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ABSTRACT
The conceptions of congruence of integers of six above-average-performing under
graduate mathematics students enrolled in a third-year introductory number theory
course at a large state university in the southivestem US were examined using an
exploratory case study design. Data collected include interviews, written question
naires, and videotapes of class sessions. There were four major findings concerning
these six students' conceptions of congruence. In general, the students 1) invented and
used a pseudo-definition for congruence, 2) avoided working in what they called the
"mod world," 3) developed an increasingly operational view of congruence (several
students' relational views of congruence were heavily de-ephasized or disappeared),
and 4) did not view congruences as analogous to equations. In addition, the students
appropriated a strategy used to solve linear Diophantine equations in order to solve
linear congruences, disregarding the method used by the instructor in class, and in
the process reversed an important heuristic for solving mathematical problems.
A firamework was developed for analyzing the degree to which these students were
employing advanced mathematical thinking. This framework represents an attempt
to synthesize multiple perspectives on the nature of advanced mathematical thinking
currently present in the field. In addition, the notion of classroom mathematical
practices from the emergent perspective (Cobb and Yackel, 1996) was used to examine
the development of the class's understanding of congruence. The development of the
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four interpretations described above coincided with the development of five classroom
mathematical practices. The individuals' conceptions at various points in time can be
viewed as "consequences" of these practices, and can be seen in turn as influencing
the development of other practices. This study found many similarities between
these undergraduates' conceptions of linear congruences and students' documented
difficulties solving equations in algebra. The students in the study were primarily
prospective secondary mathematics teachers, and since the topics studied in this type
of course are closely related to those of high school mathematics, this study has
implications for teacher education as well.
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CHAPTER 1

INTRODUCTION
As a high school teacher in THicson, Arizona, in the spring of 1997, I was invited
to p£irticipate in an NSF-fiinded project at the University of Arizona. The goal of
the project was to bring together research mathematicians, mathematics graduate
students, high school mathematics teachers and high school students for the purpose
of discussing ways to make cryptography accessible to high school students. Though
I had never taken a course in number theory as an undergraduate, I learned a great
deal of number theory as I studied various topics related to cryptography. I was
amazed at the number of connections that I could see between the topics in number
theory that I was learning and the high school algebra that I was teaching.
For example, if we want to create a simple substitution cipher using a 26-letter
alphabet, we must make some decisions about which letter will be substituted for A,
which for B, etc. We can think of creating a map showing the substitutions to make;
say A

K, B -> M, C

Q, and so on. In doing this, we are clearly defining a

function from the set of the 26 letters of the alphabet to itself. This is interesting
alone, since examples of fimctions defined on finite sets are rarely seen in high school
mathematics classrooms. Furthermore, we can observe that once we have assigned
A to the letter K, no other letters can be assigned to K. If we also assigned N to K,

15

FIGURE 1.1. A simple substitution cipher
for example, then we would encode the word CAN as QKK. However, we encounter
a problem when we attempt to decode this word - is it CAA, or CNN, or CAN, or
CNA? Certainly, CAN is the only English word that is a possibility, but perhaps the
message concerns the cable network CNN, or perhaps CAA or CNA is an acronym
for a company or organization. The point is that we do not want to make the receiver
of the message guess; we would like encoding and decoding to be as straightforward
as possible. Thus, we should restrict ourselves to encoding functions that have the
property of being one-to-one. Since a one-to-one fimction defined from a set to itself
is bijective, it foUows that these encoding functions are invertible.
If we represent an encoding fimction as shown below in figure 1.1 above, one can
see that if the function is not one-to-one, then the inverse map (which can be obt£uned
by inverting this picture) is not a fimction. This example motivates the definition
of fimction, of the properties of being one-to-one and invertible, and provides an
interesting example of why these properties are importimt in the study of fimctions.
As a result of my involvement in the project, I decided to return to graduate school
to study more mathematics. As a research assistant on the project the following year,
I held inservice workshops for middle and high school mathematics teachers about
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cuiricttlar materials we had designed to teach cryptography to middle and high school
students. As I watched the teachers work through the materials, I realized that their
own understanding? of the algebra involved were deepening as well. I began to wonda
how the study of number theory and abstract algebra could be used to further deepen
teachers' understanding of the mathematics they teach, as it had mine.

1.1 Knowledge of Mathematics for Teaching
The teaching of algebra is arguably the largest component of the job of a secondary
school mathematics teacher. Most secondary schools in the US o£fer at least three
levels of courses in algebra, and most universities in the US require that students have
completed at least two years of algebra study. In addition, algebra is the foundation
for much of the mathematics that secondary school students will study. According
to the National Council of Teachers of Mathematics (2001), algebra is an "essential
component of contemporary mathematics and its applications in many fields" (p. 1).
Many researchers have emphasized that in addition to studying a good deal of
mathematics at the undergraduate level, prospective teachers need to develop knowl
edge of mathematics for teaching - an understanding of the underlying processes and
structure of concepts, the relationships between different areas of mathematics, and
knowledge of students' ways of thinking and mathematical backgrounds (Fennema
and FVanke, 1992; Ma, 1999; MET, 2001). However, it has become clear in recent
years that this knowledge of mathematics for teaching is not easily developed. For

most prospective teachers there is what Cuoco calls a vertical disconnect between
the undergraduate mathematics that th^r study and the mathematics that they will
teach, and that '^his is especially true in algebra, where abstract algebra is seen as
a completely different subject from school algebra" (Cuoco, 2001). Undergraduates
do not automatically recognize that the topics studied in abstract algebra provide
explanations for why certain equations can be solved and others not, and provide
rationale for many of the processes of high sdiool algebra (Usiskin, 1988). The Math
ematical Education of Teachers (MET, 2001) recommends that prospective teachers
take courses in abstract algebra and number theory in ord^ to examine the math
ematical structures foundational to algebra and number systems, noting that these
connections may need to be made in other courses. Since these connections are gen
erally not made, teachers tend to rely upon their own precollege algebra education
when teaching algebra, "an experience that is likely to have been focused on an al
gorithmic approach to mathematics and unlikely to have contributed to conceptual
understanding" (Ball and McDiarmid, 1990, p. 441). This certainly reflects my own
experience as a high school teacher.
Zazkis (1999a) advocates having pre-service teachers re-examine familiar mathe
matical processes and objects in unconventional number systems as a means to get
students to "reconsider their basic mathematical assumptions and analyze their au
tomated responses. [These types of activities] constitute an essential tool for the
development of critical thinking in mathematics teacher education" (p. 650). She
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uses a language analogy, saying that studying another language helps one to better
understand the structure of one's own language. "Working with non-conventional
structures helps students in constructing richer and more abstract schemas, in which
new knowledge will be assimilated" (p. 651).
I strongly agree with this perspective and suggest that the study of many topics
in abstract algebra and number theory can provide an ideal opportiuiity to examine
teachers' fimdamental understandings of algebra. In addition to the cryptography
example mentioned above, studying the properties of fimctions and equations in the
rings Z/nZ could enable students to explicitly make connections with and deepen
their imderstanding of the ways in which algebraic structures underlie the processes
of secondary school algebra, such as modeling situations with fimctions and equations,
finding roots of poljrnomials, and using various procedures for solving equations.

1.2

Difficulties with Abstract Algebra

Typically, a prospective secondary mathematics teacher attending a university in the
USA wiU complete a sequence of courses analogous to a mathematics major. In some
cases, these students take the same undergraduate courses as other students majoring
in mathematics, and in other cases, some of the upper division courses are designed es
pecially for them and focus on topics related to the high school curriculum. However,
most encounter abstract algebra at some point in their undergraduate experience.
For most mathematics majors, the first two years of undergraduate math courses
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are not dramatically different from the mathematics they studied in high school.
Though the courses lean more heavily toward theory, the general emphasis is still on
building a set of computational skills. Dreyfus (1991) writes that "what most students
learn in their mathematics courses is to carry out a large number of standardized
procedures, cast in precisely defined formalisms, for obtaining answers to clearly
delimited classes of exercise questions" (p. 28). However, when these students, in
their third or fourth years of study, enroll in a first course in abstract algebra, the
situation changes dramatically. Dubinsky et al. (1994) write that "abstract algebra is
the first course for students in which they must go beyond learning 'imitative behavior
patterns' for mimicing (sic) the solution of a large number of variations on a small
number of themes (problems)" (p. 268). For many students, this course marks their
first experience with abstract mathematical concepts. The concepts are not only
introduced abstractly (in terms of definitions and properties), but are then studied
further by examining "what facts can be determined just from [the properties] alone"
(ibid). This is a new experience for most students, and they struggle a great deal
with this "new" way of learning £uid thinking about mathematics.
Dubinsky et al. (1994) write that "constructing an understanding of even the
very beginning of abstract algebra is a major event in the cognitive development of
a mathematics student" (p. 295). Though no specific studies have been done, many
researchers have remarked that students who struggle in an abstract algebra course
become reluctant to continue to study abstract mathematics. Dubinsky et al. (1994),
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Hazzan (1999), and Clark, DeVries, Hemenway, John, Tolias, and Valdl (1997) argue
that a course on abstract algebra is of critical importance to mathematics students,
for this is the coiurse in which they develop many of the abilities they will need for
future study in mathematics. Dubinsky also argues that since a significant proportion
of mathematics majors will become high school teachers, this course plays a critical
role in developing teachers' knowledge of and attitudes toward mathematical abstrac
tion. Clark et al. write that "many who are to be ambassadors and salespersons for
mathematics at the secondary level develop a negative attitude towards mathematics
in general and a fear of abstraction" (p. 182). There seems to be general agreement
that this type of course is a turning point in the mathematical careers of many stu
dents, and that serious investigation into the teaching and learning of abstract algebra
is of critical importance.

1.3 Congruence of Integers
Most of the research to date on students' difficulties with abstract algebra has focused
on the learning of elementary group theory. After reviewing this research, I consid
ered studying students' conceptions of quotient objects, such as quotient groups or
rings. This topic proved to be much too broad, and so I decided to focus on a closely
related concept - congruence of integers in the context of modular arithmetic. Most
students in US universities are not exposed to modular arithmetic prior to enrolling
in an abstract algebra or number theory coiirse. Though not a part of the traditional
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elementary or secondary mathematics curriculum, it is often introduced in computer
programming courses as 0o<i(a,b), a function of two variables. Though this certainly
has an unpact on some students' understanding of this concept when they later en
counter it, I was primarily interested in studying students' conceptions of the relation
of congruence in the context of a mathematics class.
Congruence of integers is gen«'ally defined as follows:
a = b (mod n) if and only if n divides a — b.
This statement, read "a is congruent to 6 mod n", tells us that the relationship
between the integers a and 6 is such that their difference, a — b is divisible by the
integer n. For example, 11 = 5 (mod 3), since 11 — 5 = 6 and 6 is evenly divisible by
3. In addition to this mathematical definition, there are several other ways to think
about this statement of congruence. For example, a = b (mod n) means that a and b
are a multiple of n apart, and so we can write a = 6+nA; for some integer k. Thus we
can write 11 = 5 + 3-2. We can also say that a and b must have the same remainder
upon division by n; e.g., 11 -j- 3 has a quotient of 3 with a remainder of 2, and 5 -r 3
has a quotient of 1 with a remainder of 2.
In our daily lives, we all have experience with this idea in the form of "clock
arithmetic." For example, if it is 10:00 now, and we would like to know what time
it will be in 15 hours, we can notice that adding on 12 hoinrs gets iis back to 10:00
again, and adding 3 more hours brings us to 1:00. We see that adding 3 hours is
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the "same" as adding 15 hours, in terms of the relative positions of the hands on the
clock. In the language of congruence, we have that 3 = 15 (mod 12). There are many
variations on this theme, such as deciding upon which day of the week an event n
days away will fall.
Arabic mathematicians were familiar with this so-called arithmetic of remainders
a millennium £^o. According to O'Connor and Robertson (2002), a Persian math
ematician named ibn al-Haytham (965-1040) solved problems involving remainders
using what is now called Wilson's theorem^. One thousand years earlier, the Chinese
were able to solve systems of linear congruences, though these were phrased in terms
of remainders left upon division by various integers.
Though mathematicians had been doing arithmetic with remainders for millenia,
it was Gauss (1777-1855) who introduced the concept of congruence in the opening
sections of his 1801 work, Disquisitiones arithmeticae. According to Ore (1948), Gauss
defined this relation as follows: "Two integers a and b shall be said to be congruent
for the modulus m when their difference a — 6 is divisible by the integer m" (p. 211).
Gauss also introduced the modern notation a = b (mod m), and gave the following
examples of congruences in Disquisitiones:
16 = —9 (mod 5)

—7 = 15 (mod 11)
'Wilson's theorem states that for p prime, p | (p - 1)! + 1)
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-7 ^ 15 (mod 3)
Note that in these examples, there is no canonical form for the integers in each
congruence; that is, Gauss did not insist that the integer on the right side of the
congruence be the standard congruence class representative. This is a point to keep
in mind while reading the results of this study.
Modular arithmetic and congruence are extremely important concepts in modem
mathematics. They generally appear in the first chapter of an undergraduate number
theory text and are simply assumed to be understood in many mathematics texts.
Congruence also plays an important role in the undergraduate curriculimi as an ex
ample of a non-trivial equivalence relation. The system of residues modulo an integer
n is an important example of a quotient ring, and is (assumedly) fairly accessible
to students in abstract algebra. The basic idea is that this relation of congruence
modulo n partitions the integers into classes,* upon which we can then operate as ob
jects in a finite number system. This is generally presumed to be a good introduction
to the following general process: Take a set of objects, along with its mathematical
structure, choose a certain subset of these objects, use an equivalence relation to
somehow "mod out" by this subset, and then consider the resulting quotient, which
tends to be another set with a related type of structiire. It often is the case that this
new quotient object tends to have some properties that make it a powerful setting
in which to solve certain mathematic£il problems which originate in the original set.
This idea of translating problems to other domains in order to facilitate their solution
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is a major approach to solving problems in nearly all fields of mathematics, and will
play a role in this study as well.

1.4

Research Questions

My interest in studying congruence was also motivated by my experience as a teaching
assistant in an introductory abstract algebra and number theory course in the spring
of 2000. I was struck by the fact that students in the course struggled with seem
ingly simple ideas involving modular arithmetic; they often approached problems in
awkward ways or made statements about congruence that were blatantly inaccurate.
As time passed, I began to believe that their difficulties stemmed from an incomplete
understanding of the basic meaning of congruence of integers. The mathematical
structure present in the situation eluded them; they would interpret nearly every in
stance encountered of the statement a = b (mod n) as meaning "divide a by n and the
remainder is 6", even in instances when this was not true for the particular numbers
given. I conducted an exploratory study examining this phenomenon, and presented
the results at two national mathematics education research conferences in the fall of
2000. The positive feedback I received from many people led me to believe that an
examination of students' understanding of congruence, though as yet unexplored, was
worthy of serious research.
During the spring semester of 2001,1 again served as a teaching assistant for this
course. At this large state university, this particular course is required for prospective
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high school mathematics teachers, though it can be taken as an elective

students

in other majors as well. The 13 students enrolled in the course were introduced
to congruence of mtegers in the context of solving some classic problems of number
theory. The advantage of investigating students' understandings of congruence in this
type of course was primarily that Dr. Thomas, the instructor of the course, spent more
time on this topic than do instructors of more standard abstract algebra courses. In
addition, the structure of the course itself was exploratory, and Dr. Thomas' teaching
style was quite interactive. For this reason, the course presented a special opportunity
to study the evolution of students' understanding of congruence both in the classroom
setting and individually.
Since this topic was virtually unstudied, the project focused on the rather broad
question of determining the nature of undergraduates' understanding of congruence
of integers. As the research progressed, I found that there were several different
questions that needed to be addressed:
• How do these students interpret the meaning of statements of the form a = b
(mod n)?
- How do students interpret congruences? Which representations are used,
and how flexible or rigid is their use of these representations?
- What defintions for congruence do the students make use of when thinking
about congruences (such as the standard definition, or other equivalent
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definitions)?
— How do students approach solving linear congruences? To what extent do
students view congruences as analogous to equations?
• What misconceptions do students have about congruence, and to what can these
be attributed?
• Since many mathematics students plan to teach high school, do they make
connections between solving problems in number theory and solving similar
problems in algebra?
• To what extent do students' difiSculties in solving problems using congruences
in number theory mirror children's difficulties in solving problems in algebra?
The purpose of this study was to uncover undergraduates' understanding of this
concept in order to better understand their ways of thinking and misconceptions, with
the eventual goal of improving instruction. Congruence of integers in modular arith
metic is an extremely important idea on which a good deal of mathematics is based.
Informal discussions with mathematics faculty have led me to believe that there is
Uttle consensus on what students should understand about this topic and even less on
what are"pedagogically soimd" approaches to teaching this material. Therefore, the
significance of this study lies not only in furthering our understanding of how students
leam this concept, but also in solidifying the underlying pedagogy in this area. In
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addition, I remained convinced throughout the project that congruence is an impor
tant concept for prospective high school teachers to study. I hope to contribute to the
ongoing discussion in the mathematics education and teacher education communities
of mathematics content needed for teaching secondary school mathematics.

28

CHAPTER 2

REVIEW OF LITERATURE
In several searches, I have found only one research study dealing with modular arith
metic; however, this study was an investigation of the relationship between various
factors in a general theory of intelligence. Behr (1970) designed two "programmed
units'* to teach preservice elementary teachers arithmetic modulo 7 in two different
ways in order to study how various factors measuring the "intelligence" of the stu
dents were related to the structure of the lesson. The study was quantitative in natnre
and no mention was made of any cognitive issues relating to the learning of modular
arithmetic; therefore no information contained therein has any bearing on my present
study.
All other published work relating to modular arithmetic that I have found has
consisted of interesting teaching ideas at the secondary level (Huetnick, 1996; Lefton,
1991; Snow, 1989; and Sullivan, 1983), and at the college level (Jackson, 1990; Jepson,
1979; Stein, 1976; and Weinstein, 1976). It appears that no published research exists
on the conceptual understanding of congruence of integers. However, there has been
some research in the closely related area of abstract algebra. In addition, there is an
established body of research on children's understandings of equality and algebra that
I found helpful my research. Recent work on preservice elementary teachers' difficul
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ties in number theory has also been very helpful. In this chsqiter, I will summarize
the work done in these areas, highlighting the information that most pertains to the
current study.

2.1 Abstract Algebra
Published research on the teaching and learning of topics in abstract algebra is fairly
limited, though the subject has recently become quite popular. Prior to 1994, the
body of work consisted almost entirely of scattered papers describing interesting
teaching approaches to the course. In the 1970's, many papers were published on
various activities for teaching abstract algebra topics, group theory in particular, in
the Maihemaiics Teacher. This is surprising since this journal focuses on the teach
ing of high school and entry-level college mathematics, but this was apparently not
imusual in the days of "New Math".
Recently, however, a group of researchers calling themselves the Research in Un
dergraduate Mathematics Education Community (RUMEC) have published a series
of papers documenting studies of undergraduates' understanding of various topics
in abstract algebra. (See the URL http://wv.c8.g8u.edu/'0^nifflec/ for more in
formation on RUMEC.) These studies were carried out using a specific theoretical
perspective known as APOS, an acronym for Action, Process, Object, Schema. De
signed by members of RUMEC, APOS theory is an extension of Piaget's concept
of reflective abstraction. As discussed by Brown, DeVries, Dubinsky, and Thomas
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(1997), the theory implies that most mathematical concepts are learned by progress
ing through first an action level of understanding, which is mainly procedural with
little or no connection to the mathematical concept being studied. When an individ
ual reflects on a repeated action, it can be interiorized as a larger process that the
individual can apply in more general situations. When individuals reflect on these
processes, they may become aware of a more abstract level on which the processes
are encapsulated as objects, which can then be acted on and transformed without
necessarily considering any of the underlying processes. The coordination of several
of these constructed concepts in the attempt to understand a particular mathematical
concept is known as a schema.

2.1.1 Groups and Subgroups
Ehibinsky et al. (1994) suggest that a student's understanding of the concepts of group
and subgroup develop simultaneously; that is, rather than first come to understand
the concept of a group and then that of a subgroup, students' concepts of these
develop in parallel. Thus, when first introduced to the notion of a subgroup, students
do not yet fully understand the concept of a group. With time and experience,
developing understanding of one reinforces developing imderstanding of the other.
Brown et al. (1997) conclude that the concept of a group requires the coordination
of the concepts of set, binary operation, and axiom. The concepts of set and binary
operation are previously constructed (and hence play a role in a students' construction
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of the group concept) and are coordinated through the concept of axiom, which is
a general idea of determining if and when various objects satisfy certain properties.
FVom another perspective, one could note instead that in order to understand the
concept of group, students must have an understanding of what sets and binary
operations are, and then must also understand the role that definitions play in the
construction of mathematical objects (see Theoretical Framework chapter).
Some students initially appear to conceive of groups and subgroups solely as sets of
elements, even ignoriag the given group operation. This may suggest that a student's
imderstanding of set is foundational for his or her understanding of group (Dubinsky
et al., 1994). Such a student may believe that a subgroup is merely a subset of the
larger group. Hazzan (1999) reports that "students often treat groups as if they were
made only of numbers and of operations defined on niunbers" (p. 77). Dubinsky et
al. (1994) foimd this also and suggests that this misconception is the result of "stu
dents' efforts to construct a new concept (group) by relating it to a familiar concept
(set)" (p. 275). Brown et al. (1997) found that students have difficulty constructing
a set of elements satisfying given conditions. In particular, they note that students
seem to be able to show that if an element satisfies a condition, then it is in the group.
However, applying the converse of this statement is problematic; understanding that
an element can be shown to have a certain property because of its membership in a
particular set is not as straightforward. Though the theoretical perspective of this
work does not include advanced mathematical

thinking,

these studies demonstrate
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that students have difficulty working with objects defined solely by mathematics, and
are more comfortable and successful when studying the properties of more concrete
objects.

2.1.2 Cosets
The statement a = b (mod n) can be thought of in many ways, but for students of
elementary group theory, it says, among other things, that a and b belong to the same
coset of the ideal generated by n in Z. Formation of and operations with cosets have
been studied to a large extent, and these results may prove to be useful in the study
of congruence of integers.
APOS theory has been used extensively to study the construction of cosets by
students. Dubinsky et al. (1994) delineate the genetic decomposition for this con
struction as follows (p. 282):
Action: Coset formation is only possible in familiar situations and where explicit
formulas are available.
Process: Coset construction can be performed in a variety of situations, but cosets
are still imderstood almost entirely in terms of the process of forming them.
Object: Cosets are encapsulated as objects which can be manipulated without hav
ing been explicitly constructed.
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However, this action-process-object development may be context-dependent; stu
dents may be able to treat cosets as objects when considering one group, but may
have only an action conception in a less familiar situation. The authors also note
that in order for students to successfully perform operations on cosets, an object con
ception is required. Of course, appljring binary operations to cosets has an APOS
interpretation as well. In particular, they found that students without what they
called an object conception were able to work with the familiar elements of Z/nZ
as coset representatives and correctly perform operations on these representatives by
using various procedural "tricks". However, when the students were asked to do the
same with cosets of a different group, D3, most made little progress (p. 288).
Asiala, Dubinsky, Mathews, Morics, and Oktac (1997) used this framework to
further study understanding of cosets, and found that most of the students in their
study were able to view cosets as objects. However, some students were unable to
think about cosets except as objects; for instance, they were unable to de-encapsulate
the coset formation process and talk about the cosets in very specific terms. The
researchers conclude from this that the notation used in describing cosets essentially
forces students to think about them as objects, and that most students seem to skip
the action phase altogether and start with a process conception. The researchers
note that the nature of abstract mathematics may enable students to maintain the
appearance of a high level of understanding when they actually do not understand a
concept.

On the other hand, Hazzan (1999) claims that the nature of the material enables
students to not develop an object conception of cosets. He writes that, in learning
to construct specific examples of cosets, "students do not have to captiue the whole
situation at a glance as a single entity - hence they are not obliged to adopt an
object conception" (p. 81). Her theoretical perspective entails the active efforts of
students to reduce the level of abstraction while solving problems, so he explains this
reluctance to treat cosets as objects as inherent to a student's strategy for coping with
the difficult abstract nature of the problem situation. It is interesting to note that
in both of the previous studies, the courses were being taught using an experimental
method (ISETL programming), while the students Hazzan studied were being taught
in a traditional lecture format.

2.1.3 Normality and Quotient Groups
Dubinsky et al. (1994) write that "it is generally believed that most college students
do not succeed in understanding the concept of quotient group" (p. 293). These re
searchers also believe that misconceptions (or lack of understanding altogether) of
the concept of normality prevent students from constructing this concept in the first
place. The research on this topic shows that students have a very limited under
standing of normality, frequently confusing it with commutativity. The distinction
between proving that a particular subgroup is normal and showing that the center of
a group is a normal subgroup has caused serious confusion for students, as reported
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by Dubinsky (1994) and Asiala et al. (1997).
According to Asiala et al., understanding quotient groups can be thought of as the
explicit coordination of three concepts; coset, binary operation, and group. Dubinsky
et al. (1994) found that students generally did not have as much difficulty forming
quotients of abelian groups as they did of symmetric and dihedral groups. They
attribute this difficulty partly to students' lack of understanding of normality, and
partly to the absence of an object conception of cosets. Without viewing cosets as
objects, students are unable to view them as elements of the quotient group, on which
actions can be performed via a new binary operation. This is analogous to college
algebra students' inabiUty to think of sets of functions, as reported by Cuoco (1994)
- if a fimction is no more than a process which manipulates numbers, it is difficult to
view a function as something which can itself be manipulated.
Asiala et al. (1997) reiterate this finding. They also state that one reason students
may be able to be successful in working with quotient groups of the form Z/nZ is that
it is easy to view the elements of this quotient group solely by the standard coset rep
resentatives {0,1,2,... , n — 1}, ignoring the fact that operations are being performed
on cosets. In this case, students can get right answers without any understanding of
the imderlying cosets, or of why it is sufficient to perform these operations on coset
representatives. The mathematical power here is easy to overlook. I should note
here that there is no mention of what "success" means in this context - it appears to
mean that the students were able to get correct answers, but there is no indication
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that they had any substantial understanding of the mathematical structure of these
quotient groups of integers.
Hazzan (1999) adds to this discussion that students' difficiilties are magnified by
a tendency to search for canonical procedures to use in this construction of a quotient
group. The process is much more complex than determining if some set of concrete
objects is a group. Hazzan claims that students work with coset representatives to
the exclusion of the cosets themselves in an attempt to reduce the level of abstraction
involved. They recognize that is easier to work with representatives; indeed, this is
why quotients are so powerful a tool. However, students often use such "shortcuts"
without a complete understanding of why they work, as in seen in the learning of
mathematics at every level.

2.2

Elementary Number Theory

In the last few years, a growing body of research on the teaching and learning of ele
mentary number theory has emerged. Much of this work seems to have been inspired
by Zazkis and Campbell's (1996) study of preservice elementary teachers' difficulties
with the concept of divisibility. For example, students often confuse multiples and
divisors of a number, and generally have difficulty reasoning about divisibility when
integers are presented in factored form. Zazkis and Campbell also note that the
students in their study demonstrated a procedurcd disposition towards determining
divisibility, and finding greatest conunon divisors and least common multiples.
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Brown, Thomas, and Tolias (2001) reported that students tended to view a fac
tored form of a number as an instruction to calculate the product, rather than as a
representation of the numbers; an interesting example of this phenomenon is given
by Zazkis (2001). Given Af = 3® • 5^ • 7, students were asked to determine if M was
divisible by 7, 5, 2, 9, 81, 63, and 15. One student. Bob, quickly noted that 7 and
5 were divisors of Af, since these appeared in its prime factorization. Similarly, he
quickly decided that 2 was not a factor since it did not appear in the factorization.
Bob concluded that 9 was a divisor, reasoning that since M was a multiple of 3, any
multiple of 3 less than M would also divide M. When asked about 81, 63 and 15, he
decided that the only way to determine divisibility was to calculate M by expanding
the product, and then dividing the result by 81, 63, and 15. Clearly Bob did not see
the power of this representation of the number M.
Several researchers (Selden & Selden, 2001; Farrari, 2001; Rowland, 2001) have
remarked that an elementary number theory course is an excellent setting in which to
study students' reasoning and proof strategies. Since the topics studied in a niunber
theory course typically assume only knowledge of arithmetic, it is assumed to be a
good course in which students can leam to reason about mathematical ideas. Rather
than struggling with the concepts and content, they can focus on proof, justification,
and problem-solving strategies. Farrari studied imdergraduates' use of representations
in a niunber theory coturse and found that students have difficulty distinguishing
between a number, its representations, and related properties. For example, students
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were asked, if Af = 3'* • 5^ • 7® • 19®, is M + 5 divisible by 10? This is a question
that cannot be answered simply by looking at the prime factorization of Af, and
the number was chosen to be too large to facilitate the use of a calculator. In other
words, students must reason about divisibihty in order to answer this question. Many
students in the study answered that 10 did not divide Af + 5 since there was no 2 in
the prime factorization of M. Others concluded that the answer was yes by a variety
of means, such as writing out an expression for Af + 5 and factoring a 5 from this
expression: Af+5 = 5'(3'''5^'7®'19®+1), and then concluding that Af+5 was divisible
by 10 because it was clearly divisible by 5, and since the niunber in parentheses is
clearly even. The researcher notes that, even though this reasoning is correct, it
demonstrates that the students had difficulty dealing with the representation Af + 5.
An individual who explains the solution by Uoting that M is odd since it is a product
of odd integers, and Af + 5 is clearly divisible by 5 and even, is working directly
with this more abstract representation than the students who must write out the
expression A/ + 5 and work with it directly in order to solve the problem.
In a 1998 study, Zazkis examined prospective elementary teachers' conceptions
of even and odd numbers. She found that students did not view divisibihty by 2
and evenness as being equivalent properties of a number. Being even was seen as a
function of the last digit of a nimiber, whereas determining divisibihty by 2 seemed to
necessitate that a division operation take place. For example, one student struggled
to construct an example of a 5-digit number which left a remainder of 1 upon division
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by 2, though she had been easily able to give 1 and 2-digit numbers with this property.
Another example which is particularly germane to this research was of a student who
was asked to determine if the number K = 6-147+1 was divisible

6. The student

initially responded that 6 did indeed divide K, claiming that 6 appeared in the prime
factorization. When pressed to test this conjecture with a calculator, the student
realized she bad been incorrect. She then explained that 6 did not divide K because
K is odd and 6 is even. It is interesting to note that the student did not recognize
that K would leave a remainder of 1 upon division by 6. This, along with other
similar results, may suggest that students do not easily see the connection between
division with remainder and divisibility.

2.3 Equivalence
Since congruence is an equivalence relation, we might expect to see some parallels
between understanding of congruence and understanding of other equivalence relar
tions. The only research in this area that I have found pertains to K-12 students'
interpretations of equality; there is a large body of research on this topic dating back
to the 1970's. Inherently, the equality symbol = is somewhat vague and can have
different meanings depending on context (FVeudenthal, 1983); this is due largely to
the somewhat chaotic development of mathematical symbolism throughout history
(see Saenz-Ludlow & Walgamuth (1998) for an interesting account). For example, =
can be a defining symbol, as in f(x) = x^+2a:—3, or an operattona/symbol indicating
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the result of a computation, such as /(—3) = 0, or a relational symbol, indicating
that two quantities have the same value, as in /(-3) = /(I). Ideally, we would like
students to be able to interpret the equality symbol appropriately in each context.
Behr, Erlwanger, and Nichols (1980) reported that children typically view the equal
ity symbol exclusively as an operational symbol, a command to do something. When
presented with statements like 8 = 3 + 5, first grade students responded that these
were "wrong," and would switch the positions of the = and the + to get 8 + 3 = 5,
and then note that the 5 should be an 11. Second graders presented with statements
like 3 + 2 = 2 + 3 also tended to say that these were false, since 3 + 2 is 5, not 2.
Difficulties interpreting the equahty sjrmbol are not confined to elementary school
children. Kieran (1981) and Wagner (1977) showed that secondary sdiool students
typically regard the equality symbol operationally - as "a unidirectional symbol pre
ceding a numerical answer" (Booth, 1988, p. 24), instead of relationally - indicat
ing that two quantities are the same. Kieran (1999) reports that evidence suggests
that children do not necessarily "grow out oP this interpretation of equality as they
progress through school. She reports on a successM teaching experiment in which
children's conceptions of equations were developed through a carefully designed and
implemented sequence of instructional activities which built upon the children's exist
ing operational understanding of equality. At the beginning of the experiment, all of
the participants exhibited an operational interpretation of equality, and the activities
led the students to eventually view algebraic equations relationally. It is interesting
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to note that these were seventh and eighth grade students.

2.4

Elementary Algebra

Research on children's interpretations of algebraic equations and the process of solv
ing these equations reveals that there are many conceptual difficulties. Booth (1988)
says that In algebra, the focus is on the derivation of procedures and relationships
and the expression of these in generalized, simplified form" (p. 21). Students have
difficulty accepting algebraic expressions as "answers," preferring to pick values for
the variables in order to give a numerical answer. Kieran (1988) reported that when
solving equations, beginning algebra students tended to rely on a memorized pro
cedure that appeared to disregard the role of the equality sjrmbol in the equation.
Wagner and Parker (1999) describe the difficulty that students with an operational
view of equality often face when solving equations in algebra, noting that most solu
tion methods assume a relational view of the equality symbol, so that students must
work with the entire relation as they transform it into equivalent relations. They state
that "few students fully appreciate the fact that solving an equation is finding the
value(s) of the variable for which the left- and right-hand sides are equal" (p. 333).
Bernard and Cohen (1988) write that understanding how to solve equations by
the equivalent-equations^ procedure is a conceptuaUy sophisticated task that requires
^The equivalent equations method of solving equations is the one in which one transforms an
equation into an equivalent, simpler representation by performing some allowable tranformation on
the equation, such as adding the same number to both sides of the equation, or applying the sine
fimction to both sides of the equation. After a series of such transformations, the solution to the
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a good deal of cognitive preparation. They claim that methods typically used in
pre-algebra such as guess-and-check, the "cover-up" method (viewing equations as
arithmetic identities with one value covered up), and the "undoing" method (view
ing equations as a sequence of reversible steps that have been applied to a number),
though important activities, are not adequate preparation for learning to solve equa
tions using equivalent-equations. Note that a student with an operational view of
equality can be successful learning to solve simple equations by such methods, since
the relational aspect of equality is not necessary to guess the value of the missing
number, and then perform arithmetic operations to check if the result is correct.
Herscovics and Kieran (1999) also report that students have a great deal of difficulty
solving equations by the equivalent-equations procedure. Kieran (1999) states that
though research shows that many students become quite adept at solving equations in
an automatic, procedural fashion, "these studies demonstrate that the same students
are generally not aware of the structure underlying the manipulations they perform"
(p. 351).

2.5

Overview

Though no research has been published on students' conceptions of congruence, re
search in the related areas described above indicates that students tend to struggle
with many concepts in algebra and number theory which are foundational to congruequation becomes clear.
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ence, such as equality and divisibility. Just as difficulties interpreting equality impact
students' understandings of processes in elementary algebra, we can predict that any
difficulties with congruence or similar types of relations would likely impact students'
understandings of processes in abstract algebra as well. Clearly, the research shows
that undergraduates struggle with group theory and its related concepts. Since the
concept of congruence of integers is a frequently encountered example of a quotient
group, we might suppose that students may have similar kinds of difficulties in learn
ing the concept of congruence.
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CHAPTER 3

THEORETICAL FRAMEWORK
Generally speaking, a sociocnltural perspective on learning focuses on a community's
ways of reasoning about particular concepts. The learning and reasoning of individu
als is viewed as an act of participation in these communal practices (Cobb, Stephan,
McClain, & Gravemeijer, 2001). On the other hand, psychological perspectives on
learning, such as constructivism, focus on the nature of individuals' reasoning about
concepts. Constructivism asserts that individuals actively construct their own knowl
edge, as opposed to passively receiving knowledge from a source such as an expert.
The terms assimilation and accommodation are often used by theorists to describe
the processes by which students fit new information into their existing knowledge
structures, and by which they reorganize these structures, respectively. Cognitive
growth results from these active efforts to restructure one's knowledge of a mathe
matical concept (Stiff, Johnson, & Johnson, 1993). According to Davis, Maher, and
Noddings (1990), "learning mathematics requires construction, not passive reception,
and to know mathematics requires constructive work with mathematical objects in a
mathematical community" (p. 2). Inherent in the constructivist perspective is the as
sumption that the body of mathematical knowledge has been created by individuals,
as opposed to being independent of human beings (Goldin, 1990).
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3.1 Advanced Mathematical Thinking
Currently, the precise characterization of advanced mathematical thinking (AMT) is
a subject of some controversy in the mathematics education community. On both
sides of the Atlantic, researchers have used the term to describe a goal that we would
like our undergraduates to achieve - the ability to do mathematics as mathematicians
do. However, defining AMT for purposes of research has been problematic. In this
section, I will briefly summarize several major perspectives on AMT in the research
community.
In 1992, Tall characterized AMT as involving both precise mathematical defin
itions and logical deductions of theorems based upon these. Tall does not explain
this notion further, but it appears that he is thinking of AMT as the ability to do
formal mathematical reasoning. He contends that the transition to AMT requires
a "massive process of cognitive restructuring^ (p. 508) on the part of the student.
This restructuring involves the student moving from viewing a concept primarily as a
process to viewing it as an object by both abstracting properties of the object from a
formal definition and constructing properties of the object through logical deduction.
Additionally, the different representations for the concept and the relationships be
tween these are constructed. It is interesting to note the strong resemblance between
these ideas and the APOS framework of Dubinsky et al. (see previous chapter).
In subsequent papers. Tall appears to be equating AMT with the type of formal
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reasoning needed to understand formally structured mathematics. Pinto and TaU
(1999) focus on the interplay between interpreting concepts, (1) by adapting one's
concept image to include information learned through formal deduction and (2) by
formal deduction from the formal definition alone. They referred to these processes as
giving meaning and extracting meaning, respectively, and found that students could
be quite successful using both strategies. The authors claim that the transition from
elementary mathematics to "formal prooP is very difficult for a student whose "un
derlying concept image is unable to sustain the formalism" of AMT. "Some remain
entrenched with their old concept images and those that attempt to use the definition
may only be able to cope with part of the structure, giving a personal definition that
is not formaUy operable" (p. 287).
According to Heid, Harel, Ferrini-Mundy, and Graham (2000), several different
perspectives exist within the PMEJ-NA working group on advanced mathematical
thinking. Eklwards, Dubinsky, and McDonald (2000) argue that Tail's definition of
AMT is incomplete in that it does not take into account the possibility that students
might reason from definitions purely formally with Uttle or no understanding of the
mathematical concepts. They define AMT as "thinking that requires rigorous, de
ductive reasoning about mathematical notions that are not entirely accessible to us
through our five senses" (p. 3). According to this definition, a student who creates
physical or written models or reasons from examples would be demonstrating EMT.
Rasmussen, Zandieh, King, and Teppa (2001) prefer to use the phrase "advancing
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mathematical thinking," and emphasize that AMT may be present at all grade levels,
not just at the undergraduate and graduate levels of study. This perspective focuses
on the activities of horizontal and vertical mathematizing. Horizontal mathematizing
involves the transformation of a mathematical problem into another setting in order
to facilitate analysis; this may mean translating from a real-world into a symbolic
setting or from one representation of a problem into another. Vertical mathematizing
consists of activities which are built upon the products of horizontal mathematizing,
for example, reasoning about a concept or developing an algorithm. The practice
of defining is presented as an example to illustrate the difference between these two
types of mathematizing activity. When students in a geometry course were asked
to define a triangle, the students listed characteristics of triangles and from this list
constructed a definition. Rasmussen et al. note that "this type of organizing and
clarifying is consistent with what we term as horizontal mathematizing" (p. 16). In
contrast, when asked to define a triangle on a sphere, the students generalized from
their previous definition in order to construct an understanding of a spherical trian
gle. The authors write that "such generalizing and abstracting activity that builds on
previous mathematizing fits our view of vertical mathematizing" (p. 17). Note that
the notion of vertical mathematizing as presented by Rasmussen et al. may not be
considered AMT using the definition of Edwards et al.
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3.2

The Transition to AMT

Elementary mathematical thinking begins with a focus on concrete objects, such as
numbers, which are studied in order to generalize to related processes and concepts.
Properties of the objects are induced from observation and comparison with other
objects. Symbols are used to represent the objects, and students are gradually able
to work with the sjonbols completely abstracted from the original objects. Gray,
Pinto, Pitta, and Tall (1999) write that elementary mathematical thinking is charac
terized

"the use of symbols as concepts and processes to csdculate and manipulate"

(p. 116).
However, the transition from elementary to advanced mathematical thinking re
quires a major shift in one's thinking processes. Instead of starting with the objects,
students must start with a formal definition and from it construct a mental image
of the object in question. For example, in an elementary setting, one might examine
different types of triangles in order to determine the properties of triangles and extend
one's general knowledge of triangles. However, in an advanced setting, a triangle may
be defined as a set of three points in a metric space such that the distances between
the points satisfy the Cauchy-Schwartz inequality. Further, distance is defined in
terms of a function, not necessarily one that corresponds to our intuitive notion of
distance. Things which are called triangles according to this definition may not at all
resemble the triangles one knows, but one can deduce from this definition properties
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that triangles have, and make conjectures and prove theorems related to triangles on
the basis of this definition. In fact, any object which satisfies the definition is indeed a
triangle, and thus many other properties one has deduced for triangles automatically
hold, despite the fact that this new object may conflict with one's previously held
notion of a triangle. Gray et al. note that this shift m thinking constitutes a "didactic
reversal... [that] causes new kinds of cognitive difficult}r" for students (p. 117).
"In practice, this [transition] often proves extremely difficult. The idea of
giving a verbal definition as a Ust of criteria and constructing the concept
image from the definition is a reversal of most of the development in
elementary mathematics where mathematical objects are thought to have
properties which can be discovered by studying the objects and related
processes. The move from the object —> definition construction to the
definition

object construction is considered an essential part of the

transition from elementary to advanced mathematical thinking" (p. 125).
Dreyfus (1991) argues that though advanced mathematical topics can often be
approached from an elementary perspective, a distinguishing feature between the
elementary and advanced approaches is how one deals with the complexity of the
mathematical ideas. He ofiers two means by which this complexity is managed; ab
stracting and representing. Abstracting consists of generalizing, inducing common
characteristics based on a number of specific cases, and synthesizing, combining var
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ious pieces of information into a coherent whole. Tall (1991) distinguishes between
two types of generalization; expansive generalization, in which a student extends his
existing ideas to cover newly encountered cases, and reconstructive generalization,
which occurs when a new case does not fit with the previous ones, requiring the stu
dent to reconstruct her understanding of the concept, often based primarily on the
formal definition. For example, a student who understands the structure of the vector
spaces R^, R^, and R^, may be able to simply extend her thinking about these spaces
to the more general vector space R". On the other hand, developing a conception of
a generalized vector space V over an arbitrary field F requires that she reorganize her
thinking tremendously. Thinking about R" is cognitively very difiierent from thinking
about V. The type of generalization required in the first case is an example of an
expansive generalization, since the student only needed to extend her current ideas
to a more general concept. In the second case, however, the student is required to
construct an understanding of an object which is defined by a list of axioms, which
necessitates a reconstructive generalization. According to Dr^rfus, reflection about
one's own thinking processes is critical in the coordination of the processes of general
izing and synthesizing, and is an important characteristic of advanced mathematical
thinking.
Representing, on the other hand, involves generating a suitable mental image for
the concept. In addition, this mental representation must be communicated exter
nally, and so a symbolic, verbal, or other type of external representation must be used.
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These will be discussed further below. Dreyfus emphasizes that a rich, multiply-linked
network of representations is required for success in mathematics. In fact, a person
may simultaneously hold several distinct mental representations for a concept; dif
ferent representations may be evoked in different situations. However, achieving this
level of flexibility with one's mental representations for a concept appears to be dif
ficult, and as a result, Dreyfus writes that "students very often limit themselves to
working in a single representation" in an attempt to deal with the evident complexity
(p. 33).

3.3 Concept Image and Concept Definition
Vinner (1991) describes the concept image as "something non-verbal associated in our
mind with the concept name" (p. 68), and states that "to acquire a concept means
to form a concept image for it" (p. 69). In other words, fomung a concept image
for a particular concept is an inherent part of coming to understand that concept.
Tall (1992) describes the notion of a concept image more succinctly as "the total
cognitive structure that is associated with the concept, which includes all the mental
pictures and associated properties and processes" (p. 496). The concept image is
built over time in the mind of the individual, and it is not necessarily coherent or
consistent during this process. Many factors influence how an individual comes to
form an imderstanding of a mathematical concept. Prior conceptions and experiences,
whether correct or even appUcable, can play a role when an individual encounters a

aew definition for or application of a concept. TaU writes that this is especially true in
advanced mathematics, when "the mind simultaneously has concept images based on
earlier experiences that interact with new ideas based on definitions and deductions"
(ibid). The portion of the individual's concept image that consists of knowledge that
only can be deduced from the formal definition is called the formal image.
E)efinitions in mathematics, according to Vinner (1991), form the crux of the
''conflict between the structure of mathematics, as conceived by professional math
ematicians, and the cognitive process of concept acquisition" (p. 65). The learning
difficulties which result from the nature of the difference between how mathematics is
done and how it is presented to students have been well docimiented: Davis (1992),
Lampert (1990), Schifter (1993), Tall (1992), NCTM (2000), and Vinner (1991). Vmner draws a distinction between "everyday life contexts" and "technical contexts",
noting that in most everyday experiences, one does not need to consult definitions in
order to understand a sentence occurring in conversation. Indeed, some terms com
monly used in everyday life, such as "red", have no real definition. Instead, we each
have a concept image for "red", some aspect of which is evoked when we encounter
this word. Most of the time, people have no need to stop and revisit the definition of
a concept; their concept image is suflicient for understanding or operating in a given
situation. In fact, definitions in everyday life are quite dispensable. Vinner offers a
"scaffolding metaphor" for this role of definitions; the definition may serve as a useful
framework in learning a concept, but once the "building" is finished, the "scaffolding"

is taken away. In "technical contexts," however, definitions play a much larger role.
The concept definition is

form of words used to specify [a] concept," according

to Tall and Vinner (1981). However, there does not appear to be a consensus in
the literature as to precisely what this means. Vinner (1991) separates the concept
definition from the concept image and allows for the possibility that an individual's
concept definition may conflict with the external formal definition. That is, the con
cept definition is the specific wording used by an individual to define a concept and is
thus unique to the individual. This definition may or may not agree with the formal
mathematical definition agreed upon by the mathematical community or taught to
the student, but it is the definition which corresponds to the individual's concept
image. Vinner claims that one's concept definition is "reconstructed by referring to
the concept image" (p. 79). In the case that the concept image is incorrect, the
result will be an incorrect definition. However, Tall (1991) uses the terms "concept
definition" and "formal definition" interchangeably; he refers to "concept definitions
and students' concept images" (p. 21). While Vinner regards the concept image as
non-verbal. Tall does not appear to exclude verbal descriptions of concepts from the
concept image. Chin and Tall (2000) acknowledge that there are several interpreta
tions of these ideas and state that, in their work, the "the concept image includes the
definition and its resiilting imagery" (p. 182).
Depending on the context, the concept definition as related by the individual
may or may not accurately and completely reflect the individual's concept image.
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FIGURE 3.1. Four types of thinking processes (Vinner, 1991)
Different components of the concept image are evoked in different situations; these
may indeed be contradictory at times. Many experienced instructors of mathematics
deal with this problem by carefully defining concepts for students in order to avoid
these incomplete and contradictory concept images. However, Tall (1992) writes that
introducing students to mathematical concepts through the use of formal definitions
is problematic. "When students are first confronted with mathematical definitions,
it is almost inevitable that they will meet only a restricted range of possibilities; this
colors their concept images in a way that will cause future cognitive conflict" (p. 497).
This is especially true for students who have not yet made the transition to advanced
mathematical thinking.

55

In technical contexts, such as in a mathematics class, reliance on the concept image
without also consulting the definition can lead to errors. Vinner (1991) describes four
types of thinking processes involved in mathematical problem-solving that involve the
concept image and concept definition. The first three reflect the thinking that most
instructors of mathematics would desire that their students employ, though Vinner
notes that the foiurth is likely the most common.
In figure 3.1(a), the individual first uses her concept definition, checks this against
her concept image, returns to the definition, and produces a solution. In 3.1(b), a
purely formal deduction is performed, without consulting the concept image at all.
In 3.1(c), the individual first consults her concept image (intuition) and then checks
this through her concept definition, producing an answer. Figure 3.1(d) denotes a
total reliance on intuition, and the individual does not consult his concept definition
at all.
Vinner describes the results of a study done with first year calculus students, in
which the students were given the graph of a curve resembling the graph of y = z^,
with a point P marked at the "origin", and asked to determine if it was possible to
draw exactly one, more than one, or impossible to draw a tangent to the curve at the
point P.
The concept of a tangent to the graph of a difierentiable function had been defined
for these students in class either as the line through the graph of the fimction at P
whose slope was the derivative of the function at P or as the limit of secants as P
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was approached. However, analysis of the students' answers indicated that most of
the students held a specific concept image for the tangent, described by Tall (1991)
as the generic tangent, that of a line touching a curve at exactly one point, as on a
circle. Only 18% of the students gave the correct answer for this item, though 41%
gave a correct definition for tangent. The generic tangent was too powerful an image
for the students to overcome. This concept image does not allow for tangents which
intersect curves at multiple points, or which may lie on parts of the curve.
The concept definition clearly plays an important role in advanced mathematical
thinking, especially in the development of proof. Tall (1999) writes that at this level,
"the introduction of axioms and proofe leads to a new kind of cognitive concept - one
which is defined by a concept definition and its properties deduced from the definition"
(p. 117). Students must begin to integrate their informal and formal concept images
with their concept definitions in order to make the shift to the deductive nature of
advanced mathematical thinking.

3.4 Representations
The topic of mathematical representations has received a good deal of attention in
the mathematics education conununity in recent years. In fact, representations are
one of the ten standards of NCTM's Principles and Standards for School Mathematics
(2000). Generally, representations can be described as the various waj^ of conveying
the meaning of and information about a mathematical concept or object. In a less
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fonnal sense, they are the ways we "think about" a concept or object. A well-known
example is of the many representations of functions. The equation f{x) =

+1

represents a specific function, but we can also represent it as a graph, a table of
values, a relationship between two quantities such as time and height, or as a set of
ordered pairs which satisfy a certain relation, {(x, y) :y = x^ + 1}.
According to NCTM (2000), "the ways in which mathematical ideas are repre
sented [are] fimdamental to how people can understand and use those ideas" (p. 67).
As noted above, mathematically proficient students are able to move fireely between
various representations and choose the "best" one to use in any particular situation.
It is clear that the representations available to students not only greatly impact their
ability to understand concepts and solve problems, but that access to a variety of types
of representations "significantly expands their ability to think mathematically" (ibid).
As teachers, we should be aware of students' representations, for they can give
valuable insight into students' conceptions and misconceptions of mathematical ideas.
According to Davis and Maher (1987),
"The teacher is concerned with the mental representations that a students
is building in his or her head; the teachers tries to recognize the students'
representations as accurately as possible, and tries to help provide for that
student precisely those experiences that will be most useful for further
development or revision of the mental structures that are being built."
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However, the role of the teacher is to act as a guide or coach in this process,
for "it is the student who is doing the work of building or revising these personal
representations" (p. 94).

3.4.1 Internal vs. External Representations
According to Janvier, Girardon and Morand (1993), there are two ways to classify
representations, as external embodiments of a concept or object, or as internal men
tal models of a concept. Lesh, Post, and Behr (1987) define five types of external
representations:
Static Pictures: graphs, images, diagrams, emd other visual (non-dynamic) ways of
representing ideas
Written Symbols: various types of mathematical notation
Manipulable Modeb: physical or virtual dynamic tools which have little or no
meaning in and of themselves but which can be used to represent a concept or
problem; e.g. Cuisinaire rods. Geometer's Sketchpad software
Spoken Language: a "plain-EngUsh" description of a concept or object, or also a
specialized sublanguage description such as used in mathematics and logic
Real Scripts: embedding in a "real" context based on experience, also called a con
textual representation
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An important property of external representations is that they can be used and
transformed with little or no coimection to the actual concept involved. Of course,
this allows for quite powerful abstraction; however, it also means that students can
give the appearance of understanding a concept when they actually do not. For
example, students can algebraically transform one symbolic representation of a linear
equation to another without even knowing that the symbols they are using represent
a line. In order to translate the equation to another type of representation, such
as a graph, students still do not really need to understand the concept of a line.
Simple point-plotting will produce a sufficient graph. Janvier et al. call such use of
representations syntactically driven, since they can be used quite efficiently by merely
following an established set of rules for working with each type of representation.
Internal representations, on the other hand, are more difficult to define because
they exist in the mind of the individual. To in some sense observe these represen
tations requires a careful analysis of the explanations and work of students. Broad
classification of internal representations also seems difficult, since they are generally
tied to specffic concepts. However, the interplay between internal and external repre
sentations plays a large role in the interpretation and internalization of mathematical
concepts.

•
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3.5 The Framework for AMT
A framework can be viewed as a tool one uses in order to attempt to imderstand
what is taking place in a classroom full of students learning about a concept, or in
an individual's mind as she solves a problem or explains a solution. It is not a mold
into which one tries to force one's findings, so that they correspond to those of other
researchers, but rather a lens through which one views the data and a perspective
from which one interprets the findings.
The framework that I have developed for placing students in the continuum be
tween elementary and advanced mathematical thinking draws heavily on the work
of Tall, Vinner, Dreyfus, and others, as described above. Though I am aware that
the precise characterization of advanced mathematical thinking is currently subject
to debate, I found the general concept to be helpful in differentiating between the
various perspectives of the participants in this study. I hope to promote further dis
cussion of this topic in the research community. 1 agree with Rasmussen et al. (2001)
that a perspective on AMT must account for the fact that mathematics learning
occurs as an individual participates in mathematical activity. As a result, the frame
work I describe below is an attempt to characterize students'

thinking

as they were

engaged in both describing their reasoning about a problem previously solved, and
solving problems in the context of the interview. I characterize participation in an
interview as mathematical activity, and recognize that the students' conceptions of
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congruence were influenced, perhaps strongly, by their conversations with me during
the interviews. I describe advanced mathematical thinking in terms of the following
four components;
• Coordination of concept image and concept definition (Vinner, 1991)
• Use definitions to construct meaning [Definitions

Objects] (Gray et al., 1999)

• Presence of multiply-linked representations (Dreyfus, 1991)
• Evidence of reflection on one's learning (Dreyfus, 1991)
I define the terms concept image, concept definition, and representations similarly
as in the literature:
Concept Image (CI): The individual's general intuitive understanding of a con
cept; associated images and ideas.
Concept Definition (CD): The individual's definition for the concept; may be
fairly disconnected from the concept image.
Representations: Internal mental images and ways of thinking about a concept,
and external ways of depicting a concept.
The following framework was developed as a means to coordinate the above four
attributes while attempting to place the participants along a continuum between
elementary and advanced mathematical thinking This framework arose from the
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analysis of the interviews with the participants in the study, as the result of a need
to delineate clearly what would evidence elementary and advanced mathematical
thinking in this context. As a result, it may not be widely generalizable, but I found
it a useful tool in organizing the analysis of the individual interviews.
An individual demonstrating integrated use of concept image and concept defini
tion would be able to use both her concept image and concept definition interchange
ably, with evidence that the two are linked in the sense described by Vinner (1991).
The focus here is on what I refer to as /amt/iar problem situations, i.e., circumstances
in which the participant is explaining the solution to a problem already solved, or
to a problem similar to one already solved. A student who demonstrates elemen
tary mathematical thinking (EMT) would describe the solution process completely in
terms of her concept image, while a student who demonstrated advanced mathemat
ical thinking (AMT) would employ both her concept image and concept definition
in a similar situation. Though it could be argued that individuals may be less likely
to use a concept definition in such a familiar situation, I pressed the participants in
the interviews to give as complete an explanation as possible, and questioned them
about alternate explanations until they seemed to have no other means of thinking
about a problem or concept. This "draining" approach was intended to uncover the
students' concept images and definitions for concepts, as well as the connectedness of
the mental representations held by the students.
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TABLE 3.1. The TVansition to Advanced Mathematical Thinking

Use of definitions to construct meaning refers to the tendency of the individual to
use the definition of a mathematical concept when exploring a new idea or question.
An individual demonstrating EMT would rely completely on his concept image, while
an individual displaying AMT would be able to refer to the definition of the concept
during this process in addition to coordinating the definition with his concept image.
This is a less rigid interpretation than that of Gray (1999) and others in that I view
the use of the definition as an important strategy in confironting new mathematical
ideas, but not the only strategy that is commonly used by mathematicians in such a
situation.
An individual possessing multiply-linked representations, as described by Drey
fus (1991), would have several different mental representations for a concept, and
would be able to translate between representations flexibly while solving a problem
or discussing a concept. I take this as a characteristic of AMT, whereas an individual
demonstrating EMT would have few representations, each perhaps tied to a particular
context and thus not well-linked.
A central tenet of constructivism is that reflection is a critical mechanism for
learning. Reflection is considered to be one of the key means by which new knowl
edge is constructed by individuals. In the interviews, the students were frequently
asked to describe their thinking emd to reflect upon their learning of the concept
of congruence. I categorized comments that appeared to be limited to the problem
procedures as ch£u:acteristic of EMT, while comments that demonstrated attempts to
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reconcile new roformation with previous knowledge, or to fit new knowledge into the
larger mathematical picture, as evidence of AMT.
Overall, this framework was a useful means by which to organize my thinking
about the data; it enabled me to systematically study the participants' ways of think
ing about congruence. FVom the perspective provided by this framework, I was able to
observe trends in the students' developing understandings, as well as misconceptions
that were present. These are described in the results chapters of this dissertation.
However, I soon realized that though the framework enabled me to document these
phenomena, it did not completely help me to explain why they had occured. In the
discussion chapter I will describe at length how I dealt with this obstacle.
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CHAPTER 4

METHODS
Since this topic is virtually unstudied, an exploratory case study design seemed best
suited for revealing the nature of students' understanding of congruence. It is unclear
what students do and do not understand about this topic, as well as why they strug
gle with it. What conceptual difficulties are there for undergraduates who are first
learning this topic? One way to answer this question is to study the experiences of
individual students studying congruence for the first time. Qualitative methods are
well-suited for this type of exploratory investigation.
The nature of qualitative research was described very eloquently by Rossman and
Rallis (1998):
QuaUtative researchers seek answers to their questions in the real world.
They gather what they see, hear, and read from people and places and
from events and activities. They do their research in natural settings
rather than in laboratories or through written surveys. [ ... ] As qual
itative researchers, they become part of the process, continually making
choices, testing assumptions, and reshaping their questions. As the in
quiry process grows from curiosity to understanding and knowledge build
ing, the researcher is often transformed. In many cases, the participants

67

are also changed (p. 5).
This emphasis on gathering information fitom the experiences of people in the real
world lends itself well to studying learning. A case study is an exploration of a
small number of individuals' interpretations and experiences with a single topic or
phenomenon. The value of conducting a study of a handful of people may appear
to be of little use. On the contrary, case studies are powerful because they allow
the researcher to gain insight into the phenomenon in general by focusing with great
depth on a particular instance of the phenomenon. It is simply not possible for one
researcher to gain this depth of understanding by sending out a survey to hundreds
of people and performing a statistical analysis of the results. Quantitative methods
generally are used to etnswer different tjrpes of questions than qualitative methods.
Winegardener (2001) writes that "qualitative research is groimded in the assump
tion that features of the social environment are constructed as interpretations by in
dividuals and that these interpretations tend to be transitory and situational" (p. 1).
Over the last two decades, qualitative methods have been dominant in mathematics
education precisely because of theu: usefulness in uncovering students' interpretations
(and misinterpretations) of mathematical concepts.
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4.1

Context

The study took place with the students enrolled in Math 315, An Introduction to Al
gebra and Number Theory, in the spring semester, 2001. This course is a requirement
for mathematics education majors (prospective secondary mathematics teachers), but
it is also frequently taken by mathematics and computer science majors and math
ematics minors. The thirteen students enrolled were a mix of jimiors, seniors, and
"postbacs," students with Bachelors degrees who were retiuning for teacher certificar
tion.
The class met Mondajrs, Wednesdays, and FVidays from 3:00 to 3:50 in what
is commonly called the "math education classroom" in the Mathematics building.
Cabinets filled with manipulatives and various K-16 teaching materials line opposite
walls under windows, and there are two chalkboards, a whiteboard, and a bulletin
board covered with colorful posters on the other pair of facing walls. There are five
tables in the room, each with six chairs. A television with a VCR is mounted high
in one comer. There is really no "front" to this classroom, which contributes to
the friendly, informal feel of the room. This is the room in which the department's
elementary and secondary mathematics content courses are taught.
The course is intended to be a friendly introduction to topics in number theory
and abstract algebra, with an emphasis on exploratory problem solving. The text
used is Stevenson's (2000) Exploring the Real Numbers. The instructor of the course

in the spring semester of 2001 was Dr. Thomas, a well-regarded and experienced
professor in the department who had taught the course frequently over the previous
twenty years. More details about the course and the teaching style of the instructor
can be found in the next chapter.
I decided to conduct the study in this course instead of in a more traditional
abstract algebra or mmiber theory course for several reasons. As mentioned earlier, I
conducted a small exploratory study in this course in the spring of 2000, and so I was
very familiar with the content and style of the course. The majority of the students
who enroll in this course are prospective teachers, and this is a population that I am
very interested in working with, given my interest in content knowledge for teaching
mathematics. The concept of congruence is explored more lengthily in this course
than in traditional abstract algebra courses, and the applications to which congruence
is applied are extremely accessible. Thus, I believed that this would be an ideal
enviroimient in which to focus on the students' understandings of congruence, with
minimal interference from other factors, such as the students' proof-writing abilities,
the abstractness of the applications, and lack of appropriate background knowledge.
In addition, the pace of this course was fairly relaxed, since the material was not a
prerequisite for another course. Finally, Dr. Thomas had expressed an interest in and
a willingness to support the study, and had spent time himself wondering why the
concept of congruence seems difficult for students.
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4.1.1 The Role of the Researcher
I served as a teaching assistant for the course, and in this capacity I attended each
class session, held office hours, came to know the students, and occasionally taught
the class when Dr. Thomas was away. The students came to my office hours for help
on homework about as frequently as they did E>r. Thomas, and asked me questions
before and after class as well. They were aware of the general nature of my dissertation
study and quickly accepted me as a member of the classroom community.

4.2 Participants
During the first few weeks of class, I closely observed the students and their interac
tion with each other and with the instructor. I decided that I wanted to interview
above-average performing students, with the assumption that I would leam more
about the nature of students' understanding of congruence from students who were
making considerable progress toward understanding the topic. Dr. Thomas helped
me to choose six students based on their grades on the first exam (which did not cover
congruence), and on our perceptions of students' strengths and weaknesses from work
ing with many of them one-on-one and observing them in class. We chose students
whom we perceived to be hard-working, conscientious mathematics students with the
potential to excel in the course. In addition, the students were chosen to represent
as diverse a group from the class as possible, representing both men and women, and
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"traditional" and "non-traditional" students. Each had earned a grade of A or B on
the first exam, and all eventually earned either an A or a B in the course. The six
chosen were invited to participate in a series of three interviews across the course of
the semester, and were offered a stipend of $50 each to compensate them for their
time. All six enthusiastically agreed to participate in the interview portion of the
study. More details about the participants can be found in the following chapter.
This study was approved as "exempt from review" by the University of Arizona
Human Subjects Committee. All of the students in the course signed consent forms,
and the six participants in the interview portion of the study signed an additional
consent form. Though he was not a directly a subject of the study, Dr. Thomas signed
a consent form as well.

4.3 Data Collection
According to Rossman and Rallis (1998), "Data gathering is a deliberate, conscious,
systematic process that details both the products and the processes of the research
activities, [and] entails diligently recording and reflecting, recording those reflections,
and reflecting on those recordings" (p. 123). The data for this study came from various
sources, which are described below. The primary source of information proved to be
the transcripts of the interviews with the participants, though all of the information
gathered contributed to the growing picture of my understanding of the situation.
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4.3.1 Field notes
I kept notes of my daily observations of the class throughout the semester. Following
Rossman and Rallis (1998), there were two components to the field notes: my descrip
tions of events as they occurred, and my comments on those events. I tried to observe
broadly, and wrote down as many details about each class session as I could, since I
did not know where the study was headed and what might be considered important
later. In the field notes, I attempted to record the instruction students received about
congruence: what form of words the instructor used to introduce and apply ideas,
what comments and questions students asked, which homework problems th^r had
questions on and how the instructor answered those questions, and the general "feel
ing" in the room as best as I could determine it. (That is, did the students appear
to be comprehending? Did they look lost or bewildered? Did their questions indicate
that they understand the basic ideas, or indicate any particular misconceptions?)

4.3.2 Video recordings of class sessions
During the four weeks in which congruence was discussed, I videotaped each class
session. I used my personal 8mm home video camera mounted on a tripod in a
vacant comer of the classroom. The camera was generally focused on the chalkboard
in the opposite comer of the room where Dr. Thomas stood most of the time. The
video captured him teaching, for the most part, including what he wrote on the board.
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but it also captured students' questions, comments, and facial expressions in some
cases. The original intention was to capture a video record from my perspective to
which I could later return to fill out my field notes. I eventually transcribed these
tapes and used the transcripts in my analysis.

4.3.3 Written questionnaires
Three questionnaires were distributed during the semester to the entire class. The
students received points toward their homework grade as a reward for returning these
in a timely manner. The first questionnaire asked students to describe their ideas
about mathematics, learning, and teaching in general. This information was used to
help choose the six participants, and then to generate a discussion in the first inter
view about their beliefs concerning the nature of mathematics and of learning. The
second questionnaire asked the students to describe their understanding of congruence
and to solve some simple linear congruences. These written responses were used to
generate the questioning protocol for the first interview and the written responses to
individual items were used to generate conversation in the interviews. The data from
the third questionnaire, which asked the participants to extend their imderstanding
of congruence, was not analyzed in this study. The first two questionnaires can be
found in Appendix A.

74

4.3.4 Photocopies of exams
All of the students' exams from the unit on congruence were photocopied prior to
being graded by the instructor. At the top of the first page of the exam, the following
question appeared:
"DOES JENN HAVE PERMISSION TO PHOTOCOPY YOUR EXAM FOR USE IN HER
STUDY?

YES

NO.

All students circled "yes." The analysis of the students' solutions to 5 of the 7
problems on the exam was used to generate the protocol for the second interview.

4.3.5 Interviews
Three structured phenomenological^ interviews were conducted with each of the six
participants during the semester; these were audio-taped and subsequently tran
scribed. The interviews were designed following a modified-Seidman structure. Seidman (1998) advocates using a series of three interviews in qualitative research. The
first interview focuses on the history of the participant, the background that he or
she brings to the subject being investigated. The second interview concentrates on
the details of the participant's knowledge about and understanding of the subject.
'Rossman and Rallis (1998) describe the phenomenological approach to qualitative research as
follows: "Those engaged in phenomenological research focus in-depth on the meaning of a particular
aspect of experience, assuming that through dialogue and reflection, the quintessential meaning of
the experience will be revealed. Extensive and prolonged engagement with individuals typifies this
work" (p. 72). The phenomenological genre focuses on the experiences of individuals and on the
meanings that individuals make from these experiences.
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The focus here is on the participant's current experience. The third interview asks
the participant to reflect upon the meaning of his or her experience with the subject.
In designing the interviews, I decided to modify this structure as follows:
Interview 1: Time: During the fourth week of the unit on congruence, before the
exam. Inquire about the participant's background and interest in mathematics
and teaching, and beliefe about the nature of mathematics and how one goes
about learning mathematics. Discuss written responses to questionnaire 1, focus
on the interpretation of congruences.
Interview 2: Time: Two to Three weeks after the exam on congruence. Discuss
the participant's experience in the course to date, how he or she prepared for
the exam, and reaction to the results of the exam. Discuss the solutions to the
problems on the exam in detail, focus on how the participant uses congruence
in solving problems.
Interview 3: Time: Two to three weeks before the end of the semester. Ask the
participant to reflect on his or her experience in the course, and to put the
concept of congruence in the context in their larger mathematical experience.
Discuss the written responses to questionnaire 3.
Unfortunately, there were many technical problems with the data &om the third
interviews, and so I decided not to include these data in the study.
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4.3.6 Discussions with Dr. Thomas
I had origiiially planned to interview Dr. Thomas three times using a similar modifiedSeidman structure, but he requested that the interviews be viewed as discussions,
in which he and I would share oiir views of what was happening in the course. I
found this idea very appealing, and so I audio-taped our discussions throughout the
semester. These tapes were also transcribed.

4.3.7 Research Log
I kept a research log on my computer during the data collection phase of the project,
in which I documented my thoughts, concerns, and ideas about the study. I also used
this log to simimarize discussions that I had with my advisor and others about the
project.

4.4 The Questionnaires
As noted above, the questionnaires were completed by the entire class as an assign
ment. The pmpose of the first questionnaire was to gather some information about
the backgrounds of the participants. The full text of the questionnaire can be found
in the appendix. Several of the specific goals were to determine if the students had
taken the department's transition coiuse, if they had studied congruence prior to this
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course, if they were planning to teach high school, and how they regarded themselves
as mathematics students.
The second questionnaire was intended to gather much more specific information.
The items which yielded the most interesting data are listed below:
1. How would you explain what the statement a = 6 (mod n) means?
2. Is there another way you can think of to explain it? (If so, please do.)
3. Can you think of a way to draw a picture to show what this expression means?
4. What values could x have in each of the following?
(a) X = 3 (mod 7)
(b) 17 = X (mod 4)
(c) X = 23 (mod 11)
(d) 2 = 1 (mod 9)
Question 1 is a defining question, though it is not phrased in terms of defining.
I wanted to know how the students would define the concept of congruence, and I
specifically avoided using words that would inspire them to simply copy the definition
out of the book. The second question was intended to get the students to give various
definitions; three were given in class. In asking the third question, I was curious if the
students were aware of the clock or number line visual representations for congruence,
but for the most part, this item yielded little usable data.
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The design of the fourth item was based on the results of the exploratory study
I had conducted one year earlier, in which it had become apparent that the students
viewed the position of the integers on the left or right side of the congruence symbol
as significant. Items (a) and (b) are written in the way that students typically see
congruences. In item (a), the integer on the right is smaller than the modulus, and
in (b), the integer on the left is larger than the modulus. Items (c) and (d), on the
other hand, were reversed, since the sizes of the integers were reversed from (a) and
(b).

4.5 The Structure of the Interviews
Interviewing is generally considered the trademark of qualitative research. Certainly,
in-depth interviews are the most direct way to gather data about a person's beliefe
about and interpretations of a mathematical concept. The design of the questions
asked in the interview, then, is a critical factor in determining the success of the
study. Zazkis and Hazzan (1999) identify six types of questions that are useful in
uncovering students' ways of thinking about a concept.
Performance questions typically ask the student to solve a problem, and are similar
to questions that might be asked on homework or on an exam. However, the
purpose of such questions in an interview is not to measure the students' per
formance, but rather to examine how the student approaches solving a problem.
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For example, in the interviews in this study, I asked the students to solve linear
congruences (such as items 4(a) and (b) on questionnaire 2 as described above)
in order to determine which of several strategies available to them they were
using. I could then ask further questions about the details of the process and
the choices made.
Unexpected "Why" questions are those that ask the student to explsiin something
they have not considered before. Zazkis and Hazzan write that these questions
are unexpected because they concern "facts or procedures that the students got
used to without considering the reasons for them" (p. 432). For example, I
asked the students to explain why they always reduced the integer on the right
side of a congruence.
'^Twist** questions are those that ask the students to solve a problem which is dif
ferent in some respect from the typical problems of that type. These types
of questions can give insight into the ways that students solve the problems in
more typical situations. For example, in item 4(d) on questionnaire 2 (described
above), I asked the students to solve the simple linear congruence 2 = x (mod
9), which is a "twist" on the way that they normally saw congruences written,
with the integer on the left reduced and the variable on the right.
Construction tasks are those that ask the student to construct a mathematical
object, given a set of properties that it must satisfy. Note that this is the

opposite of most tasks that students are presented with in the classroom - tasks
usually involve finding the properties of a given object. In the third interview,
which was not used in this study, I asked the students to find a number that
"acts like" the square root of 2 modulo 7. They were used to tasks of the form
3^ =

(mod 7), but the task of finding a number whose square is 2 seemed

to be significantly more difficult.
Give an example tasks are literally those where the student is asked to provide an
example of a particular concept or phenomenon. I have personally found that
asking students for non-examples is also very informative.
Reflection questions ask the student to consider another student's solution to a
problem. These questions ask the student to reflect on the solution holistically
and can reveal the reasons behind students' solution processes. Zazkis and
Hazzan note that asking a student to examine a wrong solution can reveal
insight into the nature of the error. An example of a reflection question from
this study: I asked the students to consider an answer of 19 to an item on the
exam, 19^® =

(mod 7). Is this a correct or an incorrect answer? Why?

To this list I would add defining questions, which ask the participant to give his
or her interpretation of the definition for a concept. This is distinct from the types
of questions above, and is £tlso different from the types of questions that students
are typically asked during a mathematics course. Note that the interview itself is
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a meaning-making experience for the participants. The act of participating in the
interview changes the student's understanding of the concept. The questions asked
push the participant to think about the concept in new ways, and as a result, their
understanding deepens and their perspective on the concept changes.
In the following sections, I will briefly describe the structure of the two interviews
used in this study.

4.5.1 Interview 1
As noted above, the students' mathematical background was discussed, as well as
their written answers to the second questionnaire. The interview began with the
following questions;
• Tell me how you ended up studying mathematics.
• Were you good at math in high school?
• What are you going to do after you graduate?
• What do you love about math?
• What do you hate about math?
• How did you decide to become a teacher?
• How do you think you are doing in this class so far?
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• Describe yourself as a math student.
• Describe how you envision yourself as a teacher.
• How does this course compare to the other math courses you've taken?
• Go over his or her idea about what it means to understand a concept. How do
you know when you understand a concept?
• What do you think makes someone good at math?
The second half of the interview focused on the students' responses to the second
questionnaire. I asked them to explain their answers to each item. Prior to the
interviews, I studied the students' responses to the second questionnaire carefully,
and asked questions based on their written answers. In both interviews, the interview
process involved listening very intently to the students' responses and asking further
questions in order to delve deeper into the topic. In this interview, I focused on the
students' interpretations of congruences.

4.5.2 Interview 2
The exam covering congruence was the focus of the second interview. I photocopied
the students' exams before they were graded and carefully read their responses to the
five problems that related directly to congruence. At the beginning of the interview,
I asked the participants the following questions:

83

• What grade did you get on the exam?
• How did you study for the exam?
• Was the exam a fair assessment of what you have learned about congruence?
• How would you evaluate your performance in the course at this point?
After these preliminary questions, I asked the students to explain their answers to
each of the five exam questions in detail. I asked them to describe any other solution
methods that they could think of as well. In this interview, I focused on the students'
appUcations of congruence and methods of solving linear congruences.

4.6

Data Analysis

The analytical process can be difficult to describe. It was highly personal, disorgar
nized, and creative; it crawled along for weeks with little progress, and then giant
leaps were made. I was frustrated

at times that the techniques that I was using

were not yielding results of interest, and at other times I was amazed by the results
I obtained. Strauss and Corbin (1998) state that the process of analysis is "not a
structured, static, or rigid process. Rather, it is a free-flowing and creative one in
which analysts move qmckly back and forth between types of coding, using analytic
techniques and procedures freely in response to the task" before them (p. 58). In
other words, what I was doing was engaging in research.

In general, the interview transcripts were transcribed and then read repeatedly.
I made notes in the margins on the first pass, and then determined some general
themes to code for. After a second coding pass, I wrote summaries for each student's
interpretations of congruence from the perspective of each theme. These proved
extremely helpful in solidifying my thinking. At some point, I stopped worrying
about technique and started to live with the data, thinking about it in as many ways
as possible, challenging every assumption and result, recoding the transcripts many
times. I will describe the research process further in chapters 6 and 7, so that the
reader will be able to ground the «q>lanation of analysis in the context of the data
and the results.
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CHAPTER 5

BACKGROUND: THE PARTICIPANTS AND THE COURSE
The purpose of this chapter is to provide the reader with as much context as possible
in which to ground the results in the next two chapters. I will first introduce the
instructor, Dr. Thomas, and will describe his views about the course and the topic of
congruence. In the second section, I will introduce the six participants, and describe
their views of mathematics and of understanding in general. I will then give an
overview.

5.1

Dr. Thomas and the Course

The instructor of the course. Dr. Thomas, is generally regarded as one of the best
teachers in the mathematics department. He has been teaching mathematics at the
university for 30 years, and has an problem-oriented, student-centered style of teach
ing. He is funny, engaging, and cares deeply about his students. He was very inter
ested in my study and was ^remely helpful and flexible during all phases, providing
me a great deal of access to the students and to him. My role in the course was that
of a teaching assistant. I attended class every day and held weekly office hours, which
some of the students attended. The students in the class were aware of my project
and occasionally asked me questions about my research. Throughout the semester, I
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felt included by both the students and the instructor as a part of the class, and the
students always seemed comfortable with my presence.
Dr. Thomas's class was always a fim place to be. The thirteen students sat at
five tables in the math education classroom, as Dr. Thomas stood by a relatively
small chalkboard on one side of the room. He began every class by asking, "Any
questions?" Usually the students had questions about a homework problem or two,
and he would ask the students for input as he discussed the solutions. Students felt
free to interject relevant comments, to which he often responded with his dry wit.
Laughter was the most conmion sound on many days. His teaching style focused on
presenting and solving problems, seeming to draw the material out of the students,
as if it was thae all along and he only had to help them find it. He generally
appeared to have no plan for each class period, seemingly ambling ^ong, discussing
interesting mathematical ideas Math the students; yet at the end of class, the next
section of the book had been explored. He valued understanding, exploration, and
intmtion alongside mathematical rigor, and modeled all of these for the students. The
students appeared in awe of his knowledge of mathematical trivia, and they absorbed
his enthusiasm for mathematics as well. When the class was working on a problem,
about half of the students were typically listening intently, offering suggestions, while
the other half, bent over their notebooks and calciilators, worked on the problem on
their own. He often appeared to be solving the problem for the first time, considering
all suggestions and even taking incorrect paths. The students were never sure if he
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really did not know how to solve the problems or if he was just pretending not to
know. I was unsure at times myself, despite the fact that I knew he had been teaching
this course for years.
Though the class was interactive, Dr. Thomas did not use group work in class or
have the students discover ideas on their own as a rule. He did not really lectiure
either - each class was more of a one-sided converstaion between Dr. Thomas and the
students. He did most of the talking, but he asked a lot of questions as well.
The coturse, titled Introduction to Algebra and Number Theory, is a junior-level
course. Though it is a required course for prospective secondary mathematics teach
ers, it is often taken as an elective by mathematics majors and minors as well. The
course was originally taught as a watered-down abstract algebra course for teachers.
In the late 1980's, Dr. Thomas began teaching the course and decided to emphasise
number theory and problem-solving over an axiomatic treatment of groups, rings,
and fields.
When asked why congruence was important for future teachers to study, he said:
"I think it's good for them to have seen abstraction in this form and
of course then there is the whole idea of equivalence classes. I think
they ought to understand that in mathematics, it is a common thing for
us to impose some sort of equivalence on a huge set because we want
to concentrate on a particular aspect of this set. So we lump together
things that are under this concept essentially equivalent. That's called an
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equivalence class. Then we concentrate just on the classes themselves."
Of course, congruence is an important example of an equivalence relation^ that
is commonly taught in discrete mathematics, abstract algebra, and number theory
courses. E>r. Thomas described how^ he planned to introduce the class to the concept
of congruence as follows:
"The book describes congruence as two numbers are congruent mod N,
that the difference is divisible by N and that's the definition, but that's not
the way ... I mean Fm going to come up with that definition eventually
and the way I'm going to teach it, I'm going to call on their past experience
of what they know about remainders by working in base 10 first and then
working on other bases. [... ] Pretty soon they'll get the idea that it's the
remainder that counts, not the quotient. And then I'll ask the class, 'How
would you form the definition of congruence, where I want to say two
numbers that yield the very same remainder under division by something
will be called essentially the same number? How might I go about defining
that?' And maybe the students will come up with the very definition we
want, which is that if there were two numbers which differ by N, then
we'll say that they have the same remainder and then from that definition
we'll be able to prove addition, subtraction, multiplication, and division
'An equivalence relation is a relation ~ defined on a set 5 such that for all elements x, y, and z
G S, the reflexive (i ~ z), symmetric (z ~ y => y ~ i), and transitive (® ~ y and y ^ z => x
z)
properties are satisified.
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can be done, whether it be on small numbers less than N or whether it's
huge numbers. But I want them to discover that and I just don't want to
say 'read the book' and say 'here's the definition and go from there.' "
Notice that Dr. Thomas planned to build the concept of congruence upon the
students' prior knowledge of division, and then ask them to define the concept. He
expected them to realize that two integers are congruent modulo n if they leave the
same remainder upon division by n, and that this idea leads to the standard definition,
that the difference of the two integers is divisible by n. He wanted the students to
make sense of congruence and come to this definition because it made sense, not
simply because it was defined this way. This is an interesting perspective, since
in the typical undergraduate mathematics course, concepts are defined, examples are
given, and then the students are expected to be able to apply the definition in various
contexts. Dr. Thomas' approach was fairly unusual for a professor of mathematics,
but he viewed it as a way to introduce students to the way that mathematics is
actually done.
"Future teachers ought to go through the process of wrestling with the
concepts and I think that can be very fun to do. I think they should be
exposed to the very processes that we as mathematicians go through when
we wrestle with our research."
The relation of congruence modulo n partitions Z into n congruences classes. Each
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class consists of infinitely many integers, each of which is congruent to the other mod
n. The set of classes forms a finite ring, often denoted Z/nZ, or Zn- The elements
of this ring are often represented as the integers 0,1,2,... , n — 1, which are typically
referred to as the standard representatives of the classes. Thus, the elements of Z/nZ
can be thought of as both individual integers (and can be treated as such) and as
classes of integers. Dr. Thomas planned to deemphasize the notion of classes as much
as possible.
"I'm going to take the attitude that we have the remainders mod n from
zero up to n — 1 and, instead of being representatives of a whole class of
natmal numbers which are equivalent, that they are perfectly well-formed
individuals in their own right and we're going to work with them. If we
have performed an arithmetic operation and exceeded the remainder, I
want them to think of it more as kind of clock arithmetic where we go
around and come back rather than we've entered into another equivalence
class. If we look into the equivalence class of 10, mod 7, we'll notice
that 3 is the proper way to address the number 10. I'm sorry we ever
said 10, we'll say 3 from now on. Why not just kind of memorize the
little multipUcation and addition tables and treat these as perfecting wellmeaning individuals in their own right?"
I should note at this point that this information about Dr. Thomas and his per
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spective on teaching congruence is not what is being investigated. The focus of this
study was on the six students and how they made sense of congruence in this par
ticular context. Dr. Thomas, as the instructor of the course, undoubtedly had an
impact on the students' conceptions, but I will ask the reader to focus on the stu
dents themselves. I have found in presenting these results that the questions asked by
some mathematics faculty seem to be focused on how the topics were presented, what
the instructor did, and why various ideas were or were not emphasized, as if the stu
dents' misconceptions could be easily "fixed" by simply saying the right words. This
perspective not only trivializes this type of research, but also the complexity of both
the profession of teaching and of the process of learning mathematics. I encourage
the reader to keep this point in mind while reading this dissertation.

5.2 The Participants
All six of students openly shared with me their ideas, beliefs, difficulties, and firustrations as we proceeded through the semester. They were £ill working hard to make
sense of this very new concept of congruence, which they were about to be tested
on at the time of the first interview. In this section, I will present the participants,
their backgrounds, their reasons for studying mathematics and for choosing teach
ing as a career, and their perspectives on mathematics and learning. It is my belief
that all of these play a role in the students' developing imderstanding of congruence.
Throughout this paper, the participants are discussed in a specific order according
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to their average exam grades in the course as a means of comparison: Fran (78),
Eva (82), Dan (86), Chris (86), Barbara (93), and Andrew (94). Fran and Eva both
earned grades of B in the course and the other participants earned grades of A for
the semester.

5.2.1 Fran
At the time of the study, FVan was 33 years old and a mother of two. Earning a
degree in mathematics had been a long struggle for FVan. She was successful with
mathematics in high school, despite what she described as blatant sexism from many
of her teachers and peers. She attended a community college for several years before
transferring to the university, and at the time of the study was finally within sight of
the end of her long journey. She planned to teach high school after graduating in May
2002. Fran worked very hard on her class assignments and bad high expectations for
I
herself, but her self-confidence was low. She saw herself as having to work harder
than most people to understand mathematics and believed that she was not really
"that good at it". She also believed that she was a "difficult" student for most
instructors, because she "bothers" them with questions more than most students do.
She earned a grade of 89 on the first exam, but subsequently struggled with the
material on congruence. She was the only student of the six in the study who had
not yet taken the department's "transition" course, an introduction to real analysis
in which students are exposed to formal mathematical reasoning, often for the first
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time.
Mathematical understanding Eran's experiences with mathematics in high school left
her insecure about her abilities but determined to succeed. She thought of math
ematics as "very consistent, very formatted, very organized, and very interesting,"
and said that she loved the theoretical aspect of mathematics, which she described
as "doing three boards' worth of math and coming up with an answer of two." Many
of her references to mathematics refer directly to numbers, rather than to any other
type of mathematical objects. She comments that numbers are "a never ending thing.
Whereas just about every other thing in life circles back, numbers don't. They keep
going ... you will never, ever get back to zero." This comment is interesting in light
of the topic of congruence, which is based on the fact that the numbers do "circle
back."
When asked how she would rate her current performance in the class, Fran replied,
"I think I'm doing okay, [but] ... I don't think I'll ever be where I want to be in this
class." She went on to say that since her personal standards are so high, she'll never
be satisfied with her performance, even if she "gets hundreds on everything." Her high
standards were reflected by her desire to understand the course material completely.
She said, "I have to imderstand and if I don't understand, then I keep coming back
until I do understand." It was unclear what she meant by "understand," or if her
notion of what it means to understand a concept was at all attainable.

Being good at math, for FVan, entailed having it "come easily." People who are
good at math Mo computations really quickly and can understand the concepts really
quickly," which FVan admitted she cannot seem to do. Her lack of confidence in her
own mathematical abilities was evident in the comments she made such as, I'm
horrified that I'm going to fail" [the transition course] and "I have no confidence
[about this solution] whatsoever."
On the first questionnaire, FVan wrote that "To understand a mathematical con
cept to me means that I can find a solution to a problem using the concept, I can
explain it to someone else using a variety of ways" (emphases added). In the interview
she elaborated on this point, saying that if she could explain a concept to her own
children so that they seemed to follow, then she knew that she understood. In addi
tion, knowing when and where to use a concept was also considered very important.
She discussed at great length the importance of imderstanding why mathematical
procedures work, stating that working through many examples can help students
come to understand why. She gave an example firom her tutoring experiences: "We
go through it, you know, through the steps that they have been given and we try to
break it down a little bit further so that they understand why."

5.2.2

Eva

At the time of the study, Eva was 27 years old. She grew up in an eastern European
country and came to the United States to attend university. Her father is an engi
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neering professor at the university at which this study was conducted, and her mother
is a professor of mathematics in her native country. Several of her grandparents and
her older brothers hold advanced degrees in mathematics and physics, so hers was an
unusually mathematical family.
In general, Eva was not very confident of her abilities. She had been very successful
in mathematics, but did not consider herself to be particularly bright or talented. In
addition, though her English skills were good, she had little confidence in her writing
and speaking abilities, frequently apologizing for her perceived lack of fluency. Despite
this lack of confidence, she often contributed interesting ideas and asked thoughtful
questions in class.
This was Eva's last mathematics course and she graduated in May 2001. She had
already completed her student teaching, and planned to begin work on a Master's
degree in geological engineering in the fall, after which she would teach high school
math and science. At the time of the study, Eva had a 9-month-old son and was
pregnant with her second child. Becoming a mother slowed her progress in school,
but she finished her degree a only one year behind schedule. Despite low self-esteem,
Eva overcame several obstacles that would have stopped many from achieving their
goals.
Mathematical Understanding Eva said that she chose to study mathematics because
she always liked the subject. She especially enjoyed solving difficult problems and
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appreciated an instructor who gave hints and suggestions but did not show the stu
dents how to solve every problem. She recognized that being good at mathematics
takes effort. "There are a very few people who are good in math even if they don't
practice, and those are the very gifted ones, but most of us is not like that. [... ] I'm
definitely not a gifted one, so I do have to work a lot." Eva believed strongly that
anyone can leam mathematics if they just work hard enough at it, and this belief had
motivated her to become a teacher.
Despite these convictions and her own success, she did not consider herself to be
a particularly good student. "Other students in our class, they come up so fast with
some of the ideas and I'm like, wow, that's true and it's obvious. How come I never
thought of it?" She also believed that graduate work in mathematics was possible
only for the truly gifted students. "I like math, but I'm not good enough to go
through a Master's." She had decided to pursue engineering in graduate school, and
had the impression that she would have an advantage both because she had studied
a lot of mathematics and because she is female.
Understanding a mathematical concept, for Eva, entailed knowing how the concept
fits into the larger mathematical picture, why and when a concept can be used in a
particular context, and "knowing which are rules that make it work," the specific
conditions under which a concept is applicable. In addition, she seemed to have a
sense that the mathematics she had studied so far was the tip of the mathematical
iceberg, a realization that few of the other participants had yet made.
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"Knowledge is when you know what you don't know. [... ] Sometimes I
do not get to that point, and I'm so confident and I go to the test and
then I don't do good at all because I realize I didn't even get to that first
point of understanding what I don't know."
In particular, Eva stated that she was aware that the number theory topics covered
in the course were quite elementary and that number theory is a vast field of study
beyond the grasp of the students in the class at this point in their mathematical
careers.

5«2a3 D&n
Dan, 21, was extremely charismatic and outgoing. In class, he often played the role of
"class clown," making loud, sarcastic remarks which were generally quite clever. He
appeared very confident at first glance, but in his interviews, he constantly asked for
affirmation of his responses and seemed unsure of himself. He always enjoyed and was
successful in mathematics in high school, and so he continued to take mathematics
courses at the university for "entertainment." He said that he liked mathematics
because he believed it was the most challenging subject one could study. Though he
will complete his degree certified to teach high school, he "already has a job lined
up" with a lobbying firm in the state capitol, and would like to work in state politics,
with teaching as a back-up career.
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Mathematicai understanding Dan had a strong sense of mathematics as a very logical
and rigorous subject, though he was somewhat unsure about why this rigor was
necessary. He was aware of the axiomatic nature of mathematics as a discipline,
saying "you start with your little axioms, then you build up until you have theorems
and then you go from there. [... ] The manipulations and the rules pretty much work
across the board." It appeared that this revelation was a relatively recent one for Dan,
and he expressed mild frustration that, in his view, students at this university were
not introduced to formal mathematical reasoning prior to the department's transition
course in the junior year. He admitted that he had little experience with formal proof
prior to that course and that he still struggled with the idea of proof.
"It's hard to know if you've proved something without a shadow of a
doubt because something will seem very obvious to you and it may not
be obvious to the math gurus who make up the niles on how far you have
to go to prove something. [... ] Basically, [you have to] prove one plus
one equals two, and well everybody knows that, you know, but you're
supposed to go around and prove it. [... ] Why do I need to prove it?"
This statement also shows that, for Dan, mathematical validation came from the
outside, from an expert. He found mathematical exploration in class a frustrating
experience and believed that, although exploration has its place, often it is best for
the teacher to show the students what to do. "It's nice to see how other people are

thinking... but sometimes I just want the answer. [... ] Sometimes telling us how to
solve problems is not a bad thing, because it gives us insight on how the problem is
really supposed to be solved". Throughout the three interviews, Dan frequently asked
for confirmation of his ideas. '1 think I got it all backwards so you're going to tell me
if I do?" "I don't know what you're looking for." "Are you going to give me any sort
of aflfirmation on this?" "Tell me if you're looking for something different." In fact,
after the last interview, Dan was very curious about what I was finding amd how he
fit into the spectrum of understemding of congruence. He seemed to need validation
of his mathematical abilities more frequently than any of the other participants.
When asked what it means to understand a mathematical concept, Dan wrote,
"Understanding a concept means being able to use and apply the concept appropri
ately as well as extending it into other ideas or areas." He considered mathematical
knowledge as a "repertoire of mathematical weapons you can use to destroy a prob
lem." For Dan, understanding a concept generally entailed being able to use it flexibly
in different and new situations.
Despite Dan's success in university mathematics courses (he claimed to have
earned A's in nearly all math courses he had taken), he did not consider himseff
a very strong math student. "I have a decent grasp of mathematics, but I don't feel
that I'm in the upper echelon of mathematical understanding by any means. [... ]
Some people just have a knack." When asked what characterized someone who is
good at mathematics, Dan replied that such a person must have "a very creative out
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put and can approach a problem from several different methods in order to solve it."
He went on to say that being good at mathematics entails being able to coordinate
many seemingly unrelated ideas effectively, and that will and stamina are required in
order to succeed.

5.2.4 Chris
At 37, Chris was one year from finishing his Bachelor's degree at the time of the
study. He spent several years after high school attending technical schools, working
various jobs, and briefly pursuing an engineering degree. In many of the jobs he held,
he both used mathematics and was responsible for training employees. As a result of
these experiences, he decided he wanted to become a high school math teacher, and
began slowly working towards finishing his degree. Many of his earlier math courses
had to be retaken because of the length of time that had passed since his days as an
engineering student, and he worked as a carpenter to pay the bills while he attended
school primarily at night. At the time of this study, he was attending the university
full time and "building houses on the weekends," one year from finally completing his
degree.
Chris was the oldest of the students in the course, and his perspectives on teaching,
learning, and mathematics were often distinct from those of his younger classmates.
He was very concerned that students learn the relevance of mathematics and that
teachers use realistic examples and contexts for teaching concepts. Mathematics was
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primarily viewed as a tool to use and a way to approach a problem. "Mathematics
is the way you think. [... ] You really apply it and it's more a way of thinking, a
process. Mathematics is less intuition, more reasoning."
Chris was a leader in the class, always offering suggestions and answers to the
instructor's questions. He generally appeared to have a good deal of insight and was
often able to immediately find solutions to complex problems. He often surprised
Dr. Thomas with his comments in class, and the other students seemed in awe of
him. Chris definitely had a rare ability to quickly solve problems and get to the heart
of mathematical discussions. Despite his remarkable fluency in public, Chris's exam
scores were solid B's, not the highest in the class. Also, he was not as confident of
his mathematical abilities as one might have expected &om his public persona.
Mathematical Understanding On the first questionnaire, Chris wrote that understand
ing a mathematical concept means one can "relate that concept to others, see the
concept intertwined in an example and know how they relate." He was generally very
focused on mathematics as an applied discipUne, and his writing about understanding
reflected that perspective.
Being good at mathematics, for Chris, meant that one could easily translate con
cepts to different representations. "I think the representation of a problem, recogniz
ing the way it's different representations of [the same] problem, is critical." He gave
as an example that someone who is good at mathematics would look at a certain
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word problem and at an equivalent algebraic equation that solves the problem, and
instantly recognize that th^ mean the same thing, while someone who has difficulty
in mathematics would view the two representations as two entirely different problems.
In addition, being able to see the connections between mathematical ideas and how
to apply them was considered very important.
Chris rated himself as an "okay" math student both on the first questionnaire
and in the interview. He stated that his biggest weakness in mathematics was that
he had difficulty getting started when solving problems. He felt that he was good at
seeing how to solve problems once someone else had started to construct a solution
or applied a concept to a problem.
"I can help people solve problems that I haven't even done yet. Sometimes
someone will have a problem and I'll see what they have and it just tells
me exactly how to finish it because of how they started it. So the set up
I have a hard time with, not the finish. [... ] When Dr. Thomas starts
a problem on the board, the second he starts it, it's like I can see it all
the way through and so I'll start writing what I think he's going to right
away. [... ] I wouldn't necessarily be able to even think of that without
that one thing on the board that just triggers everything for me."
This comment is interesting in light of Chris's class contributions. Chris was aware
that he appeared to be very bright and quick and to know a lot of mathematics, but
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in reality, he worried that he did not live up to this image. "I'm not doing well yet.
I'm learning a lot, and a lot of what I'm learning is I'm learning what I don't know."

5.2.5

Barbara

Barbara, 21, was a mathematics major who took the course as an elective and had
the strongest background in mathematics courses of all the participants. The only
child of two science professors, she planned eventually to go to graduate school in
mathematics or mathematics education. A junior at the time of this study, her plans
for the immediate future varied from becoming a bartender to applying to Teach
For America. The last time I saw her, she had decided to go to graduate school in
mathematics education, and had been accepted to a nationally recognized graduate
program. Barbara was cheerful and confident, describing herself as a person who
is good at math, without "letting math take over my life." She enjoyed her math
classes in high school and continued taking math at the university. She started as a
pre-medicine major, but switched to mathematics during her sophomore year because
she found it more interesting. She had always been very successful in her mathematics
classes, though she admitted that she often did not understand the material as well
as she would like. In the number theory course, she did well on the first exam and
earned the highest score in the class on the exam covering congruence.
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Mathematical understanding Barbara said that she liked mathematics because
can come to a stopping point and find an answer. [... ] It's right or it's wrong." She
was also aware that a shift had occurred as she moved into upper-division mathematics
courses, saying that in the first 2 years of coursework, '^u can memorize all of
the equations and understand when to use them and ... produce an answer that's
correct." She had realized that the type of understanding expected of her in her upper
division courses was deeper than that, saying 1think that to really understand the
mathematical concept you kind of have to push all the formulas aside and ask yourself
what does this really mean?" However, she noted that she seemed to be able to get
good grades in most of her mathematics classes without really understanding the
material. "I read [the book] and I was able to do the homework completely, because
I could go back and reason through the equations and manipulate them. I have no
idea what it's about. I can't explain it."
On the first questionnaire, Barbara wrote, "I believe in order to 'understand'
a mathematical concept, one needs to be able to apply and explain the concept
without using formal language or mathematical notation." What Barbara seemed
to be describing was an intuitive understanding of a concept, perhaps similar to
the concept image. She valued this type of understanding and regarded it as true
imderstanding. The role of formalism and notation in mathematics was, in her view,
the "way mathematicians conununicate, like a mathematical language." Intiiitive
understanding was key; one must be able to think about mathematical concepts
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'Svithout using the formal language and mathematical notation. [... ] If you can
push all of that aside and explain it, I think that shows that you actually truly
understand it." This idea that one can get to a point in understanding when one
can discard the notation and simply understand mathematics based on intuition is
reminiscent of Vinner's (1991) notion that most people only use their concept images
when doing mathematics, discarding or bypassing their concept definitions. Barbara
believed that a successf^ mathematics student works this way; indeed, she had been
successful dealing with mathematics in this way.
Barbara considered herself to be a fairly good math student, though she empha
sized that she did not "let math take over my life. [... ] I study a lot but it doesn't
consimie me." She was quite confident about her performance in the course as well.
"I'm doing pretty weD, actually. I did well on the homework and I felt confident about
the tests." Her straightforward confidence contrasted strongly with the hesitant con
fidence of the other participants. In order to be successful in mathematics, Barbara
believed that students needed to be serious and resoinrcefiil, and that they should
read their books carefully and thoroughly and ask questions of their professors. "And
you have to like it. I mean, if you don't like it, what's the point?"

5.2.6 Andrew
Andrew was an quiet, introspective 20-year old who planned to teach high school
mathematics after graduation. He spoke hesitantly and often seemed to have difficulty
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expressing his thoughts. His perspective on mathematics was unique from that of his
peers, but like many of them he did not consider himself to be very good at math,
saying "I feel like I lack certain creativity to see certfiin things that others see."
He frequently reflected on his own thinking throughout the interview, and believed
that seeing how others would approach a problem would be valuable. Andrew was
extremely successful in the course, earning exam grades at the top of the scale. He
intensely studied the text and other number theory books in order to gain further
insight into the material. Andrew was in my geometry class during my first year as
a high school teacher, and I remember him being much the same then.
Mathematical understanding When asked what he liked most about mathematics,
Andrew said that he liked its precision: "It's very precise and very well-defined ...
you can always define something in your own terms and still be able to communicate
the same idea." The notion of defining and deriving ideas from other mathematical
ideas came up often as he spoke. He was very aware that a shift in emphasis had
occured in his mathematics courses, saying that in the courses he was taking that
semester, "the mathematics is much more sophisticated." He said that he realized
that much of what he was doing in his courses was "reproducing what other more
brilliant mathematicians have done, so you don't feel as though you are actually
creating yoiu* own mathematics." It seemed that this notion of mathematics as a
creative discipline was a fairly new idea for him, and that his prior perception of
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mathematics was "purely computational, very mechanical, procedure-oriented." This
is a rather mature view of the nature of mathematics for an undergraduate. He said
that he thought that the stereotype of mathematics is that it is 'Very rigid, and very
discipline oriented, and to a degree it is, but ... when you're coming up with ideas
of your own, it's not. It's very loose and disorganized."
For Andrew, understanding a mathematical concept entailed "being able to apply
definitions, very flexibly." On the questionnaire, his written response to the question
of what understanding means was "comprehending an idea in its most general and
abstract form and also being able to apply the idea in a variety of situations." Elabo
rating, he said in the interview, "It's one thing to just be able to memorize verbatim
an idea, but it's another thing to actually apply an idea." It is not completely clear
what he meant by idea, but in the context of the interview, he seemed to mean a
mathematical idea itself, perhaps the definition of a concept.
When asked how he felt he was doing in the course, Andrew became very intro
spective. He stated that he was "pretty comfortable" with his level of understanding
of the material, though he knew that he was still struggling somewhat with proof:
"It's not necessarily proof writing, but just the whole idea of thinking like what the
proof should be or how one should construct it. [... ] Sometimes I wonder if there
are other ways of thinking about proving." Self-reflection appeared to be extremely
important for Andrew in discussing his ideas about mathematics.
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5.3 Overview
This group of students niay or may not be typical of imdergraduate mathematics
students. They were selected for the study because of their above-average grades
on the first exam in the course and because the instructor and I both believed that
they were "good" students; that is, they appeared to be hard-working, conscientious,
enthusiastic mathematics students. Indeed, they were, but they were also six unique
individuals, whose distinct experiences and perspectives were summarized above. In
this section, I will attempt to generalize the perspectives of the group concerning
four topics. It should be noted that these results are based on the students' open
responses to questions in the interviews, and that the absence of a particular point
of view merely means that the students did not mention it.

5.3.1

What makes someone good at math?

Several general themes appeared in the data, and several trends were apparent. FVan
and Dan indicated that they believed that a special talent or ability is required to be
good at math, and that for those talented individuals, understanding comes quickly.
Both indicated that they did not have this talent; FVan stated that the fact that she
had to work so hard at mathematics was the indication that she was not good at
math.
Eva, on the other hand, stated that though a very few gifted individuals may
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not have to work very hard, most people who study mathematics do. She strongly
believed that anyone is capable of comprehending the major ideas of calculus; effort
and motivation are the only requirements. Barbara also stated that good mathematics
students must be willing to work very hard, taking advantage of all available resources.
Dan, Chris, and Andrew mentioned the importance of the ability to flexibly co
ordinate many seemingly unrelated ideas, and Dan and Andrew both noted that a
person must be creative in order to solve challenging problems. Eva, Chris, and Bar
bara all stated that students must like and appreciate mathematics in order to be
successful.
It is interesting to note that FVan regarded hard work as an indication of lack of
talent, since she struggled the most of all the students with the material and appeared
to have the least confidence. It is also interesting that working hard was mentioned
only by the women in the study. The men in the study noted the importance of
coordination of multiple ideas and creativity in solving mathematical problems, while
the women did not.

5.3.2 Evaluate yourself as a mathematics student
Four of the six students (FVan, Eva, Dan, and Chris) considered themselves below
average or average mathematics students. Barbara and Andrew both stated that they
thought they were doing well in the course, but Andrew immediately coimtered this
statement with a list of his shortcomings as a mathematics student. Fran and Eva
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compared themselves to others, stating that they were not as quick or talented as some
and had to work harder than most to keep up. Dan and Chris also mentioned that
they were not as talented as others, ironically mentioning each other as the brighter
student. Dan admired Chris's ability to quickly solve problems in class, while Chris
lamented his inability to begin working on problems.
The low confidence of the participants was quite striking. Most of the participants
made self-deprecating remarks and described their weaknesses as math students in
(

detail. Even Chris and Andrew, both perceived by the class as being extremely
bright and quick, had little confidence in their abilities, believing that they were
somehow fooling everyone else while knowing that they were really undeserving of
such admiration.
Barbara, on the other hand, was very confident and self-assured. She enjoyed the
class and the material and believed that, though she could work harder, she was doing
sufficiently well. She expected to be successful in the course and did not compare
herself to anyone else in the class or comment on her weaknesses.

5.3.3 What does it mean to understand a concept?
Most of the participants believed that understanding a concept entailed being able
to apply the concept to solve a problem and being able to extend the concept to
new areas of mathematics. FVan and Eva both added that understanding implies
knowing how, when, and why to use a concept in a given situation. This focus on

Ill
nsing concepts as signifying understanding is interesting; perhaps this results from the
fact that successful application of concepts is the primary means by which students'
understanding is evaluated.
Fran and Barbara both emphasized the importance of being able to explain a
concept, though with different perspectives. FVan believed that if she could explain a
concept to another person so that they imderstood it, then that mtist mean that she
understands it, while Barbara focused on being able to explain the concept to herself
in her own words. In general, FVan's explanation of mathematical understanding was
very procedurally oriented, with validation of imderstanding depending on external
authority. She seemed unable to recognize internally when she understood a concept.
Eva and Chris, on the other hand, both believed that an important step in un
derstanding was coming to realize what one does not know about the concept. Eva
emphasized the value of placing new concepts into the larger "picture" of her own
mathematical knowledge. Barbara and Andrew both mentioned developing an in
tuitive understanding, a mental image free from mathematical notation, that goes
beyond memorization of definitions and procedures; their conmients were remarkably
similar to the notion of concept image. For these for students, understanding of a
concept appeared to be internally validated, while for FVan and Dan, external valida
tion was necessary to indicate understanding. Both specifically mentioned struggling
with knowing whether or not mathematical proofs were correct.
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5.3.4 Why do you want to be a teacher?
All six participants described a positive experience related to teaching or the influ^ice
of a certain teacher as having had an impact on their decisions to become teachers.
Most also described a desire to help people as being a major factor.
Dan and Chris mentioned the impact of teachers on students' attitudes towards
mathematics, and Chris and FVan both believed that their unique perspectives on
the world and on mathematics would make them good teachers. Interestingly, Dan,
Barbara, and Andrew stated that they did not intend to make high school teaching a
permanent career. Dan wanted to pursue a career in state politics while teaching part
time, while Barbara wanted to gain enough teaching experience to enable her to get
into graduate school in mathematics education. Andrew planned to eventually teach
at the community college level, and saw high school teaching as a means of gaining
experience. FVan, Chris, and Eva were all "non-traditional" students with families,
and viewed teaching as a life-long career.
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CHAPTER 6

RESULTS
As I analyzed the interviews, I decided to focus on three types of mathematical activ
ities that the participants had engaged in during the unit on congruence; interpreting
the meanings of congruences, solving linear congruences, and applying the concept of
congruence to problems. In this chapter, I will outline the diA^rse interpretations and
practices of the individuals in the context of these three activities, and I will point
out themes that emerged from the analysis.

6.1 Interpretations of Congruence
After the students had learned to use the fact that integers can be classified in various
ways to solve problems (i.e., all integers are of one of the forms 3k, 3A;4-1, or 3fc+2), the
notation "a mod n" was introduced as another way to express the idea that a number
is of the form a + kn. The notation a = 6 mod n (no parentheses were used) was
introduced as a way to denote that two integers are of the same form. Dr. Thomas
asked the students to determine when two integers could be considered congruent
modulo n, and the following three definitions emerged from the class discussion:
• a and 6 are congruent mod n if and only if they leave the same remainder when
divided by n.
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• a and 6 are a multiple of n apart, and so we can write a = 6 + nA;
• n Ia— 6
Note that the last definition is the standard definition for congruence found in text
books. Dr. Thomas explained that each of these definitions was equivalent to the
other, and after this episode, no further attention was given in class to the interpre
tation of congruences. A detailed account of what happened in class during the unit
on congruence can be found in Appendix B.

6.1.1 What does a = b (mod n) mean?
Questionnaire 2 (see Appendix A) asked the students to explain the meaning of the
statement a = b mod n in at least two ways. All of the participants except Chris
gave as an interpretation "a divided by n has a remainder of b." Note that this is
difiierent firom the definition given in class, that a and b leave the same remainder
when divided by n. For F^an and Eva, this limited division-remainder idea was their
primary interpretation of congruence. The participants' written responses to this
item were discussed at length in the first interview, which took place three weeks
after the class had been introduced to congruence, and during the week prior to the
exam covering congruence. During the second interview three weeks later, I asked
them to explain the meaning of this statement again.
At first, Fran could only talk about congruence in terms of division and remainder:

115

"When a is divided by n, you get a remainder of

When asked in the first interview

if she could think of another way to explain what that statement meant, she struggled,
saying, 1don't know how to think of it another way. [... ] I'm sure there's an abstract
way of thinking about that. I'm just not there yet." She then attempted to rewrite
the congruence statement as an equation as she had seen Dr. Thomas do in class,
but only managed to write n = a — 6. At that point, she seemed to be confusing the
standard definition with the re-writing of the statement as a = 6 + nk. I asked her
to plug in some numbers for a, 6, and n, hoping that a concrete example might make
the concept more accessible. She wrote 4 = 1 (mod 3), and interpreted the meaning
of this statement exactly as she did the original one.
By the time of the second interview, Fran's conception of congruence had solidified
somewhat. She still explained the meaning of congruence as, "If I divide n into a,
I'm going to get some number with a remainder of 6, and a can be any number and b
can be larger than n, but if we're in true mod world, it's going to be between n and
negative n." At this point, she also would rewrite congruences as equations, saying,
"Now I have a better understanding of how to put it into an equation, which makes
a lot more sense to me than being in mod world."
On the questionnaire, Eva gave two interpretations of the congruence statement:
"If I take a number a and divide n into it, I will get a remainder 6," and "If I take
n and I multiply it with a whole number and then I add b to it, I should get a."

Her second explanation is essentially the reverse of the division-remainder idea, that
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adding b to some multiple of n will result in a. Though it appears to be very close to
the interpretation of rewriting a congruence a = b mod n as an equation a = b+ kn,
she did not write such equations when explaining what a congruence meant. She was
more inclined to think about congruent integers in terms of a process of transforming
one integer into the other by adding or subtracting multiples of n. In the second
interview, Eva described the meaning of congruence simply as "a is a number that
if you divide it by n you get a remainder of 6." When asked if she could think of
another way to interpret a congruence, she said she could not.
Note that interpreting a congruence in this way does not imply understanding
that congruence indicates a relationship between two quantities. Rather, the symbol
= indicates that the operation of division has occurred, with the remainder noted.
This is similar to children's operational interpretation of equality, and so I will refer
to such an interpretation of congruence as operational. A relational interpretation of
congruence would entail understanding that the symbol = indicates that two quan
tities are considered the same, that their difference is divisible by the modulus, that
upon division by the modulus, both numbers have the same remainder, etc.
Dan and Chris both seemed to prefer to rewrite congruences as equations at
the time of the first interview. Dan noted that the congruence statement could be
rewritten in several different ways, though the primary way he said that he liked to
think of it was as an equation: "a is equal to n times some number plus a remainder
of 6." He also interpreted congruence as implying that n divides a — 6, saying that "6
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is the difference between it being a f^tor [sic] of n"
Dan also had developed an informal notion of congruence classes, which he called
families. In the world mod 99 there are 99 different families in which all numbers fall
into. [... ] You can make a list of the numbers that are in that family and they all act
the same in the world of mod 99." He demonstrated using the modulus n = 6, writing
down zero through five and then noting that £L11 integers fall into one of these families.
"You can classify numbers in that way." He appeared to be thinking of 0, 1, 2, 3, 4,
and 5 in this sense as congruence class representatives; each was the representative of
the number family in question. This notion of families is particularly striking since
most of the other participcmts did not appear to think of the "world mod n" as a
system of congruence classes. This idea was briefly touched on in class and in the
text, but most of the students did not seem aware of it. Though Chris had been
exposed to the idea of equivalence classes before, Dan appeared to have developed
this notion of families of numbers as a way of making sense of congruence.
At the time of the second interview, Dan's interpretation of congruence was solidly
embedded in this notion of classifying integers into families. "I look at a is congruent
to b mod n as, a is just some number, and... you can say n divides a with a remainder
of b or you can say that a belong? to the b mod n family, b is within zero to n." Note
that this notion of classifying numbers also indicates an operational interpretation of
congruence. Dan is not saying that a and b are in the same family; he is saying that
a is in the b family, where b is considered the standard representative.
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Chris, on the other hand, had a solidly relational view of congruence. When asted
about the meaning of a congruence in the Grst interview, he wrote down the equation
a = b + nk, and then gave the following explanation.

"I guess I think of a and 6 as the same number under this mod. They're
the same number. They're in the same equivalence class, and that means
there's an n separation between them, and that could be a zero, it could
be whatever n is. So 6 — a could be n or o — 6 could be n or it could be
2n, or 3n, or 4n, or 5n."
In the above quote, Chris gave three more meanings of congruence: congruent
integers are regarded as the same in the "mod n world," congruent integers fall into
--

X

the same equivalence class, and the difference between any two congruent integers
is a multiple of the modulus. This explanation was imlike that of any of the other
participants, and so I thought perhaps that Chris had learned to think of congruence
this way in the discrete mathematics course where he first learned about congruence.
However, Chris stated that he did not leave that course with a firm understanding
of congruence, and that the applications and problems he had encountered in the
number theory course were what had helped him to develop his understanding of the
concept. "This [course] has given me a way to think of [congruence] and apply the
equivalence relation idea to it." Chris also gave a visual interpretation for congruence,
which he appeared to have created spontaneously in the interview. "It would be like
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if it's on a number line, all the dots on a number line. If this [distance between the
dots] is X, these numbers, all these dots are congruent mod x. [... ] They're always
evenly spaced if they're congruent."
In the second interview, Chris explained that congruence "means that a and b are
in the same set. When you divide by n, you have the same remainder, they both
have the same remainder. [... ] And that a equals h plus kn and vice versa, h equals
a plus kn." When explaining the meaning of the notation, Chris appeared to have a

relational view of congruence.
Barbara and Andrew both interpreted congruence in terms of divisibility in ad
dition to division-remainder and rewriting as an equation. On the questionnaire,
Barbara gave two different meanings for a = 6 (mod n):
1. "This expression basically describes the remainder [sic] times some k when the
difference between the numbers is taken: (a — 6) = nfc."
2. "In laymans [sic] terms: if you take objects n at a time and there are a objects,
then there are b objects left. If 6 = 0, then n \ a evenly."
At the time of the first interview, Barbara's understanding of congruence was fairly
evenly balanced between thinking of it as a statement about division and thinking of
it in terms of divisibility. "So basically, a — h gives you an evenly divisible number
in a mod n world, and then ... if you're given some number and then you are given
some mod, the h is going to allow you to reach that number." The latter part of this
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statement refers to an interpretation similar to Eva's, though Barbara rewrote the
congruence as the equation b+nk = a and noted that starting at 6, one could build a
by adding multiples of n. "It will help you get to any number if it's not divisible by n."
She was able to relate the equation interpretation back to the divisibility property,
though she never specifically referred to the standard definition of congruence. "The
relationship between a and b is basically combining a and b so that it is divisible in
a mod n world." Barbara seemed quite comfortable discussing congruences in terms
of divisibility properties and division, though she avoided using formal language or
notation, and never mentioned the standard definition or any theorems. However,
notice that this description seems to indicate a relational view of congruence.
In the second interview, Barbara's interpretation of congruence had narrowed
somewhat. "If you divide a by n, you're going to get a remainder of b, ... or like
rewriting this in terms of an equation. [... ] I do think that mod n in general represents
any multiple of n." Divisibility, prominent in her explanation in the first interview,
was not mentioned at all. It is imclear from this brief statement if Barbara's view
of congruence at that point was operational or relational, but we will return to this
question shortly.
Andrew gave three interpretations for the meaning of the congruence on the ques
tionnaire:
• a = b mod n means that n divides a — b
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• a = b mod n implies that a divided by n leaves you a remainder of b

• a = 6 mod n means a = b + nk
It is interesting to note that he wrote the standard definition first. Though he
appeared very flexible in interpreting statements of congruence at the time of the first
interview, when asked to describe the meaning of a congruence he generally referred to
the standard definition. I asked him how he might explain the concept of congruence
to someone else who was struggling with the idea.
"Well, I think I would say, find me a number that when divided by n leaves
a remainder of 6. I think that's what I would say. I mean, I think also
though I would connect that with the whole division theorem though when
you talk about congruence because this statement is sort of an application
of that theorem and how you divide a number. It's a quotient, remainder,
and so on. And so I could manipulate, move it over to one side and say,
well this is sort of the same idea. It's just the number minus the remainder
and then boom, you know, whatever you have divided by n."
In the first sentence, he described the meaning of congruence by saying "find me a
number" that satisfies this condition. In the second sentence, he connected congruence
to the division theorem. This connection was not made expUcitly in class, but it was
mentioned in the textbook. He then used the division theorem to justify rewriting
the congruence as a —b = nk. Andrew also drew a picture representing the concept
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of congruence, a clock with n divisions, which is the classic visual representation of
a mod n system. He said that he had gotten this picture from a book, and that it
helped to crystallize his ideas about modular arithmetic:
"This clock example was actually from another textbook ... not a text
book, but a book that I was actually reading on nimiber theory. When we
first started doing congruences and modular arithmetic, I sort of felt like I
had all these ideas siirrounding me and I wasn't sure how you unify them
and I sort of came across this one and I was like, well this just crystallizes
everjrthing. I mean, this is exactly what these statements are trying to
say and ... I just went, well, this is it."
During the second interview, Andrew gave two meanings for a = 6 (mod n): "I
interpret this as saying a minus b, n divides that. Or I say find me a nxmiber a such
that when a is divided by n, you're left with a remainder of
All of the participants gave less thorough explanations of congruence during the
second interview than during the first. This could be due to the fact that this ques
tion^ was asked at the end of the second interview, while it was asked at the beginning
of the first interview. Regardless, there is much more data to be considered before
we come to any solid conclusions about the participants' conceptions of congruence.
^Wbat does a = b (mod n) mean?
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6.2

Solving Congruences: Does Position Matter?

One of the most striking misconceptions that occurred as the participants struggled
to make sense of the concept of congruence was that of the importance of position.
All of the participants, at some point during the semester, believed that the position
of an integer on the left or right side of the congruence symbol (=) determined the
possible remge of values for that integer. Specifically, the participants believed that
in a congruence of the form a = b (mod n), a could be any integer, while b should be
an integer between 0 and n — 1. There was a general belief that, though one could put
an integer outside of this range in the b position, that this congruence was somehow
unreduced, just as|ought to be reduced to

This idea was especially noticeable

when the students were solving linear congruences.
The data from which the following results come are from several sources. On
the written questionnaire^, which was discussed in the first interview, the students
answered the following item:
What values could x have in each of the following?
(a)
(b)
(c)
(d)

1 = 3 (mod 7)
17 = x (mod 4)
x = 23 (mod 11)
2 = x (mod 9)

This item was designed to uncover the participants' views on position in a congru
ence. Items (a) and (b) are written in the way that one typically sees congruences,
^This is Questionnaire 2, and can be found in Appendix A.
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with the standard congruence class representative on the right in (a), and a num
ber larger than the modulus on the left in (b). In items (c) and (d), these were
reversed. In the first interview, I asked the participants to explain their answers to
these items and to tell me what other possible answers there could be. During this
portion of the first interview, I specifically tried to get a sense of how these students
were interpreting the position of the variable in these congruences.
On the exam covering congruence, the following items appeared:
2. (a) 3325 =
(b) 19^® =

(mods)
(mod 7)

3. (a) 5a: = 1 (mod 11) x =
(b) 6x = 3 (mod 15) x =

I asked the participants to discuss their solutions to these in the second interview,
and it became clear that their ideas about position had played a large role in their
thinking about these problems. Notice that the items in exam problem 2 are very
similar to items (a) through (d) from the second questionnaire in that the students
were asked to fill in a missing number in a congruence. The students had been
introduced to solving linear congruences like those in problem 3 primarily using a
"guess and check" strategy. However, most of them appropriated a different solution
strata than the one presented in class - reduction of moduli. This will be further
discussed in section 3, but in the present section, I will focus on how the participants'
views of position influenced their solution strategies.
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6.2.1

Fran

FVan believed that position was important at the time of the first interview. While
explaining her solutions to the congruences on the questionnaire (shown below), she
stated that she knew each actually had infinitely many answers, all of which would
have the same form, "+4A:, +llk, +9k"
Item:
FVan's written answer:
(a) x = 3 (mod 7)
10
(b) 17 = X (mod 4)
1
(c) X = 23 (mod 11)
34
(d) 2 = X (mod 9)
—7
For items (a), (b), and (c), Rran gave very procedural descriptions of how she had
solved these congruences, such as, "I took seven and added three to it and it gave me
ten," and "I took four and divided into [17], with one left over." On item (d), at first
she explained that she had divided 2 by 9 and gotten a remainder of —7, but when I
questioned her further, she realized that what she had actually done was subtracted
9 firom 2. She then realized that she could have done the second item the same way,
by repeatedly subtracting the 4 firom the 17 until reaching the remainder, 1.
However, she emphasized that the number on the right side of the = symbol is the
remainder, so it should be a number between 0 and n — 1. She said, "Well this [the
left side] can vary because it's any number, and this [the right side], I look at it as it
should be a number between zero and that mod number because it's a remainder."
Her answer for item (d) is completely inconsistent with this statement, which reflects
the fact that she was solving these congruences in a very procedural way.
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On item c), FVan's answer was x = 34, which she obtained

adding the value

of the modulus to the integer on the right side. I asked what she would do if the
positions of the integers in item (c) were reversed, so that we had 23 = x (mod 11).
She responded that x would be 1 in that case. FVan did not appear to view congruences
as statements about the relationship between two integers, but operationally, as the
statement of a completed arithmetic process. Changing the position seemed to change
the role of the number in the process, just as 10 -j- 2 is not the same as 2 -j-10.
The fact that FVan did not regard a congruence as an indication of the relationship
between a and b became clear when I asked if x = 23 and 23 = x meant different
things. In the process of answering this question, she said, "well, if you put the
number 23 inside, then you could put 23 outside. And wouldn't it still be the same
thing? So would 23 be congruent to 23 mod 11?" She wrestled with this idea for
several minutes, expressing frustration at not being able to come to terms with it.
After some time, she decided that this must be true, since she could reduce both
sides to 1. "This 23 [left side] is equal to one mod 11, and this 23 [right side] is
nothing more than one plus 11 times two." Notice that each process she described
was associated with a particular position in the congruence. The number on the left
was divided by the modulus, with the remainder kept, while the number on the right
was not viewed as 23 alone, but as 23 mod 11, which seemed to be just different
notation for 23 + llfc. Applying these processes to the same number happened to
produce the same result, but she did not seem to view this as anjrthing more than
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a coincidence. "So they're the same, they just don't look the same to me ... I'm
having such a difficult time with this concept."
It is also interesting that she essentially reduced the statement 23 = 23 (mod
II) to 1 = 1 (mod 11), somehow accepting the truth of the latter. Since she had a
strong operational view of congruence at the time, I do not believe that she would
have recognized that this was what she was doing. It is striking that she may have
accepted the statement when the integers involved were smaller than the modulus,
but apparently did not accept the statement when other representatives were used.
She did not specifically use the language of division with remainder when wrestling
with this issue, but she may also have had difficulty thinking of 23 as a "remainder,"
since it is larger than 11. However, FVan's conception of congruence was very fragile at
this point, and so looking for consistency in her thinking may not be very informative.
A few weeks later, during the second interview, I asked FVem to discuss her re
sponses to the two items from the exam;
2. (a) 33^ =
(b) 19^® =

(mod 8)
(mod 7)

3. (a) 5x = 1 (mod 11) x =
(b) 6i = 3 (mod 15) x =

When asked what she was looking for in problem 2, Fran responded, "[It] goes back
to the whole remainder concept. I'm looking for a nimiber smaller than 8 that's left
over after I divide 8 into this number [33^®]." When asked the same question about
problem 3, she said, "I'm looking for a solution x...x can be a lot of different niunbers
and I'm trying to qualify what x would look like." She gave 1 and 0, respectively, as
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her answers for problem 2, and gave 9 + 11/ and 4 + 5A; for problem 3. During the
interview, she noted that her answer for 2b was wrong and explained how to get the
"correct" answer, 5.
After noting that in both cases, we were looking for a missing integer in a congru
ence, I asked her to explain why she gave a single integer as the answer for the items
in problem 2, while she gave a set of integers for the items in problem 3.
"Well, this [referring to 2a] is kind of finite, in my head, because whenever
you're living in this world, you're only going to have ten [sic] possibilities
to put there basically to be in the smallest form. I'm mean, I'm sure there
could be more here, because it could be 9 and so on, but 9 doesn't exist
in mod 8, really. [... ] So, there would only be ten [sic] possibilities that
you could put here [in problem 2a], and if you multiply five times some
number [referring to 3a], there's going to be a bunch of different ways to
come up with any of those nimibers, but for this one [2a], you just have
one,"
It was clear that FVan did not view both problems in terms of merely finding the
missing integer. These were two different types of questions; in one case she had to
find a specific value within a specific range, and in the other case, she had to find
a set of values. The position of the missing integer clearly determined which case
was which. I asked, "What would have happened if someone had given just 9 as the
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answer for 3a? Would it be wrong?" Rran replied, "Yes, because 9 would just be
one answer, it wouldn't be all possible answers for x," and added that Dr. Thomas
probably would have taken off points for such an omission. It is interesting to note
the difference between this response and her above assertion that only one integer
was required to answer the itenos in problem 2.
Fran had used reduction of moduli to solve for x in problem 3, and I asked if she
could have solved 3a by guessing what the possible values for x could be.
F: Guess and check is generally my last resort because it takes way too
long to do.
J: How long do you think it would take on that one to find your answer
by guessing?
F: Forever!
J; Forever?
F: Forever.
J: Why forever?
F: Because there's way too many possibilities of I's that you could try
before you would find all the ones that work.
In this instance, her notion of position actually prevented her from seeing that
guess and check would be a very efficient strategy to solve for x in the congruence
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5x = 1 (mod 11). There are only nine possibilities to try (0 and 1 are ruled out
upon inspection), and one can quickly try all of them. However, FVan did not view
integers on the left as being representatives of other integers in the "world mod 11."
In general, she did not see congruence as a relation between integers at all, but as
an operation to be done from left to right. The integers on the left were in the
"normal" world of numbers. She viewed the congruence symbol as an operation that
transformed these integers into integers which "live in the mod n world." This view
of congruence as a transformation from Z to the "mod n world" became a recurring
theme in the interviews, and it will be discussed further at the end of this chapter.

6.2.2 Eva
During the first interview, Eva also indicated that the position of an integer in a
congruence was important. On the questionnaire she had solved the congruences as
shown below:
Item:
(a) x = 3 (mod 7)
(b) n = x (mod 4)
(c) X = 23 (mod 11)
(d) 2 = X (mod 9)

Eva's written answer:
a: = 10
x =1
x = 34 but 34 = 1 (mod 11)
x= 2

Despite the apparent consistency in her written responses above, she treated (a)
and (c) differently than (b) and (d). Though she provided one answer for each, she
was aware that infinitely many values for x would satisfy each congruence. However,
she appeared to believe that there was a "best" answer for congruences (b) and (d).
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For (a) and (c), Eva added the modulus to the integer on the right to get an integer
with the appropriate remainder upon division by the modulus. On item (c), she also
reduced 23 to 1 and rewrote the congruence in its "proper" form. '1 don't like it to
have the 23 here because the 11 goes into 23 two times ... then I just had the one
and the 34, so I changed it." It is interesting that she reduced the 23 after finHing a
solution, almost as an afterthought. Having an "unreduced" remainder in the right
position was not quite correct from her perspective.
In items (b) and (d), Eva divided the integer on the left by the modulus to get
the remainder, which she considered the "best" answer. When asked if other values
of X would satisfy these congruences, she responded, "Yeah, if I could have negative
numbers here, I'm sure I could have more. [... ] I could have infinitely many but
then it would be so ugly because then either it would be bigger than the four and I
don't like that, or it would be negative." At this point, it did not appear that Eva
viewed position in a congruence as particularly important, so I asked if the meaning
of congruence (b) changed if it was reversed: x = 17 (mod 4).
"That's interesting. I don't see them as the same, because it does matter if
you say 17 is the remainder or 17 is the number that you actually started
with. [... ] I don't see why it could be the same. Seventeen could be
the answer [in the reversed congruence] as well, that's true. Yeah, okay,
in that case it's the same. In that case, yeah, but I don't see any other
case that would be the same. If I take that four times zero and then the
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remainder is 17, so I could say x is 17 [in the original congruence]. Yeah, I
could have 17 congruent to 17 mod 4. [• •. ] If you want the easiest answer,
just take [the modulus] times zero and then we just have the remainder
of actually the number."
Though she appeared to accept the fact that one could have varioiis integers in
either position without affecting the truth of the congruence, she was able to verify
this idea only when the integers in question were removed from the congruence and
dealt with individually. She was very comfortable with the process of subtracting
multiples of n from the integer in the left position to get to the number in the right
position, or adding multiples of n to the integer in the right position to get the integer
in the left position. However, she did not seem to be viewing the congruence itself as a
statement about the relationship between the integers. These processes were attached
to the position of the integers in the congruence and applied accordingly. Though
Eva seemed to understand that "unreduced" congruences were true, her adherence
to the notions of position and remainder prevented her from explaining why. At this
point in the semester, Eva's conception of congruence was clearly operational.
In the second interview, we discussed problems 2 and 3 from the exam. I asked
what she was looking for in each. In reference to problem 2, she said, "I have to
find out what's 33 to the 25th power, then if I would divide it by eight, what would
be a remainder?" For problem 3, "We're looking here at a set of numbers that ...
if you divide it by 11 you will get a remainder of one. So five times what numbers
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would give you, after divided

11, would give you one." This is similar to FVan's

explanation of what is required to solve for the missing integers in each congruence.
Eva received fiill credit for all of the problems on the exam concerning congruence;
in fact, hers was one of the highest scores in the class. There was, however, a close call
on problem 2b. Eva had written 19 in the blank; i.e., 19^® = 19

(mod 7). Below

the answer, she had written 19 = 5 (mod 7). When grading the exam. Dr. Thomas
circled this five and made a comment that this was the correct answer. I asked Eva
if that meant that he was looking for one specific answer on these items.
"Yes, and it wasn't really obvious which one, but as I told you before,
I always like to have a smaller number than the mod. Here [on 2a] it's
obvious it's a one. There was no other answer. And it could be nine, or
it could be ... but I wanted to get it smaller. I got 19, but I knew that
he wanted us to change it to a five. And I wanted to chsmge it to five
because I don't like it really big. I think it just can't be done. Which is
good that I did [write this on the side] because he made a comment that
this is the right answer."
This comment on her exam seemed to have convinced Eva that the integers on the
right side of the congruence should be reduced as much as possible, and that it was
not quite proper to leave these numbers unreduced. During the first interview, she
had accepted numbers larger than the modulus as "ugly," but not incorrect. During
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the second interview, she appeared to be more careful about leaving integers on the
right unreduced.
Eva used reduction of moduli to solve problem 3, and for part a [5x = 1 (mod 11)],
foimd X = —2 + 116- When Dr. Thomas went over the exam in class, he had solved
this congruence and found that the answer was 9 + 11&- 1got this correct, [but]
the teacher got something else actually. I wrote his answer there, but I'm sure mine
works, because he did not take off any points there." There are several interesting
points to notice about this problem. First, Eva did not seem to be equating her
solution X = —2 + 116 to z = —2 (mod 11). She still regarded negative integers
on the right side of a congruence as unreduced, but this did not affect the form of
her answer for x. In fact, she did not immediately recognize that her solution and
the one given in class were the same. After

thinking

about it for a few minutes, she

realized that by plugging in values for b in both cases, one could produce the same set
of integers, but she still believed that Dr. Thomas had arrived at a different answer
because he solved the problem differently, using the Euclidean algorithm.
I asked if there was another way she could think of to solve this problem.
E: Maybe I could find one answer but then that would be very difficult
to get the general formula for it.
J: What do you mean by find one answer?
E: I would just try to figure out, okay, let's put in one, put in two, put
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in three, and see which one would work out maybe.
J: And then if you had a number that worked, how would you go about
finding that general answer?
E: Oh, I see! Nine gives me negative two as an answer. So then I could
check this every time, that this repeats. Obviously eleven times
minus two would be an answer. I could do it that way and it's so
much easier ... because I would only have to check it up to eleven,
I mean up to ten. So that's not so much. If he would have given me
a 53 here [for the modulus], it would have made it very hard.
Eva had suddenly realized that since all values for x were a multiple of 11 apart,
she only had to find one and then knew that adding multiples of the modulus would
produce the rest. However, she still was thinking of the integers on the left side
differently than the integers on the right. She realized that a guess and check approach
was finite, but she still seemed to be viewing congruences operationally, as had FVan,
in the sense that the integers on the left side live in the "normal" world, while the
integers on the right live in the mod 11 world. The congruence symbol somehow
indicated the transformation.
She later demonstrated this operational view of congruence quite expUcitly, when
explaining a solution to another problem. She wrote a congruence as 10 (mod 8) =
2, while saying, "10 mod 8 is 2." I asked if it was okay to write the mod term on the
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left side of the congruence. She shrugged and said,
"Yeah, that's fine. As a matter of fact, it would make more sense to do it
that way, because it's obvious that you have a bunch of step>s on one side,
equals to a number. Like you always write from left to right, see what I
mean?"
In this sense, the mod term was considered an operation, like a function, which
produced a specific result. It may be that for Eva, the operation of reducing integers
modulo n was not completely distinct from writing a congruence statement, and this
was related to her views concerning the position of integers in congruences.
On an earUer questionnaire^, none of the participants except Chris claimed to have
seen the concept of congruence or the word "mod" before. This could very well mean
that they had just forgotten, since most of them had been introduced to equivalence
relations in an earUer course, with congruence prominently featxured as an example
in the text. One of the first questions I tried to answer was whether or not previous
experience with the computer function MOD had influenced the students' tendency to
view congruence in terms of division with remainder. However, they claimed to not
have been exposed to this function before, despite the fact that all of them had taken
a computer programming class at the university. I could reach no conclusion given
this obvious lack of data, but have assumed that the students were not consciously
thinking of "mod" as a function.
^This is the Background Questionnaite - see Appendix A.
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I found it interesting that Eva had not been so concerned during the first interview
about giving an entire set of possible values for a missing integer on the left side of a
congruence. I asked why she had only given one answer for each item in problem 2,
but had given a set of answers in problem 3.
"[Referring to 2a] You can have infinitely many answers here as well, but
it always has to be a multiple of eight plus one. But this is the smallest
one, the smallest and the simplest one. [... ] Here [on the right] if you put
a one, it's aJready obvious that it gives you the rest of them very simply.
If you put here [on the left] just a value, let's say nine, that would not be
as obvious."
She appeared to view the "mod n" term in these congruences as dififerent notation
for "+nfc." If the mod n was next to an integer a, it implicitly meant a + nk, and
so it was unnecessary to give more than one value for a missing integer on the right.
However, the "mod" had no efiiect on integers on the other side of the congruence,
so one had to be explicit about multiple values. Hence, the "mod n" term did not
apply to the entire congruence, but only to the closest integer. This is somewhat
inconsistent with the operational view described above, since in the statement 10
(mod 8) = 2, the mod 8 term is operating on the 10 only, producing the integer 2.
The integers are still positioned with the larger integer firom the normal world on
the left, and the remainder on the right. Clearly, the participants' imderstandings
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of congruence were complex, and the individuals were still trying to organize their
thinking about congruence.

6.2.3 Dan
Dan had a rather strong view of position at the time of the first interview. On the
questionnaire, Dan solved the first and third congruences using his interpretation of
the standard definition (the modulus divides the difference between the integers), and
rewrote the second and fourth as equations.
Item:
Dan's written answer:
(a) X = 3 (mod 7)
7| x — 3
(b) 17 = X (mod 4)
17 — x = 4n
1
(c) X = 23 (mod 11)
111 x - 1
(d) 2 = X (mod 9)
x — 2 = 9n
2
For item (a), he said, "Seven divides x-3, and a lot of numbers that fall into that
family, [... ] the family of numbers which when divided by seven have a remainder
of three." Item (b), however, was approached very differently. "Now this one,
has a remainder of what in mod
down one answer. [... ] When

17

what is divisible by

4?

So I put

is divided by 4, it has a remainder of

1."

For Dan,

4,

or

17

17 minna

the position of the x in the congruence appeared to determine whether x has one or
infinitely many values. In discussing item (c), he said, "This is another family one,
where

23

mod

11

is the same as

it's 11 divides x minus 1, so like

1

mod

12 fits

11.

[... ] This is the family again because

in there,

12

plus 11 fits in there." Item (d)

was approached in the same way as the second. "It's still just a remainder of two.
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because when nine divides two, it goes in no times."
When asked why he solved items (a) and (c) differently from (b) and (d), Dan
stated that the position of the x determined how to solve the congruence. FVom Dan's
perspective, an a; to the left of the congruence symbol (x = a mod n) indicated that
one should look for all integers that have a remainder of a mod n. However, if the x
is on the right (a = x mod n), one must find ihe remainder of a upon division by n.
Dan stated this very clearly in the interview, saying "Depending on where the x is,
it gives you a wide range of answers or only one answer."
It appears at this point that Dan simultaneously held two seemingly contradictory
ideas about congruence: first, congruent integers are in the same family and therefore
act the same in the '^od n world," and second, the position of the integer on the
left or the right side of the congruence symbol ptedetermines what values make the
congruence true. In some instances, Dan seemed to be thinking of congruence as
an equivalence relation, and in others he was not. However, closer inspection of the
data revealed that Dan did not view a congruence statement as an indication that
two integers were in the same family. Congruence statements implied an operation
of division, or a classification of an integer into a family. He always spoke of nimibers
being the same using terminology like "10 mod 8 is the same as 2 mod 8." He would
also make statements like "15 mod 4 is congruent to 3 mod 4," which when written
down are nonsensical; 15 mod 4 = 3 mod 4 is not a congruence. Moreover, 15 mod 4
and 3 mod 4 are not numbers, though we use such notation casually to describe classes
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of numbers, or to imply the operation of division with remainder. For example, we
might say, "primes of the form 3 (mod 4)," or "15 (mod 4) is 3." Mathematicians
frequently use mathematical notation in casual ways and jokingly speak of "abusing
notation." However, for students who are still struggling to understand the preci
sion and rigor of formal mathematics, it is not at all obvious that notation can be
ambiguous or arbitrary, or can require definition.
In the second interview, Dan described what was being asked for in the two exam
problems in terms of his notion of families.
"In the family mod 8 you have zero mod 8, one mod 8, two mod 8,... and
so every number in the world falls into one of those categories in the world
of mod 8. When you solve the congruences [in problem 2], what you want
to do is classify the family, [... ] you're bringing it into its representative
family."
Dan said that this notion of families was his own; he seemed to have created this
terminology as a way to make sense of congruence. This family construct is very
close to the concept of an equivalence class, though Dan did not formally think of
congruence as an equivalence relation. Each family had a representative, an integer
between 0 and n — 1. At this point in the semester, Dan's strong view of position
was completely intertwined with his family idea. The integer on the right side of the
congruence was considered the family representative (and hence should be between
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0 and n — 1) and the integer on the left was considered an element of the "normal"
world of numbers which was to be classified into a family.
Dan always reduced the integers on the right side, so I asked if it would have been
incorrect for someone to give an answer of 19 for problem 2b; that is, 19^® = 19
(mod 7). Dan seemed surprised by the question, and said that it had never occurred
to him not to reduce this number.
"I wouldn't have done that though ... 19 can be reduced and so because
of that I would assume ... I don't know if he would have taken points off,
but I think since 19 is not within the range of zero to six, I knew I could
reduce it. I wouldn't have left it like that."
On problem 3, Dan said, "you're looking for five times some number is going to
give you, if divided by 11, a remainder of one, or something that would fall into the
1 mod 11 family." He noted that the first way it occiured to him to solve for x in
these congruences was by plugging in zero through ten for x, and then checking if
each would fall into the 1 family. However, he used reduction of moduli to solve the
problem on the exam, since this was the method he thought he was supposed to use.
He also said that he had not been sure if it was enough to give one answer for x, or if
he needed to provide all answers for x. I asked if he thought he would have lost points
if he had written only 9 as the answer. He responded, "No, probably not, because
that solves the congruence. I mean, it doesn't say find all values."
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However, Dan still firmly believed that there were infinitely many possible values
for an unknown on the left side of the congruence. When asked if there was a difference
between the range of possible answers for problems 2 and 3, he responded firmly that
there was a difference, using very similar language as he had in the first interview.
"Here [in problem 2] you want to know what family it belongs to, and
every nmnber only belongs to one family. Now on these [problem 3],
you're saying what number times five will fall into this family [1 mod
11]. So a lot of nimnbers are in that family and that's why it's an infinite
sequence. When you're given a number and you want to classify it into
a family, the number only belongs to one family. [... ] If you had x = a
mod b, this is infinite, this is going to have a bunch of answers. And then
if you have a = x mod 6, this is one answer."
Dan's understanding of congruence was cie£u:ly operational at this point. More
than any of the other participants, he viewed the = symbol as an indication of a
transformation of an integer in Z (on the left) to an integer in the "world mod n"
(on the right). Despite this strongly held misconception, Dan was very successful at
solAong the types of problems that appeared on the exam. His notion of position was

more complex than that of the others, since it was built upon his informal construction
of equivalence classes.
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6.2.4 Chris
At the time of the first interview, Chris did not view position as important. He
was the only student of the group who appeared to have built his understanding of
congruence on the concept of an equivalence relation, rather than as a process of
division. During the interview, he explained his responses on the questionnaire using
properties of equivalence.
(a)
(b)
(c)
(d)

Item:
Chris's written answer:
1 = 3 (mod 7)
10
17 = X (mod 4)
1
a: = 23 (mod II)
1
2 = x (mod 9)
11

Chris explained that he just gave the first value for x that he could think of, which
was the next larger member of the equivalence class in items (a) and (d), and the
standard representative, which he called the "base," in items (b) and (c). He noted
that his first thought on items (a) and (d) was to find the next positive value, though
he realized that negative values were possible as well. "[Dr. Thomas] did an example
in class the other day that was so much easier using the negative nimnbers. [... ]
Before, it always seemed just a little bit foreign because, you know, negative one and
positive one weren't necessarily in the same system."
When I asked if he approached solving each congruence in the same way, he said
that he viewed (a) and (d) as being similar, since in these the "base" was not the
integer given, while in items (b) and (c), the "base" was given. "The first [value for x]
I would think of would be the base and then if the base is given, like a three, my first
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one would be the next positive one. [... ] I guess the side of the congruence doesn't
matter." Overall, Chris's view of congruence contrasted sharply with that of his
classmates. He never mentioned division with remainders during the first interview,
and seemed to view congruence almost exclusively as a relationship between integers.
"What we've done is we've taken any number that's this one mod x and
we've said that anything that's of this form is the same number. So we can
analyze it in the same way. Every nimiber that fits that certain criteria
fits the norms for that number, and so it's our way of classifying numbers
of aU kinds and across the whole number line. The ones that are in this
set all have the same properties."
Note that though Chris' understanding of congruence involved classifying integers
into congruence classes, he did not seem to view a congruence statement as necessarily
expressing this classification. Instead, given a statement like 15 = 11 (mod 4), he
could think of this as saying that 15 and 11 are in the same congruence class. Dan,
in contrast, would have said that this congruence states that 15 is in the 11 mod 4
family, which is actually the 3 mod 4 family.
By the second interview a few weeks later, however, the situation had changed.
When asked what one was looldng for in problem 2, Chris responded, "What I'm
looking for is what the remainder is if I divide this number by 8? And the same on
[part b], if I divide 19 to the 19th by 7, what would the remainder be?" He had
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solved both parts of problem 2 by reducing the integers on the right, then raising the
reduced integer to various powers, looking for a pattern. Problem 3 was solved using
reduction of moduli.
When asked if there was a difference between these two problems in terms of the
solutions, Chris suddenly seemed to be viewing position as important.
"[In problem 3a] Because it's on [the left] side, you could say that x is just
9, and it would still be a true statement, but then you're not giving all
possible answers for x and all the possible answers for ar are 9 +11/. [... ]
I think of this [left] side of the congruence as being any possible number
and this [right side] is the class of the nimiber."
I asked him to explain where this idea of position came from. Chris replied, "1
think it's because it's on that side of the congruence. We only see one number on that
side and we tend to write this as our reduced number and this one can be anything."
Chris appeared to have acquired the notion of position at some point in the prior
weeks and had worked it into his conception of congruence. Chris' case is interesting
because it is not necessarily a misconception built on division with remainders. Only
a few weeks earlier, Chris had viewed statements of congruence as implying a rela
tionship between two integers; he did not appear to place any restrictions on integers
in a congruence based on position. At the time of the second interview, though, he
clearly shared the notion that others had developed that integers on the left can be
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anything, while the range of values of integers on the right is restricted. For Chris,
congruence became less a statement of a relationship and more of a process of clas
sification of numbers. His conception of congruence appeared to have shifted from
primarily relational to primarily operational.

6.2.5 Barbara
When solving the congruences on the questionnaire, Barbara first rewrote each as an
equation.
Item:
(a) I = 3 (mod 7)
(b) 17 = x (mod 4)
(c) ar = 23 (mod 11)
(d) 2 = X (mod 9)

Barbara's written answer:
x = 3 + 7y
17 — x = iy 4=^ x = 17 — 4y
x = 23 + lly
2 — x = 9y
2 — 9y = x

Like most of the others, she perceived the first and third congruences as being
different from the second and fourth. She rewrote congruences (a) and (c) in the
standard way, and then noted that all solutions x would be of the form 3+ 7y or
23 + lly. "Basically x can be three greater than any multiple of seven." She was not
bothered by the fact that 23 was greater than 11, noting that this was a situation
that she had left 'iiot totally reduced [... ] the easiest thing to do is to get them as
small and as positive as you can." On items (b) and (d), she used her informal image
of the standard definition, writing 17 — x as some multiple of 4 and 2 — x as some
multiple of 9, rather than rewriting the congruences as 17 = x + 4y or 2 = x + 9y. It
seemed that she had not thought very hard about these items; her use of equatioDs
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allowed her to solve these items completely algebraically, with little effort. She did
not {^pear to view position of integers in the congruence as important, though she
had solved (a) and (c) differently from (b) and (d).
"[The integers] a and b can be any number and the congruence basically
relates them. [... ] You can go both forwards and backwards. Basically
this a congruent to 6 mod n represents a way to relate a and 6 in a mod
n world."
It is interesting to note that, like Chris, Barbara did not initially think of con
gruence as a process of dividing and getting a remainder, and also did not appear
to view position as important in a congruence. Unlike Chris, however, Barbara's in
terpretations of congruence statements did not appear to have changed dramatically
at the time of the second interview. Though she had begun to interpret congru
ences in terms of division with remainder, she continued to work with congruences
almost exclusively by rewriting them as equations first, then converting them back
to congruences later.
When asked what one was looking for in problem 2a on the exam, Barbara invoked
the division-remainder interpretation, saying, "If I had like an awesome calculator
and I could actually divide 33^® by 8, what would the whole munber remainder be?"
Barbara solved this problem by noting that 33^ = (33®)^, and found that 33^ has a
remainder of 1 when divided by 8. She then substituted this 1 for 33® to get

=1
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(mod 8). When asked why one could make this type of substitution, she said:
"In a mod 8 world, 9 and 1 are equivalent, because had you divided either
of those numbers by 8, you would be left with the same remamder. So the
reason you can substitute 1 for that [33^] is because when you divide this
scary number by 8, you're left with a remainder of 1, which is the same
thing as saying 1."
She noted that one could make a similar substitution in problem 2b, replacing 19
with 5 and then working with 5^® instead of 19^®.
On problem 3a, Barbara said, "We're looking for the set of numbers such that
when you divide them by 11, you're left with a remainder of one." She used reduction
of moduli to find an answer of a: = 9 + lU. I asked why she had given one answer for
problem 2, and a set of answers for problem 3.
B: I think the reason why I assume there is one answer here [in 2a} is
because there are no variables in this problem. Since there is not an
X, that says to me that we're not going to be plugging in various x%
whereas in this one [3a], there is an x by the five, so we want to know
what are all the different x's that would make this work.
J: So if somebody just put 9 here [for problem 3a], would you think that
was incomplete?
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B: I mean, 9 is a solution. But in saying that x equals 9, you're really
assigning 9 to x, which is ... I mean, x can also be 20. That would
completely eliminate all the other possibilities for x.
As in the first interview, it appeared that position was not viewed by Barbara as
important. She never suggested this idea on her own (as several of the others did),
and did not appear to have relied on position when solving the two problems on the
exam. In the first interview, Barbara had not used a division-remainder interpretation
at all, while in the second interview, she initially interpreted problems 2 and 3 on the
exam in terms of division and remainder. However, she seemed to believe that the
division-remainder interpretation was not particularly helpfiil, and preferred to work
with congruences by rewriting them as equations.
"I actually look at [a congruence] in terms of an equation. Like when I
look at that, I'm thinking to myself, 5x = 1 + lly. That's the easiest
way for me to visualize that. I mean, I understand the influence of the
remainder in the situation, but it's not really how I think about it. It's
more like the equation behind it. It's so much easier for me to think about
it in terms of the equation."
However, when asked directly if position in a congruence was important, Barbara's
response was surprising.
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J: Does the position of the numbers, the side that the numbers are on,
make a difference?
B: Absolutely. Because if this guy is next to the mod, I know that he's
going to be a remainder. It's going to be between zero and n — 1.
But this guy, he can do whatever he wants, being on the left side
away from the mod n. So, I think that the position does matter.
J: Really? [surprised]
B: Absolutely. Absolutely. If the [integer] is next to the mod, again,
there's always going to be a remainder whereas this [left side] can be
any number.
Though she had never given any indication of viewing position as important while
explaining how she had solved problems, when asked about it directly, she stated that
she did think it was important. It may be that Barbara's primary method of working
with congruences, rewriting them as equations and then working with the equations,
prevented any ideas about position from being used. However, importance of position
was part of her concept image of congruence. It is important to note that Barbara
was the first participant I interviewed, and I did not ask her directly about position
in the first interview. She made many conunents in that interview that indicated she
did not view position as important, such as, "I think you can have any number here
[right side], but it's easiest if you just subtract your multiples and get it down to the
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minimum," and "You could write like ... a is congruent to 4 mod 4. Like you could
have a situation where it's not totally reduced." She did not make any comments
as strong as these during the second interview, but without that piece of data, it is
difficult to guess when or how Barbara developed this notion of the importance of
position.

6.2.6

Andrew

During the first interview, Andrew described his strategy for solving the congruences
below as, "I was just looking for a particular solution and then once I found that
solution, I started looking for other solutions ... of the same form."
Item:
(a) X = 3 (mod 7)
(b) 17 = X (mod 4)
(c) X = 23 (mod 11)
(d) 2 = X (mod 9)

Andrew' written answer:
x = 3 + 7fe
x = 1,5,9,... , x = 4j — 3
x = 23 + 11m
x = —7, -16, —25, —34,... , x = 2 — 9n

He appeared to have approached (a) and (c) differently from (b) and (d), as had
several other participants. I asked if he saw those congruences as being different. An
drew seemed a bit bewildered by the question, and thought quietly for a while before
responding. He seemed inclined to interpret the position of the x in the congruence
as a factor in the form of the answer, saying, "you're talking about remainders here
[right side] and you're talking about finding numbers here [left side]." He explained
that if one is interpreting the statement as a-^n has a remainder of b, then there
are multiple answers possible for an x on the right, but there is a best answer, whose
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form is given by the division theorem. He also stated that, on the other hand, one
could interpret a congruence using the standard definition, in which case there was
not a difference.
In general, it seemed that Andrew was struggling with this idea. In some cases,
he seemed to think that position of an integer in a congruence was important in
determining the meaning of the statement, but he also realized that congruences that
were unreduced still satisfied the definition of congruence. This apparent dichotomy
clearly troubled him, but he was unable to completely articulate his problem with
the issue at the time.
I asked why he had listed only negative numbers for the last item, in light of his
inclination to think of x as the remainder in this case.
"It was just, I mean, it was really obvioiis to me that if I... when I saw a
negative seven, it was like, whoa, applying this definition, that would just
be, you would still get nine, which was two minus negative seven. So the
division would hold true. And so then, again, you're sort of in the same
vein with these two. You could form in your list ... enumerate all these
numbers, they are all sepEurated

a difference of nine which is consistent

if you are in the world of mod nine."
Throughout the remainder of the interview, Andrew continued to struggle with
the role of position, always contrasting the definitions of remainder and congruence.
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At some point, he appeared to have decided that there were two definitions for con
gruence, the standard definition: a = 6 (mod n) if n f a — 6, and a division-remainder
one: a = 6 (mod n) if a

n leaves a remainder of b. The first came from the text

and is the standard mathematical definition of congruence. The second, used by all
of the participants at some point, is a sufficient condition for congruence of integers,
but not a necessary one, such as a = 6 (mod n) if a and b have the same remainder
upon division by n. Andrew used these two definitions interchangeably, and though
he recognized that these were not equivalent, he believed both were valid.
1mean clearly when you take a number and divide it by four, especially
this number [17], you will get a remainder of one not five or nine. But, the
congruence still works because of this [standard] definition. This would
make more sense in terms of this [division-remainder] definition because
by the division theorem, you couldn't have a remainder that's bigger than
your divisor."
A few weeks later, during the second interview, Andrew was still struggling with
position, but had decided that there were two ways of interpreting a congruence.
When asked what one was looking for in problem 2 on the exam, he said, "yo'i'rc
looking for the remainder left over when you take 8 into that number." However, he
actually found his answer of one for part a by looking for a pattern while raising 33 to
consecutive powers. On part b [19^^ =

(mod 7)], he gave 19 as his answer instead

of 5, for which he lost two points. He claimed not to have been bothered by this, but
clearly was convinced that his answer was correct.
A: I mean it was like, once I saw what I'd written down, I instantly
recognized what the mistake was. I don't think it was necessarily a
mistake. I mean, the congruence is true, so. I mean, I don't know.
J: Do you think that's ... that's a really good question now. I mean,
what you're written is true, right? But you didn't write 5.
A: Right, it doesn't make sense though that ... in the world of mod 7
you're only talking about either zero up to 6. So it doesn't really
make that much sense. But, I mean, you're right. This would make
it ... you can really argue the point that this is a true congruence
so, I mean, but no, I understand.
J: So, it's sort of analogous to leaving a fraction as |? I mean, is that
sort of the level of wrongness?
A: Yeah, I mean, I guess, when you put it that way, I mean it's ... that
would be ... I mean I don't want to say that it's wrong.
J: Yeah, yeah. Because|isn't wrong.
A: Right. I mean it's just ... I don't know. I guess in some sense it's
sort of a matter of convention. It's a very minor thing £uid I'm not
really too bogged down by it. I mean, as far as I can think, I mean.
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it's still right and, you know, I mean the congruence is still true, just
like I is still
At this point, Andrew seemed to agree that reducing the integers on the right side
of a congruence was just a matter of convention, just an arbitrary rule that we all
follow, like reducing fractions or rationalizing denominators. It was unclear whether
he believed this before the interview, or if it was the result of this discussion with me.
For problem 3, he said, "you're looking for a number when multiplied by 5 that
when divided by 11 leaves a remainder of 1, or a set of numbers in this case for which
that's true." This is very similar to the description provided by the other students.
However, Andrew solved part a) of this problem [5x = 1 (mod 11)] in a rather unique
way. He decided to replace the 1 with —10, after mentally nmning through a list
of integers congruent to 1, "1, 12, 23, an arithmetic sequence of numbers ... and I
noticed that if you pick —10, there's a factor of five between them." He then canceled
5 from both sides of the congruence x = —2.
This solution is striking for several reasons. First, though he spoke about finding
X in terms of division and remainder, when he actually solved for z, he used proper
ties of congruence to replace 1 with a more convenient representative. None of the
other participants demonstrated this approach, even when asked for alternate solu
tion methods. (I should note here that this approach was problematic for Andrew in
other circimastances, which will be described in section 3 of this chapter.) Second,
it appeared that on a frmdamental level, Andrew understood that position was not
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important in determining the truth or validity of a congruence, but that it was a
convention. I asked him if 1 +8fe would have been an appropriate answer for problem
2a.
A: Well it wouldn't make sense in mod 8 ... if you let k nm free, you'll
get numbers that are not going to be in mod 8. On the one hand,
it's really weird to talk about really large numbers that aren't in the
world of mod 8, but on the other hand, you have to use them to solve
some of these congruences. [... ] If you're talking about the world
mod 9, it wouldn't be true that you'd get a remainder greater than
9. But this congruence is still true.
J: When you say the congruence is still true, what does that mean to you
exactly?
A: It means that if you took the difference between like 8j and 15, that
9 would still divide it.
At this point, Andrew appeared to have nearly resolved his uncertainty about the
importance of position. In both interviews, he seemed to view congruence operar
tionally at some times and relationally at others, depending on which "definition" of
congruence he was using.
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6.3

Applications of Congruence

After being introduced to the concept of congruence in class and learning to solve
linear congruences by a guess and check method, the students learned how to use
congruence to solve some previously difficult problems in number theory, such as
finding solutions for linear Diophantine equations, and solving systems of congruences,
and were introduced to an important theorem involving congruence, Fermat's "Little"
Theorem (FLT).
The statement of FLT given in class was the foUowing; If p is a prime and a is an
integer not divisible by p, then

= 1 (mod p). In class, Dr. Thomas noted that

one could multiply both sides of this congruence by a to obtain dP = a (mod p). This
theorem was then used in various ways, such as to factor large numbers that could
be written in the form a" — 1.
The students had previously learned to solve linear Diophantine equations (equa
tions of the form ax + by = c, where a,b,c 6 Z) graphically, by guessing, and by
using the Euclidean algorithm. Reduction of moduli (ROM) was then introduced as
a means to find all solutions to these equations. The idea of ROM is to view an equa
tion in two or more variables modulo one of the coefficients, so that we can reduce the
original problem to that of solving a congruence. Once the congruence is solved, we
can transfer this solution back to Z to obtain, as it turns out, the set of all solutions
to the equation.
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The students used ROM to solve equations with £urly large coefficients, and only
knew how to solve congruences by trying all possibilities, so the ROM process was
actually a series of iterations of the above process. For example, the equation to be
solved on the exam was 75a: + 27y = 12. First, we view the equation as a congruence,
modulo 27, and then reduce the coefficients.
75x + 27y = 12 (mod 27)

21x = 12 (mod 27)
Since this congruence implies that 27 | 21x — 12, or (3-9) | (3 • {7x — 4)), we know
that 9 I 7x — 4, and so we can write the following congruence:
7a: = 4 (mod 9)
At this point, we could solve the congruence by trying the 7 possibilities for x, or we
could transfer the congruence back to Z, and get an equation related to the original,
7x = 4 + 9k. Now we can repeat this process, viewing this equation as a congruence,
modulo 7.
7a; = 4 + 9fc (mod 7)
We can reduce the coefficients modulo 7, and cancel a 2 from both sides since 7 is
prime.
—4 = 2k (mod 7)
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—2 = k (mod 7)
At this point, we can write an expression for k = —2 + 7n and substitute this into
the equation 7i = 4 + 9fc to get x = —2 + 9n, and then substitute this into the
original equation to get y = 6 — 25n. Now we can generate all possible solutions for
the equation by substituting in values for n; for example, n = 0 gives the solution
(-2,6).

This procedure seems fairly straightforward and powerful. With larger numbers,
it can be computationally intensive to go through the substitution process at the
end, but one might think that students with a solid understanding of congruence
would be able to understand and use this procedure to solve such equations. Note
that in using this procedure we are implementing a problem-solving strategy that is
extremely important in ahnost every field of mathematics.
Figure 6.1 depicts the strategy of taking a problem which is difficult to solve as
posed in its original setting, transferring this problem into another setting, solving it
there, and then mapping the solution back into the original setting. Strategies of this
type are implemented in many fields of mathematics, applied mathematics, statistics,
and engineering.
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FIGURE 6.1. TVansferring problems to alternate domains
6.3.1 Reduction of Moduli
In general, the participants viewed Reduction of Moduli (ROM) as a very complex,
computational procedure. For example, FVan said, "To me it's an algorithm. I'm
sure that there's a theory that's behind it that metkes a lot more sense but I don't
understand the theory." Though the students struggled to understand ROM 2md
were often frustrated with the fact that small computational errors would result in
disaster, they quickly appropriated this method and tended to use it whenever they
could, including solving linear congruences. In this section, I will discuss how each
student applied ROM to solve the following problems on the exam;
1. Find the smallest x and y such that 75a: + 27y = 12. Answer:

161

3a. 5x = 1 mod 11

x=

3b. 6z = 3 mod 15

x=

4. Captain Thomas's squad has suffered morale problems. Most have
deserted. He tries valiantly to carry on and screams at them to
get in formation but nothing seems to work. When they arrange
themselves in columns of 8 there is one left over and in columns of 9
there are 7 left over. Thomas, himself, decides to desert but changes
his mind when a student informs him there is a way. What is the
student's solution? Answer:
Note: Neither the students nor the instructor tended to put parentheses around the
mod n term in a congruence. Though my preference is to use parentheses, I will not
use them when the participant did not.
Solving 75x + 27y = 12 Eva had used the Euclidean algorithm to solve the first
problem, and because we were pressed for time that day, I did not ask her to solve
the problem using ROM in the interview. At the time I did not know that I would be
looking so closely at the students' use of ROM, and decided that since she had used
it in other problems, those explanations would suffice. This decision was imfortunate,
and irreversible.
FVan solved this problem using the Euclidean algorithm on the exam, but lost
points because she did not find the smallest solution. I asked her to use ROM to solve
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it during the interview. Her explanation of ROM was very procedural, consisting of
a series of manipulations and following very precise steps. An interesting moment
came when she rewrote the original equation

as

a congruence. She started with

75x + 27y = 12, and then wrote 75x = 12 — 27y. However, at this point, she was
not sure if she could rewrite this as 75a; = 12 mod 27, since this was a negative 27y,
saying, "Can I do that with a negative?" She noted that she could rewrite 75x = 12
mod 27 as 75x = 12 + 27y, and stated that the two equations were not the same.
Clearly she viewed the step of transferring the equation into "mod world" as simply
rewriting the +nk term as "mod n". She finally resolved this difiSculty by rewriting
the original equation

as

75x = —12 + 27y, claiming that this was the same as the

original, which it clearly is not.
Ftan stated that ROM was just a procedure that she had memorized, and that she
did not understand how or why it works. Though FVan generally was a student who
struggled to understand the "how" and "why" of the mathematics she was learning,
she admitted that in general she wants to be able to do the procedure first, for the
exam. "Whenever I'm at the beginning stages, everything else goes away, let me
figure out how to do it, and then I'll figure out why it happens later." She described
the general process as follows:
F: Well, you take the first step, you subtract the 27 over or you subtract
the 12 over, whichever way, but somehow or another you've gotta
get like part of it on one side of the equation and get a variable on
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this side of the equation. Then you make whatever is on this side of
the equation the variable so it would be 75x is equal to 12 mod 27.
That kind of an idea. And then you reduce everything to mod 27
world. And then after that you then subtract the 12 over and you
make this, or you change this back into this kind of a formula. And
then you subtract over. And then you take this one and you put that
into the mod and this comes over to this side. And then you do the
same process over and over again until you get to a small number.
J: How do you know when to stop?
F: Whenever I get to 1 y or 1 a; or 1 some variable.
At the end of the process, she found that x = 7 + 9m and y = —19 + 25m. She .
immediately substituted 0 for m to get the same answer as she had with the Euclidean
algorithm: x = 7 and y = —19. "This is still not the right answer. Did I do something
wrong?" The method of getting the smallest answer appeared quite elusive to many
of the participants, and in this case Eran clearly did not view the above expressions
as a set of answers. This was a recurring theme among the participants.
Dan was extremely frustrated by the fact that he did not get the right answer
using ROM on the first problem. "It's supposed to work that the answers you get
are right, and then for some reason there's always some sort of fidditional trick you're
supposed to do to get the smaller answer. And I don't understand where the smaller
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answer comes from." He explained the process of ROM clearly, though he still seemed
to view it very procedurally. At one point, he rewrote the equation 6fc -f-12 = 211
as 12 mod 6 = 21Z, and then reduced this to 0 mod 6 = 91. This is interesting on
several levels. First, note that he literally rewrote

as "mod 6," and even kept

this term on the left side of the congruence. Clearly he not only viewed the mod term
as completely interchangeable with the +6A; term, but also viewed the mod term as
attached to one of the integers in the congruence, rather than as modifying the entire
congruence.
Note also that rather than reducing the 21/ to 31, he chose to reduce it to 91, for
the reason that at this point he could see that the value 1 = 2 satisfied the congruence.
(He seemed not to recognize that I = 2 eilso works when the congruence is completely
reduced.) When he substituted this value of 2 back into the string of equations and
congruences, he got x = 7 and y = —19, which is a solution to the equation, but not
the smallest solution. At this point, he had no idea how to get the smallest solution.
I suggested that he divide through the equation by the CCD at the beginning of the
ROM process, and he did, repeating the entire procediure. He was uncomfortable
dividing through like this, saying, "you don't just drop something because it comes
off both sides. In normal algebra, you take it with you, but it doesn't change the
equation."
Dan reduced to the point where he had 1 = 1 mod 2, which he recognized as being
any number not divisible by 2. I casually pointed out that this was any odd number.
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a comment which seemed to stirprise him. "Oh ... yeah, any odd number." This was
an interesting comment in light of the research on students' misconceptions about
divisibility, described in the review of literature. Dan decided to choose a value of 1
for I, since it was "the smallest," rejecting my suggestion that -1 would be equally
as small. When he substituted back through and got the same answer as before, he
was visibly firustrated. I asked if he had any idea what to do to get the smaller one.
He said, "I just don't understand ... there's always a small answer. I mean half the
stupid homework problems we did there was a smaller answer than the way if you did
it with the reduction. So like I don't... am I doing it wrong?" I finally pointed at
that he had made a specific choice for /, and then he realized that a different choice
would give a different emswer. It is interesting that though he had made a somewhat
arbitrary choice for I earlier, it did not occur to him without my suggestion that a
different choice would have yielded a different answer.
I asked if he saw a relationship between the two solutions that he had found, and
after a moment of thought, he said. The difference is 9 ... so it's mod 9. So it
actually doesn't... there must be a way to bring it out, the solution, that it's 7 mod
9." It seemed that though he was aware that there was more than one solution to such
an equation, he had not realized that ROM could be used to produce an expression
for all of the solutions. In addition, despite the fact that he used congruences to solve
this problem, he was surprised that the solution could be expressed in terms of a
"family" of congruent integers. This also suggests that Dan's understanding of ROM
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was highly procedural.
Chris described his solution to this problem very hoUstically. He used ROM,
and skipped steps as he explained the process of rewriting congruences as equations,
reducing the coefficients, etc. When he talked about reducing a number, he used
complete congruences, saying, "21x was equivalent to 75x" and "negative 12 was
equivalent to 9 mod 21." When asked how he would explain to someone else how
this procedure works, he emphasized the importance of understanding the connection
between a congruence and theequation representation. He did not seem to be thinking
of the mod n term as different notation for +nk as some of the others had. He also
said that it was important to understand why 75x = 21x mod 27, saying, "it doesn't
matter what x is as long as it's an integer value, because ten 75's are still going to
be equivalent to 21 mod 27, the same as one 75 would be."
Chris seemed to place a lot of value on understanding how and why ROM works.
He described the solutions as a set, saying that to find the smallest solution in the
problem, he decided to work with the x value, since the possible x values were closer
together than the y values. "I had two choices I figured. I could plug in 1 or I could
plug in negative 1 and then both of them would give me the smallest possible answers.
One would give me the smallest answer with x being positive and the other one would
give me the smallest possible answer with x being negative."
Barbara also had used ROM to solve this problem and in the interview inunediately lamented the fact that she did not really imderstand why the procedure worked.
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She said that at the end of the algorithm, she was not really sure why one has to go
back through and '^mravel it" to get the answer.
"I

understand why we're doing that, reducing it down, but when we start

introducing other variables and you know, keep trying to reduce it, reduce
it, and then probably where I get lost in all the thinking is when we go
back to imraveling it. I'm trying to figure out like why that's important
to solve it. You know to me, it seems like once we get down here, that
would seem like a solution but it's not because you have to go back and
do that so, that's what's the mystery to me."
When she reflected on her performance on the exam, she noted that she did not
understand the material as well as she would like. "WeU,
I'm

I

would like to say that

an idealistic person and that I would really love to understand everything in all

of my math classes, but I don't, you know." The only points lost on the exam came
from the fact that her final answer for problem one was x = 7 and y = —16, which
was not the smallest answer. She was philosophical about this ov^ight.
To me that seemed like such a good stopping point, like the minute that
I

actually isolated that,

I

mean, at this stage of my thinking about this

class, like this was like that... that x is equivalent or congruent to 7 mod
9 and
funny.

I

felt like totally confident about that too. You know, which was

I

think the thing that was troubling me was that this number is

168

positive so I was like, well, that has to work, like it would have seemed
odd to me to have a negative x even though I had a negative y in my
answer. But to me just knowing that x was positive and that it looked
small, I was like, oh yeah."
I asked how she knew when to stop the reduction process, and she said, "When
I have a coefficient of 1 on the left side." I asked if there were other points at which
she could stop the algorithm, and she indicated that she knew there were other places
to stop, but she had never really understood how that worked. "There's been some
spots in some of the examples in the book where there will be something like this ...
with like a higher coefficient like a six or something, and then automatically it's gone
to what m is by itself. But like I can't figure out how to jump from here to m without
going through all the middle steps." It is interesting that most of the participants did
not seem to understand how to solve congruences by trjdng possibilities, despite the
fact that this was the way that Dr. Thomas had shown them to solve congruences in
class. Barbara was no exception.
Despite her high score on the exam, she said, "I feel kind of sheepish that I
did so well and I can't really even explain why [this procedure] works." She said
that the process of ROM was hard to learn how to use because there were so many
opportunities to make mistakes along the way. She also said that it was hard to figure
out the difference between using ROM to solve the linear Diophantine equations, and
using a similar process to solve systems of congruences. She seemed unsure of the
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difference between these two types of problems.
The Case of Andrew On the exam, Andrew had solved the first problem using the
Euclidean Algorithm, saying he could have solved it using ROM also, and just made a
choice. I asked him to solve the problem using ROM in the interview, and the results
were fascinating. I will discuss them here in quite a bit of detail. His approach
was very different from that of the others, and it gave me some insight into not only
Andrew's thinking processes, but into the complexity of learning to solve congruences.
He started as I expected,

rewriting the equation as a congruence [75x = 12

mod 27], but then he did something unexpected. He said, ''In the world of mod 27,
this [12] is 39 mod 27," and rewrote the congruence [75z = 39 mod 27]. Then he
said. They both have a multiple of 3 and so you can slash out a 3 across," and wrote
25x = 13 mod 27. He did not cancel the 3 from the 27, just from the 75 and the 39.
This is incorrect, since 3 is a zero divisor in the ring Z/27Z, so canceling 3 from both
sides of the congruence is akin to dividing by zero. This had been touched on in class
(not in these terms), but Andrew did not seem to be aware that this was a problem.
This surprised me, since all of the other participants had been very aware of the fact
that division is not always possible in the "mod world." They were not really sure
why this was true, but tended to avoid division altogether to avoid making a mistake.
The fact that Andrew did not share this view was surprising.
I asked why he had chosen to substitute the 39 for the 12 , thinking that this
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strategy would have worked with 12, since it is also divisible by 3. He replied, '^ell,
I know there's a multiple of 3 in 39 and in 75 so I just... the goal for me is to try to
get this down so that it's just x is congruent to something because then I can sort of
just back substitute and finally solve, have a solution." He continued as follows:

25x = 40 mod 27

5a: = 8 mod 27

5x = 35 mod 27

X = 7 mod 27
Note that these manipulations are actually "legal," since GCD{25,27) = 1 and
GCD{5,27) = 1. Andrew then noted that a general solution for x would be 7 -f 27k,
and then this could be used to obtain a set of solutions for y as well. At this point
in the interview, I was unsure how to proceed. Had he actually substituted 7 for x,
he would have gotten —19 for y, which is in fact a solution. How had Andrew gotten
a different view of the ROM procedure altogether from the other participants? Of
course, this procedure does indeed give some solutions, and despite the error, he did
find a solution to the equation. However, he did not find all solutions and was aware
that this procedure had not produced the smallest solution.
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I decided to ask him to explain why he could reduce 75x = 39 mod 27 to 252 = 13
mod 27.
"This [75x = 39 mod 27] is saying that 27 divides into that [wrote 27 |
75i — 39], so let's see. If you factor out the 3 [writes 27 | 3(25x — 13)]
so clearly 27 does not divide into 3 but it does divide into 25x minus 13
which gives you that statement."
At that point, I thought that he was misinterpreting a theorem about divisibility
that the students had learned in class at the beginning of the semester: if a prime
divides a product, p ( ab, and if p does not divide o, then p must divide b. I asked
him to explain further.
"I mean, if a number like say, let me see, say 8 divides 2 times 16, then
let's see ... yeah, and like if for example, you know that if 8 divides 16,
then 8 divides 16 times something else. That's sort of what we're using
here. So in this here, since we know that this is true, either 27 divides 3
or 27 divides these. Since 27 does not divide 3, it must divide [25x - 3]."
He suggested a different divisibility theorem than I expected him to: if d | a, then
d I a6, but he actually used the converse, which is not true: if d \ ab (and d does
not divide b), then d j a. This really surprised me; I did not expect Andrew, one
of the best students in the class, to make this type of logic mistake. I provided a
counter-example: 8 | 24, so 8 | 6 • 4, but clearly 8 divides neither 6 nor 4. Andrew
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seemed suspicious, and so I pointed out that he was actually using the converse of
the theorem he had cited. However, he still insisted that the converse was true.
"But if d divides ac and d does not divide a, then d must divide c, right?
This is saying that d \s a factor of this product and if it's not a factor of
a then it must be a factor of c because otherwise d wouldn't be able to
divide a times c."
I pomted out that we had a coimter-example to what he just said, but he still was
not convinced. "Let's see ... a times some k is congruent to h mod c [long pause] I
think you have to know that the GCD of a and h is k." He was still trying to figure out
why what he believed to be true was wrong. He seemed to recognize that the presence
of a counter-example was a problem, but he could not accept that the statement was
false. I reminded him that this statement was true for prime divisors, but he sat
silently as I spoke, showing no sign of comprehension. After a long uncomfortable
silence, he suddenly realized that when he wrote 27 | 3(25a; —13), he could also factor
a 3 out of the 27, and concluded that this implies that 9 | 25a; — 13. Finally he wrote
the congruence 25x = 13 mod 9.
At this point I believed that he understood the earlier mistake, and so I asked,
"So, when you divide this congruence [75a: = 39 mod 27] by 3, do you have to also
divide the 27 by 3 to keep it true, or is it okay to leave it?" To my surprise, he
said, "You can still leave it." I said, "Really? So these are the same? These are
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equivalent?", pointing to the two congruences 25x = 13 mod 27 and 25x = 13 mod
9. He immediately realized from my response that he should think about this a little
more. I tried to recover, saying, "I guess my question is, if you can go either way,
well in some sense you're saying these two things mean the same thing. Is that what
you're saying?" He said, "WeU, I think what will happen is you won't change... I've
never really bothered to check. I think what happens is, I think you still come up
with solutions, but I think that for like different fc's, jrou would trace over the same
solutions." He went on to explain that though one would get two different forms
of the answer, i = 7 + 9fc and x = 7 + 27k, the same solutions could be obtained
by substituting in ail possible values for k. He then demonstrated that he could get
X = 34 from both expressions. Without prompting, he realized that he could not
obtain x = —2 from 7 + 27k.
"I ran into this a lot in the homework sets, where he would ask us to
find the smallest solution for some set of congruences or a Diophantine
equation ... and I remember doing this once in a problem where I worked
it both ways and I was able to retrace ... I was able to generate some
solutions of one set from the solutions of another set, but there were
differences between the sets. [... ] Well, they both satisfy the Diophantine
equation, but... you could get the smallest solution from that set, but is
that really the smallest solution in the whole, the general set of solutions?"
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It seems clear that at this point that he did not believe that either of the two sets
of solutions he found was the complete set, but that one gets a different subset of the
solutions depending on which is used. It is interesting that he did not assume that
the solution method he used should provide a means to obtain all of the solutions. He
talked about his diflSculty in determining if he had found he smallest solution, and it
seemed that he had decided at some point that there was no canonical method to get
the smallest solution to such an equation. This frustration about finding the smallest
solution was a common theme among all of the participants, and heavily influenced
their thinking about ROM.
Notice also that Andrew's misconceptions about divisibility and logic made it dif
ficult for him to understand the reason why his method of solving congruences did
not always work. Andrew was one of the only participants who even attempted to
solve congruences directly, as we will see in the next section. This suggests that un
derstanding how to solve a linear congruence is perhaps quite a bit more conceptually
sophisticated than one might expect.
Solving Congruences All of the peirticipants except Andrew used ROM to solve the
congruences in problem 3. This is interesting for several reasons, one of which is that
they were not taught to solve congruences using this method in class. Dr. Thomas
alwajrs used a guess and check method to solve congruences in class, and only used
ROM when solving linear Diophantine equations. As we will see, the participants
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appropriated this method to solve congruences, and ^nerally were not aware of or
rejected outright the possibility of using the guess and check strategy. More observar
tions about this phenomenon will be made in the next chapter.
As a reminder, the congruences solved on the exam in problem 3 were:
(a)

5 x = I (mod 11)

(b)

6x = 3 (mod 15)

For (a), Rran first rewrote the congruence as 5x = 1 + llfc, and easily worked
out an answer of x = 9 + 11/. She remarked that solving the two congruences of
problem 3 were much easier than the first problem, because they were already set up
for reduction of moduli. This comment is striking - she is saying that this is the same
type of problem as the Diophantine equation. When asked how else she could have
approach^ solving these congruences, she said that she could have rewritten them
[like 5x — lly = 1] and used the Euclidean algorithm. I pressed FVan to think of other
ways to solve these congruences, and finally suggested guess and check as a strategy.
Despite the fact that Dr. Thomas had used this strategy in class exclusively, FVan
responded that this would really have been a last resort and she would probably never
have used this strategy. She said that it would take forever to solve the problem that
way, "because there's just way too many possibilities of x's and y's that you could
try before you would actually come up with an answer that would work."
Eva said that in this problem, she was "looking for a set of numbers [for x] that
if you plug them in then it would be true that if you divide it by 11, you would
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get a remainder of 1. So 5 times what numbers would give you after divided by 11
would get you 1." Her work for this problem appears to show an incredibly long
process, considering that one could easily solve this problem using guess and check.
Eva realized this in the interview, saying that all she really needed to do was just try
0 through 10 for x, and then check to see if this produced a remainder of 1.
Her answer for (a) was x = -2 -f 116, and she noted that when Dr. Thomas went
over the exam in class, he had given a different answer. She was not siure how he had
arrived at that answer, but figured that since he did not take off any points for the
answer she had found, hers must also be correct. When asked how else she might have
solved the problem, she said, "I would put 5x minus 1 is equal to lly and then put it
to the other side, 5x—lly = l, and then solve it" using the EucUdean algorithm. She
then mentioned guess and check, saying that "I could find one answer, but then it
would be very difficult to get the general formula for it." She eventually realized that
adding or subtracting multiples of 11 would give more solutions, including the one
that Dr. Thomas had apparently found in class. She stated that this would have been
a much easier way to do it, and noted that he should have given them bigger numbers
so that that method was not a possibility. This comment is interesting in light of
the fact that this is exactly how the students had been shown to solve congruences
in class.
In problem 3, Dan said that he was looking for "5 times some nimiber that is
gonna give you, if divided by 11, a remainder of 1, something that would be in the 1
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mod 11 family." He said that for (a), his first thought was just to try each of the 11
possible values for x to see which would work, but then decided to use ROM instead
since this seemed to be the more theoretical way of doing the problem. He gave 9
as an answer, and then wrote beside it in small print 9 + 111, noting that "it's any
number with a remainder of 9 basically." He also said that he had not been sure if
E)r. Thomas had wanted "an answer or all the answers, so I just put both down."
He used ROM to solve (b) as well after playing around with a divisibility inter
pretation. He rewrote the congruence 6x = 3 mod 15 as 15 | 6x — 3, and tried a
few values of x. Again, this was not the "theoretical way" to do the problem, so he
decided to use ROM instead. He had given an answer of 3 for (b), then wrote beside
it 15A; + 3, for which he lost points, since the answer was 5A; + 3. His work here was
difficult to decipher, and he was not sure where the 15 had come from, but thought
that perhaps he just wrote it accidentally. When he worked through the problem in
the interview, he immediately reduced 6x = 3 mod 15 to 2a; = 1 mod 5, and then
rewrote this as 2x = 5A; + 1. This was then rewritten as —1 mod 2 = 5^, again
suggesting that he viewed "mod 2" as different notation for +2x.
When asked what she was looking for in (a), Barbara said, "We're looking for the
set of numbers such that when you divide them by 11, you're left with a remainder
of 1." Barbara was the first participant I interviewed after the exam, and I was
surprised that she had approached solving congruences using ROM. I had yet to
review the transcripts of the class sessions at this point, so I asked if Dr. Thomas
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had used ROM to solve congruences in class. She said, "yes, I think so." However,
review of the class data showed that this was not true; Dr. Thomas never solved a
congruence in class using ROM. This became a question that I will try to answer in
the next chapter - why did the students appropriate the ROM procedure to solve
congruences, despite the fact that this was not the way they were taught to solve
congruences in class?
She said, "I could rewrite (a) like 5x — 1 = lly and then it would have been
basically the same problem that number one was." On the exam, her answer for (a)
was X = 9 + lit. I asked if she could think of another way to solve the problem, and
she mentioned that if it was rewritten as an equation, she could use the Euclidean
algorithm. She solved (b) essentially the same way as (a), getting 3+5t for an answer.
I asked if she looked at congruences as being sort of like equations, and she said, "I'
actually look at them in terms of an equation. Like when I look at that, I'm thinking
to myself, 5x equals 1 plus lly. You know, I mean, that's the easiest way for me
to visualize that, so. I mean, like I understand the influence of the remainder in the
situation, but it's not really how I think about it."
When asked what he was looking for on problem 3, Andrew said, "Well, you're
looking for a number that when multiplied by 5 and then divided by 11 leaves a
remainder of 1 or a set of numbers which, in this case, for which that's true." He
said that the process of solving these congruences was essentially the same as for the
first problem. However, he did not use ROM here, but used the substitution method
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to solve these congruences. For (a), he rewrote the congruence as 5ar = —10 mod
11, and canceled 5 from both sides to get x = —2 mod 11. Since 11 is a prime, this
cancelation is possible, but Andrew did not seem to be aware of this requirement. He
used the same procedure on (b), rewriting the congruence as 6x = 18 mod 15, then
canceled 6 from both sides to get x = 3 mod 15. In this case, 6 is a zero divisor, so
cancelation is not possible. In both cases, he gave his final answer as an expression,
X = —2 + llfc for (a), and x = 3 + 15A: for (b). Interestingly, he received full credit
for both solutions, even though Dan had given the same answer on (b) and bad lost
points. Though these types of things may be easy for the grader to overlook, it may
be that the fact that this was counted as a correct answer contributed to Andrew's
beUef that this method was appropriate to use in general.
Solving a System of Congruences Problem 4 was also viewed by most of the partici
pants as a ROM problem. As a reminder, the problem was stated as follows:
Captain Thomas's squad has suffered morale problems. Most have de
serted. He tries valiantly to carry on and screams at them to get in
formation but nothing seems to work. When they arrange themselves in
columns of 8 there is one left over and in columns of 9 there are 7 left over.
Thomas, himself, decides to desert but changes his mind when a student
informs him there is a way. What is the student's solution?
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Most of the students had little trouble solving this problem. They generally viewed
the process of solving a system of congruences as being the same as ROM, which is
why their responses are being discussed in this section.
Eran solved this problem by rewriting the numbers given in terms of the remainders
upon division by 8 and 9 ("it's 1 mod 8 and the other one is 7 mod 9"), and setting
these equal to each other. When asked if this problem was different from the previous
two, she responded, "The only difference is that this is in word form instead of in
number, letter form." She thought that guess and check would be a completely
infeasible strategy in this problem as well.
When asked if problem 4 was different from the previous two, Eva said, "Yes,
those are different because there I have one condition and have to solve it, and here
I got two conditions to satisfy." She had made a slight arithmetic mistake on this
problem and foimd answer of 25 +8n, but since she automatically plugged in 0 for n,
she had written the correct answer in the blank. During the interview, she noticed
that she had not found the smallest answer, and wondered why she had not lost any
points for this. Once I pointed out the arithmetic error, she was satisfied that she
had been "lucky," but I found it interesting that she had assumed on the exam that
letting n be zero gave the correct answer. By correct, she seemed to mean smallest,
though the problem had not specifically asked for the smallest solution.
Dan described the setup of this problem as, "You're given a number N and you're
shown a few families that N belongs to. [... ] You're solving the congruences together,
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because this number falls into a whole bunch of congruences." Notice that the lan
guage he uses here, "falls into," when speaking of congruences, is very characteristic
of his conception of congruence as a means of classification. Knowing that he viewed
statements of congruence in terms of classifying numbers into families, I asked if he
was trying to find a family for N which was congruent to 0 mod something. (I was
thinking of the Chinese Remainder theorem at the time, thinking that he might know
what the "something would be. Though the Chinese Remainder theorem was in the
text, it was not discussed in class, and so most participants were not aware of the
connection with the LCM.) Dan quickly corrected me, saying, "You're trying to find
numbers that are 1 mod 8 and 7 mod 9. [... ] You don't go in trying to find a 0 mod
X, cause that wouldn't be fim." I had suggested that what one was to do in this type

of problem was to find a "family," and Dan's response was essentially, "no, we are
trying to find numbers" highlighting the role of position in these congruences. When
Dan wrote down N =1 mod 8 and N = 7 mod 9, be viewed the task as finding all
of the integers which could be substituted for N, not as finding a family of numbers
that would also fall into the 1 family modulo 8 and the 7 family modulo 9. For Dan,
the niunber written on the right was a family, and the number written on the left was
an integer.
As noted earlier, Dan viewed the "mod n" term as attached to a number, which
sometimes resulted in statements such as "You could say obviously that 1 mod 8 is
congruent to 7 mod 9 because they're the same munber." Dan rewrote this statement
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as 9a; + 7 = 1 mod 8, which was reduced to x = 2 mod 8, and then rewritten as
X = 8A; + 2. As before, rather than substituting to get a set of answers, he stopped
with this and plugged in 0 for /if to get x = 2. He then substituted this value for
X into the expression for N, 9x + 7, getting an answer of 25. It is interesting that,

like the first problem, he viewed this solution process as a means to obtain a single
answer.
When I asked how this was different from problem 3, he remarked that one could
consider 3a) as similar if you thought of it as looking for a number that was both 0
mod 5 and 1 mod 11. He frequently wrote congruences with a mod term on both
sides, such as 1 mod 8 = 7 mod 9 above, and here 5ar = 1 (mod 11) was written as 0
mod 5 = 1 mod 11. This does not make sense mathematicailly, as noted earlier, but
for many of the participants, the "mod n" term was interchangeable with -i-nk. If
one can rewrite 2x = 3 mod 5 as 2a: = 3 + 5k, then why not rewrite 2x — 3 = 5k as
—3 mod 2 = 5fc? If a student views a congruence as merely different notation for an
equation, then it is easy to see that writing congruences such as the latter makes just
as much sense as the former.
Chris described the difference between this problem and the others as, "This one
was a system of equations, so we didn't have to go back, just forward. [... ] We just
followed the first one through like we did number one. Once we had that, then we
substituted that in for the next problem and then solved that one." Starting with
1 + 8A; = 7 mod 9, he had rewritten this as Sk = 6 mod 9. This step of subtracting
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1 from both sides of the congruence had required some thought, however. "I had to
think about that one ... that subtracting 1 from both sides doesn't change ... the
relationship of this side to that side."
He had apparently made an arithmetic mistake somewhere and found an answer
of X = 25 + 192A;. He substituted 0 for k to give an answer of 25, and so lost no
points. Most of the othar participants had assumed that the smallest answer was
desired here, and so gave 25, with the further explanation that the soldiers could be
placed in 5 rows of 5 each. Chris had looked at several possible answers, 25, 217, 409,
and 601, and since all but 25 had appeared to be primes, gave 25 as an answer. Again,
Chris seemed to be approaching the problems more conceptually than procedurally.
Barbara's approach to solving problem 4 was more algebraic than most. She wrote
down a system of congruences: a; = 1 mod 8 and x = 7 mod 9, then rewrote the
right sides of these as expressions and set them equal to each other: 1 + 8m = 7 + 9n.
She then had an equation in two variables, essentially a linear Diophantine equation,
which she then solved using ROM. She rewrote this equation as 9n = -6 mod 8. Her
answer was x = 25 mod 72. Her solution was also interesting in that she gave her
answer in the form of a congruence, not explicitly as a set of values. This was the only
problem involving ROM for which she felt that she understood why the procedure
she applied worked to give an answer.
Andrew was aware of the Chinese Remainder Theorem, having read it in the text,
and knew that it said that the solutions to a system of congruences would all be
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congruent modulo the LCM of the moduli. This theorem had not been discussed
in class and he was not really sure how to {4)ply it, but the fact that he discussed
it in the interview again demonstrates his efforts to make connections between the
mathematical concepts he was learning. He set up the problem as had everyone else,
but again used his version of ROM to solve it:
I + 8 j = 7 mod 9

8j = 6 mod 9

Sj = 15 mod 9

8j = 24 mod 9

J = 3 mod 9
As before, when he could easily cancel the same number from both sides, he did.
In this case, it worked because GCD(S,9) = 1, but Andrew was not aware of this
condition. He knew that there was some condition on the GCD involved, but he
was not sure what it was. None of the participants used the condition given in class
and in the text for when a linear congruence has a solution {ax = b (mod n) has
a solution if GCD{a,n) \ b). That is not stuprising, since they generally avoided
working with congruences as much as possible. This theorem would have only been
a fact to memorize and forget, and probably would have made little sense to them.
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6.3.2 Fennat*s Little Theorem
There were two problems on the exam to which FLT could have been applied;
2(b). 19^® =
(mod 7)
5.
Find the prime fk:torization of 2^® — 1
All of the participants initially interpreted problem 2(b) in terms of division with
remainder, and most recognized that FLT could be used to solve this problem.
The Statement of FLT In the process of solving problem 5, FVan had stated the
meaning of FLT quite clearly, saying 'Termat's little theorem says, if you take a
prime number, it will divide into a number to the prime minus one, minus one." She
claimed to have memorized this statement. However, when later presented with the
formal statement of the theorem from the text [If p is a prime that does not divide
a, then aF~^ = 1 (mod p)] and asked to explain what it meant, she had diflSculty.
"Well, if we had some number a, and we took it to the mod prime, and we
subtracted 1 from it [meaning

and then if we divided by the prime,

you would have a remainder of 1. [... ] Okay, so if a is 2, and p is 7, that's
2 to the 6th, whatever that is if you divided it by 7 ... 2 to the 6th is 64,
would be equal to 1 plus 7x ... just because I work better in equations
than I do in mod world. So, if you took and you subtracted 1 from this,
would give you 63 is equal to 7x and then 7 into 63, I think is 9, no, yes
it is 9. So 9 is going to equal x. How does that help me explain this? So
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this is true, for 9 equals x. But there will be some number that no matter
what numbers you put in here, that will always be true. "
This quote is interesting because it demonstrates how fragile FVan's understanding
of congruence was even at the time of the second interview. She had been able to
clearly describe the meaning of FLT earlier in terms of divisibility, but when presented
with the theorem expressed as a congruence, she struggled. She decided to use a
concrete example, and when her standard division-remainder representation did not
seem to help, she used her only other available tool and rewrote the congruence as
an equation. She then solved the equation, perhaps automatically, and then realized
that this did not help her to make sense of the theorem either. FVan did not seem to
be able to use the divisibility interpretation of congruence, and there seemed to be
no connection for her between divisibiUty and division with remainder. This type of
phenomenon appears in the literature on preservice elementary teachers' conceptions
of divisibility, as noted in the second chapter of this dissertation.
The other participants did not go into as much detail as Fran. Eva's explanation
also relied on a division-remainder interpretation; "If you have a prime number and
definitely the prime number cannot go into a, then ... you take any number to the
prime minus 1 power and then if you divide it by the prime number, you always get a
remainder of 1." Dan was the only participant to explicitly mention divisibility in his
explanation, saying, "If you have numbers in this form

— 1], it means p is going

to divide that, which means this big number has a factor of p in it. And another way
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to look at it is if you wanted to say a to the p minus a, that p divides that as well."
He went on to say that the theorem allows us to easily classify huge numbers of a
certain form into their respective families.
Chris and Barbara both explained the theorem by rewriting it as an equation.
Chris rewrote the congruence as

= 1 + pk, and Barbara said, "Basically, if you

have some prime number p, and p is not a factor of a, then you know this number
right here minus 1 is equal to some factor [sic] of p," writing

- I = pk. As an

aside, the participants frequently used the word "factor" when they seemed to mean
"multiple," and never made the opposite mistake. This is similar to the findings in the
research on preservice teachers' conceptions of elementary number theory concepts.
Andrew seemed unable to explain the meaning of FLT at all, and only said that
he was not sure how to explain it, despite my repeated requests. However, he was
able to use the theorem to solve problems. In the next section, we will examine the
participants' use of FLT, and note how their understanding in practice differed or
was similar to their explanation of the formal statement of the theorem.
Problem 2a: 19^® =

(mod 7) Neither FVan nor Chris had used FLT to solve

this problem on the exam, and when asked if she could think of another way to do
this problem, FVan said that though she knew that some people had used FLT to
do it, she did not understand this method. All of the other participants were able
to explain how to use FLT to solve this problem in the interview. Most seemed to
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have approached the problem similarly, first recognizing that 7 was prime, and then
writing the congruence 19^ = 1 mod 7. There were a few different approaches taken
after that.
Eva said that since 19^ was congruent to 1 mod 7, then the cube of 19^ would still
be congruent to 1 mod 7, writing 19^® = 1 mod 7. It was not clear if she thought of
this as raising both sides of the congruence to the 3rd power, or if she was thinking
in terms of a string of computations; i.e., 19® = 1, so 1^ = 1, so then (19®)^ = 1. She
did, however, multiply both sides of the last congruence by 19 to get 19^® = 19 mod
7, and wrote 19 as the answer.
Dan used the opposite strategy. He rewrote 19^® as 19 • (19®)^, and then noted
that since 19® is 1 mod 7, this becomes just 19 mod 7, which is 5 mod 7. He only
wrote one congruence during this process: 19 mod 7 = 5 mod 7. Again, he tended to
think of the mod term as attached to a nimiber in a congruence. He noted that this
is "sort of what you do with Fermat's little theorem," but did not seem to connect
the two otherwise. It seemed that his general strategy had been to find a power of 19
that was congruent to 1, after which he would manipulate the expression using rules
of exponents in order to make use of the 1.
Chris, Barbara, and Andrew all used the strategy of raising both sides of the
congruence 19® = 1 mod 7 to the 3rd power, and then multiplying both sides of this
congruence by 19 to get 19^® = 19 mod 7. Chris and Barbara both reduced the right
side to 5, while Andrew left it as 19. Chris expressed some trepidation about raising
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both sides of a congruence to a power, wondering what happened to the modulus in
the process.
J: I was struck when you said you can raise both sides to the same power.
I was wondering if you were really thinking like in algebra, you do
the same thing to both sides, or if you were thinking more these are
the same, so I'm doing the same as this?
A: Right, and I think we also had something in the book that said that
exponents, we could raise both sides to the same exponent and it
wouldn't affect their equivalence or their congruence if we raise both
sides by the same power. But we couldn't do it by a different power.
It has to be the same. And we don't... it doesn't affect [the modulus]
as long as ... I don't think it matters, I cem't remember if that one
mattered at all if the GCD of one of the numbers and [the modulus]
was not 1. So if it was 10 congruent to 2 mod 8, and if we raised
each of them ... let's say we squared both of them, that would be
100 which is still 4, I mean it's equivalent to 4. So, it would still be
the same.
J: Okay. So, you don't have to worry about the GCD thing here then?
A: I don't think you have to worry about that.
As noted earlier, Chris was inclined to think of congruences as analogous to equations.

190

but he wanted to make suie that he was justified in operating on them in this way.
Because the students frequently rewrote congruences as equations, they often were
uncertain about the role of the modulus in the congruence. At times, it appeared to
be ignored, and at other times, it could not be ignored. Most students appeared to
rely on an equation representation in order to avoid this issue, but Chris and Andrew
seemed to be trying to work with congruences directly. This reflects the fact that
having a conceptual understanding of the material was important to both of them.
Overall, the participants did not have difficulty applying FLT to the problem.
After noticing that 7 was a prime and writing down the statement of FLT using
p = 7, only some algebra was necessary to finish the problem.
Using FLT to Factor Numbers Problem 5 on the exam asked the students to give the
prime factorization of the number 2^® — 1. It did not specify that the students were to
use FLT to accomplish this, but Dr. Thomas had assumed that the size and form of
the number would encoiurage the students to utilize FLT. However, it turns out that
2^® - 1 = 262143, which is fairly easy to factor on a hand held calculator. One can
quickly determine that it is divisible

3^, 7, 9, and 19 just by trial division. Dividing

by these factors leaves 73, which most students recognized to be prime. As a result,
most students in the class used trial division to solve this problem. Dr. Thomas said
that he had chosen a number that was just too small, and seemed to believe that the
students simply used trial division because they easily could, not because th^ had
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no other option.
In the interview, we discussed how to factor the number 2^^ — 1 using FLT, and
then I asked the students to factor 2^ — 1 as well. Since many of them had used
trial division to factor the 2^^ — 1,1 thought that showing how FLT could give these
known factors would not necessarily reveal how they would use the theorem to factor
a new number.
FVan had managed to use FLT to get a factor of 19 on the exam, despite her earlier
assertion that she did not know how to use the theorem. Since the niunber on the test
was 2^® — 1, she had noticed that she could immediately write 19 | 2^® — 1. However,
she did not know how to use the theorem to get any other divisors, and used trial
division from there. This shows that she dealt with FLT by matching the situation to
the memorized form p \ 2^^ — 1. She could not apply FLT to problem 2(a) because
the way that the problem was represented there did not match her limited concept
image for this theorem.
When she tried to factor 2^ — 1 using FLT, she quickly determined that 31 would
be a divisor, as before, though she immediately asked if this was correct. I asked her
if she could find more factors.
"I don't know if I can remember how right now ... he did something here.
I need to get to 30. So could we do 2 to the 15th minus 1 because that's,
yeah, to the 2nd and this to the 2nd. [Wrote (2^®)^ — (1)^] That's the
same thing. I think. [... ] It's the same as 2 to the 30th minus 1. ... If
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I square this and square this, it gives me the same thing and that's 2 to
the 30th, which would make 14 divided, I think."
She was struggling to remember how to do a procedure, and so was not attempting
to make sense out of the theorem at all. In addition, despite the fact that we had just
discussed the theorem formulated as a congruence statement, she used the version
that made sense to her, that p |

— 1. She remembered that the procedure had

something to do with raising the two quantities to powers in order to reconstruct the
original munber, and applied this idea to 2^® - 1, Clearly her difficulty working with
congruences was an obstacle. She gave up eventually, but tried to sununarize the
general process as well as she could: "Yeah, finding different ways to get 30 and then
multiply them because ... then we can take this and if we break up 30 and we can
multiply it out, then we also divide it. We just have to come up with primes first of
all. But I don't remember how to do it completely. That's all I can remember." The
fact that FVan could describe the general process demonstrates that her difficulty in
applying FLT was based on her limited understanding of congruence.
The remaining participants were able to use FLT to factor, but with an interesting
twist. This method of factoring is much more powerful than trial division. Consider
the number 2^-1. Note that we can rewrite the number in several ways by factoring
30 as 15 • 2, 3 • 10, and 5 • 6: (2^)^® — 1, (2^°)^ — 1, and (2®)® — 1. Notice that in
each case, we have written a number of the form (2^^)'^ — 1, where p is a prime.
Now we can apply FLT to each of these in turn. For example, since FLT implies that
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2^ = 1 (mod 7), raising both sides of this congruence to the 5th power gives us that
(26)5 =

so 2** = 1 (mod 7). By the definition of congruence, this

implies that 7 ( 2^ — 1. Similarly, we can show that 3 and 11 divide 2®® — 1. Notice
that we only needed to factor 30 and apply some algebra to obtain these divisors.
Eva had also used FLT to get 19 as a divisor of 2^^ — 1, and then used trial division
to get the other divisors. When asked how she used FLT, she said, If I take a to the
prime minus 1, then I would get a remainder of 1. So, I just rewrote this [2^^ — 1] like
that [2^~^ = 1 (mod p)] and then see which prime would work. 19 would definitely
work and in that case 19 must divide this one just by the theorem." She said that
she had used trial division on the exam to get the rest of the factors because she was
"just being lazy."
When factoring 2^ — 1, Eva started by noticing that 31 would be a factor, and
then factored 30 as many different w&ys as she could: "I would break down 30, that's
3 times 10, 3 times 5 times 2, 1 times 30 —" She then added 1 to each factor to
check if this would result in a prime: "6 is not a prime number, but 3 is ..." and
started listing off a few factors. I asked her to explain. "I would start thinking that
I can bring 30 down as 3 and 10. So, let's look at now 11 over here. So, it means
that 2 to the 10th power is congruent to 1 mod 11, and I can just raise this to the
3rd power and this to the 3rd power and that would give me 11." She explained the
others similarly. Notice that this is exactly the same description as given above.
Dan had used FLT on the exam to show that 19 divided 2^^ — 1, and had then
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found all other divisors by using the fact that 2^® - 1 = (2® — 1)(2® + 1). He then
used trial division to factor these numbers. I asked if he thought most of the students
in the class understood that process, since it had speared that most of them had
simply used trial division on the exam. He said, The thing is, you have a sure-fire
method that you know is going to work. It doesn't say to use Fermat's little theorem,
so you use the easiest way possible cause you know it's going to work." This comment
was interesting in light of his tendency while discussing the other problems to first
offer several elementary solution strategies, and then to note what was "real way" to
solve the problem, the way it had been taught in class.
When asked to factor 2^® — 1 using FLT, he quickly came up with a list of factors,
though he did this by running through a list of primes up to 19:
"5 gives me 4, but 4 doesn't go into 30. 7 gives me 6,1 already used it. 11
gives me 10, and I already used it. 13 gives me 12. 12 is not going to fit.
17 is going to give me 16, but that's not going to fit either. And then 19
is going to give me something that's not going to fit because it's already
halfway."
Note that rather than simply factoring 30, he essentially was trying to divide
every prime less than half of 30 into 30. This is somewhat bizarre, because he already
knows how to factor 30. I can think of several reasons why this might have happened.
Perhaps it is the case that factoring somehow means trial division, and he cannot
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imagine factoring without using trial division. On the other hand, perhaps what he
was doing was trying to find values of p that satisfied the equation (p— 1)A; = 30, and
he did not see this as equivalent to factoring 30. Dan was not the only student who
used FLT in this way.
Chris used FLT to find the divisors 3 and 19 on the exeim problem, and then used
trial division to find the remaining divisors. When asked to explain how he found 3
and 18, he noted that 2^^ = 1 mod 19 was fairly easy to see, but then had a hard time
reconstructing how he had gotten 7 as a divisor. He finally decided that since 2^ = 1
mod 7, he could raise both sides to the 6th power, showing that 7 was a factor. Note
that this is not really using FLT. When he factored 2^ — 1, he immediately noticed
that 31 was a factor, then proceeded as Dan had to try all primes up to half of 30,
testing each one to see if it fit the statement of the theorem.
Tm looking for factors. I can throw certain ones out. If I look at little
ones, it's not a 2. I don't know about 3, but I know it's not a 5. I don't
know about 7. 2 cubed is 1 mod 7 ... so 2 cubed is congruent to 1 mod 7.
And I can raise that by 10 on each one, so I have 2 to the 30 is congruent
to 1 mod 7 so I'd say 7 is a factor."
I asked how he knew 7 was a factor, and he rewrote the congruence as an equation
to explain. "Because it's the same as saying 2 to the 30th is equal to 1 plus 7k and
2 to the 30th minus 1 is equal to 7k ... so then 7 divides it."
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Andrew said that his initial thought was to use tri^ division on the exam, but then
he noticed that the form of the number [2^® — 1] lent itself nicely to FLT. He described
his solution process as "generating solutions to" the congruence

= 1 mod p.

Because the divisibility definition of congruence is part of his concept image, he had
no trouble understanding why numbers that satisfy the congruence give divisors of
the number. He did not have to resort to rewriting the congruence as an equation to
explain this.
When he factored 2^ - 1, I could not tell how he was choosing the primes, so I
asked, "Is it like what are the factors of 30 and then which ones are one less than
a prime?" He said that this was not how he was doing it; what he was doing was
going through a list of primes, writing down the statement 2^^ = 1 mod p, and then
trying to raise both sides of the congruence by a power that would give 2^ on the
left. Unlike Chris and Dan, he tried this for every prime less than 30, apparently not
realizing that there is no reason to go past 15. When he wrote 2^® = 1 mod 29, I
thought he would immediately realize that it was impossible to make 30. However,
he multiplied both sides of this congruence by 4 to get 2^ = 4 mod 29. He thought
for a moment and then stated that this that was all he could do with FLT.
Barbara had used trial division to factor 2^® — 1 and admitted that she did not
understand how to use FLT to factor.
"This makes sense to me how he has you know 2 to the 18th is equivalent
to 1 mod something, be it 7 or 19 or 72, but I don't know how he would
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come up with the something. That's my problem. Like how he knew
that a 7 belonged there without actually doing what I did and dividing it
with his calculator. [... ] I think I could come up with a 2 to the 18th is
congruent to 1 mod k. But, I mean, the scary thing to me is that like you
actually have to plug in prime numbers into k and figure out if it's a true
statement or not. Well, there are millions of prime numbers that could
be factors of a big number. So, to me this method seems totally indirect
and you know, if you found one factor, the way that you would do that is
by dividing it out on your calculator, which is what I did."
Barbara said very eloquently in the above that from her perspective, using FLT
seemed to be equivalent to trial division. In fact, notice that her description of
substituting various primes in for A; in the congruence 2^® = 1 (mod k) is somewhat
similar to the way that Dan, Chris, and Andrew were in fact using FLT to factor.
Barbara simply did not see the point of using this method. I found it interesting
that she expected a factoring method to be more powerful than trial division, and so
regarded this one as fairly useless since, from her perspective, it was not.
She was not very successful factoring 2^ — 1 either. She was able to determine
that 31 must be a factor, since she could see from the form of the number that she
could write 2^ = 1 (mod 31), but after that she had no idea how to proceed. She
explained how she knew that 31 divided 2®* — 1, saying "2 to the 30th is equal to 1
plus 31 times some factor x. If I subtracted this over, 2 to the 30th minus 1 equals
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31 times x, then I can see that 31 does in fact divide this." As usual, she rewrote the
congruence as an equation in order to explain.
I should note that she asked me later how to use FLT to factor, and we worked
through an example. She seemed to figure out the process very quickly, and worked
through a few examples on her own. She did not try all primes less than the exponent,
as had the others, but I cannot be certain why not. One reason may be that she had
already realized that trying to find values of p that made the congruence true was not
an efficient approach, and so when I explained that we could find primes by factoring
the exponent, she understood the power of this method. Dr. Thomas had explained
the process in class in the same way, but somehow all of the participants except Eva
missed the message.

6.3.3 Viewing Congruences as Analogous to Equations
Most of the participants seemed reluctant to view congruences as analogous to equa
tions. They did not frequently operate on both sides of a congruence, and did not
view solving linear congruences as similar to solving linear equations at all.
Andrew, as noted earlier, did appear to work with congruences as if they were
analogous to equations. He solved congruences by substituting more convenient rep
resentatives on the right of the congruence and then cancelled numbers on both sides.
Though he did not know when this process actually was allowable and when it was
not, he was at least viewing congruences relationally in thos context. He described
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the process using words that were reminiscent of solving equations; "You're sort of
like, I don't know if you want to say balancing, but you're sort of working on both
sides of the congruence.**
Reasoning about Congruences Using Equations At the time of the second interview,
Fran seemed to believe that congruences were just different notation for equations
in two variables. She had been struggling to understand how to operate within the
"mod n world," and though she would typically interpret a congruence in terms of
division and remainder, when working with congruences, the first thing she wanted to
do was to rewrite them as equations. This new representation for congruence became
a means by which FVan could avoid thinking about the "world mod n." She frequently
made comments like, "this is actually an equation because this is 3Z is equal to 3 plus
6 times a letter, so z" and "64 would be equal to 1 plus 7x just because I work better
in equations than I do in mod world."
I asked her if she viewed working with congruences as similar to working with
equations, and she replied, "To me it's not an equation like that, but I know I can
convert it into an equation. But I don't look at that as an equation." Clearly, she emd
I were using the word equation differently. When asked why it is allowed to divide
through a congruence by an integer, Fran said, "Because this is actually an equation,
so we can divide through that whole thing by 3. Becaiise it's algebra."
Eva used ROM to solve problem 3(b), first reducing the coefficients modulo 6, and
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then reducing 3a = 3 (mod 6) to a = —1 (mod 2) by dividing through by 3. When
I asked why one can divide through a congruence like this, she struggled to explain
using ideas related to congruence, but then decided to rewrite the congruence as an
equation.
"You can just go ahead and take out that it's 3 times 11 is equal to 3
times 1 plus 2z, and then you can just go ahead and cancel the 3 and
then you get 11 is equal to 1 plus 2x, which is the same thing as if I would
have it here, 11 is congruent to negative 1 mod 2. I can't explain it in a
mod 6 way because it's a little more high level of thinking, but if I could
change that back to an equation, which is the way we've been doing it
and that's fine and that would work."
Unlike Fran, Eva seemed to use the equation representation as a tool for working
with congruences, rather than rewriting congruences as equations to avoid thinking
about "mod world."
Though he seemed to have a solid understanding of ROM, Chris was quick to
admit that there were things he did not understand about working with congruences.
For example, before he divided through a congruence by a number, he said that he
had to stop and prove it to himself by rewriting the congruence as an equation, even
though he knew that there was a theorem that said that he could divide through a
congruence by the CCD.

"I do it in my bead and actually I guess that would go back to some of
the theoretical because I would think that through. You know, is that
... every time I would think that through. Is that really equal to ...
I mean, I can almost consciously remember thinking through what if I
divide everything by 3, is that correct? Can I do that? And so then,
I know I went back to this, set it up this way, and divided by 3 and
said, yeah. And so I went back and that's how I did it. So, it was ...
I understood the idea of dividing by 3 by testing out the theory, even
though it is a theorem we have."
While explaining his solution to problem 4, Chris again stated that he found
working with congruences difBcult.
"So then just subtracted the 1 from both sides and I had to think about
that one. I always, I still have to do that. I

think

about that. The

subtracting, dividing or multiplying whether or not I can or can't. [J:
"Really?"] Because sometimes 1 catch myself dividing and realize that
1 can't do that. So I have to ... I guess that's my defense, my way of
stopping from making that mistake is to consciously think about it each
time that subtracting 1 from both sides doesn't change. It's still the same
thing. No, that's not true. It doesn't change the relationship of this side
to this side. It's the same."
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The use of the word relationship is interesting in this context, since he generally
appeared to view congruence operationally at this point in the semester.
Intrigued by this discussion of operating on both sides of a congruence, I asked if
he thought of congruences as analogous to equations. He responded, "Subconsciously
I think my first inclination is that I do think of an algebraic thing. When I see
X I tend to think of algebraic things, you know and so right off the first thing I
did was convert it back to this. [... ] I want to start with an equation, not with a
congruence." In general, the participants were reluctant to think of congruences as
similar to equations, and avoided operating on both sides of a congruence by rewriting
the congruence as an equation and operating with this equation.
Dan and Beirbara both seemed very comfortable rewriting congruences as equar
tions, and used this strategy to explain why one can divide through a congruence by
a number. Barbara rewrote 6m = 9 (mod 21) as 6m — 21n = 9, and then noted that
both sides were divisible by 3. In general, Barbara seemed unaffected by the abstrac
tion involved in dealing with congruence. While the other participants struggled to
make sense of the "mod world," Barbara showed a tendency to convert congruences
to equations even in the first interview. As a result, she was very proficient at manip
ulating symbols without much thought. She achieved the highest score in the class on
the second exam, though there were several gaps in her understanding of congruence.
Dan noted that working in the "mod world" was uncomfortable, and stated that
it was much easier to work with congruences after converting them to equations.
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"People are uncomfortable with congruence arithmetic and th^ look at
this and they say, I don't really understand the rules of congruence arith
metic. But if you put it straight out in normal equation setting, you can
see that obviously, the 3 can just come right out and so, that's not a
problem."
Some of the participantsseemed to regard congruences related to FLT as analogous
to equations to the extent that they would raise both sides to a power. When solving
problem 2(b) on the exam, Chris, Beurbara, and Andrew all used the strategy of raising
both sides of the congruence 19^ = 1 mod 7 to the 3rd power, and then multiplying
both sides of this congruence by 19 to get 19^® = 19 mod 7. Chris expressed some
trepidation about raising both sides of a congruence to a power, wondering what
happened to the modulus in the process, but Barbara and Andrew did not seem to
be concerned.
The other students occasionally performed an operation on both sides of the con
gruence, such as multiplying both sides by the same number, but they were more
likely to remove a number from a congruence, perform a string of operations on it,
such as dividing it by a number and keeping the remainder, and then writing a new
congruence showing the completion of this process.
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6.4

Overview: Interpretation of Congruence

Upon reflection, I think that one the conceptual difficulties inherent in learning the
concept of congruence is the fact that the numbers in a congruence statement can
represent different mathematical objects. FVom one perspective, we can think about
congruence explicitly as an equivalence relation defined on Z, and then there are
infinitely many integers that one can substitute on either side of a given congruence.
FVom this perspective, these integers are representing their respective congruence
classes, and so there would be infinitely many solutions to a problem like 3(a), all of
the form 9 + llA:, for k e Z. On the other hand, we can also think of congruences
as equations in "L/nX, and regard the equivalence classes as the objects that we are
manipulating. In this case, there would only be one solution to problem 3(a), the
equivalence class denoted by 9. Another possible interpretation is to think of the set
{0,1,2,... n -1} as a finite ring of integers, with addition and multiplication defined
modulo n. In this case, problem 3(a) would also have only one solution.
All of these interpretations are encapsulated in this single representation, and
mathematicians are able to work with this ambiguity with little difficulty. In fact,
many mathematicians might refuse to distinguish between these interpretations at
all. However, to students who are just beginning to make sense of this concept,
these distinctions are real and confusing. It should not be surprising that the six
participants in this study had difficulty interpreting congruences, or that they made
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sense of congruence

combining the above interpretations into a single conception.

A confounding factor which likely influenced the students' view of position was a
lack of distinction between the operation of reducing integers modulo rt and congru
ence. Since I chose to focus on the relation of congruence, I did not systematically
collect data related to their understanding of this operation. This is certainly a
question for future research.
It is certainly true that in practice, most of the congruences that the students
wrote or saw written had the property that the integer to the right of the = symbol
was smaller than the modulus. If the congruence was an equation to be solved, the
variable would generally be located on the left side of the congruence. In elementary
algebra, we almost always write equations this way. In arithmetic, children often see
arithmetic identities written as 2 + 3 = 5, not 5 = 2 + 3. Similarly, perhaps points
lost for giving the unreduced form of an answer on the exam may have contributed
to the students' beliefe that the integer on the left side of the congruence has to be
reduced. The role of convention in contributing to students' conceptions of congruence
is another aspect that I did not systematically explore, though I did obtain some data
concerning this topic.
It is certainly interesting that each of the participants seemed to believe at some
point that the position of an integer in a congruence was significant; they either dis
regarded or were unaware of the symmetric nature of the congruence relation. At
the time of the first interview, Andrew, Dan, Eva, and FVan all believed that posi
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tion was important, while Chris did not and Barbara seemed to not. Three weeks
later, everyone except Andrew believed that position was important, and Andrew
had not completely resolved the issue. The case of Chris is particularly interesting
- why did he think about congruences primarily as equivalence relations at the time
of the first interview, and not at the time of the second? The fact that this shift oc
curred is significant, because all of the participants seemed to have otherwise deepened
their understandings of congruence during that time. What caused a shift towards
a misconception among these intelligent, hard-working, conscientious mathematics
students?
This is a question that I will attempt to answer in the next chapter. In the
remainder of this chapter, I wiU summarize some of the trends that appeared in the
students' understandings of congruence, and describe the results of some cross-case
analyses centered on these trends.

6.4.1 The Mod n World
The term "mod n world" was used in class by Dr. Thomas on the first day that
congruence was introduced. In the twenty minutes after the concept of congruence
was introduced, the term "mod world" appears in the transcript 22 times. By "mod
world," he meant Z/nZ, the set of residues modulo n. The students used this term
as well, some more than others, though it was not clear exactly what the students
meant by "mod world." Unfortimately, I did not ask them to explain this idea in
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the mterviews. I was a participant-observer in the class, and so was part of the
community that I was studying. I also used this term in and out of class, and heard
myself using it in the interviews. After being immersed in the data for months, I
realized that this term was significant, and forced myself to stop using it in order to
be able to view it somewhat objectively.
Fran and Andrew used the term most firequently. FVan often described working
with congruences as 'forking in the mod world," while working with equations was
described as working "outside the mod world." She preferred to avoid the mod world
as much as possible, saying, "Mod world is very confusing to me for some reason and
I don't know why."
Andrew struggled with the fact that numbers in the mod n world were somehow
supposed to be between 0 and n - 1, though that rule did not always have to be
foUowed. "It does not make sense to talk about 5 in the world of mod 4 cause you
only consider 0, 1, 2, 3." But when solving congruences, he made substitutions using
numbers that did not "exist" in the mod world. "It's weird to talk about really large
numbers that aren't in the world of mod 8, but you have to use that to solve some
of these congruences." He seemed to consider the mod world as a separate number
system.
The other participants primarily used the term when they were reducing numbers
modulo n. For example, Eva said, "what is negative 6 in a mod 8 world?" Dan
tended to think of congruence in terms of classifying numbers, saying, "19 to the
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19th is in mod 7 world congruent to 1," and "every number in the world falls into
one of those categories in the world of mod 8." Barbara said, "I would say that in a
mod five world, it's four." Chris was the only participant who never used the term
"mod world" at all.
In using this term, it appeared that Dr. Thomas was trying to avoid introducing
any formal structures, like rings or fields. He tried to give the students an intuitive
understanding of what another number system was like

using the metaphor of

being in a different world. The fact that the students had difficulty understanding
congruence probably has little to do with their use of the term "mod world." How
ever, the way that this non-standard term was integrated into their understanding of
congruence was very interesting.

6.4.2

Congruence as a Transformation

As mentioned above, many of the participants in this study seemed to have come
to terms with the varying interpretations of congruence by combining them into a
notion of congruence as a transformation from Z into the "mod n world." The notion
of position is very closely related to this interpretation, and I cannot say for sure
which (or if) one came first. It was very clear, though, that many of them viewed
the numbers or quantities on the left side of a congruence as being ordinary integers,
while the numbers on the right side of a congruence were regarded as "living in the
mod n world," and considered as remainders, or families, or congruence classes, or
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just numbers between 0 and n — 1. However, the numbers or quantities on the left
were never regarded as one of these.
In the first interview, only FVan, Eva, and Dan seemed to be thinking of congruence
as a transformation. FVan and Eva primarily seemed to view the numbers on the right
as remainders. F^an said, 'This [left side]. . . it can vary because it's any number, and
then this number [right side], I look at it as it should be a number between zero and
the mod number because it's a remainder." Eva, when comparing the congruences
17 = X (mod 4) and x = 17 (mod 4), said "I don't see them as the same. Because
it does matter if you say 17 is the remainder or 17 is the number that you actually
started with." In both cases, this transformational view seemed to be based on their
f£urly limited understanding of congruence at the time; both FVan and Eva tended to
interpret congruences primarily in terms of division and remainder.
Dan had a fairly well-developed conception of congruence as a transformation at
this time. This was probably due to the fact that he viewed congruence in general as
a classification of integers, and tended to interpret specific congruences likewise.
"Really, the only numbers that exist in mod 6 are 0, 1, 2, 3, 4, and 5. You
know, everything else is just another way to write one of the numben} that
does exist. So, what I did here is I converted these all into the numbers
that exist in world mod 6 or whatever world we're in."
When comparing the same two congruences as Eva did above, he said, "a lot of
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things are congruent to one mod four, all right? But not as many things are congruent
to ... Seventeen, when divided by four, there's only one remainder, there's only one
answer."
Andrew also viewed position as important at the time of the first interview, and
explained the difference between solving the two congruences as, "you're talking about
remainders here and you're talking about finding numbers here." This was the only
comment he made dmring that interview that indicated a view of congruence as a
transformation. He also interpreted congruences in ways that were not indicative of
a transformational conception, and so I do not attribute this conception to him. The
other participants made no comments during the first interview that indicated that
they were thinking of congruence in this way.
By the time of the second interview, all of the participants showed signs of inter
preting congruences as transformations.
FVan was not as reliant on using the word "remainder" £ts she had been before,
but much of the language she used in interpreting congruences indicated that she had
a transformational conception:
"Whenever you're living in this world, you're only going to have ten pos
sibilities to put there basically to be the smallest form. [.. • ] I mean,
there's going to be a bunch of different ways to come up with one of those
numbers [left side], but for this one [right side], you just have one."
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Eva seemed to have backed away from thinking of congruence as a transformation,
but she made occasional comments that indicated that this view did influence her
thinking. For example, she solved the congruence 5x = 1 (mod 11) using ROM on
the exam, and she had rewritten 11a = —1 (mod 5) as a = 4 (mod 5). She understood
why she had ^changed the —1 for the 4, but she was not sure why she had exchanged
the 11a for the a.
When I asked if she could solve this congruence by guessing, she was unsure at
first, saying "I could find one answer but then that would be very difficult to get the
general formula for it." She was concerned about finding dl of the possible integers
that could be substituted for the x on the left side. However, in problem 2, where
the missing number was on the right, she had said that one only needed to write one
answer, because "if you put a 1 here, that's already obvious that it gives you the rest
of them very easily. But in [problem 3], if you just put a 9, that would not be as
obvious."
Dan's interpretation of congruence as a transformation had only strengthened by
the second interview. He interpreted most congruences, in a variety of contexts, in
this way. Some examples follow:
What does a = b (mod n) mean? "a belongs to the b mod n family, you
know, b is within zero to n."
Solving congruences in general: "Every number will fall into line. So
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that's the way I always think about it is that when you're solving the
congruences, you're bringing it into its representative family."
Solving 5x = 1 (mod 11): "Now on these ones, we've got the x on the
outside. It is a family. You're saying basically, 5 times what number will
bring you into this family. So a lot of numbers are in that family and
that's why it's an infinite sequence. But when you're given a number
and you want to classify it into a family, the niunber only belongs to one
family."
What does the statement of FLT

= 1 (mod p)] mean? "It shows

that right off the bat you can take a big number and conclude what family
that it's going to be in of mod p, you know. Let's say p is 7, you know
it's going to be 1 mod 7. It will fall into that family."
Chris and Barbara seemed to be wavering with respect to this interpretation.
At times, they definitely seemed to be thinking of congruence as a transformation,
and at other times not. Occasionally it was hard to tell if coioments were simply
indicating that they beUeved position was important, or if they really were viewing
the congruence in terms of a transformation.
Chris had previously thought of congruence as an equivalence relation, and seemed
to understand the concept of congruence classes. However, by the second interview,
his imderstanding of congruence had shifted towards being transformational as well.
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For example, while racplaining how he approached solving problem 3(a), he said, "I
think of this [left] side of the congruence is being any possible number and this [right
side] is the class of number it is, it's a 1 mod 11." Barbara had given no indication
that she viewed congruence as a transformation in the first interview, but in the
second she occasionally made comments that leaned in that direction, such as, "If the
number is next to the mod, it's always going to be a remainder whereas this [other
side] can be any number." However, each made only a few comments that indicated
a transformational view, and these were all in the context of solving a congruence, so
it may be that this interpretation was only influential when faced with congruences
such as 3(a).
Andrew, on the other hand, seemed to interpret congruence as a transformation
much of the time. This is surprising since he seemed to have decided that position
was not important at that time. When explaining why he thought that there was
only one answer to 2(a), he said that 1

8k could not be the answer because "it

wouldn't make sense in mod 8. I mean because if you specify 1 plus 8A:, well, if you
let k run free, and it's not 0, you're already getting numbers that are not going to be
in mod 8."
One phenomenon that I found extremely interesting is related to this last com
ment. When solving the congruence 5x = 1 (mod 11), all of the students believed
that the correct answer was x = 9 + llA;. None of the six participants in the study
gave a single number as the answer. In contrast, all gave a single number as the an
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swer to 2(a), 19^® =

(mod 7). They explained their reasoning for this in various

ways, but it is striking that they all somehow interpreted the meaning of the variable
in the congruence in the same way, and this was significant in determining the form
of the answer. They all seemed to believe that there were infinitely many values for
an x on the left, but it was only necessary to give one value on the right.

6.4.3 Reducing the Right Side of a Congruence
To what extent did the participants view reducing the right side of a congruence
as a convention to foUow, like reducing fractions, and to what extent did they view
reducing the right side as a requirement?
At the time of the first interview, several of the participants expressed a preference
for reducing the integer on the right side of a congruence to the smallest positive
integer smaller than the modulus. Eva reduced what she called "ugly" numbers, like
negatives, saying "I don't like negative numbers [on the right]. And I think Professor
Thomas is the same way because he always changes right away the negative numbers
to positive." Dan noted that the "reduced" numbers were more comfortable. "If we
see a number bigger than n, or equal to n, we want to bring it back down to a more
comfortable level. [... ] Negative 2 is in the family of 4 [modulo 6] and 4 is within my
comfortable family range, being 0, 1, all the way up to 5."
Chris and Barbara both recognized that it was often useful to not reduce the
integers on the right. Chris said, "I don't tend to think of the negative numbers.
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although [Dr. Thomas] did an example in class the other day that was so much easier
doing the negative numbers, so I'm starting to change that a little bit more." Barbara
stated that she had no preference for numbers to be of a particular form on either
side of the congruence. "You could write like ... a is congruent to 4 mod 4. Like
you could have a situation where it's not totally reduced. [... ] There are definitely
times when you would want the smallest integer number. Although I don't think I
can think of one right away."
Both FVan and Andrew seemed to be thinking of congruence largely in terms of
division with remainder, and they both viewed the integer on the right side of the
congruence as the remainder. Neither of them made any comments during the first
interview that indicated a belief that the right side of the congruence should always
be reduced, or that this was not necessary. By the second interview, Andrew had
thought about this issue, while Fran had not.
The participants seemed more inclined to reduce the right side of a congruence
by the second interview, though th^r were uncertain about why this was the case.
Andrew and Eva seemed to think that reducing the right side was a matter of conven
tion, but a necessary one, similar to reducing fractions. Both had given unreduced
answers for problem 2(b) on the exam, and subsequent feedback from the instructor
had convinced them that these should have been reduced. In response to losing points
for his answer of 19 for problem 2(b) [19^® =

(mod 7)], Andrew said, "I don't

know. I guess in some sense it's sort of a matter of convention. It's a very minor
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thing and I'm not really too bogged down by it. I mean, as far as I can think, I mean,
it's still right and, you know, I mean the congruence is still true just like two fourths
is still one half." Eva also used the fraction analogy, saying, "It is the same thing like
one half or you have like two fourths. These represent the same thing, but I like it
one half."
Dan indicated that he would always reduce the right side of a congruence. Asked
if 19 would have been a correct answer to problem 2(b), he said, "I think since you
know you can reduce it further since 19 is not within the range of 0 to 6, I knew I
could reduce it, so I would have never ... I wouldn't have left it like that." It seemed
that he had never questioned whether or not one had to reduce the number on the
right; he simply always did.
Barbara and Chris both seemed less certain about this issue than they had been
before. Barbara was not as adamant as she had been during the first interview
that one could write any integer on either side of a congruence. "See that's what's
confusing to me is like I've seen problems where this [right side] is greater than n,
but like that just makes me want to reduce it and subtract a factor of n from it, just
so I can see clearly what the remainder is in the n mod world." Chris suggested that
perhaps this tendency to reduce the right side of the congruence was the result of
seeing most congruences written that way. "I think it's because it's on that side of
the congruence. We only see one niunber on that side and we think of this as being
... we tend to write this as our reduced number and this one can be anything. And
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then we don't write mod on both sides of the congruences. So, I mean that's how I
write it."

6.4.4 The Mod Term
Several of the participants viewed the mod term in a congruence as attached to an
integer, rather than as modifying the entire congruence. At the time of the first
interview, Dan was the only participant who clearly held this view. As noted earlier,
he would often write congruences with the mod term on the left, such as 3 mod 7
= X.

By the second interview, Dan, Eva, and Barbara all seemed to view the mod
n term as attached to an integer in the congruence. Eva would occasionally write

congruences with the mod term on the left. When asked about this, she said, "That
would make more sense to do it that way, because it's obvious that you have a bunch
of steps on one side of equals to a number. Like you always write from left to right,
you see what I mean?" Barbara did not write congruences this way, but indicated
that the number next to the mod term had a certain form. "If this guy is next to
the mod, then I know that he's going to be a remainder. It's going to be between 0
and n minus 1. But this guy, he can do whatever he wants, I mean being on the left
side away from the mod n." She did note however, that though she had never seen
congruences written with the mod n term on the left, she saw no reason why it could
not be done. "This seems totally commutative to me."
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Dan's view was firmly established by the second interview, as was described in
an earlier section of this chapter. I asked why he wrote mod on both sides of the
congruence, and he replied, 1don't feel like it has to be on the right or left. And you
can actually see that at this point I switched it so it would be the normal way, but
I don't have a problem with writing it on either side." He generally interpreted the
number next to the mod term as the family, while the number on the other side of
the congruence was an integer. He definitely viewed congruence as a transformation,
but he did not seem to think of the transformation as unidirectional.
It is unclear to me whether or not Andrew, Fran, and Chris held this view. None
made any comments which indicated that they interpreted the mod term as attached
to one of the integers or as attached to the entire congruence. Overall, there were no
comments made by any of the participants that indicated the latter. This interpreta
tion of the mod term was not systematically investigated, and was only clear in the
case of Dan. This aspect of interpreting congruence could be examined more closely
in future research.

6.4.5 Operational and Relational Views of Congruence
In the review of literature, I briefly disciissed the research on children's interpretations
of the equality symbol. This type of research was done not by pointing to an equality
symbol and asking children to explain what it meant, but by carefully examining
children's interpretations of equations and arithmetic identities. It became clear early
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in the analysis that the participants in this study were not viewing congruences as
equivalence relations, but as statements about a computation or a transformation that
had occurred. I began to believe that the students in this study were interpreting
congruences in a similar way as children frequently interpret equality.
This was discussed earlier in this chapter, but I will now more precisely define
what I mean by operational and relational interpretations (or views) of congruence.
I should note that these definitions were developed from the data as I attempted
to separate the students into these two categories. As I questioned and revised my
thinking, returning to the data frequently, these definitions developed.
An operational view of the congruence a = b (mod n) means interpreting a con
gruence in terms of a completed operation, with the number on the right as '^he
answer." A relational view of congruence means interpreting a congruence as a re
lationship between two equivalent quantities. Table 6.1 lists the indications of each
view.
I coded the interview transcripts in these terms in an attempt to more precisely
determine the nature of the participants' views. These were discussed in detail in the
preceding sections. Table 6.2 summarizes the results.
This table shows that there was a definite shift towards an operational view of
congruence for all of the participants. In particular, note that Barbara had a relational
view of congruence at the time of the first interview, and had developed a primarily
operational view of congruence. Chris, who arguably had the most "mathematically
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Operational
Relational
• Viewing congruence as a transfonnar • Viewing congruence, formally or in
tion from Z to a "mod n world''
formally, as an equivalence relation de
fined on Z, so that the quantities on
both sides of the congruences are seen
as elements of the same set
• Viewing the mod n term as attached • Viewing the mod n term as modifying
to one of the integers in the congruence the entire congruence
• Interpreting congruences frequently, if • Interpreting congruences in a variety
not exclusively, as statements like a-i-n of ways, but the division-remainder in
leaves a remainder of h
terpretation implies that a and b leave
the same remainder upon division by n
• View reducing right side of a congru • View reducing the right side of the
ence as a requirement for the congru congruence as a matter of convention, or
ence to be true
as a problem-solving device, depending
on context
TABLE 6.1. Operational vs. Relational views of congruence

Div-rem interpretation is used frequently
View congruence as a transformation from
Z into "mod world"
View "mod n" as attached to an integer on
one side
Reducing right side is a convention
Position is important
Operational view of congruence
Relational view of congruence

Interview 1
A, D, E, F
D, E, F

Interview 2
AU
All

D

B, D, E

B, C, D, E
A, D, E, F
A*, D, E, F
A*, B, C

A, C, D, E
B, C, D, E, F
A*, B, C*, D, E, F
A*, C*

Note: Asterisks indicate that the participant displayed signs of both operational and
relational views.
TABLE 6.2. Overview of the participants' operational and relational views of con
gruence
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correct" understanding of congruence at the time of the first interview, also had
developed an operational view of congruence

the second interview. The other

participants' views generally solidified, so that all of the participants, at the time of
the second interview, viewed congruence in terms of a transformation between Z and
the mod n world, and all held to some degree an operational view of congruence.
The goal of the next chapter is to try to explain why this shift occurred, as well
as to explain some of the other phenomena described in this chapter.
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CHAPTER 7

DISCUSSION
In the previous chapter, I explained in detail the patterns found in students' inter
pretations of congruence in various contexts. The goal of this chapter is to try to
explain why some of the phenomena described occurred.
In the first part of this chapter, I will use the theoretical framework based on
Advanced Mathematical Thinking (AMT), as described in the third chapter, to char
acterize the conceptions of the participants from an individual perspective. As I
analyzed the data and thought about these results, I kept returning to the realization
that I could not ignore the fact that the students had not studied congruence in a
vacuum. They had participated in a fairly active, engaging classroom environment
and had worked together outside of class as they constructed their understandings of
congruence. These had undoubtedly had a large impact on their developing concep
tions. Most psychological theories of learning mathematics isolate the individual from
this social environment, but I found myself growing more and more uncomfortable
with this separation. It seemed clear to me that, though in many cases, the students
appeared to have completely ignored what Dr. Thomas had said and done in class,
their conceptions and misconceptions about congruence must have been influenced
by what was happening in the classroom.
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At the same time, I found that though the theoretical framework that I had
developed gave me a good deal of insight into the situation and helped me organize
my thinking, it did not fully explain why the results listed above had occurred. At
best, I could make some conjectures about what had happened.
A few chance encounters with colleagues at conferences exposed me to what is
called the emergent perspective. One could loosely regard the emergent perspective
as an attempt to integrate the social and psychological perspectives on the learning
of mathematics. In the second part of this chapter, I will describe this theoretical
perspective and will use it to gain further insight into the results.

7.1 Advanced Mathematical Thinking
Recall that the framework for analyzing AMT is based on the following four criteria;
• Coordination of concept image and concept definition
• Use of definitions to construct meaning [Definitions -> Objects]
• Presence of multiply-linked representations
• Evidence of reflection on one's learning
These four criteria are organized into the framework as shown in Table 7.1.
In the sections that follow, I will briefly explain the components of the framework us
ing examples from the data. A detailed description of the analysis of each participant
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Elementary Math
ematical Think
ing
Integrated use • Complete reliance
of CI and CD on CI, which may
be limited
• Extremely limited
CD, which is dis
connected from the
person's CI

Transitional

Advanced Math
ematical Think
ing
• Rich a
• Rich CI, some ev
idence of formal im
age
• CD is usable and • CD is usable and
includes some for based on formal
ideas about concept
mal ideas

• Able to apply
both CI and CD in
familiar situations
Use
defini Tend to use CI only • Tend to use CI
only in new situar
tions to con in new situations
tions
struct mean
ing
• May attempt to
use CD, and this
may cause problems
Few representations Several linked rep
Multiplylinked repre for the concept, few resentations
or no links
sentations
com
Reflective
com Reflective
Reflection
on problem- ments are focused ments focus on
and
solving and on procedures of processes
strategies for solv
doing problems
learning
ing problems in
general

• Able to apply
both CI and CD in
familiar situations
Able to apply both
CI and CD in new
situations

Several multiplylinked representa
tions
Reflective
com
ments show at
tempts to structure
understanding, fit
ideas into a "big
picture"

TABLE 7.1. The framework for advanced mathematical thinking
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can be found in Appendix C.

7.1.1 Integrated use of Concept Image and Concept Definition
The concept image (CI), as defined in chapter 3, is the individual's general intuitive
understanding of a concept, along with any associated images and ideas. The concept
definition (CD) is the individual's definition for the concept, which may be fairly
discormected from the concept image. I chose to determine the CI and CD for each
participant well after the data had been collected, and so the questions asked in
the interviews were not specifically designed to uncover these. I interpreted the
explanation of congruence offered

an individual as the CD, since this was given

primarily out of the context of a specific problem in response to the question, "What
does the statement a = b (mod n) mean?" This question was asked on the written
questionnaire, and the participants were asked to explain and expand upon their
written response in the first interview. The question was asked again at the end of
the second interview, with the intention of giving the participant an opportunity to
siunmarize his or her ideas about congruence that had been drawn out during the
interview.
The CI was more difiScult to obtain, but I assumed that the CI would be the
interpretation of congruence that the individual used in practice, while solving prob
lems. The CI's of the participants were thus primarily gleaned from the explanations
they offered while working through problems. The determination of the CI relied
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heavily on the participant's use of representations and related ideas when working
with congruences. I do not claim to have completely captured these six students'
understandings of congruence, but I believe that I was able to determine generally
their CPs and CD's for this concept.
In examining the use of CI and CD, I chose to focus on what I called "familiar"
situations in chapter 3. A CI was considered "rich" if the participant appeared
to have many ways of thinking about congruence (representations), and seemed to
connect the concept with other mathematical ideas. This notion is not as precise as
I would like, but I found it useful nonetheless. A CD was considered "formal" if the
participant tended to use formal language and notation to describe their definition
for congruence. I must admit here that this classification is somewhat problematic,
since I typically asked the participants to explain the meaning of congruence and
related ideas as if to another student in the class. This may have caused some of the
participants to use less formal language than they would normally. To compensate, I
considered the participant's overall use of formal language in the interview in making
this decision.
After attempting to determine the nature of each participant's CI and CD, I tried
to ascertain how interconnected these were by asking the following question; When
explaining their solutions, how much did they rely on the CI and how much on the
CD? Use of CI and CD is classified in the fi-amework as follows:
EMT: Complete reliance on a limited CI, together with a fairly disconnected and
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limited CD. For example, FVan's CI of congruence was highly procedural at the
time of both interviews. She interpreted most congruences in an operational
way, and seemed to rely on a very narrow set of procedures in order to solve
simple congruences. Her CD for congruence consisted of interpreting the state
ment a = b (mod n) as a-i-n has remainder b. FVan applied her concept image
to explain her solutions in every situation. Her explanations generally consisted
of descriptions of procedures, and tended to be inconsistent.
IVansitional: Possessing a rich CI, together with a usable and partially formalized
CD, and a tendency to primarily rely on the CI when explaining ideas, occasion
ally using the CD. Dan, for example, had a fairly rich CI for congruence, which
included his notion of families of integers, an informal notion of equivalence, in
which congruent integers act the same and can be interchanged, as well as the
division-remainder idea: b is the remainder of a-i-n. When explaining solutions
to problems he had already solved, Dan used both his CD and his CI fairly
interchangeably. For example, when explaining his soltuion for an item on the
questioimaire, i = 1 (mod 11), he used the standard definition: "11 divides x
minus 1, so like 12 fits in there, 12 plus 11 fits in there."
AMT: Possessing a rich CI which seemed to be well-integrated with a formed CD,
with an ability to use both CI and CD when explaining ideas. Andrew's un
derstanding of congruence provides a good example of AMT. His CI included
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the division-remainder interpretation (a-i-n has remainder 6), the standard de
finition (n I a — b), and rewriting congruences as equations. In addition, he
tended to work with congruences as analogous to equations, and freely substi
tuted equivalent integers on both sides of a congruence. His CD for congruence
consisted of the standard definition (n | a — 6) and the division-remainder in
terpretation (a-i-n has a remainder of b). Andrew seemed to use his CI and
CD most of the time when explaining his solutions to problems; for example, he
tended to emphasize the connection between congruences and divisibility state
ments when discussing FLT. In addition, Andrew tended to use formal language
and notation when discussing congruence.

7.1.2 Use Definitions to Construct Meaning
To what extent did the participants reason about congruence using a definition? This
piece of the framework overlaps somewhat with the previous one, in which the nature
of the participants' CI and CD was examined. This part of the framework focuses
more directly on the participants' use of definitions when solving problems, while the
previous section focused on the participants' explanations of solutions. Since only
Andrew used the standard definition extensively, and since most participants did not
tend to use the same remainder interpretation of congruence, this is slightly difficult
to address. However, most regarded the equation representation as a definition for
congruence and used it frequently. I focus here on what I call "new" situations, in
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which the participant was asked a question related to congruence that I believed they
had not considered before. The way in which each person approached answering this
question gave me some insight into how she or he used definitions.
The three categories for reasoning from definitions are given below with examples
from the data:
EMT: Tend to use CI only in new situations. Eva, for racample, twice described her
solution process for solving the congruences in the first interview as looking for
a number that satisfies certain conditions ("I had to think about a number that
if I take ...

"So I need to find a number that if I take ... "). However, she

always appeared to be relying on her CI in new situations. This was true in
both interviews.
Transitional: Tend to use CI only in new situations; May occasionally attempt to
use CD. Chris occasionally explained how he started problems by applying the
definition. In new situations, he appeared to be relying both on his CI and his
CD as well, and so there are no clear circmnstances under which he appeared
to be reasoning from a definition. For example, when explaining why 75 = 21
mod 27 implies that 75x = 21x mod 27, Chris used the fact that congruence
means that two integers are considered equivalent. "It doesn't matter what x
is because no matter what x is ... as long as it's an integer value. Because ten
75's are still going to be equivalent to 12 mod 27, the same as one 75 would be."
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Similarly, he explained why one can substitute 1 for 33 when working modulo
8: "33 and 1 are in the same set in terms of mod 8, and any number that I take
to the 25th power in that set is going to be congruent to any other number in
that set that's to the 25th power."
AMT: Able to apply both CI and CD in new situations. In both interviews, Andrew
frequently used the standard definition of congruence when tr3ring to answer a
question that I had posed. He frequently rewrote congruences as statements
about divisibility, for example, 75x = 39 mod 27 was rewritten as 27 | 75x — 39.
He also rewrote statements about divisibility as congruences. "This statement
[9 I 25x — 13] could also be the same as 25x congruent to 13 mod 9."

7.1.3 Multiply-linked Representattons for Congruence
One of the first aspects I examined of the participants' understandings of congruence
was their use of representations. In this chapter, by representations I mean internal
mental interpretations of a congruence statement. In the pilot study conducted one
year earlier, I had determined the representations for congruence before anal}rzing
the data. Though the representations that the students used could generally be
organized into my predetermined categories, I later realized that this approach was
short-sighted, since the purpose of looking at representations was not to measure
the students' thinking against my understanding of congruence, but to uncover the
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students' understandings from the data. I tried to analyze the transcripts with an
open mind.
In this study, the representations listed below were drawn entirely from the data.
The students' explanations and interpretations of congruence were examined in detail
and then classified and reclassified before the following types of representations for a
congruence a = b (mod n) were identified and coded:
Divisionrremainder (DR): a divided

n has a remainder of b

(Note that this

is not the definition given in class, though it is applicable in certain contexts.
Occasionally a participant interpreted a congruence as a and b have the same
remainder upon division by n. In this case, the representation will be noted as
division-remainder*.)
Equation (EN); rewrite aaa = h-\-nkoza — h = nk
Divisibility (D): n |a — 6

(This is the standard definition, given in class and in

the text.)
Multiples (M): add or subtract multiples of n to or from a or & to transform;
congruent integers a and 6 are a multiple of n apart; congruent integers are
evenly spaced on the number line
Equivalence (EQ): Congruence is an equivalence relation; notion that congruent
integers act the same or can be considered as the same
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Classification (C): classifying integers into (usually informal) congruence classes
(The students often used the terms "remainder world," "mod world," and "fam
ilies" for these informal classes of integers.)
Visual (V): a visual image of a clock or number line depicting congruent integers
I looked not only at the variety of representations that the participants had at their
disposal, but also at the wajrs in which these representations appeared to be linked.
In line with Dreyfus (1991), I assumed that the more closely linked the representar
tions are in the mind of the individual, the more flexibility the individual has when
solving problems. To determine the links between representations, the interview tran
scripts were divided into segments. Each segment represented a complete "thought"
in the sense that it seemed to be a stand-alone phrase, sentence, or set of sentences
that the participant used to explain an idea. If the participant used more than one
representation in one segment, these representations were considered to be linked.
Detailed tables showing the representations used by each participant can be foimd in
the appendix.
In the framework, the use of representations is classified as follows:
EMT: Having few representations for the concept, with few or no links between them.
FVan, for example, relied primarily on the division-remainder and multiples
interpretations at the time of the first interview. FVan was able to connect the
division-remainder 'mterpretation to the multiples representation a few times,
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though she tended to use one representation to solve or explain a problem
without switching representations.
IVansitional: Having several links between representations. Andrew primarily used
division-remainder and divisibiUty in both interviews, though he also used mul
tiples, equation, classifying, and equivalence. He relied heavily on the divisionremainder interpretation in the first interview, and almost all

links

between

representations involved it. He connected division-remainder with divisibility,
with a visual representation, and with multiples. For example, when explaining
his solution to problem 2(a) on the exam, he said, '1 was looking to see if 33 to
the 5th would leave a remainder of 1 [DR]. You could also look at 33 itself and
see what it is in the world of mod 8 [C]." He did not appear to ever connect
more than two representations at a time.
AMT: Having many multiply-linked representations. Dan, for example, used many
representations. He relied mostly on interpreting congruences as classifying
integers in both interviews, though divisibility, equation, and division-remainder
were important as well. Dan's representations were extremely well-linked in
both intervievrs. When he explained how he had solved a problem, he jumped
from representation to representation quickly. In the first interview, he linked
Classifying o Equation

Equivalence, Classifying ^ Division-remainder

Divisibility, and Division-remainder was linked to each of Divisibility, Multiples,
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and Equation. For example, when solving the congruence x = 3 (mod 7), he
said, "This is the family of numbers in which, when divided by 7 had a remainder
of 3 [DR]. It's 7 divides x minus 3 [D]. So whatever x is, you can plug in there,
divide by 7. A lot of things can be reduced to 3 mod 7 [C]." Dan's links
between representations had only strengthened by the second interview, and he
had several instances of linking three and four representations, more than £my
of the other participants. A typical excerpt is as follows: "You'd have 4 plus 2k
equals the 71 and then that's 4 mod 2 is congruent to 71 [EN]. Then you reduce
7, so 7 minus 2 is 5, 5 minus 2 is 3, so it's 1/ [M]. And this is 0 mod 2 because
4 is divisible by 2 [D]."

7.1.4 Reflection on Problem-solving and Learning
The participants made comments during the interviews that demonstrated how they
were thinking about their own learning, and were approaching the concept of congru
ence in general. In the framework, these conunents are classified into three categories:
EMT: Reflective comments are focused on proceduTes of doing problems, ftan's com
ments at the time of the first interview were limited to expressing confusion and
an awareness of her lack of understanding: "I don't know how to think of it
another way," and "What am I thinking here? I'm not used to working in the
world of mod." By the time of the second interview, FVan's comments showed
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that she had begun to place value on procedural understanding, and that she
had for the most part stopped trying to understand the concept of congruence.
"I'm at the beginning stages, everything else goes away. Let me figure out how
to do it, and then I'll figure out why it happens later."
Transitional: Reflective comments focus on processes and strategies for solving prob
lems in general. At the time of the first interview, Eva's comments mostly re
ferred to her thinking processes while solving problems: "I thought about this
for a long time," and '1 don't see them the seune - that's interesting." At the
time of the second interview, her comments were focused on the process of solv
ing the problems and what difficulties she had. "At first I felt more comfortable
with this one. I had some problems understanding this for a while."
AMT; Reflective comments show attempts to structure understanding, fit ideas into
a "big picture." In both interviews, Chris' comments were quite reflective and
generally referred to the general thinking processes he used on problems of
the type being discussed, not just that specific problem. He also tended to
think in terms of the difficulties he had in coming to understand the concepts,
and thought about how to explain the concepts to others in such a way that
these difficulties would be addressed. "I don't tend to think of the negative
numbers. Although, he did an example in class the other that changed my
mind. [ . •. ] Before, it seemed a Uttle foreign just because negative one and
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CI and CD
Definitions
Representations
Reflection

EMT
Intl: F, E
Int2: F
Intl: F, E
Int2: E
Intl: F, E
Int2: F
Intl: F
Int2: F

Tk'ansitional
Intl: D, C, B
Int2: E, D
Intl: D, C, B
Int2: F, D, C
Intl: C, A
Int2: E, A
Intl: E, D
Int2: E

TABLE 7.2. Overview of the participants

AMT
Intl: A
Int2: C*, B*, A
Intl: A
Intl: B, A
Intl: B, D
Int2: C*, B*, D
Intl: B*, C, A
Int2: D*, C, B, A
category

positive one weren't necessarily in the same system. I think we're used to that."
"Congruence was very difficult for me in [discrete math]. I had to keep looking it
up. [... ] We wanted to have examples of equivalence relations, so [congruence]
was introduced for that purpose only. [ •.. ] [This class] has given me a way
to think of it and to apply the equivalence relation idea to what I learned in
[discrete math]."

7.1.5 Overview of the Participants
Table 7.2 summarizes the preceding sections. An asterisk denotes that the individual
was regarded as borderline.
Recall that the pseudonyms of the participants were chosen to indicate their relative
exam averages in the course, as a standard of comparison throughout the study. It
is interesting to note that this ordering is generally consistent with each row of the
above table.
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Interview 1:
Interview 2:

EMT
F, E
F

Transitional AMT
D, C, B
A
E, D, C
B, A

TABLE 7.3. Overview of the participants: AMT
Based on table 7.2, we can now characterize each participant as demonstrating
EMT or AMT at these two points in the semoster. Table 7.3 smnmarizes this infor
mation.
Note that growth was demonstrated

each participant, and as a result, Eva and

Barbara both were classified differently by the second interview. Recall also that
FVan was the only student in the course who had not yet taken the department's
'^Introduction to ProoF course, and so it should not be surprising that she remained
classified as EMT. The participants' success in the course is certainly correlated with
these findings. To what extent can this information explain some of the results found
in the previous chapter?
The Division-remainder "Definition" All six participants interpreted the meaning of
a congruence statement of the form a = b (mod n) as meaning "a divided by n has
remainder 6." Moreover, most regarded this as a definition for congruence. As noted
earlier, this explanation is not equivalent to any definition of congruence given in
class or in the text. This is a sufficient condition for two integers to be congruent,
but not a necessary one.
Why did the participants tend to interpret congruence in this way? Only Bar
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bara and Chris used the same-remainder definition given in class, but in addition to
the more restrictive division-remainder definition. With a few exceptions, all of the
participants used this interpretation quite extensively.
One factor may be that in most of the congruences that the students saw written,
the number in the "b position" indeed was the remainder. Perhaps then for most of
the congruences that they encountered, this interpretation was accurate. However,
this does not explain why the students appeared to have ignored the same-remainder
definition given in class and in the text.
Another possibility is that the students were confusing expressions they saw writ
ten on the board such as "25 mod 7," or heard spoken, such as, "What's 193 mod
19?" for actual congruences. Dr. Thomas did not introduce any type of "mod func
tion" in class or directly discuss the distinction between reducing an integer modulo
n and stating that two integers are congruent modulo n. However, he generally did
not write congruences in class while performing such a reduction. If an integer in a
congruence was to be reduced (on either side), he would typically either write a new
congruence with the reduced integers underneath the original, noting that the two
statements were equivalent, or he would erase numbers in the congruence and replace
them with the reduced integers. Though it is well-known that algebra students fre
quently confuse expressions and equations, I do not believe that this was the case for
most of the participants in this study. I also collected data on their interpretations
of expressions of the form a mod n. I did not include the analysis of that data in this
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dissertation, but the analysis indicated that the students certainly recognized that
expressions like a mod n were different from congruences, and they worked with these
differently.
Rrom the perspective of this framework, several possible factors could be con
tributing. The students who did not reason from or frequently use definitions when
solving problems would be less likely to understand the role of definition in mathe
matics. FVom their perspective, the definitions given in class and in the text could
be viewed as various interpretations of congruence, without being viewed as criteria
to be satisfied in order for a congruence statement to be true. It is likely that it may
not occur to such students to return to the definition when they have questions about
congruence or when working with congruences. This distinction between reliance on
intmtion and reasoning using definitions was described in chapter 3 by the diagrams
from Vinner (1991), shown in figure 7.1.
Note that the students who were classified as EMT and Transitional (particularly
Fran and Eva) tended to rely more on their CPs for congruence, demonstrating the
type of reasoning seen in figure 7.1(d). In addition, these students had fewer represen
tations for congruence, and these tended to not be well-connected, perhaps increasing
reliance on the division-remainder interpretation.
However, Dan and Andrew would certainly seem to be exceptions to the above
argument. Dan had many multiply-linked representations for congruence, and An
drew understood more than most the role of definition in mathematics, yet both used
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241

the division-remainder "definition." Andrew did seem to miderstand that this inter
pretation was not equivalent to the standard definition, but this did not prevent him
from regarding it as an alternate definition.
Avoiding the "Mod World" By the second interview, most of the participants showed
a tendency to avoid working in what they called the "mod world." Some were explicit
about it, expressing a preference for thinking about congruences as equations in Z.
The most interesting instance of this avoidance was seen on the second exam, when all
of the participants except Andrew solved the congruences in problem 3 using reduction
of moduli, despite the fact that Dr. Thomas never solved congruences this way in class.
Why did the students choose to use reduction of moduli to solve congruences?
If the congruences in question did not have such small moduli, the answer to this
question might be more straightforward. For example, if the students were presented
with a congruences such as 52; = 1 (mod 37), it might be understandable that they
would be reluctant to use the brute force strategy introduced in class. However, this
was not the case for the congruences that they were to solve on the exam, such as
5x = 1 (mod 11). There are only 11 possibilities, and 0 and 1 can be disregarded
quickly. If the student notices that 5 times negative 2 is negative 10, and then
recognizes that 1 = —10 (mod 11), the solution can be found even more quickly. In
fact, Dr. Thomas solved many congruences in class by trying various small positive
and negative values for x, so this is a strategy that the students had seen.
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It is also interesting to note that the students generally did not seem to understand
the value of using congruence. Consider the way that the students were introduced
to congruence. First, they were introduced to linear Diophantine equations and to
some unwieldy methods for solving them. Then, they were introduced to linpar
congruences and given a method for solving these. Finally, Dr. Thomas directed the
class' attention back to the linear Diophantine equations, stating that they now would
leam a method of solving these using congruence which would give all solutions to
these equations.
Consider figure 7.2. The problem in its original setting is the Diophantine equation
in Z, and the downward arrow on the left represents attempts to solve this problem
in Z. The box in the upper right represents the linear congruence to which the linear
equation can be mapped. The downward arrow on the right represents solving the
congruence. So, when the students were being introduced to solving these equations
in Z, this was taking place on the left side of the diagram, with the intention of
convincing the students that solving the equations this way was difficult. When the
students were introduced to solving linear congruences, this was taking place on the
right side of the diagram. Presumably, the students would recognize that solving
congruences was easy. Then, Dr. Thomas introduced the class to ROM, which can
be viewed as an iteration of the entire diagram. Starting with an equation which is
difficult to solve, in the upper left comer, we map the equation to a congruence (which
exists in a difierent number S3^em) in the upper right comer. This congruence is
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easy to solve, and we find a solution, in the lower right comer. This solution can then
be mapped back to a solution in Z.
The students did use this strategy to solve linear Diophantine equations. However,
they also used this strategy to solve congruences. In effect, they reversed the above
diagram. They started with a congruence, in the upper right comer, mapped it to
an equation in Z, in the upper left comer, and then solved this equation using ROM,
which is significantly more complicated than trying a handful of values for x. The
power of using congmence was lost on them, and they appropriated a strategy that
allowed them to avoid solving the congruence in the "mod world."
Why did this happen? Clearly the students were struggling with the concept of
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congruence, and perhaps it is human nature to use a more complicated strategy in
a familiar context to avoid this struggle. FVom the perspective of the framework,
note that the participants began using the equation representation much more often
by the second interview, and the idea that congruences were different notation for
equations in Z became a large part of their CI's. In addition, in most cases, the
equation representation was connected to many other representations, and was used
by most participants as a definition for congruence. They frequently used the equation
representation to answer questions that I asked them about congruence, and to justify
their ways of working with congruences in various situations.
Certainly the equation representation was much more familiar than working with
a congruence statement. Several of the participants, including Barbara and Chris,
admitted that they preferred to convert congruences to equations immediately. Chris
even stated that he frequently performed this conversion first, without considering
whether or not it would be helpful in the situation. The only participant who did not
tend to avoid working in "mod world" was Andrew, who was also the only participant
who was categorized as demonstrating AMT at the time of both interviews. Of course,
Andrew had many gaps in his understanding of congruence, as noted in the previous
chapter. He was the only participant who solved congruences by working within the
"mod world," and did not demonstrate the reversal of the transferral strategy.
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Operational
Relational
• Viewing congruence as a transforma • Viewing congruence, formally or in
tion from Z to a '^od n world"
formally, as an equivalence relation de
fined on Z, so that the quantities on
both sides of the congruences are seen
as elements of the same set
• Viewing the mod n term as attached • Viewing the mod n term as modifying
to one of the integers in the congruence the entire congruence
• Interpreting congruences frequently, if • Interpreting congruences in a variety
not exclusively, as statements like a-i-n of ways, but the division-remainder in
leaves a remainder of b
terpretation implies that a and b leave
the same remainder upon division by n
• View reducing right side of a congru • View reducing the right side of the
ence as a requirement for the congru congruence as a matter of convention, or
ence to be true
as a problem-solving device, depending
on context
TABLE 7.4. Operational vs. Relational views of congruence
Operational and Relational Views of Congruence The participants tended to view the
congruence symbol = operationally, as defined in table 7.4.
In the previous chapter, we saw that there was a shift towards an operational view
of congruence between the first and second interviews. Table 7.5 summarizes those
results.
This phenomenon is interesting for many reasons. First, clearly the participants
were not viewing congruence as an equivalence relation. They did not think of the
integers on both sides of a congruence as belonging to the same set, with the congru
ence symbol = indicating a relationship between them. Instead, they believed that
the integers on the left side of the congruence were elements of Z, while the integers
on the right side of the congruence were elements of the "mod n world."
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Interview 1
A, D, E, F
D, E, F

Interview 2
All
All

Div-rem interpretation is used frequently
View congruence as a transformation from
Z into "mod world"
View "mod n" as attached to an integer on
D
B, D, E
one side
Reducing right side is a convention
B, C, D, E
A, C, D, E
Position is important
A, D, E, F
B, C, D, E, F
Operational view of congruence
A*, D, E, F A*, B, C*, D, E, F
Relational view of congruence
A*, B, C
A*, C*
Note: Asterisks indicate that the participant displayed signs of both operational and
relational views.
TABLE 7.5. Overview of the participants' operational and relational views of con
gruence
The fact that congruence is an equivalence relation was not emphasized in class,
though it was in the text. All of the students except Ftan had taken the department's
"transition" course (Introduction to Mathematical Reasoning) in which they had been
introduced to equivalence relations. In fact, it is highly likely that they first saw
congruence there as an example of an equivalence relation, since this is in the text
for that course. However, as mentioned earlier, none of the participants except Chris
claimed to have studied congruence prior to enrolling in the number theory course.
Since the students were not specifically exposed to the fact that congruence is
an equivalence relation, and may not have read this in the text, their introduction
to congruence was then quite similar to the way that children are introduced to the
concept of equality. They were given several equivalent definitions for congruence in
class, but then appeared to develop their conceptions of congruence primarily from
working with examples. Their tendency to interpret congruence operationally could
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be a product of many factors. For example, as noted above, the participants tended to
use the division-remainder representation for congruence as a definition, disregarding
the fact that it is not equivalent to any definition of congruence.
In addition, the participants believed that the position of an integer in a congru
ence determined the possible range of values that it could take, as described in the
previous chapter. For some of the students, congruences were initially interpreted as
statements about division and remainder, with the number on the left as the dividend
and the number on the right the remainder. By the second interview, most viewed
congruences as statements about integers being transformed into numbers existing in
the "mod n world." In most cases, linear congruences that were to be solved were
written with the variable on the left side of the congruence, just as linear equations
are typically written in algebra. When the congruence was missing a value on the
right (such as problem 2 on the exam), the intention was generally that the students
find the standard representative for a generally large number on the left. Similarly,
children typically see arithmetic equalities written as a + 6 = c, so that the operation
of addition can be thought of as being performed left to right, with the answer, c,
written on the right. Children rarely see statements like ? =34-5. Algebra stu
dents generally solve equations in which the variable is on the left as well, such as:
23x + 14 = 12. High school mathematics teachers frequently experience the scenario
in which students do not know bow to solve equations in which like terms must first
be collected: 14a: + 5 = 7a: — 8. If the students have an operational view of equality.
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as mentioned in chapter 2, the process of solving equations by performing operations
to both sides of an equation is difficult to understand.
FVom the perspective of the framework, the fact that the division-remainder rep
resentation was so pervasive could likely have contributed to this phenomenon. In
addition, most of the participants were more likely to reason from a CI for congru
ence than from a definition, and their CI's tended to be based on ideas about division
£ind remainder, with the belief that position was important. Those who did reason
from definitions tended to beheve that the division-remainder representation was a
definition for congruence.
Congruences vs. Equations As noted in the previous chapter, the participants did not
seem to view congruences as analogous to equations. They occasionally worked with
congruences by operating on both sides, but almost always in the context of using
FLT.
When the students were learning to use FLT to factor numbers, they were gener
ally able to write congruences such as 2^ = 1 (mod 5), and then were (mostly) able
to raise both sides of the congruence to the same power to get a difiierent statement,
like 2^^ = 1 (mod 5). However, for some of them, explaining why this implied that
2^^ — 1 was divisible by 5 was difficult. Most viewed the process of factoring a number
of the form 2" — 1 using FLT as fairly analogous to trial division. After writing the
congruence 2'' = 1 (mod p), they would go through a list of primes, and examine each
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congruence of the form 2'^^ = 1 (mod p), and try to raise both sides to a power in
order to get the desired congruence. Explaining why this implied divisibility was, as
a result, a diflScult task.
It is interesting to note that there was no apparent transfer between viewing these
congruences as analogous to equations and viewing linear congruences in which they
were to solve for x as analogous to equations. For the participants, these were two
different types of problems. In fact, as noted earlier, they tended to view Diophantine
equations and linear congruences as one and the same. There was no recognition that
one was an equation of two variables in Z, and the other was an equation of one
variable in the "world mod n."
Since all of the participants had an operational view of congruence to some extent,
there are clear similarities to the reported difficulties that children have in solving
equations in algebra, as mentioned in chapter 2. Without a relational view of con
gruence, it would be difficult to understand that one can operate on both sides of a
congruence. Andrew and Chris appeared to be able to work with congruences in this
way, though mainly in the context of using FLT. Note that both had a partially rela
tional view of congruence at the time of the second interview. The other participants
were much more limited in their ability to work with congruences in this way.
Using the framework, we can note that the participants' preferences for the divisionremainder and equation representations may have allowed them to avoid working with
congruences in this way. Since most of the students preferred to avoid working with
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congruences at all

rewriting them as equations, they may not have had an op

portunity to develop a solid understanding of working with congruences in the first
place. When using FLT to factor, they were starting with a number, not with a
congruence, and so there was no obvious opportunity to rewrite any congruences as
equations. In this context, they were forced to deal with the congruences to a large
extent. Of course, there is also the possibility that several of the students were merely
following a memorized procedure associated with this type of problem. This would
help explain why there did not seem to be any transfer between raising both sides
of a congruence to a power in this context and solving linear congruences. In addi
tion, students demonstrating AMT were more likely to try to synthesize and make
connections between the concepts related to congruence. Thus one could imagine
that students such as Andrew, Chris, and Barbara would be more likely to view con
gruences as analogous to equations, which is generally true. In the case of Barbara,
it was sometimes difficult to separate her proficiency at manipulating symbols with
little understanding from her actual understanding of the process.

7.2 The Emergent Perspective
As mentioned at the beginning of this chapter, I decided to further analyze the data
from a more socio-cultiu-al point of view. The theoretical perspective used is explained
in the first part of this section.
The emergent perspective, also known as social constructivism, was developed by
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Social Perspective
(Interactionism)

Psychological Perspective
(Constructivism)

Classroom social norms

Beliefe about own role, others' roles, and
the general nature of mathematical activ
ity in school
Mathematical beliefs and values
Mathematical conceptions

Sociomathematical norms
Classroom mathematical practices

TABLE 7.6. The emergent perspective (Cobb & Yackel, 1996)
Cobb and Yackel (1996) as a result of their attempts to integrate sociocultural and
constructivist perspectives while "exploring ways to accoimt for students' mathemat
ical development as it occurs in the social context of the classroom" (p. 4), with the
intention of providing a broader perspective on the mathematical development of both
individuals and groups (Cobb et al., 2001). The emergent perspective suggests that
learning occurs through a reflexive relationship between collective classroom processes
and individual constructive eictivity. In table 7.6 (Cobb & Yackel, 1996, p. 6), the
social and individual aspects of the framework are separated into three facets at the
level of the classroom community. There is a reflexive relationship between the social
and individual components in that each evolves in conjunction with the other.
FVom a sociocultural perspective, an individual's reasoning is viewed as an act of
participation in the classroom, given the normative ways of behaving, interpreting,
and working in that particular classroom microculture (Cobb et al., 2001). On the
other hand, a psychological perspective focuses on the reasoning of individuals, often
considered as independent of the community of practice. In the emergent perspective,
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the relationship between what is taken-as-shared

the collective and the reasoning

of individuals is considered reflexive in the sense that both evolve simultaneously,
each constraining and enabling the development of the other (Cobb et al., 2001).
Classroom social norms are the "rules" that govern participation in the classroom
(Cobb & Yackel, 1996; Bowers, Cobb, & McClain, 1999; Cobb et al., 2001). For
example, the fact that solutions are expected to be explained, that one should ask
questions when one does not understand an idea, and that one should attempt to
make sense out of the solutions of others, are all social norms. They are jointly
constructed by the members of the classroom community and are related to how one
generally behaves in a classroom; they are not necessarily specific to mathematics.
The beliefe of individuals about their own roles and the roles of others in the classroom
are the psychological correlates of these social norms. They are reorganized as the
classroom socieil norms evolve and concurrently contribute to the evolution of those
norms. Bowers et al. Mnrite that "individuals contribute to the evolution of communal
norms as they reorganize their beliefis. On the other hand, these evolving norms both
enable and constrain the ways in which individuals reorganize their belief" (p. 27).
Though one might imagine that the teacher plays the major role in the development
of these social norms, proponents of the emergent perspective assert that the students
also contribute a great deal to the negotiation of these norms. Cobb et al. (2001) write
that "in making these contributions, students reorganize their individual beliefis," so
that teachers, "in guiding the establishment of particular classroom social norms, are
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simultaneously supporting their students' reorganization of these beliefe (p. 123)."
SociomathematiaU norms are specific to mathematical activity in the classroom
(Cobb & Yackel, 1996; Bowers et al., 1999). Examples include what counts as an
acceptable solution to a problem, what counts as a different solution from one al
ready presented, and what is considered a sophisticated solution by the collective.
Students' and teachers' individual beliefe about these are the psychological correlates
of sociomathematical norms. Cobb & Yackel (1996) write that "students construct
specifically mathematical beliefe and values that enable them to act as increasingly
autonomous members of the classroom mathematical conununity as they participate
in the renegotiation of classroom mathematical norms" (p. 9). Proponents of the
emergent perspective view intellectual autonomy as an aspect of an individual's par
ticipation in the classroom community (Cobb et al:, 2001). As with social norms,
the relationship between the sociomathematical norms and individuals' beliefs is con
sidered to be reflexive, so that as individuals' belie& develop, they contribute to the
evolution of the sociomathematical norms of the collective, which also influence and
constrain the development of the beliefe of individuals.
The third aspect of mathematical learning addressed by this perspective concerns
mathematical practices. Classroom mathematical practices are the social correlates of
individuals' ways of solving problems and thinking about mathematical concepts, and
are specific to particular mathematical concepts (Cobb & Yackel, 1996; Bowers et al.,
1999; Cobb et al., 2001). These taken-as-shared practices evolve as the students and

254

teacher engage in discussion and mathematical activity; they influence and are influ
enced by individuals' mathematical interpretations and understandings. Examples of
classroom mathematical practices include ways of S3rmbolizing, validating, and justi
fying solutions, and interpretations of notation and mathematical objects. Cobb et
al. (2001) claim that classroom mathematical practices emerge "as a reorganization of
prior practices" (p. 126), so that a series of (perhaps) increasingly sophisticated prac
tices can be viewed as the learning trajectory of the collective through time. These
practices are viewed diflierently from the cultural practices of sociocultural theory in
that they are not viewed as pre-established, fully developed practices of the discipline
of mathematics, but rather as phenomena that emerge from interactions between
the members of the classroom community (Cobb et al., 2001). FVom the social per
spective, students are viewed as participating in and contributing to the evolution of
classroom mathematical practices. FVom the psychological perspective, an individual
reorganizes his or her ways of reasoning about a mathematical concept as a result of
this participation in the practices of the community.
One advantage of the emergent framework is that it provides a means to account
for the learning of individuals in the context of a particular classroom community.
It is important to recognize that the taken-as-shared practices of the collective may
be viewed as distinct from the practices of individual members of that collective. A
student's understanding of a mathematical concept is considered to be the result of
his or her participation in the practices of the community, and his or her individual
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conceptions may be quite different from those of the collective. Classroom mathe
matical practices are not viewed as the sum of the interpretations and conceptions of
the individual members of the conununity, but rather take the collective as a point of
analysis (Bowers et al., 1999). Thus one can focus on an individual's understanding,
but with the classroom mathematical practices of the collective in the background as
context. On the other hand, one can investigate the development of the mathematical
practices of the collective, with the contributions of individuals in the background.
Neither perspective exists without the other (Cobb et al., 2001). Cobb and Yackel
(1996) note that:
"The emergent approach does not merely involve bolting a social compo
nent onto an otherwise unchanged psychological approach. Instead, the
relation between the interactionist and psychological constructivist per
spectives is considered to be reflexive. The diaracterization of learning
as an individual constructive activity is therefore relativized in that these
constructions are seen to occur as students participate in and contribute
to the practices of the local community" (p. 18).
Though the theoretical framework presented in chapter 3 of this dissertation can
be characterized as drawn from the constructivist tradition, I chose to use the notion
of classroom mathematical practices from the emergent perspective in order to situate
the learning of the students in the context of the classroom community. This study
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was not designed to document the development of individual students' reasoning
during the three weeks that the class studied congruence; rather, the interviews were
designed to provide snapshots of the students' conceptions at two points during the
semester, with the assimiption that much of their learning would take place outside
of the classroom.
At the imiversity level, classes commonly meet two or three days each week,
with the expectation that class discussions wUl introduce students to concepts and
approaches to solving problems. In general, a large part of the students' learning
occurs outside of class when the students work (alone or in groups) on homework
problems, most of which are chosen specifically to help students explore and develop
their understanding of the concepts introduced in class.
Most of the research employing the emergent framework has focused on elementary
mathematics classrooms studied over long periods of time; clearly the circimistances
described above are very different. I thus claim that it is appropriate to slightly
de-emphasize the role of the social perspective found in these elementary classroom
studies. In addition, in almost all of the research I have found, the teacher was a mem
ber of the research team, if not the principal investigator. The learning trajectories of
the class were carefully planned and the teacher paid careful attention to the devel
opment of social and sociomathematical norms. The curricula had been specifically
designed to encourage the development of certain mathematical practices. However,
in the current study, the researcher was not the instructor, and the instructor was
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not specifically attuned to the development of the participation structure of the class.
His goals were to teach the students how to solve certain types of problems in number
theory, to help them develop useful mathematical problem-solving strategies, and to
expose them to some fun and interesting mathematical ideas.
Overall, this classroom environment was quite different from those in which the
development of classroom mathematical practices has been studied before. My in
terpretation of and modifications to the emergent framework represent my attempts
to adapt what I view as a very powerful theoretical perspective to a new classroom
setting.
In the remainder of this chapter, I will attempt to characterize the learning of these
students in the context of the classroom commimity. I will trace the development of
classroom mathematical practices (CMPs) and use them to situate the individual
students' diverse understandings and interpretations of congruence. I will briefly
examine the social and sociomathematical norms of the class, though this will only
provide some background and will not constitute a large part of the analysis. Note
that the individual correlates of these were discussed in chapter 5. Finally, I will
reexamine the four misconceptions that individuals held and try to trace their origins
to the CMPs that developed. I refer to these as consequences of the CMPs. As a
reminder, these misconceptions were the following:
1. The Division-remainder "Definition"
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2. Avoiding the "Mod World"
3. Shift towards a primarily operational views of congruence
4. Congruences not viewed as analogous to equations
I would like to take the opportunity to remind the reader that I am focusing
here on the learning of the students, not on the teaching of Dr. Thomas. The most
effectively taught lesson by any master teacher would be unlikely to stand up to such
scrutiny. Rather, I will focus on the students' perspective on the discussions and
interaction between the students and teacher in the classroom.

7.2.1 Class Social Norms
I will describe here what I viewed to be some of the social norms of the class. I am
only claiming that from my perspective, these appeared to be the norms that were
taken-as-shared by the class as a whole. Though there are analytical methods for
uncovering class social norms, I did not use them, as this was not the purpose of
this study. This list is not intended to be complete, and is offered here in order to
provide a more complete picture of the class environment. These norms are from the
perspective of the class as a collective, and lean mostly toward the perspective of the
students as a whole.
• Ask questions about homework problems. Dr. Thomas generally began class by
saying, "Any questions?" The students would frequently ask about problems
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from the homework assignment. Dr. Thomas' general philosophy towards an
swering such questions was to give the students as much information as they
asked for, regularly working out the problems on the board with their input.
He expected the students to have thought about the problems in advance, and
believed that they would be most interested in understanding how to do prob
lems that they had already thought about and were to turn in for a grade.
As a result, he frequently worked out homework problems in class, which the
students seemed to appreciate greatly. However, he tended to grade problems
that had not been asked about in class.
• Avoid asking overtly procedural questions. The students typically did not ask
such questions, even when it was clear that they did not understand a procedure.
There seemed to be an understanding that they could figure this out on their
own. Though he never said it directly in class. Dr. Thomas seemed to believe
this as well.
• When in doubt, be quiet. Dr. Thomas typically interpreted silence on the part of
the students as a request for further explanation, and so when his questions were
met with silence, he would rephrase the question or provide more information.
Frequently, he would answer such questions himself.
• The smart students can "see" how problems work out quickly. Students who
quickly found solutions to problems posed were praised fairly lavishly by the
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instructor and the students. Being able to quickly get the "trick^ of the problem
seemed important to everyone on some level. In fact, students who had solved
the problem in a complicated way would say, "I feel stupid now" after hearing
about a "slick" solution.
• CMy ask a question once. If a student did not seem to understand the answer
to a question, he or she would typically would not ask the question again, as
if there was an expectation that the answer should have been understood the
first time. Dr. Thomas would frequently ask, "Did that answer your question?"
and the student would invariably nod yes, though they appeared unconvinced.
As noted earlier, there was no overt effort on the part of Dr. Thomas to guide the
development of the social norms of the class, and so much of the social atmosphere
was likely influenced by students' experiences in other courses.

7.2.2 Sociomatheinatical Norms
The sociomathematical norms of a class pertain specifically to mathematical activ
ity. Agam, these are based entirely on my perceptions and were not systematically
investigated. All of the disclaimers above concerning social norms apply here as well.
• Students' solution suggestions are valued, even if they are vrrong. In general, if a
solution other than the one Dr. Thomas had in mind was suggested, he followed
it to its conclusion. If it did not lead anywhere, then he tried to explain why.
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If it worked, he tended to let it stand, and often did not return to his original
solution. Despite this, most students did not seem to feel comfortable offering
suggestions.
• The "slicker" the solution, the better. So-called "slick" solutions were highly
valued and praised by everyone in the class. At one point, Dr. Thomas jokingly
wrote a "slickness scale" on the board and ranked several students' approaches
to a problem, which all seemed to find humorous.
• "Slick" solutions use easy-to-use "tricks" thai do not rely too much on theory.
The students seemed to value easy-to-apply solutions, even if these were not
generalizable. Such solutions tended to work because of some aspect of the
numbers particular to the problem, and not because a powerful theorem was
applied. In general, the students seemed to apply theory as a last resort.
• Problems always have one (or at least a "best") right answer. The students
seemed to believe this throughout the semester, despite several attempts by
Dr. Thomas to convince them otherwise.
ks with the social norms, these were not openly discussed in class, and undoubtedly
were heavily influenced by the students' prior experiences in mathematics classes.
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7.2.3 Classroom Mathematical Practices
A major question in the research literatiure on CMPs is, how does one know when
a CMP has been established? One method used in the literature involves carefully
examining the discourse between students and analyzing their justifications for con
clusions made. If a conclusion is reached based on some data, then the students
may either accept the conclusion, or may ask for an «q)lanation. This explanation
is referred to by Cobb et al. (2001) as a warrant. The students may understand and
accept this warrant, but if they do not understand how the warrant supports the
conclusion made, they may ask for a fiuther explanation, called backing. This back
ing essentially explains why the warrant supports the conclusion. When the students
stop requesting backing and start using the warrant themselves in their explanations,
it is assumed that the use of this warrant has been established as a CMP.
1 attempted to use this idea to analyze the transcripts from the videotapes of the
course, but found that most instances of interaction in the class occinred between the
teacher and a single student. There were very few instances of students interacting
with each other. Further, Dr. Thomas tended to accept very brief explanations from
the students, and did not ask them to fiuther justify their solutions if he was con
vinced that the individual understood the solution. The students rarely challenged
each others' explanations. In most of the studies in which the emergent perspective
was used, the teacher/researcher carefully guided the development of classroom norms
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in such a way that the students eventually gave and expected very complete expla
nations. This provided a good deal of interesting discourse to analyze as a result.
However, as stated earlier, these types of lengthy explanations w»e not expected
from the students in this class. In fact, the value placed on "slick" solutions in some
ways devalued such explanations further. Overall, coding the data for instances of
warrants and backings revealed little information of use, and so I designed a different
strategy.
The primary form of interaction between the students and Dr. Thomas occurred
in the form of questioning. The students asked Dr. Thomas questions and though he
occasionally accepted answers from other students, he generally preferred to answer
himself. When he asked questions of the class, the students were either silent, or
someone attempted to answer. These answers were typically brief, and Dr. Thomas
generally expanded upon them and filled in the explanations himself. It usually was
unclear whether he thought that his explanation was actually what the student had
been thinking, or if he simply used it as a starting point from which to provide a
complete explanation, giving the student credit for the idea. I discovered that a
good deal of information about the CMPs that were developing could be gleaned
by focusing on the discourse surrounding these question and answer segments of the
transcripts.
The following CMPs emerged during the 11 videotaped class meetings in which
the class studied congruence. The exam was given during the twelfth class meeting,
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for a total of four weeks spent studying congruence.
1. Using "mod" to classify integers. All integers are of one of the forms 0 mod n,
1 mod n, ..., n — 1 mod n.
2. Division-remainder. Interpreting expressions of the form a mod n as statements
about division with remainder.
3. Working in the "mod world" is confusing. I had difficulty deciding if this was
really a practice or not. In the end, I decided that it was, since it was an
interpretation made by the students.
4. Rewriting congruences as equations, a = b (mod n) is different notation for
a = b + nk.
5. Treating congruences as analogous to equations. Raising both sides of congru
ences related to FLT to the same power.
I will describe the development of these CMPs one by one, by focusing on questions
asked and answers given. I will also briefly describe the first instance of the topic in
the transcripts. For more details about each class session, see the appendix. In the
sections that follow, an S in the dialogue refers to a student who was not one of the
six participeints, SS refers to multiple students responding simultaneously, T refers
to Dr. Thomas, and the letters A - F refer to the respective participants.
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CMP 1: Using "Mod" to Classify Integers During class 1, Dr. Thomas discussed a
problem which was solved by recognizing that every integer is in one of three forms,
3A;, Zk +1, or Zk + 2, whrae A; € Z. He noted that if a nimiber a were of the form 3A;,
then the product of a and any other integer would also be of the form

for some k.

When he asked the students if they agreed with that conclusion, they answered "yes."
During class 3, the problem of determining which numbers can and cannot be written
as the sum of two squares was discussed. Chris suggested that the numbers that could
not be written were of the form 4x —I. Dr. Thomas asked the class if they thought
that this was true, saying, "Can you never get the primes 4k + 3?" Eva suggested
that they try to square numbers of various forms and see if it was impossible to get
numbers of this form. They followed this suggestion, and Dan noted that they were
looking for the "end form," the endings of these forms of numbers. Dr. Thomas said,
"He's looking at the endings, which is exactly the right thing ... How about a 4A; + 3
squared? What form is that?" The students responded, "4Ar +1."
At this point. Dr. Thomas decided to introduce notation leading to congruence,
saying, "Instead of saying a number is of the form 4A;, we're going to say 0 mod 4.
And if we see 4A: + 1, we're gonna say 1 mod 4." He then described how to add,
subtract, and multiply in the "mod 4 world."
The classification idea came up repeatedly, for example, "In mod 10, every number
is congruent to either 0, 1, 2, 3, 4, 5, 6, 7, 8, or 9." At the beginning of class 5,
Dr. Thomas asked:
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T: If I write 3 mod 7, does that have any significance to anybody?
E: 24, an example of a number is 24.
T: What other numbers might fit into the category of 3 mod 7?
E: 10, 17
Note that they are classifying integers into the cat^ory 3 mod 7, and that this is
not being connected with congruence. The students seemed to have little difficulty
interpreting the notation a mod n as meaning either, "classify the integers a in to the
appropriate category mod n," or if a < n, as "the set of all integers that are in the
category a mod n." This practice was established quickly.
In class 10, the students were considering again which numbers could be written
as the sum of two squares, and quickly decided that numbers which are 3 mod 4
could not be so written. Dr. Thomas asked why, and Eva suggested, as before, that
they simply needed to try the possibilities, "Yeah, so 0 squared is 0, 1 squared is 1,
2 squared is 0." After they had finished the problem, a student asked a question:
S: I'm just ciurious, cause several of us were discussing this before class
... you wouldn't have us have to prove... well, 0 squared, 1 squared,
2 squared, and the continue the cycle, to see if it works?
T: Well, do you mean, would I ask you to go to the 4 and the 5 and the
6 and the 7?
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S: Yeah, to somehow prove that that's gonna continue with that pattern,
that there's not some number out there that isn't, say, 2 mod 4, and
there is a 3 mod 4.
T: Okay, perfectly reasonable question, how come I haven't taken into
account all of the natural numbers squared. You've only done the 0,
the 1, the 2, and the 3. How about the 4, the 5, the 6, and the 7,
and the 8, and the 9, and the 10, and the 5733?
D: What if you put it in general form? What if we S£ud 0 plus 4n and 1
plus 4n and 2 plus 4n ...
T: Okay [writes (0 + 4n)| Like that?
D: Yeah. Like what mod? Yeah.
T: Okay, so I'll square that and write 16n squared. Which, mod 4 . . .
D: Would be zero.
T: How's that for an answer? He suggested, well, 0 and 4 and 8 and 12
and 16 and 20 and 24, and all those are just like 0, they end up 0.
And he might also say, look at all the form of 1 plus 4n's. That
would be these guys. [(1 -f 4n)^] Those would be 1 plus 8n plus 16n
squared. When you divide 4 into that... you get 1, right? Now, is
that a good answer?
S: Yeah.
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T: What Dan did was he pointed out that all these numbers are really
in a few classes, there's the 0, and the 1, and the 2, and the 3, plus
4n's, and then that takes care of every number in the world.
Once again, the student was thinking of an infinite number of integers which were
to be classified, and he did not seem to recognize that it was sufiicient to try just
the 4 possibilities. Both Dan and Eva seemed to understand this. Dr. Thomas asked
the class afterwards if they knew that there were only finitely many possibilities,
and most said yes. At this point, the practice of viewing modular arithmetic as
a means of classifying integers was well-established. It is interesting to note that
con^ences were not used in this context, though the individuals involved (especially
Dan) interpreted congruences in the same way.
CMP 2: Division with Remainder In class 3, when he first introduced the term "mod,"
Dr. Thomas described numbers of the form 4A; + 1 as numbers that left a remainder
of 1 upon division by 4. He discussed determining the last digit of a number as
equivalent to dividing by 10 and keeping the remainder. "But in mod 7, you'd have
to simply go through the process of dividing 7 into a number and looking at the
remainder." Dan asked, "What if it was expressed in base 7? Wouldn't that work?"
Dr. Thomas responded that the last digit would be equivalent in that case.
In class 4, Dr. Thomas described the upcoming material as "arithmetic with re
mainders." He asked, "So does it make sense to you that if the remainder upon
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division by 9 is something ... in other words, A times B, when divided by 9, will
leave you with ... you get a remainder up here, and that remainder is the product
of the remainder you have [from A] and the remainder you have [from B]?" The
students were silent in response, and so he worked out an example. One student
noted that it might be possible to get a remainder this way that was larger than the
divisor, and Dr. Thomas responded that this was true, and might be a problem.
The division-remainder idea came up again in class 5:
T: 24 is an example of 3 mod 7.
E: And then if you divide 24 by 7 you get as a remainder 3.
SS: [nods]
T: That is exactly what I am trying to get at. I'm trying to talk about
numbers which after division leave a remainder of 3. And 24 would
be such an example. Would 3 itself be an example of a number that
is 3 in the world of mod 7?
SS: [nods and ] mmm hmm
The practice of using division-remainder became established fairly quickly. In this
case, note that E>r. Thomas did not discuss dividing and keeping the remainder in
terms of congruence.
In the same class, they were to prove that if a = c mod n and b = d mod n,
then ab = cd mod n. "When you multiply these two [a and b] together, it's the same
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remainder, like 3 and 5, or 4 and 7, that these two give [c and d\, so of course they
would be the same because you're working with thesame numbers. Is that okay?" The
students were silent in response. Dr. Thomas proved this by rewriting the congruences
as equations, at Eva's suggestion. The students seemed visibly imcomfortable with
this proof on the videotape, but did not ask questions. Dr. Thomas used the phrase
"same remainder" repeatedly while explaining the proof. At this point, it could
be inferred that the practice of interpreting congruences using the strict divisionremainder interpretation was in place. The students were confused because they were
interpreting the congruences differently than Dr. Thomas. It should be noted that
the practice of interpreting expressions of the form a mod n in terms of division with
remainder was in place before the notation of congruence was formally introduced.
The division-remainder idea was used quite frequently in class, but generally when
it seemed that the students were confused, almost as if Dr. Thomas was trying to
explain in terms he was certain the students would understand. It was also always
used outside of a congruence - there were no instances of a congruence statement being
interpreted in class by Dr. Thomas in terms of the division-remainder interpretation
that the students used in the interviews.
CMP 3: WoTking in the "Mod World" is Confusing The term "mod world" was first
introduced in class 3.
T; The only numbers in our mod 4 world are 0, 1, 2, and 3, right? So
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can we add in our mod 4 world? What's 1+3?
SS: Zero.
T: Can we multiply in our mod 4 world? [writes 2x2=]
SS: Zero.
T: I know what you're doing, you're saying two times two is four, and
there's no four. It only goes up to 3, so apparently 4 is the same as
zero. Then five?
SS: One.
T: Can we divide in our mod 4 world? How about one divided by three?
Two? It is a two.
SS: Why?
T: There's not a lot to try. There's only 4 possible solutions and I think
we have two that don't work. How about 3? So one third is three.
Is 3 times 3 one?
SS: yes
T: Actually, 3 times 3 is 9.
SS: But...
D: But 9 doesn't exist in mod 4 world.
SS: [Laugh]
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T: Okay we're in a mod 4 world and 9 mod 4 is one, because if you divide
9 by 4, you get 1. So in our world, yeah, one third is 3, so yeah,
we can divide. Well, no we can't. We're gonna get in trouble here.
If you did 3 divided by 2 mod 4 ... does it go once, no, how about
twice, no, okay two times three ... And two times zero, no way. So,
no, we can't divide always. We can divide sometimes. We can divide
by 1and 3, we never could divide

zero, nor can we divide by 2. So,

our mod 4 world isn't perfect because we can't divide by everything.
Whether or not division was allowed at all in congruence was never clear to the
students. Several students, Barbara in particular, asked questions in class about when
or if they could cancel or divide in "mod world," but for some reason, this issue never
appeared to be resolved. It was, however, addressed in the text, and several of the
students read and attempted to make sense of the theorems regarding division. None
ever appeared to have answered this question for themselves, and perhaps as a result,
they began to regard the "mod world" as confusing.
In class 5, Dr. Thomas asked what the square root of 3 would be mod 7, and
began trying possibilities. "How do you check to see if anything is congruent to the
square root of 3?" Eva objected, "It's not a whole number, so you could try up to
7 and you wouldn't be able to have any whole numbers anyway ... the square root
of 3 is not a whole number." Dr. Thomas noted that it was indeed true that there
were no square roots of 3 modulo 7, but showed that there were square roots of 2
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mod 7. He explained that he was looking for a number that when squared made 3
mod 7. Eva seemed unconvinced. He did not directly address her comment, which
indicated that she was thinking of the square root as a specific number, not in terms
of the definition of square root. The reason why 2 had square roots and 3 did not was
beyond the scope of the course, but there seemed to be no further attempt on the
part of the students to imderstand. They rather quickly decided that working within
the "mod world" was unpleasantly confusing.
I should note here that the students received a large amount of information during
class 5. Congruence was defined for the first time, they discussed solving lineeur con
gruences in the "mod world," and then were introduced to ROM. It is not particularly
surprising that they were confused, since they actually did not spend much time in
class working with congruences before being introduced to ROM. However, they had
been working in the "mod world" for several days and , at that point, they seemed to
grasp onto the equation interpretation of congruence nearly to the exclusion of other
interpretations.
CMP 4 ' Rewriting Congruences as Equations Congruence was defined for the first
time in class 5, and one of the definitions suggested by the students at that time was
that congruent integers are a multiple of n apart. This suggestion was recorded on
the board in the form of an equation, a = b + nk. On the same day, reduction of
moduli was introduced. Dr. Thomas started with the equation 5720a: + %\7\y = 77,

274

and rewrote it as 6171y = 77 mod 5720. "Do you guys agree that these mean the
same thing?" The students did not respond, and he said, "This means that this
here is 77 plus a multiple of 5720, with the ar," and started to explain the procedure.
Despite the complicated nature of ROM, the students did not appear to be confused
or concerned. In some respects, they seemed relieved to be learning such a procedure,
after 30 minutes of delving into the "mod world."
During class 8, it became clear that the practice of rewriting congruences as equa
tions had become established. Written on the board was the congruence: 8x = 4 mod
12.

T: How would you go about solving this?
S: Can't you divide through by 4?
T: Here's one suggestion. Divide by 4, and what is it that you want me
to divide by 4?
C: Everything.
S: All of it.
T; Everything. Okay, so that would be 2x is congruent to 1 mod 3. And
before we solve this, let me ask you is there any other way that you
might go about this? Would all of you have divided right across the
board by 4?
E: I don't know if it's right but I would add another so that it's 16, so 12

plus 4 is 16, and then you know that...
T: So you suggest that instead of putting 4 down here, since we're in the
world of mod 12, I guess we could replace 4, and you're suggesting
by 16 mod 12, because 4 and 16 are in the world mod 12 the same
thing. And then you would've gotten an easy solution which is 2
mod 12. Okay, so that would be a second way to go about it. Now
this answer down here of 2 mod 12, is that the right answer?
E: Well, it's just one. And then it's 12 plus that and 24.
[...]

T: Eva, you suggested that maybe even though there's infinitely many
answers here, we're still mining some. And you're right. For exam
ple, we're missing 5, which also works. And the way you would've
gotten 5 and lots of others that are skipped over by doing exactly
what was said at the very beginning. Divide everything through by 4
and solve 2x congruent to 1 mod 3, and that gives you x is congruent
to 2 mod 3. So my final question on this is, she said that it was okay
to divide everything through here by 4. Why is that true? Could
you prove that dividing this thing all the way through by 4 is an
okay thing to do?
C: Right, if 8z is equal to 4 plus 12Ar, then ...
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T: Now we're not in the world of mod 12 anymore. We're in the real
world. And in the real world, you have an equation, and in the real
world of equations, you can divide both sides the same thing, as long
as it's not 0. And yeah, in the real world, you can do exactly that,
and then you get 2x is equal to 1 plus 3k, and then this [equation]
translates back into congruence language as that [congruence].
All of the students seemed very comfortable with this explanation and nodded when
Chris suggested rewriting the congruence as an equation.
CMP 5: Congruences as Analogous to Equations In class 3, Dr. Thomas demon
strated that canceling a number from both sides of a "mod equation" (congruence
had not yet been introduced) is not always possible.
T: I'm trying to show you can't cancel in mod 4. So if you have 2A equals
2B, and you want to cancel the twos to see that A equals B, you'll
see that it doesn't work. Now why?
C: Cause A couidTie 2 and B could be zero?
T: Yeah. A could be 2 and B could be zero. If A were 2 and B were 0,
that would be true and obviously they wouldn't be the same thing.
So you can't cancel which is the same thing as saying you can't
divide.
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As noted earlier, it was never discussed under which circumstances canceling is pos
sible and under which it is not.
Linear congruences were introduced in class 5. Dr. Thomas said, '^e're gonna
do equations. [Wrote 3x = 1 mod 7] So I'm in the world of numbers mod 7 still, and
I'm trying to find, I'm trying to solve 3x = 1, and that's a linear equation. And I'm
hoping it has an answer. And the good news is that there's only seven numbers it
could possibly be." He demonstrated checking all possibilities to find the answer.
In class 7, a student asked a question about solving congruences. "There was a
step that in the book that we were not clear on. We didn't understand how you get
from 45 congruent to 1 mod 11 to s congruent to 3 mod 11." Dr. Thomas noted
that one could think of the congruence as representing a set of equations: 4s = 1,
4s = 12, 4s = 23, 4s = 34 ... "A couple of answers would be 3 and 14. But, in
fact, that's the same as 3 mod 11." This seemed unsatisfactory to the student, and
so Dr. Thomas rephrased his explanation. "So what I did was I just tried to take
a variety of numbers that were all 1 mod II, until I could solve it, and then once
I got one solution, I didn't really need to go on, but I did. They're all the same."
Barbara asked, "So to get that 3 then you just divided 12

4? Don't you have to

reduce it in the mod too?" Dr. Thomas seemed unsure of what she was asking, and
explained that they could have solved the congruence by trying all 11 possibilities.
He also noted that multiplying both sides of the congruence by 3 would give 12s = 3
mod 11, and then this could be reduced to s = 3 mod 11. Note that he demonstrated
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three different ways of solving this congruence, none of which was ROM. It is also
interesting to note that it is not clear from either question that the students were
viewing the congruence 5 = 3 mod 11 as analogous to s = 3, where 3 is viewed
as a solution. They seemed to be focusing on how the first congruence had been
transformed into the second (as they had been transforming congruences when using
ROM), and not on solving the congruence.
In class 8, Barbara asked another question about solving congruences. The con
gruence in question was 8x = 16 mod 12. "Is it legal in congruence language to divide
that 8 and the 16, but not touch the 12? Because I'm looking in the book and it's
saying that if CA is congruent to CB mod N, then A is congruent to B mod N.
And then it says, however, this isn't true in all the examples." Dr. Thomas divided
both sides of the congruence by 8 to get x = 2 mod 12, and then noted that this
did not give all solutions to the congruence. "So apparently in this example right
here, though we didn't get everything, we didn't do anything bad." Barbara asked,
"So, it's okay to do that then?" Chris tried to answer this question, explaining that
in order to legaUy divide this way, the GCD of the modulus and the number being
divided (8) must be 1. Barbara did not understand, and Dr. Thomas gave an example
in which such division was allowed: 8a: = 6 mod 7. "Now you say these two here [8
and 6] have a GCD of 2, so 1 can just go ahead and do it. Divide that by 2 getting
Ax, divide that by 2 getting 3, not mess with the 7." Barbara asked, "But don't
you have to divide the 7 by the GCD as well?" He replied, "Well, the GCD of these
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two would be 1, and when jrou divide through

1, you don't change anything." At

this point Barbara gave up, unconvinced. She did not understand that two Hiffflrpnfc
CCD's were being used.
The students generally seemed reluctant to treat congruences as analogous to
equations, and such questions arose each time congruences were solved in class. This
CMP finally began to be established when the students were introduced to FLT.
When introducing the class to FLT in class 7, it had been established that 2^ = 1
mod 11 by revisiting the idea of cycles of remainders (2® is 1 mod 11, so then 2^® is
1, 2^® is 1, etc.) Dr. Thomas asked:
T: What if I multiply that nimiber by 2 and that number by 2? [Pointing
to both sides of the congruence 2^ = 1 mod 11] Would it still be
true that 2 to the 341st is congruent to 2 mod 11? [Silence] Can you
do that with congruences like equalities? When you have an equality
eind you multiply both sides by 2, it's still an equality. I did that
right here. I took that [2^ = 1 mod 11] and I multiplied both sides
by 2, and I got that [2^^ = 2 mod 11]. So what we have is 2 to the
341 minus 2 is divisible by 11.
B: Where did you get the 11? I missed that ...
T: WeU, I probably jumped too far ahead.
D: He just mystically created that!
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Eventually, it appeared that this practice had become established, and students were
able to raise both sides of these congruences to a power. For example, in class 9, they
were trying to factor 561. It was established that 17^° = 1 mod 11, and then from
this Dr. Thomas wrote 17®®® = 1 mod 11. He said, "We know this now don't we?"
to which the students nodded and said "Yes." "So we raise that to the power 280 on
both sides, and we know that's true." No one appeared confused as to how the first
congruence was transformed into the second, and Dr. Thomas' explanation of raising
both sides to the 280th power seemed superfluous.

7.2.4 Consequences of the CMPs
In this section, I will attempt to connect the psychological and sociological perspec
tives by examining the results discussed earlier in this chapter in the context of the
development of the 5 CMPs. In grounding these individual interpretations in the
CMPs, I am thinking of them as consequences of the practices of the collective. It is
generally acknowledged that the precise nature of the reflexive relationship between
CMPs and the interpretations of individuals is difficult to characterize. Regarding the
individual interpretations as consequences of practices does not completely address
this reflexivity, but it is the contribution that I am making at this time to the body
of research engaging the emergent perspective. For reference, the 5 CMPs are listed
below:
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1. Using "mod" to classify integers
2. Division with remainder
3. Working in the "mod world" is confusing
4. Rewriting congruences as equations.
5. Treating congruences as analogous to equations.
The Division-remainder "Definition" The phenomenon of interpreting congruences
using this pseudo-definition can be regarded as a direct consequence of CMP 2. The
students learned to interpret expressions of the form a mod n using division with
remainder, and then proceeded to interpret congruences in the same way. It seemed
that expressions of this form were simply viewed as part of a congruence. Since CMP
2 was fairly quickly established, it was probably very natural for the students to
extend the practice to the interpretation of congruences as well.
The establishment of CMP 3 and CMP 4 did not necessarily reinforce this interpre
tation, but provided students with a comfortable alternative interpretation for linear
congruences. They were more likely to reason with this interpretation in class, since
most of the congruences encountered after class 5 were in fact linear congruences to
be solved. Though the participants did interpret these in terms of division-remainder,
they acknowledged that this interpretation did little to help solve the congruences.
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Thus, the students still interpreted congruences of the form a = b mod n using the
division-remainder pseudo-definition, and did not encounter any reasons not to do so.
Operational and Relational Interpretations of Congruence An operational interpre
tation of congruence can be viewed as a consequence of CMP 1 and CMP 2. The
interpretation of expressions of the form a mod n as classification of inte^rs using
division with remainder, coupled with the previous consequence, clearly contributed
to the students' tendency towards unidirectional interpretations of congruence state
ments.
In addition, CMP 3 may also have contributed to this consequence. When the class
was learning how to do arithmetic in the "mod world," E>r. Thomas frequently wrote
on the board statements with a missing value on the right, such as 2 x 5 =

mod 7.

These were written as congruences and clearly emphasized an operational interpretar
tion. In addition, the methods used in class to solve congruences, though rejected by
most of the participants, implied an operational interpretation. For example, solving
the congruence 2x = 1 mod 11 involves choosing various values for x, multiplying
each by 2, and checking if the product "makes" 1 in the "mod 11 world." This
process is very similar to the "find the missing nimiber" strategy which is frequently
used when introducing children to solving simple equations. As noted by Bernard
and Cohen (1988), this method assumes an operational interpretation of equality and
is not a good basis upon which to build understanding of the equivalent-equations
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solution process, which requires a relational understanding of equality (Kieran, 1999).
The parallel between learning to solve congruences and learning to solve equations is
striking.
Avoiding the "Mod World" Of course, most of the participants rejected the methods
of solving congruences that involved working in the "mod world" in favor of the ROM
procedure, which they found (ironically) less confusing. The fact that the students
tended to avoid working in the '^od world" is a clear consequence of CMP 3. It
was also influenced

CMP 4, which gave the students an alternative to the "mod

world." It is not surprising that the students would be likely to seize a more familiar
interpretation so quickly, as this seems to be human nature. However, it is interesting
that several of them had consciously chosen to use the equation representation in order
to avoid the "mod world," and that they appropriated solution strategies that enabled
them to do so.
Congruences vs. Equations The fact that the students were reluctant in most cases
to view congruences as analogous to equations can be considered a consequence of
CMP 3, CMP 4, and several of the previous consequences. Since congruences were
generally interpreted operationally, the students were not inclined to view them as
similar to equations, which they did seem to view relationally. As a result of CMP
3, they were reluctant to work in the "mod world." Applying the solution methods
used by Dr. Thomas in class to solve congruences required them to work in the "mod
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world," and this was something they seemed disinclined to do. The establishment of
CMP 4 allowed them to work with congruences by rewriting them as equations. As a
result, in most cases, the participants had few opportunities to interpret congruences
as equations.
With the introduction of FLT came CMP 5. As noted earlier, in most problems
related to FLT, the starting point was a single number, not a congruence. FLT
was used to write a congruence, and though several participants did rewrite these
congruences as equations in the interviews, the format of these problems finally forced
them to work with congruences as analogous to equations to some extent. For many
of the students, this practice did not transfer to working with congruences in general.

7.3

Overview of Both Perspectives

After completing the AMT analysis of the data, I had been somewhat dissatisfied with
the restilts. It seemed that, though I had been able to gain some insight into why the
students had interpreted and worked with congruences as they had, I did not feel like I
had been able to uncover enough of the picture to draw any firm conclusions. At that
point, had I been asked to make recommendations for teaching this concept, I would
have been imable to give any with confidence. I do not mean to imply that the AMT
framework was not helpful or did not yield useful results. On the contrary, I learned
a great deal about the issues involved in learning this concept via this framework.
In many ways, I felt like an archaeologist, sifting through the material remains of
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a course, trying to figure out what had happened there. Of course, I was really more
of a cultural anthropologist, since 1 had been there, been a part of that group. In
fact, I was more of an insider to that group than are many working anthropologists
in the field. As a mathematical anthropologist, I had access to information about the
course, the mathematics, and the instructor that the participants themselves did not.
In order to more fiiUy understand the events of those four weeks in the course,
I decided to retium to my anthropological roots for a time in order to examine the
social aspects of learning. The emergent perspective, though not easily applicable
to the situation, proved to be a useful tool in conducting a meta-analysis of the
results derived from the AMT framework. In this way, this work can be characterized
as viewing the learning of the participants from a psychological perspective with
the social perspective in the background. In the remaining chapters, I will briefiy
summarize the results and interpretations, and offer my recommendations for the
teaching of this concept, especially as it pertains to secondary teacher education.
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CHAPTER 8

IMPLICATIONS FOR TEACHING AND TEACHER
EDUCATION
Congruence of integers is a concept that seems to lie in the borderlands of elementary
and advanced mathematical thinking. It is a topic that can, in a limited fashion, be
approached from a very elementary perspective. After all, children leam how to do
"clock arithmetic" in elementary school. However, the student must make the shift
to thinking about congruence from an advanced perspective in order to develop a
rich understanding of congruence as an equivalence relation. It seems that advanced
mathematical thinking may be necessary in order for the student to make sense of
even simple statements of congruence.
The goal of the course was not to prepare students for fiui;her study in algebra
or niunber theory. Rather, the intent of Dr. Thomas was that the students see con
gruence arithmetic as an interesting way of looking at numbers as well as a powerful
tool for solving problems. However, I suggest that even studying congruence for these
"humble" purposes requires students to use advanced mathematical thinking. The
department's transition course was a prerequisite for the course studied, but this pol
icy is not enforced. This study implies that an awareness of the types of difficulties
that may be encountered by students who have not yet made the transition to ad
vanced mathematical thinking might be helpful for instructors of number theory at
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this level.

8.1 Teaching Congruence
Much of the difficulty that the students had seemed to be rooted in the vagueness
of the notation of congruence. By the second interview, the students had many
ideas about congruence which were disorganized and disconnected. One issue with
which the students seemed to wrestle was that different interpretations of congruence
seemed to be used in various contexts. In one type of problem, congruences would be
rewritten as equations, and in another, the divisibility definition would be used. For
several of the participants, there were no connections between these representations,
and their understanding of congruence seemed to become more fragmented with time.
The roles of these different interpretations of congruence were not dealt with in
class by Dr. Thomas, and I doubt that most instructors of such a comrse would discuss
them. I do not mean to say that instructors are not aware of the difficulties students
have Mnth this concept, but I think that the different interpretations of the concept are
so well-connected in the minds of most mathematicians that it would seem strange
to pick the concept apart in class and discuss the details with the students. This
issue of what knowledge of a concept is needed for teaching is an important one
in mathematics education. In order to effectively teach a concept, the instructor
should have what BaU (2001) calls "unpacked" mathematical knowledge. The power
of mathematics lies in its compactness, and mathematicians are incredibly proficient

288

at thinking highly abstractly. Once one understands how to think so abstractly, there
is great power in doing so.
Most mathematics teachers have likely had the experience of trying to teach stu
dents to think about a concept in some abstract way that makes the entire topic
crystal dear to the teacher, but the power of which is completely lost on the stu
dents. For example, the summer after my first year of graduate school, I designed
and taught a smnmer workshop for high school teachers about cryptography. I was
convinced that if I introduced these teachers to cyclic groups, then I could explain
Fermat's Little theorem in terms that would make it absolutely clear to them why
this theorem is true, and that this would in turn help them to understand why the
RSA^ cryptosystem works. They stared at me throughout that brief lecture as if I had
rabbits coming out of my ears. I have learned a great deal about teaching since then.
As another example, there is a text which is sometimes used in first-year greiduate
algebra courses which begins by introducing category theory, after which concepts
like groups, rings, fields, and modules are presented as examples of categories. I also
question the pedagogical value of this approach in teaching mathematics graduate
students as well. Of course, this beg? the question: when and how sho^d mathemat
ics students leam to think abstractly? That question is the concern of many who do
research in undergraduate mathematics education, and is beyond the scope of this
study.
'RSA is the Rivest-Shamir-Adleman public key cryptosystem. See Koblitz (1994) for a thorough
account.
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8.1.1 Dr. Thomas* Plan for Congruence
Dr. Thomas, who widoubtedly learned the lesson described above early on in his
experiences teaching nuaber theory, stated in one of our audio-taped conversations
that he did not want to emphasize the fact that congruence is an equivalence relation,
or to think of the "mod world" as a system of congruence classes. He did not want any
unnecessary abstraction to prevent the students from seeing the power of congruence.
Rather, he wanted to build the concept of congruence on the students' prior knowledge
of division with remainders; that we call two integers congruent modulo n if they
leave the same remainder upon division by n. He wanted them to be able to think
about working jiist with the remainders as a finite number system, though he knew
from experience that the idea of substituting congruent integers for each other was
problematic for students. "These people can probably handle multiple integrals, and
are totally stmnped by just substituting negative 5 for 94 [mod 99]."
Interestingly, this was not the soinrce of the six students' difficulty with congruence.
They did substitute congruent integers for each other and were generally able to
explain why this was allowable. Of course, their explanations very often were based
not on the above definition that Dr. Thomas assmned they knew, but on a more
restricted interpretation. I asked Dr. Thomas how he would expect the students to
explain the meaning of congruence, and he thought that they would think of it in one
of two ways: a = 6 (mod n) means a and b leave the same remainder upon division by
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n, and n \ a — b . It is interesting to note that these were essentially the least common
ways that the students did, in reaUty, interpret congruence.

8.2 Congruence and Prospective Teachers
Zazkis (1999) advocates having pre-service teachers re-examine familiar mathematical
processes and objects in unconventional niunber systems as a means to get students
to "reconsider their basic mathematical assumptions and analyze their automated
responses. [These types of activities] constitute an essential tool for the development
of critical thinking in mathematics teacher education" (p. 650). She uses a language
analogy, saying that studying another language helps one to better understand the
structure of one's own language. "Working with non-conventional structures helps
students in constructing richer and more abstract schemas, in which new knowledge
will be assimilated" (p. 651).
I strongly agree with this perspective and suggest that the study of congruence
provides an ideal opportimity to examine teachers' fundamental understandings of
algebra. For example, studying the properties of fimctions and equations in the rings
Z/nZ could enable students to explicitly make connections with and deepen their
understanding of the ways in which algebraic structures underlie the processes of
secondary school algebra, such as modeling situations with fimctions and equations,
finding roots of polynomials, and using various procedures for solving equations.
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The course that I studied was not intended to help students make these connec
tions. I do not mean to suggest that Dr. Thomas assumed that the students would
make these connections on their own, nor to suggest that he had as a goal that any
such connections would be made at all. Rather, I assert that the material studied
in this type of course presents an opportunity to help prospective teachers make the
connections between number theory and algebra. Is a course such as the one de
scribed the best environment in which to do this? The finHingia would suggest that
the students bad significant difficulty imderstanding the material, and expecting them
to make these connections as well may be asking too much of them. On the other
hand, one could argue that making the connections during the course may provide
motivation for the students to deeply explore and think about the concepts. The
reality, however, seems to be that such courses are generally taught by mathematics
faculty (who may not be interested in or prepared to help students make these con
nections), and are taken by a variety of students from different backgrounds, not only
prospective teachers. Perhaps a so-called "capstone" course for prospective teachers
would be the best environment in which to revisit the topic of congruence and help
teachers deepen their understanding of algebra.
One final note: it is striking that there were many similarities between the stu
dents' lack of understanding of the reduction of moduli procedure and children's
difficulties solving equations in algebra. This may indicate that there are common
underlying reasons for these difficulties. This is a question for further study.
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8.3

Mapping Problems to Other Domains

The fact that the students did not seem to understand the power of using congruence
to solve linear Diophantine equations is quite interesting. Th^ mostly rejected the
exhaustive search strategy for solving congruences that E)r. Thomas presented in favor
of reduction of moduli, which is not terribly surprising in light of their discomfort
with congruence. They did, however, find a way to solve the problem. Is it so terrible
that they did not use the method that the instructor intended them to use? No,
of course not. It speaks to the intelligence and resourcefulness of the students that
they managed to find a way to solve congruences at all. They clearly viewed ROM
as somehow better than the method used in class, despite the fact that it is lengthy
and highly procedural.^ Without a means of inverting integers modulo n, ROM is in
fact a fairly effective tool for solving congruences.
On the other hand, it appears to be the case that these students actually thought
that there was no difference between congruences and Diophantine equations, and
that a congruence to be solved was simply different, slightly confusing notation for
an equation, with the first step of ROM completed for them. This is somewhat
imsettling, since we would like them to be able to work with congruences alone.
There are many reasons for this, but an important one is that we would like to think
that our undergraduate mathematics majors can solve equations in different number
^The fact that the students rejected the solution strategy of trying eadi of the finite number of
possible solutions may have its roots in a deeper issue - that of rejecting a guessing strategy in favor
of one that appears more 'Yonnal" and "correct." This may also be a question for future research.
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systems, and can miderstand the difference between and value of various equivalence
relations defined on the integers.
The strategy of studying a mathematical object by associating it with another type
of mathematical object, and then working with the new object in order to learn about
the original one is extremely important. Though we introduce it to imdergraduates
in all areas of mathematics, this study suggests that it is difficult to acquire such
a perspective on mathematics. The students in this study were so overwhelmed by
working with congruence that they generally did not see it as an important tool to
be used in many ways. I do not doubt that there are many other instances of this
phenomenon to be found in the undergraduate curriculum. For example, students
who struggle with group theory will likely not understand the power of Galois theory.

8.4

Recommendations

I agree with Dr. Thomas that there is probably little benefit to presenting congruence
in a highly formalized way. The idea of building on students' prior understanding of
division with remainder and divisibility is not only pedagogically sensible, but it also
reflects the historical development of the concept. Similarly, no one advocates that
we introduce children to the concept of fimction by saying, "Okay bojrs and girls, we'll
define a function as a set of ordered pairs, together with the property of univalence."
In contrast, children's imderstanding of function is developed by building on their
natural imderstanding of relationships between quantities. Profit from a lemonade
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stand is a function of the number of cups of lemonade sold, for example. Once this
understanding is in place, the notion of fimction can be refined to include imivalence,
and can be extended to arbitrary sets.
With this said, I do believe that the fact that congruence is an equivalence relation
should be emphasized in some way, perhaps by reinforcing the idea that congruence
is similar to equality in that it tells us that two quantities are considered the same.
Without this notion of equivalence, the operational interpretation of congruence seems
almost a natural interpretation. Just as elementary teachers should avoid always
writing equalities with numbers and arithmetic operations on the left equal to a single
number on the right, perhaps we should be conscious of how we write congruences.
After all, Gauss himself gave as an example of congruence in Disquisitiones —7 = 15
(mod 11). He was clearly not thinking of congruence as needing to have any particular
proper form.
The distinction between the process of reducing mod n and using congruence to
denote that two integers are equivalent should be made clear to students. This is
similar to the distinction between the operational and relational interpretations of
equality. We want children to understand that the equality symbol can be used in a
variety of ways - in both 12+5 =? and 12+5 =? +11, there is an answer to be found,
but in both cases, = indicates that the quantities on both sides of the symbol are the
same. We do use = as a '^d the answer" sjonbol, but there is a deeper meaning
there as well. Similarly, we do write congruences that indicate that a reduction has
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occurred, such as 25 = 7 (mod 15). However, this congruence could also be written
as 7 = 25 (mod 15), and we could have chosen to represent 25 by —8 as well.
I really believe that in teaching students to solve linear congruences, we must
treat these congruences as analogous to equations from the beginning. Kieran (1999)
guided middle school algebra students to think of arithmetic identities relationally by
asking them to build identities such as (5 -f 2) • 3 = 2 • 10 +1. Eventually, these were
replaced by equations by making one of the numbers a variable, so that the students
would try to figure out what number the x could bein3-74-3 = a; — 1. The process
of building the arithmetic identities led the students in this teaching experiment to
view equaUty relationally, so that the process of learning to solve equations was based
upon this foundation. As noted earlier, methods typically used to introduce children
to solving equations tend to re-emphasize an operational interpretation of equality,
such as using a guess-and-check strategy to solve 3x — 4 = 17. It is not that this
type of strategy is not valuable, but to a child with an operational understanding
of equaUty, solving this equation becomes a process of finding a way to "make" 17,
instead of trying to find an x such that both sides of the equation are the same.
When the equations become more complicated, the student has no recoiurse but to
memorize a complex and fairly meaningless procedure in order to solve the equation.
For students with a relational view, solving such equations is not viewed as a matter
of '^remembering" how to do the problem, but as a solution process that makes sense.
For the students in this study, solving a congruence like 2x = 1 (mod 3) was
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easy, since they could quiddy check that by plugging in 2 for x and dividing the
product by 3, they would get a remainder of 1. However, solving 5x = 1 (mod 11)
appeared to be less straightforward. I suggest that giving students opportunities
to leam to solve congruences by performing operation on both sides, similar to the
equivalent equations method for solving equations in algebra, would not only reinforce
a relational view of congruence, but would make the students more comfortable in
the "mod world."
For example, the students could approach solving the above congruence by think
ing, "I need to multiply both sides of the congruence by the inverse of 5." The con
cept of multiplicative inverse could be introduced early, perhaps when the students
are learning about the Euclidean algorithm. The students coiild build multiplication
tables for certain "mod n worlds" and examine patterns that appear. One could
imagine that this type of activity would be very valuable for future middle and high
school teachers. The students should be able to discover for themselves which integers
are invertible modulo n and which are not, and they should be able to prove this fact
as well. Once the existence of modular inverses has been established, students can
write simple calculator programs to compute them for any value of n. Then, solving
a congruence such as 5a; = 1 (mod 11) is simply a matter of multiplying both sides
of the congruence by 9, which is the inverse of 5.
I remain convinced that it could be valuable in a number theory course (or in
a "capstone course") to give prospective teachers experiences in solving congruences
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using methods that are analogous to those used in algebra. Coupled with discus
sions of the similarities and differences between working in the integers or rationals
and working in finite number systems, these experiences may serve to deepen their
understandings of the processes of the mathematics that they will be teaching. Postsecondary mathematics faculty often complain that their fireshmen do not understand
basic algebra, and wonder what high school teachers are doing in their classrooms.
I would suggest that for most teachers, their university education did little to pre
pare them to teach algebra effectively. Many teachers in the field may deepen their
imderstanding of algebra on their own, by attending workshops, conferences, and con
tinuing to study mathematics. Others choose to focus instead on one of the myriad
other problems that they encoimter daily in their classrooms, such as working with
students with various special needs, finding ways to better teach other mathematical
subjects, and struggling to accommodate the needs of an incredibly diverse popula
tion. I firmly believe that it is the responsibility of mathematics faculty to prepare
and support these teachers, if for no other reason than that they in return will provide
us with more prepared students in the future.

298

CHAPTER 9

CONCLUSIONS
I began the study with one question in mind to answer for myself - why is congruence
hard for students to understand? In the process, I learned a great deal about not only
the students' understanding, but my own as well. I found that I also abused notation,
had a tendency to reduce the right side of a congruence, and wrote congruences to
represent the finding the result of a computation. Part of the research process, for me,
was looking at my own reflection in the data, at my interpretations and expectations.
I had never before studied the concept of congruence with so tight a focus, with
the piupose of picking the concept apart and examining the pieces of it with which
students struggle. The experience was extremely enlightening.
So why is congruence hard? I think that one of the reasons is that one can interpret
a congruence in many different ways depending on the context. The quantities that
are equivalent can be viewed as integers, or as congruence classes, or as elements of a
finite ring. Sometimes it is most useful to think of a statement like 21 = 33 (mod 6)
in terms of the remainder that these numbers both leave upon division by 6. At other
times, we might want to use the fact that their difference is divisible by 6. At still
other times, we might want to note that they both are representatives of the class
of numbers which are 3 more than a multiple of 6. We can use the fact that these
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numbers are considered the same to substitute one for the other. Of course, when
working with a congruence such as the one above, there are interpretations that are
not available to us; for example, the strict division-remainder interpretation cannot
be used.
Another reason that the participants struggled with congruence was that they had
limited experience with congruences before they were introduced to solving linear con
gruences. Most of their experiences involving the term "mod" had involved replacing
a somewhat large number by its remainder upon division by some n. Congruence was
interpreted as a way to record this replacement, rather than as a statement that two
integers are considered the same. Dr. Thomas emphasized this relational aspect of
congruence in class, comparing a congruence statement to an equality involving ratio
nal niunbers, saying that when we want to add two rational numbers, we often choose
a non-standard representation to work with that facilitates the arithmetic. The stu
dents typically viewed congruence statements in a limited way, however. When asked
what vEilues x could have in a congruence like x = 3 (mod 7), the students tended
to respond that there were infinitely many, since infinitely many numbers have a
remainder of 3 upon division by 7. In a congruence of the form 17 = x (mod 4),
the students typically responded that there was one "best" answer, 1. Clearly the
symmetric property of congruence was not understood.
What does this research contribute to our understanding of how students learn
mathematics? Certainly, the topic of congruence is previously unexplored, and so
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the primary contribution is to build a base upon which further study can be built.
There is generally little known about how students learn and understand fnathPTnatirg
beyond calculus; this work contributes to a small but growing body of research in un
dergraduate mathematics education. This study also documents similarities between
algebraic thinking at the undergraduate level and at the elementary and secondary
levels. The fact that these similarities exist is striking, and if more such similarities
exist, could help us understand the diflSculties that students have in algebra across
the spectrum. Finally, this study can also contribute to the research on content
knowledge for teaching algebra. Though the topic is unstudied at this time, I believe
that teachers can benefit from studying congruence in that their understanding of
the processes of algebra and of algebraic concepts can be strengthened, which can in
turn help them teach algebra more effectively.

9.1 Advanced Mathematical Thinking and the Emergent Per
spective
Further contributions of this research concern the two theoretical perspectives em
ployed in the analysis of the data. The mathematics education community has been
somewhat divided in recent years about the characterization of advanced mathemat
ical thinking. Though I have not specifically characterized AMT, I have developed
a framework for analyzing students' thinking about a concept. This framework was
very useful to me as I attempted to determine the degree to which the students were
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employing some of the tools of AMT. I hope to continue to develop this framework
and to contribute to the ongoing discussion in the research community on the nature
of AMT. In particular, I am interested in focusing on the role of definition in advanced
mathematical thinking.
Most research involving the emergent perspective has been conducted in elemen
tary classrooms in the context of teaching experiments, which is clearly quite distinct
from the classroom in which I collected data. However, mathematics is an inherently
social activity at any level, and coordinating the psychological and sociocultural per
spectives in research on the learning of mathematics seems to be crucial. How pre
cisely to coordinate these perspectives remains an open question. In this study, the
emphasis was placed on the interpretations of the individuals, which were then "fil
tered" through the classroom mathematics practices that developed. As a result of
this filtering process, I came to view the individuals' misconceptions about congru
ence as consequences of certain practices that developed in the class as a whole. In
the research currently published employing the emergent perspective, the focus was
generally placed on the development of classroom mathematical practices, with the
interpretations of individuals used to show how the practices change over time. In
this study, I have used the opposite approach - I examined the class practices in
order to examine how the interpretations of the individuals changed over time. This
approach to connecting the individual with the psychological is unique and may be
useful in other contexts as well.
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9.2

Limitations

A limitation of the results of this study in general is that this course was fairly unique
(see chapter 5). Most mathematics students presmnably encounter this material in
the context of a first course in abstract algebra or in a more standard number theory
course, which may occur late enough in their mathematical careers to avoid some of
the difficulties that the students in this study had with the role of definition. On the
other hand, research reported in chapter 2 indicates that students have significant
difficulties with the material in abstract algebra. Would students who studied con
gruence in a more traditional setting have a similar perspective on the concept? I
have anecdotal evidence to suggest that that this is indeed the case.
Another limitation of the study arises firom the fact that the design was ex
ploratory, and as noted in chapters 6 and 7, was not specifically designed to examine
many of the phenomena that I found especially interesting. This is the nature of an
exploratory study, and is not a flaw in the study design (see chapter 4 for more infor
mation on the design of the study). Though it does limit the scope of the findings to
a certain extent, such a study serves as a starting point from which to design future
research on these findings.
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9.3

Questions for fViture Research

As mentioned above, the exploratory design of the study was well-suited for uncover
ing many aspects of the students' understanding of congruence of integers. Many of
the results reported could be examined further in smaller studies specifically designed
for this purpose. In addition, it would be interesting to compare these results to the
conceptions of students in more traditional courses in order to determine the extent
to which the nature of the course impacted the tendency towards an operational
interpretation of congruence.
Designing and conducting teaching experiments in similar courses could also pro
vide opportunities to develop curricula for the teaching of congruence. The focus
of this course was on solving problems of interest to prospective high school teach
ers, and there are many opportunities in such a course to use congruence to explore
the students' conceptions of algebra. I would like to develop materials for a course
for teachers in which cryptography is used to motivate the study of congruence and
related topics in number theory.
Such a teaching experiment would also provide an opportimity to more effectively
study the development of CMPs in the context of a content course for teachers, some
thing which does not appear in the literature at this time. Research has shown that
teachers tend to teach mathematics as they themselves were taught. The fact that
many undergraduate mathematics courses are taught almost exclusively using the
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lecture method is regarded as a major obstacle to preparing teachers to teach mathe
matics in more interactive ways. Participating in a classroom in which the instructor
is explicitly focusing on the development of discourse and communal practices gives
prospective teachers experience learning mathematics in an interactive environment,
which may directly affect their teaching in the future.
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CHAPTER 10

EPILOGUE: A CONVERSATION WITH DR. THOMAS
As the instructor of the course, Dr. Thomas took great interest in the results of my
study. After the study was complete and with the defense of the dissertation around
the comer, we sat down for one more conversation about the results.
The finding that surprised Dr. Thomas most was that the students had rejected the
strategy of trying all possibilities when solving congruences. He was concerned that
the students did not appreciate the benefits of working in a finite system, and found
their general reluctance to work in the '*mod world" quite reveeding. "Surely in a small
finite system like the world mod 11, guess and check should be an attractive strategy,
if not automatic." The fact that the students did not see trying all possibilities as
a viable option indicated to Him that the students had missed one of the important
points of the course - that working in the "mod world" can be a powerful and useful
tool for solving problems.
We discussed the students' appropriation of ROM to solve congruences as well.
This did not seem to surprise him as much as the students' rejection of the guessing
strategy, but he had thought about why this is likely the case.
"Most people want to rely on a fool-proof method, whether or not it makes
any sense to them, to grind it out, which always seems to produce the right
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answer. They seem to prefer that to something that requires a little bit of
thinking. [... ] I think that students who are insecure with mathematics
operate in similar ways at every level, relinquishing their thinking powers
and employing a memorized process instead."
He added that students have likely been discouraged from using guessing as a problemsolving strategy during most of their school experiences, and that he thought this
may be a factor in their rejection of the strategy of trying all of the possibihties when
solving a congruence such as 52 = 1 (mod 11).
Dr. Thomas noted that the strategy of transferring a problem to another domain
in order to solve it is one that does indeed seem to be difficult for students. He gave an
example of what he believed was a related phenomenon: he had frequently seen fairly
advanced students work easily with abstract ideas, and then subsequently struggle
when asked to apply these abstract ideas in a concrete setting. Overall, he thought
that this transferring strategy was an extremely important one to communicate to
the students.
"Perhaps the best thing to come out of the class would be the idea of
transformation, moving from the real world to the mod world and back
again. If this could be successfidly negotiated, it would be a triumph."
Overall, Dr. Thomas seemed to have found the study quite interesting, though
be was uncertain about some of claims I had made at various points, particularly
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concerning op^ational and relational views of congruence. He noted that his pnipha.«ria
in the course had been on solving problems and finding solutions, which seemed to
assiune an operational interpretation of congruence. He noted that on items like
problem 2 on the exam, which asked the students to fill in the blank in the congruence
33^® =

(mod 8),

he really was looking for the remainder of 33^^ upon division by 8. He did see my point
that this is a common "abuse" of congruence notation that reinforces a predominantly
operational view of congruence, saying, "I should have said, 'Find a number n such
that 0 < n < 8 which satisfies the congruence.' " I noted that the emphasis on
interpreting statements of congruence was an aspect of the students' understanding
that was introduced by me during the interviews. (I do not deny that the act of
participating in the interviews had an impact on these six individuals' interpretations
of congruence.) Perhaps because I was asking them to discuss their interpretations
of congruence statements in the interviews, most the students came to value having
a conceptual understanding of congruence that was not so directly emphasized in the
course. Of course, it is only in retrospect that we can both articulate these difiierences
between what Dr. Thomas was looking for in the course and what I was looking for in
the interviews - prior to this study, I doubt we could have had such a conversation.
An excerpt demonstrating the difference in our perspectives follows:
T: Generally when there's a problem to be solved, you have to do some

type of operation to find the answer, and even though they seemed
to not understand the relational idea, that you can add something
to both sides, that... Would you say that the ability to be able to
think of it as a sort of a balance is important in itself, because they
should understand balance and symmetry and equivalence relations
and so on, or do you think it's every bit as important from a student's
point of view that th^ imderstand that they can multiply the same
thing on both sides so that they can continue the operation, which is
the problem to be solved? I think to you one of the most important
things is their understanding the concept of congruence as a relation.
Well, I guess the issue was that they weren't thinking of congruences
as being equations at all, even though you emphasized that. You
once did a proof where that was emphasized, and used the fact that
this was a relation, that you can do the same thing to both sides.
The other time that this relational aspect was emphasized a lot was
when they were doing Fermat's little theorem, and raising both sides
to a power. Somehow that didn't translate to linear congruences,
multiplying or adding the same number to both sides. It looked like
you were sort of assuming, like when we teach algebra, that you can
think of these operationally, or you can think of them relationally,
depending on context, and you can switch back and forth.

T: I get the feelmg that, when you were going to teach the class, you
wanted them to program the method for finding the modular inverse,
to avoid the whole problem. You thought that haAong a program was
preferable because you were interested in them solving equations in
a finite world. It's a nice mirror, and it's a lot tougher than solv
ing equations ordinarily. You wanted them to learn about number
systems and solving equations through a lens of looking at a finite
world, and that's neat. You wanted them to think, I'm solving a
congruence and that's like a linear equation where 1 can take the
inverse of the coefficient and multiply it through.
1

I asked if there was anything in the dissertation that he disagreed with, and he
responded:
"No, no. I think there may have been stuff you wrote that you placed
more emphasis on than necessary, though I can't think of anything right
now. As I was reading through the stuff, I would occasionally say, yes,
that's true, and I would occasionally say, now wait a second, she's making
a big fiiss about something, and I'm not quite sure that it's exactly the
way she says it. Mostly though, when those times occiured, I would say
to myself, you know, I never really thought about it in those terms, and
now that I'm being forced to think about it, I guess I'd better think about
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it, because I'm not going to take her word necessarily, cause after all, I've
taught a lot of years and she hasn't. And overall I'm still at sea with math
education research generally. I guess I still wonder how substantive and
how profound all of this is. You obviously think this stuff is important."
Overall, I have the impression that Dr. Thomas learned a good deal from partici
pating in the study, not only about what happened in his classroom, but also about
the nature of mathematics education research in general. I was aware of his skepti
cism for the field prior to the project and had harbored a quiet hope that perhaps
the experience would sway him somewhat. I genuinely hope that it did, and that he
will continue to be open to such research projects in the future.

311

APPENDIX A

DATA COLLECTION INSTRUMENTS
A.l

Background Questionnaire

THE INFORMATION YOU PROVIDE ON THIS FORM WILL BE USED IN THE STUDY. THANKS
FOR YOUR PARTICIPATION!
1. First Name;
2. Age:
3. Year in School:
4. Major:
5. Why are you taking Math 315?
6. What other math courses are you taking this semester?
7. Please list the other math courses you have taken at the university level and
semester taken.
8. Why did you decide to major/minor in mathematics?
9. What do you plan to do after you graduate?
10. What are your favorite and least favorite mathematical subjects? Please explain
why.
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11. What do you believe it means to imderstand a mathematical concept?
12. How would you rate yourself as a mathematics student: poor, okay, pretty good,
or great? Explain your answer.
13. Describe the teaching style from which you leam best.
14. Have you ever studied modular arithmetic and/or clock arithmetic before?
15. If yes, in what context (in a class, on your own, etc.)?
16. If yes, please briefly describe what you know about modular arithmetic and/or
clock arithmetic.
17. Do you know what the statement below means? If so, please explain what it
means.
a = 6 (mod n)
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A.2

Questionnaire 2

Please answer the following questions in your own words. I am interested in your ideas and
what you are thinking about congruence of integers at this point in the semester, so please
don't discuss your answers to these items with anyone until after it's been tiimed in. Your
responses won't be graded in any way, and Dr. Thomas will not see your responses (except
with any identifying characteristics removed), so please answer honestly. Thank you for
your assistance with my study!
IN ITEMS 1-3 BELOW, THE WORD "EXPRESSION" REFERS TO "a = b (mod re)".
1. How would you explain what this expression means?
2. Is there another way you can think of to explain it? (If so, please do.)
3. Can you think of a way to draw a picture to show what this expression means?
4. What values could x have in each of the following?
(a) X = 3 (mod 7)
(b) 17 = x (mod 4)
(c) a: = 23 (mod 11)
(d) 2 = x (mod 9)
5. Why do you think congruence of integers is being taught in this course? (That
is, why is it important enough to have a whole chapter in the book?)
6. Do you think this is important for you to learn as a future teacher? Please
explain.
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IN ITEMS 7-9 BELOW, THE WORD "EXPRESSION" REFERS TO "a (mod n)."
7. How would you explain what this expression means?
8. Is there another way that you can think of to explain it? (If so, please explain
it.)
9. Can you think of a way to draw a picture to show what this expression means?
10. What numbers do each of the following represent?
(a) —2 (mod 6)
(b) 29 (mod 12)
(c) -37 (mod 10)
(d) 11 (mod 15)
11. Does a (mod n) mean something different from a = b (mod n) or are they the
same?
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A.3 The Exam on Congruence
Note: I list here the five problems (of seven) from the exam that were used in the
study.
1. Find the smallest x and y such that 75x + 27y = 12. Answer:
2. Solve the following congruences:
(a) 33^® =
(b) 19^® =

mod 8
mod 7

3. Solve each congruence separately:
(a) 5x = 1 mod 11; x =
(b) 6x = 3 mod 15; x =
4. Captain Thomas's squad has suffered morale problems. Most have deserted. He
tries valiantly to carry on and screams at them to get in formation but nothing
seems to work. When they arrange themselves in columns of 8 there is one
left over and in columns of 9 there are 7 left over. Thomas, himself, decides to
desert but changes his mind when a student informs him there is a way. What
is the student's solution? Answer:
5. Find the prime factorization of 2^® — 1. Answer:
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APPENDIX B

SUMMARY OF VIDEOTAPED CLASS SESSIONS
B.l

Class 1: Monday, February 12

Dr. Thomas returned the graded exam covering the first month's material and dis
cussed it. In discussing one problem, he made use of the fact that integers can be
classified into types based on their remainders upon division by an integer.
"Every number in the world is one of those forms [writes 3iC, Sif +1,
3K+2]. If you divide three into it, it'll go evenly, or it'll leave a remainder
of 1, or of 2. So you say to yourself, well, all numbers come in three types.
H you ended up with this type here as the product of A times B, what
can you say about A and B?"
He went on to discuss what type number the product AB would be given the types
of A and B, with no input from the students. They then discussed the exam, with
the students generally agreeing that it was fair, though a bit too long. He said that
he thought they did really well overall, that he was impressed.
After going over a homework problem from the previous chapter, he introduced
them to chapter 2:
"Chapter 2 has to do with the integers ... That's where we're going.
And the integers as you know are the whole numbers along with 0 and
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negative numbers as well. It turns out that the integers have been the way
that algebraists, until about 1300, integers were really the only acceptable
answers to problems. So, I thought we would start with Diophantine
equations - Diophantus was a guy that studied numbers, and he did a
lot of algebraic type word problems, and he insisted that the answers be
in integers. And so if you said X squared plus Y squared is Z squared,
what kind of answers can you get over there? [... ] If you insist on that
they be integers, then the answers that you get on the other side are very
particular."
He ended class by briefly discussing Fermat's Last Theorem and the drama siurrounding the proof.

B.2

Class 2: Wednesday, February 14

Dr. Thomas began class by introducing Diophantine equations via the classic "Pirate
problem."
"We had 17 pirates and they tried to divide the coins into equal portions
and they couldn't. So if C were to stand for the number of coins, then
when you try to divide 17 into C, it didn't go. So then apparently C is
not equal to VIK. Cause if it were, then 17 would go into it. If you try
to divide 17 into it, you get a quotient of K with 3 left over. So this is
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the way we write the statement 17 goes mto C with a remainder of three
[pointing to C = IIK + 3 on the board]. Does that make sense?"
He did not solve this problem, but showed how to set it up algebraically, saying,
"So this is a set of 3 simultaneous equations and we're looking to try to solve that."
He also introduced Pell equations and the students solved a few by guessing a few
values for X and trying them out. He then discussed linear Diophantine equations,
and gave the students a simple example to solve using the guess and check strategy:
2X + 4y = 3. Chris quickly noted that there were no integer solutions because the
left side of the equation is an even number, while the right side is an odd number.
Dr. Thomas discussed this comment briefly and then presented another equation:
2X+41^ = 4. The students suggested several solutions to this equation. Dr. Thomas
remarked that there are infinitely many such solutions. He then asked the students
to solve 3X + 6y = 7. After a bit of discussion, Chris suggested that this equation
had no solution since one can factor a 3 fi'om the left side and not from the right
side. After some prompting, a student conjectured that in order for such an equation
to have an integer solution, ''The coefficients and the answer have to have a common
multiple."
Dr. Thomas then introduced the students to the Euclidean algorithm and demon
strated how it could be used to find a solution to a linear Diophantine equation. "So
we can solve any linear Diophantine equation."
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B.3 Class 3: fViday, February 16
At the beginning of class, the students want to go over some homework questions
dealing with Diophantine problems. One is a problem of finding
c that

+ y^ +

the smallest such

— c has one, two, and three solutions. They end up looking at

numbers of the form 4n + 1. "Every number is either a multiple of 4 or it's not, and
if it's not there's a remainder of 1 or 2 or 3, if you divide

4." Dan notes that they

are looking at the "end form" of numbers written this way. "How about a 4A; + 3
squared? What form is that? That's 4k +1, isn't it, because I know what you did in
your head, you took 3 times 3, divided it by 4 and ended up with a remainder of 1."
Dr. Thomas uses this example to introduce mod notation. "Instead of saying a
number of the form 4fc, we'll say 0 mod 4, for 4A: 4-1, we'll say 1 mod 4. 4A: + 2 is
2 mod 4, and 4A; + 3 is 3 mod 4. ... We're going to work in modular systems." He
briefly discusses adding and multiplying in "our mod 4 world," and notes that we
can't always divide. "Our mod 4 world isn't perfect... Can't cancel, that just ruins
algebra." I should note here that he is not using congruence notation, but is simply
talking about numbers of the form a mod n. This notation is not standard, and is
considered to be fairly meaningless in and of itself. Sometimes it is used in class to
represent a set of numbers (e.g., "primes of the form 3 mod 4") and sometimes it
represents an element of the "mod n world."
He proves that cancelation is not always possible in the "mod 4 world." He writes
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2A = 2B and asks if we can conclude from this that A = B. Chris notes that A could
be 2 and B could 0, and the equation would still be true.
They then discuss mod 10 a little, noting that viewing integers mod 10 is the same
as looking at the last digit. ''Every number in the world is congruent to either 0 mod
10,1 mod 10, 2 mod 10 ... the remainder is what we talk about in any mod world."
He notes that in some "mod worlds," it's easy to see what the number is, such as 10
or 2, while in other worlds, one really has to divide and keep the remainder in order
to do this. Writing 5863 mod 7 on the board, he says. Divide 7 into it and look at
the remainder." They practice a few with mod 5 and mod 3. "You will be amazed
at the power of working in finite worlds."

B.4

Class 4: Monday, February 19

Class begins with Eva asking a question about a Diophantine problem. Dr. Thomas
solves it using the Euclidean algorithm. Chris suggests that his group got a smaller
answer than the one just found by playing around algebraically with the equation.
Dr. Thomas responds;
"Now the fact that doing this problem we ended up with large numbers
here; the reason we did is because we multiplied our rather small niunbers by 6 to make large nmnbers, and then we went ahead and did some
exchanging back and forth to reduce these nimibers to smaller, you might
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say is awkward. With a new method we're going to do pretty soon, that
never happens. You always get the smallest answer."
He asks if there are more questions, and a student asks about another problem,
which they all agree is best solved using an exhaustive search. One student came
up with a fairly "slick" solution, and this is followed by a light-hearted discussion of
"slickness."
Dr. Thomas notes that they will now start section 2.2, and writes "Arithmetic
of Remainders" on the board. He starts with the problem: What is the last digit
of 2^*^? Chris almost immediately notes that it is 6, and says that he found that
answer by noticing that the last digits of powers of 2 go through the cycle 2, 4, 8, 6.
E)r. Thomas notes that this is different from the way he was going to approach it, but
then doesn't show them the way he was thinking of originally. He presents another
problem: What is the last digit of

+ 2^ + 3^ H

+ 100^? Chris says, "For that

one, because you have ten groups of them. It goes through cycles too. There's ten
cycles for each of those numbers. One through ten squared." Dr. Thomas, clearly
impressed, explains Chris's solution to the class.
He introduces "casting out nines," and uses the idea to emphasize the fact that
they will be working with remainders. "Do you believe that the remainder of {A x
B) -r 9 = remainder of (^4

9) x (B -r 9)?" Says they will discuss this next time.

322

B.5

Class 5: Wednesday, February 21

Dr. Thomas starts class by asking, "What does this mean?"

writing 3

(mod 7) on

the board. Eva says, "24 is an example - it's 3 mod 7." He asks, '^ould 3 be an
example?" They say yes. He asks for other examples, and they give bim 3, 10, 17,
24, 31. He asks for negative numbers and they give him some. He goes over division
with remainders with negative numbers. "We don't allow negative remainders, so you
have to get a positive one."
These are all numbers equal to 3 mod 7, but we don't say equal, we say congruent.
If I had two numbers n and m, both congruent mod 7" [writes n = m (mod 7)], and
asks when would this be true? A few suggestions are given, and eventually he writes
n = m + 7k on the board, along with 7 | n — m. He says:
"Two numbers are congruent mod 7 if they leave the same remainder.
But this [circling divisibility statement] says it too, and this may be a
little easier way of saying it. Two numbers are really congruent mod 7 if 7
divides their difference. And so that would be the definition of congruence
mod 7. And generally if you didn't have mod 7, but you had anything
in the world, you could guess what the definition is. n is congruent to
m mod fc if fc were to divide the difference. ... There's a whole set of
numbers congruent to 3, to 2, to 1, only 7 classes of numbers mod 7 . . .
We're going to do arithmetic on these classes of numbers."
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They do a few arithmetic examples mod 7. "4 x 5 is 20, but we're not using 20
because it's in the class of 6. Six is a representative of that class."
Chris solves one of the ^camples [560-559 mod 563] by choosing different represen
tatives [—3 and -4, to get 12]. Dr. Thomas asks the class if this is valid. Silence. He
discusses the use of different representatives in modular arithmetic, giving a fraction
example, using the representative terminology.
He proves: If a = c mod n and b = d mod n, then ab — cd mod n, by rewriting
a = c+nk, etc. (at Eva's suggestion), and working through the algebra. ''So this tells
us we can take any representative from any congruence class and do arithmetic."
He writes y/2 mod 7 and says that they can find this by trying all possibilities.
"3^ is a number and it's 2," and writes y/2 = 3. Eva says that square roots can't
exist in mod world becaiise they're not whole numbers. He says that >/2 does exist
in mod 7, and that it is 3 mod 4. He leaves it at that.
What is 2^°® mod 7? They find it by noting that 2^ is 1, and making this substi
tution, so that they have 2^®° = (2^)^-2^. "So the answer is 2," writing 2^®° = 2 mod
7. "You can make substitutions of equivalent numbers to your remainder numbers
[ ... ] you can do marvelous things in mathematics just by having the freedom of
choice of choosing different representatives rather than the standard representative."
"The next move beyond our first six grades of school, which we've just
finished, and now we're in junior high, and we're gonna do equations.
(Writes 3x = 1 mod 7] So I'm in the world of numbers mod 7 still, and
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I'm trying to find, I'm trying to solve 3x = 1, and that's a linear equation.
And I'm hoping it has an answer. And the good news is that there's only
seven numbers it could possibly be."
He teUs them to try all possibilities. They find that 5 works, and he points out that
—2 is also an easy solution to find.
They are finally introduced to reduction of moduli. The equation to solve is
5720x + 61712/ = 77. He goes slowly through all of the steps. They get n = 1 mod
2, and then he back-substitutes to get values for x and y. At the end, he quickly
says that one can find all the solutions by letting n = 3,5,7, etc. He tells them this
is called "reduction of moduli." A few students stay after class to ask both of us
questions.

B.6

Class 6: FViday, February 23

"Questions?" They begin going through another reduction of moduU problem, also
with fairly large numbers. It is mostly the procedure of rewriting and reducing. At
one point, he wants to exchange a number for a smaller representative.
"And I think that at this point I see a negative 189 and I see a 192 and
I think I will finally convert this 189 that's been floating around to a
smaller number. What do you think negative 189 is mod 192? I just
thought maybe I could make this smaller."
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The class is silent, clearly unsure of what he is asking. He finally explains that the
number he is looking for is 3. Later, he tries to solve the congruence 8r = 3 mod 19
by trying possibilities. He tries a few, but decides that he'll do one more round of
ROM instead. Solving this problem tates half of the class, and he fills every board
in the room in the process.
They next tackle a problem solving a system of congruences, a version of the
"Captain Thomas" problem. There is a system of three congruences to be solved;
N = 1 mod 10, iV = 7 mod 11, and N = 4 mod 9, and N = 1 mod 8. He notes that
they are looking for a "zero mod something." He writes on the board: N = I mod
10 = lOK + 1, and below it is 7 mod 11 = IIL + 7. He begins to solve one psur of
congruences, noting that though this looks like ROM, it's not the same procedure.
Solving this problem takes the rest of class, and the students mostly watch, listen,
and take notes.

B.7

Class 7: Monday, February 26

A student asks how, in an example from the book, one can transform the congruence
4.9 = 1 mod 11 into S = 3 mod 11. He shows how one can solve this congruence by
multipl3ring both sides by a conveniently chosen integer:

45 = 1 mod 11
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3(45) = 3(1) mod 11

12s = 3 mod 11

s = 3 mod 11
The students seem unsure of this method and ask a few more questions about it.
Another question is asked about ROM - why is it that substituting in p = 0 at the
end and back substituting this value does not always work to get the smallest answer?
Dr. Thomas explains that the procedwe gives a set of solutions, from which one can
find the smallest by plugging in a few values. The student seems unconvinced.
He tells them that they will ahead to section 2.4. He begins talking about divis
ibility, working towards FLT. He gives them the divisibility statement 341 | 2^^ - 2
and asks them to translate it into congruence notation. The students are silent, and
he leads them through rewriting this divisibility statement as a congruence. They do
a few more of these, and return to the idea of looking for the cycles one sees when
raising numbers to powers mod n.
They eventually figure out that 2^® = 1 mod 11, and he multiplies by 2 on both
sides. He asks the students if that is allowable. They do not respond, so he explains:
"And if I multiply that number by 2 and that number by 2 [pointing to the
congruence 2^ = 1 mod 11] I would have this, 2 to the 341 is congruent
to 2 mod 11? Can you do that with congruences like equalities? When you
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have an equality and you multiply both sides by 2, it's still an equality?
I did that right here. I took that [2^ = 1 mod 11] and I multiplied both
sides by 2, and I got that [2^^ = 2 mod 11]."
They generalize to the statement of the theorem:

= 1 mod p, or equivalently,

A'' = A mod p. When asking the students why these are equivalent, the issue of
operating on both sides of a congruence arises again. "Can you go ahead a take
congruences and add the same thing to both sides, multiply both sides by the same
thing, subtract the same from both sides, divide the same thing on both sides?" A
few students have questions about that, which he tries to answer.
He then starts to prove FLT, but gets stuck. Class ends with him saying that
they will finish the proof next time.

B.8 Class 8: Wednesday, February 28
At the beginning of class a congruence is written on the board; 8a; = 4 mod 12.
He asks the students how to solve it. One suggests that they can divide the entire
congruence by 4 to get 2x = 1 mod 3. He asks if there are other ways. Eva suggests
replacing the 4 with 16, and then notes that x is "2 mod 12." Dr. Thomas notes
that though this is an answer, they are missing others, and says that the first method
suggested produced all answers. He asks them how they would prove that one can
divide through a congruence by a number. Chris suggests that they rewrite the
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congruence as an equation first. Dr. Thomas does so, noting that "now we're not in
the world of mod 12 anymore." Th^ show that the equation can be divided through
by 4, and then the resulting equation translated back into a new congruence.
Barbara asks if it is possible to just divide the 8 and 16 [in 8x = 16 mod 12] and
not the 12. Dr. Thomas does so, and then says that this didn't get all answers, but it
did get one answer - "though we didn't get everything, we didn't do anything bad."
A discussion of when one can divide like this follows. Chris introduces a theorem that
actually describes when congruences have solutions. Barbara seems to be confused
still, but gives up.
Dr. Thomas asks if they have any homework questions. They ask about a few
involving FLT. He solves the problems at the board, with little input from the stu
dents.

B.9

Class 9: FViday, March 2

At the beginning of class, Chris volunteers to explain his solution to a problem at the
board. His solution uses FLT. Dan volunteers to show a related problem. He doesn't
use FLT in his solution. Dr. Thomas points out that this one is just a special case of
the one that Chris solved.
They ask a few more questions about various problems. They discuss another
problem using FLT, the explanation of which appeared somewhat confusing, as if
Dr. Thomas was thinking on his feet. This takes most of the class period.
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He introduces Pell equations at the end of class, stating that they will be using
congruence arithmetic to solve these. Th^ look at

= —1, and he asks,

"Would you agree that if it did have a chance of working, if there were an x and a y
for which x squared minus % squared really did equal negative 1, they would work
in the world mod 4?" They try all possibilities in the "mod 4 world," and find that
there is no solution.

B.IO

Class 10: Monday, March 5

Class stsirts with some talk about homework details. Dr. Thomas says that he will
start off today talking about the Pjrthagorean equation, and its relation to Pell equar
tions. He writes a list of solutions to a:^ +

= c on the board. They notice a

Fibonacci pattern. He directs them to look at numbers they'll never get. 3, 7, 11,
15, 19, 23, 27, 31, 35 ... Do they see a pattern? Someone notices that they never
seem to get nimibers that are 3 mod 4. He asks why this might be, and Eva suggests
that it is for the same reason as why the Pell equation from the previous class period
did not have any solutions. They discuss this in more detail, looking at the equation
mod 4 and trying all possibilities.
A student asks why it is enough to just try these possibilities, and Dr. Thomas
asks the class for suggestions. Dan suggests, "What if you put it in general form?
What if we said 0 plus 4N and 1 plus 4N and 2 plus 4N, and so on." Dr. Thomas
expands on that answer, and the students seems satisfied.
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They solve more homework problems for the rest of the class period.

B.ll

Class 11: Wednesday, March 7

Dr. Thomas begins class by discussing what will be covered on the exam. Someone
asks a question about a homework problem involving Pythagorean triples. Th^ solve
this problem, and someone asks about another Pythagorean triple problem, that in
a Pythagorean triple X,Y, Z, one of the 3 numbers is divisible by 5. The solution of
this one involves congruence, E>r. Thomas notes. He asks what the modulus of these
congruences will be, and the students aren't sure, indicating that there is still a lack
of connection between divisibility and congruence.
"What I want to do is show that that's true [A^ —

=0 mod 5] and

if it's not, then that's true [2AB = 0 mod 5], and if it's not, then that's
true [A^ +

= 0 mod 5]. Right?"

Dr. Thomas solves the problem with little input from the students. He notes
that this was going to be on the exam, but now he'll have to come up with another
problem. More discussion about the exam ensues. The rest of the class is spent
discussing a problem about writing numbers as the sums of squares in various ways.

B.12

Class 12: Friday, March 9

The students took the exam covering congruence.
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APPENDIX C

AMT ANALYSIS
C.l

Representations for Congruence

One of the first aspects I examined of the participants' understandings of congruence
was their use of representations. In this chapter, by representations I mean internal
mental interpretations of a congruence statement. In the pilot study conducted one
year earlier, I had determined the representations for congruence before analyzing
the data. Though the representations that the students used could generally be
organized into my predetermined categories, I later realized that this approach was
short-sighted, since the purpose of looking at representations was not to measure
the students' thinking against my understanding of congruence, but to uncover the
students' understandings from the data. I tried to analyze the transcripts with an
open mind.
In this study, the representations listed below were drawn entirely from the data.
The students' explanations and interpretations of congruence were examined in detail
and then classified and reclassified before the following types of representations for a
congruence a = b (mod n) were identified and coded:
Division-remainder (DR): a divided by n has a remainder of 6 (Note that this is
not the definition given in class, though it is applicable in certain contexts.)

i
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Equation (EN): rewrite aaa = b + nkoTa~b = nk
Divisibility (D): n | a — 6 (This is the standard definition, given in class and in the
text.)
Multiples (M): add or subtract multiples of n to or from a or 6 to transform;
congruent integers a and b are a multiple of n apart; congruent integers are
evenly spaced on the number line
Equivalence (EQ): Congruence is an equivalence relation; notion that congruent
integers act the same or can be considered as the same
Classification (C): classifying integers into (usually informal) congruence classes
(The students often used the terms "remainder world," "mod world," and "fam
ilies" for these informal classes of integers.)
Visual (V): a visual image of a clock or number line depicting congruent integers
Note: Occasionally a participant interpreted a congruence as a and b have the same
remainder upon division by n. In this case, the representation will be noted as
division-remainder*.
I looked not only at the variety of representations that the participants had at
their disposal, but also at the ways in which these representations appeared to be
linked. In line with Dreyfus (1991), I assumed that the more closely linked the rep
resentations are in the mind of the individual, the more flexibihty the individual has
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when solving problems. To determine the Hnlfs between representations, the inter
view transcripts were divided into segments. Each segment represented a complete
"thought" in the sense that it seemed to be a stand-alone phrase, sentence, or set of
sentences that the participant used to explain an idea. If the participant used more
than one representation in one segment, these representations were considered to be
linked. In the following, I will briefly describe the representations for congruence that
each participant exhibited during the two interviews, as well as any links between the
representations.

C.1.1 Fran
The table below shows the representations that Fran used in the interviews, along
with the number of times (in parentheses) each was used. An asterisk indicates that
the representation was not well-formulated.
Interview 1
• Division-remainder (12)
• Multiples (6)
• Equation (2*)

Interview 2
• Equation (17)
• Division-remainder (12)
• Classifying (12)
• DivisibiUty (1)
• Multiples (1)

Note that her primary means of interpreting congruence at the time of the first
interview was division-remainder, while in the second interview she used the equation
representation most often. Classifying, for Fran, was determining which number an
integer was in the "mod n world."
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At the time of the first interview, F^an was able to comiect the division-remainder
interpretation to the multiples representation. When solving x = 3 (mod 7), she
said, "Well, if x is 10 and you subtract 7, you get 3. Ten plus 7 would give you
17, which would still give you a remainder of 3, so then you'd just keep subtract
ing." By the second interview, she was able to make more connections between
representations, though many of these were tenuous: Division-remainder ^ Multi
ples, Division-remainder o Classifying, Classifying ^ Equation, Division-remainder
<-»• Equation, and Division-remainder ^ Divisibility. For example, she rewrote 2® = 1
(mod 7) as an equation, saying, "2 to the 6th, whatever that is if you divided it by 7
[DR], 2 to the 6th would be equal to 1 + 7i [EN]."

C.1.2 Eva
The representations that Eva used in the first interview were very similar to Fran's.
Interview 1
• Division-remainder (12)
• Multiples (10)

Interview 2
• Division-remainder (21)
• Equation (8)
• Classifying (7)
• Multiples (5)
• Equivalence (3)
• Divisibility (3)

By the second interview, she had acquired many more ways of representing con
gruence. Note that at both times, the division-remainder representation was the
dominant one.
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She linked her initial two representations; for example, when solving x = 3 (mod
7), she said, "What I did is add 7 plus 3 and got 10 [M], because I know if I divide
7 into it ... I add 3 to it because that's the remainder [DR] and I get 10." This is
similar to FVan's way of connecting these. At the time of the second interview, she
was able to link Division-remainder

Classifying ^ Multiples ^ Equation. "What

is negative 6 in mod 8 [C]? If I take, a negative 2 plus 8 will give me negative 6 [M],
so I got the plus 2 from that. So I have a equals 2 plus Sx [EN], so if I divide that
number by 8,1 get a remainder of 2 [DR]."

C.1.3 Dan
Dan's use of representations, shown below, did not change much from the first to the
second interviews.
Interview 1
• Classifying (18)
• Division-remainder (9)
• Divisibility (7)
• Multiples (4)
• Equations (2)
• Equivalence (2)

Interview 2
• Classifying (39)
• Divisibility (16)
• Division-remainder (15)
• Equation (13)
• Multiples (8)
• Equivalence (5)

He relied mostly on interpreting congruences as classifying integers in both interviews.
Divisibility and division-remainder were important in both as well. The equation
representation had become more important, as it had for most of the participants.
Dan's representations were extremely well-linked in both interviews. When he
explained how he had solved a problem, he jumped from representation to represen
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tation quickly. In the first interview, he linked Classifying ^ Equation o Equiva
lence, Classifying o Division-remainder ^ Divisibility, and Division-remainder was
linked to each of Divisibility, Multiples, and Equation. For «cample, when solving the
congruence 2 = 3 (mod 7), he said, This is the family of numbers in which, when
divided by 7 hzui a remainder of 3 [DR]. It's 7 divides x minus 3 [D]. So whatever x
is, you can plug in there, divide by 7. A lot of things can be reduced to 3 mod 7 [C]."
Dan's links between representations had only strengthened by the second inter
view:
• Division-remainder ^ Equation

Divisibihty ^ Multiples

• Division-remainder ^ Classifying ^ Equivalence
• Division-remainder

Classifying

• Multiples ^ Classifying
• Equation

Equation

Multiples ^ Divisibility

• Equivalence ^ Classifying
• Division-remainder

Classifying

• Classifying o Equation
• Division-remainder ^ Equation
• Equation o Multiples
• Division-remainder ^ Divisibility

Equation

Multiples

337

• Classifying <-> Divisibility
Note that Dan had several instances of linking three and four representations, more
than any of the other participants. A typical excerpt is as follows: "You'd have 4 plus
2k equals the 71 and then that's 4 mod 2 is congruent to 71 [EN]. Then you reduce
7, so 7 miniis 2 is 5, 5 minus 2 is 3, so it's 1/ [M]. And this is 0 mod 2 because 4 is
divisible

2 [D]."

C.1.4 Chris
Note how different Chris' use of representations is from the first to the second inter
view.
Interview 1
• Multiples (9)
• Equivalence (8)
• Classifying (5)
• Equations (1)

Interview 2
• Equation (19)
• Equivalence (12)
• Division-remainder (2)
• Division-remainder* (2)
• Divisibility (1)
• Multiples (1)
• Classifying (1)

Chris mostly used the multiples and equivalence representations during the first in
terview, but the equation representation became one of his primary representations
by the time of the second interview. The equivalence interpretation was still used,
and the division-remainder interpretation, conspicuously absent in the first interview,
appeared.
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Chris did not display the same extensive linlca between representations as did Dan.
F^om the table above, it can be seen that Chris generally interpreted congruences
using a small number of representations, while Dan's table shows that he used a wider
variety of representations. Chris connected equivalence, classifying, and multiples in
the first interview. For example, when explaining the meaning of congruence, he
said, "I think of a and h as the same number under this mod [EQ]. They're the same
number. They're in the same equivalence class [C]. There's an n separation, a blank
n separation between them [M]. So h minus a could be n, or a minus b could be n, or
it could be 2n, 3n, or 4n, or 5n [M]."
In the second interview, he connected more of the representations, such as Equiv
alence

Division-remainder*

Equation, Equation

Equivalence, and Equation

Divisibility. When explaining the meaning of congruence, for example, Chris said,
"a and b are in the same set [EQ]. When you divide by n, you get the same remainder
[DR*], and then a = b + kn [EN]." Only Chris and Barbara interpreted congruences
in terms of the numbers on both sides having the same remainder.

C.1.5 Barbara
The representations that Barbara used also changed significantly between the in
terviews. The division-remainder and equation representations became much more
prominent, and the divisibility representation all but disappeared.
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Interview 1
• Multiples (14)
• Divisibility (9)
• Division-remainder (8)
• Equation (6)

Interview 2
• Division-remainder (12)
• Equation (11)
• Multiples (5)
• Equivalence (2)
• Division-remainder* (1)
• Divisibility (1*)

At the time of the first interview, Barbara's representations seemed quite con
nected.
• Equation o Division-remainder ^ Multiples ^ Divisibility
• Divisibility ^ Division-remainder o Multiples
• Multiples ^ Division-remainder
• Equation

Division-remainder

She frequently linked three or four representations at a time, "a — b gives you an
evenly divisible number in a mod n world [D]. The remainder is kind of like your 6
[DR]. It will help you get to any number if it's not divisible by n. Say you're in mod
3, and you're given a is 8. You know that 3 goes into 8 two times [DR], so 2 times 3
is 6. Then you're not quite at 8 yet, you have to add your 6, which is 2, so that will
allow you to reach your 8 [M]."
Interestingly, there were fewer connections made in the second interview; Divisionremainder

Multiples

Equation, Division-remainder ^ Equivalence, Equation

o Divisibility, and Division-remainder

Multiples. For example, she explained why
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she substituted congruent integers for each other, sa}ing, "9 and 1 are equivalent
[EQ] because had you divided either one of those numbers by 8, then you would be
left with the same remainder[DR*]. "

C.1.6

Andrew

There was little change in Andrew's use of representations between the two interviews.
He primarily used division-remainder and divisibility in both interviews, with the
multiples interpretation de-emphasized slightly.
Interview 1
• Division-remainder (10)
• Divisibility (6)
• Multiples (5)
• Equations (4)
• Classifying (3)
• Equivalence (3)

Interview 2
• Division-remainder (16)
• Divisibility (8)
• Equation (5)
• Classifying (4)
• Equivalence (2)
• Multiples (1)

He relied heavily on the division-remainder interpretation in the first interview,
and almost all links between representations involved it. He cormected divisionremainder with divisibility, with a visual representation, and with multiples. In the
second interview, he linked Equation ^ Equivalence, Division-remainder
fying, Classifying O Multiples, and Divisibility

Classi

Division-remainder. For example,

when explaining his solution to problem 2(a) on the exam, he said, "I was looking
to see if 33 to the 5th would leave a remainder of 1 [DR]. You could also look at 33
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itself and see what it is in the world of mod 8 [C]." It is interesting that he did not
appear to ever connect more than two representations at a time.

C.1.7 Overview of Representations
In the framework, the use of representations is classified as follows:
1. Having few representations for the concept, with few or no links between them
[EMT]
2. Having several links between representations [Transitional]
3. Having many multiply-linked representations [AMT]
I refrain from classifying the participants into EMT, transitional, and AMT based on
this data alone, but at this point I will note where the participants fall with respect
to this category.
At the time of the first interview, FVan and Eva both had few representations for
congruence. By the second interview, both had acquired more representations for
congruence, but only Eva had truly managed to make connections between many of
these. Eva and FVan both were classified as in category (1) at the time of the first
interview. By the second interview, FVan was still in (1), while Eva had moved up to
(2).

Andrew had developed many representations at the time of the first interview,
and he had made several links between pairs of these. This situation had not chtmged
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diamatically by the second interview. In both cases, Andrew is classified as being in
category (2). Chris had several representations for congruence at the time of the first
interview, and like Andrew, he had made some connections between them. He had
acquired more representations by the time of the second interview, and had linked a
few more as well. He was classified as being in category (2) at both times, though he
is borderline category (3) at the times of the second interview.
Barbara and Dan both had several representations for congruence at the time of
the first interview, and both possessed multiple links between these. At the time of
the second interview, Dan had made even more

Hnlra

between representations, and

Barbara had acquired some new representations as weU. Both are considered as being
in category (3) during both interviews, though Barbara is borderline with category
(2) at the time of the second interview.

C.2 Concept Image and Concept Definition
The concept image (CI), as defined in chapter 3, is the individual's general intuitive
understanding of a concept, along with any associated images and ideas. The concept
definition (CD) is the individual's definition for the concept, which may be fairly
disconnected from the concept image. I chose to determine the CI and CD for each
participant well after the data had been collected, and so the questions asked in
the interviews were not specifically designed to uncover these. I interpreted the
explanation of congruence offered by an individual as the CD, since this was given
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primarily out of the context of a specific problem in response to the question, "What
does the statement a = h (mod n) mean?* This question was asked on the written
questionnaire, and the participants were asked to explain and expand upon their
written response in the first interview. The question was asked again at the end of
the second interview, with the intention of giving the participant an opportunity to
summarize his or her ideas about congruence that had been drawn out during the
interview.
The CI was more difficult to obtain, but I assumed that the CI would be the
interpretation of congruence that the individual used in practice, while solving prob
lems. The CPs of the participants were thus primarily gleaned from the explanations
they offered while working through problems. The determination of the CI relied
heavily on the participant's use of representations and related ideas when working
with congruences. I do not claim to have completely capttued these six students'
understandings of congruence, but I believe that I was able to determine generally
their CI's and CD's for this concept.
After attempting to determine the nature of each participant's CI and CD, I tried
to ascertain how interconnected these were by asking the following question: When
explaining their solutions, how much did they rely on the CI and how much on the
CD? Use of CI and CD is classified in the framework as follows:
I. Complete reliance on a limited CI, together with a fairly disconnected and
limited CD [EMT]
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2. Possessing a rich CI, together with a usable and partially formalized CD, and a
tendency to primarily rely on the CI when explaining ideas, occasionally using

the CD [IVansitional]
3. Possessing a rich CI which seemed to be well-integrated with a formal CD, with
an ability to use both CI and CD when explaining ideas [AMT]
In examining the use of CI and CD, I chose to focus on what I called "famiUar"
situations in chapter 3. A CI was considered "rich" if the participant appeared
to have many ways of thinking about congruence (representations), and seemed to
connect the concept with other mathematical ideas. This notion is not as precise as
I would like, but I found it useful nonetheless. A CD was considered "formal" if the
participant tended to use formal language and notation to describe their definition
for congruence. I must admit here that this classification is somewhat problematic,
since I typically asked the participants to explain the meaning of congruence and
related ideas as if to another student in the class. This may have caused some of the
participants to use less formal language than they would normally. To compensate, I
considered the participant's overall use of formal language in the interview in making
this decision.
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C.2.1 Fran
In the first interview, FVan's CI of congruence was highly procedural. She interpreted
most congruences in terms of division-remainder, and seemed to rely on a very narrow
set of procedures in order to solve simple congruences. Her CD for congruence was
based entirely on her limited CI; she described a = b (mod n) as meaning that
a -r n has remainder b. FVan applied her concept imag@ to answer questions in every
situation. Her explanations generally consisted of descriptions of procedures, and
tended to be inconsistent. At this point, she was clearly in category (1).
By the second interview, she had expanded her CI dramatically, and no longer
seemed to be limited to such a procedural understanding. Her CI of congruence also
included rewriting congruences as equations, and a notion of classifying integers into
the "world mod n." Her conception of congruence was operational. Her CD had not
changed much; she still described congruence as meaning that a -r n has remainder 6.
As before, FVan used her CI almost exclusively to explain how to solve problems,
which sometimes caused difficulty. For example, when asked how she interpreted the
meaning of a congruence of the form ax = b (mod n), she said, "This can represent
a whole lot of numbers ... I could turn it back into an equation [wrote ax = 6 + A;n]
... First I'd have to figure out what x is, because dividing n into ax isn't going to
get you very far unless you know what x is." At the time of the second interview,
she was still in category (1).
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C.2.2 Eva
Eva's CI for congruence was less procedural than FVan's, but was also fairly lunited.
Though she mostly worked with congruences in terms of division-remainder, Eva also
tended to interpret the term "remainder" rather liberally, considering a remainder as
any amount left over after she had subtracted multiples of the modulus from a number.
She would interpret a congruence such as 24 = 10 (mod 7) by reasoning that 10 could
be obtained from 24 by subtracting two multiples of 7. She had an operational view
of congruence, and tended to reduce what she called "ugly remainders" on the right
side of a congruence. Eva's CD was limited to a division-remainder interpretation:
a -Ml has a remainder of b.
At this time, Eva relied completely on her CI when working with congruences.
When asked if 17 could be a solution to 17 = x (mod 4), her reasoning was based
entirely on her notion of subtracting multiples. "It does matter if you say 17 is
the remainder or 17 is the number that you actually start with. [... ] The easiest
answer is just take 4 times 0 and then we have the remainder of actually the number
[17 = 17 4- 4 X 0]." At this point, Eva was in category (1).
By the second interview, Eva's CI for congruence had expanded greatly, to include
classifying numbers and rewriting congruences as equations. In addition, she was
comfortable substituting congruent integers for each other, though she still had an
operational view of congruence. Her CD, strangely, was s^ain limited to a

n has a
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remainder of b. I pressed her in the interview to think of other ways to interpret the
generic congruence a = b (mod n), but she replied that this was the definition that
she knew.
Eva tried to use her CD to explain why it is possible to divide through a congruence
the CCD of the integers and the modulus, but she was unable to do so. In
general, she was focused on getting an answer when solving problems and gave fairly
procedural explanations of her solutions. Whenever asked to explain, she tended to
use the division-remainder idea. As a result, she was classified as category (2) at this
point.

C.2.3 Dan
At the time of the first interview, Dan had a fairly rich CI for congruence, which
included his notion of families of integers, an informal notion of equivalence, in which
congruent integers act the same and can be interchanged, as well as the divisionremainder idea: b is the remainder of a -i- n. Dan's conception of congruence was also
operational at this point. His CD included the equivalent definitions given in class,
a = b + nk and n | a — 6, though the division-remainder interpretation was limited to
a-7-n has a remainder of b.

When explaining solutions to problems he had ahready solved, Dan used both his
CD and his CI fairly interchangeably. For example, when solving x = 1 (mod 11), he
used the standard definition: "11 divides x minus 1, so like 12 fits in there, 12 plus
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11 fits in there." However, when asked questions that he had apparently not thought
about before, he tended to use his CI exclusively. Dan explained why he thought that
the congruences 17 = x (mod 4) and x = 17 (mod 4) had different solutions: "A lot of
things are congruent to 1 mod 4, but not as many things are congruent to ... 17 sx
(mod 4), you know, when 17 is divided by 4, there's only one remainder. There's only
one answer." Dan was classified as category (2) at this time in the semester.
By the second interview, Dan's CI had expanded to include rewriting congruences
as equations and adding or subtracting multiples of the modulus to obtain congruent
integers. Though he still had an operational view of congruence, he seemed to un
derstand that congruences imply divisibility relationships. His notion of families had
strengthened considerably. His CD for congruence at this time consisted of classifi
cation of a into a family mod n, rewriting congruences as equations, a = 6 + nfe, smd
the division-remainder interpretation, a -r n has a remainder of 6. Though he used
the divisibility interpretation when solving problems, he did not offer the standard
definition as an explanation of congruence.
It was difficult to determine where Dan's CI ended and his CD began. In most
instances, he seemed to be reasoning about congruences using specific numbers and
specific examples, which lacks the formalism that I generally associated with the
CD. In situations where he had a misconception, his reasoning appeared to be based
entirely on his CI. Explaining why he thought that position was important in a
congruence, he said, "Here you want to know what family it belongs to, and every
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number only belongs to one fiamily. A lot of numbers are in that family, and that's
why it's infinite [referring to a variable on the left side of a congruence]. But when
you're given a nmnber and you want to classify it into a family [referring to a variable
on the right side of a congruence], the number only belongs to one family." As with
most of the students, Dan seemed to use FLT by matching the form of the number
with his CI of the concept behind the theorem. The link between congruence and
divisibility were somewhat separate from the theorem. Given a congruence (as in
problem 2), it did not necessarily occur to him to use the theorem, though in specific
contexts, like factoring, he knew he was supposed to use FLT. Dan was classified
again in category (2) at this point.

C.2.4 Chris
Chris had a faurly rich CI at the time of the first interview, mostly based on the
concept of an equivalence relation. He thought of congruent integers as acting the
same, as being a multiple of n apart on the number line, and that the difference
between congruent integers, a — 6 was a multiple of n. He also understood that a
congruence relation classified integers into congruence classes, and had an informal
notion of the standard representative of a class, which he called the "base" number.
At this point, Chris had a relational interpretation of congruence. His CD consisted
mainly of the idea that congruence is an equivalence relation, and so the properties
of equivalence relations held. He also stated that congruences could be rewritten as
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equations of the form a = 6 + nk.
Chris generally relied on his CI when explaining solutions. He described his general
strategy for solving congruences: "Going back to the spacing idea, I would just add 9
to 2, and if I had one that was larger than it, I would just subtract out the multiples
of 11 imtil I got to what I would consider my base. The first one I would think of
would be the base, and then if the base is given, like a 3, my first one would be the
next positive one." However, he sometimes seemed to be using his CD as well. When
explaining his solution to a; = 3 (mod 7), he said, "My first impression is to write
down X = 3 + 7A;. So any number of that form is what x is." At this point in the
semester, Chris was classified in category (2), but borderline category (3) because of
his use of some formal ideas about equivalence relations.
At the time of the second interview, Chris had backed away from thinking of
congruence as an equivalence relation and had acquired some new ideas about con
gruence. He frequently rewrote congruences as equations, had a less formal notion
of equivalence, and had incorporated the division-remainder interpretation into his
CI. At times, division-remainder meant that a and b leave the same remainder upon
division by n, and at other times, he interpreted congruences more strictly, as did
most of the other participants. Chris still viewed congruence as a means of classifying
integers into equivalence classes and used the fact that one can substitute equivalent
numbers for each other in congruences. At this time, he also indicated that he be
lieved the position of an integer in a congruence can be important. He was one of the
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few participants who treated linear congruences as analogous to equations, though
he was uncertain of this. He had, depending on context, both a relational and an
operational interpretation of congruence.
His CD at the time still relied heavily on his notion of equivalence. He described a
congruence as meaning that "a and 6 are in the same set", and when using the divisionremainder interpretation to explain the meaning of a = n (mod n), he emphasized
that a and b have the same remainder. He also explained the meaning of congruence
by rewriting congruences as equations such a8a = b + nk and b = a + nk. He did not
mention the standard definition at all.
Again, because of the nature of the questions asked, it was hard to draw the line
between CI and CD. For example, even when Chris seemed to know that something
was true theoretically, he tended to not trust the theory and would instead validate
the idea himself from an algebraic perspective. He demonstrated this several times;
for example, when explaining why one can divide through a congruence by a number,
he said:
"Every time I would think that through. Is that really equal to ... I
mean, I can almost consciously remember thinking through what if I divide
everything by 3, is that correct? Can I do that? And so then, I know
I went back to this, set it up this way, and divided by 3 and said, yeah.
And so I went back and that's how I did it. So, it was ... I understood
the idea of dividing by 3 by testing out the theory, even though it is a
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theorem we have."
He used his CD of rewriting a congruence as an equation to verify this fact fw
himself, but the fact that he needed to verify it is interesting, considering that he
knew that it was proved in class for the general case. He was not sure when to apply
the theorem, so he reproved it consciously every time. This could be viewed as relying
on his CI as well, since he did not seem to be sure if he could always divide through
a congruence.
On the items in problem 2 on the exam, Chris did not interpret the statements
33^ =

(mod 8) and 19^® =

(mod 7) as congruences, but as division-

remainder problems. In this situation, he seemed to be relying on his CI alone, since
he was somehow matching the form of this problem to a template in order to solve it.
When asked if he believed position was important in a congruence, he relied on
his CI to answer:
"We only see one number on that side and we think of this as being ...
we tend to write this [right side] as our reduced number and this one [left
side] can be anything. And then we don't write mod on both sides of the
congruences. [... ] Position in the congruence statement, it does make a
difference. And I would never think of writing mod on this [left] side. I
would always write it as a form of a number [write a + kn on the right
side], which is just sajring the same thing, I guess."
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When using FLT, he also seemed to be matching up the numbers he was trying to
factor with a template of how these problems are solved, which would be indicative of
reliance on his CI. When explaining the meaning of FLT, he became confused when
trying to explain the connection between FLT and divisibility. He finally rewrote the
congruence statement of the theorem as an equation and with some niunbers pliigged
in, he was able to explain:
C: I have 2 to the 30 is congruent to 1 mod 7 so I'd say 7 is a factor.
J: How do you know at that point that 7 is a factor?
C: Because it's the same as saying 2 to the 30th is equal to 1 plus Ik and
2 to the 30th minus 1 is equal to 7k.
He used his CD to rewrite the congruence as an equation in order to explain why
the divisibility was implied, but he had to plug in specific numbers to do so, which
indicates that he was also relying heavily on his CI.
Overall, Chris used both CI and CD frequently. He generally knew how to show
formally that certain ideas were true, but he seemed to find these arguments per
sonally unconvincing. He preferred to verify results for himself by plugging in some
numbers and explaining to himself in his own words why they were valid. At this
time, I classify him as borderline between category (2) and category (3).
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C.2.5 Barbara
At the time of the first interview, Barbara's CI for congruence consisted primarily
of a vague notion of equivalence together with a division-remainder interpretation,
though b was not necessarily the remainder. She tended to work with congruences as
tools to "build'' numbers of the form b-\-nk

adding or subtracting multiples of n to

or from an integer. She also used an informal version of the standard definition, that
the difference between congruent integers is divisible by n. At that time, she did not
believe that position was important, but did note that in general one should reduce
the right side of a congruence. Her CD was similar to Dan's and to what had been
given in class: Congruences can be rewritten as equations (a — 6 = nk, a = b + nk),
n I a — 6, and the narrow a

n has a remainder of 6. In addition, she also described

congruence as meaning that a and b are equivalent. She had a relational view of
congruence at this point.
In general, Barbara used both her CI and CD in familiar situations.
"o - 6 gives you an evenly divisible number in a mod n world. The
remainder is kind of like your b. It will help you get to any niunber if it's
not divisible by n. Say you're in mod 3, and you're given a is 8. You know
that 3 goes into 8 two times, so 2 times 3 is 6. Then you're not quite at
8 yet. You have to add your b, which is 2, so that will allow you to reach
your 8."
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In new situations, she usually applied both her CI and her CD. For example, I asked
her if it was permissible to write unreduced integers on the right side of a congruence.
She immediately interpreted my question in terms of her CD.
"If n divides a, does b have to be equal to 0? Well, ... how about a = 4
(mod 4). You could have a situation where it's not totally reduced. I
mean, a is obviously divisible by n, yet your b is just a multiple of n, so
then b doesn't have to be 0,1 guess."
However, she got lost in the notation when trying to use her CD to explain the
connection between the standard definition and rewriting congruences as equations.
She wrote a = 6 (mod n) and subtracted the b to the other side to get a — 6 =
(mod n). "When I said a and 6 are congruent mod n, I think that's really equal to
a — b — 1 + nfc. I mean, I don't know for sure, but in all other aspects if there's

nothing there then it's an implied 1. [...] But I don't think these two statements
are the same, [a = 6 (mod n) and a —b = 1 + nk]" Though it is striking at this
point that she seemed to be working with congruences in a way that was analogous to
working with equations, she was unable to apply her fairly solid CD for congruence
at the same time. At this point, she was in category (2), since she never appeared to
reason solely from definitions at all.
At the time of the second interview, her CI had changed somewhat. Rewriting
congruences as equations was an important component, along with both versions of
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the division-remainder interpretation: a -r n has remainder b and a - i - n and b - i - n
have the same remainder. She still viewed congruent integers are equivalent in an
informal way, and used this idea to substitute congraent integers for each other. At
this point, she also believed that position can be important, and like Chris, had
both a relational and an operational view of congruence, depending on context. Her
CD seemed to consist primarily of two components: a -r n has remainder b, and
congruences can be rewritten as equations.
As with Dan and Chris, it was at times difficult to tell the difference between her
CI and CD. At times, her CI appeared to have restricted her understanding. She
explained why she thought she had found the smallest solution for problem 1:
"x is equivalent or congruent to 7 mod 9 and I felt like totally confident
about that too, you know, which was funny. I think the thing that was
troubling me was that this number is positive so I was like, well, that has
to work, like it would have seemed odd to me to have a negative x even
though I had a negative y in my answer. But to me just knowing that x
was positive and that it looked small, I was like, oh yeah."
Similarly, she relied on her CI to explain why the thought position was important,
saying, "If this guy is next to the mod, then I know that he's going to be a remainder.
It's going to be between 0 and n minus 1. But this guy, he can do whatever he wants,
I mean being on the left side away from the mod n."
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When using FLT, she was reliant on her CI. She explained why she had decided
to use FLT in problem 2(b):
1guess because the mod was a prime. That was my first hint. So I knew
that a to the p minus 1, or 7 minus 1 in this case, would be equivalent to
1 mod p. So I started with that and it just so happened that 19 to the
6th, like if we raise that to the third, we would get 19 to the 18th, which
is almost oiur answer. Then I just multiplied and reduced it from there to
that."
She was clearly matching the numbers in the problem to a mental template for FLT.
In this interview, she was able to occasionally use her CD (rewriting congruences
as equations) to explain ideas.. For example, she explained why the congruence 2^ = 1
(mod 31) implied that 31 divided 2^ — 1:
"I would say that since this is a unique number, 2 to the 30th is equed to
1 plus 31 times some factor x. If I subtracted this over, 2 the 30th minus
one equals 31 times x, then I can see that 31 does in fact divide this and
leave you with an x."
Because she mostly relied on informal explanations based on her CI, Barbara is
borderline between category (2) and category (3) at this time. Her CI was fairly rich,
and she was more able to integrate her CI and CD while reasoning about congruence.
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C.2.6

Andrew

Andrew's CI at the time of the first interview was largely based on the divisionremainder interpretation, though he also thought of congruence in terms of a clock
image with n divisions, and incorporated some formal notions related to the standard
definition as well. He was the only participant who seemed to have a formal view
of congruence. His CD for congruence consisted primarily of the standard definition,
n I a — 6. He also described the meaning of congruence as a -r n has a remainder
of b and a = b + nk. These two interpretations were connected via the division
theorem. At this point, Andrew's interpretation of congruence was both operational
and relational.
Andrew generally used both his CI and CD when in both familiar and new sit
uations. For example, when asked why he thought that there were infinitely many
possible values for x in the congruence 17 = x (mod 4), he said, "Clearly when you
take this number and divide it by 4, you will get a remainder of 1 and not 5 or 9.
But the congruence still works because of this [standard] definition.'^
However, there was inconsistency between the standard definition for congruence
and the strict division-remainder interpretation that Andrew also viewed as a defin
ition. He recognized this inconsistency, though he wasn't sture what to do about it.
When asked if the congruences 17 = x (mod 4) and x = 17 (mod 4) were the same
or difierent, he responded at first that these were different, and after applying the
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standard definition, he changed his mind:
Teah, I would actually [consider them different], because you're talking
about remainders here [RHS] and you're talking about finding numbers
here [LHS]. [... ] Well, I guess looking at it, it wouldn't be ... I would say
there isn't a distinction if you were to switch these numbers around. If
you were to say x = 17 (mod 4) ... it's still x= 17 (mod 4) and 17 still
works because of the [standard] definition ... I guess, yeah, 17 works and
so does 17 + 4^."
At this point, Andrew's tendency was to use his CD fairly extensively to make
sense to ideas related to congruence, and he was the only participant to do so. He
was classified as being in category (3) at this time.
Andrew's CI did not change dramatically between the first and second interviews.
By the second interview, he seemed to have decided that position was not really
important in a congruence, and that reducing the number on the right side of a
congruence was a convention to be followed in some contexts. His CI also included the
division-remainder interpretation (a-i-n has remainder 6), the standard definition (n |
a — b), and rewriting congruences as equations. In addition, he tended to work with
congruences as analogous to equations, and fireely substituted equivalent integers on
both sides of a congruence. However, in many contexts, he clearly viewed congruence
as a transformation, speaking of numbers on the right side of a congruence as being in
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the "world mod n." At this point, he considered congruence to be both operational
and relational. His CD for congruence was virtually unchanged, consisting of the
standard definition (n |a — 6) and the division-remainder interpretation (a -r n has a
remainder of b).
As before, Andrew seemed to use his CI and CD most of the time when solving
problems. In problem 3, he was looking for a remainder with a certain property,
rather than just trying to find the result of a computation. He used the division
theorem and the definition of remainder in his explanation;
"If you're talking about a situation like this, you're looking for a specific
nimiber which when divided by 11 leaves this remainder. And so, I guess
one would have to explain to somebody that when you take a number and
divide it by something, the remainder cannot exceed the divisor. We've
talked about this with the division theorem. On the other hand, what I
get [... ] The remainder could not exceed what you are dividing by. Here,
you're looking for a number, or 5 times that number in this case, that will
specifically leave a remainder of 1."
He tended to emphasize the connection between congruences and divisibility state
ments when discussing FLT. "So like I knew from the theorem that this [2° = 1 mod
7] was true, so then this [2^® = 1 mod 7] would be true, so 1 knew that 7 divided
that. You could do a bunch of other primes for which that was true." However, the
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way that he used FLT was by going through the list of primes less than the exponent,
writing down

= 1 mod p for each, and then checking to see if he could raise both

sides of the congruence to the right power to get the exponent he needed. He was
relying on a CI related to trial division, and did not seem to understand the power
of the theorem.
In some situations, he seemed to be using only his CI, such as solving the problem
2 items. "You're looking for the remainder left over when you take 8 into this number.
[... ] I was looking to see if there was a possibility that 33 to the 5th would leave a
remainder of 1 there, and in fact it did."
Andrew still relied on his CD much of the time to reason about congruence. As
described in the previous chapter, he still held conflicting definitions for congruence,
but had decided to apply each in different circumstances. Because of his rich CI and
his use of both his CI and his CD, he is classified as category (3) here as well.

C.3

Reasoning From Definitions

To what extent did the participants reason about congruence using a definition? This
question was answered to an extent in the previous section, but I will briefly address
it more directly here. Since only Andrew used the standard definition extensively,
and since most participants did not tend to use the same remainder interpretation of
congruence, this is slightly difficult to address. However, most regarded the equation
representation as a definition for congruence. I focus here on what I call "new"
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situations, in which the participant was asked a question related to congruence that
I believed they had not considered before. The way in which each person approached
answering this question gave me some insight into how she or he used definitions.
In the framework, the three categories for reasoning from definitions are as follows:
1. Tend to use CI only in new situations [EMT]
2. Tend to use CI only in new situations; May occasionally attempt to use CD
[IVansitional]
3. Able to apply both CI and CD in new situations
FVan did not reason from a definition at all during the first interview. In the second
interview, she was able to connect two different formulations of FLT {p\ap—l and
= 1 (mod p)) by using her division-remainder CD. "Well, I can subtract 1 from
both sides of this and that gives me
into this

— 1=0 (mod p)]. Then if we divide this [p]

— 1], it'll go into it with no remainder. So therefore, p divides it." This

was one of a few instances in the second interview in which Fran successfully reasoned
from her CD. At the time of the first interview, she was definitely in category (1),
but by the second, she was in category (2).
Though Eva twice described her solution process for solving the congruences in
the first interview as looking for a number that satisfies certain conditions ("I had to
think about a number that if I take ..."So I need to find a nimiber that if I take

363

she always appeared to be relying on her CI in new situations. This was true
in both interviews. As a result, she is classified as category (1) at both times.
In both interviews Dan occasionally explained how he started problems by apply
ing a definition:
• To me it seemed like the family of numbers in which, when divided by
7 had a remainder of 3." (Division-remainder)
• "It's 7 divides x minus 3. So, whatever x is, you can plug in there,
divide by 7." (Divisibility)
• "Every number in the world falls into one of those categories in the world
mod 8. So when you solve the following congruences, what you want to
do is classify [the number] into it's family." (Classifying)
He generally relied on his CI in new situations, but occasionally seemed to be
trying to apply a definition. For example, when asked to explain why one can divide
through a congruence by a number, he said, "You can show that any number that
is in this family is also in this same family. Write this out... in a normal equation
setting, and then you can see that the 3 can divide out. [... ] An x that satisfied this
equation would satisfy this equation as well." He was classified as category (2) at
both times.
Like Dan, Chris occasionally explained how he started problems by applying the
definition. In new situations, he appeared to be relying both on his CI and his CD as
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well, and so there are no clear circumstances under which he appeared to be reasoning
from a definition. For example, when explaining why 75 = 21 mod 27 implies that
75x = 21x mod 27, Chris used the fact that congruence means that two integers
are considered equivalent. 'It doesn't matter what x is because no matter what x is
... as long as it's an integer value. Because ten 75's are still going to be equivalent
to 12 mod 27, the same as one 75 would be." Similarly, he explained why one can
substitute 1 for 33 when working modulo 8: "I guess I was thinking that 33 and 1 are
in the same set when it comes in terms of mod 8, and that any number that I take
to the 25th power in that set is going to be congruent to any other number in that
set that's to the 25th power." He was also classified as category (2) at both times.
Barbara also referred to definitions to explain how problems were started in both
interviews. During the second interview, she was much more likely to apply definitions
to answer questions in new situations. When asked why can one divide through a
congruence by an integer, she said:
"6m is congruent to 9 mod 21. Then if I wrote it out [6m — 9 = 21n],
then this is just the same thing. You know, if I was to do like 6m

minus

21n equals 9, then I could factor out the 3 from this side and then have
2m minus 7n equals 9, and then dividing this out, 3 is also a factor of 9,
so then I would have 2m minus 7n equals 3."
She used the same remainder definition to explain why one can substitute con-
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graent integers for each other in a congruence:
"9 and 1 are equivalent because had you divided either one of those num
bers by 8, then you would be left with the same remainder. So, the reason
you can substitute 1 for that is because when you divide this scary number
by 8, you're left with a remainder of 1 which is the same thing as saying
1."

When explaining why FLT implies divisibility, she relied on the equation defini
tion, saying, "Basically if jrou have some prime number p, and p is not a factor of a,
and you know this number right here minus 1 is equal to some factor of

p

[writing

— 1 = pn]." At the time of the first interview, Barbara was classified as category
(2), and by the third interview, she was classified as category (3).
Andrew used definitions very frequently throughout the first interview in a variety
of circumstances, including in new situations. His language reflected his tendency to
reason from definitions:
• "I'd say that this first one was more just appl}ring the basic definition
of congruence."
• "This statement is sort of an application of the division theorem."
• "On this one, I coiild just apply the definition and actually see if it was
true."
• "Sometimes I'm just re-chiiming again what the definition is saying.
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okay, find a number that meets these conditions."
• "This definition here, you're saying, when you divide

n, you get a

remainder of b."
• The congruence still works because of this definition."
• "If you were to use this definition, this would still be true."
• "This would make more sense in terms of the definition because by the
division theorem, you couldn't have a remainder that's bigger than your
divisor."
• "I was sort of blindly applying this definition, but this definition can
also be readily applied to that idea."
In both interviews, Andrew frequently used the standard definition of congruence
when trying to answer a question that I had posed. He frequently rewrote congruences
as statements about divisibility, for example, 75x = 39 mod 27 was rewritten as
27 I 75x — 39. He also rewrote statements about divisibility as congruences. "This
statement [9 | 25x — 13] could also be the same as 25x congruent to 13 mod 9."
When asked why he rewrote 8j = 6 mod 9 as 8j = 15 mod 9, he used the standard
definition;
"I mean if you're talking about the world mod 9, it wouldn't be true that
you would get a remainder greater than 9. But this congruence still is
true and so, I mean that's sort of the way I justify making some of these
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steps that I do make. [... ] If you took the difference between like say 8j
and 15, then 9 would still divide it."
At both times, Andrew was clearly in category (3).

C.4

Reflection

The participants made comments during the interviews that demonstrated how they
were thinking about their own learning, and were approaching the concept of congru
ence in general. In the &{unework, these conunents are classified into three categories;
1. Reflective conunents are focused on procedures of doing problems [EMT]
2. Reflective conunents focus on processes and strategies for solving problems in
general [TVansitional]
3. Reflective comments show attempts to structure imderstanding, fit ideas into a
"big picture" [AMT]
Fran's comments at the time of the first interview were limited to expressing
confusion and an awareness of her lack of understanding.
• "That's the only way I see it."
• "I don't know how to think of it another way."
• "What am I thinking here? I'm not used to working in the world of
mod."
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By the time of the second intoview, FVan's comments showed that she had begun
to place value on procedural understanding, and that she had for the most part
stopped trying to understand the concept of congruence.
• "I'm sure there's a theory behind it that makes a lot more sense but I
don't imderstand the theory."
• "Whenever I'm at the beginning stages, everjrthing else goes away. Let
me figme out how to do it, and then I'll figure out why it happens later."
• "There's another way, but I don't remember how to do it."
At both times, she is clearly in category 1,
At the time of the first interview, Eva's comments mostly referred to her thinking
processes while solving problems.
• "I wanted to change this one [reduce] because I don't like that. It
bothers me that way."
• "I thought about this for a long time."
• "I don't see them the same - that's interesting."
At the time of the second interview, her comments were focused on the process of
solving the problems and what difficulties she had.
• "At first I felt more comfortable with this one. I had some problems
understanding this for a while."
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• 1want to reduce the modulus smaller and smaller and smaller up to a
point that it's so small that either it's a 1 or it's just giving me something
that's obvious what's the answer."
• 1can't explain it in a mod 6 way because it's a little more high level
of thinking."
At both times, she is classified as category (2).
Dan's comments during the first interview focused on processes. These also
demonstrated Dan's lack of confidence in his own strategies at this point, frequently
expressing uncertainty about his ways of thinking about congruence.
• "I was sort of confused on exactly what we were supposed to do."
• "What was I thinking? Wow. What was I doing?"
• "I don't know if it's absolutely right, but that's the way I think about
it."
At this point, he appeared to be in category (2). By the time of the second interview,
his comments showed attempts to synthesize and make connections between concepts.
They also documented his frustration at occasionally not being able to do so. He was
aware of multiple strategies for solving a problem, and believed that some strategies
are somehow "better" than others because they use the mathematical structure more
directly.

• "It's supposed to work that your answers are right and then for some
reason, there's always some sort of additional trick you're supposed to do
to get the smaller answer. But I did it the way you're supposed to, I
think. ... Did I do the procedure right? Did I switch incorrectly? Did I
do the procedure wrong?"
• "There must be a way to bring out the solution, it being 7 mod 9."
• "So I had two avenues showing the same thing and so I was very con
vinced that it was right. ... I think I probably did this first [trial and
error] and then tried to show it with theory as opposed to just being able
to pound out the niunbers because this is the way you can do it without
really understanding what you're doing, and this is the way of showing."
• "The procedure is similar [for solving a single congruence or solving a
^tem]. It's just what you're given that makes the problems a little bit
different."
At this time, he is borderline between category (2) and category (3).
Chris's comments revealed that he had reflected on what he learned in a discrete
math course and had tried to integrate it with the new knowledge developed in the
number theory course. He also described his thinking very explicitly.
• "Congruence was very difficult for me in [discrete math]. I had to keep
looking it up. [... ] We wanted to have examples of equivalence relations,
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so [congruence] was introduced for that purpose only. [... ] [This class]
has given me a way to think of it and to apply the equivalence relation
idea to what I learned in [discrete math]."
• It seems to me like a visual thing. I get a picture in my mind."
•

don't tend to think of the negative numbers. Although, he did an

example in class the other that changed my mind. [... ] Before, it seemed a
little foreign jiist because negative one and positive one weren't necessarily
in the same system. I think we're used to that."
At the time of the second interview, Chris' comments were qmte reflective and
generally referred to the general thinking processes he used on problems of the type
being discussed. Dot just that specific problem. He also tended to think in terms
of the difficulties he had in coming to understcmd the concepts, and thought about
how to explain the concepts to others in such a way that these di£Bculties would be
addressed.
• "I would go back to the original. I would convert this one first and say,
do you guys agree that this is equal to 2lx plus 27y is equal to 12? And
then once they agree to that, I can say ... then I can divide both sides by
3, because they worked it out, I mean they know the algebra part of it,
and say, so now this would mean that this is equal and I think that would
be easy to see. And once you put it back to algebra, and then say, well

372

we can apply the same rule to the mod and get rid of that 3 out of there,
and then have them do it with another one with the mod. And then go
backwards and see if it works."
• "I mean, I don't know, consciously, I probably don't, but subconsciously
I think my first inclination is that I do think of an algebraic thing. When
I see a; I tend to think of algebraic things, you know and so right off the
first thing I did was convert it back to this, even though that step didn't
really help me solve the problem, I did that because that's where I'm more
comfortable."
He is classified as category (3) at both times.
Barbara's comments during the first interview pertained mostly to her own think
ing about various problems, though a few were more general comments about her
overall strategy for understanding the concepts.
• "This way is really much easier for me to think about."
• "This is what I've been keeping in the back of my mind the whole time
I've been learning about modular arithmetic."
• "I found in solving these problems the easiest thing to do is to get them
as small and positive as you can."
At this point, she is borderline between category (2) and category (3), since she
is mostly focused on her own thinking processes, but had made some attempts to
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generalize her understanding.
In the second interview, Barbara's comments showed her struggle to make sense
of the material. She wanted to understand the concepts and knew that it should all
make sense, but she was frustrated that it frequently did not.
• This is horrible, but I think it's [ROM] more actually procedural than
... I understand why we're doing that, reducing it down, but when we
start introducing other variables and you know, keep trying to reduce it,
reduce it, and then probably where1 get lost in all the thinking is when we
go back to unraveling it. I'm trying to figure out like why that's important
to solve it. You know to me, it seems like once we get down here, that
would seem like a solution but it's not because you have to go back and
do that so, that's what's the mystery to me."
• "I feel like in class we do lots of the computation, learning how to do
this procediure. So I think it is a very procedural course. I don't really
feel like we talk enough about why this actually works."
• 1actually look at [congruences] in terms of an equation. I mean, like
I understand the influence of the remainder in the situation, but it's not
really how I think about it."
She focused less on processes during this interview, and talked more about her at
tempts to understand the larger picture into which congruence fit. As a result, I
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classify her as category (3).
Andrew's comments during the first interview demonstrated that he was g^erally
a reflective individual. He frequently discussed his attempts to unify all his knowledge
about congruence and his general strategies for solving the congruences.
• "When we first started doing congruences and modular arithmetic, I
sort of felt like I had all these ideas surrounding me and I wasn't sure how
you unify them and I sort of came across this one [clock picture] and I
was like, well this just crystallizes everything."
• "I think subconsciously I have that in the back of my mind but I'm not
always thinking about it. Sometimes I'm just re-cbuming again what the
definition is saying, okay, find a number that meets these conditions."
• "One of the things that I noticed was, as you list these particular solu
tions, they become arithmetic sequences."
In the second interview as well, Andrew's comments showed that he was always
trying to see the big picture, trying to fit what he had learned into his understanding
of mathematics in general. He also discussed his strategies at length, and how he
decided to solve problems the way he did. In addition, he expressed firustration on
several occasions that ideas were not explained in class as much as he would have
liked.
• "I ran into this a lot in the homework sets where he would ask us to

look for the smallest solution for some set of congniencies or Diophantine
equations or what have you. And I really ... it sort of bugged me and I
wasn't sure why."
• "When I first encountered this and we sort of talked about cycling
aroimd and going through cycles [in problems like number 2 on the exam]
... It's not quite exactly like, but it's sort of similar to like imaginary
numbers when it repeats in cycles of 4 and so it's the same idea here."
• "That's sort of my downfall in math class is that I really don't work
with anybody. I mean, I'm not imcomfortable around people, I'm just, I
don't know, I just feel like sometimes I just need to sit down and figure
out things on my own. That may actually hurt me in the long run just
because it may not give me a chance to actually see if what I figured out
on my own is really what... is that what I really learned or is that what
I should have learned, at least when I talk with someone else. There's a
chance to exchange viewpoints and you know, come to some conclusion
but I'm sort of reluctant to just because I sort of like to figure out things
on my own."
At both times, Andrew is clearly in category (3).
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C.5

Overview of the Participants

The table below summarizes the preceding sections. An asterisk denotes that the
individual was regarded as borderline.
CI and CD
Definitions
Representations
Reflection

EMT

Transitional

AMT

Intl: F, E
Int2: F
Intl: F, E
Int2: E
Intl: F, E
Int2: F
Intl: F
Int2: F

Intl:
Int2:
Intl:
Int2:
Intl:
Int2:
Intl:
lDt2:

Intl:
Int2:
Intl:
Intl:
Intl:
Int2:
Intl:
Int2:

D, C, B
E, D
D, C, B
F, D, C
C, A
E, A
E, D
E

A
C*, B^, A
A
B, A
B, D
C», B*, D
B*, C, A
D*, C, B, A

Recall that the pseudonyms of the participants were chosen to indicate their relative
exam averages in the course, as a standard of comparison throughout the study. It
is interesting to note that this ordering is generally consistent with each row of the
above table.
Based on the table, we can now characterize each participant as demonstrating
EMT or AMT at these two points in the semester. The table below summarizes this
information.
EMT

Transitional AMT

Interview 1:

F, E

D, C, B

A

Interview 2:

F

E, D, C

B, A

Note that growth was demonstrated by each participant, and as a result, Eva and
Barbara both were classified differently by the second interview. Recall also that
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FVan was the only student in the course who had not yet taken the depaitment's
"Introduction to Proof course, and so it should not be surprising that she remained
classified as EMT. The participants' success in the coiurse is certainly correlated with
these findings.
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APPENDIX D

RESULTS OF AN EXPLORATORY STUDY
UNDERGRADUATES' REPRESENTATION SCHEMES FOR
MODULAR ARITHMETIC: A PRELIMINARY REPORT
D.l

Introduction

As a teaching assistant in an undergraduate algebra and number theory course in
the spring of 2000,1 had the opportunity to observe undergraduate mathematics and
mathematics education majors struggle with an important topic in mathematics modular arithmetic.
In general, modular arithmetic is quickly and easily defined. It can be introduced
to children as "clock arithmetic"; indeed, everyone has experience with arithmetic
modulo 12, whether aware of it or not. There are no studies along these lines, but the
basic ideas of modular arithmetic are often used in various children's games, though
perhaps not expUcitly. Children who send each other secret messages by performing
''Caesar shifts" on the alphabet are using the basic ideas of arithmetic modulo 26.
In the common playground game "E]eny Meeny Miny Mo" (in which children stand
in a circle and chant a rhyme, at the end of which one child is eliminated from the
game, continuing until there is a winner), children understand that their position in

379

the circle determines how long they will stay in the game. They will count ahead
the number of syllables of the rhyme, modulo the number of children, to determine
who will be eliminated, then move (or cheat the rhyme) accordingly. In computer
programming courses, the function MOD (a,b) is introduced early for use in writing
beginning programs dealing with integ^.
In mathematics courses, modular arithmetic can be introduced in many ways, but
its pedagogical value lies in the fact that the underlying set of integers modulo n has
a great deal of mathematical structure. The set {0,1,2,... , n — 1} forms an abelian
group imder addition mod n and a ring with the added operation of multiplication
mod n. Viewing the ring as the quotient Z/nZ, the elements above form a complete
set of coset representatives of the ideal (n) in Z. Quotient objects are of considerable
importance in mathematics, and this is, for many students, their first (and sometimes
only) concrete example of a mathematical quotient. In addition, the relation a = b
(mod n) is an equivalence relation, perhaps the one of the first nontrivial equivalence
relations that a student encounters. In short, considering the integers modulo n
provides a concrete introduction to several important concepts in abstract algebra.
The notion of "modding out" one mathematical object by another is an important
and powerful tool in many areas of mathematics, yet undergraduates generally strug
gle with this idea, as reported by Dubinsky (1994, 1997), Leron & Dubinsky (1995),
and Hazzan (1999). In the introductory class mentioned above, I observed the stu
dents struggling with many of the problems assigned on this material. The following
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examples arose in the context of weekly problem/review sessions I conducted with
the students over the course of the semester. These sessions were regularly attended
by about half of the 13 students in the class. The format of the sessions was that of a
small group discussion, with me or the students occasionally working out problems on
the board. Students worked on problems assigned by the instructor in small groups
part of the time, and as a whole group at other times.
In one such session, there was some confusion among several students about the
meaning of the congruences x = 5 (mod 6) and 5 = x (mod 6). In the course of
solving a problem, several students said that these two statements were different
Students interpreted the first statement as "x is a number that has a remainder of
5 upon division by 6, so we are to decide what values x could have." However, the
second statement was interpreted as "5 is a number that leaves a remainder of x on
division by 6". They were perplexed about what value x could have - must it be 5?
I realized that this congruence was not being viewed as an equation, and that
somehow the position of each element was deemed important. Students would get to
the end of a problem in which they were essentially solving an equation, and would
not see that x = 5 is the same as 5 = x. In other words, equivalence was not seen
as a property of the statement, rather, the = sign was viewed as a command to do
the operation divide by the modulus and keep the remainder. This incident parallels
children's common misconception of the = sign as a command to do the indicated
operation, rather than as a statement about the equality of two quantities. It also
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may indicate an action conception of congruence of integers in the APOS framework.
Another example with which students had difficulty was when they were asked to
compute something like —12 (mod 5). First note that there is no = sign here, so a
few students were not sure how to proceed. One student asked if the = sign had to
be there in order to be able to manipulate the expression. (This example produced
some confusion on many levels, which will be discussed later in the study.) Some
students, assuming that there was some sort of synunetry about 0, got an answer of
2, since 12 (mod 5) is 2 also. Other students misapplied the division algorithm and
got 2, thinking of the quotient as "the number of times 5 goes into 12" rather than
as a number which satisfies the requirements of the division algorithm
n — qd + r, where 0 < r < n — 1.
I began to suspect that the students' difficulties stemmed from the fact that they
seemed unable to think about the meaning of the statements in terms other them
division-remainder. This was surprising, since the instructor had emphasized many
ways of interpreting statements about congruence in class. I decided to conduct an
exploratory study investigating the nature of the students' conceptual understanding
of statements involving congruence of integers in modular arithmetic.
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D.1.1 Theoretical fVamework
Janvier et al. (1993) distinguish between internal and external representations for a
mathematical concept. Internal representations are cognitive or mental models or
objects, schemas, or conceptions. These are inherently difficult to study, because
a student's internal representations cannot be observed directly; one can only infer
from observations of the student how the student is thinking about a concept. Goldin
(1990) suggests that "(internal) representations can be more usefully regarded as a
system in which elements are combined according to precise rules." In this sense, the
set of internal representations that an individual possesses for a particular concept
can be thought of as a network of connections between various related concepts and
representations for those concepts. This is related to Skemp's (1986) notion of a
schema^ described as the complex conceptual structure for a concept that "integrates
existing knowledge, acts as a tool for future learning, and makes possible understand
ing" (p. 24), as well as the notion of schema employed in the APOS framework, in
which a schema is a structured organization of processes and objects (Asiala et al.,
1996).
The notions of concept image and concept definition are also closely related to
the idea of a network of internal representations. A concept image is defined as
"the total cognitive structure that is associated with the concept, which includes all
the mental pictures and associated properties and processes" (Tall, 1992). Difiierent
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components of the concept unage are evoked in particular situations, consciously
or unconsciously. The concept definition is the wording that an individual uses to
specify his or her concept image. In some sense, this is the way that an individual uses
external representations to specify his or her internal representations for a concept.
The terminology I have used in this preliminary analysis is an attempt to unify
these ideas. I define a representation scheme as the organized connected system of
internal representations which comprise an individual's concept image. This termi
nology may change in the future or be replaced by any synonymous notions that I
may encounter while extending my search of literature.
Consider the following example of a representation scheme for parallel lines in
the plane. (This example is from a talk given by Zal Usiskin at the NCTM Annual
Meeting in April 2000. He did not interpret the ideas in the way that I am using
them below.)
Parallel lines are:
• nonintersecting (This is typically the formal definition of parallel.)
• equidistant (This is a immediate consequence of the above definition.)
• lines that "go in the same direction" (This is an informal notion about parallel
lines.)
This is not necessarily a complete representation scheme, of course, but suppose
it describes the representation scheme of an individual. Which component of the
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representation scheme is best for understanding why the following are true?
1. Parallel lines cut

a transversal have congruent opposite interior angles.

2. Opposite sides of a rectangle are parallel.
3. Parallel lines have the same slope.
Of course, responses may vary, but the point is that for each person, when at
tempting to explain one of the above, some particular component of the individual's
representation scheme is evoked. For example, the opposite sides of a rectangle may
be seen to be parallel since parallel Unes are equidistant, and the opposite sides of a
rectangle have this property. As another example, parallel lines may be seen to have
the same slope since they are known to go in the same direction, and slope (in terms
of "rise" and "nm") gives us this type of information. An individual who is missing
one of the pieces above in his or her representation scheme may have more difficulty
understanding why some of the statements are true.

D.1.2 Representations of Modular Arithmetic
How do mathematicians think about the congruence a = 6 (mod n)? What comprises
a representation scheme for congruence of integers in the mind of an individual who
thoroughly understands this concept, and what does it mean to imderstand this
concept? At what point in his or her education does a mathematicians representation
scheme for this concept become, in some sense, complete?
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After my experiences with the midergraduates, I conjectured that the students'
representation schemes for these concepts were limited. The students appeared to
be approaching problems using a small set of ideas about what it means for two
integers to be congruent modulo n. In addition, these ideas did not appear to be
well-organized or very coherent in their minds.
I began by classifying four distinct types of representations of modular arithmetic,
based primarily on my own thoughts and experiences with the subject. I discussed this
classification informally with other mathematics graduate students prior to the first
study, and made slight modifications based on their suggestions. The classification
appears below. Elach of the four classes of representations has several equivalent
subrepresentations. In this case, I am only considering internal representations; I
have also spent some time working with various external representations for this
concept, but that is beyond the scope of the present study.
Division-Remainder (D-R)
• 6 is the remainder of a upon division by n
• a = 6 + nfc for some integer k (division algorithm)
Divisibility (D)
• n 1 (a — 6)
• a — 6 is a multiple of n
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• a —b = nk foT some integer k
Visual (V)
• a can be obtained from b by translating (on a nmnber line) by a multiple
of n
• a can be obtained from b by repeatedly adding or subtracting n
• On a "clock" with n divisions, a and b (hours) will coincide.
Equivalence (E)
• a and b are equivalent because they satisfy the equivalence relation of
congruence modulo n.
• a and b are equivalent because they have the same remainder upon division
by n
It is important to note that the first component of D-R is not always true; it is
not always the case that dividing a by n yields a remainder of b. However, when it is
true, we make use of this fact. The students, as will be seen, tended to use this idea
even in cases when it was not true.
In class, the students were presented formally with definitions which represented
such a congruence in the sense of E, D, and D-R. In fact, the instructor emphasized
the E representation several times, even reviewing the definition of an equivalence
relation, with which the students seemed very comfortable. The text defined this
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relation as "the integer a is congruent to integer h modulo n if n divides a — I f
(Stevenson, 2000, p. 85).
In the first example described in section 5.1, the students' difficulties were clearly
caused by their adherence to the 1>-R representation. In the second, when I rewrote
—12 (mod 5) as X = —12 (mod 5), several students were able to use the divisibility
representation, but several noted that without the = sign, they were unable to view
the statement in this way. Curious about how their representations affected the stu
dents' attempts to solve common problems, I decided to give the class an assignment
in which they would match their solutions of problems with a specific representation.
I was also interested to see how the other students in the class with whom I had
not had much contact (and who presumably were not struggling as much with the
material) were thinking about these concepts.

D.1.3 Methods
The participants in Study 1 were 11 out of 13 students in a junior level abstract
algebra and number theory course at a large state university. The breakdown below
shows the students' programs of study.
• 8 mathematics education majors
• 1 mathematics major
• 1 computer science major
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• 1 science education major
After the first exploratory study in the spring, I conducted another study in
late summer at the suggestion of a colleague, but with mathematicians instead of
undergraduates. The mathematicians were given the same questions (with one small
change, which will be discussed later) and their responses were classified and analyzed
in the same way as those of the students.
The participants in Study 2 were 12 respondents out of 18 mathematics graduate
students and faculty at a large state university and a small private university to whom
the questionnaire was sent. The participants were chosen mostly because they are
acquaintances of mine; however, I attempted to send them to people with whom I had
not discussed the first study. The questions were sent and returned via email; most
responded within a week. The participants were informed that the information would
be used in a study I was conducting on the conceptual understanding of congruence
of integers. More detailed information on these participants is listed below.
• 8 students enrolled in a mathematics PhD program at a large state university,
each has completed between 1 and 6 years of graduate study, and all have passed
a qualifying examination in abstract algebra.
• 1 full professor at a large state university.
• 1 post-doctoral fellow at a large state university.
• 2 assistant professors at a small private university.
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The questionnaire was given to the undergraduates as a journal writing assign
ment. They had received writing assignments not unlike this one from me over the
course of the semester, and were used to providing written explanations of their so
lutions of homework problems when proofs were not required. This assignment was
given after a midterm exam which covered the topic of solving linear congruences.
Students had a week to complete the assignment, and they were merely receiving
credit for writing a clear explanation; they were not being graded on the mathemati
cal correctness of their responses. I assumed that these would be (at this point) very
easy calculations for the students and told them that I was interested in how they
were thinking about the items.

Item 1: What do we mean when we write x = 7 (mod 15) (In
study 2, X = a (mod 6))? Give as many different explana
tions as you can think of.
Item 2: What is —37 (mod 5)?
Item 3: Why are the following equations the same ?
I4x + 23 = 9 (mod 11)
3x + I = 9 (mod 11)
Item 4: Which (if any) of your above definitions did you use to
answer each question? Did you use the same definition or
different ones? Explain your thinking.
Items 2 and 3 were specifically chosen to illuminate the students' representation
schemes in the context of a situation which had been known to cause some students
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difficulty in the past. Though these could both be answered in many ways, a very
efficient representation for item 2 is V; one could think of repeatedly adding 5 to —37
(translating along the number line by 5 units at a time) until one reaches a point
which is between 0 and 4. In the visual representation, we are looking for the integer
between 0 and 4 which can be reached by shifting by some multiple of five along the
number line. All integers on the number line can be identified to one of these five
points.
In item 3, the equivalence representation (specifically the first component of E)
allows us to note that since 14 and 3 are considered equivalent, we can use them
interchangeably. This emphasizes one of the many powerful uses of modular arith
metic - we can reduce our work tremendously by a judicious choice of coefficients.
It is much easier to solve the second congruence than the first. This is a realization
that students need to make in order to truly understand the power of a technique for
solving linear congruences (such as reduction of moduli).
Responses in each study were categorized according to the components of the
above representation scheme and were analyzed for consistency between observed
and reported component evoked. These were organized into a chart and examined
for any patterns in the responses of each group.
In sending the same questions to the mathematicians, two concerns were being
addressed:
1. Do mathematicians (who presiunably have much more complete representation
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schemes for this concept than undergraduates) tend to approach these types of
items in the same way? That is, is there (in some sense) a canonical way to
approach these types of problems?
2. Is the representation scheme used in the study an accurate depiction of mathe
maticians representation schemes for the topic of congruence of integers?

D.1.4 Results of Study 1
The questioimaire was completed by 11 of the 13 students in the class. (The two
nonrespondents did not tmn in class assignments very regularly.) Their responses to
each item were coded as D-R, D, V, or E and are presented in the table below.
SI
82
S3
S4
S5
86
S7
88
S9
810
Sll

Item 1
Item 2 Item 3
V
DR(2), D(2), V
V
V
DR(2), V
DR
V
V(DR)
DR, D, V
DR(2)
DR, T
DR*
T
DR, D
V
DR
DR(2)
DR*
DR*
DR(2)
DR
E
DR, D, P
DR
V(DR)
DR,D
V
D*
DR, D, P
DR
DR, 0(2), P
DR, T
V

In the column under item 1, a munber in parentheses indicates the number of re
sponses given that fell into the specific category. A P indicates that the student gave
a response that was a property of congruence of two integers, rather than a "defini
tion." For example, students responded that "gcd(a:,15) must be either 1 or 7," "in
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the base 15 system, 7 is your very last digit,"and "if we were working in base 15, x
would end in 2 or 7."
In the columns imder item 2 and item 3, a star (*) indicates that the students'
response was incorrect or incomplete, and a code in parentheses indicates that the
students claimed in Item 4) to be using this representation, but it was clear from their
written work that they were actually using the representation not in parentheses. The
abbreviation T indicates that the student invoked the transitive property in his or
her solution; i.e., 14a; + 23 and 3a: + 1 are both = 9 (mod 11), so by the transitive
property they must be the same. (This is a flaw in the design of the question; I did
not intend for them to interpret the problem this way.)
The totals for each item appear in the chart below.
Item 1
Item 2
Item 3

D-R D V
11 7 3
9
1 1
7
2 3

E
0
0
1

As noted above, three students gave descriptions in item 1 that I did not classify.
These were properties that one could deduce from the congruence, rather than a true
definition or explanation of the meaning of the congruence. All 11 students described
the D-R representation, which was also the representation that they used most fre
quently in solving the two problems. Ironically, no students mentioned the equivalence
representation, though this one was informally emphasized by the instructor in class
more than a geometric representation. One of the students specifically mentioned the
number line representation component of V, which she and I had discussed at length
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several weeks earlier.
In their responses to item 2, two students stated that "the answer is a number
that leaves a remainder of —37 upon division by 5," a surprising response considering
that the initial difficulty with this concept had occured and presumably been cleared
up nearly one month before. Only one student (who, incidentally, had never attended
a problem session) answered this question using a visual representation. These re
sponses are very interesting in light of the fact that I had emphasized the visual
representations in this very context with many different students. At the time, they
were each impressed by the power of this representation in this particular context and
said that th^ preferred it, but none of them used it weeks later in this questionnaire.
Two students were unable to fully answer item 3, and essentially gave up after a
long and fruitless effort. All of the students put a tremendous amount of work into
answering this item, much more than was truly necessary, because of their adherence
to the D-R representation. Interesting, the one student who used the equivalence
representation to answer this item followed it with emother explanation using the
D>R representation, as if he thought perhaps it was just too simple to merely state
that the pairs 14 and 3, and 23 and I are equivalent modulo 11. (Incidentally, this
was not the same student who used the visual representation above, but this student
did not attend the problem sessions either.)
Students' responses for item 4 for were mostly consistent with their responses for
2 and 3. Two students stated that they did not know how they got their answers,
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though I had no difficulty coding their responses.

D.1.5 Results of Study 2
G1
G2
G3
G4
G5
G6
G7
G8
F1
F2
F3
F4

Item 1
Item 2
Item 3
DR
DR
E(DR)
D(2)
V(D)
E(D)
DR, E
DR
DR
DR, D, V
V(D)
E
DR, D, V
V
E(DR,D,V)
DR, E
V
E
DR, D, V, E(2)
V
E
DR, D, V
V
E
E
E
E
DR, D, V(3), E V(DR)
E
DR, D, V
V
E(V)
E(D)
DR, D, E
V(DR)

In the first column, G denotes a graduate student and F denotes a faculty member.
All other notation is the same as in the previous chart. The information is summarized
below.
Item 1
Item 2
Item 3

D-R D V E
10 8 6 5
2
0 9 I
1
0 0 11

All of the mathematicians' responses to item 1 were easily classified into the 4 com
ponents of the representation scheme, which may imply that it is a valid firamework
for examining an individual's conception of this topic. Note that the mathematicians
generally gave a greater variety of responses to item 1 than did the imdergraduates,
and that more representations of type V and E are included.
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It is interesting that almost all of the mathematicians were observed using V to
answer item 2. This consistency, though anticipated, is striking. These mathemati
cians came from varied educational backgrounds, yet most were inclined to approach
this item in the same way. There is little evidence that this way of thinking about
such items is taught, so they must have developed this notion informally. Notice that
four respondents reported using other representations in their approach to item 4.
This may indicate that for these mathematicians, distinctions between these repre
sentations are not clear; that is, they may not necessarily be conscious of how they
are approaching the problems. Similarly, almost all were observed using E to answer
item 3, though 5 reported otherwise in item 4. It is interesting to note that none used
transitivity to justify their answer to problem 3.
As an aside, several of the respondents told me that in writing their responses to
item 4, they returned to item one to describe the concept in a way that they hadn't
thought of the first time. They noted that the process of doing the problems and
then explaining their thinking reminded them of more ways in which they typically
think about the concept.
An issue that came up in analyzing the mathematici£tns' responses to item 2 was
that of the ambiguity of the notation used. In general, the precise meaning of a
(mod b) is dependent on context; it may signify a specific coset representative, or
it may be an intentionally ambiguous notation for an arbitrary representative. Two
respondents mentioned this in their responses. One (a faculty member) noted that
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it was unclear from the context which interpretation was meant and proceeded to
answer it both ways; i.e., "The answer is 3, or it could be 3,8,13,.,.". The other was
a graduate student who insisted that there is a canonical meaning for this expression,
and that there is one possible answer, 3. I consulted other graduate students and
several textbooks on this matter, and reaffirmed my original conclusion that this is
an issue of notation. The text used for the course sets the meaning as an issue of
notation as follows: Tlie unique remainder r that [the division algorithm] assures us
will be denoted here by b (mod a)" (Stevenson, 2000, p. 85).
I re-examined the data and found that about half of the students and the mathe
maticians interpreted this item as having one answer, and the other half interpreted
it as having infinitely many answers. This notation can be seen as an example of
Tail's (1992) notion of a procept, which consists of a process and a concept produced
by that process, both of which are represented by the same symbol. If not defined,
the individual must rely on context an a solid conceptual understanding of the topic
in order to interpret the meaning of the representation.

D.1.6 Discussion of Results
These results may indicate that mathematicians' representation schemes for modular
arithmetic are more complete than those of undergraduates. This is not surprising;
what is surprising is the consistency in the wa3rs that the mathematicians represen
tation schemes were evoked in response to the items in the questionnaire. It is also
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somewhat surprising that though mathematicians are able to evoke various compo
nents of their representation schemes more easily and flexibly than undergraduates,
they may be less aware that th^ are doing so. In this sense, it seems that a feature
of a fairly complete £ind fully developed representation scheme for a topic is that the
various internal representations are connected in such a way that the individual is
able to evoke different representations without being fully aware that they are doing
so.
Janvier notes that controlling the automaticity of evoking representations is "a
necessary ingredient in becoming proficient in mathematics" (Janvier, 1993, p. 87),
but adds that students generally show preferences for one type of representation,
tending to exclude others. When presented with problems in which their favored
representations were somewhat cumbersome, several of the students in this study
had difficulty explaining how to go about solving them, and in several cases, could
not solve them correctly or completely. It is striking, however, that most students
appeared to cling to the D-R representation, even though this notion was not the one
emphasized in class (D and E were utilized most often by the instructor in solving
problems). One possible explanation could be that of all of the ways of thinking about
this concept, the idea of division with remainders is the most familiar and appealing.
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D.1.7 Study Lunitations and Questions for FVirther Research
There are several limitations to the study which need to be addressed. First and
foremost, the scope of this study was extremely limited, so trends in responses on two
items cannot be interpreted too broadly. Further study should be undertaken in order
to substantiate the results mentioned above. An instrument needs to be developed
and administered more carefully, and follow-up interviews should be conducted to
probe the natture of the students' responses. In a few cases of student responses, I
was imsure if the explanations I saw on paper were the original work of the student in
question. In addition, I wondered on several occasions if what I was reading on paper
was really an accurate reflection of the student's imderstanding. Written responses
are very limiting. Interviews could quickly clear up any ambiguities in both cases.
The particular numbers used in the congruence statement in item 1 for the stu
dents' questionnaire could have led the students to state the D-R representation with
higher frequency than they might have otherwise. Of course, it is difficult to know
whether this had an impact on the way that students approached items 2 and 3. In
general, the framework needs to be revised slightly to account for the inconsistency
in the D-R representation. The two components may need to be sepeirated into two
separate categories. Upon reflection, I am no longer convinced that they should be
in the same category.
It is possible that categorizing the responses more specifically would give more
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information. That is, rather than just note the use of the V representation, it should
be noted precisely which component of this representation was used. This more
specific information could give more insight into the types of representations that
undergraduates (as well as mathematicians) prefer.
The results of this study are enlightening, but many more questions and is
sues need to be addressed. How and when do mathematics students' representation
schemes for this concept become complete? It seems that successful students (who
may go on to be mathematicians) accomplish this, but it is unclear how this occurs.
What types of learning activities can help students develop a complete representa
tion scheme for this concept? As with many mathematical concepts, it could be that
coming to a complete understanding of this idea takes time, experience, and oppor
tunities to reflect on that experience. How do prior experiences, existing concept
images and cognitive obstacles, such as misconceptions about divisibility properties
of the integers and intuitive ideas about elementary algebra, affect this conceptual
development? How (if at all) does a student's representation scheme for this concept
affect his or her success in learning more complex related concepts, such as quotient
groups and rin^? Is it a good example to build on, or is it a cognitive obstacle
for students who are struggling with nonabelian groups? Students' difficulties with
symmetric and dihedral groups are well-documented; though students seem to have
less difficulty with Z/nZ, it is not clear from the research whether students have any
real understanding of the mathematical structure of these objects or if they are just
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blindly applying arithmetic modulo n to familiar symbols.
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