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ABSTRACT 

This study presents a comprehensive analytical tire model for both vehicle 

dynamic simulation and tire design. The model is composed of two parts—modeling of 

the contact mechanism and determination of the tire forces/moments. A static circular 

beam model is introduced for the contact mechanism, in which a tire is modeled with 

three compliance components—6-DOF spring/damper elements for the sidewall and the 

internal pressure, a flexible circular beam for the belt layers, and a series of radial springs 

for the tread. This contact model can estimate the 2-D contact shape and the contact 

pressure distributions for even or uneven road surfaces. 

The tire forces and moments are represented with the deformation of the tread 

elements. Two different methods are introduced to estimate deformations of tread 

elements—direct measuring method and integrating deformation rate method. In the 

former, the deformations of tread elements are directly measured by monitoring their 

displacements. In the latter, a tread deformation is obtained by integrating the slip 

velocity over the contacting time. By employing a rigid ring concept, the transient 

characteristics of the tire can also be examined in low frequency ranges. 

The ideas that are presented in this study are verified with a set of measurement 

data. For example, the tire forces/moments for various driving conditions such as 

combined slip conditions as well as pure lateral and longitudinal slip conditions. Also, 

the simulation results of 2-D contact pressure distributions are given for straight running 

and severe slip angle conditions. 
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CHAPTER 1 

INTRODUCTION 

A tire is one of the key elements in vehicle dynamic simulations in view of the 

fact that the principal external forces are determined by the interaction between the tire 

and the road. Tire models therefore have been studied extensively for vehicle 

performance tests such as accelerating/braking, handling, and ride performance tests. 

The accelerating/braking tests require detailed description of the tire longitudinal force 

mechanism including the transient effects for Antilock Braking Systems (ABS). The tire 

models for handling tests should be equipped with a good representation algorithm for 

the lateral force and the self-aligning moment. For ride comfort, the vibration 

characteristics in higher frequency ranges as well as in the rigid body modes are of 

primary importance. On the other hand, enveloping studies require the large deflections 

and transient effects in low frequency ranges. 

Tire designers also have utilized tire models to determine the tire design 

parameters such as the stiffness of the sidewall, the belt and the tread. The relation 

between the tire forces and the design parameters therefore should be reflected in the tire 

model. It is also well known to tire designers that the characteristics of the contact 

patch—such as the contact shape, pressure distribution and tangential stress 

distributions—have important information on the tire performances. More precise 

description on the contact patch is hence the additional requirement of the tire model for 

tire designers. 
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Mathematical modeling of the tire behavior however is not easy because of the 

nonlinearity of its structural components. As a result, tire models usually have been 

developed for their own purpose. For example, most models for ride performance tests 

consider only in-plane vibrations rather than out-of-plane characteristics. The vehicle 

performance however caimot be estimated separately because tire vertical vibration 

characteristics affect the lateral force and the self-aligning moment for example. The 

simulation thus should be performed using a good comprehensive tire model that can be 

used for various testing conditions. Even though Finite Element Method (FEM) based 

models are used for this purpose, the computation cost is still expensive for dynamic 

simulations. 

1.1 Literature Review 

1.1.1 Analytical Handling Tire Models 

Tire models for handling performance tests are divided into three types— 

analytical models, numerical models, and semi-analytical models. The analytical models 

provide the mathematical representations of the tire structure and behavior, which is 

useful as aids to understanding the tire mechanics. This type of model is again 

categorized into two groups according to whether it considers the flexibility of the 

breaker or not. Pacejka [1,67,68] studied the brush model. The model simplifies the tire 

structure using a horizontally rigid contact patch and a series of flexible bristles that 

represents the elastic characteristics of the tread. The model therefore does not have the 

breaker deformation effect. Gim [2] developed another analytical tire model in his thesis. 
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He employed the friction ellipse concept for representing the forces and moments in 

combined slip conditions, and improved the brush model idea by considering more 

complicated driving conditions. 

Fiala [3] developed the theories in which the breaker deformation was 

approximated with an infinite beam on an elastic foundation model. The local 

deformation of the breaker is essential for proper representation of the self-aligning 

moment [68]. Sakai [4-7] extended Fiala's model to a comprehensive tire model by 

adding a longitudinal force algorithm. He expressed the six components of forces and 

moments as functions of slip ratio, slip angle and other tire dynamic parameters obtained 

from experiments. The experimental studies were fully performed in various driving 

conditions such as slip angles, camber angles, loads, internal pressures, velocities, and 

temperatures. He showed that the tire forces and moments could be computed by 

integrating the shear stresses over the contact length. 

Guo and Liu presented a generalized theoretical model [55] in which they defined 

six parameters that represented the tire stiffness, contact pressure distributions, and 

carcass deformations. It was also shown that various analytical models such as the brush 

model, Fiala's model, and Highway Safety Research Institute (HSRJ) model could be 

derived as specific cases of their generalized expression. 

The analytical tire models provide a good way of understanding the tire 

mechanics. They represent the tire forces and moments using the deformation and the 

stiffhess of each component, from which the basic relation between the tire forces and the 

design parameters such as sidewall, belt and tread stiffiiesses can be identified. It is 
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however impossible to derive the complete mathematical expression of the highly 

nonlinear tire structure. The analytical models therefore have many assumptions, such as 

linear characteristics of each component and parabolic or polynomial contact pressure 

distributions. Due to these assumptions, the accuracy of these models is not satisfactory 

for precise vehicle performance tests. 

1.1.2 Numerical Handling Tire Models 

For vehicle dynamics studies without concerning the design of tire structure, 

various types of mathematical fimctions have been used to describe the lateral force such 

as exponential, arctangent, and polynomial functions. Bakker and Pacejka [8,65] 

developed the so-called "Magic Formula" that was based on sine and arctangent 

functions. The formula is widely used to describe the pneumatic trail as well as tire 

forces and moments for combined slip conditions. The number of parameters however 

has been increasing for more accuracy. Special type of test procedure is also required to 

determine the parameters of the formula. Radt and Milliken [9] observed that tire force 

curves had similar shape for different driving conditions. They developed the 

normalizing technique of tire force data and showed that the normalized data had the 

similarities for different driving conditions. 

l.U Semi-Empirical Handling Tire Models 

Tire designers want tire models that are based on physical representations so that 

they can find out the effect of each tire component on the tire forces and moments. Gim 

and Kim [10] developed a semi-physical tire model that employed an empirical technique 
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on their physical model. They improved the Fiala's model by adding the pneumatic trail 

concept in the original beam model. The study showed that analytical models could 

represent the experimental data with reasonable accuracy by adding proper empirical 

techniques. Araki, Sakai, and Yanase [52,54] presented another hybrid type model and 

showed that the model could be used on the actual road surface (validated on dry and wet 

asphalt surfaces) and various driving conditions. They also pointed out that the friction 

coefficient was the most important among the empirical parameters and sufficient 

consideration had to be made to reduce the errors in the test. The generalized theoretical 

model [55] was improved by adding empirical techniques for higher accuracy [56,58]. In 

these studies, they derived the theoretical expression for the effect of the contact pressure 

distribution on cornering stiffiiess. 

1.1.4 Modeling of Transient Characteristics for Handling Tire Models 

Most outdoor driving tests for handling performances are performed in severe 

conditions such as rapid large steering inputs with a high forward speed. These 

maneuvers cause a relatively large amount of deformation on a tire, in which the dynamic 

effect carmot be disregarded for studying the transient behavior of the vehicle. The 

relaxation length concept for the lateral force is frequently employed in the study of the 

tire transient characteristics because steady state tire models can be easily expanded to 

transient models by working with the concept. Magic Formula tire model adopted the 

relaxation length concept [46, 47, 65]. The fimctional representation of the relaxation 

length depending on the vertical force and the slip angle was also proposed [46]. Guo 
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also included the transient effects to the unified semi-empirical model using the 

relaxation concept [57]. 

Maurice and Pacejka [14] established a pendulum experiment device to measure 

the relaxation length and studied the effects of the load, steady state slip angle, and 

velocity on the relaxation length. Maurice, Berzeri and Pacejka [24] derived analytical 

frequency response functions of the lateral force, the self-aligning moment, and the 

pneumatic trail from the kinematics of the contact patch based on the brush type model. 

Dynamic tire responses to braking torque variations were examined by incorporating the 

relaxation length concept and a rigid ring model [64]. The study was expanded to 

investigate the influence of belt dynamics [66]. 

A second order tire model for the transient response was introduced by Zadeh and 

Fahim [44], in which they pointed out that the fu-st order model tended to have more rigid 

characteristic than the tire itself due to ignoring the lateral motion of the tire with respect 

to the tire patch. Park and Nikravesh [35] studied the transient effects of a tire from the 

multibody dynamics point of view rather than the relaxation length concept by modeling 

a tire as a rigid ring connected to the suspension with a cylindrical joint. 

Transient characteristics of a tire are also important for the research on the 

longitudinal dynamics of vehicles such as ABS. Zanten, Ruf and Lutz [22] measured the 

braking forces using wheel dynamometers while they applied pressure in the wheel brake 

cylinder in a step input maimer. The oscillations of the braking force before they reached 

the steady state were observed. They developed a physical model in which the braking 

force was obtained by integrating the stress of each tread element, and validated with the 
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measurement data. The relaxation length concept for a slip angle was expanded to a 

longitudinal slip [59]. The differential equation of the longitudinal slip was derived and 

the transient characteristics were analyzed. 

1.1.5 Tire VibratioD 

One of the most popular approaches for tire vibration study is modeling the tire as 

a flexible ring on an elastic foundation. The model provides a good way of 

understanding the fundamental mechanics of in-plane vibrations of a tire. Gong [69] 

calculated the natural frequencies and modes using the modal expansion method. The 

equations of motion considered the tire rotation, the tangential/radial deformation, and 

the pre-stress due to the inflation pressure and the centrifiigal force. Zegelaar [32] 

performed modal analyses of the in-plane vibration based on Gong's model. The natural 

frequencies and mode shapes for a free and a standing tire on the plane were measured 

and compared with the results from the mathematical model. 

A tire belt is often modeled as a finite number of mass elements. In the study of 

Eichler [29], the mass elements were interconnected with tension and torsion springs. He 

simulated a vehicle running over a cleat incorporating with the general-purpose 

multibody dynamics analysis software ADAMS and compared the vertical accelerations 

with the measured data. Oertel [15] also modeled a tire belt with discrete mass elements 

interconnected with springs. To overcome the computational effort due to the large 

number of mass elements, the model employed sensor points that were massless points 

located between the mass elements. They were also interconnected with springs to other 

sensor points or mass elements. Recently, Gipser developed a new ride comfort tire 
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model that is called "FTire". The mass elements for the tire belt were defined to have the 

degrees of freedom in the out-of-plane as well as in-plane modes. The model is attractive 

because of its capability of both the ride and handling simulations. 

For enveloping problems, large deflections and transient effects in lower 

frequency ranges need to be examined. Guo and Liu [27] developed an enveloping 

model. In the study, the original road profile input was filtered and transformed to the 

effective road input by adding the effects of the tire geometry and flexibility. A rigid ring 

model [49,18] was introduced that was composed of a rigid ring, residual stiffness 

elements and a slip model. The rigid ring describes the rigid body mode of the tire, the 

residual stiffness elements were introduced to account for the correct static behavior, and 

the brush model was employed for the slip model. 

Mancosu, Matrascia, and Cheli [16] studied a parameter identification method for 

the rigid ring model. It was shown that the rigid ring model was capable of describing 

the in-plane mode shapes in the lower frequency range of 0-130 Hz. 

1.1.6 Contact Pressure Distribution 

It has been well known that the contact pressure distribution is one of the 

important properties of a tire in the view of which it directly affects the contact shape, the 

development of the shear stresses and consequently the vehicle handling, ride and wear 

performances. Even though a number of theoretical and experimental studies have been 

performed, no analytical solutions has been obtained due to the structural complexity of 

the tire. The one-dimensional contact pressure distribution for a rolling tire, and its 

expansion to the two-dimensional contact problem were studied [62,61]. The tire was 
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divided into two parts—the contact-free region and the contact region in the studies. The 

contact-free part was modeled as a circular ring on an elastic foundation and the contact 

part was modeled as a plate subjected to three-dimensional deformations. Each region 

was solved separately and then combined using the continuity conditions of the 

displacements and the stresses along the contact boundaries. For the simplicity of the 

problem, it was assumed that the tire was contacting a plane with a constant rolling 

velocity and no steering input. 

G. Mastinu, S. Gaiazzi, F. Montanaro and D. Pirola also discussed the contact 

pressure distribution in their semi-analytical tire model [11]. The contact patch was 

modeled as a beam element subjected to vertical springs, and the two equilibrium 

equations in the longitudinal direction and the lateral direction were separately derived. 

A two-dimensional contact pressure was estimated by multiplying the two sets of the 

one-dimensional solutions. However, it was not considered that the tread spring element 

could only apply a compression force, which might cause the tire to be pulled by the 

ground. The effects of obstacles or other road irregularities were also not taken into 

account. 

Gong [69] studied the one-dimensional contact pressure distribution using the 

flexible ring model with the modal expansion method. By assuming contact with a flat 

road surface, he derived the geometrical relation between the tread deformation and the 

overall tire deflection. In order to find the contact region satisfying the conditions that 

the tread spring elements acted only as compression springs, however, iterative 

algorithms are required which could lower the numerical performance. The model was 



20 

adopted by Kim and Svkoor [28] and expanded to consider damping effects and finite 

frictions. They derived the nonlinear boundary conditions for a rolling contact and 

solved the problem in two steps. In the first step, the nonlinear equations were linearized 

then the solution was refined with the exact conditions in the next step. The two steps 

were repeated until a converged solution was found. 

The measurement techniques for the contact pressure and the shear strain/stress 

distribution have been studied for a long time. Seitz and Hussmann [23] examined the 

forces and displacements of free rolling tires using a drum type test device. Sakai [60] 

introduced a test device for contact pressure distribution of rubber disks or tires. The 

device shoots a light to the surface of the contact patch and converts the absorption to the 

contact pressure value. Examples of the pressure distributions for a rubber disk and a tire 

in standing conditions were presented in the paper. Another type of measurement device 

[19] was introduced with a flat surface and a transducer array in which flexible needles 

were located. A tire is rolled on the surface and the deflection of each needle senses the 

displacement of the tread contact point. Lazeration [63] measured the tread lateral slip 

using a high-speed video camera. 

1.2 Objectives and Outline of the thesis 

The main objective of this study is to develop a tire model that is suitable for both 

vehicle dynamic simulations and tire design studies. The model provides accurate forces 

and moments for general vehicle dynamic simulations. For a handling test, the model 

gives the lateral and longitudinal forces and the self-aligning moment with accuracy. For 

a vehicle ride test, the model estimates the tire vibration characteristics in low frequency 
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ranges. Tire designers can use the model for studying the relation between the tire design 

parameters and the forces and moments. Also the model giver, the information on the 

contact shape, the contact pressure, and stress/strain distributions in the contact area. 

The outline of this thesis is as follows. In Chapter 2, various modeling methods 

for a pneumatic tire are introduced such as the single rigid body model, brush models, 

models with lateral compliance of belts, numerical models, rigid ring models, flexible 

models, and the model in this study. The main ideas, the advantage, and disadvantages of 

the models are compared. 

In Chapter 3, contact pressure distributions are analyzed. Using a static circular 

beam model, an analytical expression for the radial deformation in the circumferential 

direction is derived. Then the idea is expanded to the 2-D deformation model by 

combining the infinite beam on an elastic foundation model. The rigid ring model is 

added for the transient effect. Parameter identification is explained followed by 

simulation results of the contact pressure distributions. 

In Chapter 4, tangential deformation is estimated. Two different methods are 

introduced—direct measuring method and deformation rate method. The direct 

measuring method numerically measures the tread deformations at each time step. It 

provides a simple way to estimate the deformation for general driving conditions. The 

deformation rate method computes the tread deformation by integrating the deformation 

rate of each tread element. The closed form expressions for tangential deformations are 

given in the method. 
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In Chapter 5, forces and moments are computed. The force generation 

mechanisms are described followed by explaining the algorithm for estimating the forces 

and moments. Also, the friction coefficients, the stiffness parameters, and the testing 

device are discussed. The model is validated with the measured data for pure and 

combined slip conditions, in which the simulations are performed using both the direct 

measuring method and the deformation rate method. 

Finally, the conclusions of this study are given in Chapter 6. Recommendations 

for further research and possible improvement are discussed. 
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CHAPTER 2 

TIRE MODELS 

A tire can be modeled in various ways from a simple linear spring model to a 

complicated FEM model. The main ideas and features of each model are briefly 

introduced and compared in this chapter. 

2.1 Tire as a single rigid body 

A tire can be modeled as a single rigid body for the problem in which the transient 

effect is not important. The single rigid body representing the assembly of the rim and 

the tire is usually connected to the knuckle by a revolute joint, which results in no 

transient effect because no compliance component is involved. Most tire models for 

handling tests are based on this concept. These models can be categorized according to 

the algorithm that represents the tire forces and moments. 

2.1.1 Constraint force model 

This model computes the tire forces using constraint equations that represent the 

contact and pure rolling conditions of the tire. The idea is based on the assumption in 

which the tire can roll with no slip as long as maximum friction forces are allowed. The 

classical rolling rigid wheel problem is a typical example of this idea. The constraint 

conditions consist of one vertical constraint and two horizontal constraints. The vertical 

constraint keeps the tire in contact with the ground. The two horizontal constraints 

describe the no slip condition in the longitudinal and lateral directions. The reaction 



24 

forces for the constraint equations can be obtained by the Lagrange multiplier method. 

The maximum constraint forces are limited to the maximum friction forces between the 

tire and the road. If a constraint force is greater than the maximum friction force in that 

direction, the tire model switches the force computation algorithm from pure rolling to 

sliding mode in which the tire is allowed to slide and the forces are determined by the 

friction coefficients and the normal force. 

For pure rolling conditions, this model can compute tire forces without any 

reference to the tire deformation and elastic stress because the forces are determined by 

the constraint equations. The switching of the status between pure rolling and sliding, 

however, makes the entire algorithm complicated in the following reasons. First, during 

the integration of the vehicle equations of motion, the program needs to continously 

monitor the constraint forces in order to switch to the sliding mode if necessary. This 

requires a special routine that finds the exact time at which a constraint force becomes 

equal to the maximum friction force. The main difficulty is in detecting this exact time 

since it may fall between two time steps of integration. In that case, the routine has to 

refine the time step, which may drop the performance of the program. Second, the self-

aligning moment cannot be computed in the model due to the assumption of point 

contact. The real tire, however, has much lower stiffness than the road surface in most 

cases, which results in surface contact. The contact area is therefore determined by a 

highly nonlinear contact mechanism and the anti-symmetric stress distribution that 

creates a self-aligning moment. 
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2.1.2 Brush models 

Tire models in this category represent the tread elements with a row of elastic 

bristles that contact the road surface (referring to Figure 2.1). It is assumed that the 

bristles have no deformation outside the contact patch. As the tire rolls with a slip 

velocity, the first bristle, that enters the contact patch, starts to deform. Then the 

deformation grows as the bristle travels along the contact area. By assuming that the 

elastic deformation is linearly increased with the traveled distance of the bristle, the 

deformation can be represented as a function of the longitudinal distance of the bristle 

relative to the leading edge of the contact patch. The elastic stress of the bristle is then 

determined by the deformation and the stiffness. 

Figure 2.1 Brush tire model [67]: (a) Brush tire model, (b) Tire in pure side slip, (c) Tire 
in pure braking slip, (d) Tire in combined slip. 
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Most brush models assume some types of contact pressure distribution such as a 

parabolic or higher polynomial shape. The contact pressure distribution is important 

because it determines the friction forces with the friction coefficient. The friction forces 

are used for deciding whether a bristle slides or not. If the elastic stress is bigger than the 

friction stress, then the bristle is assumed to slide. In the model, the contact area is 

divided into two parts—an adhesion region and a sliding region. The transition position 

between the two regions is determined as the point at which the elastic stress is equal to 

the friction stress. It is assumed that the area from the leading edge to the transition point 

is the adhesion region and the rest of the area is the sliding region. The total longitudinal 

and lateral forces can then be obtained by integrating the elastic stress and the friction 

stress over the corresponding regions. The self-aligning moment can also be computed 

by multiplying the stress and the corresponding moment arm then integrating the result 

over the contact area. 

Because the brush models provide satisfactory accuracy as well as an easy way of 

understanding the physical phenomenon in the contact area, it has been widely used for 

many tire models. Pacejka [I, 57] explained the modeling method based on this idea. He 

provides closed form expressions for the forces and moment in pure and combined slip 

conditions by introducing theoretical slip quantities that are combinations of the slip 

angle and the slip ratio but directly related to the deformations. Gim and Nikravesh 

developed the so-called "UA tire model" by improving the brush model idea and 

considering more complicated driving conditions [2]. 



27 

The simplicity in the idea of the brush models gives an easy way of analyzing the 

tire behavior and the force generation mechanism. The models have the mathematical 

expression of the tire forces and moment in closed forms, which allows us to derive 

mathematical expressions for the important tire parameters, such as a cornering stiffness, 

as a function of tire geometry and compliances. However, because the models do not 

take into account the local deformation of the belt and sidewall in the contact patch, their 

effect on the horizontal stress distribution is neglected and the self-aligning moment tends 

to be smaller compared to the measured data. 

2.13 Lateral compliances of belt and sidewall 

In the brush models, the deformation of the belt and the sidewall are neglected 

and only the tread deformation is considered for computing the forces and moments. It is 

however not true in reality. The belt and the sidewall have their compliances, which 

makes them deform when a force is applied. In this case, the assumption of linear 

variation of the lateral deformation along the contact patch is no longer valid. Instead, a 

nonlinear distribution of the tread deformation has to be considered. Figure 2.2 compares 

the two types of tread deformations. It can be inferred that the nonlinearity of the tread 

deformation generates different shapes of stress distribution, which results in a different 

self-aligning moment. It is therefore essential to consider the lateral compliance of the 

belt and the sidewall for proper representation of the self-aligning moment [68]. Pacejka 

introduced a model in which a rigid contact patch cormected to the rim with a flexible 

carcass is added to the brush model [58]. For more detailed deformation in the contact 

patch, Fiala [3] approximated the deformation of the belt and the sidewall with an infinite 
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beam on an elastic foundation model. Sakai [4-7] extended Fiala's model to a 

comprehensive tire model by adding the longitudinal force. Gim and Kim [10] developed 

a semi-physical tire model that considered the pneumatic trail in the original elastic 

founded beam model. 

Rim plane 

(a) 

Rim plane Sidewall 
deformation 

Tread 
deformation Belt 

deformation 

(b) 

Figure 2.2 Comparison of deformations in tire contact patch for (a) brush models 
and (b) the models considering the lateral compliances of belt and sidewall. 
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2.1.4 Numerical model 

Analytical models are suitable for examining the relations between tire properties 

and forces. However, the accuracy of these models is not satisfactory for detailed vehicle 

dynamic simulations, because it is not possible to represent all of the tire properties as 

analytical expressions. For vehicle dynamics simulations without any concems about the 

design of the tire structure, various types of mathematical fimctions have been used to 

describe the force and moments as exponential, arctangent, and polynomial functions. 

Among them, the so-called "Magic Formula" has been widely used. The general form of 

the model and a typical curve are shown in the following equation and in Figure 2.3: 

>'(X) = D sin [^C arctan 15x - £ (- arctan )} J 

D 

Y\.BCD 
1 f 

w 

Figure 2.3 A curve produced by "Magic Formula". 
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With proper choice of the parameters, the formula represents the curves for longitudinal 

and lateral forces in both pure and combined slip conditions. Self-aligning moments are 

also computed by multiplying the pneumatic trail with the lateral force, where the 

pneumatic trail is described in a cosine based fimction. 

Numerical models provide satisfactory accuracy and computationally efficient 

algorithms compared to the analytical models because they do not consider the tire 

structure and deformations for computing the forces and moments. However, the 

numerical models do not show any relation between the tire forces and the tire design 

parameters such as the tread stiffhess, belt stiffness, and sidewall stiffhess that are 

essential to a tire designer. 

2.2 Rigid ring model 

The models introduced in the previous section are steady state models since they 

assume that the tire forces and moments depend on the values of the slip angle and slip 

ratio measured in steady state or quasi-static tests. In order to take into account the 

transient effect, the models usually apply relaxation length concept in which the slip 

angle is described as a first order differential equation [46, 47, 65]. This method cannot 

however represent the transient effect from the inertia properties of the tire. 

For problems that are mainly concerning low frequency ranges, rigid ring models 

can be usefiil. This type of models consists of three components—a rigid ring, sidewall 

stiffiiess elements and the residual stif&iess elements (referring to Figure 2.4). The rigid 

ring represents the inertia properties of the tire. It is connected to the rim with the 

sidewall stiffness elements. The vibration of the rigid ring describes the rigid body and 
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the first deformation modes of the tire. Outside the rigid ring, the residual stiffness 

elements are added to account for the correct static behavior of the tire. 

Zegelaar, Gong and Pacejka introduced a rigid ring model for in-plane vibration 

[49]. The extension to the out-of-plane direction was then presented by Maurice, 

Zegelaar and Pacejka, in which they studied the influence of the belt dynamics on 

cornering and braking properties of tires [66]. Mancosu, Sangalli, Cheli and Brui also 

employed a similar idea and studied the transient cornering behavior of a tire [50]. 

Rigid ring models give a simple way of analyzing the vibration of a tire in low 

frequency ranges. Furthermore it can easily be combined with any type of algorithms for 

computing the tire forces and moments. For example, the constraint force model can be 

Slip model 

3-D residual 
spring-da nper 

- Contact patch 

Rigid ring 

3-D spring-danper 

Figure 2.4 Rigid ring tire model. 
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used to represent the tire forces. In that case, the constraints are applied at the contact 

point between the rigid ring and the road surface. The resultant constraint forces include 

the transient effect from the inertia of the rigid ring and the compliance of the sidewall. 

2 J Flexible ring model 

Rigid ring models can show the transient characteristics of a tire in low frequency 

ranges. The inertia properties of the rigid ring and the foundation stif&iess for the 

sidewall determine only the rigid body and the first modes of tire behavior because the 

models do not consider the local deformation of the belt. The compliance of the belt 

therefore has to be included in order to describe the vibration characteristics in higher 

modes. Gong modeled the tire as a flexible ring on an elastic foundation and studied the 

natural frequencies and the modes of the in-plane vibrations [69]. Figure 2.5 shows the 

flexible circular ring model. The model consists of three components—the treadband, the 

sidewall, and the rim. The treadband is modeled as a flexible circular beam through 

which the distributed inertia properties and the local deformation of the tire are 

represented. For the sidewall and the air pressure, circumferentially distributed radial and 

tangential springs are employed. Further studies were made in which the natural 

frequencies and the modes when the tire contacts a plane were examined. The dynamic 

contact pressure distribution was also estimated using this model. These models can 

describe tire vibration characteristics with relatively efficient algorithm compared to the 

FEM models. However, the models do not have any feature for representing the out-of-

plane vibration characteristics. 
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Flexible 
circular beam 

Radial 
stiffiiess 

Tangential 
stiffiiess 

Figure 2.5 Flexible circular ring model [69]. 

Gipser [31 ] developed the so-called "FTire" in which the mass elements for the 

tire belt were defined to have the degrees of fi-eedom in the out-of-plane as well as the in-

plane modes. The model is attractive because of its capability for both the ride and 

handling simulations. It estimates the tire vibration characteristics using the first six 

vibration modes given as the input parameters (referring to Figure 2.6). The model 

however is not designed as a complete 3-D tire model but as a '2+1/2-dimensional' 

model in which the tire belt is represented by a slim ring. The local deformation of the 

belt is therefore assumed to be linear in the lateral direction. 
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Figure 2.6 First six modes for FTire input parameters. 

2.4 Modeling method in this study 

Even though the flexible circular ring model can be useful to estimate the 

transient behavior of a tire, the results are restricted to only the in-plane vibration 

problems. As a result, the contact pressure distribution from the model is assumed to be 

constant in the lateral direction, which is not true in reality. The nonlinear boundary 

conditions, such as contact with an imeven road surface, are also not applicable in the 

model. 

Figure 2.7 shows the tire model in this study. It is composed of five 

components—a rigid ring, 6-DOF spring/damper elements, a static circular beam, 

residual springs in the radial and horizontal directions, and a slip model containing a 

contact patch. The rigid ring represents the inertia properties of the tire. The rigid ring is 

connected to the rim with a 6-DOF spring, which provides the transient behavior of the 

tire in rigid body modes. In order to estimate realistic contact pressure distributions, local 

deformations in the contact region have to be clarified. The local deformations can be 

divided into two parts—the deformations due to the compliance of the sidewalls and air 

pressure, and the bending deformation due to the breaker that is the assembly of the belts 
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and a part of the tread base. The static circular beam, which plays a role in modeling the 

breaker, is connected to the rigid ring by a set of radial springs representing the residual 

springs in the radial direction. The circular beam represents the bending deformations of 

the breaker in the radial direction. On the other hand, the residual springs in the radial 

direction produce radial deformations due to the sidewall and air pressure. 

Residual 
radial spring 

Radial springs 
for tread 

'tatic circular 
beam 

Rigid ring 

6 DOF spring 

Residual 
tangential spring 

Slip model— 

—7-4-- Dynamic 
Sh Contact patch 

Figure 2.7 Static circular beam + rigid ring. 
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A dynamic analysis of a circular beam requires partial differential equations of 

motion which makes the model complicated. For example, it is difficult to obtain the 

solution for a problem of general boimdary conditions such as nonlinear or uneven road 

surfaces. In order to overcome these problems, this model assumes that transient 

response characteristics of a tire mainly depend on the rigid body modes that are 

represented by the inertia of a rigid ring and a 6-DOF spring/damper element. This 

model is therefore targeted for the problems in which vibration modes in high frequencies 

are not of primary concern. This assumption allows the model to compute local 

deformations of the tread and belt elements in a static analysis. Once the position and 

velocity of the rigid ring are determined by a dynamic analysis, the model freezes the 

time and calculates the local deformation statically. 

For representation of horizontal forces, the model employs a contact patch that is 

defined as the contact plane between the circular beam and the road. The contact patch is 

a massless virtual plane under which tread elements are attached. Deformations of the 

tread elements are computed by a slip model to represent tire forces and moments in the 

horizontal direction. In order to obtain a realistic description of the transient response in 

the horizontal direction, residual springs in the horizontal directions are added between 

the contact patch and the circular beam. Then, the behavior of the contact patch can be 

estimated using a relaxation length concept. 
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CHAPTERS 

CONTACT PRESSURE DISTRIBUTION 

Contact pressure distribution is closely related to the performance of handling, 

ride comfort, and wear because it directly determines vertical forces and horizontal 

friction forces. As well as the stationary value of contact pressure, its transient 

characteristics are knows as an important parameter for tire performance. 

3.1 A static circular beam model 

For problems such as enveloping in which high frequency response are not of 

primary concern, a static circular beam model can be used to describe contact length and 

contact pressure distribution. 

3.1.1 Equilibrium equation 

Figure 3.1 illustrates a tire that is modeled with a circular beam and a series of 

radial springs. The circular beam represents an element, the so-called breaker, which is 

composed of the steel belt, the carcass, the irmer liner and a part of the tread base. The 

bending stiffriess of the breaker is denoted as in Nm'. The radial springs inside the 

circular beam models the sidewalls and the air pressure, in which the equivalent stiffness 

per unit length is symbolized by in N/m'. Due to a point load P at the bottom, the 

circular beam deforms, where the radial deformation at ^ is denoted as which has a 

positive value for an outward deformation. 
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The force equilibrium diagram is shown in Figure 3.2 for an infinitesimal 

element. The equilibrium equation in the radial direction is, 

-Q + Q + dQ-{N + dN) sin(i/^) = 0 

where. 

+ dQ = Nd((> 

R : Radius of undeformed circular beam. 

Q : Shear force in the radial direction. 

N : Normal force in the tangential direction. 

(3.1) 

Figure 3.1 Circular beam model. 
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M+dM 

(N+dN)sm(d(j)) 

Figure 3.2 Force equilibrium diagram for a circular beam model. 
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Also the equilibrium equation in the tangential direction is, 

-N + N + dN + {Q + dQ) = 0 

dN = -Qd<f> 

The moment equilibrium equation is, 

-M + M + dM-Q^^-{Q + dQ)^ = 0 

dM-QRd<f> = Q 

Equation (3.3) can be rewritten as. 

Q = dM 

Rd<t> 

Substituting Equation (3.4) into Equation (3.1) and rearranging it yield. 

d'M 
Rdf' 

Substituting Equations (3.4) and (3.5) into Equation (3.2) results in, 

-k 
d(f) R defy' R d<f> 

The bending deformation of a radial arc can be written in the form. 

M = -EI. 

Combining the above equations gives. 

R^d(l>^ R-

du, (I>)r4 
df d<t>  ̂ dtp 

= 0, 

(3.2) 

(3.3) 

(3.4) 

(3.5) 
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where. 

LR% 

The characteristic equation of the above equation is, 

+2m^ + A'm = 0 

The five roots of the equation are, 

m, = 0 and j 4 5 =±(a±/^i) 

where. 

a = J^ and /9 = j-^ 

The general solution of the radial deflection is finally written as. 

"(A)rtf (<^) = Q + (Qcosh(a^)+C2 sinh(a^))cos(jS^) 

+{C3 cosh(a^) + Q sinh(Qr^)) sin(/?^) 
(3.6) 

3.1.2 Boundary conditions 

For the problem shown in Figure 3.3, the boundary conditions are determined 

using symmetry conditions. The boundary conditions are, 

1. = 0 at^=0 
dtp 

2. = 0 a.\(()=7t 
d(p 

3. 0 = 0 at ^=0 



Figure 3.3 Boundary conditions of a circular beam model. 

4. Q = at <f>=n 
2 

5. 
f J2 a u, i.b)r* 

dtfr 
+ M, {b)r* d(f> = 0 

The last condition states that the relative rotation between the top and the bottom is zero. 

Applying the five boundary conditions gives the five coefficients as follows: 

PR' C = 
" 2£/,,;r/l-

^ PR' (arcosh[;ra]sin[;ry0] + y0cos[;r>9]siiih[;ra]) 

' 2£/^^ar^(a' +^")(cos[2;r^]-cosh[2;ra]) 

(3.7) 

(3.8) 
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C,=0 (3.9) 

Cj=0 (3.10) 

^ (y3cosh[;ra]sin[;r>0]-acos[;r>9]sinh[;rar]) ^ 

* lEI^^aP (or* + P' )(cos[2;ry9] - cosh[2;ra]) 

Equation (3.6) is simplified by eliminating the two terms including C, and Cj: 

«(A)r^ (^>) = Q + c, cosh(a^>) cos(y9^) + Q sinh(a^) sin(/?^) (3.12) 

The deformation expression for a unit load can be obtained by dividing by the point load 

P: 

m,4)^^(^) = Co +C, cosh (or^) cos + sinh(a^)sin(^i^) (3.13) 

where, 

C =—^ 

— (arcosh[;ra]sin[;ry0] + y5cos[;ry0]sinh[;ra]) 

' 2EI^^ap{a' + y3')(cos[2;r>9]-cosh[2;Ta]) 

- R^{P cosh[;rar]sin[;r/?] - a cos[;r/7] sinh[;ra]) 

'' lEI^^ap{a' + /9')(cos[2;r/ff]-cosh[2;ra]) 

Equation (3.14) gives the radial deformation of a breaker at ^ when a point load 

P is applied at the bottom of a tire. This solution can be easily applied for a general case 

in which a load is applied at an arbitrary position. In Figure 3.4 (a), a point load P is 
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applied at (l>p . Coordinate frame ^-7 is rotated by in Figure 3.4 (b). It can be seen 

that this rotation converts the problem into the one in which the same load is applied at 

the bottom of the tire. In this rotated coordinate, the position of point Q is described as 

that can be obtained by <(>' = <f) - (ftp. Therefore, the following relation is established: 

Equation (3.15) provides the radial deformation at <j) when a point load is applied at (pp. 

It should be noted that is measured from the bottom wherein ^ is measured from the 

top. 

P { K )  

(a) 

Figure 3.4 Radial deformation due to a point load applied at an arbitrary position 
observed in (a) ^ - 7 coordinate and (b) - 7' coordinate. 
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3.U Radial deformation along the lateral direction 

Equation (3.13) gives the radial deformation of a breaker at <(> when a unit load is 

applied at the bottom of a circular beam. For a non-unit load, the corresponding 

deformation can easily be obtained by multiplying it by the magnitude of the load as in 

Equation (3.14). However, a tire is not a circular beam but more like a cylinder in which 

the width has to be considered. A contact patch is an area determined by the contact 

mechanism of the tire and the road. The radial deformation is therefore a two-

dimensional function in both circumferential (^) and lateral (77) directions. 

In order to approximate the two-dimensional radial deformations, this study establishes 

two one-dimensional equilibrium equations in the circumferential and lateral directions, 

then estimates the two-dimensional deformations by combining the two one-dimensional 

pressure distributions; i.e., 

"(A)i- ~ "(A)r (^' ̂7) - "(ft)r^"(A)r7 

where. 

The solution of an infinite beam on an elastic foundation problem is used for estimating 

the radial deformation along the lateral direction because a tire radius in the lateral 

direction is usually much larger than the one in the circumferential direction. In many 



46 

analytical tire models, the infinite beam model is employed to describe the lateral 

deflection of a belt in a contact patch due to a lateral force. Figure 3.5 shows the 

schematic diagram of the model. A breaker is modeled as an infinite beam of which the 

radial bending stiffhess is denoted by EI^ in Nm'. The radial stiffness of a sidewall per 

unit length is represented as in iV//w' . When a vertical load P is applied, the 

deflection is as follows: 

I T 
p 

N N 

—•'z i 

1 

k 

P 

Figure 3.5 An infinite beam on an elastic foundation 
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(3.16) 

where. 

^(l>)rv (7; 7/') = e'""'""""' (cos ̂ rr,\n-np\ + sin X^\r]-T]p\) (3.17) 

+ 1 

Equation (3.17) gives the radial deformation of a breaker when a unit load is applied at 

T] = T]p. Similar to Equation (3.12) and (3.13), the deformation for an arbitrary load can 

be obtained by multiplying the magnitude of the load as in Equation (3.16). 

3.1.4 Compatibility condition 

In order for the combined solution to be meaningful, a compatibility condition is 

required between the two one-dimensional solutions. Deformation of a breaker in a 

contact patch is shown in Figure 3.6 when point load P is applied at point Q. Then, the 

corresponding two one-dimensional problems are illustrated in Figure 3.7. From the 

figures, it can be seen that each of the solution obtained by Equations (3.12) and (3.16) 

has to be equal at point O at which the load is applied: 

The radial deformations computed from Equation (3.12) and (3.16) are respectively. 

(^) 

and 
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Undeformed breaker 

Contact patch 

Figure 3.6 Two-dimensional radial deformation of a breaker due to a point load. 

,Q — 
il>)n} 2k. 

"7 

The two results have to be same; i.e.. 

2k. 

The two-dimensional radial deflection at can therefore be represented as the 

following: 

"(A)r (7; 7/.) (3.18) 

Equation (3.18) gives the radial deformation of a breaker at (^,7) when point load P is 

applied at 



(a) 

(b) 

Figure 3.7 Compatibility condition for a radial deformation: (a) Radial deformation 
the circular beam model, (b) Radial deformation in the infinite beam on an elastic 

foundation model. 
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3.1.5 Radial deformation due to a distributed force 

Radial deformation when a distributed force is exerted on a contact patch can be 

obtained by superimposing the solutions for each point load (referring to Figure 3.8), 

Using the summation notation Equation (3.19) is rewritten as, 

",i)r = zl )"(A)r7 PJ )^^PJ (3-20) 
1=1 ./=! 

where. 

• normalized deformation at <f> due to a unit force 

applied at ^ , 

Figure 3.8 Superposition of point loads. 



51 

: the number of elements along the circumferential direction, 

: the number of elements along the lateral direction. 

3.2 Estimation of contact pressure distribution 

A tire can be modeled with three layers—a breaker layer, a tread layer, and an 

assembly of sidewalls and air pressure. When a tire contacts the ground, in most cases, it 

can be assumed that the road surface is hard enough so that the tread does not penetrate 

the surface. Figure 3.9 shows a tire when it contacts with a flat road where, 

p : contact pressure acting on the tread surface, 

: radial stiffness of tread elements. 

Contact pressure acted on the breaker can be represented by the stiffness and the 

deformation of the tread element, where the deformation is defined to be positive in the 

outer direction: 

P = -K)r%)r (3-21) 

The deformation of the tread can be expressed using the total deformation and the 

deformation of the breaker from Figure 3.10 where, 

: radius of the undeformed tire, 

: radius of the undeformed breaker layer, 

: radius of the deformed breaker layer. 
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breaker 

tread 

Undeformed 
breaker 

Undeformed 
tread 

P 

Figure 3.9 Contact model using a circular beam model with tread elements. 

: total radial deformation of the tire, 

: radial deformation of the breaker. 

: thickness of the undeformed tread, 

: thickness of the deformed tread. 

The thickness of the tread can be expressed using the undeformed thickness and 

the deformation (u^^^y): 

From the figure, the thickness of the tread can also be represented as follows: 

\t) ~ ^ "'•"r ~^b) 
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breaker 
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tread 

Undeformed 
breaker Undeformed 

tread 

Figure 3.10 Radial deformations in the contact model. 

Substituting +"(,)r equation yields: 

^(;)0 "*""(1)' ~ •'•"r ~^b)0 ~"(A)r 

"(;)r ~ ^ ~^b)0 ~ ̂ i)0 

~ ̂ 1)0 ~"(A)r "*""r ~^l)0 

Finally, the deformation of the tread can be written in terms of ±e total deformation and 

the breaker deformation: 

TTie contact pressure at the tread element is: 

P = -̂ U)r"(,)r = -̂ nr ("r ""(A).) (3-22) 
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Equation (3.22) describes contact pressure in terms of the tread stifiBiess, the total and 

breaker deformations. Because the total deformation can be estimated using the 

geometrical relation between the tire and the road, once the deformation of the breaker 

is obtained, the contact pressure can be calculated. 

By recalling Equation (3.20), the expression for the breaker deformation of the i-

th element can be given using the superposition method: 

J 

(3.23) 

where 

N: number of tread elements, 

: contact pressure at j-th element, 

^A)r = '• Hormalized radial deformation of i-the element due to a unit 

force at j-the element, 

: area of the j-th element. 

Equation (3.23) can be rewritten by substituting = -A:,,,, ~"(A)r)' 

"(i)r ~ ~^{r)r ("r ^(l)r  ("r  ~ "(4)r )  "(A)r^ " 

Collecting the terms including then dividing by yield, 
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: -uIE'Laa' 

/ \ 

vV y 
\—lN A 

•"r"{6)r^ 

"lb)M -u.1f..u'AA' '  -{A)r'*(A)r-
(3.24) 

By listing Equation (3.24) for / = 1- A^, the radial deformation of the breaker at each 

point can be represented in a set of linear equations as follows: 

V O- y 

1 —m A -<-v 
T "w,'" 

< • > = « 

•• "r"(6)r^ 

• > 

"(A)r 

.V—yVAT A 4.W 
• •  

If the tread layer is equally divided into elements, that is, AA' = AA, then the expression 

can be simplified as. 

I'mM "" 

"fAl' ( h ) r  

V (')'• 
+ "(i)r 

C 1 

< • 
.  = .  

s 
"(A)r 

J 

(3.25) 

This set of equations are composed of four different terms-
1 

, u/,and 

The first term can be determined using the stiffiiess and the area of each tread element. 

The second term () is the normalized breaker deformation of the i-th element due to 

the unit force applied at the j-th element. The third term (w/) is the total deformation of 

the tire at the j-th element, which can be computed by the geometric relation between the 
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tire and the road surface. The last term (ul^^) is the radial deformation of the breaker at 

the position of the i-th element caused by the distributed forces that can be represented as. 

Solving the set of linear equations gives the breaker deformation for each element. Then 

the contact pressure can be computed using Equation (3.26). It should be mentioned that 

this algorithm does not make any assumptions on the geometry of the road surface such 

as a plane or a sinusoidal surface. 

In order for the solutions to be meaningful as the breaker deformation, two 

conditions have to be satisfied. First, the contact pressure must have positive values 

because the ground cannot pull on the contact patch. If there is a negative force, the 

corresponding element should be removed fi-om the set of equations. Second, no tread 

element must be below the ground. An element below the ground has to be added into 

the set of equations so that the corresponding contact force becomes active and pushes 

the element toward the road surface. The overall algorithm for determining contact 

pressure distributions is shown in Figure 3.11. 

(3.26) 

where. 
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Figure 3.11 Computation algorithm for contact pressure distribution. 



58 

33 Combining with rigid ring model 

A rigid ring model is employed to describe the transient characteristics of a tire in 

this study. Figure 3.12 shows a schematic diagram of the tire model. The model is 

composed of a rigid ring, a static circular beam, 6-DOF spring/damper element, and 

residual springs. The rigid ring is connected to a rim with the 6-DOF spring/damper 

element, which produces the transient effects in the rigid body modes. The static circular 

beam is a massless element connected to the rigid ring with a series of residual springs 

acting in the radial direction. Bending deformation of the breaker, that is the assembly of 

the belt layers and a part of the tread, is represented by the circular beam. The residual 

springs compensate the stiffness difference between the stif&iess due to the assembly of 

the real sidewalls and air pressure, and the 6-DOF spring/damper elements. Another set 

of radial springs is attached outside the circular beam, which models the stiffness of the 

tread elements. 

Radial deformations of the rigid ring and the circular beam are illustrated in 

Figure 3.13 when the tire contacts a plane. A deformation of the breaker consists of the 

deformation of the rigid ring and the local deformation of the circular beam. The 

deformation of the rigid ring is measured as the distance between the center of the rigid 

ring and the center of the rim. By defining the undeformed state of the circular beam as 

the state in which the circular beam coincides with the rigid ring, a local deformation of 

the circular beam at an arbitrary point can be determined from the relative movement of 

the point from the rigid ring. 
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Figure 3.12 Combined model of rigid ring and circular beam. 
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Figure 3.13 Radial deformations of rigid ring and circular beam. 
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3.4 Parameter estimation 

Tire parameters can be divided into two categories—inertia/geometry parameter 

and stiffness parameters. The parameters such as mass, moment of inertia, radius, and 

width belong to the inertia/geometry parameters that are usually measurable. However, 

the stiffness parameters such as the stiffhesses of sidewalls and breaker are not easy to 

measure for two reasons. First, it is hard to detach each component from the final 

product; i.e., a tire. Second, each of the physical components cannot be matched one by 

one to each component in the model. For example, a breaker in the model includes belt 

layers and a part of the tread base. In this study, a modal analysis and an error 

minimization technique are used for estimation of the tire parameters. The error 

minimization technique used in this study does not guarantee that the parameter values 

reflect their design changes. However, it is one of the simplest ways to extract such 

parameters. More studies on the parameter estimation techniques are suggested for the 

future. 

3.4.1 Geometry and inertia parameters 

The size of the tire used in this study is 205/45R16 and the air pressure is 

0.2452e6 (MPa). The unloaded radius, the width, and the mass are directly measured and 

the moments of inertia are calculated using the mass and the geometry by assuming that 

the tire has a hollow cylinder shape. The parameter values are listed in Table 3.1. 
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Table 3.1 Inertia and geometry properties. 

Radius (R) 0.2949 (m) 

Width (w) 0.15 (m) 

Mass (m) 8.365 (kg) 

0.4578, Q.lH5{kg-m-) 

3.4.2 Stiffness parameters 

Stiffness parameters can be divided into two groups—the 6-DOF spring/damper 

element and the others, including a circular beam, residual springs, and tread elements. 

The parameters of the 6-DOF spring/damper element are obtained using modal test data, 

and the parameters of the other elements are determined by an error minimization 

technique incorporated with a vertical loading test result. Each of the parameters is 

depicted in Figure 3.14. The stiffiiess parameters to be determined are as follows: 

• ^,' (= Kr): the in-plane stiffness of the 6-DOF spring/damper elements {N Im ) 

• : the out-of-plane stiffness of the 6-DOF spring/damper elements (N Im ) 

• ; the bending stiffness of the circular beam {N -m')  

• : the stiffhess of the residual springs in the radial direction ( N / m ^ )  

• : the radial stif&iess of the tread elements ( N / m ^ )  
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In the equilibrium equations for a circular beam and an infinite beam on an elastic 

foundation models, the residual stif&iess per unit length (or ) is used instead of the 

stiffiiess per unit length {k^). These values can easily be derived from the geometry as 

follows: 

K* = 

k^ = iTcRk 
r r j  r  

where, 

w : width of the tire. 

R : radius of the tire. 

The bending stiffiiess for an infinite beam model can also be approximated by the 

geometry and the assumption of an isotropic property: 

Figure 3.14 Stiffiiess parameters in the tire plane. 
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In order to determine the stif&ess parameters of the 6-DOF spring/damper element, the 

natural frequencies, up to fourth rigid body mode, were measured. Table 3.2 and Figure 

3.15 show the natural frequencies and mode shapes respectively. Using the natural 

frequencies of four rigid body modes, the stiffness values of the 6-DOF spring element 

can then be estimated as: 

=/i:, =3.1671x10' 

K^=mwi = 1.3683x10" (A^/m) 

r̂,- = = 9.7357x10' {Nmlrad) 

Kr^=I^y-=12992x\Q^[Nmlrad) 

Table 3.2 Natural frequencies of four rigid body modes. 

Mode Frequency (Hz) 

Lateral (w^) 64.37 

Pitch (w^) 80.62 

Torsion (w^.) 91.4 

Diametric (>^,0) 97.93 
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lateral torsion diametric 

Figure 3.15 Rigid body mode shapes. 

Once the parameters of the 6-DOF spring element are obtained, it remains to 

determine the stiffness values of the residual springs in the radial direction, the tread 

stiffness, and the bending stiffness. This study utilizes the error minimization technique 

in which the stiffness values are determined so that simulations of vertical loading tests 

satisfy the measurement data. In the measurement data, the loaded radius, the contact 

length, and the vertical load are measured for five different loading conditions. Then, the 

three stiffness values are estimated by the following: 

where, 

F. : computed vertical force. 

: measured vertical force. Zm 

The design variables are. 
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: tread stiffness in the radial direction 

:  bending st i f&iess  of  a  circular  beam {Nm')  

: residual stiffhess in the radial direction {NI 

It is known that the radial stiffhess of sidewalls decreases as the vertical deflection or 

load increases [70]. Therefore, is modeled as a function of the deflection in this study 

as: 

k^ = 

A = R-R,  

where, 

R, is a loaded radius measured from the bottom to the center of the tire. 

In the minimization process, for simplicity, a tire is divided into 200 elements only in the 

circumferential direction. The vertical deflections and loads were measured for five 

different loading conditions and used in the minimization routine. The estimated 

stiffhess values from the routine are as follows: 

EI^^=l3.949{Nm')  

=1.4567x10' 

^,^=(l.51455xl0')e-'" '"^ 
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3.5 Test results 

Figure 3.16 shows the measured and calculated results of the vertical forces and 

contact lengths for the five different loading conditions. In Figure 3.17, simulated results 

for the 1-D contact pressure distributions are given for five different loading conditions. 

The horizontal axis is the circumferential distance (or contact length) measured from the 

center of the contact patch. The figure shows that more concave pressure distribution at 

the center appears as higher load is applied. A 2-D contact pressure distribution is shown 

in Figure 3.18. For the simulation, a tire was divided into 200 elements in the 

circumferential direction and 8 elements in the lateral direction. Then contact pressure 

distribution is estimated for the case of a straight running condition. It can be seen that 

contact pressure is higher at each side of the tire than at the center, which is common in 

most cases of tire contact. In Figure 3.19, a top view and a 3-D view of contact pressure 

distributions are illustrated when a lateral force is exerted. The figure shows distortion of 

the contact patch and an unsymmetric shape of the contact pressure distribution due to the 

lateral force. 
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Figure 3.16 Vertical forces and contact lengths from measured and calculated results. 
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Figure 3.18 A simulation result of 2-D contact pressure distribution for a straight running 
condition. 
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Figure 3.19 Simulation results of 2-D contact pressure distribution when a 
force is applied. 
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CHAPTER4 

SHEAR DEFORMATION 

A tire can have tangential deformation in the contact patch depending on the 

given driving conditions. For example, a braking or driving command develops 

longitudinal deformation and a steering input can create lateral deformation. In this study, 

a tangential deformation is divided into two parts—the deformation of the 6-DOF 

spring/damper element and the deformations of the bristles. In this chapter, two methods 

of computing the deformation of a bristle are introduced. Because the tangential stress 

distribution in the contact patch can be directly computed from the tangential deformation 

and the stiffhess of each bristle, accurate estimation for the deformation of a bristle has to 

be achieved for correct tire forces and moments. Also, the transient characteristics as 

well as the steady state response of the deformations must be properly represented. 

4.1 Coordinate system 

Two coordinate systems are defined at the center of the rigid ring—the body fixed 

coordinate, ^-7-^, and the tire coordinate, #0 ~7o "C; • Th^ coordinate 

moves and rotates with the rigid ring, which represents the rigid body motion 

of the tire (referring to Figure 4.1). The coordinate is defined such that //-axis is 

perpendicular to the ring plane and the other two axes are arbitrarily determined in the 

ring plane. The tire coordinate, iso ~7o ~4o > is defined such that the 7o-axis coincides 

with the 7-axis, the ^^-axis is parallel to the road surface, and the ^o'^xis is defined 
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from the other two axes. Because tire forces are usually described as a longitudinal force 

and a lateral force that lie on the plane parallel to the road surface, the contact patch 

coordinate is introduced at the center of the contact patch. The coordinate system is 

defined such that the ^'c -axis is normal to the road plane and the is parallel to the 

-axis of tire coordinate system. 

4.2 Direct measuring method 

A bristle element has two surfaces—a base and a tip (referring to Figure 4.2). 

The base is attached on the circular beam and the tip contacts the road surface. A bristle 

is assumed to have no tangential deformation before contact. As the tire rolls, each 

bristle moves in the contact region and starts to deform based on the driving conditions. 

The deformation of a bristle is represented as the difference between the two 

Rigid 

Contact 
patch 

Figure 4.1 Coordinate systems. 
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displacements of the base and the tip. Since the displacement of the tip can be assumed 

to be zero in the adhesion region in which the tip completely sticks to the ground due to 

the friction force, the deformation of a bristle can be obtained by measuring the 

displacement of the base. Figure 4.3 and Figtire 4.4 show the deformation of a bristle 

PQ. From the figures, the displacement of point P can be described as the following: 

(4.1) 

where. 

P P P • s =p e,+77 J 

: the unit vector in the radial direction to point P 

: the radial distance from 7 -axis to point P 

(f)'': the angle measured from 4" -axis to point P 

Flexible ring 

f*" bristle bristle base 

i-l*'' bristle bristle tp 

Figure 4.2 Bristles attached to the flexible ring. 
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A 
,p 

Flexible ring 

Figure 4.3 Deformation of a bristle. 

Leading 
edge 

Figure 4.4 The deformation of a bristle in the front and side views. 
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By knowing the radial deformation from the contact algorithm, can be 

approximated as, 

p'=R,+u: 

where, 

/?o: the undeformed radius of the tire. 

Then the deformation of PQ can be described as follows: 

u = r^-r''=r'^-(r + s'') (4.2) 

Equation (4.2) gives the deformation of a bristle. Because the tip of a bristle (point Q) 

sticks to the ground in the adhesion region, the deformation can be obtained by 

monitoring the position of the base (point P). 

= r^* = costant 

where, 

: the position of bristle PQ at the leading edge. 

For the implementation of this idea, only the bristles that are in contact with the 

ground are taken into account for the efficiency of a simulation. In order to achieve this, 

an array of bristles is constructed in the initialization routine. Then the bristles that are 

currently in contact are determined from the contact algorithm at the initial conditions. 

These bristles and the positions of their bases and tips are then stored in the array of 

contacts. 

During the simulation, the information of each bristle in the array must be updated 

with the current position, which can be achieved by the following steps. First, the bristles 
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near the leading edge are examined to determine their states. If there are new bristles 

coming into the contact region, they are added to the array of contacting bristles together 

with the positions of their bases and the tips. Next, the bristles near the trailing edge are 

investigated. If there are some bristles leaving the contact region, they are removed from 

the array. Depending on the driving condition and the irregularity of the road surface, 

there may be bristles that loose their contact temporarily in the middle of the contact 

region, which also needs to be considered. After these steps, the bristles that are 

currently in contact with the ground are determined and the positions of their bases are 

updated. Finally, the deformation of each bristle in the adhesion region is obtained from 

Equation (4.2). 

The basic idea is simple because it gives the deformation of a bristle just by 

monitoring the displacement of the base without any complicated mathematical 

techniques such as integration of a differential equation. The idea can also be used for 

general driving conditions and uneven road profiles. The implementation however is not 

simple because of managing the array of contacting bristles. 

4.3 Integration of deformation rate 

The deformations of bristles can be computed by integrating the deformation rate 

(or slip velocity). Even though the derivation is not simple compared to the previous 

method, the implementation is easier because this method gives analytical expressions for 

the deformation. 



77 

43.1 Modeling concept 

In this model, a contact patch is defined as an imaginary plane that represents the 

contacting area of a tire. The shape and the area of a contact patch are determined from 

the contact algorithm, and the normal direction of the contact patch is approximated using 

the average normal vector of the road surface in the contact area. It is assumed that a 

contact patch moves parallel to the road surface as the tire travels. A contact patch is 

divided into small cells. A bristle is then attached right under each cell (referring to 

Figure 4.5). A bristle is a virtual spring element that represents the equivalent elastic 

characteristics of the tread and a part of the belts in the longitudinal and lateral directions. 

The base of a bristle is attached under the contact patch and the tip of the bristle contacts 

the ground. A bristle can be deformed according to the driving conditions such as a slip 

angle or a slip ratio, which results into tangential stresses. The deformation of a bristle is 

determined by measuring the relative displacement between the base and the tip. 

Base of bristle 

bristle 

Contact patch 

V 

-• 

T^ of bristle 

Figure 4.5 Modeling of a tire. 
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4 J.2 Slip velocity of contact patcli center 

In most tire models, tire forces and moments are represented in terms of slip 

quantities such as the slip ratio and the slip angle. These quantities are defined based on 

the velocity of the contact patch center that is defined in this study as the intersection 

point of and the contact patch. From Figure 4.6, the position of the contact patch 

center can be described as: 

r '^=r + s'^ (4.3) 

The velocity of the point can be obtained by taking the first time derivative: 

r '^=r + ws^ (4.4) 

The angular velocity of the rigid ring can be described with the precession angle rate , 

the camber angle rate y, and the spinning angle ^ as shown in Figure 4.6: 

y 

Figure 4.6 Description of tire movement. 
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w=/io+<z>jo+V'kc (4.5) 

Applying the coordinate conversion, k(- =sin;'jo +cosxko, the angular velocity can be 

rewritten in the tire coordinate system as: 

w = yio + ( V' sin X + ̂ ) jo + </ cos ̂ ko 

Substituting Equation (4.6) to Equation (4.4) yields, 

= {r.o - p" (i^smr + Iq 

+ {^no+p'^r)'io 

where. 

"'"'Vo'^G 

r = '>o»o+'Wjo+'Voko 

(4.6) 

(4.7) 

ws*" = 
'o Jo •'o 
y + ̂  lycosy 

0 0 -P 

-p'' (\i/sin/ + (^) 

p^y 

The circumferential velocity of the contact patch center, . is defined as: 

V =(<^jo^(-p'^ko))-ic (4.8) 

Using the following coordinate conversion rule. 

'o ~ 'c 
jo =cos;'jc+sin;'kc 

ko =-sin/j(-+cos/kc 

(4.9) 

Equation (4.8) can be simplified as: 
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^,c=P 

The forward velocity of the contact patch center is computed as: 

V =(r + (r*o+<^kc)x(-/7%))-ic 

= (r+(/ic + ) X sin yic " cos)) * 'c 

= 'V -pVsinr 

Similarly, the lateral velocity of the contact patch center is: 

=(r + wx(-/?%)).jc 

= 'V +P^rcosx 

Using these velocities, the slip ratio, s, and the slip angle, a , are defined as, 

v - v  4 -s = — 
"JC "JC 

tan or = —— = — 
"jc "jc 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

433 Slip velocity and deformation of a bristle 

Figure 4.7 depicts the position of a point P in the contact patch coordinate 

system. The 4c ' -components of the slip velocity at this point can be described 

as. 

P C v; = + 

<• =^^+fe^('c) + 7c^(jc) • Jc 

(4.15) 

(4.16) 



where, 

v£ : -component of the velocity at the contact patch center 

-component of the velocity at the contact patch center. 

ic : a unit vector in the direction of -axis 

: a unit vector in the direction of -axis. 

From the assumption that the contact patch moves parallel to the ground, the angular 

velocity of the contact patch coordinate frame can be written as, 

where, 

= w k c  

Figure 4.7 Position of a point in the contact patch. 
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For example, if the normal direction of the contact patch is upright, the can be 

written as: 

=ij/ + ̂ sin/ 

Applying •^(•c) = and ^(jc) = J'c Equations (4.15) and (4.16), 

then arranging the and components give, 

v£ =v^ -p''[i^sm'/ + ̂ )-7jcK:c 

< = \+P^r cos/+ 

The tangential deformation of a bristle can then be obtained by integrating the slip 

velocity over the contact time of the bristle: 

u: = (vldt 
" ^ (4.17) 

«; = Ivldt 
'7c Jb ^ 

where, t is the elapsed time for a bristle to reach the current position starting from the 

leading edge. Using the following approximation, the elapsed time can be converted into 

the traveling distance (referring to Figure 4.8), 

di = v^dt 

The deformation is then calculated as follows. 
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rC 

Leading edge 

Figure 4.8 Traveling distance. 

= f 
4 s i n 7 '  +  ^ )  

(4.18) 

d4 

«r' V 

= 1 : - ^  

(4.19) 

d4 

The longitudinal deformation can be rewritten after substituting Equation (4.13) followed 

by the integration. 

"4r =^1 ^ + 
^  1  + J  

g (4.20) 

Similarly, the lateral deformation can be described as: 

tanor ; "n = 
1+5 V 2 

(4.21) 
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using 4c contact length. 

43.4 Longitudinal deformation 

The expression of a longitudinal deformation is given in Equation (4.20) as, 

S - TlrWr -

1 + J 

It can be seen that a longitudinal deformation is composed of two terms. The first term is 

the deformation due to a longitudinal slip ratio. A difference between the forward 

velocity and the circumferential velocity at the contact patch center develops a non-zero 

slip ratio, which develops a longitudinal deformation. 

The second term arises from the 4'c- -component of the angular velocity. Figure 

4.9 shows the deformation at the contact patch due to this term for contacting with a 

horizontal plane, in which the -component of the angular velocity is, 

=V^ + ̂ sin/ 

From the figure, it can be seen that multiplied by the lateral distance from the 

contact patch center develops the longitudinal deformation that grows as the traveling 

distance ^ becomes larger. The existence of the term creates the longitudinal stresses 

that have opposite directions at each side of the contact patch, which results in a coupled 

moment. For example. Figure 4.9 (b), the stresses at points P and Q act in the opposite 

directions—^the direction coming out from the paper at P and the direction going into the 

paper at Q. The coupled moment acts in the direction of reducing . 
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4.3.5 Lateral deformation 

Equation (4.21) gives a lateral deformation as follows: 

tan or - w', u = f—^ -
1 + 5' V,. 2 

The first term represents the lateral deformation generated by a slip angle. Assuming that 

the fnction coefficient of the road surface is large enough, this term linearly increases as 

the traveling distance g grows. One thing that should be noted here is the existence of 

the denominator (1 + -j). Because the slip ratio s has a positive value for accelerating and 

a negative value for braking, the term tanQr/(l + 5) is not symmetric about slip ratios. 

Instead, it increases as the slip ratio decreases. This characteristic can be seen in a 

fiiction ellipse curve. The term can go to infinity theoretically when the slip ratio 

approaches -1 at which the tire is completely locked. This phenomenon does not happen 

however in reality because the adhesion length becomes zero before the slip ratio reaches 

-1.  

The second term gives the lateral deformation due to the -component of the 

angular velocity. It is easier to look at Equation (4.19) in order to understand this term. 

From the equation, it can be seen that a lateral slip velocity can be generated from 

and the longitudinal distance of the bristle from the contact patch center, which results in 

this deformation. For contacting with a horizontal plane, the ^(.-component of the 

angular velocity is composed of two terms—a precession rate if/, and the term caused by 

the spirming rate and the camber angle, 
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w. =ij /  +  ̂ smy 

The deformation due to the second term ^sin;' can be explained in a different way. 

Figure 4.10 illustrates the lateral deformation of a tire centerline when a camber angle is 

given. From Figure 4.10 (b), it can be seen that a point on the tread surface travels along 

the straight line AB in the contact patch due to the friction while a point on the carcass 

follows an ellipse. From the geometry, the lateral deformation can be approximated as 

On the other hand, the second term in Equation (4.21) in the case of a zero precession 

rate is rewritten as: 

[2], 

After applying v^. = we can see that it gives a similar expression. 
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Figure 4.10 Lateral deformation due to a camber angle: (a) Fore-aft view and (b) 
Top view. 
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CHAPTERS 

FORCES AND MOMENTS 

Tire longitudinal and lateral forces, and the self-aligning moment are explained in 

this chapter. Forces and moments in pure slip conditions are examined first, and then 

those in combined slip conditions are investigated because studying pure slip conditions 

can simplify a problem by removing the coupling effects. 

5.1 Introduction 

The mechanism for tire force generation due to longitudinal or lateral slip is 

explained. Then, the mathematical expressions for the forces and moments are derived. 

The characteristics and the mathematical model for the fnction coefficients are also 

introduced followed by a brief explanation of stiffness parameter identification. The 

setups for the measurements and simulations are finally examined. 

5.1.1 Force generation mechanism 

A lateral force is developed by a slip angle or a camber angle, in which the effect 

from a slip angle is much bigger than the one from a camber angle. Figure 5.1 illustrates 

the tread deformations in a tire contact patch due to a slip angle. The longitudinal axis 

and the tire velocity are denoted as ^ and V respectively. For simplicity, it is assumed 

that the tire carcass (or belt) line does not deform so that the entire deformation of the tire 

can be represented with the tread deformation. As the tire rolls, a tread element follows 

the circular path on the circumference of the tire. The tread element has two surfaces— 
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the base and the tip. The base is attached right under the beh layers while the tip forms 

the outer surface of the tire. It can be considered that the tread element has no 

deformation before it contacts the ground. At point ^4, the tip of the tread starts to 

contact the ground. The deformation at each point can be summarized as follows: 

At point A: The tread element starts to contact. It has no deformation at this point. 

V 

Adhesion 
<4 

Sliding 

M 

Figure 5.1 Tread deformations due to a slip angle. 
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A-B: The tip of the tread sticks to the ground due to the friction force. It moves 

along the line AB in the direction of the tire velocity. Meanwhile the base 

of the tread element tends to continue the movement parallel to the ^ -axis 

following the circular path of the belts, which results in the deformations as 

shown in Figure 5.1. The deformation increases linearly with respect to the 

distance from the leading edge. The force due to the deformation can be 

determined from the elasticity law. 

At point B: The elastic deformation reaches the maximum that is allowed by the 

friction force. The tip starts to slide from this point. 

B-C: The element continues to slide. The force is determined from the friction 

law. 

At point C: The contact ends at this point. 

The contact area is divided into two regions—the adhesion region (A-B) and the 

sliding region (B-C). The tread elements are assumed to stick to the ground in the 

adhesion region and to slide in the sliding region. The stress of a tread element in the 

adhesion region is calculated as the multiplication of the deformation and the stiffness of 

the element. On the other hand, the stress of a tread element in the sliding regions is 

estimated by the multiplication of the contact pressure and the fnction coefficient. 

A slip angle causes a self-aligning moment as well as a lateral force. An example 

of a stress distribution is depicted in the lower part of Figure 5.1. Integration of the stress 

over the contact area yields the resultant force that is denoted as in the figure. It can 
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be seen that the position of the resultant force has an offset from the center due to the 

asymmetric shape of the stress distribution. The offset is called as "pneumatic trail" and 

marked as . This offset together with the resultant force develops a self-aligning 

moment Mr. Due to the triangular shape of the stress distribution in the adhesion region, 

the resultant force is usually located behind the contact patch center, which creates a self-

aligning moment that usually acts in the direction of restoring the tire to the free rolling 

state. 

Force generation in the longitudinal direction is similar to the lateral force case 

except that a longitudinal force is caused by a longitudinal slip ratio. As introduced in 

the previous chapter, a longitudinal slip ratio is defined as the difference between the 

forward and spiiming velocities of the contact patch center, normalized by the forward 

velocity. Figure 5.2 illustrates the deformation of the tread elements when braking is 

applied to the tire. Tread elements are again assumed to have no deformations outside 

the contact region. Because of braking, the circumferential velocity is smaller than the 

forward velocity, in which the difference of the two velocities creates a deformation 

between the base and the tip of a tread element. 

Similar to a lateral force generation, the deformation of each tread element can be 

explained as follows: 

At point A: The tread element starts to contact. 

A-B: The deformation of each tread element increases as a tread element travels 

from point A to B. The amount of the deformation in this region depends on 

the elastic characteristics of the tread. 
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C B A 

Figure 5.2 Tread deformations due to braking. 

At point B: Sliding starts. The stress from the elasticity law is equal to the 

maximum stress from the friction law. 

B-C: The tread elements are sliding. The stress of each tread element is estimated 

with the contact pressure and the friction coefficient. 

At point C: The contact ends. 

Figure 5.3 shows an example of a tangential force versus slip quantity. The force 

can be considered as either a longitudinal force or a lateral force, and the slip quantity can 

also be either a slip angle or a slip ratio depending on the selected force because the 

overall shapes of the graphs are similar to each other in both cases. The graph can be 

obtained from the following test. First, a tire is rolled freely so that no tangential force is 

generated. Then slip angle (or slip ratio) is controlled such that the slip grows gradually 

while the force is measured. 



94 

o u. 

u u 

^•Slip 
1+4 

A B C 

Figure 5.3 A typical tangential force vs. slip. 

In the figure, the slip is divided into three regions—A, B, and C. In the first 

region, the slip starts to increase from the free rolling condition and the amount is small. 

As the slip grows, the deformation of the tread elements becomes bigger in the contact 

patch. Most area of the contact patch can be considered as the adhesion region since the 

deformations are small enough for the fiiction force to hold the tread elements on the 

road surface. The tangential stress is determined from the elastic characteristics of the 

tire. In region B, the deformations increase more. The tread elements in the rear part of 

the contact patch start to slide because the elastic stresses of them reach the maximum 

stress provided by the fnction. The peak resultant force can also be seen in the region. 

The tangential force is estimated by two methods—the elasticity law in the fi-ont part of 

the contact patch and the friction law in the rear. Finally, the entire contact patch can be 

assumed to slide in region C. The tire force is computed with the contact pressure and 

the fiiction coefficient. 
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It is possible that multiple adhesion and sliding regions exist in a contact patch for 

an uneven road surface. In order to take into account this case, the correct status for each 

tread element has to be determined. In the implementation, each bristle is examined by 

comparing the stresses from the elasticity and the friction laws. If the elastic stress of a 

bristle is greater than the friction stress, the bristle is assumed to slide. 

S.1.2 Calculation of tangential forces 

A tangential force is obtained by integrating the stresses over the contact patch. A 

lateral force and a longitudinal force can be described in the contact patch coordinate as 

follows: 

In an adhesion region, the lateral and longitudinal stresses of a bristle can be determined 

from the stifftiess and the deformation, which can be written as: 

(5.1) 

(5.2) 

where. 

and : lateral and longitudinal stresses in the adhesion region, 

(T^^'and : lateral and longitudinal stress in the sliding region, 

and : adhesion region and sliding region (m") 
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(a) t 

where, 

and : lateral and longitudinal stiffnesses of a bristle 

and : lateral and longitudinal deformations (m) 

In a sliding region, the stresses are determined from the friction as: 

( j )  

where, 

and : lateral and longitudinal friction coefficients 

p : contact pressure 

In the implementation of this idea, the integration can be approximated with the 

summation of the stresses over the segmented area: 

/V (5-3) 
/ 

F i , ( 5 . 4 )  
I 

where, 

^?=W"('hc '^^)nc"{')nc^^ncP 
(T„ Ic (5.5) 
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(5.6) 

5.13 Friction coefiicient 

The fiiction between rubber and the ground is difficult to analyze due to the 

highly nonlinear characteristics of rubber. It is known that the friction depends on many 

factors such as the slip velocity, the contact pressure, the temperature, and the time 

history. In this study, slip velocities and contact pressures are considered as the 

parameters for friction coefficients. 

In Figure 5.4, a typical normalized force and an assumed friction coefficient are 

plotted versus slip, where the normalized force is the tangential force divided by the 

normal force, and the friction coefficient is computed as the average value of the fnction 

in the entire contact patch. From the figure, the friction coefficient curve can be defined 

from three factors—the magnitudes at the two end points and the overall shape. In this 

study, the following form is used in order to describe a friction curve in a pure slip 

condition: 

(5.7) 

where. 

fu : friction coefficient in pure slip 

factor: shape parameter 
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Friction coefficient 

Normalized 

• Slip 

Figure 5.4 Friction coefficient versus slip. 

For example, the expression can be applied to the lateral and longitudinal directions as 

follows: 

tanh(|tana|) 

l-|tana| 

tanhd^l) 

i-UI 

(5.8) 

(5.9) 

A hyperbolic secant function, sech, is used for the overall shape of a fnction coefficient. 

The basic shape of the curve and its variations for different shape parameters are shown 

in Figure 5.5. From the figure, it can be seen that the friction coefficient flmction starts 

from the value at zero slip and gradually approaches the value at the maximum slip. The 
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n 
maximum slips are defined as p| = — and |.y| = l for the lateral and longitudinal 

directions respectively. 
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Figure 5.5 Friction coefficient curve: (a) Basic shape of a hyperbolic secant 
function, (b) Friction coefficient curves for different shape factors. 
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Three parameters have to be given in Equation (5.7)— , and factor. By 

assuming that the entire contact patch is sliding at the maximum slip condition, can 

be obtained from the measured data: 

= F/N 

where. 

F : the measured tangential force at the maximum slip 

N : the measured normal force at the maximum slip 

The other two parameters are determined from the error minimization algorithm for the 

measured and simulated data of tire forces and moments 

5.1.4 Stiffness parameters 

The stiffness constants of the 6-DOF spring/damper element and the bristles have 

to be determined in order to compute teingential forces. The method for the 6-DOF 

spring/damper element is explained in section 3.4.2, in which the constants are estimated 

from the natural frequencies for the rigid body modes. The stiffriess constants for the 

bristle are computed from the cornering stiffness and the driving/braking stiffness. A 

cornering stiffiiess is denoted as and defined as: 

Similarly, a driving/braking stifBiess C, is: 
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ds 

These two quantities represent the initial slop of the corresponding tangential forces. 

The relation between the lateral stifBiess of a bristle and (or between the 

longitudinal stiffness of a bristle and Q ) can be obtained from Equation (5.1) (or 

Equation (5.2)) by taking a first derivative with respect to slip. The lateral stiffhess of a 

bristle can be computed as the followings. The integration equation for a lateral force is: 

Substituting the lateral deformation expression for a pure lateral slip condition to 

Equation (5.10) yields: 

Applying that the sliding area is zero at a = 0 and simplifying the equation gives: 

(5.10) 

n̂c = J f n̂cP̂  

The slop about a slip angle is: 

A 

Finally, the lateral stiffhess of a bristle can be obtained as: 
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(5.11) 

or in the summation form: 

" \4dA 
A 

f c . , . .  (Ot ^ . 

/=! 

where. 

N : the total number of the bristles in contact. 

Similarly, the longitudinal stiffeess of a bristle is computed as: 

\4dA 

or 

k = 

^4'dA-
1=1 

In the implementation, a factor is used for each stiffiiess parameter as follows: 

Br C 

;=I 

/fc,.,. = ' 
.')4c . 

Z^'dA-
1=1 

where, the factors are determined from the error minimization technique. These factors 

are employed in order to compensate the difference between the mejisured and theoretical 

slip quantities. For instance, the theoretical slip angle is defined as the angle between a 
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rigid ring plane and the fonvard velocity of the rigid ring. On the other hand, the 

measured slip angle is defined as the forward velocity of the tire and the tire plane that is 

parallel to the rim plane. Because a measured cornering stififtiess is defined about the 

measured slip angle, in Equation (5.11) has to be modified for the comering stiffhess 

about the theoretical slip angle in order to estimate the correct stififtiess of a bristle. 

5.1.5 Measurement and simulation 

A Flat trac II machine is used for measuring tire forces and moments in this study 

(referring to Figure 5.6). A tire is rolled on the flat bed of the machine under given 

driving conditions while the machine measures three components of forces and moments, 

velocities and temperatures. The machine continuously controls either the slip angle or 

the slip ratio in this study. For example, it can measure tire forces and moments with a 

sinusoidal input of a slip angle while other parameters are kept fixed such as the vertical 

load, the velocity, and the slip ratio. For a slip angle sweep test, the procedure is as 

follows. First, a tire is freely rolled under a given vertical load. Next, the machine 

gradually increases the slip angle. After the slip angle reaches the maximum, it reduces 

the slip angle to the minimum. Then the slip angle increases again to zero, which 

completes one cycle of a slip angle sweep test. The machine then applies a different 

vertical load and performs the cycle again. Depending on the test purposes, the machine 

can apply different shapes of the input such as a triangular, a sinusoidal, or a trapezoidal 

ftmction. A different sweeping rate can also be used for a transient response test. 
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Figure 5.6 Tire forces and moments measuring machine. 

The model for the simulation is illustrated in Figure 5.7. The tire is composed of 

two rigid bodies—a rim and a rigid ring. The rim is connected to a hub with a revolute 

joint The spirming velocity is applied to the rim for accelerating and braking input. The 

other movements of the tire are controlled by the input at the hub such as the forward 

speed, the height from the ground, the steering angle, and the camber angle. The tire 

model is composed of 200 elements in the circumferential direction and one element in 

the lateral direction for saving the computation time. 
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Figure 5.7 The simulation model. 

5.2 Pure lateral slip 

A set of slip angle sweep tests was performed in order to examine the tire force 

and moment characteristics for pure lateral slip conditions. The test conditions are stated 

in Table 5.1. The slip angle is swept from 0 degree to 15 degrees, which is repeated for 

different load conditions. The measured data and the simulation result using direct 

measuring method are compared in Figure 5.8. The measured data and the simulation 

results are represented as the markers and the lines respectively. It can be seen that the 

simulation results have high frequency oscillations. One of the explanations on the high 

frequency terms is that the tire has tread elements entering and leaving the contact region 

at the leading and trailing edges through the simulation, which causes force variations 

with high frequencies. 

The results using the method of integrating the deformation rate are given in 

Figure 5.9 and Figure 5.10 for the lateral forces and self-aligning moments respectively. 
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Because this method divides the contact patch into small cells and observes the tread 

element passing at each cell at the given instance, it does not need to take into account the 

elements entering and leaving the contact region. It can be seen that the results using this 

method have no high frequency terms in the simulation results. However, this method 

caimot correctly represent the dynamic stress distributions on irregular road surfaces 

since the tread deformations are estimated under the assumption of contacting with a 

plane. 

Table 5.1 Test conditions for pure lateral slip tests. 

Tire 205/45R 16 

Velocity 65 (km/h) 

Vertical loads 1054, 2635, 4217, 5798, 7379 (N) 

Camber angle 0 (deg) 

Slip angle range 0-15 (deg) 

Sweep rate 4 (deg/sec) 
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Figure 5.8 Validation lateral forces due to pure slip angles using direct 
measuring method. 
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Figure 5.9 Validation of lateral forces due to pure slip angle using the integration 
method. 
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Figure 5.10 Validation of self-aligning moments due to pure slip angle using the 
integration method. 
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53 Pure longitudinal slip 

The test conditions for pure longitudinal slip are stated in Table 5.2. In the tests, 

the tire is accelerated from the free rolling to the point at which the slip ratio reaches 

0.55. The slip ratio is increased by the rate of 0.375/sec by speeding up the spinning 

velocity of the rim. The test is repeated for each vertical loading condition. The 

measured data and the simulation results are compared in Figure 5.11 and Figure 5.12. 

Direct measuring method is used for Figure 5.11 and the integration method is applied for 

Figure 5.12. The measured data and the simulation results are represented as markers and 

lines respectively. Similar to the lateral force case, high frequency oscillations are 

observed in the results from direct measuring method. 

Table 5.2 Test conditions for pure longitudinal slip tests. 

Tire 205/45R 16 

Velocity 65 (km/h) 

Vertical loads 2450,3450,4410 (N) 

Camber angle 0 (deg) 

Slip ratio 0 - 0.55 

Rate of slip ratio 0.375 (/sec) 
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Figure 5.11 Validation of longitudinal forces due to pure slip ratios using 
direct measuring method. 
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Figure 5.12 Verification of longitudinal forces due to pure slip using the integration 
method. 
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5.4 Combined slip 

A friction ellipse concept has been widely used for modeling the friction 

coefficients in combined slip. The ellipse represents the limit of the combined forces that 

can be produced by elastic deformations. In this study, a modified concept of the friction 

ellipse is introduced. 

5.4.1 Conventional approach using friction ellipse 

A friction ellipse can be obtained by plotting the longitudinal forces and lateral 

forces together in several combined slip conditions (referring Figure 5.13). The graph 

can be constructed in the following way. First, tire forces are measured in a pure 

longitudinal slip condition in which the slip angle is zero and the slip ratio is increased 

gradually from the free rolling state. The result is the line with diamond markers along 

the x-axis. Next, the process is repeated with a different slip angle. The figure includes 8 

different slip angles. The friction ellipse can be determined as the outer limit of the force 

curves, in which the maximum values of the combined forces be estimated by the ellipse. 

The mathematical expression of the ellipse is as follows: 

f V y F y r/cmax y 
= 1 (5.13) 

where, and F^^ are the maximum forces obtained from the pure lateral and 

longitudinal slip conditions respectively. By assuming that the force is created in the 

direction of the slip velocity (referring to Figure 5.14), each component of the force can 

be computed as: 
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F. = 

f 4-max y 

\an.p 

F ijcmax y (5.14) 

F. = F, tan /? ic ic 

where. 

/3 : slip velocity angle. 

The slip velocity angle is defined as the angle between the -axis and the slip velocity 

tan/? = • 7<-

w 
tana 

(5.15) 

a = 0  

Friction ellipse 

a= 2 

a= 4 

a = 6 

a =  8  

Longitudinal force 

Figure 5.13 Friction ellipse generated by measured forces in combined slip 
conditions. 
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Equation (5.14) computes the combined forces on the friction ellipse using the maximum 

longitudinal and lateral forces at the pure slip conditions. The Wction forces however 

vary gradually even after they hit the friction ellipse. Figure 5.15 illustrates the change of 

a combined force as the slip ratio increases. It can be seen that the forces continue to 

vary after point "P' at which the combined force reaches the friction ellipse. In order to 

estimate the combined force for region 'A' in the figure, an additional algorithm is 

required because Equation (5.14) gives the values only on the ellipse. 

Figure 5.14 Slip velocity angle and friction forces. 

F H-raax 

F 

0 

Figure 5.15 Friction force change in a friction ellipse diagram. 
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5.4.2 Modified friction ellipse 

This study employs a modified fiiction ellipse concept that is slightly different 

from the conventional one in the point of view that the ellipse is constructed using the 

pure longitudinal and lateral forces rather than the maximum forces (referring to Figure 

5.16). The assumption of the idea is that the combined force is limited to the ellipse 

generated with the pure longitudinal force, (A,) and the pure lateral force, j at the 

given slip ratio and slip angle. Figure 5.16 can be redrawn in terms of friction 

coefficients by dividing each longitudinal and lateral force by the vertical load (referring 

to Figure 5.17). It should be noted that the longitudinal and lateral friction coefficient in 

pure slip conditions (/}^, ) are not constant with driving conditions. 

F 

tan p 

0 

Figure 5.16 Modified fnction ellipse in force expression. 
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tan p 

Figure 5.17 Modified friction ellipse in friction coefficient expression. 

Figure 5.18 shows the algorithm for estimating the combined friction coefficient 

in the modified friction ellipse concept. A pure longitudinal force curve is drawn in 

Figure 5.18 (a) in which the estimated friction coefficients are denoted as and 

for two different slip ratios at ^ and s = sj. The friction coefficients at the two slip 

ratios in combined slip conditions can be obtained as follows. First, an example of lateral 

forces versus longitudinal forces in combined slip is shown in Figure 5.18 (b). The curve 

can be obtained by gradually increasing the slip ratio with a fixed slip angle or = or *. 

The forces at j = 5, and 5 = 5, are depicted as well as the conventional friction ellipse. It 

can be seen that the two points are not on the ellipse but located inside the ellipse. Next, 

the two different friction ellipses for 5 = 5, and s = s^ are shown in Figure 5.18 (c) that is 

created using the corresponding pure longitudinal friction coefficients and ^^2 

from Figure 5.18 (a). From the two different ellipses in the figure, a friction coefficient 

in combined slip can be computed in the followings: 
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Figure 5.18 Computation of a friction coefficient in the modified friction ellipse 
concept: (a) Pure longitudinal force and friction coefficient at different slip ratios, 
(b) Longitudinal force versus lateral force at different slip ratios, and (c) Friction 
coefficients and friction ellipses at different slip ratios. 
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2 

4-

J 

= 1 (5.16) 

f S"-
1 

-"i- = 
tan/? 

V 1̂c J 

where. 

(5.17) 

: longitudinal friction coefficient at combined slip. 

: lateral friction coefficient at combined slip. 

lî  ; longitudinal friction coefficient at pure slip. 

: lateral friction coefficient at pure slip. 

5.4.3 Validation 

In order to validate the combined force model, a tire is tested in the following 

method: 

1. A fixed slip angle is given, (or = a *) 

2. Forces and moments are measured with changing the slip ratio (j = 0 - 0.7). 

3. Slip angle is changed, (a = a* +Aa) 

4. Go to Step 2. 

The test conditions are shown in Table 5.3 and the measured and calculated forces are 

plotted in Figure 5.19-Figure 5.21 in which the method of integrating the deformation 

rate is used for the simulation data. 



Table 5.3 Test conditions for combined slip tests. 

Tire 205/45R 16 

Velocity 65 (km/h) 

Vertical loads 4217 (N) 

Camber angle 0(deg) 

Slip ratio 0
 

1 p
 

Slip angle 0,2, 4 (deg) 
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Figure 5.19 Lateral forces at combined slip conditions. 
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Figure 5.20 Longitudinal forces at combined slip conditions. 
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Figure 5.21 Lateral force versus longitudinal force at combined slip conditions. 
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CHAPTER 6 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Summary and conclusions 

This study proposes an analytical comprehensive tire model that can meet with 

the requirements for tire designs as well as vehicle 3-D dynamic simulations. The model 

represents the tire longitudinal and lateral forces and the self-aligning moment with 

enough accuracy for handling and braking tests. The model also has a capability of 

analyzing the vibration characteristics of a tire in low frequency ranges by employing the 

rigid ring concept so that a user can examine the transient characteristics in the in-plane 

and out-of-plane modes. The effects of driving conditions on the tire forces and moments 

are considered using the results from measurement data and other studies [10, 65]. 

For tire design process, the model is developed based on the tire structure and the 

material properties so that the user can smdy the effects of the tire design parameters on 

the tire forces and moments. The model also gives the stress and strain distributions on a 

contact patch, which provides the detailed view of the tire behavior in the contact area. 

A new contact algorithm is introduced in order to represent the 2-D contact pressure 

distribution for an even or uneven road surface. The contact shape is also obtained at 

various driving conditions such as large slip angles or camber angles. The complete 

algorithm for calculating the stress distribution is fast enough for vehicle dynamic 

simulations. 
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The study consists of three major parts—the modeling of a tire, the contact 

algorithm, and the computation of the forces and moments. In this model, the tread 

surface of a tire is divided into small elements, in which each element has a spring (so-

called a bristle) that represents the elastic characteristics of the tread. The inside structure 

of the tire is composed of a 6-DOF spring/damper element, a rigid ring, a circular beam, 

residual springs, and bristles. The 6-DOF spring/damper elements and the rigid ring 

represent the rigid body mode of the tire behavior. The in-plane deformation and contact 

pressure distribution are computed using the circular beam, the residual springs and the 

bristles. The lateral and longitudinal forces and the self-aligning moment are calculated 

from the slip model. 

In the contact mechanics part, a new way of representing the contact pressure and 

shear stress distributions is introduced. One-dimensional static circular beam model is 

employed to describe the radial deformation of the breaker along the circumferential 

direction. The solution of an infinite beam on an elastic foundation model is also used to 

estimate the radial deflection of the breaker along the lateral direction. Then, the two 

solutions are combined with the compatibility condition, which results in the 

approximated solution for the 2-D radial deflection of the breaker. By applying the 

geometrical relations between the tire and the road profile, the mathematical expression 

for the contact pressure distribution is developed as a set of linear equations. The contact 

algorithm can be applied for both even and uneven road surfaces. Simulation results for 

pressure distribution and contact shape are given for straight ruiming and severe 

cornering conditions. 
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Two different algorithms are introduced for estimating the horizontal deformation 

of a bristle—the direct measuring method and the method of integrating the deformation 

rate. The basic idea of the first method is simple. It monitors each bristle in the contact 

area and measures the deformation numerically. The method can give the transient 

behavior of each tread element for general driving conditions such as a severe handling 

test on an irregular road surface. The simulation results however have unnecessary high 

frequency terms, which may require employing a special type of integrator with a stiff 

algorithm. 

The second method describes the behavior of each bristle from the kinematic 

equations, from which the deformation of each bristle is obtained by integrating the 

deformation rate. Because the method gives the analytical expression of a deformation, 

the implementation is easier than the former method. However, it carmot correctly 

represent the transient characteristics of the deformation and the forces for an uneven 

road surface. 

A modified friction ellipse concept is introduced for combined slip conditions 

which gives a simpler algorithm for estimating the friction coefficients in combined slip 

conditions compared to the conventional friction ellipse concept. The model is validated 

for forces and moments in pure and combined conditions using the measured data from 

the Flat trac II machine. 
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6.2 Recommendations 

There are several issues for further investigation on this study. For the contact 

model part, the following ideas deserve special attention. 

• Curvature along the lateral direction: The model uses an infinite beam on an elastic 

foundation model for the radial deformation along the lateral direction, since the 

curvature of a tire along the lateral direction is almost flat, which results in a constant 

contact width for a different slip angle or camber angle. In order to take into account 

the curvature of the tread surface along the lateral direction, the model can use 

another circular beam for the lateral direction and combine it with the original circular 

beam that models the breaker of the tire in the circumferential direction. 

• Parameter identification: There are three stiffiiess parameters for the contact model— 

the bending stiffness of the circular beam, the radial stiffiiess of the residual spring, 

and the tread stiffhess. The stiffiiess parameters are determined from the error 

minimization process in vertical loading tests for the current model. In order to study 

the relation between the stiffiiess parameters and the stress distribution in the tire 

contact, it is important to develop a proper testing method for extracting each stif&iess 

parameter separately. 

Estimation of tire forces and moments has the following issues for the ftiture 

research. 

• Lateral compliance of the breaker: This model is based on the brush model concept in 

which the lateral bending deformation of the breaker is not taken into account. 



128 

Because the bending deformation of the breaker changes the shear stress distribution 

in the contact area, including the breaker deformation is essential for correct 

estimation of the self-aligning moment. 

• Integration method: The direct measuring method for shear deformation of tread 

elements can be used for vehicle dynamic simulation in general driving condition. 

The results however have urmecessary high frequency noise. A special integrator 

may be required in order to remove the noise and reduce the simulation time. 

• Simulations for vibration characteristics: The rigid ring concept in this model can 

represent the transient characteristics of a tire in low frequency ranges. Validation for 

the transient characteristics in the lateral and longitudinal direction as well as the 

vertical direction can be added using tests such as a slip angle sweep test with 

different sweeping rate and a cleat test. 
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