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ABSTRACT 

I study the weak nonlinear regime of structure formation using high resolution and 

high signal-to-noise ratio (S/X) samples of Quasi Stellar Objects" (QSOs) Lya trans

mission spectra. Using a space-scale decomposition, the Discrete Wavelet Transform 

(DWT). I show that the field traced by Lya transmission fiux is intermittent on scales 

less than 2000 km/s. The distribution of the local power of fluctuations is spiky with 

almost no power between the spikes. This spike-gap-spike feature gets more pro

nounced on smaller scales (128 — 16 km/s). This feature contradicts the predictions 

of the correlation hierarchy model on small scales (< 64 km/s). Intermittency renders 

lower order statistics, like the power spectrum of fluctuations, ineffective in describing 

an intermittent field and discriminating between various structure formation models. 

I show that the structure functions and the intermittent exponent are not only able 

to quantitatively differentiate between different dark matter models but also qual

itatively describe the nature of non-Gaussianity. The structure functions and the 

intermittent exponent are powerful tools for describing an intermittent field. Inter

mittency opens a new window in the study of the nonlinear evolution of structure in 

the universe. 
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CHAPTER 1 

INTRODUCTION 

The universe today seems to be homogeneous and isotropic on hirge scales. However, 

on small scales it exhibits a large variety of structures like galaxies. gala\y clusters, 

super clusters and voids. The uni%-erse is lumpy on small scales. Any theory of the 

universe nmst explain these observations. The most popular of these, the Big-Bang 

scenario, cissumes that the universe was homogeneous and isotropic in the beginning. 

Structures appeared much later. The fate of universe in this model is determined by 

a few parameters like the matter density of the universe HQI the Hubble constant //Q. 

which determines how fast the universe is expanding, and the so called cosmological 

constant AQ- The subscript 0 refers to the present epoch. These parameters have to 

be determined by observations. 

The Big-Bang can succes.sfully explain the cosmological expansion, the age of the 

universe and the temperature of cosmic microwave background radiation (CMBR). 

.•\.lso the prediction of the Big-Bang about nucleosynthesis was confirmed with the 

measurements of the abundance of deuterium and other light isotopes. But a consis

tent and detailed picture of how structure formed from a homogeneous distribution 

of matter is yet to emerge. 

It is believed that structure was formed from small seeds of density perturbations 

in an otherwise homogeneous universe. These perturbations grew over time, attract

ing matter giving rise to structures seen today. The cosmic structure formation can 

be broadly divided into three regimes: 

• linear regime - the formation of primordial density perturbations. 

• weak nonlinear or quasilinoar regime - the early stage of evolution where cosmic 

matter was undergoing gravitational clustering. 
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• highly nonlinear regime - the formation of presently obser\-ed objects like galax

ies. cluster of galaxies, etc. 

Since the order "linear - quasilinear - nonlinear" traces the history of structure 

formation from early epochs or high retlshifts to more recent epochs or low redshifts. 

the study of different regime.s obviously depends upon observed samples at different 

redshifts. Fig. 1.1 shows the redshift ranges of various samples. 

The CMBR is best to probe the physics of the primordial density perturbations. 

The temperature fluctuations of the CMBR measure the initial perturbations in the 

mass density at redshift ~ 1500. On the other hand, surveys of galaxies and galaxy 

clusters, like the Las Campanas Survey, the 2 Degree Field (2dF) survey, and the 

Sloan Digital Sky Survey (SDSS) provide important information of the clustering of 

the underlying mass and velocity fields at the present epoch, or the nonlinear regime. 

The Lya forests of quasars' transmission flux, are due to the absorption of light by 

neutral hydrogen (HI) in the intergalactic matter (IG.M). The Lya forests are best 

to study the weak nonlinear or ciuasilinear regime of the intergalactic medium in the 

universe. 

The IG.M or baryonic matter is diffusely distributed in an underlying dark mat

ter density field. The effect of baryons on the dark matter is negligible. Therefore, 

the statistical properties of the IGM follow the underlying mass density distribution 

point-by-point on scales larger than the thermal diffusion length, or the scale where 

pressure can readjust matter erasing any structure formed due to gravitational col

lapse [1. 2. 3. 4]. That is. the transmitted flux of Lya forests is a good tracer of 

the imderlying mass and velocity fields on large scales. The statistical features of 

the QSO Lya transmitted flux can be directly used to estimate the corresponding 

features of underlying mass field with a known biasing between the baryonic matter 

and the dark matter field. Therefore, the transmitted flu.x of high redshift QSOs' Lya 

absorbers has been extensively used for studying the initially linear perturbations of 
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the cosmic niiiss and velocity fields [4. 5. 6. 7. 8. 9. 10. 11. 12. 13]. 

However, in all tiie previous work with LVQ systems, a systematic study of the 

non-Gaussian behavior of the transmitted fiux of Lya forests, which is actually the 

key to reveal the nonlinear evolution of the IGM. was lacking. Therefore, the emphasis 

of this project is to study the non-Gaussianity of the Lya transmitted flux field in 

order to understand the weak nonlinear regime of structure formation. In particular. 

I will show that the flux field traced by Lya forests is "intermittent". I will also show 

that these features are effective in discriminating between various structure formation 

models and dark matter candidates. 

The thesis is organized as follows: In the next chapter I will introduce inter-

mittency. I will then describe the samples employed in this study, followed by the 

definition of the basic quantities used. Then I will talk about how intermittency can 

be seen in QSOs" Lya forest spectra and go on to describe the problems posed by 

intermittency on the power spectrum of flux fluctuations. After this I test the validity 

of the hierarchical clustering model using statistical tools sensitive to intermittency. 

Continuing further. I will use quantities like the structure function and the intermit

tent exponent and show how these are powerful to describe an intermittent field and 

discriminate between cosmological models. Finally. I will present my conclusions. 
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CHAPTER 2 

DEFINING INTERMITTENCY 

Cosmic mass and velocity fields are thoiiglit of as realizations of random fields. For 

example, for a Gaussian random field the probability at any point x. that the 

density takes a certain value p is given by a Gaussian probability distribution. That 

is 

P [ p ] d f )  =  Jl f d p .  — o c  <  p  <  y z .  (2.1) 

Here, p  and cr" are the mean and the variance of the distribution, respectively. 

Intermittency. on the other hand, is a random field p{.t) characterized by strong 

enhancements of the field, peak or spikes, with a very low field value in between 

these spikes. This spike-gap-spike feature gets more pronounced on smaller scales. 

Fig. 2.1 shows a typical intermittent field. The field looks spiky with almost no field 

value between the spikes. Moreover the field gets spikier on smaller scales. To study 

intermittency. we study the fluctuations in the field p{x + r) — p{x) on a scale r. The 

probability distribution function (PDF) of the fluctuations for an intermittent field, 

is characterized by the following features: 

1. a high probability for almost zero fluctuations as compared to a Gaussian PDF. 

and. 

2. a possible long tail as compared to an Gaussian PDF. (This feature was origi

nally found in the temperature and velocity distributions in turbulence [14].) 

The importance of intermittency in cosmic clustering has been recognized since the 

very beginning of the large scale structure study [15. 16]. The theory of pancake 

formation revealed that coherent structures in the universe result from an evolution 

of initially Gaussian and homogeneous perturbations to an intermittent field [17, 18]. 



24 

0 

20 40 60 80 100 120 140 160 180 0 

X 

FIGURE 2.1. Example of an intermittent field. 



Mathematically, an intermittent random density field p { i )  is defined by the ratio 

between the high- and low-order moments of the field on a scale r 

where L is the size of the sample. (• • •) is an ensemble average, and the exponent c," ran 

be function of n and r. If i," < 0 for small r. the ratio in eq. 2.2 is divergent with r 0. 

This corresponds to an intermittent field. .\n intermittent field is characterized by 

the n- and r-dependcncies of exponent C-

These properties make characterizing intermittent fields by traditional statistical 

measures difficult. Power spectrum and two-point correlation function are unable to 

tiuantify intermittency (chapter 5). The PDFs of two fields having the same power 

spectrum may have very different tails. The power spectrum will no longer be a 

critical discriminator among models of structure formation for an intermittent field, 

unlike in the linear regime. 

Equally ineffective are any individual higher order correlation functions and higher 

order moments of the density fluctuations. Three- and four-point correlation functions 

of the density p{x) are very useful for distinguishing a Gaussian from a non-Gau.ssian 

field. However, they are insensitive to the difference between an intermittent field 

and a non-Gaussian-non-intermittent field. .Moreover, eq. 2.2 means that the PDF of 

the density fluctuations [p(x-r r) — p(x)] cannot be expanded into a series of moments 

of [p(x ^ r) - p{x)j. as it does not converge. In this case, a better measure is not the 

divergent quantity itself, ([plx -h rj — p(x)j-")/([p(x -r r) — /7(j-)]'-)" when r —>• 0. but 

the cjuantity describing the divergent behavior. C-

2.1 The intermittent exponent 

Let us define density difference Ar(j") = p ( x  + r) — p ( x ) .  The density difference is 

equal to the density contrast difference. (i(x4-r) —where d(x) = (p(x) —p)jp and 

{ [ p ( x  - r) - p(j)]-") 

[([/;(x -r r) - p(j-)]-)i" 

r \ C(") 

1/ 
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the mean density p is normalized to 1. Interniittencv is now defined by the divergence 

of the ratio between the high and low order moments |Ar(x)|". For a Gaussian field, 

the statistical properties of a field p(x) and its difference p[x-rr) — p{x) are the same, 

while they are different for an intermittent field. 

The ensemble average of the moment iAr(x)l-" is 

S ; "  =  { \ X U ) r " )  (2.3) 

where n  is a positive integer. If the field is homogeneous. 5;" is independent of x  

and depends only on r. S^" is called the structure function. When the "fair sample 

hypothesis" is applicable [I9j. the structure function can be calculated by replacing 

the ensemble average by. a spatial average. 

5;" =  I J  LA,(.R)P"RFX. (2.4) 

where L is the spatial range of the sample. When n = 1. we have 

5; = (|A,(x)i-). (2.5) 

Sr is the mean of the square of the density fluctuations at wavenumber k  =  2 - / r .  

and. therefore. S; depends on the power spectrum of the field. 

The intermittent exponent is defined by 

5;" / r N C 
X 

l - ^ r j  
(f)^ («, 

(Xote that in turbulence. ii' u.sed to define the anomalous scaling [20].) The 

intermittency of the field is effectively measured by the structure function and the 

intermittent exponent. 

We call the ratio 5r"/[5r]" the reduced structure functions. For an intermittent 

field, the ratio of S^" to [5^]" is larger for smaller r. and therefore, the exponent (,' is 

negative. The condition 5ir" 3> [S;]" on small scales r C L indicates that the field 

contains "abnormal" events of large density fluctuation |Ar(x)| on scale r. Thus. 
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the larger | — c,'| is on smaller scales, the stronger the "abnormal" events on smaller 

scales. This gives rise to the spiky structure of an intermittent field. Generally, the 

intermittent exponent c," measures the smoothness of the field: for positive the field 

is smoother on smaller scales. If C is negative, the field is rough on small scales, and 

can even be singular. 

Thus an intermittent field can give us an opportunity to study the nonlinear 

clustering of the mass and velocity fields. The structure functions and the intermittent 

exponent correctly describe an intermittent field and. not the lower order statistics 

like the power spectrum of fluctuations. We will see this in the following chapters. 

2.2 Need of a space-scale decomposition 

Intermittency. defined in eq. 2.2. requires us to find fluctuations in the given field 

S{x). i.e. |(5(j" -r Ax) — ()(x)|. where x describes the position of the fluctuation, and 

Ax describes the scale. Therefore, to study intermittency. we need a space-scale 

decomposition. 

Fourier transforms give us information about the frequency n  or the wavenumber 

k = 2rrn of fluctuations only, and the information about the location of fluctuations 

is obscured. This point can be illustrated as follows. Consider the fimction 

Here ^(x) = 0 when x < 0 and d { x )  = 1 for x > 0. We .see that /(x) is a combination 

two sine waves, one with a large period (period 255 units) and another with a .small 

period (about IG units). Moreover, the small period sine wave is localized in the region 

X < 128. Fig. 2.2 shows the Fourier transform of /(x). As expected, the amplitude of 

the Fourier Transform peaks around the frequencies n = I and 16 unit"^ Information 

about the location of these fluctuations in real space x is contained in the phase of 

the Fourier transform and hence is obscured. 

0 < X < 255. (2.7) 
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The earliest type of space-scale decomposition was the windowed Fourier trans

form or the Gabor transform [21]. Later other types of space-scale decompositions 

like the Discrete Wavelet Transform (DW'T) [22. 23. 24] were developed. For this 

work. I will use the DWT for a space-scale decomposition. For a review of the DWT 

see appendix .A. 

To implement a DWT scale-space decomposition on a 1-D random field ()(x) rang

ing from Xj to s-,. we first chop the spatial range L = x> - xi of the sample into 2-' 

subintervals labeled 1 = 0 2-' — 1. Each subinter\-al spans a spatial range L/2-'. 

The subinter\'al / is from J I + Ll/'2-' to -r L{1 + l)/2-'. The index j can be an integer. 

Thus, we decompo.se the space L into cells {j.l). where j denotes the scale L/'l-'. and 

/ the spatial range [t[ + Ll/2Kx\ - i -  L(l + l)/2-']. Cell {j.l) is localized in scale space 

and physical space. 

Corresponding to each cell (mode), there is a scaling function O j i { x ) .  and a wavelet 

function These functions form an orthogonal and complete basis for the scale-

space decomposition. The most important property of the DWT basis is its locality 

in both scale and physical spaces. The scaling function Oji(x) is a window function 

on scale j and at the position t. It is responsible for smoothing the function on a 

scale J. The wavelet function measures the fluctuation on scale j and the position I. 

Thus ()(x) can be reconstructed from the scaling and wavelet functions as [2.3. 24]; 

where ./ is given by the finest scale (resolution Ax) of the sample, i.e. J = [log,(Z,/Ax)]. 

[ ] is for the integer value and j is the scale we want to study. The scaling function 

coef f ic ien t  (SFC)  Cj i  of  eq .  2 .8  i s  g iven  by  pro jec t ing  6{ i )  onto  Oji ix ) :  

The SFC (ji is proportional to the mean field at the mode {j.l). The wavelet function 

(2.8) 

(2.9) 
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coefficient (WFC). iji. in eq. 2.8 is obtained by projecting (5(x) onto 

(ji = [ dx. (2.10) 
Jo 

Fig. 2.3 shows the wavelet transform of pq. 2.7. We see that WFC or the fluctuation 

is large on j = 4 or on the order of around 16 units. Moreover the fluctuations appear 

in the first half of real space only. 

The simplest choice for the basic scaling and wavelet functions (appendix A) are 

the Haar scaling and wavelet functions: 

o{x) = I ̂  ^ 
0 otherwise 

{-I 0 < J- < 1/2 
1 1/2 < J- < 1 . (2.12) 

0 otherwise 

The basic Haar scaling and wavelet are non-zero only in the interval [0.1]. This 

makes Oji(x) and Cji(x) (on the scale j and position /) localized in the region IL/'l^ < 

X < (/ -f- 1)1/2-'. The scaling function o,/(x) acts as a window function in the range 

IL/'l-' < X < {I -r 1)1/2-' and a scale 1/2-'. The wavelet function picks up fluctuation 

on the scale k = 'l-'V jL. The uncertainty in k. Ak ~ k. Hence Ak/k 1. 

For this work I use the so-called Daubechies-4 (DA) wavelets. They form a com

pactly supported basis functions and obey all the properties of wavelets described 

above. The basic £>4 wavelet and scaling functions are shown in fig. 2.2. The D4 

wavelets Cji also pick up fluctuations around the central scale with Ak/k ~ 1. 
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CHAPTER 3 

SAMPLES 

The study of inrerniittency requires samples of high resohition and high S/X. More

over we also need samples covering a large scale range. Lya forests from QSOs provide 

an excellent opportunity to study intermittency. 

3.1 Lya systems 

A light photon with wavelength smaller than 1216 A (Lya emission in HI), is contin

uously redshifted in an expanding universe as it travels through the IGM. At some 

intermediate point, the photon wavelength might correspond to 1216 A. and may be 

absorbed by HI present there. The amount of absorption depends on the density of 

HI at that point. This phenomenon was first studied by Gunn Peterson [25j m their 

study of the properties of HI in the intergalactic medium. Fig. 3.1 shows a typical 

Lyri transmitted flux F of a quasar at - = 2.72. A series of lines are observed on the 

short wavelength side of the Lya line (4250 A) in the emission of the quasar. This 

collection of lines is generally referred to as Lya forest. The thick solid line in fig. 3.1 

shows the unabsorbed flux level or the continuum Fc. where F = Ff-e""" and r is the 

optical depth. 

Consider one such photon of frequency emitted by a quasar at redshift zq 

and received at frequency Vq. The probability that the photon is absorbed over a 

distance cdt at a redshift r. where t is the proper time and c is the velocity of light, 

is dr = a(fo(l - i -  c)) nni[z)cdt. Here /^o(l + -) is rest frame frequency of light at c. 

(7(ivo(l -rc)) is the cross-section for Lya absorption and «/// is the number density of 
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HI. Hence, the total absorption is given by 

7[//o] =  [  a ( U Q { l  ~  z ) ) n f { [ { z ) c d t .  (3.1) 
Jo 

The Lyo absorption cross-section is given by 

•) 

( T( Z/ )  =  — f g ( u  -  //„). (3.2) 
ni .  

Here e and tn^ are the electron charge and ma^is. respectively. / is a constant known 

as oscillator strength, and (j{u — ) is the profile function strongly peaked at the Lya 

rest frame frequency corresponding to 1216 

The Lya line profile giu — v^). depends on the natural width and the Doppler 

broadening due to thermal motion of the gas. The natural broadening is given by a 

Lorentzian function. The Doppler broadening is generalh given by a Gaussian profile 

with standard deviation a  =  b f y / 2 .  The parameter b  equals /m m . where T  

is the gas temperature. Ars the Boltzmann constant and ttihi- the mass of hydrogen. 

The convolution of these two line profiles results in the \'oigt profile [26]. 

Since the width of the profile function is strongly peaked at 1216 A and is really 

small as compared to the total redshift range [25] (and assuming a zero cosmological 

constant) we have. 
_ r  1  "f"/ l H l {  =  )  

i l +  = ) { !  + =  f  ^  

where i/,^ = zyo( 1 -i- r) and Qq is the density of matter today as compared to the critical 

density of the universe. 

From eq. 3.3 we see that the flux received at some frequency i/ or wavelength A 

depends on the HI density around redshift r = uaju — 1. Thus Lyo systems are a 

powerful tool to study the distribution of intervening matter. 

Eq. 3.3 predicts a dip in the intensity of flux and can set constraints on the 

HI density. From observations of quasar transmitted flux the value of n^i in the 

intergalactic medium is much lower than baryon density of the universe. A popular 
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belief is that most of the hydrogen in the IGM is ionized by ultraviolet (U\') radiation. 

The sources of this background are still not well understood. 

3.2 The observed data 

This study is based on two observed data sets of Lya absorption spectra of Keck 

QSOs. In addition I also analyze samples generated using X-body simulations using 

different dark matter candidates. 

The first data set consists of one Keck quasar HS1700-I-64 (set .A.). This data is of 

unusually high resolution. 

The second set (set B) consists of 30 high re.solution Keck QSO spectra. Set A 

and Set B were collected by Dr. David Tytler and his group at the University of 

California. San Diego. The HS1700+64 data set was further reduced and searched 

for metal lines and L>a features bv Dr. Wei Zheng at the Johns Hopkins University. 

Baltimore. 

For each of the 30 QSOs, the data are given in form of pixels with wavelength A,, 

flux F{\t) and noise cr(A,). The noise includes the Poisson fluctuations and the noise 

due to the background and the instrumentation. The continuum of each spectrum is 

given by IRAF CO.XTIXUUM fitting. For HS1700+64 in set .A., the flux is further 

reduced by fitting a spectrum to reduce the effect of noi.se on the flux on small scales. 

This fitting was done by Dr. Wei Zheng. Fig. 3.2 shows a slice of the spectrum reduced 

by continuum fitting and spectrum fitting. 

3.2.1 Set A: Absorption spectrum of HS1700+64 

The first set consists of the Lya transmitted flux of the QSO HS1700+64 at redshift 

c = 2.72. This .sample has been employed to study the evolution of structures [6]. 

and the Fourier and DWT power spectra [11]. The data ranges from 3727.012 A to 

5523.554 for a total of 55882 pixels. In this work. I use the data from A = 3815.6 Ato 
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4434.3 which correspond to r = 2.14 ~ 2.65. The lower limit of the wavelength is 

set to exclude LyJ absorption. On an average, a pi.xel is about 0.028 A. equivalent to 

a proper distance of ~ 5 h"' kpc at c 2 for an Einstein-de Sitter universe. For all 

bins in this data .set. the ratio AA/A is constant, i.e. AA/A ~ 7 x lO""*". or in terms 

of the local velocity, dr = (AA/A ~ 2.1 kni/s. and therefore, the resolution is about 

4 km/s. The distance between .V pixels in the units of the local velocity scale is 

given by Ar = 2r(l - exp[—(l/2)-V ()f/c]) km/s. or wavenumber k = 27r/Ac s/kni. 

.\s Sc/c 1. we have Ar ~ .V dv. .\ detailed identification of metal lines and 

Lya lines ha.s been compiled by Dr. Wei Zheng. In the present analysis I use the 

fitted spectrum iis the transmitted flu.x. Thus noise is greatly suppressed and only 

contamination due to metal lines needs to be considered. I will discuss this treatment 

of noise in chapter 4. 

3.2.2 Set B: 30 Keck QSOs 

The observational data of set B. consists of 30 Keck High Resolution (HIRES) QSO 

spectra. The QSO emission redshifts cover a redshift range from 2.19 to 4.11. I use 

the wavelength region from the LyJ emission to the Lya emission, excluding a region 

of about 0.06 in redshift close to the quasar to avoid any proximity effects. In this 

wavelength range, the number of pixels per spectrum are about 1.2 x 10"*. Fig. 3.3 

shows the redshift range for each QSO. The data of Q0241-0146 and Q1330+0108 

have about 44 % and 27 Vc pi.xels with S/X < 3. respectively. I did not use these 

QSOs in the present analysis. 

In this data set. the ratio AA/A is constant, i.e. AA/A ~ 13.8 x 10~®. or Sc ~ 

4.01 km/s. and. therefore, the resolution is about 8 km/s. The distance between 

.V pixels in the units of the local velocity scale is mentioned above. I will perform 

a scale by scale decomposition of the data. I use only 2'^ = 8192 pixels of each 

spectrum. Thus, each cell on the DWT scale j corresponds to .V = 2'^"-' pixels. The 



38 

1 -

C 
o 
GO 
xn 

g 0.5 
xn 
C 
CO 

E-

0 -

J.A— 
T 

,L  

-0.5 J L. J I I L. _1 L. ± 
3890 3900 

X in A 
3910 

FIGURE 3.2. The transmission flux of HS1700+42. The dotted line represents the 
real flux normalized by the continuum. The Icr error bars on the flux are shown at 
the lower end of the figure. The solid line shows the fitted spectrum. 



39 

T 1 1 1 1 1 1 1 1 1 1 1 1 1 1 r 

Q1103+6416 
Q1337+2832 

Q1009+2956 
Q1554+3749 
Q1422+2931 
Q1700+6416 
Q0831+1248 
Q1548+0917 
Q1334-0033 

Q0805+0441 
Q125I+3644 
Q1157+3143 
Q1107+4847 
Q1526+6701 
QO130-4021 
Q1759+7529 
Q1946+7658 
Q0940-1050 

Q1017+1055 
Q1425+6039 
Q0636+6801 

Q0014+8118 
Q0642+4454 

Q1330+0108 
Q1422+2309 
Q0054-2824 

Q1208+1011 
Q1937-1009 

Q0241-0146 
Q1055+4611 

J I I I I 1 1 I I I I I 1 1 I L 

2 3 4 
z 

FIGURE 3.3. The redshift range spanned by the 30 Keck QSOs. 



40 

two smallest scales j  =  12 and 11. i.e. .V = 2 and 4. are generally contaminated by 

noise (we do not have a fitted spectrum for the quasars). Thus to reduce the effect 

of noise I ignore all scales less than four bins (.V < 4). or At- < L6 km/s. That is. 

I study the statistical behavior on the DWT scales j < II. or k < 0.4 s/km only. 

Our conclusions are based on statistical behavior on scales j < 11. or greater than 

16 km/s and k < 0.4 s/km. 

To calculate various statistical quantities. I sometimes use the 28 QSO trans

missions individually, i.e.. calculate the statistics of the transmission over each QSO 

.separately, and sometimes all the transmissions are treated together. In the latter 

case. I divide the data into 12 redshift ranges from c = l.G-l-n x0.20 to 1.6 -i- (72 + l)x 

0.20 where n = 0.1 11. All the transmission flux in a given redshift range forms 

an ensemble. Xote that the number of data points in each redshift range is different. 

3.3 Simulation samples 

\'arious sinmiation samples are widely employed to fit the power spectrum of obser\'ed 

Lya forests. The purpose is to constrain cosmological parameters. However, the 

intermittent properties of all these samples have never been analyzed. My purpose is 

not fit the power spectrum, but to show that the popular simulation samples also have 

intermittent features in general, and reveal the possible effect of the intermittency on 

power spectrum fitting. 

3.3.1 Set C: Lognormal samples 

The first type of simulation samples of the Lya forests employed in this paper are 

generated using the lognormal. semi-analytical model, developed by Bi [1. 6]. These 

are prepared by Dr. Hongguang Bi. These samples are important in this study be

cause a random field with a lognormal PDF is a popular mathematical model for an 
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intermittent field. This model matches the observed power spectrum and even some 

higher order statistical features of the Lya forests [11], 

The lognornuil simulation consists three major steps. First, a realization of the 

primordial (linear) bar\-onic mass distribution of size 200 h~' Mpc in comoving space, 

centered at redshift 2.4 in standard 1 dark matter (CDM) universe is 

generated. The COBE data is then used to normalize the initial spectrum which 

has the soften parameter F = 0.3. The Hubble constant is taken as 50 km/s/Mpc. 

The linear power spectrum of baryonic matter differs from that of dark matter by 

a thermal diffusion filtering factor in the Fourier space. The nonlinear baryonic 

density is calculated using the lognormal transformation from the linear density. The 

neutral baryonic density is calculated assuming an UV ionization flux of Jo = 1.0 x 

10"-- erg cm~-s~' Hz~' sr~'. The temperature of the giis is iissumed to have a 

mean of 2.0 x 10^ K using an adiabatic equation of state with the polytropic index 

4/3. Because of the U\' radiation [J-n]- a minimal temperature 1.12 x 10"* K is 

introduced. These spectra are given by a typical and are not adjusted to a 

specific mean transmission of a observed QSO spectrum. Finally, the absorption of 

the Lya photons by hydrogen is convolved with a \'oigt profile, and the whole optical 

depth is calculated by summing over all the pixels. Each pixel has a size of 0.015G A 

starting from a wavelength of A = 3900 A to about A = 4400 and the total number 

of pixels is 327GS. The .scalc j corresponds to ~ 2' '"-' km/s. 

To fit with the observed data of medium resolution, the theoretical spectrum is 

convolved by an instrumental point-spread-function (PSF) of the typical resolution 

41 km/s. .Alternatively, one can simulate a medium resolution spectrum by using a 

higher gas temperature but without the instrument PSF. The temperature of 1.0 x 10^ 

K is u.sed to mimic the instrumental effect. With this simulation, the transmission 

f--(A) generated and is shown in the top panel of fig. 3.4. 

I use these samples to study the effect of the continuum on the power spectrum 

estimator of eq. 4.16 in chapter 5. The transmission is converted to photon counts. 
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Charged Coupled Device (CCD) counts of Xc = 2000 per wavelength are assumed if 

the fluctuations are absent. Three continua are considered: 

1. flat continuum. = .V^. 

2. Fc = .Vc(A/Ao)-. where AQ is 4133 A (redshift 2.4). and 

3. fc — -^c[^ -r .sin[2/i (A A,nin)/('Vnaj- A,„,n)]- and A„i,„ = 3890.49 A. ^mux — 

4399.53 A. 

The amplitudes d  is taken to be 0.1. 0.2. 0.3. 0.4 and 0.5. The observed photons are 

a Poisson sampling of a random field with mean Fce"^. For each given hundred 

realizations of the Poison sampling are produced. Finalh, Gaussian noise with zero 

mean counts and standard derivation 50 (photon number), which is independent from 

the Poisson sampling, is added to each pixel. Some results are shown in fig. 3.4. 

3.3.2 Set D: Pseudo-hydro simulation 

The second type of simulated samples are produced by the "pseudo-hydro" tech

nique [7] by Dr. Long-Long Feng and his group. In this simulation, the nonlinear 

density and velocity fields of the underlying dark matter are obtained by evolving a 

particle mesh (PM) simulation in a specified cosmological model. The gas density 

and temperature are then computed using the simple scaling relation inferred from 

full hydrodynamics simulations [3]. 

The PM simulations are performed by evolving 128'^ dark matter particles in a 

periodic box with a 128' grid. The box size depends on the corresponding sample. 

It is around the 20 h~' Mpc. The cosmological model is taken to be the low density 

flat cold dark matter model (LCDM). which is specified by the density parameter 

QQ = 0.3. the cosmological constant QA = 0.7. and the Hubble constant h = 0.7. 

The baryon fraction is fixed using the constraint from primordial nucleosynthesis as 
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Qf, = 0.0125/!"- [27]. The linear power spectrum is taken from the fitting formulas 

given by Ei.senstein Hu [28]. 

In order to mimic the observed Keck spectra, the simulation parameters are ad

justed to match with each observation sample in set B. The redshift is around the 

average redshift of each sample. The physical size of the simulation box is deter

mined correspondingly by 512 pixels with the same pixel resolution iis the observed 

samples. For the cosmological evolution. 100 time steps were integrated from the 

initial redshift (c = 25 to r„,). 

Lines of sight randomly selected through the simulation box along which the one-

dimensional density and velocity fields are interpolated using the D4 scaling functions 

on a scale of 4 pixels. Using an one-dimensional density field, temperatures are 

cLssigned to each pixel using the polytropic equation of state T = Top". where Tq 

and a depend on the spectrum of the U\' background and on the history of re-

ionization. For this work. Tq ~ 10' K and a = O.G are taken as the typical values. 

The neutral hydrogen fraction in each pixel is computed by adopting the cosmic 

abundance of hydrogen and assuming photoionization equilibrium. The optical depth 

T at a given pixel is then obtained by integrating in real space, including the effect of 

the peculiar velocity field and convolving with \'oigt thermal broadening. To obtain a 

fair comparison with the observed spectra, r is computed on a grid of 512 points. The 

transmitted flux F = exp(—-) is normalized such that the mean flux decrement in 

the spectra matches with observations. It is then Gaussian smoothed to match with 

the spectral resolution of the observations. Gaussian noise is added to each pixel to 

match the S/X of observed samples. For each QSO. 20 lines of sight are e.xtracted 

from one simulation, and these then give 20 simulated transmitted flux samples. 

Besides the LCDM model, the WDM model was also simulated. For this model 

the linear power spectrum on scales smaller than the free-streaming length of the 

warm particle. Rf = 0:2{Qoh-)^^^{Tn\\:. where mu* is the mass of the WDM 

particle, is damped exponentially with respect to the pure CDM model. I consider 
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four WDM models having particle masses m\y  =  300.600.800. and 1000 e\'. 

3 . 4  T h e  p h y s i c a l  s c a l e  r e p r e s e n t i n g  j  

The notation j for the .scale is relative and changes with the physical size of the sample 

and pixel spacing. 1 will try to unify the definitions of j so that they correspond to 

the same physical scale for all samples described above. 

Sample Set Scale in km/s Scale in proper dis
tance in h~' kpc 

Set A .2I-1--J  X 2 2'-'-' X 4 
Set B 213 -J  X 4 2'-'-J X [3 ~ 7] 
Set C 215--J  X 1 215-J X 2 

Set D 913-' J  X 4 2^-^-J X [3 ~ 7] 

T.\BLE 3.1. The value of j  for various samples 

The value after the x symbol corresponds to the pixel resolution for the corre

sponding set. From the table above we see that in terms of the local velocity, i.e. 

AA c/X. where r = 3 x 10^ km/s. the notation j refers to the same scale for all sets. 

However, the proper distance. 

Proper Distance ~ 3000 x h~' Mpc. (3.4) 
( l + c ) - ' ' -

depends on the redshift r and in general decreases with increasing r. The square 

bracket shows this range for sets B and D. Thus, for sets B and D the proper distance 

c h a n g e s  b y  a  f i i c t o r  o f  2  f r o m  c  -  2 . 5  —  3 . 5  f o r  t h e  s a m e  j .  
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CHAPTER 4 

ALGORITHM OF DWT POWER SPECTRUM & THE 
FIRST INDICATION OF INTERMITTENCY 

4.1 Power spectrum of fluctuations 

In the previous chapter. I briefly talked about two methods of measuring fluctuations 

in a function, namely the Fourier transform and the DWT. Consider 6{x) as a re

alization of a random field. The power of fluctuation of any Fourier mode 6ik) of 

d{s) is j()(A-)|-. Similarly, in the DWT case, one can define the power of the mode 

[jJ] as Pji = Here is the WTC of ')(j) on a scale j and position /. From 

eq. .A.. 13 one can sec that this corresponds to - d-'}- at j ~ /. P,/ is the 

local power cjf fluctuations. The / distribution of for a given j gives the spatial 

distribution of the local power on the scale j. On the other hand, for a given I. the 

j distribution of Pji gives the power spectrum of fluctuations at that position. The 

average power spectrum for the random field is given by the ensemble average over 

different realizations. For a homogeneous and isotropic field the mean power on scale 

J. Pj = (Pji). If the fair sample hypothesis is true [19]. then the ensemble averages 

can be replaced by spatial averages. We then have. 

1=0 

4.1.1 Unnormalized and normalized power spectra of Lyo transmitted 

flux 

y  -1 

(4.1) 

I now turn my attention to finding the flux fluctuation in the Lya absorption spectra. 

For a transmitted flux field F(X). where A is the wavelength corresponding to position 
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in redshift space, the two point correlation function is defined by [29] 

^(AA) = (<5(Ai)d{A.,)). (4.2) 

where AA = A. — Ai. and 

The background { F { M )  is generally A-dependent. The Fourier counterpart of the 

two-point correlation function ^(AA) is the normalized Fourier power spectrum. 

One can also define a two point correlation function as 

r(AA) = (J^(Ai)()"(A,)) (4.4) 

with 

S " { X )  ^  F [ X )  -  { F { \ ) }  (4.5) 

This function is different fiom ^( AA) b\ the normalization (F(A))-. The Fourier coun

terpart of the two-point correlation function ^"(AA) is known as the unnormalized 

power .spectrum of transmitted flux fluctuations [30] 

The observed flux of a QSO absorption spectrum is given by F(A) = Fr(A)e~'''^' — 

r(,.(A). See appendix B for the reduction of the observed photon counts. Since the 

observed data is already reduced by a continuum fitting, we have 

F(A) = - n(A). (4.G) 

where the term n(A) = n^,(X)/Fc describes the stochastic noise, satisfying the stati.s-

tical properties 

(n(A)) = 0. (/i(A)n(A')) = a;;(A)(){'j^,. (4.7) 

and is the Kronecker Delta function. Here Cn depends on the subtraction of the 

background sky. and the instrumental noise. Therefore, we have (F(A)) = 

where the ensemble average is over the density fluctuations. Generally speaking. 

(F(A)) is still position-dependent, as it depends on the photoionization rate of HI. 
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and the temperature of the IGM. Moreover, for a given scale r .  all fluctuations on 

scales larger than r around the position A act as a background for this fluctuation. 

This leads to a position dependent background. If one can assume (F(A)) to be a 

constant, then one hiis (F(A)) = which is the mean transmission. 

4.1.2 The DWT unnormalized power spectrum 

The calculation of the power spectrum in the DWT representation and its relation to 

the ordinary Fourier power spectrum has been developed recently [31. 32. 33. 34. 35]. 

In the DWT representation, the unnormalized power spectrum, i.e the pov/er 

spectrum of fluctuations ()"(A) = F{X) — {F{\)) is given by 

~ /=0  ~  1=11 

The first term on the r.h.s. of eq. 4.S is the power of A F  on the scale j .  The second 

term on the r.h.s. of eq. 4.8 subtracts the contribution of noise to the power spectrum 

and is given by 

(fj,)" = Jc-;(x)z.-;,(x) dx .  (4.9) 

The error term cTe given by observers, depends on the Poisson noise of the photon 

count in the signal, skv background subtraction and the instrumental noise. We can 

also define the local unnormalized power spectrum as 

It has been shown in general that the DWT power spectrum P "  of a random field 

F{x) is related to the Fourier power spectrum P{n) of the field by [33, 34] 

^7 =  ̂  E  W i " / - y ) \ ' ' P ( n ) .  (4.11) 

.\s |f(n/2-')|- acts as a window function in the frequency space, the unnormalized 

DWT power spectrum P" is the banded Fourier power of the unnormalized flux 

fluctuations F(A) — (F(A)). 
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4.1.3 The DWT locally normalized power spectrum 

One motivation to use the normalized power spectrum of flux fluctuations (eq. 4.3) 

is that it does not require the calculation of the continuum F^. In general this is a 

complicated process requiring polynomial fitting. The idea in defining the normal

ized power spe>ctruni of flux fluctuations is to eliminate the uncertainties involved in 

calculating the continuum. The difficulty of calculating the normalized power .spec

trum arises from the position-dependence of the background (F(A)) in eq. 4.2. If the 

background {F{\]) can be approximated as an overall mean transmission 

the two point correlation functions satisfy 

EIAA) = ==L^J"!AA). {4J2) 
^^1) -

The normalized power spectrum is then given by 

Pj  = =L=iP;. (4.13) 

However, in the nonlinear regime, the fluctuations of the flux at A may generally 

be correlated with the background at the same position [35]. Therefore, the mean 

transmission normalization might overlook the effect of the nonlinear behavior. To 

consider the non-Gaussian effect, a local normalization of the power spectrum is 

needed. These issues are discussed in greater detail in chapter 5. 

The DWT decomposition is very helpful to deal with this problem. Eq. 4.3 can 

be rewritten as 

F ( \ }  =  { F ( X ) ) [ l + 6 i X ) ] .  (4.14) 

This means that the flux F ( X )  should be decomposed into two terms: the first term is 

the background (F(A)). which does not contain information of the fluctuations ()(A). 

while the second term contains all the information of the fluctuations. This decompo

sition cannot be done in general if the background (F(A)) is A-dependent. However, 

this decomposition can be done on a scale-by-scale basis. In order to calculate the 
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fluctuations on a piven scale r. one can decompose the flux on r as in eq. 4.14. In 

other words, the decomposition must be such that the first term does not contain 

any information of fluctuations on scales equal to or less than r and the second term 

contains all this information. This is just the decomposition of eq. A. 14 or eq. A. 13. 

One can identify the first term of eq. A.14 or eq. .A..13 as (Fr(A)) or the background 

on the scale r. One can then construct the locally normalized power spectrum as 

!35i 

(7 , (1 )  

F { l ) j  F i l ) ,  
(4.15) 

with F { l ) j  acting as the background on .scale j  and position /. The error provided 

l)y observers is the same as the previous section. We identify F ( l ) j  as the mean flux 

in the cell (j.l). From appendix A. Fj(l) = We have then 

-1 • 

/=0 

2 
4  

-  ~y  •r2j 
1=0 

A  (4.16) 

Similar to eq. 4.8. the first term on the r.h.s. of eq. 4.16 is from the power of ()"(A) 

on scale j. but normalized bv the SFC The noise teim is also normalized to the J -  J '  

background. The denominator is the smoothed flux on the scale j .  and therefore, 

i t  i s  n o t  a f f e c t e d  b y  n o i s e  o n  s c a l e s  >  j .  

At some position /. the locally normalized power spectrum of fluctuations is 

1 • >  

L  
0 I 

. J'. 
' J  

(4.i: 

It should be emphasized that this is not the only way to normalize the power spec

trum. For example, we could have used with j' < j to normalize the fluctuations 

on scale j. In fact is the normalization by the overall mean transmission. Normal

ization by an overall mean transmission and the locally normalized power spectrum 

in ecj. 4.16 are two extremities of normalization. 
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4.2 Detecting intermittency 

4.2.1 Treatment of data 

In this section I will talk about the general methods of treating data. I directly apply 

DW'T to the data pixels without fitting \bigt profiles to the absorption features. To 

treat noise I employ two mettiods: 

1. I use the fitted flux (solid line in fig. 3.2) for analysis. Xoise is substantially 

reduced by this procedure even on small scales. I ignore all noise terms in the 

calculation of the local power of flux fluctuations. Xote this fitting is available 

for set A only. 

2. I use the so-called conditional-counting method, which flags modes with low 

S/X. metal lines and bad data chunks. The method is as follows. 

(a) Calculate the SFCs of both the transmission F(A) and the noise T^(A). i.e. 

where / is a constant. This condition flags all modes with S/X less than /. 

We can also flag modes dominated by metal lines whenever an identification 

is available. 

(c) Since all the statistical quantities in the DWT representation are based on 

an average over the modes (j./). skip or not count all the flagged modes 

while computing these averages. Therefore no rejoining and smoothing of 

the data are needed. 

(4.18) 

(b) Identify an unwanted mode (j./) using the condition 

(4.19) 
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This method essentially is the same as DW'T denoising by thresholding [36]. In order 

to easily flag data gaps with the conditional-counting method. I set the flux at the 

gaps to zero and the error to one. Also for all pixels with negative flux, the flux was 

set to zero and the error to one. 

Note that the modes are flagged on a scale-by-scale basis. Condition 4.19 is 

applied at each scale j. If the size of an unwanted data segment is d. condition 4.19 

only flags modes {j.l) on .scales less than or comparable to d. I also flag two modes 

around an unwanted mode to reduce any boundary efl"ects of the unwanted chunks. 

Since the DWT calculation assumes that the sample is periodized. this may cause 

uncertainty at the boundary of the sample. To reduce this effect. I drop five modes 

neighboring the boundary of the sample. With this method, one can still calculate 

the power spectrum by the estimators of eqs. 4.8 and 4.17. but the average is not over 

all modes /. but over the un-flagged modes only. The effect of the parameter / on the 

normalized and unnnormalized power spectrum estimators is studied in chapter 5. 

The comparison of the two methods of treating noise in calculating P" for the 

sample in set A is shown in fig 4.1. Fig. 4.1 shows that the two methods give same 

r e s u l t s  o n  s c a l e s  _ / '  <  1 1  a n d  d i f f e r  a  l o t  o n  s c a l e s  w h e r e  n o i s e  d o m i n a t e s  { j  >  1 1 ) .  

Method 1 probably suppresses power on noise dominated scales by a considerable 

amount than method 2. For this analysis. I will use results on scales j > 11 or 

> 16 km/s. where noise has little effect on the power spectrum. 

4.2.2 Contamination due to metal lines 

Contamination due to metal lines is also a big concern in this analysis. Metal lines 

are usually narrow with a Doppler parameter 6 < 15 km/s [37. 38]. Thus metal line 

contamination would be most pronounced on scales j > 10 or < 30 km/s. The effect 

of metal lines in set .A. is suppressed as follows: 

1. I find the DWT transform of the data and sort all the WFCs Iji in the decreasing 
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noise. 



54 

order of magnitude for the scales j  >  10. 

2. Using the metal line and Lya identification by Dr. Wei Zheng. I examine if the 

spikes are caused by metal lines or Lya features. I do this for the top 5 % of the 

WFCs. The values of the WFCs are noticed to fall by about 50 9t within the 

top 5 9c WFCs themselves. The modes identified with metal lines are ignored 

from the analysis. 

For set B a detailed identification of metal lines is not available. However, there 

are three QSOs. Q1107-I-4S47. Ql425-t-6039 and Q1422+2309. that overlap with the 

sample used by McDonald et al. [12]. Counting the number of spikes on j = 10 or 

32 km/s with P'fJPj > 10. which are at the position of a metal line. I found 

that about 20 % spikes are associated with metal lines. Moreover, the absorption 

features with 6 < 20 km/s in the spectrum of ten QSOs (Q0014+8118. Q0054-2824. 

Q0C36+6801. Q0642+4454. Q0940-1050. Ql017-fl055. Ql 103+6416. Q1422+2309. 

Ql425-t-6039. Q1759+7529) were identified. These were checked for metal lines by 

Dr. Tytler. I found that the number of spikes on J = 10 with PjJPJ > 10. which are 

in the position of a metal line, are also about 20 % on an average. This algorithm 

actually overestimates the effects of metal lines, because we should also remove all 

modes which are located in these regions irrespective of the fact that the mode is 

spiky or inactive. Thus, the removal of metal lines will reduce not only the number 

of spikes, but also the number of useful modes. Plots showing the effect of removing 

spikes with Pj"/P" > 10 on j = 10 in metal line regions, on different statistical 

measures are shown in chapters 5 and 7. 

4.2.3 Distribution of local power spectrum of flux fluctuations 

For the remainder of this chapter. I will analyze data in set A only. In fig. 4.2, I plot 

the spatial distribution of the local power spectrum of flux fluctuations (unnormalized 

power spectrum) for HS1700+64 using eq. 4.10 in the left panels. For comparison I 
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also plot the distribution of the local power using the phase randomized (PR) field 

in the right panels. The PR field is obtained from the real field by randomizing 

the phases of the Fourier transform uniformly between [0. 2-]. without changing the 

amplitude of the transform. The real field is spikier than the PR field. There are 

regions of rapid fluctuations in flux followed by almost no fluctuation in the real field 

as compared to the PR field. Also this spikiness increases as the scale decreases. 

This is the first indication that the flux field traced by the QSOs" Lya forests is 

intermittent. .Vote that I have removed spikes associated with metal lines from the 

top 5 9c of spikes on j > 10. Hence the mean powers on the left and right panels 

are slightly different. On the other hand, the left panels of fig. 4.3 shou the spatial 

distribution of the locally-normalized power spectrum of flux fluctuations found by 

using eq. 4.17. For comparison I also plot the distribution of the locally-normalized 

power using the PR field described above in the right panels. The parameter / = 1 is 

used for the conditional-counting method. 1 he real field is more intermittent than the 

PR field with respect to the distribution of the locally-normalized power spectrum. 

This can be seen by the pronounced spike-gap-spike feature as compared to a PR 

field. 

4.2.4 The PDFs of WFCs 

I now find the PDFs of the WFCs on different scales and compare these to a Gaussian 

PDF. Fig. 4.4 plots the PDFs of where CT" is the variance of and so the PDF 

of 6^/(7 has unit variance. 

As compared to a Gaussian field these PDFs have a large number of modes with 

almost no power. Most of the power is in the tail. This tail is seen to increase as the 

scale decreases. The flux field seems to be getting spikier on small scales. A zoomed 

in plot to show the long tail at j = 8 and j = 10 is also shown in fig. 4.5. 

As an aside. I plot the PDF for a PR field at J = 8 or ~ 128 km/s in fig. 4.6. The 
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FIGURE 4.2. The spatial distribution of the unnormalized power for the actual field 
in set A is shown in the left panels, while same distribution for the PR field is shown 
in the right panels. For spikes corresponding to metal lines. I set the local power to 
-1. The scales j = 9.10.11 correspond to scales ~ 64.32.16 km/s respectively. 



o< 

0> 
CL 

o 
oT 

o 
QT 

o 
o 
CV2 

O 

O 
O 

o 

o 
CO 

o 

o 
C\2 

- o 
Q-. CV2 

Q- S o 

3l—L. J..I L 
-J—I ' ' ' ' ' r  1  f |  !  - *  J  

-J 1 I I 1 I 
lii (»ili 11 ii k ,1 • t. L *1 * 

i I » t t I t I i t 

i| il, 

2.2 

' I " I j •! 

2.3 2.4 2.5 2.2 2.3 2.4 2.5 

FIGURE 4.3. The spatial distribution of the normalized power for the actual field in 
set A is shown in the left panels, while same distribution for the PR field is shown 
in the right panels. For spikes corresponding to metal lines and low S/X modes 
(/ = 1). I set the local power to -1. The scales j = 9.10.11 correspond to scales 
~ 64. 32.16 km/s respectively. 



-2 0 2 

A 

J I I I 1 I I I I I J I I I 1 I I I I I 

1 -

a 
CL 

0.5 -

FIGURE 4.4. The PDF of E^/CR for set A is shown on scales j  =  8.9.10. II corre
sponding to scales ~ 128.64.32,16 km/s. The solid line is for a Gaussian PDF with 
zero mean and unit variance. 



59 

0.1 

0.8 
0.6 
0.4 
0.2 

0.08 

0.06 

- 2  
Q 0.04 

0.02 

0 

0.04 -a 
0.8 E-

0.6 I-
0.4 E-
0.2 I-

0.03 

po jaA 
fe 0.02 - 2  

0.01 

0 
2 

FIGURE 4.5. The long tail of the PDF of EJ^/CR for set A is shown on scales j  = 8 and 10 
corresponding to scales ~ 128 and 16 km/s. respectively. The solid line is for a 
Gaussian PDF with zero mean and unit variance. The inset plots show the complete 
PDF. 



60 

PR field has a Gaussian PDF. 

4.3 Discussions &: conclusions 

With the PDFs of and local DWT power spectra. I show that the flux field traced 

by the QSO HSl700-t-G4"s Lya forests is not Gau.ssian hut intermittent. The spiky 

features shown in the local DWT power spectrum are remarkably pronounced on 

scales down to about 16 km/s. Moreover, the long tail and tlie spiky features are 

substantial on smaller scales. This indicates that the cosmic mass field may be rougher 

on smaller scales indicating singular clustering. 

.A big advantage of intermittency is that one can detect singular clustering using 

the statistical features of entire random density field, not limited to the cores of 

galaxies and clusters. The information of intermittency extracted from Lya forests 

would be important to test models of cosmic clustering in terms of their smgular 

behavior. 



61 

1.5 -

1 -

's;' 
Q 
a- 0.5 

a. 0.2 

FIGURE 4.6. The PDFs of for the actual field (top panel) and its PR counterpart 
(bottom panel) are shown on the scale j = 8 corresponding to ~ 128 km/s. The solid 
line is for a Gaussian PDF with zero mean and unit variance. 
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CHAPTER 5 

EFFECT OF INTERMITTENCY ON POWER SPECTRUM 
MEASUREMENT 

In this chapter. I will discuss the various implications intermittency can have on the 

power spectrum of fluctuations. The first section investigates the effectiveness of the 

DWT locally-normalized algorithm introduced m the subsection 4.1.3 and the rest of 

the chapter discusses the non-Gaussian effects due to intermittency. their implications 

on the power spectrum measurement and the effectiveness of the power spectrum as 

a model discriminator. 

5.1 Test of the local normalization algorithm 

In this section. I will investigate the locally normalized power spectrum estimator of 

eq. 4.16 and study its effectiveness in the recovery of the power spectrum. The locally 

normalized power spectrum estimator of eq. 4.16 has the advantage that one does not 

have  t o  compu te  t he  unabso rbed  f lux  l eve l  o r  t he  con t inuum Fc  i n  F{ \ )  — Fc(A)e~ ' ' ' ' ^ ' .  

Traditionally. Fc is calculated by polynomial fitting and thus depends on fitting pa

rameters. This induces uncertainty in the power spectrum calculation. .A. normalized 

power spectrum estimator does not require the knowledge of the continuum Fc- Nor

malization by an overall mean as in eq. 4.13 needs one to determine the overall 

transmission first. The locally normalized power spectrum needs neither a continuum 

fitting nor a predetermination of the mean flux. It is also sensitive to the nonlinearities 

of the field. 

To test the locally normalized power spectrum estimator of eq. 4.16 for depen

dence on the continua and proper normalization. I use the lognormal samples (set C) 

described in chapter 3. 
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1. To test the effect of contimia: 

To test the effect of contimia on the estimator in eq. 4.16 I directly use the 

photon counts with different continua as shown in fig. 3.4. Fig. 5.1 shows the 

locally normalized power spectrum of fluctuations. The dot-dcished line is the 

unnormalized power spectrum. One can .see that on scales j > 3 (or length scales 

le.ss than 4000 km/s) the DWT power spectra are exactly the same. Moreover 

the dispersion over 100 sinuilation samples is very small. Thus the estimator in 

eq. 4.16 is independent of the continuum. 

2. To test for proper normalization: 

Next I test if the normalization by the mean transmission for the power spectrum 

estimator in eq. 4.16 is reasonable. On any scale j one can find the mean 

transmission as follows. From eq. 4.3. the normalized fluctuation in flux is 

One can test the normalization of mean transmission by comparing the value 

of (I call this the effective mean transmission) given by eq. 5.2 with the 

value e"'" used in the simulation. For the lognormal simulation samples, the 

result is shown in fig. 5.2. in which three samples with different e"'' are ana

lyzed .  I t  shows  t ha t  on  sma l l  j  ( l a rge  sca l e s )  i s  exac t ly  t he  s ame  a s  e" '  

used in the simulations. That is. the estimator eq. 4.16 is able to produce the 

power spectrum, which is already properly normalized by the mean transmis

sion. Thus, the estimator eq. 4.16 does not need one to calculate a priori the 

mean transmission for the normalization. 

However, on small scales, does not equal e"'". Therefore, on small scales, 

S { X ]  =  (5.1) - 1. 

If is a constant, we have 

(5.2) 
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FIGURE 5.1. Upper panel: The DWT power spectra Pj of the simulated LVQ forest 
samples with continua as 1. = 2000 (solid line): 2. Fc = 2000(A/Ao)" (dotted line), 
where Aq = 4133 and 3. Fc = 2000[1 -f-0.1 sin(2-(A — Xmin)/[^max — '^min))] (short-
dotted line), respectively. Lower panel: The DWT power spectra F, of the simulated 
Lya  fo re s t  s ample s  w i th  con t inua  g iven  as  Fc  =  2000[1  - f  ds in[2~{X  — Xmin ) / {Xmax  — 

and d = 0.1 (solid). 0.2 (dotted), 0.3 (short dashed). 0.4 (long dashed) and 0.5 
(dot-dashed line), respectively. The short-dash-long-dashed line is the unnormalized 
power spectrum of the transmission. P". The 1-cr error bars are calculated from 100 
Poisson samples. The scale j corresponds to 2'^"-' km/s. 
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the estimator of eq. 4.16 is not the same iis the traditional normalization by an 

overall mean transmission. This difference will be analyzed in next subsection. 

5.1.1 Effective mean transmission: SFC-WFC anti-correlation 

Fig. 0.2 shows that the effective mean transmission is scale-dependent. This 

means that the power spectrum given by eq. 4.16 is actually normalized by a scale-

dependent factor not by an overall mean transmission. Generally. is 

lower than the mean transmission e~^ on small scales. 

The scale dependence of the effective mean transmission may be due to the weak 

anti-correlation between the background and the fluctuation d(\). For a lognor-

mal sample, this anti-correlation is shown in fig. 5.3. The mean value of the WFCs f 

(fluctuation) is larger for smaller SFCs (background), and vice versa. On the other 

hand, the power is dominated by large WFCs. corresponding to smaller SFCs. Thus 

the normalization by the average of SFCs. or mean transmission e~' will produce 

lower power than the power spectrum given by eq 4.16. This anti-correlation comes 

from the spiky structures of an intermittent field. It is mostly significant on scales 

J = S and 9 or 60 ~ 120 km/s. On scale j = 10 (or 30 km/s). the anti-correlation is 

weak due to noise. 

On the other hand, the field on large scales basically is Gaussian, i.e. no correlation 

between the WFCs and the SFCs In this case the normalization can be done 

by a constant mean transmission This is why the mean transmission can be 

recovered by the ratio eq. 5.2 on large scales (fig. 5.2). 

5.2 Power spectrum of fluctuations of a real sample 

To demonstrate the basic properties of the DWT power spectrum further. I calculate 

the unnormalized. traditionally normalized (normalization by the overall mean) and 

the locally-normalized power .spectra. P". Pj and Pj. respectively for Ql700-f6419 
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from set B. [ will use set B for all analysis in this chapter. To find the power spectrum. 

I use the conditional-counting method where the parameter / is taken to be / = 1. 2.3 

and 5. The results of Pj or vs j are shown in fig. 5.4. .A.t the first glance, the 

conditional-counting condition eq. 4.19 seems to preferentially off-count modes in 

the low transmi.ssion regions. This algorithm may lead to a /-dependence of power 

spectrum. However, fig. 5.4 shows that the unnornialized power spectrum P^ and the 

traditionally normalized power spectrum Pj actually are independent of the parameter 

/. The reason can be seen from eq. 4.8. which shows that the contribution to the 

power P" given by the mode (j.l) is (e^)" — The noise subtraction term 

guarantees that the contribution of modes with small 5/.V to P^ is always small. For 

instance, the modes with negative flu.\. i.e. the modes with flux having the same order 

of magnitude as noise, the two terms (c^)" and (^/)" cancel each other statistically. 

Thus, in the range of / < 5. all the off-counted modes always have ver>' small or 

negligible contributions to P" regardless of the parameter /. 

The locally normalized power spectrum of fig. 5.4 is also independent of the param

eter / on large scales j < 4. .Moreover, in these scale ranges. Pj is basically "parallel" 

to P". or Pj/Pj is appro.xiniately a constant. One can then use a constant factor to 

normalize P" to Pj (eq. 4.1.3) on these .scales. On scales j > 4. Pj is dependent on 

the parameter /. The powers Pj gradually decrease with the increasing /. Eq. 4.13 

is no longer correct. This is because the nonlinear features are significant on small 

.scales, and the WFCs are weakly anti-correlated with the SFCs (section 5.1.1). 

The /-dependence of Pj will be discu.ssed in 5.3.1. 

5.2.1 Mean transmission: Real data 

Using eq. 4.13. one can calculate the mean transmission e"'" from the ratio Pj/P" on 

large scales for set B. i.e. 

(Fo = (5.3) 
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FIGURE 5.4. The unnormalized (lower set) and locally-normalized (upper set) power 
spectra of Ql700-f6419. The parameter / for the conditional counting is taken to 
be 1.2.3 and 5. The line with hexagons represents Pj. the traditionally normalized 
power spectrum. 
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Fig. 5.5 shows the mean of {P̂  jPjY' -. or e~'. over the scales j = 2. 3 and 4. The 

error bars show the maximum and minimum values of (P^/PjY'- among j = 2. 3. 

and 4. For most QSOs. these errors are less than 10 %. These errors are mainly due 

to the fact that the number of modes (degree of freedom) on large scales is small. On 

scales J = 2 - 4 the numbers of modes are 4. S and 16. respectively, and therefore, the 

cosmic variance is large. We also calculated the mean transmissions by taking / = 1. 

3 and 5. Fig. 5.5 also shows that for 27 of the 28 QSOs. the mean transmissions 

are completely independent of /. The QSO showing significant /-dependence of the 

mean transmissions ha.s a deep valley (pos.sibly a damped Lya system) on large scales 

ij ~ 2 - 4) in its transmission flux. 

By definition, the mean transmission {e~') can also be calculated by a direct 

average of F(A) over A. i.e. (F(\)). The results arc shown by crosses. For most QSO 

samples, the values of (F(A)) are the same as P"'". There are four QSOs. which are 

flagged by circles in fig.5.5. showing significant differences between (F(A)) and e"'". 

A common feature of the four QSOs is that they have deep valleys, possibly Lya 

damped systems, in their transmission flux on large scales (~ j = 2.3.4) (flg. 5.6). If 

we use data outside the valleys, the difference between (e"'") and (F(A)) disappears. 

.All the other QSOs don't have such systems in their transmitted flux on large scales. 

Xote that the mean transmission (F(A)) is actually based on the IRAF COXTIX-

L'UM fitting, while the mean transmission {e~') is based on the local normalization 

algorithm. Therefore, fig.5.5 implies that the two methods of the continuum fitting 

are in agreement. These two methods will differ if there are large scale nonlinear 

features, such as the big and deep valleys in the transmitted flux. 

It should be pointed out that the spikes in the local power are different from the 

Lya absorption lines. The latter are identified from the transmission by their \bigt 

profiles, while the former are given by local power in eqs. 4.10 and 4.17. Fig. 5.7 shows 

the redshift positions of two spikes in the unnormalized and the locally-normalized 

power s  o f  QSO 1422- ( -2309 .  The  t r ansmis s ion  and  t he  smoo thed  f lux  on  sca l e  j  =  9  
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Q1425+6039 which show absorption valleys on large scales. 
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of this spcctrum arc also plotted in fig. 5.7. It can be seen from top panel of 5.7 that 

the two spikes correspond to a complex structure in the transmitted fiux. Spikes may 

correspond to active regions of structure formation. 

5.3 Non-Gaussian effects due to intermittency on power spec
trum measurement 

5.3.1 /-dependence of the locally normalized power spectrum 

The first effect of the non-Gau.ssian behavior is the /-dependence of the locally nor

malized power spectrum. Fig. 5.4 has shown that the unnormalized power spectrum 

P" is independent of the conditional counting parameter /. while the locally normal

ized power spectrum Pj depends on / on scales j > 5. or k > 0.006 s/km. 

To further illustrate the /-dependence. I plot the ratio P"/Pj for three QSOs 

Q1103+6416 {: - 1.9). Q1107+4847 (z ~ 2.6) and Q0642+44.54 (r - 3.0) in fig. 5.S. 

The three panels of fig. 5.8 show the common features of /-dependence of P^/Pj. 

These features are also true for all QSOs except the four QSOs with deep valleys 

on large scales in their transmission flux (fig. 5.6). Since P" is /-independent, the 

/-dependence shown in fig. 5.8 is completely due to the /-dependence of Pj. 

As in fig. 5.4. fig. 5.8 shows that on large scales [ j  <  5. or k  < 0.006 s/km) 

PJ is /-independent and the ratio Pj /Pj is independent of scale. One can use the 
2 

normalization Pj = P^/. This is because on scales j < 5 the nonlinearity is 

weak and there is no correlation between and 

On small scales j > 5 and / < 3. the locally-normalized power spectrum Pj is no 

longer given by (f "*) normalization. Fig. 5.8 shows 

PJ > P^/JR^Y. (5.4) 

This is because the anti-correlation between the background and the mean of 

fluctuation |e_^|. That is the mean value of fluctuation amplitude is larger for 



74 

Q1422+2309 

1 

0 
1.5 

1 

0.5 

0 

1.5 

1 

0.5 

0 

1500 

500 

0 

3.05 3.03 3.04 
z 

FIGURE 5.7. A section of the transmission flux and local power on scale J = 9 of 
QSO Q1422+2309. The dotted lines show the redshift positions of big spikes of the 
unnormalized (P^") and normalized {Pji) local power. 
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smaller and vice-versa [35]. The background ( e~ ' ) j i  i s  given by F smoothed on 

scales smaller than j. while |e^,| gives only the fluctuation on scale j. and therefore. 

the anti-correlation is due to the so-called scale-scale correlation, i.e. the correlation 

between the fluctuations of the field on different scales [llj. 

Because the conditional counting eq. 4.19 amounts to dropping modes with low 

background flux the higher the parameter /. the lower the nonlinear 

effect of the anti-correlation between fluctuation and background. Therefore, fig. 5.8 

shows that when / > 5. the ratio Pj'/Pj gradually becomes scale-independent and 
2  

equal to the mean transmi.ssion {e~') . This result reveals that the unnormalized 

power spectrum P" actually is the locally-normalized power spectrum with a large 

value of the parameter /. 

Thus, in using power spectrum to study nonlinear field we may have an alternative: 

1. locally-normalized power spectrum Pj. which contains information of the non

linear field, but the /-dependence causes uncertainty related to noise: 

2 
2. a power spectrum normalized by a constant mean transmission P"/(e~'') . 

which is free from the /-dependence, but insensitive to the effect of the nonlin-

earity on the power spectrum. For instance, two fields with different scale-scale 
2 

correlation can have the same power spectrum P" / {e~ ' )~ .  

5.3.2 Effect of noise 

To test the effect of noise on power spectrum on scales close to the resolution of 

the data. I calculate P" for Q0054-2824. Q1937-1009 and Q1422-(-2309. which have 

about the same redshifts 3.61. 3.81 and 3.61. but very different 5/.V ~ 10. 32 and 

87. respectively. These power spectra are shown in fig. 5.9. It shows that the power 

spectra are almost independent of the S/X on scale j < 10 for set B. That is. the 

powers are not dominated by noise. The effect of noise becomes significant on j = 11. 
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Even on the scale j = 11. the power spectrum F"  is still not completely dominated 

by noise. These results show that the DWT power spectrum can effectively suppress 

the effect of noise on small scales. Actually, denoising Wcis an original motivation 

in developing the wavelet transform [39|. The reiuson is iis follows: If the resolution 

d'r of the data causes a Gaussian distribution of the signals with variance the 

suppression of the power on a Fourier mode fc by the resolution can be estimated as 

exp[ —(A7>r)-]. When dr = 4 km/s and A" = 0.4 s/km (j = 11). the suppression factor 

is ~ 0.077. However, in the DWT analysis, rhe power P" is a banded Fourier power 

spectrum (eq. 4.11). The band filter |f(/.-)|- of the DWT mode is localized in the 

A:-space. A- ± (1/2)A- [32]. Thus, the suppression of the power should be estimated by 

(1/A-) " cxpl—(fedL-)-]dk. For = 4 km/s and A- = 0.4 s/km. the suppression factor 

is ~ 0.58. Moreover, the Poisson noise generally is suppre.ssed by a band-average. 

From fig. 5.9. we see that on the scale 7 = 11- or A- ~ 0.4 s/km. the DWT power 

spectrum .still contains valuable information of the flux fluctuations when 5/.V ~ 30. 

5.3.3 PDF of local powers 

Since the unnormalized local power spectrum is /-independent. I will concentrate in 

this subsection on the statistics of the spikiness of unnormalized local power only. 

The spikiness of locally-normalized power generally is more prominent than the un

normalized power (chapter 4). Therefore, the result with the unnormalized power 

can be seen as a "lower limit" of the intermittency of Lya transmission flu.x. 

The spikiness indicates the excess of large transmission fluctuations compared to a 

Gaussian distribution. In other words, the PDF or the one-point distribution of local 

power F"/ is long tailed. To calculate the PDF. we construct 12 ensembles of local 

power Fj" from 28 QSOs. Each ensemble consists of all Fj", for which the position 

/ is in a given redshift range from c = 1.6 -t- n x 0.20 to 1.6 -h (n -h l)x 0.20 where 

n = 0 11. 
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Fig. 5.10 shows the PDF of the unnormalized local power in the redshift 

range from 2.8 to 3.0 on scales j  =  8 .  9  and 10. with the parameter / = 1 (top). / 

= 3 (middle) and / = 5 (bottom). If the PDF of is Gaussian, the PDF of P^i/P" 

is \"(.V = 1 )-distribution. which is also plotted in fig. 5.10 iis the solid line. With 

respect to the \- PDF. the olxserved PDF of p;/p; for J > 8 is clearly long tailed: 

and the tail is longer for larger j. At j = 10. the tail is jis long a^ PjyP" ~ 32. 

A spike with > •i'lP" corresponds to an event ~ 5.6cr. In fig. 5.10. we use 2100 

data points (modes) for the statistics of j = 10 (with / = 3). and therefore the 

probability of the 5.6cr event is about 4x lO""*. which is much larger than a Gaussian 

field. The PDFs of the Keck data are generally lower than the \-(.V = l)-distribution 

at ~ 1. and higher than the \-(.V = l)-distribution at P"T/P'/ ~ 0. This leads 

to the feature of spike-gap-spike. .All these results are true for / = I to 5. 

Fig. 5.11 estimates the effect of metal lines. It shows the PDF of p;/p; and 

j = 10 for Q0014+8118 with and without removing the spikes located metal line 

regions as discussed in chapter 4. The figure shows the existence of a long tail even 

after the removal of both metal line and metal line suspects from the big spikes. 

Similar results have been obtained for nine such quasars searched for metal lines. 

Therefore, the intermittencv of the transmitted flux is not solely caused by the metal 

lines. 

Fig. 5.12 plots the PDFs of P J J P J  on the scale J  = 10 in the 12 redshift ranges. 

Comparing with \"(A' = 1) distribution, all PDFs in fig. 5.12 are long tailed, .\mong 

the 12 PDFs. 5 PDFs have a tail us long cis P^JP" > 32. and 6 PDFs have P^JPj > 

10. However, the number of long-tails cannot directly be used to measure the degree 

of the spikiness. as different PDFs of fig. 5.12 have different iiumber of modes. .A.11 

the long-tail events have much larger probability than a Gaussian. 

One can summarize the non-Gaussian features of the Lyo transmission as follows: 

1. the spatial distribution of local powers of the transmission fluctuations is sig-
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nificantly spiky on all redshift bins from c = 1.7 ^ 4.0: 

2. the spiky structures are more pronounced on smaller scales up to j  = 10. or 

k = 0.2 s/km. 

These features are typical of an intermittent random field. 

The his^hly non-Gaussian features cannot be explained by Gaussian or Poisson 

noise. In other words, the transmitted flux is not dominated by noise, but still shows 

significant structures up to the scale j = 10. or k = 0.2 kni/s. .Actually, the PDF of 

transmitted flux is still very different from that of Gaus.sian or Poisson noise, even 

on scale j = II. These scales are comparable with and even less than cither thermal 

diffusion (the .leans length. [G]) or the Doppler parameter b. Therefore, the PDFs 

shown in figs. 5.10 and 5.12 indicate that the field of the transmitted flux essentially 

is governed by nonlinear dynamics on small scales, which cannot be described by the 

linear picture of the .Jeans length smoothing and the thermal broadening from line 

fitting. 

.\s a comparison. I calculate the PDF of PjJPj for samples of the lognormal 

model (set C) and pseudo-hydro simulation (set D). The results are shown in figs. 5.13 

and 5.14. The PDFs of lognormal .samples show long tails, but these are not signifi

cant, while the pseudo-hydro simulation samples have longer tails than real samples. 

Therefore, intermittency is a common feature associated with the popular simulation 

samples. However, we should be cautious about discriminating between models using 

the long tail events of the PDFs. Although the long tailed events possess substantially 

higher probability than a Gaussian field, the long tail events (spikes) are still rare, or 

improbable. It is difficult to draw statistical conclusion about two long tailed PDFs 

based only on their rare events. 
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FIGURE 5.14. The PDF of of pseudo-hydro simulation samples (set D) on 
scales j = 8. 9. and 10 in the redshift range r = 2.8 to 3.0 and / = 3. The solid lines 
are the \"(.V = 1) distribution. 
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5.3.4 Domination of power spectrum by spikes 

As shown by eqs. 4.S and 4.16. the unnorrnalized or normalized power spectra. and 

Pj. are given by the mean of local powers over modes I = 0 — 1. When the spiky 

features are pronounced, the power of the transmission fluctuations is concentrated 

in the spikes, and therefore, the average in eqs. 4.8 and 4.16 actually is dominated by 

the spikes. 

To demonstrate this domination by spikes. 1 calculate the unnormalized and 

locally-normalized power spectrum by averaging local power and Pji in the 11 

redshift ranges. I also calculate the averages over 11 local power ensembles, but drop

ping the top I %. 3 % and 5 % of the local power modes. The result is shown in 

figs. 5.15 and 5.16. 

One can see from fig. 5.15 that for most case's, dropping the top 5 % modes leads 

to a decrease in P" by a factor equal to or larger than 2. That is. 50 % or even more 

of the power is given by the top 5 % modes. On scale j = 10. dropping the top 1 Vc 

modes leads to a 20 % or more decrease in P". If the field were Gaussian, a top 1 % 

elimination of data would lead to a decrease in Pj of no more than 3 %. and a top 

5 9c elimination would lead to a decrease of no more than 8 Vc. Therefore, fig. 5.15 

shows that the power spectrum is substantially dependent on the rare events - high 

spikes. This feature is more pronounced for the locally-normalized power spectrum. 

Fig. 5.16 shows that in most redshift ranges and on scales j = 9 and 10. more than 

50 9c power is given by the top 1 9f modes of local power. 

Therefore, for both the unnormalized or locally-normalized power spectra, the 

power is concentrated in the spikes. .\s a consequence, the number of effective modes 

of the random field is significantly reduced, i.e.. only the rare modes contribute to the 

measurement of the power spectrum, while other modes are inactive. For instance, a 

spike with 50 times the mean power reduces 50 modes into 1. 
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FIGURE 5.16. The same as fig. 5.15. but for the locally-normalized power spectrum. 
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5.3.5 Error estimation of power spectrum 

The spiky behavior directly challenges the application of the "fair sample hypothesis" 

[19] which assumes that a part of the universe is a fair sample of the whole and en

semble averages can be calculated by spatial averages. The average over .V/ (number 

of modes or degree of freedom) in the statistic P" = (l/.V/) XliVi based on this 

hypothesis. 

Although an intermittent field is statistically homogeneous, the rare events lead 

to significant differences among samples from different parts of the universe, if the 

spatial size of the region is not large enough to contain numerous spikes. In this 

Ciiso. when the characteristic spacing between high spikes exceed the spatial size of 

samples, the spatial averages ceiise to coincide with ensemble averages. Therefore, 

the precision of the determination of power spectra is intrinsically constrained by 

intermittency. 

To demonstrate this point I estimate the error of the power spectrum. In fig. 5.17. 

I present the mean and error bar of the unnormalized power spectrum in the 11 

redshift bins. The error bars are given by the maximum and the minimum range 

of bootstrap re-sampling. The bootstrap re-sampling method is the same as in [40]. 

Fig. 5.17 shows that the uncertainty of log., P" generally is > 1 regardless of the scale. 

Although number of modes on scales j = 10 is about 4 times larger than that of j = 8, 

the uncertainty on j = 10 is not less than that of j = 8. This result is /-independent. 

Fig. 5.18 presents the same thing as fig. 5.17 but for the locally-normalized power 

spectrum. As expected, the uncertainty of log^ Pj generally is larger than that of 

log._, P^. One can also see from fig. 5.18 that the redshift bins with large uncertainty 

Pj always have higher values. This implies that the samples with high spikes lead to 

a large Pj and a large dispersion of bootstrap re-sampling. The redshift bins with 

large uncertainty in Pj do not correspond to small number of modes. On the other 

hand, many redshift bins with small number of modes have a small uncertainty. For 
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instance the number of modes in the 11 redshift ranges on j = 10. in increasing order 

are. .324. 613. 1772. 4020. 5782. 4834. 2041. 1766. 1261. 629 and 273. respectively. 

Some redshift bins with < 1000 modes show relatively small error bars. This may 

be due to the fact that the number of modes is small, and not many high spikes are 

included in the sample with a small size. Therefore, this sample may not be a fair 

representative of the ensemble. The /-dependence of Pj can also be seen in 5.18 . 

.Although Pj is /-dependent, the uncertainty of log., Pj is generally > 1 is regardle.ss 

parameter /. 

Figs. 5.19 and 5.20 pre.sent the mean and error bars of unnormalized and locally 

normalized power spectrum of the pseudo hydro simulation samples (set D). respec

tively. I calculate P" and Pj for the 28 QSO simulations separately. Because we have 

20 realizations of the simulation for each QSO parameter, the mean and error bars 

are calculated in the following way: 

1. for a given QSO. I calculate the power spectrum for each realization; 

2. I calculate the mean power spectrum over the 20 realizations: 

3. I drop the highest and lowest power. This is equivalent to dropping the top and 

bottom 5 % of the data: 

4. the error bar in figs. 5.19 and 5.20 shows 90 % range of the data. 

The error bars in figs. 5.19 and 5.20 are large, and even larger than the Keck data. 

This is probably because the intermittency of the pseudo hydro sinuilation samples 

is stronger than the Keck data. Let us consider the error of the statistical quantity 

defined by eq. 4.8. If the random variables Ij, are Gaussian, the PDF of P" is 

with a degree of freedom equal to Nf. When Nj is large, the l-a error should be 

~ where P" is the mean of P". Even when and are non-

Gaussian. the error of P^ and P, can still be estimated by (1/\/^j)Pj, if the central 

limit theorem holds for the .Vy independent random variables P^". 
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FIGURE 5.IS. The same as fig. 5.17. but for the locally-normalized power spectrum. 
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However, the 1/error estimation is inconsistent with figs. 5.19 and 5.20. The 

nimiber of modes on scale j -r I is around twice the number of mode at j. Therefore, 

on an average, the error bars of figs. 5.19 and 5.20 should decrease by a factor l/\/2 

from the scale j = S lo 9. and j = 9 to 10. However, one cannot see this decrease 

in figs. 5.19 and 5.20. For a PR .sample I indeed ob.serve that the error bars decrease 

by l/\/2 from scale j to scale j - i -  1. Therefore, the error in figs. 5.19 and 5.20 does 

not follow the Gaussian error factor 1/^/!^. This is because the mean power of an 

intermittent field always depends on rare events (spikes), and the fluctuations of rare 

events from realization to realization is always large. Mathematically, the central 

limit theorem does not work for an intermittent field. 

5.4 Discussion and conclusions 

The most popular statistical measure in large scale structure study is the power 

spectrum. The power spectrum in the nonlinear regime is important not only for 

constraining cosmological parameters, but also determining the initial conditions for 

the simulations of galaxy formation. Therefore, the effect of non-Gaussianity upon 

the power spectrum is important. 

Fligh re.solution data of the QSO Lya transmission flu.x provides information on 

.scales as small as few ten km/s. They arc useful to study non-Gaussian behavior on 

small scales. 1 have shown that a basic non-Gaussian feature of QSO Lya transmitted 

flux on scales k > 0.05 s/km is intermittency. The intermittency is given by the 

transmitted flux fluctuations, and not the noise in the data, up to the scale k ~ 

0.2 s/km. Even on scale k ~ 0.4 s/krn. we still can see significant non-Gaussian 

features which cannot be explained by Poisson or Gaussian noise. 

Generally speaking, intermittency poses problems in the detection and application 

of power spectrum. Spikes in an intermittent field are rare and improbable events, 

but we cannot neglect them in measuring the power spectrum, as a large fraction of 
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the power of the transmission fluctuations is concentrated in these events. Thus, the 

power spectrum is sensitive to small probability events. This leads to large uncertainty 

in the power spectrum estimation. For an intermittent field, this uncertainty is not 

significantly reduced by increasing the number of modes or samples. 

However, in terms of large scale structure study, the impact of intermittent behav

ior is a positive one. The systematic non-Gaussian behavior shows that we can probe 

the physics of the transmitted flux on scales equal to or even less than the thermal 

diffusion of IGM. This opens a window for studying the nonlinear evolution of the 

cosmic matter on very small scales. The question now is how to effectively describe 

and use of the intermittent behavior of the transmitted flux for model discrimination. 

This will be studied in chapter 7. 
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CHAPTER 6 

THE LOCAL POWER SPECTRUM AND CORRELATION 
HIERARCHY OF THE COSMIC MASS FIELD 

In chapter 5. I concentrated on the power spectrum of fluctuations of an intermittent 

field. In this chapter I will study two fourth order statistics, namely, the roughness 

and the scale-scale correlation of the field. I will compare the predictions regarding 

these statistics of the popular structure formation model - the correlation hierarchy 

model - with real samples and test its validity. 

6.1 Correlation Hierarchy Model 

In the study of nonlinear structur'^s in the universe, the so-called hierarchical cluster

ing .scenario has been extensively u.sed. In this scenario, .structures on large scales form 

by the merging of structures on smaller scales. The hierarchical clustering provides 

a skeleton for semi-analytic models of the formation of structures via the merging 

of dark halos. One such model, the correlation hierarchy model, assumes that the 

niiiss field formed by the nonlinear evolution of the cosmic gravitational clustering 

can be described by the linked-pair approximation, i.e. the n"" irreducible correlation 

function is given by the two-point correlation function ^2 as 

^n=Qn^r'- (6-1) 

where Q„ is a constant known as the hierarchical coefficient [41], For example, the 

.3-point irreducible correlation function ^3 between the points Xi,....X3. is given in 

terms of the two-point correlation function <^2 as 

^3{xi.x2. T3) = (53(6(j"i--r2)6(-ri--r3) +s2(-rj.-r.3)G(-r2--ri) + 1)^2(^:^.^:2)) • 

(6.2) 
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In general, to find the n"" order correlation, it is convenient to use graph theory-

in which the points Xi represent vertices or nodes. The two-point correlation 

function ^2 corresponds to a segment between the nodes. Contributions to are then 

connections between the nodes. The are composed of the so-called "tree" graphs 

(connected with no cycles) of .V vertices and .V - 1 edges 1421. 

The correlation hierarchy with constant coefficients cannot match with the 

skewness of the nonlinear mass field given by perturbation calculations and X-body 

simulations [43]. .Moreover, the local power spectrum of the transmission strongly 

indicates that the underlying mass field of a QSO's Lya forest is intermittent. This 

implies that the correlation hierarchy would be a problem on small scales. In this 

section, we will find the applicable range of the correlation hierarchy by testing its 

predictions of the fourth order moment. 

6.2 Roughness of the local power spectrum 

We define roughness of the local power spectrum as 

The roughness is given by the fourth order moment of the WFCs. The definition of 

eq. 6.3 includes only the irreducible correlation, i.e.. correlation above Gaussian. It 

ensures that Rj = 0 for a Gaussian PDF of and always Rj > —I. i.e. a non-zero 

Rj is from non-Gaussian clustering. 

Fig. 6.1 presents the roughness of the sample HSl700-i-64 in set .A.. It shows a 

significant increase in the roughness on scales less than J = 8 or 128 km/s. The 

dotted lines represent the maximum and minimum dispersion in roughness over 100 

samples of the PR data. 
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6.3 Power spectrum and roughness of the mass field 

Previous sections give the DWT power spectrum and roughness Rj for the trans

mission flux. To compare with the linked-pair model in 6.1. we need the DWT power 

spectrum and roughness R-^ of the underlying nuiss field traced by Lya forests. 

The rehition between the and Pj or Rj' and Rj is not trivial, because the rela

tionship between the Lya optical depth r and mass density contrast 6 of baryonic 

matter pb is nonlinear, i.e. r = A{pb/pb)" — .4(1 -r d)" with a = 1.5 - 1.9. (e.g. [3]) 

(note that d = {pb/pb) = ip/p) if the mtiss field p is related to the baryonic distribu

tion pb by a linear bias factor). However, what we need is only the shape of the DWT 

power spectrum of mass field. The overall normalization of the power spectrum is not 

important. Therefore, I will only tr>- to show that the .shape of P^' can be effectively 

constrained by the Lya transmission. 

The WFC. of the transmission essentially measures AF. i.e. the difference 

between F(xi) and F(j-j) with ixi — ~ Lj'V. If AF is small, which is generally 

true, the DWT is analogous to a finite difference. The F — 6 relation then yields 

where ejY is the WFC of the mass contrast 6 .  The terms F { l ) j  and S { l ) j  are. re

s p e c t i v e l y .  t h e  m e a n  f l u x  a n d  m e a n  m a s s  c o n t r a s t  i n  t h e  s p a t i a l  r a n g e  L I / ' I - '  <  x  <  

L ( i  +  i ) / - y .  

L'sing eq. 6.4. one can study the relation between e'Y and at each position /. 

At positions with \S(l)\ < 1. i.e. weak clustering, we approximately have 

-.\t L_£^L_ —I2L ir 
~  a A  F { l ) j  a A e - - ^ '  ^  

At positions with 6 { l )  >  1. we have 

1 .-f 
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For voids, i.e. 6(1) ~ -1. generally is zero, which has no contribution to and 

Rj'. Thus. eqs. 6.5 and 6.6 give an upper limit to the DWT power spectrum of the 

mass field as 

>-U 

where 
-I 

t=0 

J L  
F { l ) j  

{6.-, 

(6.8) 

We know that F { l ] j  = (:^)' '  from appendix .A.. Thus we have 

-1 

l-O 

jL (6.9) 

Here Pj is just the locally normalized power spectrum in appendix .A.. 

On large scales, most places I  have \ d { l ) \  <  1. Therefore, from eq. 6.5. the DWT 

power spectrum of the mass field on large scales is gi\-en by 

1 
P" ~ . 
^ ~ a'A'e-'-''' 

P. (6.10) 

On small scales, more places have 6(1) > 1. Therefore, the DWT power spectrum 

of the mass field is constrained by P"as a lower limit, and Pj/a-A- as 

an upper limit. The number e""* is given by mean transmission, and is in the range 

0.5-0.9. Thus, the shape of Pj^' is well constrained by the shapes of P" and Pj. i.e. 

flat on large scales and rapidly decreasing on small scales. 

Similarly one can estimate the roughness R^' of mass field by calculating Rj and 

R'j. where Rj is defined by eq. 6.3. and R'j is also given by eq. 6.3 but the WTC ejis 

replaced by with Using eq. 6.4 and the fact that the WFCs and the SFCs are 

only weakly correlated, one can show that Rj < R^' < R'^. Thus, the roughness Rj 

gives the lower bound for the roughness of the mass field R^'. 
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6.4 Roughness of hierarchiccilly clustered field 

To test the correlation hierarchy model. let us first calculate the roughness Rj with 

the linked pair approximation. For n = 4. the hierarchical relation of the mass field 

correlation functions is 

(()(Xi)d(X2)()(X3)«>(X4)) = (6.11) 

(;)"[(()"(xi)()(x2))(()(x2)()(x3))(d(x3)r)(x4)) cvclic 12 term.s] 

+(5^[(r)(xi)()(x2))((j(xi)f)(x3))(()(xi)c)(x4)) + cvcUc 4 termsi. 

where Q" is for snake diagrams and Q'\ is for stars [42] 

Because the samples of Lya transmitted flux are 1-diniensional. to calculate l-D 

WFCs we use a projection of a .3-D distribution ()(x) onto 1-D tis 

i j i  =  f  d ( x ) C j i { x ^ ) o j ' d x ^ d x - d x ^ .  (6-12) 
J--x: 

where x^ is foi the redshift direction, x' and are the dimensions of the sky. and 

Oji(x) is the scaling function. -A-s seen earlier, the scaling function Oji(x) in eq. 6.12 

plays the role of a window function on scale j at position /. With eq. 6.12 an 1-D 

field with cros.s-section L/2"'' x L/2'^' along the x'-direction can be decomposed as 

I j i L ' j l i x ^  )Oj'.,nij:' ')Oj'.n( x ^ ) .  (6.13) 
J '  

For a QSO Lyo; absorption spectrum, m  and n  denote the position of the QSO in 

the sky. and scale ./' is determined by the size of the absorption clouds. .Actually, we 

don't know the exact scale However, the details of Oj',m(x~) and do not 

affect the conclusions below. 
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Using the decomposition eq. 6.13. eq. 6.11 yields 

( f  j ' j ' )  ( f ( 6 . 1 4 )  
y.i' j".1" .1"'.1"" 

-r cyclic 12 terms] 

j'.i' j".i" 

I c„U,)iyr{-r,WrrU,Wj d x i  -i- cyclic 4 terms]. 

where subscript i r  stands for the irreducible correlation function. 

= y o ] , ^ ( x - ) o ] , „ { x ' ^ ) d x - d x '  (6.15) 

and 

^ 6  =  y  o ] . ^ { x - ) o ] .  J x - ^ )  d x - d x ' ^ .  (6 .16)  

These constants can be absorbed into coefficients Q" and Q*. respectively. We will 

no longer show the two constants explicitly. 

Because, the covariance (ijiiyw) is generally quasi ^-diagonal at least for the 

clustering referred to QSO Lya absorption [11]. the r.h.s. of eq. 6.14 is dominated by 

the terms We have then 

~ [l2Q^(aJ)^ + 4Q';aj](6;,)-' (6.17) 

where the factors and aj are given by 

= (7) J ' - - ' U ) d x .  (6.18) 

n ^ j  = J V j i ( x ) d x  = j  J ( . • \ x ) d x .  (6.19) 

where i - { x )  is the basic wavelet [24]. 
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Thus, from eqs. 6.17 and 6.3. which include only the irreducible correlation, the 

roughne.ss of a hierarchically clustered field is given by 

^ (g 20) 

where the hiorarc-liical coefficient Qf is given by 

^  A , ( 6 . 2 1 )  

and 

.-I. = I [/ RF., 

S L j  

(6.22) 

.46 = 3 £ y (6-23) 

.\s expected, in the linked-pair appro.ximation the roughness is completely determined 

by the power spectrum Pj (two-point correlation function) and coefficient Qj. 

The dashed-Iine curve in fig. 6.1 is Rj' calculated hy eq. 6.20. but Pj' is replaced 

by PJ with / = 1. Therefore, the dashed-line curve in fig. 6.1 actually is an upper 

limit to the linked-pair predicted roughness for mass field. The dashed-line cun'e can 

be moved along the vertical axis as the value of Qf is unknown. We only compare 

the shapes of the two curves. Fig. 6.1 shows that with a constant Qf fitting, the 

linked-pair predicted Rj. which is a lower limit of 7?^'. cannot match the observation 

on scales less than j = 9 or 64 km/s. as the predicted Rj is smaller on smaller scales, 

while the observed result is larger on small scales. This result depends only on the 

shape of the power spectrum. The decrease of the linked-pair predicted roughness 

RJ with J on scales less than j = 9 or 64 km/s is due to the decrease of P" and Pj 

faster than 2-'. Since the shape of mass field power spectrum Py" is constrained by 

PJ and P". one can conclude that the hierarchical clustering model with constant 

is a good approximation on scales > 64 km/s . 



105 

6.5 Scale-scale correlations of hierarchical clustered field 

Next we find out if the locations of spikes on different scales are correlated. For 

instance, a singular structure like p(r) x r~" is a place where the large density 

difference {\p(x — r) - /J(J")|) events on different scales r are in phase. This is known 

as scale-scalc correlation. It can be measured by the correlations between and 

Pj'i' with j ^ y. In the hierarchical clustering model, the scale-scale correlation is 

also determined by the linked-pair approximation. This provides the second test for 

the hierarchical clustering model. 

To measure this correlation, we use the ratio of the local power spectrum to the 

total power as 

P,., = (S.21) 
'j 

Obviously, (p^/) = 1. The correlation between local power spectra on scales j and 

^ -f 1 can be calculated by 

1 
= ̂  (6.25) 

/=o 

where the brackets denote the integer part of the quantity enclosed. The correlation 

Cj"' is greater than 1 if the spikes on the scale j have higher than random probability 

of appealing at the same physical position as _/' - i -  1 spikes. It should be emphasized 

that although is also fourth order statistic, and it is independent of Rj. The 

correlation G.25 can be generalized to any pair of scales j and j'. 

Using a similar approach for deriving eq. 6.20. one can find the expression of Cj'' 

for a hierarchically clustered field. However, it is rather complicated. Noting that 

power on small j is always larger than that on large j. especially on small scales (large 

J). we have 

C]" ~ Qf2^P/^ (6.26) 

where the hierarchical coefficient is 

of = -iw; + --iwS- (6.27) 
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and 
If) r /• . 1" 4 r /• .. 1" 

(6.2S) 4- =15 
• L 

J i-'(x)v('lx] (IT  ̂ Ĵ Y V'\^) dx 

•̂ 'b= J J r'{x)c-{2x) dx. (6.29) 

Similar to eq. C.20. in the linked-pair approximation the scale-scale correlations are 

completely determined by the power spectrum Pj (two-point correlation function) 

and coefficient Q ̂ . 

Again, to test the lined-pair prediction G.2G. we should calculate Cj"' of the mass 

field. Since C]"' is also defined by a ratio of WFCs. the effect of F — <) nonlinearity 

on Cj"' is also weak. I calculate the correlation Cj"' by eq. 6.25 for the sample 

HSl700-^64 in set A. The result is plotted in fig 6.2. It shows a strong correlation 

Cj"' on small scales [j > 8). and in this range we have approximately a power law as 

C}-' X 2-^". (6.30) 

with index /.i ~ 1.-5. The dotted-lines represent the maximum and minimum dispersion 

in correlation over 100 samples of the PR data. Fig- 6.30 also shows the linked-pair 

predicted C]"* given by eq. 6.26 (dashed-line). where is replaced by Pj with 

/ = 1. The dashed-line curve can also be moved vertically due to the unknown value 

of . The hierarchical clustering with a constant value of is basically able to fit 

the observation on scales j < 9 or > 64 km/s. but fails on small scales. Similar to 

fig. 6.1. this result depends only on the shape of the power spectrum. The overall 

normalization of the power spectrum can be absorbed in the factor . 

6.6 Scale-dependent 

To apply the hierarchical clustering model to small scales, one can assume that the 

coefficients Qf and Qf ^re scale dependent. That is. the deviation between the linked-

pair prediction and the observation shown in figs. 6.1 and 6.2 could be eliminated by 
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using scale-dependent Qf and Qf given by 

(6.31) 

and 

( 6  32) 

However, eqs. 6.31 and 6.32 pose a new problem. In the linked-pair approximation 

pcj. 6.4. there are two coefficients. Q" and Q^. Therefore, the fourth order correlation 

hierarchy, = Qt^^. with scale-dependent Q4 is reasonable only if the two coefficients 

Q" and possess the same scale-dependence. In other words. Qf and Qf have 

the same scale-dependence is a necessary condition to use the 4"" order correlation 

hierarchy. Therefore, whether Qf and have the same scale-dependence is a test 

of the hierarchical clustering with scale-dependent Q. 

This test, however, needs the DWT power spectrum of the mass field. .-Vn upper 

limit spectrum given by Pj is not enough. Yet. our purpose is not to obtain the 

values of Qf and . but their J-dependence. Fig. 6.3 shows the j-dependencies 

of Qf and calculated by eqs. 6.31 and G.32 with P" (lower panel) and P;(upper 

panel). .A.lthough the values of Qf and Qf given by P" and Pj are significantly 

different from each other on small scales, the two hierarchical coefficients Qf and Q^. 

and so Q" and Q*- have the same j dependent behavior in the range from _/ = 6 to 

11. Since Pj^' has the similar shape as P" and Pj. fig. 6.31 strongly indicates that 

one scale-dependent probably is reasonable in the scale range from 500 km/s to 

16 km/s. 

6.7 Discussions &; conclusions 

With the local power spectrum of Lya transmitted flux of QSO HS1700. we find that 

the underlying cosmic mass field of the transmitted flux with redshift around c ~ 2.2 

can be described by the hierarchical clustering model on the physical scales from 
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1000 km/s to few tens of km/s. But the nonlinear features of clustering are different 

on different scale ranges. 

1. On physical scales larger than 250 km/s. the field is almost Gaussian. 

2. On scales 250 km/s - 64 km/s. the field is consistent with th^ correlation hier

archy with a constant value for the coefficient Q^. 

3. On scales less than 64 km/s. the field is no longer Gaussian, but es.sentially 

intermittent. In this case, the field can still be fitted by the correlation hierarchy. 

l)Ut the c-oefficient. Q\. should be scale-dependent. 

The three points above are strongly supported by the following result: the scale 

dependencies of given by two statistically independent measures, i.e. by the 

roughness and by .scale-scale correlation are the same in the entire scale range 

considered. 

In the clustering of cosmic mass field, the mass perturbation on small scales 

evolved into the nonlinear regime early, followed by the large scale perturbations. 

Therefore, the result mentioned above implies that the nonlinear evolution of the 

cosmic mass field underwent the following stages: Gaussian - hierarchical clustering 

with constant Q - intermittent or hierarchical clustering with scale-dependent Q. 
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CHAPTER 7 

STRUCTURE FUNCTIONS AND THE INTERMITTENT 
EXPONENT 

In the previous chapters we saw that the lower order statistics of flux fluctuations are 

inadecjuate to describe an intermittent field. Large error bars on the power spectrum 

are an inherent feature of an intermittent field. The power spectrum of fluctuations 

cannot be used to di.scriminate between different cosmological models. 

I now show that structure functions and the intermittent exponent introduced in 

eq. 2.6 are effective in characterizing an intermittent field [44]. Xot only can one 

quantitatively measure intermittency but can also differentiate between the different 

types of intermittencies. Let us see how the intermittent exponent is capable to doing 

this. 

7.1 Examples of the intermittent exponent 

The intermittent exponent for different types of random fields is as follows. 

1. A Gaussian field: 

If the homogeneous and isotropic field is Gaussian, the structure function eq. 2.6 

where Pg is the Gaussian PDF of Ar(j) (eq. 2.1). Thus, if the mass density 

field is Gaussian, we have 

IS 

(7.1) 

=  (2n - l ) ! ! [5 ; j " .  

(7 .2 )  
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This ratio is independent of scale r .  and therefore, the intermittent exponent 

C  = 0 .  

2. A self-similar field: 

For a self-similar field, the average of Ar(j") on different scales satisfies 

(iA.(T)i-") = A-"''(|AAr(x)i'"). (7.3) 

where A gives the scale transform from r  to Ar. and h is the self-similar index. 

In this case, we have 

and therefore 
C'ln C2n 

_ -^r' I  \ 
i-Srl" "" 1S?I"' 

Therefore. S;:"/[5i:]" is independent of r. We have then c," — 0 and self-similar 

fields are not intermittent. 

3. Hierarchical clustering: 

For a hierarchically clustered field iis in chapter 6. it has been shown that [45j 

S"" /  r  \  - ( d -Kl ( n - l  I  

(L) • 

where d is the spatial dimension, and the coefficient K is a constant depending 

on the power law index of the power spectrum. In the case where K < d. the 

field is intermittent with the exponent as 

c; ~ -((f - K)(n - 1). (7.7) 

This is the simplest type of intermittency - a mono-fractal with fractal dimen

sion K in (/-dimensional space. A phenomenological model with hierarchical 

relations was developed by Soneira and Peebles [46]. The model is e.ssentially 

the .same as the J-model of the intermittency in turbulence where a dimension 
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K fractal distribution in rf-dimensionai space has the exponent is given by 

eq. 7.7 [47]. 

4. .A. Lognormal field: 

For a lognormal field, the PDF of Ar(x) is given by 

nr X , .1 1 j W ln|Ar(j)| - ln|Ar(j) 
= ^r] 

(7.8) 

whore the variance air) of lnjAr(r)j can be a function of the scale r. With 

ecj. 7.S. we have [481 

rc-'i" ^ 
• . r  J  

Thus, the intermittent exponent of a lognormal field is 

c," ~ 2(n- - n)a-{r)/ \n('-/L). (7.10) 

When r < L. is negative. Therefore, a lognormal field is intermittent. 

To summarize, the structure function and intermittent exponent provide a quan

titative as well as a qualitative description of intermittent fields. The n- and r-

dependencies of the structure functions and intermittent exponent c," are sensitive to 

the details of the intcrmittency of the field. These measures are ver>- powerful for 

distinguisliing among fields that are Gaussian, self-similar, mono-fractal, multi-fractal 

or singular. 

7.2 The intermittent exponent in the DWT basis 

In the DWT representation, the structure function (eq. 2.4) for the fluctuations of 

the transmission flux is 

-1 

OJ 
1=0 



114 

where j plays the same role as r in eq. 2.4. 5j" is the mean of moment over 

the position index /. With the DWT. eq. 2.5 becomes 

(7.12) 
;=o 

In the previous chapters. Sj is used to define the DWT power spectrum P". i.e. P" = 

P^" is the power spectrum of the transmitted flux fluctuations AP = P — (P). In 

the earlier chapters, the power spectrum Pj differs from eq. 7.11 and 7.12 by a noise 

term. Since the noise is Gau.ssian. this term can be ignored on scales for which Sj is 

larger than the variance of the noise. I will use the set B for this analysis. For set B. 

I have alread}' shown that scales larger than or equal to j — 10 are not affected by 

noise (see fig. 5.9). The scale j - 11 is also not completely dominated by noise and 

contains valuable information. I will show all results up to j = 11. 

Using eqs. 7.11 and 7.12. the intermittent exponent C (eq- 2.6) can be calculated 

from 

Generally, c," depends on TI and j. 

7.3 Structure functions and intermittent exponent of Lya 

Before I calculate the structure functions and the intermittent exponent for Keck data 

(set B) and dark matter models, note that the power spectra of these models are in 

agreement with the Keck data. Fig. 7.1 shows that P" in the eight redshift bins are 

essentially the same. 

I now calculate the structure functions with eqs. 7.11 and 7.12. for the transmitted 

flux fluctuations of the Keck data. A typical result of log2[5j"/(Sj)"] is plotted in 

fig. 7.2. which is given by Keck data in redshift range c = 2.50 ±0.1 from all QSOs. 

The error bars are the maximum and minimum of bootstrap resampling. 

(7.13) 

forests 
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Fig. 7.2 shows that for a given n. log.,[Sj"/(Sj')"] increases with scale j. and 

therefore, the intermittent exponent is non-zero and negative. The distribution of 

the transmitted fln.x fiuctiiations is neither Gaussian nor self-similar, but e.ssentially 

intermittent on physical .scales less than about 2000 km/s. In other redshift ranges, 

the structure* functions behave similarly. This conclusion wiis already found with the 

local power distribution (chapter 5). However, the local power distribution is based 

on the measures of each individual niode. and therefore, has large uncertainty. 

The distribution of the local power is not effective for model discrimination. On 

the other hand, the structure function is calculated taking an average among modes. 

Statistically, it is more effective to test models. 

This point can be seen in fig. 7.3. which plots the structure function log.j[5^"/(Sj')"| 

of the transmitted flux fluctuations of the simulation samples for the LCDM and 

\VD.\I models in the redshift range : = 2.50 ± 0.1. The error bars are the maxinmm 

and minimum of bootstrap resampling. As a comparison, the structure functions of 

the Keck data are shown in each panel too. We can see from fig. 7.3 that the structure 

functions of the LCD.M and WDM models show intermittent behavior. 

However, the j-dependence of the structure functions of either the LCDM or the 

WDM models is clearly different from the Keck data. For the simulation samples, 

the slope is steeper than the Keck data. This point was emphasized in 5.3.3. that the 

intermittent behavior cannot be measured by any individual high order moment or 

correlation function, but nuist be measured by the scale- and n-dependencies of the 

ratio between the moments. 

It is also interesting to point out that the structure functions on small scales j = 9. 

10. and 11 are larger for smaller mass mir. The structure functions of rriw = 300 e\' 

are always the largest one compared to the other models. This is because the WDM 

model with smaller mass /??»•, or longer free-streaming length RF. lacks power on 

small scales. The density fluctuations on those small scales mainly originate from the 

nonlinear process of transferring power from large to small scales [49]. On the other 



FIGURE 7.2. log2[5j"/(5j)"] vs. j with n — 2.3.4 for Keck samples in the redshift 
range r = 2.5 ±0.1. The error bars are given by the maximum and minimum of 
bootstrap resampling. 
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hand, the structure function log.j[Sj"/(5j')"] is the moment 5"" normalized 

by the power 5*. and hence, essentially measures the fraction of density fluctuations 

which undergoes a nonlinear evolution due to transfer of power. Therefore, a smaller 

mir leads to a stronger intermittency on scales less than /?/. 

Figs. 7.2 and 7.3 show that the relations of log2[5j:"/(5j )"j vs. j for all models 

and Keck data can bo very well fitted by a line. That is. the intermittent e.xponent 

C. which is the slope of the fitting line, is a constant in the scale range from j = 7 to 

11 (eq 2.6). i.e. from 256 kni/s down to 16 km/s. 

7.4 n-dependence of the intermittent exponent 

We now turn to the n-dependence of the structure function and intermittent exponent. 

From eq. 2.2. we have 
1 Sf' 

(."(n) = -- logo -3:7— + const.. (/.14) 

or 

C ( n )  - C ( l )  =  - j l o g .  ( 7 . 1 5 )  

For a given j. the n-dependence of C{n) is given by log2[5j"/(5p"j vs. n. 

Fig. 7.4 presents log.j[5j"/(Sj)"] vs. n for the Keck data in the redshift range 

r = 2.50 ± 0.1. For a Gaussian field, the n-dependence of log,[5j"/(Sp"] is given by 

eq. 7.2. i.e. ln(2n - I)!!, which is also plotted in fig. 7.4. The figure shows that the 

difference between the Keck data and a Gaussian field is greatest on small scales. 

.More interesting is to fit the observed n-dependence of log,[5^""/(S^)"] with 

log-.5;7(S;)"xn"(n-l). (7.16) 

The motivation is simple, as a = 0 corresponds to hierarchical clustering (eq. 7.6). 

and a = 1 to a lognormal field (eq. 7.9). Fig. 7.4 shows that the best fit of a for 

the Keck data is about 0.3 on scales j = S and 9. but a ~ 0.5 or higher on scales 

j = 10 and 11. This indicates that the transmitted flux is closer to a lognormal field 
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on small scales. In other words, on scales for which the intermittency has been fully 

developed, the transmitted Hux field can be modeled by a lognormal field. This may 

be the reason that lognormal models of Lya forests match very well with observations 

not only for second and lower order statistics of Lya forests [6]. but also with higher 

order behavior, like the scale-scale correlations [llj. 

To check the effect of metal lines I find the structure functions for Q0014-i-8118. 

In fig. 7.5 the top panel shows the structure functions for all spikes including the some 

a.ssociated with metal lines as discussed in chapter 4. The bottom panel shows the 

structure functions excluding the flagged metal line modes. The change in a is small. 

Thus metal lines do not cause a significant change in cv. 

Figs. 7.6 and 7.7 are the [log., 5j"/(Sj)"] vs. n for the LCDM model and the 

WDM models with mn* = 300 e\'. respectivelv. They are significantly different from 

a Gaussian field. The best fit for a is always about 0.2. regardless of the scale. For the 

\VD.\I models with other mass mu-. the results are similar to figs. 7.6 and 7.7. That 

is. the intermittency of the simulation samples is approximately that of hierarchical 

clustering, i.e.. a mono-fractal distribution. 

Thus, one may conclude that the intermittency of the simulation samples is differ

ent from those of the Keck data not only quantitatively, but also qualitatively. The 

former is .scale-independent, and close to a hierarchical clustering, while the latter is 

clo.se to a lognormal field on small scales. 

7.5 Redshift-dependence of intermittent exponent 

In the last two subsections, only the redshift range from c = 2.4 to 2.6 is considered. 

For other redshift bins, the result is about the same as c = 2.4 to 2.6. The Q against 

redshift r for n = 2. 3. and 4 is shown in fig. 7.8. The error bars are from least squares 

fitting (eq. 7.14). 

In all redshift ranges, the value of |C| for the Keck data is found to be substantially 
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and systematically lower than that of the LCDM and WDM models. This can directly 

be seen from with fig. 7.4. Fig. 7.8 shows that the ratio between the C of the simulation 

samples and Keck data decreases with n. This is consistent with figs. 7.4 - 7.7. For 

a lognormal field. |(,'| increases with n faster than in hierarchical clustering. 

It is interesting that for both the Keck data and the models, the intermittent 

exponents are almost independent of redshifts in the range c = 2 to 4. This is very 

different from both the observation and theory of massive halos. Collapsed halos 

with mass on the order of galaxies and clusters undergo a significant evolution in the 

redshift range from 4 to 2. 

The difference between the statistics of the Lya forests and massive halos is prob

ably due to the fact that the QSOs" transmitted flux is mainly given by the absorption 

of baryonic matter outside the collapsed massive halos. i.e.. the weakly clustered re

gions. Collapsed halos correspond to the saturated absorption in the transmitted 

flux for which the S/X generally is low. Therefore, the Lya forest does not contain 

information on the details of the massive halos. 

Fig. 7.7 also shows that the intermittent exponents of the LCDM and WDM 

models with rriw = .300 e\' are about the same. This is also different from massive 

halos. for which the LCDM and WDM models predict different mass density profiles 

and number of substructures. 

This study of intermittent formation at high redshifts (c ~ 5) shows that in 

the regions outside the collapsed halos. interrnittency is already well developed, and 

does not increase much for c < 5. Therefore, interrnittency is probably the earliest 

nonlinear feature to have formed during the evolution from the linear to the nonlinear 

regimes. 
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7.6 The effect of noise 

In the calculations above, we generally take the parameter / = 3. i.e.. drop modes 

with S/.V < .3. The effect of noise on the result can be estimated by the /-dependence 

of the statistical results, as large / is equivalent to adding large noise to the simulation 

samples, but still taking / = 1. In chapter 5. I showed that the power spectrum P" 

is almost /-independent for / = I to 5. 

Fig. 7.9 shows Iog.,[5j"/(5j)"] vs. j for the WDM model with rn = 300 e\' for the 

noise and / are treated as follows: 

1. sample without adding noise and / = 0: 

2. sample without adding noise and / = 3: 

3. sample with adding typical noise from real samples and / = 3. 

Fig. 7.9 shows that the effect of noise and / should be considered only on the smaller 

scale J = 11. and can be ignored on all other .scales for these samples. 

Fig. 7.10 is similar to fig. 7.7. but with noise added and / = 3. Similar to fig. 7.9. 

the effect of noise and / on a should be considered only on the smallest scale / = 11 

(Q on this scale was about 0.45). Even in this case, the simulation samples are still 

significantly different from the Keck data. Therefore, one can conclude that all results 

of this chapter are not very sensitive to noise. 

7.7 Discussions and conclusions 

7.7.1 Model-discriminator in the nonlinear regime 

In the chapter 5. I showed that in the nonlinear regime, the cosmic mass field is 

intermittent and the power spectrum will on longer be a critical discriminator among 

models of structure formation. In this chapter. I have shown that for an intermittent 

field, the structure functions and intermittent exponent are the critical discriminators 
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for models of structure formation. This discriminator can be employed not only to 

distinguish Gaussian and non-Gaussian fields, but to detect the type of the non-

Gaussianity. With the n-. j-. and redshift-dependonce of the structure functions and 

the intermittent exponent, we are able to distinguish between various nonlinearly 

evohwl fields in detail. That is. the intermittent exponent provides both qualitative 

and cjuariTitative measures of the cosmic mass and velocity fields from the linear to 

the nonlinear regimes and from large to small scales. 

I show that the distribution of the transmitted flux fluctuations of the QSOs' Lya 

forests on scales less than about 2000 km/s is intermittent and closer to a lognornial 

intermittency on smaller scales. Obviously, this conclusion is important in order to 

understand the dynamics of the clustering evolution of baryonic matter. It will be 

interesting to study when this feature formed, and whether the intermittency on .scales 

less than j = 11 is clo.ser to a lognormal field. These problems can be studied with 

samples at higher redshift and higher S/X than the one used in this work. 

Using intermittent features, even "weakly" clustered samples, such as QSOs" Lya 

absorption spectrum, can play an important role for testing structure formation dy

namics in the nonlinear regime. 

It is also important to detect the intermittency of galaxy distributions, as the 

transmitted flux of Lya cannot provide information of highly collapsed regions in the 

cosmic mass field. .Note that from the definition of the structure function eq. 2.2. the 

intermittent exponent is bias-free if the galaxy bias is linear, i.e. pgaiaxy = bpdark matter-

7.7.2 Problems with the LCDM and WDM samples 

.Although the pseudo-hydro simulation samples for the LCDM and WDM models 

are good in agreement with the Keck data in terms of power spectrum, they are 

significantly and systematically inconsistent with the intermittent features of the Keck 

data. Specifically, the structure functions of the simulation samples are larger than 
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that of Keck data on scales less than about 2000 km/s: the intermittent exponents 

of the simulation samples are more negative than that of Keck data on all redshifts 

considered; the D-dependence of the intermittent exponent of simulation samples are 

close to the intermittency of hierarchical clustering on all scales, while the Keck 

data are close to a lognormal field on small .scales. That is. the model-predicted 

intermittency is quantitatively and qualitatively different from the observed results. 

This is probably the first result to reveal the deviation of the popular dark model -

the LCDM model- from the Lya forest observations. However, we should be ver>- care

ful in reaching conclusions ruling out the relevant dark matter models. For a linear 

Gaussian field, all statistics can be determined by the power spectrum with given dark 

matter parameters. However, intermittency arises from the nonlinear evolution and 

depends not only on the cosmological parameters, but aLso on the dynamical assump

tions used for the simulation. The deviation of model predictions from observation 

can be caused by either the cosmological parameters or the dynamical assumptions. 

For instance, the lognormal model of Lya forests [6. 11] assumes phenomenolog-

ically that the nonlinear field of bar>-onic matter is given by a lognormal transform 

of the underlying mass field in linear regime. The sample given by this dynamical 

assumption can fit a lognormal PDF of the Lya transmitted flux. 

In the pseudo hydro simulation, the density of bar^'onic matter in each pixel is 

a.ssigned according to the dark matter density at that pixel. This is equivalent to 

phenomenologically assuming that the statistical properties of the bar>'onic matter 

are determined by the underlying mass field. This assumption is reasonable in terms 

of .second and lower order statistics. However, it may not be correct in the context of 

intermittency. That is. although the baryonic matter can be considered as a passive 

component in the system consisting of dark matter and ban,'onic matter, the statistical 

properties of the passive component can decouple from the underlying mass field 

during nonlinear evolution [20]. Intermittency can form in a passive component even 

if the underlying mass field is Gaussian. This is due to the nonlinear evolution of this 



two component system. Therefore, before drawing any conclusions about the dark 

matter parameters, we should study whether the deviation is caused by the dynamical 

assumptions used in producing simulation samples. 

.\evertheless. the current result is already enough to conclude that all theor\- and 

models on the dynamics of nonlinear evolution of rhe cosmic mass and velocity fields 

must be examined with regard to their predictions of intermittency. For models which 

are almost degenerate in the linear regime, the tests with intermittency in nonlinear 

regime are crucial. 

Finally, the dynamical evolution of cosmic clustering was found to be consis

tent with the stochastic-force-driven Burgers' equation [50. 51]. or the KPZ equation 

[52. 53j. These equations are typical of dynamical models which lead to intermit

tency (e.g. [54. 55. 56]). These examples clearly illustrate that intermittency is 

a basic property of the nonlinearly evohx-d cosmic mass field. Hence, we strongly 

believe that intermittency is a window to study the dynamical evolution of cosmic 

nonlinear clustering. The knowledge of intermittency may ultimately lead to a better 

understanding of the still intractable problem of galaxy formation. 
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CHAPTER S 

CONCLUSIONS 

In this study I liave investigated the weak nonlinear and non-Gaussian regime of 

structure formation using Lyn transmission flux. In this regime the flux field is a 

good indicator of the baryonic distribution. I have shown that the Lyo transmission 

flux field is intermittent on small scales. This is shown by the following observations: 

1. The distribution of the local power spectrum of flux fluctuations is spiky on 

small scales as compared to a PR field. This spikiness is seen to be pronounced 

on the scales 12S — 16 km/s and is seen to increase as the scale decreases. 

2. The PDF of the flux fluctuations exhibit the following features: 

• The probability for almost no fluctuations is higher than a Gaussian PDF. 

• Most of the power is contained in the tail of the PDF; and the PDF of the 

real field may exhibit a longer tail as compared to a Gaussian PDF. 

These features of the PDF are consistent with the spike-gap-spike nature of an 

intermittent field. 

As most power of flux fluctuations is in rare high spikes or the tail of the PDF. 

the second or lower order statistics are inadequate to describe an intermittent field. 

In chapter 5. I showed in great detail how the second order statistic - the power 

spectrum of fluctuations - is controlled by rare events. Hence the error bars on the 

power spectrum are large. The error bars do not decrease by increasing the sample 

size and do not follow Gaussian errors. The large error bars are an intrinsic property 

of an intermittent field and not solely dependent on errors involved in data collection 

or contamination due to metal lines. The pseudo-hydrodynamical simulations of 
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the LCDM and WDM models exhibit a higher intermittency than the real samples 

and have larger error bars on the power spectrum. These large error bars make it 

impossible to use the power spectrum as a discriminator among dark matter models. 

.\lso no conclusion can be drawn about the redshift evolution of the power spectrum. 

These conclusions are also true for other low order statistics. 

The .structure functions and the intermittent exponent discussed in chapter 7 are 

effective statistical tools to describe an intermittent field. The reduced structure func

tions are ratios of higher order moments of the fluctuations to low order moments. On 

any particular scale, the error bars on these are large and hence individual structure 

functions cannot differentiate betv/een different dark matter models (fig. 7.2). But 

the intermittent exponent which describes the behavior of the structure functions 

as a function of scale, proves powerful in differentiating between different dark mat

ter models. Also, the order-dependence (n-dependence) of the intermittent exponent 

can distinguish between the type of non-Gaussianity. It is sensitive to the differ

ences between a Gaussian, self-similar, mono-fractal, multi-fractal or lognormal field. 

The scale and order dependence of the intermittent exponent can quantitatively and 

qualitatively discriminate between different cosmological models. 

Using the reduced structure functions and the intermittent e.xponent we find that: 

1. For real as well as dark matter simulation samples, the reduced structure func

tions increase cis the scale decrea.ses indicating that flux field is intermittent 

on scales less than about 2000 km/s for all these samples. This observation 

conflicts with the predictions of the the hierarchical clustering model for n = 2 

on small scales (.scales less than 60 km/s). 

2. The LCDM and the WDM models have higher intermittency than the Keck 

samples. These can be seen from the higher values of |C| as compared to Keck 

samples. 

3. On the scales ~ 120 — 60 km/s the Keck data seems to be closer to the hier



archical clustering or mono-fractal field whereas on scales less than ~ 30 km/s 

the Keck field is closer to a lognormal field. 

4. On all the scale ranges discussed above, the LCDM and the WDM models seem 

to be closer to the hierarchically clustered field. 

5. The intermittent exponent does not show a significant evolution with redshift. 

Intermittency seems to have completely evolved between the redshifts c = 2 —4. 

.A.S mentioned in chapter 7. this is probably the first deviation of the LCDM 

model from observations. But before discarding a dark matter candidate we should 

also consider the role of dynamical proce.sses cissumed in simulations. In fact the 

enolution of intermittency through dynamical processes is itself an important topic 

of future study. We should carefully study the relationship between dark matter and 

the passive baryonic matter in the nonlinear regime. Understanding the evolution of 

intermittency in the IGM can hope to solve a small part in the large puzzle of structure 

formation from small density perturbations and to the fairly recent phenomenon of 

formation of dense halos. Intermittency opens a window for the study of the nonlinear 

evolution of structure in the universe. 
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APPENDIX A 

REVIEW OF THE DISCRETE WAVELET TRANSFORM 

• The periodic scaling functions Oji{x) and wavelet functions Vji{x) with a period 

dilating and translating the so-called basic scaling and wavelet functions o{x) 

and c(x). respectively. That is. 

The factor 2^/L dilates the o{x) or c"(x) to the correct length scale L/'IK while 

/ translates these in physical space. The summation over n is responsible for 

making replicas of the dilated and translated biisic scaling and wavelet functions 

over all space with a period L. 

• Orthonormality properties of scaling and wavelet functions 

L on some scale j = L/'V and position /. / G [0 2-' - Ij. can be obtained by 

(A.l) 

I. 

(A.3) 

(A 4) 

3. 
L  

for / > j. (A.5) 

• Partition of unitv 

(A.6) 
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• Admissibility of \vavc4ets 
ft 

V j i  d x  = 0. (A.7) f Jo 

Scaling function coefficient (SFC) of a function f { x ) .  

^ j i  =  [  f { s ) O j i ( x )  d x .  (A.8) 
J o  

• Corollary of the Partition of unity 

Operating eq. A.6 on f{x). we have 

- I / r \ H 2 

With the result above, it is easy to see that the quantity is the total 

value of the function in the spatial range I L / V  to (/ -f \ ) L / ' V .  Thus, the mean 

value of the function in this spatial range is 

/(O, = (A.IO) 

• Wavelet Function Coefficient (WFC) of a function f { x )  

=  f  dx .  (A.11) 
J o  

•L 

'0 

• Expansion of a function f { x )  in terms of WFCs and SFCs 

1. Reconstruction using SFCs 

•j-'-i 
/•'{j') = ^^jiOji{x). (A.12) 

1=0 

where f - ' ( x )  is f ( x )  smoothed up to the scale j .  

2. By adding information about the fluctuations on scale j  to f ^ { x ) .  we get 

-1 -1 

1=0 1=0 
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3. We can retrieve the original function f{x) = /"^(x). where J is the finest 

scale, from smoothed /-'(x) on j. if we add information about fiuctuations 

or details of the function on scales f smaller than or equal to j or {j < 

/ < • / - ! ) :  

J-i -ij'-i 

/(X) = /-'(X) + ^ ̂  fy/fy,(x) (A.14) 
;=0 

J-l -Jj'-l 

= /''"{•r] ^ XI f j - z t y / l x ) .  
j'=io 1=0 

where the scale JQ represents the some large scale. This is a multi-scale. 

repre.sentation of /(x) 

• Relationship between DW'T modes and Fourier modes 

1. -A. periodic function /(x) with period L can be written in terms of its 

Fourier components as 
-x 

/ f x )  =  Y .  ( A . 1 5 )  
n=.- oc 

2. The function f{n) can be obtained as 

1 
= l /(x)e'-"-/^rf.r. (A.16) 

3. Substituting eq. .A..15 in eq.A.ll. 
X 

Iji =  ̂  ̂  f{n)vji{-n). (A.17) 
n=-oc 

Here Vji{n) is the Fourier transform of tj/(x). It acts as a window function 

in the frequency space around a peak frequency rip. The shape of n'ji{n) 

depends on the type of wavelets used. For the Haar and D-4 wavelets 

used for this work, rip ~ 2^/L and width A/ip rip. The wavelet function 

coefficient corresponds to a band of frequencies in the Fourier space. 
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4. 

/(") = X! (jiOji(n) + XI <-•/'(")- (A.18) 
;=o j'=j 1=0 

Again. Ojiin) is the Fourier transform of Oji{x). 

• Parseval's theorem 

This is a statement of conservation of energy. 

1. In the Fourier representation 

f'\f{j-)\-dT =  L \f{n)\'. [A.19) 
•^0 n = 

2. In the DWT case, using eqs. A.l-l. the orthonormality eqs. A.3-A.5 and 

admissibility eq. .A..7 properties of wavelets 

i -i J-I -v -I 
/ \f{x)\'dx = K,r-'+ ^ ̂  ley,!-' (A.20) 

•'0 /-O j'=j 1=0 

J - 1 2 J - 1  

= i rr '+E  E  
j=0 1=0 

where = too is the average of /(x) over the entire length scale L. 
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APPENDIX B 

REDUCTION OF PHOTON COUNTS ON DATA 
COLLECTION 

For a QSO's absorption spectrum, tho observed photon counts. .V(A). at a pixel of a 

CCD. corresponding to wavelength A is given by 

XM = C(A).\;(A)p-^'^ + ^(A). (B.l) 

wliere Xc is the continuum. C(A) describes the A-clependence of CCD's efficiency. 

E(A) is the noise, whose mean and covariance are 

(E(A)) = E(A). (E(A)E(A ')) = (B.2) 

Eq. B.2 means that the random variable E(A) is independent for each wavelength A. 

The observed photon counts are reduced as 

-V(A) = (B.3) 
C(A; 

We then have 

.V(A) = .Vc(A)e-^'^' - - E(A)j. (B.4) 

If we define a new variable for error as 

-Ve(A) = - ̂ ('\)]- (B.5) 

we have 

.V(A) = .Vc(A)£-^'^' - .\;(A). (B.6) 

where 

(.\;(A)) = 0. (.\;(A)A;(A')) = (B.7) 

This is how the photon counts are reduced after data collection. 
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We can now change from the photon flux .V(x) to flux F(x) measured in other 

units (like energy per unit time per unit area of the collector per unit wavelength), 

by using .V(j-) = kF(x). Here k is a constant of proportionality depending on the 

wavelength of the transmitted flux and geometry of the light collecting device. 

F{\) = -  n , ( A ) .  ( B . 8 )  

where 

( n , ( A ) ) = 0 .  ( / ( ^ ( A ) ; i , ( A ' ) )  =  ( B . 9 )  

and a' = . 
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