objectives to give an aberration-free converging 

beam in addition to lenses and L^• 

Spherical aberration riding on a converging beam 

can be produced by putting the aberration generating lens 

nearly in contact with the film as shown in Figs. 5.4c and 

5.4d. A lens to be used in contact will have to be 

specially made to fit the given HOE requirements and it 

must be anti-reflection coated to avoid spurious reflec

tions. By contrast, the imaging systems shown in Figs. 

5.4a and 5.4b have spacings t^, t^z and tg - zthat can 

be adjusted to allow the use of lenses whose focal lengths 

are only approximately correct. The lenses L-^ and are 

also a long way from the film so the beams reflected off 

of them will be attenuated. Note that a small amount of 

negative spherical aberration can be generated by passing 

a converging or diverging beam through a plane parallel 

plate. 
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How do we choose the lenses to produce the 

aberrated wavefront? The field lens simply images the 

aberration genera bed by onto the film as described by 

Offner (1963). Its focal length must be roughly f = 

(l/t2 + l/t^) but its shape is unimportant. The lens 

must produce the correct paraxial angle (u) (Fig. 5.5) and 

the correct amount of third order spherical aberration (WQ) . 

Choosing a plano-convex (or plano-concave) lens for 

allows a great deal of variation in the spherical aberration 

generated. For the system shown in Fig. 5.5 the lens size 

can be determined from the following equation: 

F (x) = s
c
h
£(Zc/ho) 3 = 2[(G 1X-G 3)X +  G g]x 

x = <j>h£/T(n-l) u] = Au/[(n-l)u] 

G1 = n2(n-1)/2 

G3 = (3n+l)(n-l)/2 

Gc = (3n+2) (n-1) /2n (5.4) 
b 

This relationship results from equating the 

spherical aberration needed to that of a plano-convex lens 

using Smith's (1966) equation (10.9M) where Sc and zc are 

the spherical aberration coefficient and paraxial focus 

of one of the constructing beams of a HOE. The aperture 

radius of the HOE and lens are hQ and h^. The power of the 

lens times the aperture height h^ equals the paraxial 

angle change (Au as shown in Fig. 5.5) . Thus if t̂  = °°, 
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Fig, 5.5. Sign convention for aberration generation 
scheme <— (a) imaging geometry; Cb) lens in 
contact. 



then (Au = u) so x = l/(n-l); or if t^ = t2» then x = 

l/2(n-l) 1. Equation (5.4) is plotted in Fig. 5.6 along 

with another function G(x), obtained by multiplying both 

sides of Eq. (5.4) by x. 

We now have the tools to choose the right lens for 

a given application. If we have a lens in contact (Figs. 

5.3c and 5.3d), we know S_, z_, and h„ = h . So we find 
C C X/ O  

3 
F(x) = S /y (z 1 h ) on the .ordinate of Fig. 5,6 and read 

C C O  

off x on the abscissas giving us the required power of the 

lens. 

If we are imaging the aberration onto the film we 

have more latitude in the selection of the lenses. First 

consider positive spherical aberration on a diverging beam. 

As can be seen in Fig. 5.5, the angle change (Au = <()h^) 

can reasonably lie in the range of l.lu < Au < lOu. 

Similarly, when we have negative spherical on a diverging 

beam as shown in Fig. 5.3b, a reasonable range of. values 

might be O.lu < (-Au) < 0.9u. We can determine lens powers 

(d> . and d> ) associated with these extremes in Au. Each rmm Tmax' 

of these powers has an edge ray height (h^,) associated 

with it. All of these quantities can be found as outlined 

in Fig. 5.7a. The next step is to find a plano-convex or 

plano-concave lens "on the shelf" whose power <J>' is between 

d> . and d> , and whose radius (h„) seems larger than Ymin Tmax x, 3 

required. 
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Fig. 5.6. Functions f (x) [Eq. (5.4)] and g(x) for n = 1.52. 
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Fig. 5.7. Flow charts Ca) given a reasonable range of 
Au find the range of lens powers and radii 
(<j> & hjj,) that will produce the aberration 
coefficient Sc? (b) when a specific lens with 
power <J> (4>min < <t> < tfVriax) is chosen, is its 
radius greater than that: required O1^)? 
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The procedure outlined in Fig. 5.7b calculates the 

minimum necessary radius (h^) for a given lens power (<|>) 

and the inter-element spacings (t^ and t2) as shown in 

Fig. 5.5. 

Thus far, the system has been designed to third 

order. We have ignored element thicknesses and higher 

order aberrations both in the HOE and in the lenses. We 

have chosen the lenses (L^ and I^) that we intend to use. 

By using a lens design computer code, we can "tune" the 

system further by adjusting the inter-element spacings 

(ti* t2, and t3) . 

If we are making a transmission HOE, we must 

aberrate both constructing beams separately. A simple 

method of optimizing the system is as follows. At three 

to five aperture heights, calculate the ideal fringe 

spacing and tilt ar on reconstruction (see Collier et al., 

1971, p. 228) . Then using Eq. (3.6) : 

t tan a = t, tan a 
c c t r 

we can calculate the change in fringe tilt resulting from 

processing. We now know the fringe angles during con

struction as well as the fringe spacing, which does not 

change during the processing. These two conditions specify 

the ideal construction ray angles. Thus we can determine 

the ray heights and angles for several real rays. These 

rays can be traced backward through the aberration 
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generating system. The heights of the rays at the spatial 

filters are the errors to be minimized. 

An aberration generation system for reflecting 

HOE's is easier to optimize than one for transmitting 

HOE's. We do not have to calculate the constructing ray 

angles at several positions in the aperture. Instead, we 

trace rays through a HOE-equivalent lens and then backward 

through the aberration generating system. As example is 

shown in Fig. 5.8. The desired reconstruction geometry 

and equivalent lens are shown in Figs. 5.8a and 5.8b. The 

constructing geometry is shown in Fig. 5.8c, which was 

determined from Eqs. (4.2) and (4.3). A system to con

struct the reflecting HOE can be seen in Fig. 5.8d. We 

use two objectives to produce the converging beam. The 

other beam includes lens to create the aberration and 

lens 1*2 to project it onto the film. Figure 5.8c shows the 

computer model. Note that the system has been "unfolded" 

and light is diverging from a position (~zc) rather than 

converging toward (+zc) as shown in Figs. 5.8c and 5.8d. 

The index of refraction of the HOE/eq. lens is nc = 

(nr-l)Xc/Ar + 1 and its curvatures are shown in Fig. 5.8b. 

Rays are traced from A to B and the spot size at B is 

minimized by adjusting lengths t^, and tg (but not the 

length [—zc]!). 



c. = 
1 100 zr' 

K1 = K2 = -10199 

(a) (b) 

f\ 
c ,  = -

2 100 z.  

(c) 

Fig, 5.8, Constructing a reflecting HOE — (a) reconstruction geometry; (b) 
equivalent lens (n_ = 101); (c) construction geometry; (d) constructing 
optical system; Ce] computer model with HOE equivalent lens 
Cnc = sec yc/Yr+U, 
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Conclusions 

Using the techniques described here, the image 

quality of holographic optical elements can be greatly 

improved. In fact, if the quality of the emulsion and its 

substrate are good enough, diffraction limited optics 

should be obtainable. 

Experimental verification in Chapters III and IV 

use this design technique. The examples are presented 

there. 



CHAPTER VI 

CONCLUSIONS 

With the new ideas presented here, the design of 

systems containing HOE's has been made easier and cheaper, 

and better image quality can be obtained. 

Using the HOE lens analog such systems are easier 

and cheaper to design because no special diffraction based 

computer code is required for the geometric design. Any 

lens design code will do; the big lens codes are in

expensive to use and will accept tilted and decentered 

elements and many strange surface shapes. Finally, lens 

design codes are widely used and the input and output 

formats are widely understood. 

Better image quality can be obtained for two 

reasons: First, the whole system, HOE's, lenses, and 

mirrors, can be optimized all together rather than in 

parts. Second, constructing HOE's with aberrated beams 

allows the designer much more control over the aberrations 

of the HOE. 

The efficiency and image quality of thin HOE's 

have always been optimized separately. The image quality 

is solely a function of the constructing conjugates. The 
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efficiency depends on the irradiating energy per unit area 

and the darkroom procedure. 

The image quality can be improved in many systems 

(containing thin HOE's) by constructing the HOE's with 

spherically aberrated wavefronts. The system's optical 

quality is optimized with the HOE represented by an 

equivalent lens. The surface curvature and the aspheric 

coefficients of the lens analog can all be varied during 

the optimization. Then the HOE constructing system can 

be optimized with a lens design computer code by adjusting 

the curvatures and spacings of the lenses in the aberra

tion generating systems (the equivalent lens is fixed 

duirng the second optimization). 

Classically, thick HOE's have been constructed 

with spherical waves. The image quality is a function of 

the fringe spacing and the efficiency depends on the fringe 

tilt. These are coupled during the construction :so one has 

to suffer if the other is optimized. Using the theory 

described here, the image quality can be optimized during 

the geometric design as described in the previous para

graph. Then the efficiency can be optimized by "tailoring" 

the two aberrated constructing beams separately so as to 

optimize the fringe tilt and spacing at several points in 

the aperture. 



APPENDIX A 

FIRST AND THIRD ORDER PROPERTIES OF 
HOLOGRAPHIC OPTICAL ELEMENTS 

In this section the first and third order aberra

tions of a general planar holographic optical element 

exposed with two point sources are calculated- The point 

sources do not have to lie on a common normal. The third 

order aberrations are also calculated using thin lens 

theory as described by Hopkins (.1950) and Welford (1974) . 

The imaging properties calculated here check with those 

calculated from diffraction theory by Champagne (1967) 

and Meier (1965). 

Also calculated in this section are the third order 

aberrations of a hologram constructed on a spherical sub

strate using two point sources on a common normal-

First Order Properties 

The first-order properties of the two-lens system, 

including the principal planes, nodal points, focal length, 

and image position can be determined from thin lens theory. 

The principal planes of the equivalent lens are 

inside of it; hence, they are coplanar with the grating. 

The nodal points are in the principal planes on a line 

connecting the two exposing points (Fig. A.l). 
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(X| jO,Zi) 

^ principal 
planes 

nodal point 
i (xn,o,o) 
L 

(*2,o,z2) 

Fig. A,1, Location of nodal points. 



78 

The focal lengths of the two plano-convex lenses 

are f.^ = zi/y and f2 = z2/y where V = ^r^c' ̂ r bein9 t*16 

reconstructing wavelength and Ac the constructing wave

length. The power of the two lenses together is 

<{> = p(l/ẑ  - l/z2) (A.l) 

Figure A.2 shows the image of a general 

object point . The image plane is perpendicular 

to the z axis at a distance 

z4 = (l/z3 - <j))-1 (A.2) 

The image is located at the intersection of the image plane 

and a line connecting the nodal point (Fig. A.l) and the 

object point. 

y4 = y3(z4/z3) (A.3) 

x4 = XN + (x3 ~ xN)z4/z3 (A*4) 

Third Order Aberrations 

In this section the third-order aberrations are 

computed using the lens model. First, the third-order 

aberrations of a thin lens with a centered pupil are 

specialized to represent a lens with an infinite index of 

refraction. Then the effect of a decentered pupil is 

considered. With a decentered pupil, the sphex-ical 

aberration and Petzval curvature are unchanged. The coma 

is equal to the central coma plus a contribution from the 
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X 

Fig. A.2. General object and image points. 
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spherical. The astigmatism is altered by contributions 

from both the coma and spherical. The aberrations pre

sented are valid only for object points in the xz plane. 

The aberrations of a general object point are discussed by 

Champagne (1967). 

For a thin lens with a centered pupil the spherical 

aberration, coma, astigmatism, and Petzvalicurvature are 

found in Hopkins (1950) . 

Si - 1/4 x2 = XY 

n (n-1) 

+ r2 + ̂ ±2- Y2} + h 4 c t  (A.5) 
(n-1)2 

Sn - I/2 5hV ^ Y} <A '6) 

S1IT = u2h2(j) (A.7) 

SIV = u2h2c()/n (A. 8) 

h = radius of clear aperture 

c +c 
X = where c. and c_ are the,- surface curvatures 

cl~c2 1 2 

of a singlet lens 

Ul+U2 Y = —-— where u, and u_ are the marginal ray angles 
U1 u2 

upon entry and exit from the singlet 

a is a fourth-order aspheric term 

u is the chief ray angle when this element is the 

system's stop. 
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If the refractive index becomes very large and the shape 

factor X is i 1/ (for a plano-convex lens), then the 

aberration equations reduce to 

S - 1/4 h%3(l + 3Y2) + h4a (A.9) 

SJX - - uh3<j>2 Y (A.10) 

Si;ei - u2h2<J) (A.11) 

SIV - 0 (A.12) 

The powers of the two plano-convex lenses are 

functions of the wavelength y = ^r/^c an(^ the exposing 

points 

<j>1 = y/z1 (A.13) 

<J>2 = ~y/z2 (A.14) 

The aspheric term a can be found from the equation 

for the hyperbolic surface of the "lens" (Eq. (2-6]). 

Using Eq. (2.6) we can express the axial thickness of the 

lens z in terms of x and y. 

z = 1/n^ { - Jy? + y2 + z2} 
o 

2, 2 , 2 ̂  2,2 
- + (" + y > + ... (a.15) 
2nc 1 8n z. c 1 

X 

We have expanded z in a Taylor series. The first term, 

when multiplied by the nr represents the power of the 

system. The aspheric term a is equal to the second term 

multiplied by nr. (The factor 1/8 goes away because of the 
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definition of S^..) Substituting a into Eq. (A.9) produces 

the spherical aberration of the first lens. 

SI(1) = 1/4 h4/z13{y3(l+3Y12) - 4y} (A.16) 

The spherical aberration of the second lens is 

SI(2) = -1/4 H4/Z23 { ̂ 3(1+3Y22) " 4Y} (A.17) 

The conjugate factors Y^ and Y2 are 

= 1 - (2/y)z1/z3 (A.18) 

Y2 = 1 + 2z2/z1 - (2/y)z2/z3 (A.19) 

The spherical aberration for the holographic element is 

the combination of the aberration for both lenses. 

si - si(1) + si<21 

= yh4/4((y2-l)(1/z 1
3-1/z 2

3 )  

+ 3(1/z 1-1/Z 2 ) ( l / z 3
2 - y 2 / z 1 z 2 )  

- 3y/z3(l/z1-l/z2)2 (A.20) 

The coma term includes both the central coma and 

the spherical aberration resulting from the decentered 

pupil. 

SII " SIIU) + SII<2> - 4'xlSia) + X26I(2'! (*-21) 

The chief ray angles are 
X1 " X3 
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X2 ~ X3 X1 " *2 
U. = -+ y 1 2 (A.23) 
2 z z, 

The coma for the holographic lens is 

SI;E = h3y{l/z12 [ (y2-l) x1/z1~y2x2/z2-yx3/z3] 

+ l/z22 [y2x1/z1-(y2-l)x2/z2-yx3/z3] 

2 
+ 1/z 3 [x1/z1"X2/z2] 

+ 2[yx1/z1-yx2/z2-x3/z3]-[^- + i^-i-^]} (A.24) 

The astigmatism can be computed in the same way. 

q = S (1) + S (2) - 2x S (1)- 2x S (2) 
SIII III III 1 II 2 II 

+ x12SI(1) + x22Si(2) (A.25) 

The astigmatism for the decentered pupil is 

ST11 = h2y{(^)2t(y2-l)/z1-y2/z2-y/z3] 

+ (^•)2[y2/z1-(y2-l)/z2-y/z3] 

+ (~) 2 [1/Zl - l/z2] 
3 (A.26) 
x x x x x x_ 
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Third Order Aberrations of a HOE on a 
Spherical Substrate 

The third-order aberrations do not add as simply 

as in the plane hologram case. Third-order aberrations are 

dependent on the pupil height h. If the two exposing 

centers and the center of the substrate are not collinear, 

then the "h" heights are not measured in the same plane. 

Hence a simple addition is not possible. 

Third-order aberrations can be computed if the two 

exposing centers are collinear with the substrate center. 

If they are collinear, then the hologram can be viewed as 

a single lens with shape factor (Hopkins, .1950): 

X = I1 +_ I2 - 2n cf (A.27) 
C1 2 C 

that grows as the index nc at the exposing wavelength Ac 

is increased. From Eqs. (A.5) to (A.8), the aberrations 

for a hologram on a spherical substrate with a centered 

pupil can be determined: 

ST = h4/(4f3)p{y2[4(cf)2 - 8cfY + 3Y2] 

- [4(cf)2 - 8cfYo + 3Yq2]} (A.28) 

SJ J  = h3up2/f2{cf - Y} (A.29) 

SII;[ = h2yu2/f (A. 30) 

Siy = 0 (A.31) 

Sy = 0 (A.32) 
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c = curvature of surface 

f = focal length at exposing wavelength (Ac) 

u = principal ray angle 

Yq = (Hopkins, 1950) conjugate variable Y 

describing constructing geometry 

For an off-axis pupil, the coma and astigmatism are 

related to the on-axis aberrations by Eqs. (A.21) and 

(A.25). 



APPENDIX B 

THIRD-ORDER ABERRATIONS OF A THICK 
TRANSMITTING HOE 

The third-order spherical aberration with which a 

thick transmitting HOE should be constructed is calculated 

here. We proceed much the same as in Chapter III. The 

third order spherical aberration which can be viewed as the 

third order variation of power as was calculated by 

Champagne (1967) 

S - S1 = \  /X  (S -S') 
c c c r r r 

+ h2uc/jr[(zrr3-u'r3] 

- (zc)~3 + (Zc)_3} (B'1) 

The Bragg angle's third order variation is also 

calculated the same as in the paraxial case. The third 

order approximation to the refraction Eqs. (3.2) and (3.4) 

3 
are sin 9 

B = l/nrsin6 + 3— (B.2) 
6nr 

• 3 ' 
sin ©' 

B̂ . = l/nrsin0̂ . + -j— (B.3) 

6nr 

The equation for reflection off of the "Venetian Blind" is 

the same: 

ctr = 1/2 (Br + B̂ ) (B.4) 
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We now must relate 0 and 0' to the distance from 
r r 

the HOE's centerline, y, and the wavefront tilt due to 

spherical aberration. Referring to Fig. 3.1, we can see 

that 

9r = ur ~ Yr (B"5) 

The angle y^. due to the spherical aberration is small and 

given by 

Yr = ̂ (1/8 Sry4/ho} = 1/2 Sry3/ho (B'6) 

From Eq. (B.5) 

sin0' = sin u1 cosy' - cos u' siny' 
r r 1 r r ' r 

^ sin u' - y' (B.7) 
r 'r 

This approximation is only valid for u^, < 20°. 

Finally, expand sin u^ in terms of y/z^ 

sin u^. = y/z^ - 1/2 (y/z^.) 3 (B.8) 

so 

sin0̂ . = y/ẑ . - 1/2 (y/ẑ ) 3 + l/2Ŝ y3/ĥ  (B.9) 

There will be an identical equation for the other recon

structing beam 

sin0r = y/zr - 1/2(y/zr>3 - l/2Sry3/h^ (B.10) 

Putting Eqs. (B.9) and (B.10) into Eqs. (B.2) and (B.3) and 

then introducing the results in Eq. (B.4) produces the 

third order approximation to the Bragg angle (keeping 

first and third order terms) 
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ar = l/2nr{[l/zr+l/z^]y - (l/2-l/6n2) 

[l/(zp 3 + l/z3]y3 - l/2(Sr+S^)y3/h^} (B.ll) 

The thickness of the emulsion may change between con

struction and reconstruction. The third order approxima

tion of Eq. (3.6) is given by 

ac * Vtc{ar+-f-I1"(tr/tc)2l} (B-V) 

The Bragg angle upon reconstruction ac is described by an 

equation similar to (B.ll). Putting a and a into Eq. 
C 3T 

(B.12) and keeping only first and third order terms gives 

l/2nc{ [l/zc+l/z^.]y - (l/2-l/6nc2) [1/(Z(^) 3+l/zc3] 

- l/2[Sc+S^]y3/h^} = l/(2nr)tr/tc{[l/zr+l/z^]y 

- (l/2-l/6nr2) [l/(zp3+l/zr3]y3/h^ - 1/2 [Sr+S^]y3/h* 

+ l/12nr2[l-(tr/tc)2] [l/zr+l/z^.]3y3/h^} (B.13) 

This can be separated into a part linear in x 

which is the same as Eq. (3.9) and a third order part 

t n  A t n  1  -7 "3 
S +S' = r^-^fS'+S ) + h4 { r^-^[(l ±-y) I(z') J+(z )~ J] 
c c t n r r o t n _ 2' r r 

C 3T C 3T 

- rh 
11 

-  W ! |WW ! |  

r 

- (1 - -^-j) [ (z *) ~3 + (zc)"3]} (B. 14) 

3nc 

Equations (B.l) and (B.14) can be solved yielding (3.12). 



APPENDIX C 

CONSTRUCTING A THICK REFLECTING HOE 

The parameters for constructing a thick reflecting 

HOE are derived here. We wish to calculate the construct

ing conjugates (zc and z^) and the combined amount of third 

order spherical aberration (Sc and S^) in the two beams. 

Thus we have three unknowns and need three relationships. 

Two equations can be found in Champagne's (1967) work, 

namely the power of a HOE and its third order spherical 

aberration. 

1/z' + l/z„ = A /A (1/z' + 1/z) (C.l) 
O w C X X JL 

VSi = {<^>~3+<z0>~3-VV<zP~3+<2r>""3l)ho 

+  A / A  (S +S') (C. 2) 
c r j. jt 

Another relationship can be generated by assuming 

the Bragg condition is met to third order. Referring to 

Fig. 4.2, the fringe angle inside the emulsion is 

«c = 1/2 (Bc + B^) (C. 3) 

where Bc and B^ are the angles of the constructing rays in 

the emulsion. These ray angles are related to the ray 

angles outside the emulsion through Snell's law 
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sin B = 1/n sin 0 
C V L 

sin B' = 1/n sin 0' (C.4) 
C C w 

The angle 6 is the sum of the paraxial angle u 
c c 

shown in Fig. 4.1 minus the wavefront tilt due to the 

spherical aberration 

where 

Sc = uc " yc (C-5) 

= 1/2 Scy3/ho (C-6) 

With the previous three relationships we can write Bc as a 

function of z , S , n , and y. A similar expression can 
c c c 

be written for B^. Both of these expressions can be 

substituted into Eq. (C.3) giving ac in terms of the 

construction parameters. 

We need a relationship between the construction 

fringe angle ac and the fringe angle after the emulsion is 

processed ar- Because the fringe angles are so small, it 

seems reasonable to assume that any shrinkage would be 

normal to the substrate, not along the fringe. Thus we 

write 

tan a = t /t tan a (C.7) 
r r c c 

Combining Eqs. (C.l) and (C.5) through (C.7), and Eq. 

(4.1), and approximating the trigonometric functions to 

third order in the aperture variable y, we find, 



-6[Sc+S^]/h^ - [6-2 (nc)-2] •[(z(^)"3+(zc)~3] 

+ („o)-2[l/zc+l/^]3 = Xc/Xr { -6[Sr+S']/h^ 

- [6-2(nr)"2]r(zr>"3+(zr)~3] 

+ (nr)"2[l/zr + 1/z^.]3} (C. 8) 

Solving together Eqs. (C.l), (C.2), and (C.8) produces the 

construction geometry Eqs. (4.2) and (4.3). 



APPENDIX D 

ACHROMATIC TRIPLET USING HOLOGRAPHIC 
OPTICAL ELEMENTS 

Introduction 

Two- and three-element combinations of holographic 

elements producing color corrected imagery have been dis

cussed by several authors, most notably by Katyl (1972) 

and Latta (1972). Recently, Bennett (1976) described the 

theoretical limitations of a two-element photographic 

system. He also calculated one condition to be met by a . 

three-element color corrected system. In this work, we 

discuss the three-element holographic system in more detail. 

With a correctly designed three-element system, we 

can set the derivatives with respect to wavelength of both 

the focal length and the back focal distance equal to zero 

at the reconstructing wavelength. Also, if either the 

front or rear element is chosen as the stop, the primary 

lateral color will be zero. 

A color corrected three-element holographic system 

must have negative power. However, the rear element can 

be much smaller in diameter than the front element; if it 

is followed by a small converging lens, we have a light

weight, low cost imaging system with a large collecting 

aperture. 
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Development 

The paraxial equations describing the marginal ray 

height for the system shown in Fig. D.l are 

y2 = 1 - (D.l) 

u2 = <j>i + y2<f)2 (D.2) 

y3 = Y2 " U212 (D*3) 

u3 = u2 + y3(f>3 (D.4) 

where the object is assumed to be at infinity and the ray 

height y is unity at the first element. The ray angles u 

are defined as positive down. The power of each element 

i|) is a linear function of the reconstructing wavelength; 

thus, d> = d> A/A . 
o o 

Marginal ray 

Fig. D.l. Achromatic triplet (y2 = y3 = - 1/4, u^ = 1). 



94 

The power of the system is the negative of the 

angle u^. We want a color corrected system as described by 

Bennett (1976), so we specify that the derivative of the 

power with respect to Wavelength be zero: 

The back focal distance (Smith, 1966) is a linear function 

of the power u^ and the marginal ray height on the last 

element of the system y^. The back focal distance will not 

vary with wavelength if neither u3 nor y^ changes with 

wavelength; hence, we specify 

conditions to be met [Eqs. (D.5) and (D.6)], and the 

system's power to be specified. However, we have five un

knowns: three element powers (<J>^, <t>2' an(3 4*3) and two 

spacings (1^ and 12). Thus, we can specify two more un

knowns: the marginal ray heights on the second and third 

elements. (Remember the front element has unit height.) 

(D.5) 

(D.6) 

For our color corrected system, we have two color 

We can solve the set of nonlinear Eqs. (D.1)-(D.4) 

yielding 

(D. 7) 

(D. 8) 



•1-Y3 

2 u3 

t 1-1,3 

•3 " U3 Y3H-Y3I 

It is interesting that, if we choose either the 

front or the rear element as the stop, the primary lateral 

color is zero. Let us consider the case where the rear 

element is the stop. A convenient (scalable) chief ray y 

would have unit height on the middle element = 1) and 

pass through the center of the rear element (y^ = 0). 

The ray height on the front element would then be 

y1 = 1 + l1(Ul2 ~ <f>2) (D. 12) 

Primary lateral color (PLC) is expressed as 

3 
PLC = E $4.y.y^ (D. 13) 

i=l 

u3 yo-y? u 

- (1+^-i^J>*i + *2 1^7= 0 (D-14> 

Identical algebra will show that the PLC is zero when the 

front element is the stop. 

A system has been designed using Eqs. (D.7)-(D.11), 

and then Eqs. (D.5), (D.6), and D.14) were verified using 

first-order ray tracing. 
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(D.9) 

(D.10) 

(D.11) 
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Why must the system have negative power? The only 

constraints are on the element spacings 1^ and 1^! they 

must be greater than zero. A converging system requires 

that u^ and y3 be both positive or both negative. If they 

are both negative, then from Eq. (D.10), we can see that no 

negative value of y3 produces a positive length 12- What 

if they are both positive? From Eq. (D.10) we see that 

y3 < 1. Now combining Eqs. (D.7) and (D.8) we get 

I y2 y3 = ~uo [+ (D.15) 
II 3 (l-y2) 1 3 

The term l/(l-y3) > 1, so y3/(l-y3) >0. The squared term 

is also positive, so 1/1 ̂ must be negative, which is not 

physically possible. Thus, the system must have negative 

power. 

There are two regions of solution, both with 

negative power. First 

u3 > 0 (D.16) 

y3 < 0 (D.17) 

y2 2 ~y3 
(I=yJ} <1=3^ (D*18) 

The minimum total length for the system (l^+^J occurs 

when y2 0 and y3 = -1. This is not necessarily a 

practical result, but it does indicate a limiting case. 



The second region of solution is described by 

u3 < 0 (D.19) 

y3 > 1 (D.20) 

(D.21) 

A .  

In this case, the rear "Element is larger than the front 

element, a solution of limited utility. 

Application 

A lightweight, low cost imaging system can be con

structed by placing a small diameter converging lens 

behind a holographic triplet (Eqs. [D.16]-[D.18]) as shown 

in Fig. D.2. The lens will introduce some axial chromatic 

aberrations, but these can easily be balanced by adjusting 

the powers and spacings of the holographic elements. The 

third-order spherical aberration, spherochromatism, and 

coma can &lso be nulled out for the system by introducing 

the appropriate amounts of spherical aberration in each 

element. 

presented that generates color corrected three-element 

holographic systems. The system, was shown to have negative 

power and one of two configurations, as described by Eqs. 

Conclusions 

A very simple algebraic design scheme has been 
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Fig. D.2. Achromatic triplet lens imaging system. 

k 

(D.16)-(D.21). One of these configurations could be used 

for a lightweight telescope when coupled with a converging 

lens. 
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