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ABSTRACT

We analyze the movement of DNAPL in a three-dimensional randomly heterogeneous
porous medium, saturated with water, that is initially pooled above a water table or flows
at a constant flux. We consider the front to form a sharp boundary at which the capillary
pressure head, assumed equal to the entry pressure head of DNAPL, is prescribed either
deterministically or randomly; treat log conductivity as a statistically homogeneous
random field with given mean, variance and covariance; cast the corresponding
boundary-value problem in the form of an integro-differential equation, in which the
parameters and domain of integration are random; expand this equation in a Taylor series
about the mean position of the front; and take ensemble mean. To quantify the predictive
uncertainty associated with this mean solution, we develop a set of integro-differential
equations for the corresponding second ensemble moments. We solve the resulting
moment equations analytically and numerically in one and two dimensions to second
order in the standard deviation of log conductivity. A comparison of our one-dimensional
solutions with the results of Monte Carlo simulations verifies its accuracy. We also show
that a probabilistic analysis of wetting front instability due to Chen and Neuman (1996)

applies to a DNAPL front.
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CHAPTER 1

INTRODUCTION

1.1 DNAPL behavior in porous media

Chlorinated organic solvents such as TCE and PCE are among the most ubiquitous and
problematic groundwater contaminants. They usually enter the subsurface in the form of
organic liquids which exhibit low miscibility with water and are heavier (denser), thereby
forming a separate dense non-aqueous phase liquid (DNAPL). Being heavier and less
viscous than water, DNAPLs have high downward mobility and thus tend to penetrate
deep below the water table (Pankow and Cherry, 1996). Their downward movement
tends to be unstable and to occur in the form of rapidly advancing narrow fingers
(Schwille, 1988).

Though instability and fingering may occur in uniform porous media due to differences
in density and viscosity between DNAPL and water across their interface, in non-uniform
porous and fractured media they tend to develop preferentially along fractures or
channels of elevated permeability. A recent review by Chen et al. (1995) shows that little
is known about the manner in which medium heterogeneity affects the development and
propagation of unstable fingers between immiscible fluids.

When DNAPLs encounter resistance to downward flow, they spread laterally over low
permeability layers and lenses to form shallow pools of free-product, which may be

laterally extensive. Though chlorinated solvents are non-wetting on mineral surfaces
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relative to water, their interfacial tension with water is low enough to allow penetration
into narrow pores and fractures, with relative ease. Upon contact with ground water,
DNAPLs dissolve slowly to form plumes of dissolved contaminants, thus forming a long-
term source of groundwater contamination. In fractured porous media such as clays,
shales and sandstones, much of the DNAPL can end up in dissolved and/or sorbed state
within blocks of porous matrix. Together such free-phase, residual, and porous matrix
sources can feed large contaminant plumes for decades or centuries.

The distribution of DNAPLs within the source area(s) of contaminant plume(s) is
extremely complex. Major deflection in DNAPL movement, and the formation of
unstable fingers, often take place due to subtle micro-stratigraphic and micro-structural
variation which are seldom resolved at site investigation. Hence, standard methods of site
investigation and analysis rarely provide the level of detail needed to generate a reliable
picture of the nature and extent of DNAPL below the water table. Such a picture is,
however, essential for a detailed analysis of past or future DNAPL migration and for the
cost-effective design of remedial measures. The complexity of unresolved small-scale
heterogeneities renders the deterministic prediction of DNAPL pathways impossible;
even estimates of total DNAPL mass are typically subject to errors of several orders of
magnitude. Stochastic methods of analysis should allow accounting for disparities
between scales of field investigation and smaller scales at which instabilities and fingers
typically develop. Therefore, this work focuses on the question of how random,
multiscale heterogeneities in medium properties affect unstable DNAPL migration below

the water table.
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Instability during immiscible displacement of one fluid by another in porous and
fractured media is triggered by unfavorable differences between the viscosities and
densities of the two fluids. Viscous forces have a stabilizing influence when a more
viscous fluid displaces a less viscous fluid, and a destabilizing influence when a less
viscous fluid displaces a more viscous fluid. Both effects increase with the mean
propagation speed of the interface. Gravity has a stabilizing influence when the denser
fluids is at the bottom, and a destabilizing influence otherwise, regardless of mean flow
direction or speed (Chen et al. 1995).

When both viscous and gravitational forces act to stabilize the interface, it is
unconditionally stable. When both of these forces act to destabilizing the interface, it is
unconditionally unstable. When viscosity is stabilizing and gravity is destabilizing, the
interface is stable provided that its mean speed exceeds some critical value. When
viscosity is destabilizing and gravity is stabilizing, the interface is stable on condition that
its mean speed is below a critical value (Chen et al. 1995).

During the downward propagation of a DNAPL front in a water-saturated subsurface
environment, both viscosity and gravity act to destabilize the front. Surface tension has a
stabilizing effect on the interface between two immiscible fluids in all cases. Suppose
that the interface is perturbed slightly into a composite wave form containing diverse
wave lengths (and spatial frequencies) of very small amplitude. If the interface is
unstable and there is no surface tension, the amplitudes of all these perturbations
(incipient fingers) can initially grow at rates that increase as their wavelengths decrease

(frequencies increase). If surface tension is active, only perturbations with wavelength
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above some critical value (frequencies below some critical value) can grow, all others
decay. The critical wavelength increases with surface tension. The fastest growing
perturbation has a wavelength that exceeds critical by a constant factor. The
corresponding fingers appear first, and then dominate their neighbors. Smaller fingers
often coalesce into one or more dominant finger (Chen et al. 1995).

Under uniform mean flow in homogeneous media, established fingers tend to elongate
linearly with time (Chuoke et al. 1959, Gupta et al. 1974). Their rate of elongation
increases with mean flow rate and viscosity contrast but decreases with surface tension
(Saffman-Taylor, 1958, Chuoke et al. 1959).

Shielding occurs when larger fingers outgrow their smaller neighbors and spread
laterally to inhibit their growth. The widening of dominant fingers by shielding reduces
surface tension, which may render them unstable. This, in turn, may cause the fingers to
split (bifurcate) at their tips into narrower branches, which widen, become unstable, and
so on. The cycle of shielding, spreading and splitting may repeat itself periodically (Park
and Homsy, 1985; Maxworthy, 1987 and others).

When capillary action is weak and/or mean flow rate is high, bifurcation may continue
to yield a contorted, dendritic interface with random fractal geometry (Chang et al. 1994).

Spatial variations in permeability are conducive to the preferential development of
fingers along paths of least resistance to flow. Instability in such heterogeneous media
may occur under conditions that would not be favorable for the development of fingers in
uniform media. This is true on the pore scale, on the laboratory scale, and on the field

scale. Experiments by Schwille (1988) have shown that when DNAPL penetrates from
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coarse-grained to an underlying fine-grained layer, it propagates downward in the form of

narrow, irregular fingers.

1.2 Review of recent experimental work

Recent reviews of experimental works related to instability and fingering during
immiscible displacement were published by Chen et al. (1995) and de Rooij (2000). Their
reviews indicate that both wetting fronts in unsaturated soils, and DNAPL fronts in
saturated porous media, exhibit classic front instability and fingering as described earlier.
Here we summarize briefly some additional experimental work done in the last few years.

Longino and Kuper (1999) studied the retention capacity of natural, rough wall fractures
by injecting perchlorethylene (PCE) into fractured limestone samples. They found strong
correlation between retention capacity (portion of fracture void volume occupied by
nonwetting fluid) and capillary number.

Glass et al. (2000) found experimentally that in a heterogeneous soil, gravity can have a
stabilizing effect on a DNAPL front (when downward moving DNAPL encounters a
capillary barrier with higher DNAPL entry pressure, it temporary stops creating
horizontal pools until the pressure difference across the front exceeds the DNAPL entry
pressure). According to the authors “nonwetting invasion occurs as a sequence of gravity-
stabilized-destabilized displacements within the heterogeneous media. Pore-scale gravity

destabilized DNAPL fingers occur in all units as they are entered (by DNAPL), but they
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are overwritten by macroscopic gravity-stabilized displacement behind capillary barriers
that create backward growing macroscopic pools.”

Sililo and Tellam (2000) conducted experiments on wetting front instability in layered
sand. They found that (1) stratification tends to enhance rather than dissipate fingering;
(2) in discontinuously layered systems, funneling influences the location of fingers; (3) in
multilayered systems, lateral flow on top of fine-grained layers promotes greater flux
(and more fingers) in the down-dip direction; (4) in systems where a top fine-grained
layer has variable thickness finger frequency and the amount of flow will be greatest
where the fine-grained layer is thinnest; (5) surface depressions in an upper fine-grained
layer will concentrate flow, with fingers forming below such areas; and (6) in systems
where an upper fine-grained layer has macropores, the latter will concentrate water flow
and fingers will form directly below these zones. Sililo and Tellam found that fingers
could persist in the same locations from one recharge event to another.

Zhang and Smith (2001) observed that vertical displacement of water by ponded, less
viscous DNAPL is unstable, confirming the destabilizing effect of gravity. They also
observed that fingering does not commence until the pressure difference across the fluid
interface exceeds the DNAPL entry pressure.

Difficulties in reproducing experiments with immiscible fronts across different but
essentially identical samples of the same granular material were reported by van Dam et
al. (1994). Similar difficulties were reported by Hollenback and Jensen (1998) in
reproducing measurements on a single sample sequentially in time. Discrepancies were

found also between soil properties (retention capacity, capillary pressure, relative
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permeability) measured during immiscible displacement using different methods (e.g.,
Stolte et al. 1994) and at different scales (e.g., Kasteell et al. 1999).

Mortensen et al. (2001) attributed this lack of reproducibility to “slight differences in
initial conditions, internal sample heterogeneity, contact between sample and boundary
conditions, microbial growth, changing fluid-fluid-solid contact angles, swelling and

consolidation of the sample, disturbances in experiments while making measurements”.

1.3 Continuum or pore scale approach?

Hydrologic properties show spatial variations on various scales: on the laboratory scale
due to variations in pore size and geometry and on the field scale due to depositional
irregularity and fracturing. Theories of flow in porous media are generally based on and
supported by laboratory experiments.

At the pore scale, fluid flow is governed by the Navier-Stokes equation. However, it is
not practical to describe flow in all individual pores of the medium mathematically. In
practice, one is interested mainly in average, macroscopic descriptions of flow over
volumes of the medium that allow measurement of system parameters and states. Details
of flow on scales smaller than such macroscopic support volumes are ignored. Parameters
and states measured or defined on macroscopic support volumes are ascribed to the
center of the volume and considered to be functions of space, defined over a continuum

of such points.



Heterogeneity depends on the size of the support volume. Soil properties measured on a
small support scale may exhibit rapid and large spatial fluctuations; both the frequency
and the amplitude of these fluctuations diminish as the support volume increases.

Based on experiments by Glass et al. (2000), it was suggested by Glass et al. (2001)
that it would be difficult to simulate a nonwetting invasion process using porous
continuum approaches. The experiments have revealed “a nonwetting invasion structure
as a set of macroscopic pools connected by pore-scale fingers”. Glass et al. (2000)
questioned “whether two-face, porous continuum scale modeling would be able to
capture the unstable lithology-driven migration behavior found in our (Glass et al. 2000)
experiments, given the intrinsic pore-scale nature of finger formation and propagation,
together with the local nature of the failure of capillary barriers.” Glass et al. (2000)
identified the length scales that describe such pools and finger geometry. Glass et al.
(2001) proposed a growth model that assembles these length scales and allows one to
model nonwetting phase migration in a heterogeneous medium. Based on good
agreement between simulated and observed results, Glass (2001) argued that near pore
scale simulation approaches capture better the complexity of immiscible displacement
than do models based on traditional continuum approaches.

Yet classical porous continuum approaches ( Saffman and Taylor, 1958; Chuoke et al.
1959; Raats 1973; Philip 1976; Neuman 1982; Chen and Neuman 1996; Wang et al.
1998b; Smith and Zhang 2001, Tartakovsky and Winter 2001; and many others) have
proven successful in predicting such fundamental characteristics of immiscible

displacement as the onset of instability, mean distance between adjacent fingers, shape
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and mean propagation rate of fingers, etc. We shall therefore base our discussion on the

standard porous continuum approach.

1.4 Theoretical analyses of immiscible displacement based on continuum approach

Most analyses of immiscible displacement are based on the assumption that a sharp front
forms between the two fluids. Recent reviews of theories related to instability and
fingering during immiscible displacement is given by Chen et al. (1995) and de Rooi;
(2000).

One of the earliest analyses of front instability in a Hele-Shaw cell (an analogue of an
ideal fracture) is that by Saffman and Taylor (1958).

Consider a fracture of infinite extent and constant aperture b (Figure 1.1). Two
immiscible fluids, 1 and 2, completely fill the gap between the fracture wall. The fluids
are separated by a sharp front coinciding with the x axis. The y axis is perpendicular to
the front, pointing upward. Assume that at time /=0 the interface is perturbed slightly into
a wave form. A single harmonic of this wave can be described by
y =n(x,t)=gexp(inx +ot), where i = J-1, nis a wave number, £ is a small positive
constant, and ois a growth factor. The wave grows in magnitude (the front becomes
unstable) if o is positive, and diminishes (the front is stable) if o is negative. One of the
difficulties in predicting the dynamics of the fingering process is describing correctly

fluid pressure variations across the interface (Glass et al., 1991). To do so, Saffman-
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Taylor (1958) employed Laplace’s formula which for sufficiently small wave amplitudes

can be written as

+ . (1.1)

Here 7 is a surface tension coefficient, # is contact angle between fracture wall and
wetting fluid, and the sign is positive or negative depending on whether 2 or | is the

wetting fluid. This lead Saffman and Taylor (1958) to the following instability criterion

(.ul o H H Tin?
O 2| a2y -p.Yg-Tn" 1.2
k/ﬁ +kZ el s +(p,—p.)g-Tn (1.2)

where x4 and u, are the viscosities of fluids 1 and 2, p, and p, are their densities, &; are

permeabilities which in the case of an ideal fracture are equal to 5%12, and U is the front
velocity.

For & to be positive so as to cause the wave to grow, one must have

(%—%]U+(p,—p2)g—7"nz>0 (1.3)
1 2

This is similar to a criterion derived earlier by Hill (1952) except that it accounts for
surface tension.
Chuoke et al. (1959) extended the analysis of Saffman and Taylor to porous media and

obtained an instability criterion similar to (1.2). However, instead of (1.1) he wrote
p=p,=T"Vn+p.(t) (1.4)
where I is an effective (macroscopic) surface tension coefficient and p(?) is related to

cappilary pressure drop across microscopic interfaces but does not depend on the
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curvature of the macroscopic interface, only on time. Chuoke et al. based their concept of
T° on heuristic energy arguments. By matching wavelengths predicted by their theory to
measured wavelength during the displacement of oil by water in a medium of glass

beads, Chuoke et al. determined that 7°=CT where C=7.6.

Raats (1973) studied the instability of a sharp Green and Ampt (1911) wetting front
during infiltration into a dry soil. He noted (based on intuition) that the wetting front
would break up into fingers if the velocity of the front would increase with depth L
(dU/dL < 0). He also noted that infiltration of water into a soil without the possibility of
air escaping would lead to an unstable front with downward moving fingers of water
interspaced with fingers of air moving up.

Philip (1975) combined the work of Saffman and Taylor (1958) and Raats (1973) by
applying linear stability analysis to Green-Ampt infiltration. He placed Raats’s (1973)
analysis on a more rigorous footing. According to Philip’s criterion, a front is unstable if

the gradient of pressure head immediately above it opposes the flow:

L& (1.5)
pg Cz

where z is the vertical coordinate (positive upwards). A continuous or sudden increase in
permeability with depth across the wetting front tends to destabilize it. Wang et al.
(1998b) tested the theories of Raats and Philip experimentally (in homogeneous porous
medium) and found them to apply to wetting fronts in most cases.

Neuman (1982) and Neuman and Chen (1996) generalized the works of Saffman and

Taylor (1958) and Chuoke et al. (1973) to arbitrary fracture, mean flow, and fluid
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interface orientations. Their generalized analyses show that the front is not necessarily
perpendicular and fingers do not necessarily extend parallel to the direction of mean flow.

Yortstos and Huang (1986) investigated theoretically the effect of capillarity on the
stability of a sharp front between immiscible fluids in a porous medium by use of step
initial profile saturation in two-phase flow equations. They derived an estimate for T that
is proportional to 7, inversely proportional to the capillary number and depends on the
relative permeability, mobility, and capillary-pressure characteristics of the system. Their
estimate is in good agreement with that of Chuoke et al. (1959).

Wang et al. (1998c) extended the analysis of Chuoke et al. (1959) to 24 possible
combinations of wetting/non-wetting fluids, density and viscosity contrasts and flow
directions, obtaining a separate stability criterion for each. All criteria were cast in the
form of either a minimum or maximum infiltration rate that would result in instability.
Front instability was shown to be a function of medium wettability by the driving fluids,
differences in density and viscosity between the fluids, interfacial tension, and flow
direction relative to gravity. They showed that fingers initiate and propagate according to
the spatial and temporal distribution of fluid entry pressure in the porous medium.

Du et al. (2001) investigated the stability of a gradual (transitional; not sharp) wetting
front by perturbing in three-dimensions a traveling wave solution (describing stable flow)
of the one-dimensional vertical Richards’' flow equation. Their solution shows that,
depending on initial conditions, the initial perturbation (1) may decay monotonically with
time; (2) may not decay but its downward velocity may be less than that of the

unperturbed front so that flow behind the unperturbed front would gradually overwhelm
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the fingers to render flow stable; (3) may grow with time and have a downward velocity
greater than that of the stable front, causing fingers to grow ahead of the stable front so as
to render it unstable. Yao and Hendrickx (2001) verified the stability analysis of Du et
al. (2001) and found that it can be used for the assessment of wetting front instabilities in
homogeneous soils over a wide range of nonponding infiltration rates.

Nizovtsev et al. (1998) inferred the (in)stability of an experimentally produced wetting
front from its fractal properties.

Smith and Zhang (2001) used fractal concept to determine T" and to evaluate its use for
predicting the wavelength of fingers during DNAPL infiltration into an initially water-
saturated homogeneous porous medium. The predicted wavelengths were close to those

observed.

1.5 Effect of heterogeneity on immiscible displacement

In natural soils and rocks the front instability phenomenon is strongly colored by
systematic and random spatial variations in macroscopic medium properties.

Despite notable progress in obtaining analytical solutions describing groundwater flow
in randomly heterogeneous domains with fixed boundaries, there are virtually no studies
on flow with moving time-dependent surfaces. Stochastic averaging of flow and transport
equations has typically dealt either with flows in infinite domains (e.g. Winter et al. 1984;

Dagan 1989;Yeh 1992: Indelman 1996; Christakos and Hristopulos 1997), or with flows
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in domains bounded by Dirichlet or Neumann boundaries (e.g. Dagan 1989; Neuman and
Orr 1993; Tartakovsky and Neuman 1998; Guadagnini and Neuman 1999, Zhang 2002).

A stochastic analysis of wetting front instability in randomly stratified soils has been
published by Chen and Neuman (1996). Their work is closely related to earlier
deterministic analyses by Raats (1973) and especially Philip (1975). The authors derived
a probabilistic criterion for the onset of wetting front instability by treating the front as a

sharp boundary and taking the natural log hydraulic conductivity, Y=InK to be a random
multivariate Gaussian function of space. Whereas the mean, Y, of this function may
exhibit a spatial drift, its fluctuations Y'=VY -Y about the mean are statistically

homogeneous with zero mean, ¥’'=0 and constant variance o, and spatial correlation

scale /,. The authors obtained closed-form expressions for the probability of instability

and for the mean critical wave number, both directly and via a first-order reliability
method. They then used Monte Carlo simulations to verify their analytical solutions and
to determine the mean maximum rate of incipient finger growth and corresponding mean
wave number. Chen and Neuman found that random fluctuations in soil permeability may
have either a stabilizing or a destabilizing effect on a wetting front, depending on the
spatial trend, variance and spatial correlation scale of log hydraulic conductivity.

Gau et al. (1998) analyzed conditions for the onset of instability of a sharp front in a
randomly heterogeneous porous medium. They equated instability with a growth in front
variance with time, and developed criteria required for such growth to occur. In Chapter 4
of this dissertation we show that the variance of front position always increases with time,

reflecting a growing uncertainty about the position of the front. Such growth does not
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necessarily imply front instability. On the other hand, a deterministic front having zero
variance can be unstable under certain conditions.
Shariati and Yortsos (2001) have addressed the effect of nonrandom stratification on

the stability of miscible fronts.
1.6 Finger evolution

Linear instability analysis does not provide information about finger evolution. To
address this important issue Saffman and Taylor (1958) analyzed the penetration rate and
shape of a finger in a Hele-Shaw cell by assuming that the displacing fluid has negligible
viscosity compared to displaced fluid and that the effects of gravity and surface tension

are unimportant. They obtained parametric solution for constant front velocity

x:ﬂln(Hcosﬂ) (1.6)
T A

where x is distance, A is half the finger width, y is the transverse coordinate and the
channel has unit half width. Here Acan vary theoretically between O and 1. In
experiments, the authors observed only one A for any given capillary number. At large
velocities, the observed shape was in good agreement with the calculated shape when
A was set equal to 2.

Mineev-Weinstein and Dawson (1994) used conformal mapping to study analytically
the evolution of a two-dimensional interface in the absence of surface tension and

gravity. Their solution holds for asymmetric initial fronts and reproduces such features of
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viscous fingering as screening and tip splitting. A weak point of conformal mapping is
that it is based on Laplace’s equation and so cannot be applied to heterogeneous media.
The same holds true for the Saffman-Taylor solution, which was obtained using potential
and stream functions.

A major difficulty in analyzing unstable fronts arise from the fact that equations
describing immiscible displacement are non-linear due to a moving boundary. To
overcome this Li et al. (1983) derived integro-differential equations for the evolution of

Saffman-Taylor type fingers

M +d, [ k(y)V,G(x.y)ndy = [ V,(y.0G(x.y)dy (L.7)
7(8) r (1)
J .0y =0 (18)

7(t)
Here d, is capillary number, 4(y) is the curvature of the front y, V, is the normal velocity
of the front, Q is the flow rate (prescribed at infinity), n is a unit vector normal to y and

M is a constant determined on the basis of (1.8).

The Green’s function G satisfies (Kessler ef al., 1986)

V.G(x,y)+3(x-y)=0 y.xeQ, (1.9)
subject to

n(x)V_G(x,y)=0 x € walls (1.10)
G(x,y)=0 2, = —© (1.11)

where zy is the component of the coordinate vector x in the direction of flow. As G is

defined on the entire domain Q. including regions occupied by both immiscible fluids, it
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does not depend on front position. The solution assumes dependence of capillary pressure

at y on dy and k(y), but disregards gravity. With some modification (introduced in

Chapter 2) these equations can be used to describe front propagation in three-dimensional
heterogeneous porous media.

Readers interested in additional references to unstable fronts should consult the book by
Pierre (1997) and review papers of Chen et al. (1995) and de Rooij (2000).

When conductivity is random, the flow equations are stochastic and their solution is
uncertain. To address this, Tartakovsky (2000) and Tartakovsky and Winter (2001)
developed integro-differential equations similar to Li et al. (1983) for leading statistical
moments of a horizontal wetting front in a three-dimensional, randomly heterogeneous
soil. They did so by treating log hydraulic conductivity as a statistically homogeneous
random field with given mean, variance and covariance, recasting the governing
stochastic differential equations in integro-differential form and averaging them in
probability space to obtain leading-order ensemble moment equations for the mean and

variance of front evolution with time.

1.7 Some gaps in existing knowledge

Despite impressive progress in the understanding of unstable flow, significant gaps in
knowledge remain (de Rooij, 2000).
Details of front evolution, especially in the field, remain largely obscure. Under

laboratory conditions (uniform materials, level layering), finger size and spacing may be



determined entirely by the properties of the medium and the flow. In the field, on the
other hand, local heterogeneities in the top few centimeters of the soil together with
microtopography may determine in which direction infiltrating water flows and how
much water a finger receives (de Rooij, 2000).

Commenting on the effect of heterogeneity on front instability, de Rooij (2000) notes
that “whether soil heterogeneity increases or decreases the tendency of the immiscible
front to become unstable has only been tentatively investigated. Obviously, this issue is
highly relevant for field conditions. Once an unstable front has formed in a heterogeneous
soil, the combined effect of soil heterogeneity and front instability needs to be considered
to allow reliable modeling of field scale solute transport. So far, very few studies have
tackled this issue, and no definite conclusions can be drawn. It is conceivable that in a
particular field, depending on the conditions, either heterogeneity or fingered flow is so
dominant that the effect of the other process is masked; but when the conditions change
both process might reinforce each other, leading to even more enhanced solute leaching
than would be expected on the basis of the separate processes alone.”

In this work we address some of these issues, particularly the effect of heterogeneity

on unstable DNAPL and wetting fronts.

1.8 Scope of this study

Based on the sharp front approximation, we derive in Chapter 2 stochastic equations and

boundary conditions that control DNAPL propagation in randomly heterogeneous
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saturated porous media. We propose a new moment approach to the analysis of these
stochastic equations by converting them into integro-differential equations similar (but
not identical) to those of Tartakovsky and Winter (2001).

In Chapter 3 we extend Philip’s (1975) wetting front instability analysis to that of a
DNAPL front and show that a probabilistic analysis of wetting front instability due to
Chen and Neuman (1996) applies to the latter.

Chapter 4 presents one-dimensional analytical solutions of moment equations derived
in Chapter 2 and their comparison with Monte Carlo simulations.

In Chapter 5 we develop two-dimensional numerical solutions of moment equations
derived in Chapter 2, without considering gravity.

Conclusions are present in Chapter 6. Lengthy mathematical derivations are deferred in

Appendices.
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CHAPTER 2

THREE-DIMENSIONAL DNAPL FRONT

2.1. Problem definition

We analyze the downward movement of DNAPL in a three-dimensional randomly
heterogeneous porous domain €2, , saturated with water. DNAPL is initially pooled to a

height A, above the water table (Fig. 2.1) or flows at a constant flux Q.
We consider in detail the first case and present equations for the prescribed flux case

whose derivation is very similar.

2.2. Front propagation under constant head

Let the water table be situated at the origin of the vertical coordinate z, defined to be

positive downward. DNAPL with viscosity x,much larger than that of water
M, (1, > w,. ) penetrates below the water table where it forms a sharp boundary, .

It occupies a flow domain Q(QcQ,) bounded by y and a combination of Direchlet
boundary segments, I',, and Neumann boundary segments, I",. Outside of Q the

saturation of DNAPL is taken to be zero. Inside Qthe saturation of DNAPL is

s, =1—s,., where s, . is the saturation of residual water, treated here as being immobile.

Assuming that s, is a constant, the transient flow of DNAPL is governed by Darcy’s

law and the mass conservation principle,



q,(x,t)=-K,(x)Vh,(x,1) Veq,(x,1)=0 xeQ, >0 2.1)
where x(x,,y,.z,)is a coordinate vector, ! is time, K,=kp,g/u, is DNAPL
conductivity and i, (x,7)=F,(x,t)/ p,g—z,. We express the intrinsic permeability of
DNAPL as £ = IEkRD (sp) where k is intrinsic permeability of the porous medium and kzp

is relative permeability of DNAPL, which depends on sp. Since we take sp to be a
deterministic constant so is kzp a deterministic constant.

In general the conductivity K is a second-rank tensor, but here we take it to be a

random scalar function KD(x)=E(x)+K'(x)with mean K(x) and fluctuation K'(x)

having zero mean, E?(x)zo, variance o; (x) and covariance function C.(x,y). We

-

assume that the mean, variance and covariance of & can be estimated from, and

conditioned on, field measurements of & by geostatistical methods [e.g. Neuman, [984].
Spatial drift and/or conditioning may render Kp(x) statistically nonhomogeneous.

Let the water table (WT) be located at z=0 and remain at reference absolute pressure

P,.(x,y,0) = P,. Consider fluid pressures in the DNAPL pool to be hydrostatic,

Be(x Y20 = B + pyge, (2.2)
Po (% ¥452.) = Fo (.0, 0) + gz, (2.3)
The top of the DNAPL pool is taken to remain at a known and deterministic depth z=-H.
At this depth, capillary pressure is assumed to be £.(-H )=F,(-H,)- P, (-H,)=0.
Considering (2.2) and (2.3), this implies

Py(x,.0)= P, +(p, - py)gH, (2.4)



At the front we take the capillary pressure to be equal to the DNAPL entry pressure into a

water-saturated medium, F.(x,)=F;.

Analyses based on the sharp front approximation (which effectively disregards front
thickness) have been reasonably successful in predicting the onset of instability under a
variety of laboratory and field conditions (for example Saffman and Taylor, 1958).

Methods to determine Pr on the basis of moisture retention and relative
conductivity characteristics of uniform and heterogeneous soils have been reviewed
by Chen and Neuman (1996). These authors found that, in a randomly stratified soil,
variations in effective entry pressure have a negligible effect on the onset of wetting
front instability. We therefore take Px to be a deterministic constant.

Next we assume that water pressure at the front is not affected by DNAPL and remains
hydrostatic,

Pe(x.1)= P, + p,.82,(0) xe (1) @2.5)

Hence DNAPL pressure at the front is

P, (x,ty=P.+ P +p,gz (1) xey() (2.6)
With this, the governing equation and the boundary conditions that control DNAPL

penetration below the water table can be stated in terms of modified head A=hp-a as

Ve(K,(x)VA(x,)))=0  xeQ, (>0 (2.7)
n(x,1yo(K , (x)Vh(x,1)) =0 xel, (2.8)
h(x,t)=H -a z =0 (2.9)
h(x,0)=-bz,  —n(x,0)(K,(x)Vh(x,0)) =0V, (x,1)  x€p(!) (2.10)
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where a:M; b =M; H =ﬁ—+bH0; 6 =s,n is volumetric DNAPL
Po& Pp Pp&

content; n is porosity; and ¥, is the normal velocity of the moving boundary y,
P'Z.(x,1)=%n(x,t) x e y(1) (2.11)

As long as the front has a unique depth at any horizontal position,

E(x v, )=z, |x € y(1), V, can be defined as (Neuman and Whitherspoon, 1970b)
v;u,o:ﬁf#m(x,:) (2.12)
c

where . is the vertical component of n.

As Kp is random, equations (2.1) and (2.8) — (2.11) are stochastic and their solution is

uncertain. Our aim is to solve them in terms of leading moments of 4(x,¢), its gradient

and f(xx*yv') .

2.3. Integral moment equations

Equations (2.1) and (2.8) — (2.11) are non-linear due to the presence of a moving

boundary, y . It helps recasting them in the form of an integral equation (Appendix A),
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h(x,0)=~(H -a) | R(ymn(y)*v,G(y, x)dy
rD

- [ [6¥,(y.0G(y, x)~ R(y)bE(x,. y,:m(y. 11V, Gy, x) | dy (2.13)

z(r)

- j K'(y)Vyh(y,t)-VyG(y,x)dy

Q)
Here G(y,x)is a deterministic Green’s function defined as
V[ R(y)WV,G(y.x)|+5(y-x)=0  yxeQ, (2.14)
subject to homogeneous boundary conditions
G(y,x)=0 yel', (2.15)
n(y)V,G(y.x)=0 yel, (2.16)
The domain €, over which G(y,x) is defined extends below the moving front and G is

therefore independent of this front. This is a major advantage, which forms a key element

of our solution. The latter is based on a perturbation of (2.13).

2.4. Perturbation analysis

In (2.13) we expand Kp and all quantities that depend on it in powers of o, , the standard
deviation of Y=InK, according to

2(") +.) @2.17)

Ky(z)=e' @@ =K _(1+Y'(z) +

where K, =exp? is the geometric mean of Kp.

Taking the ensemble mean of (2.17) gives



K_(:)=KG(I+%’?+.‘.) (2.18)

Subtracting (2.18) from (2.17) yields

, - , Y (z) oz
K(:)=KD(::)—K(2)=KG(Y(2)+ 2( )— ’2( )+...J (2.19)
Correspondingly,
h(z)=H"')+ K@)+ R (@) +... (2.20)
E=EM+EV +ED ¢ (2.:21)
A AL SRR AL (2.22)

where the superscripts indicate order of expansion in Y’ or, more precisely, in o, . It
follows that, to leading orders of approximation, the ensemble mean of (2.13) is

(Appendix B),

H(x,1) = -(H -a) [ Ko(¥)V,G"(y.x)- n(y)dy
Tp

-6 [ V(y.nG"(y, x)dy

#%0
+b I Ko (0)E" (x,, ¥, 0V, G (y, x)- n(y, 0 )dy (2.23)
?lOD([)

T

A=K (B =0) (2.24)



AC(x,0) = ~(H -a) [ Ko(yn(y)V,G(y, x)dy
Tp

-6 | (W'(y,r)G("’(y,x)—"T”V:°>(y,t)G‘°>(y,x))dy

ey

b [ KoEP(x,. y,.00(y.009,G" (y. x)dy (2.25)

:;‘:l(t)

+ [ Ko@ry.0:9,G (3, x)dy

oAl
- | KeCEy. %, 5,0V Ky, 0V , Gy, x)dy

?nm (t)
where superscripts (i) denote quantities that contain strictly i-th order terms, superscripts

[/] denote quantities that contain terms up to order i/, ' and "' are fronts

corresponding to &“ and &Y, and rl(x)=-Y '(x)Vh’(x):] is a second-order
approximation of “residual flux”.
The residual flux is obtained by operating on (2.13) with the stochastic differential

operator K'(x)V _, taking ensemble mean, and retaining terms of order o; (Appendix C):

r(x,0)1=6 [ Cil(xy.)v,G”(y, x)dy

?n)»(”

-b [ Ko()CE (x.y.0n(y, 0oV, V,G™ (y.x)dy (2.26)

:,10n“)

+ | KoCE (xy)V, " (y,0V,V,G(y. x)dy

)
and C,(x,y)=Y'(x)V'(y).

The second-order covariance C[rfl(z,xx, ¥,.1) is obtained by evaluating (2.13) at the
front, multiplying by Y'(z), taking average, and retaining terms of order o; (Appendix

D):
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bCEZ:x,y00= [ Ko@)V h (0. 0V,G (¥:x,, ¥, £(%, Yo ) dy

a9

0 [ CHl @y, 06" (v.%,. 5, £(x,, 1))y (227)

,'/"” ()

b [ Ko @Y. 00,0V, G (¥, %, ¥, £(, Vo)) dy

}’(0)(‘)

The second —order covariance Cf;! (x; x,, ,.!) is given by

CH (%%, 5,,0) =V (xW, " (x,, y,.1)

_ eCEN(x;x, y,.1)

ot

n.(x,.y,.1) (2.28)

From (2.10) it follows that

h(x, )" = —bE(x,, y 0"z =&(x,y,. )" (2.29)
where ;(x,t)['] is given to zero and second order by (2.23) and (2.25), respectively.
According to (2.11),

— AZ (3 N
Va(x, ' = i(“i;—’y#n_.(m,:) (2.30)
C

The second-order covariance Ciz'(xx, Vel 1 X, Y, 1) =E'(x,, .1 )E'(x,, y,.,l){ZI is
obtained by evaluating (2.13) at the front, multiplying by &'(x_, y,.t), and taking average

(Appendix E):



bC:(f:l(xl’.yx’t-;xl’yx”) :6 ‘.‘ C‘[(f:l' (xx’yx’i; x_\"y_\'i’)G(”) (y’ xx’yx7§(xx*yx”))dy

7

b [ KoCH(x,, Yoo T3, oY, 000V, GO (y: X, 1, (5, ¥, 1)) dy (231)

'YIO)(,)

+ [ KeICE %0y DV O (1.009,GO (y: X,y £(x,. 3, 1)) dy

Q™)

where

12 7.
eC, (x’.,y_‘.,l,xl,yl,t)”

Cal (6, y 11 %, p,.0) = .(2) (2.32)

ct
The variance [oif ][21 of front positions corresponds to the limit of (2.31)as 7 — .

) Y 2
Similarly, the variance of hydraulic head, | &, (x,¢ Clow X t)h (x,t I, is given by
h

(Appendix F):

[0';3(&’)][:] =-0 J- C}j'l (x; xy,yy,l)G(”)(y,K)dy

Al

b [ Ko (CE (%%, yyo1)0(y, 100V, Gy, x)dly (2.33)

:,10;(”

- I Kc; (y)CLi_l(x’ y)V_‘,h(‘”(y,l)°V_,.G(")(y, x)dy

%

] )

R N q21
where the cross-covariance C'! (x; X, y,.,t) = h’(x)V’(x)., Ve EV(x,, y_‘.,l)) is given by

A2 [
Cil (x;x,,y,t) = eCct: (x,a-:_w)’,.,t)

n(y). (2.34)

The cross-covariance Ci'(x;x,,,, 1) =H(x)E (x,, y_v,l)‘zl is given by
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C};l(xvxz'yz’t) =

-0 [ C2(x,p,.0:%,.5,.t) GOy, X)dy

.,,l())(,)

+b I KG(y)Cizl(xl,yl,t;x,.,y,.,I)n(y,t)-V_\,G“’)(y,x)dy

7%y

(2.35)

- | KCR .1,y DOV Ay, 0:9,G (y, x)dy

a
The cross-covariance CL'(x,z) = H(x)Y'(z) s given by

Cll(x,z) =

-6 f Cht (:x,,,, )G (y. x)dy

A"

+b [ Ko(CEN %, . On(y, 09, G (y, x)dy

)

- | K@y (.00 V,G(y, x)dy

Q‘m“)

(2.36)

: : , - , — 21,
The normal velocity covariance CS\(x,,y,.7:x,,y,.0) =V,(x,. ¥,, [ W(X,. y,.1)  is given
by

) - c‘{‘!/z’]('tv’ "»7;;" L} ’7’
Co p, 15X, 00 = i ’}é; AL )n_,(y) 237

. . M EI . . ..
The second-order velocity variance [a,,'." ] is obtained by taking the limit

(X Yy l) = (X, ,.0) -
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2.5 Flux driven front propagation

Next we consider a front y driven by a constant flux Q. Here the transient flow of
DNAPL in Qis governed by

V(Ko (x)Vh(x,1)) =0  xeQ, >0 (2.38)

subject to the boundary conditions,

n(x, 1) K, (x)VhA(x,1)) = 0 xel, (2.39)
-n(x, 1)K, (x)VAi(x,1)) = Q z, =0 (2.40)
h(x,t)=-bz_ -n(x,1)K,(x)Vh(x,t) =9V (x,1) xey() (2.41)

In analogy to (2.23)-(2.25), the leading moments of / are

KO =-0 [ GVy.x)dy=6 [ V" (y.NG"(y:xpy

Tv #%00
b [ K1) (x,. y,:DV G (y.x)- n(y, )y (2.42)
7y

Al =n (h" =0) (2.43)
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H(x,0)=-Q j G*I(y, x)dy

)

0 [V‘ Wy.)G(y,x) - V‘"’(y,t)G“”(y, X)]dy

Heny

+b I Ko()E ‘(x,y,.;t>n(y,z)-VyG‘“"<y,x)dy (2.44)

‘tr)

+ [ Koy y.009,G(y, x)dy

&%)

- | KeWICEy: %, 3, 0V AV (v, 10V .Gy, x)dly

Y(Ol(”

where G(y,x)is a deterministic Green’s function that satisfies
V. {KYV,Gy.x)]+5(y-x)=0  yxeQ, (2.45)

subject to the boundary conditions
n(y)*V,G(y,x)=0 yel, (2.46)
n(y)V,G(y,x) =0 yel, (2.47)
Due to our choice of deterministic boundary conditions, the expressions for moments
remain the same as in the prescribed head case. Their values, however, are different due
to our redefinition of the Green’s function.
The zero-order approximation of the mean hydraulic head, A“’(x.f), satisfies a
standard boundary-value problem with moving boundaries for a medium with known
properties, driven by deterministic functions. Nonlocality of the mean flow problem

manifests itself solely in second-order (and higher) terms.
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CHAPTER 3

PROBABILITY CRITERION FOR INSTABILITY
3.1 Criterion for instability

In this chapter we present a stochastic analysis of DNAPL front instability during
infiltration into a randomly stratified saturated porous medium. A probability criterion for
the onset of wetting front instability during surface water infiltration into a randomly
stratified partially saturated soil was first derived by Chen and Neuman (1995). They
studied the probability of instability and mean critical wave number by combining
Philip’s (1975) stability analysis with first-order reliability theory. They then verified the
results by Monte Carlo simulation. In this chapter we show that it is possible to apply
exactly the same probability criterion to the onset of DNAPL front instability. The
wetting front can be considered as a special case of the model described in Chapter 2 with

b=(p, —p; ) p,=1, where in case of a wetting front p, would represent water density
and p,. air density. To be consistent with Chen and Neuman (1996) we define the

vertical coordinate z as having its origin at the water table and pointing upward
(everywhere else in this dissertation z is defined to be positive downward).
The one-dimensional versions of (2.1), (2.3) and (2.6) are

k(z) d

Hp dz

|
h
IA
(3]
I\
o

qp(2)=- (Py(2)+2p,8) (3.1)

P,(0)=F +(p, - p.)gH (3.2)

Po(=L)=F(-L)+P.(-L)=F, +F(0)+Lp.g (3.3)



where L is vertical front position.

Let the horizontal front z=-L(¢) at reference time #, be perturbed slightly into a three-
dimensional wave form,
z(x,y,t) =—-L +&(t)sin(nx + r)sin(my + &) (3.4
where &(f) is a small positive amplitude, # and m are wave numbers corresponding to x
and y, respectively, and r and & are corresponding phase shifts. Clearly, the front
becomes unstable if de/dt>0 and stable otherwise.

In a manner similarly to Philip (1975) a criterion of instability can be obtained
(Appendix G) as
G <0 (3.5)

where G is vertical DNAPL pressure head gradient immediately above front,

G=—t 9 _ L {PE —(1—&)(L+H)]-1 (3.6)
Pp& dz =1 k(-L) f dz | Pog Po
y k(2)

In other words, instability can develop only if the pressure gradient immediately above
the front is negative, i.e., the pressure head increase downward. When the pressure head
immediately above the wetting front is uniform or increases upward, the front remains
stable. Stated otherwise, when the pressure gradient immediately above the front assists
its descent, the flow is unstable. This is due to the fact that gravity acts to destabilize and
viscosity to stabilize the front. When the pressure gradient assists front descent, it

enhances the stabilizing viscous effect relative to that of gravity: the reverse is true when

it opposes front descent.



Note that if we define = to be positive downward, the front will be unstable when G>0.
(3.7)

According to Philip (1975) the effect of surface tension 7" at the DNAPL-water
interface adds a curvature to the original plane front and produces a perturbation in Pr. It

introduces an additional condition of instability (Appendix G),

M <M, = \/-M (3.8)

where M =+m* +n” is a wave number.
Using an approximation proposed by Philip (Appendix 3.1) the wave number, M _, for

the most unstable disturbance is given by

M.
M, =—= (3.9)

m

P

3.2 Stochastic analysis of front instability

We consider a stratified medium in which 4(z) changes with elevation in a random

manner. We assume that Y(z)=Ink(z) is a Gaussian field, Y (z) =¥ (z) +Y'(z), with mean,

Y and fluctuation ¥ ‘(z) having zero-mean, Y'(z) =0, and an exponential covariance,
.

C,(az) =0} exp(—i}i) (3.10)

where /y is the spatial autocorrelation scale of ¥, 0',l is the variance, and az is a vertical

separation distant.
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When 4(z) changes randomly, so does G. We shall speak of the probability
P(G <O)that instability may develop under given condition. Due to the nonlinear
relationship between G and K, P(G <0)cannot be evaluated in closed form under
general conditions. Instead, following Chen and Neuman (1996), we present a closed
form solution for large L//, , develop an approximate solution for small L//, by means of

first-order reliability theory, and evaluate the mean critical wave number for both cases.

We do so for both statistically homogeneous Gaussian log conductivity field, with

constant ¥ and for ¥ that varies with depth.

3.2.1 Probability of instability, (G <0)

Under the previous assumptions we can express the permeability field as
k(z)=e' =ele (3.11)

Substitution of (3.11) into expression for G yields

| .
G= 7 [-mm—”" )(L+H)]—1
o )(L,I Po
<,, (3.12)
_ G, +l_[
rs
H(l pu) L pu _l//g
where G, = P Po (3.13)

L

Fr=e"9, (3.14)



v
)

1 ( e
= N / .
s L_([e £ (.15)

ve=FP./p,g (3.16)
Note that G, represents G in a uniform medium and /. is an entry pressure head.

Our expression for G looks exactly like that of Chen and Neuman (1996), thus allowing

us to apply their results to our case.

3.2.2 Closed form solution for large L//,

It was shown by Chen and Neuman (1996) that for large L//. (in their case L//.>40)

-

- o )
we can replace ¥ in (3.12) by its mean value, 2=Z=exp(—2"—). Treatingy/,. as a

constant, the probability of instability is (Appendix 3.2)

1 L oo InG, +1)
P(G<0)_5{l+erf[2\/§ s }} (3.17)

This implies that:

a) When o] =0

1
if G, >0, then P(G<0)=—2—(l+erf[—oo])=0

1
if G, <0, then P(G <0)=E(l+elf[oc])= |

The DNAPL front is either stable or unstable when the medium is uniform.



b) When o >2In(1+G,), erix>0)>0and P(G <0)>05.

-

¢) When o, <2In(1+G,), erf(x<0)<0 and P(G <0)<0S5.

v

d) When G, 20, P(G < 0) increases monotonically from 0 to 1 as of increase (Figure

3.1a); the probability of instability increases with heterogeneity when the front is
uniformly stable.

e) When G, <0, P(G <0)>0.5; the probability of instability first decreases from | and
then increases back to 1 as af, increases, with a minimum when erf{0)=0 (Figure

3.1b).

f) When G, approaches 0,

P(G <0) =] 1+erf| 2o
2 22

Figures 3.1(a) and 3.1(b) compare the probability of instability computed analytically
and by Monte Carlo simulation for prescribed . at L//y=40 given two values of G,
(Chen and Neuman, 1996). The two solutions are close for o; <2 but differ for larger
variance.

Next allow g to vary randomly as:
w.(z)=-bk™"(2) (3.18)
where b =—w k™, w* k* are reference values (Philip, 1975).

Then it was shown by Chen and Neuman (1996), (Appendix H), that the probability of

instability 1s



W
w

P(G<0)=P(G'>0)=P(k>K,)=P(nk>InkK)), (3.19)

where Ink =Y , and Kj is given by

) GP+JO +iP-JO), if 0>0 6520
’ Q[P +J0i +\P-JOiy, i 0<0 ’
B G+

where P=b/(2LB) , Q = and B =exp(-¥ +0;/2).

4L’B* 278’
Figures 3.1(c) and 3.1(d) (Chen and Neuman, 1996) compare the probability of instability
computed this way and by Monte Carlo simulation for random ¢, based on

b=8.16(m*/d)"”* when L/[;=40. We again see excellent agreement between Monte Carlo

and analytical results for o} <2, and satisfactory agreement for larger variance.

3.2.3 Reliability solution for small L//,

It was shown by Chen and Neuman (1996) that when L//. <40, ¥ may vary

significantly about the mean. To handle this situation, Chen and Neuman used reliability

theory.

According to the first-order reliability method FORM, one can express the probability

of instability as

P=1-®(5), (3:21)
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where ®is the cumulative normal distribution function, §is a reliability index defined
asod = u, /ag . 4gand o, are the mean and standard deviation of a performance function

£(x), that is less than zero, by definition, in the case of instability.
Chen and Neuman have shown that when capillary pressure at the front is prescribed,

one can defme g as

g=In(1+G)=In(1+G,)-Y(L)-Y (3.22)
and
5o IneG)-F -7 (3.23)
\/o-,'. +0; +2p0,0;
T B C,s
where ¥ =Ink , k= —I—d{,” and p=—"— is the cross-correlation coefficient.
L 0 k(i) O',-O'r

An expression for the cross-covariance C,; is given in Appendix H

For the case where capillary pressure head at the front is random, Chen and Neuman

obtained a performance function

b

‘l”r—l'r 5 = =
g(Z):(—L-e atord ”+GE+ljexp(—0',.Z,-—pafZ,—\/l—p'a'fZ:—Y—Y)—l (3.24)

where Z; and Z; are two components of the vector Z:
Z=L'D'(Y -M), (3.25)
where L is the lower triangle matrix obtained by Choleski decomposition of the

correlation matrix R = LI of ¥

1 0
L= =, 3.26
. = (3.26)



D is a diagonal matrix, such that D__ is the variance of the vector Y=(Y(L), Y )", and M is

a vector with components that represent the mean of ¥: ¥ and Y. Gg is given by (IV.30).
The reliability index, &, now can be determined by a search algorithm.

Figures 3.2(a) and 3.2(b) (Chen and Neuman, 1996) compare the probability of instability
computed analytically and by Monte Carlo simulation for constant . and 3.2(c) and

3.2(d) — for random /. when L/[;=40 at two different values of G,. We can see excellent

agreement between Monte Carlo and analytical results for o; values from 107 to 10%.

3.2.4 Vertical drift in permeability

Consider the case where the mean log permeability varies linearly with depth according
to ¥(£) =V (L)+s(&—L), where s is slope, positive when ¥ (&) increases with depth and

negative when it decreases. Then according to Chen and Neuman

k= ce Nt (3.27)
ol = e lj’(e:‘""":—e’:)eC’(:)dg—ch: (3.28)
¥ sL \Ls
.1k
ay 55 ,-Cr (S -
C,=e [—L—!e e ”d{—c) (3.29)

where ¢ = (e‘L E l)/(s ).

Assuming that ¥ =In k is normal, one obtains



-

7=—7+%;—%;+!nc (3.30)
P 1 1§ aL-sf_ si L, Crd)
o7 =In| —~— (e —e de (3.31)
0
l L
— | 55 Cr($)
Cﬁ—ln(cL !e e ng (3.32)

Using these expressions in FORM, Chen and Neuman obtained the probability of
instability in the presence of vertical drift in permeability that agrees well with Monte

Carlo simulation.
3.2.5 Mean critical wave number

When G <0, one can rewrite (3.8) as

M, = [XPo—P.)E ;p =8 G (3.33)
According to our model & is a constant, and so is ‘}M . Taking the mean of

(3.33) yields
E[M.]= Wo—;mg.g[m} (3.34)

The normalized mean critical wave number is then



EM] o 5= [ VGG
\/e(po oy~ ELe)= [ ereco
r

= [V=Gdr(-G) (3.39)

where fis a probability distribution function and F is cumulative distribution function.

(3.35) can be estimated numerically.
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CHAPTER 4

ANALYTICAL SOLUTION IN ONE DIMENSION

Here we solve a one-dimensional version of the moment equations obtained in Chapter 2

for front depth &(¢) within a vertical depth interval x < (0,/) where />¢&. For this we

take Y(x) to have a constant mean, Y , and an exponential covariance,

/

) B
C; (]x—y[) =0, exp[—l—ilj 4.1
.
where /y is the spatial autocorrelation scale of Y. The auxiliary function

G, (x,y)= KG(x, y) satisfies the equation

G | se-yy=0 0<x, y<l (4.2)

and is given in Appendix I by
Gy (x,y)=~(x - y)H(x - y) +a(y)x+ B(y) (4.3)
where H is the Heaviside function and a(y)and A(y) are arbitrary functions to be

determined from boundary conditions .
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4.1 Front propagation under a fixed head boundary condition in the presence of

gravity

Here we consider a front driven by a constant head boundary condition in the presence of

gravity. We prescribe
h=H-a at x=0
while maintaining

h=-b&(t) at x=£(t)

In this case Gy is subject to the homogeneous boundary conditions

Ge(x,y)=0 x=0

GK(xvy)zo x l

Evaluating (4.3) at x=0 gives
B(y)=0

and evaluating (4.3) at x=/ yields
~l+y+a(y) =0

From here a(y) can be found as

a() =2

Substituting a(y) and B(y) into (4.3) leads to

G, y) = ~(x- G-y + =L x

(4.4)

4.5)

(4.6)

“4.7)

(4.8)

“4.9)

(4.10)

@4.11)
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Substituting (4.11) into the one-dimensional version of (2.13) and evaluating at x=¢

yields (Appendix J)

&(t)
0= 0‘15(').5(:)+K[a H -be(t)]+ j K(y)ahg”)d

Expanding the integral in a Taylor series around Z(¢) gives

0= 6d5(')§(z)+1<[ — H -bE(1)]

£ -
[ KTy rg R TLD

+...

y=£(1)

The mean of (4.13) is, to leading orders of approximation,

0 d¢) _, H-a
I =0+-m
K; dt '3 0]

and

d&‘(z) —ey [ dE®
08 =—+E| 6=2——bK,
et ( dt ¢

5 (2)

gd[a:] ol
=—ZL2d L (H-a+beV)K, 2L

2 di (H -a+be”)K, 2
2(0) (0)
+f P20y K ) F L0

=g

Multiplying (4.13) by ¢’ and taking the mean yields, to leading order,

2 dt

0 .o d 6,3(’) . d&@ 2 2
...;() I: :| +[0 jl —Kob)[o—’:([)]()

(0)

=K. [ R0 @00 g

Y

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Expressions (4.14) - (4.16) are ordinary differential equations for &, &% and

27 . . I ..
[ag :l respectively. All three are subject to zero initial conditions.

4.1.1 Zero-order mean front

Integrating (4.14) yields an implicit solution for £* (Appendix K),

(0)
e £

4.1.2 Zero-order mean head and its gradient

The zero-order mean head is given in Appendix L

HO(x,t)= H -a—(bE () + H - a) (4.18)

&)
The zero-order mean head gradient is obtained by taking the derivative of (4.18) with

respect to z,

Ch(x,t) _ bEVW)+H -a
ax &0

(4.19)
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4.1.3 Cross-covariance C,,

As a prerequisite for solving (4.15) and (4.16), one must first solve an ordinary

differential equation for C} that is derived in Appendix M,

6C (x,t ©) ,
o0 () )’“(” = (')-KG”JC;g(x,:)
ot dt
(4.20)

H-a\' o
=K (b+——) C3®(x, y)dy
R0 I '

The solution of this equation, subject to initial condition C;?(x,0)=0, is given in
Appendix M:

) . bEQ+H-a
C)(':f)(x’ 5(0)) = O—;IY _f.bgT

bxrH-a _ _ X _
e o lp bx+H —a _Ei H-a iy lnbx+H a
bl, bl, H-a

(0) _ bx+i-a (0) _ _
+(2—e"‘"’)lnb§ +H a_e o, {E{_bg +H aj_Ei[_bx+H a]}

4.21)
bx+H—-a bl bl

¥y ¥y

ay
where Ei(ay)= Ii—dy is the exponential integral (Gradshteyn and Ryzhik 1994, p.113,
y

2.325).



4.1.4 Residual flux
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To solve (4.15) and (4.16), an expression for the residual flux is required. It is given in

Appendix N as

8C? (x.£)bED +H -a
54:(0) 5(0)

L bEP +H—a

rm(x) =K, -K;o, 5(0)

where &Cy(x,£)/8£“ is given in Appendix N.

4.1.5 Front variance

The solution of (4.16) is given in Appendix O,

2 10y x!Cﬁ? (y, X)dy
0

: <:)=2(b§<°)(z)+ﬂ—a)‘ ’
[0;(1)] E :!. (b:c+H—a)~

where the integral of the cross-covariance Cy; is given in Appendix P as

4.22)

(4.23)
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r 2 997 b © +H—a
J‘C;E)(yfé(()))iy:a;l; g bg(o)

0
bx+H -a

_bxeH-a _ _
e o g tHal gl H el
bl bl

Y Y

o © Ly _
ey b Hax

bl, bl, l,
_2bx+H—a|nbx+H—a+2H—alnH—a+2£
bly bly ny bly ly

0 _ © _
o H-a | bV +H —a
bl, bl,

H-a

(0) _ bx+H -a o) _ H-a

bl bl

y y

bxvH-a H-a B _
ve o | bxrH-a) il H-a)  H-a (4.24)
bl, bl

4.1.6 Second-order mean front position

The solution of (4.15) is given in Appendix Q:

0 £9)
bEP()+H -a I xR(x) e (4.25)

FQ) ( £0)py) —
d (5 (t))_ EO@) o bx+H -a
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where
H-a ,q ol
=L fc@w o+, [02]7-2Z
M)l a7 ) (4.26)
Ld(F o '
+;;UC (yx)dyj

J'C '(y,x)dy and —U G, x)dy) are given in Appendix P and Appendix Q,

respectively.
4.1.7 Second-order mean head and its gradient

Substitution of (4.22) into (L.15) yields
BEO (1) + H ~a dEP (1)) _ O eV +H ~a
20 d&(1) 2 0

bE(1)+H - 0 2 0
+ S 2(2)(’) a 5((:)(’)(].(]() y1 ”(l))dyJ

h®(x,t)=-x
4.27

3 K0)
2 :“”(t)\j

where Cﬁ;’ 5‘0)(1))dy] are given in Appendix Q.

The second-order mean head gradient is obtained from (L.15) in Appendix L:

RO, H_ b0 +H-a d;"’(:‘”(t)) o} b.f“”(t)+H—a+ 1

)
ox 5(0)(1) df(o)(t) 2 5(0)(1) KG r (x,t) (428)

Substitution (4.22) into (4.28) yields

Gf_l.(:)(x,t) é?(o)(’)_*_[_[ a(d (2) 5(0)(’)) O’_,% CC(Z)(X EO)

ox €0 | 400 2 " (4.29)
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Another way to find the mean head gradient at the front is through direct averaging of the

second boundary condition in (2.9):

= Ch

_o%
K| +r©=6— (4.30)

=5

From here the zero-order head gradient is

21(0) (0)
ch| .64 (4.31)
ox |, K di
Substitution of (4.14) into (4.31) yields
H© bEC (1 -
i R O R L (4.32)
x|, 0
that is the same as (4.33).
The second-order mean head gradient is
7(2) F@) 2 470 (2) ¢ £(0)
GO0 dEY A" ) @30
cx K, dr 2 0 | | K;
d d&°
After changing the variable of integration i 2z o and substituting of (4.14) and

(4.19), (4.34) becomes the same as (4.28).
Note that the zero-order head gradient does not depend on x, thus corresponding to one-
dimensional flow in a homogeneous porous medium. On the other hand the second-order

mean gradient varies with x, reflecting the heterogeneous nature of the medium.
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4.1.8 Variance of head gradient

A second-order approximation for the variance of head gradient is given in Appendix R:

e bEO() + H —a ) CP(x,£(1) (BEOW)+H -a)
[ i (57 0)] =‘2( £ J R (" £

l.ci‘o’

+b§‘°’(l)+H~a H-a
5(0)([) (5(0)(’))
18600+ 1 -aY L[ EO)] 16690+ H-a_H-a_d[oi(0)]

2 ) d&O @y 2 %0 (.J,“"’(t))l ds ()
(4.35)

TG (E70,670)

(2)

where d [a§ (5“’)(1 )):Im /dE®(t) is given by (R.9) as

d ‘: (L) ) ;(D) )
|:°1 (;“ (’))] _ ‘“% J'( CO(y,E 1))y
dE (1) 2 ) IS (4.36)

L b s (0 &)
_2(5(0)(1) _bf(‘))(l)+H—a][UE (é( )(t)):|
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The later implies

1 4| o (5(0)(1)) “ | e )
_2- [df(o)(t): ] = _5(0)(’)2 ! C)(':‘) (yvg( )(t))dy

l d :(U)(‘) o (
eyl I A RO
3]

. (0)1 __ b’
O (b () + H -a)

S EAGEOIE

| b dl:o,; (5(0)(1))](2)
N L , (4.37)
§U) bEV )+ H -a dE (1)

4.1.9 Direct solution

The one-dimensional version of (2.7)-(2.10) can also be solved by direct integration of
2.7).
Integrating the one-dimensional version of (2.7) once gives

ch(z,t) _

Kp(2)—
Cz

A (4.38)

Integrating (4.38) again from O to z yields

1
K,(y)

h(z,1) = Aj‘ dy +h(0,1) (4.39)

From boundary condition (2.9) follows that

h(0,0)=H-a (4.40)
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Evaluating (4.39) at z=&(¢) and using boundary condition (2.10) we can find the

constant 4.

Then (4.39) can be written in final form as

_bi)y+H-ap 1
)
Lo Ko0)
0 KD(y)

h(z,0)= ay+H-a (4.41)

The head gradient is found by taking the derivative of (4.41) with respect to z,

Sh(z,t) _ bE()+H -a 1

=—= 442
cz @ 4 K, (2) (4.42)
y
s Ko (W)

A one-dimensional version of the second boundary condition in (2.10) is
—KD(z)ahEZ’I) =0d_§ (4.43)

z |..: dt
Evaluating (4.42) at the front and incorporating (4.43) yields
gdifr)zlzi(z)iﬂ-a (4.42)

dy
» Ko()

After some mathematical manipulations and integration an implicit expression for & as a

function of time is obtained:

X l
cn | ——ay
! _ B )IKD(Y)

{)

—_= | 4.45
6 = bx+H-a (443)

Expression (4.45) was used to conduct Monte Carlo simulations.
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In Appendix S we show that the moment expressions obtained in the previous
paragraph using a “Green functions” approach can also be derived directly from equation

(4.45).

4.2 Front propagation under a fixed head boundary condition in the absence of

gravity

Here we consider horizontal flow driven by a constant head boundary at x=0. We

prescribe constant head

h=H-a at x=0, (4.46)

while maintaining

h=0 at x=£(1). (4.47)
This is a special case of the problem described earlier, but now without the gravity term

—b&(t) . Since b=(p, — py )/ pp., it is obvious that gravity-free flow does not depend on

density difference between the two fluids. Likewise, the propagation of a front formed by

two fluids having equal densities does not depend on gravity.
4.2.1 Zero-order mean front position

The zero-order mean front position is obtained from (4.14) by setting 5=0,

dg"() _H-a (4.48)

A
K, di 0
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or

e = HEe p (4.49)

4.2.2 Zero-order mean head and its gradient

From (4.18)-(4.19) the zero-order head and its gradient for gravity-free flow can be
found:

KO (x,t)= H —a—(H -a)—>— (4.50)

ENr)

ch(x,)) _ H-a
ox £0(t)

(4.51)

4.2.3 Cross-covariance C,,

The expression (M. 18) for cross-covariance C,(f (Appendix M) in the absence of gravity

reduces to



- £(0) -
. o 5 = = ) E
C,(.E)(x,l)=—§”f[e el }y-l» I [

2—eT—eT}1y

x 2%

r I e_’ja'z

or finally,

~2 2 / Iy
Cy(x,0)=oyl; {Fj—(’—){e

_ G)?Ir fx ’%d"
———4“‘”@) e"|erd:
1]

_Kco'r%[r _ -i _ —f ©) sy _
___5(0)(1) {I,.[l e J+[2 e ]5 @) 2x+l,.{e

—e—;]+2(l

(0)
0

4.2.4 Residual flux

X

-’:tﬂl(‘)_x

For =0, (N.11) reduces to

r(x) =K,

COxE") H -a

55(0)

4.2.5 Front variance

The front variance for gravity-free flow is obtained from (4.23) as

[O’é (’)](’2) _

(&)

;(o) -

’:1(“([)

J' xg(x)dx

0

X

xe +(2 —e—i}(f“”(t) - x) —e

6: H—(l
G9%r Ty
s

0

Iy

x

0]
_E%0)-x
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)
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(4.52)

(4.53)

(4.54)

(4.55)



where
g(x) = [CE(y.x)dy (4.56)
O

Substitution (4.53) into (4.56) yields

g(x)=oyly {%{eij’iel"dy - j‘e%dyJ + Z[x —%Iydy} - je‘idy}

1] 0 (1]

=oil} {-"-Jref —1} (4.57)

5 AN (l))’ 3 :10»(1) X (U)I 2
= ._.o-,.l,. 5 f(f ‘( )) + xe "dx————(ﬁ ( )) (4.58)
(™) | 3 > 2
or, using Gradsteyn and Ryzhik (1994), Eq.2.322(6)
ca s o) ] _ £ ' 2
[o:f(l)]" ):20';1; jl.-é: @_1_ (({; (l+ (({; Je r +( (.{? ) (4.59)
' 3L 2 57000 §70 ¢ ()

4.2.6 Second-order mean front position

A second-order approximation of front position for gravity-free flow is obtained from

(Q.2) with 5=0,



g(o)()df (’) E(:)(t)

d& (1)
_ 1ci[ag(t)]) 0 Or 1 5(0)(1)5‘“(!)
2 aen O e e

rAdy+CRE, 0

Substituting the expression for residual flux (4.54) into (4.60) yields

- (2)
£ )df( (1) 5‘(2)(0:__1_‘1[0'5(’)]
£ () 2 " dZO0)

*f oY (.6
s 6800

After some mathematical manipulations,

1d[s:w]”

d¢V0E20) 1
T2 dgV

d&® (1)

20

*Fa | GO

dy -8 +CP (€ 0)

—gm(n2r.
'3 (l)2

01
+&(1) >

Substitution (4.59) and (4.53) into (4.62) gives the differential equation

d(EED 1))

— _z Oy
- (0 (0)
+oyl; — (f) 2¢ )(t)——l-+ (({;’ ° ’(’)+l
e 3 4, 2 FU(O\

subject to £(0)=0

Integration gives

ENNET (1) = ‘(«:“”(r))

[ 25(0)(1) _1_+ 1+ ]}_ +( /,.
3L 2 &7 (&7

it e_:“:;u)_ b :
V() A0

&)
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(4.60)

(4.61)

(4.62)

(4.63)

(4.64)
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orin final form

00 _ o £70)
I, 4 |

O-;[}' 25(0)(’) 1 I, 5(0)(’) I __,‘“:(:) I, 2
20 - 5t 7o ( +l+—5 }e _( ) )
U3 L 2 &P & &) & ()

(4.65)

4.2.7 Second—order mean head and its gradient

From (4.27) and (4.29) the second-order mean head and its gradient are obtained

respectively as

—a dE? (5(0)(’)) 0', H-a

h® (x,1)= (0) (0) -x (0)
.6 () d&@1) 2870 4.66)
;(u)(’) 5((?)(1)kf 5(”)(1) dyj
and
FO(et)  H-a dED(EW) &2 &CR(x.E70)
Py ) dEW 5T QEM (4.67)
Cx &) &) 2 c&m()

where from (4.53)

C (x, & \ 2 Ao x Vs
L GX0) I [ | | e

65(0)

Then
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2 (feo ey [EELE70)
(0ol -

[i] 0

I R R
U}-{(C(O)([))z[ﬁ’ J.e ly Ie ly +§(0)(1)e :‘:e ly (5(0)(’)):

2 Ao = X S0 = 2
=-o;l, [+ e " |e" —l]+e o1+ ((ﬁ e " |er —l)——x—z (4.69)
(70) 0 ()

From (4.65)

dEC o L.

df(”)(l) - 4 Oy ———(5(0)(’))4

. o (4.70)

S A R A R
+t——I——0y| =t -+ -+ — e

O R GRON R A ER o )
Note that the second-order head gradient is not a constant but a function of x.
4.2.8 Direct solution
The gravity-tree solution for £(¢) is obtained from (4.45) with =0
LA T j' Ly |ax “.71)
6 H-a 0 (JKD(y) Y '

4.3 Flux-driven front propagation

Consider a front driven by a constant flux Q at the boundary x=0, i.e.
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) __g x=0 (4.72)

Kp(x) ™ ¢

while maintaining constant head at the front
h=-b&(1) at x=£&(1) (4.73)

The corresponding zero-order Green’s function G.” =K_,G satisfies the boundary

conditions

Gy g =0 (4.74)
ox

G (x,y)=0 x=/ 1>¢ 4.75)

From (4.3) and (4.74) it follows that

EG—’(‘% - -H(x-y)-(x-y)6(x- ) +a(y)|_, =a(y) (4.76)

and a(y)=0.

Evaluating the zero-order approximation of (4.3) at x=/ subject to (4.75) gives

G yy=—(-y)+p(»)=0 (4.77)

and so B(y)=/-y. Hence to zero-order (4.3) becomes

G (x,y)=~(x—y)H(x-y)+l-y (4.78)

Recognizing from (4.78) that

GOV, x)=1-5"(1) (4.79)

G:(0,x)=1-x (4.80)

and from (4.1.2) that
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~Ar(0)

M=‘HO"-") (4.81)
@’

oG (v, x) - (4.82)
@l ",___.;(D)(‘)

we can rewrite (2.42) and (2.44) in one-dimension as

v V(O)(’) 0
Wt [=EP))-bED () +—=( - 4.83
(x.0)= KG(i())é()KG(X) (4.83)
; 6 o; — -
he l———g-——l - 7 ’L“”t [=E))-bEC (1t
(===l KG( 0)- ()j( £7(0))-bED ()
" o (4.84)
(0) M ~rv()
+C(’)(4:(0)(’) 5(0)(1)) ch (}’J) J‘ (:)(y,t)GGK (y.x) y,
%y ) oy
4.3.1 Zero-order mean front position
Evaluating (4.83) at x =¢ and using boundary condition (4.73) gives
o (1) =0 (4.85)
where
oy < €70
Oy = 4.86
() = (4.86)
Integrating subject to £(0)=0 yields
0 % (4.87)
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4.3.2 Zero-order mean head and its gradient

Substituting (4.85) into (4.83) gives

KO (3,1) = -0+ -0 -) (4.88)

and

ch (x,1) 0

4.89
e K. (4.89)

To find the second-order mean head and front position we need expressions for C;? and

rO(y.1).

4.3.3 Cross-covariance C;?

Substituting (4.78) into the 1-D version of (2.27) and evaluating at x =& gives

: 0" . GO (1E70)
(. 2@ _ & Q.
bCy; (‘-,5 (’))“ K, ;': G (2.)) £y dy
+6CE (=, £ 0GP (£70).£°() (4.90)

Gy (1,6 )

b5 )——o

¥=5"0)



From (4.81) it follows that

%) (‘JG(»O) : (0)’
[ c?@n— (;j ())dy=

0

’:(Ol(,)

- | CPEyH(y-¢"@)dy=0

n

Substituting (4.79) and (4.82) into (4.90) we obtain

s g SO (EEV(W)
Cilag" ) =————=

0

subject to
Cy3(z,0)=0
From (4.92) and (4.93) it follows that

C2 (2. @0)=0

4.3.4 Residual flux

82

(4.91)

(4.92)

(4.93)

(4.94)

Substituting (4.89), (4.92) and (4.94) into the one-dimensional version of (2.26) gives

. o GO (y, x)
rn=—= [ Oy L LTy
o I ’ Oyox
From (4.81)
G (,x) _ 50— )

ayox

(4.95)

(4.96)
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From here the residual flux is

r®(x,0)=-Qo; (4.97)
4.3.5 Second-order mean front position

Evaluating (4.84) at x=¢, using (4.73), (4.85), (4.86), (4.94) and analogy with (4.91)
gives
F(x,)=0 (4.98)

Since
E02) .
Ve = dé': ( ) and &£(0)=0, we find that

5_(2)(1) =0 (499)
4.3.6 Second-order mean head and its gradient

Substitution of (4.85), (4.94), (4.97) and (4.98) into (4.84) yields

or 9

B0y =2 "
KG

(x-&7@) +%[GE’)(§(°)(1), x)-G(0,%)] (4.100)

It follows from (4.79), (4.80) and (4.97) that

o 0

E('.')(x,’):_z;_[g (;(”)(,)_x) (410[)



84

A second-order approximation of the mean head gradient is obtained by taking the

derivative of (4.101) with respect to x.

7, (2) 2
ch~(x.t) _ _o; O (4.102)
ax 2 K,

4.3.7 Velocity variance

From the one-dimensional version of (B.5) the first-order fluctuation of head is

HO(5,0) =2V OG0, )

G

eGY (y, x)

+bE M (1) —E 2 (4.103)

V__z(OI([)

£2) ~7.(0) ~(0)

_ I Y'(y)Ch (_Vat) CGK (y,x)d
8] a.y @)

Substituting (4.79), (4.81), (4.82) and (4.89) gives

Y (x, 1) = _7?_;"“)(1)(1-5“’)(1))—bg“’(t)

(4.104)

:«0)“)

~ | YO0y

Evaluating (4.104) at the front and multiplying by ¥(¢) yields

~bE (WO = ==V OOV O (1-£70) -85V O )
¢ (4.105)

£
-= [ YW @Hy-&)dy
Ke 1
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From the definition of the Heaviside function it follows that integral equals zero. Taking

average of the rest of (4.105) gives

o) =0 (4.106)

4.3.8 Front variance

Evaluating (4.104) at the front, multiplying by £"(¢) and taking average gives
o (1)=0 (4.107)
The fact that o7, o7, EA), ™ (x,1) and cros-covariances associated with them are

equal to zero follows directly from mass conservation arguments. Indeed, prescribing
constant flux Q at the boundary requires that, with probability I, the front propagates at a
fixed deterministic velocity " =/ =(Q/6 . While trivial, this correspondence indicates

that our averaged boundary-value problem is free of internal contradictions.
While the front moves through a random porous medium at deterministic velocity, the
head and its gradient remain random.

4.3.9 Head gradient variance

The derivative of (4.103) with respect of x is
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ohV (x, 1) 6 c 0); £00
_=—-—V"’(t)a(G,(<)(§( (1), x))

ax K,
o | 6GQ(y, x)
+b§(l)(’)_ ——K o (4.108)
Ox dy y=£"(1)
£0(r) 2
i ., O0h(y,1) *GO(y,
_ J‘ Y(y) ‘\(.y ) K ()’ v)dy
2 oy oyox

Substituting (4.81), (4.82) and (4.96) into (4.108) yields

oh" (x,1) Sh(x,1)
1) gy > 4.109
a0 ( )———ax ( )
Q)
Multiplying (4.109) by oh (1) and taking mean gives
- @ ch® (x,1)
[GEh,'ar(x»’)] =r- () ————- (4.110)
cx

or, using expressions (4.97) for the residual flux and (4.89) for the zero-order head

gradient,

E QK" @.111)

4.3.10 Comparison with direct analytical solution

We now compare the moment solutions, derived above, with corresponding exact
solutions obtained by direct integration of (2.38).Integrating the one-dimensional version
of (2.38) once gives

ch(z,t) _
oz

4 (4.112)

Kp(2)
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From the one-dimensional version of boundary condition (2.40) we find the constant

A=-0

=~

Integrating (4.112) gives

dy
K,(»)

h(z,t) = —Qj +h(0,1) (4.113)

From the one-dimensional version of the first boundary condition in (2.41)

I
h(0,1) = ~b&(t) + O j' KD{y) (4.114)
Then the exact expression for head is
h(z.1) = QT Y\ a-bE) (4.115)
: Ko (¥)

From (4.112) it follows that front velocity }’=Q. This corresponds exactly to our

perturbation solution. Moreover, since }” is deterministic, all its higher moments and
cross-covariances are zero, ;. (¢) = C,. (x,1) = C,..(x,1) =0, which is in exact agreement
with our perturbation solutions. A deterministic }”implies deterministic dynamics of front
movement,

5(:):%1 (4.116)

From (4.112) it follows that the residual flux is given exactly by

@) K) _ K—ﬁz T L oy .
re-KQT =07 5 =050 Q(l K(')—z] o(1-¢%) (4.117)

Thus, indeed, r*”(x,1) = -Qo; given by (4.97) is true to second-order of approximation.

From (4.112)
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chzn) ___9Q (4.118)
cz Ky ()

Taking the mean of (4.118) gives

Szt __Q o (4.119)
cz K,

Integrating (4.119) from z to £(¢) gives

Mo =Lre (G0)-2)+a-850) (4.120)

Since in this case, &(t)=2&(1)=&(1) & =&'=0, (4.88) and (4.101) are indeed the

zero- and second-order mean head approximations.

4.4. Flux-driven front in the absence of gravity

Here we consider horizontal flow driven by a constant flux. As mentioned earlier,
moment expressions for gravity-free flow can be obtained from corresponding moment
expressions for gravity flow by setting 6=0.

For flux-driven front only the zero-order head depends on b and so on gravity. All other
quantities are independent of 4 and thus similar for horizontal and vertical flows. This is
not the case for a front with constant head boundary.

The expression for zero-order head can be obtained from (4.88) with 5=0,

h(x,1) =Kg(§‘°)(t)—x) (4.121)
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4.5 One - dimensional results and comparison with Monte Carlo simulations

4.5.1 Monte Carlo simulation

To test our moment equations, we compare their solutions to sample moments obtained
from Monte Carlo solution. The principle of Monte Carlo simulation is straitforward. One
treats log conductivity as a multivariate, Gaussian correlated random field with known
statistical properties (mean, variance and correlation length). Each randomly generated
realization of the hydraulic conductivity field is used to evaluate expressions (4.45) and
(4.71) that are respectively solutions for “gravity” and “gravity-free” 1-D fronts driven by
constant head. Each realization thus yields a random front position as a function of time.

Unconditional random Y (y) =In K(y) fields were generated by means of the Gaussian

sequential simulator SGSIM (Deutsch and Journel, 1998).

Figure 4.1 shows the dimensionless time K;//8/, needed for “gravity” front driven by

constant head to reach dimensionless depth L =¢&//, equals to 10 for different

realizations of Y. The time is seen to vary significantly for different realizations.

A statistical analysis of many such random solutions provides their mean and variance.
The mean provides an optimum unbiased prediction of front position under uncertainty
caused by unknown spatial variability of the hydraulic conductivity. The variance

provides a measure of the corresponding predictive uncertainty.
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Figures 4.2 and 4.3 show mean “gravity” 1-D front position driven by constant head,
and its variance, versus the number of realizations for 0',? =1 and o; =025,

respectively. We see that these sample statistics change with the number of realizations.
The mean reaches a constant value much faster than the variance. The number of
simulations required to obtain meaningful statistics increases with the variance of Y.

There are no reliable criteria to assess the convergence of these Monte Carlo simulations.

4.5.2 Dynamic of one-dimensional mean front

Figures 4.4-4.6 show how head driven dimensionless mean front depth L=&//,
increases with dimensionless time K //8l, as a function of o; for various flow
parameters. MC denotes the results of 4000 Monte Carlo simulations and AN denotes the

second-order analytical result [ = (g(”) +& ‘3’)/ l, . Our analytical solution implies that

for o; =0 the second-order mean front depth is [!*! = £’ //. and &“" /I, does not depend

on the variance of Y.

Figure 4.4 describes gravity flow driven by constant head when 5=0.5 and  (H - a)/bly
= 10 and Figure 4.5 when b=1 and (H - a)/ly = 4. Note that b=(p,-p, )/ pp=1
represents an extreme case where p, > p, or, more generally, where density of the

driven fluid can be disregarded in comparison to that of the driving fluid. This extreme

situation does not commonly arise in the context of a DNAPL front but does represent
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well a wetting front where water drives air. We thus refer to a front with 5=1 as a wetting
front. Figure 4.6 displays gravity-free flow with (H - a)/ly = 10.

Figures 4.4-4.6 show that the zero-order analytical solution (corresponding to o; =0)
consistently overestimates the mean depth of the MC front. The second-order analytical
solution is much closer to that obtained from Monte Carlo simulations and therefore more
accurate. In all three cases accuracy is high for o; =0.25 but deteriorates as o;
increases. Mean front depth and its rate of advance diminish with increasing variance.

Figure 4.7 shows how the second-order approximation of dimensionless mean front

depth ' increases with dimensionless time K ¢/6l, as a function of (H-a)/bly for

gravity flow driven by constant head when o;=0.5 and #=0.5. Mean front depth and its
rate of advance increase with (H-a)/bly, i.e., increase with the driving head and decrease
with the correlation length /y. The latter effect is amplified by the fact that dimensionless
time also decreases as /y increases.

Figure 4.8 shows how [!*! increases with dimensionless time K,// &/, as a function of b

for gravity flow driven by constant head when o, =0.5 and (H-a)/ly =5. The larger is b
(i.e., the density difference between driving and driven fluids), the faster does the front
propagate. On the other hand, our analytical solution shows that in the absence of gravity,
the front propagation rate is independent of density difference between the two fluids.

A one-dimensional front driven by a constant flux O advances at a deterministic

velocity Q/8 . Front velocity depends neither on density differences nor on gravity.
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4.5.3 Front variance

Figures 4.9-4.11 show how dimensionless front variance o:/l; increases with

dimensionless time K¢/ @I, as a function of o, for various flow parameters.

Figure 4.9 describes gravity flow driven by constant head when 6=0.5 and (H - a)/bly =
10. Figure 4.10 depicts variance of gravity wetting front driven by constant head when
b=1 and (H - a)/ly = 4. Figure 4.11 displays gravity-free flow when (H - a)/ly = 10. The
analytical solutions for front variance compare favorably with Monte Carlo results when
o; <0.5 but deteriorate with time as o, increases in all but the gravity-free cases.
Dimensionless gravity front variance appears to grow asymptotically in a near-linear
fashion with dimensionless time, at a rate that increases with o; . It follows from (4.59)
that dimensionless gravity-free front variance grows in proportion to the square root of

dimensionless time 7 ,

limLi—zo',{ M-@—% (4.122)

I 3 2

£ e

;
Under gravity and gravity-free flow the coefficient of variation CV(I)'—'O':(I)/E @)
(Figures 4.12 and 4.13, respectively) tends to zero with time, i.e., the standard deviation

of front position o, (1) = 0'§ (¢r) diminishes fast relative to mean growth rate. It follows
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from (4.49) and (4.65) that in the absence of gravity the coefficient of variation obtained

Oy

o )

Figure 4.14 shows how dimensionless front variance o;//; increases with

. cr f2
analytically goes to zero with time as |~
J

dimensionless time K¢/ 6/, as a function of (H-a)/bly for gravity flow driven by constant

head when o;=0.5 and 4=0.5. Figure 4.15 describes how dimensionless front variance
increases with dimensionless time as a function of (H-a)/ly for gravity-free flow driven by
constant head when o; =0.5. The dimensionless front variance increases with (H-a)/ly,

i.e., increases with the driving head and diminishes with the correlation length /y. The

latter effect is amplified by the fact that dimensionless time also decreases as /y increases.

However, for a given dimensionless variance, the actual variance increases as l,? )
Figure 4.16 shows how front variance o increases with normalized time K//0 as a

function of /; for gravity flow driven by constant head when H-a =0.1, o; =1 and b =
0.5. Figure 4.17 describes how front variance increases with normalized time as a
function of /y for gravity-free flow driven by constant head when H-a = 0.1 and o; = 1.
In both cases the front variance increases with /y.

Figure 4.18 illustrates how dimensionless front variance increases with dimensionless
time as a function of b for gravity flow driven by constant head when o;=0.5 and (H-

a)/ly =5. The front variance increases with b. The larger is the density difference between
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driving and driven fluids the higher is the uncertainty associated with predicting the front
position. For gravity-free flow, the front variance is independent of 5.

A one-dimensional front driven by constant flux Q has zero variance.

4.5.4 Mean-pressure head gradient

As shown in Chapter 3, a front is stable when the gradient of pressure head immediately
above it is negative (z pointing downward and pressure head increasing upward) and
unstable when this gradient is positive. For instabilities to develop, the front must
undergo some slight initial perturbation. In the case of randomly heterogeneous media,
such perturbations are introduced (among other causes) by random variations in soil
properties.

Figures 4.19, 420 and 4.21 show how the second-order approximation of mean
pressure head gradient varies with dimensionless time as a function of o; for different
sets of parameters. Figure 4.19 corresponds to gravity flow driven by constant head when
b=0.5 and (H - a)/bly = 0.1, Figure 4.20 to similar flow when b=1 and (H - a)/bly =0.1,
and Figure 4.21 to gravity-free flow when (H - a)/ly = 0.1. In a homogeneous soil
(o; =0, hence second-order pressure head = 0) pressure gradient is represented by the
zero-order solution. In Figures 4.20-4.21 the mean wetting front and gravity-free front
remain stable in a homogeneous medium. The mean DNAPL front is initially stable but
becomes unstable with time in Figure 4.19 regardiess o; . Heterogeneity is seen to have a

destabilizing effect on the front under gravity. This effect increases rapidly to a peak at
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early dimensionless time and then gradually dies out. In the gravity-free case, the front is
always stable regardless of o;. Theory and the figures indicate that the gradient of mean
pressure head for gravity flow tends asymptoticaily to (1-5) with time. For gravity-free
flow the gradient tends asymptotically to zero (constant pressure drop over increasing
distance). That DNAPL fronts become unconditionally unstable with time is confirmed,

among others, by the experimental work of Zhang and Smith (2001).

The gradient of mean pressure head for gravity flow l ip—:l+d—h driven by
Ppg dz dz
constant flux can be found from (4.89) and (4.102),
L dp__Q 4, % (4.123)
Ppg dz Ko 2
: . | dp dh .
and the gradient of mean pressure head for gravity-free flow =-— driven by
ppg dz  dz
constant flux,
L dp__ 9 4,9 (4.124)
pPog dz K, 2

We can see that gravity-free front driven by constant flux is unconditionally stable

(note that here we consider the case where u, >y, ). A gravity front driven by constant

flux is stable for —Q—(l +O-—2Y-) > 1 and unstable otherwise. It follows that heterogeneity has
G
a stabilizing effect on gravity flow driven by constant flux.

The fact that gravity-free fronts driven by constant flux and by constant head remain

stable is in full agreement with Saffman and Taylor (1958) who stated that such
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displacements are stable to small deviations if motion is directed from the more viscous
to the less viscous fluid, whatever are the relative densities of the fluids.

Figures 4.22-4 24 depict the influence of (/ - a)/ly on the gradient of mean pressure
head, and on the onset of instabiiity, for different types of flow. A DNAPL gravity front
eventually becomes unstable for any (H - a)/ly (Figure 4.22). For a mean wetting front to
be stable, (H - a)/ly must be sufficiently large (Figure 4.23). In both cases, the smaller is
(H - a)lly the earlier does instability set in. A gravity-free front remains stable for all (H
- a)/ly (Figure 4.24).

An increase in the correlation scale /y has a destabilizing effect on the wetting front
when o} =1 and (H - a)/ly = 0.1 (Figure 4.25). DNAPL gravity front (Figure 4.26) and
gravity-free fronts (Figure 4.27) remain unstable and stable, respectively, as correlation
length increases.

Figure 4.28 shows that uncertainty in the prediction of mean pressure head gradient is

largest at time zero, diminishes steeply at early time and more slowly at later time toward

an asymptote that increases with o, .
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CHAPTER §

TWO-DIMENSIONAL FRONT PROPAGATION

5.1 Displacement of water by low viscous DNAPL

In this chapter we consider two-dimensional displacement of water by a DNAPL in a
horizontal channel of infinite length under a constant uniform flux maintained far behind
the front (Fig. 5.1). DNAPL is either less viscous or more viscous than water. It was
pointed by Saffman and Taylor (1958) that such displacement is “stable or unstable to
small deviations according as the direction of motion is directed from the more viscous to
less viscous fluid or vice versa, whatever the relative densities of the fluids, provided that
the velocity is sufficiently large”.

In Chapter 2 we described viscous DNAPL penetration below the water table by
considering the water to remain static. Here we start by considering horizontal
displacement of water by DNAPL whose viscosity is very small compared to that of
water.

According to Darcy’s law, water and DNAPL head gradients are given by

vh, _ () (5.1)
= e

and

Vi, (x) = — I Ho. (5.2)

k(x)ppg
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Since u, <« u, we can disregard the DNAPL head gradient relative to that of water and
treat /1p as a constant. This allows us to focus solely on the motion of water.

The approach we follow was inspired by the work of Li ef al. (1986) who studied
Saffman-Taylor finger growth in a horizontal Hele-Shaw cell. Their equations (with
capillary length dy=0) are similar to (2.38)-(2.41) but disregard gravity and prescribe flux
at z=oc rather than at z=0. Here z is the direction of motion of DNAPL and x is a
direction perpendicular to the channel.

In terms of modified head h=h, — (P, - F;)/ p, g, two-dimensional horizontal water

flow in the porous medium is governed by

q, (x,1) = -K(x)Vh(x,?) Veq,, (x)=0 xeQ, >0 (5.3)
n(x,!)q, (x,7)=0 x e walls (54
h(x,0)=0 n(x,1)q, (x,2)=6V (x,1) xey(@) (5.9)

where qu is Darcy flux of water, #h, =F,/p,g is hydraulic head of water, Pp is

DNAPL pressure and Pr is DNAPL entry pressure. Water flux through the channel is

constant and related to front normal velocity via

o [ V.(y.ndy=0 (5.6)

7(1)
This reflects the fact that water flow rate far down the channel is the same as at the

front.

In analogy to (2.13), the above system of equations can be converted to an integral

equation
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h(x,0) =M +6 [ V,(y,0)G(x,y)dy

x(1)

- | K0V, iy, 00V, Gx,y)dy

Q1)

(5.7)

Here M =M +M'is a random constant that arises from condition (5.6) and Q is the
tlow domain, occupied by water.

In analogy to (2.42) and (2.44) the leading-order approximations of (5.7) are

KO0 =M +2= [ GOy WO (y.0)dy (538)
G 70

and

) =M 2 | (Vn‘”(y,t)—"—;V:"’(y,')JG?’(x,y)dy
G #t) 2

+ J‘ r?(y, 0V, GO (x,y)dy (5.9)

Q(D)(’)

+ | CRly.y)Vh (y,009,GP (x,y)dy

7(0)(’)

Here the signs of integrals along the front have been reversed as compared to equations
(2.42) and (2.44). This is so because the latter equations represent DNAPL flow behind
the front, whereas (5.8)-(5.9) describe water flow ahead of the front. The outer normal

vectors in these two cases point in opposite directions, causing a reversal of sign.

In the above G = K G is a deterministic Green’s function that satisfies (Kessler ef
al., 1986)

VIGP(x,y)+6(x-y)=0 y.xeQ, (5.10)

subject to
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n(x}V G (x,y)=0 x € walls (.11
GO (x,y)=0 z, > -0 (5.12)

For two-dimensional symmetric flow in the (x, z) plane with half width of the channel

c=1, G is given by (Kessler et al., 1986)

GO (xy) ==

7 Y —:‘l;ln(l—2e'"i:‘_:’= COS[II(X, —xy)]ﬁ-e'lz!’:'-:’i) (5.13)

The zero and second order approximations of M , M® and M?, arise from

6 [ V.(y.0dy =0 (5.14)
7(t)
and

6 [ 7Fy.ndy=0. (5.15)
y(t)
respectively.

Evaluating (5.8) at the front yields

0=M®+2- [ GPx,yW (3.0 (5.16)
G )
Next we evaluate (5.9) at the front, expand the integral —Ig——”— J' VO (y, GO (x,y)dy
I

about ¥, and retain only the leading term. From (5.16) it follows that this term is

60‘,

. o,
K, 2 IGi:o)(xy’Y)V,.(O)(y,l)dy=-—2Y-M(°’.Hence

P
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0=M1+ Zp® +- L [ Uy NG (x,w)y+ [ 6y, 09, G x, ey
G -(:l(,) Q(o)(,) (517)

+ [ CRly.y)VAO(y.009,G (x,. y)dy

7P
where x, is position on y(t).
Operating on (5.7) with the stochastic differential operator Y'(x)V_, taking ensemble

mean, and retaining terms of order o, gives an expression for r(x,f) that is similar to

(2.26),
a 6 > oG (x,y)
Bl (x, 0y =-— I Chl(x,y)—E——"""dy
e i (5.18)
oh® ﬁlG(O) 5Hh® ‘\ZG(O) ’
+ J' (‘[Zl(x y) (y1l) o K (x’y) +O (y:’) % K (x,Y) dy
v (% - ~
a® ox, Ox, O, oz, 0z,0x,
(0)
rF(x,t) :_i J' C(x,y) Zx0Y) oGy (XsY)dy
e - (5.19)
O (y, 1) PG oh° (y, 1) 3G |
+ C[’l( ) (yv’) (x y) % (Y1’) (x y) ‘Iy
Q) i ny ax‘ oz, 62}, G”- 0"

Note that operating with the stochastic differential operator ¥'(x)V_on random constant
M gives zero, Y'(x)VM =0.
The covariance Cyy is obtained by evaluating (5.7) at the front, multiplying by }’(x),

taking average, and retaining terms of order o; (in analogy to Appendix D):

6 el il 0 )
—~ j CHYG(x, . y)dy +m(x)= [ CPlxy)V,h (y.00V G (x,.y)dy

Ko 77 a® )

(5.20)
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where m (x) = MY'(x) can be found from the condition

| C3(xy)dy=0 (5.21)

7o)

The cross-covariance C,, can be found from the differential equation

dC
C,, =—X 522
w= (5.22)

and the initial condition
C,,(1=0)=0. (5.23)
Given the shape of the front at some time ¢ its normal velocity V!, i=0, 2 is fully

defined by equations (5.14)-(5.17).
We parameterize the zero- and second-order mean fronts by relative arc length s'!

(measured from finger tip and normalized by total arc length , s{'l, from fingertip to base)
and angles between the normal to the interface at s and the z coordinate, a!'!(s"!).
Given normal mean velocity /"' along the front, a new front position is calculated

according to (R.C. Brower, 1983; Kessler, 1984).

da 1o 1 st [ aa“(y)‘w [ 2a W) g
R | j 71 (y)dy - s [ Vi ()dy (5.24)

and

ds'' . ¢ oal ,
—==s] & Wiy (5.25)
{ c
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Uncertainty in the predicted front position is quantified by the variance of its normal

velocity. Evaluating (5.7) at some point x, along the front, multiplying by V,(z,), taking

ensemble mean and retaining terms of order o; yields

o :
0=my(z,)+— j CPl(z,,y)GS (x,.y)dy

G /90
(5.26)
- | B, )V, a(.0V,GO(x, y)dy
Q(ﬂl(f)
where m,(z,) =MV (z,) arises from
| CP(z,.y)dy=0 (5.27)

77

5.2 Displacement of water by highly viscous DNAPL

Here we consider the same problem as before but with x> g, . This allows us to

disregard water head gradients and treat Ay as a constant, motion being restricted to
DNAPL.

The problem is governed by
qp(x,0)=-K,(x)Vh(x,1) Veq,(x)=0 xeQ, >0 (5.28)
n(x,/)q,(x,t)=0 x € walls (5.29)

h(x,1)=0 n(x,t)eq,(x,1)=6V, (x,1) xey(t) (5.30)
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where qp is Darcy’s flux of DNAPL, Kp is DNAPL conductivity as defined in Chapter 2,

and h=F,/ p,g—(P. - F)/ ppg is modified DNAPL head . Mass conservation implies
that

6 [ V.(y.)dy =0 (5.31)

#(0)
1. ., DNAPL flow rate at the front is equal to that at the far end of the channel.

Equations (5.28)-(5.30) are similar to (5.3)-(5.5), the former describing flow of DNAPL
behind the front and the latter flow of water ahead of the front.
Hence integral equations describing front evolution based on (5.28)-(5.30) have similar
forms to those based on (5.3)-(5.5) but with opposite sign in front of boundary integrals.

It follows that

h(x,t)=M =8 [ V,(y.0G(x.y)dy (532)

7(t)
There also is a change in the 0™ Fourier component of the Green’s function, which
controls its behavior at infinity. To guarantee that DNAPL head increases linearly as

z, = —x, the Green’s function must vanish at =z, — +w (Kessler et al. 1986):

X

(}K(x,y) __ Sy TS ';' Sx T2y —iln(l _ ze-"rt:,—-'yi cos[;[(xx —x’, )}+e‘le:‘—:y§) (5_33)

The zero- and second-order mean DNAPL heads are

K =M - [ GOy (v.0dy (5.34)

G 59

and



APl (x,0) =M AV
2 K,

A Qo

- [ CRy.y)VA (y.00V G (x.y)dy

70

where M® and M are obtained from

6 [ V(y.ndy=0

A"

and

0 [ VPl y.ndy=0.

Ay
respectively.

Zero- and second-order mean front evolutions are described by

Q] 0 0 (3
0=M" —— [ G'(x,,y)V;" (y)dy
G yuou(,)
and
0=M" +°TY'M“” _6 _[ Vi y, 0Ge (x,,y)dy +
< K 7y

[ Fy. 09,6 (x, )y

qu

- | CRy.y)VA (y.0:9,GO(x, . y)dy

y""(l)

where x_ison y(f).

Components of the second-order residual flux vector are given by

105

[ 7Hy.0GPmy)dy+ [ r(y.009,G (x,y)dy

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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-~ 6? bl 63(:;(?) L]
= [ CRmypZE Ty,
G?w)(l) x (5 40)
oH(y,) GO (x,y)  h”(y,1) G (x,y) '
I C[’Zl(x’y) y, K M + Y. x %Y dy
I a,  ox,ox, &z, &0,
: 9 e A OGO(x,
=2 | CiloyZE TN
G :’lﬂb(,) )h‘ (5 41)
+ J' C(.:'(x y) ahw)(yvt) angJ)(xvy)+6h(0)(yvl)alGi’0)(xvy) d)’
¥ PR &,  oxéz, &, &,

The second-order cross-covariance Cy;- is obtained from

g 2 ( 2 {
v [ CRayGPx,.ydy+mx)= [ CPxy)V "y, 0V,G(x,.y)dy
G #%ty o)

(5.42)

where m,(x) =M Y'(x) is found from the condition

| Ch{(xy)dy=0 (5.43)

ylor(l)

The cross-covariance C,, is determined from the differential equation

¢, =L (5.44)
= .

subject to the initial condition
C,(1=0)=0 (5.45)

The variance of normal velocity is obtained from
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0 ¢ ,
0=m(z,)-—— [ CF(z,. )G (x,.y)dy

G r(t)
(5.46)
- [ B, )V, % 0.09,G0(x, . y)dy
Q™)
where m,(z,) = MV (z,) follows from the condition
| €B'(z,y)dy=0 (5.47)

?!Ul(l)

5.3 Numerical results

Here we present numerical results describing displacement of water by low viscous

DNAPL. Details of numerical solution are given in Appendix T .

5.3.1 DNAPL fingering in homogeneous soil

The zero-order approximation of the mean front satisfies a standard boundary-value
problem with moving boundaries for a homogeneous medium with conductivity K=Kg.
We found that a single perturbation of the front gives rise to a single smooth Saffman-
Tailor type finger (Figure 5.3). Finger width equals half the width of the channel in
perfect agreement with Saffman and Taylor (1958).

To check the stability and accuracy of our numerical solution we computed front
positions for different numbers of discretization points and for different time step sizes.

Figure 5.4 shows that when the number of discretization points increases from 25 to 40,
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the finger shortens slightly but otherwise remains the same. The LSODE code allows
controlling time step size by varying the relative error tolerance parameter (RTOL).
Figure 5.5 shows that RTOL has only a small effect on finger shape and size.

Figure 5.6 shows the evolution of a dominant finger from the largest of three initial
perturbations. This agrees in principle with experimental results by Tabeling et al. (1986)
(Figure 5.7). This “shielding” effect disappears when the initial perturbations are
uniform, resulting in uniform finger evolution (Figure 5.8).

Perturbation of a fingertip leads to splitting (Figure 5.9). This too agrees with the

experimental results (Figure 5.10) of Tabeling et al. (1986).
5.3.2 Effect of heterogeneity

Heterogeneity and nonlocality of mean behavior manifest themselves solely in second-
and higher-order terms. As was already mentioned, we computed second-order mean

front evolution for ¥(x) having an exponential covariance function

v
-

G (|x-y]) =07 exp(l—“;J (5.48)

[:

where /. is correlation length in the z direction. For simplicity, we take the correlation
length in the x direction to be infinite. This is analogous to flow across a perfectly

stratified medium.
To check our solution we start with the case where correlation length in the = direction

is also infinite. This renders the conductivity a random constant. As flow is controlled by
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a constant flux, the mean front does not depend on the random conductivity value. Figure
5.11 compares zero- and second-order mean front positions at various times, showing that
they are identical except for what we consider to be numerical errors associated with the
second-order solution (theoretically, the two solutions should be identical). These errors
are seen to grow with time, causing a numerical splitting of the finger. We suspect that
part of the error stems from our rudimentary schemes of domain integration and front
velocity computation. Since both the domain and the front vary with time, employing
higher-order numerical schemes might require an added amount of computational effort.
To avoid this, we have opted for artificially smoothing the front normal velocity profile
whenever it becomes rough. The results agreed closely with the zero-order solution.

Figure 5.12 shows second-order mean Saffman-Taylor fingers at different times for
various o, (normalized correlation length //c = 1). We see that random layering
reduces mean finger propagation rate. The larger is the variance of conductivity, the
slower does the finger propagate. Figure 5.13 shows that as the normalized correlation

length //c increases, the second-order mean Saffman-Taylor finger becomes longer.

Figure 5.14 indicates that velocity variance is highest at fingertip, which moves the

fastest, and dies out toward the slower base of the finger, increasing with 0',? . The

velocity variance decreases as /-/c increases (Figure 5.15).
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fluid 2

Figure 1.1. Wave like disturbance. After Chen et al. (1995).
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Front »

WATER

Figure 2.1. Flow domain Q(DNAPL region). Green’s function defined on €, that
consists of DNAPL region and region saturated with water, separated by front y.

Dirichlet boundary I",, with prescribed constant hydraulic head #=H. No-flow Neumann
boundary I',, .
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Figure 3.1. Probability of instability computed analytically and by Monte Carlo
simulation at L//, =40 for (a) prescribed y. with G, = 0.00075, (b) prescribed v,

with G, = -0.075, (c) random . with b = 8.16 (m’/d)'”* and G, = 0.00075, (d) random
w, with b=8.16 (m’/d)"? and G, = -0.075. After Chen and Neuman (1996).
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Figure 3.2. Probability of instability computed by first-order reliability method and
Monte Carlo simulation at L//, =40 for (a) prescribed y,. with G, = 0.00075, (b)

prescribed . with G, = -0.075, (c) random w, with b = 8.16 (m*/d)"? and G, =
0.00075, (d) random y, with b = 8.16 (m*d)"? and G, = -0.075. After Chen and
Neuman (1996).
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Figure 4.1. Dimensionless time needed for gravity front driven by constant head to
reach dimensionless depth equals to 10 for different realizations of Y=InKX field. 6 = 0.5,

(H-a)/bly =10, o; =0.25.
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Figure 4.2. Mean |-D front position and its variance versus number of realizations.

Gravity flow driven by constant head. b = 0.5, (H-a)/bly = 10, o} = L.
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Figure 4.3. Mean 1-D front position and its variance versus number of realizations.
Gravity flow driven by constant head. b = 0.5, (H-a)/bly = 10, o} =0.25.
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Figure 4.4. Dimensionless mean front position versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of var} =

o; . Gravity flow driven by constant head. b = 0.5, (H-a)/bly = 10.
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Figure 4.5. Dimensionless mean wetting front position versus dimensionless time
obtained analytically (AN) and with Monte Carlo simulations (MC) for different values

of varY=o7; . Gravity flow driven by constant head. b= 1, (H-a)/ly= 4.
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Figure 4.6. Dimensionless mean front position versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of var} =

o; . Gravity-free flow driven by constant head. (H-a)/ly= 10.
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Figure 4.7. Dimensionless mean front position versus dimensionless time obtained
analytically for different values of (H-a)/bly. Gravity flow driven by constant head. b =

0.5, o7 =0.5.
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Figure 4.8. Dimensionless mean front position versus dimensionless time obtained
analytically for different values of 4. Gravity flow driven by constant head. (H-

a)lly=5, o} =05.



Dimensionless front variance

122

AN varY=0.5 L
o MC varY=05 L7
-..—--— AN varY=0.75 -7
« MC varY=0.75 LT o °
------ AN varY=1 Lol o ° 7%
o MC, varY=1 LT R

1 2 3 4 5
Dimensionless time

Figure 4.9. Dimensionless front variance versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of varY

= o, . Gravity flow driven by constant head. b = 0.5, (H-a)/bly = 10.
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Figure 4.10. Dimensionless wetting front variance versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of

varY=o . Gravity flow driven by constant head. b=1, (H-a)//;=4.
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Figure 4.11. Dimensionless front variance versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of varY =

o; . Gravity-free flow driven by constant head. (H-a)/ly= 10.
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Figure 4.12. Coefficient of variance (CV) versus dimensionless time obtained
analytically (AN) and with Monte Carlo simulations (MC) for different values of

varY=0; . Gravity flow driven by constant head. 6 =0.5, (H-a)/bly = 10.
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Figure 4.13. Coefficient of variation (CV) obtained analytically (AN) and with Monte
Carlo simulations (MC) versus dimensionless time for different values of varY=o; .

Gravity-free flow driven by constant head. (H-a)//y = 10.
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Figure 4.14. Dimensionless front variance versus dimensionless time obtained
analytically for different values of (H-a)/bly. Gravity flow driven by constant head. b =

0.5, o7 =0.5.
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Figure 4.15. Dimensionless front variance versus dimensionless time obtained
analytically for different values of (H-a)/ly. o; = 0.5. Gravity-free flow driven by

constant head.



Front variance

Figure 4.16. Front variance versus time obtained analytically for different I=/y. Gravity
flow driven by constant head. H-a=0.1, b=0.5, o} =1
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Figure 4.17. Front variance versus time obtained analytically for different 1=/y. Gravity-
free flow driven by constant head. H-a=0.1,6=0.5, o} = 1.
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Figure 4.18. Dimensionless front variance versus dimensionless time obtained
analytically for different values of 4. Gravity flow driven by constant head. (H-a)/ly =,

o; =05.
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Figure 4.19. Mean pressure head gradient versus dimensionless time obtained
analytically for different values of varY = o; . Gravity flow driven by constant head. 5 =

0.5, (H-a)/bly=0.1.
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Figure 4.20. Mean pressure head gradient at wetting front versus dimensionless time
calculated analytically for different values of var¥=o,*. Gravity flow driven by constant
head. b=1, (H-a)/ly=0.1.
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Figure 4.21. Mean pressure head gradient versus dimensionless time obtained
analytically for different values of varY = o; . Gravity-free flow driven by constant head.
(H-a)/ly=0.1.
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Figure 4.22. Mean pressure head gradient versus dimensionless time obtained
analytically for different values of (H-a)/bly. Gravity flow, driven by constant head. b =

0.5, o7 =1.
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Figure 4.23. Mean pressure head gradient at wetting front versus dimensionless time
calculated analytically for different values of (H-a)/ly. Gravity flow driven by constant

head. b=1, o; =1.
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Figure 4.24. Mean pressure head gradient versus dimensionless time obtained
analytically for different values of (H-a)/ly. Gravity-free flow driven by constant

head. o; = 1.
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Figure 4.25. Mean pressure head gradient at wetting front versus mean front depth
obtained analytically for different /y . Gravity flow driven by constant head. b=1, (H-

a)ly=0.1, 67 =0.5.
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Figure 4.26. Mean pressure head gradient versus mean front depth obtained analytically
for different /y. Gravity flow driven by constant head. » = 0.5, (H-a)b=0.1, o;
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Figure 4.27. Mean pressure head gradient versus dimensionless time obtained
analytically for different values of /v. o} = 1, H-a = 0.1. Gravity-free flow driven by

constant head.
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Figure 4.28. Variance of pressure head gradient at the wetting front obtained
analytically versus dimensionless time for different values of varY=o; . Gravity flow
driven by constant head. b=1, (H-a)/ly=4.
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Figure 5.1. Flow domains ()p and 2 separated by sharp front v Green’s function
defined on both domains. Uniform flux prescribed far behind front. Impermeable walls

located at x=+c.
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Figure 5.3. Zero-order mean finger growth with dimensionless time = Kgt/é& driven by

dimensionless flux 0/2cK¢ =1. x and z are normalized by ¢. Saffman-Taylor type finger
resulting from a single perturbation.
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Figure 5.4. Zero-order Saffman-Taylor type fingers at dimensionless time Kqt'& =1

driven by dimesionless flux 0/2cK¢ = lobtained with different number of discretization
points (NP). x and z are normalized by c.
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Figure 5.5. Zero-order Saffman-Taylor type fingers at dimensionless time Kqt/'6c = 1

driven by dimesionless flux 0/2cK; = 1 obtained with different parameter RTOL. x and =
are normalized by c.
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Figure 5.6. Zero-order mean finger growth with dimensionless time = Kgt/é driven by
dimensionless flux Q/2cK¢ =1. x and z are normalized by ¢. Uneven initial perturbations

give rise to dominant finger.
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Figure 5.7. Developing of dominant finger. Oil penetrating glycerin. After Tabeling et al.
1986.
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Figure S.8. Zero-order mean fingers growth with dimensionless time = Ks#/é& driven by

dimensionless flux Q/2cKg =1. x and z are normalized by ¢. Multiple uniform
perturbations grow into uniform fingers.
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Figure 5.9. Zero-order mean finger growth with dimensionless time = Kg/& driven by

dimensionless flux 02cK =1. x and z are normalized by c. Splitting of the finger as
result of perturbation of the finger tip at r=0.
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Figure 5.10. Finger of oil penetrating glycerin in Hele-Shaw cell. After Tabeling et al.,
1986.
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Figure S.11. Zero- and second-order Saffman-Taylor mean finger growth with
dimensionless time = Kgt/& driven by dimensionless flux 0/2cK; =1. x and =z are

normalized by ¢. o7 =1, l-/c=, [=o.
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Figure 5.12. Second-order Saffman-Taylor type mean finger growth with dimensionless
time = Kt/é& driven by dimensionless flux 0/2cK; =1 for different o; = varY. x and z
are normalized by ¢. L./c =1, [, =w.
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Figure 5.13. Second-order Saffman-Taylor type mean fmger growth with dimensionless
time = Kgl/& driven by dimensionless flux 022cKg =1 for different normalized
correlation length 1 = //c. x and z are normalized by c. o;=1, [, = .
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Figure 5.14. Dimensionless normal velocity variance = 8° [a,f ]m /K. of a Saffman-

Taylor type finger versus relative arc length as a function of dimensionless time = Kt/ &

for different varY = o7 . Q2cKG =1, l/c = |, [=x.
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length 1 =/L/c at Kot/ =05. 6; =1,02cKs=1,1 =o.
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CHAPTER 6

SUMMARY AND CONCLUSIONS

1.

Based on the sharp front approximation we derived stochastic equations and
boundary conditions that control DNAPL propagation in randomly heterogeneous
saturated porous media. We found that they have similar form to those describing
dynamics of a wetting front.

In line with Tartakovsky and Winter (2001) we proposed a new moment approach
to the analysis of the above stochastic equations by converting them into integro-
differential equations. Tartakovsky and Winter had approximated the domain and
boundary of integration by their mean counterparts, resulting in what they termed a
“leaner solution”. Authors showed that this approximation introduces a systematic
error in the prediction of mean front position. Upon treating the domain and
boundary of integration as being random, we had obtained an additional second-
order term in our equations for mean head (equations (2.25) and (2.44)), which
eliminated the error.

Due to our choice of deterministic boundary conditions, the expressions for
moments are formally the same for flow under prescribed head as for flow under
prescribed flux. The difference between the two solutions stems from a difference
in Green’s functions.

The zero-order approximation of the mean hydraulic head, A“(x,t), satisfies a

standard boundary-value problem with moving boundaries for a medium with
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known properties, driven by a deterministic forcing term. Randomness, and
nonlocality of the mean flow problem, manifest themselves solely in second-order
(and higher) terms.

Our instability analysis implies that a DNAPL front is stable when the gradient of
pressure head immediately above it is negative (the vertical coordinate z pointing
downward and pressure head increasing upward) and unstable when this gradient is
positive. We showed that a probabilistic analysis of wetting front instability due to
Chen and Neuman (1996) applies to a DNAPL front.

We solved our moment equations analytically in one dimension and compared the
results with Monte Carlo simulations. We found the result to be accurate for both
mildly and moderately heterogeneous soils. Our analytical solution allows one to
investigate the effect that the variance and spatial correlation scale of log hydraulic
cenductivity have on front behavior under the action of various forcing terms.

Our one-dimensional analysis demonstrates the advantages of our moment solution
over Monte Carlo simulation. The number of Monte Carlo simulations necessary for
convergence of the two leading moments to a stable result increases with
heterogeneity (the variance of log conductivity). There generally is no assurance
that stabilization takes place at the theoretical ensemble value. We nevertheless take
the Monte Carlo solution to represent the true ensemble moments.

Our second-order front position is much closer to the one obtained from Monte
Carlo simulation than the zero-order front position, which constantly overestimate

Monte Carlo solution.
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We found that a one-dimensional front driven by deterministic flux Q propagates at

a fixed deterministic velocity Q/8, 6 being DNAPL content, so that front variance

o}, velocity variance o, second-order mean front position £®(r), second-order

mean front velocity ¥ (x,¢) and related cros-covariances are zero. While trivial
(this result can be obtained directly from the mass-conservation principle), it
indicates that our moment solution is free of internal contradictions. While the front
moves through a random porous medium at a deterministic velocity the actual head
and its gradient remain random.

We found that when one-dimensional flow is driven by constant head, heterogeneity
reduces the mean front propagation rate regardless of gravity. Mean front depth and
its rate of advance increase with (H-a)/ly, i.e., increase with the driving head and
decrease with the correlation length /y. The latter effect is amplified by the fact that
dimensionless time also decreases as /y increases. The larger is b (i.e., the density
difference between driving and driven fluids), the faster does the one-dimensional
gravity front propagate. In the absence of gravity, the front prorogation rate is
independent of density difference between the two fluids.

The one-dimensional front variance increases with the log conductivity variance
o, , the driving head and the correlation length /y regardless of gravity. In the
presence of gravity, the front variance increases also with 5. The variance of a

gravity-free front does not depend of 5.
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We found that gravity-free DNAPL fronts (u, >> 4, ) driven by either constant
flux or constant head remain stable. This is in full agreement with Saffman and
Taylor (1958) who stated that such displacements are stable to small deviations if
motion is directed from the more viscous to the less viscous fluid, whatever are
their relative densities.

A gravity DNAPL front driven by constant head is initially stable but becomes
unstable with time regardless of o; .

A gravity wetting front (b=1) can be stable or unstable depending on o, and (H -
a)/ly. For a mean wetting front to be stable, (/ - a)/ly must be sufficiently large.

Increasing of o; has a destabilizing effect on the front under gravity. Change in

correlation length does not have significant effect on the front.

9

A gravity DNAPL front driven by constant flux is stable for Kg(l+%’:)>l and
G

unstable otherwise. In other words, heterogeneity (increasing of o;) has a

stabilizing effect on gravity flow driven by constant flux. The one-dimensional
moment solutions for DNAPL flow driven by constant flux do not depend on
correlation length.

We solved our moment equations numerically in two dimensions. Our numerical
solution reproduces known phenomena such as finger splitting and shielding in a

homogeneous porous medium. It shows that (a) random layering reduces the mean
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finger propagation rate and (b) the front velocity variance is highest at fingertip,
increases with o; and decreases with spatial correlation.

17. Our results are of both theoretical and practical importance because in most soils,

conductivity behaves as a correlated random field.



APPENDIX A

INTEGRAL EQUATION

From (2.7) follows the Second-Order Partial Differential Equation (PDE)
V(K,(x)Vh(x,1))=0 xeQ (>0

subject to boundary conditions

6h;:,t) =0 xel,
h(x)=H -a xel,
h(x,t) = -bg(x,,,:1) 2, =6(x, y1) (orxey), 120

-n(x,)(K,(x)Vh(x,)) =6V, (x,t)  z,=&(x,,y,;t) (orxey), 20
y =7, (or §(x,»,0)=¢,(x,y)) 1=0

The random field K is represented as

K, (x)= K(x)+K'(x) 1—(7(x)=0

Substituting (A.7) into (A.1), multiplying by G and integrating over Q give

[ v, RV ily.0) Gy, x)dy + [ Y, K'GV,A(y.0) |Gy, x)dy =0

Q(r) Q)

where G is defined in (2.14)-(2.16)

Applying Green’s formula to the first domain integral gives

162

(A1)

(A2)

(A3)
(A.4)
(A.5)

(A.6)

(A7)

(A.8)
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| Rym(y,00V, iy, 0G(y, x)dy - [ K(y)V,h(y.00V,G(y,x)dy
() Q) ( A‘9)

+ | VKOV, A(y.0|Gly.x)dy = 0

Q(r)
where n is an outward normal unit vector.

Applying Green’s formula again gives

- [ Hy.oV, {R@IV,Gly. 0 iy =

Q(t)

| [R (y)n(y. 00V, Ay, 0YG(y, x) - K(y)h(y, n(y, )V, G(y, )| dy (A.10)

rw)

+ [V [K'(3)V,h(y.0) |Gy, x)dy

Q1)
Incorporating (2.14) and applying Green’s formula to the last integral give

| #(y.05(y - x)dy =

Q(t)

+ [ [K(y)n(y.00V, h(y,0G(y,x) - K(Y)h(y, On(y, 1)V, G(y, x)] dy (A1)

I

+ [ K'(y)n(y, 1)V, h(y,G(y, x)dy - [ K'(y)V,h(y, 0V, G(y, x)dy

@) Q)

Incorporating boundary conditions and the definition of the delta function yields

h(x,0)=-(H -a) [ R(y)n(y)V,G(y, x)dy
Ip

- [ [67,00.10G(y. x) - R3)BE(x,. y,:0)n(y. 1)V, Gy, x) | dy (A12)

r(?)

- [ K'3)V,h(y,0+V,G(y, x)dy

Q(t)
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Note that the integral over the front is equivalent to the integral over the depth of the

front as a function of x and y, because we defined front position in term of depth.



APPENDIX B

ZERO-, FIRST- AND SECOND ORDER APPROXIMATIONS OF MEAN HEAD

Zero-order approximations of mean head 4”(x,r)

To obtain a zero-order mean head approximation we substitute (2.20)-(2.22) in (2.13) and

retain only terms of zero-order:

K (x,1)=-(H -a) [ Ko (y)n(y»V,G(y, x)dy
Tp

B
- [ [070@.06 (. x) - Ko (b (x,.. y,:0(y, 1)V ,G(y, x)|dy o0
7w

where G satisfies
V,{(K:3)V,G7(y,%))+8(y-x)=0  yxeQ, (B2)
subject to the boundary conditions
G(y,x)=0 yel, (B.3)
n(y)-V,G(y,x)=0 yel, (B.4)

First-order approximations of head #''(x,)

A self-consistent representation of (2.13) in terms of the first-order head #'' =4 +A"

is



HO(x,1) = ~(H -a) | K5 (y)n(y)V,G” (y, x)dy
Cp

-0 [ V.06 (v, x)dy

A

b [ Ko E" (x,,5,,00(y.00V,G(y, x)dy
e

- | KoY @IV, Ky, 0:9,G(y, x)dy
Qi

Note that G satisfies
V(K (VGO 0)+ V(KO WV (y,x)) =0 y.xeQ
subject to the boundary conditions
GV(y,x)=0 yel,
n(y)v,G"(y,x)=0 yel,
Since K\ =0, G™M=0.
Note that the first-order mean head satisfies
V(K,VA® (x,0))=0
hAYx)=0 xel,

eh(x,1) _

F” 0 xel,

hO(x,t) = —bE® z, =EVx,, y,.1)

xxayx;’){
ot

_ ~AF )
~K VEO(x,0)n_, =6 % (

whose solution is 7 =0 and £ =0.

\'1: );(l) zx = f(!)(xx’yl;t)
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(B.5)

(B.6)

(B.7)
(B.3)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)
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Here n ,, is a unit vector to the front y defined by EV(x, yi1).

Second-order approximations of mean head #°/(x,?)

A self-consistent representation of (2.13) in terms of the second-order head

W = h9 + Y + AP is

H(x,0)=~(H -a) | [KG (y)I +3;_i)n(y,z)-\7,6‘°’(y, x) + Kon(y,0V,G(y,x) |dy

-0 [ (r2.0+V0(4.0+V2(3.0)G(y, x) + VO (y,0G (v, x)) dy
A

b [ Ko)(E 0t 5,.0) +EV(x,, 3,.00+ED(x,. 3, ,.0))0(y, )V ,G (y, x)dy
A

+b [ KoE (5,5, .0n(y,00V,GP(y, x)dy
A

-

b [ K V03, D030V, Gy 1)y

- _.::(Zl

- [ [KOW(V,5 .0+ 9,0 (y,0)+ KOGV, (v, [V,GO(y,x)dy  (B.14)
o

where we define K'® = K® -K®.

G satisfies

2

2 o,
V, (Ko (y)V,GO(y,x)) +7'Vy-(KG(y)VyG(°)(y, x))=0  yxeQ, (B.15)

subject to the boundary conditions

GP(y,x)=0 yel, (B.16)
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n(y)V,G?(y,x)=0 yel, (B.17)

Substitution of (B.2) into (B.15) gives

v, (K 0)V,G(y, x))—%é(y- x)=0 (B.18)

It follows that

G = _EziG(O) (B.19)

Combining terms in (B.14) yields
Wi(x,1)=~(H -a) [ [ R (y)n(y,0:V,Gy, x) + K (yn(y, )V ,G(y, x) | dy
1"D

-0 [ (P0G (y.0)+V O (y,)GP (v, x))dy

A
+b [ KeEP(x,. y,.0n(y, 1:V,G (y, x)dy

Ay

+b [ KoE(,.y, o0y, 00V, G (y. x)dy (B.20)

A3

+6ZL [ Ko(y)E(,. y, )y, 0V, Gy, X)dy
A

- j [K"”(y)Vyh[”(y,1).V_VG(°)(y, x)+ K@ (Y)Y, H(y,0V,G(y, x) | dy
o)

Substituting (B.19) into (B.20) gives
2 x,1) = —(H -a) [ Ko(yIn(y,0+9,G(y, x)dy
Tp

-6 | (Vn”'(y,t)G‘“’(y,x)-%;V;‘°’(y,t)G‘°’(y,x)jdy
M

, (B21)
b [ Ko()E(x,. y, .0y, 00V GOy, x)dly
Ay

- [ (KO, 009 ,GOy,x)+ KO (Y)Y, Ay, 0V, GOy, x)) dy
ey
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We rewrite the domain integral in (2.13) as

£ gD
| K@V, hy.09,Gly.x)dy = | | K5V, y.00V,G(y,x)dz,dy
Q) Tp 0

29

= [ [ K'0)V,h(y.00V,Gly,x)My + [ (£ +. ) K'(y, )V, (Y. .0V, G(y,. XMy, +..

Fp 0 Tp

= [ KOWV,hy)V,Gly.xdy+ [ (87 +.)K' 3V, hy.0V,Gly.xMdy +... (B.22)

Q%) 7(0)(1)
— £(0) d
Where y’z =(x_\-1yy’z_§ (xY’yy))
Deﬁne 5'(,) =5(1) _5_(') and expand boundary integrals over 5(” =é—[2| +§'(1) +§,(2) in

Taylor series around £'*!, disregarding terms of order higher than 2. For example

vy, )Gy, x)dy

e,y ) et i, vy)

= | P0G (. x)dy +H(ED +ED)OT (y,0G (3. ), (B.23)

Hlex )

2E P (x, yy 1)

From (2.19) it follows that ¥* = ((Y')z -a,?)/ 2=0.

Expanding (B.21) using (B.22)-(B.23) and averaging then gives



AP(x,0)= ~(H -a) | Ko(y)n(y)V,G(y, x)dy
Tp

-9 J' (Z”'(y,t)G‘“)(y,x)—%’:Vn‘")(y,t)G“”(y,x)de

A7)

b [ K, EP(x,, .0y, 0:V,Gy, x)dy
A

+ [ Ko(y.0,G Oy, x)dy
%)

- J- Ko(y)CH (s x,, v, , OV B (¥, 0)sV GOy, x)dy

?10)(!)

5 ()
where r® =-Y'V#'

170

(B.24)
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APPENDIX C

SECOND ORDER APPROXIMATION OF RESIDUAL FLUX

To obtain r we operate on (B.5) with the stochastic differential operator ¥'(x)V _,

V')V, H(x,0) = (H -a) [ V(0K (y)n(y)»V,V,GO(y, x)dy
Tp

- j [6Y" (V" (y, )V, GOy, x) - V' (x)K ;6E"(x,, y, . Ny, 1)*V,V G (y, x) ] dy

Aty

- [ KoY )V, A, 0:9,9,G(y, x)dy
')

(C.1)
Here we replace integrals over random domain and boundaries and domain with
integrals over their zero-order equivalents. Tailor series expansions about the latter shows

that by doing so we do not lose any second-order terms. Averaging (C.1) thus gives

r(x, )1 =0 | CHl(xy.0)V,G"(y.xMdy
rlUi(!)
b [ Ko (y)ICE(xy.0n(y,00V,V,G (y, x)dy (C2)

7% )

+ [ Ko CE xy)V, Ay, 00,7, GOy, x)dy

Q')



172

APPENDIX D

SECOND ORDER APPROXIMATION OF COVARIANCE Cf,'(z; X,.0)

Evaluating (B.5) at the front and multiplying by ¥'(z) gives

-bY'@)"(x,.y,.1)=~(H -a) [ V@)K (yn(y)V,G"(y, x)dy
Tp

-0 [ V'@W(y.0G"(y.x)dy
A'leey (D.1)

+b [ Ko@) (x,., y,.00(y,00,G(y, x)dy
Ay

- [ K@Y @Y 3V, 4 (y,009,G(y, x)dy
g

Replacing integrals over random domain and boundaries with integrals over their zero-

order counterparts, taking average and retaining second-order terms yields an

approximation for C,, = r'e

bC)[:zl(z’ xx’yx ’ ’) = j. KG (y)C}‘zl(z’ Y)V_vh(u)(y, t).VyG(O) (Y’ x:’yx’ ‘f(x‘vyxv ’))dy

Q'

+0 ! Cl @y, 06 (3, %, Y, £(X. ya))dy (D.2)

A0

_b I KGC},il(z;y,t)n(y,I)OV),G(O)(y,x‘,y!,é‘(x‘,yx,l))dy

rﬂ)l(l)
where

rt 6("}'}'
Cy, =YV, = p n, (D.3)
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APPENDIX E

FRONT COVARIANCE

Evaluating (B.5) at the front and multiplying by £V (x,,y,;7) gives

~bE0(x,, yi D)5y i) = = (H =a) [ €706, i DK (IR, Gy, x)dy

Tp
-0 [ £0x,, y: Wy, HG (y, X)dy
Aty

b [ KoEV (2, yDEV (., Oy, 1)V, G (y, X)dy
Ay

(E.1)

~ | KaED (5 y DDV 1)V, A (y,009, Gy, x)dy
ol

Approximating it with integrals over zero-order domain and boundaries and averaging
gives

Oyl %0 v =0 | CHl (x5, 5, DG (¥ X, Y063 Yo D) Y

_V‘o’([)
-b I Ko (y)CPU(x,. v, 1%, ¥, , O0(Y, 0V GO (y; X, ¥, E(X, V1)) dy (E.2)

7

+ | Ko WCE %0y OV, A (4, 00V,G (¥ X, Y £, 3, 1)) dy
%)

where

aCr(x,y,t';xy,yy,t)”

C,. (e, y.0;x,,y,,0)= P (y) (E3)
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APPENDIX F

HEAD VARIANCE

Multiply (B.5) by 4™ (x,?) to obtain

HO(x, D (x,0) = ~(H - a) [ KO0OK s (0)m(y)V, G (y, x)dly
Tp

-0 [ KOV, 0G(y, x)dy

Aty
+h [ Ko (x.0E"(x,, y,. On(y. 00V Gy, x)dy
Al

- [ Ke @A (x, 0 ()Y 5 (y,009,G(y, x)dy
ol

(F.1)

Approximating this using integrals over zero-order domain and boundaries and

averaging gives

[a,f(x,t)]m =-0 _" ch (x; X,, Y, & (x,, y_‘.,t)) Gy, x)dy

Ay

b [ Ko(CE (%%, 5, £°(%,,5,.0)0(y, 1)V, Gy, x)ddy (F.2)

yum(,)

- | Ke@ICR )V, A (y,009,G y, x)dy

QAOD

where

och (x;xy,yy,f(o’(x).,y’.,t))
ot

Col (x:%,,,, 67 (x,, ¥,.0)) = n.(y) (F.3)

To obtain C.." (x; xy,yy,é(“)(xy,yy,l)) we multiply (B.S) by £V (x,, y.,1)
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WX 0EV (%, p,00) = ~(H -a) [ £7(x,.y,, DKo INE)V,Gy, x)dy
Fp

-0 [ &Vx,, 5,00 (y,NG (y, x)dy

') (F.4)
b [ KoE (%, 0,.0E" (%, y,.0(y.0:V, Gy, x)dy

i0)

o

~ | KeEV(x,. Y OV IV, HO (.07 GOy, x)dy

Qm. (l)
Approximating with integrals over zero-order domain and boundaries and averaging

gives
CE:'I (x’ xl'yz"g(l))(xuyp’)) =

-0 | CH (%, 306:%,0 1, 1) Gy, x)dy

10)

yon

b [ KoICP(x, 0,015, y,. 1)y, 1)V, Gy, X)dy )
i

- [ KeICE.6%,, 7,0V, H(y,00:9,G(y, x)dy
Multiplying (B.5) by Y'(z) gives

H(xX)Y'(2)=~(H -a) j Y'(2)K, (y)n(y)}V,G(y. x)dy

-0 | Y'@w(y,nG"(y,x)dy
- (F.6)

b [ Ko Y'@E"(x,, y,.0n(y, 0V, Gy, x)dy

:,(ol(l)

- [ K@Y @Y (y)V, i (y.00V,G(y, x)dy
Q)

Approximating with integrals over zero-order domain and boundaries and averaging

gives
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Ci'(x,2)=

-6 | Cil(z:x,.5,,0G"(y, x)dy

?10)(1)

+b [ K CH @ x,.5,.00(y.009,GO(y, x)dy &7

?IOD(‘,)

- [ Ko)CE @ y)V h (. 009,Gy, x)dy

Q
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APPENDIX G

CRITERION FOR INSTABILITY

Darcy’s law above the front can be written as

k(z) d
qp =~ ()d(P+ng) -L<z<0 (G.1)

Hp

[ntegrating from O to z:

L [Py(2)+ 2058~ Py~ (5 - P )Hg] (G2)

[D”DIk(.)

Evaluating at z=-L:

-L

quuof = =—[P.+Lp,g. - Lppg~(pp -~ P,)Hg] G3)

dz
k(z)
Dividing (G.2) by (G.3) and solving for P,(z):
t dz

Py(z)=PR +(pp - pIHE - zppg +—— [P - L(p, - p.)8 —(pp — p.)Hg] (G.4)

k(z)

0

Pressure head gradient G immediately above front:

G=—! djﬂ ' [ Fe —(l-&)(L+H)]—1 (G.5)
ng ~ z=-L k( L)I p g pD
k(&
Let . = and y = Lo denote respectively entry and DNAPL pressure heads.

Pp& Pp8

Define a new variable &= -z



1 [ P,
——| v +(- “)(L+H)}1

Let  be pressure head in the perturbed field and ¥ the perturbation:

Y=y'-y
Substituting (G.8) into (2.1) yields
V(k(z)V¥)=0

With boundary condition:

c=-L w=Jg+ ML
A,

D

}e(t)Sin(nx + 1)Sin(my + §)

where T is effective surface tension,
M =n"+m",
and

AG=0,-6, =0

Let the horizontal front z = —L(7) at time ¢, be perturbed:

2(x,y,t)=-L+¢ =-L+&(t)sin(nx + r)sin(my + J)
¢ - perturbation of front

¢ = e(t)sin(nx + 7)sin(my + &)
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(G.6)

(G.7)

(G8)

(G.9)

(G.10)

(G.11)

(G.12)

(G.13)

(G.14)

(G.15)
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-

V(@) =Y C+e) = V@) o+ o] s = () 4G (G.16)
W, =y'(-L)-w(-L)=Gg (G.17)
T (alg alg) ™
¥, = Ay, = 2 p 2| == (G.18)
2= Ve (oo -p)g\E& G~ (Pp —pw)gg
™?
z=-L Y=+, =—~(G+—-—jg (G.19)
; (Pp—-P.)8

Solution of (G.9) subject to (G.10) and (G.11) is:

-

)gﬂ(z) (G.20)

ve{or P
+(po -P.)g

where €)(z) is the solution of

L 8(,, . dQ) , 2 _
k(z) c?zkk(‘) dzj M*Q=0 (G.21)

(G.22)

[t can be shown that, for £(z) >0, €(z) is monotonic decreasing.

dQ
Let & =-
€ dz’

hence ® >0

According to Darcy’s law, the undisturbed wetting front velocity, u, is given by

" =%(-f—"’—+ 1] (G.23)
H,0 oz

Velocity of the front in the perturbed field, «':

LGV 3 (_ sy, 1) (G.24)
a0 oz
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Perturbation velocity, v=u"—-u:

k(:)pbg( a ' j
p=—Z2FDo | _ 7 (s — G.25
0 P W'-v) (G.25)
or
k(2)ppg ¢
v———"22 (Y G.26
Hpb o’z( ) ( )

Substituting (G.20) into (G.26) yields

_k@)ppg (G .
up0 0(p, - p.)g

v= }ssin(nx +1)sin(my + )P (G.27)

Recalling that ¢ = g(¢)sin(nx +r)sin(my + &) - perturbation of front, the perturbed
velocity v can be written as:
V=

%.— = —(;fsin(nx + 7)sin(my + 0) (G.28)

Combining (G.27) and (G.28) yields:

G k()pg( ™* J
& G+ 0o G.29)
ot ud U 0(p,-p.)E 20 (

Equation (G.29) is subject to the condition &(¢,) = &,, so that the required solution is

121,  elt)=¢ exp( | Sdt] (G.30)

with

9= _k@oog( ™M JCD (G31)
mwd . 8o, -p.)g

In general, we should treat 3 as a function of time in Eq. (G.30)
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Finally we have:
ﬁ_ I)e(t) G.32

Note that £(¢,) = ¢, > 0, because ¢ is small positive amplitude, it is clear that the front is
unstable when 9> 0 and stable otherwise.
As k(2), pp. g,0,M*, ® and (p, - p,) are inherently positive, a necessary criterion

for instability is

G<0 (G.33)
or
—2—[—(WE+AWW)+(L+H)(I—& }—1 <0 (G.34)
kD) |2 Po

o K(§)

that a sufficient condition for instability is:

M <M, = J_M (G.35)

To determine the wave number, M _ , for the most unstable disturbance, Philip

proposed the approximation
cxM (G.36)
which he had shown holds when M is large compared with the reciprocal of L in uniform

media. Here M, corresponds to maximum 4,8 ,:

d9 _k)org( ., MT jzo (G.37)
M uf " 0(p,-p.)g

or



pe

X
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(G.38)



APPENDIX F

PROBABILITY OF INSTABILITY

We can express permeability field as
k(z)=e") = el

Substituting into the expression (3.6) for G gives

G= h l:—y/5+(l—&)(L+H):l—l
er‘er'u_)j ‘d Pp
) RS

G +1

—_—u -1

T rx

H-Ley-1 Loy,
Pp Pp

where G, = ,
L

r(L
F=e"?,

1 f G
= —L-_[e ) d;

weg =P/ ppg

G, represents G in uniform medium.
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(H.T)

(H2)

(H.3)

(H4)

(H.5)

(H.6)

By assumption Y’ is a zero-mean Gaussion random function having probability density

l Yr!
Y)= expl - —
T = e XP( 20;}
Then,
l 2]

\/Zﬂ'dy A

(H.7)

(H8)
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It was shown by Chen and Neuman (1996) that = =T .

Variances of I’ and Z can be found as

=’ —2(e" )™ +e” =e”;[e"; ~ l] (H.9)

o 2e’

I (L-&0e™? - 1dg (H.10)

In mildly heterogeneous soil with af, << 1, (H.10) is given to first order in 0'_3 by:

oi =~ 21+0%)o?4 H.11)

where

A =’L+(——i['—;£ (H.12)
L L

and

or =(1+0;)o; (H.13)

Hence, the normalized variance of X is

7 - 24 (H.14)
Or

(H.14) depends solely on L//, . For larger oj it depends on this parameter as well.

When L/I, >40, the magnitude of the normalized variance of Z is less than 0.05.
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Therefore, fluctuations in £ can be safely disregarded in comparison to those in I', and
T can be safely approximated by its mean, I . It is therefore possible to evaluate P(G<0)

in closed form.

1. Closed form solution for L//. >40

= o, . .
Set Z=X= exp(—‘,L) , and start by treating /. as constant; later it will be taken to vary at

random.

G, = %(1 —&)— -p—"—'—llL—"’- is the pressure head gradient behind DNAPL in a uniform
Ppo D

medium.

We define a front to be uniformly stable if G, >0, and uniformly unstable if G, <0.
Since '’ >0, G, < -1 implies G <0, and the front is unstable with probability one.

For G, > -1, we invoke the mean ergodic hypothesis for large L//, . We can rewrite

(H.2) as:
G +1

1= — H.15
G+ = ( )
Then

G +1

=t .16

G+DE (FL16)
and
- (G+DHZ N (G+De™” (H.17)

G,+1 G, +l
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a; /2
ln[ (G +1)e

= |x-r=-r) (H18)

Note that G<O0 is equivalent to:

Gl oo H.19

rzr ° (H.19)
ez ¢ (H.20)

G +1 G, +1
~Y'< %e"’: ~In(G, +1) (H21)
Hence,
l B

PG <0) = P[-¥' <o} ~InG, +1)] (H.22)

As Y'(L) is zero-mean normal, its probability is the same as of — Y'(L), and we can

rewrite (H.22) as:

1,
56, -In(G, +1)

P[-Y' < %a‘f ~InG, +Dl= [ prdy’ =

| ;—ai-ln(o,,d) pr2
= ——)dY’ 23
oro I xp(~3,7) (H.23)

Under the change of variable ZY—, =x’, dx= -j_sz— (H.23) can be rewritten as:

v ¥y

‘ }a&—ln(G,, vl)]/vicr‘.

P(G <0) = ﬁ I exp(—x” )dx = %[l +erf([-;-of_ ~In(G, +1)]/ ﬁa‘.)}

i

or



P(G <0) = (1+e:f[;/"_ l"E/G_G+ l)})

Next we allow y_ = . to vary randomly as:

w.(2)=-bk""(2)

1/
2

where b=-w k"2, w*, k* are reference values.

Then for G we will have

G:(_Z_k(L)"uGEHJ lLl —-1=
L
O™

_|/') l _
-(—k(L) e+ l) WDB

where
=%TL§ :_J'exp[ 7+r'&) e~ B = exp(Y+71)

and

H
=L q-Ley_Le
Po  Pp

If we define G'=—-Bk(L)G, then G <O is equivalentto G' >0.

b 1
G'= Bk ——~——=—(G, +1
Lk (C 1)
dG’ b

—=B+—k"*>0 (BbLand k ~0)
dK L

and

187

(H.24)

(H.25)

(H.26)

(H.27)

(H.28)

(H.29)

(H.30)
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imG’'=—w0; limG’'=+w (H.31)

k-0 k-
So G’ increases monotonically from negative to positive infinity, passing through zero at

some Ky. Then

P(G<0)=P(G'>0)=P(k>K,)=P(nk>InkK,), (H.32)
where Ink =Y (Y, o;), and probability of instability is easily obtained once Kj is known.

Ky is obtained as the non-negative root of

L
G'=BK T (G, +1) (H.33)
P JP-JOY. if 0>0
K, = QP+Jo+3P-JOy. if 0> (H.34)
Q[P +J0i +P-JOi), if Q<0
b’ (G, +1)°

=h/(2 = - 3
where P=b/(2LB) , QO VL PYTE

2. Reliability solution for L//, <40

If L/A, <40, £ may vary significantly about the mean. This situation is conveniently

handled by means of reliability theory (Chen and Neuman, 1996).
According to the first-order reliability method FORM, one can express the probability of
instability as

P=1-d(3), (H.35)
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where ®is cumulative normal distribution function, ¢ is reliability index defined
asd = u, /og . 4 and o are the mean and standard deviation of a performance function
g(x), that is less than zero, by definition, in the case of instability.
We shall concern ourselves below with the parameter

- 1%
b=7[mde (H.36)

It has been shown by Chen and Neuman that it is reasonable to treat ¥ =In k as being

normal within our range of analysis with mean and variance given as

(crg' lk* + l)
o =ln(ag I +1), (H.38)
where
F=eto (H.39)
and

,-2eof L
oi =2 (L= - g (H.40)

The cross-correlation coefficient is given by

p:.gL (H.41)

0,0
where

Cyy =In(e*C,; +1) (H.42)
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and

C. = %e"; j'(e-%‘? ~1)d¢ (H.43)

0

When o7 <<1. this can be approximated by

CKE = _O‘;(l'*-TO';)[,-(l —elh ) (H.44)
Chen and Neuman have shown that when the capillary pressure at the wetting front is

prescribed one can define g as
g=In(1+G)=n(1+G,)-Y(L)-T (H.45)
and FORM yields an exact solution

_ In(i+G,) -y, — 45

o=
\/0',? +0; +2po,0;

(H.46)




APPENDIX 1

ONE-DIMENSIONAL GREEN’S FUNCTION

The Green’s function satisfies equation

&G (x,y)

+d(x-y)=0 0<x, <l
o (x-y) y

integrating (1.1) from O to x one time gives:

LD s e- y)-a() =0

where H(x-y) is the Heaviside function:

cH(x - y)

> -0(x=))

Integrating again leads to
Gy (x, y)=-(x - y)H(x - y) +a(y)x + B())

where the integral of the Heaviside function is:

[HG - y)dz =[(z— yYH(z - )z =(z - y)H(z - y)| 55 - [z - WH'(z - y)z

= (x= y)H(x-y)- [(z - y)8(z - yMz = (x- Y)H(x- )~ (- Y)|..,

=(x-y)H(x-y)
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(L1

(1.2)

(13)

(L4)

(L5)



APPENDIX J

FRONT PROPAGATION EQUATION

The 1-D version of (2.13) is

k1) == 2 (€0, (6,9 +be (0 D) -4H-@§9%§Q
y=£(t)
50 -
LN ch(y,t) oGK(y,x)d
j W

Evaluating it at x = £ gives

—bﬁ(l)———f’ (6,06, (5,8) +b5()— ===

HO)

——jK()

ah(y

1) G, (y, 5)dy

%y

From (4.1.2) and (4.11) it follows that

Ge(6.8)=—

Gy (y,x) _
O

6GK(}/,X)
d

[- 5(1)

Gy (5,4)
5

y=5(1) ay

Hence (J.2) becomes

~bs(1) =
- 5(1) 1

jK()

S(-b5(O)+b5(t)——

oh(y t)
Yy

——¢()
—H(y Lt
/
H_I—vc EGKfy,x)l _I-x
y=£(0) ! @y |yo {
9V(§ ni- 5(1)

L8 (1) =50

+(H_a)6GK()I7§)

y=0

v=0
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(.1

(J.2)

(J.3)

(.4)

d.5)

(J.6)
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By virtue of (2.11) V' (£,1) =d&(t)/dt and so

_pd6@) = 0
0= 25 +Kla-H-b600]+ | K'(y)ahg”)

dy 1.7
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ZERO-ORDER FRONT AS FUNCTION OF TIME

Rewrite (4.14) as

0)
&d[ = —— 5 dg(o)
6 bE” +H -a

Integrate subject to zero-initial condition:

5(0)
bE” +H -a

15 H-a
-_ |- dE® = (0) _
] il

df(o)

(K.1)

H - -a, b<°>+11 aj

b H-a (K.2)
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APPENDIX L

MEAN HEAD

From (4.2.1)-(4.2.5), Appendix 4.2

h(x, :)—-—(, &.x)+ b %) +(H-a)-a-6-%f-”—"l

o y=5 y=0 (Ll)
_LI ch(y 1) 6G, (¥, x)d

K oy

Ge€x) =€ -0+ ©2)
@‘-a-g’—x)z—H(y—x)+1_Tx (L.3)
cGe(yx) _ , I-x aGK(y’x)l _-x

¥ e T ¥ o 9
Hence (L.1) becomes
h(xz)——(g— )-ﬂ/-l “g b& + b§—+(H a)—

(L5)

+—jK( e jK( Z 20
Considering (4.12)
W) =€ - 0) -6 + jK( Y 2Dy, xyy L6)

oy

or,



W) =2 € -0 -6+ [K I PL Dby - x)

dy
Lt e300
+E!K(y) > H(y - x)dy

or,
ov 15, oh(y,
h(x,t)=7(¢—x)—b¢+7[1<(y)—%dy

Expanding the integral around £ gives

W)= 222 (6~ x)-b6 + 2 jK( )22y s

Taking the mean gives the mean head,

6h(y,t)

v=£

——jr(y)dy+ FCrG.5H=22

where o; =€
The zero-order approximation of head is

9 dgv

© ©
X ——(& —x)-b¢

h(O)( l) =

or by virtue of (4.14)

bE +H -a

o

KO (x, 1) =

or,
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x)dy

(L.7)

(L-8)

oh(y,t)

9
> . L9)

—f'K &) —=—

(L.10)

(L.11)

(L.12)
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X
HO(x,0)=H —a—(b&* + H - a)g(o) (L.13)
Note that ;z—l——,l—z—l—(l—a—;-&...),
K K;l+o,/2+.. K 2
Then the second order approximation is
7 (3 0 d§(7) 0 dg(o 2 0 0' dg(m
RO 0)=—25 (20 _ Fa) _ Y Oy (0) _
() K, —a &It K dt & K 2 dt ¢
2 ) (L.14)
4 d[ :] pE 1 o 2 Sh(y,1)
+ £ 2_1 [ 90 d +C” (0) £(0) :
TR o j )y +CRE.EN—=2= »
Substitution of (4.14) and (4.15) into (L.14) gives
=2 b +H-adf® o} bE® +H - —a. t
h3(x,t)=—x ° 70 diw) tx J 70 GI r®(y,Hdy (L.15)
0
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CROSS-COVARIANCE C,,

Multiplying (4.13) by K’ gives,
df ] vy 72 44
0= —65—6171( (x)—(a-b&)KK'(x) + HKK'(x)

£
[rorkZDy-ex@xmTH

y=5

Taking the mean and retaining second-order terms gives,

~rv(2
Ccyg)(x,t) dg(o) Q)
~ _0 Cys (x,t)
ot a

0=-6°

&0 ©)
+bCE(x,0)- K | Cﬁ”(x,y)%dy
0

A0
Substituting (4.19) for oh” (.0

8CE7 (x,t
r:( ) .

95(0)
cl

dg® :
(0 fit —KGb]C,(,;,)(x,t)

H-a £@ .
= KG (b +WJ J‘ C,(,‘)(x,y)dy
0

0Cy;.  OCys dEV
&t 0™ di

Since , this becomes

OCr (6, 6 dg |

o 0)
d 5™ dt

dg® .
(o fﬂ -chjc;g(x,:‘”)

H-a £ B
=K; (b +—£(-0—)—] J. C2(x, y)dy

0

or

gives an equation for C,‘.? ,

198

(M.1)

(M.2)

(M.3)

(M.4)
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8C32 (x,£7) dt .
05— 0 +[0—K6b d;@’]d;( 5
£(0) (MS)
dt ( H—a]’ )
=——K_ | b+—— 1| | CP(x,y)dy
df(o) G 5(0) .(!- Y
(0)
From (4.14) — 5(0) Kg Fo)im. Substituting into (M.5) yields
G
«C(Z)(x 5(0)) (0)
) Fhrg WX 3 2
v g1 o)
£ M.6)
= [ CP (. y)dy
[
or
oCyy (2.8
P pem)csp () = R(x2) o4
subject to initial conditions:
C2(x,0)=0 (M.8)
1 b H-a
where P(&9) = - =
(5 ) (5(0) b§(°)+H—aJ 4’(0)(b§(°’+H—a) M.9)
and R(x 4‘“” é“” IC‘ (x, y)dy (M.10)
The solution of (M.7)-(M.10) is
i . - [P yag® £ [Pt
CP(x,)=e j R(x,y)e*  dy (M.11)

0

where



bEP +H -a y
©)y, 470 _ 2)dz = In —2——
—IP(;' e =In £ and !P(..)at =In byiH-a

We can rewrite (M.11) as

b8V H-g =0 v v
(2) () "= 1 (2) e a
C:ix, =e - — G (x,2)dz pe d
15 y Y ’

0 0

or

f(O)C( ) ( EJ.C( )(x 'ﬂ. 0 j;C,(,:)(x, z)a'z
Iy + 0

d
+H-a y + a y+H -a
L H-a 1 by+H- ) prH-a ’

0

Setting

C (x .') o exp( I .I)
Y I
Y

we obtain for x> y

yoxr o x
z=0jl,|e" —e”
I,

IC‘ (x, z)dz = o;jexp(

)

and for x<y

IC( )(x, -)d'~0',fexp(——zl +0'Yjexp( - z

0

Substituting (M. 16) and (M.17) into (M. 14) gives

r-x x x-y

(0) l, _ l, > P I;

re
bE” +H -a o,

where
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(M.12)

M.13)

(M.14)

(M.15)

(M.16)

(M.17)

(M.18)



¥y-x _x H-a-bx by+H -a X
= Tl bly  x bly Iy _
je eﬁiy:e I e d(by+H—a)—e lnb.\r+H a
cby+H -a b Jby+H-a b H-a
H-a-bx =
e " f bx+H -a H-a)| e" bx+H-a
= Ei -FEi - In M.19)
b | bl, bl, b H-a
and
x-y X X bx+H -a _by+H-a
Y Ly (0) _ bl £ bly
.[2 e e dy=2 e lnbé: +H-a e e _d(by+H -a)
by+H -a b bx+H -a b < by+H-a

X bx+H-a

ol (0) _ by ) _ _
_2-e Inb(’t +tH-a e IEi b +H-a _Ei _bx+H-a (M.20)
b bx+H-a b | b, bl,

e

' dy is the exponential integral (Gradshteyn and Ryzhik, 1994,
Yy

where Ei(ay)= J.

p.113,2.325).

Then

g™ 1
Gy (1)
b&"” + H —a oy,

_bx-H-a 3 _ = B
.-,le e ) bx+H —-a _ H-a —le " In bx+H -a
b bi, bi, b H-a

+(2—e"“'f)ln b§(°)+H—a_lebx;Z_a Ei bV +H-a _Ei _bx+H-a
b bx+H-a b bl bl

v v

(M.21)

or
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b +H —a
bE™ ’

_bx+lf-a _ _ X _
e bly FEi M -FEi H-a —-e by lnw
b, bl, H-a

(0) _ beeH-a ©) _ _
+(2—e"‘”’)lnb§ +H a_, % Jg b +H-a _Ei _bx+H a
bx+H -a bl bl,

G (0. = a7l

y

M.22)



APPENDIX N

RESIDUAL FLUX

Operate on (J.1) with K'(x)d /dx :

RK () D - i) 28ce: D) | gk L {“G £ (. 0) J
ax 6x C-b} V=&
Al a @)
+EHK'(x).i[—°G“fy ) }— [ K@K PLATG0)
cx qy y=0 (4] 6y

From (L.4)
Gelex)=x-6+-5¢

From (J.4)

&G, (y,x) 1
TR Sy —x)—~
Zyor (y-x) ]

From (J.5)

-

i EGK(yvx)
x| Oy

:_l and i M :—l
v=g { ox o =0 /

Substituting (J.4), (J.5), (N.2), (N.3) and (N.4) into (N.1) yields

KK'(x)

S(0) _ g )(l__f_)__KbgK (x)
ox

ch(x,t) ch(y,

t)d
oy

—;EHK’(x)—K'(x)K'(X) +;f K'()K'(x)

g

Expand the integral around £ and recall that V' = -
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(N.1)

(N.2)

(N.3)

(N.4)

(N.5)



RK ) D ‘—liK'(x)(l-%-%EbgK'(x)

ox dt

ch(x, t)

1%, . _oh
3 RHK(x)- KK (1) ) KK (x)ﬁ%dy

§K K'(x ch(y.t)
+Z-K'(E)K'(x)~—== Y

‘—-

T

or,

RK'(x )chgt) +RK( )oh(x l)
ox

998 tiiey_ g9 x 4z 110 S 09 i
6= K'(x)-0=-K'(x) +6—=K'(x)2-+0 ==K '(x)*

+0d—EK'(x)§+0d—5K'(x)£
dt / dt /

-;Ebg“ K'(x)—;l?br;"[{'(x)

%MKU)KMKU%gOKKMTfM“)
+—jK( K (x )”"(y’”d fK(y)K( 22y
éh'(y )]

5K@M()

- =5

+E K EK W) a”g"’

Taking the mean and retaining only second-order terms yields

~(2) A2 ) 0
oy 067 & gdf e

By =01 _g KbC"’

reen=0— a1 Ry
LOhOet) 1. %r SH (. 1)

+KGO';T)—7KG :’: C,‘."(y,x)%dy

Substitution (4.19) and (4.20) into (N.8) gives

. - () { . (0) _
r(')(x,l)=0 ( ) KGO';Q‘);;#
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(N.6)

(N.7)

(N.8)

(N.9)



Upon change of variable,

r®(x,t)=86

CRe N a T bEO +H —a
P 5(0) L dE® —RgOy 5(0)

or by virtue of (4.14)

oCy? (x, V) bE® + H -a ,
2 &0 ~ReOy Y

r(x,0 = K,

From (M.7)-(M.9) we find that

6C§§=’(x,§("’) _ H-a
65(”) 5(0) (bg(o) +H -a

) e
0

The integral is given by (M.17) as

x-£ x

e 1)

2 2 P T
jC,(. Y(x,2)dz = o}l [Z—e ro—el
3

Substituting (M.22) and (N.13) into (N.12) yields

eCY(x,&")  oll, H-a
— .

(‘}5(0) b (5(0) )1

bx+H -u X _
e B bx+H -a _Ei H-a ek [nbx+H a
bl, bl, H-a

bl

Vv

(0) _ bx+H-a (0) _ _
Ao B0t Jg[éf__ﬂ__],;[b_ﬂ_

bx+H-a [

_e—x/l,- _ex—;"o'

5(”)

+oyly

(N.10)

(N.11)

(N.12)

(N.13)

(N.14)
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APPENDIX O

FRONT VARIANCE

Multiply (4.13) by &',

O=0§‘;—f§'—bk'§§'+(H ~a)K¢'
.1)

y=£

Jrme Ty e 2D

Take the mean and retrain the second-order terms only,

TR ) .
0= 05(”)61—55' +9£[0‘§(1)](-)

dt
(0.2)
—K b0} (z) YLK, jcﬁl’( ;“”)5" a;y”)

or

dle:)]” @ -
R

2 dt
(0.3)

. ) ¥ . o (.1
~Keb[o: )] +K, [ CRW& ’)E%dy

Substituting (4.19) yields

0L (8 ooy

2K, di

(04)
j Ci 0.6y

do}  do? dg®

Upon change of variable =
P & di dE dr

we get



2K, 6‘“’ dat K, dt
_b"+H-a 2
G ey
0
or

2K, dE™ Ko —d&®

9 amdfqﬂ”T”+(fi‘b‘glq[aﬂ0T”

di bE”+H-a’t ., .
T dE® £ .‘. Gy (r,.6V)dy

d 0 5(0)

—_——2  andso
dg(‘)) KG bf(o) +H-a

From (4.14)

. (2) {0 2
%5(,,) M*‘(l _ b_LJ[o—g (t)](-)

dE® b +H-a
= j P (.E)y
or
o] 1
A0 et - i)

subject to boundary condition

(2] =

where P (&) = = =

E b L H —a

i 1(e")= 2] 0

5(0)

(0.5)

(0.6)

(0.7)

(0.8)

(0.9)

(0.10)

(0.11)



The solution of this equation is

[e‘ "2 e, x)dy}tx
X 0

£10)
>

] - =40 £(0,
o] =]

0

where

bE® + H —a]:

—[PE") =210 +21n (£ + H ~a) = ln( 7

Substitution of (O.13) into (O.12) gives

{

B -H-a) 20 herH-aV g
(2] =t J ] (“ ) %fcﬁ’(}’v")"y}”
0

0

or

X

J: ) x!Cﬁ? (y, x)dy

0

e

&) > (bx+H-a)’

208

(0.12)

(0.13)

(0.14)

(0.15)
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APPENDIX P

INTEGRAL OF CY

Rewrite expression (M.22) for C}':

- ) b ©) +H -a
R =07k, .be -

_bx-H-a _ _ _x X
e " lEi bx+H-a —Fi H-a —e’r In(bx+H -a)+e 'r In(H -a)
bi, bl

Y

+2In(b6&” + H —a)-2In(bx+H -a)

—™" In(b£ + H —a)+e™*" In(bx+ H -a) (P.1)
_ehrgz‘“ {EI[— bE + H —aJ _ Ei[— bx+H —aJH
bl, bl,
or
bE +H -a

C;i‘)(xa 5(0)) = 0')%1:'

_bxrH-a _ _ \ X _
o o (| za) pfH-all A
bl, bl, ) bl

) _ _ \
+2m[b§ ;[H aJ_ZIn(b.H-H a

y

) _
e et —a (P2)
bl

¥

bxvH -a ) _ _
e B g b +H ~a _Ei _bx+H-a
bl, bl,
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The integral of (P.2) is

I ., b +H-a
fcRw.euy = o}, b tH-a,

1]

bv+H -a
¢t 7 (by+H-a
{Ie bly EI(———y o de )
Y

0

H a x _by+H-a
A H - bly
-c,[ . J jo "

Y 0

+n 2L vy (Il
Y o
(0) _
npletH-a, )
bl
—zj‘ln%—H—_C—Idy V)
0 b[Y
bE+H -ap .,
-In=—m— e d Vi
) J; y D
- _w ieby;’z_ad (V”)
T S
byeH -a
t T | by+H-a .
+le 7 FEi| -—=———|d Vil
! ( b, M M
(P.3)
Integral (/)
£ e (by+H-a) by+H-a
=k fe ™ Ei Y cd (P.4)
) bl bl,
Let zz—w,then

bl



_bx+H-a
bly
(N=-l, | EEi(-z)k
H-a
"oty

integrating by parts gives

_bx+H-a
bxr[{ -a bl, e__.
“aly, z
(Iy=-le Ei(- )I o J. e —dz
By e
bly

bxv!{ -a
N i bl B W g H=a
bl b

A
i pxfza Hoa
bl bi,

Integral (/1)

Hoa) [ 5
INy=-F L) e P e o
) El[ m J( )[

_bx+H-a _ _H-a
=1 Ei H-a), ™ -1, Ei H-a),
bl, bl,

Integral (/II)

H-a -
(/INy=-I;In YN " +1 In
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(P.5)

(P.6)

(P.7)

(P.8)



Integral (V')

(V)—-zjl y—”’—“d

= —2J.ln(by +H —a)dy +2In(bl )x
0

- _%{(by +H —a)[In(by + H —a)- 11}': +2In(bl,)x

bx+H -a

= —2—b—[ln(bx+ H-a)-1]+2 ud —in(H -a)-1]+21n(bl,)x

bx+H-a H -

212

=—2—b—ln(bx+l-l—a)+2 aln(H—a)+2x+2ln(b1y)(

bx+H-a, bx+H-a . H-a, H-a

=-2 In +2 In +2x
b bl, b bl,
Integral (V7)
. bE” + H ~a el
W) =~In=———(-/ ){e™" -1
1) P e -1)

{v) — O] -
=1/, In b +H-a ., -1, b _tH-a
bl, b,
Integral (V1)

bE® + H ~a e'”‘—;ﬁ—“—”HEI_ b +H-a e’i%y“
bl r bl

¥y v

Wiy =-I, Ei[—

Integral (V7IT)

x bv+H-a
(VIII):IYj'e 5, Ei[_by+H—aJdby+H -a
: bl, bl,

bx+H—a_H—a)

b

(P.9)

(P.10)

(P.11)

(P.12)



Let z=b—yi-‘1, then
Y
bx+H-a
bly
Wi=l, | eEi(-z)z
%!I-_-;‘_z_
integrating by parts gives
bx+H-a
bx+H -a TI,— e
W) =be Ei(=z)u2r ~t [ &—dz
iy #a
bly

bx+H -a H-a _
=le % Ei[—wJ—l,.e bl Ei[—Hb 1

bl,
bx+H -a H-a
n——+/In

¥ ¥

—I1

213

(P.13)

(P.14)
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Finally

I 2 0 243 b ® -
IC}(,E)(y,f())ﬂy = o';[; __5._+_H_‘_1. o

b.f“’)
bx+H -a H-a
e U [ bx+H-a te B Ei H-a
bl, bl,
bx+H —a H-a
+In ~In
bl, bl,
_b.n»f{—a _ _h‘_
N1 il PR TR il P
b, bl,
H-a - . H-a
-ln——e " +In
bl, bl.

©) _
+2|nb§ +H-a x

bl, l
_2Im+H—aln bx+ H —a +2H-aln H—-a+2_£
b[\ bl\ bl‘ blt /\
() _ (0) _
tln bE" + H a,ch | b + H -a
bl, b,
() _ bx+H -a () _ f{_—_a
_Ei _M e Y +Ei _24‘_4-11_(1 e’
bl_‘, bl}.

bx+If -a _ II_—a_ _
+e " [ _bx+H-a —etr Ei _H-a
bl, b,
n bx+H —a H-a

+In
bl, bl,

(P.15)
-1




or

bV +H-a
r bf(o’

bxeH-a _ N beeli-a
- " Ei bx+H-a +Fi H-a e
b, bl

_ 0)
“In H 2,5 20n b +H —-a x
bl, bl, l,

I CRG.E"dy =0

bx+H-a, bx+H-a H-a, H-a X
-2 In +2 In +2—
bl bl bl bl /

v A y v ¥

() _ ©) B
In bE” + H a, <t _in bE +H -a
bl, b,

(0) ’iﬂ (0) _ H=a
_[i b8 +H -a Ay b +H-a e o
bl bl

v v

bx+H -a H-a
+e o [ _bx+H-a —etr Ej _H-a +lnH_a
B, m b,

o
r—
W

(P.16)
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Note that the integral from 0 to £ s

P L, bE® +H-a
R ’Vy:ofl?%g“”_‘

B -H-a ) _ _ bE'H-a
- " L b HH-a) plHa) "
bl bl,

r 4

£(0)

—a -2 - ) -
H a, _21-1 alnb.f +H a,.,
bl bl bl bl /

Y » v v v v

_ _ (0)
-In H alnH a+24

bE+H~a _so bE + H —a
O *A7a, 7 g2 774
bl, bl,

) _ H-a H-a _ _
+EI(—M}3 by gt Ei(— 1’21 ") +nl a] (P.17)
Y

+In

bl bl,

¥



APPENDIX Q

SECOND-ORDER MEAN FRONT POSITION

We can rewrite (4.15), using (4.14) and (4.19), as

g dE® (l bE® j;‘m

dé(”)

5 (2)
g d|o: (
» —_———[ ] (b/;"’+H a)
£ 2K, dt
—-bfm)'*'H_a 2O (0)
o | P e 0BT
G 0

or, using (4.14) again,

) )
md&™ b¢ )
Y%
S e ( bﬁ“”+H—-aj§

) " 20
el g L T o ngpecen
a 0 )

2 dE” 2 K, b +H -

The residual flux is given by (4.22) as

'.(3) (y) = K 5(0) g(n)

eV bEV +H-a , b +H-a

An expression for front variance is given by (0.7) as

2 H-a

d[a', ]( K

df(u) 5(0) I C (yv 6“)))dy

Substituting (Q.3) and (Q.4) into (Q.2) gives

6(0) bf(o) +H -

A (2)
[":}
a
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Qn

(Q.2)

(Q.3)

(Q4)



o d b (0) =
é( ) di(‘)) (I_F{_ﬂ)é( )

(0)

1 H-a (2) o’
(2) (0) .2 _ Oy
5(”) IC (.6 )dy + ‘5(0) bf(o)-i-H—aLo.:] '3 2
2(0) 6‘6‘}(,?;)()/, 5(0)) o ©
:’: 55(0) dy+Cr,= (5 ,0)
Note that

I 3CP(.6")

Tam T d;«»[f Gy 0, “‘”)dy] -CERE.E™)

Substitution gives

dg(?.)(’) i b o
dED (1) +[§m)({) bEO (1) + H - )5 ()

_ 1 ©) H-a 2D Oy
(o) !C( (e (5“”( ) O a ) 2

l d 0
5(”’(t)d«§“”(l){ KT )(’))dy]

or

d;;—(l) 5(0)(’) , s ; i
—d—é(mT)—)H’(g( (0)ED(670) =R(£" 1)

where

b
5“”(t) Q)+ H -a

ROIE

and

218

(Q3)

(Q6)

Q.7

(Q8)

(Q.9)



o)

fleno)=- (g“’)(z { G070 (e l )b5‘°’(t)+11 —[i]" -3
L__d_ [ o, g

0 df“”“)k Jcione (t))dy]

Then

For _ Jreme f P

where

~[PE™)=-Ing® +In (6 + H -a) = 1_"5(0);5 -4

Substitution of (Q.12) into (Q.11) gives

bEP(Y+H -a ’Mj-(') xR(x) e

E) [ £ =
£9(e"w)= &) o bx+H-a

. . e~ , H-a
In terms of dimensionless quantities 7 =& //, and d =

-10)

~((H+d
J'C( D(y, (o)wy a’l-_};(T.

O

[—e-f‘“—" Ei(7 +d) +Ei(d)e™ ™ -Inde™
+2dInd + 27 +ln(y(°)+d)( —2d—-l)

+Ei(-7" -d)e! —e“Ei(-d) +Ind]

Then the derivative (Q.14) is

219

1'

(Q.10)

(Q-11)

(Q.12)

(Q.13)

(Q.14)



-(Ol

. . d
d7® ! Cr? (0, 7y = -0yl l;(};(o)): ’

)

[ "‘0""EI(7“’)+d)+E1(d)e"’ " _Inde”
+2y"’)+ln(y‘°)+d)( '—2d - l)
+Ei(-7 ~d)e’  -e'Ei(-d) +2dInd +ind]

) 1_ 77+ d
};(“)

[e"’m'" Ei (7 +d)——}7(n)l+d ~Ei(d)e™" +Inde”"

- _ o 70
2+ — 2 l—ln(f(”’ +d)e" + —_fm J
vy +d vy +d

220

Q.15)
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APPENDIX R

VARIANCE OF HEAD GRADIENT AT THE FRONT

Subtracting the mean from the kinematic front condition —K(x)ch/x =8d¢&/ dr leaves

Sh(x,1 Oh'(x,t . Oh(x,t d.
KOF -ROIEN kT rg-e% ®R 1)
o= ox e o e
Muitiplying by % , averaging and retaining only second-order terms gives
\ ch™? \ @ 0CR(x0)
rOEN T ~Ko[ohue)] =0— (R2)

Multiplying (R.1) by &', taking average and retaining only second-order terms leads to

. ©) ECP(x, 1 PN
K DD g 2 _od|ol] (R.3)
ox ox 2 a
Substituting this into (R.2) gives an expression for the variance of head gradient,
2oy o) h'” (x,1)
Ko[03,:E™)]" =rPE”) 222
m r__:!oi
X 5 (R.4)
02| e P00, 0 d[o:]7)
c Ox ZKG dt }
or, by virtue of (4.14),
, . 6h (0
Ko [03,a@™]” =19 E—
| R.5)
b +H-a d e pon I Ko d[0F] bV +H —a
) wr| KeCre (0.8 ) ©) ©
4 dg 2 dg 4

£(0)
X=g



or, by virtue of (4.19),

. <) " bEP + H -
Ko o5& = —r<->(~f‘°))—%—a
bEY +H-a d o o b +H-a K, d[0:] b i H_q
+ ) () _KGC*(':‘)(x’é( ) © +—7 ’(O) (0
£ de ¢ 2 dE £ ]
(R.6)
Substitution expression (4.22) for the residual flux gives
s on®  [(BEV+H —a) S (x,E™)| (bEY +H-aY
[O-Eh/&r(§ )] =- £ 5E® + Oy T
) VA "(2) (0) (0) _ -
(b0 +H=-aY CExEM| b +H-a H a e gm gm) R7)
5«)) P 5(0) I o 5(0) ( 6,(0))- s

(2}

b +H-aY ’[0i]” 166 +H-a H-a d[0}]
d(fm): 2 5(0) (5(0))2 dg("j

or

VPR (c2 bEO(U)+ H -a 6C2(x,&V (1)) (BEO Y+ H -aY
[0‘3,,,,_\.(5 )('))] :-2[ E J oE? I o £9()

o
=5

+bé’(”)(t)+[-1—a H-a
é(o)(’) (5(“)(’))

LW+ H —a :d:[a,f (‘5(0)(’))](:)
2 s d&@ @y

16" +H-a H-a EAGEOI
2 O () 950

=Ci(ED (), 7 (1))

(R.8)

From (4.16) and (4.14) it follows that



foeo)] 2w
df(o)(l) —4;(0)(0 !CY; ¢ )(’))dy

l b 2f g0 (2)
(i s ool

The second derivative of front variance is

(R9)

P L

ey mar | Gk 0)d

1 d .
Y500 450 | CRG.eunay (R.10)

1 b [ 2:|<:> ( 1 b jd[o';: ](2)
+ 5 B (o™ - -
£V (b W) +H -a) |7 EO() bE()+H-a ) dEV(1)
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APPENDIX S
MOMENT EQUATIONS OBTAINED BY AVERAGING OF ANALYTICAL

SOLUTION

We can rewrite (4.45) as

j Ky ji K K
! ]‘ +K'(y) , J‘ o I+ ()’)/
—= =

—dx dx (S.1)
* bx+H -a > bx+H-a
Taylor series expansion of l—ﬁ about | gives
K, KT) o (5.2)
1+K'/K K \ K

Substitution of (S.2) into (S.1) yields

Lo j'K(y)dy | JKOM
_==J';¢\—_ I LI
¢ K bx+H —a K ;bx+H-a

__L de+.. (S.3)
cbx+H —a K

C'—‘ln

Expanding about & yields

Eek i IK’(yﬂy 3-§'J.K'_(yﬁy
i:Lj—dv-éj y de v [ 2 de+.
6 K: bx+H-a g 3 bx+H-a K o bx+H-a



_:J‘ 0 dx ——2 5' (8.49)

’

(S.5)

N SO
—‘:”————‘_+:I”——'dv+...
K bé+H-a K3

Expanding (S.5) in power of o, , noting that £ =0 (from 2.24) and

1 | | l o;
—_————— l-—)_'{"... v S-6
K K;l+o;/2+.. KG( 2 ] 5.0

and retaining up to second order terms:

20 ~7(2)
_LJ' X et & Foy 1 H-a [05]
K; 7 bx+H -a K, b +H -a K, (b§(°)+H—a)Z 2

D~

’:‘0' (S7)
G0y, e
| S (of

v
_ Y X

+
K, b"+H-a 2K, 3 bx+H-a

Collecting terms of the same order gives expressions for zero- and second-order mean

front positions:
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20 3 ©) _
0 K; < bx+H-a K; b b H-~a
and
_. P hEY v H—a®e x
EO = C, ) Oy
s“‘” I 08T &” :‘:bx+H—-a
™ (S.9)
__ H-a__ [o]
& (bE” +H-a) 2
or
|0| 5 2)
2 H-a [0'?]
£V = Z0) j )(y &y - ) ( 20 ry
& & (bE +H-a) 2 5.10)

07 b +H -a f((,)_H—alnbg“’HH—a
2 bE” b H-a

Expression (S.8) is the same as (4.17). Correspondence between (S.10) and (4.25)-(4.26)

is discussed later.

Covariance C,,

Subtraction of (S.5) from (S.4) gives



227

ni

: ¢ f K'(y)dy [K'sdy
TR S SN L 5_
Kb§+H a 0bx+H a Ez bE+H -a

0=

1 :f oM J'K’(y)s"dy | [KPOmy
+—I”————dx+::—-°———-:—r L (S.11)
bx+H -a K bE+H-a g {bx+H-a

K
Il H-a (&Y H-a o
X

=

1
(8+H-a) 2 K(bZ+H-a) 2

Multiplying by K’(z), taking mean and retaining terms to second order yields

g(n)C(_g)(' POl IC( )(67}’ﬂy
T I (S.12)
bf( " +H -a " X + H -a

This is the same as (M.14) in Appendix M.
Front variance

Multiplying (S.11) by &', taking ensemble mean and retaining terms to second-order

gives

e IC '(y, )y
dx (S.13)

. bEV+ H -
g L

It can be demonstrated numerically that (S.13) is identical to (4.23).
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Second-order mean front pesition

Substituting (S.13) into (S.10) gives

o [CR G0y

) CO(y, £® ~ |2 dx

& 5(0) I re (1267 )y = 2 ;(0) 2 ;[ bx+H -a (5.14)
o, &+ H -a £ H-a, b&™ +H -a
2 b;“” b H-a

where j Cpe(y,E )My is given by (4.24).

It can be demonstrated numerically that (S.14) is identical to (4.25)-(4.26).
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APPENDIX T

NUMERICAL SOLUTION

We compute front propagation for a medium having log conductivity ¥(x) with constant

mean and exponential covariance function

C, (|x-yl) =o; e)(p[\/(xx —I'ny)- + (z, ;Zzy)' ] (T.1)

where /. and /. are correlation lengths in the x and z directions, respectively. Due to
symmetric boundary conditions the front is symmetric with respect to the z axis.

For simplicity, we set /. = which renders all second moments to be symmetric (e. g.

Cp (x.x,,2,8) = Cppp (x,-X,,2,1)).
To parameterize the front we select N+1 nodal points at equal arclength separations
running from p=0 at the tip (located along the channel axis where x=0) to p = N at the

wall of the channel (where x=c, ¢ being half width of the channel). We define a midpoint

J to lie midway between p - | and p so that j runs from | to N. Our dependent variables

are defined at j, a!'! = a""!(s"'). The corresponding coordinates x," and z,!" are given by

Wl=ol +astlcosall  p=1,.N (T.2)

bl - (]

P

sina’!  p=1,..N (T.3)

[t] |
I f—
2, —AS »

-
-

subject to xo"!=0 and x{!=c.
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Computation of zero-order front position

To calculate zero-order front position we use a modified code originally written by D.

Kessler. We start by solving (5.16) for the normalized normal velocities

V(O)(X,,J)=KiV,f°)(x,,,t), p =0, N To do so, we approximate (5.16) using the
G

trapezoidal rule according to

LY
Y GO, yO WY asC +M@ =0 for n=-N,..N (T.4)

p=-N

From symmetry v(y,)=wy.,) and we can reduce the number of unknowns in (T.4):

N
GO 1o Yo VO (V0085 + X[ GOUY 0¥ )+ GV 0y ) |V, 025 + M@ = 0

p=l
forn=0,..N (T.5)
The system (T.5) includes N +2 unknowns (v(s,f), p=0...N and M ©) but only N+1

equations. An additional equation is obtained from condition (5.14),
Z V(O)(y(o) ’)AS(U) - (T.6)

where Q = 0
2¢K;

is dimensionless flow rate.
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(&)
J

dt

After computing v“(y,), discretizing (5.24) allows us to calculate ,j=1,..., N and

solve for @ by a predictor corrector method. We do so by using the LSODE code that

is part of the SLATEC package (A. C. Hindmarsh, 1980). LSODE uses a backward

differentiation scheme. Based on a newly determined af°)we compute a new zero-order

front position using (T.2) and (T.3).
Calculating second-order velocity requires computing the residual flux r, VA and cros-

covariances C,,, C,, , as well as domain integrals associated with these terms.

Computation of V4

Head gradients are obtained explicitly from (5.8) as

ah“”(x t) Y aG;(;O)(xvyp) (0) (0)

__._..__’__: K MTYpl ” T.7
6xx P:Z—N axx ’ (yF )AS ( )

7(0) N 6G9 (x, .

ohﬁ(x,t)z 3 8G " (x yp)v(o,(yp’ )25 (T.8)
Oy‘ p=-N @l!

Computation of cress-covarianceC,, (x,x,)
Cy,(x,x,) represents cross-covariance between Y at any point x in the domain occupied
by water and normal velocity at any point x, on the front. For any point x there are 2N+1

discrete C,, (x,x;) values.
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Discretization of (5.20) gives

N
Y C(x,y )Gy, ¥, )as +m(x)

- =N, N (T.9)
= Y Y CPxy (VA 3.0V,6O,.y))  az,a5 cosal?
p=-N k=0 Y=Y

where CZl(x,y) —7(—(:[ l(x,y), &” =0, K,=integer[ (D-z,) / a5V ], az,= (D-2,)/ K,

G

for k20 or K, and az,=0.5 (D-z,) / K, otherwise, ynu=[xp, z5tka z,]" and y,=[x, , z,]"

(Figure 5.2).
(T.9) is a system of 2N+l equations in 2N+2 unknowns. An additional equation is

obtained from condition (5.21),

Z Cll(x,y ,)as® =0 (T.10)

p=-N
Under the assumption /, =, the number of unknowns in (T.9) reduces to N-2 due to

symmetry.

Computation of residual flux

Knowing the zero-order head gradient and second-order cross-covariance CL2'(x,x,), the
residual flux is calculated explicitly from

A2, 1) = — Z Cli(x,y p)MAs(‘”

o,
N K, (0) (0) (0) 20~(0)
3 ZC"'(x,y,,k)["" 0.0 FCPxY) | K1) TG (x,y)J a2, 59 cos
p=-N k=0 y ax ax Ozy oz,0x —

(T.11)



233

3G (xy,)
Kﬂ 'Y p 5@
oz

x

N
rPlx,0=-3 Cll(x,y)
p=-N

Sh®(y,t) 0* G(o) X, oh(y, ¢t GZG(O) X,
pk)( (yy ) axa(z y) 62(:' ) 626(2 y)l_y az,a5” cosa”

N K,
+2, 2.CFlx,
p=-N k=0 vy

(T.12)

Computation of second-order front position
We start by solving equation (5.17) for the second-order mean normalized normal

. . 9 0 ki
velocities V*! = —F1*! at the front,
G

MU ENG (3y ast

+Z¢ 050Gy + GOy, Jas™

i forn=0,..N (T.13
- Z Z[r[ 'y, 00V G(O)(y[,,'a)’)] v naz,as® cosal’ (T.13)

p=-N k=0
-3 CRO YO VHO(r. 07, GOy V)] _mas® ’M“”
=-N
and
ZW'(y"' 1=0 (T.14)

This is a system of N+2 equations in N+2 unknowns (vm(y,,), p=0,...N, and M ©.

Solving it for v?! allows us to compute second-order front positions in the same way as

we did for the zero-order front.
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Computation of normal velocity variance

Discretization of equations (5.26) and (5.27) gives a system of 2N +2 equations for the

. - - 9 62 2 .
second-order normalized normal velocity covariance C!*! = EZ—C,[," between point y; and
G

any point y, at the front, i=-N, ... N:

N
my(y")+ Y Gy y )GV (v ¥y )as®
=N

K m=-N,..N

=Y 2o, y‘,g,))[Vyh(o’(y,l).VyG(o)(yf,‘”, Y)],zygp 2z as® cosal?

i=~N k=0

(T.15)

and

N , 0 0

> CE(yiy5)as® =0 (T.16)
p=-N

Setting /=i yields the variance of normal front velocity at point y;. To compute variances

of normal velocity at all nodes along the front we need to solve the above system for

=0,...N. Under the assumption that / =x, C/(y,y,)=C,(y,Yy.,) and the number of

unknowns in (T.15) reduces to N+2.
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