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ABSTRACT 

The optical properties of Fresnel reflections from the human ocular surfaces, 

called Purkinje reflections, are examined. Extensive modeling of the behavior of the 

reflection of sources from the front of the cornea and the fix>nt of the crystalline lens with 

real rays in lens design software is presented. The modeling looks at the effects of various 

conic constant values on the ocular surfaces and rotation of the eye in particular. First and 

third Purkinje images were collected from 14 subjects for varying fixation positions to 

compare with modeling. The results showed a decrease in third Purkinje image height as 

the eye rotated from gazing at a point near the light sources to a point near the optical 

axis of the imaging camera. This matched the predictions from modeling and indicates 

that fixation position is an important factor in the accuracy and repeatability of 

comparison phakometry results. 

Schematic eye models were set up for each subject and the anterior lens radius of 

curvature and conic constant were optimized to match the collected Purkinje image 

height data. The mean conic constant estimate from optimization was -3.82 with a 

standard deviation of 1.51. The schematic eye models did not include crystalline lens tilt 

or individual corneal conic constant values, each of which is estimated to contribute an 

uncertainty of ± O.S in the anterior lens conic constant value. This is the first use of 

Purkinje images to assess anterior lens conic constant values. 
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CHAPTER 1. INTRODUCTION 

It is important to be able to measure the properties of the refractive surfaces in the 

eye for many reasons. The obvious goal of all research in vision is to find ways to 

provide each person with the best possible visual performance and to maintain that level 

of visual function as long as possible. Knowledge of the shape and position of the 

refractive surfaces in the eye permits correction of refractive errors to improve visual 

acuity. The ability to measure the properties of the eye also allows longitudinal studies 

for basic research of the development of the visual system. An understanding of the 

mechanisms of visual development enables methods of detection and correction of visual 

errors. 

There are obvious difficulties in measuring the surfaces of the eye given that only 

the front of the comea is exposed and all other surfaces and materials are buried within 

the eye. Invasive studies can be conducted on eyes from cadavers but many changes 

occur in the ocular components after the vascular system stops feeding the living tissue of 

the eye. It is important to be able to conduct accurate and repeatable non-destructive 

measurements of the properties of the human eye in vivo. Certain fimctions of the eye, 

such as accommodation can only be studied in vivo. Also, longitudinal studies of the 

development require measurements on the same eye as the eye grows and ages and this 

can only be performed by a non-destructive in vivo method. 

There are a few options for making non-destructive measurements of the eye in-

vivo. Historically, x-rays were used to determine distances and shapes in the eye. The 
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effects of x-ray radiation on human tissue make this method less than desirable however. 

Ultrasound, the use of reflected sound waves, has found many applications in 

ophthalmology. Its use requires good cooperation by the subject, which is often lacking 

in studies of infants and children. A-scan ultrasound can be used to measure distances 

between surfaces but alignment with a specific axis of the system is difficult. B-scan 

ultrasound yields 2 dimensional images but the resulting dimensions are distorted 

because the ultrasound is in a fan. The use of light has yielded many measurement 

techniques that can be applied to the eye. Using simple reflections of sources from the 

curved surfaces of the eye, interferometry, or optical coherence tomography, light can be 

used to examine the refractive properties of the eye. Light is perhaps the most obvious 

choice for characterizing the eye since the purpose of the eye is to sense light. 

Refhictive errors in the eye are probably the most conunon cause of reduced 

visual acuity. If the combined power of the cornea and crystalline lens do not match the 

dimensions of the eye, the image on the retina will be out of focus and blurry. In addition 

to power errors, surface shape irregularities can also degrade visual acuity. Astigmatism 

due to a toricity of the surfaces in the eye causes image blur. The surfaces of both the 

cornea and the lens can contribute to astigmatism. As mentioned before, the front of the 

cornea is more easily measured because it is exposed. It is also relatively straightforward 

to measure the total refractive error of the eye. Subjective refraction or autorefractors can 

determine the spherical and cylinder correction an individual requires to assure a clear 

image on the retina. The measurement difficulty increases when measuring the errors due 

to the individual surfaces of the lens because the effects of the cornea must be included. 
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Phakometry is the study of the properties of the crystalline lens. A common 

method is to view the reflection of a source from a curved surface in the eye. This results 

in an image whose magnification will be proportional to the power of the reflecting 

surface. Reflections can be achieved from both surfaces of the cornea and from both 

surfaces of the lens and are commonly called the Purkinje reflections. The optical 

properties of these reflections are the subject of Chapter 2. In order to use these 

reflections to determine the power of a surface buried inside the eye, the power, index of 

refraction and position of surfaces between the source and the surface of interest must be 

known. Sources can be arranged to measure curvatiu-e in multiple meridians thus 

allowing a determination of the toricity of a surface. 

High levels of astigmatism are present at birth in humans [Gwiazda et al, 1984]. 

This initial astigmatism generally decreases over the first 2 -3 years of life leaving most 

people with good vision. For some people however, the high levels of infant astigmatism 

remain or only decrease slightly and can cause a permanent reduction in visual acuity 

later in life even with optical correction of the refractive error [Abrahamsson et al, 1990]. 

This condition where an otherwise healthy eye suffers permanent reduced visual function 

is called amblyopia [Stager, 1983]. The key to preventing amblyopia is early detection 

and correction of large refractive errors. In order to determine which children will have 

lingering astigmatism and be at high risk for amblyopia, basic research in the 

development and changes in the visual system must be performed. 

Our goal was to develop an instrument for phakometry that would be quick and 

easy to use to monitor the contributions and changes in astigmatism in infants and 
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children due to the individual surfaces in the eye. Investigators have used phakometry for 

many years. In 1823 Purkinje described changes in the reflections of light from the 

surfaces of the lens that indicated changes in the curvature of the lens surfaces [Wade and 

Brozek, 2001]. In the 1920's, Tscheming described the use of Purkinje reflections as a 

tool for measuring the curvature of the lenticular surfaces [Tscheming, 1924 ]. Advances 

have been made in phakometery with the use of video and still cameras to image the 

reflections and the use of computers to analyze images. There are still problems in the use 

of phakometry however. Due to the locations of the Purkinje images, multiple images are 

usually taken to obtain each reflection in focus. Also, since the positions of the surfaces 

in the eye must be known in order to calculate the surface curvatures from the Purkinje 

reflections, the axial ocular dimensions must be measured. Conventional phakometry 

relies on ultrasound to measure these dimensions, thus requiring an additional 

measurement instrument and a longer measurement process requiring physical contact 

with the eye. Chapters 3 and 4 will discuss the current state of phakometry. 

We devised an all-optical method of measuring the curvature of buried surfaces in 

multiple meridians as well as the axial position or thickness of these surfaces. This 

method uses information contained in out-of-focus reflections so that euialysis of only one 

image is necessary. This method will be described in chapter S. The technique can be 

applied to systems other than the eye. It can also be applied to reverse engineering of 

optical systems where the user wishes to know the prescription of the system but does not 

wish or is not able to disassemble the system. 

We ran into problems with the implementation of this device when we attempted 
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to use it to measure a human eye. As will be explained in Chapter 2, the reflection fix>m 

the anterior surface of the crystalline lens is difficult to observe. Both its position and 

brightness confound observation. As we investigated the properties of this reflection, we 

found that they varied significantly with the relative positions of the source, observation 

camera and the fixation target. These changes are due to the aspheric nature of the 

anterior lens surface. Ray tracing of schematic eye models with aspheric surfaces predicts 

a decrease in Purkinje reflection height with rotation of the eye as the optical axis of the 

eye approaches a point approximately midway between the source and the camera axis. 

Chapter 6 will detail the results of ray tracing schematic eye models and the predicted 

effect of various parameters of the eye on the behavior of the Purkinje reflections. 

Phakometry results typically rely on paraxial equations to calculate the surface 

curvatures. Paraxial relations assume spherical surfaces. It is well known however, that 

the surfaces of the eye are not spherical. Typically, assumptions of spherical surfaces 

work if the departure from a sphere is not very large. This will hold if the area of interest 

on the surface is very close to the surface vertex or if the magnitude of the conic constant 

is not very large. The anterior lens has the largest magnitude conic constant of the ocular 

surfaces. Also, due to its longer radius of curvature than the other surfaces, the point of 

reflection of the light sources is located farther from the surface vertex. 

We found that the value of the conic constant on the anterior lens has a distinctive 

effect on the anterior lens reflections. Since paraxial equations cannot take this effect of a 

non-spherical surface into account, the paraxial equations of phakometry yield large 

variations in calculated surface curvature when the subject's fixation position is varied. 



We set up an experiment where we varied fixation position wliile observing the 

Purkinje reflections. The results matched our predictions from modeling quite well. By 

using the data we collected as targets in an optimization merit function, we were able to 

find the anterior lens radius of curvature and conic constant for each subject. Our results 

for anterior lens radius of curvature correlate well with phakometry results if we use the 

minimum Purkinje reflection height we observed for each subject in the paraxial 

phakometry equations. The experiment with results and analysis is the subject of chapter 

7. Finally, chapter 8 will outline our conclusions and suggestions for future work. 
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CHAPTER 2. PURKINJE IMAGES 

2,1 Optical Properties of the Human Eye 

2.1.1 General Eye Properties 

The eye is comprised of 2 main refractive elements: the comea and the crystalline 

lens. Indices of refraction will be given for the sodium d line with a wavelength of 587.6 

nm [Rabbetts, 1998]. The comea is a thin positive meniscus with an index of refraction of 

1.376. The front surface of the comea sits in air but is coated with a thin tear layer. The 

tear layer conforms to the shape of the comea and is generally ignored in optical 

modeling of the eye. 

Aqueous Humor 
Crystalline Lens 

Retina 
Comea 

Anterior Chamber Depth 
Vitreous Humor 

Optic Nerve 
Iris-

Axial Length 

Figure 2.1 The Human Eye 

The aqueous humor lies between the comea and lens and has an index of 1.336. 

The axial distance from the back vertex of the cornea to the front vertex of the crystalline 

lens is called the anterior chamber depth. 
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The crystalline lens is a biconvex element with a gradient index profile. As the 

lens ages, it grows shell-like layers causing the index of refraction to be gradient. For 

adults, the index of the lens is approximately 1.40 at the center and decreases to about 

1.375 near the front and rear vertices and 1.385 near the top and bottom [Rabbetts, 1998]. 

Schematic eye representations of the crystalline lens vary. Some models, such as Le 

Grand's [Le Grand and El Hage, 1980], use a lens with a single equivalent index of 1.42 

that yields the correct total power for the lens as compared with human measurements. 

The Gullstrand number 1 relaxed eye model [Smith and Atchison, 1997] uses a 2 layer 

shell with an index of 1.406 for the core and an index of 1.386 for the outer shell. Still 

other models attempt to describe multiple shells or a continuously varying index profile. 

Measurements of the index of the human crystalline lens are difficult[Campbell, 1984], 

so exact knowledge of the index profile is difficult to obtain. 

The lens can change shape to provide a variation in power, called 

accommodation, to allow the eye to focus on objects at infinity as well as near objects. As 

focus moves from near objects to distant objects, the radii of curvature of the lens 

surfaces increase and the thickness of the lens decreases while the anterior chamber depth 

increases. This decreases the overall power of the eye. Drugs can be used to halt the 

action of the ciliary muscles, which control the shape of the lens, thus halting 

accommodation and leaving the eye in a relaxed state. 

The vitreous humor is similar to the aqueous humor but has a more solid 

gelatinous nature. The vitreous humor lies between the lens and retina and has an index 

of refraction of 1.336. 
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The curvatures and spacings of the refractive surfaces in the eye exhibit a range of 

normal variation from subject to subject. The dimensions of the eye also change 

significantly with age and accommodation for a single subject. Some typical values for 

the ocular components of the relaxed adult eye are given in Table 2.1 [Rabbetts, 1998], 

[Sorsby et al, 1957]. The corneal parameters and axial length are based on biometric 

studies of human subjects. The crystalline lens parameters are calculated based on 

corneal powers and axial length to match measured refractive error. 

Component Average Range 
Anterior Comea Radius of 7.8 mm 7.0 -8.8 mm 
Curvature 
Posterior Comea Radius of 6.5 mm 6.2 — 6,6 mm 
Curvature 
Corneal Thickness 0.55 mm 0.4 — 0.7 mm 
Anterior Crystalline Lens 
Radius of Curvature 

10.2 mm 7.8 —14.25 mm 

Posterior Crystalline Lens 
Radius of Curvature 

-6.0 mm -4.6 - -8.5 mm 

Crystalline Lens Thickness 4.0 mm 2.9-4.5 mm 
Anterior Chamber Depth 3.05 mm 2.35 -4.0 mm 
Axial Length 24.0 mm 20.0 - 29.5 mm 

Table 2.1 Typical Adult Eye Parameters 

Smith and Atchison[1997] give many examples of schematic eye models, all of 

which use an abbe number of 50.23 for all ocular material. Rabbetts [1998] gives an abbe 

number for the humors of 52.9 and an abbe number of 50.1 for the crystalline lens. Le 

Grand [1967] gives abbe numbers of: 56 for the cornea, 53 for aqueous and vitreous 

humors and 50 for the lens. The properties of the liquid aqueous and vitreous are easily 

measured from an enucleated eye but the cornea and lens with their solid composition 

and multilayer structures present difficulties. The result is more uncertainty in the values 
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for the cornea and lens. 

Schenutic eye models often use spherical surfaces but the ocular surfaces are in 

general aspheric. The power of the eye will not be afTected by the use of spherical 

surfaces but aspherics are needed to match the aberration content of the eye. 

2.1.2 A Standard Eye 

While a range of values for the various parameters of the ocular surfaces exists, in 

this chapter we will use the commonly accepted parameters of the Le Grand full 

theoretical unaccommodated schematic eye model [Le Grand and El Hage, 1980] for 

sample calculations. The radii of curvature of the anterior and posterior corneal surfaces 

are 7.8 mm and 6.5 mm respectively. The cornea has an axial thickness of 0.55 mm and 

an index of 1.377. The anterior chamber depth is 3.05 mm with an index of 1.336. The 

radii of curvature of the anterior and posterior lens surfaces are 10.2 and -6.0 

respectively. The lens is 4.0 mm thick with an index of 1.42. Abbe numbers of 50.2 were 

used for all materials. One of the main interests of this dissertation is the measurement of 

the conic constant on the anterior lens surface and the effect of conic constants on the 

Purkinje images. In some cases, spherical surfaces will be used and in other cases non

zero conic constants will be used. 
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2.2 Axis of the Eye 

The eye does not have a well-defined axis. The crystalline lens usually has some 

degree of tilt relative to the axis of the cornea. This tilt is typically 3 to 7 degrees. An 

optical axis can be defined as a line that best joins the principal points of the cornea and 

lens. The fovea, which is the highest resolution area of the retina and the center of the 

visual field, is located approximately 5 degrees off the optical axis. This is called the 

visual axis. Most schematic eye models use non-tilted surfaces for simplici^. Dunne and 

Barnes [1989] suggest rotating the optical axis of the eye by 5 degrees relative to a 

fixation point to account for the difference between the visual and optical axes. In the 

following sections, we will assume a well-defined optical axis with no tilted components. 

2.3 Fresnel Reflections at the Ocular Surfaces 

Purkinje images are the observed images of Fresnel reflections &om the surfaces in 

the human eye. Fresnel reflections occur at any interface with a change in index of 

refraction. At an index change, a portion of the electromagnetic wave is reflected and the 

remaining portion of the wave is transmitted. A material can also absorb energy from 

light as the light propagates through the material. There is very little absorption of light 

by the ocular tissues in the visible wavelengths. The sources used in this study had a peak 

wavelength of 880 nm and a bandwidth of 80 nm at half max. Sources in the near infrared 

were chosen because they are invisible to the human eye and do not evoke pupil 

constriction. At 880 nm, the absorption of light by the comea, aqueous and lens is 



approximately 5% or less and absorption by the vitreous is approximately 8% [Sliney and 

Wolbarsht, 1980]. For the calculations of Purkinje image radiance, we will ignore 

absorption and consider the results to be maximum brightness levels. 

The amount of light reflected and transmitted at an interface depends on the index 

of refi:action on each side of the interface. In the eye, we find index changes between air 

and the cornea, the cornea and vitreous humor, the vitreous and crystalline lens, and the 

lens and aqueous humor. 

The Purkinje images are numbered with respect to which surface reflects the light 

that forms the image. A ray path can have multiple reflections as it "bounces" between 

surfaces but we are concerned with the images formed by a single reflection. The 

surfaces of the eye are numbered sequentially starting with the front of the cornea. 

Therefore, the first Purkinje is the reflection from the first surface, the front of the cornea. 

The second Purkinje is formed by light that is refracted through the anterior corneal 

surface, reflected from the posterior corneal surface and then refracted again by the 

anterior corneal surface. The third and fourth Purkinjes are similarly formed by light that 

is refracted through the eye until it reflects from either the anterior or posterior crystalline 

lens surfaces respectively and then refracts through the previous ocular surfaces back into 

air. Given the general range of curvatures and surface thicknesses found in the human 

eye, the first, second and third Purkinje reflections all form virtual images inside the eye. 

These virtual images can be reimaged by a camera or observed by a human observer. 

The reflection from the posterior lens surface produces a real image inside the eye. This 

real image must still be viewed through the remaining ocular surfaces and thus a virtual 
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image is viewed. 

A single external source can generate all 4 Purkinje images. As the light passes 

through an index interface, some percentage of the light will be reflected while the rest of 

the light is transmitted to the next index interface to be partially reflected. The light that 

Figure 2.2 Reflection and transmission at tlie ocular interfaces. 

is transmitted through one surface continues to propagate, losing energy to absorption 

and reflection until the light is completely absorbed or completely reflected. Thus, light 

from a single source can be partially reflected by each of the interfaces in the eye forming 

all 4 Purkinje images. Images due to multiple reflections do exist but are very weak 

compared to primary reflections. 

At an index interface, the incident light will in general have components polarized 

both perpendicular and parallel to the plane of incidence. The incident light will also have 

some angle relative to the surface normal. The portion of incident light reflected at an 

interface will depend on the polarization and incident angle, but for normal incidence, 

perpendicular and parallel polarizations are indistinguishable. The amount of light 

reflected or transmitted does not vary much up to approximately 15 degrees angle of 

incidence. We will therefore use the equation for reflectance for normal incidence, which 
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is given by 

. ("i 

Equation 2.1 Frcsnel Reflection Coefficient 

where ni is the index of refraction before the interface and n2 is the index of refraction 

after the interface. The first Purkinje reflection takes place at the air to cornea interface. 

The indices of reflation are 1.0 and 1.377. Given these numbers, 2.5 % of the incident 

light on the cornea is reflected and is available to form the first Purkinje image. The 

remaining 97.5% of the incident light passes through the air-cornea interface to the 

comea-aqueous interface with indices of 1.377 and 1.336. The reflection at the cornea-

aqueous interface will result in a reflection of 0.02% of the light incident on that 

interface. The total amount of light reflected will be 0.02% of 97.5% of the light incident 

on the front of the cornea. The result is 0.0195% of the original light reflected from the 

posterior cornea and propagating back towards the anterior comea. Upon passing through 

the anterior comea again, 2.5% of the light will again be lost to reflection. The light 

available to form the second Purkinje image is therefore reduced to 0.019% of the light 

incident on the eye. The second Purkinje would then appear to be roughly 100 times 

dimmer than the first Purkinje. The reflection coefficient at the aqueous humor-

crystalline lens interface, with indices of 1.336 and 1.375, is 0.0002 or 0.02% reflection. 

The coefficient at the crystalline lens-vitreous humor interface, with indices of 1.375 and 

1.336 is also 0.0002 or 0.02%. By multiplying transmission coefficients at each interface 
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as was done above for the second Purkinje image, the brightness of the third and fourth 

Purkinjes can be calculated. The third and fourth Purkinje images would each result in 

0.019% of the light incident on the cornea being reflected and exiting the cornea. 

In reality, the first Purkinje reflection can be brighter than the calculated 2.5% due 

to the effect of the thin tear layer at the surface of the cornea [Clark and Carney, 1971]. 

Also, the anterior surface of the crystalline lens is rough [Navarro, Morales-Mendez and 

Santamaria, 1986], causing scattering. The reflections from that surface appear diffrise 

and dimmer than would otherwise be expected. 

2,4 Purkinje Images 

We can now look at the imaging properties of the ocular surfaces as reflective 

optical components. The power of a refractive surface is given by 

R 

Equation 2.2 Power of a refractive surface. 

where n is the index of refraction after the surface, n is the index before the surface and 

R is the radius of curvature of the surface. For a reflective element, the same equation 

holds but n = -n and power becomes -2n/R. The effective focal length, fe, is the 

reciprocal of the system power or -R/2n for a single reflecting surface. The refractive and 

reflective powers of a cornea with a 7.8 mm radius of curvature are then 48.3 D (^ = 23.1 

mm) and -256.4 D (fe = -3.9 nun) respectively. For an object at infinity, the first Purkinje 



would result in a virtual image located at a paraxial image plane 3.9 mm behind the front 

cornea vertex and just inside the physical location of the crystalline lens. The Purkinje 

image reflections are modeled in Zemax, a commercial lens design software program, to 

determine aberration content and trace real rays. If we assume that the stop is located at 

the comea, the reflected image aberrations are dominated by third order spherical and 

coma. The best focus image plane yielding the minimum rms spot size will be located 

slightly closer to the cornea with the exact position depending on the aperture size on the 

cornea. If a 4 mm diameter stop is used, the best focus image plane will be 3.8 mm 

behind the front corneal vertex. The departure of a conic surface from a plane can be 

written as: 

Equation 23 Equation of a conic surface. 

where z is the vertical distance from the plane to the surface, c is the base radius of 

curvature, r is the radial distance to a point on the surface and k is the conic constant. 

When k is zero, the surface is a sphere with radius of curvature of 1/c. When k is less 

than zero, the surface becomes flatter than a sphere away from the vertex. For k greater 

than zero, the surface becomes steeper away from the vertex. Many schematic eye 

models use a small negative conic constant on the front of the cornea [Navarro, 

Santamaria and Bescos, 1985], [Kooijman, 1983], [Liou and Brennan, 1997]. This would 

reduce the spherical aberration slightly and move the best focus image plane back 

towards the paraxial image plane by 0.05 mm. For an object located 165 mm firom the 

cr 2 

Z 
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cornea, the paraxial magnification will be 0.0222. The paraxial image plane will be 

located 3.81 mm behind the cornea. The image will appear to be upright since the 

magnification is positive. 

Figure 2.3 Image Ray Paths for the first Purkinje reflection. 

The second, third and fourth Purkinjes all involve refraction and reflection as 

described in section 2.2. The refraction or reflection at each surface can be treated as a 

separate element. The total optical power of a system with multiple elements can be 

found by tracing a marginal ray through the system or by the equations of Gaussian 

reduction. Gaussian reduction gives the combined power of two elements with individual 

powers of and <{12 separated by a distance t with an index of n as: 

'Ptca! = ^1 +^2 -^1 -^2 

Equation 2.4 Combined power of 2 optical elements. 

If subsequent elements need to be added, care must be taken in determining the 

distance t. This distance is the separation of the rear principle plane of the first element 
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and the front principle plane of the second element. After two elements have been 

combined by the above equation, the location of the new principle planes can be found by 

the equations: 

Equation 2.5 Principal plane shift for combined optical system. 

where 5 is the shift of the front principal plane for the combined system from the rear 

principal plane of the first element, 5' is the shift of the rear principal plane for the 

combined system from the front principal plane of the second element, n is the index in 

object space, n' is the index in image space and t is the distance between the rear 

principal plane of the first element and the front principal plane of the second element. 

The general expression for the combined power of a refractive element and a reflective 

element in contact is: 

^fofo /  "^^nfrac  nfraa^ref lec t^  nfrac t^  ^r t f rac t^  ^r t j l ea  

Equation 2.6 Combined power for a combined refractive and reflective element. 

where x is the thickness of the refracting material divided by the index of the material. 

This method can be extended to add more layers of refi^tive material but the equations 

quickly become unwieldy. 

The combined power of the anterior and posterior cornea in forming the second 

Purkinje image is -313.5 D (f = -3.19 mm). Image aberrations are again dominated by 

third order spherical and coma. The paraxial and best focus image planes for an object at 
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infinity on axis are located 3.598 mm and 3.465 mm respectively from the front of the 

cornea. For an object 165 mm from the front of the cornea, the paraxial magnification is 

0.0184, again resulting in an upright image. The best focus image plane for an object at 

165 mm is located approximately 3.4 mm behind the front of the cornea. 

Figure 2.4 Image Ray Paths for Second Purkinje Image 

The third Purkinje reflection has a power of—130.4 D or an effective focal length 

of -7.67 mm for the Le Grand full unaccommodated model eye. The paraxial and best 

focus image planes for an object at infinity are located 10.71 mm and 10.68 mm 

respectively behind the front of the cornea. Third order spherical and coma dominate the 

aberrations but spherical is reduced compared to the first and second Purkinjes. For an 

object 165 mm in front of the cornea, the best focus image plane will be located 10.36 

mm behind the cornea. The magnification is 0.042 with the image upright and virtual. 

While the first and second Purkinjes were located near each other the third Purkinje is 

located approximately 7 mm deeper into the eye. 
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Figure 2.5 Image Ray Paths for Third Purkinje Image 

The fourth Purkinje has a reflection at a concave surface, the posterior surface of 

the crystalline lens. The combined power of the fourth Purkinje is 336.7 D or an effective 

focal length of 2.97 mm again for the Le Grand full unaccommodated model eye. This 

reflection has a positive power and results in a real image being formed inside the eye. 

This real image must still be viewed through the cornea and front of the lens and thus a 

virtual image is observed. The paraxial and best focus image planes for an object at 

infinity are located 4.34 mm and 4.37 mm respectively behind the cornea. For an object 

165 mm in front of the cornea, the best focus image plane is 4.32 mm behind the cornea 

and the magnification is -0.017 resulting in an inverted image. The main aberrations are 

again third order spherical and coma. The fourth Purkinje image plane is located close to 

those of the first and second Purkinjes. 
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Figure 2.6 Example rays in formation of the fourth Purkinje image. Rays refract through 

the cornea and anterior lens, reflect from the posterior lens and then refract through the 

anterior lens and cornea again. 

Table 2.2 summarizes the properties of the Purkinje reflections for a standard eye 

model. The first and second Purkinje images are often overlapped due to the similar 

magnifications and image plane locations. A source or object must be moved fairly far 

Purkinje Focal 
Length 

Paraxial 
Image Plane 
Location 

Relative 
Magnification at 
Infinity 

Paraxial 
Magnification 
for Object at 
165 mm 

Principal 
Plane 
Location 
Relative to 
Cornea 

1" -3.90 mm 3.90 mm 1.00 0.0224 0.0 mm 
2"" -3.19 mm 3.6 mm 0.82 0.0184 0.41 mm 

-7.67 mm 10.71 mm 1.97 0.0424 3.04 mm 
4" 2,97 mm 4.34 mm -0.76 -0.0170 7.31 mm 

Table 2.2 First order properties of the Purkinje images. 
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o£f axis to separate the 1^' and 2"** Purkinje images. When this happens, the magnification 

of the third Purkinje, which is roughly twice that of the first Purkinje, causes the third 

Purkinje to be obscured behind the iris of the eye making simultaneous observation of the 

first, second and third Purkinjes very difficult. 

If a source and observer are on axis, the 4 Purkinje images are on the axis and 

appear to overlap. As the source is moved off the observation axis, the first, second and 

third Purkinjes follow the movement of the source while the fourth Purkinje moves in an 

opposite direction. 

All 4 Purkinje reflections result in diverging ray bundles exiting the eye. The 

brightness of the images observed will depend on the size and location of the entrance 

pupil of the system used in observing or imaging the light reflected out of the eye. This 

observation system could be the eye of a human observer or the entrance pupil of a 

camera used to image the Purkinjes. A larger entrance pupil or a pupil located closer to 

the subject's eye would capture more of the reflected light giving a brighter image. If the 

entrance pupil of the system used to observe the Purkinje images is the stop of the 

system, limiting the size of the ray bundle reaching the observation image plane, then the 

relative image brightness of the Purkinjes will also depend on the relative divergence of 

the light rays coming out of the eye. Because of the longer focal length of the third 

Purkinje, it has the lowest divergence of the ray bundle leaving the eye. For a given stop 

size in the observation system, the third Purkinje would capture a larger solid angle of 

light from the source than the other Purkinjes would. We can calculate the entrance pupil 

size and location of the combined observation system and subject eye to find the solid 
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angle of the source collected by each Purkinje. For this calculation, we will assume a 25 

mm diameter stop in the observation system, located 165 mm in front of the cornea. We 

also assume a source located 165 mm in front of the cornea. To calculate image 

irradiance (W/cm^), we also need to account for magnification. A higher magnification 

would decrease the irradiance in the image. The third Purkinje has the highest 

magnification of the Purkinjes. The relative image irradiance is given by the ratio of the 

solid angle of light collected to the square of the image magnification multiplied by the 

reflection coefficients found in section 2.2. Table 2.3 gives the calculated entrance pupil 

diameter, entrance pupil location relative to the front of the cornea and the solid angle of 

the entrance pupil as seen by the source, and relative image irradiance. Another factor in 

the image irradiance is the apparent rough surface of the anterior lens. This causes light 

reflected from the anterior lens surface to appear more diffuse. Radiance will not be 

conserved for a diffuse reflection and the image of the third Purkinje will be dimmer than 

expected. The brightness of the third Purkinje reflection will be reduced because some 

reflected light will be scattered away firom the aperture of the observation system and will 

not be included in the third Purkinje image spot. Navarro, Mendez-Morales and 

Santamaria [1986] have looked at the surface roughness of the anterior lens. The third 

Purkinje tends to have an irregular appearance because of the scattering occurring at the 

anterior lens surface. 
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Purkinje Entrance Pupil 
Diameter 

Entrance Pupil 
Location 

Solid Angle Relative 
Irradiance 

1« 0.605 mm 3.995 mm 1.01 • 10 ' sr 1.00 
2"° 0.492 mm 3.663 mm 6.67 » 10"® sr .00765 

3" 1.196 mm 11.077 mm 3.62 • 10*' sr .00673 

4" 0.424 mm 4.390 mm 4.91 • 10-® sr .00754 

Table 2 J Puridnje Image Irradlance 

2.5 Where the Purkinjes Sample the Ocular Surfaces 

The area of intersection of a ray bundle with a surface depends on the field 

position of the object or source, the position of the stop of the system and the rotation of 

the optical surface relative to the source and stop. If we consider a source and stop on the 

same axis in front of the eye with the eye looking at the source, the ray bundle that fills 

the stop will be centered on all the ocular surfaces, assuming the optical surfaces are all 

Figure 2.7 On axis source and Purkinje ray paths for the first, third and fourth Purkinjes. 
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aligned with the same axis. In this case, ail the Purkinje images will be refi:acted or 

reflected by the same section of the cornea. The size of the bundle at the eye will depend 

on the size of the stop. 

If we move the source and or the stop off axis, the bundle of rays that forms each 

Purkinje will be different finm the other bundles. The first and second Purkinjes are very 

similar and very close together so their bundles will be nearly identical. The fourth 

Purkinje will also usually sample a very similar section of the cornea. The third Purkinje 

however, samples the cornea farther off axis than the other Purkinjes. Figure 2.8 shows a 

single source off axis and a stop on the optical axis of the eye. The ray paths for Purkinjes 

are shown. As can be seen, the fourth Purkinje does not sample the same part of the 

Source Point 

Stop 

Figure 2.8 Purkinje image ray paths for an off axis source. 

anterior lens surface as the third Purkinje. Where the rays intersect an optical surface 

becomes more important when the surface is not spherical. A spherical surface will have 
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the same curvature over the entire surface. Non-spherical surfaces will have varying 

curvature and thus varying power over the surface. The difference from a sphere is 

greater the farther the point is from the vertex of the surface. 

2,6 Vignetting of the Purkinje Images by the Iris 

The iris of the eye is located just in front of the anterior lens. It serves as the stop 

of the eye and its diameter changes in response to the ambient light level, enlarging in 

dim light to collect more light on the retina or reducing in bright light to protect the 

retina. When imaging or observing the Purkinje reflections, the pupil of the observer's 

eye or the aperture stop in the camera used for imaging will be the stop of the system and 

will define the ray bundle. The iris in the subject's eye can cause vignetting of the 

Purkinje images. Since the iris is located behind the cornea, it will not affect the first and 

second Purkinjes. As the source for the Purkinje reflections moves farther off axis, the 

iris can block some of the light entering or leaving the eye. If we use the standard eye 

parameters and assume a 6mm diameter iris, a source 165 mm in front of the eye, and a 

25 mm diameter stop 165 mm in front of the eye, the iris would begin to vignette the 

third Purkinje when the source is 64.5 mm off axis. The field angle would be 21.35 

degrees. If the anterior cornea has a conic constant of -0.25, vignetting would start when 

the source is 65.5 mm off axis. As the stop of the observation system decreases, 

vignetting will begin when the source is farther off axis. If the stop diameter is increased. 
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vignetting will begin when the source is closer to the axis. Obviously, the smaller the iris 

of the subject's eye, the closer the source must be to the axis to avoid vignetting. 

The ray bundle for the fourth Purkinje passes through the anterior lens much 

closer to the vertex than where the third Purkinje reflects from the anterior lens. For the 

same object distance, stop distance and stop size as above, the iris will not vignette the 

fourth Purkinje until the source is over 200 mm off axis. 

If two sources are used with one source located a distance d above the axis and 

the second source an equal distance below the axis, vignetting can occur as the eye 

rotates to scan horizontally. For calculations, we will use the same setup as above with 

the sources and stop located 165 mm in front of the comea and a 25 mm diameter stop. 

The standard eye with spherical surfaces will be used. Our sources will be located 50 mm 

to the left of the camera and 25 mm above and below the center of the camera. This puts 

the sources 16.9 degrees left of the camera with the source separation also subtending 

16.9 degrees at the eye. As the eye rotates from looking at the center of the camera to 

looking towards sources, vignetting of the third Purkinje would begin to occur when the 

eye has rotated about 19 degrees to the left of the camera, or 2 degrees past the sources. If 

we now include a conic of -0.25 on the anterior comea and -3.0 on the anterior lens, we 

find that the third Purkinje will begin to be vignetted when the eye has rotated 16.5 

degrees or approximately looking at the midpoint between the sources. Again, the size of 

the stop in the observation system will affect vignetting. 
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2,7 Aberrations of Purkinje Images 

Aberrations are a deviation in ray location from the expected paraxial image 

location. A bundle of rays leaves a point on an object, propagates through the optical 

system being refracted and/or reflected, filling the aperture stop of the system and ending 

up at the image point. If the system were aberration free, a spherical wave front entering 

the system would result in a spherical wave front exiting the system and all the rays from 

the same object point would end up at the same image point at the paraxial image plane. 

In general this does not happen. In an optical system, the chief ray is defined as the ray 

that starts at the object point and propagates through the center of the stop ending up at 

the image point. The marginal ray is defined as the ray that starts on the axis at the object 

plane, propagates through the edge of the stop and ends up on the axis at the image plane. 

Spherical aberration causes the image point to be blurred because rays that pass 

through different heights in the pupil come to focus at different distances. The blur from 

spherical aberration will be symmetric about the chief ray. 

Coma causes rays that pass through the same radius in the pupil to form a ring in 

the image. The radius of each ring and the displacement of the center of the ring from the 

chief ray position in the image increase with the radius at which the rays pass through the 

pupil. This results in a non-symmetric blur spot with the chief ray at one edge of the blur. 

With astigmatism, rays passing through the vertical and horizontal axes of the 

stop will have different focal distances. At the focal plane for the rays passing through the 

vertical axis of the stop, a horizontal line image will be formed. At the focal plane for the 
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rays passing through the horizontal axis of the stop, a vertical line image will be formed. 

These focal planes will lie on opposite sides of the paraxial image plane. At the paraxial 

image plane, the image will be a blurred circle. For all image planes through focus, the 

blur will be symmetric about the chief ray. 

Distortion can be thought of as an error in magnification. The error can be 

positive or negative and results in a displacement of the chief ray firom the paraxial image 

height. The error in image height is proportional to the cube of the object height. 

Distortion does not blur the image point. 

We will see in the next chapter that Purkinje image analysis hinges on location of 

the centroid of the Purkinje spot. It is assumed that the centroid corresponds with the 

chief ray and that the chief ray is at the paraxial image height. Based on those 

assumptions, we can see that the presence of coma and distortion will cause the most 

error in Purkinje image analysis. In addition, if the actual image plane differs from the 

paraxial image plane, the chief ray will not, in general, be at the paraxial chief ray height. 

For a fixed image plane, if the object distance varies, the angle of the chief ray through 

the system will change and the height of the chief ray at the image plane will vary with 

object distance. A telecentric system can be used to eliminate this error in image height 

with defocus. A system that is telecentric in object space has its stop at the back focal 

point. This causes the entrance pupil to be at infinity in object space. Since the chief ray 

must pass through the center of the stop, all chief rays in an object telecentric system 

enter the system parallel to the optical axis, are refracted, pass through the back focal 

point and arrive at a fixed height on the image plane. For a fixed image plane location. 
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the object distance can be varied to defocus the image. The cliief ray will continue to 

enter parallel to the optical axis and always hit the image plane at the same height. 

Therefore, the image can be out of focus and the centroid will still correspond to the 

correct image height. 

Different criteria can be used to locate an image plane in practice. One common 

criteria is the plane where the blur spot has the smallest rms radius. By this criteria, 

spherical aberration shiAs the image plane away from the paraxial image plane. 

Each surface in an optical system contributes to the total aberration content at the 

image. Contributions from different surfaces can partially or fully cancel each other or 

add to the total. Aberrations are affected by the shape of optical surfaces, object height, 

stop size and stop location. In observing Purkinje reflections, the stop is either the pupil 

of the observer's eye or the stop of a camera used to image the reflections. A surface will 

contribute to distortion when the stop is not located at the surface. Seidel aberration 

coefficients were calculated from ray trace data in Zemax for the Purkinje reflections. 

Table 2.4 lists the coefGcients for spherical aberration, coma, astigmatism and distortion 

for the standard eye with spherical surfaces. Table 2.S lists the same coeflicients for the 

standard eye with conic constants of -0.25 on the anterior cornea, 0.0 on the posterior 

cornea, -3.0 on the anterior lens and -1.0 on the posterior lens surfaces. The system used 

Purkinje Spherical Coma Astigmatism Distortion 
PI -0.006 0.1023 -0.454 -6.019 
PII -0.005 0.084 -0.333 -4.871 
PHI -0.005 0.172 -1.506 -9.979 
PIV 0.001 0.085 0.181 -5.022 

Table 2.4 Scidel aberration coeflicients for the Puriunje images with spherical ocular surfaces in 
units of waves (>.>0.5876 microns) 
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Purkinje Spherical Coma Astigmatism Distortion 
PI -0.004 0.126 -0.350 -5.56 
PII -0.006 0.079 -0.356 -4.973 
PHI 0.047 1.143 2.898 9.455 
PIV -0.002 0.115 -0.024 -4.417 

Table 2.5 Seidel aberration cocflicients for the Purkinje images with non-spherical surfaces in units 
of waves (XH).5876 microns). 

for calculation has an object height of 56 mm, with the object located 165 mm in front of 

the cornea. The stop is 25 mm in diameter and located 165 mm in front of the cornea. 

These parameters for the source and stop are the values used in our experiments, which 

will be detailed in chapter 6. The magnitude of the aberrations will depend on one or all 

of the values for the object height, stop location, stop size and conic value on the 

surfaces. It is interesting to note that the aberrations are greatest in magnitude for the 

third Purkinje for both spherical and non-spherical surfaces. We also see that the 

magnitude of the aberrations is approximately 10 times greater and spherical, distortion 

and astigmatism change sign for the third Purkinje when the conic constant of-3.0 is 

used compared to a spherical surface. The aberrations for the other Purkinjes do not show 

significant change with conic constants. Tables 2.6 through 2.9 plot the variation in third 

order spherical, coma, astigmatism and distortion as the conic constant on each reflecting 

surface varies. For each Purkinje, the conic constant on the other ocular surfaces are held 

constant. 



Seidel Coefficient for Third Order Spherical with 
Varying Conic Constant 

-choe 

• First I»urlcinje 

- Second Purkinje |' 

Third Purkiiye 

Fourth Purkinje ; i 

Conic Constant on Reflecting Surface 

Table 2.6 Variation in spherical aberration with conic constant for the Purkinje reflections. 

Seidel Coefficient for Third Order Coma with Varying 
Conic Constant 

Conic Constant 

• First Purkinje 

- Second Purkinje 

Third Purkinje 

- Fourth Purkinje 

Table 2.7 Variation in third order coma with conic constant for the Purkinje reflections. 
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Seidel Coefficient for Astigmatism with Varying Conic 
Constant 

Conic Constant on Reflecting Surface 

• First Purkinje 

- Second Purkinje 

Third Purkinje 

Fourth Purkinje 

Table 2.8 Variation in Astigmatism witii Conic Constant for Purkinje Reflections 

Percentage Distortion with Varying Conic Constant 

- First Purkinje 

- Second Purkinje 

Third Purkinje 

Fourth Purkinje 

Conic Constant 

Table 2.9 Variation in distortion with conic constant for Purkinje reflections. 

In Chapter 4 we will examine the effect of the aberrations on the accuracy of measurement of the 

curvature of the ocular surfaces. 
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CHAPTER 3. PHAKOMETRY 

3.1 Comparison Phakometry Theory 

Comparison phakometry is the standard optometric practice for the measurement 

of the curvature of the anterior and posterior lens surfaces through comparison of the 

heights of the first Purkinje image to the heights of the third and fourth Purkinje images. 

In many cases, the posterior surface of the cornea is ignored. The first Purkinje usually 

obscures the second Purkinje when the sources are arranged to allow viewing of the third 

Purkinje. The refractive power of the posterior cornea is low due to a small index change. 

The posterior cornea is often assumed to have a standard radius of curvature value of 6.5 

nmi and thickness of 0.55 mm for all subjects. 

The height of a Purkinje image is the distance between the same Purkinje 

reflection (ie, first Purkinjes or third Purkinjes) for 2 different sources whose separation 

in object space is known. This assumes that the sources are spaced equally about the 

optical axis either horizontally or vertically so that symmetric areas of the ocular surfaces 

are used in forming the images. Only relative image heights are used, so the absolute 

source separation is not standardized. 

In chapter 2, we described how the total power and effective focal length of the 

Purkinje reflections could be found by combining the refractive and reflective powers of 

the surfaces used in forming each Purkinje image. Given the effective focal length of a 

reflective system, we could theoretically replace the multi-element system with a single 

reflecting surface with the same focal length with identical principal plane positions. A 
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symmetric reflective system where the light passes through the same elements before and 

after reflection such as a single reflective surface or a reflective surface with refractive 

elements layered on it, will have coincident front and rear principal planes. The radius of 

curvature of the equivalent reflecting surface is -2f, where f is the effective focal length. 

For an object at infinity, or a collimated light source at some nearer distance, the 

image is formed at the back focal point of the system. If the object has some field angle 6 

at the front principal plane, and the system has an effective focal length of f, the image 

will be located at a height of h = f * tan 0 off the optical axis. For small angles, tan 6 is 

approximately equal to 0 when given in units of radians and h = f • 0. Now the height of 

Figure 3.1 Image heigiit for a collimated source at a height y and a distance d, where f is the focal 
length of the imaging system. 

the image from the axis, h, is proportional to both the effective focal length of the system 

and R, the equivalent radius of curvature. 

If the sources are located at +0 and -0 then the distance between the images of the 

sources will be 2f*0. If a point source is collimated by placing it at the back focal point of 

a lens, this source can be used as if it were at infinity but can be placed a finite distance d 

in front of the eye at a height of y as pictured in figure 3.1. The object angle 0 will be y/d 

and the image height is given by h= fy/d where f is the focal length of the lens or reflector 

y 



Figure 3.2 Typical appearance of Purlunje reflections. From left: fourtli Purkinje, first Puriunje and 
third Purlunje. Purkinje image height for phakometry is the distance between the 2 images. The first 
Purkinje typically obscures the second Purkinje. 

being measured. Magnification could then be defined as m=h/y and is proportional to the 

focal length of the system. 

If the separation of the source images is measured for all Purkinjes, the ratio of 

the image heights would be equal to the ratio of the focal lengths or the ratio of the radii 

of curvature of the equivalent reflector for each Purkinje system. Given the focal length 

of each Purkinje reflection, equations can then be used to find the curvature of the 

reflecting surface assuming that the curvatures and positions of all preceding surfaces are 

known. 

Comparison phakometry measures the radius of curvature of the cornea using 

either a separate corneal topographer or the same phakometer if it is calibrated. The 

phakometer can be calibrated by finding image heights for reflections from a series of 

surfaces with known radii. Steel balls are typically used as calibration surfaces. 

Once the radius of curvature of the cornea is known, and using standard values for 

the posterior corneal radius of curvature and thickness, the equivalent radius of curvature 

of the third or fourth Purkinje can be found by: 

or R^ 

Equation 3.1 
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where ha, h4 and hi are the image heights of the third, fourth and first Purkinje reflections 

respectively as demonstrated in figure 3.2. The equivalent radius of curvature is the 

distance fi'om the vertex of the equivalent reflector to the center of curvature of the 

equivalent surface. The center of curvature of the equivalent reflecting surface is the 

image location of the real center of curvature as seen through the preceding ocular 

surfaces. The location of the vertex of the equivalent surface is the image position of the 

actual surface vertex seen through the preceding surfaces. The standard imaging equation 

n _n 1 

z' f 

Equation 3.2 

is used iteratively for each surface between the surface being calculated and air, to find 

the true center and vertex given the positions of the apparent center and vertex. The 

distance between the true vertex and true center of curvature is then the radius of 

curvature of the surface. The steps in calculating the anterior lens radius of curvature are 

as follows: 

1. Take the vertex of the anterior lens as an object and image it through both 

surfaces of the cornea to find its virtual image position or apparent vertex. 

2. Calculate the apparent center of curvature of the anterior lens by adding the 

equivalent radius of curvature of the third Purkinje to the apparent position of 

the anterior lens vertex. 

3. Take the apparent center of curvature as an image and find its object location 

when imaged through the surfaces of the cornea. This object location is the 

true position of the center of curvature. 
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4. Calculate the true radius of curvature by the difference between the known 

anterior lens vertex position and the center of curvature found in step 3. 

3.2 Phakometry Equipment 

3.2.1 Light Sources 

Light sources are required to produce the Purkinje reflections. The theory of 

comparison phakometry requires sources located at infinity. In order to coQect as much 

light as possible in the Purkinje images, it is much more efficient to place the sources 

close to the subject. The error in using sources that are not at infinity is reduced if the 

distance from the eye to the source is at least 10 to 20 times the equivalent focal length of 

the Purkinje reflector. The longest focal length Purkinje reflection is the third Purkinje 

with an effective focal length of less than 8 mm so sources located more than 80 to 160 

mm from the cornea will reduce the error. Gamer [1997] has developed alternate paraxial 

equations for phakometry that account for sources that are not at infinity. The light 

sources can also be collimated by placing them at the back focal point of a lens to meet 

the requirements of the phakometry equations. Then these collimated sources can be 

placed at a convenient distance from the subject. 

Various investigators have used optical fibers illuminated with white light, 

infrared light emitting diodes or flash bulbs as sources. The sources must be fairly bright 

to observe the third Purkinje. The required brightness will depend on the gain of the 

image capture medium used and the size of the aperture stop used in the imaging system. 
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Infrared LEDs have the advantage of being invisible to the subject. This eliminates the 

pupil constriction response encountered with bright light sources. As mentioned in 

chapter 2, smaller subject pupils can vignette or obscure the third Purkinje, so a large 

pupil is desirable. 

The placement of the sources involves some trade-offs. In order to avoid the 

effects of non-spherical surfaces, the sources should be located as close to the optical axis 

of the imaging system as possible in order to sample the ocular surfaces near their apexes. 

This however, leads to overlap of the Purkinje images, which greatly complicates image 

analysis. The separation of the sources is chosen to allow resolution of the most closely 

placed images. The fourth Purkinje has the lowest magnification and therefore the 

smallest image separation. If the source separation is too great, the magnification of the 

third Purkinje will cause it to be vignetted by the subject's iris. 

In order to measure the toricity of a surface and assess its contribution to 

astigmatism, the curvature of the surface must be measured in at least 3 meridians in 

order to resolve the axes of the maximum and minimum radii of curvature. A pair of 

LEDs will measure the curvature in one meridian. A pair of sources is generally placed 

vertically or horizontally or both allowing measurement of up to 2 meridians. Duime, 

Elewad and Barnes [1996] used a semicircle of 5 sources each separated by 45 degrees 

on an arc to measure toricity. In this case, the intersection of the image spots at 0, 90 and 

180 degrees is found. This intersection point is taken as the reference from which to 

measure image height for each of the 5 images. In Dunne's experiment, he used relatively 

large field angles for the sources to separate the first and second Purkinje images. The 
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third Purkinjes were not visible. The surface of the anterior lens was calculated using a 

trial and error ray trace procedure [Dunne, 1992]. A curvature for the anterior lens was 

chosen and the posterior lens curvature was calculated to give the correct fourth Purkinje 

height. Then rays were traced to match the eye's refractive error and axial length. If both 

the fourth Purkinje height and the retinal location match measured values, then the lens 

curvatures were correct. Otherwise the process is repeated with a new guess at the 

anterior lens curvature. 

Because the third Purkinje images are located deeper in the eye, most 

investigators capture one image with the third Purkinje in focus and a second image with 

the first and fourth Purkinjes in focus. One investigator used an intermediate focus 

position to image all the Purkinjes at once. The image heights of the out of focus images 

will not be the same as the in focus heights unless a telecentric imaging system is used as 

previously described. If the imaging camera is set to a fixed focus distance, the 

magnification of the camera will remain fixed. It is therefore preferable to translate the 

camera to refocus between the images. The light sources can be mounted to the camera or 

separately. If the sources are mounted to the camera, they will be translated with the 

camera when focusing. This will keep the overall object to image distance constant but 

will change the object to comea distance. If the light sources are mounted separately from 

the camera, the object distance relative to the comea will be fixed but the overall object 

to image distance will change. 

3.2.2 Image Capture 
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DifTerent media have been used to capture images of the Purkinje reflections for 

analysis. Goss et al [1997] used a single lens reflex camera to take still photos of the 

reflections on fllm. The advantage of using film to record the images is that film has a 

large dynamic range, which is useful since the first Purkinjes are 100 times brighter than 

the third and fourth Purkinjes. The obvious disadvantage of film is the fact that it must be 

processed after the subject has left the experiment and only then can it be verified that 

useful images were captured. If the subject blinked during imaging, the photos would be 

useless. 

Mutti, 2^adnik and Adams [1992] used a video camera to capture continuous 

fitunes as the camera was translated through focus to image all the Purkinjes. This has the 

advantage of capturing multiple images that can be viewed later to pick out the firames 

that are in best focus. It is also likely that multiple images of the same measurement will 

be cs^tured and an average value can be found. Video cameras use CCD arrays to 

digitize the image. The limited dynamic range of the CCD can be a problem. In practice, 

the gain of the CCD array must be increased to its maximum to capture the dimmer 

Pxirkinjes. 

3.2.3 The Subject 

There are no special requirements on the subject. In most studies, including our 

own, there will be a few subjects whose third Purkinje images cannot be observed. The 

exact cause is not known. Some important factors may be the roughness of the anterior 

lens, depth of the anterior chamber, tilt of the crystalline lens and pupil size. 



Typically, because of the need for a large pupil, eye drops, such as Neosynephrine 

are used to dilate the pupil. Another eye drop, such as Mydriacyl, is used to fi«eze 

accommodation. This puts the lens into a relaxed state with longer radii of curvature. It 

may be possible to force a level of accommodation with the correct fixation target, but 

the use of eye drops leads to a more repeatable condition. Also if the subject has a 

refractive error that is corrected by glasses or contacts, these must be removed to image 

the Purkinje reflections and could not be used to view an accommodative target. 

A chin rest and/or forehead bar can be used to position the subject in front of the 

camera and light sources. The camera and light sources should be mounted to allow 

translation relative to the subject for focusing. 

3.2.4 Fixation Target 

A fixation target must be provided to direct the subject's gaze. Having a fixation 

target helps keep the subject's eye in one position. Movement of the eye during imaging 

can blur the image if the imaging time is too long. The positions of the Purkinje images 

within the pupil change as the fixation point varies. Sorsby, Benjamin and Sheridan 

[1961] used one fixation point to image the first Purkinje and a second fixation point to 

view the third Purkinje to bring each Purkinje towards the center of the pupil. The first 

and fourth Purkinjes were imaged together and then the camera was refocused to image 

the third Purkinje. The source position was also changed between images. 

In most cases, fixation is directed to position the Purkinje images near the center 

of the pupil. This fixation point tends to be approximately halfway between the camera 

and the sources. Mutti, Zadnik and Adams [1992] compared three different phakometry 
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setups. They stated that fixation position should not affect repeatability but we have 

found that the third Purkinje height depends greatly on fixation position. This will be 

discussed in later chapters. 

The fixation target can be a small light either blinking or steady, a picture, or 

some other suitable small object to catch the subject's attention. With children, a tone or 

more colorful object is sometimes needed to draw the child's gaze to the correct point. 
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CHAPTER 4. PURKINJE IMAGE ANALYSIS 

After the Purkinje reflections are captured on film or digitized, they must be 

analyzed to measure the Purkinje heights. Image analysis consists of identifying the 

Purkinje reflections in the image and finding the centroid of each Purkinje reflection. 

Spurious reflections of the light sources from the subject's eye lids, tear film, or eye 

lashes can cause confusion in identifying the Purkinjes. Figure 4.1 is a typical image of 

the Purkinje reflections from the anterior cornea and anterior and posterior crystalline 

lens. There are spurious reflections to the upper right of the pupil and along the bottom of 

the pupil. 

Figure 4.1 A typical image of the Purkinje reflections. The fourth Purkinjes are the leftmost pair and 
are out of focus, the third Purkinjes are in the middle and the first Purkinjes are the bright pair that 
are overlapping. The first Purkinjes are saturated and overlapping slightly. The third Purkinjes have 
diffuse edges due to scattering. The fourth Purkinjes exhibit a bright edge due to the presence of 
spherical aberration and defocus. 
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Images on film can be printed or projected at higher magnification to aide 

analysis. Then the center of each Purkinje is determined subjectively and center-to-center 

distances are measured to find Purkinje height. Digitized images can be processed by 

conmion computer vision algorithms. 

4.1 Analysis of Digitized Purkinje Images 

The first problem in image analysis is to locate the Purkinje image spots and 

correctly identify whether they are first, second, third or fourth Purkinje reflections. If all 

of the Purkinjes are much brighter than the background, a single threshold value can be 

found to separate the images from the background. If the overall image illumination is 

not uniform however, it may be necessary to choose different threshold levels in different 

regions of the image. Scattering of the light sources from the nose, cheeks and forehead 

of the subject can cause some non-uniformity in the image and a noisy background. Also, 

if the tail of one image spot blends into the tail of another spot, thresholding may not 

separate the spots. One way to deal with these problems is to allow the user to manually 

identify the Purkinje images by using the cursor to encircle a single spot. This ensures 

that the correct spots are identified and that no overlap of the spots will be erroneously 

included in the analysis. 

Once the spots have been identified and separated from the background, the 

centroid of the spot is calculated by a grayscale weighted average. The Purkinje image 

height is the distance between the centroids of two spots. Dimensions are given in pixels, 

which can be converted to millimeters if the size of a pixel is known or the magnification 
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is measured. Since CCD arrays have finite sized pixels typically on the order of 10 

microns on a side, the irradiance pattern of the image will be averaged over the area of a 

pixel. The accuracy of centroid location is influenced by the absolute size of the array 

pixels, the relative size of the pixels compared to the overall size of the image spot and 

the total irradiance in the image spot. If the image spot covers only one pixel, the centroid 

can only be determined to lie somewhere within that pixel. Generally the centroid would 

be calculated as being at the center of that pixel. The more pixels covered by the image, 

the more accurately we can locate the center within a pixel dimension. Additionally, if 

the irradiance profile has a higher peak relative to the background level, the centroid will 

be more accurately calculated. Centroids can generally be found with less than 1/10 of a 

pixel error. This would equate to about a 1.0 micron error in locating one centroid and a 

worst case of 2.0 microns error in the separation of two centroids. The effect this has on 

the overall Purkinje analysis depends on the magnification of the Purkinje image on the 

CCD array. If we assume an 8 mm diameter pupil and a 2/3" CCD array with dimensions 

of 6.6 mm by 8.8 mm, the magnification needed would be approximately 0.75 to just fit 

the pupil on the image plane. For a Purkinje image height of 1.5 mm, a 2.0 micron error 

in locating the 2 centroids would result in a 0.13% error in Purkinje height. 

The accuracy of distance measurements on a CCD array also depends on the 

sampling of the CCD array in the image. The best case is to have one data point for each 

pixel on the array. Some camera and frame grabber combinations do not match the 

number of sampled points to the number of array pixels however. If the number of data 

points does not match the number of pixels, there can be multiple samples from one array 
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pixel or no sample from an array pixel. Pixel dimensions in the image would not 

accurately represent physical dimensions in these cases. 

When using a CCD array to digitize the Purkinjes, the first Purkinje will typically 

saturate the image. When the image is saturated, image areas brighter than some 

maximum value will all have the same grayscale value and the image spot will appear flat 

on top. This results in a loss of information about the irradiance profile of the Purkinje 

image. If the illumination pattern of the source is fairly uniform however, the centroid of 

a saturated spot will coincide with the centroid of the true irradiance pattem. Because of 

the relative brightness of the first Purkinje reflection, its spots will appear larger in 

diameter than the other Purkinjes. This can lead to overlap of the first Purkinje spots. 

Depending on the amount of overlap, the centroids can still be found subjectively or by 

fitting an ellipse to the non-overlapped portion of the border of the Purkinje spots. The 

center of the ellipse bounding the spot is taken as the center of the Purkinje. 

The fourth Purkinje image is dimmer than the first but can usually be observed 

without much trouble. It produces a sharply focused spot that is easily distinguishable 

from the background. Due to their diffuse nature, the third Purkinje images can be close 

to the noise level of the image background. Thresholding the image may not isolate the 

third Purkinje due to its difliise nature. 

If the image spots cannot be isolated by appropriate choice of a threshold value, 

the spots can be identified manually. We have written software to allow a user to draw a 

border around an image region. This smaller region of the image can then be thresholded 

based on the grayscale statistics of that region. 
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4,2 Errors in Purkinje Image Analysis 

Comparison phakometry uses paraxial equations that do not account for non-

spherical surfaces or aberrations, both of which can affect image height or location. As 

mentioned previously, spherical surfaces have the same curvature over the entire surface, 

whereas non-spherical surfaces will have varying curvature over the surface. The sag or 

departure of a surface from a plane for a non-spherical surface, can be represented by 

z = cr' 

l + yl\-il + k)c^r^ 

Equation 4.1 Sag of a conic surface. 

where z is the sag, c is the base curvature of the surface, r is the radial distance to the 

point of interest on the surface and k is the conic constant. For a sphere, k is zero. The 

local curvature of a conic surface is described by 

[l-c'(l + A:)r') 
"instantaneous 

1 + 
1+k y ^  

i + ^ i - c ^ { i + k y ^ j '  

2cr 

Equation 4.2 Local curvature of a conic surface. 

Equation 4.2 reduces to the base curvature c for all r if k is zero. Table 4.1 plots the 

variation in local curvature for a surface with a base curvature of 0.10 mm*' and a conic 

constant of -3.0 over a 4 mm diameter area on the surface. If we take this to be the 

anterior lens surface, the reflective power of this individual surface will be -2nC where n 

is 1.336. The variation in power over the 4 mm diameter area will be from -0.225 nun -I 
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Local Curvature of a Conic Surface with 
K=-3.0 

- 3 - 2 - 1 0  1  2  3  

Radial Distance to Point on Surface (mm) 

Table 4.1 Variation of local curvature for a conic with k=-3.0. 

to -0.267 mm"' or a 15% variation. The effective power of the third Purkinje will be 

affected to a lesser degree since the power of the anterior lens is added to the power of 

the cornea as described in equation 2.4. A change in the reflective power of the anterior 

lens will change the effective power of the third Purkinje by a factor of 

1—2^ T-¥(b^ *'Ycomea^ ' r cornea " 

Equation 4 J Change in effective third Purkinje power for a change in the reflective power 
of the anterior lens surface. 

For our standard eye parameters, this factor becomes 0.782 and a 15% variation in the 

anterior lens power results in an 11.73% variation in the overall power of the third 



67 

Purkinje. 

The power calculated by comparison phakometry approximates the true base 

power of the surface if the sources reflect from a portion of the surface near the vertex. If 

the sources are equally spaced about the system axis and the eye surfaces are symmetric 

about that same axis, the two sources will have the same magnification. If the sources are 

not equally spaced about the axis, the magnification of the source separation will be a 

weighted difTerence of the magnification of each source. 

The chief ray defines the image height at the image plane. Aberrations that shift 

the chief ray away from the paraxially predicted value cause errors in the phakometry 

calculations. The chief ray height error for distortion is proportional to the cube of the 

object field height and therefore the error in calculated radius of curvature increases with 

object field height. It was shown in chapter 2 that distortion is present in the Purkinje 

systems and the amount depends on the conic constant of each surface. Distortion is not 

zero for a spherical surface unless that surface is the stop of the system. The important 

factor for phakometry is the relative amount of distortion for the various Purkinjes since 

the ratios of the various Purkinje heights are used. 

For this assessment, the standard eye with spherical surfaces and with conic 

constants of-0.25, 0.0, -3.0, and -1.0 for the anterior cornea, posterior cornea, anterior 

lens and posterior lens respectively will be compared. Zemax will be used to trace real 

rays through the system to find the image plane location and chief ray height. The object 

is attached to the camera and the object-to-Purkinje image distance will be fixed at either 

165 mm or 100 mm. The stop is 25 mm in diameter. The results for object heights of 30 
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mm and SO mm will be compared. The object height refers to the distance from the axis 

to one source so the distance between a pair of sources would be twice the stated object 

height. The image plane location for each Purkinje is determined separately using a 

criterion of minimum rms spot size. The chief ray height will be taken as the image 

height. 

Paraxial 
Chief Ray 
Height (mm) 

Real Chief 
Ray Height 
(mm) 

Percent 
Distortion 

Paraxial 
Purkinje 
Height Ratio 

Real Purkinje 
Height Ratio 

Percent 
Difference 
in Purkinje 
Ratios 

First Purkinje 0.7090 0.7003 -1.2138 1.00 1.00 0.00 
Second 
Purkinje 0.S8I4 0.5744 -1.2044 0.82 0.82 -0.01 
Third Purkinje 1.3928 I.376I -1.2006 1.96 1.96 -0.01 
Fourth 
Purkinje -0.5400 -0.5335 -1.2089 -0.76 -0.76 0.00 

Table 4.2 Purkinje linage Heights and Ratios for 30 mm object height, 165 mm fixed object image 
distance, and spherical ocular surfaces. 

Paraxial 
Chief Ray 
Height (mm) 

Real Chief 
Ray Height 
(mm) 

Percent 
Distortion 

Paraxial 
Purkinje 
Height Ratio 

Real Purkinje 
Height Ratio 

Percent 
Difference 
in Purkinje 
Ratios 

First Purkinje 1.1823 1.1439 -3.2551 1.00 1.00 0.00 
Second 
Purkinje 0.9695 0.9382 -3.2298 0.82 0.82 -0.03 
Third Purkinje 2.3249 2.2502 -3.2139 1.97 1.97 -0.04 
Fourth 
Purkinje -0.8998 -0.8706 -3.2377 -0.76 -0.76 -0.02 

Table 4 J Purkinje image heights and ratios for SO mm object height, 165 mm fixed object image 
distance and spherical surfaces. 
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Paraxial 
Chief Ray 
Height 

Real Chief 
Ray Height 

Percent 
Distortion 

Paraxial 
Puridnje 
Height Ratio 
to PI 

Real Purkinje 
Height Ratio 
to PI 

Percent 
Difference 
in Purldnje 
Ratios 

First Purkinje 0.7090 0.7011 -1.1231 1.00 1.00 0.00 
Second Purkinje 0.5814 0.5743 -1.2290 0.82 0.82 0.11 
Third Purkinje 1.3999 1.4165 1.1917 1.97 2.02 -2.34 
Fourth Purkinje -0.5399 -0.5342 -1.0650 -0.76 -0.76 -0.06 

Table 4.4 Purldnje image heights and ratios for 30 mm object height, 165 mm object image distance 
and conic surfaces: -0.25,0.0, -3.0, -1.0. 

Paraxial 
Chief Ray 
Height 

Real Chief 
Ray Height 

Percent 
Distortion 

Paraxial 
Purkinje 
Height Ratio 
to PI 

Real Purkinje 
Height Ratio 
to PI 

Percent 
Difference 
in Purkinje 
Ratios 

First Purkinie 1.1705 1.1357 -2.9747 1.00 1.00 0.00 
Second Purkinje 0.9595 0.9286 -3.2274 0.82 0.82 0.26 
Third Purkinje 2.3494 2.4138 2.7428 2.01 2.13 -5.89 
Fourth Purkinje -0.8894 -0.8647 -2.7744 -0.76 -0.76 -0.21 

Table 4.5 Purldnje image heights and ratios for 30 mm object height, 100 mm fixed object image 
distance and conic surfaces: -0.25,0.0, -3.0, -1.0 

It can be seen that for spherical surfaces, the distortion is not zero but the 

distortion is nearly the same for all 4 Purkinjes. This results in the Purkinje ratios having 

very little error. If the surfaces have typical conic constant values however, we see that 

distortion is smaller than with spherical surfaces but is different for each Purkinje. The 

errors are still very small except for the third Purkinje ratio, which has about equal 

magnitude distortion as the others but opposite sign. The error in Purkinje ratio increases 

for increased object height and decreased object-image distance. If the conic on the 

anterior lens is more negative, the error will increase. 



70 

Purkinje image height is calculated as the distance between the centroids of the 

image spots, which assumes that the centroid of the image corresponds to the chief ray 

height. Spherical aberration, distortion, and astigmatism all result in image spots that are 

symmetric about the chief ray position, thus the centroid will correspond to the chief ray 

height. Coma, on the other hand, has an image spot with the chief ray at one edge of the 

image. Figure 4.2 shows a comatic spot diagram. The chief ray is at the bottom tip of the 

spot. The centroid of the image is located 1/3 of the way from the centroid to the top of 

the spot at paraxial focus. 

Figure 4.2 Comatic spot diagram 

Typically, an extended source is used to produce the Purkinje reflections rather 

than a point source. The image spots would then be a convolution of the object and the 

point spread function of the system. Spherical, and astigmatism both have symmetric 

point spread functions and will not move the chief ray away from the image centroid. The 

convolution of the circular object with the coma point spread will result in a shift of the 

centroid away from the chief ray. The amount of shift of the convolved image centroid 

will be equal to the chief ray to centroid shift in the coma point spread function. For a 30 

mm object height and 165 mm fixed object to image distance and standard eye with 
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spherical surfaces, the centroid shift is less than 2 microns for each of the 4 Purkinjes. 

This is less than the typical size of a CCD pixel and does not introduce any significant 

error in the phakometry calculations. For the same set up but conics of -0.25,0, -3.0 and 

—1.0 on the ocular surfaces, the centroid shift for the first, second and third Purkinjes is 1 

micron or less but the shift for the third Purkinje is about 11.5 microns. For a 2 mm 

image height, an 11.5 micron shift is only a 0.58% error. Coma is not a significant factor 

in the Purkinje analysis. 

Distortion will also have some effect on the convolved image spot. The points in 

the object will have different object heights and will therefore have different errors in 

chief ray height. Distortion goes as the cube of the object height. The magnitude of this 

effect will depend on the overall size of the object but can cause a non-linear stretching of 

the image. For an £^5 system with an object whose center is at a height of 30 mm, -3.5 

waves of distortion, and paraxial magnification of 0.0667, the center of the image will be 

displaced by 0.02125 mm from the paraxial 2 mm image height, for a 1% error in one 

centroid and a 2% error in the separation of 2 Purkinje image spots. If the object is a 2.5 

mm radius circle centered at a height of 30mm, the centroid of the image will be at a 

height of2.021379 mm and for a 5.0 mm radius circle with the same center height, the 

image centroid will be at a height of2.021764 mm. The additional error due to distortion 

for an extended object is negligible compared to the first order effect of distortion on the 

center of the image. 

Spherical aberration will shift the image plane away from paraxial focus if a 

minimum rms spot size is chosen to indicate best focus. The amount of spherical 
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aberratioQ in the Purkinje systems is fairly low. The third Purkinje shows the greatest 

effect. For a 50 mm object height, 25 mm diameter stop, the stop and object both located 

165 mm in front of the camera and conic constants of -0.25,0.0, -3.0 and -1.0 on the 

ocular surfaces, the shift in the image plane for the third Purkinje is 1.27 nun from the 

paraxial image plane to the best focus plane. This results in a -0.66% change in the ratio 

of the heights of the third and first Purkinjes. 

In summary, the largest errors in Purkinje analysis are due to the effects of 

distortion when the ocular surfaces have different conic constant values and the change in 

local curvature over the surface of the anterior lens due to its non-spherical shape. We 

will explore the practical effects of these errors in chapter 6. 

CHAPTER 5. REVERSE OPTIMIZATION PHAKOMETRY 

The original goal of this dissertation was to build and test an instrument to 

measure the toricity of the anterior and posterior surfaces of the pediatric crystalline lens 

in vivo. The instrument was designed based on comparison phakometry with some 

changes to avoid the limitations of paraxial equations. The design goals were based on 

the needs of an instrument to be used on infants and young children. The instrument 

needed to be hand held since infants are not able to use a chin rest or other head-

positioning device. The image capture process should be as short as possible to deal with 

the short attention span of children. Ultrasound, for measurement of axial thickness, does 

not work well with infants due to the need for the subject to sit still and have a probe 
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touch the eye. We therefore wanted to optically measure the surface thicknesses with the 

same instrument. 

5.1 Theory 

In optical design software, a list of performance goals, or targets, is defined and 

the system is designed through optimization to meet those goals. These targets might 

include ray heights at the image plane, desired focal length, limits on individual 

aberration content, modulation transfer function values as specific spatial frequencies and 

other items from a list of available operands for the specific software package. The 

designer chooses the variables for optimization, which can include the number of 

surfaces, shapes and positions of the surfaces, materials used, stop size and stop position 

among other options. The optimization program alters the variables to match the targets 

that are specified. Once a system is designed to meet the performance targets, it can be 

manufactured and tested to verify that it meets the design goals originally intended. In 

reverse optimization, the system already exists and some aspects of its performance can 

be measured but some of its design parameters are unknown. The partially unknown 

system can be set up in the lens design program, with the unknowns as variables, and the 

optimization process can be used to determine construction parameters. The reverse 

optimized system has a performance that matches the measurements. 

Some initial properties of the system being characterized must be known. The 

refractive index of the materials in the system often must be known since they are not 

being measured by this method. This method lends itself best to a system where a fair 
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amount is already known about the system, such as the number of elements and types of 

glass used. If enough information is gathered in the measured performance, a very good 

estimate of the system can be determined through reverse optimization. How close the 

estimate is to the real system depends on the noise in the measurements and the choice of 

optimization targets that accurately reflect the quantities that were measured. The eye is 

one such system where the number of surfaces, general shapes of the surfaces and a 

normal range of curvature values for the surfaces is known ahead of time but the exact 

shapes and positions vary from person to person. 

5.1.1 The Measurement System 

In this case the measured system performance will be the location of Purkinjes for 

a variety of source locations. The measurement system consists of a camera with a fixed 

focus distance. The camera is translated along the optical axis to bring images into focus 

as illustrated in figure 5.1. Light sources are mounted to the camera and move with it. As 

Light Sources Surface Under 
Test 

Translation v * 
* of Camera ^Virtual Images of 

Camera Reflected Sources 

Figure 5.1 Schematic of measurement system. 

the light sources translate relative to the surface under test, the location of the reflected 

image of the light sources shifts as well. There is one camera/source position where the 
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location of the virtual image of the reflected sources coincides with the focus plane of the 

camera. All other camera positions result in an out of focus image at the camera. The 

working distance of the camera, the distance from the front element of the camera to the 

in focus image plane, is known. 

For each of the surfaces being measured, there are 2 unknown quantities; the 

spacing of the surface from the previous surface and the curvature of the surface. For the 

first surface, which is in air, the distance from that surface to the sources and camera is an 

unknown rather than a distance from a previous reflecting surface. As mentioned in 

chapter 3, the surface curvature must be measured in at least 3 meridians in order to 

calculate the axes of the maximum and minimum curvatures for a toric surface. We 

therefore want to measure the curvature in multiple meridians. Once we have a process 

for measuring the curvature in a single meridian, we can apply this method to each of 3 

meridians simultaneously. We can think of measuring the curvature in each of 3 

meridians as 3 independent measurements each with a set of unknowns and a set of 

measured data. This will require a pair of sources for each meridian to be measured. One 

convenient configuration is to place the sources on the circumference of a circle centered 

on the optical axis of the imaging system. 

In general for a problem with 2 unknowns, 2 independent pieces of data are 

needed. In this case, we will measure the image distance between a pair of LEDs as well 

as the rms spot size for each LED image. One image will be captured that will contain all 

of the reflected images from all sources and from all surfaces. In general, the images 

from only one surface can be in focus at a time. However, it is not necessary to have any 
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of the images in focus. The images from the other surfaces will be defocused by some 

amount that depends on both the curvature and position of the surface. The spot size will 

indicate the degree of focus as well as aberration content. By measuring the rms spot size, 

we will not gain much insight into the aberration content since we are averaging the spot 

size over all meridians. More information could be gained by measuring the spot radius 

along a few meridians. This data, however, would have more noise and be more sensitive 

to variations in source illumination. 

When using a camera to capture an image of the reflections, the camera lens will 

add to the aberration content of the final image. In this case, since we wish to precisely 

match the image spot size with modeling, we must include the aberrations due to the 

imaging system. Therefore, we must know the exact prescription of the imaging lens in 

order to include its effect on the image. A model of the imaging lens will be included in 

the ray trace program along with a model of the surfaces being tested. Originally, it was 

thought that a telecentric imaging lens would be advantageous to reduce image height 

errors with defocus. Since our object-image conjugates change as we translate the 

camera, the image height will change with defocus even with a telecentric lens and no 

advantage is gained. 

5.1.2 Reverse Optimization 

The system under test is modeled as a multi-configuration system in Zemax 

optical design software. A multi-configuration system consists of multiple system 

layouts, or configurations, that can be optimized simultaneously. The configurations may 

have the same elements with different spacings or completely different elements. In our 
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case, each configuration will represent the optical path for the reflection from one of the 

surfaces in our system. We therefore need a configuration for each surface in our system 

that we are measuring. A single configuration will contain all surfaces up to the surface 

that is reflecting the light source. Surfaces behind the reflecting surface are not included 

in that configuration. Each configuration must have the same number of total surfaces so 

the lens data editor will be filled with dummy surfaces to make up the correct number of 

total surfaces for each configuration. The distance from the imaging camera to the first 

surface of the system under test will be the same for all configurations but will be a 

variable in the optimization. The surface curvatures and positions will be variables but 

the value for a specific surface will be the same in all configurations where it is present. 

One way of looking at this problem is to think of it as an iterative process. The 

reflection fix>m the first surface is digitized and processed to find the spot centroids and 

rms spot sizes. These values are used as targets in the system model to optimize the 

system and solve for the position and curvature of the first surface. Next the reflection 

from the second surface is captured and processed. Using the previously optimized values 

found for the first surface, the parameters of the second surface are optimized to match 

the collected data from the second reflections. The steps are repeated for each additional 

surface in the system being characterized. After each surface is optimized, its parameters 

can be left variable or fixed. 

The other way of solving for the surface parameters is to enter the data from all 

reflections and optimize all surfaces simultaneously. The results will equally weight the 

data collected from each reflection and the effect of errors in one reflection will be 
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reduced. If a surface is optimized and its parameters subsequently fixed for optimization 

of the remaining surfaces, an error in data will have a greater effect on the results for 

surfaces following it. 

Extended sources will be used to generate the reflections. This will affect the size 

of the imeige spot. A user defined optimization target was written in C to trace 12500 rays 

from random points on the object through random points in the pupil of the system and 

calculate the centroid and rms spot size of the image. This calculation is carried out for 

each source and each surface for every cycle of the optimization. Tracing this large 

number of rays slows the optimization down considerably. 

Zemax gives the user many choices for surfaces. When designing a lens system, 

the choice of surface type is made based on available manufacturing capabilities, cost, 

complexity and other factors. For reverse optimization, we want to use a surface that 

most closely matches the surfaces being measured with a few parameters as possible. 

Choosing the wrong surface type can lead to erroneous results. If nothing is known about 

the surfaces being measured, a more general surface type should be chosen with only the 

number of variables that matches the amount of data collected. 

Two general surface types for surfaces with toricity are the toroidal surface and 

the biconic surface. The toroidal surface in Zemax has a sag in the y-z plane given by 

^.2 
Z = . ^ 

l + ̂ l-(\ + k)c^y^ 

Equation 5.1 

This profile is then rotated about an axis parallel to the y axis that lies a distance 

R fix>m the vertex of the surface. Additional polynomial aspheric coefficients can be used 
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in defining the y-z profile but will not be used in this modeling since we are not gathering 

data from enough points on the surface to determine additional coefficients. The sag of 

the biconic surface is given by 

c , x ' + c y  

l  +  y / l - ( l  +  k ^  ) c ^ x ^  - ( 1 - t - k y  ) c ^ y ^  

Equation 5.2 

Both surfaces can be rotated about the z axis to move the meridians of major or 

minor curvature to any orientation. The toroidal surface has one conic constant specified 

for the y-z profile. Since the vertex point is rotated about a radius of R, the surface profile 

along the x axis will always be spherical. The biconic surface allows independent 

specification of the conic constant for the major and minor curvatures. The biconic 

surface is more general and will serve well for modeling the surfaces of the eye. For 

characterization of systems other than the eye, the choice of which type of surface to use 

for the model would depend on any prior knowledge of the surfaces being tested. If the 

surfaces being tested are completely unknown, the best choice will be a very general 

surface with the same number of parameters as independent pieces of data gathered. 

If the curvature of the surface is measured at multiple distances from the apex of 

the surface, the conic constant of the surface can be determined. The precision of the 

result will be better for larger separations of the sampled points on the surface. Solving 

for different conic constants for different meridians would require measurements of the 

curvature at multiple distances from the surface apex for each meridian. 

For multiple LEDs sources arranged in a ring centered on the optical axis of the 

system, one surface will reflect the ring of LEDs producing an image of the ring that will 
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be circular if the reflecting surface has one radius of curvature or an ellipse if the 

reflecting sivface is toric. If the vertex of the reflecting surface is normal to the optical 

axis of the imaging system, the center of the image ring will lie on the optical axis. If 

there is any tilt between elements of the system under test, the centers of the ring images 

from each surface will not be coincident. This information can be included in the 

optimization targets to solve for tilt between elements. Each additional variable, however, 

slows down the optimization. 

Given the image height and spot size of an in-focus image, there is one solution 

for the surface curvature and position. For an out of focus spot, however, there are 2 

possible solutions for the surface curvature and distance. The 2 solutions will be on 

opposite sides of focus. If it is known that the surface curvature lies in some range, it may 

be possible to eliminate one of the solutions because it lies outside the known range. 

When measuring a completely unknown system, there may be clues in the image to 

determine which side of focus the image is on. The image spots can be observed while 

the camera is translated through focus to determine which side of focus to use for the 

solution. 

The range of radii of curvature that can be measured depends on the imaging 

system and source configuration. Testing larger radii of curvature requires either smaller 

source separation or less magnification by the imaging system to flt the ring image onto 

the image plane. The equivalent power of the reflection from each buried surface 

determines whether its ring image will fit on the image plane or not. Therefore, the range 

of radii that can be measured for each buried surface depends on the radius of curvature 
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and thickness of all the preceding surfaces. In addition, the clear aperture of the elements 

preceding a surface determines whether the reflected light passes out of the system or is 

vignetted. 

Positive and negative elements can both be measured. The presence of positive 

and negative elements is fairly simply determined. The ring image will be inverted for 

reflections from positive elements relative to the reflections from negative elements. 

Flashing a single source off and on will show the corresponding image point for each 

surface and it can be determined whether the spot is on the same side of center for each 

surface. 

One of the difficulties in measuring a system with many surfaces is the confusion 

as to which image spots come from which surface. Some a priori knowledge of the 

system is very helpful in this case. In a general optical system, some surfaces may have 

anti reflection coatings, producing dimmer reflections than uncoated surfaces. Positive 

and negative surfaces can be determined by the positive or negative image height of a 

single source. It may be possible to cover the last surface with Vaseline or some other 

substance to eliminate one set of reflections. The reflections from the each of the ocular 

surfaces have distinctive properties that help in identification. For the eye, we have many 

clues to correctly identifying the surface causing a specific image spot. As was described 

in a previous chapter, the first Purkinje is very bright, the third Purkinje looks diffuse and 

the fourth Purkinje is inverted relative to the first and third Purkinjes. 

5.1.3 Spherical Surfaces 

The simplest surface to measure is a spherical surface with no tilts or decenters. In 
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this case, image heights and rms spot radius will be the same for all objects at the same 

height and distance from the surface. If one image height and spot size are weighted as 

targets in the optimization, there will be two possible solutions when the image is not at 

best focus as described previously. Table 5.1 shows the variation in image height and rms 

spot radius through focus for spherical surfaces with various radii of curvature. An 

intersection of two curves demonstrates the fact that two surfaces of different curvatures 

can have the same combination of image height and spot size. For example, the plots for 

the 6 mm radius of curvature surface and the 9 mm radius of curvature surface intersect at 

an image height of-1.289 nun and a spot radius of 0.39 mm. This corresponds to a 

source to surface distance of 67 mm for the 6 mm radius surface and a distance of 90 mm 

for the 9 mm radius surface. The minimum spot size for each radius of curvature 

corresponds to the in focus image and does not have an intersection with any other 

curves. 
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RMS Spot Size vs Image Height 

Surface Radius 

• 6.0 mm 

• 6.5 mm 

7.0 mm 
X 7.5 mm 

X 8.0 mm 

• 8.5 mm 
+ 9.0 mm 

- 9.5 mm 

— 10.0 mm 

• 10.5 mm 

Table 5.1 Through focus image height and spot size for a single source when reflected 
surfaces with various radii of curvature. The intersections of the curves show that for an 
image height and spot size pair, there are 2 solutions for the radius of curvature of the 
surface. 

If image heights and spot sizes from 2 different object heights are used as targets, 

there is a unique solution for the surface curvature and position. Table 5.2 plots the image 

height versus spot size for 2 sources that are reflected by either a 6 mm radius of 

curvature surface or a 9 mm radius of curvature surface as the camera is translated 

through focus. Figure 5.2 shows the location of the sources relative to the camera. Source 

1 is located 49 mm above the optical axis and source 2 is located 38 mm above the 

optical axis. Source I is 29 mm closer to the surface under test than source 2. There will 

be combinations of surface curvatwe and position that meet the targets for each source 

individually but only one surface will meet the targets for both sources with the same 

amount of camera translation. In table 5.3, the curves for the 6 mm surface and the 9 

-2.5 -2 -1.5 -I -0.5 

Image Height (mm) 
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RMS Spot Size vs Image Height Througii Focus 

IntefKctign 
^ Point Sourc^ 

Intersection ^ 

B 
E 

5 
i 

s X 

Point Sourcc I 

-2.5 -1.5 -1 

Image Height (mm) 

-0.5 

• 6.0 mm Source I 
• 6.0 mm Source 2 

9.0 mm Source I 
X 9.0 mm Source 2 

Table 5.2 RMS spot size and image heigiits tiirougii focus for 2 sources and 2 surfaces. 

Source 1 

Source 2^ 

mm 
49 mm 

Figure 5.2 Schematic of source placement relative to camera. 

mm surface intersect at a camera translation of 67 mm for the 6 mm surface and 90 mm 

for the 9 mm surface for source 1. For source 2, the curves intersect at a camera 
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translatioii of approximately 64 mm for the 6 mm source and approximately 93.5 nun for 

the 9 mm surface. In order for both surfaces to match the targets from both sources, the 

camera translation for one surface would have to be the same for both sources. The 

arrangement of the sources is somewhat arbitrary. The greater the difference in field 

angles for the 2 sources however, the better the accuracy will be in solving for the surface 

curvature and position. 

If the images were in focus, we could find a unique solution by just using image 

heights as targets. When the reflections are out of focus, we have three unknowns: the 

degree of defocus, the camera to surface distance, and the surface curvature. In order to 

have a unique solution, three pieces of data are needed. With 2 sources, we have 2 image 

heights and 2 spot sizes. We can use any three of the four available targets to specify a 

spherical surface. 

5.1.4 Rotationally Symmetric Conic Surfaces 

A conic surface has a variation in curvature as we move out from the apex. The 

three pieces of data used to find a single curvature for a spherical surface will not 

uniquely specify a conic. We need one more piece of data. We simply use all 4 targets 

from the 2 sources. By doing this, we can let the conic constant be a variable even if the 

surface is known to be spherical and the solution will have a conic of zero. 

5.1.5 Toric Surfaces 

If the surface has toricity, we must solve for the curvature in at least 3 different 
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meridians to resolve the axes of the major and minor curvatures. In the optimization, we 

have variables on the following quantities: major and minor radii of curvature of the 

surface, conic constants for the major and minor axes, axis of rotation, and camera to 

surface distance. We also need an indication of the degree of defocus for the camera. This 

results in a total of 7 variables. The sources must be chosen to give us 7 independent 

Figure 5 J Source configuration to measure toric surface with conic constants. 

pieces of data. We can use the configuration shown in figure 5.3 to arrange the sources. 

In theory we only need sources on one side of center but as mentioned in the section on 

phakometry, we need a pair of sources equally spaced about the axis to determine a 

center as a reference for image height. The sources sample the surface along 4 meridians 

and at 2 different distances from the apex. We now have image height and spot size for 4 

sources giving us 8 data points, which will give us a unique solution for the surface. 

5,2 Errors in Reverse Optimization 

5.2.1 Local Minima 
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Optimization is a process where variables are changed in a stepwise manner in a 

direction that reduces the value of the merit fimction. The value of the merit function over 

the variable space may have multiple minima. A common problem with optimization is 

that the solution often depends on the starting values of the variables. To begin an 

optimization run, each variable must be given some initial value. These initial values can 

be chosen at random chosen as a first estimate of the expected value if some prior 

knowledge of the system exists. The optimization results often depend on the starting 

values for the variables. One starting point may lead to a local minimum that the 

optimization routine cannot escape. The absolute minimum would not be found. When 

the exact values to 6 significant decimal places for the image height and spot size targets 

are used, it is easy to distinguish a true merit function minimum from a local minimum 

because the merit function value for the true minimum is generally 3-5 orders of 

magnitude smaller. If real data is used for the target values however, the measurement of 

image height and spot size can usually only be made to 2 or 3 decimal places and the 

differences between the absolute minimum and the local minima are smaller. 

One solution is to pick multiple random starting points for the variables. This will 

result in a solution for each starting point but some or all of the solutions may be 

redundant. If the target values are perfect, the solution with the lowest merit function 

value should be chosen as the true solution. If there is noise in the data however, it will be 

difficult to distinguish between the absolute minimum and a local minimum. In general, 

the solution with the lowest merit function value must be taken as the best estimate. 



88 

5.2.2 Image Analysis 

The problems associated with analyzing digitized images were discussed in 

chapter 4. Errors in centroid location limit the accuracy of the results obtained by 

optimization. In the theoretical analysis of reverse optimization phakometry, exact values 

were used for the image height and spot size targets. These values were taken out to the 

nearest 0.001 micron. The best resolution in image centroiding of a digital image is 

approximately 1/10 of a pixel. Typical reflected image spot sizes run from about 50 

microns up to a few hundred microns in diameter. To assess this error we model a 

spherical surface and find the image height and spot size for a single source at some 

camera position. The image height and spot size are then rounded to the nearest 10 

microns. These values are used as the targets for optimization. For a surface with a 12.5 

mm radius of curvature, an image height of 2.72 mm and a spot radius of 0.62 mm, the 

error in distance to the surface is approximately 0.03% and the error in the surface radius 

of curvature is 0.13%. If we use a different source closer to the optical axis with an image 

height of 0.73 mm and a spot radius of 0.62 mm we find a 0.2 % error in the distance to 

the surface and 0.16% error in the radius of curvature. The error in optimization will 

depend on how great the rounding error is relative to the actual value of the target. 

The calculation of spot size depends greatly on the threshold level used in 

separating the spot from the background. If the spot irradiance drops off gradually to the 

background level, a change in threshold value will change the number of pixels included 

in the calculation. If the spot has sharp edges, the threshold level will have less of an 

effect. If the spot saturates the CCD array, the irradiance profile is lost and the rms spot 



89 

radius will be incorrect. For a saturated spot, it may be possible to fit a curve to the non-

saturated portion of the image to make a better estimate of the spot size. To fit a curve 

however, we must first choose the form of the curve. The profile of an image spot will 

depend on the amount of defocus and aberrations present There is not in general a single 

curve that would be a good representation for a wide variety of spots. When the spots are 

bright enough to saturate the image however, they tend to have a gaussian profile. Once 

the non-saturated portion of the spot is fit to a gaussian, the spot radius can be estimated 

by the standard deviation of the gaussian. 

5.2.3 Surface Tilts and Decenters 

If the surface under test is tilted or decentered relative to the optical axis of the 

imaging system, the sources will be reflected fi-om different areas of the surface. Tilts and 

decenters can be added to the model as variables and we can no longer take the distance 

between a pair of sources as the image height Instead we must find the exact position of 

the image spot relative to the optical axis of the imaging system. The optimization 

becomes much slower when tilts and decenters are added. 

If a decenter is present in the image but not solved for in the optimization, there 

will be an error in the solution. The center of the source array would be assumed to lie on 

the optical axis of the imaging system and the image heights would be taken as the 

separation of the image spots. For a tone surface with major and minor radii of curvature 

of 8.5 nun and 8.0 mm aligned with the x and y axes, and a decenter of 0.5 mm, the 

solution would give radii of 8.509 mm (0.1% error) and 8.2 mm (2.5% error). Next we 

look at the case of a spherical surface with a radius of curvature of 8 mm that is 
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decentered by 0.5 mm along the x axis. If we knew ahead of time that the surface was 

spherical and solved for a single radius of curvature, the resulting radius is 8.11 mm (1.4 

% error). If no knowledge of the surface is included and the modeled surface is allowed 

to be toric, the two radii are found to be 8.21 mm (2.6 % error) and 8.01 mm (0.1 % 

error) and the spherical surface appears to be toric. 

A tilt of the surface will have similar effects on the results. It is obvious that these 

errors can be quite large and have a detrimental effect on the results leading to errors in 

surface shape. With a glass optical system on a bench, it may be possible to perform 

careful alignment of the system to eliminate tilt and decenter of the first surface relative 

to the imaging system but other elements in the system may be tilted relative to the first 

surface. It is clear that tilts and decenters must be included in the optimization. 

When measuring the surfaces of the eye, it is very difficult to perform a careful 

alignment of the subject to the instrument. Even when the subject is presented with a 

fixation target, there will likely be some eye movement during the course of 

measurement. While it is possible to set tilt and decenter variables for each surface being 

tested, it may not be worth the added complexity. Having more variables in the 

optimization increases the probability of the optimization hitting a local minimum. Also, 

if errors due to image analysis and noise are significant, the errors due to ignoring tilts 

and decenters may not be as important. 

5.2.4 Propagating Errors 

If there is some error in the data collected &om one surface, it will have an effect 
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on the solution for the all other surfaces in the system. The optimization tries to change 

all surfaces to fit all of the data so even surfaces in front of the surface in question will be 

affected. If all configurations are optimized simultaneously, the effect of an error in a 

single piece of data will be small since it will be averaged out by the data from the other 

surfaces. If the surfaces are optimized one by one and their values are fixed before 

optimizing the next surface, the effect of the error in a single surface will have a greater 

effect. If a piece of data is suspect, it can be given a lower weighting in the optimization 

to try to reduce the error. In general however, it will be difficult to estimate the error in 

individual target values in order to choose a new weighting. 

For a BK7 biconvex lens with spherical surfaces with radii of 8mm and thickness 

of 3 mm, we can add some error to the targets to see the effect on the various variables. 

Eight sources are used as depicted in figure 5.5. If we use a 3% error in image heights for 

the outer ring for the fix)nt surface, we find a 1.75% error in the first surface radius, 

0.05% error in the source to surface distance, 0.75% error in the second surface radius 

and 1.7% error in the lens thickness. For a 3% error in the image heights for the outer 

ring and second surface, we have less than 1% error for the radii and source to surface 

distance and 7.3% error in the lens thickness. Thus we see that an error in data from 

either surface affects all of the variables. 

5,3 System Description 

We built a prototype reverse optimization phakometer to attempt to measure the 

toricity of the lenticular surfaces. Front and side views of the instrument are shown in 
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figure 5.4. Four near infrared LEDs (OptoDiode OD 880F) were mounted in each of 2 

sheets of Piexiglas to form two rings of LEDs as illustrated in figure 5.3. The front sheet 

of plexiglass was mounted 29 mm in front of the second sheet. The camera was a Pulnix 

TM9701 progressive scan camera with 768 x 484 pixels, each pixel being 11.6 x 13.6 

microns, and 8 bits per pixel. The imaging lens used was an achromatic doublet with a 

focal length of 60 mm and a 20 mm diameter with known element prescriptions. 

Figure 5.4 Front and side views of tiie prototype reverse optimization phakometer. 

The instrument was tested with measurement of steel balls and glass lenses. In the 

eye, however, we ran into difficulty capturing Purkinje images. The spectral response of 

this camera peaks at approximately 490 nm. The response at 880 nm, the wavelength of 

the sources we were using, was approximately 1/10 of the peak response. There was not 

enough light to capture the third Purkinje images. Brighter LEDs and a larger aperture 

imaging lens were used to try to increase light collection. 

Conventional phakometry usually asks the subject to fixate on a point somewhere 

between the camera and the sources to bring the third Purkinje toward the center of the 

pupil. We thought that this is done only to ease image capture. It turns out that a fixation 
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point between the camera and the sources is necessary. When we tried to capture third 

Purkinjes with a pair of sources on opposite sides of the optical axis, the subject fixating 

on the center of the camera lens, and dilated subject pupils, the third Purkinje reflections 

were not visible. The visibility of the third Purkinje appears to decrease as it £^>proaches 

the edge of the pupil. Modeling predicts that the reflection should not be vignetted when 

the pupil is dilated to at least 7 mm diameter, but it is possible that either tilt of the 

crystalline lens or increased flattening of the anterior lens surface at the edge is causing 

the third Purkinje reflection to disappear in this case. It may help to place the sources 

closer to the optical axis of the camera. Due to the large aperture on our imaging lens, 

however, we could not place the sources any closer to the optical axis without obstructing 

the aperture of the imaging lens. A beam splitter could be used so that the sources could 

be placed closer together but physically located off to the side of the camera. Beam 

splitters work by partially reflecting and partially transmitting light. This would cause us 

to lose some of the light fix>m our already dim sources so we did not attempt to use this 

configuration. If a camera with a better response at 880 nm was used, it might have been 

possible to explore this configuration. 

Instead, we placed a pair of sources with a smaller separation off to the side of the 

camera. With this setup, we were able to observe the third Purkinje only when the subject 

fixated on a point between the camera axis and the source location. When the subject 

looked straight into the camera, the third Purkinje was vignetted by the subject's iris. 

This means that in order to obtain images of the third Purkinje, we had to rotate the eye 

away fixim the optical axis of the imaging system. Based on the previous discussion of 



errors due to tilts and decenters, it is clear that this configuration would not measure the 

true curvature of the ocular surfaces. We then developed an experiment to look at these 

errors in phakometric measurements writh change in fixation. The modeling of this 

experiment in Zemax and the results of the experiment will be discussed in the next 

chapters. 
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CHAPTER 6. MODELING OF PURKINJES WITH 
VARYING FIXATION 

It is clear that the image height measured in phakometry depends on the specific 

region of the optical surface that reflects the light. When the eye rotates to fixate on 

different targets, the portion of the ocular surfaces that is sampled changes. This chapter 

will look at the predicted effects on phakometry from changing the subject's point of 

fixation. We will look at the effect of the radius of curvature, toricity, position, and conic 

constants of the ocular surfaces. All data presented in this chapter are based on results of 

modeling using real ray tracing in Zemax. 

Our starting point will be a generic eye with curvatures and thicknesses typical for 

an adult eye and spherical surfaces. Table 6.1 lists the parameters of this eye along with 

conic constants that will be used in later simulations. The center of rotation of the eye is 

located approximately 13.5 mm behind the corneal apex so this is the value we will use 

for our modeling. We start with an eye with a well-defined optical axis but we can also 

explore the effects when the crystalline lens is tilted and decentered with respect to the 

cornea. 

Surface Radius of 
Curvature 

Conic Constant Thickness to 
next surface 

Index after the 
surface 

Anterior 
Cornea 

7.8 -0.25 0.55 1.377 

Posterior 
Cornea 

6.5 0.0 3.0 1.337 

Anterior Lens 10.0 0.0 to -5.0 3.6 1.42 
Posterior Lens -6.5 -I.O 

Table 6.1 Parameters of Eye Model. 
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6,1 System Configuration for Modeling 

The source locations will match those used in our clinical experiment, which will 

be discussed in chapter 7. The sources are located 50 mm to the left of the camera axis 

and 25 mm above and below the horizontal axis as depicted in figure 6.1. The working 

distance of the camera is 165 mm. The sources are located 16.9 degrees off the optical 

axis and the source separation subtends an angle of 16.2 degrees at the eye. 

Top View 

Camera Subject's Eye 

50 mn^ 

LEDo 
Pair 

165 mm 

Front View 

LED Pair Camera Lens 

Figure 6.1 Sciieinatic of source locations relative to imaging camera and model eye for ray 
tracing. 

A lens is needed to image the Purkinje reflections but will not be included in these 

simulations. The imaging lens will contribute to the aberrations of the system but the 
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image field size is that of a CCD array which for our experiment is 8.9 mm x 6.6 nrni. 

This is a relatively small field and if a well corrected imaging lens is used, the aberrations 

contributed by the imaging lens should be small compared to that of the ocular surfaces. 

We needed to include the prescription of the imaging lens for reverse optimization 

phakometry because of the importance of measuring the spot sizes accurately. Here we 

are interested in the image heights for the first, second and third Purkinjes but the spot 

sizes are not being measured. We therefore ignore the effects of the imaging lens in these 

simulations. It is important to remember however, that the pupil of the imaging lens will 

be the stop of the system and we must include this in the modeling. The stop size and 

location will determine where the rays from the source will intersect with the ocular 

surfaces. We will use the approximate entrance pupil size and location for the imaging 

lens used in our clinical experiment as the stop for the Purkinje system. The stop for our 

modeling configuration is 25 nun in diameter and located 16S mm from the image plane. 

The stop is located in the same plane as the sources. We will look at the effect of the stop 

size and position on the Purkinje images. 

The model eye will be rotated in 1 degree steps. In practice this is done by 

translating a fixation target and asking the subject to follow the movement of the target 

by moving his eye and not his head. When the optical axis of the eye is aligned with the 

optical axis of the imaging camera, we are at 0 degrees. At 16 degrees of rotation, the 

optical axis of the eye is almost aligned with the horizontal position of the sources. We 

want to plot the Purkinje image heights versus the degree of eye rotation. In the clinical 

experiment, the exact rotation of the eye is not known. We can, however, measure the 
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horizontal separation of the various Purkinje pairs from the captured images. This 

separation between the Purkinjes varies with eye rotation and can be used in place of 

rotation angle to plot the variation in Purkinje height. 

The chief ray height at the image plane is taken as the Purkinje height. The image 

plane is defined as the plane where the rms spot size is minimized. This image plane 

location will be slightly different from the paraxial image plane in the presence of 

spherical aberration but corresponds more closely with the image plane that would be 

chosen in a clinical experiment. When viewing an image while focusing, the observer 

usually chooses best focus as the point where the edges of the image are sharpest or the 

blur is the least. A subjective choice may not correspond exactly with the minimum rms 

spot size but it should be close. 

6.2 First Purkinje Behavior as Predicted by Modeling 

6.2.1 Variation with Radius of Curvature of Cornea 

We vsdll look at the variation in chief ray height for the first Purkinje as the eye 

rotates through a range of 0 to 20 degrees. Table 6.2 shows the first Purkinje height with 

rotation for anterior corneal radius of curvature ranging from 7.0 mm to 8.8 mm. We see 

that there is an increase in image height with an increase in radius of curvature. There is 

also a slight increase in image height as the eye rotates away from the camera and 

towards the source position. The increase with eye rotation is less than 0.4% for the 

curvatures plotted. The change in image height is due to a decreased source to cornea 
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distance for the best focus image plane as the eye is rotated. When we rotate a sphere 

about a point other than its center of curvature, the effect is the same as decentering the 

surface. Here we have a cornea with a radius of curvature of 7.8 mm and we are rotating 

it about a point 13.S mm behind the vertex. For a 20 degree rotation of the eye, this is 

equivalent to 1.95 mm of decenter in the direction of rotation. This causes the source 

height to appear smaller in the direction of decenter. Generally, a decrease in object 

height will decrease the aberrations. A change in aberration content will change the 

position of the best focus plane. Shifting the image plane will change where we measure 

the chief ray height and can therefore have an effect on image height. In this case, the 

best focus image plane is found by translating the camera closer to the cornea as the eye 

is rotated. For the 7.8 mm radius cornea, the camera is translated approximately 0.3 mm 

closer to the eye as the eye is rotated out to 20 degrees. 

Fint Purkinje Height with Eye Rotation for Various 
Radius of Curvature Surfaces 

S 

0.6 + + -H 4- -h-^. ; 
0  <  > • • • • • • • • • • • • • • • • • • * '  •  > 1 . 6  m m  1  _ 

0.64 

0 5 15 20 10 
— 8.6 mm j j 

' 8.8mm!I 
' 'i 

Angle of Rotation (degrees) 

Table 6.2 Variation in Puricinje height for eye rotation and varying radius of curvature. 
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6.2.2Variatioii in Stop Size and Position 

Next we look at the change in first Purkinje height with changing stop size. The 

size of the stop does not affect the chief ray. The chief ray passes through the center of 

the stop and will be the same as long as the stop position remains the same. The 

aberrations of the spot will increase with increased stop size, which will affect the image 

spK)t size and image plane location. We find however, that for a stop size ranging firomlO 

to 30 mm in diameter, the image plane only shifts by 7 microns and the image height for 

the first Purkinje remains the same for this change in stop size. 

First Puridnje Heigiit Variation with Stop Position 

0.75 T 

i 
•g 0.65 Jm 
'S 0.6 —'•— 
®  ; : x * x * x x * x x x * x x * x x x * * x  V 0 <5 

g  0 5 '  

0.45 
0 5 10 15 20 

Angle of Eye Rotation (degrees) 

Table 6.3 Variation in first Purkinje iieight witii stop and source position. 

In the configuration we are using, the sources are mounted to and translate with 

the camera. When we change the stop position relative to the cornea, we also change the 

source to cornea distance and the working distance for the camera. When we move the 

sources closer to the cornea, the image of the sources moves deeper into the eye. The 

^ • 125 mm:: 

- • 135 mm , 

145 mm, • h 
X 155 mm;; 

X 165 mm |; 

~ • 175 mm i; 

- + 185mm; 

25 - 195 mm i 
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magnification increases and we expect a greater image height for stop positions closer to 

the eye. Table 6.3 shows the same slight increase in image height with eye rotation and a 

significant increase in image height as the stop and sources are placed closer to the 

cornea. Next we traced rays for the situation where the stop position is changed relative 

to the source location. This is equivalent to mounting the sources at a different position 

on the camera relative to the stop and changing the working distance of the camera. For 

this case, we see no significant variation in image height with stop position. This 

indicates that the predominant effect in table 6.3 is due to the decreased source to cornea 

distance resulting in increased magnification. 

6.2.3 Variation witii Conic Constant on Cornea 

Next we look at the effect of varying the conic constant on the anterior corneal 

surface. We have used a spherical surface with a conic of 0.0 until now. Table 6.4 shows 

that when we put a negative conic constant on the cornea, the image height is increased 

over the values for a spherical surface, but the image height decreases and then increases 

again as the eye rotates firom the camera axis to the sources. The variation in image 

height is 1 to 2 % over this range of eye rotation for the various conic constants. We 

know that the local curvature and thus the local power changes over a surface with a non

zero conic constant. The rays see a different power resulting in a variation in image 

height. Table 6.5 shows the x and y position on the cornea where the chief ray is 

reflected. 
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First Purkinje Image Height nith Vaiyii^ Conic Constant 

S 

Of) 

3S 
4> OA « s 

• k=0.0 

• k=--25r 
k=-.5 |i 

< k=-.75|i 

* k=-I.01; 

10 15 20 

Angle of Eye Rotation (degrees) 

Table 6.4 Variation in first Purkinje image height with varying conic constant on the 
anterior corneal surface. 
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Table 6.5 Point of reflection for the chief ray at the anterior cornea measured relative to 
corneal vertex. Eye is rotated from 0 to 20 degrees. 
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Table 6.6 plots the instantaneous radius of curvature for the same points. The 

instantaneous radius of curvature is the radius of a circle that matches the curvature of the 

surface at a point on the surface in the plane containing the surface point and the surface 

vertex. The variation in local curvature is considerable even over a range of 1 mm radius 

on the surface. The change in local power will also cause a change in conjugates 

necessary for an in focus image. The result is a change in image height for a conic surface 

as the eye rotates. 

Instantaneous Radius of Curvature 
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Table 6.6 Instantaneous radius of curvature at point of ciiief ray reflection for 7.8 mm base 
radius surface with various conics. 

6.2.4 Variation with a Toric Cornea 

Most astigmatism comes from the shape of the cornea. It is therefore of interest to 

see the change in Purkinje height for an astigmatic cornea. First we set the radius of 

curvature in the x direction to be 7.8 mm and vary the radius in the y direction. A 
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variation from 7.0 mm to 8.6 mm in one radius of curvature relative to 7.8 mm radius in 

the orthogonal direction gives us a range of astigmatism of approximately ± 5 diopters. 

Table 6.7 shows the Purkinje heights for this situation. The conic constants were zero for 

the biconic surface type. The Purkinje height changes almost as it would for a change in 

radius of curvature if the surface were a sphere. Comparing table 6.7 to table 6.2 we see 

that the change in image height with changing y radius of curvature on the toric is less 

than for a sphere. We know that the curvature of a toric surface varies between the 

maximum and minimum curvatures as we proceed around the surface. At the point of 

reflection, the curvature will be some value between the maximum and minimum. 

First Purkinje Height Variation for a Toric surface with 
Varying Y Radius of Curvature 
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Table 6.7 Variation in first Purkinje height for a toric cornea with a radius of curvature of 
7.8 mm in the vertical direction and varying curvature in the horizontal direction. 

The effects of fixing the radius of curvature in the y direction and varying the 

radius in the X direction, are shown in table 6.8 results. The variation in Purkinje height 

is very small because the image height is dictated by the local power in the y direction. 
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which will aot change much as we vary the curvature in the x direction. The shape of the 

curves are interesting with a spread in values at 0 degrees of rotation and a converging of 

image height values as we move towards 20 degrees of rotation due to the variation in 

local curvature. 

First Purkinje Image Height for Toric Surface with 
Varying X Radius of Curvature 
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Table 6.8 First Purkinje image height for a toric cornea with varying radius of curvature in 
the horizontal meridian and fixed radius of curvature in the vertical meridian. 

If we rotate the axis of astigmatism to 45 degrees and vary the amount of 

astigmatism, the results are as shown in table 6.9. The power of the cornea varies due to 

the astigmatism as we rotate the eye. 
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Urst Purkinje bnagc Height for Toric Cornea with IVfajor Axis 
Rotated45 Degrees 

0.65 
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Table 6.9 First Purldnje Image Height for an astigmatic cornea with the major and minor 
axes rotated 45 degrees. 

6.2.5 Spot Diagrams and Ray Fan for First Purldnje 

The spot diagrams for the first Purkinje with a base corneal radius of 7.8 mm and 

a conic of -0,25 are shown for eye rotations of 0, 10 and 20 degrees are plotted in figures 

6.2, 6.3 and 6.4 respectively. The spot size does not change much over the range of 

rotation and shows the presence of coma. The tangential and sagittal ray fans are plotted 

for 0 degrees of eye rotation in figure 6.5. As with the spot diagrams, the ray fans do not 

show much variation with eye rotation so we have only included the ray fan for 0 

degrees. We see the presence of astigmatism and coma in the ray fan. 
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V 

Figure 6.2 Spot diagram for first Puritinje with k=-0.25 and 0 degrees of eye rotation. Scale 
is 20 microns. 

Figure 6J Spot diagram for first Purkinje with k=-0.25 and 10 degrees of eye rotation. Scale 
is 20 microns. 
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Figure 6.4 Spot diagram for first Puritinje witii k=-0.25 and 20 degrees of eye rotation. Scale 
is 20 microns. 

C3BJ: -50.00. 25.00 MM 
EY EX 

PX 

Figure 6.5 Ray fan for first Purkinje reflection at 0 degrees eye rotation. Scale is ± 10 
microns. 

6,3 Third Purkinje Behavior as Predicted by Modeling 

We next look at the variation in the third Purkinje reflection as the eye rotates 

through the same 20 degree range. Since the anterior lens surface is behind the cornea. 
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we have a few more variables to examine. In addition to the factors examined for the first 

Purkinje, we will look at the variation in third Purkinje with changing corneal curvature 

and with variation in the anterior chamber depth. We will also look at the results when 

the crystalline lens is tilted or decentered relative to the cornea. 

6.3.1 Variation witii Anterior Lens Radius of Curvature 

To model the change in third Purkinje height with changing anterior lens radius, 

we choose a corneal radius of 7.8 mm. The cornea is spherical for these simulations. The 

corneal thickness is 0.55 mm and the posterior corneal surface has a radius of curvature 

of 6.5 mm. The anterior chamber depth is fixed at 3.0 mm. We assume a range of 

curvatures for the anterior lens for a relaxed eye. Table 6.10 plots the third Purkinje 

image height for an anterior lens radius of curvature from 9.0 mm to 11.0 mm. We see 

the increase in image height with increasing radius as we did for the first Purkinje. We 

also see that the third Purkinje has a maximum near 7 to 8 degrees of eye rotation. The 

variation in image height is approximately 1% across the 20 degree range of eye rotation. 
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Third Puridnje Image Height with Varying Anterior Lens 
Curvature and Eye Rotation 
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Table 6.10 Third Purkinje image height for varying anterior lens radius of curvature and 
eye rotation. 

6.3.2Variation with Conic Constant on Anterior Lens 

Next we look at the variation in third Purkinje height with variation in the conic 

constant on the anterior lens. Various schematic eyes have been proposed with anterior 

lens conic constants of-3.06 [Kooijman, 1983] and -3.13 [Navarro, Santamaria, and 

Bescos, 1985] in an attempt to match aberration content of the eye and limited data on 

cadaver lenses [Howcraft and Parker, 1977]. For a 10 mm radius of curvature anterior 

lens surface, we vary the conic constant from 0 to -5. Table 6.11 plots the third Purkinje 

height for different conic constants on the anterior lens surface. We see that the shape of 

the curve inverts from a conic of 0 to a conic of-1.0. The change in image height across 

the range of eye rotation varies from 3% for a conic of 0 to over 25% for a conic of-5.0. 

Image height was not plotted for the highest angles of rotation for a conic of -5 and a 
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conic of -4 because these configurations could not be optimized due to vignetting by the 

iris. 

Variation in Third Purkinje Image Height for Varying 
Conic Constant on the Anterior Lens 
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Table 6.11 Variation in third Purkinje image iieigiit for an anterior lens with a base radius 
of curvature of 10.0 mm and varying conic constant 

Table 6.12 plots the position of the third Purkinje chief ray at the cornea and 

anterior lens with eye rotation. The rays hit the cornea much farther from the vertex than 

where the first Purkinje rays are reflected. The rays also intersect the anterior lens fairly 

far from the surface vertex. This means that the effect of the conic constant on the local 

curvature will be greater since we are farther from the vertex. 
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Third Purkinje Chief Ray Position at the Cornea and 
Anterior Lens 
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Table 6.12 Third Purkinje chief ray position at the ocular surfaces with eye rotation. 

6.3.3 Variation with Corneal Curvature and Corneal Conic Constant 

When the power of the comea changes, the effective power of the third Purkinje 

reflection is changed as described by equation 2.4. The effect of a change in radius of 

curvature of the comea is then a shifting of the third Purkinje image height curve in the 

vertical direction but the shape of the curve will be the same. 

If we vary the conic constant on the anterior corneal surface however, the shape 

of the third Purkinje unage height curve changes as shown in table 6.13. The conic 

constant on the anterior lens for these simulations is 0. If we use a different value for the 

conic constant on the anterior lens, we expect to see the same decrease in third Purkinje 

image height across the range of eye rotation with increasingly negative conic constants 
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on the comea. 

Third Purkinje Image Height with Varying Anterior 
Corneal Conic Constant 
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Table 6.13 Third Purkinje image height for varying conic constant on the anterior cornea. 

We are seeing the effect of the rays hitting difTerent portions of the comea and 

lens as we rotate the eye. We have already discussed the fact that the local power on a 

surface changes for a non-spherical surface. Here we see the combined power of the 

comea and lens. In section 2.5 we compared the intersection points at the comea for the 

rays forming the first and third Purkinjes. The third Purkinje rays sample the comea 

farther from the vertex than the first Purkinje rays. We must remember however, that the 

first Purkinje is reflected at the comea for a power of —2/R and the third Purkinje is 

refracted at the comea for a power of (n'-n)/R, where n'-n is approximately 0.377. The 

third Purkinje rays will see a greater change in R due to the conic but the first Purkinje 

rays will still see a large change in power in reflection due to the conic. 
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6.3.4 Variation with Stop Size and Position 

When the stop size is varied from 10 mm diameter to 30 mm diameter there is a 

very slight increase in the third Purkinje image height. The increase is less than 0.5% and 

is most likely due to slight changes in the aberrations of the third Purkinje reflection 

resulting in a very slight shift in image plane location. 

When the stop position is varied from 125 mm to 195 mm in front of the cornea, 

we see the same vertical shift in the image height curves that we saw for the first Purkinje 

in table 6.3. As mentioned before, this is really a change in the object distance since the 

sources translate with the camera and stop and the result is a change in magnification. 

We can also look at the configuration where the stop position is varied relative to 

the source position. The overall source to cornea distance remains the same as we vary 

the stop position. We find that there is no significant change in the third Purkinje image 

heights as we change the stop to image plane distance from 125 mm to 205 mm. As the 

stop moves closer to the eye, it will have a larger angular size as seen from the cornea. 

Rays from a larger range of angles emerging from the eye will then pass through the stop. 

This will increase the aberrations of the spot image but if the source to cornea distance 

remains approximately the same, the magnification of the system will not be changed. 

The chief ray intersection point with the surfaces will change as the stop position changes 

but as long as the aberrations do not change the best focus image plane by any significant 

amount, the chief ray height at the image plane will not be altered. 
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6.3.5 Variation with Anterior Ciiamber Deptii 

As we vary the anterior chamber depth, we change the power of the third Purkinje 

reflection as described by equation 2.4 where the variable T is the anterior chamber depth 

divided the index of refiaction of the aqueous humor. An increase in anterior chamber 

depth decreases the overall power of the third Purkinje reflection. This causes an increase 

in the image height. For a change in anterior chamber depth from 2.4 mm to 3.4 mm, the 

image height increases by approximately 0.15 mm or 12%. 

6.3.6 Variation witii Astigmatic Surfaces 

If we make the anterior lens surface astigmatic we will see the same shift in third 

Purkinje height that we saw with an astigmatic cornea for the first Purkinje. The image 

height will increase or decrease depending on the local power of the anterior lens where 

the rays are reflected. For a variation in the y radius of curvature, the curves are shifted 

vertically. When the x radius of curvature is varied, the image heights do not change 

significantly. For astigmatism oriented at 45 degrees, the curves are tilted as the amount 

of astigmatism varies. Table 6.14 shows the results for a base radius of curvature of 10 

mm with astigmatism at 45 degrees. The orthogonal radius of curvature is varied from 9 

to 11 mm. This is equivalent to approximately ± 1 diopter of astigmatism on the anterior 

lens. For this simulation, the cornea has a 7.8 mm radius of curvature and a conic of 

-0.25. The anterior lens has a conic of-3.0. 
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Third Purkinje Image Height with Astigmatism at 45 
degrees on Anterior Lens 

« 9.0 mm 

• 10.0 mm 

11.0 mm 

5 10 15 20 25 

Angle of Eye Rotation (degrees) 

Table 6.14 Third Purkinje image height for an astigmatic anterior lens. The lens conic 
constant is -3.0. The astigmatism is oriented at 45 degrees. 

If we combine astigmatism on the cornea with astigmatism on the lens, we expect 

to see a change in the third Purkinje image height that is a combination of the effects 

from each surface. The result will have the basic shape of the third Purkinje curve 

depending on the conic on the anterior lens and will be shifted or tilted by the combined 

astigmatism. 

6.3.7 Spot Diagrams and Ray Fan for Third Puridnje 

Figures 6.6 through 6.8 show spot diagrams for the third Purkinje for 0, 8, and 20 

degrees of eye rotation. The spot diagram at 8 degrees was included because this is 

approximately the rotation for the best third Purkinje imagery. Rays were traced for a 

corneal radius of curvature of 7.8 mm with a conic constant of -0.25 and an anterior lens 
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with a radius of curvature of 10.0 mm and a conic constant of -3.0. The ray fan for 0 

degrees of eye rotation is plotted in figure 6.9. From the ray fan, we see that both coma 

and astigmatism are present in the image. The spot sizes are much greater than those for 

the first Purkinje. Because the power of the third Purkinje reflection is much less than 

that of the first Purkinje reflection, the size of the third Purkinje ray bundle at reflection is 

much greater. The third Purkinje bimdle has a footprint radius of approximately 0.5 mm 

at the anterior lens whereas the first Purkinje bundle has a footprint radius of 

approximately 0.3 mm at the cornea. This results in a higher aberration content for the 

third Purkinje reflection. 

Figure 6.6 Spot diagram for tiiird Puridnje at 0 degrees of eye rotation. Scale is 400 microns. 



Figure 6.7 Spot diagram for third Puritinje at 8 degrees of eye rotation. Scale is 100 microns. 

Figure 6.8 Spot diagram for third Purkinje at 20 degrees of eye rotation. Scale is 1000 microns. 
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Figure 6.9 Ray Tan for third Purkinje at 0 degrees eye rotation. Scale is ± 100 microns. 

6.3.8 Tilt and Decenter of the Crystalline Lens 

It is well known that the crystalline lens is tilted relative to the axis of the cornea. 

The amount of tilt varies from person to person but is generally about 3 to 7 degrees 

about the y axis with the nasal side of the lens rotated away from the cornea. There can 

also be some tilt about the x axis but to a lesser degree. Table 6.15 shows the change in 

the third Purkinje height with a tilt in the crystalline lens. The basic shape of the third 

Purkinje image height curve stays the same but is tilted as the lens tilts. 

The crystalline lens can also be decentered relative to the optical axis of the 

cornea. One study suggests that the amount of decenter is up to 0.1 mm [Duime et al., 

1995]. The study only gives tilt in the horizontal direction. Table 6.16 shows the modeled 

results for a lens decentered up to 0.5 mm. The effect is again a tilt of the third Purkinje 

curve but the tilt is much less than that for tilt of the lens. 



120 

Third Purkinje Image Heigiit with Tilt of the Crystalline 
Lens 
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Table 6.15 Third Purkinje image height with a tilted crystalline lens. 
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Table 6.16 Third Purkinje image height with lens decentered in x direction. 

6,4 Fourth Purkinje Modeling 

At this point, it would seem logical to model the behavior of the fourth Purkinje in the 
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same way we have modeled the first and third Purkinjes. The problem is that the 

refractive index profile of the lens will play an important role in tracing rays for the 

fourth Purkinje. If we trace rays for a lens with a single equivalent index, we find that the 

rays sample a portion of the posterior lens fairly close to the apex. Also, due to the 

concave shape of the posterior lens, the rays are reflected through the eye in a somewhat 

symmetric manner. The bundle intersects the cornea and anterior lens on one side of the 

vertex as the rays propagate into the eye. After reflection at the posterior lens surface, the 

rays intersect the anterior lens and cornea on the opposite side of the vertex. Table 6.17 

shows the x and y height of the chief ray at each of the ocular surfaces as the rays refract 

through the eye and reflect at the posterior lens to form the fourth Purkinje image. The 

rays intersect the posterior lens approximately -0.3S mm below the vertex. The fourth 

Purkinje chief ray intersects the cornea at about the same height as where the first 

Purkinje chief ray is reflected but the first Purkinje reflection point scans across the 

cornea from approximately -I mm to +1 mm in the x direction as the eye rotates. Since 

the fourth Purkinje only samples a very small area of the cornea, we do not expect the 

shape of the cornea to affect the behavior of the fourth Purkinje with eye rotation. We 

would see some variation in the fourth Purkinje image height with eye rotation for 

changes in the anterior lens and the posterior lens shapes. The fourth Purkinje chief ray 

intersects the anterior lens fairly closely to the vertex. The variation in power over the 

anterior lens will be smaller for the fourth Purkinje than for the third Purkinje because the 

anterior lens is refracting the fourth Purkinje and not reflecting it. The power of the 

anterior lens will be approximately (n'-n)/R or (1.42-1.336)/R=0.084/R in refraction but 
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-2.672/R in reflection. It is difficult to measure the conic constant on the posterior lens 

due to the uncertainty in the index of refraction profile. Schematic eye models have used 

a value of-1.0 to match the optical performance of the eye [Kooijman, 1983], [Navarro, 

Santamaria, and Bescos, 1985]. We expect the predominant effect on the fourth Purkinje 

image height with eye rotation to be due to the shape of the posterior lens. We do not 

expect the variation in fourth Purkinje image height to be very large because the chief ray 

intersects the posterior lens close to the vertex. 

Chief Ray Position at the Ocular Surfaces When Forming 
the Fourth Puridnje 
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Table 6.17 Fourth Purkinje Chief ray position at the ocular surfaces with rotation of the eye. 

6,5 What Does this Mean for Comparison Phakometry? 

Comparison phakometry uses the ratio of the Purkinje heights to calculate the 

radii of curvature of the lens surfaces. Clearly if the image heights vary as the eye rotates, 

the value of the Purkinje ratio will vary as well and the value calculated for the lens 
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radius will vary with fixation. We now look at the ratio of the third Purkinje height to the 

first Purkinje height with eye rotation. For this simulation, we choose a cornea with a 7.8 

mm radius of curvature and a conic constant of -0.25. The anterior chamber depth is 3.0. 

The anterior lens has a 10 mm base radius of curvature and a conic of -3. We choose 

these values as being typical or average values for the ocular surfaces. We know that the 

variation in first Purkinje image height with eye rotation is not very large so we expect 

the variation in the Purkinje ratios to take the shape of the third Purkinje image height 

variation. Table 6.18 plots the calculated Purkinje image height ratio. The ratio has a 

P3/P1 Ratio versus Eye Rotation 
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Table 6.18 Ratio of third Purkinje image height to first Purkinje image height with eye 
rotation. 

minimum of 1.94 at 8 degrees of rotation. The image height ratio is 2.10 at 0 degrees and 

2.33 at 20 degrees. We can use the comparison phakometry equations to calculate the 

anterior lens radius based on the predicted image height ratios. 

Table 6.19 shows the calculated values for the anterior lens radius based on 

comparison phakometry equations. The minimum value is 10.13 mm at 8 degrees of eye 
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rotation. Eight degrees of rotation corresponds to the optical axis of the eye lying half 

way between the camera axis and the source position. The calculated value never equals 

the true base radius of curvature of 10 mm because of the presence of conic constants on 

the ocular surfaces. The error in calculated anterior lens radius is 6.5% at 0 degrees and 

13.4% at 20 degrees. 

Anterior Lens Radius Calculated by Comparison 
Phaicometry 
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Table 6.19 Anterior lens radius calculated by comparison phakometry equations using 
Purkinje image height ratios from figure 6.26. 

Certainly the amount of error varies with eye rotation and will also vary with the 

conic constant value on the cornea and anterior lens. This is an important result for 

comparison phakometry. The location of the fixation target will affect the measured value 

for the anterior lens radius of curvature. 

For these simulations, we have used the ratio of the third Purkinje height and first 

Purkinje height at the same degree of eye rotation. Comparison phakometry sometimes 
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uses the ratio of the first and third Purkinjes with different fixation points. The variation 

in first Pnrkinje height is small enough compared with the variation in third Purkinje 

height that this will not affect the overall result. 

Finally, we plot the angle of eye rotation versus the horizontal separation of the 

first and third Purkinje images in Table 6.20. As mentioned previously, we cannot be sure 

Horizontal Separation of First and Third Puridnjes versus 
Angle of Eye Rotation 
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Table 6.20 Horizontal Separation of the first and third Purkinje images versus angle of eye 
rotation. 

of the exact degree of eye rotation in a clinical experiment but we can measure the 

separation of the first and third Purkinjes in the same image. The relationship is not 

exactly linear but very close for this range of eye rotation 

Our modeling of the third Purkinje image height with fixation point has some 

important indications for comparison phakometry. The fact that comparison phakometry 

uses the ratio of the first and third Purkinje image heights in paraxial equations to 

calculate the base curvature of the anterior lens leads to errors. The flattening of the 
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anterior lens at the edges must be taken into consideration which cannot be done with 

paraxial equations. The location of the fixation point must be considered carefully. It may 

not be possible to pick a standard fixation point for all subjects due to the variations in 

crystalline lens tilt and pupil size but for repeatability of measurements and comparison 

of data in longitudinal studies, some standardization of the source, camera and fixation 

point must be made. 
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CHAPTER?. CLINICAL EXPERIMENT 

7,1 Equipment 

In order to explore the variation in Purkinje heights with varying fixation position, 

we set up an apparatus to capture the first, third and fourth Purkinje images for a group of 

human subjects. The experiment used two infrared LEDs as the sources. The LEDs 

(Opto-Diode ODSOL) had a peak radiance at a wavelength of 880 nm and a peak 

irradiance of ImW/cm^ at a distance of 165 nun with 300 mA of current. The sources 

were placed SO nrni to the left of the optical axis of a Pulnix TM-9701 progressive scan 

CCD camera. The camera had 768 x 484 pixels on a 2/3" array. One source was 25 nun 

above the optical axis and the other source was 25 mm below the optical axis. A 

Computar TV lens with a focal length of 75 nun was used to image the Purkinje 

reflections onto the CCD array. The lens was used at F/1.4. An extension tube was used 

between the CCD array and the lens to obtain the proper imaging conjugates. The lens 

was focused at the distance of 165 mm. The magnification of the camera was -0.525. The 

pixels on the CCD array were 11.6 microns x 13.6 microns so each pixel represented 22.1 

microns x 25.9 microns in the object space. The subject was positioned in a chin rest 

with the eye approximately in focus in the center of the field of view of the camera. 

The fixation target was an illuminated fiber tip that could be translated 

horizontally &om the source position to the optical axis of the camera. The target was 

mounted to a horizontal translation stage and well-defined (and rapidly changed) motions 

were obtained by inserting a series of increasing thickness spacers between the tip of the 
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drive micrometer and the flat drive surface of the translation stage. The fixation target 

was positioned at the vertical height of the optical axis of the camera. 

7,2 Methods 

The experiment was explained to each subject before signed consent was 

obtained. The left eye of each subject was used throughout the experiment. Each subject 

received a full eye exam, both before and after pupil dilation, by an ophthalmologist. 

Subjective refraction was performed to find the subject's refractive error. The subject was 

then given one drop of 2.5% Neosynephrine and 1 drop of 1% Mydriacyl to halt 

accommodation and dilate the pupils. Halting accommodation freezes the shape of the 

crystalline lens in a relaxed state. Otherwise, if the subject accommodates during the 

experiment, the shape of the lenticular surfaces will change. The subject's pupil was 

dilated to allow easier viewing of the third Purkinje. An Orbscan scanning slit and 

placido disk imager (Bausch and Lomb Surgical, Salt Lake City, Utah) was used to 

measure each subject's corneal power and anterior chamber depth. Next, the Purkinje 

images were captured using the equipment described in section 7.1. The subject was 

placed in a chin rest in front of the imaging camera. The chin rest was adjusted 

horizontally and vertically to position the subject's eye near the center of the camera's 

field of view while the subject was instructed to look at the center of the camera lens. 

The fixation target was translated to a point just to the right of the sources to 

begin the experiment. The camera was translated towards or away from the subject to 
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bring the first and fourth Purkinjes into focus and an image was captured. The camera 

was then longitudinally translated again to bring the third Purkinje into focus and another 

image was captured. The fixation target was then translated in S mm steps with images of 

the Purkinjes being refocused and captured for each fixation target position. The subject 

was instructed to follow the fixation target by holding their head still and rotating their 

eye. A total of 9 positions for the fixation target were used. The experiment was repeated 

on a separate day for three subjects to assess the repeatability of the data. For one of the 

three repeated subjects, images were also captured by refocusing the third Purkinje image 

10 times to measure repeatability of locating the best focus point. Images of the Purkinjes 

were also captured as the camera was translated through focus to see the change in image 

height with defocus. 

After the images were captured, they were processed to find the centroid of each 

Purkinje image spot. Custom software was used. The software prompted the user to click 

on a Purkinje image spot. An area around the selected spot was then displayed at 2x and 

the grayscale values of the sub region were scaled to 256 bits. The user then had a choice 

of using a circle or polygon to outline the entire Purkinje spot. Once the spot was 

outlined, the user had to choose whether to compute the grayscale weighted centroid for 

the spot or to fit an ellipse to the border of the spot to find the centroid. The ellipse fit to a 

border was used when the selected spot overlapped with another spot but had a clean 

edge for at least half of the border. The outline was fit only over the region that did not 

overlap. In this way, all Purkinje image spots were centroided. 
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7.3 Results 

The experiment was performed on 17 subjects. We were unable to obtain clear 

analyzable images of the third Purkinje for at least 4 fixation points for 3 of our subjects. 

The data from these subjects was not analyzed. For the remaining 14 subjects, the 

average age was 28.14 years with a standard deviation of 6.58 years and a range of 25 

years. Eleven of the subjects were male and three of the subjects were female. Three 

subjects had 20/20 or better uncorrected vision, ten subjects wore glasses or contacts for 

nearsightedness and one subject was slightly hyperopic with astigmatism. Glasses and 

contacts were removed for the experiment. Six of the subjects showed 0.75 or more 

diopters of astigmatism while the rest of the subjects showed no astigmatism error in the 

subjective refraction exam. Table 7.1 shows the refractive error for the left eye of each 

subject. 

Subject Refractive Error 
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Table 7.1 Subject refractive error determined by subjective refraction plotted for each 
subject's left eye. 



131 

We found that the third Purkinje first became visible for different fixation 

positions for different subjects. This was probably due to a combination of factors 

including pupil size, crystalline lens tilt and misalignment of the subject to the axis of the 

imaging system. For some subjects, the images were very noisy due to scattering of the 

sources by the subject's skin around the nose and cheek. This was alleviated for some 

subjects by placing a piece of black felt around the nose and cheek. When reviewing the 

images for successive fixation positions for a single subject, it became clear that the 

subjects had difficulty in fixating reliably on the target. We used binocular fixation, 

which sometimes led to a subject fixating alternately with one eye or the other. In such 

cases, the left eye was not always gazing at the fixation target. For this reason, we 

decided to plot the Purkinje height ratio versus the horizontal separation of the Purkinjes. 

We expect that using an eye patch on the right eye would have solved this problem and 

made fixation more reliable. We showed in chapter 6 that the horizontal separation is 

fairly linear with eye rotation and the horizontal separation can be measured directly from 

the images whereas the amount of eye rotation is not truly known. Figure 7.1 illustrates 

the quantities that were measured. PI, P3 and P4 are the first, third and fourth Purkinje 

image heights respectively. D1 is the horizontal separation of the first and fourth 

Purkinjes measured from an image containing the first Purkinje image in focus. D2 is the 

horizontal separation of the first and third Purkinjes measured from a separate image 

containing the third Purkinje in focus. 
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Figure 7.1 Quantities measured from captured images. 

P4 
D1 

Using a high gain setting on the camera in order to see the third Purkinjes resulted 

in the first Purkinjes saturating the image and often being overlapped when the third 

Purkinjes were in focus. When the first Purkinjes overlapped each other, an outline fit 

was used to find the centroid. The user selected the area of the image that included the 

first Purkinje spot. Then that area was thresholded to separate the image pixels from the 

background. The threshold used for first Purkinje images was the maximum grayscale 

value minus 15. Since the first Purkinjes were always saturated, the maximum grayscale 

was 255 and the first Purkinjes were all thresholded at a grayscale of 240. As long as the 

user selected an area around the first Purkinje that included some background, 

thresholding would result in the same spot pixels being isolated. The user then selected to 

fit the outline and could eliminate any outline pixels in the region of overlap. The 

remaining outline pixels were fit to an ellipse by a least squares fit routine. The center of 

the ellipse was taken as the centroid of the spot. In order to judge the accuracy of 

centroiding by fitting the outline, a spot that did not overlap any other spots was 

centroided by both a weighted grayscale method and the outline fit. When the image area 

is identified as a first Purkinje image, and the spot does not overlap another spot, the 
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thresholding and grayscale centroid will be identical for repeat measurements on the 

same spot. For the same spot, an outline fit will also be identical from trial to trial 

because the thresholding is the same. The difference between centroids for the grayscale 

and outline routines is approximately 0.15 pixels. This is about the same as the base 

accuracy in centroiding. If we then take an outline and use only two thirds or half of the 

outline to find the centroid, the centroid location changes by less then 1/10 of a pixel. 

The third Purkinje images appeared dimmer and more diffuse when they were 

positioned near the edge of the pupil. This may have been due to some partial vignetting 

of the sources and some increased aberration content as the reflection occurs farther into 

the periphery of the lens surface. 

The data collected for each subject is plotted in tables 7.2 through 7.15. The 

plotted image heights correspond to the quantities PI, P3, and P4 as depicted in figure 

7.2. The first and fourth Purkinje heights (PI and P4) are both plotted versus the 

horizontal separation D1 in figure 7.2 for an image with the first Purkinje in focus. The 

third Purkinje height is plotted versus horizontal separation D2 from figure 7.2 for an 

image with the third Purkinje in focus. The Purkinje image height data is the centroid 

separation in millimeters on the CCD array for an in focus image. 
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Table 7.2 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 73 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.4 Purkinje images heigiits PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.5 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 

135 

E 
E 

& 
• 
E 

Purkinje Image Data Subject 5 

-M-
-OrS-

-0:4-

-0:3-

I)r2-

-OrJ-

-2 -J.5 -1 -0.5 

Image Separation (mm) 

I • First Purkinje : I 

• Fourth Purkinje ; | 

Third Purkinje ; 

Table 7.6 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 



136 
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Table 7.7 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.8 Purkinje images heights PI vs Dl, P3 vs D2f and P4 vs Dl. 
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Table 7.9 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.11 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.12 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.13 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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Table 7.14 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 

Purkinje Image Data Subject 14 
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Table 7.15 Purkinje images heights PI vs Dl, P3 vs D2, and P4 vs Dl. 
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For all subjects, the first and fourth Purkinje image heights were relatively 

unchanged with eye rotation. Table 7.16 lists the average image height for each subject 

for the first, fourth and third Purkinjes when in focus. The third Purkinje image height 

Subiect 
P1 Average 
Height 

Pi Standard 
Deviation 

P4 Average 
Height 

P4 Standard 
Deviation 

P3 Average 
Height 

P3 Standard 
beviation 

1 0.2229 0.0031 0.1831 0.0055 0.5324 0.0324 
2 0.2144 0.0034 0.1856 0.0090 0.6055 0.0352 
3 0.2187 0.0034 0.185G 0.0046 0.5049 0.0510 
4 0.2188 0.0039 0.1689 0.0064 0.4313 0.0106 
5 0.2242 0.0028 0.1670 0.0041 0.4401 0.0684 
6 0.2143 0.0017 0.1680 0.0035 0.4159 0.016fi 
7 0.2251 0.0022 0.1872 0.0038 0.5493 0.0286 
8 0.2233 0.0017 0.1937 0.0044 0.5862 0.0447 
g 0.2290 0.0038 0.1842 0.003S 0.4513 0.0386 

10 0.2194 0.0049 0.1742 0.0054 0.4615 0.0243 
11 0.2124 0.002G 0.1935 0.0054 0.6808 0.0410 
12 0.2272 0.0008 0.156S 0-0070 0.4283 0.0176 
13 0.2301 0.0024 0.1933 0.0093 0.4807 0.0217 
14 0.2231 0.0035 0.1849 0.0037 0.4757 0.0204 

Average 0.2216 0.0028 0.1804 0.0054 0.5031 0.0322 

Table 7.16 Average Purkinje image heights and standard deviation of image heights for each subject 

showed a definite decrease as the eye rotated from the source towards the camera and a 

much larger variation with eye rotation than the first and fourth Purkinjes. While the 

height of the third Purkinje is 2 to 3 times larger than the other Purkinjes, the standard 

deviation in image height over a similar range of eye rotation is 10 times greater. 

The decrease in third Purkinje image height as the eye rotates towards the camera 

matches the modeling of chapter 6 for an anterior lens with a negative conic constant. For 

most subjects, images were only obtained with the third Purkinje on the left side of the 

first Purkinje. For four subjects however, at least one image was obtained after the third 
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Purkinje crossed to the right side of the first Purkinje. Shortly after passing the first 

Purkinje, the third Purkinje was vignetted by the nasal side of the iris. Subjects 6,7,8 and 

10 had third Puridnje image heights for positive first to third Purkinje separations. Of 

those four subjects, 7,8 and 10 showed an increasing third Purkinje height after the first 

and third Purkinjes crossed which was predicted in the modeling. 

The largest source of error in obtaining Purkinje image heights in this 

configuration is defocus. If the image is not in focus, the source object distance is wrong. 

There will be a large error in magnification due to using the wrong object-image 

conjugates. For subject 10, we looked at images as the camera was translated through 

focus. The subject viewed the same fixation target throughout. The camera was translated 

approximately 1 mm between images for a total of approximately 7 mm of travel. The 

images started with the fourth Purkinje approximately in focus. The camera was then 

translated through the focus of the first Purkinje and continuing through the focus of the 

third Purkinje. The astigmatism in the third Purkinje image can be seen as the images 

move through focus in figure 7.2. The change in third Purkinje image height for the focus 

range of approximately 2 mm shown in figure 7.2 is 0.045 mm and it is clear that we 

have gone through focus. The range of third Purkinje image heights with eye rotation for 

a single subject varies fi-om 0.032 mm to 0.17 mm with an average range of 0.08 nun. It 

is therefore unlikely that errors in locating focus caused the decrease in third Purkinje 

image heights with eye rotation that was observed. We would also expect that errors in 

locating best focus would be random with eye rotation and would not cause the 

systematic decrease in image height with eye rotation that we have observed. We did find 
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however, that it is more difficult to determine best focus of the third Purkinjes at the edge 

of the pupil because they appear more diffuse and dimmer. 

Figure 7.2 Purkinje images tiirough focus for subject #10 show astigmatism through focus for the 
third Puridnje. Total camera translation is approximately 2 mm. 

We also looked at the errors in third Purkinje image height when refocusing 8 

times while the subject viewed the same stationary fixation target as used in the previous 

through focus experiment. The camera was translated 5 to 10 mm out of focus in between 

focusing for each image. The standard deviation in third Purkinje image height for the 8 

trials was 0.008 mm. We also refocused the first Purkinje image for the same fixation 

target. The standard deviation in first Purkinje image height was .002 mm, very similar to 

the standard deviation observed for the first and fourth Purkinjes with eye rotation. This 

indicates that locating best focus may have caused the variation in first Purkinje image 

height observed with eye rotation. 

7.4 Data Analysis 

For each subject, we found the slope and intercept of least squares linear fit to the 
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ratio of the third to first Pukrinje heights versus the horizontal separation for positive 

horizontal separations. An example plot with the linear fit is shown in table 7.17. The 

slope of these plots varied significantly firom subject to subject. We expect that this slope 

Purkinje bnage Data Subject 10 

V =-O.I434x+1.66 

R^=0.97 
2:05 

OjD 'Z h9^ 

3 
L. 
s Oi h85 

'3 0 

Image Separation (mm) 

Table 7.17 Sample linear fit to experimental data to determin slope and intercept for each 
subject 

will be related to the value of the conic constant for the anterior lens surface based on the 

modeling of chapter 6. The third Purkinje image height curves in chapter 6 had a 

quadratic shape. Fitting a quadratic requires three parameters. We have as few as four 

data points for third Purkinje image height for some subjects so fitting a quadratic is not 

feasible. We can fit a line to the third Purkinje curves of chapter 6 if we look at just one 

side of the minimum. The slope and intercept of the line will depend on what range of 

eye rotation is fit. From the modeling results, we also expect that the intercept of the 

linear fit will be related to the radius of curvature of the anterior lens. 

For each subject, the average height of the in focus first Purkinje images was 

found. The ratio of the third Purkinje heights to this average first Purkinje height was 
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then computed. In order to gauge eye rotation, the horizontal separation of the in focus 

third Purkinje and the out of focus first Purkinje from a single image was used. Ideally, 

we would like to know the horizontal separation when both the first and third are in focus 

but we don't have a reliable way of measuring that. We cannot be sure that the subject is 

truly fixating on the same point when refocusing the first and third Purkinje images. It 

can be shown however, that while the exact x position of the first Purkinje changes with 

focus, the X position of the first Purkinje image changes by approximately the same 

amount with eye rotation whether it is in focus or out of focus. 

For each subject, we plot the third Purkinje to first Purkinje image height ratio 

versus the horizontal separation of the out of focus third Purkinje and in focus third 

Purkinje. We then fit a line to this data for all points with a horizontal separation less than 

zero. We do not want to bias the slope by possibly including points on the other side of 

the minimum where the image height ratio starts to increase again. The slope and 

intercept of this line fit for each subject as well as the correlation of the linear fit are 

given in table 7.18. The correlation of fit was less than 0.5 for three of the subjects but 

the fit was quite good for most of the subjects. 
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Subject Slope Intercept R'̂ 2 
1 -0.14 2.15 0.83 
2 -0.23 2.48 0.97 
3 -0.37 1.67 0.48 
4 -0.11 1.8G 0.6G 
5 -0.35 1.41 0.91 
6 -0.05 1.87 0.35 
7 -0.15 2.2G 0.83 
8 -0.24 2.2G 0.98 
S -0.20 1.6G 0.9G 

10 -0.15 1.84 0.96 
11 -0.16 2.93 0.2G 
12 -0.15 1.67 0.67 
13 -0.10 1.91 0.8G 
14 -0.16 1.93 0.99 

Table 7.18 Slope, intercept and correlation of linear fit to P3/P1 image ratio versus 
horizontal separation of first and third Purldnjes. 

Schematic eye models were set up in Zemax for each subject. The average 

anterior and posterior corneal radii of curvature and anterior chamber depth, as measured 

by the Orbscan tomographer, were used. The thickness of the cornea was set to 0.55 mm 

and the conics on the anterior and posterior corneal surfaces were -0.25 and 0.0 

respectively. The radius of curvature and conic constant on the anterior lens were set as 

variables. The first Purkinje image height and x location were calculated for each subject 

with for rotation of the eye from 10 degrees to 18 degrees. Given a radius of curvature 

and conic constant pair for the anterior lens, the eye model can be used to calculate the in 

focus third Purkinje image height and x position with eye rotation. 

By looking at the curve of table 6.19, the plot of the ratio of the third and first 

Purkinje heights versus angle of eye rotation, it is clear that the slope and intercept of a 

linear fit to the quadratic curve will depend on what range of eye rotation is chosen. The 

geometry of the experiment is such that the sources are located approximately 17 degrees 
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from the camera axis with regards to the eye position. The visual axis of the eye is 

located approximately S degrees to the nasal side of the eye's optical axis in object space. 

For the case of the subject ga2dng at the source, the optical axis of the eye model should 

then be rotated by approximately 22 degrees. Our fixation target started on the camera 

side of the source and we generally did not obtain clear third Purkinje images for the first 

2 to 3 fixation positions. If the subject fixated on the center of the camera lens, the 

rotation of the optical axis of the eye would be 5 degrees. The third Purkinje was not 

visible for most subjects after it passed the horizontal position of the first Purkinje. We 

therefore estimate that our data was collected over a range of rotation of the eye's optical 

axis of approximately 10 to 17 degrees. If we use a smaller angle on the top end of the 

range, the optimized conic constant will be more negative than it should be to try to 

match the slope. For some of our individual subject eye models, Zemax returned errors 

when tracing rays for angles of eye rotation of 18 degrees and higher. The exact range of 

angles will vary from subject to subject depending on the exact alignment of the eye with 

the camera, and the angle of each subject's visual axis. We used the range of 10 to 17 

degrees for all subjects however, in order to be consistent. 

A custom optimization target, called a user-defined operand, was written that 

calculated a linear fit to the first and third Purkinje image data calculated from the eye 

model. The slope and intercept of the linear fit are returned by the merit function 

operand. The eye model for each subject was then optimized to match the slope and 

intercept listed in table 7.18. The optimized results are given in table 7.19. 
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1 Optimized Results Phaltometry Calculations | Ort)scan 

Subject 
Radius of 
Curvature 

Conic 
Constant 

Average Radius 
of Curvature 

Minimum Radius 
of Curvature 

Percent Error 
of Average 
to Minimum 

Radius of 
Best Fit Sphere 

1 11.34 -3.05 11.85 11.42 3.62 11.94 
2 12.05 -3.48 12.57 12.23 2.66 14.7C 
3 9.34 -7. IS 10.9  ̂ 10-04 8.38 
4 9.87 -2.95 10.27 9.93 3.32 
5 9.44 -6.92 10.76 9.31 13.47 13.96 
6 9.69 -1.82 9.81 9.48 3.39 10.82 
7 11.91 -3.33 12.44 12-1S 2.29 12.27 
8 11.13 -4.03 11.82 11.13 5.89 12.23 
9 9.3G -4.50 10.18 9.57 6.04 11.75 

10 10.26 -3.47 10.92 10.52 3.59 11.54 
11 12.09 -2.91 12.49 12.01 3.8S 13.47 
12 9.84 -3.59 10.38 10.04 3.26 10.5S 
13 10.30 -2.69 10.78 10.59 1.76 11.39 
14 10.9G -3.56 11.34 11.01 2.96 11.50 

Average 10.53 -3.82 11.ia 10.67 4.61 
Standard 
Deviation 1.03 1.51 0.92 1.01 3.09 

Table 7.19 Results for the anterior lens radius of curvature by various methods. The conic constant 
of the anterior lens is estimated by optimization. 

Final optimization merit function values of0.0001 or less were obtained for all 

subjects except subject 3, indicating that the optimized anterior lens radius and conic 

produced a good match to the experimental slope and intercept. The correlation of the 

linear fit to the clinical data for subject 3 was 0.48, which was one of the worst fits. It is 

also noted that the horizontal separations of the first and third Purkinjes for subject 3 

were larger than for most other subjects. It is likely that we have the wrong range of angle 

of eye rotation for this subject and these results are deemed unreliable. 

The estimated conic constant on the anterior lens ranged firom -1.82 to -7.19. The 

average value for the 14 subjects was —3.82 with a standard deviation of l.Sl. This is the 

first assessment of anterior lens conic constant by use of Purkinje images that we are 
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aware of. These results lend support to the values used in schematic eye models to match 

visual performance. 

We also calculated the anterior lens radius using comparison phakometry 

equations. The average and minimum radii of curvature from the ratio of the in focus 

third Purkinje and the in focus first Purkinje data collected for each subject along with the 

percent difference between the minimum and average are also given in table 7.3. We see 

that the difference between the average and minimum ranges from 1.76% up to 13.47%. 

The variation in third Purkinje height observed in this experiment shows that fixation 

position has a definite effect on the repeatability and accuracy of comparison phakometry 

results. 

The Orbscan tomographer has optional output of anterior lens elevation and 

radius of curvature. This data was collected for all but 2 subjects. The radius of curvature 

reported by the Orbscan is much higher than that calculated by phakometry or 

optimization. The Orbscan reports the radius of curvature of a best-fit sphere over the 

surface of the anterior lens. The error in this radius of curvature will depend on how large 

of an area of the surface of the lens is fit and the magnitude of the conic constant. 

Table 7.20 plots the optimized radius of curvature versus the minimum radius of 

curvature calculated by comparison phakometry for each subject. We see a good 

correlation of the results with a slope of 0.96 and an offset of 0.S9. Ray tracing predicted 

that the paraxial equations of comparison phakometry would overestimate the radius of 

curvature of the anterior lens. These results support that conclusion. 
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Comparison of Optimized Radius of Curvature and 
Comparison Phakometry IMinimum 
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Table 7.20 Comparison of optimized results and paraxial calculations for comparison 
phakometry. 

Obviously errors in the slope and intercept targets for optimization will cause 

errors in the resulting anterior lens curvature and conic constant estimates. We now look 

at the sources for such errors and estimate the contribution of each. The first step will be 

to assess the sensitivity of the optimized curvature and conic to errors in the slope and 

intercept. The variation in slope and intercept will be different for each individual eye 

model but we can get a general estimate from looking at a single model. The schematic 

eye model for subject 10 was used in the following analysis. The slope and intercept 

targets were varied independently and the optimized curvature and conic results were 

noted. By performing a multivariate linear least squares fit to the optimized radii and 

conics for various slope and intercept targets, we find the following relationships: 
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r = 3.7* intercept -1.1 • slope + 3.2 
k = 0.7 • intercept + 21.5 * slope — 2.3 

Equation 7.1 

Here r is the anterior lens radius of curvature and k is the conic constant. We see that the 

radius of curvature is more sensitive to the value of the intercept and the conic constant is 

highly sensitive to the value of the slope. It is important to note that both the curvature 

and the conic depend on both the slope and the intercept. 

Subjects 7,10, and 14 were reexamined on a separate occasion and the 

measurements were repeated. The new sets of Purkinje images were analyzed and the 

slopes and intercepts for both occasions are listed in table 7.21. The optimization for the 

Subject Standard Deviation 
of Difference 7 10 14 

Standard Deviation 
of Difference 

Clinical 
Data 

Trial 1 Slope -0.153 -0.150 -0.160 

Clinical 
Data 

Trial 2 Slope •0.18C -0.142 -0.I8Q 
Clinical 

Data 
Trial 1 Intercept 2.196 1.841 1.931 Clinical 

Data Trial 2 Intercept 2.449 1.812 1.763 
Clinical 

Data 

Difference in Slope 0.027 0.009 0.020 0.01 

Clinical 
Data 

Difference in Intercept 0.254 0.029 0.168 0.11 

Optimized 
Results 

Trial 1 R 11.91 10.26 10.90 

Optimized 
Results 

Trial 2 R 12.65 10.12 10.35 

Optimized 
Results 

Trial 1 K -3.33 -3.47 -3.56 
Optimized 

Results 
Trial 2 K -3.25 -3.36 -4.00 Optimized 

Results Average R 12.28 10.19 10.63 
Optimized 

Results 

Average K -3.29 -3.42 -3.78 

Optimized 
Results 

R Difference 0.74 0.14 0.55 0.31 

Optimized 
Results 

K Difference 0.08 0.11 0.44 0.20 

Table 7.21 Results from repeated trials for 3 subjects. 

radius of curvature and conic constant was repeated with the new slope and intercept 

values. We estimate the repeatability of the slope, intercept, radius of curvature and conic 

constant as the standard deviation of the average of the differences for the three subjects. 

The error in radius of curvature is then ±0.31 mm and the error in conic constant is ±0.20. 
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From our results in chapter 6, we know that the slope of the curve will change 

with tilt and decenter of the crystalline lens. In section 6.3.8 we plotted the third Purkinje 

height versus angle of eye rotation for tilt and decenter of the crystalline lens and the 

slope of the curve varied. When we plot the ratio of the heights of the third and first 

Purkinjes versus the horizontal separation for the same eye model with lens tilt, we find 

that the curves keep the same basic shape but are shifted in eye rotation values. Table 

7.22 plots the Purkinje height ratio versus horizontal separation with tilt of the crystalline 

lens. The curves are all plotted for eye rotation of 10 to 22 degrees. The slopes are very 

similar but the Purkinje ratio value for a given eye rotation changes. If we plot the curves 

Purkinje Height Ratio versus Horizontal Separation with 
Crystalline Lens Tilt 
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Table 7.22 Third Purkinje height ratio versus horizontal separation with crystalline lens tilt 
for eye rotation of 10 to 22 degrees. 

for the same range of horizontal separation, we find that the slope varies by -0.04 for a 

lens tilt of -3 degrees and the intercept changes by -0.01 for the same tilt. Since our 

optimization only uses the values of the slope and intercept and not the exact image 

heights and horizontal positions, the optimization will be less sensitive to lens tilt. The 
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error in slope will have the greatest impact on the estimate of the conic constant. We have 

used zero lens tilt in our optimization models and lens tilt is reported to be up to 7 

degrees. The presence of lens tilt would cause an error in our estimate of the conic 

constant If we change the slope by -0.04 (+0.04) and the intercept by -0.01 (+0.01) for 

the original trial data for subject 10 and reoptimize, we estimate the radius of curvature to 

be 10.31 mm (10.08 mm) and the conic constant to be -4.0 (-2.86) compared to a radius 

of curvature of 10.26 mm and a conic of -3.47 for the optimization using the original 

slope and intercept. Obviously the conic is affected more by the change in slope. 

There is some normal variation in the conic constant on the anterior corneal 

surface. Kiely, Smith and Carney [1982] found a mean corneal asphericity of-0.26 

(standard deviation of 0.18). We did not collect asphericity data for our subjects and 

used a value of -0.25 for all subjects. The value of the conic constant on the cornea will 

affect the slope and intercept of the Purkinje ratio curve. A change in the corneal conic 

constant of 0.2 will change the slope by approximately 0.036. This would result in a 

change in the optimized anterior lens conic constant of less than 0.5. We therefore 

estimate our error to be less than ± 0.5 in the lens conic constant due to not using 

individual anterior corneal conic constant values. 

In our eye models for individual subjects, we have used rotationally symmetric 

surfaces. We saw in sections 6.2 and 6.3 that toric surfaces will have the greatest effect 

on the results if the major or minor axis is rotated 45 degrees. Subjects 6 and 12 had 

significant corneal astigmatism at an axis of approximately 65 degrees. We did not 

however, see any trend in the first Purkinje image height data for these subjects that 
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would match the results predicted by modeling. We come to the conclusion that there is 

not enough information in the collected data to support adding the complexity of toric 

surfaces to the models. 

7.5 Discussion 

We used the collected Purkinje image data in conjunction with real ray tracing to 

estimate the conic constants for the anterior lens through optimization. The main source 

of error would appear to be tilt of the crystalline lens relative to the optical axis of the 

cornea. We have not attempted to incorporate crystalline lens tilt in our optimization 

models but we estimate that the error due to this is approximately ±0.5. The fact that we 

used the same conic constant value of -0.25 on the anterior cornea for all subjects also 

leads to an error in the estimation of the conic constant. We expect this error to be less 

than ± 0.5 in the anterior lens conic constant. Another source of error in optimization is 

choosing the right range of eye rotation to match the experiment. The best way to do this 

is to pick a range that matches the horizontal separation of the Purkinje imsiges, which we 

have done by choosing a range of 10 to 17 degrees. 

Experimentally, the major source of error in these measurements is in finding the 

best focus position for the third Purkinje spots especially when the spots fall near the 

edge of the pupil. It appears however that this error is small compared to the variation in 

third Purkinje height with eye rotation. 

The data collected in our clinical experiment shows interesting trends for Purkinje 
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height with eye rotation. We found that the first and fourth Purkinje heights showed 

variation that appears to be due to errors in accurately focusing the images. Otherwise, 

the first and fourth Purkinje heights did not display any systematic change with eye 

rotation. The third Purkinje image heights showed a systematic decrease as the eye 

rotated from the source location towards the imaging camera. It is clear that the fixation 

point will affect the result in comparison phakometry. The flattening of the anterior lens 

surface in the periphery causes this variation in third Purkinje image height. 
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CHAPTER 8. CONCLUSIONS 

This dissertation has explored the optics of Purkinje images. The Purkinjes have 

been used for many years to measure various properties of the ocular surfaces. The 

previous analyses almost always used paraxial equations to predict image heights and 

locations. Since paraxial equations are based on spherical surfaces, they cannot 

accurately represent the imaging of the eye. The surfaces of the eye are known to flatten 

at the periphery. When the Purkinje images are foraied using regions of the ocular 

surfaces away from the vertex, the curvature of the surface does not match the paraxial 

curvature. 

For any given source and camera configuration used to produce and capture the 

Purkinje images, the sources reflect from different portions of the ocular surfaces as the 

eye rotates or as the measurement geometry changes. For surfaces with large conic 

constants the local curvature changes quickly across the surface. We have shown with our 

clinical experiment that the position of the fixation target makes a large difference in the 

resulting third Purkinje image height due to the conic constant of the surface. 

8,1 Phakometry 

Comparison phakometry uses the ratio of Purkinje image heights to calculate the 

paraxial power of the crystalline lens surfaces. We modeled the Purkinje image heights 

and positions using lens design software tracing real rays. The results of modeling predict 

that the height of the Purkinje images varies with eye rotation. The position of the 
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fixation target in the comparison phakometry setup will determine the rotation of the eye. 

The variation in first Purkinje image height is predicted to be relatively small due to the 

low conic constant of approximately -0.25 on cornea and the fact that the rays forming 

the first Purkinje image will reflect fi-om portions of the cornea relatively close to the 

vertex. 

The third Purkinje height, however, is predicted to show much larger variation 

due to the fact that the rays forming the third Purkinje reflect fi'om portions of the anterior 

lens farther into the periphery of the surface. The exact point of reflection will depend on 

the geometry of the sources, camera and fixation target. For our sources located 50 mm to 

the side of the camera and separated vertically by 50 mm, we predicted the chief ray of 

the third Purkinje would reflect firom a height of approximately 1.4 mm above the vertex 

of the anterior lens and a range of approximately ± 2 mm horizontally as the eye rotates 

over a range of 0 to 15 degrees. The exact variation in third Purkinje image height is 

modeled to increase as the conic constant becomes more negative. 

The results of real ray tracing of the first and third Purkinjes for schematic eyes 

were used in comparison phakometry equations to calculate the anterior lens curvature. 

The paraxial equations overestimated the radius of curvature of the anterior lens for all 

positions of the fixation target by 5 to 20% depending on the conic constant and the 

degree of eye rotation. 

We did not go into great detail modeling the fourth Purkinje images because of 

the lack of details of the index of refraction of the lens. Making precise calculations for 

real rays when the exact index of refraction profile is not known would not be accurate. 
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We do however expect the variation in the fourth Purkinje image height to be similar to 

the first Purkinje because we expect the reflections to take place closer to the vertex of 

the surface. 

8.2 Anterior Lens Parameters 

In our clinical experiment, we used lens design software to model each of 14 

subjects' eyes and match the anterior lens radius of curvature and conic constant to the 

data collected. This is the first time the Purkinje images have been used to assess conic 

constants of the ocular surfaces. We did not look at the conic constant on the cornea 

because variations in first Purkinje image height with errors in locating focus obscured 

the effect of the conic constant. This value should be included in the individual eye 

models for estimating the anterior lens conic constant as it changes the slope of the 

Purkinje ratio curve. We recommend measuring this value through corneal topography 

and including it in the optimization models. We also did not look at the conic on the 

posterior lens surface because the details of the profile of the index of refraction are not 

well enough known. The clinical data indicates that the possible variations in the fourth 

Purkinje image height with eye rotation due to conic constants, like the first Purkinje, 

were obscured by errors in focus. Our optimization estimates for anterior lens radius of 

curvature correlated highly with the radius of curvature calculated by comparison 

phakometry equations for the minimum Purkinje ratio measured for each subject. The 

optimized radii were typically O.S mm shorter than those from comparison phakometry. 

The optimization estimates for the conic constant for each subject ranged from 
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approximately -2.0 to -7.0 with an average of-3.82 and a standard deviation of l.Sl. We 

estimate that including the effects of tilt of the crystalline lens would cause our conic 

constant values to be shifted by approximately ±0.5. It might be possible to use the 

Purkinje images collected to estimate the crystalline lens tilt. This would require more 

exact knowledge of the fixation point relative to the sources and camera than we had in 

our experiment. Including individual subject data for anterior comeal conic constant 

could also change our lens conic estimates by ±0.5. The comeal asphericity could not be 

determined from our first Purkinje images but should be measured by a separate comeal 

topographer and included in the eye models in future studies. 

If this experiment with mapping the Purkinje heights with rotation of the eye were 

to be repeated, there are a few points that would help to improve the experiment. The 

sources we used were approximately 10 mm in diameter. This is rather large and caused 

more overlap of the image spots than a smaller source would. A pinhole mask in front of 

the sources would help. This would also reduce scattering from the skin on the subject's 

face. We would also like to include a second pair of sources with a smaller separation to 

look at the differences as the points of reflection move closer to the surface vertex. A 

third pair of sources either above or below the optical axis oriented horizontally could 

also be added. A second fixation target that moved vertically would be used with this 

third pair of sources to look at the effect of vertical eye rotation. It is not clear that the 

conic constant will be the same in both the horizontal and vertical meridians of the 

anterior lens. 

Our original goal with this research was to assess the toricity of the individual 
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surfaces of the pediatric crystalline lens. Along the way, we found that we could not 

observe the third Purkinje with the sources located on opposite sides of the optical axis of 

the imaging system. The third Purkinje appears sharper when the reflection takes place 

closer to the vertex of the anterior lens surface. This occurs when the optical axis of the 

eye is rotated to approximately half way between the source and camera. If one source is 

on each side of the camera axis, there is no single fixation point that would allow the 

reflection from both sources to be viewed equally. Placing the sources closer together 

would bring the reflection points closer to the surface vertex and the images closer to the 

center of the pupil. Due to the dim nature of the third Purkinje reflections, larger aperture 

imaging lenses help to improve the brightaess of the images. This pushes the sources 

farther from the optical axis. The question is whether another configuration of sources 

could be used to measure surface toricity. If we want to use a large aperture lens and 

place the sources closer together, we could use a beam splitter to make the sources appear 

to lie within the aperture of the lens without physically obscuring the aperture. With the 

sources closer together, we then have the problem that the first, third and fourth Purkinjes 

will lie close together in the image and would likely overlap causing difficulty in image 

analysis. 

From our experience with imaging the Purkinje reflections it would appear 

doubtful that the spot size of the Purkinjes could be measured accurately enough to make 

reverse optimization feasible. With an image plane somewhere between the focus of the 

first and third Purkinjes, the fourth Purkinje image becomes very dim. Using a camera 

with a higher response to the wavelength of the light source would undoubtedly help. If 
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ultrasound was used to determine the axial positions of the surfaces, that knowledge 

could be combined with the out of focus Purkinje heights to reverse optimize the surface 

curvatures. The problem with the unknown crystalline lens index of refraction is reduced 

with children, as they do not have as many layers of different index as adults. 

It is clear that the conic constant on the anterior lens is a dominating factor in the 

shape of the surface. It would be important to include measurement of the conic in the 

reverse optimization phakometry system. Measuring the conic from a single image would 

require reflections from multiple sources along the meridians of the lens surface. 

The question is what do we really want to know about the surfaces of the lens? If 

we want to measure the base radius of curvature we should try to create reflections from 

points as close to the vertex of the surfaces as possible. We know that at least three 

meridians would have to be measured to assess the axis and amount of astigmatism. But 

does the base radius of curvature really tell us about the shape of the lens? Not if the 

conic constant is as large as we believe. To fully map the surface of the anterior lens, a 

regular array of sources would be helpful. The first Purkinje reflections would make it 

nearly impossible to analyze the third Purkinje reflections however. If the first Purkinje 

reflections could be eliminated or reduced through the use of polarization or index 

matching of the cornea, we could better investigate the reflections from the lenticular 

surfaces. 

One method of index matching might be to immerse the subject's eye in a water 

bath to eliminate the bright first Purkinje reflections. Then the second, third and fourth 

Purkinje reflections would have similar brightness. Image analysis would still be difGcult 
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due to the number of image spots and the need to correctly identify each spot. If the spots 

are not saturated, it should be possible to determine the profiles of overlapped spots to 

accurately determine centroids. This configuration, with the elimination of first Purkinjes 

and an array of sources might allow investigations of the dynamic changes in the shape of 

the anterior lens during accommodation. 
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