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ABSTRACT 

Volume holographic memories (VHMs) axe a candidate technology for next-

generation high-density and high data-rate digital storage. Capacities greater 

than 1 Terabit are promised, available at read-out rates exceeding 1 Gigabit per 

second. 

The capacity target will be achieved through two mechanisms. First, retrieval 

in a VHM reconstructs a holographic page (a two-dimensional image) captured 

on a CCD (charge-coupled device) camera. Each page represents on the order of 

one million bits of data, by encoding the data as bright and dark pixels in the 

1024 X 1024 stored/retrieved image. Second, due to the thickness of the recording 

medium, a large number of such pages can be recorded in the same volume of 

material. In this dissertation we address some of the difficult technical issues 

that either currently limit the VHM system design, or are expected to become a 

limiting factor in the future. 

The first such concern involves how to process the simultaneous optical arrival 

of one million pixels. In high-density storage, there will be significant cross-talk 

between pixels which limits the storage capacity. We develop a novel highly-

parallel focal-plane processor, which can significantly improve the system capacity 

by performing reliable detection in the presence of optical blur and alignment 

errors introduced by the imaging system. A fabricated proof-of-concept VLSI 

design is described. 

Another fundamental noise source is caused by the cross-talk between holo

graphic pages. Reconstruction of the desired data page reconstructs every page 
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in the memory, albeit at a very low relative difl5:action efficiency. As the number 

of multiplexed pages increases, the cross-talk from the other pages can constitute 

a significant optical field noise source. Apodization seeks to either suppress this 

noise source or control it such that system tolerances can be relaxed. 

Bright data pixels are stored by altering the material properties of the crystal. 

However, dark pixels require no adjustment to the crystal; they are implicitly 

stored. This asymmetric storage cost drives a capacity improvement by biasing 

the data pages to contain more dark pixels and fewer bright pixels. An increased 

nimiber of pages can be stored at the same reconstruction fidelity. We propose 

a novel modulation code to encode and decode these sparse data pages. Experi

mental results are presented showing the improvement in capacity. 

If the data page is composed of non-binary or grayscale pixels, then a fur

ther capacity enhancement is possible. The previous binary modulation code 

is extended into an arbitrary grayscale modulation code and a low-complexity 

maximum-likelihood decoder is developed as well as a mathematical proof of 

correctness. Extensive experimental results verify that the proposed method is 

practical and offers a substantial capacity improvement. 
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CHAPTER 1 

INTRODUCTION 

Holography is often accredited to the pioneering work of Dennis Gabor^ in 

1948 when he discovered a way to record the phase information of an optical 

field in an irradiance measurement. Once it became common knowledge that the 

notion of a coherent source interfering with an optical field could record the both 

the amplitude and phase information, the new emerging science of holography: 

did not go far! Only once the laser was invented did holography become an 

extensive subject of research. With the work of Leith and Upatnieks^"^ in 1962 -

1964 conventional holography was finally established as a practical and practiced 

scientific discipline. The 14 year delay was mostly due to the lag in the quality 

of the components necessary for holography. 

In 1963 van Heerden®'® published two articles back to back which proposed a 

basic understanding of volume holographic optical storage and made suggestions 

on exactly how to achieve large volimaetric storage densities. It is from these 

articles that the commonly bandied theoretical volumetric density limit oiV/X^ 

bits/cm^ is discussed. In 1968 Gabor' developed much of the relevant theory 

on special properties of "thick" holograms. Furthermore, 1969 saw the publica

tion of Kogelnik's coupled-wave theory® which precisely predicted the diffraction 

properties of thick holograms. 

By 1969 holography was a practical technique; the mathematical and theo

retical tools for volume holographic storage were in place. So why did it take so 

long for volume holographic storage to actually be realized? Again, like the laser 
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spurring holography forward, the supporting 0/E and E/0 high space-bandwidth 

product devices such as the spatial light modulator (SLM) and charge-coupled 

device (CCD) caunera have finally made it practical to imprint and retrieve the 

promised huge amounts of data. Holographic data storage pulls together a num

ber of newly emerging technologies and integrates them into a powerful system. 

But as a consequence of the rehance on a number of still maturing technolo

gies, the overall system design can be difficult due to the demanding operating 

requirements placed on nearly all the components in the system. 

Nevertheless, with the necessary components in various stages of readiness, re

search in volimie holographic memories (VHMs) is now being propelled forward 

by the tantalizing promise of enormous storage capacities and large aggregate 

data rates, available with low latency. With many recent advancements®"^® comes 

a need for improved digital coding and signaling schemes tailored to the unique 

page-access operating environment. Digital data to be stored is typically encoded 

as a 2D array of binary pixels and is presented to the recording medium through 

a spatial light modulator (SLM). The key to large data rates is the 2D parallel 

nature of the data. Storage and retrieval of megapel (1024 x 1024) data pages has 

been demonstrated.® A retrieval page rate of 1 kHz produces an aggregate data 

rate of 1 Gbit/sec. This high-rate highly-parallel data places difficult processing 

requirements on many of the components in the system. The hope of Tbit ca

pacities and Gbit/sec retrieval rates, however, encourages forward progress. This 

dissertation is by no means an exception! We consider various present and pre

dicted future issues, and offer our research as a stepping stone; one step further 

along the path. 
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The highly parallel nature of the data places difficult processing requirements 

on the memory interface causing potential bottlenecks within conventional serial 

solutions. A parallel memory interface is needed to support the large aggregate 

data rate. To make matters more difficult, a high-density VHM will suffer from 

large amounts on pixel-to-pixel cross talk due to the blur induced by the imaging 

optics. In chapter 2, we propose a focaJ plane processor design for a smart pixel 

array that will in parallel, detect and de-blur the data. One obvious advantage 

of this approach is the elimination of the need to move the megabit page off 

the CCD chip with each pixel being digitized at many bits of resolution. With 

reliable detection and data estimation (in the presence of optical system alignment 

errors) performed well, the pixel can be exported as a single bit. A full discussion 

of the detection abilities of the proposed parallelizable design are presented in the 

chapter, including a figure showing the proof-of-concept fabricated chip design. 

Another avenue to larger storage capacities is to multiplex more holograms 

in the same location. Diffraction efficiency can establish a limit on the number 

of multiplexed holograms, but in the near future with improved materials, we 

expect that the reconstruction cross talk between pages will prove to limit the 

system retrieval for very large number of holograms. Apodization is a technique 

that seeks to quell the cross talk noise, by reshaping the cross talk function to 

reduce the noise contributions accumulating from the number of pages in the 

memory. Chapter 3 discuss this subject in detail. 

Data pages, until recently, have contained on average a comparable number of 

bright and dark pixels. Bright pixels are stored by forming a phase grating in the 

holographic material. However, dark pixels require no adjustment to the crystal; 
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they are implicitly stored. This asymmetric storage cost mrges us to consider 

storing less "on" pixels per page. Doing so allows more pages to be stored in 

the memory when diffraction efficiency limits the size of the memory. A careful 

balance between sparser pages (about 25% "on" pixels) and the reduced infor

mation per page leads to the development of the enumerative permutation code 

described in chapter 4. Approximately a 15% gain in capacity can be achieved by 

adjusting the average number of "on" and "ofF' pixels per page. Experimental 

results confirm this line of research. 

Chapter 5 extends this idea of sparsity to grayscale pixels. The increased 

signaling levels per pixel increase the information content per page while the 

sparsity reduces the per page information. Thus the two terms tend to somewhat 

balance each other providing up to about a 50% theoretical gain in capacity. 

We extend the previous binary enumeration code into an arbitrary grayscale 

modulation code. A low-complexity encoding and decoding scheme are developed. 

In addition, the detection algorithm is proven to achieve maximum-likelihood 

performance. 

In chapter 6 we discuss results of implementing the proposed codes in a real 

holographic system testing device, IBM's DEMON platform. We see about a 10% 

improvement in extrapolated capacity using 3-level sparse pixels as compared to 

no coding using equal numbers of "off' and "on" binary pixels. The improvement 

is reduced due to the effect of error propagation on the long-length modulation 

codewords. We introduce the concept of reverse coding to address this concern. 

Application of reverse codes to the experimental data estimates a 35% capacity 

improvement. 
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We begin by considering the blur introduced between pixels due to the finite 

spatial bandwidth allowed by the optical system. High density storage typically 

requires a small Fourier aperture for the object beam, resulting in significant 

blurring on the CCD detection plane. 
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CHAPTER 2 

OPTICAL DETECTION IN THE PRESENCE OF BLUR 

2.1 Introduction 

There are a lot of possible noise sources that may corrupt the retrieved holo

graphic data page. In this chapter we consider the case when a specific subset 

dominate the storage and retrieval processes. In order to place more pixels in 

one page the pixels must either be reduced in size or the effective page extent 

must be increased. Alternatively, the Fourier aperture of the object beam may 

be decreased (thereby reducing the used photorefractive interaction volume). Of 

course, a combination of these methods may be applied, but in any case, the net 

result is that in the detection plane the pixels begin to receive a significant con

tribution of energy from their neighbors. We refer to this cross talk as inter-pbcel 

interference or IPI. As high-density storage improves, the IPI will likely be a lim

iting factor in the system design.^® The optics relaying the information-bearing 

pixel array through the holographic medium to the detection plane are subject 

to a finite optical bandwidth and hence provide the optical mechanism for the 

optical blur or cross talk. To make matters worse, there may be fixed alignment 

errors in the optical system, inducing a fixed-pattern noise on the retrieved page. 

Examples of this include a sKght rotational misalignment between the SLM and 

CCD planes, a sub-pixel transverse shift between the two planes, or a small fixed 

magnification error. We also consider that the CCD detection array is operating 
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in a regime where the thermal electronic noise is the dominate noise among the 

possible noise sources corrupting the retrieved electrical signal. 

Posing the detection problem in its most general form, one can search the com

munications community literature for proposed solutions. They have addressed a 

serial version of this detection problem under the topic of maximum likelihood se

quence detection (MLSD). In related research, the optical storage community has 

recently presented high performance MLSD approaches that are appropriate for 

page-oriented memories based on the Viterbi^^ algorithm.^^"^^ Some of these al

gorithms offer excellent performance but are computationally expensive. We seek 

reduced complexity techniques suitable for a VLSI smart pixel implementation. 

In this chapter we discuss such a low-complexity solution that recovers a sig

nificant amount of the performance loss due to the noise sources and incurs a low 

complexity cost. One of the key insights to achieving the improvement in data 

detection is to note that the 2D pixel array represents a massively parallel stream 

of digital data where the cross talk induced on a single pixel/channel is almost 

completely a function of the local neighborhood to that pixel. We hypothesize 

that a small processing element around a pixel which communicates with only 

the neighboring processing units may have the ability to significantly improve 

the detection estimate of the page data. These small units will thus operate in a 

massively parallel fashion with only local connectivity requirements. Of course, 

because of the small detection plane pixel pitch, we have a very small amount of 

VLSI area in which to do all the necessary computations; hence, the calculation 

unit must be of very low-complexity. 
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We will consider both incoherent and coherent optical memories corrupted 

by thermal detector noise as well as fixed pattern noise. We examine the effect 

of two different SLM fill factors and channel point spread functions (PSFs) on 

the system metrics of bit error rate (BER) and storage capacity. To address 

the detection problem we propose a page-parallel processing algorithm based 

on the communication technique of decision feedback equalization (DFE).^®'^^ 

The advantages of our proposed pseudo-decision feedback equalizer^®'(PDFE) 

scheme include its ease of implementation and completely parallel design. Due to 

the local nature of PDFE processing, this algorithm can offer good performance 

in the presence of an optical channel with a space-variant point spread function 

in addition to small amounts of systematic fixed pattern errors. We compare and 

contrast the performance of the PDFE algorithm against competitive detection 

methods with respect to an ideal upper bound on system capacity.^® 

In Section 2.2 we introduce a simple memory channel model. We trace the 

digital data originating on the SLM through an incoherent optical channel to 

detection at the CCD plane. Next we examine a number of common decision 

schemes and our proposed PDFE method, all of which allow us to consider BER 

parameterized by the noise level, SLM fill factor, and PSF. From the scaling law 

relating BER and number of pages in a holographic memory^^ we develop the 

Gaussian noise-limited capacities associated with these various decision methods. 

Section 2.4 presents the simulated performance of the decision techniques when we 

vary the noise level, SLM pixel pitch, PSF, and introduce systematic errors in the 

optical system. We also consider the performance degradation due to imperfect 

channel knowledge. In Section 2.5 we consider coherent optical channels and 
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rederive the augmented system model. Following the format for the incohereot 

case we analyze the performance of the PDFE and the other algorithms under 

the same noise and systematic error conditions. In the last section we introduce 

estimates of chip area and clock rate for a parallel VLSI implementation of th.e 

PDFE algorithm. Analog versus digital approaches are discussed and the design 

parameters for a fabricated MOSIS 2-micron chip PDFE implementation are 

presented-

2.2 System Modeling 

We begin by modeling our optical memory system as an incoherent optical 

channel corrupted by Gaussian detector noise. The coherent case is more corrx-

plicated and will be considered in Section 2.5. The total s\-stem behavior can be 

characterized by the deterministic intensity PSF and the statistics of the random 

noise. Fig. 2.1a shows the basic system architecture. During recording, a bi

nary amplitude SLM transmits the two-dimensional page of binary data into th€ 

optical recording system governed by the incoherent PSF hchani^Ty)- The SLM 

pixel shape, p{x, y), can be incorporated with the channel PSF to yield an overall 

incoherent system PSF defined as 

h{x,y) =p{x,y)®hchan{x,y),  (2.1) 

where ® represents the two-dimensional convolution operator. In order to easily 

distinguish the system and channel PSFs we will refer to the system PSF as the 

pixel spread function (PxSF). 
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Figure 2.1: Parallel Optical Binary Detection System, (a) Block Diagram (b) 
System Model 

A 2D detector array (e.^., CCD) integrates in space and time the retrieved 

data page photons at the output plane of the system. Fig. 2.1b shows the math

ematical model for the overall system, where aij denotes the data bit associated 

with row i and column j, p{x, y) is the SLM pixel profile, o(x, y) is the continuous 

spatial intensity at the output plane of the optical system, yij is the integrated 

intensity from the CCD at location (i, y), riy is the associated detector noise for 

that pixel, and ry is the noisy CCD output. We model the noise as zero mean 

additive white Gaussian with variance cr^. We consider two candidate functions 

for the incoherent PSF: 

•  2/  N f  s in{7rx/ab)sin{7ry/ab)Y .  
smc^(x,y) = /—-] , and 

V TTx/ab -n-y/ab J 

Gaussian(x.!,iaf) = 



26 

The central limit theorem implies that an optical system that is subject to a 

large number of small independent aberrations will be characterized by a Gaussian 

PSF. When the aberrations have been corrected the system will be diffraction 

limited and described by a sinc^ PSF. Note that cr^ is used to represent the 

channel width parameter of the PSF: cr^ represents null spacing for the sinc^ 

PSF, and it represents standard deviation for the Gaussian PSF. This should not 

be confused with cr^ representing the variance of the additive Gaussian noise. 

From the PxSF we can relate the binary input data to the real-valued received 

data through a single convolution sum as shown in eq. 2.2, where the effective 

channel taps, {hki}, are defined by eq. 2.3. 

OO 

T i j  = ^ ^ ^ i j — k l h k l  ~l" (2-2) 
kl=—oo 

r r'^t^yt 
hki ^ h{x,y)dxdy, (2.3) 

J  J x ,  

where x f  = I D  ± r/2 ajid =  k D  ± r/2, D  = SLM pixel pitch, F = CCD pixel 

size, and double subscripted simis and indices are understood to be a notational 

convenience for representing a sum or index over two variables. 

In order to make distance ratios intuitively simple we set the pixel pitch of 

the SLM to unity {D = 1) and express all distances in units of the SLM pitch. 

Similarly we express all power quantities in units of the system input power. 

Because the number of pixels per page will remain unchanged throughout this 

chapter, a constant system input power is also equivalent to a constant input 

power per pixel. Furthermore, we assume the optical charmel is non-absorptive 

and that the SLM delivers the same power regardless of its fill factor. Simulations 
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indicate that under these conditions the optimum CCD fill factor will always be 

unity so F is set to 1. 

We model the SLM pixel profile p { x ,  y) as a square spaced at the SLM pitch 

and we can therefore consider the PxSF as a 2D rect() convolved with either a 

sinc^O or a Gaussian() term. Eqs. 2.4 and 2.5 show the PxSF (pixel spread 

function) for the Gaussian and sinc^ incoherent cases of interest, respectively. 

h { x , y )  =  ^rect(2:/A,7//A) (S) Gaussian(a:,?/;crj) (2.4) 

h { x , y )  =  ^rect(a;/A, y/A) ®-^sinc^(a;/<T6, y/cTft) (2.5) 

The width of the PxSF is of obvious consequence in determining the diflEiculty 

of resolving the data page on the CCD. We consider each of these channels op

erating at two blur widths: the Sparrow resolution width and 25% wider. The 

Sparrow resolution criterion specifies that the incoherent intensity superposition 

of two neighboring pixels yields an intensity profile that has a point of inflection 

at the spatial position halfway between the two pixels. Given the channel PSF the 

overall system PSF (PxSF) will be determined by the fill factor of the SLM. We 

consider linear SLM fill factors between A/D = 0 and A/D = 0.9. So of all the 

possible combinations of channel PSF (Gaussian or sinc^), channel blur width 

(resolved or 25% beyond resolution), and SLM fill factor (between 0 and 0.9), 

only two cases result in a Sparrow resolved PxSF: Gaussian resolved A/D = 0 

and sinc^ resolved A/D = 0. The remaining cases result in output plane data 

that is approximately 25% {A/D = 0) beyond the Sparrow resolution criterion 

and further from the resolution criterion as the SLM fill factor increases. Fig. 2.2 
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shows a one-dimensional slice through the center of the PxSF for the (a) Gaus

sian resolved, (b) sinc^ resolved, (c) Gaussian beyond resolution, and (d) sinc^ 

beyond resolution channels. The abscissa is in iinits of the SLM pitch. The solid 

line corresponds to A/D = 0 and the dashed line corresponds to A/Z) = 0.9. 

Note that for the sinc^ channels with A/£) = 0.9 that the PxSF is no longer 

zero at integer multiples of the sine width so that even with impulse sampling 

at the neighboring pixels cross talk can never be eliminated. Fig. 2.3 shows the 

superposition of two neighboring pixel profiles for both PSFs and resolutions with 

A/Z? = 0. Note that the Sparrow resolved blur size is decided by the channel 

PSF only, so the effect of the finite SLM pixel size is not incorporated in the 

channel resolution blur width, only the system blur width. 

Alternatively, we can consider the resolution criterion in terms of the Nyquist 

condition for a SLM and CCD pixel spacing of D. We define the bandwidth 

of the optical transfer function as the 90% energy bandwidth. For both the 

Gaussian and sinc^ channel, we can compute the ratio of the 90% energy channel 

bandwidth to the Nyquist bandwidth- The sinc^ resolved PSF has a bandwidth 

that is 113.5% of the Nyquist bandwidth. Similarly'", the bandwidths for the sinc^ 

not resolved, Gaussian resolved, and Gaussian not resolved PSFs are 91.2%, 

81.8%, and 65.7%, respectively. 

Eq. 2.2 suggests a discrete matrix representation of the overall memory chan

nel and establishes a 1:1 mapping between the input binary data page, and 

the discrete set of real-valued received values, {ry}. For example, using an SLM 

with square pixels and a linear fill factor of 0.9 propagating through a Sparrow 
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Figure 2.2: Incoherent Pixel Profiles at Detection Plane 
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resolved sinc^ channel gives us the following cross talk matrix which we refer to 

as the discrete channel model (DCM). 

{ h k i }  —  

The DCM indicates how much of em input pixel's energy is blurred into the 

local neighborhood. Notice that for this channel only 39% of an on-center pixel is 

transmitted to the corresponding CCD pixel ajid the remaining 61% is effectively 

dispersed over the nearest 24 pixels. The use of a 5 x 5 model is justified by the 

localized nature of the cross talk allowing truncation of the theoretically infinite 

extent of the cross talk to a more practical limit. 

Fig. 2.3 demonstrates a convenient way to visualize blurring. The overlap

ping tails of the intensity superposition are responsible for the IPX incurred on 

neighboring pixels. A histogram of the received target pixel intensity values when 

a one or zero is transmitted provides a valuable alternative view of the channel 

blurring operation. Fig. 2.4a shows the histogram of 30 pages of size 128 x 128 

(491,520 pixels' worth of data) for the sine- resolved channel with A/D = 0 and 

fig. 2.4b shows the histogram for the Gaussian resolved channel with A/D = 0. 

From these figures we see that for the Gaussian resolved case there exists no 

choice for a simple threshold that will allow us to always correctly decide if a one 

or a zero was transmitted; while, for the sinc^ resolved channel a simple threshold 

does indeed exist. When we incorporate the effect of detector thermal noise, the 

histograms are further broadened reducing the performajice of a simple threshold 

detection scheme. The communication-theoretic approach can be seen as jointly 

0.00033 0.0027 0.011 0.0027 0.00033 
0.0027 0.022 0.091 0.022 0.0027 
0.011 0.091 0.39 0.091 0.011 
0.0027 0.022 0.091 0.022 0.0027 
0.00033 0.0027 0.011 0.0027 0-00033 
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Figure 2.3: Superposition of Incoherent Pixel Profiles at Detection Plane 

estimating the binary page using the noise statistics and the received intensity 

values. The goal of such an approach will be to provide a post-detection bit error 

rate (BER) of lO""* or less. As we will discuss later, 10""^ was chosen on the basis 

of requirements for an error correcting code (ECC) following the detection stage. 
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Channels with no noise 
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2.3 Decision Schemes 

We define a decision scheme as an algorithm that yields binary estimates of 

the data page using only the received intensity values. The approaches considered 

include a simple threshold, 1:2 modulation code, Wiener filter, and PDFE. The 

basic simulation procedure for any of these algorithms consists of: 

1. Selecting a SLM pixel pitch (A/D), channel PSF, channel blur width (crt), 

and noise level (cr„) 

2. Generating a random 128 x 128 page of data 

3. Computing the received blurred intensity page corrupted by noise at the 

detection plane 

4. Applying the decision algorithm 

5- Counting the number of errors in the estimated page 

6. Repeating steps 2-5 until a statistically significant number of errors and 

trials have been counted 

The above process will be repeated for the various combinations of parameters 

listed in step 1. In all simulations the CCD fill factor is unity and it is pixel 

matched to the SLM. In order to have a significant measure of the probability of 

error we tested as many pages as necessary to count at least 100 errors. So for 

a BER of 10"^ this implies testing at least ten million pixels (611 pages). Also, 

we will need to curve fit the data to efficiently find important numbers such as 
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the noise level where the decision scheme performs at a BER of 10 All curve 

fitting applied in this chapter is done through cubic spline interpolation. 

2.3.1 Simple Threshold 

The Simple threshold decision scheme compares the received pixel intensity-

value to a predetermined threshold value. This threshold is defined by the in

tersection of the one and zero level probability density functions (PDFs). If the 

PDFs do not overlap then perfect decisions are possible. If they do overlap then 

the intersection of the two PDFs selects the threshold that achieves the lowest 

possible BER for a thresholding scheme. It should be noted that the threshold is 

selected on the basis of the PDFs associated with a specific pixel. For a space-

variant channel this makes the threshold a function of the pixel location, but in 

any event it is always the optimal threshold. Figs. 2.5 and 2.6 present plots 

of the post detection BER as a function of the noise level for various decision 

schemes. The performance of the threshold scheme is denoted by the diamond 

symbol. The dashed line type with open symbols denotes the SLM fill factor of 

A/D = 0.9 and the solid line type with filled symbols denotes A/D = 0. Note 

the characteristic "waterfall" curve shape for the resolved sine- channel and how 

the threshold fails to achieve the target BER for the resolved Gaussian channel. 

This failure occurs even for a noise-free channel and urges us to consider more 

powerful schemes to process the received data. 
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Figure 2.6: BER of Detection Schemes on Gaussian Resolved Channel 
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2.3.2 1:2 Modulation Code 

A m : n modulation code^^'^^ encodes m  input bits into 2"^ unique states 

using n bits, where m < n. One advantage of such a code is that it is more 

tolerant to IPL For the specific case of a 1:2 modvilation code a single bit is 

encoded by arbitrarily choosing the bit pattern 10 to represent a "one" bit and 

01 to represent a "zero" bit. Decoding is accomplished via differential detection 

resulting in improved performance in the presence of unknown amplitude scaling. 

A further advantage of this technique is the trivial implementational complexity. 

The major limitation of this modulation code is its low code rate of 1/2. The 

performance of the 1:2 modulation code is presented in figs. 2.5 and 2.6 as 

the right-pointing triangle symbol with the dashed and solid lines once again 

representing two different SLM fill factors. We can see the modulation code 

outperforms the simple threshold for all noise levels. 

2.3.3 Wiener Filter 

A channel equalization filter can be applied to the received data to improve 

decision performance.^^ Equalization attempts to undo the blurring effect of the 

system PSF and to allow simple thresholding of the filter output. By applying 

various desirable constraints we can derive a number of different versions of the 

channel equalizer. The simplest version is the channel inverse which has a spec

trum that is the inverse of the Fourier Transform of the PSF. Under noise-free 

conditions and a narrow signal bandwidth this would completely eliminate the 

effect of the channel. The well-known problems with the inverse filter include 
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spectral nulls, noise amplification, and the infinite impulse response (IIR) nec

essary to implement the filter.^'^ If we choose to minimize the equalizer output 

MSE using a filter with a smaU number of taps (finite support filter) followed by 

a simple threshold we arrive at the FIR Wiener filter^(WF). It is the optimal 

linear filter (in the MMSE sense) when the received data is corrupted by additive 

white Gaussian noise (AWGN). It differs from the inverse filter by decreasing 

the filter gain appropriately at frequencies with low signal content. This avoids 

overamplifying the noise present at those frequencies and leads to the optimal 

linear restoration filter. Because the support of the filter is an arbitrary param

eter, the Wiener filter allows us to easily trade off computation and connectivity 

complexity for BER performance. As we will discuss later, the locally connected 

Wiener filter also has a final important advantage of being easily adaptable to a 

space-variant channel. 

The computation of the Wiener filter involves the solution of the Wiener-Hopf 

equations which can be easily derived from the condition that the minimum mean 

square error (MSE) filter {i.e., Wiener filter), {wij}, must satisfy the orthogonal

ity principle: 

E [{aij -  aij) rij-k[] =0 V k J , (2.6) 

where E [ - ]  is the expectation operator, is pixel (i,j), is the estimated 

pixel value at the Wiener filter output, and {riy} are the received noisy intensity 

values. Expressing hij as a convolution of {ry} and {wij} and rearranging the 

resulting expression yields the Wiener-Hopf equations: 

EE —mn] — E [oijrij^ki] V k, I .  (2.7) 
771 n 
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Since the Wiener-Hopf equations must be satisfied for all values of k and Z, 

eq. 2.7 represents a set of equations that can be represented in the matrix form: 

Kw = c. (2.8) 

K will be block Toeplitz when the PSF is space-invariant, providing a simple 

solution to the well-conditioned linear inverse problem posed by eq. 2.8. The 

Wiener filter is, of course, constructed based on the specific channel PSF. Note 

that in eq. 2.7 the channel response, {/iy}, is hidden inside the received noisy 

values, {rij}. 

By thresholding the Wiener filter output we arrive at the data page estimate 

where the predetermined threshold value is chosen to minimize the BER. Re

ferring once again to figs. 2.5 and 2.6 ajid noting the Wiener filter curves for 

3x3 and 5x5 channel support (symbols triangle and do%vn-pointing triangle, 

respectively) we can see the improvement in performance over the simple thresh

old scheme. To further reduce the BER we use the Wiener filter estimate as the 

starting point for the pseudo-decision feedback equalizer (PDFE) described next. 

2.3.4 PDFE 

As with the Wiener filter, successful pseudo-decision feedback equalization 

(PDFE) hinges on the knowledge of the channel response. In particular, given 

that we have correctly estimated a bit on the received page we can then blur 

that bit using the channel model and subtract its interfering effect from the 

remainder of the received data. This is very similar but not identical to the 

digital communication technique of DFE, hence the name PDFE. This method 
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ideally cancels all IPI present in the data page. The technique breaks down if 

there are too many initial errors as these errors will propagate throughout the 

entire page; however, with an initial BER on the order of 10"^ error propagation 

is not a concern. The main advantage of this approach is that we can make bit 

decisions based only on the received value for that bit and its neighbors. This can 

be contrasted with optimal estimation techniques {e.g., MLSD) which require the 

use of all received values while deciding on each bit. These optimal approaches 

present a large computational complexity burden on the receiver design that can 

be avoided via bit-by-bit decision. 

The PDFE decisions are performed for each pixel in parallel and involve the 

local interference estimates, iij, which are computed as the sum of the neighboring 

pixel estimates weighted by their interference contribution determined by the 

discrete channel model. We express the interference estimate for pixel {ijj) as a 

function of the most recent estimates for its neighbors: 

k^i i^j 

where is the current estimate of pixel Each pixel then forms an estimate 

of the received data conditioned on a one or zero being transmitted as: 

For the binary case we consider here a^j is either 0 or 1, but the method 

could easily be extended to handle the case of finite contrast where Sy is no 

longer binary. The conditioned received data estimates are then compared to the 

(2.9) 

— 0)/loO (2.10) 

(2.11) 
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Figure 2.7: BER of Detection Schemes on Sinc^ Beyond Resolution Channel 

actual received data and each pixel chooses the state (i.e., 1 or 0) corresponding 

to the smaller difference. Thus, each pixel chooses the state that maximizes its 

conditional probability. We perform these computations in parallel for each pixel. 

Such a parallel implementation requires a multiply and accumulate architecture 

\vith local connectivity whose size equals the channel PSF support, which is the 

same requirement necessary for implementation of the Wiener filter. Eqs. 2.9-2.11 

define an iterative process that can be repeated to further refine the estimate of 

the data page. Figs. 2.5 and 2.6 summarize the performance of all the detection 

methods on the two resolved channels. Figs. 2.7 and 2.8 present the same data 

for the beyond resolution channels. Note that all results involving the PDFE 

algorithm use two iterations. Next we examine simulation results of the various 

algorithms acting on the eight optical systems of interest. 

"•Threshold 
*•12 Mod Code 
-•3x3 Wiener 
•5x5 Wiener 
• 3x3 PDFE 
•« 5x5 PDFE 
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Figure 2.8: BER of Detection Schemes on Gaussian Beyond Resolution Channel 

2.4 Simulation Results 

We consider the overall memory system interface to include a channel decoder 

operating on the output from our decision system. We select a Reed-Solomon 

(15,11,2) 2-error correcting code as a channel decoder with a code rate of 11/15 

= 73% allowing a post-detection bit error rate of lO"'^ and yielding an output bit 

error rate of 10"*^^. For any decision scheme there is a specific maximum tolerable 

noise level, cr*, associated with operating at a BER of 10"'*. If we consider, for 

example, a holographic optical memory, then we can apply the well-known scaling 

law^"^'^^ relating the signal-to-noise ratio (SNR) to the number of stored pages in 

the memory, M: 

where Ps is the input bit signal power, set in simulation to be unity, and F is a 

system dependent scaling constant. Now we can relate the maximum tolerable 
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noise level to the maxiinuni number of pages that can be stored in the memory-

while maintaining a BER < 10"'* through the equation 

ivr = j—. (2.13) 
V 

Our final step is to reexpress M  in terms of the system capacity, C ,  which is 

defined as 

C  =  M N ^ R ,  (2.14) 

where is the number of pixels per stored data page and R  is the code rate 

of the ECC and, when appropriate, the modulation code. Typically R is just 

the code rate of the Reed-Solomon ECC. Making a substitution we arrive at an 

equation relating cr* to the overall system capacity, 

C = N'^RJ—. (2.15) 
V 

In order to compare the capacities of the various algorithms operating on the 

different channels we require an absolute capacity baseline. This baseline was 

derived in ref. 30 and represents an information-theoretic bound for a perfect 

optical system corrupted only with Gaussian noise. In ref. 30 a simplified formula 

for the holographic system scaling constant, F, is used: 

where P  is the total optical readout power, k s  is Boltzmann's constant, T  is 

the operating temperature, is the number of pixels per page, and r is the 

readout page rate. Furthermore it is assumed that the page is read out row-wise 

parallel {i.e., N pixels per clock). Using a total power of 1 Watt, T = 300 K, 

with N = 128 and r — 1 kHz yields F = 28.8 x 10®. 
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The above equations allow us to reexpress the performance of any of the 

detection schemes in terms of the relative capacity- they achieve with respect to 

C'max, an information-theoretic upper bound on the capacity of a Gaussian noise 

limited channel with a perfect optical system. The relative capacity is computed 

as Cre[ — CjCrnax-

2.4.1 Gaussian Noise 

We now examine the BER performance of the various decision systems under 

the assumption that the additive thermal Gaussian noise level is the limiting noise 

in the system. Figs. 2.5 through 2.8 show the BER for the PDFE algorithm, 

Wiener filter alone, simple thresholding, and the 1:2 modulation code. The line 

type denotes the SLM fill factor with a solid line and filled symbols representing 

A/D = 0 and the dashed line with open symbols representing A/D = 0.9. 

T h e  p e r f o r m a n c e  o f  t h e  W i e n e r  f i l t e r  a n d  P D F E  a l g o r i t h m  u s i n g  3 x 3  a n d  5 x 5  

support are presented to show the advantage gained for the corresponding increase 

in connectivity. Higher support sizes are not presented as they never offered any 

substantial increase in performance. The noise level is represented through the 

standard deviation of the Gaussian noise, cr„. 

Important trends and results to note include the following. The simple thresh

old fails to achieve the target 10"'' BER in every case except the sinc^ resolved 

A/£) = 0 case. Similarly, the 1:2 modulation code only reaches the BER goal 

in the sinc^ resolved (for A/D = 0 and A/D = 0.9) and Gaussian resolved 

(A/D = 0) cases. The Wiener filter meets the BER goal in all eight cases with the 

exception of the 3x3 Wiener filter on the Gaussian beyond resolution A/£) = 0.9 
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case, which is the most difficult of the chamiels. The PDFE approach works in 

every case. It is also notable that for the same support size the PDFE algorithm 

always performs better than its Wiener filter counterpart. This implies that the 

local iteration of the PDFE approach is providing a non-linear improvement since 

the Wiener filter alone offers the lowest BER for any Unear processing decision 

scheme. Also, comparing the performance gain achieved through increasing the 

support from 3 x 3 to 5 x 5 we see that it is insignificant for all cases except the 

sinc^ resolved case. This can be explained by noting that the blur in the sinc^ 

resolved case is small enough that the nine taps in the 3x3 Wiener filter and 

channel model offer enough degrees of freedom to invert the effect of the channel 

blur. Adding more taps fails to significantly improve performance since the new 

taps are nearly zero. 

From these BER versus noise level curves, we can find the noise level corre

sponding to our target 10"'^ BER goal and map this value of cr* into a capacity 

using eq. 2.15. We can then express this capacity relative to the information-

theoretic capacity bound as CVef = C'/Cmax- Each curve can therefore be char

acterized by a single number representing the relative capacity of the associated 

detection scheme. Table 2.1 shows the relative capacities for the Gaussian noise 

limited case at six different SLM fill factors. Note that the PDFE algorithm 

always provides a higher relative capacity than the Wiener filter alone for the 

same support size. With the exception of the Gaussian not resolved (A/Z) = 0.9, 

A/D = 0.8) cases, the 3x3 PDFE always outperforms the 5x5 Wiener filter. 

The 1:2 modulation code compares poorly in terms of capacity with the Wiener 
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filter and PDFE techniques even in the cases where the modulation code has 

good BER performance. This is due to its low code rate of 1/2. 

In order to reduce the amoimt of data from here on we will only consider two 

SLM fin factors, A/I? = 0 and A/D = 0.9. In order to relate this choice to real 

devices, consider two examples of commercially available SLMs: Displaytech's 256 

X 256 Liquid Crystal SLM with an area! fill factor of 87% and Boulder Nonlinear 

Systems' 256 x 256 PLC device with a 60% fill factor. Also, the Holographic 

Data Storage Symposium (HDSS) specifies the use of a 1024 x 1024 SLM in 

their final system with a 10.3 fj.m pixel and 15.6 fim. pitch yielding a 66% fill 

factor. Using zero and 81% fill factors provides us with a reasonable bound on 

the performance with regard to a variety of device choices. 

2.4.2 Systematic Error Dominated System 

In addition to additive post detector noise we also expect the system to suffer 

from fixed pattern noise. We have considered three systematic error sources: 

magnification error, rotation error, and CCD shift error. Magnification error 

occurs when the system magnification does not perfectly match one SLM pixel to 

one (or an integer number of) CCD pixel(s). This can be caused by a small shift 

of either the SLM or CCD along the system's optical axis or mismatch among 

lenses in a 4F system. Rotation error occurs when the SLM and/or CCD are 

rotated about the optical axis from their intended orientation. Shift error occurs 

when CCD pixels are laterally misaligned with those of the SLM. 
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Relative Channel Capacity (%) 
Channel Fill Factor TH 1:2 MC WF PDFE WF PDFE 

(%) 3 x 3  3 x 3  5 x 5  5 x 5  

Sine- Resolved 0 24.4 18.1 38.3 40.5 38.5 40.5 
4 22.9 17.8 38.3 40.0 38.4 40.0 

16 18.0 16.7 37.4 39.6 37.4 39.6 
36 0 14.6 35.6 38.4 35.6 38.4 
64 0 11.4 32.9 36.1 32.9 36.1 
81 0 8.3 31.2 34.1 31.7 34.2 

Sinc^ Not Resolved 0 0 0 28.6 31.3 29.0 31.3 
4 0 0 28.2 31.3 28.8 31.3 

16 0 0 27.4 30.4 27.7 30.5 
36 0 0 26.0 28.3 26.6 28.5 
64 0 0 23.4 26.6 24.8 26.7 
81 0 0 22.1 25.2 23.4 25.5 

Gaussian Resolved 0 0 9.6 33.4 37.7 34.5 37.7 
4 0 8.4 33.2 37.7 34.1 37.7 

16 0 5.6 32.1 36.3 33.1 36.7 
36 0 0 29.7 34.1 31.7 34.3 
64 0 0 27.2 31.9 29.4 32.1 
81 0 0 25.3 30.1 27.6 30.4 

Gaussian Not Resolved 0 0 0 18.0 23.7 22.8 24.6 
4 0 0 17.1 23.2 22.1 24.4 

16 0 0 15.9 22.3 21.4 23.2 
36 0 0 13.3 20.6 19.7 22.1 
64 0 0 6.9 18.1 18.2 19.9 
81 0 0 0 16.1 17.3 19.6 

Table 2.1: Channel Capacities of Decision Schemes for Gaussian Noise Dominated 
Case 
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Note that magnification and rotation errors can be considered to produce a 

space-varying optical channel. We can incorporate the effect of such a space-

variant PSF by adjusting the detection schemes to use the appropriate local PSF 

at each pixel. To speed up our simulations we modeled blocks of 16 x 16 pixels 

to have the same PSF, computed from the actual space-variant PSF at the center 

of the block. Therefore for the 128 x 128 simulation page size we modeled the 

space-variant channel with 64 different PSFs. 

Figs. 2.9-2.11 show the performance of the PDFE algorithm compared with 

the other techniques, presented in terms of the relative channel capacity. Once 

again solid lines with filled symbols represent A/D = 0, and dashed lines with 

open symbols represent A/D = 0.9. We see that for all three fixed pattern noises 

the difference in capacity between the PDFE algorithm based on 3 x 3 support 

and 5x5 support is minimal for small errors; however, the larger support does 

makes the system more tolerant to large errors. 

Similarly, we see trends as in table 2.1, with tie 1:2 modulation code offering 

the lowest capacity due to its low code rate of 1 the notable difference being 

that in a number of cases the Wiener filter outperforms the PDFE of the same 

support size for very large fixed pattern errors. This can be explained by looking 

at the difference in the blurred energy at a target pixel versus the energy at nearby 

pixels. When the channel blur becomes very wide the desired pixel receives about 

the same amount of energy as its neighbors. This poses a difficulty for the PDFE 

algorithm as it tries to exploit the differences in thie received energies to determine 

which pixel states are more likely. The Wiener filter does not suffer from this 

problem since it incorporates a linear restoration filter before using a threshold 
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decision. The filter attempts to redistribute the energy of the pixel back into the 

center. A similar front-end filter could be applied before every iteration of the 

PDFE algorithm to alle\date this problem; however, the cost is an increase in the 

storage requirements and algorithmic complexity. 

We can characterize the tolerance of these algorithms to fixed pattern noise 

by defining an ad-hoc metric, the 90% tolerance width. This is defined with the 

aid of figs. 2.9-2.11 as the range of the fixed pattern noise paxameter over which 

the capacity remains above 90% of its noise-free value. We denote this width as 

M9o% for magnification error, ^90% for shift error, and R^Q% for rotation error. 

Mapping figs. 2.9 through 2.11 into tolerance widths yields tables 2.2 through 

2.4. 

Magnification 90% Width 
(% Magnification Error) 

Channel TH 1:2 MC WF PDFE WF PDFE 
3 x 3  3 x 3  5 x 5  5 x 5  

Sinc'-^ Resolved 
FF = 0 0.17 0.28 0.42 0.47 0.46 0.48 
FF = 0.9 0 0.13 0.35 0.39 0.44 0.43 

Sinc^ Not Resolved 
FF = 0 0 0 0.33 0.36 0.44 0.41 
FF = 0.9 0 0 0.28 0.28 0.38 0.35 

Gaussian Resolved 
FF = 0 0 0.16 0.33 0.39 0.43 0.42 
FF = 0.9 0 0 0.28 0.30 0.39 0.36 

Gaussian Not Resolved 
FF = 0 0 0 0.27 0.22 0.36 0.30 
FF = 0.9 0 0 0 0.12 0.33 0.22 

Table 2.2: Magnification 90% Tolerance Width 



Rotation 90% Width 
(Dej prees) 

Channel TH 1:2 MC WF PDFE WF PDFE 
3 x 3  3 x 3  5 x 5  5 x 5  

Sinc^ Resolved 
FF = 0 0.10 0.16 0.24 0.27 0.27 0.28 
FF = 0.9 0 0.07 0.19 0.23 0.25 0.25 

Sinc^ Not Resolved 
FF = 0 0 0 0.18 0.20 0.25 0.24 
FF = 0.9 0 0 0.17 0.16 0.22 0.20 

Gaussian Resolved 
FF = 0 0 0.09 0.19 0.22 0.25 0.24 
FF = 0.9 0 0 0.17 0.18 0.22 0.21 

Gaussian Not Resolved 
FF = 0 0 0 0.15 0.12 0.20 0.17 
FF = 0.9 0 0 0 0.07 0.18 0.12 

Table 2.3: Rotation 90% Tolerance Width 

Shift 90% Width 
(Pixels) 

Channel TH 1:2 MC WT PDFE WF PDFE 
3 x 3  3 x 3  5 x 5  5 x 5  

Sinc'^ Resolved 
FF = 0 0.08 0.16 0.24 0.28 0.27 0.29 
FF = 0.9 0 0.07 0.20 0.24 0.25 0.25 

Sinc^ Not Resolved 
FF = 0 0 0 0.19 0.22 0.25 0.24 
FF = 0.9 0 0 0.17 0.17 0.22 0-21 

Gaussian Resolved 
FF = 0 0 0.09 0.20 0.22 0.25 0.25 
FF = 0.9 0 0 0.17 0.18 0.23 0.22 

Gaussian Not Resolved 
FF = 0 0 0 0.15 0.12 0.21 0.18 
FF = 0.9 0 0 0 0.07 0.18 0.13 

Table 2.4: Shift 90% Tolerance Width 
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Because of the front-end processing issue discussed above, we see that the 

Wiener filter can be slightly more tolerant to the fixed pattern errors for the 

large blur channels. In the worst and best cases the 5x5 PDFE achieves a 

0.22% to 0.48% tolerance to magnification error, 0.12 to 0.28 degree tolerance to 

rotation error, and a 0.13 to 0.29 pixel tolerance to shift error. 

2.4.3 Imperfect Channel Knowledge 

It is important to imderstand how the PDFE performance degrades when our 

a priori knowledge of the optical system becomes imperfect. In order to examine 

this phenomena we keep the optical system fixed at a set of operating parameters 

which include channel shape (Gaussian or sinc^), channel blur width ((j^; null 

spacing for sinc^ channel and standard deviation for Gaussian channel), magni

fication error, rotation error, and CCD transverse shift error. The tolerancing 

study builds the detection algorithms using correct knowledge of all the operating 

point parameters except the one under test, which is presented to the algorithm 

either with an additive error (for tolerancing shift and rotation errors) or with a 

multiplicative error (for tolerancing channel width and magnification error). The 

multiplicative tolerancing works by expressing the percent change in the error 

parameter from the operating point. For example, a 0.2% change in a magnifica

tion error operating point of 0.1% would correspond to an actual magnification 

error of 0.1002%. 

We toleranced four different parameters: channel PSF width, magnification 

error, rotation error, and shift error. For each choice of a parameter the algo

rithm performance Wcis computed as a function of noise level in order to discover 
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the capacity of the decision algorithm operating under the desired tolerancing 

conditions. The tolerancing study was conducted at an operating point (OP) of 

a Gaussian resolved channel with a magnification error of 0.1%, a shift error of 

0-05 pixels, and a rotation error of 0.05 degrees. 

Figs. 2.12-2.15 show the tolerance of the algorithms designed at the OP in

dicated above as a function of chajinel knowledge error. With regard to channel 

blur width tolerance (fig. 2.12), we see the 3x3 PDFE can operate at 90% or 

better of its peak performance with a change from -30.61% to 47.7% in the tol-

eranced blur width. The 3x3 Wiener filter can operate over the slightly smaller 

range from -21.41% to 43.77%. For the 5x5 support case the trend continues 

with the PDFE operating over the range -30.44% to 37.85% and the Wiener filter 

on the reduced range of -20.38% to 24.23%. Another trend to notice is that the 

3x3 PDFE and Wiener filter are more tolerant than their 5x5 equivalents for 

all toleranced parameters. The 90% tolerance width for the magnification (fig. 

2.13), rotation (fig. 2.14), and shift (fig. 2.15) errors shows very little change 

between the 3x3 and 5x5 support and the PDFE consistently outperforms 

the Wiener filter of the same support size. Results suggest that exact channel 

knowledge is not required to see a benefit from the PDFE algorithm. Table 2.5 

summarizes these results. 
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Decision Channel Blur Width Magnification 
Scheme (% Change) (% Magnification Error) 

min max min max 
3 x 3  W i e n e r  F i l t e r  -21.41 43.77 -0.28 0.26 
3 x 3  P D F E  -30.61 47.70 -0.29 0.29 
5 x 5  W i e n e r  F i l t e r  -20.38 24.23 -0.27 0.23 
5 x 5  P D F E  -30.44 37.85 -0.29 0.28 

Rotation Shift 
(Degrees) (Pixels) 

min max min. max 
3 x 3  W i e n e r  F i l t e r  -0.16 0.15 -0.17 0.16 
3 x 3  P D F E  -0.17 0.17 -0.18 0.17 
5 x 5  W i e n e r  F i l t e r  -0.15 0.14 -0.16 0.14 
5 x 5  P D F E  -0.17 0.16 -0-19 0.16 

Table 2.5: 90% Tolerance Values in Prior Knowledge Study 

2.5 Coherent Channel Model 

All the results and discussion presented up to this point have focused on an 

incoherent channel. Extending these techniques to a coherent optical system re

quires an extension to the underlying algorithms. The perspective simply moves 

from intensity to field. The intensity PSF now becomes a field PSF and the inten

sity pixel profile becomes a field profile. The linear superposition and convolution 

relationships now hold in electric field. The detected signal however, remains in 

intensity and so all direct phase information in the received field is lost. Fig. 2.16 

shows the pixel profile for a sine, Rayleigh resolved channel under the two SLM 

fill factors of interest. We switch to the Rayleigh resolution criterion from the 
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Figure 2.16: Coherent Sine Rayleigh. Resolved Pixel Profile at Detection Plane 

Sparrow criterion used for the incoherent channels since the Rayleigh criterion is 

more appropriate for a coherent optical system. 

We can write the received field incident on the CCD in terms of the coherent 

channel PSF as 

where the superscript c denotes the coherent (field) version of the referenced 

function, D is the pixel pitch, and the double subscripted sum is a notational 

convenience for representing a sum over each index. Similarly, is a shorthand 

for the field contribution associated with pixel (z, j) defined in eqs. 2.18 and 2.19. 

Et{x,y) = ^aijp''{x-jD,y-iD)®h^^^^^{x,y) (2.17) 
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The incident spatial intensity pattern is therefore 

= El{x,y)Ef{x,y) (2.20) 

= (2.21) 
ij kl 

= Ux, a) + H E "OOw-BJEir. (2.22) 
ij kl^ij 

We see the intensity from the coherent channel is simply the intensity from 

the incoherent version of the channel plus the cross-term contributions from all 

other pixels. The noise-free output of the CCD is the integrated intensity over 

the pixel elements which we express for pixel (z, j) as 

Vij = J J h{^,y)dxdy + E^i^El*idxdy (2.23) 
ij kl:^ij 

= Vij + X) X) aijalix^iij^kl), (2.24) 
ij kl^ij 

where we have defined the pixel integral over the field cross-terms between the 

pixels (z, j) and {k, I) as x'^{ij: kl). All channel knowledge is contained in x'^{ij;kl). 

Also note due to the symmetry of the cross-terms x'^(ij; kl) = x'^{kl]ij). 

An incoherent channel has the convenient feature that the histogram of the IPI 

differed for the zero and one levels only by an offset. The coherent channel loses 

this symmetry as seen in fig. 2.17. This represents the histogram for a coherent 

sine channel mth a main lobe width equal to twice the CCD pitch. This width 

corresponds to the Rayleigh resolution criterion. 

Because the received intensity can no longer be written as a simple linear 

superposition of the contributions from each pixel we need to extend the iterative 

PDFE stage distance computation to correctly model the received intensity as 

a function of the known channel response. This can be done by exchanging the 
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Figure 2.17: 0 and 1 Level Intensity Histogram for Coherent Sine Channel 

linear channel filter for a quadratic channel filter as in eq. 2.24. The quadratic 

approach, referred to as the QPDFE algorithm, has the associated disadvantage 

of increased implementation complexity and connectivity. 

Before we examine the results for the coherent channel we need to consider 

what major differences exist between the incoherent and coherent processing. 

Due to the coherent superposition and the resulting quadratic channel model, 

the Wiener filter is no longer the minimum MSB linear equalizer when operating 

on the CCD intensity data. We considered a number of alternative approaches 

to arrive at a suitable replacement constrained to be a linear filter with compact 

local support. Among these were the adaline^® (adaptive linear element), forward 

and inverse estimation filters, and Wiener filters computed from various versions 

of the intensity PSF. If strong assumptions are made about the phase of the 

coherent system then operating on the square root of the received intensity data 
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can be beneficial. In the square root domain the linear superposition holds and 

we expect the linear schemes proposed for the incoherent system to work with 

reasonable success. 

Although some of the square root domain algorithms did perform fairly well, 

the intensity domain approaches performed better. There are two reasons for 

this difference in performance. First, additive thermal noise in intensity loses its 

simple additive signal independent nature in the square root domain. Second, in 

the square root domain the arithmetic sign of the true field quantity is lost. This 

leads to a potentially large difference between the square root of the received 

intensity value and the model. For these approaches to work better we need to 

consider techniques that estimate the phase of the received field and can retain 

the true sign of the field quantity. 

The optimal minimum MSE linear filter for the coherent case can be derived 

as a simple extension of the method used to compute the incoherent Wiener filter. 

However, the Wiener-Hopf equations become sufBciently complicated to make the 

numerical computation non-trivial. Because the Wiener filter constructed based 

on the average intensity PSF performs with a negligible loss compared to the 

exact minimum MSE filter and because the computation of the average intensity 

Wiener filter is trivial, we will use the average intensity version as the Wiener 

filter algorithm for the coherent case and as the initial stage for the QPDFE 

algorithm. The average intensity PSF is derived by noting for any specific data 

pattern there is a different measured intensity PSF. Or alternatively, the taps in 

the intensity PSF are a function of the transmitted data pattern. By computing 
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the expected (over the data bits) intensity PSF taps we arrive at the average 

intensity PSF. 

Mathematically, the derivation for the average intensity PSF begins with the 

quadratic form of the received (noise-free) intensity: 

lix^{ij-kl)) (2.25) 
ij 

vtj = 
ij L kl 

= "j y) + X) > - (2.26) 
ij L kl:^ij )  

We want to express the received intensity as a linear combination of the data 

bits and the taps of a filter. We can define the quantity in the curly braces of 

eq. 2.26 as taps of a filter, w^j, but the difficulty now lies with the dependence 

of tDj? on the complete data pattern. The elements of the average intensity PSF, 

{wfj}, are found by applying the expectation operation to the taps {tufj} and 

remembering Oy E {0,1} for the binary pulse amplitude modulation case we 

consider here: 

wtj = (»?,) (2-27) 

= (2.28) 
\kl^ij /  

= x^iij-.ij) + (2.29) 
klj^ij 

where the brackets represent expectation over all data patterns (local neighbor

hoods). Since the channel and SLM pixel profile define the values of kl) we 

can immediately compute the taps of the average intensity PSF. 

Fig. 2.18 shows the BER performance of the various algorithms on the coher

ent sine channel for both A/D = 0 (solid lines, filled symbols) and A/D = 0.9 
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(dashed lines, open sjTnbols). The relative performance of the threshold, Wiener 

filter, and QPDFE (the Quadratic complexity version) is as expected. Note that 

although the 1:2 modulation code has the best BER performance over any of the 

approaches it nevertheless has the worst capacity due to its low code rate of 1/2. 

Basically, it achieves the better BER by reducing the density of one bits which 

introduces less cross talk but as the simulations show this is an ineflScient method 

for recovering capacity. The noise level achieving the 10""^ BER goal, cr*, is once 

again used to allow us to compute the associated capacities which axe presented 

in table 2.6. 
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Figure 2.18: BER of Detection Schemes on Coherent Sine Channel 

It is also important to note that the size of the filter for QPDFE and the 

Wiener filter has increased to 7 x 7 from the incoherent channel sizes of 3 x 3 

and 5x5. This is because the energy distribution in the coherent channel falls 
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Relative Channel Capacity (%) 
Channel TH 1:2 MC \VF 

7x7 
QPDFE 

7x7 

Coherent Sine Resolved 
FF = 0 
FF = 81% 

25.38 
6.63 

25.3 
18.25 

43.85 
34.97 

48.71 
40.71 

Table 2.6: Coherent Sine Channel Capacities for Gaussian Noise Dominated Case 

off slower than its incoherent counterpart for the same value of null width. The 

laxger kernel is necessary to account for more of the channel's energy. 

2.5.1 Fixed Pattern Noise Dominated Coherent System 

Figs. 2.19-2.21 show the capacity performance of the PDFE, Wiener filter, and 

1:2 modulation code in the presence of magnification, rotation, and shift align

ment errors. As expected the performance degrades quickly as the error sizes 

become non-negligible. As a relative comparison we see that all the algorithms 

degrade in a similar manner implying that they all are equally tolerant to sys

tematic misalignments. For transverse shift errors we see that the performance 

in the A/ZP = 0 case degrades quicker than the A/D = 0.9 case. This difference 

in capacity decay rate is due to the increased pixel blur in the A/D = 0.9 case 

which dominates the decay for the smaller misalignment errors. For the larger 

shift errors the fixed pattern error dominates the decay rate. The difference in 

decay rate is more obvious when we examine the 90% tolerance widths for the 

three alignment errors as shown in tables 2.7-2.9. 
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Figure 2.20: Coherent Sine System Capacity in the Presence of Rotation Error 



Magnification 90% Width 
(Percentage Magnification Error) 

Channel 1:2 MC WF 
7x7 

QPDFE 
7x7 

Sine (k=l) 
FF = 0 
FF = 81% 

0.188 
0.191 

0.258 
0.348 

0.288 
0.378 

Table 2.7: Coherent Magnification 90% Tolerance Width 

Rotation 90% Width 
'Degrees) 

Channel 1:2 MC WF QPDFE 
7x7 7x7 

Sine (k=l) 
FF = 0 0.0982 0.155 0.167 
FF = 81% 0.101 0.204 0.207 

Table 2.8: Coherent Rotation 90% Tolerance Width 

Shift 90% V 
(Pixels^ 

/idth 

Channel 1:2 MC WF 
7x7 

QPDFE 
7x7 

Sine (k=l) 
FF = 0 
FF = 81% 

0.171 
0.215 

0.209 
0.246 

0.181 
0.202 

Table 2.9: Coherent Shift 90% Tolerance Width 
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Figure 2.21: Coherent Sine System Capacity in the Presence of Shift Error 

The QPDFE has a larger 90% wadth than the Wiener filter and 1:2 modulation 

code for magnification and rotation errors, but for shift we see that the Wiener 

filter has a slightly larger width. The explanation for this behavior is the same as 

for the incoherent case. We have not exploited a front-end filter for the QPDFE 

to concentrate the pixel energy back into the center after every iteration. 

2.5.2 Imperfect Coherent Channel Knowledge 

In the same fashion as for the incoherent channel we want to examine how 

the capacity degrades when the a priori knowledge of the optical system becomes 

imperfect. The base optical system ran on a coherent sine channel (k = 1) with 

a magnification error of 0.1%, a shift error of 0.05 pixels, and a rotation error of 

0.05 degrees. 
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The QPDFE and Wiener filter algorithms were constructed with the correct 

parameters except for the single parameter under test. The channel blur width, 

magnification error, rotation error, and shift error were each perturbed around 

the base operating value and the performance of the QPDFE, Wiener filter and 

1:2 modulation code was measured. Table 2.10 summarizes the resultant 90% 

tolerance widths. We see that the QPDFE algorithm outperforms the Wiener 

filter and the 1:2 modulation code. The QPDFE can tolerate a channel width 

error up to 6%, magnification error up to 0.13%, rotation error up to 0.08 degrees, 

and shift error up to 0-08 pixels. 

Decision Channel Blur Width Magnification 
Scheme (% Change) (% Magnification Error) 

min max min max 

7 x 7  W i e n e r  F i l t e r  -5.7 10 -0.149 0-11 
7 x 7  Q P D F E  -7.2 5.6 -0-143 0.12 

Rotation Shift 
(Degrees) (Pixels) 

min max min max 

7 x 7  W i e n e r  F i l t e r  -0.086 0.061 -0-095 0.061 
7 x 7  Q P D F E  -0.089 0.072 -0-095 0.066 

Table 2.10: Coherent 90% Tolerance Values in Prior Knowledge Study 

2.6 Implementation 

The high aggregate data rates available through POMs drive the need for 

parallelism in the page decision stage; however, the amount of parallelism can be 
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limited by laxge area and heat dissipation requirements. It is important therefore 

to balance space and time multiplexing in the equalizer design. 

In this section we analyze a VLSI implementation of the PDFE decision scheme 

and show that there exist viable hardware solutions. We choose a design and 

present the associated layout and fabrication parameters. The goal is to confirm 

theoretically and experimentally that the PDFE algorithm can be fabricated 

with currently available technology. We consider two types of designs: analog 

and digital. 

Fig. 2.22 shows the general block diagram of a PDFE design. The digital 

design uses one or more m-bit analog-to-digital (A/D) converter(s) to digitize 

the analog output from a N pixel CCD row. The digital values are latched and 

passed to the digital Wiener filter. The filter output is then thresholded and the 

estimated data page is latched into a fc x iV bit memory. Iterative updates to the 

estimated data page are performed by comparing the N Wiener filter outputs 

with the result of the estimated data row processed by the forward channel filter. 

The filter units have kx.k taps and compute with m bits of output accuracy. The 

analog design eliminates A/D conversion and computes using analog multipliers 

and summation units. If the analog design is to be appropriate the fidelity of 

the analog signal must be of acceptable quality. SPICE simulations show that 

the precision of our analog multiplier design will be approximately equal to 4 

digital bits when operating in a MOSIS 2-micron symmetric CMOS n-well analog 

process (Orbit SCNA20). A more involved design can achieve even more precision 

if desired. 
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Figure 2.22: PDFE Implementation Block Diagram 
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Within both types of design we can adjust the amount of parallelism to trade

off the number of transistors with clock rate. This is accomplished by repeating 

stages (increasing parallelism) or reusing the same stage at a higher clock rate 

(decreeising parallelism). There are two design limits: row-v^dse parallel and fully 

serial; fully parallel processing becomes unmanageable due to the enormous tran

sistor count. As an example of the possible parallel versus serial tradeoffs consider 

the digital design. Anjrwhere from 1 to N A/D convertors can be used. If 1 A/D 

converter is used it will have to run at AT times the desired clock rate, while N 

A/D convertors can be run at exactly the desired row clock rate(z.e., Nx the 
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page rate). This tradeoff allows us to linearly adjust transistor count for a re

duced clock rate. Similarly, the number of forward and inverse channel filters 

can be varied in the same fashion. Another tradeoff available within the digital 

design is the replacement of the m-bit wide A/D or filter stage units with a 1-bit 

wide component that is reused m times sequentially to produce the desired m-bit 

result. 

We consider a design in terms of two metrics: the chip clock rate, and the 

number of transistors. These two metrics represent a number of actual design 

constraints. The clock rate imposes a limit on the switching speed of the transis

tors and also on the power dissipation. The number of transistors is proportional 

to chip area. Together the clock rate and number of transistors are proportional 

to the total power consumed. The area cost of the wiring is assumed to be small 

compared to the area cost of the transistors. This assumption is justified for 

row-wise parallelism (or less), small channel support and when many levels of 

metals are available for routing. 

The scaling laws we derive for the PDFE implementation revolve around the 

design of a A'" x iV CCD read out row-T^ise parallel at a page rate of 1 kHz {i.e., 

if N = 1024 then all 1024 rows are readout in parallel with a 1 MHz clock). The 

channel model is of size k x k and the number of PDFE iterations is rij. 

We consider the scaling laws associated with both analog and digital designs. 

The designs tradeoff the number of processing units and the use of 1-bit or m-bit 

digital units. The N-vow parallel digital design uses N A/D convertors and N 

forward and inverse channel filters. Likewise the iV-row, m-bit parallel, AT-unit, 

digital design uses N m-bit A/D convertors and N m-bit forward and inverse 
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channel filters. The iV-row, m-bit serial, iV-unit digital design uses N 1-bit A/D 

converters run at m times the row clock rate as well as N 1-bit channel filters 

also run at m times the row clock rate. Similarly the 1-unit digital designs use 

only one A/D converter, one forward channel filter and one inverse channel filter 

run at N times the clock rate of the iV-unit design. Table 2.11 summarizes the 

design options considered. 

Design name # of filter units # of bits # of times unit 
per unit clocked per page 

xA-nalog N-Row N N 
Analog N X N N'^ 1 
Digital m-bit Serial 1 Unit 1 1 
Digital m-bit Serial N Units iV 1 N 
Digital m-bit Parallel 1 Unit 1 m N'^ 
Digital m-bit Parallel N Units N m N 

Table 2.11: PDFE Design Options 

In figs. 2.23 and 2.24 we present the transistor count and clock rate scaling 

laws, respectively, for the design: A: = 3, n,- = 3, m = 4, and a page clock rate 

of 1 kHz. As a bound on parallelism a. N x. N fully parallel analog design is 

represented by the downward triangle symbol. Also shown on the figures are the 

maximum transistor count and clock rate for a MOSIS 2-micron orbit SCNA20 

process and a competitive commercial fabrication process. The figures show that 

the N parallel analog design is the best choice in terms of both transistor coimt 

and clock rate yielding a possible 1024 x 1024 PDFE design with a 3 x 3 channel 

and 3 iterations using approximately 300,000 transistors and running at a clock 

rate of 1 MHz (achieving the page rate goal of 1 kHz). It should also be noted 
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Figure 2.23: PDFE VLSI Transistor Scaling Law 

that the chip area required for a transistor will be different for the analog and 

digital designs. 

In the above discussion we have bound the VLSI resources necessary to con

struct the PDFE device. Other important details such as how to load the Wiener 

filter taps are suitably ignored and left for a more detailed future consideration. 

In the proof-of-concept PDFE design described next the Wiener filter taps are 

loaded electronically one tap at a time through the pins. 

Wu-chun Chou, a fellow group member, engineered the mixed-signal VLSI 

design for the PDFE chip. The full details of the design are described in his 

dissertation.^® In fig. 2.25, we present the VLSI layout of the MOSIS tinychip. 

The iV-parallel analog design constructs a 9 x 9 CCD array implementing the 

PDFE algorithm with a 3 x 3 channel model and 3 iterations requiring 2250 x 2220 
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Figure 2.24: PDFE VLSI Clock Rate Scaling Law 

of area. The pixel active area is 20 x 26 with a x,y pitch of 60 x 190 

^m. This design represents the lower left corner of both metric figures. 
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Figure 2.25: Proof of Concept Fabricated PDFE Chip Plot 
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2.7 Summary 

2D page detection under conditions of significant blur is almost always the 

relevant case for a 2D optical data communication or storage channel. If the blur 

is insignificant, then the system can achieve a higher density, capacity and/or 

aggregate data rate by decreasing the pixel dimensions until IPI becomes a sig

nificant noise source. It is this case for which the PDFE detection algorithm 

is intended. Knowledge of the channel PSF is available either through models 

and/or experimental measurements. Using the channel knowledge we can im

prove the system performance by mitigating the effect of the cross talk which 

allows a simple fully parallel bit-by-bit detection scheme. 

We first modeled the optical system as incoherent and examined the BER 

performance of the simple threshold, the 1:2 modulation code, the Wiener filter, 

and the PDFE algorithm operating on four different channels with two input 

SLM fill factors. By invoking a scaling law that relates system capacity to SNR, 

we presented the storage capacities associated with the various algorithms. For 

the incoherent channel the Wiener filter is the linear filter that achieves the lowest 

BER (and hence highest capacity since its code rate is 1). We found that the 

3x3 Wiener filter offers a 107% increase in capacity as compared with simple 

threshold detection, when tested on the sinc^ Sparrow resolved channel. We also 

found that the non-linear PDFE algorithm significantly improves on the Wiener 

filter estimate of the data page using the same 3 x 3 or 5 x 5 local connectivity. For 

the sinc^ resolved channel, PDFE achieves an additional 9.7% capacity gain over 

the Wiener filter and on the most difficult IPI channel considered (Gaussian 25% 
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beyond resolution channel), the 3x3 PDFE yields a 162% capacity improvement 

over the 3x3 Wiener filter for a SLM fill factor of 64%. We also examined 

the degradation of performance as systematic errors such as rotation, shift, and 

magnification were introduced and discovered that PDFE can tolerate up to a 

0.48% magnification error, 0.28 degree rotation error, and 0.29 pixel shift error 

(tolerance being determined as the point where the performance drops to 90% of 

its value for no systematic errors). Tolerancing against prior channel knowledge 

was conducted at an operating point \vith 0.1% magnification error, 0.05 pixel 

shift, and 0.05 degrees of rotation. Notable results included a tolerance of up to 

48% error in channel blur width, 0.29% magnification error, 0.17 degrees rotation 

error, and a pixel shift of 0.17. Tolerance in this case is defined as the point where 

the performance drops to 90% of its value at the tolerance operating point. 

We also considered a coherent optical system and developed a modified PDFE 

algorithm for use in a system where simple pixel intensity superposition no longer 

applies. We determined that the previously linear (in number of channel taps) 

complexity of the algorithm needed to be increased to quadratic (the number 

of filter taps increases as the square of the number of channel taps) in order 

to achieve an acceptable performance level. The performance of the modified 

(QPDFE) algorithm was demonstrated on the coherent channel and significant 

capacity improvements were found. For example, we recovered an additional 

17.3% capacity by using the 7x7 QPDFE over the 7x7 Wiener filter. We found 

similar tolerances to systematic errors including a 0.38% tolerance to magnifica

tion error, 0.21 degree tolerance to rotation, and 0.2 pixel tolerance to shift. 
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A prelimmary analysis of the VXiSI resources necessary to realize the PDFE 

design showed that with current VLSI technology we could construct a 1024 x 1024 

CCD read out row by row. The design would correct for a 3 x 3 pixel optical 

channel using three iterations of the PDFE algorithm and operate at 1000 frames 

per seconds (I Mbit per second). A proof-of-concept fabrication in a MOSIS 

2-lira analog process of a 3 x 3 PDFE design with 81 pixels was also described. 

Notes This work has been published in Applied Optics as described in refer

ences [28,29]. Wu-chun Chou deserves much praise for his hard work in designing 

and fabricating the proof-of-concept VLSI implementation! I am very grateful 

for his help. 
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CHAPTER 3 

APODIZATION 

3.1 Introduction 

The key to achieving an enormous storage capacity in a volume holographic 

memory is the ability to multiplex a large number of holograms within the same 

physical volume. The choice of a multiplexing scheme dictates much of the system 

architecture necessary to allow extraction of the desired hologram from the col

lection. There are a large number of proposed multiplexing architectures/®'^''"''^ 

each of which has its own unique advantages and disadvantages. We will pri

marily consider angular multiplexing but much of what is presented here can be 

easily applied to a variety of other multiplexing approaches. 

A hologram is created by interfering the data-bearing object beam with a 

reference beam at a specific choice of the multiplexing parameter, say •0o- Later, 

when we wish to reconstruct the desired object beam, we use the reference beam 

corresponding to tpo resulting in a high-fidelity reconstruction of the object beam. 

As we perturb the multiplexing parameter, in general, the irradiance and quality 

of the reconstructed image decay. We wish to investigate in considerable detail 

precisely how the diffraction efficiency changes as we adjust the multiplexing 

parameter away from lijQ. 

When there are multiple holograms stored in the same memory, illumination 

with the desired reference beam reconstructs the desired page but it also pro

duces contributions from all the other holograms albeit at very low diffraction 
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efficiencies relative to the desired page. Although with proper selection of the 

multiplexing spacing the hologram-to-hologram cross talk can be significantly re

duced, it remains as a noise source that scales \vith the number of participating 

holograms. In the case of very high density storage, we expect that the cross talk 

level will limit acceptable retrieval of the desired data page. It is in this cross 

talk limited case that we wish to consider in this chapter. 

We begin by reviewing Bragg diflBraction for thick media and proceed to de

velop expressions for the diffraction eflaciency and holograin-to-hologram cross 

talk in terms of the underlying system parameters specifically for angular multi

plexing. The noise-to-signal (NSR) metric is introduced in sec. 3.5 to character

ize the level of cross talk present. Reference beam apodization during recording 

and/or reconstruction is described as a technique to improve the NSR and im

prove both the multiplexing density of the memory and the total number of 

multiplexed holograms. In the last part of this chapter the relationship between 

apodization and M/# is derived. 

3.2 Bragg diffraction 

The first step in understanding volume diffraction of the reference beam is to 

consider how a single location in the material responds to the incident optical 

wave. The first-order Bom approximation^'allows us to characterize the re

sponse at each point as a spherical scattering center with a scattering coefficient 

proportional to the local change in the material permittivity and amplitude of 

the illuminating wave. The field at a point in the output plane can then be 
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represented as the coherent superposition of the scattered wavelets from all the 

contributing points in the volume-

Note that the Bom approximation is valid only for weak holograms. If the 

diffiraction efficiency is significantly'- large, then the more rigorous coupled wave 

theory® must be applied. The small diffiraction efficiency assimiption can be 

thought of in two ways. First, that scattering from one location does not scatter 

again at some other location and two, the reference beam is not significantly 

attenuated due to the coupUngof energy into the diffiracted beam, i.e., the energy 

lost in the reference beam due to the scattering is negligible. 

By considering the reciprocal wavevector space (angular spectrum), we can 

represent the superposition of scattering sources in terms of a transfer function 

.4(Ar,-, that provides the amplitude of the diffiracted field with wavevector kd. due 

to the component of the reference beam with incident wavevector ki. A{ki, k^) es

tablishes a convenient mapping between input wavevectors and output diffiacted 

wavevectors. The derivation can be found in refs. [42 and 43]. In the derivation 

it is assumed that the spatially varying material permittivity can be expressed 

as: 

6(f) = + (3.1) 

where two conditions must be satisfied- First, the amplitude of the modu

lated permittivity must be much smaller then the bulk average permittivity: 

|e(f)l <C Co- The second requirement is that the spatial bandwidth of the permit

tivity modulation be much less than the grating frequency. Both conditions will 

be in practice satisfied for photorefractive holographic storage. 



82 

Accepting the previous assumptions, the wavevector transfer function can be 

written as:''^'''^ 

A(ki,ki) = / =^df (3.2) 
Jv 2i^k-^-kl^-kl^ 

where E i { f )  is the amplitude of the reference field at the position r inside the 

s c a t t e r i n g  v o l u m e ,  V .  

Note that if the reference beam only consists of one wavevector, that 

A{ki, kd) defines the angular spectrum (in terms of the variable kj) of the diffracted 

wave. We can then write the diffracted field as the inverse 2D Fourier transform 

of the wave's angular spectrum: 

Eou.t{^ = J J A{ki,kd)e '̂'''"'dkd^dki^y (3.3) 

3.2.1 Ideal volume phase grating 

Understanding diffraction from the ideal thick phase grating will serve as a 

starting point for the later more complicated developments. Consider the simple 

case where the permittivity modulation consists of an undamped single grating: 

e{f) = 1 and the grating vector, Kg, is defined through the interference of an 

object monochromatic wave with wavevector ko and a recording reference wave 

with wavevector kr'. 

Kg = ko — kr (3.4) 

If a crystal of dimensions WxH'xL (refer to fig. 3.1) with negligible absorption 

(an ideal assumption) is illuminated with a reconstruction reference beam of 

wavevector ki, we wish to compute the amplitude of the diffracted field with 
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wavevector k^. By eq. 3.2, we know the amphtude of the difFract^ed field in the 

direction defined by k^, is Aijki, kj) which can be simplified using the assumed 

ideal phase grating: 

A{ki,kd) oc f (3.5) 
Jv 

= [ W (3.6) 
Jv 

= f W (3.7) 
Jv 

= J (3.8) 

= f e-'^-^df (3.9) 
Jv 

where the Bragg or momentum mismatch vector, is defined as the vector 

difference between the grating, incident, and diffracted wavevector-s: 

e = {kd -  ko) + {kr -  k) (3.10) 

To satisfy the Bragg matching condition, the vector triplet {Kg,.kd-,ki) should 

form a closed triangle such that: kd = Kg + ki. When this occurs ^ will be iden

tically 0. The parentheses in eq. 3.10 are intended to suggest groupoing the differ

ence vectors between the object and diffracted wavevector and als'io the incident 

and recording reference wavevector. When the difference vectors aare identically 

zero, there is strong diffraction; hence the ideal reconstruction caf the original 

object beam. As a difference accrues between the wavevectors, the diffracted 

amplitude decreases. To understand conditions placed on the misimatch vector, 

we continue the simplification of eq. 3.9 by making the typical assumption that 

the transverse dimensions (width and height) of the volume hologrsaphic medium 

are much greater than the spatial bandwidth of the object beam.. In this case 
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Figure 3.1: Crystal geometry and coordinate system for holographic recording 
in the 90 degree configuration. An example shows the superposition of scattered 
wavelets off of the phase grating. 

the integrals over the transverse dimensions collapse into delta functions on the 

components of ^ in the x and y directions. The z direction remains producing: 

A(fcj, kd) oc f Jv 

/

oo /•CO rL, 

•oo J  —oo J  2= 

"OO /-co pL _ 
dxdydz 

-oo J —oo J 2=0 

[ e-'^'dz 
J o  

= '5(fx)<5Ky)siDi:teL/2) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

where sinc(^) is defined as sinc((^) = 
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3.2.2 Angular Selectivity 

As an example, let the recording reference beam propagate at an angle 6 with 

respect to the x axis. The reconstruction beam is at a slightly different angle: 

0 -I- A0. The Bragg mismatch in the z direction is thus: 

^2 = fc sin(^ + A0) — fc sin 0 (3.15) 

= k^e cos e (3.16) 

where the last step assumes A0 "C ^ so that a first order Taylor series expansion 

of sin(0 + A0) around 6 is valid. The amplitude of the diffracted field in the 

direction of the object wavevector for a reference beaxn detuned by a small angle, 

A0 is: 

A{ki, ka) = sinc{^zL/2) (3-17) 

= sinc( ̂  cos d )  (3.18) 

= (3-19) 

where A0 is the null spacing of the sine function. Note that in terms of the 

wavelength, A0 is: 

AG = (3.20) 
Lcoso 

If A = 0.5 fj.m, L = 1 cm, 0 = 0 then AG = 5 x 10"^ radians or 2.86 x 10"^ 

degrees (measured externally to the crystal). Fig. 3.2 plots the angular selectivity 

for this example. 
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Figure 3.2: Bragg angular selectivity for a 1 cm long crystal with A = 0.5 ^m 
and a recording reference beam angle of 0 degrees. 

3.3 Bragg Selectivity Function 

The general extension of the angular selectivity is the Bragg selectivity func

tion (BSF). It yields the diffraction efficiency as the reference beam is detuned 

away from the value used during recording. The detuning may occur due to 

changes in wavelength (A-mux) or rotations of the medium (peristrophic-mux), 

or a variety of others possibilities. Regardless, in every case it is the change in 

the Bragg momentum vector, that matters. 

In the case of angular multiplexing, we saw that the transverse components 

of the mismatch were constrained to be zero. In this instance, the BSF is re

duced to a one-dimensional function of the momentum mismatch nominally 

in the direction of the object wavevector. The diSraction efficiency is thus the 
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BSF evaluated at The strict relationship between and the reference beam 

angle depends on the specific interacting object-reference grating vector, but the 

dependence is slight. Writing the relation as in eq. 3.16, is accurate to third order 

for small deviations from 9. 

3.3.1 Material Eflfects and the BSF 

The ideal case assumed the spatial modulation envelope of the permittivity 

to be constant. In practice, this does not occur due to the presence of material 

absorption among other things. 

In this section we wish to incorporate the attenuated power profiles of the 

object and reference beams during recording and also on reconstruction. We also 

wish to assume an apodized form for the reference plane wave as described next. 

During reconstruction we choose R(z) to be the apodized field profile of the 

reference beam. It is defined such that max|jR(z)| = 1, thus the peak magnitude 

of the wave is RQ. During recording, the reference beam is defined as: 

where a small reference beam angle is assumed in order to ignore the geometric 

shadowing effect in W{z). This is valid to third order de\'iations in the reference 

beam angle away zero degrees. 

The reference beam interferes with each plane wave component in the object 

beam. We model each component in electric field as: 

Er{r) = WQW(z)e'' '^-^ (3.21) 

Eo{f) = (3.22) 
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As is common in the literature, we assume all inferred angles, w^avelengths, and 

wavevectors are specified inside the material. We tacitly assume that the space 

surrounding the hologram is index matched to the crystal. If external angles are 

desired, then Snell's law must be applied. 

On reconstruction, we use a new reference beam (the same as the recording 

beam for Bragg-matched conditions) of: 

The reference beam diSracts through the volume hologram for x E [0, W] and 

z G [0,L]. As it propagates nominally in the x direction, it will be attenuated 

due to the crystal absorption. The reference beam at a point f in the medium is 

expressed as: 

where a is the irradiance bulk absorption coeflacient. The same relationship holds 

for the recording reference beam, the object wave, and the diffracted wave. Note 

we will assume only phase holograms so there is no spatial modulation of the 

absorption coefficient. 

The permittivity modulation of the hologram results indirectly from the space 

charge field established during the holographic exposure. The fast fringe patterns 

in irradiance are mimicked by phase-shifted spatial electric fields established by 

electrons bound in doped deep impurity traps. The linear electro-optic effect 

then produces the permittivity modulation from the space charge field.'̂ '* For a 

small amplitude modulation of the permittivity, the material index of refraction 

approximately duplicates the spatial distribution. For the 90 degree angular 

Ei{x = 0,y,z) = (3.23) 

Ei(f) = (3.24) 
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multiplexing configuration in LiNbOs, the c-axis is oriented at 45 degrees to the 

x-z plane to maximize the projection of the grating vector on the electro-optic 

coeflBcient, ris. In this case, the permittivity modulation is: 

= -eQnlrizE^_{f) (3.25) 

where UQ is the ordinary index of refraction (around 2.286 for A = 514 nm) and 

El (fj is the space charge field generated during the recording process. 

Combining eqs. 3.2 and 3.25 we compute the amplitude of the diffracted plane 

wave component traveling with the correct object wavevector, kg. The deviation 

of the reconstruction reference beam from the recording beam is captured in the 

momentum mismatch term 

Edii) = f (3.26) 
Jv 

= f (3.27) 
Jv 

= -ean^riz f (3.28) 
Jv 

We see that the diffracted amplitude can be represented as a three-dimensional 

Fourier transform with f and ^ forming a reciprocal vector pair. Ignoring some 

of the normalization constants we can write the relationship as: 

Ed{i) oc FT [i2oi?(2)e-t(^-^+^)e'(^^- '̂')-^" î(f)] (3.29) 

Remembering for the case of angular multiplexing that the transverse mis

match components and must be identically zero, we can simplify the rela

tionship into a one-dimensional Fourier transform pair: 

fH pW 
Edi^z) oc / / e-^' 'e' '^'^-'"'^-^Ei{f-x)dxdy • 

Jo Jo . 

FT [i?oi2(2)e-t(^-=)e'̂ ^^- '̂'>^£i(f - z)] (3.30) 



90 

We define the Bragg selectivity function, 77(^2), and the Bragg profile function 

(BPF), r(2) from eq. 3.30 as: 

The BSF and BPF will be simplified once we have a more specific form for 

the space charge field, The first step in finding -E'i(f) is to compute the 

modulation depth established during recording. 

3.3.2 Modulation depth 

The space charge field will be proportional to the interference grating formed 

between the apodized reference beam (defined in eq. 3.21) and one of the plane 

wave components present in the object beam (eq. 3.22). 

Interfering two plane waves with wavevectors kg and kr produces an interfer

ence pattern with a grating vector of: 

(3.31) 

FT [r(z)] (3.32) 

•o (3.33) 
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The local irradiance at a location r in the crystal is: 

I{f) oc (3.34) 

= hif) + + Er{f)El{r)e-^^^^^^ (3.35) 

'{z)e 

i"o(r} 

(3.36) 
/o(0 

= /o(f) (l + m(7^e'̂ s''+ m'(f)e~'̂ s''l (3.37) 

SoWoI^We-fC+'l 

where /o(^ is defined as: 

Io{f) = l̂ ^oCrlPe-'̂ ^ + l̂ rCf l̂V"^^ (3.39) 

= Sle-'"'+ W^\W{z)\'e-''̂  (3.40) 

For short exposure times the space charge field amplitude will grow linearly 

with the modulation depth m(f): 

Ei{r-,t) oc (3-41) 

Notice from eq. 3.37 that there are possibly two interference gratings formed. 

One that is Bragg-matched to reconstruction with the recording beam {m{r)) 

and a second matched to reconstruction with the phase conjugate of the record

ing wave (m*(f)). In a thick hologram, the conjugate wave will not diffract when 

reconstructing with a reference beam propagating in the approximate same di

rection as the original reference beam, allo\ving us to ignore the Tn*{f) grating 

term. 
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3.3.3 Bragg Profile Function 

From the modulation depth given in eqs. 3.36 and 3.37, and the grating am

plitude (eq. 3.41), we can simplify the Bragg profile function: 

pH fW 
r(2) oc / / 

Jo Jo 
l-H fW 

Jo Jo 
pVV 

z = H  R o R { z ) e ~ ^ ^ ^ ~ ^ ' ^ ^ ^ m { x , z ) d x  
JQ 

rW 
= H 

Jo 

SoRoWoRiz)Wiz)e —ax^—^L 
•dx 

= H f Wo J Jo 
50 

= H[^jR^R{z)W{z)e" 

{So/WoYe-'^^ + \W{z)\^e-<^^ 

-%L 

dx 

fW 

Jo I 

dx 

= H 

0 {So/WoYe-^^ + \W{z) Pe-''-

RoR{z)e-^^ 

Wo J 

= H 

\W{z ) \  

^ \W{z)\- + {So/Wofe-' ' '  

a ~ 1^7(2)1^ + {So/WoYe-^-e'-^ 

So \ RoR{z)e 

VF + - In 

Vl/n 

-%L 

\W{z ) \  

= (S„AFo)V|IV(z)p 

w + -\R 1 + -^^=" 
a 1+A(z)e-°^(^-'''̂ )_ 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

(3.49) 

(3.50) 

The integral in eq. 3.47 can be solved in closed form as long as W{z) ^ 0: 

Ja ' 
-dx = [aW -h ln(C + D)- ln(C + (3.51) 

,0 06-°^=^ + D aC 

It is clear that when W{z )  = 0 the integral simplifies to: 

dx 1 — e~°'^ rW 

Jo ( (5o/P7o)2e-°=- -F \W{z)\''e- {So/WoYae-
(3.52) 

t 



93 

A(z) is the local apodized beam ratio. The BPF and BSF defined in eqs. 3.31 

and 3.32 can now be expressed in their full form: 

-L / a \ D r X 1 + A(z)e-' '^ r a ,  ^  r f  S o  \ RoRiz) Jo [m) \w(z)\ a. 1 + A(2)e-«(--^^) ' 

= FT[r(z)], (3.54) 

where r(z) is defined to be zero outside the interval [0, L\ and also for any 2 such 

that W(z) = 0. 

We refer to r(z) as the Bragg profile function (BPF) because it is the Fourier 

reciprocal function to the BSF. Because the BPF is limited to a spatial extent of 

L, we see an immediate consequence is that the BSF can not provide a narrower 

main lobe than ^0 = 2-kjL. This can be made clearer by examining the Fovuier 

transform pair: 

r{z) = 1 (3.55) 

= sinc(^^I/2) (3.56) 

^0 represents the smallest null spacing possible for the given length L. It 

thus establishes a practical minimum separation between successive holograms. 

Comparing this result to sec. 3.2.1 we see that this case occurs when the overall 

system acts like an ideal thick phase hologram. 

To pro\'ide some real numbers, consider angular multiplexing in a 1 x 1 x 1 

cm^ crj'stal. The ideal BSF for the ^ = 0 page has periodic nulls at integer 

multiples of AA: = sin~^(A/L). This represents a nearly constant angular spacing 

of A/L 5 X 10"^ radians or 2.86 x 10"^ degrees. There can be up to 14,000 

multiplexed holograms in a ±20 degree span. Of course, such a large angular 
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range places additional non-trivial design requirements on the optical system 

implementation which we tacitly assume have been adequately satisfied (in this 

chapter at leeist). 

3.4 Apodization Theory 

The periodic nulls of the BSF axe not actually nulls in reality due to the 

presence of absorption. Absorption can not be eliminated as it is one of the key 

operating mechanisms responsible for the photorefiractive effect. The first few 

absorption-corrupted nulls can often produce an unacceptably large diffraction 

efficiency leading to significant interpage cross talk. In practice it is common to 

reduce the cross talk by storing pages not on the first nulls of the BSF but on 

the second, third, or fourth. This solution markedly reduces the multiplexing 

density. 

Another technique that has been proposed to reduce the cross talk without 

sacrificing the density is apodization.The reference beam is shaped 

during recording and reconstruction in order to provide a suitably improved BSF. 

Apodization can be applied in three ways: 

1. during recording only: R(z) = 1 

2. during reconstruction only: W(z) = 1 

3. during both recording and reconstruction 

Figure 3.3 shows the apodization profiles for (a) no apodization, (b) recon

struction only, and (c) recording only, where the apodizers are chosen to flatten 
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(a) (b) (c) 

Figure 3.3: Apodizer profiles for (a) no apodization (b) reconstruction beam 
apodization (c) recording beam apodization. 

out their associated r(2). Figure 3.4 shows T{z) for the three apodizers. For these 

figures the assumed beam ratio is 1, L = W = H = 1 cm, and a = 0.73 

Notice that the reconstruction apodizer merely corrects for the nearly constant 

slope present in the no apodization case. The recording apodizer accounts for the 

exponential absorption of the signal beam as it propagates in the +z direction. 

The BSF for the three apodizers are shown in figure 3.5. The non-fiat profile 

of the no apodization r(2) results in a relative amplitude diffraction efficiency 

of 5.817% and 2.894% at the first and second nulls, respectively. Reconstruction 

apodization corrects most of this by flattening out r(z). Note that recording 

apodization can precisely flatten r(2) and recover the perfect Bragg nulls. 

During reconstruction, all the pages in the memory contribute a small diffracted 

component superimposed with the Bragg-matched page. This coherent superpo

sition constitutes a data-dependent coherent field noise source that we refer to 
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(a) (b) (c) 

Figure 3.4: Effective BSF Fourier transform kernel for (a) no apodization (b) 
reconstruction beam apodization (c) recording beam apodization. 

Figure 3.5: Normalized amplitude diffraction efficiency versus normalized multi
plexing detuning for (a) no apodization (b) reconstruction beam apodization (c) 
recording beam apo-dization. 
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as  interpage cross talk. When no apodization is performed the nearby few mul

tiplexed pages dominate the cross talk noise and force a loss in multiplexing 

density in order to allow reliable page retrieval. The above proposed recording 

or reconstruction apodizers strongly reduce the cross talk noise, but there is an 

associated loss in diffraction efficiency due to apodization; apodization lowers the 

system M/# as is discussed later in sec. 3.6. 

3.4.1 Experiraent 

To verify that we could modify the Bragg selectivity function by changing 

the reference beam profile, we conducted some experiments. The optical setup 

wcLS constructed in a 90 degree angular-multiplexing configuration. A Newport 

rotation stage (0.001 deg accuracy) was used for coarse angular selection as well 

35 for angular scans at an approximate constant velocity. A New Focus picomirror 

mount (0.1 mdeg accuracy) was used for fine angular control. 

The photorefractive crystal was placed 3 mm behind the Fourier plane of the 

object arm, resulting in Fresnel holograms. For this experiment, a 5 mm x 5 mm 

X 5mm KNSBN crystal was used. The crystal was chosen for its fast recording 

time and low absorption (a = 0.55 cm"*^). 

Figs. 3.6 and 3.7 show the reference beam profile, hologram modulation depth, 

and Bragg selectivity function for rectangular and triangular apodization. The 

non-uniform (decaying exponential) modulation depth in the rectangular apodiza

tion clearly shows the effect of the crystal absorption. The "filling-in" of the Bragg 

nulls as a result is likewise apparent in fig. 3.6c. For the case of triangle apodiza

tion, there are no solid conclusions. The periodic Bragg nulls can not clearly be 
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Z [mm] Z [mm] 

(a) Reference beam profile (b) Modulation depth 

0.01 

0.001^^ 
-15 -10 20 

External angle [mdeg] 

(c) Bragg selectivity function 

Figure 3.6: Rectangle apodization. Experimental (a) reference beam profile, (b) 
resulting modulation depth, and (c) Bragg selectivity function in a 5mm sample 
of KNSBN. The recording beam ratio was 10:1. 
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(a) Reference beam profile (b) Modulation depth 
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-10 20 -15 

External angle [mdeg] 

(c) Bragg selectivity function 

Figure 3.7: Triangle apodization. Experiraental (a) reference beam profile, (b) 
resulting modulation depth, and (c) Bragg selectivity function in a 5mm sample 
of KNSBN. The recording beam ratio was 10:1. 
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(a) Reference beam profile (b) Modulation depth 
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(c) Bragg selectivity function 

Figure 3.8: Gaussian apodization. Experimental (a) reference beam profile, (b) 
resulting modulation depth, and (c) Bragg selectivity function in a 1cm sample 
of FerLiNbOa- The recording beam ratio was 10:1. 
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distinguished. Though, we do see the profile and naodulation depth behave as we 

expect. 

Fig. 3.8 shows the results of using no intentional apodization (implicitly a 

Gaussian apodizer). The available high beam power allows very good resolution 

on the sidelobes of the BSF. On top of the experimental curve is plotted the 

theoretical prediction for the 1 cm FerLiNbOa crystal with absorption coefficient 

3.8 cm~^. 

3.4.2 Cross Talk noise soiirces 

So far we have discussed apodization with respect to the effects of the crystal 

absorption during the recording and readout processes. Even when the BSF is 

the ideal sine function, there will still be an intrinsic amount of cross talk that 

grows with the number of pages in the memory. It is a directly a result of the 

non-zero angular span of object wavevectors in the x direction, as well as a small 

change in the null spacing with increasing off-axis reference beam angles. For 

small object spatial bandwidths and reference angular range, this cross talk can 

be negligibly small. But when the number of multiplexed holograms is very large, 

then the additive field noise will offer a significant contribution. 

In addition to intrinsic cross talk noise, there axe primarily two other mecha

nisms by which cross talk can limit the system performance. First, if absorption 

is not corrected, the neighboring holograms will cross talk significantly. As dis

cussed earlier, besides apodization, this effect can be reduced by spacing the 

holograms on a larger angular spacing, but this may not be a good system level 
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choice due to the extra reference beam angular bandwidth that is sacrificed. The 

larger angles also increase the effect of the intrinsic cross talk. 

A second cross talk source is a consequence of non-ideal angular pointing 

accuracy in the reference beam. Errors in the reference beam angle will decrease 

the diffraction efficiency of the desired page and increase the cross talk from the 

other holograms. The cross talk is very sensitive to angular beam jitter, and 

therefore very small pointing errors will quickly magnify the cross talk levels. 
We propose apodization as a technique that: 

1. compensates for the non-uniform grating profile (and hence restore the sine 
nulls) 

2. increases tolerance to angular jitter by decreasing the slope of the BSF 
around the nulls 

We measure the effectiveness of apodization by introducing the noise-to-signal 

ratio (NSR) which characterizes the cross talk noise by the first and second mo

ments on the detection plane irradiance signal. We discuss a variety of apodiza

tion shapes to reduce the NSR in the presence of intrinsic cross talk noise, ab

sorption, jitter, and both a coherent and incoherent page-to-page phase model. 

Afterwards in sec. 3.6, we derive the relationship between apodization and the 

holographic system metric M/#. 

3.5 Noise-to-Signal Ratio 

The diffracted field present at the detection plane can be written as a super

position of every stored hologram weighted by their diffraction efficiency. For 
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retrieval of page j we write the field amplitude as: 

Ml 
E = (3.57) 

Tn=—Mi 

where the shorthand notation of ^ ( rn ; j )  refers to the component of the Bragg 

mismatch vector in the z direction between pages m and j. The large transverse 

dimensions (with respect to the spatial bandwidth of the object beam) require the 

other components of ^ to be identically zero. This introduces a small shift in the 

diffiracted images that we can ignore; however it also imparts a small deviation 

to ^2 as well, which is accounted for in our simulation model. 

The last term in eq. 3.57 may or may not be present depending on the model. 

The term represents a random phase present upon retrieval of a page. When 

we incorporate this term, we will refer to the cross talk as incoherent (as the 

average effect of the term is to average out the cross talk). The phase is assumed 

to be uniform over the full range of 2-k. When the term is not present, the cross 

talk is said to be coherent. 

For Fourier holograms, we can write the object beam as a collection of plane 

waves with direction cosines corresponding to the associated pixel location: 

(3.58) 

kip = A:(cos Qp cos Piz — sin Qp cos Piy — sin Pi x) (3.59) 

where ap and Pi are the direction angles between the pixel at location [ l , p )  on 

the SLM and the center of the Fourier transform lens a distance / away from the 

SLM. a-mip is the SLM pixel value for page m, pixel location In this chapter 

we will only consider a binary amplitude SLM so amip is either 0 or 1. 
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The Bragg mismatch vector associated with reconstructing the grating cor

responding to page m and pixel (Z,p) = k^"^\ko = hp), using the reference 

beam for page j {ki = A:^^) is: 

C = ko — kd + ki — kr (3.60) 

= kip -kd  + k^ '^  - (3.61) 

where the requirements for non-zero difi5:action imply that ^3. = 0 and = 0. 

In order to achieve this, a slight rotation of kd is necessary which imparts a 

small change to ^2. This slight dependence on the x component of the object 

wavevector, kip is responsible for different columns on the same page having 

slightly different mismatches and hence slightly different cross talk values. We 

can ignore the y dependence of the mismatch as it is in the degenerate direction 

(with an exception for fractal multiplexing). As a result of this degeneracy, all 

the pixels in the same column on the same object page will have similar cross 

talk properties. The amplitude of each individual cross talk contribution is just 

the Bragg selectivity function evaluated at ^2. 

The important thing to note is that the cross talk properties vary across 

columns of pixels in the detection plane as well as from page to page. Previous 

studies*^ '̂"^®'"^® have analyzed the cross talk over all pages and all columns and 

found that the worst cross talk occurs at approximately m = Mr = ±0.9A/i for 

the column of pixels with the largest wavevector component in the x direction. 

We will refer to all cross talk measurements with respect to this reference location 

of page Mr- The diffracted field, E, at a pixel in the detection plane for the worst 
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case cross talk position can be written as: 

Ml 

E (X (3-62) 
m=—Mi 

6 = + (3.63) 

where (Z,p) corresponds to the corner pixel on the SLM. 

Because of the requirement that = 0 and = 0. there will only be one 

pixel grating from each page that contributes to the reconstructed field for the 

page and pixel under consideration. We can simplify the notation, by implicitly 

assuming all the other necessary indices and vector computations, only leaving 

the page index: 

E oc (3.64) 
m 

By separating out page Mr from the sum, we can write the output field as the 

desired data embedded in an additive field noise: 

E oc + amVme"^"- (3.65) 
mj^Mr 

= Cm, + -£'n (3.66) 

Because the data bits are random, the field noise is likewise random. The first 

and second moments will strongly define how easy or difficult it is to distinguish 

the case of a Mr = 1 from =0. We characterize this by defining the noise-to-

signal ratio as: 

NSR = (3.67) 
A£i — A^o 

where //y and cr? are the first and second moments of the detected pixel irradiance. 

j refers to the stored 0 or 1 pixel value. 
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Figure 3.9: NSR in upper right quadrant of m = page. 

The pixel irradiance is proportional to the square of the electric field: 

I oc \E\^ (3.68) 

= o-Mr + + 2aAf^Re [£"„] (3.69) 

Fig. 3.9 shows a simulation of the NSR with respect to every pixel in the upper 

right quadrant of the m = Mr page. Notice that columns have the same NSR 

value as we expect due to the degeneracy in the y direction. 

3.5.1 Apodizer Shapes 

We considered a variety of apodized reference beam shapes in order to char

acterize the effect of many parameters relevant to apodization, such as sidelobe 

suppression, main lobe width, and sidelobe decay rate. 
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In this study we only consider amplitude apodization functions. Phase apodiza-

tion is a possible alternative technique which we did not investigate. Table 3.1 

lists the considered apodizer shapes which are described by their normalized am

p l i t u d e  t r a n s m i t t a n c e  f u n c t i o n ,  t { z ) ,  d e f i n e d  o v e r  t h e  i n t e r v a l  [ — N o t e  

that some of the apodizers are parameterized by /3 E [0,1]-

Figs. 3.10-3.11 plot the transmittance fimction and spectrum for the apodizers 

considered. The spectrum is shown as the log-magnitude in dB. Notice that the 

peak value of the spectrum represents the lost power when using an absorptive 

apodizers to construct the apodized electric field profile. 

-A-podizer Type t(2) 
Rectangle 

Trapezoid 

1 
f 1-2|2|/,3 W > i(l -  13) 

else 
Triangle 
Hamming 

1 - 2|z| 
0.5435 + 0.4565 cos 27rz 

Gaussian (2/32)2 

Raised Cosine COS^ TTZ 

Tukey 1 i+cosp't ';"'] kl > /?/2 

else 

Table 3.1: Apodizer functions 

3.5.2 NSR results 

The noise statistics on the irradiance random variable will determine when 

cross talk noise limits the storage of additional pages. Consider the NSR when the 

Bragg selectivity function is determined by the absorption corrupted modulation 

depth. In fig. 3.12 we plot the NSR as a function of the number of pages in 
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Figure 3.10: Apodizer transmittance and spectrum of (a) rectangle, (b) hamming, 
(c) raised cosine. 
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Figure 3.11: Apodizer transmittance and spectrum of (a) tukey, (b) trapezoid, 
(c) triangle. 
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O—€> Rect 2nd Null 

A-A Rect 3rd Null 

13-0 Rect (a corrected) 
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Figure 3.12: NSR (random page phase) for 1 cm crystal with a = 0.55 cm -1 

memory, M for a varietj' of apodizers in addition to first null, second null, and 

third null sine storage. Note that all the non-rectangular apodizers are implicitly 

absorption-corrected. We see from the default first, second, and third null storage 

that the NSR can be reduced by decreasing the multiplexing density. But clearly, 

if the NSR must be lowered, it is far more powerful to correct the absorption and 

use first null storage, or use one of the other windowing functions, such as the 

50% trapezoidal apodizer. 

When the pages add coherently (fig. 3.13), we see the NSR grows much faster 

than Avith the random phase. This result is expected as the random phase term 

serves to average out much of the cross talk contributions. 
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Figure 3.13: NSR (coherent page phase) for 1 cm crystal with a = 0.55 cm ^ 

When there is an angular pointing error associated with achieving the record

ing and reconstruction angles, then the cross talk from neighboring holograms 

establishes a large noise floor. Fig. 3.14 shows the histogram from an experiment 

using a New Focus picomotor to repeatably point at the same angle after random 

movements away from the desired angle. The standard deviation of the pointing 

accuracy was measured to be 7.6 jiirad. This corresponds to 3.3% of a Bragg null 

for a 0.5 cm crystal. The irradiance diffraction efficiency is plotted and labeled 

on the right axis. The histogram count is labeled on the left axis. 

The jitter dominated IPI is shown in fig. 3.15 where the pointing error is zero 

mean and bounded below ±3.3% of the null spacing. We see in this case, the 
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Figure 3.14: Experiraental jitter histogram from repeated measurements on point
ing accuracy and repeatability of New Focus picomotor. The standard deviation 
is 7.6 ^rad, which corresponds to 3.3% of a Bragg null spacing for a 0.5 cm crys
tal. The quadratic curve and the right axis refer to the Bragg selectivity function 
centered at the first null. 
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Figure 3.15: Jitter dominated IPI noise; L 
angular jitter. 

= 0.45 cm, a = 0.55 cm 3.3% 

cross talk does not scale significantly with M as the noise is saturated by the 

relative diffiraction efficiency of the neighboring holograms. 

3.6 Apodized. M/# 

In this section we consider the impact of absorption on the recording and era

sure dynamics of photorefractive volume holograms, a is a key component in 

the photorefractive effect driving the time rate of grating formation and erasure. 

When the absorption is very small, holographic gratings record slowly and erase 

slowly. When the absorption is larger, gratings record faster but subsequently 

erase faster. Somewhere between the two extreme cases exists an optimal absorp

tion coefficient for a given set of material and system parameters. This relation 
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was derived from the imderlying crystal physics and material parameters in ref

erence [42]. The absorption is optimal in the sense that it maximizes the system 

metric M/# provides the scaling constant relating the Bragg-matched 

page diffraction efficiency and the number of multiplexed pages M: 

h& = 0)P=(^) , (3.70) 

where = 0) is the Bragg-matched amplitude diffraction efficiency considered 

in section 3.3. Following a similar approach to reference [42] we develop the 

M/# for the apodized system using FerLiNbOa as the photorefractive medium. 

The reconstruction reference beam (eq. 3.23) incident on the crystal has a 

total power, Pin, of: 

Pir, = f f \RoR{z)\' 'dydz (3.71) 
Jo Jo 

r\Riz)\''dz (3-72) 
Jo 

L 
= HB^ / 

0 

= HRIPR (3.73) 

where for convenience we define the power in the apodizer shape as: 

Pr = r\R{z)\^dz (3-74) 
Jo 

The diffracted power, Pout, can be found by integrating over the angular spec

trum of the diffracted wavevectors: 

out = J J ^A{kd,ki)si]ic{kd,xW')smc{kd, y H )  dkd,xdkd,y (3.75) 
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which by Parseval's theorem^^ can be reexpressed as the power in the reciprocal 

domain: 

Jo Jo I WH 
l̂ d(0)p 

2 

dx dy (3.76) 

(3.77) 
WH 

where Edî z) was defined in eq. 3.28. 

The amplitude diffraction efficiency is the ratio of the square root of the in

put and difi&racted powers, allows us to represent the Bragg-matched diffraction 

efficiency (BSF at = 0) as: 

^(0) = \/^ (3-78) 

(3.79) 
HRq^/WPR 

^Onlriz \ [ l I rp ( 
RsfWP^ 

\JJf Ei{r)R(z)Sa{x, z) (3.80) 

For small recording exposures the space charge field and the modulation depth 

are related as: 

1^1 (r; t) I oc m(x, z)Esc{a) (l - (3 gi) 

where the new parameters are defined in Burr's dissertation [42]. TI is the local 

recording time constant, ui is the imaginary component of the local recording 

time constant. Esc summarizes a number of material properties. It can be thought 

of as a material scaling parameter. It is important to note that it depends on a 

among other things. 
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In terms of the saturation amplitude and recording time constant, the space 

charge field evolves according to: 

\ E , { r ; t ) \  =  -4o[l-e-^/"i (3.82) 

Taking the time derivative at i = 0 for both forms allows us to express the 

recording slope (Ao/rr) as: 

Ao/Tr = (1 + iriujt) \ • 
Tj:Hy/WPR 

/// SQWQW{z)R{z)e-^'^^+^^df 

eQnlrizSQWoe~^^{l — 

ra:^/WP^ 

\ [  W { z ) R {  
Mo 

z ) d z  

(3.83) 

I-E'sc(q) (H-2V:a;,)| • 

(3.84) 

During erasure, the space charge field decays as e can be found by 

taking the ratio of rj and the derivative at ^ = 0: 

Tj; fJ^ R(z)W(z) dz 
Te = r — ——V—? (3.85) 

S§ R{z)W{z)e""dz + W^t±e^ fj- Jt(z)W(z)IW(z)Pdz 

Finally, the M/# can be computed cis the product of the recording slope and 

the erasure time constant: 

M/# = (AoMt^ (3.86) 

1,. 3 iz:. = 3Wi3|g.c(a)|( ^ (3.87) 

(/. 
L \ 2 

R { z ) W { z ) d z  
0 

( ^ )  £  R < . ^ W { ^ y ' " d z  +  £  R ( z ) W { z ) \ W ( z ) \ ^ d z  
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where ko = 27r/Ao, rio is the ordinary index of refraction, ri3 is electro-optic 

coefficient, and Esdoi) is the space-charge field amplitude which depends on a 

number of crystal parameters including a. 

In figure 3.16 we plot the M/#for the three apodization cases versus the 

absorption coefficient. For each choice of a the beam ratio is selected to maximize 

the M/#. Recording apodization restores the ideal Bragg nulls but suffers a 6.8% 

loss in M/#. Apodization of the reconstruction beam loses 1.5% in M/# and 

nearly perfectly restores the ideal nuUs. 

An important result to notice is that the optimum absorption coefficient (that 

majdmizes M/#) has shifted due to apodization. For a 1 x 1 x 1 cm^ LiNbOa crys

tal, the optimal a is 0.727, 0.697, 0.608 cm"'^ for no apodization, reconstruction 

beam apodization, and recording beam apodization, respectively. 

3.7 Summaury 

In this chapter we have presented some theoretical results about page-to-page 

cross talk in photorefractive media. We saw the the Bragg selectivity function 

can be related to the transverse electric profile through a Fourier transform. This 

allows modification of the reference beam to reduce cross talk and correct for 

deleterious material effects such as absorption. In addition, we developed the 

modifications necessary to describe the M/# of an apodized system. Simula

tions showed that there was only a minor cost in reduction of M/# when using 

apodization to correct the influence of absorption and restore the ideal Bragg 

nulls. 
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Figure 3.16: M/# versus absorption in a 1 x 1 x 1 cm^ FerLiNbOa crystal for no 
apodization, reconstruction beam apodization, and recording beam apodization. 

Notes Portions of this work have been published in Proceedings-of-the-SPIE 

as described in reference [47]. The basic derivation of M/# is due to Geoff Burr. 

Extensions to incorporate apodization in the derivation were originally considered 

by a former OCPL group member, Xue-Wen Chen. There are only a few minor 

differences between his and my derivation. 
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CHAPTER 4 

BINARY ENUMERATION 

4.1 Introduction 

In this chapter we focus on increasing the total user information capacity 

of a VHM with binary-valued pixels by exploiting the non-traditional (snr oc 

1/M^) nature of the channel. Until very recently, data pages contained, on 

average, an equal number of "on" and "off' pixels. This choice maximizes the 

user information per page. As we understand from earlier chapters, as more pages 

Eire stored in the memory, the pixel diffraction efficiency decreases as the square of 

the number of pages, eventually setting a limit on the number of pages that can be 

stored and reliably retrieved- In a similar manner, as fewer "on" pixels occur in a 

data page, the diffraction efficiency per pixel increases. By reducing the number 

of "on" pixels (Non) per page of iV pixels we can thus store more pages before the 

diffraction efficiency once again limits the reconstruction fidelity. We refer to the 

concept of reducing the number of "on" pixels per data page as page sparsity. In 

order to simplify comparison, we will call pages containing comparable numbers 

of "on" and "off' pixels "dense" pages. Increasing sparsity will faciUtate the 

storage of more pages but at the expense of reducing the user information per 

page. We investigate this tradeoff in this chapter. We will show that in the 

presence of a fixed electrical detection noise floor, adjusting the data pages such 

that Non/^ 1/4 will increase the volume storage capacity by 15%. In practice, 

VHMs suffer from additional noise sources such as cross-erasure, optical blur. 
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and photovoltaic damage. Sparse data pages are more tolerant to these noise 

sources than dense pages, indicating a further potential capacity improvement. 

In chapter 2 we defined the number of pixels per page as N"^. However, in this 

and subsequent chapters it will be more convenient to refer to the number of 

pixels per page as N instead. 

In section 4.2, the dynamics of VHM recording and erasure are briefly reviewed 

to extend the system metric of M/#: (M-number)^'^''^^ to include page sparsity. 

Once an additive thermal noise model is introduced in section 4.3, simple argu

ments can be used to relate diffraction efficiency to the detection bit-error-rate 

(BER) performance. Section 4.4 predicts the sparse capacity gain using the BER 

limited capacity. A more thorough and precise development of the capacity gain 

is made in section 4.5 using information-theoretic capacity bounds. 

With respect to the practical details of achieving this proposed capacity im

provement, section 4.6 introduces the binary enumeration code as an effective 

and powerful modulation code to encode the sparse pages. Encoding and decod

ing algorithms are presented as well. Finally, to verify the theory, experimental 

results are described in section 4.7 which demonstrate a capacity gain of 16% 

subject to a page retrieval BER of 10""^. 

4.2 Recording Dynamics in Holographic Storage 

Data pages are typically stored in a VHM by following a recording exposure 

schedule^^'^~''^®'^° which upon completion, results in equal diffraction efficiency 

per page. This schedule comes as a result of the weU-known scaling law^® for 

photorefractive materials which states that the intensity diffraction efficiency per 
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page, falls off as the square of the number of stored pages, M. The concept 

of the M/#: (M-number) as a system metric allows the scaling to be characterized 

as 

M/# succinctly describes the total efficiency of the complete storage/retrieval 

system (in terms of diffraction efficiency). In order to understand the effect of 

sparse data pages {i.e., much fewer "on" pixels than "off" pixels), we need a more 

detailed analysis of the physical processes that underlie the M/#. 

Although the following results hold for a variety of page-oriented holographic 

recording environments, we consider the specific example of a Fourier-based holo

graphic setup. Each "on" pixel in the data page is relayed through a Fourier lens 

to produce an approximation to a plane wave propagating at an angle determined 

by the position of the SLM pixel. The coherent superposition of the object and 

reference waves in the holographic material produces an interference pattern. 

This spatially varying intensity P{x), is given by: 

P\x) = Ir To + 2Re ^EoE* exp \^{ki — fc^) • | , (4.2) 

where Ir = \Er^ is the peak reference intensity, = \Eo\^ is the data pixel 

peak intensity, kr is the reference wave vector, and is the wave vector of 

the j-th object pixel. The coherent superposition yields two intensity terms: a 

spatially constant bias term and a sinusoidal term. The user data is encoded in 

the sinusoidal term as a phase hologram. Note that Eo refers to the electric field 

amplitude associated with a single object pixel and not the composite data page. 

Because multiple object pixels have nearly identical wave vectors, the coherent 
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interference between them can be ignored- The next two subsections consider two 

important parameters characterizing the time evolution/decay of the holographic 

gratings: the recording slope and the erasure time constant. 

4.2.1 Recording time constant 

During recording, the amplitude of the holographic grating grows as 

Aait) = ^0(1 - exp [-t/rii]), (4.3) 

where -4o is the material-dependent saturation amplitude.^® When the recording 

time is short compared to r/j, then a first order series expansion aroimd t = 0 is 

appropriate and yields 

Acit) = —t. (4.4) 
tr 

The quantity AqItr is commonly referred to as the recording slope, tr is the 

recording time constant whose value depends not only on the material parameters 

but also on the system parameters including beam ratio among others. For 

short recording times, we expect the grating amplitude to grow in proportion to 

the magnitude of the intensity modulation (eq. 4.2). We can thus express the 

recording slope in terms of the per pixel beam ratio (PBR): 

PBR = \EA''/\EX = IrlIo (4.5) 

AOI tr cc Re[E^E;] = . (4.6) 

Note that lo refers to the intensity associated with a single pixel on a data page 

and not the whole data page. 
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4.2.2 Erasure time constant 

As later holograms are recorded the previously recorded gratings erase accord

ing to the relation: 

Acit) = ^g(O) exp [-i/re] (4.7) 

where Tg is the erasure time constant, is determined by the bulk exposure 

fluence to which the recording medium is subjected. Tg is linearly proportional 

to the total intensity delivered to the crystal: 

Te OC 1/ {Ir + N^Io) , (4.8) 

where Nan is the number of "on" pixels in each data page responsible for the 

erasure. 

4.2.3 M/# 

In order to characterize dependencies in the recording slope and erasure time 

constant on the number of pixels per page we compute M/#, a modified form 

of the conventional M/#. The M/# [ref. 42] is defined as the product of the 

recording slope and erasure time constant in the short exposure limit. It is a 

function of the pixel beam ratio and the mmiber of "on" pixels: 

If we reexpress the pixel beam ratio in terms of the bulk beam ratio (BR= 

Ir/Nonio) then we arrive at: 

= (4.11) 
V ' on 
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Notice that M/# can be expressed as a product of two terms: the first depends 

only on the bulk recording modulation depth and the second term depends on 

the number of "on" pixels. Note that the first term is the conventionally defined 

M/#, establishing that our modified metric M/# is equivalent to the standard 

definition normalized by the number of "on" pixels per page. 

From eq. 4.1 and eq. 4.11 we see that the per pixel diffraction efficiency 77, is 

inversely proportional to Ne^: 

,«(^)' (..« 

- m'i 
Intuitively this agrees with the expectation that the page diffraction efficiency 

divides equally among all "on" pixels. The actual pixel diffraction efficiency fluc

tuates due to its dependence on the specific number of "on" pixels per page, a 

stochastic random variable. If we assume the binary pixels are chosen indepen

dently with a priori probabilities of tti and ttq, then the number of "on" pixels per 

page is a statistical realization of a Bernoulli sequence; the probability of having 

n "on" pixels in a page of N pixels is 

P r  [AU =  n ] =  7r>o^-". (4.14) 

Computing the expected pixel diffraction efficiency, where expectation is per

formed over the random pixel data, results in 

under the condition that tziN 1; that is, the average number of "on" pixels 

per page is much greater than one, a condition that will be satisfied in practice. 
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The percentage deviation of the pixel diffraction efficiency from the average walue 

given in equation 4.15 is less than 2/y/iriN. Because most cases of interest; will 

be in the range of ttiN 10^, we can safely neglect the variation in 77 and lience 

consider the difiiraction efficiency effectively as a deterministic constant: 

With the diffraction efficiency scaling understood, we next consider the moise 

that corrupts the measurement of a retrieved holographic data page. 

4.3 Noise-limited detection 

For the sake of this chapter, we consider that the memory is operating im an 

environment where the thermal noise of the CCD readout electronics domimates 

other stochastic variations in the retrieved data page. Thermal noise is appropri

ately modeled as an additive white Gaussian noise superimposed on the electrronic 

CCD readout signal. The noise level establishes a constant noise floor since it 

is not influenced by system parameters such as the number of pixels on a page 

or the number of pages. One way to view the eflfect of the noise is to consider 

the limit it imposes upon the number of pages that can be stored and retrieved 

from the memory while maintaining a desired level of fidelity criterion. In our 

analysis we use the raw bit-error-rate (BER) metric as our measure of fidelity. 

The desired raw BER establishes a minumum electronic signal-to-noise (SINK) 

ratio. The noise floor sets the minimum acceptable pixel diflEraction efficie=ncy. 

Therefore the SNR is related to the system M/# at the same BER by 

(4.16) 
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By decreasing the niunber of "on" pixels (decreasing tti) in the data page we 

increase the SNR of each pixel thus allowing more reliable detection at a fixed 

noise level. Alternatively, a reduction in tt^ can be compensated by an increase 

in M while maintaining a constant SNR. The advantage of this second approach 

being that more data can be stored and retrieved at the same BER. Sparsity 

corresponds to decreasing tti from the dense page case of tti = 1/2. Sparsity 

adds redundancy to the data page which results in an Jissociated loss of user 

information per page. This suggests a tradeoff between storing more pages while 

reducing the information per page. As we will see the overall effect will be a net 

gain in memory capacity for the correct choice of tt^. The pixelwise correlations 

introduced by reducing tti can be thought of as a form of channel modulation 

coding appropriate for a holographic memory system. 

4.4 Sparse data pages 

Consider a VHM that contains M dense pages (tti = 1/2) with N pixels per 

page retrievable at a raw page BER goal of BER*. The pixel diffraction efficiency 

is given by: 

This system has a user capacity of C = MN bits. From eq. 4.17, we know that 

if TTi is decreased then the pixel SNR can be held constant if M is increased to 

Af * where 

(4.18) 

(4.19) 
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Figure 4.1: Capacity of a VHM with "on" pixel a priori probability tt^. Capacity 
is relative to an equal priors (tti = 1/2) memory. 

This represents an increase in the number of pages by a factor of M*/M = 

1 /\/27ri. With the increased page count comes the associated loss in user in

formation per pixel, /p(7ri). Ipiivi) can be bounded from above by the entropy 

Rq (tti ) of an ideal source encoder. Entropy represents the largest amount of in

formation conveyed by data sequences which have an average probability tti of 

selecting an "on" pixel: 

where ttq = 1 — tti is the "off' pixel prior probability. The capacity of the sparse 

page memory (tti < 1/2) is: 

/p(7ri) < -RoCtTi) = -TTi log2(7ri) - TTo lOgjCTTo), (4.20) 

C(7ri) = M ' I p M N  

<  M ' R Q{-k i ) N  

(4.21) 

(4.22) 
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Fig. 4.1 shows the upper bound on memory capacity of the sparse page memory 

relative to the dense page capacity. We see that if tti is approximately 1/4 

we can achieve up to a 15% increase in the total user capacity. The constant 

SNR argument provided above is intuitively correct; however a more rigorous 

derivation of the true capacity gain is presented next. 

4.5 Information-theoretic capacity 

Information theory defines channel capacity as the largest amount of user 

information that can be stored and retrieved at an arbitrarily small bit-error 

rate.^^ Any larger amount of information is guaranteed to be retrieved with a 

BER bounded away from zero. 

For a specific choice of M and tti, the number of user bits stored in the memory, 

C, is given by: 

C(M,7ri) = MiV/p(M,7ri) , (4.23) 

where Ip measures the impact of noise on the user information represented by a 

pixel, N is the number of pixels per page, and M is the number of pages in the 

memory. VVe then define the information-theoretic (IT) capacity Cj-p as the peak 

value of C: 

Cji' = maxC(Af, TTx) . (4.24) 
M,iri 

Ip can be computed from the noise statistics of the independent and identically 

distributed Gaussian random variables and is given by: 

1 r°° 
Ip = --log2 27re-y p(y) log2p(y) rfy , (4.25) 
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where p{y) = 7ri^(y; 77, cr^) + 7ro^(y: 0, cr^). g{x-^ i ,a^) is the Gaussian probability 

density function on the variable x with mean // and variance a^. 77 is the pixel 

diffraction eflBciency given by eq. 4.16. 

Fig. 4.2 shows C as a function of M. The solid curve denotes the capacity 

when TTi is chosen to maximize C and the dotted curve shows the capacity when 

TTi is restricted to be 1/2. In addition, the circle symbol curve together with the 

right vertical axis shows the maximizing value of tti for each choice of M. In this 

example the system M/# was chosen from ref. [30] which represents a thermal 

noise-dominated VHM with 10® pixels per page operating at a page rate of 1 kHz. 

In this case, Cj-p = 3.22 Gbits and ttJ" = 0.253. A different system M/# would 

scale the capacity but would not affect tt]". Comparing the peak capacity of the 

TTi = 1/2 and tti = tt^ curves shows the 15% relative capacity advantage obtained 

through the use of sparse data pages. 

4.6 Enumeration Code 

In order to achieve this proposed capacity improvement, we need to find a 

simple, efficient, high rate modulation code that allows convenient adjustment 

of the pixel prior probability tti. We begin by considering block binary codes. 

In these codes, blocks of tti = 1/2 binary user data are mapped into blocks of 

binary codewords which are then composed onto a data page. The probability 

TTi, can be computed as the average number of 1 bits per codeword. The code 

we will consider maps A:-pixel data words into n-pixel codewords such that each 

codeword has weight (number of "on" pixels) exactly m = [nvrij. Note that this 
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Figure 4.2: Information-theoretic (IT) capacity of a VHM with M pages. The 
solid curve shows the memory capacitj"" with an "on" pixel a priori probability 
TTi that maximizes the capacity and the dashed curve represents the memory 
capacity when tti is forced to be 0.5. The circle symbol curve along w^ith the 
right vertical axis shows the maximizing value of t t i  as a function of M. 

code does more than achieve the desired average value of tti; it guarantees every 

codeword has the correct weight. 

Enumerative source encoding^^ was introduced by Cover in 1973 as an efficient 

scheme for compressing binary sequences containing certain forms of redundancy. 

For example, consider binary sequences of length n with weight m {e.g., the 

sequence contains exactly m 1 bits and n—m 0 bits). There are precisely S = (j^) 

such sequences. If these sequences axe labeled by the integers 0 to 5 — 1, we can 

alternatively refer to any particular sequence by its label. Cover describes an 
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efficient algorithm to quickly compute the integer label from the sequence and 

the reverse operation of finding the sequence from the label. Because the integer 

label requires riog2 5] bits and the sequence requires n bits, when logg 5 <C n 

the label representation will be significantly shorter, resulting in compression. 

We propose using this source encoding scheme in reverse. We begin with the 

"compressed source" and expand it to the redundant form. Input blocks of k 

bits are considered to be the integer labels {0,1,..., 2*^ — 1}. The enumeration 

code then lets us associate each label with an n-bit codeword of weight m. The 

enumeration code is a specific type of the more general class of permutation 

codes.''^ Our shorthand notation to refer to a specific enumeration code will be 

E { n ,  k ,  m ) .  

An E { n , k ^ T n )  code has a code rate of R e =  k / n .  It is a constant-weight 

code since every codeword has Hamming weight of exactly m. The probability 

of a 1 or "on" pixel is tti = m/n. If a data page contains an integer number of 

codewords {i.e., no codewords span multiple pages) then every page has exactly 

^on = TTiiV "on" pixels. Information theory guarantees that Re must be bounded 

from above by the biased source entropy: a binary data source producing "on" 

bits with probability tti conveys an amount of information less than or equal 

to Ro(Tri) (see eq. 4.20). The enumeration code achieves this entropy bound 

asymptotically as the block length increases, ensuring that longer enumeration 

codes provide a better code rate than shorter codes provide. 

From the n and m parameters of the code we compute k = [log2 Q)]- This 

is the highest rate enumeration code of length n with tti =^mfn. Since in general 
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(^) > 2^, there are exactly = (^) — 2^ unused codewords; a necessary coadi-

tion to avoid variable length input blocks. For certain choices of code parameters 

iVu may be nearly as large as 2^. The advantage of large is that the unused 

codewords actually provide additional error correction ability (increased distance 

between codewords) for the code while imposing no substantial decoding penalty. 

However, the minimum distance wiU not be improved, leading to a preference for 

the largest possible code rate and the smallest convenient value of N^. 

There exist alternatives to using enumeration to provide the 1:1 mapping 

between the input data and the constant-weight codewords. For small block 

lengths, a look-up table can be an effective solution. But the exponential storage 

requirements for the table as the block length increases prevent it as a practical 

answer for longer codes. Compact finite state machines can be constructed to 

output the codeword from the input data (or in reverse as well) but, in general, 

these solutions only exist for some choices of the parameters m, n, and k. We 

consider only the enumerative approach because it allows arbitrary selection of 

all the parameters, asymptotically achieves the entropy bound and has a simple 

encoding and low-complexity maximum-likelihood decoding algorithm. 

4.6.1 Encoding algorithm 

The user data to be encoded is considered as a A:-bit positive integer, d. We 

construct the n-bit codeword, c, from bit n to bit 1 in one pass as described in 

the folloT\'ing pseudo-code:^^ 

m' <— m : number of 1 bits to be assigned 

For i := n to 1, 
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(m')  
If Us < d Then 

C£ ^ 1 
d ^— d — TLg 
m' <— m' — 1 

Else 

Ct-f— 0  

End If 

End For 

The encoding time is linear in the block length n. The required binomial 

coefficients can be stored in a table (or electronic read-only-memory) requiring 

m n locations each holding a fc-bit integer. These same coefficients will also be 

used by the decoder. Specific to our application goal of tti =1/4, we expect the 

lookup table to be approximately Q.2v? bits since m — njA. and k 0.8n. 

4.6.2 Decoding algorithm 

Let the noisy received codeword be a length n vector, r = c -I- 2, where c is 

the trajismitted codeword and z is the noise vector imposed by the holographic 

recording/reconstruction process. A detection scheme must estimate c from the 

noisy measurement r. An advantage of the enumeration code is that we can 

easily implement maximum likelihood (ML) detection to find the most probable 

transmitted codeword. The vrt largest components of r are set to 1 and the 

remaining n — m components are set to 0. It can be shown that this estimate. 
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Cml is the most probable transmitted codeword because it has the smallest 

Euclidean distance to the received noisy vector.^^ 

From this sort-based codeword, we decode to the original user data in the 

following manner. The codeword bits follow the same ordering convention as 

defined in the encoder where we treat the codeword as an n-bit integer. 

d <— 0 : the user data, a fc-bit positive integer 

m' <— m : number of 1 bits not yet encountered 

For i := n to 1, 

If Ci := 1 Then 

d < ^ d +  

m' <r-m' — 1 

End If 

End For 

Upon completion of this algorithm the decoded user data resides in d. As with 

the encoder, the time complexity of the decoder is linear in the block length n. 

There is one further compUcation associated with decoding. In the beginning 

of this section we showed that there were unused codewords in the code. The 

sort-based ML detection scheme may pick one of these unused codewords as its 

estimate- The decoding algorithm above can be modified slightly to correctly 

choose the minimum distance valid codeword. Details and a proof of correctness 

of the modified algorithm are beyond the scope of this chapter; refer to chapter 5 
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for the generalized version of this algorithm for grayscale data as well as for a 

proof of correctness-

4.7 Experimental Results 

To confirm our theoretical predictions, we implemented a constant-BER holo

graphic recording schedule^^ for two sets of data pages: sparse data pages (tti = 

1/4) and the more common approach of dense data pages (tti = 1/2). Fig. 4.3 

shows the layout of the angular multiplexing experiment- An Argon ion laser 

operating at 514 nm delivered 80 mW to the reference arm and 0.3 mW to the 

object arm. Fresnel holograms were recorded in a 1 x 1 x 1 cm^ LiNbOsrFe crystal. 

The crystal was located 6 cm before the Fourier plane of the 20 cm focal length 

Fourier transform lens. Each data page contained lO'' 36 x 36 pixels imaged 

from an etched chrome-on-glass mask onto a full fill factor thermoelectrically 

cooled CCD with 9x9 pixels. In order to reduce the effects of interpixel 

blur, the mask pixels were chosen much larger than the limits imposed by the 

lenses and the photorefractive crystal dimension. Example reconstructed data 

pages are shown ia fig. 4.4 for both the sparse and dense data page memories. 

The mask data pattern was 303 x 171 pixels of which only a 141 x 95 sub-image 

was illuminated during recording. A linear translation stage moved the mask 

between exposures to ensure that no two recorded pages were the same. 
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Figure 4.3: Block diagram of volume holographic memory experiment. 

Our recording procedure consisted of iterative refinements on constant-BER 

schedules in order to produce a memory that met two requirements. First, the 

per page readout BER = lO"'^ and second, the largest number of pages possible 

were stored that could still meet the BER requirement. To reduce the effects of 

photovoltaic buildup, the bulk beam ratio (total reference beam power divided 

by total object beam power) was kept around 250:1, guaranteeing a low grating 

modulation depth. Because the relative gain in capacit}' of sparse data pages to 

dense data pages is unaffected by beam ratio, we expect the experimental results 

to apply for other beam ratios. 



(a) TTi =1/4 

(b) TTi = 1/2 

Figure 4.4: Retrieved holographic data pages for (a) ttx = 1/4 and (b) = 1/2. 
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In order to compare the two experimental memories in a fair manner, we con

sidered exposure-limited readout. In a practical system, the readout integration 

time is limited by the inverse of the page rate, T = l/i2, as well as the maximum 

laser power, P. The product of the two defines a maximum readout exposure 

energy E = P/R Joules. In our experiment the readout exposure was set to 500 

mW at 33.4 ms or £" = 16.7 mJ. By changing the integration time the readout 

exposure can be varied to provide detected pixels at a higher or lower BER as 

required by the specific system implementation. 

Fig. 4.5 shows the average memory BER for the sparse and dense memories 

over a large range of readout exposures. It is clear that the two memories achieve 

the target BER goal of 10~^ at 16.7 mJ. In addition, notice that the two memories 

have very similar BER performance for all other readout exposures indicating that 

the memories are nearly identical in terms of raw BER. The error bars on each 

data point represent the 95% confidence interval of the measurement. For each 

data point, the average BER is computed by counting the number of bit errors 

out of either 3.7 x 10^ retrieved data bits for the 3 mJ readout exposure up to 

1.5 X 10® retrieved bits for the 18 mJ readout exposure. 

Although the readout BERs for the two cases are similax, the number of mul

tiplexed pages in each are not. The dense memory contained 97 pages with an 
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Figure 4.5: Bit error rate for diflferent page readout exposures for the sparse and 
dense memories. The error bars on the data points indicate the 95% confidence 
interval. 
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average page diffraction efficiency of 4.5 x 10~®, while the spaxse memory con

tained 150 pages at an average page diflBraction efficiency of 2.3 x 10~®. The 

sparse pages were coded with a £'(52, 39,13) enumeration code. 

The user capacity of the dense memory was C(7ri = 1/2) = 0.97 Mbits. 

For the sparse memory the enumeration code rate was 0.75 giving 7.5 kbits of 

information per page and a total user capacity of C(7ri = 1/4) = 1.125 Mbits. 

The total increase in user capacity was experimentally seen to be 16%. This 

agrees well with our theoretical prediction of 15%. 

4.8 Discussion 

The above experiment focused on achieving a raw BER goal of 10""^. In prac

tice, a much more demanding user BER goal of around 10"^^ must be met. In 

order to provide the much higher performance, the user data would be encoded 

using a strong error correction code, such as one of the Reed-Solomon (RS) fam

ily. The RS codewords would be input to the enumeration encoder and then 

composed into a data page. The code rate associated with the RS code would, 

in practice, lower the capacity further. However, the information-theoretic (IT) 

bounds derived in sec. 4.5 give the channel capacity (hence error-free communi

cation) and are thus unaffected by the inclusion of the RS code rate. 
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A critical assumption in our analysis of sparse data pages has been the domi

nance of the electrical thermal detection noise. In general, a system that achieves 

the highest practical performance will balance all noise sources. Interpixel inter

ference (IPI) or blur is one of the most common noise sources present in VHMs 

near the density limit.''^ By trying to maximize information per volumetric den

sity, the IPI increases until it also limits the system capacity.®^ Although we 

have not analyzed this operating condition in. detail, it seems clear that sparse 

pages oflfer an additional advantage over dense pages. Because sparse data pages 

have more distance on average between "on" pixels, they should be less affected 

by the blurring as compared to dense pages. A simple argument will support 

this idea. Let Pg represent a 3 x 3 data pattern with a center "off" pixel and 8 

neighboring "on" pixels. Due to the lowpass nature of the holographic channel 

Ps is one of the most likely patterns to be decoded in error. The probability of 

the pattern Ps occurring in a dense page is 170 times larger than for a sparse 

data page (tti = 1/4). 

4.9 Summary 

While dense data pages containing an equal number of "off" and "on" pixels 

convey the most user information per page, they suffer from enhanced interpixel 

interference and suboptimal use of the storage material dynamic range. Sparse 
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data pages which contain about 1/4 "on" pixels, leveraging the dynamic range 

advantage associated with storing "oflf" pixels in order to gain a user capacity 

increase of 15% in the thermal-detection-noise dominated case. A simple angular-

multiplexing VHM experiment demonstrated a 16% user capacity gain at a raw 

page bit-error-rate of lO"''. 

We have extended the conventional definition of M/# to include the effect 

of data page sparsity. The adjusted M/# is simply normalized by the square 

root of the number of "on" pixels. Using M/# we found that the same detec

tion error rate could be achieved for a dense page memory and a sparse page 

memory containing M*/M = l/x/2^ more pages. A more precise information 

theoretic capacity was also derived for the sparse memory which predicts a 15% 

user capacity gain. 

Enumeration coding was shown as an eflBcient way to construct sparse data 

pages. Due to the encoding and decoding algorithms that scale in time linearly 

in block length, the enumeration code is well suited for the very low latency 

necessary in a VHM with an aggregate data rate on the order of 1 Gb/sec. 

In addition, it can be shown that the decoding algorithm provides maximum-

likelihood performance. The constant-weight nature of the code also provides 

invariance to unknown page-wise slow spatial intensity variations. 
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Notes Portions of this work have been pubUshed in Applied Optics as de

scribed in reference [56]. 
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CHAPTER 5 

GRAYSCALE ENUMERATION 

5.1 Introduction 

In this chapter we focus on extending the results of the previous chapter, which 

used a binary enumeration code. Here we consider using a grayscale shortened 

enumeration code. Slepian^^ defined this class of codes as a va.riant I permu

tation modulation code. The coding scheme produces modulation-encoded data 

pages that exploit the proposed capacity advantage. Subsequent details of the en

coder/decoder implementation show that it admits a low-complexity solution and 

achieves maximum-likelihood (ML) decoding. Section 5.2 describes the history 

of the permutation code as well as the proposed shortened permutation code. 

In sections 5.3, 5.4 and 5.5 we introduce the grayscale (non-binary) shortened 

permutation code treating it as a channel modulation code of iaterest to holo

graphic memories. Algorithmic details of the encoding and decoding schemes are 

presented in sections 5.6 and 5.7, respectively. We show that only a single pass 

through the codeword symbols is sufficient to decode a candidate codeword. In 

section 5.8 we describe a detection algorithm that produces the ML shortened 

codeword from the noisy retrieved data page. After introducing the mathematical 
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notation and some simple properties of the algorithm we proceed in section 5.9 

to prove our claim that the algorithm achieves ML decoding. We conclude by-

considering the expected performance of the proposed class of codes in a thermal 

noise-limited VHM appUcation. 

5.2 Background 

In 1965 Slepian first introduced the class of permutation codes.®^ The code-

book of a variant I permutation code is defined by a single codeword and the 

rule that any unique permutation of the codeword symbols also constitutes an 

acceptable codeword. Slepian shows that although the code fails to achieve the 

band-limited channel capacity asymptotically in codeword length, it admits a very-

simple maximum-likelihood detection rule. It is the ML decoding which encour

ages further consideration of permutation codes. In 1973 Cover described a simple 

enumerative scheme®^ for encoding/decoding user data into/from the permuta

tion modulation codebook. Together the two techniques provide a low-complexity 

method for signaling user information through an additive noise channel by use of 

constant-weight codewords and ML decoding. Alternatively, enumerative coding 

and permutation codes can be used for a variety of other channel types as well. 

For example, a nin-length-limited sequence can be thought of as composed of a 

number of primitive constituent phrases (sequences) concatenated in a specific 
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order. Permutation of the phrase ordering produces the set of run-length-limited 

sequences and enumeration of the ordering provides the sequence index. A num

ber of authors have shown efficient nin-length-limited encoding and decoding 

schemes based on this observation.^^"^® 

In page-oriented optical memories we are interested in non-binary modulation 

codes with high code rate and unequal symbol distribution {i.e., the elements 

of the signaling alphabet do not appear in codewords with equal probability). 

Enumerative coding of a variant I permutation code provides the necessary mech

anism to achieve this goal. However, one disadvantage of a permutation code is 

that the size of these codebooks is typically not an integer power of two. This re

quires a more complicated scheme to select a codeword to transmit from input bi

nary user data. Instead, we propose to expurgate the permutation codebook such 

that only the first 2*^ codewords are retained. This permits a trivial memoryless 

block encoding scheme. Slepian's decoding algorithm is not maximum-likelihood 

for the shortened code because not all permutations are valid. But with a fairly 

simple extension to Slepian's approach we can still provide low-complexity ML 

decoding. 
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5.3 Permutatioa Codes 

The codebook, C, of a variant I permutation code consists of a basis codeword 

and all the distinct codewords produced by permuting the order of the symbols. 

Let the codeword symbols be elements of a finite alphabet A = of cardi

nality = L. Furthermore, we assume there is an underlying ordering of the 

e l e m e n t s  s u c h  t h a t  s i < s 2 < - - - < s ^ .  

Let the basis codeword contain mj occurrences of symbol sj. Because every 

codeword is a permutation of this basis codeword, all codewords must have the 

same symbol distribution Clearly the symbol distribution completely 

defines the codebook where the codeword length must be 

L 
n = ^^rrij. (5.1) 

i=i 

For convenience, we will require that a L-ary permutation code must have mj > 

0 Vy = 1, - • • , L. If this were not the case, we could represent the code using a 

smaller alphabet where the positivity requirement is satisfied. 

Let the function /y(C) count the number of occurences of symbol Sj in a vector 

composed of symbols from A. We can now explicitly define a codeword. 

Definition 1 A codeword C_ is a length n vector with symbols from A satisfying 

a given symbol distribution 

C  = [ c i c 2 - - - c n ] ,  (5.2) 
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The size of the codebook, N = jC|, is easily computed by counting the number 

of unique possible permutations: 

rr\ 
N = p (5.3) 

mi 17712' • • 

As an illustrative example of a permutation code, consider the codebook 

formed from the alphabet ^ = {1,2,3} and symbol distribution mi = 2, ma = 

l,m3 = 1. In this case C = { [1123], [1132], [1213], [1231], [1312], [1321], [2113], 

[2131], [2311], [3112], [3121], [3211] }. 

Note that the permutation code only defines the collection of codewords. It 

does not establish any sense of sequence. We use Cover's technique of enumeration 

to index through the codebook. 

5.4 Enumeration of Permutation Codes 

As discussed in chap. 4 Cover's enumeration technique can be used in re

verse to construct sequences with specific properties by encoding/decoding the 

label. Throughout the last decade, there have been a number of practical applica

tions of binary enumeration codes as a modulation code for constrained channels, 

commonly magnetic or optical recording channels subject to a run-length-limited 

constraint.In many of these cases, the code properties involve limiting 

the minimum and/or maximum length of consecutive occurrences of the 0 symbol. 

The enumerative permutation code differs from these codes in that we consider 
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codewords subject to a constant-weight requirement as opposed to a run-length 

constraint. 

By defining a lexicographical ordering on the codewords we can equivalently 

represent the codeword by its ordered index. 

Definition 2 A codeword is defined to be less than a code

word c^^ • • • iff for the first location in which they differ (say 

location t) 

Lexicographical ordering in this case can be interpreted consistently with the 

arrangement of a conventional dictionary where we have assumed some fixed 

ordering of the composite symbol alphabet. We explicitly define the label, u{C), 

of a codeword C_ as its lexicographic index. Clearly, each codeword has a unique 

index such that 0 < •u(C) < N. The role of the modulation encoder is thus to 

output the codeword corresponding to the label selected by the user data, b (e.g., 

u(C) = b). Similarly, the decoder will perform the inverse operation. 

5.5 Shortened Non-binary Permutation Codes 

The user data b  must select a codeword label, an integer in the range [0, N ) .  

If the user data is binary and iV is not an integer power of two then memoryless 
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block encoding is not possible without excluding some codewords. Finite mem

ory encoding techniques can use all N codewords but incur both a complexity 

and error propagation cost. Error propagation occurs as decoding errors in one 

codeword may induce further errors in successively decoded codewords. Because 

it is common that N is not representable as iV = 2^ for an integer k we consider 

shortened enumerative permutation codes where only the first 2*^ codewords are 

included in the codebook. k must satisfy: 

0 < fc < Ar^ax = Uog2 A'"] . (5.4) 

Figure 5.1 shows the relevant portions of the communication channel under 

investigation, where we make two assumptions about the user data input to 

the modulation encoder. First, it is already encoded with an appropriate error-

correction code (ECC) necessary to operate at a moderate channel bit-error-rate 

(BER), say roughly 10"^, and provide an acceptable decoded end-user BER of 

10"^^. Second, the input data is unbiased (balanced), that is, zeros and ones 

appear with equal probability. This is one reasonable system model we may 

expect to encounter in photorefractive volume holographic memories (VHMs). 

In VHMs, a wide variety of noise sources can in theory corrupt the recording 

and subsequent page retrieval. We consider a limiting-case in which 

thermal electrical noise present in the readout electronics is the dominate cor

rupting influence of the channel. The thermal noise is represented by a zero-mean 
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Figure 5.1: Block diagram describing the channel of interest, k bits of user data 
are encoded into a n symbol codeword in which each symbol can take one of 
L possible values. The codeword is stored and later retrieved as a real-valued 
vector. The detection scheme estimates the transmitted codeword which is then 
decoded to the estimated user data. 

additive white Gaussian noise process. The measured codeword output from the 

channel is thus a real-valued length n vector embedded in white noise. We define 

the received vector and its components as R = [rir2 Vn]. The detection scheme 

produces an estimate codeword C given R which is then decoded by computing 

the associated label b = k(C). 

Slepian presented an implementationally simple ML detection scheme for such 

an additive white Gaussian noise (AWGN) channel when the complete permu

tation codebook is used.®^ The detection algorithm merely requires sorting the 

received vector of n real numbers and assigning the symbol Si to the mi symbols 

with the smallest received values, then S2 to the next ma symbols, etc. 

When only 2^^ codewords are used, however, Slepian's approach does not taJce 

advantage of the reduced codebook and hence no longer achieves ML decod

ing for this shortened permutation code; it incurs a higher bit-error-rate at a 

given signal-to-noise-ratio (SNR). In section 5.8 we introduce an extension to 
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Slepiaa's approach that achieves ML detection for shortened enumerative per

mutation codes. To motivate consideration of the extended detection scheme, 

consider an example 4-ary length-189 permutation code with symbol distribution 

mi = 113,7722 = 48, m3 = 20, m4 = 8. This code wiU be of interest later in the 

application to holographic memories. There are codewords yielding a code 

rate of i? = 269.98/189 = 1.4285 bits per channel symbol. The entropy for this 

symbol distribution is Rmax = 1-4818 bits per channel symbol. 

Figure 5.2 shows the BER versus the conventionally defined SNR (mean PDF 

separation divided by the noise standard deviation) for the example code using 

Slepian's decoding scheme (circle symbols) and the extended algorithm on two 

shortened codes k = 215 bits, R = 1.1376 (square symbols) and k = 134 bits, 

R = 0.709 (triangle symbols). We see for a target BER of 10"^ a SNR gain 

of 0.2961 dB and 0.6534 dB for the A: = 215 and k = 134 shortened codes, 

respectively. Note that, as we expect, the SNR gain comes subject to a reduction 

in code rate. 

Shortening the code results in an improvement in error correction ability (in

creased distance between codewords) in exchange for a reduction in code rate. 

A full analysis shows that in most cases reducing A: is an inefiicient strategy if 

the allowed system complexity permits a powerful outer algebraic ECC, such as 
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Figure 5.2: User bit-error-rate versus additive white Gaussian channel signal-to-
noise-ratio for various detection/enumerative permutation codes. 



154 

a Reed-Solomon code. The outer code can typically provide the equivalent in

creased error correction at a higher code rate than the shortened permutation 

code; therefore, in those cases the practical best choice is to simply use Slepian's 

detection scheme on the shortened permutation code with k = fcmax- This pro

vides the improved code rate for an acceptably small increase in BER. 

5.6 Encoding Algorithm 

A fc-bit block of user data is provided as input to the encoder shown in Fig

ure 5.1. The encoder maps each such block to the first 2^ enumerative permuta

tion codewords. Reference [56] describes an encoder algorithm that maps /:-bit 

user data into binary constant-weight enumeration codewords. Here we present 

the straightforward generalization of this algorithm (as suggested in Cover's 1973 

paper) in which the codeword symbols are drawn from a general (e.^., non-binary) 

finite alphabet A. 

The user data is treated as a A:-bit non-negative integer label u. We construct 

the n-symbol codeword C beginning with symbol 1 (leftmost) and finishing with 

symbol n (rightmost) in one pass as described in the following pseudo-code: 

For y := 1 to L, 
r f i j  =  r r i j  (* rhj : number of unassigned Sj symbols *) 

End For 
For i := 1 to n, 

i  : = 1  
repeat := true 
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Do 
2 = ns(ci,c2.— ,Ci-i,Sj) (+ see below for description *) 
If u < z Then 

Cj" Sj 
rhj = rhj — 1 
repeat := false 

Else 
u = u — z 

End If 
While (repeat = true) 

End For 

where ns(ci, C2, • - • , q) is the number of codewords for which the first I positions 

are [ciC2---q]. We see that for a fixed choice of L, the algorithm constructs 

the codeword sequentially beginning at the first position. In a practical imple

mentation the function ns(-) is stored in a look-up-table or read-only memory 

(ROM). Thus the encoder requires a mgiximum of nL A;-bit integer addition and 

comparison operations, producing only linear complexity in block length n. We 

also see that this algorithm has linear complexity in alphabet size; however the 

s p a c e  r e q u i r e d  t o  s t o r e  n s ( - )  i n c r e a s e s  e x p o n e n t i a l l y  i n  L .  

5.7 Decoding Algorithm 

Decoding a codeword C to its associated index u{C_) involves counting the 

number of codewords below C. This can be implemented as a simple sum as 

shown in the following pseudo-code: 

u = 0 i* u : the user data; a A:-bit non-negative integer *) 
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For z := 1 to n. 
For Sj E {s : Vs € A s < Cj}, 

u  =  u r i s i c i ,  C o ,  •  •  •  ,  C t - i ,  5 j )  
End For 

End For 

Similar to the encoding operation, we see that the decoding algorithm requires a 

maximum of nL k-hit addition operations. 

5.8 Extended Detection Algorithm 

The encoder transmits a codeword, through the channel and a noise-

corrupted observation R is made by the receiver. The goal of the detection 

algorithm is to correctly estimate from R. 

Here we consider operating on shortened enumerative permutation codes. 

Shortening the code can be thought of as dividing the complete variant I permu

tation codebook into two mutually-exclusive sets: valid and invalid. The valid set 

contains the first 2^ codewords of the general permutation code which compromise 

the shortened codebook. "First" is decided by enumerating the lexicographic in

dex of the codeword. The remaining codewords are declared invalid. We refer to 

the set of valid codewords as Cy. 

Definition 3 The maximum valid codeword, C""", has the largest lexicographic 

index of all the valid codewords. It has a label =2^ — 1. 



157 

Definition 4 The maximum-likelihood (ML) codeword, is the codeword in 

C-a that is closest (in squared Euclidean distance) to the received vector: 

= arg min d{Q) , (5-5) 

where the squared Euclidean distance between two vectors is measured in the 

conventional manner as 

d { C ) = \ \ C - R \ \ ^ .  (5.6) 

Definitiori 5 The length-l prefix of a codeword is the first I coordinates of the 

codeword vector. 

The Slepian sort-based codeword, C®, is the minimum distance codeword in C 

to the received vector. It is the ML codeword when codewords are selected from 

the codebook C. See Reference [53] for a proof of this statement. 

Refer to Figure 5.3 for a graphical example of Slepian's sort-based detec

tion scheme showing a 3-ary code over A = {1,2,3} with symbol distribution 

{mi = 5,m2 = 3,m3 = 1}. The technique works by sorting the received vector 

R and assigning the 1 symbol to the five locations with the smallest received 

values. The three locations with the next larger received values are labeled with 

the 2 symbol and the remaining location is assigned the one 3 sj'Tnbol. There 

are two major advantages of sort-based decisions. First, the sort-based decision 
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Figure 5.3: 3-Ievel sort-based decision example. The "1" symbols are assigned to 
the locations with the 5 smallest received values. The "2" symbols are assigned to 
the 3 locations with the next largest received values. The "3" symbol is assigned 
to the location with the largest received value. 

yields the maximum-likelihood permutation codeword with little computa

tional overhead (when the code has not been shortened). A further advantage is 

its scale-in variance; there is no error introduced into the decision if the received 

measurement is subject to an arbitrary scaling. So channels which suffer from an 

unknown, slowly (relative to the codeword size) changing "gain" do not penalize 

sort-based decisions. This scale-invaxiance makes sort-detection a very robust 

detection scheme when the channel model deviates from the expected theoreti

cal form. Also, note that the detection technique is threshold-less requiring no 

training data or preset calibration. 
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5.8.1 Algorithm Description 

In general terms, the proposed algorithm works by extending the prefix of 

candidate codewords in such a way as to preserve important ordering properties 

as the prefix length increases. These properties will then guarantee that we find 

and recognize the ML codeword. We begin by defining notation for the length 

Z prefix of a codeword C as i^[C, Z] = [ciC2 - • • c/]. It is the vector of the first I 

symbols of C. 

The shortened permutation code (SPC) ML detection algorithm maintains a 

table containing P working codewords we label as where i = 1, 2, - • • , P 

along with their squared Euclidean distances to R, The table is initialized 

to contain only one codeword: = C^. The algorithm attempts to construct 

one symbol per iteration, from left (position 1) to right (position n). At the 

beginning of iteration t of the main loop the codewords in the table represent the 

best candidate codewords, one of which will agree exactly with on a prefix of 

length t — 1. The goal of iteration t will be to extend this prefix by one position 

so that at the beginning of the next iteration, the table is guaranteed to contain 

a codeword such that F[C^\t\ = t]. This will be accomplished by 

adding new codewords to the table. During iteration t these new codewords 

will be obtained by swapping symbols within (not between) codewords that are 

already in the table. Specifically, a symbol in position t is swapped with a symbol 
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at position q > t so that no change is made to the length £ — 1 prefix of any 

codeword in the table. 

Iteration t concludes with the deletion of certain codewords from the table. 

Codewords to be deleted are selected based on two conditions. Valid codewords 

are removed from the table because any further swapping can never decrease the 

Euclidean distance of these cajididates. The best valid codeword found so far 

is retained in a special register B, along with its distance d*. Codewords with 

prefixes larger than t] are also removed from the table because these code

words can never be valid. The algorithm requires a maximum of n passes through 

the table after which the table must be empty and will be S. Commonly 

though, the table of working codewords will be empty well before n passes and 

the algorithm will terminate earlier. The algorithmic details are described by the 

following pseudo-code: 

Sort R to produce C® 
If is valid then 

C"- = C® 

Else 
d* = oo 
P = 1 
d W  =11 C ' - R \ \ ^  
For i := 1 to n. 

For p := 1 to P, 

If > Si Then 
Add children codewords to table C* see below *) 

End If 
If > cp Then 

Delete codeword from table 
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End If 
End For 

End For 
C^ = B 

End If 

Procedure to add children codewords: 

For b := Sj where j G {j : Sj < , 
Find position q = argmaxr^ where Qq = {q i q > t, = 6} 

q&lq 

Construct C = with Ct = b and Cq — 
If \ \ C - R \ \ ^ <  d *  Then 

Add = C to table 
P = P + 1 

— b ) ( r t  — T q )  
If is a valid codeword Then 

If < d* Then 
d* = 
B = 

End If 
Remove from, table 
P  =  P - 1  

End If 
End If 

End For 

Looking over the algorithm, it is clear that at the end of a main loop iteration 

there are only invalid codewords in the table. As soon as valid codewords are 

constructed they may be saved in 5 but they are always discarded for reasons 

discussed in the previous paragraph. 
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5.9 Proof of ML Decoding of Shortened Permutation Codes 

The basic operation used in our SPC detection algorithm is to swap two sym

bols in a candidate codeword. Lemma 1 determines the change in squared Eu

clidean distance (to the received vector). 

Lemma 1 If the symbols at locations q and t are swapped in a codeword C to 

produce a new codeword C then d{Q = d(C) + 2(ct — Cq){rt — r,). 

Proof. 

i i e - s i P  =  E f e - o f  (5.7) 
j=i 

= + 

i=l j=q,t 

{Cq - rtf + (ct - (5.9) 

= WQ.- RW^ +2(c,r, + Ctrt — Qr, — c,rj) (5.10) 

= WG.- R\? +2(ct - Cg)(rt - r,) • (5.11) 

Theorem 1 If Cf is a valid codeword then CJ"'^ = Cf. 

The proof of Theorem 1 follows directly from Reference [53], Appendix L When 

is valid, the algorithm performs identically to Slepian's original scheme. It is 

when is invalid that the extension to his algorithm becomes necessary to find 
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In iteration t of the main loop, the algorithm constructs new codewords by 

taking already existing codewords in the table and swapping positions q and t. q 

is chosen such that q = argraaxr^ where Qq = {q : q > t,Cq = b} and C is the 
gen, 

specific candidate parent codeword, b is the value of the symbol to be swapped. 

Choosing q in this fashion is defined as "smart downstream swapping" (SDS). The 

SDS property guarantees that this choice minimizes the Euclidean distance of the 

newly created codeword to the received vector subject to the constraint that q is 

an element of Q.q. The following lemma provides support for this statement. 

Lemma 2 If a codeword C is produced by swapping locations t and q in a code

word C subject to the conditions that Ct = a > Cq = b and q > t, then choosing 

q = argmaxr, minimizes d{Q, where Q.q = {q : q > t, Cq = b} 

Proof. By Lemma 1 the squared distance of C is 

d(C) = d{C)+2{ct-Cq){rt-rq) (5.12) 

= d{C)->r2{a — b){rt — rq). (5.13) 

Because a > 6 it is clear that c/(C) will be minimized by maximizing r,. Hence 

position q corresponds to the largest received value from the set of allowed 

positions. • 

Lemma 3 At the beginning of iteration t of the main loop, all codewords in the 

table represent the minimum distance codewords for the their respective length 
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t — 1 prefixes: 

= arg min d(C) V i = 1,2, - - • , P (5-14) 
cen(') 

where = {C : VC G C F[C, i - 1] = F[C^\ i - 1]}-

Proof We prove this by induction on the loop index t. Clearly the property is 

true for the first iteration t = l because the table initially contains one codeword: 

which is by definition the minimum distance codeword with a prefix 

length of 0 {i.e., over the set of all codewords). Assuming the lemma holds for 

iteration t we will show that it holds at the beginning of iteration t + 1 as well. 

As a result of execution of iteration t, the table may contain the same code

words from the previous iteration (we define these as the parent codewords of this 

iteration) as well as a number of children codewords derived from the parents. 

We examine these two types of codewords separately. 

First, consider a parent codeword, . Assume there is another codeword, 

say C, with a smaller distance and the same length t prefix as . 

Assume 3 C | a.nd (5.15) 

F [ C , t ] = F [ C ^ ^ , t ] .  (5.16) 

But equation 5.16 must hold for length t — 1 as well: 

F [ C , t - l \  =  F[C^'),t-l], (5.17) 
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which contradicts our assumption that was the minimum distance codeword 

with prefix F[C_, 1]. The contradiction establishes that C caji not exist, insuring 

that is the minimum distance codeword of prefix f] at the beginning 

of iteration t -h 1. 

Second, by lemma 2 we know that the choice of location q minimizes the 

distance of the child codeword Because the child always differs from the 

parent at location t we know is the minimum distance codeword with prefix 

This closes our inductive loop and completes the proof. • 

Theorem 2 The proposed detection algorithm determines the maximum-likelihood 

codeword for a shortened enumerative permutation code. 

Proof. Theorem 1 guarantees that if Slepian's sort-based decision yields a 

valid codeword it is the ML codeword. Otherwise, the algorithm will find 

by successively modifying C®. We prove this as follows: 

The algorithm begins with C®, an invalid codeword. and share a 

common prefix of length l — l, where I is the position of the first symbol for which 

the two codewords differ. ^ = 1 is a perfectly acceptable possibility indicating 

that they share no common prefix. At iteration I of the main algorithm loop 

will be a parent codeword which is by lemma 3 the minimum distance codeword 

with the prefix F[C^^,l — 1]. Because is an invalid codeword, 
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During iteration L parents children codewords with the same length / — 1 

prefix and location I set to ail possible lower-ordered symbols. One of these 

children must share a length I prefix with As long as the child codeword 

remains invalid, this process repeats with the next prefix symbol leading to a 

subsequent grandchild codeword which shares a length I 1 prefix with 

Eventually, one of these ofispring will be valid and thus represents the miniTmim 

distance valid codeword that agrees with hence it is If more than one 

codeword achieves exactly the same minimum distance, they axe both considered 

^ML • 

5.10 Application to VHM 

Development of the SPC has been motivated by our specific application: vol

ume holographic memories. Data is typically stored in a two-dimensional page 

parallel format containing on the order of 10® pixels. A pixel may take on one 

of many possible intensity values"® but system considerations commonly restrict 

the choice to a few grayscale levels. There is a greater holographic material cost 

associated with storing bright pixels than daxk pixels. In fact, there is no effective 

material cost in storing "off' pixels represented by the absence of diffracted light. 

In the binary-valued pixel case, previous work®® has shown that the storage ca

pacity of a VHM can be increased by 14% by adjusting the a priori probabilities 
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of the data page. The memory was assumed to be dominated by the thermal 

noise in the charge-coupled device (CCD) readout electronics. The optimal bi

nary probabilities are such that "on" pixels occur with 25% probability and "off" 

pixels occur with 75% probability. 

5.10.1 System Model 

In the thermal noise-limited case, the noise-free electrical signal, x, from a 

detected pixel is 

^ (5.18) 

where N is the number of pixels in a page, M is the number of page:s in the 

memory, a is the stored data pixel gray-level intensity. The constant P encom

passes all the proportionalitj' factors imposed by the specific system components 

(see Reference [30] for more discussion about F). The thermal noise cormpts the 

signal producing a measurement y = x + n where n is drawn from an AWGN 

process with variance cr^. The probability density function of y, is thus 

Gaussian with variance and mean aF/ M ' ^ N .  Simulations use N  —  10® and a 

1 kHz page retrieval rate producing an aggregate data rate of 1 Gbit/sec. 

The total number of user bits stored in the memory is T = M I p N ,  wb.ere I p  is 

the number of user bits represented per pixel. The information-theoretic capacity 

of the memory, Cmax, using L-ary valued pixels is the maximum possible value of 
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T defined as 

Cmax = max[iV/i? max (iV/,7r)iY], 
M.tt 

(5.19) 

where Rmax is the majdmum amount of information represented by a pixel subject 

to the SNR set by M and the given symbol a priori distribution tt = [tti, - - - , 7r£,]. 

Rmax is explicitly determined by the mutual information integral as 

To avoid confusion, we will refer to the amount of user information stored in 

a sample memory as T bits for specific choices of code parameters, M, and a 

priori symbol distribution tt. Cmax will refer to the information-theoretic channel 

capacity when the grayscale signaling alphabet is constrained to a specific number 

of gray-levels. 

5.10.2 Capacity Gain 

Maximizing T over all possible tt and M yields Cmax for each choice of L. As L 

increases, the capacity gain ofiered by gray-level signaling with optimal selection 

of TT approaches 49%. Table 5.1 shows the gain associated with each graylevel 

compared to binary signaling with tti =0.5. 

We investigate using our proposed shortened permutation code as a practical 

method to achieve this capacity gain. Figure 5.4 plots the VHM storage capacity, 

(5.20) 
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T, as a function of the number of stored pages. The solid curves show the 

maximum value of T when the memory is constrained to a given number of 

pages. The peak of these curves represents the VHM capacity Cmax- The solid 

curves represent graylevel signaling from Z/ = 3 to L = 8. The two dashed curves 

show the number of user bits contained in the memory in the binary case (L = 2) 

when TTi is constrained to be 0.5 (tti = 0.5) and when tti is chosen to maximize 

T (tti = ttj). The choice of the system proportionality coefficient F was taken 

from Reference [30] to be 3.8 x 10^^. Figure 5.4 establishes the upper bound on 

thermal noise-limited VHM performance using finite graylevel signaling. 

We would also like to compare the following three practical codes: (1) binary 

pages with tti = 0.5 encoded with a Reed-Solomon (RS) code, (2) grayscale 

pages using L = A with = n/A encoded with a RS code, and (3) an inner 

L = A length 100 shortened enumerative permutation code with k = 147 bits, 

mi = 58, m2 = 24, ms = 12, = 6 and an outer RS code. The RS code in 

all cases is a t symbol-error correcting length 255-symbol block code with 8-bit 

symbols. The performance of the various codes is plotted in Figure 5.5 along 

with the L = A capacity bound taken from Figure 5.4. We obtain the different 

points in each curve by varying the number of pages in the memory and adjusting 

the RS error correction ability, t to achieve a user BER of at most 10"^^ for all 
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Figure 5.4: VHM storage capacity, T, for the case of L-ary pixel values, tti is 
the a priori probability of a pixel being "on". tt^ represents the choice of tti that 
maximizes the memory capacity. 
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cases. We observe a 12% improvement in the 4-ary enumeration approach over 

the 4-ary RS case, and a 30% increase in user capacity over the binary RS case. 

Longer permutation code block sizes provide a higher code rate at the expense 

of decreased performance due to the phenomenon of error propagation. A single 

error in a modulation codeword symbol will upon decoding, magnify into a num

ber of bit errors proportional to the codeword size. Researchers have suggested a 

n u m b e r  o f  a p p r o a c h e s  t o  a d d r e s s  t h i s  e r r o r  p r o p a g a t i o n  p r o b l e m . ® ® ' ® ^ ' I n i t i a l  

consideration of this idea will be discussed at the end of the next chapter. 
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L Capacity [Gbits] Capacity Gain [%] 
2 2.8179 0-0 (TTI = 0.5) 
2 3.2147 14.08 (tti = Tti) 
3 3.7279 32.29 
4 3-9464 40.04 
5 4.0608 44.10 
6 4.1273 46-46 
7 4-1685 47-92 
8 4.1949 48-86 

Table 5.1: VHM capacity gain associated with, graylevel signaling compared to 
binarj'' tti = 0.5 signaling. 

5.11 Summary 

We have introduced a shortened enumerative permutation code that extended 

our earlier binary code from chap. 4 into a full non-binary constant-weight code. 

We proposed an associated low-complexity maximum-likelihood detection scheme. 

The detection algorithm is shown to be an extension to the procedure proposed 

by Slepian in Reference [53], and is proven to j&nd the ML codeword from the 

shortened codebook. Because the shortened code contains an integer power of 

two codewords, block encoding of binary data becomes trivial. The fact that the 

code is parameterized by the a priori symbol distribution allows it to be effec

tively applied to produce grayscale modulated sparse data pages appropriate for 

volume holographic memories. Simulations predict a 30% capacity improvement 

obtained by using 2-bit grayscale pixels and a length 100 shortened enumerative 
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permutation code concatenated with a length 255 Reed-Solomon code. This im

provement is relative to the storage capacity obtained by recording binary pages 

with only the Reed-Solomon code for error control. All pages are retrievable at 

an output BER of 10"^^. There is a theoretical 49% improvement in the VHM 

storage capacity when using a 3-bit (8 graylevel) signaling alphabet to compose 

sparse data pages. 

Notes Portions of this work have been pubhshed in IEEE Journal of Selected 

Areas in Communications as described in reference [72]. 
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CHAPTER 6 

GRAYSCALE ENUMERATION EXPERIMENTS 

6.1 Introduction 

To verify the proposed capacitj-^ advantage of using a sparse non-binary enu-

merative permutation code, we conducted a number of experiments at IBM Al-

maden Research Center with the help of Geoff Burr, Hans Coufal, and the rest 

of the Holographic Data Storage crew. We integrated our enumeration encoder 

and decoder into the software control for the IBM DEMONl^^ platform. Fig. 6.1 

shows the block diagram of the DEMON system. It is the first VHM tester us

ing a real-time SLM and a frame-rate CCD camera. The liquid crystal SLM is 

pixel matched to the 640 x 480 CCD camera. Holograms are recorded using the 

90 degree angular multiplexing geometry. A FerLiNBOs crystal is the recording 

medium, placed 3 cm behind the Fourier plane of the 4F imaging system relaying 

the object beam to the CCD camera. An aperture in the Fourier plane can be 

changed to impose varying levels of blur. For this set of experiments the aperture 

wcis large introducing a minimal amount of blur. 

Tables 6.1 and 6.2 describe the codes we evaluated experimentally. Code 

block lengths of 9, 12, 24, 48, 64, and 90 were used to completely cover the 
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Figure 6.1: Block diagram of the IBM DEMON platform 

practical usable range of lengths. Clearly, small block lengths such as 9 pixels 

have a terrible code rate and hence we expect them to not provide acceptable 

performance. Similarly, we expect a block length of 90 pixels to be too long. 

Longer blocks suffer a sharp BER performance loss due to the effect of error 

propagation; a single pixel error leads to a very large percentage of bit errors when 

the codeword is decoded. We expect a block length somewhere between these two 

extremes will provide the best usable capacity improvement. It has been discussed 

pre\'iously that using non-binarj'- valued pixels will improve the system capacity. 

It w£is inferred in ref. [70] that due to practical system issues 3-ary valued pixels 

are the best choice. In this experiment we compare codes using binary, 3-ary, 
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and 4-ary valued pixels. As summarized in the results section, we concur with 

the previous finding that 3-axy valued pixels offer the best experimental capacity. 

We begin by describing the code parameters and the testing procedure followed 

in the experiment. After that in sec. 6.3 we derive the relation between diffiraction 

efficiency, pages in the VHM, and sparsity for the case of non-binary pixels. In 

sec. 6.4, we discuss how to compute the estimated system capacity based on the 

measurements from the experimental data. Finally in sec. 6.5 we compute, plot, 

and compare the results of the experiment. 

6.2 Testing Procediire 

The goal of the set of experiments was to characterize the retrieval BER 

performance of the proposed coding techniques, as well as the reference case of 

no coding. To achieve these results, we implemented the following experimental 

procedure for each set of code parameters under test. 

1- Thermally erase the crystal 

2. Do 

(a) Move the reference beam to an unused angle 

(b) Record the hologram using the predistortion technique 

(c) For a range of CCD integration times: (typically about 19 exposures) 

i. Save the captured 8-bit image 

3. Repeat 3 times 



177 

Set User bits Block Length # Pixels per graylevel Rate 
k n rriQ mi M2 MZ RE 

A21 5 9 7 2 0.555556 
A22 7 12 9 3 0.583333 
A23 17 24 18 6 0.708333 
A24 36 48 36 12 0.75 
A25 48 64 48 16 0.75 
A26 68 90 68 22 0.755556 
A31 7 9 6 2 1 0.777778 
A32 10 12 8 3 1 0.833333 
A33 24 24 16 6 2 1 
A34 54 48 31 12 5 1.125 
A35 72 64 42 16 6 1.125 
A36 104 90 59 22 9 1.15556 
A42 13 12 7 3 1 1 1.08333 
A43 30 24 14 6 3 1 1.25 
A44 63 48 29 12 5 2 1.3125 
A45 88 64 38 16 7 3 1.375 
A46 124 90 54 23 9 4 1-37778 
B31 8 9 5 3 1 0.88889 
B32 11 12 7 4 1 0.916667 
B33 27 24 14 7 3 1.125 
B34 59 48 28 14 6 1.22917 
B35 80 64 37 19 8 1.25 
B36 115 90 52 27 11 1.27778 
B41 10 9 5 2 1 1 1.11111 
B42 15 12 6 3 2 1 1.25 
B43 33 24 13 6 3 2 1.375 
B44 71 48 25 13 7 3 1.47917 
B45 97 64 34 17 8 5 1.51562 
B46 140 90 48 23 12 7 1.55556 

Table 6.1: IBM experimental set/parameter descriptions 
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Set Block Length Pixel priors % Entropy 
n TTO TTi 7r2 TTs 

A21 9 0.778 0.222 72.7 
A22 12 0.750 0.250 71.9 
A23 24 0.750 0.250 87.3 
A24 48 0.750 0-250 92.4 
A25 64 0.750 0.250 92.4 
A26 90 0.755 0.245 94.2 
A31 9 0.667 0.222 0.111 63.5 
A32 12 0.668 0.250 0.082 70.1 
A33 24 0.667 0.250 0.083 84.1 
A34 48 0.646 0.250 0.104 90.2 
A35 64 0.656 0.250 0.094 92.3 
A36 90 0.656 0-244 0.100 94.1 
A42 12 0.582 0.250 0.084 0.084 69.8 
A43 24 0.583 0.250 0.125 0.042 82.3 
A44 48 0.604 0.250 0.104 0.042 89.3 
A45 64 0.594 0.250 0.109 0.047 91.5 
A46 90 0.600 0.256 0.100 0.044 93.3 
B31 9 0.556 0.333 0.111 65.8 
B32 12 0.583 0.333 0.083 71.6 
B33 24 0.583 0.292 0.125 83.5 
B34 48 0.583 0.292 0-125 91.2 
B35 64 0.578 0.300 0.125 92.4 
B36 90 0.578 0.300 0.122 94.7 
B41 9 0.556 0.222 0.112 67.0 
B42 12 0.500 0.250 0.167 0.083 72.3 
B43 24 0.542 0.250 0.125 0.083 81.3 
B44 48 0.521 0.271 0.146 0.062 89.3 
B45 64 0.531 0-266 0.125 0.078 91.6 
B46 90 0.533 0.256 0.133 0.078 93.7 

Table 6.2: IBM experimental set/parameter descriptions 
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An example SLM image and corresponding CCD image of the reconstructed 

hologram are shown in fig. 6.2. The histogram of the hologram is presented in 

fig. 6.3. 

The crystal was not always erased between sets. On average, it was erased 

approximately after every four sets of data were taken. Each hologram provides 

about 19 retrieved images over a variety of exposure times. These images are 

decoded using the code to provide an estimate of both the pixel-erxor-rate (PER) 

and the decoded user BER. In addition to decoded error rates, we compute the 

mean and variance of each of the L pixel levels, which we refer to as i.Li and cr,-, 

respectively, for i E {0,1, - - • ,L — 1}. 

We plot BER against the ^£,_i to determine the minimum required pixel value 

in order to achieve a desired BER. Fig. 6.4 shows an example curve from the A32 

code. Once an operating raw BER requirement is established, say BER*, then 

from the BER curve fit for each code we determine the minimum required 

pixel mean of the level L — 1 pixels. From the graph we see that for the XA32 

set, IJ.2 = 26.4 for BER* = 10"^. 
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(b) 

Figure 6.2: (a) example SLM image and (b) reconstructed hologram for a 3-ary 
valued pixel case. 
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Figure 6.3: Histograjn of 3-level hologram. 

6.3 Graysccile M/# 

We know from chapter 4 that for binary sparse data pages the pixel diffraction 

efficiency, 77, scales with pages, M, as: 

We wish to extend that result to establish the relation between pixel diffiraction 

efficiency and pages for a sparse memory with L-axy valued pixels. Earlier results 

have also assumed that the pixel levels are equally spaced, i.e., the level 2 pixel 

is twice as bright as the level 1 pixel. We wish to consider arbitrary level spacing 

because in the experiment, finite contrast will give the "off" pixel a non-zero 

diffraction efficiency in addition to the other pixel levels not being spaced equally. 

(6.1) 
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Figure 6.4: Experimental data and curve fit for XA32 data set 
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We derive the grayscale M/# by considering the recording and erasure con

stants for a specific graylevel, say level i, where z = 0 is the "ofF' pixel and 

i = L — 1 is the brightest pixel level. Similar to the development in sections 

4.2.1-4.2.3, we consider the recording slope and the erasure time constant of the 

grating stored as the interference pattern between a single pixel in the object 

beam and the reference beam. 

For pixel level i we wish to find the proportionality constant, between 

level i pixel diffraction efficiency, rji, and the number of pages in the memory, M, 

such that: 

Let the total power in the object beam be Watts, and the total power in 

the reference beam be Ir- The beam ratio is defined as: 

We can express the total object beam power as a sum of the beam power 

associated with all the pixels at each level. Let each level i pixel contain 

Watts such that: 

(6.2) 

BR = (6.3) 

(6.4) 

where Ni is the number of pixels at level i. 
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To conveniently chaxacterize the choice of pixel intensity levels, we define the 

ratio between the power in each pixel level and the brightest pixel level power as: 

Ai = (6.5) 

The recording slope goes as the amplitude of the interference pattern which 

for level i pixels is y/Lrl̂ . The erasure time constant is unchanged with respect 

to the earlier cases as it is the total illuminating power of + lo- The M/# for 

graylevel i can be computed as the product of the recording slope and the erasure 

time constant: 

I r  +  I o  

I r + I o  

v//o(BR + l) x/7o 

VBRn^--1) yJAi 
BR + 1 L-\ 

\ j=0 

n/BR y/Ai 
BR + 1 

\ 
L~l 

j=0 

= M/#- \/37 
£,-1 

i=o 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

(6.10) 

(6.11) 
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The important result of the above sequence of equations is that the graylevel i 

pixel diflfraction eflSciency can be expressed in terms of the standard s;\'steni-level 

definition of M/# if we just include the normalization factor associated with the 

relative power in each graylevel pixel. The overall relationship betw^een level i 

pixel dififraction eflSciency and the other VHM system parameters is thus: 

N Aj -Kj 

j=0 

The relationship between the minimum pixel mean and the total pages in the 

VHM can now be expressed by rearranging eq. 6.12: 

M/# 11 , , 
M* = 'S (6.13) 

\ 
L-l 

j=0 

where we have chosen Aî -i ^ the minimum acceptable level L — 1  pixel meaji 

that achieves a target raw BER of BER*. 

6.4 Experimental Results to Estimated Capacity 

From the BER versus pixel mean experimental curve fits, we use eq. 6.13 to 

estimate the number of pages in the VHM and hence the capacity provided by 

each set of codes and associated parameters. The capacity estimate eissumes the 
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diffraction efficiency scales as 1 /M^ and that the storage of the additional pages 

in the memory does not degrade the fidelity of the already stored hoiograjns; 

only the diffraction, efficiency of the holograms is reduced- We know from earlier 

work^ that this assumption is invalid and the consecutive storage of the data 

pages does affect the hologram fidelity to some degree. We recognize that the 

capacity estimates provided by this approach are therefore an upper-boimd on 

the practical achievable storage capacity. With that caveat in mind, we convert 

our experimental data to a capacity estimate by the following procedure: 

1. Cur\-e fit the decoded user BER versus the mean L — 1  pixel value 

2. Find that achieves a target raw BER goal of BER* 

3. Compute the estimated number of storage pages as: 

M/# 1 1 M* =  
^ / N  L - l  

3=0 

(6.14) 

where this equation was derived in the previous section. 

4. Compute the estimated capacity as: 

C = M*NR (6.15) 

where R is the overall system code rate, or equivalently, the number of user 
bits represented per pixel. 

In the experimental data, the noise variance on each pixel level is not the 

same, as is assumed in our thermal noise dominated model. As a result, it is 

better to choose unequally spaced pixel levels in order to reduce the BER. This 
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in turn reduces the idealized sparsity gain achieved by equally spaced levels. We 

keep track of this difference by considering two types of sparsity gain: the ideal 

sparsity gain using equally spaced levels, and the experimental sparsity gain using 

the level spacing achieved in the actual holograms. We refer to the ideal sparsity 

gain as Sj and the true gain as S. To compare the two, we define 7 such that 

S = 7S/, where 7 must be in the range [0,1]. The ideally spaced levels for L-ary 

valued pixels are: 

The set of levels { A j }  will refer to the level distribution of the experimental 

hologram. We can compute 7 directly as: 

To develop a better understanding of the many factors affecting the capacity 

estimate, C, we caji re-express eq. 6.15 as a product of more insightful terms: 

(6.16) 

7 (6.17) 

C = M*NR (6.18) 

(6.19) 

= FM FB 7 Si RB Rq (6.20) 
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FM is the system factor which includes the M/# and the number of pixels per 

page. FB is the BER factor which increases as the squaxe root of the required 

pixel diffraction efiSciency decreases. 5/ is the ideal sparsity and 7 is the constant 

describing how close to the maximum achievable sparsity the experimental data 

is. RE is the code rate of the shortened enumerative permutation code that is 

directly responsible for providing the sparsity factor jSi >1. .Ro is the code 

rate of any remaining error-correction or modulation codes. Remember that a 

detected pixel value of provides a decoded raw BER of BER* which is likely 

on the order of 10"^. An outer code of rate RQ is necessary to reduce the raw 

BER to an output user BER goal on the order of 10"^^. Note the inclusion of 

the factor of \/2 in Fm to account for the \/2 factor placed in the denominator 

of the sparsity term. This normalizes the sparsity factor such that Si for the 

binary imcoded case is identically unity, and for any sparse code S/ is larger than 

unity and represents the multiplicative factor on the increased number of storable 

pages relative to the uncoded equal prior case. 

6.4.1 Local Threshold Detection 

In order to provide a baseline comparison to the enumerative permutation code 

results, we also employ a local threshold detection scheme for the binary pixel 

data sets. This detection method works by processing the page in 8 x 8 pixel blocks 
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and computing the histogram of the 64 pixels. From that histogram and the true 

knowledge of the transmitted data page we exhaustively find the threshold that 

minimizes the BER of the block. This is an upper bound on the performance of a 

local thresholding scheme because it uses the (necessarily unavailable in practice) 

true data to choose the best possible local decision threshold. The conversion of 

the minimum required pixel value to a capacity estimate is identical to that of 

the enumeration-based codes. In fact, we consider the local threshold as another 

sort of "code" which has a code rate, RE, of unity; 1 bit per pixel, and a sparsity 

factor of unity. 

6.5 Results 

The results of the various codes are summarized in table 6.3. Set XC20 is 

local threshold detection, and the other codes have all been previously defined in 

tables 6.1 and 6.2. Fig. 6.5 shows the results with the capacity plotted against 

the number of pages in the memory for the XC20, XA2, XA3, XA4, XB3, and 

XB4 sets. 

For these results, BER* = 10"^ and an outer RS(255,t=17) is applied with a 

rate of RQ = 0.8667, which provides an output user BER of 6.2 x 10"^^. 

Notice that using these modulation codes causes a change in the readout rate 

of the VHM in addition to the change in the obvious change in capacity. The 
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Set Capacity Pages Ideal 
Sparsity 

Sparsity 
Factor 

BER Factor Rate 

[Gbits] M* 7 FB Re 
XC20 1.252 1445 1 0.9600 0.2441 1 
XA21 1.208 2510 1.500 0.9352 0.2902 0.5556 
XA22 1.083 2143 1.414 0.8997 0.2732 0.5055 
XA23 1.360 2215 1.414 0.9297 0.2733 0.7083 
XA24 1.312 2018 1.414 0.9223 0.2510 0.7500 
XA25 1.328 2043 1.414 0.9369 0.2502 0.7500 
XA26 1.340 2046 1.430 0.9353 0.2481 0.7556 
XA31 1.122 1665 1.500 0.9134 0.1971 0.7778 
XA32 1.212 1677 1.549 0.9031 0.1944 0.8333 
XA33 1.358 1567 1.549 0.9008 0.1822 1.0000 
XA34 1.389 1425 1.477 0.9103 0.1719 1.1250 
XA35 1.323 1357 1.512 0.9018 0.1614 1.1250 
XA36 1.084 1082 1.500 0.8979 0.1303 1.1560 
XA42 1.107 1179 1.500 0.8881 0.1436 1.0830 
XA43 1.183 1092 1.549 0.9285 0.1231 1.2500 
XA44 1.212 1065 1.604 0.9052 0.1191 1.3120 
XA45 1.169 981 1.569 0.9123 0.1112 1.3750 
XA46 1.027 860 1.596 0.9103 0.0961 1.3780 
XB31 1.130 1467 1.342 0.9280 0.1911 0.8889 
XB32 1.194 1503 1.414 0.9207 0.1872 0.9167 
XB33 1.270 1302 1.359 0.9252 0.1680 1.1250 
XB34 1.351 1268 1.359 0.9184 0.1649 1.2290 
XB35 1.268 1170 1.352 0.9294 0.1511 1.2500 
XB36 1.324 1196 1.355 0.9306 0.1538 1.2780 
XB41 1.071 1112 1.389 0.9208 0.1411 1.1110 
XB42 1.044 964 1.342 0.9297 0.1254 1.2500 
XB43 1.104 926 1.414 0.9277 0.1145 1.3750 
XB44 1.073 837 1.414 0.9046 0.1062 1.4790 
XB45 1.033 786 1.414 0.9021 0.1000 1.5160 
XB46 0.845 627 1.409 0.9191 0.0785 1.5560 

Table 6.3: Experimental capacity parameters 
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system M/# \-alue of 4358.9 taken from ref. [30] assumes a page readout rate of 

1 kHz with 10® pixels per page. So threshold detection operates at an aggregate 

transfer rate of 1 Gbit/sec. In table 6.4, we summarize the relative change in 

capacity and readout rate achieved for each experimental data set. 

We see that the best performing code is the A34 code: 48 pixels per codeword, 

31 "0" pixels, 12 "1" pixels, and 5 "2" pixels. Each pixel represents 1.125 bits 

of information. This code achieves a 10.93% increase in capacity and a 12.5% 

improvement in the readout rate as compared to no modulation coding and a 

local threshold detection scheme. 

6.6 Error Propagation 

The results in the previous section showed that sparse non-binary enumerative 

permutation codes can improve the VHM capacity. However, the phenomenon of 

error propagation degraded those results. We initially described error propagation 

in sec. 5.10.2, but we briefly review here the fundamental cause. 

In order to achieve an efficient enumeration code rate (approaching entropy), 

long blocks must be used. The non-distance preserving mapping between the 

input and output of the enumeration code results in a small number of symbol 

errors present in the codeword decoding to a much larger number of bit errors 

in the output data. The severity of error propagation can be characterized by 
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Set Capacity Change Readout Rate 

[%] 
Change 

[%] 
XA21 -3.53 -44.44 
XA22 -13.49 -41.67 
XA23 8.58 -29.17 
XA24 4.77 -25.00 
XA25 6.09 -25.00 
XA26 6.99 -24.44 
XA31 -10.38 -22.22 
XA32 -3.25 -16.67 
XA33 8.44 0 
XA34 10.93 12.50 
XA35 5.67 12.50 
XA36 6.99 15.60 
XA42 -11.63 8.30 
XA43 -5.54 25.00 
XA44 -3.25 31.20 
XA45 -6.64 37.50 
XA46 -17.99 37.80 
XB31 -9.76 -11.11 
XB32 -4.64 -8.33 
XB33 1.38 12.50 
XB34 7.89 22.90 
XB35 1.25 25.00 
XB36 1.25 27.80 
XB41 -14-46 11.10 
XB42 -16.61 25.00 
XB43 -11.83 37.50 
XB44 -14.33 47.90 
XB45 -17.51 51.60 
XB46 -32.50 55.60 

Table 6.4: Change in capacity and readout rate relative to case of binarj"^ pixels 
ajid no modulation coding (local threshold detection). 
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looking at the error rate magnification upon decoding. Ideally, it would be a 

small constant, but unfortimately instead, it scales with the code block length, 

n. 

To visual this effect consider the following simulation. We take random code

words selected from the A46 code (n = 90 pixels, L = 4). We corrupt the 

codeword with a random weight 2 error pattern. This corresponds to the most 

likely error event we will encounter upon retrieval of the holographic data page. 

The corrupted codeword is decoded and the hamming distance is computed be

tween the true and decoded 124 bit sequences. This process is repeated many 

times and we form a histogram of the number of bit errors incurred by a weight 

2 codeword error. Fig. 6.6 shows the histogram. A nearest neighbor codeword 

error generates on average about 40 bit errors (30% of the user data block). 

To combat this problem we propose a concatenated coding scheme as suggested 

in references [71, 58, 63, 64]. We will refer to the method as "reverse coding" due 

to the reversed application order of an algebraic error-correction code. Typically, 

user data is encoded with an outer strong ECC followed by a modulation code. We 

propose adding an inner weaker high-rate ECC after the modulation code in order 

to protect the modulation codeword from errors. Because, if we can correct the 

codeword errors incurred in the channel, then there is no error propagation. When 

we fail to correct all the errors, the error magnification penalizes the decoder. 
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Figure 6.6: Histogram of the number of bit errors incurred when decoding random 
codewords from code A46 with weight 2 error patterns. 
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There are a number of optimizations that can be done to implement the reverse 

coding scheme. We will only consider a basic approach here-

Let the L-ary pixels be expressed in the form L = 5^; hence there are b 

5-ary sjnubols expressed in a pixel. Furthermore, we restrict our attention to 

only the cases where q is prime. For the inner code we choose a systematic Reed-

Solomon code defined over GF{q^). The parameters of the codewords are defined 

in table 6.5. a codewords axe concatenated to form the information symbols of the 

RS code: RS(N,K,t). a is chosen as large as possible to fit as many codewords as 

possible into the K = — 1) —2t RS symbols. However, there will be a small 

leftover number of unused symbols because n / \{q"^ — 1 — 2t)m/6] in general. In 

order to improve the code performance, the unused symbols are discarded from 

the code yielding a shortened RS code; RS(Ar, K, t). It is good to note that 

shortening the code preserves the maximum distance separation (MDS) property 

of the orignal Reed-Solomon code. This can be easily proven by considering 

the shortened codewords as a linear subspace formed by deleteing the unused 

codeword coordinates. Because the higher dimensional space satisfied the MDS 

property so must a linear subspace of it. 

The codeword is protected up to t symbol errors. Encoding is a simple proce

dure as described in fig. 6.7. The user data protected with a strong outer ECC 

code is encoded with the modulation code Ei producing a codeword, C, that is 



197 

q^-axY sjnnbols L-ary pixels 
Input data K \anb/m'\ an 
Parity P 2t l2tm/b] 
Length N q"^ — 1, ['(5'" — l)m/6] 
Shortened Length N K + P 

Table 6.5: Inner code parameters 

a concatenation of a enumeration codewords. C is treated as a. K RS informa

tion symbol block input to the inner systematic RS code which outputs the 2t 

symbols of parity. The parity symbols are expressed as pixels and appended to 

C to produce a new protected codeword C' = [C | Pj. Protecting the codeword 

requires an additional \2tm/b'\ pixels. We consider two types of reverse codes: 

type I, and type II. In the type I approach (fig. 6.7a), the parity from the RS 

code is encoded directly into pixels which do not satisfy any modulation con

straint (sparse or otherwise). Type II codes (fig. 6.7b) encode the RS parity with 

another enumeration code, E2, to produce a longer sequence of parity pixels that 

do satisfy the sparse modulation constraint. 

It is clear that the parity in the type II code may suffer from error propagation 

as did our original unencoded codeword. We expect t to be small and hence the 

parity sequence to be significantly shorter than the enumeration codeword. In 

this case, the error propagation incurred on the parity pixels will hopefully be 

small. 
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Figure 6.7: Block diagram of reverse encoding scheme, (a) Type I: parity pixels 
violate sparse constraint, (b) Type II: parity pixels meet sparse constraint due 
to encoding with enumeration code E2. 

Another obvious extention of the type II code, is to repeat the protection 

and re-modulation coding of the parity recursively on the parity from the pre

vious code stage. For example, a type III code could be defined by protecting 

the modulation-constrained parity from the type II code with a new (shorter) 

RS code. The new parity is then modulation encoded and appended to the se

quence. This would help to combat the error propagation in the parity codeword. 

Clearly this process could be repeated until an implementational complexity issue 

is raised. We will only consider the type I and type II codes in this chapter. 
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6.6.1 Implementation Details 

There are a number of minor details that have to be addressed when consid

ering encoding the Reed-Solomon GF(g'") symbols in terms of L-axy (q^) pixels. 

Thoughtful consideration will solve most of these at the expense of a partially-

utilized (wasted) pixel or two. In general, a block of r RS symbols represents 

mr q-axy digits of information, which can be expressed as [rm/6] pixels. The 

number of pixels wasted (due to the ceiling function) will therefore be at most 1 

pixel. Blocking the symbols into pixels in this manner results in a pixel possibly 

containing information associated with two symbols. The decoding complexity 

is not sabotaged by this fact because it is a trivial matter to (in hardware or 

software) treat each pixel as a serial concatenation of b g-ary digits. Pixels are 

appended to the digit stream until m digits are captured and a RS q"^ symbol is 

output. Any remaining digits from the last pixel are shifted to the beginning of 

the conversion register and the process repeats for the next symbol. 

However there is an issue concerning detection on the parity portion of the 

type I reverse code. By encoding the parity symbols directly into pixels, we do 

not meet the sparse modulation constraints imposed by the first enumeration 

code. This decreases the sparsity capacity advantage by increasing the priors 

associated with the brighter pixel values. It also prevents us from applying the 

sort-based ML detection algorithm. Simulations assume a thresholding scheme 
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Figure 6.8: Unprotected BER performance of the A4 set of codes (n = 
{12,24,48,90}, L = 4). Error propagation limits the performance of the long 
codes. 

where the detection threshold is placed halfway between each possible graylevel. 

This is clearly not the best approach, but it is a reasonable solution. Some of the 

more obvious disadvantages include the unequal error rate for the end graylevel 

(levels: 0 and L—1) transition probabilities as well as the danger of local intensity 

variations in the retrieved page requiring some form of adaptive threshold tracking 

and estimation. Type II codes will use the ML detection scheme discussed in the 

last chapter. 

6.6.2 Simulation Results 

To see the effect of error propagation, look at fig. 6.8, which shows the BER 

performance on the A4 set of codes on the AWGN channel. All five codes have 

eflfectively the same prior symbol distribution and only differ in block length. A42 
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is 12 pixels long, while A46 is 90 pixels long. The loss in performance for longer 

codes is caused by the onset of error propagation. 

Fig. 6.9 shows the BER of the A46 enumeration code in the AWGN channel. 

The five curves ranges from t = 0 (no reverse coding) to i = 8. As an indicator to 

the power of the type I code, we see that the t = 8 code offers an SNR improve

ment of 2 dB at a raw BER of 10"^. The cost in achieving the lower operating 

SNR is the 0.935 code rate. Fig. 6.9b shows the type II code performance. Note 

the unusual trend that increasing the error correction ability beyond t = 4 actu

ally leads to an increase in the BER in the case of high SNR. This strange trend 

occurs due to the increased error propagation as the enumeration-encoded parity 

codeword is lengthened. 

6.6.3 Reverse coding applied to the EBM experiment 

In order to further improve the enumeration code results on the IBM ex-

periemental data, we propose estimating the improvement using reverse coding. 

Since the experiment did not actually include reverse coded pages, we must for

mulate a method to predict the expected performance change. In addition, we 

must justify that our predicition would match or bound the performance in an 

actual complete experiement. 
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Figure 6.9: Reverse coding on the A46 (n = 90, £ = 4) code using an inner 
RS(255, K, t) code. 
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The procedure to apply the reverse coding is as follows. We begin with the 

target raw BER goal of the modulation code (typically 10~^3- From the AWGN 

channel simulations, We find the SNR necessary- to achieve tine target BER using 

the reverse code under test. Evaluating the theoretical BER of the enumeration 

code without reverse coding at this SNR yields the unprotected BER (UBER). 

Because the experimental data represents the same paramete=rs and algorithm as 

the uncoded enumeration code (see noise model assumption discussed next), we 

expect the UBER to be representative of the raw error-rate= we should observe 

in the experiment. Following the procedure developed earlie* for estimating the 

capacity change due to the enumeration codes, we curve fit the experimental 

decoded user BER versus the mean L — 1 pixel value and find the mean level 

that achieves the UBER requirement (as opposed to BER* requirement without 

reverse coding). The reduction in the required operating pirxel mean level rep

resents the improvement in storage capability due to reverse coding through the 

previously introduced factor FB (see eq. 6.20). Of course, thae lower mean pixel 

values are achieved at a reduction in the code rate, reflected 5n the capacity fac

tor RQ. For the type I codes which do not meet the sparsity constraint, we also 

recompute the sparsity factor 7 to include the adjustment to the prior graylevel 

probabilities. We expect that for small values of error-correc*ion t, the capacity 



204 

— Theory 
K XA26 
O XA2I 

otttpuc BER 

— Theory 
X XA36 
O XA31 

09-

output BER 

(a) XA2 (b) XA3 

— Theory 
X XB46 
O XB42 

^ Theory 
» XA46 
O XA42 

output BER output BER 

(c) XA4 (d) XB4 

Figure 6.10: Comparison of theoretical and experimental input/output error-rates 
for data sets XA2, XA3, XA4, and XB4. 

will be improved until a point is reached where increasing t does not pro\'ide 

enough of an increase in FB to cover the loss in RQ and 7. 

To partially justify this capacity extrapolation based on theory and experi

ment, we must consider the possible large effect of the difference between the 

true experimental noise and the theoretically assumed thermal noise. Fig. 6.10 
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Figure 6.11: Extrapolated reverse code performance for XA4 sets. The solid 
curve represents the type I code and the dashed ciirve demarks the type II code. 

plots the raw pixel-error rate (PER) versus the decoded user BER for both tlie 

theoretical and experimental results. The strong agreement between the output 

BER for all input PERs indicates that the theoretical simulations can predict, 

with high accuracy, the experimental output BER from the raw pixel-error rate. 

We will use this relation when estimating the extrapolated capacity of the reverse 

coding schemes applied to the experimental data sets. 

For each specific data set we apply the type I or type II reverse code with 

varying levels of error correction (typically f = 2 up to t = 10), sweeping out a 
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Figure 6.12: Extrapolated reverse code performance for XA3 sets. The solid 
curve represents the type I code and the dashed curve demarks the type II code. 
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cur\'e on the capacity versus page count graph. As with all our previous graphs 

of this sort, the upper left comer is the best location, representing the highest 

storage capacity available in the fewest number of pages (faster data rate). Fig

ures 6.11 and 6.12 shows the capacity for the XA4 and XA3 sets for both the 

type I and type II codes. The bottom left point of each curve represents the t = 0 

(unprotected) case. The first few values of t quickly recover much of the capac

ity sacrificed to error propagation. Also notice that the type II codes perform 

in general worse than the type I codes. This indicates that sparse enumeration 

encoding of the parity, while gaining capacity due to the ML sort detection and 

the use of sparse priors, loses more capacity due to lower code rate (more parity 

pixels per codeword) and error propagation. 

6.7 Summary 

We see approximately a 11% improvement in the estimated experimental ca

pacity using the 3-ary level shortened enumerative permutation code over local 

threshold detection on binary pages containing on average equal numbers of "on" 

and "ofF' pixels. If reverse coding is used, the effect of error propagation can be 

partially mitigated resulting in an estimated capacity increase of 35%. Note that 

4-ary codes achieve a maximum gain of 8%. Theoretical results indicate that the 

4-ary codes should outperform the 3-ary codes. Due to the increased difficulty 
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and the implicit broadening of the pixel distribution due to the recording process, 

4-ary valued pixels offer less capacity than 3-ary pixels. This is in agreement with 

earlier work on non-binary pixels for use in VHMs7° 

In general, sparse enumerative permutation codes can increase the VHM stor

age capacity, though in practice, due to other important noise sources (holo

graphic recording width, cross-erasure, photovoltaic) it may not necessarily be 

possible to achieve the predicted 50% improvement as suggested in chap. 5 oper

ating in the thermal noise limit. 

Error propagation reduces the effectiveness of the sparse enumeration codes, 

but we saw that applying an inner RS code to protect the modulation codeword 

could be used to recover a good amount of the lost performance at the expense 

of increased decoder complexity. 

Notes This work has not yet been published. 
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CHAPTER 7 

CONCLUSIONS 

This dissertatioa has only touched upon a number of the important issues 

regarding volimie holographic data storage. HDS promises an enormous storage 

capacity that can be randomly accessed at an extremely fast aggregate data 

rate. The system takes advantage of the inherent parallelism present in optics 

as well as the optical material properties allowing the recording of very high 

frequency spatial fringe patterns. The optoelectronic interfaces to the system 

pose significant technical challenges, some of which we concentrated on in this 

dissertation. 

In Chapter 2 we designed a low-complexity CCD focal plane processor to 

perform local detection of optical data, correcting for the blur (interpixel inter

ference) and a number of fixed-pattern alignment errors present in the imaging 

system. The design was based on a compact computation element at each pixel 

which communicated its current data estimation to the neighboring pixels. Be

cause blur and optical misalignment errors are in nature a local phenomenon, 

we expect a local solution to be able to recover a significant amount of the per

formance that would be lost with a conventional design. The very blurred page 

scenario is appropriate in the high-density limit of optical storage. 
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Though photorefractive memories axe a coherent optical system, we analyzed 

the PDFE performance in both the coherent and incoherent limits. We compared 

the results to other competitive decision techniques such as the Wiener filter, local 

thresholding, and a 1:2 modulation code. We found that the 3x3 Wiener filter 

offers a 107% increase in capacity as compared with simple threshold detection, 

when tested on the sinc^ Sparrow resolved channel. We also found that the 

non-linear PDFE algorithm significantly improves on the Wiener filter estimate 

of the data page using the same 3 x 3 or 5 x 5 local connectivity. For the 

sinc^ resolved channel, PDFE achieves an additional 9.7% capacity gain over the 

Wiener filter and on the most difficult ISI channel considered (Gaussian 25% 

beyond resolution channel), the 3x3 PDFE yields a 162% capacity improvement 

over the 3x3 Wiener filter for a SLM fill factor of 64%. We also examined 

the degradation of performance as systematic errors such as rotation, shift, and 

magnification were introduced and discovered that PDFE can tolerate up to a 

0.48% magnification error, 0.28 degree rotation error, and 0.29 pixel shift error 

(tolerance being determined as the point where the performance drops to 90% of 

its value for no systematic errors). Tolerancing against prior channel knowledge 

was conducted at an operating point with 0.1% magnification error, 0.05 pixel 

shift, and 0.05 degrees of rotation. Notable results included a tolerance of up to 

48% error in channel blur width, 0.29% magnification error, 0.17 degrees rotation 
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error, and a pixel shift of 0.17. Tolerance in this case is defined as the point where 

the performance drops to 90% of its value at the tolerance operating point. 

When we considered the coherent optical system, it was necessary to use a 

quadratic version of the algorithm (QPDFE) in order to handle the quadratic ISI 

terms. In this case the performance of the QPDFE algorithm was demonstrated 

on the coherent channel and significant capacity improvements were foimd. For 

example, we recovered axi additional 17.3% capacity by using the 7x7 QPDFE 

over the 7x7 Wiener filter. We found similar tolerances to systematic errors 

including a 0.38% tolerance to magnification error, 0.21 degree tolerance to rota

tion, and 0.2 pixel tolerance to shift. 

A preliminary analysis of the VLSI resources necessary to realize the PDFE 

design showed that with current VDSI technology we could construct a 1024x 1024 

CCD read out row by row. The design would correct for a 3 x 3 pixel optical 

channel using three iterations of the PDFE algorithm and operate at 1000 frames 

per seconds (1 Mbit per second). A proof-of-concept fabrication in a MOSIS 

2-^m analog process of a 3 x 3 PDFE design with 81 pixels was also described. 

After our thorough consideration of the eSect of the interference between pLxels 

in a retrieved data page, we examined the case when the interference was between 

the holographic pages instead. Chapter 3 introduced the technique of reference 

beam apodization in order to control and/or eliminate the page-to-page cross talk 
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noise (IPI). Simulations showed that the crj'stal absorption will corrupt the Bragg 

selectivity function to produce a large amount of cross talk between neighboring 

pages. Apodization eliminated the absorption induced noise by correcting the 

modulation depth of the recorded gratings. In this case we saw the IPI noise 

was reduced providing a noise-to-signal ratio between 0.1 and 0.01. Jitter in 

the reference beam control was also examined and we found that even when the 

standard deviation of the jitter is around 4% of a Bragg null, a significant IPI 

noise is encountered. Apodization can be used to broaden the Bragg nulls and 

thus provide an increased tolerance to reference beam positioning errors. 

In addition, we examined the relationship between apodization and the holo

graphic system performance metric, M/#. It was found that while apodization 

lowers the M/#, it does so only slightly with the correct choice of apodizer. Ab

sorption correction can be achieved at a very minor cost to the M/#, improving 

high multiplexing-density storage. 

Chapter 4 introduced the concept of data-page sparsity, which leveraged the 

asymmetric cost of storing an ON or bright pixel in a hologram as opposed to 

recording aji OFF or dark pixel. Fewer ON pixels per page allowed more pages to 

be stored and retrieved at the same raw bit-error rate. For binary pixels, it was 

found that approximately 1/4 of a data page should be ON and 3/4 OFF. This 

case offered a information-theoretic capacity improvement of 15%. An experiment 
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verified the proposed scheme and showed a 16% improvement as compared to 

storage of normal pages which had a comparable number of OFF and ON pixels. 

An enumeration code solution was presented to act as a modulation encoder and 

decoder for the VHM system. A maximum-likelihood sort-based (thresholdless) 

decoding scheme was discussed and a very low-complexity encoding and decoding 

algorithm was presented. 

The following chapter discussed extensions to the sparsity for arbitrary graylevel 

pixels. As more graylevels were considered, the capacity improvement of data 

page sparsity was seen to asymptotically approach 50%. In addition, we proved 

the ML property of the low-complexity modulation encoder and decoder. 

Experiments conducted jointly with the IBM Almaden research center pro

vided a large amount of data in which we could verify the expected performance 

of our enumeration-based codes. We saw that 3-ary sparse codes offered an 11% 

capacity improvement over uncoded binary pages. The practical performance 

suffered largely due to the effect of error propagation in the decoding of the enu

meration codewords. Poor natural distance properties of the code led to a giant 

error magnification. A two-pixel error in the codeword would, upon decoding, 

result in a number of bit-errors proportional to the block length. We discussed 

reverse coding as a technique to counter error propagation. Appljdng it on the 
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experimental data showed excellent improvements. The estimated capacity of the 

memory increased by 35% using a reverse encoded 3-ary enumeration code. 

In summary, we have addressed the volimae holographic memory system along 

a number of different fronts. From the interpixel interference limit (blur) to the 

interpage interference limit. We examined closely the thermal noise limit and 

successfully applied chaimel coding to enhance the system performance. A new 

ML low-complexity encoding/decoding algorithm was developed to address some 

of the more practical issues. 
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