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ABSTRACT 

This work provides evidence that diannels in dircctionally solidified hypoeutectic Pb-

Sn alloys nucleate at the dendrite tips. Using a finite-element simulator, distinctive 

"convective signatures" are shown to exist for convectively unstalile Ccises. where the 

instability.- of a system is shown to be largeh- a function of the thickness of an inverted 

density layer that exists ahead of the moving solidification front. With D cis the 

diffusion coefficient in the melt and V the solidification rate, the thickness of this 

layer, and therefore the stability of the systems studied, is shown to be a function 

of the length scale D/V. where it is shown that channeling can be turned on or 

off simply by changing this length scale. This work also validates a finite element 

model of dendritic solidification by comparing predicted results to data resulting from 

eleven directionally solidified hypoeutectic Pb-Sn samples, which were produced under 

various thermal gradients and solidification rates. For all but one of the causes, which 

was thought to be borderline between channeling and not channeling, predictions 

of whether channel defects formed were supported by experiments. Finally, it Wcis 

determined that, while the strength of the convection in the overlying liquid depends 

on the square root of its height, one need not model the entire domain to predict 

channel defects. 
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Chapter 1 

INTRODUCTION 

1.1 Overview 

Altliough the results herein cire relevant to many DS processes, including renielt 

processes such tis vacuum arc remelting (VAR) and electro slag remelting (ESR). the 

prinuuy focus of this work is on the production of single crystal (SX) turbine blades. 

That single crystal turbine blades were singled out should come as no surprise given 

the economics of their production. Demand for blades over the next twenty years 

will be heightened by a need for new aircraft. For the most part, this need is due to 

5.1 % yearly growth in passenger traffic and a 6.7 % yearly growth in cargo traffic, 

traffic that is predicted to generate a demand for 28.930 new aircraft and 14.000 new 

corporate jets. Including spares, these aircraft deliveries will in turn require over 

100.000 new engines having a market value of over S450 billion [ij.^ 

It should be recognized, however, that the demand for turbine blades extends 

beyond new engine purcluises. In fact, when assessing future earnings potential, 

engine manufactures often count on after-market opportunities such tis replacement 

l)lades to positively impact their balance sheets. Rolls Royce. for example, expects to 

earn $20 billion on their 53.000 engines currently in service, with new engines adding 

$4 billion a year to this amount [2]. Although it is difficult to estimate the exact 

contribution replacement blades make to numbers such as these, the recognition that 

even 'successful' turbine blades hcive to be replaced after 10,000 h of service [3] makes 

it clear that the demand for blades continues long after an engine is put in service. 

Although the numbers above are likely to stir the soul of many an analyst, the 

'^Thesc data were published just before the tragedy of September 11, 2001. .-Vlthougli the resulting 
uncertainty h;is made it impossible to predict tiie short term economic future of the aircraft industry, 
tile author believes that these data are still representative of the long term outlook. 
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raison d'etre of this dissertation steins from the supply side of tlie equation rather than 

the demand side. That is because, even though turbine engines are the single Uu-gest 

U.S. export product [4], and single cr\-stal turbine blades have been used in their 

production for 30 \'ears [5], processing problems associated with their manufacture 

are in fact quite common. 

With large parts of the jet-engine supply chain e.xisting cis technological oligopolies 

[4], beyond whispers, defect rates pertaining to blades are in fact hard to come by. It 

is possible though to corroborate what is heard by what is written by viewing data 

in a 1977 .MASA report [6]. From these data it is apparent that 40 % of DS blades 

are lost during casting, a figure that seems to be in line with both the whispers and 

another source [7]. Some might suggest these losses are insignificant since, at 9 % of 

the overall production cost, casting adds little value to a blade. However, what this 

assessment ignores is that considerable effort must take place before and after casting 

to produce a blade thfit is ready for inspection. In fact. cVS a result of e.xpensive 

operations such tis pattern preparation and post-Ccisting metal removal, a blade that 

is rejected because of a existing defect, represents a loss of 49 % when compared to 

overall production costs [7]. 

To summarize, the turbine blade industry is one in which the demand for its 

product is high and the supply is hindered by Ccisting-related production problems. 

Using a model of dendritic solidification, this dissertation makes lucid a particular 

cUipect of the directional solidification process involving the formation of a defect 

known in the industry ai> a "freckle defect". 

1.2 Directional Solidification 

As it pertains to dendritic materials, directional solidification (DS) refers to a process 

whereby the macroscopic structure of the resulting product is controlled by nicLximiz-

ing a temperature gradient in the growth direction. Figure 1.1 provides a schematic 
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of a simple DS process. Here, colunmar grains grow vertically in response to a linear 

temperature gradient established between the "hot zone" and "cold zone" of a furnace. 

As an industrial process. DS is most often c\asociated with the production of superal-

loy airfoils for gas-turbine engines, with nickel-base alloys being the most widely used 

superalloy in the hot sections of the engine. 

As an industrial process. DS is most often dissociated with the production of su

peralloy airfoils for gas-turbine engines, with nickel-bcise alloys being the most widely 

used supertilloy in the hot sections of the engine [9|. The use of the DS process to 

produce blades was first suggested in 1970 in the seminal work of Versnyder and 

Shank [10]. It Wiis found that to cast a nickel-base alloy in a manner analogous to 

Figure 1.1 would result in an array of columnar grains, with the preferred (001) ori

entation aligned pcirallel to the solidification direction. This orientation results in 

a lower Young's modulus [11], which increases thermal fatigue properties, than in a 

conventionally cast blade [12]. Therefore, a DS columnar-grained (CG) blade can be 

subjected to higher temperatures, a significant finding since the single most important 

influence upon the performance and efficiency of a gcis turbine is temperature. 

Versnyder and Shank [10] also showed that the process shown in Figure 1.1 can be 

modified so that the resulting casting is a single crystal in the (001) orientation rather 

than many columnar grains. Because creep resistance is enhanced by minimizing grain 

boundary' area, it was presumed that single crystal (SX) blades would have better 

high-temperature properties. Although this presumption was correct, these benefits 

were not realized until grain boundciry strengthening elements were eliminated [13.14]. 

Indeed, were it not for the cost differential between the different types of blades, it is 

probable that SX castings would replace the polycrysttilline alternatives [1.5]. 

As an industrial process. DS is obviously more complex than that suggested by 

Figure 1.1. While the computations in this dissertation have more in common with 

this simplified representation than they do with an industrial process, it worthwhile 

to mention aspects of the real process that make the manufacture of SX blades such 
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ii technical ciiallenge. For example, economic pressures require foundries to manufac

ture more than one blade at a time. Consequentl3^ a foundrj' will ciust metal into a 

mold comprised of a circular array of blades termed a "cluster" [iGj or a "tree" [I7j. 

with the number of blades cast at one time seemingly dependent on which fouridr>' 

is doing the casting. Naturally, the producer can incretise the number of blades in 

the tree by incretising the overall diameter of the mold. However, cis the mold-size 

gets larger, the thermal gradient becomes more difficult to control [7], This is an 

extremely important consideration since the thermal gradient has been shown to be a 

critical factor with regard to the formation of a defect known c\s a freckle [18.19]. For 

this retison European blade manufacturers use smaller furnaces to achieve thermal 

control [5]. 

Of course, the number of blades produced in a run can also be increased by 

decreasing the spacing between castings in the circular array. The problem with this 

is that the cooling rate depends strongly on the radiation view factor, so the spacing 

between blades nmst be kept large in order to ensure even cooling [20j. This is critical 

since am* departure from uniformity affccts the curvature of the solidification front, a 

factor that contributes to defect formation during solidification [21], Making matters 

more difficult is the fact that turbine blades have geometries that are characterized by 

abrupt variations in their cross-section, which also makes it difficult to achieve high 

temperature gradients and uniform cooling rates [21] and leads to incretised levels of 

macrosegregation [22], 

Although technical challenges facing manufacturers of Ciist-turbine blades are 

great, as a result of complex internal cooling channels required in modern SX blades 

[23]. the Ccisting process is favored over competing technologies such as machining. 

In fact, the laud-based turbine industry is currently looking toward SX Ccisting tech

nologies for their large buckets [24]. Needless to sa\'. in light of the discussion above 

and that land-base airfoils are nearlj' five times longer than their airborne equiva

lents [25]. it is easy to understand wh\' the 'operating window' for these blades is 
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quite small [26j. Because the operating window is so small, it has become even more 

critical to understand the pln-sics associated with the formation of freckles that result 

from channels that form in the mushy zone during solidification. 

1.3 Channel Defects 

It is now understood that channel defects are a severe form of macrosegregation that 

results from the convection of licjuid within the mushy zone cis a result of buoyancy 

forces. Supported by the metal analog work of Jackson et al. [27.28], McDonald 

and Hunt [29.30] were the first to suggest thcit channel defects, in this case in large 

killed steel ingots, were the result of convection due to density differences in the 

interdendritic liquid. Although this work was shortly thereafter supported by the 

metal antilog work of Cople}' et al. [18] and the nickel-base work of Giamei and 

Kear [19] it was Mehrabian et al. [31] who built on the earlier work of Flemings et 

al. [32-34] and developed a mathematical model describing channel formation. 

As originally published [31], the condition for channel formation was written in 

terms of the thermal gradient (VT) and the cooling rate ( = ): 

V - v r  
- ^ < - 1 .  ( 1 . 1 )  

In a subsequent paper, the condition was rewritten as [35]: 

1 -  — < 0 .  ( 1 . 2 )  
n • u 

where v and u are the intrinsic velocity of the interdendritic liquid and isotherm 

velocity, respectively, and n is the unit vector normal to the isotherm. If the liquid 

velocity exceeds the isotherm velocity, each element of fluid finds itself in a hotter 

region iis it flows [31.35.36]. The rate of heat conduction in a liquid metal is nuich 

faster than the rate of mass diffusion {i.e.. the Lewis number 1), so the temperature 

of the convecting liquid matches its new environment; if Equation (1.2) is satisfied. 
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then equihbrium can only be obtained by loailly remelting the existing dendritic 

array. As a result of remelting, local flow increases, resulting in more remelting and 

cliannel-forniation. After complete solidification, these former liquid-rich channels 

reveal themselves as freckles. 

Freckles appear in many cilloy systems and under various processing conditions. 

For example, the}- are found in cilloys of nickel [19.37-40]. lead [41-45]. and iron [46]: 

in metal-analog systems [47-51]. sea ice [52], and nuigma [53]; and. as a result of 

processes such cxs ESR and VAR [54,55] and investment casting [19], and even remain 

after forging [56]. In DS iiickle-base blades and ingots freckles appear cis trails of 

equicvxed grains [19]. At the least this is a source of confusion since in many systems 

freckles are not associated with the precense of ecjuiiixed grains. For example, in 

many DS lead systems freckles are identified a^i regions that m-e highly enriched in 

the normally segregating element(s) [41-45]. 

Because freckles manifest themselves as eciuiaxed grains, channel defects are un

welcome in SX blades because they reduce creep resistance by grain boundary sliding 

at elevated temperatures. One can also make the Ccise that if these trails of equiiixed 

grains have more inclusions than the remainder of the Ciisting. fatigue properties are 

deleterioush- affected as well. 

It is of course true that there are many types of defects other than freckles that 

divert a monocrystalline blade to the scrap heap [19.40.57-59]: however, third gen

eration allo3'S. such as Rene N6 [60.61] tire increasingly difficult to produce. These 

blades have higher levels of refractory elements that contribute to higher incidence 

of channel defects [38.62]. Ironically, elements such as Re. Ta. and VV are added to 

turbine blade alloys because of their benefit to high temperature properties [63]. Of 

course. Ccisting engineers suggest new methods for producing blades in hopes that 

defects such iis freckles can be eliminated [64-69] but the ability to predict their 

formation in monocrystalline blades continues to be a pressing issue. 
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1.4 Predicting Channel Defects 

As early iis 1970. metliods hav^e been considered to predict channel-defects in DS 

nickel-base alloys [18]. For example. Copley et al. [IS] suggested a defect map bcised 

on the thermal gradient and the cooling rate to ciscertain whether a set of processing 

piirameters would result in a defect free existing. Although such maps still have 

utility [40], they have \-et to be embraced by industry cxs a practical alternative because 

each map is alloy specific and requires an e.xtensive amount of empirically determined 

conditions. 

-Mathematical models on the other hand have been embraced by foundries as a 

way to gain insight into their processes. In fact, today, producers of turbine blades are 

able to obtain results of numerical simulations with hundreds of thousands or more 

of finite elements, showing the solidification of the entire cluster [70]. Simulations 

such as these rarely solve for more than the temperature field and they are not used 

to predict channel formation. That is not to say that mathematical models cannot 

be made to predict clumnel formation: rather such models have yet to find utility 

in industry due to computational costs. Indeed, when one considers simulations of 

therniosolutal convection such iis those produced by Felicelli et al. [71] and Schneider 

et al. [72]. which reciuire the solution of two velocity components, the concentration of 

each alloy clement in both the solid and the liciuid, the temperature, and the fraction 

of liquid at each node, it becomes apparent why these costs are high. Furthermore, 

because the length scales tissociated with channel formation are small, very fine mesh 

spticings are recjuired to achieve accuracy. For example, Huang et al. [73] used a two-

dimensioucil mesh with elements that were only 175-/im wide by oOO-/nn tcill. and 

Schneider et al. [72] used a mesh with elements that were only 1 b\' 2 nmi. 

In order to obtain predictive capabilit\' for a broad range of compositions and 

processing parameters, some have looked to a non-dimensional group iis a predictor. 

Serving in the capacity of a freckle predictor, the Rayleigh number hcis received much 



19 

of this attention [37.40.74-78). As originally conceived by Lord Rayleigh. this nondi-

mensional group predicts the convective instability of a layer of fluid that is heated 

from below by relating the buoyancy forces to the viscous dissipation forces [79j: 

R a = 2 ^  , 1 . 3 )  
ua 

where. 

g = gravitational acceleration, ni s~-; 
3t = thermal expansion coefficient. K~^; 
G = thermal gradient. K m~': 
/ = length scale, m: 

a = thermal diffusivitj'. nr s~^: and 
u = kinematic viscosity, nr s~'. 

Because channeling is intimately associated with fluid flow in a solidifying mushy zone 

[31], investigators have extended Rayleigh's notion of instability to include solutal 

effects. Howe\'er. given the many versions of Rayleigh freckle predictors appearing 

in the literature [78], one is led to believe that consensus regarding its formulation 

is lacking. For e.xaniple. cis noted by Vang et al. [78]. one of the major differences 

involves the selection of the characteristic length scale. Excimples include the primary 

dendrite arm spacing [37.38,75]. mushy zone height [76], and a/V [74.77.78]. where 

a is the thermal diffusivity and V refers to the growth velocit\'. In some formulations, 

another difference involves the use of the permeabilitj' (K), which luis dimensions of 

length scjuared. A common thread among these fornuilations can be discerned; b\' 

noting the length scales used and the permeability terms, it is apparent that the focus 

in each of these works is on the inside of the muslu' zone, and indeed, the location of 

channel nucleation has not been an issue. 

In this di.ssertation. finite-element simulations based on a continuum model [80-83] 

of dendritic solidification provide evidence that supports an alternate hypothesis that 

channels nucleate at the dendrite tips. For the practitioner it provides information 



that could conceivably guide engineering efforts to prevent their formation. Ideas 

sucii aii magnetic stirring [84] and mold precession [85] might be better suited for 

preventing channels that nucleate at the tips, while mold rotation [86] might be better 

suited for preventing channels that nucleate in the mushy zone. For the theoretician 

this finding offers information that could potentially help to narrow the scope of his 

research. For e.xample. the development of a Rayleigh freckle predictor or a meshing 

algorithm would benefit from knowing the mechanism and location of the convective 

instability responsible for the formation of channels that result in freckles. 

1.5 Model Summary 

With a finite-element sinuilator developed at the University of .Arizona (Tucson. AZ). 

the directional solidification process is modeled by solving fully coupled ecfuations of 

momentum, energ}'. and solute transport along with the constraint of cissuming local 

eciuilibrium on the complex solid-liquid interface in the mushy zone. The simulations 

are based on a mathematical model [80-83] of dendritic solidification, m wliich the 

mushy zone is treated cis an anisotropic porous medium of variable volume fraction 

liciuid which varies from zero (all-sohd region) to I (all-liciuid region). When the 

volume fraction of liquid is zero, the set of equations reduces to the energy equation for 

the all-solid region. When the volume fraction of liciuid is unit\-. the set becomes the 

Navier-Stokes equations for momentum and the usual advection and diffusion forms 

of the energy- and solute-conservation equations for single-phase fluids. At each node, 

the simulator solves for temperature, the fraction of liciuid, the velocity components, 

the concentration of solute in the liquid, and the niicrosegregated concentration of 

solute in the solid. 

Because the DS process produces colunuiar grains, the permeability is expressed in 

the principle directions perpendicular (A'j.) and parallel (A';) to the primary dendrites; 

i. e. 
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K = /v^ 0 

0 A'-
(1.4) 

cincl luis been obtained from experimental data and calculations [87.88]. The perme

ability components are expressed in terms of the primary dendrite arm spacing (f/i) 

and the volume fraction liquid (o) i\s 

1.09 X lO-'o^-^-V/f. 
. . .  6 . 7 3 : J 6  

lu = (T^) '''' 

-6.49 X 10-- + 5.43 x 10 
0.2.=5 

O < 0.65. 

0.65 < o < 0.75. 

dj, 0.75 < o < I. 

and 

(1.5) 

A'. = 

3.75 x 10 •'o'-f/'f. o < 0.65. 
. V 10.7:59 

2.05 X 10-' (j 0.65 < o < 0.75. 

^0.074 [- ln(l - p) - 1.49 + 2(1 - o) - 0.5(1 - p)"] d\. 0.75 < p < 1. 

(1.6) 

Finally, as suggested above, freckles are likely to be present in a DS nickel-btvse 

alloy if during solidification the interdendritic liciuid velocity wtis such that it en

couraged renielting and resulted in the creation of a licpiid-rich channel in the nuishy 

zone. Therefore, to explore channel formation a mathematical model must accomo

date remelting. a condition that is met by allowing the civerage coucenti'ation of the 

solid (Ci) to change, tis well tis the fraction solid. In other words, if the composition 

of the solid is not uniform (because of no diffusion in the solid), then the average 

concentration of the solid is calculated from 

— 1 
Cs = ^ / kCido (1.7) 

^ - o  

where k is the equilibrium ptirtition ratio and C'l is the solute concentration of the 

liquid. In order to account for remelting, the histories of solidification for etich alloy 



component must be stored at nodes in the finite element mesh [71.82]. This math

ematical model hcVS been applied in two-dimensional (2D) simulations on Pb-Sn of 

Felicelli et al. [82]. the 2D nmliticoniponent nickel-base work of Felicelli et al. [89]. 

and the three dimensional simulations of channels in binary [90] and multicomponent 

alloys [91] of Felicelli et al.. 

1.6 Modeling Channel Nucleation 

1.6.1 Pb-Sn, A Model Alloy System 

While it is true that the capabilitj' to model multicomponent alloy systems ex

ists [89.92-95]. it is also true that iiccurate transport data for multicomponent alloys 

are hard to come by. and their selection can have a profomid effect on the outcome of 

the sinnilations. The effect of using inaccurate properties on simulating solidification 

has been widely reported in the literature. For example. Ahnuid et al. noted the im

portance of permeability and viscosity [96]. Felicelli et al. the importance of partition 

ratios [71.89.97]. and Krane et al. the importance of permeability [98]. Consequently, 

since its properties are well known, the Pb-Sn system was chosen for study. 

1.6.2 Experimental Validation 

In this work it Wcis deemed absolutely essential to validate predictions of channel for

mation with experimental data prior to making any claims about channel nucleation. 

However, unlike other validation studies [98-101], it should be noted that here the 

major concern is with predicting channel formation. Experimental data for the val

idation are provided by Tewari and Shah [43] who reported macrosegi'egation along 

the lengths of eleven small-diameter (7 mm) rods of Fb-Sn alloys (10-58 wt. % Sn) 

that were directionally solidified in positive thermal gradients (melt on top. solid be

low. and gravity pointing downward). Except where noted, the results presented here 
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are numericcxl simulations of the eleven aises using the compositions (Co), thermal 

gradients (G). withdrawal rates {V). and primary dendrite-arm spacings (r/i) specified 

b\' the authors. These conditions and the thermodynamic and transport properties 

used in this work are found in Tables 1.1-1.3. 

1.6.3 Simplifying the Modeling Process 

•As suggested above, the accurate modeling of channel formation is computationally 

e.xpensive: consequently, until computers become significantly faster, siniplifications 

to the modeling process are necessary in order to conduct a large luuuber of sinui-

lations. For example, although Tewari and Shah [43] solidified alloys in the form of 

circular cylinders, the simulations in this di.ssertation are in two-dimensional rectan

gular domains of a 7 mm width. As a result, the full three-dimensional convection 

patterns in the experimental alloys {e.g.. refer to Felicelli et al. [90]) are absent. Nev

ertheless. the calculated results tire robust enough to show channels located at the 

surface of the casting walls and segregated internal pockets in the mushy zone of the 

solidifying alloys, in agreement with the observations of channel defects in the experi

mental castings. Furthermore, simulated results at different times show the unsteady 

nature of the convection cells and the development of the channels in the mushy zone. 

In previous work and in that of others, the simulation of the DS process is simpli

fied by approximating the gradient in the overlying liquid to be uniform. Howe\'er. 

as suggested by Figure i.l. directional solidification (DS) is usually done by moving 

the specimen (or casting) relative to the coordinates of a furnace with a hot zone 

and a cold zone. Hence, the liquid above the advancing solidification front has a 

rather steep thermal gradient near the front, which drops away from the front and 

approaches zero in the hot zone, where the temerature is almost uniform. There

fore. the overlying liquid approximately comprises a layer with a uniform thermal 

gradient under an isothermal layer. An appro.ximation to simulating the temperature 



TABLE 1.1. Experimental conditions of Pb-Sn cilloys 
directionally solidifiecl by Tewari and Shah [43j. 

Case " Co. G. V\ d i .  
(wt. % Sn) (K cm-') s~') i f i m )  

3c 23.4 77 6 185 
la 16.5 101 4 172 
3b 23.4 81 24 164 
SI 10.0 110 10 115 
3d 27.0 59 64 155 
3g 27.1 17 1 240 

4a 33.4 75 8 166 

5a 57.9 105 10 234 
4c 34.0 17 30 172 
3f 30.3 20 6 208 
5 b 54.7 67 40 177 

With the e.Kception of Si. this work follows the 
identification scheme used by Tewari and Shah 
[43j. Si had been labeled tis "SNOOl' in their work. 



TABLE 1.2. Sumnmry of thennoclynamic and transport properties 
(at Co- To) used for calculations. 

Case To. po. .ir X 10"'. , .5c X 10^. L> X 10". " 

(K) (kg m-') (K-') (\vt. % Sn)~' Ks-') 

3c 545.5 9520 1.16 4.90 2.62 

la 561.6 9836 1.18 5.03 2.67 
3b 545.5 9520 1.16 4.90 2.62 
SI 576.7 10150 1.20 5.15 2.46 

3d 537.1 9352 1.15 4.83 2.67 

3g 536.9 9350 1.15 4.83 2.67 

4a 522.2 9080 1.13 4.71 2.74 

5a 465.2 8183 1.06 4.25 3.02 

4c 520.8 9060 1.13 4.70 2.75 

3f 529.4 9210 1.14 4.70 2.70 
5 b 472.6 S289 1.07 4.31 2.98 

TQ is the liquid us temperature. 
'' Density (po) .  thermal expansion coefficient and solutal 

expansion coefficient (,Jc) 'i-re calculated from Ref. [102]. 
Kinematic viscosity (u) is calculated from Ref. [103]. 



TABLE 1.3. Summary of themioch-namic and transport properties 
(at C\). To) used for calculations. 

Ccise L. c. k. ^ D X 10'".*= 

(KJ kg-') (kJkg-' K-') 

\ 

7
 >
 (nr s-') 

3c 39.8 0.176 0.0206 4.25 

la 38.7 0.171 0.0202 4.98 
3b 39.8 0.176 0.0206 4.25 

SI 37.6 0.167 0.0198 5.74 

3d 40.4 0.178 0.0208 3.90 

3g 40.4 0.179 0.0208 3.89 

4a 41..5 0.183 0.0211 3.32 

.5a 45.5 0.200 0.0226 1.63 

4c 41.6 0.183 0.0212 3.23 

3f 40.9 0.181 0.0210 3.59 

ob 45.0 0.197 0.0224 L.SO 

" Latent heat (L) and specific heat (c) are from Ref. [104]. 
'' .A.verage thermal conductivity (A:) from Ref, [81]. 
" Solutal diffusivity (D) from Ref. [105]. 



field in DS was the work of Schneider et al. [72] who cis thermal bouncUir}' conditions 

imposed tidiabatic sidewalls "while the top and bottom surfaces were maintciined at 

time-varying hot and cold temperatures.' 

This dissertation shows that, although the tissumption of a constant thermal gra

dient in the liquid causes the predicted convection to be somewhat weaker than the 

convection in the temperature field in DS processing, freckles arc accurately predicted. 

More importantly, as part of this study the effect of the height of the overlying liciuid 

on convective transport and macrosegregation was also investigated. It wiis deter

mined that, while the strength of convection in the overlying licjuid depends on the 

square of its height, one need not model the entire domain to predict channel forma

tion. This Wcxs a significant finding because it allowed for the use of shorter domains 

in the validation stud\', which afforded tremendous time savings. 

.\ recent work by Sung et al. [106) shows that, in order to resolve the formation 

of channel defects, the computational domain should be discretized with elements 

that are less than di in the horizontal direction and less than D/V in the vertical 

direction.^ For example, using Tewari and Shah's "Cciae 3b' in Tables 1.1-1.3. if 

one wishes to fit two elements between the primaiy dendrite arms (i.e. 0.5(/i cus 

the width of the elements) and one element in the solutal boundary layer (D/V). 

then appro.ximately 85 elements are needed to span the width of 0.007 m and 11.300 

elements are needed to span the height of the 0.20 m liciuid column. Needless to say. 

with so many elements reciuired for a simple shape, the thought of predicting channels 

in a comple.x shape such as a turbine blade [13] is somewhat daunting. Consequently, 

it Wcis deemed necessary to develop and investigate a time saving computational 

methodolog}' tluit might prove useful for those wishing to predict defects in complex 

DS materials. .A.lthough a detailed time study on various computers wtis beyond 

the scope of this research, the time-saving methodology did prove useful, and so the 

is the primary clcndrite spacing, D is the solutal difFusivity in the liquid, and V the solidifi
cation rate. 
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results are presented. 

Finally, as eluded in the work of Beckermann et al. [76]. considerable computa

tional time is consimied in developing the mushy zone to such an extent that channel

ing can take place. Since this study is only concerned with the prediction of channels, 

the time to develop the mushy zone is regarded tis "wasted" time. Therefore, sinmla-

tions were run with convection turned off until a mushy zone developed completely; 

once developed, convection was turned on to see whether channels formed. To test 

this idea, two unstable cases (3c and la) and two stable ciises (3b and Si) were sim

ulated in two different ways: with convection turned on while the entire mushy zone 

developed and with convection turned on onh' after the nuisliy zone had developed. 

.A.S shown, channel formation is predicted by running simulations either way: conse

quently. the studies that considered the location of chaimel nucleation were conducted 

with the latter configuration since it offered tremendous time-savings. 

1.7 Modeling Convective Transitions 

The efforts put forth in this dissertation to save computational time and to validate 

the mathematical model were necessciry so that conclusions could be driiwn regarding 

the location of channel initiation. As noted above, many researchers involved in the 

development of Rayleigh freckle predictors have biised their work on the assumption 

that channels nucleate inside the mushy zone. Since the creation of a channel in 

the nmshy zone is intimately dissociated with convection, the study of where chan

nels nucleate should therefore also be concerned with convection. In this vein, this 

dissertation introduces evidence that channels in directionally solidified hj'poeutectic 

Pb-Sn alloys nucleate at the dendrite tips in the form of "convcctive signatures." It 

will be shown that distinctive signatures exist for stable and unstable cases, where 

the stability of a convective system is shown to be largely a function of the thickness 

of the inverted density layer that exists ahead of the moving solidification front. 
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Chapter 2 

EFFECT OF COMPUTATIONAL DOMAIN SIZE 

2.1 Introduction 

Although computational costs continue to go down, it will be some time before they 

become reasonably ciffordable to the extent that a finite-element code with the small 

elements discussed in Section l.G Ccm be used to sinmlate the solidification of ciistings. 

Therefore, it becomes important to tissess the effect of domain size on tlie calculated 

results. By conducting simulations of DS with four different computational domain 

sizes, from 0.05 to 0.20 m tall, this study indicates that one need not simulate the 

entire domain to predict channel defects. The major part of this chapter have been 

published previously with Frueh tis first author [107]. 

For verification purposes, the width, withdrawal rate, and thermal conditions were 

modeled after "Ciise 3c" from Tewari and Shah [43], ii Ccise with channel defects along 

the side wall. This case corresponds to a directionally solidified. 7 nmi diameter. Pb-

23.2 wt. % Sn Ccisting mcKle in a Bridgenuui type furnace. The starting condition for 

this sample Wcis a 5 cm long solid of the same alloy in contact with a liquid column 

of about 20 cm. The quartz-enclosed specimen was then directionally solidified at 

a rate {V) of 6 ;im s~' for 0.127 cm, with furnace conditions producing a thermal 

profile similar to the one shown in Figiu'e 2.1. and quenched. Since the furnace wius 

translated at a constant rate, the temperature profile of Figure 2.1 was transformed 

to temperature vs time for the vertical coordinates along the length of the specimen. 

Also, the diameter of the specimen wixs only 7 nun. so it wtis assumed that there wtxs 

no radial temperature variation for deducing the transformed temperatures cis the 

tliennal boundary conditions in the form of temperature vs time at nodal coordinates 
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FIGURE 2.1. Thermal profile similar to the one given by Tewari and Shah [44]. 
The broken line is an extrapolation of temperature for a uniform gradient of 115 
K/cm in the overlying liquid. 7q and Te are the liquidus and eutectic temperatures, 
respectively. 
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tilong the vertical surface of the computational domain. Also shown in Figure 2.1 is 

a broken line, which represents a constant thermal gradient in the liquid. This is 

discussed in the next section. 

The primaiy dendrite-arm spticing used in the simulations wiis 185 /:mi. which 

WcU5 taken from the experiments of Tewari and Shah [43]. As described previously, 

with dendritic columnar grains, the permeability is anisotropic with components A'^ 

and A'; for flow perpendicular and parallel to the columiuu" dendrites, respectively: 

both components depend on the prinuirj' dendrite-cU-m spacing and fraction liquid 

see Eqs. 1.5 and 1.6). Finalh'. the iiottom surface and the two side walls are 

impermeable to all mass and solute fluxes. The top surface (c = //) is treated tis a 

surface with the nornuxl velocity component set at zero. 

A summary of the domain sizes investigated and how these domains were meshed 

appears in Table 2.1. In each Ccise. the mesh wtis established by requiring the clement 

to be smaller in the x-direction than the dendrite-arm spacing and smaller in the 

c-direction than DjV. where D is the diffusion coefficient of Sn in the liquid and 

F the growth rate. Sinmlations were run until the liquidus isotherm had progressed 

appro.ximately 72 pet of the way up the computational donuiin. resulting in data sets 

that captured between 6000 and 24.000 seconds of solidification information. 

T.-\BLE 2.1. General information regcU'ding the sinmlations. 

Height Width Mesh Totcil Time 
(m) (m) Spacing Simulated (s) 

0.05 0.007 115 X 40 6000 
0.10 0.007 225 X 40 12.000 
0.15 0.007 340 X 40 18.000 
0.20 0.007 450 X 40 24.000 



2.2 Results and Discussion 

First, it is instructive to view results at a particular time step. Figure 2.2 is a plot 

of temperature vs distance from the bottom of the specimen. The arrows indicate 

the heights of the four domains for the simulations. Also shown are the liciuidus 

temperature (546 K) and eutectic temperature (456 K) of the alloy. In the four Ccises. 

there is a completeh' developed mush\- zone. The overlying liciuid. when the total 

height is set at 50 mm. is about 15 mm, and the thermal gradient in the overlying 

liciuid is approximately uniform. When the total height is set at 100. 150 and 200 

mm the overlying liquid extends further into the hot zone, where the temperature 

is almost uniform. Figure 2.3 describes how the composition of the overlying licjuid 

depends on the domain size. Within this figure, the regions labeled "L+S" are the 

nuishy zones. From this figure it becomes apparent that tis domain size incrccises the 

ov^erlying liquid becomes more dilute. In ci lead-tin alloy. Sn is rejected into the liciuid 

cis solidification progresses. Within the nmshy zone, there is a negative concentration 

gr<xdient  f rom the eutect ic  isotherm to  the leading front  of  the  mushy zone { i .e . .  

the dendrite tips). Because the solute (Sn) is less dense than the solvent (Pb). this 

negative concentration gi'adient results in a destabilizing liquid-density profile that 

is cause for thermosolutal convection. Indeed, by looking at Figure 2.3(d). one sees 

solute rich plumes emanating from the mushy zone. Although the plumes are less 

obvious in Figures 2.3(b) and 2.3(c) and not seen in Figure 2.3(a) (because of how the 

plots are scaled), plumes such tis the ones seen in Figure 2.3(d) cnrich the overlying 

liquid in each Ccise. Therefore, the degree to which the overlying liciuid is enriched is 

mainly a fimction of how much liquid overlies the mushy zone. 

As the nuish}' zone advanced to the levels shown in Figure 2.3. the amount 

of Sn transported from the nuishy zone into the overlying liquid wiis estimated tis 

(C — Co) HiW. where C is the average concentration of Sn in the liquid. Cu is the 

original concentration of Sn. and Ht and H' are the total height and width of the 



33 

850 

800 

750 

700 

650 

550 

500 

450 -

400 

350 
0.1 

Distance from bottom, z(m) 
0.15 0.2 0.05 

FIGURE 2.2. Temperature distributions in the DS specimens with total heights of 
the computational domain set at 50. 100. 150. and 200 mm (indicated by the tirrows). 

To and indicate the liciuidus and eutectic temperatures, respectively. 
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(a) (b) (c) (d) 

FIGURE 2.3. Liquid coucentrcition of wt. % Sn at GOOO s: (a) 0.05 ni tall, (b) 0.10 
m tcill. (c) 0.15 in tall, and (d) 0.20 m tall. The average concentrations of Sn in the 
overlying liquid are (a) 27.5 pet. (b) 24.77 pet. (c) 24.21 pet. and (d) 23.92 pet. 
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liquid, respectively. The amount of Sn transported into the liquid is approximately 

the same in Figures 2.3(b). (c) and (d) and about 40 pet more than in Figure 2.3(a). 

Hence, the strength of the thermosolutal convection in the overlying liquid of Fig

ure 2.3(a) is significantly less than that in Figures 2.3(b). (c) and (d). 

Figure 2.4 shows how the convective activity, cis metisured by the niciximum veloc-

itj'. incretises iis the domain size gets bigger. In order to determine why the convection 

increi\ses as the domain size gets taller, one must determine how the compositional 

differences noted previously alter the buoyancy forces in the system. This tact Wiis 

used by Schneider et nl. [72] to e.vplain why the velocities changed from 1 to 7 mm s~' 

for different systems considered. However, in their ciise the higher velocities were at

tributed to "stronger solutal buoyancy forces' that arose when the initial composition 

of their nickel-btise system was changed by simultaneously decretising the tantalum 

(k < 1) and increiising the tungsten (k > 1). 

The effect of the composition of the liquid on the buoyancy forces may be ciscer-

tained from Figure 2.5. This figure shows plots that correspond to the liquid density 

for each of the cases. The plots were made by scanning along the centerline of each 

domain, from the bottom of the mushv zone to the top of the domain. The density 

of the liquid is calculated by: 

p = ^0 (1 - MT - To) - JciQ - Co)) (2.1) 

Equation (2.1) shows tluit density is a linear function of the temperature ( T )  and 

the solute concentration (C/), where 3t is the thermal expansion coefficient (0.000116 

K~') and ,3c is the solutal-expansion coefficient (0.0049 wt pet"'). For the reference 

state, the concentration is that of the initial melt (Co), and the reference temperature 

(To) is the liquidus temperature corresponding to CQ. 

Since the temperature is the same in all four simulations (Figure 2.2). then the 

overall shape of the curves depend mainly on the temperature field and are similcU". but 
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(a) (b) (c) (d) 

FIGURE 2.4. Magnitude of the velocities (mzn s"^) CIT 6000 s: (a) 0.05 M tall, (b) 
0.10 in tall, (c) 0.15 m tall, and (d) 0.20 ni tall. The "L+S" region defines the mushy 
zone in each caae. The maximum magnitudes are (a) 1.02 mm s~'. (b) 2 mm s~'. (c) 
3 mm s~'. and (d) 3.52 mm s~'. 
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FIGURE 2.5. Liquid density along the centerhne, through the mushy zone and over
lying liquid of each domain at 6000 s. 
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the differences of tlie densities in the overlying liquid are attributed to tiie differences 

in solute content. One may view the plots cis having three distinct regions in the 

overlying liquid. The first, between 0.035 and 0.05 rn. corresponds to the steepest 

densit}' gradient in the liciuid: the second, between 0.05 and 0.09 ni. corresponds to a 

region of decreiising density gradient: and the third corresponds to a region of almost 

zero-density gradient. .A.S the Ccisting size increcises. so does the length of the third 

region in the plots. 

As can be seen in Figure 2.5. tis the domain size gets larger, the plots of density 

in the overlying liquid are shifted toward the right, a shift that represents a move 

to a more dense overlying" licjuid. Of course, this shift is a response to the fact that 

the concentration of Sn in the overlying liquid becomes less cus the domain size gets 

larger. Although, in each Ccise. a liquid with a stabilizing densit\' gradient sits on top 

of the mushy zone, it must be remembered that it is the solute-rich liquid rejected 

from the mushy zone that drives the thermosolutal convection. 

Table 2.2 summarizes the characteristics of the liquid inside the channels of each 

case at the e.xact same location that corresponds to a point near the right vertical 

boundary and just below the dendrite tips. Looking at Table 2.2. it becomes inmiedi-

ately apparent that, indeed, the liquid inside the channels is obviously enriched with 

solute, and its density is less than the density of the overlying liquid in the region just 

above the top of the solidification front. This is important, because this difference in 

density is the driving force for convection, and the differences become only slightly 

greater as the computational domain gets larger, cis seen in Figure 2.5. 

Figure 2.6 describes the composition of the overhang liquid for the 0.05. 0.10. 

0.15, and 0.20 m cases at 6000. 12.000. 18.000. and 24.000 seconds, respectively. 

The overlying liciuid represents approximately 28 pet of the domain in each Ccise. 

Consec[uently. the fully solidified region, for the simulation of the domain of 0.2 meters 

in height at 24.000 seconds, is much larger than it is for the 0.05-meter-high case at 

6000 seconds, and the overlying liquid is more highly enriched and. therefore, less 
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TABLE 2.2. Data obtained from witliin tlie channels at coordinates x  = 0.0069 m. 
r = 0.034 m. and t = 6000 s 

Domain Height PI- Q, 
(m) (kg m-') (wt. % Sn) 

0.05 9158 31.48 
0.10 9163 31.38 
0.15 9152 31.61 
0.20 9156 31.53 

dense for the taller Ccises. The nuixirniim velocities are also noted in Figures 2.6(a) 

through (d), tmd they increcise in the order of the height of the overlying liquid. 

To explain the dependence of the strength of the convection on the height of the 

overlying liquid, one starts with the vertical component of the momentum ecjuation: 

/ d v d v\ dP f d '-u d '- v\ 

where p is the density: t] is the viscosity: x and c are the horizontal and vertical 

coordinates respectively: u and c are the x- and c-directed velocity components re

spectively; P is the pressure; and g is the gi'avitational acceleration (the positive 

r-direction upward). Since the .solidification rate is only 6 ^m s~'. the transient 

term on the left-hand side of Equation (2.2) may be ignored while keeping the iner

tial terms. In buoyancy-driven flows of the type seen in Figures 2.4(b) through (d) 

with strong inertial effects, the buoyant forces are balanced mostly by inertial forces. 

Hence, if one goes through the scaling procedure that is presented in Dantzig and 

Tucker [108], then it can be shown that velocity scales aij 

where Hi is the total height of the overlying lic[uid and p is either an average density 

or a reference density. 
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L + S 

(a) (b) (c) (d) 

FIGURE 2.6. Liquid conceutration of \vt. % Sn at (a) 6000 s, (b) 12.000 s, (c) 18.000 
s, and (d) 24.000 s for 0.05, 0.10. and 0.15. and 0.20 m aises. respectively. The 
maximum velocities are (a) 1.02 mm s~^ (b) 1.82 mm s~^ (c) 1.94 mm s~'. and (d) 

2.11 mm s~'. 
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Taking the relative-density change to be approximately the same in the seven 

simulations of Figures 2.3 to 2.6. then Equation (2.3) reduces to V oc \/^. The 

calculated values of the maximum velocities are plotted against in Figure 2.7. 

where it can be seen that the proportionality is followed approximately. A linear 

regression of the seven points in Figure 2.7 gives an intercept of only 0.119 mm 

s~'. but Equation (2.3) predicts zero. Nevertheless, within the accuracy of a scaling 

analysis, one can see that the strength of the convection in the overlying liquid relates 

to the square root of the total height of the licjuid. 

As discussed at the beginning of this Chapter, an issue of practical relevance is 

how the domain size affects the macrosegregation in the system. Figure 2.8 shows 

plots taken from the output at 6000 seconds cmd c = 0.02 m. which is within the 

completely solid zone. One plot is from the simulations of the domain with a height of 

0.05 m. and the other is from a domain with a height of 0.20 m. The macrosegregation 

is similar; the highly enriched regions along the walls are channel defects. The solute-

depleted region next to the chcinnel defects along the walls is produced by suction 

of solute by the channels, as explained in Reference [82]. The smaller peaks next to 

the depleted region are most probably due to the difficult}- for the numerical scheme 

in capturing the particularly narrow channels of this simulation. A calculation nuide 

with a finer mesh in the horizontal direction reduced the magnitude of the peaks, 

supporting this hypothesis. 

Another consideration is whether the temperature in the overlying liciuid can be 

assumed to be in a constant gradient. The previous results of the domain with a height 

of 5 cm are compared to the present ones, with the assumption that the gradient is 

constant (115 K/cm). as shown by the broken line in Figure 2.1. The magnitudes 

of the velocities at 3000 seconds are shown in Figure 2.9. When a constant gradient 

is assumed (Figure 2.9(b)). the magnitude of the velocity in the overlying liquid is 

somewhat less than when the unmodified temperature is used. At 3000 seconds, the 

unmodified thermal gi-adient varies from a maximum of about 114 K just above the 
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FIGURE 2.7. Mcuximum value of the velocit\' in the overlying liquid vs the height of 
the liquid. 
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FIGURE 2.8. Simulated macrosegregation plots at c = 0.02 ni in the all-solid region 
of the shortest domain (0.05 m) and the tallest (0.20 ni) used in the simulations 
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(a) (b) 

FIGURE 2.9. Magnitude of the velocities (mm s~') at 3000 s for 0.05 m-tall domains: 
(a) the unmodified temperature history and (b) a constant gradient of 115 K/cin in 
the overlying liciuid. The nuiximum magnitudes arc (a) 1.59 nun and (b) 1.33 
nun s 



45 

dendrite tips to only 28 K at tlie top of the domain. Taken by themselves, both aises 

present a Hquid with a stabilizing thermal gradient, so the ccuic of a high and constant 

gradient luis the smaller maxinuun velocity, albeit the effect is not profoimd. A third 

case of a constant gradient set at 69 K/cm held a mcvximum magnitude intermediate 

between the Ccises of Figui-es Figure 2.9(a) and (b). which agrees with this rea.soniug. 

The effect of cissuming a constant thermal gradient on the segregation in the fully 

solidified alloy is very slight, as .shown in Figure 2.10. The concentrations of Sn in 

the channel defects at the vertical surfcices is about 37 wt. % Sn in both cases, and 

the concentrations iicross both Ccistings are practically equal. 
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FIGURE 2.10. Predicited macrosegregation plots taken at 6000 s at r = 0.02 m. an 
all-solid region. 
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2.3 Conclusions 

The ability to model convective transport in the overlying liquid depends upon the 

height of the liquid that one chooses to include in the computational domain. In the 

cases herein, the strength of the convection in the overlying liquid \vi\s found to depend 

on the square root of the height of the liquid. A more important conclusion is that one 

need not model the entire domain to predict channels. While rnacrosegregation and 

convection were found to change to var\ang degrees when the computational domain 

height Wcis changed, the ability to predict channels was not impacted. As a result of 

this finding, the following validation study presented as Chapter 3 uses computational 

domains that cire shorter than the 20 cm castings nuide by Tewari and Shah [43]. 

The finding that channel formation is accurately predicted regai'dless of domain 

height has implications that extend ptist this dissertation. For example, because 

of time constraints, producers of DS-SX turbine blades rarely solve for more than 

the temperature field in simulations, even though the capability to predict channels 

could go a long wav in reducing scrap. The information in this Chapter suggests 

that it would be fetisible to use data produced by commercial codes-in the form of 

temperature histories-on critical sections of the existing without losing the ability to 

predict whether channels form. 



48 

Chapter 3 

MODEL VALIDATION 

3.1 Introduction 

Tlie work in this Cliapter validates the University of Arizona's model of dendritic so

lidification by comparing predicted results to data resulting from eleven directionally 

soUdified hypoeiitectic Pb-Sn samples produced under various thermal gradients tind 

solidification growth rates. These conditions and the thermodynamic and transport 

properties used in this Chapter may be found in Tables 1.1-1.3. As noted in Table 3.1. 

predictions of whether channel defects formed were supported by experiments. It wtis 

also determined that channeling could be predicted b\' running a simulation with 

convection turned on only after a mush\' zone wtis full}- developed: this saves compu

tational time and lends credibility to the notion of using a non-dimensional freckling 

criterion such as a Rayleigh number. Finally, with D as the diffusivity of Sn in the licj-

uid and V the growth rate, setting the mesh spacing in the growth direction at only 

D/V at the dendrite tips, and allowing the element size to be coarser throughout 

the rest of the domain, the simulations accurately predicted channeling consistent 

with results using a uniform mesh spacing of D/V. By testing the simulated sys

tem to see whether convection produces channel defects after a completeh' developed 

mushy-zone evolves and by employing a non-uniform mesh, a considerable saving in 

computational tinie for predicting channel defects was cichieved. The major part of 

this chapter have been published previously with Frueh as first author [109]. 

So as to avoid the ambiguity mentioned by Beckermann e t  a i  [76] 'related to the 

identification of the onset of freckling itself." a parameter e' is used to indicate when 

remelting occurs. The freckling condition posed by Mehrabian et al. [31] more than 
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TABLE 3.1. Experimental and predicted results. 

Ciise Experimental results. " 

stable/unstable 
^ Predicted results, 

stable/unstable 

3c Unstable Unstable 

la Unstable Unstable 
3b Stable Stable 

SL Stable Unstable 
3d Stable Stable 

3g Unstable Unstable 
4a Unstable U nstable 
•5a Stable Stable 
4c Unstable Unstable 
3f Unstable Unstable 

.5b Stable Stable 

As noted in the text, the experimental results are 

from Tewari and Shah [43]: and with the excep
tion of SI. this work follows their identification 
sclieme. 
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three decades ago is 

n • V 
C' = . (3.L) 

n • u 

where v tind u are the intrinsic velocity of the interdendritic liqnid and isotherm 

velocity, respectively, and n is the unit vector normal to the isotherm. As described in 

Chapter 1. if c > 1. the liquid velocity exceeds the isotherm velocity, and each element 

of liquid finds itself in a hotter region us it flows [31.35] thereby locally remelting the 

existing dendritic array. While it is true that after complete solidification these former 

liquid-rich channels revetil themselves tis freckles, it should be emphasized here that 

IV cannot be used to a priori predict channel defects: rather, it can only show that a 

channel is forming or exists in that remelting (rather than solidification) is occurring. 

Fincilh'. the initial conditions cind boundary conditions were the same for all the 

Ccises discussed in this chapter. The top and bottom surfcices were cooled at a rate 

(=") calculated from the reported gradient and withdrawal velocity: i.e.. e = GV. 

no-slip condition was used for velocity at all Ccisting surfaces, and the lateral walls 

were thermally insulated. So as to be consistent, the domain height was set to twice 

the estimated height of the imishy zone (//„,)• where 

U TQ — T'ciituctic .-.v 
n... = g (3.2) 

Initially, in the sinuilations. the domain Wcis tilled with an all-liquid alloy of the nom

inal composition with a linecir temperature profile such that the bottom-temperature 

(Tboi) was slightly above the liquidus temperature, and the top-temperature (Tjop) 

Wcis calculated with knowledge of the domain height (//j) and the reported gradient, 

c \ s  T ' top  =  Tbot  +  GHfi -
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3.2 Benchmark Study and Validation 

To validate the proposed time-saving methodolog>-. two unstable Ctises (3c and la) 

and two stable Cases (3b and SI) were selected for a "benchmark study". Each of the 

four benchmark cases were simulated with three different conditions; 1) with con

vection turned on for the entire simulation: 2) with convection turned on only after 

a mushy zone was developed: and 3) with a variable mesh spacing with con\-ection 

turned on onlj- after a musln* zone was developed. While the latter two conditions 

offer a reduction in computational costs, the behavior of the system after developing 

the mushy-zone with convection turned off is broader in scope. That is because, if 

it were found that channel initiation is dependent upon the pcist. then the notion 

of a nondimensional-freckle criterion, such as a Rti\4eigh number, would be suspect. 

Fortuitously, regardless of which condition was used, the predicted results were ciual-

itatively the same. 

.A.S eluded to earlier, when tr\'ing to predict the formation of channels, it is crucial 

that the element spacing be set close to D/V in the c-direction [106. 110]. The 

problem with this criterion is evidenced in Table 3.2 where it can be seen that the 

number of elements in the c-direction can become prohibitively large. In these Pb-Sn 

sinmlations and in the nickel-base simulations of Sung et al. [lOG], it luis been observed 

that channel formation starts at the top of the mushy zone, becomes somewhat deeper, 

and then stays "behincr tis the solidification front advances. Hence, in order to capture 

the nucleation and early propagation of channels, the mesh only needs to be refined 

at the dendrite tips. For this reason, the four cases designated for the benchmark 

study were run with a nonuniform mesh, tis shown b\' Figure 3.1. Here it can be 

seen that the top and bottom rows were spticed approximately 354 /im. The elements 

become shorter in size until the middle of the domain where the shortest row htid 

a height of 71 /an ( D/V for Ctise 3c from Tables 1.1 and 1.3). With this mesh, 

solidification was allowed to proceed with convection turned off until the nmshy zone 



liacl fully developed. Convection was turned on before the dendrite tips readied the 

region with the shortest elements. The size ratio between the shortest and tallest 

rows, respectively, is approximately 1:5. This ratio was maintained for all the cases 

simulated: other ratios w^re found to be acceptable, but a systematic study of the 

optimum ratio was not conducted. Fincilly. all simulations used a mesh spacing in 

the x-direction of O.of/i-

Table 3.2. Details of the benchmark Ciises 
with constant mesh spacing. 

Case Height. Width. Element Spacing.*"^ 
(m) (m) (c by !•) 

3c 0.024 0.007 339 X 76 
la 0.020 0.007 160 X 82 
3b 0.022 0.007 1243 X 86 
SI 0.022 0.007 386 X 122 

c is the vertical direction, and x the hori
zontal direction. 

First, consider fraction liquid plots from Case 3c. which wfis found to channel 

experimentally and numerically. Figure 3.2 shows side-by-side fraction liquid plots 

of Ctuse 3c run under each of the conditions mentioned above. Figure 3.2(a) was 

produced using a uniform grid with convection turned on throughout solidification: 

Figure 3.2(b) used the same grid with convection turned on only after 2000 s of 

solidification: and. finally, Figure 3.2(c) used the variable mesh noted in Figure 3.1 

with convection turned on after 2000 s of solidification. By comparing these plots it 

is evident that the results are qualitatively similar, and as far cis channel formation 

is concerned history does not matter. It is also interesting to note that the channels 

do not extend to the bottom of the mushy zone. Tewari and Shah [43.44] identified a 

freckle when they noted a large "patch' of former liquid. If it is assumed that this patch 

is of eutectic composition, then for such a channel defect to form requires that an all-
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FIGURE 3.1. Altered mesh .scheme used for Case 3c. the dtished line indicates when 
convection was turned on. 
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ALL LIQUID 

MUSHY ZONE 

ALL SOLID 

FIGURE 3.2. Predicted fraction liquid plots at 3000 s for Case 3c with (a) convection 
turned on during entire simulation, (b) convection turned on after the mushy zone 
had developed, and (c) a variable mesh spacing and convection turned on after the 
mushy zone held developed. The dashed white lines indicates the position of the top 
of the mushy zone when convection wtis turned on. 



liquid channel must have extended to the eutectic isotherm. The computed results in 

Figure 3.2(a)-Figure 3.2(c). however, do not support this notion: indeed. Figure 3.2(a) 

shows a channel that has e.xtended. at most, a third of the way into the mushy zone. 

It could be suggested that the calculated results do not show channels extending to 

the eutectic isotherm because a two dimensional domain cannot simulate the actual 

three dimensional flow. However, results from three dimensional simulations of a 

Pb-Sn alloy are also absent of channels that reach the bottom of the mush [90]. 

It is believed that the error lies not in the simulated results, rather with the tis-

siunption that the patch of liquid seen in the microstructures is of eutectic composi

tion. Thisissupportedby the Pb-Sn experiments of Wang ei a/. [45] and Sarazin [111]. 

For example. Wang et al. show the composition of a freckle produced from a Pb-15 

wt. % Sn alloy to be approximately 29 wt. % Sn. or approximately half the eutectic 

composition. In fact, for the same alloy. Sarazin found freckle compositions ranging 

from 16.88 to 18.33 wt. % Sn. Interestingly enough, one sees the same thing in 

nickel-biiiie alloys. In work b\' .Auburtin et al. [37]. the freckles in MAR-M002. IN71S. 

and C-27G had compositions away from the eutectic composition. 

The interior channels seen in Figure 3.2 are irregukir and inclined reminiscent of 

the simulated channel defects in earlier papers on hypoeutectic Pb-Su alloys [112]. 

The channel defects form under upflows associated with recirculating convection cells 

in the overlying bulk liquid. The cells meander during solidification, and the channels 

tend to follow the meandering. When the recirculating cells maintain stable positions, 

the channels tend to be vertical. Similar channels and channel defects were also 

simulated in a directionally solidified nickel-base alloy [89]. 

It is worthwhile to note a few more cispects of the simulations that did channel. 

First, when channels form away from the verticcil surfaces, they seem to do so at 

the e.xpense of chamiels along the walls. Figure 3.3 shows that while remelting is 

occurring along the vertical surface of Case la. the channels here are much shorter 

than the interior one. Liu and Kellawell [113] suggest why this might be. They 
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FIGURE 3.3. Predicted mushy zone at 4000 s for Case la. Contour patches are 
locations where > 1 and o < I. Reference vectors are of the x and c components 
of superficial velocity at 0.15 mm s~'. 
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explained that channel flows from a solidif\'ing dendritic mushy zone iire affected by 

a competition between buoj'ancy pressures and the restrictions of liquid circulation 

within the mushy zone. There is a total pressure difference (APT) that is dissipated 

into that needed to drive the "interdendritic entrainment" (APg) t^hat needed to 

overcome viscous drag up a column and through the bulk liquid up to the free surface 

(APM ): hence 

APt = APe + APM (3.3) 

In other words, a sj'stem luis a finite channeling potential. While not entireK' lucid 

in the figures because of how they cire scaled and shaded, the notion of a channeling 

potential may also be supported by Figure 3.2(a) and Figure 3.2(b). Although the 

channel depth varies from plot to plot, the aretis of the channels with 100 % liquid in 

the mushy zone are approximately same. 

It is interesting to consider Equation (3.1) in the context of one of the caries that 

channeled. In Figure 3.3. using an isotherm velocity of 4.0 //m s~' and tlie predicted 

intrinsic velocities in the c-direction in the region of the domain where o < I. the 

areas where f > 1 are highlighted. As expected, the aretis along the sides of the 

channels are bounded by regions where > I. In the top 200 fiin (approx. the 

first two rows of elements) of the mushy zone, each of the three channels is fed by 

liquid moving with a component perpendicular to the primary dendrite arms, and the 

channel in the interior is also fed Iw liquid that is moving in a direction parallel to 

the primary dendrite arms. This fluid, which moves down the region in the channel 

where 0.98 < o < I. adds momentum to the plume of liquid traveling out of the 

channel in the 100 % liquid region. 

In Figure 3.3. there are two patches ( i . e . .  where f > 1) to the left of the interior 

channel without open channels. Although the fraction of liciuid in these patches Wci« 

found to be greater than in the nearbj' regions where c < 1. indicating renielting. 
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in this case tlie patches are a legacy of small channels that existed approximately 

50 s earlier. That these two channels are no longer evident in Figure 3.3 supports 

the notion of a maximum channehng potential. It is quite possible that there are 

regions along the top of the mushy zone where fluid flow is such that a channel could 

be hosted: however, if a system luis a finite capacity for channel-type flow then this 

potential for forming a channel could wane. 

Whether a Ccise channeled the predictions were qualitatively the same irrespective 

of when convection was turned on or which mesh was used. This is an important 

finding for two reasons. First, the time savings offered by running with the modified 

modeling and meshing scheme were significant on the computers used in this work. 

Take Case 3b for instance: about one-third of the time to sinmlate this Ccise Wcis saved. 

Consequently, it was this modified scheme that was used to validate the code against 

the remaining Ccises. Second, as eluded to already, results of the benchnuirk study 

are important because it supports the notion that a Rayleigh number could be used 

to predict freckles. 

3.3 Cases without channels and a borderline case 

Although the appearance of a region where f > 1 did not necessarily mean a channel 

would persist, in all crises where there waa a 100 % liquid region extending at least 

partially into the nnishy zone, the criterion of Equation (3.1) was met. Furthermore, 

when a system was found to be stable. Equation (3.1) was not met. An e.xample of 

a Ccise that did not channel, neither experimentally nor numericcilly, is shown in Fig

ure 3.4. Figure 3.4 delineates the mushy zone by showing fraction liquid lines between 

0.5 and 1.0. Superimposed on these data are regions determined by Equation (3.1) 

cissuming an isotherm velocity of 24 fim s~'. From this plot it can be iiscertained 

that at no location in the mushy zone is v > 1. N'eedless to say. these findings are 

heartening because they suggest that the use of Equation (3.1) dispels the ambiguity 
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FIGURE 3.4. Predicted grayscale plot showing where 0 < T/' < 1 for Case 3b at 700 
s. Predicted isofniction liquid lines (0.5 < o < 1.0) delineate the mushy zone. 
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of whether a s\'stem is channeUng. 

A "borderhne' situation is Qise Si. Figure 3.5 sliows a fraction Uquid plot of 

Cfiiie Si at 1260 s: since the intrusions into tlie inusliy zone are minor, the system 

could possibly be deemed "stable" and absent of channels. Furthermore, except at 

the vertical siurfaces. inflection points of the type visible along the o = 1 contour 

in Figvu'e 3.5(a) were continually disappearing and reappearing at different locations 

along the same isofraction liquid line. In Figure 3.5(b) one sees that while the intru

sions were cause enough for enrichment, they are not significant enough to warrant 

an "unstable" designation. 

Evaluating Ccise Si in the context of Equation (3.1) made it cletu" that the code 

predicts this case to be unstable. Figure 3.6 separates the top of the nuishy zone 

from the all-liquid region with an isofraction liquid line at o = 0. Superimposed 

on the region where o < 1.0 is a plot showing the locations where Equation (3.1) 

predicted instability. From these results, one is able to ascertain that channeling is 

indeed occurring along the sidewalls and at one or two locations in the middle of 

the domain. The interior clijinnel to the left is waning, supporting the notion that a 

system luis only a finite ability to chcimiel. Finally, experimental data produced by 

Sarazin [ill] shows channel defects ranging in composition between 12.11 and 15.11 

wt. % Sn for bulk concentrations between 9.86 and 10.76 wt. % Sn and very close 

to the levels of enrichment seen in Figure 3.o(b). Regardless of which condition wtis 

used to simulate Si. the results were the same. That is. whether the sinmlation Wcis 

run in its entirety with convection on: run with convection on only after a muslu' 

zone had developed; or run with a nonuniform mesh, the code predicted instability. 

Results in Chapter 4. presented in the form of "convective signatures" further support 

these findings. 
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3.4 Additional comments pertaining to channel-formation 

Looking at Table 3.1. it is apparent that except for Ccise Si the model predicted 

all cases accurately. Further comments ought to be made about the cases that were 

correctly predicted to channel. As noted in Table 3.3 while the code wiis able to pre

dict all the channeling cases, the locations of the channel defects were not ciccurately 

predicted. Given the random nature of convective phenomena, this is to be expected. 

Table 3.3 also gives information about the relative scale of the ciiannels in terms of 

length. The chosen scale is arbitrary, since it simply defines channels less than 1 mm 

deep as "short.' For example, using this scale. Figiu'e 3.3 comprises two short charmels 

along the vertical surfaces and one long interior channel. The point here is not to 

make any claims to the accuracy of these lengths: rather, it is to make an argument 

that if one disregards the short channels located on the outside of the domain, then 

the number of predicted channels matches the number of channels found in the exper

imental bars, again supporting the notion of a nuiximum channeling potential for a 

given size. Although Equation (3.1) show these short intrusions to be channels, their 

relative size and the fact that solute is known to accumulate at the walls in a two 

dimensional domain indicates that perhaps these channels are "artificial." In order 

to determine whether this is true, one would have to run three dimensional sinuila-

tions of these crises. Simulations such cis these would be computatioiuilly prohibitive, 

however, even using the mesh and modeling scheme developed in this study. 

The simulations in this work seem to support the hypothesis that a system has a 

finite channeling potential. Although the presence of "preferential flow channels" wan 

identified early on in the experimental work Kaempffer and Weinberg [114]. it wiis 

Sarazin and Hellawell [75] who articulated the difference between channel propagation 

and channel nucleation. In their words [75]. "the nucleation of a channel may therefore 

be regarded as separate from their subsequent propagation for which there nuist exist 

continuous recirculation of liquid to feed the upward flow of solute plumes through 
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TABLE 3.3. Freckle comparison: experiment [43] cs model. 

Case Freckles-experiment, number Freckles-model, number^''"-' 
(location) (location) '' 

3c 2 to 3 (out) 2^ (out). 1^ (in) 
la I (out) 2^ (out). 1^ (in) 
3g 1 (in) l'- (out) 

4a 2 (out) I'- (out). 1^ (out).l^ (in) 
4c 1 (out) l'- (out) 
3f 1 (in) 1^ (in) 

"Out' and in" refer to channels on the surface and in the interior, 
respectively. 
"L' indicates a long channel. 'S' indicates a short channel. 

the bulk liquid." Although our model incorrectly predicted channeling for Ciiae Si. 

because it was a "borderline" Ccise. it provided a uniciue opportunity to view the 

competition that exists between nucleation and propcigation of a channel. 

As discussed etu'lier. Ccise Si showed signs of remelting along the vertical surfaces 

throughout solidification, but the remelting that occurred away from the wall seemed 

to spring up and wane at random locations. In light of the discussion above, this 

indicates that although channels were continually nucleating they were not able to 

propagate. This wiis most likely because channels were already supported along the 

vertical surfaces, thereby robbing interior channels of the solute needed to propagate 

them. 

By focussing on a region just ahead of the mushy zone of Case Si. it is possible 

to cissess how the channels nucleated and dissipated, a sequence of events shown in 

Figure 3.7. Figure 3.7(a) shows an isofraction liciuid line at o = 1.0 defining the 

dendrite tips. Just ahead of the tips, in the all-liciuid region, one sees a layer of fluid 

that is approximately D/V thick under a heavier stabilizing liquid. This heavier 

liquid acts to stabilize the system in situations where channeling does not occur. 

However, as seen in Figure 3.7(b) for Case Si, conditions are such that 30 s later a 
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channel hiuj initiated and tiie lighter hquid from inside the nmsh is convected into 

the overlying licfuid. By 4000 s. the region htis returned to its original state, when 

a thin layer of hghter liquid is covered by a hccivier stabilizing fluid. Between 3030 

s and 4000 .seconds the channel was "forced" to the right l)y a convection cell that 

eventually extinguished the channel altogether. .\s may be seen in Figure 3.7(d)-

(f) the movement of tiie channel can be traced by noting the em-iched spot that is 

left behind the solidification front. Prior to this, in Figure 3.7(e). one can see how 

the solutally enriched plume emerging from the remelted region in Figure 3.7(b) has 

caused the mush surrounding it to lose solute. 

3.5 Conclusions 

While it is true that modeling hiis become a part of the day-to-day operational fabric 

for foundries producing turbine vanes and blades [70]. simulating channel defects has 

not been an option due to computational costs. In this work it was deterinined that 

channeling could be predicted by running a simulation with convection turned on 

only after a mushy zone Wcis fully developed; this saves considerable computational 

time and lends further credibility to the notion of using a uondirneusional freckling 

criterion such cxs a Rayleigh number. When predicting channel formation and its 

attendant therniosolutal convection, the mesh spacing in the growth direction way 

only DjV at the dendrite tips. But the element size may be coarser throughout the 

rest of the domain and still predict channeling in a manner consistent with results 

produced using a uniform mesh with the fine mesh spacing of DjV. Due to the time 

savings offered by the modified modeling and mesh scheme, it was used to validate 

the code against eleven experimental test bars; for all but one of the cases, which 

Wiis thought to be "borderline", predictions of whether channel defects formed were 

supported by e.xperirnents. 

Channel initiation is intimately associated with how the solutal boundiury layer 
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at the tips of the dendrites interacts with the convecting liquid ahead of tlie mushy 

zone. This is an important finding because it suggests that for a Rayleigh number to 

be vahd it nmst be biiaed on a length scale that is representative of the solutal layer 

at the dendrite tips rather than the liquid-plus-solid region. This is the subject of 

Chapter 4. 
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Chapter 4 

ON THE LENGTH-SCALE AND LOCATION OF CHANNEL 
NUCLEATION IN DIRECTIONAL SOLIDIFICATION 

4.1 Introduction 

Previously it was siiowii that the initiation of channel defects is intimately tissociated 

with an unstable layer of fluid immediately ahead of the mushy zone. To under

stand this better this work systematically tracks the transition from no convection to 

convection just above the dendrite tips. As before, the simulations presented herein 

are baaed on the clocumentecl experiments of Tewari and Shah [43j. Using the same 

identification scheme. Ctises la and 3b are selected for study. As shown in Table 3.1. 

experiments and predictions showed Ciise la to be an unstiible Ciise and Case 3b to 

be a stable Ccise. Except where noted, properties, computationcil domain sizes and 

quadrilateral elements of a constant size arc the same cis those listed in Tables I.l, 

1.2. 1.3. and 3.2; and. initial conditions and boundary conditions were the same cia 

discu.ssed in Section 3.1. Finally, in all Ccises simulations were conducted so that a 

fully developed mushy zone Wcis developed with convection turned off; only then was 

convection turned on and calculated data collected. This methodology and its validity 

to channel defect prediction was discussed in Section 3.2. 

4.2 Convective Signatures of Case la and Case 3b 

Figure 4.1 describes the "convective signatures" of Ctises la and 3b. The convective 

signatures chart the progression of the magnitudes of the maximum velocities in both 

systems over time, when t = 0 a represents the time when convection was turned on. 

Onh' 20 s of calculated data are shown in these plots because after this the plots level 
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FIGURE 4.1. Representative convective signatures of Oise la and Ccise 3b. 
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off to yield no cidditional interesting information pertaining to channel formation. 

These plots allow us to elucidate convective phenomena in solidifying systems. 

The data from Case la are best viewed a summation of three distinct pluises. 

The first phase, starting cxt 1 s and ending at 7 s. represents a period when the liquid 

ahead of the mushy zone becomes organized into convection cells. Attached to the 

curve at 7 s is a vector plot describing the moment of cell incubation. In this and 

the other two vector plots, the lower left corner of the 2 mm x 2 mm region luis the 

coordinates of x = 0 mm and c = 9 mm. Extracted from the original 7 mm .x 20 

mm computational domain, these ccilculated datci delineate the mushy zone from the 

overlying liquid region with a contour where the fraction liquid is 0.999. Furthermore, 

the convective signatures plot the nuiximum nuignitude of the velocity in the entire 

domain, and the location of this unique nuiximum. between the time cells appecU"ed 

and a channel formed, wiis always located within the first two rows of elements ahead 

of the dendrite tips in a location defined by the convergence of the adjacent convection 

cells. 

The second phcise. between 7 s and 17 s in Figure 4.1. represents a period during 

which the cell strength incretises several orders of magnitude. By e.xamining the 

vector plot at 12 s and comparing it to the plots at 7 and 17 s. it is apparent that, 

while the lic^uid velocity increixses with time, the cell size remains constant. 

Since the vector plots on Figure 4.1 chart the development of a single pairing 

of cells, it should be noted that between the time when the first cells formed and 

when a channel micleated other cells evolved along the dendrite tips. That said, it 

should be empluxsized that the first indication of a channel wtis cxlways preceded by 

the appearance of the convection cells. 

As seen at 17 s in Figure 4.1. the transition between the second and third phase 

is the start of a channel in the mushy zone. In this figure, the start of the third 

phase is also identified by the change in the slope: in some Ctuses the linear region 

persisted for several seconds after the appearance of a channel. Regardless, once 
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tlie slope changed, tlie location of the maximum velocity in the domain could no 

longer be tissumed to be along the dendrite tips: indeed, once tlie third phcise of the 

convective signature Wcis reached, the nuuxinnim velocities were often cissociated with 

nnich larger cells in the overlying liciuid. Finally, once the system departed from the 

linem- region the overlying liciuid Wcis ciuick to settle down to a mixximuni magnitude 

on the order of 1 mm s~'. Although the vector plot at 17 s shows what appears to 

be the start of a channel, its persistence is by no metins guaranteed. More often than 

not. the convection cells associated with the start of a channel were swept away b\-

the stronger convection cells in the overlying licjuid. thereby effectively extinguishing 

the channel below. This further supports the hypothesis of Stu-aziri and Hellawell [75] 

who. as stated in Section 3.4, articulated the difference between channel propagation 

and channel nucleation. Finally, so cis to better cjuantify the stiurt of the third pluise. 

the following work uses c to indicate when remelting occurs, where u Wcis defined 

earlier in Equation (3.1). 

Returning to Figure 4.1. it is interesting to compare the signature of Case la 

to Case 3b. Recall that, experimentally and numerically. Ctise 3b was found to be 

stable: that is. chaimel defects were absent from the solidified ingot and channels were 

absent from the sinuilations. The signature of Ccise 3b in turn is ciuite different from 

Ccise la. Absent are the characteristics suggesting cell development: the trough, the 

linear region, and the leveling off to a value on the order of 1 mm s~'. These results 

correspond quite well to the fact that for this sinuilation t' was never greater than 

unity, and cells of the type shown in the vector plots were absent. 

4.3 The Effect of D/V  on the Convective Signature 

As seen in Figure 4.1. simulations show that chamiels nucleate along the dendrite tips 

iis a result of convective instabilities that exist in the overlying liquid. Furthermore cis 

previously illustrated in Chapter 3. these instabilities are cissociated with an unstable 
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layer of solute-rich liquid that builds up at the dendrite tips {e .g . .  see Figure 3.7). For 

each of the cases simulated in this and in the validation study of Chapter 3 the density 

gradient is strongly destabilizing in the mushj^ zone and strongly stabilizing in the all 

liquid region {e.g.. see Figure 2.5). However, iis shown in Figure 4.2. just just ahead 

of the dendrite tips there is a layer of liquid that is also destabilizing with respect 

to  convec t ion .  These  f ind ings  a re  suppor ted  by  the  exper imenta l  work  o f  McCay  e t  

al. [115] who. using a metal antilog system, documented the relationship between what 

they termed tlie "inverted layer" tmd channel nucleation using techniques of Fourier 

optics; indeed, images presented in their e.xperirnental work are similar to what is 

seen in our simulations. 

As shown in [116]. the thickness of this layer is: 

" (4.1) 
. 5 rrn_  

where D is the sohital diffusivity (nr s"^). 3c  and J-/- are the solutal (wt.9c)~' find 

thermal expansion coefficients (K~'). respectively, and m is the slope of the liquidus 

(Iv (wt.%)"'). Apparent from Equation (4.1) is that the thickness of the layer is 

largely a function of D/V\ consequently, it Wiis deemed important to study of the 

effect of D/V on the coiivecti\'e signatures of Ccises la and 3b. 

Figure 4.3 charts the effect of clianging D/V on the convective signature of Ccise 

3b. the stable case. Four different ratios between 25 ixm and 100 /mi were evaluated 

by keeping V constant and changing D. A ratio of 25 fim produces a signature that 

is similar to the one shown for Case 3b in Figure 4.1: this is understandable given 

that the actual D/V'-value (18 /ini) is very close to 25 /^m. Regardless, the signature 

for 25 /an suggests a stable configiu'ation. and cis a result channels did not form. 

When D/V is increcused to 50 /im. the first 12 s of solidification the plotted signature 

follows the pattern of a stable configuration: then between 12 s and 19 s, it follows 

the pattern of an unstable configuration. After 19 s. however, the magnitudes of the 
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FIGURE 4.3. Effcct of DjV on tlie convcctive signatures of CJUSC 3b. 
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maximum velocities drop back down to values on the order of those seen in the first 

12 s: in other words, the system restabilizes itself with respect to channel-formation. 

By setting DjV to 75 /xm and 100 fim produces unstable signatures of the type 

shown in Figure 4.1. It is interesting to compare these two plots to each other. 

Immediately apparent is that cis D/V gets larger the time for a ciiannel to nucleate 

{i.e.. li' > 1) decretuaes. in this Ccise. from 16 s to 13 s. Furthermore, the time when 

the velocity increcises rapidly may be used cis an indicator of cell formation, and the 

cells form sooner tis D/V gets larger. Finally, if one tissumes that the linear region 

can be represented in the form of V = .4exp(Bt). then the slope B also increases 

witli D/V. from 1.13 s"^ to 1.45 where the slope is taken from a curve fit from 

one second ptist the cell-start time to the time when t' > 1. These values of B. along 

with the cell-and channel-start times for Case 3b. are also shown in Table 4.1 for the 

purpose of comparison later on. 

In addition to showing the effect of D/V on the convective signature. Figure 4.3 

shows how by increasing D/V a stable case can be made to be unstable. It is therefore 

worthwhile to see if the reverse is true. That is. if an unstable case can be made to 

be stable by decreiising D/V. Since the signatures for Case la are similar to those 

already shown, data for this case are simply provided in Table 4.1. As seen here, by 

decreasing D/V from 175 /mi to 25 ^m channel nucleation is eventUcilly prevented. 

Furthermore, as for the previous Ccise. cis D/V gets smaller, cell-start time incretises 

and the slope of the linear region of the signature gets smaller. By comparing the 

calculated data from Case la to Ctise 3b. one may be lead to believe that there exists 

a "critical" D/V below which channels cannot form in Pb-Sn systems {i.e.. 25 /mi). 

To e.xplore this further a series of simulations were run with another Ciise from the 

validation study. Ctise Si. .A.s noted in Table 4.1 this Ccise is still unstable at 25 //m: 

indeed, not until D/V^ = 10 //m does channeling stop. Finally, it is interesting to 

note that for each Ccvse the changes in slope are reniarbibly similar to the changes in 

D/V. For e.xample. for Case la. with D/V = 50 /im the slope is 0.41 s~'; when D/V 



76 

TABLE 4.1. Effect of DjV on ccll start time, ciianuel nucleation time and the slope 
of the convective signature. 

Ccise D(V (/im) D J : 10'" ni-^ S-' Cells Start (s) f > 1 (s) B (s-') 

la 25 1.0 never never n/a 
50 2.0 17 29 0.41 
100 4.0 9 16 0.78 
125 5.0 8 15 0.86 
150 G.O 6 12 0.92 
175 7.0 4 9 1.44 

3b 25 6.0 never ne\'er n/a 
50 12.0 12 never n/a 
75 18.0 8 16 1.13 

100 24.0 6 13 1.45 

SI 10 1.0 never never n/a 
25 2.5 23 52 0.20 
50 5.0 12 25 0.62 
75 7.5 8 18 0.93 

100 10.0 6 15 1.10 
125 12.5 5 12 1.44 
150 15.0 3 10 1.58 
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is 3.5 times greater {i.e.. 175 ^m) the slope is signifiaintly greater. 

The calculated results thus far present evidence that the thickness of the inverted 

layer (i.e.. D/V) matters to channel formation: that is. the thicker the la\-er the 

more unstable is the system. It is. therefore, interesting to consider ciises where 

D/V is held constant while D and V are varied independently. As seen in Table 4.2 

tlie diffusivities were varied from 1.25x10"'" nr to 10.0x10"'" m- s~' and the 

velocities from l.OxlO"'' to 8.0x10"'' m s~'. while maintaining a constant D/V value 

of 125 f.im. These calculations and the corresponding plots in Figure 4.4 show that 

cis the diffusivity gets larger the system becomes slightly more unstable: considering 

how much D and V were varied the signatures are reniarkiibh' similar. 

T.A.BLE 4.2. Effect of changing D and l'. while keeping D/V constant, on cell start 
time, channel nucleation time and the slope of the convective signature of Case la. 

D X 10'° nr s"' Vx 10*^ m S-' Cells Start (s) t' > 1 (s) B (s-') 

1.25 1.0 7.5 15.5 0.79 
2.50 to

 
o

 

7.5 15.5 0.79 
3.75 3.0 7.5 15.0 0.84 
5.00 4.0 7.5 15.0 0.85 
6.25 5.0 7.0 14.0 0.88 

7.50 6.0 6.5 13.5 0.93 
8.75 7.0 7.0 14.0 0.93 
10.00 8.0 6.5 12.5 1.03 

The information presented above suggests that D/V is an important length scale 

to consider when evaluating whether directionaliy solidified systems form channels. 

It is interesting to compare the plots shown above to those produced by changing two 

other length scales in the system: the width of the domain and the primary dendrite 

arm spacing. In Figure 4.5 signatures from Ccise la are plotted for cases of different 

widths. The signature resulting from a domain width of 11 mm is basically the same 

as that resulting from a width of 7 nmi: in Table 4.3 it may be noted that the cell 
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FIGURE 4.5. Effect of the domain width on the convective signature of Cciiie la. 
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start times, channel start times, and slopes are approximateh' the same. This result 

is supported b\' the experimental work of Stirazin and Hellawell [75j who stated that 

"channels develop under the same conditions irrespective of the mold diameter." 

Sarazin and Hellawell [75] also elude to the importance of the primary- dendrite 

arm spacing (f/i) in channel formation. The results presented in Table 4.3 and Fig

ure 4.6 indicate that the .system tends to become slightly more unstable cis the primary 

dendrite arm spacing is incretised. This may be surprising since d{ does not appear in 

Equation (4.1). The dendrite arm spacing is however important to the calculation of 

the permeability K. As shown in Equation (1.6). when the volume fraction of liquid 

is greater than 0.75 the vertical component of the permeability is 

/v, = 0.074(/i'[- ln(l - O) - 1.49 + 2(1 - o) - 0.5(1 - o)"]. (4.2) 

where Equation (4.2) describes the permeability in the direction parallel to the pri

mary dendrite arms [87.88]. It appears that iis the mushy zone becomes more perme

able (i.e.. cis di gets larger) the interaction between the convection cells and the inuslu' 

zone is amplified somewhat (Figure 4.6). but the effect of varying D/V (Figure 4.3) 

is obvioush' more important when considering chcmnel formation. 

T.-VBLE 4.3. Effect of domain width and primary dendrite arm spacing di on cell start 
time, channel nucleation time and the slope of the convective signature of Quse la. 

Variable Value Cells Start (s) C' > 1 (s) B (s-^) 

width (mm) 7 7 15 0.86 

9 6 15 0.86 

11 7 15 0.79 

di (/an) 162 7 16 0.82 

172 7 15 0.86 

182 i 14 0.89 
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FIGURE 4.6. Effect of the primaiy dendrite arm spticing on the convective signature 
of Caae la. 
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4.4 Discussion 

In this work and in the previous vahdation study a case hcis been made that channels 

nucleate at the dendrite tips of the mushy zones. In tiiese simulations one sees that cxs 

a result of solute rejection and diffusion, a thin layer of unstable liquid builds up ahead 

of the solidification front. Termed the "inverted layer' b\' McCay et ai [U5j. this layer 

is cissociated with small, regular, convection cells that can form along the Uquidus 

isotherm. Since the tliickness of the layer is largely a function of D/V. one sees that 

as the layer gets larger, the strength of the cells increcujcs and the .system tends to 

become more unstaiile. As shown in Figure 4.1. an unstable Ccise exhibits a convective 

signature that is distinct and different from the convective signature of a stable case. 

The notion of a convective signature is introduced by correlating instability/stability 

with the appearance of a region where w is greater/less than unity. When a system 

is unstable, a depression cissociated with the start of ci channel appeared along the 

top of the mushy zone. It is true that the appearance of such a depression did not 

guarantee the appearance of a channel deep within the mushy zone: howe\-er. because 

such a depression is a necessary condition for channel formation it can l)e concluded 

that the channels leading to channel defects nucleate at the tips. 

The conclusion that channels nucleate at the tips is supported by experimental 

data from metal analog systems [47-49.117-122]. la such studies investigators have 

identified two types of dominate flow patterns: "finger-type" and "channel-type". As 

clearly shown by Magirl and Incropera [122] using a shadowgraph teclmiqvie, finger-

type flows emanate froin the inverted la\-er along the top of a quiescent mushy zone at 

the start of solidification. These flows are differentiated from channel-type flows since 

these stronger flows emanate from within the mush\' zone. Although the interaction 

between these two t}'pes of flows have been disregarded b\' the often cited anal>-tical 

works of VV'orster [123] and Emms and Fowler [124], experiments show that in cvenj 

case finger-type flows preceded channel-type flows. As noted by Magirl and Incropera 
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[122]. 'After strong fingers established themselves, small holes began to form in the 

mushy region immediately below these fingers." It is believed that this obsemition 

to be analogous to the results that show convective cells ahead of a quiescent mushy 

zone lead to a remelted region immediately below them. In other words, the cells 

in these simulations are likened to the finger-type flows identified by Magirl and 

Incropera [122]. The results are further supported by noting that the presence of 

finger-type flows does not necessarily lead to channel-type convection [48] since, tvs 

noted above, the appearance of cells does not guarantee the appearance of a channel. 

Finalh', as with the simulations, the absence of finger-type flows in rnetal-analog 

systems guarantees the absence of channel-type flows. 

If one chooses to describe the momentum of a liquid within the mushy zone with 

Darcy s equation; 

V = -^(VP-pg). (4.3) 

where /t is the viscosity of the fluid and P the pressure, it is difficult to explain chaimels 

nucleating inside the nmshy zone. Equiition (4.3) describes a liquid that moves in 

response to a force vector comprised of pressure and buoyancy forces. The velocity of 

the fluid, however, is a function of the permeability of the media through which it is 

flowing. Using Equation (4.2), a plot is generated in Figure 4.7 to describe how the 

nondimensional permeability changes near the dendrite tips. Since the velocity of the 

liquid is proportional to the permeability, it can be ciscertained from this plot that 

liquid just below the tips where o < 0.9 sees at letist an order of magnitude decretise 

in its velocity. That permeability has such a Uirge effect on retarding the convection 

seems to cast doubt on the notion that channels nucleate inside the mushy zone. 

This tissessment is at odds with a recent work by Beckermann ct al. [76]. Using 

a mushy zone Rayleigh number similar to the one proposed by Worster [74]. they 

concluded that the driving force for channel formation is at a niciximum around 85 
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to 90 pet liquid rather than at the tips. They plotted the variation of the local mush 

Rayleigh number with solid fraction for three different Ni-base superalloys and several 

combinations of thermal gradient and growth speed. Indeed, their plots show that 

after reaching a mciximum around 10 to 15 pet solid their Rayleigh munber plummets 

toward zero near the tips. In light of their findings, it worthwhile to replicate their 

calculations with the Pb-Sn alloys studied in this work. For example. Figure 4.S wtis 

produced by following the calculation procedure of Beckermaim et ai [76] with the 

only exceptions being the cissumption of Scheil behavior and a linear dependence of 

the liquid density on temperature and composition (see Equcition (2.1)). 

-•\s seen in Figure 4.8. their Rtiyleigh number reaches a nuixiiuum at the tips. 

Plots such iis this one were generated for each of the Pb-Sn cases studied and the 

results were similar, further supporting the notion that channels nucleate at the tips. 
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4.5 Conclusions 

Information pertaining to the location of channel nucleation is important to the practi

tioner and the scientist interested in the prevention of channel defects in ca.st products. 

This work preseiits evidence in the form of convective signatures that channels nucle

ate at the dendrite tips rather thiin inside the mushy zone. Three types of convective 

signatures were identified in this work (stable, unstable and marginally stable). It 

was found that an increiise in DjV leads to a system that Wcis more unstable with 

regard to channeling. In fact, a system could be nuide to channel or not to channel by 

simph' increasing/decreasing DjV. That DjV is so important to clumnel nucleation 

may be attributed to the fact that the thickness of an unstable la\'er of liquid ahead 

of the mushy zone is largely dependent on this quotient. It is this inverted layer that 

gives rise to convective cells that can induce channel nucleation at the tips. 

The evidence presented here also lends further credibility to the notion that chan

nel nucleation cind channel propogation are in fact governed b\- two separate phe

nomena. That is because the appearance of convection cells ahead of the mushy zone 

does not necessarily lead to the appearance of a channel deep within the nmshy zone. 

The appearance of the cells in the sinuilations presented herein is likened to the ap

pearance of "finger-like" flows seen in metal analog systems prior to the appearance 

of channels deep within the mushy zone. 
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Chapter 5 

CONCLUSIONS AND FUTURE WORK 

In reflecting on this work cis a whole one cannot help but feeling satisfied at having 

arrived at an answer: however, in the author's opinion, the real triumph of this work 

was not in arriving at an answer, rather, it was in arriving at a good question. The 

question of wiiere cliannels nucleate is a good one since its answer is important to both 

the practitioner and the scientist interested in the prevention of channel defects in 

Ccist products. For the practiouer it provides information thcit could conceivably guide 

engineering efforts to prevent their formation: for theoreticians it offers information 

that could potentially narrow the .scope of their research. 

As part of the research process that has led to the conclusion that channel rui-

cleation is a tip-btised phenomenon, a finite element model of dendritic solidification 

hcis been validated. Furthermore, the following conclusions were nuide; 

• The strength of convection in the overlying liquid depends on the square root 

of the height of the liquid. 

• One need not model the entire domain to predict channel defects. 

• Segregation in the completely solidified casting is hardly affected by cissuming 

that the gradient is constant. 

• Although the prediction of channel formation and its attendant thermosolutal 

convection reciuires that the mesh spacing be set to DjV in the growth direction, 

one need not use a constant mesh spacing throughout the computational domain 

to predict channel defects. 

• Channel defects can be predicted by running a simulation w-ith convection 

turned on only after a mushy zone is fully developed. 
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• Distinctive convective signatures exist for stable, unstable, and marginally sta

ble cases. 

• -A-U incrccise in D j V  leads to a system that is more unstable with regard to 

channeling. 

• Channel nucleation and channel propogation are governed by two separate phe

nomena. 

In light of these findings it is beneficial to think about future work tis both a 

practitioner and as a scientist. Assuming the role of the former, it would be of interest 

to see whether channel defects could be prevented in an industrial furnace by slightly 

rocking the chill plate about a vertical axis, thereby "swishing' the overlying liquid 

back and forth across the dendritic arra\" below it: and whether a moving variable 

spaced mesh could be employed to reduce the time tissociated with predicting channel 

defects. .Assuming the role of a scientist, it would be of interest to see whether new 

optical techniciues used in conjuction with a metal analog system would validate the 

findings in this work. 
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